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Abstract

We propose a new stochastic proximal quasi-Newton method for minimizing the sum of
two convex functions in the particular context that one of the functions is the average of
a large number of smooth functions and the other one is nonsmooth. The new method
integrates a simple single-loop SVRG (L-SVRG) technique for sampling the gradient and
a stochastic limited-memory BFGS (L-BFGS) scheme for approximating the Hessian of
the smooth function components. The globally linear convergence rate of the new method
is proved under mild assumptions. It is also shown that the new method covers a prox-
imal variant of the L-SVRG as a special case, and it allows for various generalization
through the integration with other variance reduction methods. For example, the L-SVRG
can be replaced with the SAGA or SEGA in the proposed new method and thus other
new stochastic proximal quasi-Newton methods with rigorously guaranteed convergence
can be proposed accordingly. Moreover, we meticulously analyze the resulting nonsmooth
subproblem at each iteration and leverage a compact representation of the L-BFGS ma-
trix with the storage of some auxiliary matrices. As a result, we propose a very efficient
and easily implementable semismooth Newton solver for solving the involved subproblems,
whose arithmetic operations per iteration are merely order of O(d), where d denotes the
dimensionality of the problem. With this efficient inner solver, the new method performs
well and its numerical efficiency is validated through extensive experiments on a regularized
logistic regression problem.
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1. Introduction

We consider the following nonsmooth convex optimization problem:

min
x∈Rd

F (x) :=
1

n

n∑
i=1

fi(x)︸ ︷︷ ︸
f(x)

+h(x), (1.1)

in which f : Rd → R is the average of n function components and each component fi :
Rd → R is convex and differentiable (hence f), and the function h : Rd → R ∪ {+∞} is
convex, proper, and lower semicontinuous, but possibly nonsmooth. Problem (1.1) with
large n is prevalent within the machine learning community, known as regularized empirical
risk minimization (see, e.g., (Hastie et al., 2009)), where each component fi represents the
loss associated with the i-th data sample, while h is a manually incorporated regularization
function aimed at improving model stability or promoting sparsity in the model parameters.
Typical machine learning models that fall into the frame of problem (1.1) include and are
not limited to LASSO (Tibshirani, 1996), support vector machine (Cortes and Vapnik,
1995), and regularized logistic regression (Berkson, 1944).

1.1 Deterministic methods

For the generic f , it is common to solve problem (1.1) via considering its approximation
scheme

xk+1 = argmin
x∈Rd

{
f (xk) +∇f (xk)

⊤ (x− xk) +
1

2ηk
∥x− xk∥2 + h(x)

}
, (1.2)

with ηk > 0. That is, the smooth function f is approximated by a simpler quadratic function
iteratively. With the notation of proximal operator proxη, h(·) (see (2.2) for the definition),
(1.2) can be equivalently written as

xk+1 = proxηk, h(xk − ηk∇f(xk)). (1.3)

The iterative scheme (1.3) is also called the proximal gradient (PG) method (Lions and
Mercier, 1979; Passty, 1979). Depending on h, (1.3) could be easy enough to have a closed-
form solution, and a set of classic algorithms can be rendered from (1.3) with different
specifications of h. Examples include the projected gradient method (Levitin and Polyak,
1966) when h is the indicator function of a convex and closed set in Rd, and the iterative
shrinkage-thresholding algorithm (ISTA), as well as its faster version (FISTA) in (Beck and
Teboulle, 2009) when h = λ∥ ·∥1 for some λ > 0. It is analyzed in, e.g., (Beck and Teboulle,
2009; Nesterov, 2013), that the PG methods exhibit sublinear and linear convergence rates
when the smooth function f is convex and strongly convex, respectively. Nevertheless, the
approximated model (1.2) only involves the gradient information of f , while no information
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of the Hessian of f is considered. Hence, implementation of the resulting iterations is
relatively easier, yet approximation to the original problem (1.1) is less accurate and thus
the theoretical convergence rate of such an algorithm is of lower order.

To achieve higher-order convergence rates and further acceleration, it is necessary to
incorporate the Hessian of f or its approximation into the approximation of the original
problem (1.1). Some proximal Newton-type methods were thus proposed in the literature,
to mention a few, see (Becker and Fadili, 2012; Becker et al., 2019; Byrd et al., 2016a,c; Lee
et al., 2014; Mordukhovich and Sarabi, 2021; Mordukhovich et al., 2023; Stella et al., 2017).
These proximal Newton-type methods have a common feature that the original problem
(1.1) is approximated via the scheme

xk+1 = argmin
x∈Rd

{
f (xk) +∇f (xk)

⊤ (x− xk) +
1

2ηk
(x− xk)

⊤Bk(x− xk) + h(x)

}
, (1.4)

where ηk > 0 can be regarded as the step size and Bk ∈ Rd×d is the Hessian matrix ∇2f(xk)
or its approximation. In particular, if Bk is set as∇2f(xk) or constructed by a quasi-Newton
strategy, we obtain the proximal Newton or proximal quasi-Newton method (Lee et al.,
2014) accordingly. Note that the PG method (1.3) is recovered from (1.4) when Bk is the
identity matrix. Of course, compared with (1.2), solving (1.4) is generally more difficult due
to the presence of the general Bk. Hence, the computation per iteration of such a resulting
algorithm is more time-consuming. Nevertheless, the curvature information of f can be well
captured in (1.4) and the original problem (1.1) is approximated more accurately. Hence,
the theoretical convergence rate of such an algorithm based on (1.4) is of higher order.
Indeed, it has been shown in (Lee et al., 2014) that, under the same assumptions as those
for the PG, the proximal Newton and the proximal quasi-Newton methods with unit length
step sizes can achieve locally quadratic and superlinear convergence, respectively.

For proximal quasi-Newton methods, it is crucial to construct the Hessian approximation
Bk efficiently. In this regard, the BFGS (Fletcher, 2000) and the limited-memory BFGS
(L-BFGS) (Liu and Nocedal, 1989) are widely used in the literature. In the BFGS, the
inverse Hessian approximation Hk := B−1

k is necessary to be stored to update Hk+1, which
requires O(d2) memory. By contrast, the L-BFGS only needs to store m correction pairs

{(si, yi)}ki=k−m+1 with si = xi+1 − xi and yi = ∇f (xi+1)−∇f (xi)

to constructHk+1 and hence reduces the storage costs toO(md), wherem > 0 is the memory
size. Consequently, the L-BFGS is preferred for practical implementations, particularly
when d is large.

These deterministic methods are efficient when the full gradient ∇f := 1
n

∑n
i=1∇fi is

accessible. They find extensive applications across various fields, including barrier repre-
sentation of feasible set (Nesterov and Nemirovskii, 1994), LASSO (Tibshirani, 1996), and
many others. However, in modern machine learning tasks, the number of components n
involved in (1.1) is usually very large, which makes the full gradient ∇f very expensive to
compute and thus deteriorates the numerical efficiency.

1.2 Stochastic methods

In the context of machine learning, a common idea for applying gradient-based methods
on large-scale optimization problems is to replace a full gradient with a certain stochastic

3



Song, Wang, Yuan, and Yue

approximation, such as a single or a small batch of gradient components. This results in the
class of stochastic algorithms, which can be traced back to the seminal work (Robbins and
Monro, 1951). The predominant methodology within this class advocates the stochastic
gradient descent (SGD) method (Robbins and Monro, 1951) and its variants (Duchi et al.,
2011; Kingma and Ba, 2014; Loizou and Richtárik, 2020; Qian, 1999; Zeiler, 2012), which
have demonstrated significant success across a wide range of tasks in machine learning
(Bottou and Bousquet, 2007; Bottou et al., 1991; LeCun et al., 1998). The per-iteration
cost of SGD and its variants is relatively low but their worst-case convergence rates are
only sublinear even for strongly convex functions, as the step sizes are necessary to vanish
to ensure convergence. To address this issue, various approaches have been proposed in
the literature, including variance reduction (VR) methods (Bottou et al., 2018; Defazio
et al., 2014; Gower et al., 2020; Hanzely et al., 2018; Johnson and Zhang, 2013; Roux et al.,
2012; Shalev-Shwartz and Zhang, 2013; Xiao and Zhang, 2014) and stochastic Newton-type
methods (Byrd et al., 2016b; Guo et al., 2023; Kasai et al., 2018; Lucchi et al., 2015; Moritz
et al., 2016; Schraudolph et al., 2007; Zhao et al., 2017).

Different from the SGD that uses one or more gradient components directly as the full
gradient approximation, VR methods use them to update it, such that the variance of the
gradient approximation vanishes as iterations progress, and hence often exhibit faster con-
vergence both in theory and practice. Typical VR methods include SAG (Roux et al., 2012),
SAGA (Defazio et al., 2014), SDCA (Shalev-Shwartz and Zhang, 2013), SVRG (Johnson
and Zhang, 2013; Xiao and Zhang, 2014), SEGA (Hanzely et al., 2018) and so on. These
VR methods admit constant step sizes and thus can achieve linear convergence rates for
strongly convex objectives. Among these VR methods, the SVRG stands out as a popular
choice due to its low storage cost and satisfactory performance in various tasks (Johnson
and Zhang, 2013; Li et al., 2020). The SVRG method is mainly featured by a double-loop
structure: in the outer loop, a full gradient is computed at a reference point, and this full
gradient is then used in the inner loop to modify the gradient approximations.

Stochastic Newton-type methods incorporate Hessian information and hence often ex-
hibit faster convergence than stochastic first-order methods. Representative stochastic
Newton-type methods include the online BFGS (oBFGS), the online L-BFGS (oL-BFGS)
(Schraudolph et al., 2007), the stochastic quasi-Newton (SQN) method (Byrd et al., 2016b)
and the stochastic L-BFGS method (Moritz et al., 2016). The oBFGS and the oL-BFGS
represent pioneering approaches that generalize the BFGS and the L-BFGS to stochastic
settings. The SQN method leverages a modified L-BFGS scheme that applies a Hessian-
vector product to update the Hessian approximation. While the worst-case convergence
rate of SQN is sublinear, practical performance of SQN surpasses that of SGD significantly,
indicating the substantial advantage offered by incorporating Hessian information. The
stochastic L-BFGS (Moritz et al., 2016) builds upon the SQN and the SVRG, and is the
first stochastic quasi-Newton algorithm achieving globally linear convergence for strongly
convex and smooth objectives. Some methods that combine SQN with the SVRG can be
referred to (Kasai et al., 2018; Lucchi et al., 2015; Zhao et al., 2017).

For solving (1.1), some stochastic PG methods have been studied in (Bertsekas, 2011;
Duchi and Singer, 2009; Langford et al., 2009). Additionally, some methods combining the
VR techniques and stochastic Newton-type methods have been proposed in the literature.
For instance, a general framework designed in (Yang et al., 2021) performs an additional
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stochastic proximal gradient step at each iteration after a Newton-type update and allows
for integration with VR methods. The subsampled Newton method with cubic regulariza-
tion proposed in (Zhang et al., 2022) assumes access to the true Hessian of each component
function, and aggregates the stochastic gradient and Hessian approximation using a subset
of components according to the SVRG scheme. An inexact subsampled proximal Newton
method combined with the SVRG is developed in (Wang and Zhang, 2019), and its conver-
gence results are established for a special case of (1.1), where each component fi is a loss of
a linear predictor. In (Luo et al., 2016), a stochastic proximal quasi-Newton method that
combines the SQN method with the SVRG technique is introduced and analyzed. Specifi-
cally, at the k-th iteration of this method, the new iterate xk+1 is generated via (1.4) or its
approximation, with ∇f(xk) replaced by a stochastic gradient generated via the SVRG.

Note that the aforementioned stochastic methods that incorporate VR techniques sim-
ply adopt the SVRG scheme, see (Kasai et al., 2018; Lucchi et al., 2015; Luo et al., 2016;
Moritz et al., 2016; Wang and Zhang, 2019; Zhang et al., 2022; Zhao et al., 2017). Despite
achieving fast theoretical convergence, these methods are limited by the inherent drawbacks
of the SVRG resulting from its double-loop structure. For instance, existing convergence
results of the SVRG are established for the reference point, updating which can be compu-
tationally expensive since a full gradient computation is required. Additionally, as pointed
out in (Kovalev et al., 2020), the practical performance of the SVRG is heavily influenced
by the number of inner iterations, but there lacks theoretical guidance on selecting its value
optimally. Moreover, empirical observations have indicated that a simplified implementa-
tion of the SVRG often exhibits superior performance in practice but without convergence
guarantee, resulting in a discrepancy between theory and practice (see Section 3.1 for the
details).

1.3 Our contributions

Existing stochastic quasi-Newton methods for solving the nonsmooth problem (1.1) suf-
fer from either slow sublinear convergence or practical issues arising from the double-loop
structure of the SVRG. To overcome these limitations, we combine a stochastic L-BFGS
scheme (Byrd et al., 2016b) based on the Hessian-vector product with the recently intro-
duced loopless SVRG (L-SVRG) (Kovalev et al., 2020) and hence propose a novel stochastic
proximal quasi-Newton method for solving (1.1). Moreover, we provide rigorous analysis
demonstrating its rapid globally linear convergence and present a highly efficient way for
numerical implementation.

To adapt the L-BFGS for stochastic optimization, an intuitive way is to generate the cor-
rection vector y by differencing stochastic gradients based on small samples. Unfortunately,
as pointed out in (Byrd et al., 2016b), this approach may lead to a biased estimate of the
Hessian approximation. To address this issue, we follow (Byrd et al., 2016b) and decouple
the calculations of the stochastic gradients and Hessian approximations using Hessian-vector
products, which also provide the flexibility for periodic updates of the Hessian approxima-
tions. Moreover, to overcome the limitations brought by the double-loop structure of the
SVRG, the L-SVRG eliminates the inner loop by incorporating a probability-based update
of the reference point at each iteration. It was shown in (Kovalev et al., 2020) that, com-
pared with the SVRG, the L-SVRG achieves a linear convergence rate for strongly convex
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objectives without increasing storage cost while exhibiting a simplified structure. Further-
more, empirical results demonstrate that the L-SVRG outperforms the SVRG in practical
applications.

Combining the ideas of the stochastic L-BFGS and the L-SVRG, our proposed method
proceeds by performing the following iterative scheme

xk+1 = argmin
x∈Rd

{
f (xk) + v⊤k (x− xk) +

1

2ηk
(x− xk)

⊤Bk(x− xk) + h(x)

}
, (1.5)

where vk ∈ Rd denotes the stochastic gradient obtained by the L-SVRG, and Bk ∈ Rd×d

is constructed via m correction pairs generated by the approach outlined in (Byrd et al.,
2016b). The proposed method surpasses SVRG-based proximal quasi-Newton methods by
featuring a unique single-loop structure to update vk, which makes it easier and cheaper to
implement. In addition to the simple structure, our method demonstrates a rapid globally
linear convergence rate under the same assumptions as those for the existing stochastic
proximal quasi-Newton methods in the literature. To the best of our knowledge, our method
seems to be the first stochastic proximal quasi-Newton method that incorporates a single-
loop stochastic gradient updating scheme while preserving the desirable property of linear
convergence. Moreover, as a special case of our method, we obtain a proximal extension
of the L-SVRG for addressing (1.1). We also explore some generalizations of our method,
where the stochastic gradients are generated by other VR methods like the SAGA and the
SEGA. Notably, linear convergence results for these variants can be established by extending
the mathematical paradigm used in analyzing the original method (see Section 4.3 for more
details).

Like other proximal quasi-Newton methods, the practical efficiency of our method heav-
ily relies on the rapid solution of the subproblem (1.5). If a first-order algorithm is employed
for this purpose, one may see slow convergence and struggle in pursuing highly accurate
solutions. To enhance the practical applicability of our method, we analyze the nonsmooth
subproblem (1.5) meticulously and propose a new inner solver for this subproblem that can
obtain highly accurate solutions very fast. Specifically, we first transform the nonsmooth
subproblem into an equivalent smooth dual formulation. Then, we propose a Semismooth
Newton (SSN) method (Qi and Sun, 1993) along with a line search scheme to efficiently
solve the dual problem by carefully exploring its specific mathematical structure. To fur-
ther reduce the computational cost, we develop an efficient numerical implementation for
the proposed SSN method using a compact representation of the L-BFGS matrix and intro-
ducing auxiliary matrices that can be updated in a highly efficient manner. Generally, such
an implementation requires only O(ιmd) multiplications and O(ιm2d) additions, along with
O(ιd) simple non-linear operations (e.g., projections). Here, ι > 0 (typically a single-digit
number) denotes the number of SSN iterations. It is noteworthy that our SSN method
can effectively address the nonsmooth problem (1.5) with general vk and positive definite
matrix Bk, which is commonly incorporated as an inner subproblem in various proximal
Newton-type methods, such as the proximal quasi-Newton method (Becker and Fadili, 2012;
Becker et al., 2019; Byrd et al., 2016c; Lee et al., 2014), the stochastic proximal Newton-
type method integrated with the SVRG (Luo et al., 2016; Wang and Zhang, 2019) and the
proximal subsampled Newton method (Liu et al., 2017). Consequently, the proposed SSN
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solver can be readily integrated into these proximal Newton-type methods as a subroutine,
leading to immediate enhancements in their numerical performance.

1.4 Organization

The rest of the paper is organized as follows. Section 2 provides some notations and prelimi-
nary results that are used throughout this paper. Then the proposed algorithm is introduced
in Section 3, followed by the convergence analyses in Section 4. Section 5 presents an SSN
approach for efficiently solving the subproblem (1.5). Section 6 is devoted to numerical
experiments and Section 7 concludes the paper.

2. Preliminaries

In this section, we summarize some notations and preliminary results that are used through-
out the paper. First, we denote by Id the d × d identity matrix and omit the subscript d
when it is clear from the context. For a vector v ∈ Rd, we denote by ∥v∥ its Euclidean
norm and by ∥v∥B :=

√
v⊤Bv the B-norm of v, with B ∈ Rd×d being a positive definite

matrix. For symmetric matrices A,B ∈ Rd×d, we write A ⪯ B if the matrix B − A is
positive semidefinite.

Let (Ω,F ,P) be the underlying probability space. We denote by {xk}k≥0 ⊂ Rd the
sequence of iterates generated by a stochastic algorithm, driven by a sequence of independent
noise variables {ξk}k≥1. Let {Fk}k≥0 be the natural filtration of this process, i.e., Fk =

σ (x0, ξ1, ξ2, . . . , ξk) represents the σ-algebra generated by x0 and {ξi}ki=1. We denote the
conditional expectation given Fk by Ek[·] := E [· | Fk], which represents the expectation
given all information available at step k.

For a set S ⊂ [n] := {1, 2, . . . , n} with cardinality |S| and functions {fi}ni=1, we define

fS(x) =
1

|S|
∑
i∈S

fi(x), ∀x ∈ Rd.

If each fi is smooth enough, we define ∇fS(x) and ∇2fS(x) in the same way.

A function f : Rd → R is said to be L-smooth if it is continuously differentiable and its
gradient ∇f is L-Lipschitz continuous. If f is L-smooth and convex, then we have

f(y) ≥ f(x) +∇f(x)⊤(y − x) +
1

2L
∥∇f(y)−∇f(x)∥2, ∀x, y ∈ Rd. (2.1)

One can refer to (Nesterov, 2003) for a proof of (2.1).

Using (2.1), we have the following result that is widely used in the convergence analysis
of proximal-type algorithms.

Lemma 1 ((Xiao and Zhang, 2014, Lemma 1)) Consider F as defined in (1.1). Sup-
pose for each i ∈ [n], fi is convex and L-smooth. If x∗ ∈ argminx∈Rd F (x), then we have

1

n

n∑
i=1

∥∇fi(x)−∇fi(x
∗)∥2 ≤ 2L(F (x)− F (x∗)).
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Let F : Rd → R be a convex function that attains a global minimizer, we denote
F ∗ := minx∈Rd F (x). If F is moreover strongly convex, then it admits a unique minimizer
x∗ := argminx∈Rd F (x).

For a proper, lower semicontinuous, and convex function h : Rd → R∪{+∞}, we denote
by ∂h(x) the set of all subgradients of h at x ∈ Rd, i.e.,

∂h(x) := {γ ∈ Rd|h(y)− h(x)− ⟨γ, y − x⟩ ≥ 0, ∀y ∈ Rd}.

Its proximal operator with parameter η > 0 is defined as

proxη, h(x) = argmin
z∈Rd

{
h(z) +

1

2η
∥z − x∥2

}
, ∀x ∈ Rd, (2.2)

and the Moreau envelope of h with parameter η > 0 is given by

Mη, h(x) = min
z∈Rd

h(z) +
1

2η
∥z − x∥2, ∀x ∈ Rd.

It has been shown in (Rockafellar, 1997) that Mη, h is differentiable everywhere and its
gradient is given by

∇Mη, h(x) =
1

η

(
x− proxη, h(x)

)
, ∀x ∈ Rd. (2.3)

For simplicity, we denote proxh(x) := prox1, h(x) and Mh(x) := M1, h(x).

Let B ∈ Rd×d be a positive definite matrix, we define the scaled proximal operator of h
with parameter η > 0 as

proxBη, h(x) = argmin
z∈Rd

{
h(z) +

1

2η
∥z − x∥2B

}
, ∀x ∈ Rd.

For any η > 0, the scaled proximal operator proxBη, h(·) is nonexpansive in the B-norm, that
is, ∥∥proxBη, h(x)− proxBη, h(y)

∥∥
B
≤ ∥x− y∥B , ∀x, y ∈ Rd. (2.4)

Next, we introduce an important lemma that represents an extension of (Xiao and
Zhang, 2014, Lemma 3) by incorporating additional Hessian information. A similar result
was mentioned in (Luo et al., 2016) but without proof. For completeness, we present a
proof of the lemma.

Lemma 2 Let F (x) be defined in (1.1) and suppose that f is µ-strongly convex and L-
smooth. For any η > 0, x, v ∈ Rd and positive definite matrix B ∈ Rd×d, let x+ :=
proxBη, h(x − ηB−1v). Define g := 1

η (x − x+) and ∆ := v −∇f(x), then for any y ∈ Rd, it
holds that

F (y) ≥ F (x+) + g⊤B(y − x) + ∆⊤(x+ − y) + η∥g∥2B − Lη2

2
∥g∥2 + µ

2
∥y − x∥2.
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Proof Let H = B−1. It follows from the definition of x+ that

x+ = argmin
z∈Rd

{
h(z) +

1

2η
∥z − (x− ηHv)∥2B

}
. (2.5)

Then it is easy to show that the first-order optimality condition of (2.5) reads

∃ ξ ∈ ∂h(x+), s.t.B(x+ − x+ ηHv) + ηξ = 0,

which together with g := 1
η (x− x+) implies that

ξ = Bg − v.

Since f is µ-strongly convex and h is convex, we have

F (y) = f(y) + h(y) ≥ f(x) +∇f(x)⊤(y − x) +
µ

2
∥y − x∥2 + h(x+) + ξ⊤(y − x+). (2.6)

Since f is L-smooth, we have that

f(x) ≥ f(x+)−∇f(x)⊤(x+ − x)− L

2
∥x+ − x∥2. (2.7)

Applying (2.7) on (2.6) leads to

F (y) ≥f(x+)−∇f(x)⊤(x+ − x)− L

2
∥x+ − x∥2 +∇f(x)⊤(y − x) +

µ

2
∥y − x∥2

+ h(x+) + ξ⊤(y − x+)

=F (x+) +∇f(x)⊤(y − x+) + (Bg − v)⊤(y − x+) +
µ

2
∥y − x∥2 − L

2
∥x+ − x∥2

=F (x+) + (Bg)⊤(y − x+ x− x+) + ∆⊤(x+ − y)− Lη2

2
∥g∥2 + µ

2
∥y − x∥2

=F (x+) + g⊤B(y − x) + ∆⊤(x+ − y) + η∥g∥2B − Lη2

2
∥g∥2 + µ

2
∥y − x∥2,

which completes the proof.

3. Algorithm

In this section, we present the proposed single-loop stochastic proximal quasi-Newton
method for solving problem (1.1). Typically, the iterative scheme of stochastic proximal
Newton-type methods for solving (1.1) can be uniformly written as

xk+1 = argmin
x∈Rd

{
v⊤k (x− xk) +

1

2ηk
∥x− xk∥2Bk

+ h(x)

}
= proxBk

ηk, h
(xk − ηkHkvk),

(3.1)

where vk ∈ Rd represents a stochastic gradient, Bk ∈ Rd×d serves as an approximation of
the Hessian matrix ∇2f(xk), and Hk := B−1

k ∈ Rd×d. It is easy to see that the effectiveness
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of (3.1) hinges on well-designed vk and Bk (Byrd et al., 2016b; Yang et al., 2021). In the
rest part of this section, we shall elaborate on the construction of vk and Bk. In particular,
we advocate combing the L-SVRG (Kovalev et al., 2020) with the stochastic L-BFGS based
on the Hessian-vector product (Byrd et al., 2016b) to compute vk and Bk, and thus propose
an efficient and easily implementable stochastic proximal quasi-Newton method for solving
(1.1).

3.1 Construction of vk

In general, the stochastic gradient vk serves as an unbiased estimator of ∇f(xk) (see, e.g.,
(Defazio et al., 2014; Duchi et al., 2011; Johnson and Zhang, 2013; Kovalev et al., 2020;
Nemirovski et al., 2009; Robbins and Monro, 1951)). In the design of SQN (Byrd et al.,
2016b), vk is set as ∇fSk

(xk), where Sk ⊂ [n] is randomly selected. However, approximating
∇f(xk) in this way necessitates the use of a sequence of decreasing step sizes to guarantee
the convergence. This requirement leads to a sublinear convergence rate for SQN, even
if h(x) ≡ 0 and f is strongly convex. To accelerate the convergence, a widely adopted
strategy is to use VR techniques, with the SVRG method (Johnson and Zhang, 2013) being
a popular and effective choice. The SVRG method uses reference points and has a double-
loop structure. To be concrete, at the s-th outer loop, given a reference point w̃s, we set
the initial iterate xs1 of the inner loop to be w̃s. Then, at the k-th inner loop, the new
iterate xsk+1 is generated by xsk+1 = xsk − ηvsk, where η > 0 is a predefined step size and vsk
is defined as

vsk = ∇fisk(x
s
k)−∇fisk(w̃

s) +∇f(w̃s), (3.2)

where isk ∈ [n] is randomly selected at each iteration. Upon completion of the inner loop,

the new reference point w̃s+1 is updated using the sequence {xsk}
ls+1
k=1 , where ls > 0 denotes

the number of inner iterations for the s-th outer loop. There are two practical options for
updating w̃s+1. The first one is to simply set

w̃s+1 = xsls+1. (3.3)

Alternatively, one can update w̃s+1 as the average of the sequence {xsk}
ls
k=1, i.e.,

w̃s+1 =
1

ls

ls∑
i=1

xsi . (3.4)

It has been shown in (Johnson and Zhang, 2013; Xiao and Zhang, 2014) that, with the
update scheme (3.4), the SVRG and its proximal variant converge linearly. In practice,
the update (3.3) is often preferred due to its superior empirical performance and ease of
implementation. However, convergence guarantee for the SVRG with (3.3) is still lacking
in the literature, which creates a discrepancy between mathematical theory and practice
for the SVRG method. The double-loop structure of the SVRG method also introduces
additional practical challenges. For instance, as mentioned in (Kovalev et al., 2020), the
SVRG is sensitive to the number of inner iterations, for which rigorous theoretical guidance
has not yet been established. Additionally, the SVRG requires the reference point w̃s to
be updated at each outer loop. For a new reference point w̃s, a full gradient ∇f(w̃s) is
required to update vk in (3.2), which may be computationally expensive.
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To overcome the aforementioned limitations of the SVRG, we advocate the L-SVRG
scheme (Kovalev et al., 2020). Compared with the SVRG, the L-SVRG eliminates the inner
loops, resulting in a more efficient and simplified framework for designing vk. Precisely, the
L-SVRG scheme computes vk as follows:

vk = ∇fik(xk)−∇fik(wk) +∇f(wk), (3.5)

where ik ∈ [n] is a randomly selected index and wk ∈ Rd is a reference point. Different
from the SVRG, we update the new reference point wk+1 as xk with a small probability
p ∈ (0, 1), while keeping it unchanged with a probability of 1− p, i.e.,

wk+1 =

{
xk with probability p,

wk with probability 1− p.
(3.6)

In practice, it is very common to choose a relatively small value for p (e.g., p = O(1/n)) to
ensure that wk remains unchanged for most of the iterations, resulting in substantial savings
in computational cost. Moreover, similar to the SVRG, the L-SVRG also achieves a linear
convergence rate as demonstrated in (Kovalev et al., 2020). Therefore, the L-SVRG provides
a more practical and efficient alternative to the SVRG, offering both simple implementation
and desirable linear convergence.

Remark 3 Notice that it is natural to extend the stochastic gradient vk to the batch version,
i,e., replace vk defined in (3.5) with

vk = ∇fBk
(xk)−∇fBk

(wk) +∇f(wk), (3.7)

where Bk ⊂ [n] is independently selected at each iteration.

3.2 Construction of Bk

We consider the stochastic L-BFGS scheme and use a set of correction pairs {(sj , yj)}mj=1

with s⊤j yj > 0 to construct Bk, where m > 0 is the memory size. The correction pairs
are generated using the Hessian-vector product scheme described in (Byrd et al., 2016b).
Specifically, new correction pairs are computed every r iterations, and at most a specified
number (denoted by l) of the latest computed correction pairs are stored. We introduce a
separate superscript t to denote the number of correction pairs computed so far, where t is
the integer division of k by r. Denoting the new correction pair as (st, yt), it is generated
based on a collection of average iterates, i.e.,

st = x̄t − x̄t−1 and yt = ∇2fSt

(
x̄t
)
st, (3.8)

where x̄t := 1
r

∑k
j=k−r+1 xj and St is randomly sampled from [n]. It is noteworthy that

the matrix ∇2fSt

(
x̄t
)
does not need to be constructed explicitly, one can directly compute

the Hessian-vector product ∇2fSt

(
x̄t
)
st, which can save lots of computational and storage

costs. Taking {(sj , yj)}mj=1(m ≤ l) as the latest computed m correction pairs, i.e., sj :=

st−m+j and yj := yt−m+j for j ∈ [m], the compact representation of the L-BFGS matrix Bt

(see (Nocedal and Wright, 1999)) reads as :

Bt := σ0I −
[
σ0S Y

] [σ0S⊤S L
L⊤ −D

]−1 [
σ0S

⊤

Y ⊤

]
, σ0 :=

(ym)⊤ym
(ym)⊤sm

, (3.9)

11
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where

S := [s1, . . . , sm] ∈ Rd×m, Y := [y1, . . . , ym] ∈ Rd×m, D := diag[s⊤1 y1 . . . s
⊤
mym] ∈ Rm×m,

and L ∈ Rm×m is defined as

(L)i,j =

{
s⊤i yj if i > j,

0 otherwise.

At the initial stage (i.e., k < r), we set Bk = I. For k ≥ r, we set Bk = Bt and update it
every r iterations. In addition, the matrix Bt does not need to be explicitly computed, as
we will discuss in detail in Section 5.

It is worth mentioning an alternative stochastic L-BFGS scheme in (Berahas et al.,
2016), which generates a correction pair (sk, yk) at every iteration. To be concrete, a small
batch Sk ⊂ [n] is generated at the k-th iteration such that Ok := Sk ∩ Sk−1 ̸= ∅. Then the
correction pair (sk, yk) is computed via

sk = xk − xk−1, yk = ∇fOk
(xk)−∇fOk

(xk−1).

Note that the construction of yk in the above L-BFGS scheme does not require extra gradient
computation, as Ok is a subset of both Sk and Sk−1. However, this approach may encounter
practical challenges, such as the inability to ensure the independence of the samples {Sk}
or the insufficiency of the overlap set Ok to offer valuable Hessian information. In contrast,
the stochastic L-BFGS Hessian-vector product scheme (3.8), as highlighted in (Byrd et al.,
2016b), addresses this limitation and achieves a stable Hessian approximation by decoupling
the computation of s and the construction of y. It also allows for the incorporation of new
Hessian information periodically, and this flexibility enhances the performance and efficiency
of the Hessian-vector product scheme (3.8).

Remark 4 It is important to note that even the deterministic version of L-BFGS does not
achieve locally superlinear convergence; generally, only linear convergence rate can be at-
tained. This limitation can be attributed to the failure to meet the Dennis-Moré criterion
(Dennis and Moré, 1974), which is both necessary and sufficient for the superlinear conver-
gence of quasi-Newton methods (Nocedal and Wright, 1999). Therefore, in Section 4, we
focus on studying the global convergence behavior of the proposed method.

3.3 A single-loop stochastic proximal quasi-Newton method for (1.1)

Based on the discussions in Sections 3.1 and 3.2, we propose a single-loop stochastic proximal
quasi-Newton method for solving (1.1), as summarized in Algorithm 1.

It is easy to see that if the Hessian approximation Bk is fixed as the identity matrix
Id, Algorithm 1 simplifies into a proximal variant of the L-SVRG, which can be considered
as an extension of the L-SVRG for solving the nonsmooth problem (1.1). We present the
proximal L-SVRG method in Algorithm 2. Additionally, note that Algorithm 1 can be
generalized by generating the stochastic gradient vk via other VR methods, such as the
SAGA (Defazio et al., 2014) and the SEGA (Hanzely et al., 2018). As to be shown in
Section 4.3, the resulting generalized algorithms exhibit linear convergence rates.
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Algorithm 1 A single-loop stochastic proximal quasi-Newton method for (1.1)

Require: initial points x0 = w0 ∈ Rd; step sizes {ηk}k≥0; probability parameter p ∈ (0, 1);
Hessian update frequency r > 0.
Set t = 0, x̄0 = 0.
for k = 0, 1, 2, · · · do

if mod(k, r) = 0 and k ≥ r then
Set t = t+ 1 and x̄t = 1

r

∑k
j=k−r+1 xj .

Compute st = x̄t − x̄t−1.
Sample St ⊂ [n] and compute yt = ∇2fSt(x̄t)st.
Update the correction pairs {(sj , yj)}mj=1 with (st, yt).

Sample an index ik uniformly at random from [n].
Compute vk according to (3.5) or (3.7).
if k < r then

xk+1 = proxηk, h(xk − ηkvk).
else

Update the iterate xk+1 by solving (3.1) with Bk := Bt as defined by (3.9).

Update the reference point wk+1 =

{
xk with probability p,

wk with probability 1− p.

Like other proximal Newton-type methods, Algorithm 1 requires to solve the subproblem
(3.1) to proceed, which generally lacks a closed-form solution. To tackle this challenge, we
introduce a rapid inner solver in Section 5 that efficiently solves (3.1), thereby significantly
reducing the overall computational cost. It’s worth noting that this solver can be leveraged
for any proximal Newton-type methods that require solving subproblems akin to (3.1),
consequently improving their numerical efficiency as well.

Algorithm 2 Proximal Loopless SVRG for solving (1.1)

Require: initial points x0 = w0 ∈ Rd; step sizes {ηk}k≥0; probability parameter p ∈ (0, 1).
for k = 0, 1, . . . do

Sample an index ik uniformly at random from [n].
Compute vk according to (3.5) or (3.7).

Update xk+1 = proxηk, h(xk − ηkvk) and wk+1 =

{
xk with probability p,

wk with probability 1− p.

4. Convergence analysis

We present our convergence analyses in this section. Specifically, in Section 4.1 we focus on
Algorithm 1 and demonstrate its globally linear convergence. The convergence of Algorithm
2 is established in Section 4.2. Finally, in Section 4.3 we generalize Algorithm 1 and provide
corresponding convergence results. Note that while the results established in this section
focus on the case (3.5), they can be readily extended to the batch version (3.7).
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4.1 Convergence of Algorithm 1

In this subsection, we shall show that the iterative sequence generated by Algorithm 1
converges linearly towards the optimal solution in expectation. We start by making the
following assumption, which is widely adopted in the related literature.

Assumption 5 Each component fi is twice continuously differentiable, and there exist con-
stants µ,L > 0 such that

µI ⪯ ∇2fS(x) ⪯ LI

for any x ∈ Rd and S ⊂ [n].

Note that Assumption 5 implies that each fi and f are µ-strongly convex and L-smooth, and
the objective F is µ-strongly convex, thereby ensuring the existence of a unique minimizer
x∗ of (1.1).

Under Assumption 5, it can be established that the eigenvalues of the Hessian approx-
imations defined by (3.9) are uniformly bounded both from above and away from zero as
summarized in the following lemma.

Lemma 6 ((Byrd et al., 2016b, Lemma 3.1)) Let Assumption 5 hold, then there exist
constants 0 < m1 ≤ m2 such that the Hessian approximations {Bt}t≥1 defined by (3.9)
satisfies

m1I ⪯ Bt ⪯ m2I, ∀t ≥ 1.

The upcoming lemma demonstrates that, in the L-SVRG scheme (3.5), if both {xk}
and {wk} converge to x∗, then the variances of {vk} converges to zero. This result plays a
crucial role in establishing linear convergence for Algorithm 1 with a constant step size.

Lemma 7 Consider problem (1.1) and suppose that fi is convex and L-smooth for each
i ∈ [n]. Let vk be defined as in (3.5), then for any k ≥ 0, we have Ek[vk] = ∇f(xk) and

Ek

[
∥vk −∇f(xk)∥2

]
≤ 4L[F (xk)− F ∗ + F (wk)− F ∗]. (4.1)

Proof Firstly, it is easy to verify Ek[vk] = ∇f(xk) by noting that Ek[∇fik(xk)] = ∇f(xk)
and Ek[∇fik(wk)] = ∇f(wk). Moreover, from the fact that Ek

[
∥ζ − Ek[ζ]∥2

]
= Ek

[
∥ζ∥2

]
−

∥Ek[ζ]∥2 for any random vector ζ, we have

Ek

[
∥vk −∇f (xk)∥2

]
= Ek

[
∥∇fik (xk)−∇fik(wk) +∇f(wk)−∇f (xk)∥2

]
= Ek

[
∥∇fik (xk)−∇fik(wk)∥2

]
− ∥∇f (xk)−∇f(wk)∥2

≤ Ek

[
∥∇fik (xk)−∇fik (x

∗) +∇fik (x
∗)−∇fik(wk)∥2

]
.

(4.2)

Apply Young’s inequality on the RHS of (4.2), and then apply Lemma 1, we obtain

Ek

[
∥vk −∇f (xk)∥2

]
≤2Ek

[
∥∇fik (xk)−∇fik (x

∗)∥2
]
+ 2Ek

[
∥∇fik(wk)−∇fik (x

∗)∥2
]

=
2

n

n∑
i=1

∥∇fi (xk)−∇fi (x
∗)∥2 + 2

n

n∑
i=1

∥∇fi(wk)−∇fi (x
∗)∥2

≤4L [F (xk)− F ∗ + F (wk)− F ∗] ,
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which completes the proof.

We are now ready to unveil the convergence behavior of the iterates {xk} produced by
Algorithm 1 towards the optimal solution x∗. For this purpose, we introduce a Lyapunov
sequence {ϕk} defined as

ϕk := ∥xk − x∗∥2Bk
+Aη2k [F (wk)− F ∗] + 2ηk [F (xk)− F ∗] , ∀k ≥ 0, (4.3)

where the constant A > 0 is introduced to balance the term F (wk) − F ∗ via the update
rule of reference points {wk}. In the following theorem, we show that, with an appropriate
constant step size ηk ≡ η > 0 and Hessian update frequency r > 0, the sequence {E[ϕk]}
converges to 0 linearly, which implies that the distance between {xk} and x∗ diminishes
linearly to 0 in expectation.

Theorem 8 Let Assumption 5 hold. Choose a positive constant A such that A >
8L

√
m2

pm1
√
m1

,

where m1,m2 > 0 are constants satisfying m1I ⪯ Bt ⪯ m2I for any t ≥ 1 as indicated by
Lemma 6. Let {xk} be the iterates generated by Algorithm 1 with constant step size η > 0
and Hessian update frequency r > 0 satisfying

η ≤ min

{
m1

L
,

2m1m2
√
m1

8Lm2
√
m2 + 2µm1

√
m1 +Apm1m2

√
m1

}
(4.4)

and (
m2

m1

)1/r

ρ < 1,

where ρ := max
{
1− ηµ

m2
,

8L
√
m2

Am1
√
m1

+ 1− p
}
. Then we have ρ ∈ (0, 1), and for any k ≥ r, it

holds that

E [ϕk] ≤
(
m2

m1
ρr
)⌊ k

r
⌋
ϕ0.

Proof Apply Lemma 2 with x = xk, v = vk, B = Bk, and y = x∗, then we have x+ = xk+1

and hence g = gk := 1
η (xk − xk+1) and ∆ = ∆k := vk −∇f(xk), which gives

F ∗ ≥ F (xk+1)+g⊤k Bk(x
∗−xk)+∆⊤

k (xk+1−x∗)+η∥gk∥2Bk
−Lη2

2
∥gk∥2+

µ

2
∥xk−x∗∥2. (4.5)

Using (4.5), we expand ∥xk+1 − x∗∥2Bk
= ∥xk+1 − xk + xk − x∗∥2Bk

as follows

∥xk+1 − x∗∥2Bk
= ∥xk − x∗∥2Bk

+ 2 (xk − x∗)⊤Bk (xk+1 − xk) + ∥xk+1 − xk∥2Bk

= ∥xk − x∗∥2Bk
− 2ηg⊤k Bk (xk − x∗) + η2 ∥gk∥2Bk

≤∥xk − x∗∥2Bk
+ 2η [F ∗ − F (xk+1)]− 2η∆⊤

k (xk+1 − x∗)− η2∥gk∥2Bk

+ Lη3∥gk∥2 − µη ∥xk − x∗∥2 .

(4.6)
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Since m1I ⪯ Bk ⪯ m2I and η ≤ m1
L , we have from (4.6) that

∥xk+1 − x∗∥2Bk
≤∥xk − x∗∥2Bk

+ 2η [F ∗ − F (xk+1)]− 2η∆⊤
k (xk+1 − x∗)

− η2(m1 − Lη)∥gk∥2 −
µη

m2
∥xk − x∗∥2Bk

≤
(
1− µη

m2

)
∥xk − x∗∥2Bk

+ 2η [F ∗ − F (xk+1)]− 2η∆⊤
k (xk+1 − x∗) .

(4.7)

Next, we bound the last term −2η∆⊤
k (xk+1 − x∗) on the RHS of (4.7). To this end, we

define
x̄k+1 = proxBk

η, h (xk − ηHk∇f (xk)) ,

and split −2η∆⊤
k (xk+1 − x∗) into two parts:

−2η∆⊤
k (xk+1 − x∗) = −2η∆⊤

k (xk+1 − x̄k+1)− 2η∆⊤
k (x̄k+1 − x∗) . (4.8)

Taking conditional expectation Ek[·] on ∆⊤
k (x̄k+1 − x∗) gives

Ek

[
∆⊤

k (x̄k+1 − x∗)
]
= (Ek [∆k])

⊤ Ek [x̄k+1 − x∗] = 0,

where the first equality holds due to the independence between ik and St (Feller, 1971,
Section V.2), and the second equality follows since Ek[∆k] = 0 from Lemma 7. For the
term −∆⊤

k (xk+1 − x̄k+1) in (4.8), applying (2.4) and considering the fact that ∥Hk∥ ≤ 1
m1

,
we bound it as follows

−∆⊤
k (xk+1 − x̄k+1) ≤∥∆k∥ ·

∥∥∥proxBk
η, h (xk − ηHkvk)− proxBk

η, h (xk − ηHk∇f (xk))
∥∥∥

≤
√

m2

m1
∥∆k∥ ∥(xk − ηHkvk)− (xk − ηHk∇f (xk))∥

=

√
m2

m1
η ∥∆k∥ · ∥Hk∆k∥

≤
√
m2

m1
√
m1

η ∥∆k∥2 .

Therefore, taking conditional expectation Ek[·] on both sides of (4.8) and applying Lemma
7, we have

−2ηEk[∆
⊤
k (xk+1 − x∗)] ≤

2
√
m2

m1
√
m1

η2Ek[∥∆k∥2]

≤
8L

√
m2

m1
√
m1

η2 [F (xk)− F ∗ + F (wk)− F ∗] .

(4.9)

Then, taking conditional expectation Ek[·] on both sides of (4.7) and it follows from (4.9)
that

Ek

[
∥xk+1 − x∗∥2Bk

]
≤
(
1− µη

m2

)
∥xk − x∗∥2Bk

− 2ηEk [F (xk+1)− F ∗]

+
8L

√
m2

m1
√
m1

η2 [F (xk)− F ∗ + F (wk)− F ∗] .

(4.10)
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On the other hand, from the update rule (3.6), we have

Ek [F (wk+1)− F ∗] = (1− p) [F (wk)− F ∗] + p [F (xk)− F ∗] . (4.11)

Adding Aη2Ek [F (wk+1)− F ∗] on both sides of (4.10), then it follows from (4.11) that

Ek

[
∥xk+1 − x∗∥2Bk

+Aη2 (F (wk+1)− F ∗)
]

≤
(
1− µη

m2

)
∥xk − x∗∥2Bk

− 2ηEk [F (xk+1)− F ∗] +

(
8L

√
m2

m1
√
m1

+Ap

)
η2 [F (xk)− F ∗]

+

(
8L

√
m2

Am1
√
m1

+ 1− p

)
Aη2 [F (wk)− F ∗] .

(4.12)

Note that η > 0 guarantees 1 − µη
m2

< 1, and the condition A >
8L

√
m2

pm1
√
m1

ensures that

0 <
8L

√
m2

Am1
√
m1

+1− p < 1. Therefore, we have ρ ∈ (0, 1). With the definition of ρ, we obtain

from (4.12) that

Ek

[
∥xk+1 − x∗∥2Bk

+Aη2 (F (wk+1)− F ∗) + 2η (F (xk+1)− F ∗)
]

≤ρ

[
∥xk − x∗∥2Bk

+Aη2 (F (wk)− F ∗) +
η2

ρ

(
8L

√
m2

m1
√
m1

+Ap

)
(F (xk)− F ∗)

]
.

(4.13)

Since

η ≤
2m1m2

√
m1

8Lm2
√
m2 + 2µm1

√
m1 +Apm1m2

√
m1

,

we have that

η ≤
2− 2ηµ

m2

8L
√
m2

m1
√
m1

+Ap
. (4.14)

Then, it follows from ρ ≥ 1− µη
m2

and (4.14) that

η2

ρ

(
8L

√
m2

m1
√
m1

+Ap

)
≤ 2η. (4.15)

Hence, combining (4.13) with (4.15) we have

Ek

[
∥xk+1 − x∗∥2Bk

+Aη2 (F (wk+1)− F ∗) + 2η (F (xk+1)− F ∗)
]

≤ρ
[
∥xk − x∗∥2Bk

+Aη2 (F (wk)− F ∗) + 2η (F (xk)− F ∗)
]
.

(4.16)

For any k ≥ r, from the condition m1I ⪯ Bk ⪯ m2I we have

∥xk+1 − x∗∥2Bk
≥ m1 ∥xk+1 − x∗∥2 ≥ m1

m2
∥xk+1 − x∗∥2Bk+1

. (4.17)

Also notice that within any consecutive r iterations, Hk only changes once. Therefore, it
follows from (4.16) and (4.17) that

E [ϕk] ≤
(
m2

m1
ρr
)
E [ϕk−r] ≤

(
m2

m1
ρr
)⌊ k

r
⌋
E
[
ϕk−r⌊ k

r
⌋

]
, (4.18)
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where ϕk is the Lyapunov function defined by (4.3). On the other hand, since Bk = I for
all k < r, we have

ϕk = ∥xk − x∗∥2 +Aη2 [F (wk)− F ∗] + 2η [F (xk)− F ∗] , ;∀k < r,

which together with (4.16) gives

E [ϕk] ≤ ρ · E [ϕk−1] ≤ ρkϕ0 ≤ ϕ0, ∀k < r. (4.19)

Note that k − r⌊kr ⌋ < r. Then combining (4.18) with (4.19) leads to

E [ϕk] ≤
(
m2

m1
ρr
)⌊ k

r
⌋
ϕ0, (4.20)

which completes the proof.

Theorem 8 shows that the the sequence of Lyapunov functions {ϕk} converges to 0

linearly in expectation since (m2/m1)
1/r ρ < 1. As a direct consequence, we have that

{∥xk − x∗∥Bk
} converges to 0 linearly, which together with m1I ⪯ Bk implies that {xk}

converges to x∗ linearly. Moreover, the two sequences of the objective values {F (xk)} and
{F (wk)} also converge to F ∗ at linear rates.

4.2 Convergence of Algorithm 2

In this subsection, we establish a linear convergence result and complexity analysis for
Algorithm 2. To this end, we first note that Algorithm 2 can be regarded as a special case
of Algorithm 1 wherein the matrix Bk remains fixed as the identity matrix. Therefore, by
setting m1 = m2 = 1 in Theorem 8, we can derive the following convergence result for
Algorithm 2.

Theorem 9 Let Assumption 5 hold. Let {xk} be the iterates generated by Algorithm 2 with
a constant step size η > 0 satisfying

0 < η ≤ min

{
1

L
,

1

9L+ µ

}
, (4.21)

we then have

E [ϕk] ≤ max
{
1− ηµ, 1− p

5

}k
ϕ0, (4.22)

where ϕk is the Lyapunov function defined in (4.3) with A = 10L
p and Bk = I, i.e.,

ϕk := ∥xk − x∗∥2 + 10L

p
η2 [F (wk)− F ∗] + 2η [F (xk)− F ∗] .

Proof Setting m1 = m2 = 1 in Theorem 8, we have that the step size requirement (4.4)
reduces to

0 < η ≤ min

{
1

L
,

2

8L+ 2µ+Ap

}
and ρ = max

{
1− ηµ,

8L

A
+ 1− p

}
,
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which, together with A = 10L
p , gives (4.21) and ensures that ρ ∈ (0, 1), so that the condition(

m2
m1

)1/r
ρ < 1 is satisfied. Then, substituting Bk = I and A = 10L

p in (4.16), and noting

that r = 1 in Algorithm 2, we obtain

E [ϕk] ≤ ρkϕ0 = max
{
1− ηµ, 1− p

5

}k
ϕ0,

which completes the proof.

Theorem 9 implies the following iteration complexity result for Algorithm 2.

Corollary 10 Consider the same setting as that in Theorem 9. Suppose we choose η = 1
10L .

Then for any ϵ > 0, we have E [ϕk] ≤ ϵϕ0 if

k ≥ 10

(
1

p
+

L

µ

)
log

(
1

ϵ

)
. (4.23)

Furthermore, if we select p ∈
[
min

{
c
n ,

cµ
L

}
,max

{
c
n ,

cµ
L

}]
for any constant c > 0, then the

expected total number of stochastic gradient oracles is

O

((
n+

L

µ

)
log

1

ϵ

)
. (4.24)

Proof To start off, note that η = 1
10L satisfies the step size requirement (4.21) since µ ≤ L,

hence plugging η = 1
10L into (4.22) gives

E [ϕk] ≤ ρkϕ0, (4.25)

with ρ = max
{
1− µ

10L , 1−
p
5

}
. From (4.25) and the inequality log(β) ≤ β − 1 for any

β > 0, we know that E [ϕk] ≤ ϵϕ0 as long as

k ≥ 1

1− ρ
log

(
1

ϵ

)
. (4.26)

In addition, notice that

10

(
L

µ
+

1

p

)
> max

{
10L

µ
,
5

p

}
=

1

1− ρ
.

Therefore, choosing k = 10
(
1
p + L

µ

)
log

(
1
ϵ

)
satisfies (4.26), which proves (4.23).

To show (4.24), note that at each iteration, Algorithm 2 calls O(1 + pn) stochastic
gradient in expectation. Combining it with the iteration complexity (4.23) leads to the
expected total number of stochastic gradient oracles

O

((
1

p
+ n+

L

µ
+

Lpn

µ

)
log

1

ϵ

)
.

Therefore, given any c > 0, any choice of p ∈ [min{c/n, cµ/L},max{c/n, cµ/L}] leads to
the total complexity (4.24), which completes the proof.
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Remark 11 The complexity result O
((

n+ L
µ

)
log 1

ϵ

)
of Algorithm 2 in terms of stochas-

tic gradient oracles aligns with the one of the L-SVRG presented in (Kovalev et al., 2020).
Consequently, we generalize the L-SVRG to a proximal variant and establish its linear con-
vergence by leveraging the techniques developed in the proof of Theorem 8.

4.3 Generalization of Algorithm 1

As mentioned in Section 3.3, it is possible to generalize Algorithm 1 by defining the stochas-
tic gradient vk using VR methods different from the L-SVRG. In this subsection, we estab-
lish linear convergence results for these generalized versions. To this end, recall that in the
proof of Theorem 8, we resort to two properties of vk defined by the L-SVRG scheme (3.5),
namely, (4.1) and (4.11). Note that these two inequalities are special cases of the following
general form: Ek

[
∥vk −∇f (xk)∥2

]
≤ a (F (xk)− F ∗) + bξk,

Ek [ξk+1] ≤ (1− γ)ξk + c (F (xk)− F ∗) ,
(4.27)

where a, b, c ≥ 0 and γ ∈ (0, 1] are constants unrelated to the index k, and {ξk}k≥0 is a
sequence of random variables. Indeed, it is easy to verify that vk defined by the L-SVRG
(3.5) satisfies (4.27) with a = b = 4L, c = γ = p, and ξk = F (wk)− F ∗.

In the remaining part of this subsection, rather than specifying an explicit expression
on vk, we make the following assumption concerning its general properties.

Assumption 12 For any k ≥ 0, the stochastic gradient vk is an unbiased estimator of
∇f(xk), i.e., Ek[vk] = ∇f(xk). Furthermore, there exist constants a, b, c ≥ 0 and γ ∈ (0, 1],
and a sequence of random variables {ξk}k≥0 such that (4.27) is satisfied.

It can be demonstrated that, in addition to the L-SVRG (Kovalev et al., 2020), the
stochastic gradient vk generated by other VR methods like the SAGA (Defazio et al., 2014)
and the SEGA (Hanzely et al., 2018) also satisfies Assumption 12. For instance, in the
SAGA, each component fi is assigned with a reference point wi

k. At the k-th iteration, a

random index ik is sampled from [n], and the update wik
k+1 = xk is performed while other

reference points remain unchanged. Then the stochastic gradient vk is computed as

vk = ∇fik(xk)−∇fik(w
ik
k ) +

1

n

n∑
j=1

∇fj(w
j
k). (4.28)

Next, we show that vk defined by (4.28) satisfies Assumption 12, in which case Ek[·] denotes
the expectation conditioned on xk and {wi

k}ni=1. Similar results can be established for some
other VR methods.

Proposition 13 Consider problem (1.1). Suppose each component fi is convex and L-
smooth, and x∗ ∈ argminx∈Rd F (x). Then, the stochastic gradient vk defined by (4.28)
satisfies Assumption 12 with a = 4L, b = 2, γ = 1

n , c =
2L
n and

ξk =
1

n

n∑
i=1

∥∥∇fi
(
wi
k

)
−∇fi (x

∗)
∥∥2 .
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Proof To start off, it is straightforward to verify Ek[vk] = ∇f(xk). Now, we estimate the
variance of the stochastic gradient vk defined by (4.28). First, it follows from (4.28) that

Ek

[
∥vk −∇f (xk)∥2

]
=Ek

∥∥∥∥∥∥∇fik (xk)−∇fik

(
wik
k

)
+

1

n

n∑
j=1

∇fj

(
wj
k

)
−∇f (xk)

∥∥∥∥∥∥
2

=Ek

[∥∥∥∇fik (xk)−∇fik

(
wik
k

)
− Ek

[
∇fik (xk)−∇fik

(
wik
k

)]∥∥∥2]
≤Ek

[∥∥∥∇fik (xk)−∇fik (x
∗) +∇fik (x

∗)−∇fik

(
wik
k

)∥∥∥2] .
(4.29)

Apply Young’s inequality on the RHS of (4.29) and then apply Lemma 1, we have

Ek

[
∥vk −∇f (xk)∥2

]
≤2Ek

[
∥∇fik (xk)−∇fik (x

∗)∥2
]
+ 2Ek

[∥∥∥∇fik

(
wik
k

)
−∇fik (x

∗)
∥∥∥2]

≤4L (F (xk)− F ∗) +
2

n

n∑
i=1

∥∥∇fi
(
wi
k

)
−∇fi (x

∗)
∥∥2

=4L (F (xk)− F ∗) + 2ξk,

Next, we estimate Ek[ξk+1] by Lemma 1, which gives

Ek [ξk+1] =
1

n

n∑
i=1

Ek

[∥∥∇fi
(
wi
k+1

)
−∇fi (x

∗)
∥∥2]

=
1

n

n∑
i=1

(
n− 1

n

∥∥∇fi
(
wi
k

)
−∇fi (x

∗)
∥∥2 + 1

n
∥∇fi (xk)−∇fi (x

∗)∥2
)

≤
(
1− 1

n

)
ξk +

2L

n
(F (xk)− F ∗) .

The proof is now complete.

In the subsequent theorem, we extend Theorem 8 and demonstrate that a linear con-
vergence rate can be achieved by generalizations of Algorithm 1, wherein the stochastic
gradient vk satisfies Assumption 12.

Theorem 14 Let Assumption 5 hold and consider implementing a variant of Algorithm
1, wherein the stochastic gradients {vk} are defined such that Assumption 12 is satisfied.
Suppose, we choose constant A > 0 and step size η > 0 such that

ρ := max

{
1− ηµ

m2
,

2b
√
m2

Am1
√
m1

+ 1− γ

}
∈ (0, 1),

(
2a

√
m2

m1
√
m1

+Ac

)
η ≤ 2ρ,

where m1 and m2 are positive constants such that m1I ⪯ Bk ⪯ m2I for any k ≥ 0. Besides,

the Hessian update frequency r > 0 is chosen to satisfy
(
m2
m1

)1/r
ρ < 1. Then for any k ≥ r,

we have

E [Vk] ≤
(
m2

m1
ρr
)⌊ k

r
⌋
V0,
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where Vk is a Lyapunov function defined by

Vk = ∥xk − x∗∥2Bk
+Aη2ξk + 2η [F (xk)− F ∗] .

Proof Imitating the proof of Theorem 8 from (4.5) to (4.9) and applying the first inequality
in (4.27), we have

Ek

[
∥xk+1 − x∗∥2Bk

]
≤
(
1− ηµ

m2

)
∥xk − x∗∥2Bk

− 2ηEk [F (xk+1)− F ∗]

+
2
√
m2

m1
√
m1

η2Ek

[
∥vk −∇f(xk)∥2

]
≤
(
1− ηµ

m2

)
∥xk − x∗∥2Bk

− 2ηEk [F (xk+1)− F ∗]

+
2a

√
m2

m1
√
m1

η2 (F (xk)− F ∗) +
2b
√
m2

m1
√
m1

η2ξk.

(4.30)

Adding Aη2Ek[ξk+1] on both sides of (4.30) and applying the second inequality in (4.27)
leads to

Ek

[
∥xk+1 − x∗∥2Bk

+Aη2ξk+1 + 2η [F (xk+1)− F ∗]
]

≤
(
1− ηµ

m2

)
∥xk − x∗∥2Bk

+

(
2b
√
m2

Am1
√
m1

+ 1− γ

)
Aη2ξk +

(
2a

√
m2

m1
√
m1

+Ac

)
η2 [F (xk)− F ∗] .

Since ρ = max
{
1− ηµ

m2
,

2b
√
m2

Am1
√
m1

+ 1− γ
}
∈ (0, 1), we have

Ek

[
∥xk+1 − x∗∥2Bk

+Aη2ξk+1 + 2η [F (xk+1)− F ∗]
]

≤ρ

[
∥xk − x∗∥2Bk

+Aη2ξk +
η2

ρ

(
2a

√
m2

m1
√
m1

+Ac

)
(F (xk)− F ∗)

]
.

Since
(

2a
√
m2

m1
√
m1

+Ac
)
η ≤ 2ρ, it holds that η2

ρ

(
2a

√
m2

m1
√
m1

+Ac
)
≤ 2η. Therefore, we have

Ek

[
∥xk+1 − x∗∥2Bk

+Aη2ξk+1 + 2η (F (xk+1)− F ∗)
]

≤ρ
[
∥xk − x∗∥2Bk

+Aη2ξk + 2η (F (xk)− F ∗)
]
.

The remaining of the proof resembles the proof of Theorem 8 starting from (4.17).

Remark 15 Similar to Theorem 9, we can establish convergence results for the proximal
extensions of various VR methods satisfying Assumption 12 by setting m1 = m2 = 1 in
Theorem 14.

22



A Single-Loop Stochastic Proximal Quasi-Newton Method

5. An SSN method for (3.1) and its numerical implementation

In this section, we provide a fast SSN method for efficiently solving the subproblem (3.1).
The subproblem (3.1) is equivalent to the following minimization problem:

min
x∈Rd

v⊤k (x− xk) +
1

2ηk
(x− xk)

⊤Bk(x− xk) + h(x). (5.1)

To simplify the formulation of (5.1), we introduce

g := ηkvk −Bkxk, θ(·) := ηkh(·).

Then, we omit the subscript k in Bk and reformulate (5.1) as

min
x∈Rd

g⊤x+
1

2
x⊤Bx+ θ(x). (5.2)

Let {(si, yi)}mi=1 be the correction pairs that generate B, where m is the current memory
size. For simplicity and with a slight abuse of notation, we denote by Bi the i-th matrix in
the generation of B throughout this section. That is, given Bi−1, Bi is updated via

Bi = Bi−1 −
siy

⊤
i

y⊤i si
+

yiy
⊤
i

y⊤i si
,

and we have B = Bm.

In Section 5.1, we present our SSN method for solving (5.2), and we provide an efficient
numerical implementation for the proposed SSN method in Section 5.2.

5.1 An SSN method for (5.2)

It is known that SSN methods are typically used in conjunction with a suitable step size
search strategy (Ali et al., 2017; Nakayama et al., 2024). However, the nonsmoothness of
the objective function in (5.2) prevents the direct application of commonly used line search
conditions. To address this issue, we first transform problem (5.2) into an unconstrained
smooth problem. For this purpose, we first rewrite (5.2) as

min
x,z∈Rd

g⊤x+
1

2
x⊤(B − αI)x+

α

2
z⊤z + θ(z),

s.t. x = z,

(5.3)

where α > 0. Note that if the matrix Bα := B − αI is positive definite, then the objective
function of (5.3) is convex. The proposition below offers guidance for selecting α to ensure
the positive definiteness of Bα.

Proposition 16 For any α satisfying 0 ≤ α < ᾱ := 1

1
σ0

+
∑m

i=1

s⊤
i

si

y⊤
i

si

, where σ0 is defined in

(3.9), the matrix Bα = B − αI is positive definite.
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Proof Recall y⊤i si > 0 for all i ∈ [m]. From (Nocedal and Wright, 1999), the inverse
L-BFGS matrix Hi = B−1

i satisfies for any i ∈ [m],

Hi =
(
I − siy

⊤
i

y⊤i si

)
Hi−1

(
I − yis

⊤
i

y⊤i si

)
+

sis
⊤
i

y⊤i si
.

Note that the largest eigenvalue of Hi denoted by σmax(Hi) satisfies

σmax(Hi) = max
∥x∥=1

x⊤Hix

≤ max
∥x∥=1

x⊤
(
I − siy

⊤
i

y⊤i si

)
Hi−1

(
I − yis

⊤
i

y⊤i si

)
x+ max

∥x∥=1
x⊤

sis
⊤
i

y⊤i si
x

= σmax

((
I − siy

⊤
i

y⊤i si

)
Hi−1

(
I − yis

⊤
i

y⊤i si

))
+

s⊤i si

y⊤i si
.

(5.4)

On the other hand, note that the eigenvalues of matrix
yis

⊤
i

y⊤i si
correspond to 0 with multiplicity

d − 1 and 1 with multiplicity 1, hence there exist orthogonal matrices Ui, Vi ∈ Rd×d and
diagonal matrix Σ = diag(0, 1, . . . , 1) ∈ Rd×d such that

I − yis
⊤
i

y⊤i si
= UiΣVi.

Thus it holds that

σmax

((
I − siy

⊤
i

y⊤i si

)
Hi−1

(
I − yis

⊤
i

y⊤i si

))
= σmax(V

⊤
i ΣU⊤

i Hi−1UiΣVi) = σmax(ΣU
⊤
i Hi−1UiΣ)

≤ σmax(U
⊤
i Hi−1Ui) = σmax(Hi−1),

(5.5)
where the inequality comes from the interlacing property for eigenvalues of Hermitian ma-
trices (see (Golub and Van Loan, 2013)) by noting that the nonzero (d−1)×(d−1) principle
submatrix of ΣU⊤

i Hi−1UiΣ is also a principle submatrix of U⊤
i Hi−1Ui. Then from (5.4) and

(5.5) we have

σmax(Hi) ≤ σmax(Hi−1) +
s⊤i si

y⊤i si
. (5.6)

Summing over (5.6) for i = 1, . . . ,m gives

σmax(Hm) ≤ σmax(H0) +

m∑
i=1

s⊤i si

y⊤i si
=

1

σ0
+

m∑
i=1

s⊤i si

y⊤i si
.

Denote by σmin(Bm) the smallest eigenvalue of Bm, then we have

σmin(Bm) =
1

σmax(Hm)
≥ 1

1
σ0

+
∑m

i=1
s⊤i si
y⊤i si

:= ᾱ,

which together with B = Bm implies that σmin(Bα) > 0 for all α ∈ [0, ᾱ), hence completes
the proof.
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To proceed, let’s consider the dual problem of (5.3), which reads as

max
λ∈Rd

J∗(λ), (5.7)

where J∗(λ) = minx,z∈Rd L(x, z;λ) with L(x, z;λ) = 1
2x

⊤Bαx+g⊤x+ α
2 z

⊤z+θ(z)−λ⊤(x−
z). Since problem (5.3) is convex with 0 ≤ α < ᾱ, the strong duality holds (Boyd and
Vandenberghe, 2004). Thus, the solutions of (5.3) can be obtained by solving its dual
problem (5.7). For convenience, we define Λ(λ) := −J∗(λ) and consider the following
equivalent formulation of (5.7):

min
λ∈Rd

Λ(λ). (5.8)

Remark 17 We transform the subproblem (5.2) into the dual reformulation (5.8), which
can be conducted for general positive definite matrix B. It is worth noting that an alternative
reformulation of (5.2) is provided by the proximal calculus framework in Becker et al. (2019).
This reformulation is applicable when the matrix B admits a decomposition B = D−UU⊤,
where D ∈ Rd×d is a diagonal matrix and U ∈ Rd×m. In this case, the solution of (5.2),
expressed as the scaled proximal operator proxBθ (u) with u := −B−1g, satisfies

proxBθ (u) = proxDθ
(
u+D−1Uα⋆

)
,

where α⋆ is the unique root of L(α) := U⊤ (
u− proxDθ

(
u+D−1Uα

))
+α. Consequently, the

computational challenge shifts to solving the nonlinear, nonsmooth equation L(α) = 0, which
typically requires an iterative solver such as an SSN method. However, for L-BFGS matrices
with a general memory size m > 1, obtaining the required decomposition B = D − UU⊤

is not straightforward. As seen from the compact representation (3.9), this decomposition
necessitates computing the square root of the inverse of a matrix J , which is one of the key
computational bottlenecks that our method avoids (see Section 5.2).

Next, we show that the objective function Λ in (5.8) is differentiable if 0 < α < ᾱ.

Proposition 18 If 0 < α < ᾱ, then the objective function Λ in (5.8) is differentiable and
its gradient is given by

∇Λ(λ) = B−1
α (λ− g)− prox 1

α
, θ

(
− λ

α

)
, ∀λ ∈ Rd.

Proof To simplify the notation, we introduce two auxiliary functions Ψ(·) and Θ(·) defined
by

Ψ(λ) := − min
x∈Rd

1

2
x⊤Bαx+ g⊤x− λ⊤x =

1

2
(λ− g)⊤B−1

α (λ− g),

Θ(λ) := − min
z∈Rd

α

2
∥z∥2 + θ(z) + λ⊤z.

Then, it is easy to see that
Λ(λ) = Ψ(λ) + Θ(λ).

Therefore, it suffices to prove that both Ψ and Θ are differentiable.
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To this end, first note that Ψ is differentiable with its gradient given by

∇Ψ(λ) = B−1
α (λ− g), ∀λ ∈ Rd. (5.9)

To show that Θ is also differentiable, notice that

Θ(λ) = − min
z∈Rd

{
θ(z) +

α

2
∥z + λ

α
∥2 − 1

2α
∥λ∥2

}
= −M 1

α
, θ

(
− λ

α

)
+

1

2α
∥λ∥2.

Hence, from (2.3) we know that Θ is differentiable, and

∇Θ(λ) =
1

α
∇M 1

α
, θ

(
− λ

α

)
+

λ

α
= −prox 1

α
, θ

(
− λ

α

)
. (5.10)

Consequently, Λ is differentiable, and combining (5.9) with (5.10) gives

∇Λ(λ) = B−1
α (λ− g)− prox 1

α
, θ

(
− λ

α

)
,

which completes the proof.

As a consequence of Proposition 18, if we let Dθ(·) be the generalized Jacobian (Clarke,
1990) of proxθ(·), then the matrix

B−1
α +

1

α
D θ

α

(
− λ

α

)
is the generalized Jacobian of ∇Λ at λ. Now applying an SSN method to (5.8) readily yields
the following iterative scheme

λj+1 = λj + ρjdj ,

where ρj > 0 is a step size and dj := −(B−1
α +Dj)

−1∇Λ(λj) with Dj :=
1
αD θ

α

(
− λj

α

)
.

To determine the step size ρj , one can apply a backtracking scheme until the Wolfe
condition (Wolfe, 1969) is met. Alternatively, we propose an exact line search by solving

ρj = argmin
ρ≥0

Rj(ρ) := Λ(λj + ρdj).

Since Rj is convex and differentiable, various methods can be applied to minimize it. In
particular, we advocate applying an SSN method due to its fast convergence. For this
purpose, a straightforward calculation gives

R
′
j(ρ) = d⊤j ∇Λ(λj + ρdj) = d⊤j B

−1
α (λj − g) + ρd⊤j B

−1
α dj − d⊤j prox 1

α
, θ

(
− λj + ρdj

α

)
,

which implies that

d⊤j B
−1
α dj +

1

α
d⊤j D θ

α

(
− λj + ρdj

α

)
dj

is an element of the generalized Jacobian ofR
′
j(ρ). Therefore, an SSN method for minimizing

Rj(·) proceeds by updating

ρi+1,j = ρi,j −
d⊤j B

−1
α (λj − g) + ρi,jd

⊤
j B

−1
α dj − d⊤j prox 1

α
, θ

(
− λj+ρi,jdj

α

)
d⊤j B

−1
α dj +

1
αd

⊤
j D θ

α

(
− λj+ρi,jdj

α

)
dj

. (5.11)
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Note that ρ0,j = 1 is a natural choice of the initial guess, and we set ρj as the output of
(5.11).

With the above discussions, we propose an SSN method for solving problem (5.8) and
list it in Algorithm 3.

Algorithm 3 An SSN method for solving problem (5.8).

Require: initial point λ0 ∈ Rd.
for j = 0, 1, . . . do

Compute xj = B−1
α (λj − g) and zj = prox 1

α
, θ

(
− λj

α

)
Set Dj =

1
αD θ

α

(
− λj

α

)
and ∇Λ(λj) = xj − zj

Compute dj = −(B−1
α +Dj)

−1∇Λ(λj)
Update λj+1 = λj + ρjdj with the step size ρj obtained by (5.11).

Remark 19 From the equivalence between problems (5.2) and (5.3) and the fact that strong
duality holds between (5.3) and its dual (5.8), we have that x∗ = B−1

α (λ∗ − g) is a global
minimizer of (5.2) if λ∗ is a global minimizer of (5.8). In other words, Algorithm 3 is an
SSN method from a dual perspective to solve (5.2).

5.2 A fast numerical implementation of Algorithm 3

In this subsection, we explore an efficient numerical implementation of Algorithm 3. As-
suming that θ has a simple structure with an efficiently computable proximal operator, the
computational cost of Algorithm 3 primarily involves computing xj and dj , as well as the
computations involved in (5.11). As a result, the key challenge in implementing Algorithm
3 is: given a vector z ∈ Rd, how to efficiently compute the matrix-vector products B−1

α z and
(B−1

α +Dj)
−1z.

Recall that at most l ≪ d correction pairs (sj , yj) , j = 1, . . . ,m ≤ l, are stored. From
(3.9), we can represent Bα as a scaled difference between a diagonal matrix and a matrix
with rank 2m ≤ 2l ≪ d, i.e.,

Bα = (σ0 − α)(I − UJ−1U⊤), (5.12)

where

U :=
[
σ0S Y

]
∈ Rd×2m and J := (σ0 − α)

[
σ0S

⊤S L
L⊤ −D

]
∈ R2m×2m.

Leveraging this specific structure, we can convert the complex d-dimensional linear system
in Algorithm 3 into an easily solvable 2m-dimensional linear system.

For simplicity, we assume that θ = ∥ · ∥1 or θ = IC , with IC being the indicator function
of a convex closed set C ⊂ Rd. In both cases, the generalized Jacobian Dθ(·) of proxθ(·) (see
(Clarke, 1990)) can be represented as a diagonal matrix with entries being either 0 or 1.
This distinct structure of Dθ(·) implies that many of the multiplication operations employed
in computing (B−1

α +Dj)
−1z are the same as those used in computing B−1

α z. Then as shown
below, we can reduce the redundant multiplication operations by computing and storing
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some auxiliary matrices. This approach significantly reduces the computational load of the
entire algorithm. We summarize these conditions in Assumption 20. It is worth mentioning
that the techniques developed subsequently can be easily generalized to cases where Dθ and
the basic matrix B0 are general diagonal matrices.

Assumption 20 For any u ∈ Rd, the generalized Jacobian Dθ(u) is a diagonal matrix with
diagonal entries being either 0 or 1.

5.2.1 Computation of auxiliary matrices

In addition to the matrices S = [s1, . . . , sm] and Y = [y1, . . . , ym], we introduce some sup-
plementary auxiliary matrices to track all multiplicative operations required for computing
S⊤Y , S⊤S, and Y ⊤Y . To simplify our notation, for any vectors u, v ∈ Rm we define the
operation:

u⊗ v := uv⊤ =


u1v1 u1v2 . . . u1vm
u2v1 u2v2 . . . u2vm
...

...
. . .

...
umv1 umv2 . . . umvm

 ∈ Rm×m.

For i ∈ [d], let s̄i, ȳi ∈ Rm represent the transpose of the i-th row of S and Y , respectively,
such that:

S =


s̄⊤1
s̄⊤2
...
s̄⊤d

 ∈ Rd×m and Y =


ȳ⊤1
ȳ⊤2
...
ȳ⊤d

 ∈ Rd×m.

We compute and store the following auxiliary matrices:

s̄i ⊗ ȳi, s̄i ⊗ s̄i, and ȳi ⊗ ȳi ∈ Rm×m, for i = 1, 2, . . . , d.

After computing a new correction pair (st, yt), these auxiliary matrices do not need to be
completely recomputed. In fact, for i ∈ [d], let sj,i, s

t
i ∈ R denote the i-th entry of sj and st,

respectively (yj,i, y
t
i ∈ R are defined similarly). Then the updates only include computing

the entries: 
sj,i y

t
i

sti yj,i

sj,i s
t
i

yj,i y
t
i

for j ∈

{
[m] if t ≤ l

{2, . . . ,m} otherwise
and


sti y

t
i ,

sti s
t
i,

yti y
t
i .

(5.13)

When t ≤ l, we update S and Y by adding new columns sm+1 = st and ym+1 = yt

respectively, and update s̄i ⊗ ȳi, s̄i ⊗ s̄i, and ȳi ⊗ ȳi by appending a new column and row
with entries calculated in (5.13) on the right and bottom correspondingly. When t > l, the
matrices S, Y and the auxiliary matrices s̄i⊗ ȳi, s̄i⊗ s̄i, and ȳi⊗ ȳi are updated by deleting
and appending certain rows and columns with st, yt, and those computed in (5.13). In
total, computing and storing the auxiliary matrices s̄i ⊗ ȳi, s̄i ⊗ s̄i, and ȳi ⊗ ȳi for i ∈ [d]
totally require approximately 4md multiplication operations and 2m2d units of storage.
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5.2.2 Computation of B−1
α z

Recall (5.12), we have from Woodbury’s formula that

B−1
α z =

1

σ0 − α
[z − U(U⊤U − J)−1U⊤z].

Therefore, B−1
α z can be easily computed once we obtain the explicit expression of (U⊤U −

J)−1. First, it holds that

J = (σ0 − α)

[
σ0S

⊤S L
L⊤ −D

]
∈ R2m×2m and U⊤U =

[
σ2
0S

⊤S σ0S
⊤Y

σ0Y
⊤S Y ⊤Y

]
∈ R2m×2m.

Additionally, note that

S⊤Y =

d∑
i=1

s̄i ⊗ ȳi, S⊤S =

d∑
i=1

s̄i ⊗ s̄i, Y ⊤Y =

d∑
i=1

ȳi ⊗ ȳi,

which only involves assembling the auxiliary matrices s̄i⊗ ȳi, s̄i⊗ s̄i, and ȳi⊗ ȳi, i = 1, . . . , d.
Therefore, the matrices S⊤Y , S⊤S, and Y ⊤Y can be very efficiently computed since they
do not require multiplications but only approximately 3m2d additions in total. Moreover,
recall that L is the lower triangular part of S⊤Y and D is the diagonal matrix of S⊤Y , hence
obtaining the expressions of L and D is straightforward. Therefore, the explicit expression
of U⊤U −J can be obtained correspondingly, and it costs O(m3) operations to compute its
inverse, which is negligible since m ≪ d. Then the remaining computations for B−1

α z mainly
consist of matrix-vector products, which cost about 4md multiplications and additions.

5.2.3 Computation of (B−1
α +Dj)

−1z

From the compact formulation (3.9), we have from Woodbury’s formula that

(B−1
α +Dj)

−1z =

(
1

σ0 − α
I +Dj −

1

σ0 − α
U(U⊤U − J)−1U⊤

)−1

z

=Cα,jz − Cα,jU
[
U⊤Cα,jU − (σ0 − α)(U⊤U − J)

]−1
U⊤Cα,jz,

(5.14)

where we define Cα,j =
(

1
σ0−αI +Dj

)−1
∈ Rd×d, with Dj := 1

αD θ
α

(
− λj

α

)
. Recall that

from Assumption 20 we have Dj =
1
αdiag(a

j
1, a

j
2, . . . , a

j
d), where aji ∈ {0, 1} for any i ∈ [d].

Therefore, the top-right block of U⊤Cα,jU reads as

σ0S
⊤Cα,jY =

d∑
i=1

σ0

1/(σ0 − α) + aji/α
s̄i ⊗ ȳi. (5.15)

Furthermore, denoting Ij = {1 ≤ i ≤ d|aji = 1}, then it follows from (5.15) that

σ0S
⊤Cα,jY = α(σ0 − α)

∑
i∈Ij

s̄i ⊗ ȳi + σ0(σ0 − α)

S⊤Y −
∑
i∈Ij

s̄i ⊗ ȳi

 .
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Similar computation can be established for other blocks in U⊤Cα,jU , which implies that
the explicit expression of U⊤Cα,jU can be computed efficiently via assembling the auxiliary
matrices, which only require approximately 3m2|Ij | additions. Given J , U⊤U and U⊤Cα,jU ,

it costs O(m3) operations to compute
[
U⊤Cα,jU − (σ0 − α)(U⊤U − J)

]−1
. Since Cα,k is

diagonal and m ≪ d, we obtain that the remaining computation of (B−1
α +Dj)

−1z by (5.14)
requires about 4md multiplications and additions.

5.3 Computational complexity analysis

Based on the implementation described above, we can significantly reduce the computational
complexity of Algorithm 3. Overall, the computational cost of our implementation includes:

• updating supplementary auxiliary matrices s̄i ⊗ ȳi, s̄i ⊗ s̄i, and ȳi ⊗ ȳi, for i ∈ [d] ;

• computing the gradient ∇Λ(λj);

• computing the direction dj = −(B−1
α +Dj)

−1∇Λ(λj);

• performing step size searches with (5.11).

Assuming an implementation of Algorithm 3 involves ι SSN iterations (typically a single-
digit number), we now estimate the computational cost of the aforementioned tasks.

Firstly, updating the auxiliary matrices incurs relatively minor computational cost.
These auxiliary matrices are updated only after receiving a new correction pair, occur-
ring every r iterations, with each update costing approximately 4md multiplications. Thus,
on average, the computational cost for updating these auxiliary matrices in each implemen-
tation of Algorithm 3 is 4md/r multiplications.

Secondly, recall that the gradient∇Λ(λj) = xj−zj . As previously mentioned, computing
xj = B−1

α (λj − g) requires roughly 3m2d additions to calculate U⊤U − J , O(m3) opera-
tions to compute (U⊤U − J)−1, and 4md multiplications and additions for matrix-vector
multiplication. Since we assume m ≤ l ≪ d, the computational cost of O(m3) operations
compared to 3m2d additions can be neglected. Furthermore, the matrix (U⊤U − J)−1 is
only recomputed during correction pair updates and the matrix-vector multiplication is ex-
ecuted per iteration of SSN. Therefore, on average, computing xj = B−1

α (λj − g) for each
implementation of Algorithm 3 cost approximately 4ιmdmultiplications and 4ιmd+3m2d/r
additions. On the other hand, computing zj involves ιd non-linear operations in each im-
plementation of Algorithm 3, with the specific complexity depending on the form of the
function θ. Under Assumption 20, these operations are easy and cheap to implement. That
is to say, on average, the computational complexity for computing the gradient ∇Λ(λj)
in each implementation of Algorithm 3 includes approximately 4ιmd multiplications and
4ιmd+ 3m2d/r additions, along with ιd simple non-linear operations.

Thirdly, the computation of the direction dj is inherently the most costly. It involves
forming the diagonal matrix Dj and solving the linear system with the coefficient matrix
B−1

α + Dj . The estimation of its computational cost is similar to that of zj and xj , with
the difference being that U⊤Cα,jU needs to be reassembled at each SSN iteration. Then,
it is easy to show that computing dj requires approximately 4ιmd multiplications and
approximately 4ιmd+ 3ιm2d additions, along with ιd simple non-linear operations.
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Update auxiliary matrices Compute ∇Λ(λj) Compute dj Total
Multiplications 4md/r 4ιmd 4ιmd O(ιmd)

Additions - 4ιmd+ 3m2d/r 4ιmd+ 3ιm2d O(ιm2d)
Non-linear Opts - ιd ιd O(ιd)

Table 1: Summary of computational complexity of Algorithm 3.

Finally, we need to perform step size searches with (5.11). Due to the potentially
varying number of step size searches in each SSN iteration, it’s difficult to quantify the
computational complexity. However, we note that it is relatively low. In fact, the terms
d⊤j B

−1
α (λj − g) = d⊤j xj and d⊤j B

−1
α dj in (5.11) can be computed once in each SSN iteration

and then reused during the step size searches. Therefore, most of the computational cost
of the step size search comes from executing the proximal operator and computing its
generalized Jacobian, which consist of O(ιd) simple non-linear operations, which incurs
small computational overhead under Assumption 20.

In conclusion, each implementation of Algorithm 3 requires O(ιmd) multiplications and
O(ιm2d) additions, along with O(ιd) simple non-linear operations. We summarize our
discussions on computational complexity in Table 1.

6. Experiments

In this section, we present a comprehensive set of experiments to validate the performance,
accuracy, and advantages offered by Algorithm 1 and Algorithm 3. Following the experimen-
tal settings of some stochastic Newton-type methods (e.g., (Byrd et al., 2016b)), we focus
on the logistic regression for binary classification, incorporating the elastic net regularizer
(Zou and Hastie, 2005), which reads

min
x∈Rd

F (x) =
1

n

n∑
i=1

fi(x) + h(x), (6.1)

where, for all x ∈ Rd,

fi(x) := f (x; ai, bi) = bi log (c (x; ai)) + (1− bi) log (1− c (x; ai)) ,

h(x) :=
µ

2
∥x∥2 + λ∥x∥1.

(6.2)

In (6.2), (ai, bi) ∈ Rd × {0, 1} represents the i-th sample, where ai ∈ Rd corresponds to the
feature vector and bi ∈ {0, 1} represents the label. The function c(·; ·) : Rd × Rd → R is
defined as:

c (x; ai) =
1

1 + exp
(
−a⊤i x

) , ∀x ∈ Rd.

It is worth noting that the square term µ
2∥ · ∥2 in the function h is smooth and can be

combined with fi, which leads to the following equivalent formulation for all x ∈ Rd:

fi(x) := f (x; ai, bi) = bi log (c (x; ai)) + (1− bi) log (1− c (x; ai)) +
µ

2
∥x∥2,

h(x) := λ∥x∥1.
(6.3)
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Algorithm Algorithm 1 SPQN-SVRG SPQN P-LSVRG

Step size choice constant constant ηk = O( 1k ) constant

Table 2: Summary of algorithms and their step size choices.

Dataset n d Sparsity

Synthetic1 104 5000 dense

Synthetic2 104 106 sparsity=0.1%

Synthetic3 104 106 sparsity=1%

rcv1 23149 47236 sparse

a9a 32561 123 sparse

w8a 49749 300 sparse

mushrooms 8124 112 sparse

Table 3: Summary of datasets.

An important advantage of the formulation (6.3) is that each fi becomes µ-strongly convex
and (∥ai∥2 + µ)-smooth.

In our experimental evaluation, we compare the performance of Algorithm 1 with other
three algorithms for solving the regularized logistic regression problem (6.1), namely the
stochastic proximal quasi-Newton method combined with the SVRG (SPQN-SVRG) (e.g.,
(Luo et al., 2016)), the stochastic proximal quasi-Newton (SPQN) built upon (Byrd et al.,
2016b), and Algorithm 2 (P-LSVRG). For the step size selection, we follow (Byrd et al.,
2016b) to gradually decrease the step sizes of SPQN. For the other three algorithms, we use
a constant step size, chosen for each algorithm from the set {2−20, . . . , 2−1, 1} that gives the
best overall performance. We summarize the test algorithms and their step size choices in
Table 2.

In all the experiments, we set the regularization parameter µ = λ = 10−3. The stochas-
tic gradient of each algorithm is computed using a small batch of samples. In addition,
since the subproblem (3.1) has no closed-form solution, we solve it iteratively by the ISTA
(Daubechies et al., 2004), the FISTA (Beck and Teboulle, 2009), or Algorithm 3.

Our experiments for solving (6.1) consist of the following three scenarios:

• Comparison among Algorithm 1, SPQN-SVRG, SPQN, and P-LSVRG, as well as inner
solvers Algorithm 3, FISTA, and ISTA on synthetic datasets with various dimensions
and levels of sparsity.

• Comparison between Algorithm 1 and SPQN-SVRG with different parameter settings
on real datasets.

• Comparison among testing errors and prediction accuracy of Algorithm 1, SPQN, and
P-LSVRG on real datasets.

To perform the experiments, we use both synthetic and real datasets given below (see also
Table 3).

• Three synthetic datasets consisting of 10,000 training samples, where the features are
generated from a standard multivariate Gaussian distribution. These datasets include
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a dense one (d = 5000), and two sparse ones (d = 106) with sparsity levels of 0.1%
and 1% respectively.

• Four sparse real datasets including the rcv1 dataset (Lewis et al., 2004), as well
as three datasets sourced from the LIBSVM library (Chang, 2008): a9a, w8a, and
mushrooms.

In all the figures, we define the training error as F (x)− F ∗, where F (x) is determined
based on the data points from the training set, and F ∗ is obtained by running FISTA for a
large number of iterations. On the other hand, the testing error is defined as F (x), excluding
the regularization term, and using the data points from the testing set. Our codes are avail-
able at https://github.com/wzm0213/single-loop-stochastic-proximal-L-BFGS-code.
git, written in Python with PyTorch, and all the numerical experiments were conducted
on a Windows 11 system, using a laptop equipped with an Intel(R) Core(TM) i5-12500H
CPU operating at 2.50 GHz and 16 GB of memory.

6.1 Experiments on synthetic datasets

In this section, we perform experiments on the comparison among Algorithm 1, SPQN-
SVRG, SPQN, and P-LSVRG, as well as the inner solvers Algorithm 3, FISTA, and ISTA
on the synthetic datasets presented in Table 3.

6.1.1 Performance of all four algorithms

We train the logistic regression model (6.1) using the four algorithms listed in Table 2 with
the three synthetic datasets presented in Table 3. The subproblems involved in Algorithm
1, SPQN-SVRG and SPQN are solved by FISTA. Each subproblem takes the form of (5.2)
and its first-order optimality condition suggests that its solution is a root of

E(x) := x− proxθ (x−Bx− g) .

We terminate the inner solver and return x̃ whenever E(x̃) < 10−8. For all the three
datasets, the batch size for computing the stochastic gradients is chosen to be b = 128,
while the sample size bH := |St| for implementing the Hessian-vector product (3.8) is fixed
as 600 for each algorithm. We also fix the Hessian update frequency r = 10 for updating
the correction pairs, and the maximum memory size l = 10 for Algorithm 1, SPQN-SVRG,
and SPQN for a fair comparison. Moreover, the probability parameter in Algorithm 1 is
fixed as p = b

n , and the number of inner iterations in SPQN-SVRG is chosen as ls =
1
p = n

b .

The initial points are set as 0.01 · 1 for all the algorithms, with 1 ∈ Rd being the all-ones
vector, while the step sizes are carefully tuned for each algorithm on each dataset.

Figure 1 displays the training errors on the three synthetic datasets. We can observe
that Algorithm 1 and SPQN-SVRG significantly outperform SPQN and P-LSVRG across
all three datasets, indicating that integrating VR techniques and Hessian information can
expedite algorithmic convergence.

6.1.2 Comparison among inner solvers

In this subsection, we compare the efficiency of Algorithm 3 with ISTA and FISTA. For
this purpose, we apply Algorithm 1 with the above-mentioned three inner solvers to solve
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Figure 1: Comparisons for training logistic regression model with three synthetic datasets.

Dataset Ave Time (s) Ave Iter Max Iter

Algorithm 3

Synthetic1 0.039 7.61 19

Synthetic2 0.125 8.26 23

Synthetic3 0.122 8.07 23

FISTA

Synthetic1 0.315 113.46 304

Synthetic2 1.877 132.51 381

Synthetic3 1.901 137.82 452

ISTA

Synthetic1 0.481 187.95 491

Synthetic2 2.753 201.68 606

Synthetic3 2.686 197.67 622

Table 4: Comparison among three inner solvers when implementing Algorithm 1 on three
synthetic datasets. Ave Time: average time for solving the subproblems; Ave Iter: average
number of inner iterations; Max Iter: maximum number of inner iterations.

(6.1) on the three synthetic datasets. We terminate Algorithm 1 when the relative error
[F (x)− F ∗] /F ∗ < 10−6. The stopping criterion for inner iterations is set as E(x) < 10−8,
the initial point is set as 0.01 · 1 for all inner solvers, while the other settings of Algorithm
1 are kept identical for all the cases to ensure fair comparisons. The performance of the
three inner solvers is presented in Table 4, and we can conclude that Algorithm 3 demon-
strates superior performance compared to FISTA and ISTA across various problem sizes,
as evidenced by significantly better results in all aspects. Consequently, Algorithm 3 has
the potential to be employed as a subroutine in diverse proximal Newton-type methods,
enabling them to handle high-dimensional problems.

6.2 Comparison between Algorithm 1 and SPQN-SVRG

The L-SVRG (Kovalev et al., 2020) presents experimental evidence supporting the claim
that L-SVRG exhibits faster convergence compared to the SVRG across various tasks. In
our study, we extend this comparison by evaluating the performance of Algorithm 1 in
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(a) rcv1 dataset (b) a9a dataset

(c) w8a dataset (d) mushrooms dataset

Figure 2: Comparison between Algorithm 1 and SPQN-SVRG over four real datasets using
different choices of parameters p and ls = 1/p, where the indexes -1, -2, -3 correspond to
the cases where p = b

n ,
1
2(

b
n + µb

L ), and µb
L respectively.

comparison to SPQN-SVRG. To this end, we use four real datasets: rcv1, a9a, w8a, and
mushrooms, see Table 3.

We implement Algorithm 1 and SPQN-SVRG with different parameters choices for p
and ls. Recall that in this context, p represents the probability of updating the reference
point in Algorithm 1 (see (3.6)), while ls denotes the number of inner iterations in SPQN-
SVRG. For fair comparisons, we use Algorithm 3 as the inner solver for both algorithms
across all datasets, given its high efficiency demonstrated in Section 6.1.2. Additionally, we
maintain consistent batch sizes of b = 128 and bH = 600 across all cases. As it is expensive
to estimate the bounds m1 and m2 for the Hessian approximations Bk as in Lemma 6, we
follow Corollary 10 to select three distinct values of p: b

n ,
µb
L , and 1

2(
b
n + µb

L ). We set ls =
1
p

to ensure that the expected number of iterations for updating the reference point remain
the same for both algorithms. Furthermore, all the other parameters are the same as those
specified in Section 6.1.1 for both Algorithm 1 and SPQN-SVRG.
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Figure 2 reports the resulting training errors on the four real datasets. The figures
effectively demonstrate that the training errors obtained by Algorithm 1 exhibit faster
decreases compared to those obtained by SPQN-SVRG across various parameters choices,
and therefore highlight the superior performance of Algorithm 1 for these tasks.

6.3 Testing error and prediction accuracy

In our previous experiments, we observed a rapid decrease in the training errors when
using Algorithm 1. Moreover, it consistently outperformed SPQN-SVRG across various
parameters choices. Nevertheless, it is essential to evaluate the testing error of the algorithm
to assess its performance in avoiding overfitting. For this purpose, we use two real datasets
a9a and w8a, which have been split into the training set and testing set beforehand. For
each dataset, we train the logistic regression model (1.1) using three different algorithms:
Algorithm 1, SPQN, and P-LSVRG. The purpose of comparing these three methods is to
highlight the advantages gained through the integration of Hessian information and VR
techniques in the design of stochastic algorithms.

In the experiments, the parameters µ, λ, b, and bH are kept consistent with the values
specified in Section 6.1.1. The subproblems involved in Algorithm 1 and SPQN are solved
by Algorithm 3. We record the iterates {xk} along the training process to calculate the
corresponding testing errors on the testing dataset for each algorithm.

Figure 3 displays the training and testing errors for each algorithm. Based on the figures,
we observe that Algorithm 1 consistently outperforms the other two algorithms in terms
of both training and testing errors. This observation supports our expectation that the
integration of Hessian information and VR techniques in Algorithm 1 leads to significant
improvements in training efficiency while effectively avoiding overfitting.

We also present the prediction accuracy in Figure 4 to provide additional insights into
the performance of these algorithms. From Figure 4, it can be observed that while both Al-
gorithm 1 and SPQN achieve high prediction accuracy within a small number of iterations,
Algorithm 1 demonstrates relatively better performance in terms of prediction accuracy
compared to SPQN. In contrast, the prediction accuracy of the P-LSVRG increases rela-
tively slowly. This observation further supports the superior performance of Algorithm 1 in
terms of efficient convergence and achieving high prediction accuracy on the logistic binary
classification task.

7. Conclusions

In this paper, we present a novel stochastic proximal quasi-Newton method for efficiently
solving a class of convex optimization problems commonly encountered in machine learning,
which involve structured objective functions consist of both smooth and nonsmooth com-
ponents. The proposed method offers several advantages, which we summarize as follows:

• Structurally, our method combines the loopless SVRG technique with a stochastic
L-BFGS scheme. By incorporating Hessian information and leveraging stochastic
gradients with reduced variances, our method produces high-quality search directions
in large-scale scenarios. Furthermore, compared to the commonly used SVRG scheme,
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(a) a9a dataset (b) w8a dataset

Figure 3: Training and testing error for the logistic regression model on a9a and w8a
datasets trained with three algorithms: Algorithm 1, SPQN, and P-LSVRG.

(a) a9a dataset (b) w8a dataset

Figure 4: Prediction accuracy for the logistic regression model on a9a and w8a datasets
trained with three algorithms: Algorithm 1, SPQN, and P-LSVRG.
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the generation of stochastic gradients via the loopless SVRG only exhibits a single
loop, simplifying the implementation of our method.

• Theoretically, we establish a worst-case globally linear convergence rate for the pro-
posed method under mild assumptions. We also discuss and demonstrate linear con-
vergence for special cases and generalizations of our method, which allows for incor-
porating other variance reduction techniques.

• Numerically, we propose a fast Semismooth Newton (SSN) method along with a line
search scheme to efficiently solve the subproblems. By leveraging a compact repre-
sentation of the L-BFGS matrix and storing a few auxiliary matrices, we significantly
reduce the computational burdens for implementing our method.

Both synthetic and real datasets are tested on a regularized logistic regression problem to
validate the computational efficiency of our method along with the SSN solver. The results
suggest that the proposed method outperforms several state-of-the-art algorithms, and the
SSN-based numerical implementation significantly reduces the overall computational cost.
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