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Gaussian Mixture Models (GMMs) range among the most frequently used models in ma-
chine learning. However, training large, general GMMs becomes computationally pro-
hibitive for data sets that have many data points N of high-dimensionality D. For GMMs
with arbitrary covariances, we here derive a highly efficient variational approximation,
which is then integrated with mixtures of factor analyzers (MFAs). For GMMs with
C' components, our proposed algorithm substantially reduces runtime complexity from
O(NCD?) per iteration to a complexity scaling linearly with D and sublinearly with NC.
In numerical experiments, we first validate that the complexity reduction results in a sub-
linear scaling for the entire GMM optimization process. Second, we show on large-scale
benchmarks that the sublinear algorithm results in speed-ups of an order-of-magnitude
compared to the state-of-the-art. Third, as a proof of concept, we finally train GMMs with
over 10 billion parameters on about 100 million images, observing training times of less
than nine hours on a single state-of-the-art CPU. Finally, and fourth, we demonstrate the
effectiveness of large-scale GMMs on the task of zero-shot image denoising, where sublinear
training results in state-of-the-art denoising times while competitive denoising performance
is maintained.
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1. Introduction

In machine learning and data science, Gaussian mixture models (GMMs) are widely used
and well-established tools. They are a canonical approach to clustering (e.g., McLachlan
and Peel, 2000), can provide valuable insight into data set structures (e.g., Bishop, 2006),
or are used as an integral part in conjunction with other approaches for a range of different
tasks (e.g., Zoran and Weiss, 2011; Tian et al., 2019; Bouguila and Fan, 2020; Robin and
Scrucca, 2023).

One reason for their widespread use is the ability of GMMs to flexibly approximate data
densities in potentially high-dimensional data spaces. Any task accomplished by a para-
metric data density model can, in principle, be addressed using a sufficiently large-scale and
sufficiently optimized GMM. Such task generality is possible as GMMs are universal prob-
ability density estimators, i.e., they can approximate data densities arbitrarily well (e.g.,
Parzen, 1962; Escobar and West, 1995; Maz’ya and Schmidt, 1996; Zeevi and Meir, 1997;
Li and Barron, 1999).

In the density modeling context, flexible component parametrization and the number of
components are crucial for approximation quality (e.g., Zeevi and Meir, 1997; Li and Barron,
1999). However, if GMMs are applied to the large-scale data sets currently used in data
science and machine learning, large numbers of components C' get combined with many
data points N of potentially high dimensions D. In such settings, optimizing general GMMs
quickly becomes computationally infeasible. For instance, the runtime cost for executing
a single iteration of conventional expectation maximization (EM; Dempster et al., 1977)
scales with O(NCD?) for general GMMs, making optimization of large-scale models very
time-consuming or impractical. To address the limited scalability of conventional GMM
optimization, several research directions have been pursued. Each research line discussed
in the following aims at reducing the computational complexity.

A common approach is to constrain the covariances by using diagonal covariance matri-
ces (Hirschberger et al., 2022; Exarchakis et al., 2022), which do not model correlations
within components. Diagonal covariance matrices reduce the cost of one EM iteration
from O(NCD?) to O(NCD). However, such constraints make GMMs much less flexible,
potentially impacting their ability to efficiently approximate data densities. Another contri-
bution (Asheri et al., 2021) also constrains covariances but with the main focus on allowing
more components C' for the same amount of data. This work does not focus on improving
scalability compared to conventional GMM optimization. Further approaches (that do ad-
dress the quadratic scaling with D) include geometrically-oriented approaches (Elkan, 2003;
Cheng et al., 1984; Bei and Gray, 1985), random projections (Chan and Leung, 2017), or
dimensionality reduction approaches (Bouveyron et al., 2007; Richardson and Weiss, 2018;
Hertrich et al., 2022; Liu et al., 2022).

Still another line of research to reduce the optimization cost of GMMs aims at reducing
the number of data points. Such reduced data sets are known as coresets (e.g., Lucic
et al., 2018; Har-Peled and Mazumdar, 2004; Feldman et al., 2011) and replace the set of
N original data points by a smaller weighted set of N’ data points. Using the weights
from a corresponding coreset algorithm, computational efforts only scale with N’. Coresets
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have been used for GMMs with diagonal covariances (Hirschberger et al., 2022; Exarchakis
et al., 2022). However, with more general covariances, a reduction to fewer data points is
often undesirable, because in high dimensions sufficiently many data points per component
are required to appropriately estimate correlations. Other methods that do not directly
reduce the number of data points but aim at reducing the computational cost in N include
mini-batching (e.g., Nguyen et al., 2020; Sculley, 2010), training on separate subsets of the
data set (e.g., Liu et al., 2024), or by hierarchical training schedules (e.g., Richardson and
Weiss, 2018).

In contrast to approaches mentioned above, we here aim at decisively reducing compu-
tational complexity using variational techniques, while maintaining as flexible as possible
GMDMs. The main contributions of this work can be summarized as follows:

(A) We derive a truncated variational optimization method (cf. Liicke and Eggert, 2010;
Drefs et al., 2022) applicable to GMMs with arbitrary covariance matrices.

(B) We introduce a highly efficient learning algorithm based on mixtures of factor ana-
lyzers (MFAs, cf. Ghahramani and Hinton, 1996; McLachlan et al., 2003; Richardson
and Weiss, 2018), enabling the application of GMMs with billions of parameters to
very large-scale data sets.

Additionally, we make use of advanced seeding approaches (e.g., Arthur and Vassilvitskii,
2007; Bachem et al., 2016b,a; Franti and Sieranoja, 2019). Seeding techniques improve
optimization by selecting well-suited initial component centers. But contributions (A) and
(B), which jointly define the actual parameter optimization procedure (after initialization),
will be the main focus of this work. Our approach enables training of GMMs at scales that
were previously considered computationally infeasible.

Regarding research contribution (A), variational optimization is generally used to reduce
optimization complexity (Neal and Hinton, 1998; Jordan et al., 1999). Among the most
common variational approaches are factored distributions (a.k.a. mean-field distributions)
as families of variational distributions (Jordan et al., 1999; Blei and Jordan, 2006, and many
more), and Gaussians (Opper and Archambeau, 2009; Kingma and Welling, 2014). Neither
of these variational families is suitable for standard mixture models.! But variational ap-
proaches have also repeatedly been applied to standard Gaussian mixtures that are the
focus of this work (e.g., Neal and Hinton, 1998; Shelton et al., 2017; Forster et al., 2018).
In the case of GMMs with diagonal covariances, it has recently been shown that variational
optimization can reduce the complexity of one EM iteration from a linear scaling with C
to a scaling which is constant w.r.t. C' (Hirschberger et al., 2022; Exarchakis et al., 2022).
Such complexity reduction has enabled optimization of the, so far, largest scale GMMs
with up to 50 000 components and millions of parameters. However, existing procedures for
reducing computational complexity have only been applied to GMMs without correlations
within clusters (Hirschberger et al., 2022; Exarchakis et al., 2022). The previous derivation
of approximate optimization rested on the assumption of Euclidean distances in data space
and between component centers. While this assumption can be motivated if the data points

1. Only in the context of fully Bayesian approaches, factorization (of parameter distributions) has been
used (e.g., Nasios and Bors, 2006).
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within a component are uncorrelated, it does not hold for the arbitrary covariances in gen-
eral GMMs. To address this limitation, we here derive a truncated variational optimization
techniques that is directly applicable to GMMs with arbitrary covariance matrices.

Regarding research contribution (B), MFAs flexibly model correlations per component along
lower-dimensional hyperplanes. Each component aligns with a hyperplane of H < D di-
mensions, which can be of arbitrary orientation, and which can be different from component
to component. As a result, the complexity of an EM step is reduced from O(NCD?) to
O(NCDH). For H = D, general GMMs are recovered.? For many types of data, however,
H can be much smaller than D. Due to their reduced complexity in D, MFAs are applicable
to high-dimensional data (e.g., Kock et al., 2022), where they can accomplish tasks usually
reserved for neural network approaches (cf. Richardson and Weiss, 2018). However, with
current optimization techniques, MFAs still scale approximately linear with NC, which
remains their computational bottleneck.

By simultaneously reducing how the optimization complexity depends on NC' and how it
depends on D, we here enable the optimization of as flexible as possible GMMs at as large
scales as possible. The resulting algorithm, that realizes a variational optimization for the
flexibly parameterized MFAs, will be referred to as v-MFA.3

The training principles and the derivation of v-MFA are described in Section 2, and its
numerical evaluation is described in Section 3.

2. Methods

We will first introduce the class of GMMs we consider, i.e., MFAs, and then derive a
variational optimization for MFAs in Sections 2.1 to 2.3. Finally, the implementation of the
complete, variational EM algorithm is described in Section 2.4.

2.1 Variational Optimization of MFAs

In the Mixture of Factor Analyzers (MFA) model (e.g., Ghahramani and Hinton, 1996;
Richardson and Weiss, 2018), a data point 2 € R” is modeled by a hidden mixture compo-
nent ¢ € {1,...,C} and a hidden factor z € R¥. Each component with mixing proportion .
(satisfying Y. 7. = 1) and mean p, € RY represents a factor analyzer (cf. McLachlan and
Peel, 2000; McLachlan et al., 2003) with a factor loading matrix A, € RP*H  The generative
model is given by

p(c|®) =m,  p(z|O)=N(201I), p=x|cz0)=N(x;Az+p,Dc), (1)

where N represents a multivariate Gaussian distribution, D, := diag(aal, ey 02 p) € RDxD
is a diagonal matrix containing independent noise, and © := {7m.c, A1.c', y.c, D1:c} de-

notes all model parameters.

2. The GMM is overparameterized in this case.
3. Code is available at: https://github.com/variational-sublinear-clustering/vamm
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The MFA model can also be considered as a GMM with low-rank covariance matrices
.= ACACT + D.. In this case, the generative model is expressed as

p(c|©®) = 7, p(x|c,®) = N(x; p., AcA] + D,). (2)

The reformulation results from marginalization over z using Gaussian identities.

To fit the MFA model to a given data set x1.n, we seek parameters @* = argmaxg L£(0®)
that optimize the log-likelihood given by

wl Na Zlog (Zﬂ'c mn;,u,C,ACAZ +Dc)>' (3)

Direct log-likelihood optimization is usually difficult. Instead, efficient algorithms often
employ approaches such as Expectation Maximization (EM) or variational approximations
of EM (Dempster et al., 1977; Neal and Hinton, 1998; Jordan et al., 1999). Variational
approaches optimize the free energy, which is a lower bound of the log-likelihood (also known
as the evidence lower bound—ELBO). The free energy is iteratively optimized by computing
expectation values of latent variables in the E-step and updating the model parameters ©
in the M-step. In this study, we employ a variational version of the EM algorithm, which
uses truncated posterior distributions (e.g., Liicke and Eggert, 2010; Shelton et al., 2017;
Drefs et al., 2022) as its family of variational distributions. Concretely, we use variational
distributions g,(c; ©) defined by

_ - NC)
Vn=1,..N: g 0O):=q(c;xn, K,,0) = p(c,a:~| ) _
ZEEICn p(¢, T, | ©)

d(c e Ky), (4)

where d(c € K;,) is equal to 1 if ¢ € K;, and 0 otherwise (also known as Iverson bracket),
and /C,, denotes those component indices for which the variational distribution g,(c; ®) is

non-zero. Throughout this work, we will assume that the size of any set IC,, is restricted to
C’ < C indices, i.e., |[K,| = C’ for all n.

If we use truncated distributions (Equation 4), we obtain as variational free energy objective
(see Appendix A for details)

N C
F(x1.n; K, o, 0): Z (Z c; @ log e N(wn;uc,AcAI + Dc)) + H [gn] ), (5)

where IC is the collection of all index sets K1.n, and H [g,] = —Eg, [log ga(c; ©)] is the
Shannon entropy. A detailed derivation is given in the appendix of Liicke (2019). The ‘hard’
zeros used by the truncated distributions mean that we effectively only have to evaluate
C' non-zero summands per data point. This reduces the computational complexity of one
M-step from linearly scaling with C to a linear scaling with C”.

The optimal values of the variational parameters @ are the current values of the model
parameters @, which can be shown in general (Liicke, 2019) and, therefore, also applies for
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the MFA model. For © = O, the free energy simplifies to (see Appendix A for details)

N
F(K,0) i= Fl@iniK.©,0) = Y log( Y ple,x,|0)). (6)
n=1

CEICTL

As could be deduced from Equation (6), optimizing the MFA model using variational EM
requires to repeatedly evaluate joint probabilities p(c, , | ©®) or, equivalently, log-joints.
In previous work (Hirschberger et al., 2022; Exarchakis et al., 2022), the use of GMMs
with diagonal covariance matrices enabled the evaluation of a single log-joint in O(D).
However, in this work, the goal is to model correlations, which substantially increases the
computational complexity to O(D?) when all correlations are considered. By modeling data
distributions along lower-dimensional hyperplanes, the MFA model reduces the complexity
to O(DH) while preserving arbitrary correlations along its hyperplanes. Further details on
the computational techniques employed for the MFA model, as well as the derivations of the
parameter updates, can be found in Appendices A.1 and A.2, respectively. Further details
on the relation of the variational objective Equation (5) to the log-likelihood objective
Equation (3) can be found in Appendix A.3.

2.2 Efficient Partial Variational E-steps

As with other variational approaches, the crucial challenge is to derive a computationally
efficient E-step. To do so for the MFA model, we follow here a strategy similar to previous
work (Hirschberger et al., 2022; Exarchakis et al., 2022), which has derived efficient partial
variational E-steps focusing on diagonal covariance matrices.

We start by noting that the joint probabilities defined by the MFA model play a central
role in the optimization of the free energy. This role is underlined by the following propo-
sition:

Proposition 1: Consider the joint probability p(c, x, | ©) defined by the MFA generative
model in Equation (2), and the free energy F for index sets K. If we replace a compo-
nent ¢ € KC,, by a component ¢ ¢ K,, (for an arbitrary n), then the free energy increases if
and only if p(¢, ,, | ©) > p(c, x,, | O).

Proposition 1 is a special case of a general result for truncated variational distributions
(Liicke, 2019). It therefore applies to any mixture model and to MFA as a special case. For
completeness, we provide the proof for general mixture models in Appendix A.4.

Proposition 1 then leads to an equivalent definition of the optimal variational parameters /C,,
as in previous work (Hirschberger et al., 2022; Exarchakis et al., 2022). KoP' is given
by

KoPt = {c | p(c, x,, | ©) is among the C” largest joints}, (7)

i.e., the optimal sets K" contain those C' components with the highest joint probabilities
(also see Shelton et al., 2017; Forster et al., 2018). However, finding the optimal components
would require the evaluation of C' joints per data point, i.e., NC joint evaluations in total.
Hence, finding the optimal /C,, given by Equation (7) would require the same number of
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joint evaluations as a full E-step. To also reduce the computational complexity of the E-
step, we consequently seek a procedure similar to Hirschberger et al. (2022) and Exarchakis
et al. (2022), that builds upon partial variational E-steps, i.e., we seek an increase of the
free energy instead of its maximization. In virtue of Proposition 1, we can increase the free
energy by identifying components with higher joints rather than finding the C’ components
with the highest joints. This can be accomplished efficiently by evaluating only a subset of
all joint probabilities during each E-step, which reduces the computational load compared
to a full E-step. Concretely, similar to Hirschberger et al. (2022), we introduce a set Sy,
referred to as the search space,* that includes candidate components & which may replace a
¢ € K, to increase the free energy for each data point @,. The size of S,, is upper-bounded,
i.e., we demand for all n that |S,| < S. Here, S will be chosen to be larger than C’ but
significantly smaller than C' (i.e., ' < S < C). Instead of finding the optimal sets K",
we now partially optimize each IC,, using the search space S,, of a given x,. Given &,, the
updated IC,, is defined by

K, ={c| p(c,z,|O®) is among the C’ largest joints for all ¢ € S, }. (8)

The index set K,, of Equation (8) can consequently be determined by evaluating all joints
with «,, and all ¢ € §,, as arguments.

We will define each search space S, to contain K,, as subset (K,, C S,,), which guarantees
that the update of K,, according to Equation (8) never decreases the free energy F(KC, ©®).
However, this condition on the search spaces S, is not sufficient to warrant an efficient
increase of the free energy. For high efficiency, replacement candidates ¢ € S, \ K,, have to
be likely to result in larger joints, i.e., it has to be sufficiently likely that ¢ € S,, with ¢ ¢ KC,,
and ¢ € IC,, satisfy p(¢, @y, | ®) > p(c, z, | O).

A first trivial option to define S,, would be to use all ¢ € K, as members of S,, and to
then add component indices that are uniformly sampled from {1,...,C}. However, as C
increases, the probability of finding a new component ¢ with high joint p(¢, x,, | ®) becomes
increasingly small. Therefore, we seek an approach that suggests components ¢ that are
more likely to increase the free energy than such a blind random search.

2.3 Construction of the Search Space for Guided Search

In order to allow for a more guided search, we will define the search spaces S,, to contain
component indices likely to improve the free energy while being still efficiently computable.
We remain with a data point centric approach and use a bootstrapping strategy to continu-
ously improve the search spaces S, together with the sets K. In line with previous research
(Hirschberger et al., 2022), we define the search spaces S, by making use of (data point
independent) sets g., that contain replacement candidates for ¢. However, in this work, the
definition of these sets will be introduced in a novel manner to account for GMMs with
arbitrary covariances. The components ¢ € g. can, for now, be thought of as components
estimated to be ‘similar’ to component ¢, but we will only precisely define the g. further
below. The intuition behind using g. sets goes as follows: if a data point @ lies in the
vicinity of a component ¢, and component c¢ is ‘similar’ to another component ¢ then, by

4. The search space is denoted as G, in Hirschberger et al. (2022).
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transitivity, « is also likely to be in the vicinity of ¢. Using the sets g. (and one component
sampled uniformly at random), a search space S, for a given data point is defined as the
following union:

Sy = U ge U{c} with ¢ ~U{1,C}. (9)

CE’Cn

Note that without the random component, there is no theoretical guarantee that the opti-
mization process can find the optimal variational parameters KoP* according to Equation (7)
even in the limit of infinitely many iterations.

To ensure that the size of the search space is upper bounded, we restrict the maximum
size of the sets g. to G. The maximum size of a search space S, is thus given by S =
IKnllgel +1 = C'G + 1. In general, however, the index sets g. may intersect, leading to
smaller S,,.

The construction of the search space by Equation (9) can be conceptualized as a search tree
structure. Specifically, we build S, by first considering all components in K, which contains
the most relevant components identified so far for x,,. Next, for each component ¢ € IC,,, we
consider the set of components in g., that provides replacement candidates for component c.
Figure 1 offers an illustration of the sets g. and the construction of S,,. Figure 1A shows
a schematic representation, Figure 1B visualize ,, and g., and Figure 1C illustrates S,
in data space. Figure 1 also demonstrates that |S,| is larger than |KC,|, but significantly
smaller than C.

It remains to define the sets g.. In previous work (Hirschberger et al., 2022), the sets g.
were updated based on Euclidean neighborhoods. Concretely, a set g. contained compo-
nents ¢ with small Euclidean distances ||p,. — pz|| to the component ¢ (with p, and p;
denoting component centers). These component-to-component distances were then approx-
imated using component-to-datapoint distances (for further details, see Hirschberger et al.,
2022).

In our case, however, covariance matrices are not restricted to the uncorrelated case. The
general and potentially strong correlations we seek to model can strongly change proximity
relations among components as well as between data points and components, which makes
previous Euclidean distance metrics (Hirschberger et al., 2022; Exarchakis et al., 2022)
unsuitable for finding relevant components for a given component. Figure 2 highlights that
for general covariance matrices, small Euclidean distances no longer correspond to large
joint values.

Instead of finding components similar to component ¢ using Euclidean distances, we mea-
sure component similarities via the Kullback-Leibler (KL) divergence. The KL-divergence
between the probability distributions of a component ¢ and component ¢ is given by

Dt [p(e|e,©) || ple|.©)] = Eye o0 [log M] . (10)

Although there exists an analytically tractable form of the KL-divergence for Gaussian dis-
tributions, evaluating Equation (10) introduces additional computational overhead. Con-
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Figure 1: Construction of &, for a data point x,. Subfigure A shows a schematic repre-

A

sentation while B visualizes I, and g., and C visualizes S, in data space. In
this example, the set K,, = {35,87,42} contains C' = 3 component indices for
., as indicated by the green box in A and green lines in B. Each of the three
components has a set of neighborhoods g. that includes the component ¢ itself
and two additional component indices, i.e., |g.] = G = 3. Specifically, we have
935 = {98,35,23}, gs7 = {16,87,63} and gso = {37,42,8}. These three sets
are highlighted by orange boxes in A and orange lines in B. The union of the
three sets g. and a randomly added component ¢ = 39 forms the search space
S, = {98,35,23,16,87,63,37,42,8,39}, as indicated by the blue box in A and
blue lines in C. None of the sets are optimal for the data point x, yet. The
optimization procedure will be explained in the following.

B

smallest Euclidean distanc:\’< smallest Euclidean distance
& largest joint XTargestjoi\nt'

Figure 2: Comparison of Euclidean distances and joints. In A and B, the component centers

are identical and the same data point is marked with a red cross. For isotropic,
equally weighted components (A), the smallest Euclidean distance correspond to
the largest joint between components and the data point. However, for general
covariance matrices (B), this is no longer the case.

cretely, the divergence would have to be computed for all (¢, ¢) pairs, resulting in a complex-
ity of O(C?DH) for the MFA model. As we aim at handling large numbers of components
efficiently, the quadratic scaling with C' quickly becomes a substantial computational bottle-
neck. Thus, we aim to efficiently estimate the KL-divergence, while still capturing sufficient
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information about the KL-divergences for those (¢, ¢) pairs that are relevant for the opti-
mization algorithm. We stress that this highly efficient estimation of the KL-divergence for
GMMs with general covariances is the crucial step to enable scalability of the whole varia-
tional algorithm. While other measures are conceivable, the use of KL-divergences may in
our context be a canonical choice.

To achieve an as efficient as possible estimation of Equation (10), we employ a finite sample
approximation. Instead of drawing samples from p(x | ¢, ®), we estimate the KL-divergence
by using the data points currently assigned to component c. This gives rise to a partitioning
of the data set into the following sets:
I.={n|c=cy,} with ¢, =argmax p(c|z,,®) = argmax p(c, z, | O). (11)
dekn dekn
Given the sets Z., the KL-divergence between the probability distributions of a compo-

nent ¢ € K, and a potential candidate ¢ to add to g. can be estimated as follows (see
Appendix A.5 for details)

p(zn|c,®)
p(x, | ¢ 0O)

Dxr. [p(z | ¢, ©) || p(z| & ©)] %]\} Y log 5@EE€Sy) = D (12)

ce nele.
where N = Z iceSy).
’I’LGIC

If we disregard the condition §(¢ € S,), the function D estimates the KL-divergence
using all data points in Z,. The condition §(¢ € S,,), however, reduces the number of
samples to approximate the KL-divergence by considering only those data points for which
component ¢ is present in their search spaces. This ensures that no additional computations
of p(x, | ¢,®) are required beyond those that anyway have to be performed in a partial E-
step (see Section 2.4 for details). Asaresult, Dz are very efficiently computable, which is the
primary motivation for employing this approximation. Due to 6(¢ € S,,) in Equation (12),
the function D is defined only for a restricted subset of components ¢. For those ¢ that
do not appear in any of the search spaces, (i.e., any ¢ & U, cz. Sn), we set D¢z to infinity,
formally treating the component ¢ for ¢ as irrelevant.

Equation (12) yields a ranking, where a lower value of D.s indicates a greater similarity of
component ¢ to c¢. Consequently, we can define g. as the set of those components that result
in the G lowest values of D, i.e.,

ge = {¢| D¢ is among the G lowest values}. (13)

A potential drawback of using Equation (12) is that D, may only provide a coarse estimate
of the KL-divergence, depending on the convergence state of the search spaces, the model
parameters, etc. (we elaborate in Appendix A.5). Importantly, however, the estimate still
captures sufficient information about component similarities in the sense of KL-divergences.
Since we only require the values of D,z to rank components ¢, their exact values are of
secondary importance.

We note that a relation to KL-divergences was also discussed in Hirschberger et al. (2022).
However, the general distance introduced in Hirschberger et al. (2022) was approximated in

10
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such a way that, for isotropic GMMs, it recovers a measure based on Euclidean distances.
Further details, along with numerical comparisons to our novel and generalized method,
are provided in Appendices A.5.1 and B.2.1. While the here defined method (based on
Equation 12) is especially advantageous in the general case with intra-component correla-
tions, we also observed improvements for the uncorrelated case.

2.4 Algorithmic Realization of v-MFA

While Sections 2.1 to 2.3 described the theoretical foundation of the variational learning
algorithm for MFA models, we now focus on its algorithmic realization (which we will refer
to as v-MFA). Analogously to conventional EM optimization, v-MFA alternates between
E-steps and M-steps to update variational parameters and model parameters, respectively.
The variational E-step is discussed below, and details on the M-step are provided in Ap-
pendix A.2.

Variational E-step: Algorithm 1 shows the partial variational E-step, which comprises
four blocks (variables are implicitly initialized with zeros or empty sets, respectively):

(1) For each data point, the search space S, is constructed and a component, drawn from
a discrete uniform distribution {1, C'}, is added to S,, (it consequently applies that
|Sn| < C'G + 1). Subsequently, the joints are evaluated for all ¢ € S,,. The K, sets
are then optimized using these joints. Figure 3 visualizes the iterative procedure for
K, optimization.

(2) The partition Z;.c of the data set is computed.

(3) The partition and the previously computed joints are used to determine the sets
gr:c, utilizing logp(x, | ¢, ®) = log p(c, x, | ©) — logp(c|®). Doz = Des/Nys will be
computed for all ¢ € UnEZC S, excluding ¢ = ¢, because ¢ will always be included in
Ge-

(4) The variational distributions gy (c; @) are computed by normalizing of p(c, x,, | ).

The computational complexity of a single variational E-step is O(NSDH ), dominated by
the joint computations in block 1 of Algorithm 1 (assuming N > ). Unlike conventional
E-steps, which require evaluating NC' joint probabilities by considering combinations of all
data points with all components, the variational E-step only loops over all data points and
their respective search spaces. As a result, it requires at most NS joint evaluations, which
is significantly fewer when S < C. A detailed specification of the complexity is provided in
Appendix A.6.

Initialization of model parameters: To preserve the algorithmic complexity of Algo-
rithm 1, initialization methods should exhibit complexities that are comparable to or lower
than those of the optimization algorithm itself. The k-means++ seeding method (Arthur
and Vassilvitskii, 2007) is not suitable in our context, for instance, because it scales with
O(NCD). Therefore, we employ AFK-MC? (Bachem et al., 2016a) as an efficient initial-
ization method for the means p.. To initialize the diagonal variances D;.c, we compute
the variance along each dimension across all data points as follows

D, = D;,y Ve with Dyt = diag(a%, e ,0’%) and 03 = var(z1:n.4),

11
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Algorithm 1: Variational E-step
forn=1:N do
Sn = UceiCn 9e;
1 Sn =8, U{c} with ¢ ~U{1,C};
for c € §,, do
| compute joint p(c, x, | ©);

| K.={c|plc,z,|O) is among the C’ largest joints for all ¢ € S, };

forn=1:N do
¢n, = argmax p(c, &, | ©);
2 ce,

(. Icn = Icn U {n}7

forc=1:C do
for n € Z. do
force S, \ {c} do
3 L Dcé = Dcé + 1ng(mn | ) 9) - logp(a:n | 67 6)7

Ncé = Ncé + 1;

ge = {&| (Dez/Nez) is among the G — 1 smallest values

B of all computed (D¢z/N¢z)} U{c};

forn=1:N do
4 for c € €, do
| an(c; ©) = p(c, @, | ©)/ Yok, P(E Tn | O) ;

where z,, ¢ is the d-th entry of x,. For the factor loading matrices A., we use uniform
random numbers between 0 and 1 to set their values. Initialization methods proposed
by Richardson and Weiss (2018) and McLachlan et al. (2003) are computationally too
demanding for our specific setting.

Initialization of variational parameters: The initialization of index sets 1. and g1.¢
proceeds as follows: Data points designated as seeds for components, sampled by AFK-MC?,
ensure that the corresponding component index is contained within the respective set K,,.
The set g. consistently includes index c¢. Subsequently, 1.5 and gi.c are populated with
further indices by sampling uniformly from {1,...,C} (while ensuring uniqueness of the
indices). Following this, K1.x and g;.c are optimized through initial partial E-steps, while
keeping the model parameters fixed. This approach has been previously shown to yield
favorable results (Hirschberger et al., 2022). We refer to this procedure as warm-up.

Complete v-MFA: The implementation of the complete v-MFA algorithm is outlined in
Algorithm 2. Following initialization, the algorithm performs variational E-steps in a warm-
up phase until the free energy F(IC, ®) has converged. Subsequently, the main training
process alternates between variational E-steps and M-steps until F(IC, ®) has converged
again. As convergence criterion for both loops, we consider F(IC,®) to have converged

12
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Al B1 B2

935 = {98,35,23)

Figure 3: Update of IC,, over two iterations. In A1, a red cross marks a data point @, with
an initial suboptimal /C,, = {35,87} (for simplicity, we use only C’ = 2 here) and
G = 3 replacement candidates for each of those components: ¢35 = {98, 35,23}
and gg7 = {16,87,63}. Also these replacement candidates are still suboptimal.
Subsequently, in A2, the joints p(c, @, | ©) for all components in the search space
Sn = g35 Ugsr U{d} = {98,35,23,16,87,63,39} are calculated, and the C’' = 2
components with the largest joints are selected as new I, = {16,23}. In the
following steps of the algorithm, the replacement candidates g. will be adjusted
based on the current S,, and the model parameters will be updated in the M-
step. In B1 and B2 the same procedure is repeated in the next iteration to find
components K, with larger joints. In this example, over two iterations, a total of
14 joints were calculated to find the best final IC,,, which is only a fraction of the
total number of calculations required had we considered all C' components.

Algorithm 2: v-MFA

initialize 71.c;, p1.0y A1y D1.c, Ki:n and g1.¢ (see text for details);
repeat

1 ‘ variational E-step: update K1.n, g1.c using Algorithm 1;
until F(KC, ®) has converged;

repeat
variational FE-step: update K1.n, g1.c using Algorithm 1;

variational M-step: update m1.c, py.c, A1:c and D1.¢ (see Appendix A.2 for
details);
until F(IC, ®) has converged;

after iteration ¢t if

F) _ Ft-1)
R (14)

where F®) is the free energy F(IC,®) of Equation (6) after iteration ¢ (cf. Hirschberger
et al., 2022). In all numerical experiments we choose the convergence threshold ¢ = 10~4
unless specifically stated otherwise.

13
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3. Numerical Experiments

To assess the efficiency and effectiveness of the v-MFA algorithm, we conducted numeri-
cal experiments organized into four sections. In Section 3.1, we provide a comprehensive
comparison of the scaling behavior of v-MFA with increasing component numbers C' and
compared to conventional EM optimization of MFA models (which we will refer to as em-
MFA). Throughout our evaluation, the em-MFA algorithm serves as a canonical baseline.
Following the scaling analysis, we evaluate in Section 3.2 the performance and quality of v-
MFA relative to em-MFA. We also compare v-MFA to a k-means algorithm combined with
factor analysis (cf. Richardson and Weiss, 2018), denoted as k-means+FA. In Section 3.3,
we extend the analysis to data set and model sizes where the application of em-MFA is no
longer feasible. On such tasks the efficiency of v-MFA translates to its ability to train GMMs
at scales that have previously not been reported. Finally, in Section 3.4, we benchmark the
performance and efficiency of v-MFA on one specific downstream task: image denoising. The
task allows for a comparison of v-MFA to various other algorithms, including self-supervised
deep neural networks (DNNs) and variational autoencoder-based approaches as examples
of deep generative models. Further details on all numerical experiments are provided in
Appendix B.1, and further control experiments are reported in Appendix B.2.

In Sections 3.1 and 3.2, we evaluated v-MFA on four well-established benchmarks for
high-dimensional image data, namely CIFAR-10 (Krizhevsky, 2009), CelebA (Liu et al.,
2015), EMNIST (Cohen et al., 2017) and SVHN (Netzer et al., 2011) (for details, see Ap-
pendix B.1.3). The data sets have frequently been applied in different contexts, and they
were used previously in settings similar to the one of interest here (Richardson and Weiss,
2018; Hirschberger et al., 2022; Exarchakis et al., 2022). Image data is commonly used for
benchmarking, and is often considered as an example for data points lying close to a data
manifold with much lower dimension than the dimensionality of the data. Images are con-
sequently well suited to assess the effectiveness and efficiency of algorithms that optimize
MFAs. Moreover, the chosen data sets provide a sufficiently large number of data points to
estimate components for the large-scale MFA models we are interested in.

In the numerical experiments, we evaluated the efficiency of v-MFA and corresponding
baselines in different settings using two measures for computational costs: the total number
of joint probability evaluations (treated as generalized distances) and the wall-clock runtime
(cf. Hirschberger et al., 2022; Exarchakis et al., 2022).

The first measure, the total number of joint evaluations, is independent of concrete imple-
mentation details and the hardware used. The number of joint evaluations also excludes
initialization, parameter updates within the M-steps and auxiliary computations. The sec-
ond measure, the wall-clock runtime, encompasses all computations, memory management,
and other auxiliary routines. Actual improvements in wall-clock runtime are practically
relevant, although this measure depends on implementation details and the specification of
the used hardware.

For the models under consideration in Sections 3.1 to 3.3, we assess the algorithms’ effec-
tiveness using the negative log-likelihood (NLL), which represents a canonical quality mea-
sure for probabilistic models (e.g., Theis et al., 2016). In experimental settings where the
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em-MFA algorithm can be used as a reference, we employ the relative NLL given by

NLLalgo — NLLem-MFA

rel. NLL =
NLLem-MFA

(15)

where NLL,js, refers to the NLL of the respective algorithm (e.g., v-MFA), and where
NLLem-Mmrpa is the NLL of the em-MFA algorithm. Distance-based metrics that do not
account for correlations within components (such as the quantization error used for k-means)
are much less appropriate for our analysis. In the denoising benchmark in Section 3.4,
we quantify denoising performance using peak signal-to-noise ratio (PSNR) and structural
similarity index measure (SSIM).

3.1 Scalability

The v-MFA algorithm exhibits a reduced complexity per iteration compared to em-MFA
(cf. Section 2.1). However, a reduction per iteration does not guarantee a reduced complex-
ity for the overall training. Increasingly many iterations could negate the efficiency gain
per iteration. Furthermore, v-MFA requires updating the additional variational parame-
ters.

To investigate the scalability of v-MFA and em-MFA, we measured their overall compu-
tational demands per data point as the number of mixture components C' increases. For
effective training, increasing model parameters commonly requires a corresponding increase
in the amount and complexity of the data. Maintaining a constant data set size while
increasing C could simplify optimization, typically resulting in a reduced number of iter-
ations. To mitigate this effect, we simultaneously increase the data set size alongside C.
We constructed these data sets by uniformly subsampling N data points for each value of
C, where N = N - C'/Chax, maintaining a constant ratio of N/C. For the largest value
C = Chax, the entire data set was used. Our scalability evaluation differs in detail from
previous evaluations (e.g., Hirschberger et al., 2022), but we also adjusted data set size with
C' to measure the efficiency, mitigating secondary effects on the number of iterations.

We applied v-MFA and em-MFA to all four benchmark data sets, with component numbers
ranging from C' = 100 to 800 in steps of 100, while fixing the hyperplane dimensionality to
H = 5. In addition to these hyperparameters, the v-MFA algorithm includes the variational
hyperparameters C’ and G. While a precise definition of these variational hyperparame-
ters is provided in Section 2, S = C'G + 1 defines the size of the search spaces, which
control the upper limit of joint probabilities evaluated per iteration by the v-MFA (with
S < C). Consequently, these variational hyperparameters balance optimization quality and
computational efficiency in the algorithm.

We used the same variational hyperparameters (C' = 3 and G = 15) across all data sets and
component numbers. For the effect of different hyperparameters on the results, we refer to
the experiments in Section 3.2. The v-MFA and em-MFA algorithms iterate (variational)
EM updates until a convergence criterion is reached (see Equation 14).

The results of the scalability analysis are summarized in Figure 4. To quantify the scalability
with C, we fitted regressions of the form f(C) = bC®. This corresponds to linear functions
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Figure 4: Scaling behavior of v-MFA and em-MFA. One measurement point shows, for a
given GMM with C' components, the number of joint probabilities computed per
data point until the convergence criterion is reached. The number of compo-
nents C' is increased from C' = 100 to C' = 800, and subplots show the results for
the data sets CIFAR-10, EMNIST, CelebA and SVHN. Each measurement point
is averaged over 40 independent runs, with error bars indicating standard error
of the mean (SEM). Note that the SEM values are very small and barely visible
in the plot. The legend in the first subfigure applies to all four subfigures. Lines
represent regressions used to determine the scaling exponent of C' (see main text),
while annotations provide information on total wall-clock runtimes. Additionally,
gray vertical arrows indicate the relative wall-clock speed-up of v-MFA (i.e., the
wall-clock runtime required by em-MFA divided by the wall-clock runtime re-
quired by v-MFA).

log (f(C)) = b+a log (C) in log-log plots. Hence, the slopes in Figure 4 provide the scaling
exponents for C.

For em-MFA, each iteration requires precisely NC' joint evaluations, i.e., C' evaluations
per data point. The number of iterations tends to increase slightly with higher C, as also
previously observed (e.g., Hirschberger et al., 2022). This leads to a scaling exponent slightly
above one for CIFAR-10, CelebA, and SVHN, indicating slightly superlinearly scaling with
C'. Conversely, for EMNIST, the exponent falls slightly below one, as em-MFA (and v-MFA)
required fewer iterations to converge with increasing C.

In contrast to em-MFA, the number of joint evaluations per data point and iteration is
upper-bounded for v-MFA, i.e., it is limited by the search space size S = C'G +1 < C
(cf. Section 2.3). In practice, the actual number is often lower than this bound. It may
be that v-MFA requires more iterations than em-MFA due to its partial E-steps, and we
indeed observe more iterations in our empirical evaluations. Importantly, however, our em-
pirical results for v-MFA clearly show a substantial overall gain in computational efficiency
compared to em-MFA. This gain presents itself as a different complexity scaling with C' (in
contrast to, e.g., gains in terms of constant offsets). Concretely, the joint evaluations per
data point clearly scale sublinearly with C, with all scaling exponents consistently below
1/3 (cubic root dependency, v/C).
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For instance, for C = 100, em-MFA required approximately three times as many joint
evaluations compared to v-MFA across all data sets. However, as C increased to 800,
the difference spanned an order of magnitude. For even larger C, the reduction in joint
evaluations for v-MFA compared to em-MFA increases still further (we investigate such
larger C' in the next sections).

When observing the training time (depicted as annotations in Figure 4), we discern marginal
speed-ups of v-MFA over em-MFA for C' = 100. For C' = 800, v-MFA significantly out-
performed em-MFA, which shows not only the improved theoretical complexity scaling but
also practical runtime reductions. Analogous to the joint evaluations, the improvements in
runtimes increase with larger values of C' (cf. Section 3.3).

The results in Figure 4 so far consider solely the computational costs, not the quality of the
optimization. To ensure that the observed improvements of v-MFA are not primarily due
to a loss in quality, additional control experiments were conducted (see Appendix B.2.3).
When we compare the computational demand required to achieve the same optimization
quality (in terms of NLLiegt), the speed-up of v-MFA over em-MFA remains essentially
consistent with Figure 4. Only for EMNIST, where v-MFA showed the strongest speed-
ups, a non-negligible (but small) fraction of the speed-up is due to a slight reduction in
quality.

3.2 Quality vs. Efficiency Analysis

In Section 3.1, it was shown that the number of joint evaluations per data point scales
sublinearly w.r.t. the number of components C for v-MFA. While those experiments focused
on complexity scaling with C', we will now systematically compare optimization quality and
efficiency by evaluating different algorithms on these four benchmark data sets.

We evaluated different algorithms, including em-MFA and v-MFA, by comparing wall-clock
runtimes against optimization quality, measured by relative NLL values on the test sets. To
provide references, we also included NLL values after initialization to highlight the learning
improvements of the algorithms. Additionally, v-MFA and em-MFA were compared to
the k-means+FA algorithm, which integrates k-means with factor analyzers (details in
Appendix B.1.1). This approach follows Richardson and Weiss (2018), who used k-means
and factor analysis for MFA initialization.

For the four data sets, we selected different numbers of components: C' = 800 for CIFAR-10,
C = 1200 for CelebA, C' = 1800 for SVHN, and C = 2000 for EMNIST. The hyperplane
dimension was set to H = 5 across all data sets. For v-MFA, we evaluated the performance
across nine settings of the variational hyperparameters (all combinations of C’ € {3,5,7}
and G € {5,15,30}). To initialize component means for the algorithms, we used the same
initialization procedure. The same applies for the variances for v-MFA and em-MFA.

Figure 5 shows the measured NLL;est values vs. wall-clock runtimes for all algorithms. As
can be observed, v-MFA (with C/ = 3 and G = 5) was the fastest among the algorithms
evaluated on all four data sets (excluding Initialization). Across all settings of hyper-
parameters C’ and G, v-MFA consistently outperformed em-MFA, achieving substantial
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Figure 5: Effectiveness and efficiency in terms of negative log-likelihood (NLL) and runtime
of v-MFA compared to em-MFA, k-means+FA and the parameters after initial-
ization. Each of the four subfigures refers to experiments on one benchmark data
set. The y-axes denote the relative NLL on the test set w.r.t. em-MFA as base-
line, given by Equation (15). For v-MFA, we present the performance across nine
different settings of the hyperparameters C’ and G. For each configuration of
G € {5,15,30}, measurements for v-MFA (three red, blue and yellow triangles,
respectively) refer to configurations with C’ € {3,5,7}. Settings with larger C”
lie to the right, as they required longer runtimes. Each measurement point is
averaged over 40 independent runs, with error bars indicating standard error of
the mean (SEM) (note that the SEM values are smaller than the symbol sizes).

speed-ups ranging from 3.3x to 25.6x. Additionally, v-MFA achieved faster runtimes than
k-means+ FA for the majority of hyperparameter settings.

In terms of optimization quality, em-MFA achieved the best (lowest) NLL values on the
EMNIST and SVHN data sets, while v-MFA shows the best NLL values on the CIFAR-10
and CelebA data sets (with C’ = 3 and G = 5). The relative deviations of v-MFA from the
baseline remained consistently below 0.32%, with most settings of the hyperparameters C’
and G showing smaller deviations. The k-means+ FA algorithm showed significantly higher
NLL values, exhibiting a deviation from the baseline by approximately 1% for data sets
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such as CelebA and CIFAR-10, and up to 3% and 7% for the SVHN and EMNIST data
sets, respectively. Further details on these results are provided in Appendix B.3.

The performance of the v-MFA algorithm relative to em-MFA depends, among other factors,
primarily on two aspects: (1) how well the assumption of truncated posteriors fits the data,
and (2) how effectively the variational EM algorithm optimizes the variational parameters.
To provide a more detailed analysis of the efficiency-quality trade-off between v-MFA and
em-MFA, Appendix B.2.4 presents an ablation study. This study examines the extent to
which the observed differences in optimization performance between v-MFA and em-MFA
can be attributed to the use of truncation (with the optimal ICprt) versus the variational
approximation employed to determine the IC, sets.

Additionally, we present control experiments in Appendix B.2.2 comparing v-MFA, em-MFA
and k-means+ FA with GMMs with diagonal covariances and previously studied large-scale
MFA optimization (Richardson and Weiss, 2018) that used a stochastic gradient descent
(SGD) approach. To evaluate the robustness and optimization quality of the v-MFA al-
gorithm under different initialization strategies, we also conducted an ablation study, as
reported in Appendix B.2.5.

3.3 GMMs with up to Billions of Parameters

While previous numerical experiments were conducted on large-scale benchmarks, they still
allowed for the application of em-MFA (or k-means+FA). The sublinear scaling of v-MFA
enables addressing much larger scale problems, however. In this section, we therefore inves-
tigate significantly larger problems, which far exceed the problem sizes that can be addressed
by em-MFA or other GMM approaches (on current, reasonable compute resources). Con-
cretely, we used a data set of approximately 100M images, each sized D = 32x32x3 = 3072.
The used data set is a version of the YFCC100M data set, with 5% of the samples randomly
selected for testing and the remaining 95% for training (see Appendix B.1.3). We then ap-
plied v-MFA with increasingly many components. We used C = 500, 5000, 50000, and
500 000. Unlike in Section 3.1, optimization by v-MFA used all training samples, regardless
of the chosen value of C. The other hyperparameters were set as in Section 3.1, specifically
H=5,C"=3,and G = 15.

Large numbers of components have consequences for auxiliary parts of the optimization.
First, our default initialization method (AFK-MC?) becomes impractical for the large C
values due its quadratic computational complexity w.r.t. C. Thus, we employed a less so-
phisticated initialization approach. For p,.~, we selected data points uniformly at random
(without duplicates). The remaining parameters were initialized as before. Despite being
less sophisticated, this initialization approach is expected to yield stable performance; as
shown in Appendix B.2.5, the v-MFA algorithm exhibits robustness to the choice of ini-
tialization method on the data sets considered in Sections 3.1 and 3.2. Second, to further
reduce initialization cost, the convergence threshold for the initialization procedure of the
variational parameters, referred to as warm-up, was set to € = 1073, a larger value than
in the previous smaller-scale experiments (see Section 2.4). And third, we observed that
there were components containing no data points in the cases of C' = 50000 and 500 000.
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These components were ignored, effectively reducing C', but the fraction of such ‘empty’
components was (in all experiments) less than 0.2% of all components.

Using the described data and MFA optimization, we obtain results for the computational
costs and NLL values, which are shown in Figure 6. In the figure, we also express the size
of an MFA representation in terms of the total number of optimized floating point parame-
ters, which follows recent customs in studies on large-scale data representations (Dosovitskiy
et al., 2021; Fang et al., 2023; Wortsman et al., 2023; Kaplan et al., 2020; Henighan et al.,
2020) For an MFA representation, the number of parameters is determined by the number
of components C, the hyperplane dimensionality H and the data dimensionality D. Con-
cretely, the number of MFA parameters is given by the number of parameters for the prior,
means, factor loadings and variances, i.e.,

C+CD+CDH+CD =C(D(H +2) +1).

In Figure 6A, we observe that both the number of joint evaluations and training runtime
increased only moderately as C' increased. This behavior results from the sublinear scaling
of v-MFA. From C' = 50000 to C = 500000, runtimes even slightly decreased, due to a
small reduction in the number of iterations. At the same time, increasing the number of
components C' significantly reduced the test set NLL (Figure 6B). For C' = 500, the NLL
values for em-MFA and v-MFA were within the standard error of the mean, consistent with
the findings in Section 3.2, where only minor NLL differences were observed between the
two algorithms. Scaling em-MFA to component numbers significantly larger than C = 500
was computationally prohibitive. Already for C' = 500, em-MFA required approximately
two days to train compared to approximately 5 hours for v-MFA (and em-MFA required
about 16x as many joint evaluations). For C' = 5000 the runtime of em-MFA would still
be slower (by about an order of magnitude). Additionally, Figure 6A shows that v-MFA
requires even fewer joint evaluations for the entire optimization procedure than em-MFA
does for a single iteration.

Our largest scale experiments for v-MFA demonstrate that with current hardware,’

ceptionally large MFA models can be trained efficiently (see Figure 6). Concretely, for
C = 500000 an MFA model with 10.8 billion parameters can be optimized in less than nine
hours.

ex-

3.4 Benchmarking on the Downstream Task of Image Denoising

Negative log-likelihood (NLL) as used in the previous subsections is the canonical measure
to evaluate the ability of probabilistic generative models to learn data densities (e.g., Theis
et al., 2016). It can, however, be very instructive to add evaluations based on other measures
that are obtained in specific contexts.

One strategy is to choose one of the many tasks that can be addressed by a trained generative
model, e.g., denoising, deblurring, inpainting, outlier detection, compression and many
more. For a probabilistic generative model, any such task is a downstream task in the

5. We used a node with considerable compute resources: v-MFA was trained utilizing all 64 cores of a single
AMD Genoa EPYC 9554 CPU and 4 TB of RAM.
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Figure 6: Evaluation of v-MFA and em-MFA on the YFCC100M data set. A shows for
different numbers of components C' the total number of joint evaluations required
for one v-MFA optimization run. The number of v-MFA model parameters is
shown at the top. For each C we also provide the total runtime as annotation.
Additionally, the dashed gray line represents the number of joint evaluations
for a single iteration of em-MFA (which is given by NC'). B shows the values
of the negative log-likelihood per data point on the test set for em-MFA with
C = 500 and for v-MFA with different numbers of components C. In both
figures, each measurement is averaged over 3 independent runs and error bars
denote the standard error of the mean (SEM).

sense that a post-processing routine uses the learned data density in order to address the
respective task. Among all possible tasks, denoising is exceptionally widely used, and
the task represents a long-standing benchmark of constantly high theoretical and practical
interest. Because of its importance, algorithms are often specialized only for this specific
task. In contrast, any model with focus on data density learning is itself much more general-
purpose. Hence, a benchmark comparing special purpose algorithms to general-purpose
approaches such as generative models can be expected to favor the specialists. Nevertheless,
we here choose the specific task of image denoising and a comparison to specialist algorithms
developed for this task. An advantage of using image denoising as downstream benchmark
is the ability to compare the effectiveness and efficiency of v-MFA to a broad range of
other algorithms. Our benchmarking will thus include comparisons to approaches such
as filtering (Dabov et al., 2007), self-supervised deep neural networks (DNNs; Batson and
Royer, 2019a; Krull et al., 2019a; Quan et al., 2020a; Lequyer et al., 2022a), and approaches
applying DNNs within probabilistic models (we will use a variational autoencoder, Prakash
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et al., 2021b) or within inverse problem settings (we will use the deep image prior approach,
Ulyanov et al., 2018b).

Our comparison uses the recent benchmarking protocol proposed by Lequyer et al. (2022a),
which assesses a range of popular blind zero-shot denoising methods for images. The blind
zero-shot setting has recently become very popular (e.g., Lequyer et al., 2022a; Ma et al.,
2025b; Salwig et al., 2024; Mousavi and Liicke, 2025) as it avoids the training on large
data sets of ‘clean’ (i.e., non-noisy) images. Such training on potentially large corpora is
disadvantageous because it is often computationally costly, can introduce biases, and hence
and can lead to artifacts that are difficult to control (for discussions see Laine et al., 2021;
Shocher et al., 2018). Furthermore, clean data is often simply not available (e.g., high
resolution microscopy images, see Salwig et al., 2024, for a discussion).

Following Lequyer et al. (2022a), our evaluation data sets include two natural image data
sets (BSD68 and Set12) as well as a real-world microscopy data set containing inherently
noisy images, referred to as Confocal. BSD68 and Set12 contain grayscale natural images.
Noisy versions of these images are generated by adding Gaussian noise with the standard
deviations ¢ as listed in Table 1. The Confocal data set is a subset of confocal microscopy
images from the Fluorescence Microscopy Data set (FMD; Zhang et al., 2019) and contains
only images in which the noise emerges from the image recording process (i.e., the noise is
not artificially added but emerges naturally). To obtain (pseudo) ground-truth references
for the Confocal data set, multiple captures of the same microscopy scene were averaged
(for more details, we refer to Zhang et al., 2019).

To investigate the scalability of the denoising algorithms in both performance and com-
putational cost, we include in addition to the data used by Lequyer et al. (2022a) one
high resolution image of the Div2K data set (Agustsson and Timofte, 2017). The used
image (with ID ‘0010’) is a colored image of size 2040 x 1644 and was selected prior to
any experiments. It will be denoted as ‘Tiger’. As with BSD68 and Setl12, we corrupt
the ‘Tiger’ image with synthetic Gaussian noise. More details on all data sets are given in
Appendix B.1.3.

The original benchmark compared a range of DNNs, namely Noise2Self (N2S; Batson and
Royer, 2019a), Noise2Void (N2V; Krull et al., 2019a), Self2Self (S2S; Quan et al., 2020a),
and Noise2Fast (N2F; Lequyer et al., 2022a) as well as the Deep Image Prior (DIP; Ulyanov
et al., 2018b) approach which uses DNNs within an inverse problem setting. Here we extend
the original benchmark by additionally including the variational autoencoder (VAE)-based
approach DivNoising (DivN; Prakash et al., 2021b), Pixel2Pixel (P2P; Ma et al., 2025b),
and the well-known filter-based method BM3D (Dabov et al., 2007). Note that the version
of DivNoising considered here and BM3D are not blind zero-shot because they require the
value of the Gaussian noise as input parameter. Hence, both algorithms are not applied to
the Confocal data set, as the noise input parameter is unknown for these images.

The above extended list of image denoising algorithms is compared to v-MFA. For image
denoising with v-MFA, we apply an elementary post-processing routine that makes use of
the data distribution learned by v-MFA. Concretely, v-MFA is trained on image patches as
data points, and learns a corresponding data density model. The learned data density is
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then used to estimate the non-noisy value of each image pixel. Details on the post-processing
routine are given in Appendix A.7. As v-MFA can, as a generative model, learn from noisy
data (noisy patches in this case), it is well suited for blind zero-shot denoising.

For our comparison, we employed the same default hyperparameters for a given denoising
algorithm across all data sets and noise levels Details on these settings are given in Ap-
pendix B.1.1. An exception was made for the learning rates of S2S and P2P on the Confocal
data set because the default settings failed to produce meaningful results (the output images
were uniformly gray).

To apply v-MFA to the benchmark data sets, we set the number of mixture components
to C' = 1000. For the other hyperparameters, we employed the values previously used in
Sections 3.1 and 3.3. Concretely, we set the dimensionality of the hyperplane to H = 5
and the variational hyperparameters are chosen as C/ = 3 and G = 15. The patch size was
fixed at 12 x 12 across all data sets, a size observed to perform well for image denoising in
previous work (cf. Drefs et al., 2022).

The zero-shot denoising algorithms are individually applied to each noisy image of a given
data set, i.e., for each image, both training and inference are conducted exclusively on the
image itself. Training the algorithms on the entire image set would violate the assumptions
of the (blind) zero-shot denoising setting. The performance of each algorithm is evaluated
using peak signal-to-noise ratio (PSNR), structural similarity index measure (SSIM) and
execution time measured as wall-clock runtime. For a given data set, we compute the PSNR
for each image of the data set and then report the average PSNR. We proceed in the same
way for SSIM and wall-clock runtime. The denoising results are summarized in Table 1 and
Figure 7. To account for the varying PSNR values of the noisy images across data sets,
the PSNR gain (APSNR), defined as the PSNR difference of the denoised and noisy image,
is reported in Figure 7A. To normalize for differences in image size across data sets, we
report processing speed in kilopixels per second (following Lequyer et al., 2022a). For an
image of size W x H x C, the processing speed v is computed as

W x HxCx1073
v = )
t
where C is the number of color channels (1 for grayscale and 3 for RBG) and t is the total
runtime of a given algorithm to denoise this image.

When considering the results in Table 1 and Figure 7, it may first be observed that in
the setting with artificially added noise, BM3D often outperforms blind zero-shot denoising
algorithms if it is provided with the true noise level. In the standard blind zero-shot setting
(when the noise level is unknown), the notable observation for our study is that v-MFA
almost always ranks among the top three methods in terms of PSNR and SSIM values. For
this setting, the S2S approach exhibits the highest PSNR and SSIM values for all cases with
artificially added Gaussian noise. For the Confocal data set, which features non-artificial
noise, we observed v-MFA to obtain the highest PSNR and SSIM values.

More central to our study is, however, performance in terms of computational efficiency.
Efficiency in terms of processing speed was also the main focus of the here used benchmark
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non-blind zero-shot blind zero-shot
Data set o BM3D DivN N2s N2V DIP S28 N2F P2p v-MFA
PSNR 29.99+1.29  26.95+1.63 27.15+£2.47 27.354+1.55 27.16+£1.65 30.03+1.13 29.064+1.16 28.80+1.40 29.15+1.40
25 SSIM 8.52+0.30 7.8040.52 7.37+1.28 7.53+0.29 7.7440.53 8.49+0.32 8.22+0.30 8.114+0.31 8.25+0.33

Time 0.814+0.33 283.204+49.93 1139.624+708.82 296.50+27.94 37.60+1.19 3262.46+2218.07 3.32£2.05 16.94+10.93 1.37+0.80

Set12
PSNR 26.75+1.27 23.81+3.23 23.66 + 3.15 24.02+1.57 22754091  26.54+1.07 25.80+1.07 25.724+0.90  26.12+1.19
50 SSIM  7.68+0.41  6.66+1.49 6.17+1.49 5.86+0.67 5.48 4 0.55 7.42+0.37 7.244042  6.5040.40 7.03+0.39
Time  0.83+0.35 197.02+£69.79 1140.80+£712.30 204.17+27.80 37.91+1.39 3238.05+2197.54 3.36+2.86 17.08+£10.95 1.23+0.73
PSNR 28614252  25.11+3.25 26.72+3.23 26.30+£2.67  25.96+2.84  28.46+2.85 28114244 27.26+2.89  27.22+3.33
25 SSIM  8.04+0.66  6.60+1.67 7.38+0.92 7.06 +0.70 7.13+0.79 7.97+0.72 7874+0.61  7.50+0.59 7.54+0.81
BSD6S Time  0.7940.02 224.38+94.58 1198.044+2.60  920.73+535.47 39.68+0.48 3230.29+56.55 3.6740.90 20974019  1.42+0.32
PSNR  25.674+2.60  20.72+4.89 24.49 + 2.26 23.2242.78  22.284+1.62  25.70+2.48 25.3142.35 24844210  25.30+2.66
50 SSIM  6.89+0.91  5.14+2.02 6.39+0.80 5.16 +0.77 5.16+0.98 6.87 +0.86 6.72+0.80  5.91+0.51 6.51+0.86
Time  0.8140.03 157.14+96.25 1185.394+2.74  935.96+552.42 39.99+0.83 3222.79+ 61.80 3364097 21.14+0.33  1.40+0.24
PSNR 36.20 + 3.88 35.70+3.53  34.53+3.89  36.51+3.39 36.60+3.84 34.02+£2.33 36.83+3.54
Confocal —  SSIM - - 9.26+0.38 9.18 4 0.45 8.94+0.64 9.28+0.38 9.3340.39  9.04+048  9.34+0.37
Time 1964.20+1.22  203.80+20.56 41.93+3.54 5884.49+140.50  8.42+0.99 30.71+224  4.43+1.63
PSNR. 32.16 29.00 30.02 29.59 27.07 31.95 29.66 30.67 29.19
25 SSIM 8.60 7.57 7.95 7.63 6.96 8.56 7.79 8.16 7.83
Div2K Time 29.46 2904.16 72962.49 200.57 1652.69 89821.74 217.89 554.87 47.18
‘Tiger’ PSNR. 29.23 26.70 27.04 26.35 25.93 29.56 27.14 28.29 28.03
50 SSIM 7.81 6.64 6.83 5.77 6.60 7.92 6.92 7.22 7.41
Time 29.28 2773.43 73193.76 201.57 257.96 90042.40 217.11 502.03 38.45

Table 1: Quality and runtime of several zero-shot denoising algorithms, measured by PSNR,
SSIM and average runtime per image in seconds. The reported errors denote
standard deviations across images in the respective dataset. The best result within
each row among the blind zero-shot algorithms are marked bold, while overall best
results (including the non-blind algorithms BM3D and DivN) are underlined.

protocol of Lequyer et al. (2022a). By considering Table 1, v-MFA can be observed to be
the fastest blind zero-shot method by a considerable margin. The approach is about twice
as fast as N2F (requiring usually half the time), and notably over 2000x faster than S2S
(see Figure 7B). The only method faster than v-MFA is the non-blind classical filter-based
BM3D approach.

In Table 1 and Figure 7, we fixed the number of components to C' = 1000. However, the
number of components C' (i.e., model parameters) is expected to influence the denoising
performance of v-MFA. From the high resolution ‘Tiger’ image from Div2K, we can ex-
tract about 3.3M patches, which enables us to systematically study the effect of varying C.
Specifically, we evaluate C' € {100, 1000, 10000}, keeping all other hyperparameters fixed.
The corresponding results are shown in Figure 8. From Figure 8, it is evident that larger
MFA representations lead to improved denoising performance in both PSNR and SSIM.
Larger models can better preserve fine structures, with edges appearing sharper, as illus-
trated in Figure 8A. At the same time, the runtime increases only marginally, owing to the
sublinear scaling of v-MFA. For a tenfold increase in model parameters (from C' = 1000 to
C =10000), the denoising runtime is less than twice as long.

In Appendix B.4, we provide additional denoising results, including further visual com-
parisons, additional noise levels as well as other GMM-based denoising algorithms. This
includes a comparison of v-MFA to em-MFA, as well as a comparison in which the MFA
model is replaced by a GMM with diagonal covariances. Additionally, the effect of the
hyperplane dimension H on the denoising performance of v-MFA is investigated.
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Figure 7: Denoising benchmark. A Results of
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While em-MFA yields marginal improvements in denoising performance, it comes at the cost
of very substantially increased runtimes. The results for the diagonal GMM show that the
denoising performance of v-MFA is much stronger, which can be attributed to its flexible
parametrization of correlations. Furthermore, the results in Table B7 show that v-MFA can
achieve even higher PSNR and SSIM values than those reported in Table 1 when different
hyperplane dimensions H are used. In particular, larger values of H can be beneficial when
a sufficiently large number of patches is available.
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4. Discussion

One of the most salient hallmarks of GMMs is their flexible parametrization of correlations
within components. Furthermore, large numbers of components C' allow GMMs to approx-
imate potentially any data density with increasing accuracy (e.g., Zeevi and Meir, 1997; Li
and Barron, 1999; Maz’ya and Schmidt, 1996), and approximation quality given C' decisively
depends on the flexibility of GMMs. However, the flexibility of general GMMs with large C'
comes with a very high computational demand. For GMMs with flexible covariances we
have here addressed the problem of high optimization costs. Notably, the derived and eval-
uated algorithm, v-MFA, does not reduce runtimes by merely a fixed constant amount or
percentage. Instead, and more substantially, we have empirically shown another complexity
class for runtime scaling: as the number of data points N and components C' increase, the
runtime complexity scales sublinearly with NC. Achieving such a sublinear scaling for MFA
optimization was the main goal of the research here reported.

Possible future research directions are the treatment of generalizations of MFAs towards
non-Gaussian observation spaces including observables of different types (Khan et al., 2010;
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Banerjee et al., 2005), or extensions towards discrete time-sequence models (Rabiner, 1989;
Zhou and Carin, 2015). Furthermore, future work may add other learning strategies (e.g.,
Zhao and Yu, 2008; Archambeau et al., 2008; Elidan and Friedman, 2002; Lin et al., 2019)
to the approach presented here; and future work may explore the transferability of sublinear
optimization strategies to further well-known algorithms such as different types and combi-
nations of principal and independent component analysis (Hyvérinen, 2015; Ding and He,
2004). A crucial challenge for such future research will always be the derivation of efficient
estimation of methods to define truncated distributions; and, furthermore, many models
may (in contrast to GMMs and MFAs) not have closed form M-steps.

The concept of truncation, i.e., focussing posteriors by assigning probability mass only to
the most relevant latent values, is likely transferable to other types of machine learning
models. Notably, truncated posteriors emerge when applying the concept of mixtures of
experts (Jacobs et al., 1991) to enhance the efficiency of DNNs. More concretely, gating
in a standard routing approach for sparse mixtures of experts (SMoE; Shazeer et al., 2017;
Fedus et al., 2022) with TopK selection is equivalent to the use of truncated posteriors in
a probabilistic formulation of gating (see Nguyen-Nhat et al., 2025, and references therein
for details). Efficient search procedures like developed here for v-MFA could in principle
enable more efficient routing, i.e., the computation of all router scores for gating could be
avoided. Especially for large numbers of experts, sublinear scaling would be a very desirable
property. Furthermore, efficient modeling of correlations as used for v-MFA (and for MFA
in general) could enhance gating by exploiting its probabilistic formulation (Nguyen-Nhat
et al., 2025; Xu et al., 1994).

Regarding the here used models themselves, GMMs remain relatively elementary but they
are also ubiquitous as the use of Gaussian is very common for standard metric data. Further-
more, non-Gaussian data typically makes the parametrization of correlations much more
challenging. Like GMMs, the here investigated MFA models also still remain relatively
elementary data models. Unlike general GMMs, MFAs can be regarded as additionally
assuming the data to lie close to low-dimensional manifolds, which MFAs approximate
piecewise by low-dimensional hyperplanes. Otherwise, MFA models do not impose any ad-
ditional assumptions or structures beyond GMMs. Consequently, applications of v-MFA
to tasks previously addressed using GMMs (or MFAs) should not be expected to show
improvements in quality (if the same number of components is used). However, for ap-
plications involving large GMMs, the v-MFA algorithm represents a much more efficient
optimization algorithm. At the same time, and except of the submanifold assumption, the
optimized MFA models used by v-MFA retain the flexibility of general GMMs in terms of
within-component correlations.

Our numerical analysis confirms that the optimization quality achieved by v-MFA is very
similar to the optimization quality of conventional MFA optimization. More importantly,
however, the analysis also confirms the key advantage of v-MFA. Compared to conventional
training, its substantially faster optimization times were observed to result in speed-ups
of an order of magnitude and more (see Sections 3.1 and 3.2). Furthermore, the relative
speed-up compared to conventional training increases with model size. For very large scales,
v-MFA is therefore the by far most efficient and likely the only computationally feasible
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approach (see Section 3.3). As a consequence, v-MFA is (to the knowledge of the authors)
currently the only approach allowing for the optimization of flexible GMMs with billions of
parameters; and v-MFA can perform such an optimization in less than nine hours on one
state-of-the-art CPU.

The application of v-MFA to image denoising as a downstream task demonstrates that
scalability translates into a method that is competitive in terms of denoising performance
(see Section 3.4). The observed high performance is particularly notable given that MFAs
optimized by v-MFA are neither specifically designed for nor tuned to the task of image
denoising. Nevertheless, v-MFA consistently outperformed several DNN-based blind zero-
shot methods across nearly all evaluated settings, especially under high noise conditions.
On data with naturally induced noise (the Confocal data set, Zhang et al., 2019), v-MFA
even shows the highest performance. More importantly in our context, though, v-MFA
achieves high denoising accuracy in substantially shorter runtimes than those observed for
all compared DNN-based approaches. This makes it particularly well-suited for denoising
pipelines where processing speed is critical, such as in real-time imaging applications (cf.
Lequyer et al., 2022a).

Also for data sets other than image data, processing speed is often crucial. Large amounts
of high dimensional data are, for instance, a typical feature of auditory data and data
from genetic or proteomic sequencing (e.g., The International HapMap Consortium, 2005;
Conroy et al., 2023; Bennett et al., 2023). Large-scale mixture models can be used in
such context, e.g., for finding clusters, to model low-dimensional data structures or to
enable downstream tasks such as error correction or missing data imputation. For such and
other types of data, applications of MFA models can be based on the here reported ability
of v-MFA to learn data representations at scales that were previously only accessible by
another class of machine learning models, namely DNNs. For image data, the largest such
neural network based models are reported to range from hundreds of millions to about one
billion parameters (Dosovitskiy et al., 2021; Fang et al., 2023; Wortsman et al., 2023; also
compare Hsu et al., 2021; Frey et al., 2023, for other domains). Given that GMMs are
universal density approximators, the novel ability to optimize giant GMMs with billions of
parameters can make them to a valuable tool for future research. This is especially relevant
considering that large data sets and models are regarded as central in driving the whole
field of artificial intelligence. The interpretability of GMMs and MFAs may thus allow for
contributing new insights in studies on inductive biases or on how performance can scale
with large model sizes. Furthermore, the here developed training principles and resulting
sublinear scaling may be transferable to other (including deep) models.
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Appendix A. Supplementary Information on Methods

We first provide some details about the method of truncated variational optimization. Vari-
ational distributions do, in general, define a free energy which is a tractable lower bound
on the log-likelihood (see, e.g., Neal and Hinton, 1998). For a mixture model with C' com-
ponents, the free energy results from the log-likelihood by applying Jensen’s inequality as
follows

L(x1.n; O Zlogmen,c\(-) Zlog(anc @ @) (wn,c|®)>

>Zanc o) log< 1 @) (mn,c|®)>
- 2 (an@; ©) log plan: ¢ ©) + Hlga] ),

where the expression for the MFA model inserted is provided by Equation (5). Truncated
distributions are a family of variational distributions of the form given in Equation (4),
with variational parameters IC and ©. They allow for a reformulation of the free energy
after each M-step that takes the form in Equation (6). Care has to be taken regarding
the variational parameters ©. In general, the parameters can have values different from
the model parameters ®. However, it can be shown that the optimal values of O are
equal to © after each M-step. See Liicke (2019), Proposition 3, for a general derivation
and see, e.g., Drefs et al. (2022) and Hirschberger et al. (2022) for expressions such as
Equation (6) used for specific models. For © = O, the particularly concise expression
of the free energy in Equation (6) can be derived by inserting the truncated distribution
in Equation (4) into the free energy of Equation (5). As a technical remark, it can be
verified (see Liicke, 2019, Proposition 1) that the above derivation of the free energy can
be generalized to variational distributions gu(c; ®) with exact (‘hard’) zeros (which is a
property of truncated distributions).

In the following, we provide further details on the method used to avoid inversions of large
covariance matrices in Appendix A.1, the derivation of the M-step parameter updates in
Appendix A.2, the proof of Proposition 1 in Appendix A.4, additional information on the
estimation of component-to-component distances and the KL-divergence in Appendix A.5,

6. https://chatgpt.com/
7. https://www.deepl.com/
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as well as further details on the algorithmic complexity of the variational E-step in Ap-
pendix A.6.

A.1 Avoiding Inversion of Large Covariance Matrices in MFAs

Optimizing the MFA model using EM or variational EM requires repeatedly evaluating
joint probabilities p(c, x, | ®) or, equivalently, log-joints. Thus, it is essential to assess the
efficiency of log-joint evaluations. Given that

log p(zn, c|©) = logp(c| ®) +logp(zy | ¢, ©)
= logme — D log(2m) — 3 log [Ze| — §(@n — ) "B (@0 — 1),

the crucial aspects include the evaluation of the squared Mahalanobis distance (x, —
) 7Yz, — p.), which necessitates inverting X, and the determinant computation
for log|X.|. Direct calculations involving . become computationally expensive for high-
dimensional data. To enhance computational efficiency, we adopt methods from Ghahra-
mani and Hinton (1996), McLachlan et al. (2003) and Richardson and Weiss (2018). Specif-
ically, for the inversion of 3., we utilize Woodbury’s matrix inversion lemma

-1
== D' - DA (I+AID'A.)  A/D;' =D -U.V., (A1)
where we define
U.:=D'A, e RP*H L.:=T+AD;'A,=I+U]A, € RIT*H,
V. =L 'A/ D' = LU} e RI*D.

Given that D, is diagonal, its inversion is trivial. Furthermore, the matrix L. is of size
H x H and can therefore be inverted more efficiently than the D x D covariance matrix
(especially for H < D). As a quantification of complexity, it is evident from Equation (A1)
that the squared Mahalanobis distance, expressed as

v' X lw=0v'D v - (v'U)(Vw),
can be evaluated with complexity O(DH) for any v € RP.

Finally, the log-determinant is obtained using the matrix determinant lemma

log || = log )ACACT + D,

— log ’I +AD;'A| +10g|D.| = log|Le| + 3 log o2,
d

In conclusion, we can efficiently compute the log-joints for high-dimensional data such as im-
ages, circumventing direct computations involving covariance matrices of size D x D.

The derivation for the parameter updates in the M-step that maintain efficiency for high D
is provided in Appendix A.2. Although there exist alternative optimization methods to
EM, such as Alternating Expectation Conditional Maximization (AECM, McLachlan et al.,
2003) and Expectation Conditional Maximization (ECM, Zhao and Yu, 2008), we keep in
line with the EM approach. AECM requires two cycles, involving two E-steps to update all
model parameters, and the conditional M-step updates in AECM and ECM lead to higher
computational complexities in D or H.
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A.2 Derivation of the M-step Parameter Updates

In this section, we derive the parameter updates for the M-step of the MFA model, specified
in Equation (1) in the main text, following the derivations outlined in Ghahramani and
Hinton (1996). Since our parameter updates deviate from Ghahramani and Hinton (1996)
in certain aspects, e.g., using a variational approach with truncated posteriors or individual
diagonal variances D, for each component, we present here the complete derivations for
clarity and completeness.

In the following, we always denote the variational parameters © with a tilde, e.g., .,
where p, (without a tilde) corresponds to the model parameters ®. Recall that the MFA
generative model is given by

p(c|®) =7, p(z|O)=N(20,I), p(x|c,z0)=N(x;Acz+ p.,D.).

We start here by introducing truncated posteriors as variational distributions given by

q(c, z; @, Kn, (':)) = Zip(c, z | @y, (':))5(0 €,

1 _ -
= 7p(c | L, @)p(z | C, T, 6)5(6 € ICH)
G C:))Qn,c(z; é)7 (AZ)

= Qn(
and define g,(c; ©) := Zinp(c|mn,(:))(5(c € K,) and q,c(2; ©) := p(z|c,xn, ©). Z, is a
normalization constant given by

Tn=_ /p(é,z|mn,(:))dz =) p(c|wn,(:))/p(z|c, T, ©)dz = Y p(c|zn, ©).

ceEn celn cen

The distribution ¢,(c; ®) mirrors Equation (4) in the main text, consistent with previous
work employing truncated variational approximations for mixture models (e.g., Hirschberger
et al., 2022; Exarchakis et al., 2022). We recognize that g, .(z; ®) = p(z | ¢, ,, ®) conforms

to a Gaussian distribution N (z; fr,, X.), with

AT ~ 1~ \—1 ~_ e AT o~ ~
22 = (I + At—:rDc 1AC) = Lc 17 ﬂ’z = 2Z'A;F'Dc 1(11771 - p‘c) = VC(:Dn - [Lc) (Ag)

In the following, we introduce the variational free energy and reformulate it into a more
convenient form for deriving the parameter update equations. This free energy is given
by

N C
Flainik,0,0) =33 [ a(ez|2,,0)logple. 2.2, ©)dz+ Hla),
n=1c=1

where H [¢) = — ), Eqllog q(c, z | ©y, ®)] denotes the Shannon entropy. Substituting Equa-
tion (A2) into the free energy yields

.7-"(:21:1\7; IC, é, @) = ZQn(CQ (:)) /Qn,c(z; (:)) logp(c, Z,Tn | @) dz+H [Q]

- Z qn(c; (:)) Eqmc [lng(C, Z,&n ’ 6)} +H [q] .
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The expectation Eg, . [logp(c, 2, Z, | ©)] can be expressed as
Eq... logp(c, z, @n [ ©)] = Eq, . [logp(c| ©) + log p(z | ©) + log p(zn | ¢, 2, O)]
= log . — D log(27) + S log|D;!| — 3E,, . [(mn —p,—A2) DYz, — p — Acz)}
— logm. — D log(2m) + $log |D;!| = 4K, (@ — Ac2) D M@n —Ac2)|, (A9)

where we combined A, and p,. by defining
A .. |z
A= [Ae p.), 2= [1] :

as we have A2 = Aoz + .. By making use of the symmetry of Dc_l, the cyclic property
of the trace, and the linearity of Ey, . [], the expectation in Equation (A4) reformulates
to

Eqn,c (@ — Ac%)TDgl(fcn - Ac%)] = erzDglajn - QwIDglAcEqn,c 2]

~T ~
Ftr (Ac D;'AE,, . [%TD ,
Inserting the aforementioned results into the free energy yields

Fla1n; K, 0,0) = an (lognc—%10g<2w>+élog\D;1|—%wTDzlwn

—i—mIDc_lAcEqn,c[A]—ltr (A D;'AE,, . [MTD)JFH[] (A5)

where the expectation values E,, [-] are given by

EQn,c ['%] = [liz:| ) EQH,C |:'%'%T:| - |:2 _LHZMZ I;Z:| .
z

Based on this expression of the free energy, we derive the update equations by equating the
partial derivatives of Equation (A5) w.r.t. all model parameters © to zero, while keeping
the variational parameters © fixed.

Updates of mixing proportions: Considering the constraint ) .m. = 1, the mixing
proportions are determined by the well-known expression

Ne . ~
Te = with N, = zn:qn(c; Q).

Updates of means and factor loadings: For the derivative w.r.t. A, we obtain

oOF

0= a—A —zn:qn c; ©)D 'z, R nc | an D, ]\CE%’C {221 ,
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resulting in

n n
N Y.=A.E.
& A, =Y_E!

where we introduced the following two matrices:
EC = Z qn(c7 C:))]Eqn,c |:'%2Ti| ’ Y Z qn Qn c [2]T N
n

The factor loading matrix A, is obtained from the first H columns of Ac, while the mean
W, is given by the last column of A..

Update of variance: Taking derivatives w.r.t. Dgl, we derive

AT 2T 2 T] AT
O aD aP—1 Z qn & G) ( mnm;IL— + 2mnEQn,c [Z] AC - ACEqn,c [zzT] AC ) *

It follows that

D_/.N, anc @ wna: <an qnc[ﬁ]T> ACT
A, (Z 4nlc: O)E,,, [zf]) A,

_an O)znx! — 2Y A, +AEA,

Substituting Y. = ACEC into the last term, we obtain

D.N, = anc O)x,x, YA

Finally, by applying the diagonal constraint, each diagonal element o2, of D, can be com-
puted as follows

o2, = Fdlag (Z anlc; Oz — Y A, >
d

— ]376 (Zn: nlc; ©) x2, — Z (YC © Ac) d,h) ’

h

where all non-diagonal elements are set to zero and A. are the updated parameters given
by Equation (A6). Here, diag(-) denotes a vector constructed by the main diagonal of a
given matrix and ® denotes element-wise multiplication.

Given that gu(c; ©) is zero for ¢ & K,,, the computational efficiency of the above equations
can be improved by summing solely over non-zero g,(c; ), as elaborated in Section 2.1 in
the main text.
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A.3 Relation Between Likelihood, Free Energy and Posterior Mass

Alongside contributions on improved parameter optimization, GMMs have also been studied
theoretically, and notably regarding convergence guarantees. The recovery of ground truth
parameters, e.g., ground truth component centers, is important for the reliability of cluster-
ing results when using GMMs. In contrast to most theoretical studies, the MFA models we
here consider allow for arbitrary covariance structure along low dimensional hyperplanes.
Furthermore, the v-MFA optimization considers modeling of potentially arbitrary data sets
in RP. The setting considered here, therefore, makes it difficult to obtain rigorous theo-
retical results, e.g., on convergence guarantees. For more controlled settings, far-reaching
theoretical insights on the optimization of GMMs and in particular on EM-based algorithms
for GMMs can be obtained. For instance, works by Xu et al. (2016), Daskalakis et al. (2017)
and Xu et al. (2024) even provide global convergence guarantees for EM-based GMM opti-
mization. However, assumptions such as GMMs constrained to two components (Xu et al.,
2016; Daskalakis et al., 2017) are required or strong assumptions such as Gaussianity of
the data distribution (Xu et al., 2024) are used. But also results on local convergence
(e.g., Kwon and Caramanis, 2020; Segol and Nadler, 2021) require significant assumptions.
Essentially all approaches (for global and local convergence) assume diagonal covariance
matrices per component (e.g., all those just mentioned). Furthermore, assumptions on the
separation of components in the data are often central to obtain convergence guarantees
(e.g., Regev and Vijayaraghavan, 2017; Diakonikolas et al., 2018; Liu and Li, 2022, and
many more). Studies of both global and local convergence usually consider the properties
of either conventional EM or gradient EM based optimization, which is evaluating full pos-
teriors for all data points or batches. Variational approximations differ from conventional
EM or gradient EM, and it is less clear how variational EM can be treated (even in the case
when taking aside the other assumptions that are not fulfilled in our setting).

In this context, it may, however, be useful to study in some more detail the relation be-
tween the log-likelihood objective for GMMs or MFAs (see Equation 3) and the here used
variational objective in Equation (5). It is, for instance, possible to exploit the specific
form of the free energy objective that results from truncated variational distributions (cf.
Equation 6). Using Equation (6) (also see beginning of Appendix A), we can derive the
following relation for the difference between L£(x1.n;®) in Equation (3) and F(IC,®) in
Equation (5):

L(z1.n;©)-F(K,©) = Zlog (Zp(c,:l:n|@ )- Zlog(Zp (c.2n|©))

- Zlog < -~ C(f?;‘j)@ > Zlog ( chm" ple, @ | ®)> :

cEICn c€Kn p(c,zn | O)

The ratios of the sum of joint probabilities can be rewritten as a ratio of a sum of posterior
probabilities. If we furthermore use log(1 + z) < x, we obtain

C¢Knp(c|x’m®)) < Zc¢l€np(c|x’m®)

. _ — Ie) Z
L(z1.n;0) - F(K,0) = znjl & (1 * > cek, Plc|n, ©) ek, Plc|@n, ©)
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We, therefore, obtain an upper bound of L(x1.x; ©) in addition to the lower bound F (K, ®).
When additionally normalized by the number of data points N, we obtain

clx,, ©
F(IC,0) + % S %iiigc : o @i' (A7)

n

The expression shows that the average of the ratio between non-captured vs. captured pos-
terior mass directly determines how close the variational objective is to the log-likelihood.
For well separated components, for instance, there is for each n one component ¢ that will
dominate the posterior values close to the global optimum. If the KC,, sets contain the cor-
responding component, the average ratio will be close to zero and both bounds will be very
tight. But also for any sufficiently low numbers of dominating components, tight bounds
are obtained. The bounds in Equation (A7) may thus be used to directly link separability
of components (or groups of components) to the relation between the variational objective
and the studies (such as those discussed above) using conventional EM for the log-likelihood
objective.

A.4 Proof of Proposition 1

Let KC be a given collection of index sets K1.5. We now choose an arbitrary n and replace
an index ¢ € K, by the index ¢ ¢ KC,,. We denote the resulting index set by K,, and the
collection of index sets k1. with K, replaced by K,, we denote by K. Now, we obtain

FK,©) > F(K,0)

& i log<2p(c’,mn/ | @)) + log(Zp(c’,:vn \ @))

Zl/;}z C’GIC"/ C'Elan
N
> Y tog(Dop(ch @ |©)) + log( Y p(d @] ©))

n/=1 e, ey

n'#n
& log(Zp(c’, T | (-'))) > log(Z p(c, x| (-)))

dekn e,
& > o, n|O) + pE,xn|®) > > p(c,xn|O) + plc,mn|O)
dekn\{c} cekn\{c}

<~ p(&, Ln ’ 9) > p(C, Ln ‘ 9)7

where we have used strict concavity of the logarithm and KC,, \ {&} = K,, \ {c}.

With the same argumentation, the free energy decreases if p(¢, z, | ®) < p(c, x, | O).
For p(¢,x, | ©®) = p(c, x, | ©) the free energy trivially remains unchanged.

35



SALwWIG, KAHLKE, HIRSCHBERGER, FORSTER AND LUCKE

A.5 Estimation of Component-to-Component Distances and
KL-Divergence

In this section, we further elaborate on the derivation of the KIL-divergence approxima-
tion D¢z, which we use to find components ¢ similar to component ¢ (Equation 12 in the
main text). Afterwards, we compare D.: to a previously suggested distance estimate in
Appendix A.5.1.

We start by considering idealized assumptions to derive D.: as an approximation of the
KL-divergence. Importantly, however, D. remains a valid expression for the estimation
of similarity of components ¢ to ¢ also if the idealized assumptions are not fulfilled (which
we will elaborate on further below). The numerical experiments in Section 3 in the main
text verify the validity of D.z through the effective and efficient performance of the v-MFA
algorithm.

Let us first assume that v-MFA has already converged to a large extent, i.e., we assume
that the GMM parameters have already reached values that accurately represent the data
components, and that the search spaces S, include the most likely components for their
data points x,. Furthermore, we assume that the data is appropriately modeled by a GMM
(i.e., approximately Gaussian components), and that the components are well separated.
Under these idealized conditions, we can assume that D, given by Equation (12) in the
main text can approximate the KL-divergence relatively well for any components ¢ similar
to c.

To illustrate this, we first consider the finite sample approximation of the KL-divergence
(Equation 10 in the main text) using M samples of p(x | ¢, ®), which becomes exact for
M — oo:

m y where Ly ~~ p(iB ’ C, @) (AS)

LS~y P(@n e ©)
Dxvp(z|c,®) || p(z| ¢, ©)] - > log =
p
m=1

Secondly, for well separated components, model parameters close to convergence and data
that is well-modeled by Gaussian components, the partitions Z. of Equation (11) in the
main text will contain data points close to those that would be generated by p(x|c, ©).
Therefore, we can further approximate Equation (A8) by

. 1
Dic.[p(@ |, ©) || p(e| &, ©)] =7 3 log
‘! nez,

Finally, we introduce the condition 6(¢ € S,,), which ensures that only components ¢ within
the search spaces S, are considered. The condition is important for computational efficiency,
as it avoids additional computations of p(x,, | ¢, ®) that are not performed during the partial
E-step. A disadvantage is that the approximation quality may decrease as potentially
fewer data points «,, are considered for the approximation. However, if the algorithm has
sufficiently converged, the components ¢ in the search spaces S, of all data points with
n € Z. will be almost the same. In that case, §(¢ € S,;) will nearly always be equal to one,
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and we obtain

- 1 Tnlc,®)
Dia. lp@|©) || p@|2.0)] ~ - 3 g 22 CBac e 8,) = D, (A0)

Nez & 7 plan | ¢, ©)

where Nz = Z icesy) ~ Z 1 =|Z|.

’I'LGIC TLGIC

For sufficiently similar components ¢ in the sense of KL-divergences, the estimate D,z can
therefore provide an accurate approximation of the KL-divergence. However, as the com-
ponents ¢ become increasingly dissimilar, the uncertainty regarding the accuracy of this
approximation increases.

On the other hand, the estimate Dz can not be expected to approximate the KL-divergence
accurately if the components are strongly overlapping. In such cases, the sets Z. may not
represent their respective components well, as each data point can only be assigned to a
single component. However, Dz will by construction still result in small values as long as
model parameters and search spaces S, have sufficiently converged. In an extreme case
of p(xy, | ¢,®) being almost equal to p(x, | ¢, ®), the summands in Equation (A9) will be
close to zero. As a consequence, similar components in the KL-divergence sense will also
be similar in a ranking based on Dz, although values of Dz may differ from the values of
the KL-divergences.

Finally, for components ¢ that are very irrelevant to ¢, we set the values of Dz to infinity,
which would also not match the values of the KL-divergence. However, irrelevant compo-
nents in the KL-divergence sense are anyway disregarded for the definition of sets g. in
Equation (13) in the main text.

To summarize, D.s serves as an approximation for the KL-divergence between p(xy, | ¢, ®)
and p(x, | ¢, ©), which can be quite coarse. However, as the values of D.s are only used
for ranking the similarity of components, coarse estimates are sufficient. Most importantly,
this approximation avoids the O(C2DH) scaling of computing the exact KL-divergences of
all pairwise components. Consequently, it preserves the overall computational complexity
of the variational EM algorithm, which is critical for ensuring scalability w.r.t. the number
of components (cf. Algorithm 3).

A.5.1 COMPARISON TO VARIATIONAL E-STEPS OoF PREvVIOUS GMM
OPTIMIZATIONS

Previous work using variational E-steps (Hirschberger et al., 2022; Exarchakis et al., 2022)
has not considered GMMs with intra-component correlations. Estimation of component-
to-component distances has, however, been used before by Hirschberger et al. (2022), who
applied the estimate

1

A2 = ——— Y logp(é, x| ©)3(c € ), (A10)

cé nel.

where N, is defined as in Equation (12) in the main text. The estimate d%; was then used
as a ranking to define sets g. analogously to Equation (13) in the main text.
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For isotropic components with equal variances and equal mixing proportions per compo-
nent, it was argued that dgé will ultimately correspond to the Euclidean component-to-
component distance (and dze was originally defined for this isotropic case). More con-
cretely, it was shown (Appendix E of Hirschberger et al., 2022) that dgé results in approx-
imately the same distance ranking of component pairs (¢, ¢) as the Euclidean component-
to-component distance ||, — pg||. For diagonal covariance matrices, d%; was also related to
KL-divergences.

From the perspective of the here used approach in Equation (12) in the main text, however,
Equation (A10) can be considered as ignoring p(x, |c, ®) in the KL-divergence (Equa-
tion 10 in the main text). A further difference is a different consideration of the mixing
proportions. Estimate Equation (A10) has been shown to perform well for isotropic and
diagonal components (Hirschberger et al., 2022), for which it was originally derived. Here,
our estimate is directly derived from KL-divergences, which implicitly accounts for different
intra-component correlations. Consequently, the more general derivation of D (used for
v-MFA) is a better match to these intra-component correlations, and hence can be expected
to result in a more efficient learning algorithm. If and how much the more general estimate
Equation (12) in the main text is improving learning remains to be numerically investigated,
which we provide in Appendix B.2.1.

A.6 Algorithmic Complexity of the Variational E-step

To determine the algorithmic complexity of Algorithm 1 in the main text, we analyze each of
its four blocks, assuming N > C. Algorithm 3 outlines the steps in Algorithm 1 in the main
text along with the complexity of each block (emphasized in bold) and the intermediate
steps.

Block 1: This block begins with constructing the search space, where each search space can
contain up to S = C'G + 1 elements. Following this, the joints are computed, where each
joint computation has a complexity of O(DH) (see Appendix A.1). Next, selecting the C”
largest values among the computed joints to obtain IC,, for a data point can be performed
in O(S) (Blum et al., 1973). Since we need to evaluate up to S joints per data point, the
overall complexity of block 1 is O(NSDH).

Block 2: In block 2, the data set is partitioned into Zj.c. To find the most likely com-
ponent ¢, within the IC,, set of each data point, the component with the largest joint is
selected, which has a complexity of O(C”). Repeating this for all data points results in a
total complexity of O(NC").

Block 3: By construction, the union of all Z. contains all indices of the N data points
exactly once. Therefore, in block 3, we loop over each search space of the data points
exactly once, resulting in a complexity of O(NS). On average, Z. contains N/C indices.
Thus, the average cost to iterate over all n in Z. and the respective S, is OT((N/C)S).
Similar to the update of k), in block 1, the complexity of finding G replacement candidates
to obtain g. is OT((N/C)S) on average.
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Algorithm 3: Complexity of the Variational E-step

forn=1:N do O(NSDH)
Sp = UcG/Cn Ye; O(S)
Sp = Sp U{c} with ¢ ~U{1,C}; O(1)
1 for c € S, do O(SDH)
| compute joint p(c, xz, | ©); O(DH)
Kn={c|p(c,z,|O) is among the C’ largest joints O(9S)
N for all ¢ € S, };
forn=1:N do O(NC")
¢p = argmax p(c, &, | O); o
2 celn
L Ze, = I, U{n} O(1)
forc=1:C do O(NS)
for n € Z. do OT((N/C)S)
force S, \ {c} do O(S)
Dcé = Dcé+10gp(wn|cv®) —1ng(:l}n|5,@); 0(1)
3 Nez = Nez + 15 O(l)
D, = D, U {&}; o(1)
for ¢ € D. do OT((N/C)S)
L D= Dcé/NcE; O(l)
ge = {¢| D¢ is among the G — 1 smallest values for ¢ € D.} OT((N/C)S)
L u{e};
forn=1:N do O(NC")
for c € K,, do o(c”)
| Zy = Zn+plc, x| ©); O(1)
| force Kk, do o)
L an(c; ©) = ple,@n | ©)/Zy; o(1)

O' denotes amortized or average complexity

Block 4: Normalizing the variational distributions requires calculating the normalization
constant Z,, by summing over all C’ indices in K,,, followed by dividing by Z,,. Consequently,
the total computational complexity for all data points is O(NC").

Summarizing the complexities of all four blocks, the overall algorithmic complexity of Al-
gorithm 3 is O(NSDH + NC'+ NS+ NC') = O(NSDH).

Algorithm 3 is analogous to the partial variational E-step described in Hirschberger et al.
(2022), with three differences. We will discuss these differences below, focusing on the com-
plexity of the respective algorithms. First, we refrain from using coresets. In Hirschberger
et al. (2022), the use of coresets reduces the complexity from N to the coreset size N', where
N > N'. But coresets are not desirable in our setting, as discussed in Section 1 in the main
text. Second, computing a joint defined by the MFA model requires O(DH) operations, in
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contrast to the O(D) operations required for the GMMs considered in Hirschberger et al.
(2022). The additional cost allows for a much more flexible modeling of correlations (i.e., of
component shapes) than GMMs restricted to uncorrelated data per component. Neverthe-
less, a quadratic scaling with D (as would be required for full covariance matrices) is avoided.
Third, the update of variational parameters via the estimation of component similarity is
different (see Section 2.3 in the main text, Appendix A.5.1 and Appendix B.2.1).

A.7 Postprocessing Routine for Denoising

As part of our numerical experiments, we apply v-MFA and other variants of GMMs for the
task of image denoising, i.e., we aim to remove noise from an image corrupted by artificial
(Gaussian) noise or non-artificial, ‘inherent’ noise (see Section 3.4 in the main text and
Appendix B.4). We follow the image denoising pipeline for generative models used in Drefs
et al. (2022) (also compare Salwig et al., 2024). We start by outlining the general procedure
before providing details specific for the generative models used here.

For a given image, we first extract all possible overlapping patches of a specified size.
Consider an image of size W x H (x C) and a patch size of Py, x Py (x C), where C denotes
the number of color channels (C = 3 for RGB images, C = 1 for grayscale). Using a sliding
window, we obtain N = (W — Py + 1) - (H — Py + 1) noisy patches. The extracted N
noisy patches are the data points. Each patch is taken to be a flattened vector @ of length
D = W x H(x C). Note that the flattening can be done row-wise, column-wise, or in
any consistent order as the used generative models (GMMs and MFAs) do not assume any
structure (such as two-dimensional patch structures). Still we will refer to  as an image
patch, as the vector contains the information of one patch.

For each noisy patch @, our goal is to estimate a corresponding ‘clean’ patch °*. Therefore,
the data model is trained on the noisy patch set x;.x (see, e.g., Section 2.4 and Algorithm 2).
After inferring the model parameters, the learned representation is used to estimate the
non-noisy patches. Here we use a probabilistic data estimator (compare Drefs et al., 2022),
as described in detail below. With clean versions of each extracted patch, the image is
reconstructed by merging these patches. As overlapping patches are used, each pixel in
the image has multiple estimates. The single final pixel value is determined by computing
the median of all corresponding estimates for a given pixel. A schematic overview of this
denoising pipeline for generative models is shown in Figure Al.

In the following, we derive the probabilistic data estimator for MFAs and GMMs with
isotropic or diagonal covariance matrices.

MFAs: For the MFA model, the denoised pixel values of a given image patch « are obtained
by

est

= IE)p(c,z |z,©) [ACZ + /J'c]
- /p(c, 2| @,0)(Auz + p,)dz. (A11)
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Noisy Image Reconstruction

Learn approx. ML parameters
©" ~ argmax L(O)
©

Extract Patches
saysjed absay

Probabilistic data estimation j
T = Ep(ez|.0) [Acz + 12,]

Figure Al: Illustration of patch-based blind zero-shot image denoising using probabilistic
generative models. A noisy image serves as input (top left). Patches extracted
from the noisy image (bottom left) are used to learn a probabilistic represen-
tation of the underlying image structure via an appropriate generative model
(e.g., MFAs). Non-noisy patches are then estimated using this learned represen-
tation (bottom right). The final denoised image is obtained by aggregating pixel
estimates from overlapping patches, using the median (top center and right).
This approach requires no clean training data, and can be directly applied to a
single noisy image.

The joint posterior distribution p(c, z | &, ®) can be factorized as
p(C,Z|$,@) :p(C|$,@)p(Z|C,$,@). (A12)

Inserting this in Equation (A11) yields

2= 3 /p(c |z, 0)p(z | ¢, z, ©)(Acz + p,)dz

=Y sl @ @A, [ p(z]cw.©)2dx + 3 ple| 2, O,
C (&
= ZP(C | T, Q)AcEp(z | c,z,®) [Z] + ZP(C | T, 6)#'0' (Al?’)
C c
The posterior p(z | ¢, &, ®) conforms to a Gaussian distribution N (z; u, ,) with 3, = L !
and p, = V.(x—p,) (compare Equation A3). Consequently, it holds that Epiz|ea,0) [z] =W,
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Inserting this into Equation (A13) yields

Zp z,0) cuz+2p (c|z,©)u,
:ch|m,®)Ach(w—uc +> ple|z, O)p,
= plc|@,©) AV (x — 1) + 1)
= Ey(c|mo) [AcV el — ) + 1] (Al4)

For an MFA model trained with em-MFA, Equation (A14) is used to reconstruct patches.
However, for an MFA model trained with v-MFA, the expectation can then be efficiently
approximated by replacing the exact posteriors p(c|x,, ®) with the truncated posteriors
qn(c; ©) defined in Equation (4), as follows

" ]Eqn(c; ) [Acvc(xn — pe) + Nc]' (A15)

Isotropic and diagonal GMMs: For GMMs with isotropic or diagonal covariance ma-
trices, the denoised pixel values of a given image patch x,, are obtained by

= IEJp(c|acn,(")) [HC] . (A16)

For a GMM model trained with our variational approach, we efficiently approximate the
posterior p(c|x,, ®) with the variational posterior ¢,(c; ©):

YR By, o) B (A17)

Appendix B. Supplementary Information on Numerical Experiments and
Control Experiments

In the following, we provide further specifics on the implementation and execution of the
algorithms, the used hardware and the data sets in Appendix B.1, results of additional
control experiments in Appendix B.2 and supplementary information on the quality analysis
in Appendix B.3.

B.1 Further Details on Numerical Experiments

Below, we present additional details regarding the implementation and execution of the
algorithms as well as information about the used hardware and the data sets.

B.1.1 ALGORITHMS

The em-MFA and the v-MFA algorithms are our own implementations. To ensure a fair
comparison, the primary motivation behind developing these algorithms was to optimize
for execution speed and efficient memory usage. The torch-mfa algorithm is a published
PyTorch-based implementation of MFA that uses Stochastic Gradient Descent (SGD). The
k-means+ FA algorithm combines k-means with factor analysis. While it was used as an
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initialization method in Richardson and Weiss (2018), we employ it here as a comparison
method to the other algorithms.

v-MFA: The v-MFA algorithm trains the MFA model using the variational EM algorithm
described in Sections 2.1 to 2.4 in the main text. The implementation uses both Python
and C++. The core functionality is written in C++, utilizing the open-source libraries
Eigen (Guennebaud et al., 2010) and Boost (The Boost organization, 2024). To facilitate
data communication between Python and C++, pybind11 (Jakob et al., 2017) is used. The
v-MFA source code is available on GitHub.® The implementations of v-MFAFul: v ISO
and v-ISOFUl ysed in Appendix B.2 as well as v-DIAG used in Appendices B.2.2 and B.4
are also provided in this source code. The source code of the denoising extension for the
v-MFA algorithm is also available on GitHub.?

em-MFA: Our Python implementation of the em-MFA algorithm optimizes the MFA model
using exact inference via conventional EM (full posteriors). It primarily leverages the open-
source library PyTorch (Amnsel et al., 2024). The em-MFA source code is available on
GitHub.!® The implementation em-DIAG used in Appendices B.2.2 and B.4 is also provided
in this source code. The source code of the denoising extension for the em-MFA algorithm
is also available on GitHub.!!

k-means—+ FA: In this integrated methodology, the initial step entails the application of the
k-means algorithm to the data set. Upon convergence, the data is partitioned into Voronoi
cells, with each data point x,, assigned to its closest cluster (component) ¢, i.e.,

P.={n|c=cy,} with ¢, = argmin ||z, — p.|> (B1)
Cl
A factor analyzer is then applied to each data subset P., where each factor analyzer in-
dependently learns the parameters p,., A. and D, for the corresponding cluster ¢. The
priors 7. are determined based on the relative subset sizes, i.e.,

P
c N,

where N is the number of the total data points. The k-means+ FA algorithm is realized by
using the Scikit-learn (Pedregosa et al., 2011) implementations (version 1.5.0) of k-means
and Factor Analyzer, using their default hyperparameters and settings.

torch-mfa: We used the official torch-mfa (Richardson, 2019) implementation, an advance-
ment of the stochastic gradient descent (SGD) based MFA used in Richardson and Weiss
(2018). Due to the SGD optimization, torch-mfa introduces additional parameters, such
as learning rate and batch size. We set the batch size to 256, consistent with Richardson
and Weiss (2018), and determined the optimal learning rate to be 1072 via a coarse grid
search (prior to the experiments). We modified the function sgd mfa train in the mfa.py
script to implement a convergence criterion similar to Equation (14) in the main text. The

8. https://github.com/variational-sublinear-clustering/vamm

9. https://github.com/variational-sublinear-clustering/vammdx
10. https://github.com/variational-sublinear-clustering/emmi
11. https://github.com/variational-sublinear-clustering/emmidx
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original function does a fixed number of iterations. Unlike em-MFA and v-MFA, where
the free energy is computed for the entire data set during each E-step, torch-mfa updates
parameters after each batch, making full data set evaluation impractical. Instead, we com-
puted the free energy on a randomly selected subset of the data set after each epoch and
used this for the convergence criterion in Equation (14) in the main text. The subset size
was set to 10x the batch size, and the computational time for this evaluation was excluded
from the time measurement.

AFK-MC?: We provide an efficient implementation of the AFK-MC? seeding method
(Bachem et al., 2016a) integrated into v-MFA. For all experiments, the Markov chain length
was set to 10.

In the following, we describe the zero-shot denoising algorithms that we used for comparison
with the v-MFA algorithm in Section 3.4. Note that for certain images, some algorithms
failed to produce a meaningful denoised result, e.g., yielding almost uniformly gray outputs.
To address this issue, we use the PSNR and SSIM values of the noisy image whenever the
corresponding denoised image performs worse in both metrics.

Noise2Self: We used the official Noise2Self implementation (Batson and Royer, 2019b)
and executed the algorithm with the same configuration as Lequyer et al. (2022a), i.e., we
increased the number of iterations from 500 to 20 000. To apply Noise2Self to RGB images,
each color channel is processed independently.

Noise2Void: We used the official Noise2Void implementation (Krull et al., 2019b), follow-
ing the ‘denoising2D RGB’ example, available in the respective GitHub repository. To be
consistent with Lequyer et al. (2022a), we used a patch size of 64 x 64, 100 epochs and 100
steps per epoch, a train batch size of 16 and a neighborhood radius of 5.

Self2Self: We used the official Self2Self implementation (Quan et al., 2020b) and executed
the algorithm with the configuration of the ‘demo_denoising.py’ script available in the
respective GitHub repository. On the Confocal data set, the default learning rate of 10~

failed to yield meaningful results. Hence, on this data set, we lowered the learning rate to
1075,

Deep Image Prior: We used the official Deep Image Prior implementation (Ulyanov et al.,
2018a) and executed the algorithm with the same configuration as Lequyer et al. (2022a),
including the same network (‘skip-net’) architecture and a fixed number of 3000 iterations.
For the parameter ‘reg noise_std’, we used a fixed value of 1/30, independent of the noise
level.

Noise2Fast: We used the official Noise2Fast implementation (Lequyer et al., 2022b) and ex-
ecuted the algorithm following the ‘N2F.py’ script for grayscale images and the ‘N2F_4D.py’
script for RGB images, both available in the respective GitHub repository.

Pixel2Pixel: We used the official Pixel2Pixel implementation (Ma et al., 2025a) and exe-
cuted the algorithm with the configuration of the ‘Pixel2Pixel _real.py’ script available
in the respective GitHub repository. On the Confocal data set, the default learning rate of
1073 failed to yield meaningful results (the output image was uniformly gray). Hence, on
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Algorithm Hardware
Device Model name Cores used
v-MFA, em-MFA, k-means+FA CPU AMD Genoa EPYC 9554 16*
v-MFA, em-MFA (YFCCI100M & denoising) CPU  AMD Genoa EPYC 9554 64
torch-mfa GPU NVIDIA H100 94GB SXM all
N2S, N2V, DIP, S2S, N2F, P2P, DivN GPU NVIDIA L40S 48GB all
BM3D CPU  AMD Genoa EPYC 9554 64

Table B1: Details on the utilized hardware for the different algorithms and experiments.
The asterisk (*) marks execution of four instances in parallel, with each instance
using 16 of the 64 available cores, i.e., four independent runs were executed at
the same time.

this data set, we lowered the learning rate to 10~%, which resulted in meaningful results for
all but one images.

DivNoising: We used the official DivNoising implementation (Prakash et al., 2021a) and
executed the algorithm with the configuration of the ‘Convallaria’ and ‘Mouse nuclei’
example available in the respective GitHub repository. For certain images and noise levels
in BSD68 and Set12, DivNoising produced almost uniformly gray outputs. In such cases,
we use the PSNR and SSIM values of the noisy image, as explained above.

BM3D: We used the official BM3D Python software package (Méakinen, 2024) and executed
the algorithm using the functions ‘bm3d’ for grayscale images and ‘bm3d_rgb’ for RGB
images.

B.1.2 HARDWARE

Table B1 provides a detailed description of the hardware used for the various algorithms
and experimental setups. To achieve high utilization, we executed four instances of v-MFA
em-MFA, or k-means+ FA in parallel, with each instance using 16 of the 64 available cores,
i.e., four independent runs were executed at the same time. The tool GNU parallel (Tange,
2021) was employed for job scheduling. Exceptions to this are the training of v-MFA and em-
MFA on YFCC100M and the denoising benchmarks in Sections 3.3 and 3.4 in the main text,
where we executed only one instance at a time, using all 64 available cores. We executed
torch-mfa on an NVIDIA H100 GPU equipped with 96 GB of VRAM. Running torch-mfa
on the CPU configurations used by the other algorithms resulted in significantly longer
execution times (GPU ~ 1 h vs. CPU (16 cores) > 10 h for a single epoch). Similarly,
for the denoising benchmarks in Section 3.4 in the main text, we executed Noise2Self,
Noise2Void, Deep Image Prior, Self2SSelf, Noise2Fast, Pixel2Pixel and DivNoising on an
NVIDIA L40s GPU equipped with 48 GB of VRAM. BM3D was executed on the same
CPU as v-MFA.
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B.1.3 DATA SETS AND PREPROCESSING

In the following, we provide additional information on the data sets used in the numerical
experiments. The main properties of the data sets are listed in Table B2. Unless otherwise
stated, we use the official train and test splits, and the images are used in their original
form without preprocessing. Note that the label information was not used in any of the
experiments. The data sets listed in Table B3 are used for denoising benchmarks, where
each image is processed individually by the denoising algorithms.

CIFAR-10: The CIFAR-10 data set (Krizhevsky, 2009) contains of 60000 natural color
images with size 32 x 32, divided into 50 000 training images and 10000 test images.

CelebA: The original CelebA data set (Liu et al., 2015) contains 202599 color images of
faces sized at 178 x 218. We preprocessed the data to align, crop and resize the images
to 64 x 64, following Richardson and Weiss (2018). Additionally, we merged the train and
valid splits to obtain more training data.

EMNIST: The EMNIST data set (Cohen et al., 2017) contains of small cropped grayscale
images of handwritten digits and letters, sized at 28 x 28. The images are split into different
groups. We used the byclass split, which contains 697 932 training images and 116 323 test
images. To avoid zero variances at the image edges, standard Gaussian noise (with zero
mean and standard deviation of 1) was added to the images.

SVHN: Similar to the digits in EMNIST, the SVHN data set (Netzer et al., 2011) contains
images of small cropped digits in the range from 0 to 9. But in contrast to EMNIST, these
images are real, colored photographs capturing house numbers at a size of 32 x 32. The
SVHN data set is split into 73257 training images (train), 26 032 test images (test) and
531131 additional training images (extra). To obtain more training data, we merged the
extra and train images.

YFCC100M: The original YFCC100M data set (Thomee et al., 2016) contains real-world
images and videos. We used all available images; some of the original 99 171 688 images were
missing or corrupted and thus not included. The remaining 99 155 298 images of various
sizes were center-cropped and resized with bilinear interpolation to 32 x 32. We randomly
selected a test split of 4957765 samples (5% of the data set) and used the remaining
94 197 533 samples for training.

The following data sets are used in the denoising benchmarks.

Set12: The Setl2 data set contains of 12 grayscale natural images, with 7 of these 12
images of size 256 x 256 and the remaining 5 images of size 512 x 512.

BSD68: BSD68 (Martin et al., 2001) comprises 68 grayscale natural images with a resolu-
tion of 481 x 321 or 321 x 481 pixels.

Confocal: This microscopy data set is the same subset of Confocal microscopy images from
the Fluorescence Microscopy Data set (FMD; Zhang et al., 2019) as used by Lequyer et al.
(2022a). It contains 5 inherently noisy grayscale images of size 512x512. To obtain (pseudo)
ground-truth references, multiple captures of the same microscopy scene were averaged (for
more details, we refer to Zhang et al., 2019).
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data set train samples test samples data dimension D

CIFAR-10 50000 10000 32x32x3= 3072
CelebA 182637 19962 64 x 64 x 3 = 12288
EMNIST 697932 116 323 28 x 28 x 1 = 784
SVHN 604 388 26 032 32x32x3= 3072
YFCC100M 94197533 4957765 32x32x3= 3072

Table B2: High-dimensional data sets used in our experiments in Sections 3.1 to 3.3. The
data dimension is given in pixel width x pixel height x color channels.

data set samples data dimension D

Set12 images 01 — 07 7 256 x 256 x 1 = 65536
Set12 images 08 — 12 5 512 x 512 x 1 = 262144
BSD68 68 321 x 481 x 1 = 154401
Confocal 5 512 x 512 x 1 = 262144
Div2K ‘Tiger’ 1 2040 x 1644 x 3 = 10061280

Table B3: Data sets used in the denoising experiments in Section 3.4. The data dimension
is given in pixel width x pixel height x color channels.

Div2K: As an example of a high resolution image, we include one image of the Div2K data
set (Agustsson and Timofte, 2017) in the denoising benchmark, namely the image with ID
‘0010’. This RGB image was chosen prior to any experiments and has a size of 2040 x 1644.
We denote this image as ‘Tiger’.

B.2 Numerical Control Experiments

The following subsections report the results of additional control experiments, offering sup-
porting or complementary insights to those discussed in Section 3 in the main text.

B.2.1 COMPARISON OF COMPONENT-TO-COMPONENT DISTANCE ESTIMATES

In this section, we compare our v-MFA algorithm, which uses the proposed definition of
gc based on the estimate D.: in Equation (12) in the main text, with a variant of v-MFA
(referred to as v-MFAFUl") that uses the definition of g. introduced in Hirschberger et al.
(2022), based on d% in Equation (A10). In addition to the MFA model, we also consider
isotropic GMMs (compare Equation (5) in Hirschberger et al., 2022) and their optimization
using variational EM with g. based on Dz (referred to as v-ISO) and with g. based on dZE
(referred to as v-ISOFuel), v-ISOFul ig the algorithm used in previous work (Hirschberger
et al., 2022).

We numerically compare v-MFA and v-MFAFu!" to investigate the differences of the here
derived approach to the previous approach. Additionally, we compare v-ISO to v-ISOFuck
to investigate potential advantages and disadvantages under the constraint of isotropic
components.
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Figure B1: Effectiveness and efficiency of v-MFA and v-MFAFuel in terms of NLLiest (rel-
ative to em-MFA) and the runtime. Triangles refer to v-MFA, while pluses
denote v-MFAF ! Each of the four subfigures corresponds to experiments on
one benchmark data set. The settings are similar to those in Figure 5 in the
main text, but both algorithms are trained for the same number of iterations,
as detailed in the text. For each configuration of G € {5, 15,30}, measurements
refer to configurations with C’ € {3,5,7} (three red, blue and orange triangles
or pluses, respectively). Configurations with larger C’ lie to the right, due to
their longer runtimes. Each measurement point is averaged over 40 independent
runs and error bars denote the standard error of the mean (SEM).

The models are initialized identically and using the same settings as described in Section 3.2
and Figure 5 in the main text. Since both methods use partial E-Steps with the same com-
putational complexity, we run the algorithms for a fixed number of iterations. Concretely,
we train v-MFA (or v-ISO) until convergence, and then train v-MFAFu! (or v-ISOFuel) for
the same number of iterations.

The comparison results for the MFA models and for the isotropic GMMs are presented
in Figure B1 and Figure B2, respectively. In the case of MFAs, the here derived v-MFA
algorithm consistently performs better (or comparably within the error bars) in terms of
NLLiest values when compared to v-MFAFU'! (especially for smaller search spaces S,,). As
the search space expands, the NLLiqs values of both algorithms approach each other.

Also in the case of GMMSs with isotropic components, v-ISO improves on NLLiest values
compared to v-ISOF"! albeit at a slightly higher computational cost, due to smaller inter-
sections in the search spaces. Notably, v-ISOFu! only differs slightly from v-ISO in terms
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Figure B2: Effectiveness and efficiency of v-ISO and v-ISOE"l in terms of NLLiest (relative
to em-MFA) and the runtime. Triangles refer to v-ISO, while pluses denote v-
ISOFul | Each of the four subfigures corresponds to experiments on one bench-
mark data set. The settings are similar to those in Figure 5 in the main text,
but both algorithms are trained for the same number of iterations, as detailed
in the text. For each configuration of G € {5,15,30}, measurements refer to
configurations with C’ € {3,5,7} (three red, blue and orange triangles or pluses,
respectively). Each measurement point is averaged over 40 independent runs
and error bars denote the standard error of the mean (SEM).

of NLLiegt values for most of the data sets and settings of C’ and G (see Figure B2), which
confirms the suitability dgé of Equation (A10) for the isotropic case, for which it was orig-
inally derived (Hirschberger et al., 2022). In contrast, in the case of GMMs with flexible
covariances (i.e., for the MFA model), the significant improvements of v-MFA compared to
v-MFAFul: highlight the importance of the more general definition of g, using Dz given by
Equation (12) in the main text.

B.2.2 COMPARISON TO OTHER GMM/MFA APPROACHES

In experiments in Section 3.1 and Section 3.2 in the main text, we showed the speed-up of
our variationally accelerated algorithm (v-MFA) compared to conventional EM optimization
for MFA (em-MFA). Other variants of GMMs and MFAs and corresponding optimization
methods do exist but often have focus on areas of application other than scalability. For
instance, the AECM (McLachlan et al., 2003) approach and the ECM approach (Zhao
and Yu, 2008) have been applied to MFA optimization. Both approaches do not focus
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on scalability and, as discussed in Appendix A.l, they exhibit a higher computational
complexity compared to conventional EM (and we compare to the latter). Methods such as
Hirschberger et al. (2022) and Exarchakis et al. (2022) address scalability but are limited
to isotropic or diagonal covariances. A method by Asheri et al. (2021) allows for more
general covariance constraints, but their focus is on enabling larger numbers of components
for the same amount of data. Their work does not focus on improving scalability compared
to conventional GMM optimization. The method in the literature most related to our
approaches and our goal of scalability is thus torch-mfa which makes use of stochastic
gradient decent integrated as part of the PyTorch framework.

The torch-mfa algorithm represents a further advancement of the TensorFlow implementa-
tion employed to produce results previously reported by the same group (Richardson and
Weiss, 2018) (for further details, see Appendix B.1.1). The work by Richardson and Weiss
(2018) documents (to the knowledge of the authors) the largest MFA models prior to this
study. However, at the scales here addressed, one can observe clear efficiency limits of
torch-mfa (as well as its predecessor implementation), which we elaborate on further below.
When considering time measurements for the various settings, note that although actual
runtimes have significant practical relevance, they are inherently dependent on implemen-
tation details and hardware. We do not claim, nor do we expect, that torch-mfa is optimal
in any specific sense, but rather representative of what a typical implementation might
achieve.

In addition to torch-mfa, we also compare against GMMs constrained to diagonal covariance
matrices. Like torch-mfa, v-MFA models intra-component correlations. A comparison with
GMDMs with diagonal covariance matrices can thus be instructive about the benefits of
modeling correlations. For our comparison, we concretely consider diagonal GMMs trained
via conventional EM (denoted em-DIAG) and via our variational approach (denoted v-
DIAG).

To assess the performance of torch-mfa, em-DIAG and v-DIAG against v-MFA and em-
MFA, we adopted the configurations of MFA hyperparameters used in an experiment on
the CelebA data set (see Richardson and Weiss, 2018). That is, the number of components
and the hyperplane dimension were set to C' = 1000 and H = 10 for all algorithms using
MFAs. We ran torch-mfa on a GPU with the configurations specified in Appendix B.1.
This is in contrast to the CPU configurations for the other algorithms, as discussed in
Appendix B.1.2. The experiments in Richardson and Weiss (2018) were performed utilizing
hierarchical training (for more details we refer to Richardson and Weiss, 2018). To ensure a
fair comparison, we trained torch-mfa in our experiments directly on the complete data set,
without hierarchical training. In addition to these algorithms, we used the k-means+FA
algorithm in our experimental comparison.

The results of our comparison are shown in Table B4. As diagonal GMMs contain substan-
tially fewer parameters than MFAs with the same number of components C', Table B4 also
contains v-DIAG versions with larger C. For C' = 6000, v-DIAG contains approximately
the same number of parameters as v-MFA with C' = 1000. For C' = 10000 and C' = 20000,
v-DIAG far exceeds the number of parameters of v-MFA. The number of components for
v-DIAG with C > 1000 is indicated by superscripts on v-DIAG in Table B4.
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NLLiest rel. NLLiest runtime joint / distance eval. iterations
em-MFA 57571 +3 0.00 % 1h 16m =+ 53.5s (4.66 £0.05) - 10° 25.5
v-MFA 57565+2 (-0.01+0.01) % 9m 2s+11.6s (2.4740.05) - 108 35.0
k-means+FA 58373 +2 (1.39£0.00) % 12m 12s+2.8s (1.8340.01) - 100 106.7
torch-mfa 57868 £13  (0.52+0.02) % 1d 14h £ 1h 35m (6.840.3) - 10° 38.5
em-DIAG 61232+5  (6.36+£0.01) %  5m 13s+0.5s (2.56£0.01) - 10° 14.0
v-DIAG 61257 +5 (6.40£0.01) % 1m 5s+0.7s (1.69+0.02) - 108 24.0
v-DIAGSk 60876 £ 3 (5.74+0.01) % 2m 38s =+ 0.6s (3.87+0.02) - 10® 27.5
v-DIAG!%k 60864 + 4 (5.72£0.00) % 4m 24s £ 1.58* (7.1240.02) - 10% 28.0
v-DIAG?0k 60930+ 1 (5.83+0.01) %  12m 26s 4+ 1.0s* (2.2140.01) - 10° 27.0

Table B4: Comparison of em-MFA, v-MFA, k-means+ FA,torch-mfa, em-DIAG with C =
1000 and multiple v-DIAG variants with C' € {1000, 6000, 10000,20000} on
CelebA. To ensure consistency with the other methods, we define an iteration
for torch-mfa as completed when the model has processed the entire data set,
rather than just one data batch. Results are averaged over 4 independent runs.
All errors indicate the standard error of the mean (SEM), rounded up to the
displayed precision. The best values for NLLiest, the relative NLLiegt, total
runtime including initialization (d=days, h=hours, m=minutes, s=seconds) and
the number of joint or distance evaluations are marked bold *(initialization starts
dominating the runtime for C' = 10000 and 20000, e.g., the initialization alone
already requires over 10m for C' = 20 000).

The findings show that v-MFA achieved the lowest NLLtegt value in comparison to the
other algorithms, with NLL values that are essentially equal to those of em-MFA. Among
the MFA-based approaches, v-MFA was clearly the fastest algorithm, completing in ap-
proximately 9 minutes. Following closely behind is k-means+FA, with a runtime of ap-
proximately 12 minutes. The em-MFA algorithm exhibited considerably worse runtime
performance, necessitating over 1 hour to complete. Remarkably, the torch-mfa algorithm
was the most time-consuming, requiring approximately one and a half days to complete,
making it the slowest among the algorithms.

A possible reason for the long runtimes of torch-mfa could be related to the optimization
procedure. Unlike the other algorithms, which update model parameters once per iteration
(M-step evaluated over the entire data set), torch-mfa updates parameters after each data
batch. Consequently, this results in approximately batC]}Y i 182256637 ~ 713X as many
(vet less computationally expensive) parameter updates. In this context, we attempted to
increase the batch size (to 512) in order to potentially reduce the runtime. However, this
was not possible due to memory constraints of the used GPU. Another factor to consider is
that the design objectives of the em-MFA and v-MFA algorithms were mainly focused on
optimizing speed, whereas speed might not have been the main objective for the torch-mfa

algorithm.

In terms of the number of joint or distance evaluations, v-MFA also exhibited an order
of magnitude fewer evaluations than em-MFA and torch-mfa, which were within the same
order of magnitude. The greatest number of distance evaluations was performed by k-
means+ FA, once more an order of magnitude higher than those of em-MFA and torch-mfa.
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This observation seems to be inconsistent with the runtimes of the algorithms. However, a
distance evaluation of k-means is significantly less computationally expensive than a joint
evaluation of the other algorithms.

When comparing the MFA-based approaches to GMMs with diagonal covariance matrices, it
can be observed that none of the diagonal GMM variants could reach NLLieg values as good
as the MFA-based models. Increasing the number of components improves performance
to some extent, but even for C' = 10000, the NLLcs value remains significantly higher
than those of the MFA-based approaches (although v-DIAG has more model parameters
available in this case). Note that further increasing the number of components does not
improve performance, because v-DIAG starts to overfit the training data. NLLiest values for
v-DIAG with C increased to 20000 therefore get worse. For this reason, using C = 10000
achieves the best NLLiest value that we have observed for v-DIAG.

B.2.3 CONTROL EXPERIMENTS FOR THE V-MFA SCALABILITY ANALYSIS

The results in Figure 4 in the main text do not account for the quality of em-MFA and
v-MFA. However, it is important to consider the optimization quality also for the investiga-
tion of scaling behavior because the improved scaling of v-MFA may be attributed to two
key factors: First, the variational approach reduces the computational complexity of the
algorithm, which is the desired effect we aim to measure. Second, some loss in quality can
typically be expected for v-MFA as it represents an approximation of the conventional EM
optimization of MFA.

Therefore, we conducted controls by repeating the experiments in Section 3.1 in the main
text, now incorporating the different optimization qualities as measured by the NLL on the
test data sets. Concretely, we stopped the em-MFA algorithm once it achieved the same
NLLtest as was achieved after a full run of the v-MFA algorithm.

As we only evaluate NLLyest values after a full iteration, values for em-MFA and v-MFA
never match precisely, however. To address this, we proceeded as follows: We trained the
em-MFA algorithm while monitoring the NLLis, after each iteration during training. When
the NLLiest of em-MFA surpassed that of v-MFA, we stopped the algorithm. We then used
the model parameters from the previous iteration of em-MFA to ensure that the quality of
em-MFA was approximately the same as (but slightly worse than) the quality of v-MFA.
The results of this procedure are denoted as em-MFAT in Figure B3, i.e., em-MFAT shows
the speed-up achievable if em-MFA is only required to reach the final optimization quality
of v-MFA. All other results shown in Figure B3 are taken from Figure 4 in the main text.
For two of the four data sets, em-MFAT achieved a smaller scaling exponent than em-MFA.
The number of iterations required to obtain the same NLLiest as v-MFA decreases slightly
with increasingly large values of C. For both CIFAR-10 and CelebA, the scaling exponents
of em-MFAT and em-MFA are approximately the same. On CIFAR-10, the NLLyest values
of v-MFA are lower than those of em-MFA for sufficiently large values of C', as also observed
in Figure 5 in the main text. Consequently, the algorithm requires more iterations than
previously to reach the desired quality.
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Figure B3: Scaling behavior accounting for quality. Depicted is the number of joint evalua-
tions per data point for increasingly large numbers of components C'. The values
for v-MFA and em-MFA are the same as in Figure 4 in the main text. em-MFAT
denotes the results for em-MFA trained until it reaches approximately the same
NLLiest as v-MFA (see text for details). Results are averaged over 40 indepen-
dent runs, with error bars indicating standard errors of the mean (SEM). Note
that the SEM values are very small and barely visible in the plot. The legend
in the first subfigure applies to all four subfigures. Lines represent regressions
used to determine the scaling exponent of C as in Figure 4 in the main text,
while annotations provide information on total training time.

Overall, the scaling exponent of v-MFA remains significantly lower than that of em-MFAT
across all four data sets. The control experiments thus show that the improved scaling
behavior of v-MFA can be attributed to the sublinear complexity of the algorithm, while the
impact of reduced quality contributes only a small fraction to the effect or is negligible.

B.2.4 ABLATION STUDY FOR APPROXIMATION QUALITY

The v-MFA algorithm is a variational approximation method that emphasizes compu-
tational efficiency, potentially at the expense of approximation quality (compare, e.g.,
EMNIST or SVHN in Figure 5). Its performance is influenced by: (1) the degree to which
the assumption of truncated posteriors fits the underlying data, and (2) the effectiveness of
the variational EM procedure in optimizing the variational parameters IC,,.

To disentangle the contributions of these two factors to the performance of v-MFA, we
conducted an ablation study. In addition to the experiments reported in Section 3.2 in the
main text, we evaluated v-MFA on the same data sets and the same values for C’. But
instead of using the efficiently computed sets I, of v-MFA, we used the optimal values
KoP, as defined in Equation (7). Finding Ko is computationally as demanding as an
E-Step of em-MFA. However, using ISP allows a quantification of the effect of truncation,
without the influence of other approximations. The residual difference in quality therefore
reflects the accuracy of our approximation in estimating suitable variational parameters.
The results are presented in Figure B4.
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Figure B4: Effectiveness in terms of negative log-likelihood (NLL) of v-MFA for different
configurations of C’ and G, as well as for a variant of v-MFA optimized using
the optimal variational parameters KoP* (as defined in Equation 7). Each of the
four subfigures refers to experiments on one benchmark data set. The y-axes
denote the relative NLL on the test set w.r.t. em-MFA as baseline, given by
Equation (15). Each measurement point is averaged over 40 independent runs,
with error bars indicating standard error of the mean (SEM) (note that the
SEM values may be smaller than the symbol sizes).

Considering the figure, it can be observed that when the v-MFA algorithm is evaluated
using the optimal variational parameters K", its performance is almost indistinguishable
from that of em-MFA, already for C' = 3. Consequently, the effect of truncation is (almost)
negligible, i.e., truncation itself does not account for the observed differences between v-
MFA and em-MFA. Figure B4 shows that the differences (at least for the studied data sets)
are mainly due to the variational optimization procedure finding sets ), different from the
optimal sets JCOPE. This, in turn, leads to different model parameter optimizations due to
the differences in the K, sets. Notably, the non-optimal /C,, sets of v-MFA do not necessarily
result in worse optimization results compared to em-MFA. In some cases, e.g., for CIFAR-10
and CelebA, v-MFA with G = 5 even results in slightly better NLL;et values compared to
the (much more computationally expensive) em-MFA optimization. This effect is likely due
to alternative learning trajectories, e.g., avoiding overfitting or some local optima.
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B.2.5 ABLATION STUDY FOR DIFFERENT INITIALIZATIONS

In the experiments reported in the main text, we consistently used the same default ini-
tialization strategy for the variational and model parameters (except in Section 3.3). This
initialization strategy that leverages AFK-MC?, is described in Section 2.4. A crucial aspect
of AFK-MC? is that it provides well-chosen seedings while maintaining low computational
complexity. To systematically analyze the impact of initialization on overall performance,
we further investigate and compare AFK-MC? against alternative initialization strategies of
varying sophistication. Specifically, we consider initialization using random noise, uniform
sampling, k-means+-+, and the k-means+FA algorithm, as detailed below. For all here
investigated initialization strategies, the sets g. are initialized using the default procedure
and warm-up iterations are performed, as described in Section 2.4.

Noise: The component means are initialized by sampling uniformly at random within the
range of the observed data for each dimension, i.e., p, ~ U{min(z.n4), max(zi.nq)}-
The factor loading matrices are initialized using the default strategy (cf. Section 2.4). The
diagonal covariance matrices are set to the identity, i.e., D. = I. The sets K1.ny and ¢g1.c
are initialized by sampling indices uniformly from {1,...,C} (ensuring uniqueness of the
indices within each set).

Uniform and k-means+-: These initialization strategies closely follow that used in the
main experiments (see Section 3). The factor loadings, diagonal matrix and g. set are initial-
ized as described in Section 2.4. The component means are initialized by sampling uniformly
from the data points, i.e., ., = &, with n ~ U{1, N} (ensuring uniqueness of the indices),
or by selecting data points via k-means++ seeding (Arthur and Vassilvitskii, 2007). In both
cases, the corresponding component index is inserted into the set IC,,. Subsequently, q.n
are populated with further indices by sampling uniformly from {1,...,C} (while ensuring
uniqueness of the indices). The Uniform strategy was also applied in Section 3.3.

k-means—+ FA: This initialization strategy is the most sophisticated one. First, we run
the k-means+FA algorithm as described in Appendix B.1.1. The model parameters @ =
{m.c,Av.c, 1.0, D1.c} are then initialized using the parameters obtained from the k-
means+FA algorithm. For each set K,,, we insert the index of the closest cluster (com-
ponent) ¢ for the data point x,, as identified by the k-means algorithm (compare Equation
B1). Subsequently, K.y are populated with additional indices sampled uniformly from
{1,...,C} (ensuring uniqueness of the indices).

Due to less informed initialization methods, we observed that certain components occasion-
ally become empty during training, i.e., they contain no data points, causing their prior to
become zero. To maintain a fixed number of components (allowing for a fair comparison),
we address this issue by splitting an existing component (cf. Caron et al., 2018; Monnier
et al., 2020). Specifically, when a component ¢ becomes empty, we sample another com-
ponent ¢ from the prior distribution, such that larger components are more likely to be
selected. The parameters of the empty component ¢ are then re-initialized based on those
of the sampled component ¢/, with additional small perturbations. Finally, we insert ¢ into
ge, which allows the /C,, sets to be updated accordingly in the next E-Step.
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Figure B5: Comparison of different initialization strategies. Each of the four subfigures
refers to experiments on one benchmark data set. The y-axes denote the rela-
tive NLL on the test set w.r.t. em-MFA initialized which AFK-MC?, given by
Equation (15). Each measurement point is averaged over 40 independent runs,
with error bars indicating standard error of the mean (SEM) (note that the
SEM values may be smaller than the symbol sizes).

The comparison of the different initialization strategies is presented in Figure B5. The
results indicate that more sophisticated methods, such as k-means++ or k-means+FA,
can yield improved NLLiteg values for both v-MFA and em-MFA, but not in all cases.
However, this improvement comes at the expense of increased computational complexity.
In particular, the k-means+FA algorithm alone requires, for most settings, much more
time than an entire v-MFA optimization with AFK-MC? seeding (see Figure 5 in the main
text).

Using uniformly sampled data points as seeds for components (the ‘Uniform’ method), as
also employed in Section 3.3, yields high final optimization quality that is similar to that
obtained with AFK-MC? seeding, which may be taken as evidence for a substantial degree
of robustness of the v-MFA algorithm w.r.t. initialization methods. Only when initializing
components with noise (the least informed method considered), performance decreases in
almost all settings. Finally, note that variations in NLLieg values across different initializa-
tions are comparable for both v-MFA and em-MFA| i.e., the used variational optimization
does not result in a noticeable increase of the sensitivity to initialization.
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B.3 Additional Information on the Quality Analysis

Additional information and results about the experiments in Section 3.2 in the main text
are provided in Table B5. The table reports the relative NLLes, the average speed-up in
terms of runtime and joint evaluations (or distance evaluations for k-means+FA) compared
to em-MFA as well as the median number of iterations until convergence. Additionally, for
the v-MFA algorithm, the warm-up iterations are reported (note that the total number of
iterations includes the warm-up iterations).

B.4 Additional Denoising Results

In the following, we show additional denoising results. Visual comparisons of the denoised
images produced by various blind zero-shot denoising algorithms are presented in Figure B6.
Further examples are available online.?

We also include other noise levels for Set12 and the ‘Tiger’ image from Div2K and compare
v-MFA against other variants of GMM-based denoising. These include conventional EM
training with em-MFA instead of the variational optimization, as well as variants where
the MFA model is replaced by a GMM with diagonal covariances (denoted em-DIAG and
v-DIAG). These results are presented in Table B6. Furthermore, we performed numerical ex-
periments with different hyperplane dimensions H of the MFA model (see Table B7).

The results from Table B6 can be summarized as follows. While em-MFA shows in some
settings marginal improvements in denoising performance over v-MFA, it comes at the cost
of substantially increased runtimes (usually between one and two orders of magnitude longer
runtimes). A similar behavior is observed for em-DIAG compared to v-DIAG but runtime
differences are not as pronounced. Regarding the comparison between the MFA model and
diagonal GMMs, the MFA-based algorithms consistently show higher PSNR values (also
compare Table B4).

For the results in Section 3.4 and Table B6, we employed a fixed set of hyperparameters
across all data sets and noise levels. However, these hyperparameters are expected to influ-
ence denoising performance. For the number of components, this is already evident from
Figure 8, where we increased the number of components up to C' = 10 000. A low hyperplane
dimensionality (we chose H = 5 for the experiments in Section 3.4) was observed to result in
a favorable trade-off between optimization qualities and runtimes. Here we further investi-
gate the effect of the hyperplane dimensionality H. Concretely, we repeated the experiment
from Section 3.4 for v-MFA, varying the hyperplane dimension over H € {3,5,10,20}. In-
creasing H allows each component to model more intra-component correlations but model
sizes and computational costs increase with higher H.

As can be observed by inspecting the results of Table B7, increasing H continuously increases
performance for the high-resolution image of the Div2K data set. However, performance
does not necessarily increase, and it decreases for the Set12 data set, for instance. This
observation can be explained by limited data available for estimating the model parameters.
For Set12, there is much less information available than for the Div2K image. If H is
increased, more model parameters have to be estimated, and data variations due to noise

12. https://github.com/variational-sublinear-clustering/vammdx
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Data set Algorithm Rel. speed-up #lterations
#Components Name C' G rel. NLLis Time Joints/Dist. warm-up  total
CIFAR-10 em-MFA - - 0.0% 1.0x 1.0x - 31.0
C =800 k-means+FA - - 1.64%  4.4x 0.5% - 776
v-MFA 3 5 -0.04% 11.5x 29.8x 15.0 52.0
3 15 -0.02% 7.4%x 17.2x% 7.0 39.0
3 30 -0.01%  4.9x 10.7x 50 37.0
5 5 -0.04% 8.8 22.3%x 12.0 45.5
5 15 -0.01% 5.6x 12.9x% 6.0 37.0
5 30 -0.00% 3.9x 8.4x 4.0 35.5
7 5 -0.02% 7.3% 18.2x 10.0 42.0
7 15 -0.00%  4.7x 10.6x 6.0 37.0
7 30 -0.00%  3.4x 7.2% 4.0  35.0
EMNIST em-MFA - - 0.0% 1.0x 1.0x - 29.0
C' = 2000 k-means+FA - - 7.48% 5.5% 0.3x - 112.6
v-MFA 3 5 0.31% 19.3x 41.9x% 37.0 87.0
3 15 0.18% 14.9x 30.1x 16.0 48.0
3 30 0.15% 10.5x 20.7x 8.0 38.5
5 5 0.19% 14.1x 30.6x 31.0 75.0
5 15 0.12% 10.8x 21.8x 13.0  43.0
5 30 0.12%  7.7x 15.0x 8.0 37.0
7 5 0.15% 11.7x 25.2x 27.0 67.0
7 15 0.11% 8.7x 17.4x 11.0 40.0
7 30 0.11%  6.4x 12.4x 6.0 35.0
CelebA em-MFA - - 0.0% 1.0x 1.0x - 240
C = 1200 k-means+ FA - - 1.03% 3.3% 0.2x - 108.6
v-MFA 3 5 -0.04% 11.8x 30.7x 20.0 57.0
3 15 0.01%  8.1x 20.3x 8.0 35.0
3 30 0.01% 5.3x 12.9x 6.0 31.0
5 5 -0.02% 9.3x 23.5% 15.0 48.0
5 15 0.01% 6.0x 14.7x 6.0 32.0
5 30 0.00%  4.0x 9.7x 50  29.0
7 5 -0.01% 7.8% 19.5% 13.0 42.0
7 15 0.01% 4.7x 11.6x 6.0 30.5
7 30 0.01% 3.3x 8.1x 4.0 28.0
SVHN em-MFA - - 0.0% 1.0x 1.0x - 420
C = 1800 k-means+FA - - 3.19%  7.0x 0.4x - 110.3
v-MFA 3 5 0.11% 25.6x 61.9x 17.0 78.0
3 15 0.11% 15.7x 34.3x 8.0 54.0
3 30 0.05% 10.0x 21.2x 6.0 50.0
5 5 0.09% 18.6x 44.6x 13.0 68.0
5 15 0.07% 10.7x 23.3% 7.0 51.0
5 30 0.03% 6.8 14.5x% 6.0 49.0
7 5 0.08% 14.9x 35.4% 11.0 63.0
7 15 0.06%  8.3x 18.0x 6.0 50.0
7 30 0.01% 5.5x 11.6x 5.0 47.0

Table B5: Additional information and results for the experiments in Section 3.2 in the main
text. Standard errors of the mean (SEM) for relative NLLyes, were below 0.01%.
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Figure B6: Visual comparisons of several denoising algorithms applied to images from
Set12, BSD68, Confocal and the ‘Tiger’ image from Div2K (from top to bot-
tom). All images were corrupted with additive Gaussian noise with a noise level
of o = 50, except for Confocal, which has inherent (natural) noise. PSNR and
SSIM (10x) values are displayed in the bottom right corner of the noisy and
denoised images.
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are being modeled with available parameters (a form of overfitting). Finally, we observe
that lower noise levels allow for higher H, which can also be explained by more limited
amounts of information being available for higher noise levels.
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v-MFA

Data set o H=3 H=5 H =10 H =20
PSNR  28.71+1.64 29.15+1.40 29.11+1.14 27.61+1.81
95 SSIM 8224038 8.254+0.33 8054032 7.29+0.68
St Time  1.2040.81  1.28+091 1474093 2.68+1.49
PSNR 26.19+1.29 26.12+1.19 2526+1.44 23.16+2.30
50 SSIM  7.264+0.38  7.0340.39  6.30+0.68 5.08+1.07
Time  1.1940.67 1434092  1.62+091 3.04+1.54
PSNR  26.78+3.40 27.25+3.27 27.77+286 27.64+2.01
95 SSIM  7.304+1.06 7474094 7.62+0.70 7.43+0.48
YD Time  1.2240.26 1364025 1.63+0.34 2774047
PSNR  25.18+2.82 25.30+2.66 25.124+2.19 24.02+146
50 SSIM  6.54+1.00 6514086  6.20+0.60 5.34+0.57
Time  1.2840.22  148+031 1.804034 3.20+0.56
PSNR  36.74+3.60 36.83+3.54 362841327 34.87+3.13
Confocal — SSIM 9314040 9.34+0.37 9.34+0.36  9.22+0.40
Time  4.61+218 5394310 566+235 9.59+3.98

PSNR 2842 29.19 30.47 31.60

25  SSIM 7.57 7.83 8.21 8.49

Div2K Time 43.73 46.48 60.49 89.29
“Tiger’ PSNR  27.55 28.03 28.65 29.13
50 SSIM 7.24 7.41 7.61 7.76

Time 34.97 38.65 47.82 74.24

Table BT:

The effect of different values of H on v-MFA for denoising. Accuracy and runtime
are measured by PSNR, SSIM and average runtime per image in seconds. Errors
denote standard deviation. The best results within each row are marked bold.
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