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Abstract

Bayesian hierarchical modeling is a natural framework to effectively integrate data and
borrow information across groups. In this paper, we address problems related to den-
sity estimation and identifying clusters across related groups, by proposing a hierarchical
Bayesian approach that incorporates additional covariate information. To achieve flexibil-
ity, our approach builds on ideas from Bayesian nonparametrics, combining the hierarchical
Dirichlet process with dependent Dirichlet processes. The proposed model is widely ap-
plicable, accommodating multiple and mixed covariate types through appropriate kernel
functions as well as different output types through suitable component-specific likelihoods.
This extends our ability to discern the relationship between covariates and clusters, while
also effectively borrowing information and quantifying differences across groups. By em-
ploying a data augmentation trick, we are able to tackle the intractable normalized weights
and construct a Markov chain Monte Carlo algorithm for posterior inference. The pro-
posed method is illustrated on simulated data and two real data sets on single-cell RNA
sequencing (scRNA-seq) and calcium imaging. For scRNA-seq data, we show that the
incorporation of cell dynamics facilitates the discovery of additional cell subgroups. On
calcium imaging data, our method identifies interpretable clusters of time frames with
similar neural activity, aligning with the observed behavior of the animal.

Keywords: clustering, hierarchical model, dependent mixture model, Bayesian nonpara-
metrics, Markov chain Monte Carlo

1. Introduction

In many studies, multiple data sets are collected across groups, where each group may
represent multiple experiments, geographical sites, time points, and more. To effectively
integrate and borrow information across groups, the Bayesian hierarchical framework is a
natural choice. This paper delves into the problems of density estimation and clustering
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across related groups, proposing a Bayesian approach that extends existing approaches in
the presence of additional covariate information.

With advancements in data acquisition, the need for such tools is growing. For example,
in biological studies, complex data are typically collected across multiple groups, which
may correspond to repeated experiments or different treatment conditions, tissues, or time
points. Moreover, additional side information is usually also available for each observation,
such as patient characteristics in bulk RNA studies or cellular dynamics (La Manno et al.,
2018) in single-cell RNA sequencing (scRNA-seq). Indeed, the lack of tools for integrating
and quantifying differences across multiple single-cell data sets was emphasized as one of
the grand challenges in single-cell data science (Lédhnemann et al., 2020). Another example
is information retrieval scenarios dealing with raw documents from multiple corpora, with
externally observed categorical information (Kim and Oh, 2014).

In such settings, we focus on two problems. On one hand, clustering is important to
uncover inherent structure. For example, in scRNA-seq, clustering is used to disentangle
the heterogeneous gene expression measurements across cells and discover cell subtypes
with similar expression patterns. By including cellular-level covariate information, such
as dynamics, we can quantify the relationship between cell subtypes and dynamics. On
the other hand, covariate-dependent density estimation (also known as density regression)
allows modeling the whole density of the response, not only the mean, to change with the co-
variates. For example, in bulk-RNA studies, we may be interested in understanding how the
distribution of expression for certain genes changes across different patients characteristics,
while also borrowing information across multiple sites.

Mixture models (Fruhwirth-Schnatter et al., 2019) arise as a natural choice in this
context, providing both a probabilistic framework for clustering as well as a useful tool for
density estimation due to their attractive balance between smoothness and flexibility. As an
alternative to parametric mixture models, Bayesian nonparametric (BNP) methods (Ghosal
and van der Vaart, 2017) are widely used to avoid pre-specifying the number of clusters,
instead allowing it to grow unboundedly with the number of observations, by placing a
nonparametric prior on the unknown mixing measure. Moreover, BNP mixture models are
further supported by strong theoretical properties that provide frequentist validation (e.g.
Ghosal et al., 1999; Ghosal and van der Vaart, 2001; Wu and Ghosal, 2010; Shen et al.,
2013). The Dirichlet process (DP) (Ferguson, 1973) is unarguably the most common prior
choice in BNP literature and has many desirable properties including easy elicitation of its
parameters, conjugacy, large support, and posterior consistency (Ghosal and van der Vaart,
2017, Chapter 4).

To effectively model more complex data structures, a number of extensions of the Dirich-
let process have been proposed. Recent reviews and comparisons of dependent extensions
to accommodate covariates are provided in Quintana et al. (2022) and Wade and Inécio
(2025). Two of the most widely-used proposals include the dependent Dirichlet process
(DDP) (MacEachern, 1999) and the hierarchical Dirichlet process (HDP) (Teh et al., 2006).
The latter concentrates exclusively on partially exchangeable data, when covariates represent
groups and exchangeability holds within group and across group labels (e.g. for observa-
tions on patients across different hospitals, the ordering of the patients and hospitals can be
shuffled, as long as the same patients belong within each hospital). Thus, the HDP enables
clustering and density estimation across related groups, and moreover allows prediction for
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new groups. In contrast, the DDP incorporates fixed effects of covariates for conditional
density estimation and quantifying covariate effects on clustering.

In this article, we propose a covariate-dependent hierarchical Dirichlet process (C-HDP),
combining the hierarchical Dirichlet process with the dependent Dirichlet process. Our fo-
cus is the DDP that uses normalized weights and kernels to construct covariate-dependent
weights (Foti and Williamson, 2012; Antoniano-Villalobos et al., 2014), as they have the
flexibility to recover a variety of complex data-generating scenarios and enhanced inter-
pretability through the normalized constructions (Wade and Inécio, 2025). External covari-
ates can be flexibly incorporated to facilitate clustering across groups, as well as density
regression, through the use of various kernel functions. Additionally, the C-HDP can ac-
count for different response types through the choice of component-specific likelihoods. The
proposed method holds utility in various settings. For efficient inference, we construct a
novel Markov Chain Monte Carlo (MCMC) algorithm that employs latent variables to cope
with the intractable normalized weights. We demonstrate that our model can capture the
relationship between clusters and covariates, and identify meaningful clusters across groups
in both simulated and real data.

The paper is organized as follows. We commence by providing a review of the DP
and its extensions DDP and HDP in Section 2. Section 3 outlines the definition of the
covariate-dependent HDP, examples of common component-specific likelihood and kernel
functions. The details of posterior inference are presented in Section 4. Section 5 provides
a simulation study highlighting the advantages of combining the HDP and DDP. In Section
6, we showcase the application of C-HDP to two real-world data sets from scRNA-seq and
calcium imaging, respectively. Section 7 concludes the paper and discusses potential future
directions.

2. Review of Dirichlet Processes and Extensions

Our model is based on the Dirichlet process, which is reviewed in this section along with
relevant extensions.

2.1 Dirichlet Processes

Let P denote a random probability measure on the parameter space ©. The Dirichlet process
(Ferguson, 1973) is the most commonly used prior for an unknown probability measure P
in the Bayesian nonparametric literature, as it satisfies several desirable properties such
as conjugacy, posterior consistency and large support (Ghosal and van der Vaart, 2017,
Chapter 4). By definition, P is said to follow a DP prior with baseline probability measure
Py and concentration parameter «, denoted by P ~ DP(«, Fy), if for any finite measurable
partition {Aj,..., Ay} of ©,
(P(Al), P(AQ), PN ,P(Ak)) ~ Dir(OéPo(Al), OtPg(AQ), PN ,OéPo(Ak)),

where Dir(ai,...,ax) denotes the Dirichlet distribution with concentration parameters
a1, ...,a. Beyond the DP, a number of other nonparametric priors have also been proposed
and studied (Hjort, 1990; De Blasi et al., 2013; Lijoi and Priinster, 2011).

An important property of DP is the discrete nature of P (almost surely) such that
P can be written as a combination of weights and point masses, P = Z;’il pjég;, where
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pj is the weight associated with component j and 59* is the Dirac measure at the atom
¢%. The atoms are independent and identically distributed from Py, and independent of
the weights. The weights can be defined as normalized jumps of a Gamma process £(t) for
0 <t < 1 with shape parameter «, defined with £(0) = 0 such that the increments on disjoint
intervals are independent and such that £(t2) — (1) has distribution Gamma(a(te —t1), 1)
for 0 <t; <ty < 1. Thus, P ~ DP(a, Py) can be represented as

i.4.d
P = TR P 1
Z s 5 W

where I'; are the jumps of the Gamma process and » 72| T'; = {(1) —§(0) ~ Gamma(a, 1) is
finite almost surely. An alternative representation is given by the stick-breaking construction
Sethuraman (1994) of the DP as follows:

o
P=> pid;,
j=1

pL="v1, Pj =270 H(l—vl) for j > 1, wj; i Beta(1, a),
1<j

where again 67 i Py, and v; is independent of §7. It can be shown that Z;’il pj =1
almost surely (Ishwaran and James, 2001).

If 61,...,0, represent draws from P, i.e. 6; it p (i =1,...,n), then the discreteness
of P implies there are ties among 61, ...,0,. Thus, the DP itself is typically not directly
used to model the unknown data-generating distribution, but instead is convoluted with a
parametric likelihood f(y|6) on the sample space ), to produce a DP mixture model (Lo,
1984):

i.4.d

yi| P / F(il0)dP(®), P ~DP(a, Fy).

Hierarchically, this can be expressed as

ind zzd
vil0i ~ f(yil6i), 0;|P "~

P, P ~DP(a,P).

This model not only allows flexible density estimation, but ties among the observation-
specific parameters (61,...,0,) induce a latent clustering of the data, where two points
belong to the same cluster if they are generated from the same mixture component, i.e. @
and ¢’ are in the same cluster if §; = 6;. Different choices of component-specific likelihoods
can be used, reflecting the shape and interpretation of a cluster for the task at hand (e.g.
Frithwirth-Schnatter and Pyne, 2010; Blei et al., 2003; Wu and Luo, 2022). The DP does
not require the specification of the number of clusters, which is instead data-driven and can
grow with the sample size.

2.2 Dependent Dirichlet Processes

When there is an exogenous covariate x, the random probability measure can be augmented
to depend on z, denoted as P,. A popular method is the dependent Dirichlet process (DDP)
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which was first introduced by MacEachern (1999). The random probability measure P, is
constructed following a similar stick-breaking representation to Equation (2), which in full
generality employs stochastic processes to model the covariate-dependent atoms 9;‘(33) and
stick-breaking proportions vj(z). The DP can be considered as a special case when the
weights and atoms are independent of the covariate . In the context of mixture models,
the response y has the following conditional density

fulo. P = [ £l 0)dr.(6) ij F ke, 03 (),

where P, = Zjoil pj(a:)59; (@)

A common simplified DDP model is the “single-weights” DDP where only the atoms
depend on the covariates, P, = Z;}il pjég; (z)- 1t has been used in the context of ANOVA
(De Iorio et al., 2004) for categorical covariates (ANOVA-DDP). It can be generalized to
linear combinations of general types of covariates, referred to as the linear DDP (LDDP)
(De Torio et al., 2009).

In contrast, the “single-atoms” DDP assumes only covariate-dependent weights, P, =
Z;’il Dj (x)dg;f. Constructing the covariate-dependent weights is not trivial, as one must
ensure they are positive and sum to one almost surely for all x € X. The stick-breaking
construction is the most common approach (e.g. Dunson and Park, 2008; Rodriguez and
Dunson, 2011), but other methods are available including normalization (e.g. Foti and
Williamson, 2012; Antoniano-Villalobos et al., 2014). The approach of Foti and Williamson
(2012), which has been applied in Rao and Teh (2009) for spatial applications, is based on the
normalized gamma process representation of the DP and the covariate-dependent weights
are constructed using bounded kernel functions on the unit interval. Instead, Antoniano-
Villalobos et al. (2014) use a parametric density function and the stick-breaking represen-
tation. These two methods allow for different types of kernel functions or density functions
to induce dependence without significant modification of the sampler. For a comprehensive
review of the DDP, we refer the reader to Quintana et al. (2022) and Wade and Inécio
(2025).

2.3 Hierarchical Dirichlet Processes

The hierarchical Dirichlet process (Teh et al., 2006) focuses exclusively on the partially ex-
changeable setting, where covariates represent groups or data sets. For the ¢-th observation
in the d-th data set y;4 (¢ = 1,...,nq,d = 1,..., D), and a parametric density f(y|f) on
the sample space ) with parameters § € ©, the HDP assumes the following hierarchical
structure

nd d
id = f(Yial0ia), 0ialPa " py,
ind

Pyjla, P '~ DP(a, P), Plag, Py ~ DP(ag, Pp).

Here, another layer of the DP prior is included to borrow strength across groups. Specif-
ically, each group has its own mixing measure P; which are all apriori centered on the
unknown global mixing measure P. The HDP can be defined through hierarchical nor-
malized Gamma processes (Argiento et al., 2020). In particular, letting £4(¢) denote the
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group-specific Gamma processes, since the base measure P of each group-specific mixing
measure Py is discrete, we have the representation (Kingman, 1975):

S Ll m) - &SI m) pl
P, = B 5 ;
‘ ; S &y ) — € pl Z 1th 0; (3)

where 07 i Po; (I'j q) are independent with Gamma(apj,1) distribution; and the p; are
the normalized jumps of the Gamma process (Equation 1) with shape parameter «p. In
the following exposition, we denote a draw from the HDP prior as P; ~ HDP(ay, o, P).
This construction highlights that different measures Py share the same atoms 67 but assign
different weights to the atoms. In the context of clustering, this is important as it allows
clusters (data points that share the same parameters) to be potentially shared across groups,
but allows the weight (or size) of the cluster to vary across groups.

Recent research on leveraging predictors in HDP is also available. Dai and Storkey
(2014) developed the supervised HDP for topic modelling that can predict continuous or
categorical response associated with each document (group) using generalized linear models.
The hierarchical Dirichlet scaling process (Kim and Oh, 2014) considers documents with
observed labels, and topic proportions are modelled dependent on the distance between
the latent locations of the observed labels and topics. Ren et al. (2008) extend HDP to
dynamic HDP for time-evolving data, assuming that adjacent groups collected closer in
time are more likely to share components. Ren et al. (2011) incorporate spatial-temporal
information using a kernel logistic regression. Diana et al. (2020) propose the hierarchical
dependent Dirichlet process (HDDP), combining HDP and “single-weights” DDP.

Lastly, while not the focus of this article, we briefly mention the nested DP (Rodriguez
et al., 2008; Camerlenghi et al., 2019) which can also be used for clustering data across
groups, but uses a multi-level structure with also a latent clustering of groups. Various
extensions of both the HDP and nested DP have been proposed, including the semi-HDP
(Beraha et al., 2021), the hidden HDP (Lijoi et al., 2022) and the common atoms model
(Denti et al., 2023).

3. Covariate-dependent Nonparametric Models

Real-world data sets often encompass various types of covariates for statistical modeling,
in addition to collecting data across multiple groups. In order to construct a flexible BNP
modeling framework for such data, we first propose a novel covariate-dependent HDP in
Section 3.1. To flexibly model the conditional density and cluster observations across groups,
the C-HDP can be used as a prior for covariate- and group-dependent mixing measures in
mixture models (Section 3.2), where we illustrate examples of kernel functions to introduce
dependence on the covariate. Additionally, the C-HDP can be applied to different types of
response, depending on the nature of the data and the task at hand, as detailed in Section
3.3 where widely-used component-specific likelihoods are presented.

3.1 Covariate-dependent Hierarchical Dirichlet Processes

We construct the covariate-dependent HDP that borrows ideas from the “single-atoms”
DDP and HDP, in order to model an unknown probability measure P, 4 that is indexed by
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both the covariate x and group index d. Recalling that the HDP assumes P; = E;; pj’d(se;‘,

with pj g = Tja/ > peq Tk.a defined through the normalized construction in Equation (3),
we propose to introduce dependence by defining the mixture weights for each group to be
functions of the covariate x, leading to

o0 o0
Prq= ij,d($)59;, P, = ij(l‘)cse;f, (4)
j=1 j=1

with 0;‘-‘ S Py. Specifically, the covariate-dependent weights of both the group-specific and
global mixing measures are defined based on a normalized construction as

__ DKl DK
>kt Fk,dK(CUWZ,d) P > TeK (z]4y)

where I'; 4 are i.i.d Gamma(ap;, 1) as in Equation (3) with p; =T';/> 72, ', and K (z|¢)
is a kernel function relying on kernel parameters ¢ which may be group- and component-
specific and satisfies 0 < K(z|¢) < ¢ for some constant ¢ and for every z, at least one
component j satisfies K(z[¢],;) > 0 at the group level and K(z|¢;) > 0 at the global

level (ensuring that the normalizing constant is finite almost surely). Note that {9; 21

(z) ()

pjd(z)

{Fj,d};if 4—1 and {97 d};’:f 41 are independent of each other. In addition, hierarchical pri-
ors are assigned to the kernel parameters to borrow strength across groups, such that the
17 ; are independent across components (j =1,...,00) and are conditionally independent
across data sets (d = 1,..., D), centered around the global kernel parameter 1,03'-‘. An advan-
tage of this hierarchical formulation is that it provides a natural, parsimonious framework
to account for differences in the covariate effects on the weights across groups. Examples
depend on the choice of component-specific likelihood (e.g. see Section 3.3).

The normalized construction of the covariate-dependent weights is motivated by Foti
and Williamson (2012) and Antoniano-Villalobos et al. (2014). Compared to alternative
methods (e.g. stick-breaking as shown in Dunson and Park, 2008; Griffin and Steel, 2011;
Ren et al., 2011; Rigon and Durante, 2021), the normalized construction has the advantage
of enhanced interpretability with p; 4 = I'j a/ > po; I'x.q representing the probability that an
observation in group d is generated from component j omitting the covariate value, and the
kernel represents how likely an observation from group d that is generated from component
7 will take the value x. Thus, this enhanced interpretability allows for more subjective
or empirical specification of parameters (Wade and Inacio, 2025). On the other hand,
stick-breaking constructions suffer from difficulty in selecting hyperparameters, which can
significantly influence the functional shape of the weights and model performance. Figure
1 illustrates how C-HDP combines the hierarchical framework of the HDP (left) with the
covariate dependence of the DDP (middle) to allow for shared clusters across groups with
weights that both vary across groups and change smoothly with covariates (right).

We remark that our C-HDP prior differs from the hierarchical dependent Dirichlet pro-
cess prior in Diana et al. (2020) which combines the “single-weights” DDP and HDP instead.
In particular, in Diana et al. (2020) the covariate x is introduced in the global measure P
instead of data-specific DPs P; as we have done, and therefore in Diana et al. (2020) the
influence of the covariate is the same across data sets, whilst the effect is allowed to be
different in our C-HDP model.



ZHANG, WADE AND BOCHKINA

HDP single-atoms DDP C-HDP
0.5

Dataset 1 Dataset 2 Dataset 1 Dataset 2

0.34 i
0564 06
0-21 0.4+
0.14
0.2
0.04
05 0.0-

0.8

density
2= T=x
2=x T=x

0.4
0.34 0.6

0.24 0.4+
0.14 0.2
0.04 0.04

0.6+

04

034

024 0.4+ i
0.1 0.2

0.0

0.04 0.0

00 25 50 00 25 50 00 25 50 00 25 50 00 25 50
response response response

0.4 cluster

1
-2
— 3

£=x
£=x

Figure 1: A demonstration of three nonparametric priors: HDP, DDP and C-HDP. The
colored lines denote weighted conditional density for each cluster, with marginal
density function shown in black. The HDP (left) allows for shared clusters
across groups. The “single-atoms” DDP (middle) allows the cluster weights to
vary smoothly across covariate values. The C-HDP (right) combines the HDP
and DDP for shared clustering across groups, with smoothly varying covariate-
dependent weights.

3.1.1 FINITE-DIMENSIONAL TRUNCATION

For computational purposes, a finite-dimensional truncation is useful. First, a finite-
dimensional truncation of the global mixing measure P can be obtained from the nor-
malized Gamma process construction. It is defined for truncation level J by considering a
discretization (0,1/J,2/J,...,1) of the domain of the Gamma process:

J . .
Py U S 1)
2 ST €10h - Z zh \a

j=1

where by definition of the Gamma process q kS Gamma(ao /J,1) and P’ converges weakly
to the DP (Kingman, 1975). Thus, a ﬁmte dimensional truncation in the hierarchical set-
ting, which converges weakly to the HDP (Teh et al., 2006), is similarly obtained as

J

J
J_ . J ind 7
P; = g =7 5 % Ga~ Gamma(ap;, 1),
j=1 22h=19nd

where p = q; 7/ Zh L g and q R Gamma(ao /J,1). This allows us to construct a finite-
dimensional truncation for C- HDP

Zp]d )3+ ij )3 (6)
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where ; ;
* *
plafe) = 2 )y R (7
Js * ’ J * )
2=t QédK(ﬂ’:b]@d) 2 k=1 piK(ﬂflwk)
with qj{d ~ Gamma(ap}-], 1) and (p{,...,pJ) ~ Dir(ag/J,...,a0/J). For notational sim-

plicity, we will drop the superscript J, when the context is clear.

The weights pj g = T'ja/ > poq [k,a of the C-HDP in Equation (5) could alternatively be
constructed based on the hierarchical stick-breaking representation of the HDP (Teh et al.,
2006). This leads to an equivalent nonparametric process with the same law, however, the
truncated approximations differ. Our focus is the finite-dimensional approximation, which,
in contrast to the stick-breaking truncation, has nice features such as exchangeability of the
weights (Ishwaran and Zarepour, 2002); therefore, label-switching moves which are required
for posterior exploration of the stochastically ordered stick-breaking weights (Liverani et al.,
2015, Section 6) are not necessary. Moreover, as shown in Catalano and Lavenant (2024),
the discrepancy between the DP and the stick-breaking truncation depends on the value of
«, and for a diverging sequence of « it may fail to converge. Instead, the finite-dimensional
approximation has polynomial convergence rate in J which does not depend on «.

3.2 Examples of Kernels for Dependent Weights

The choice of kernel has an important role in defining the dependence structure in the
weights. Depending on the characteristics of the data and application, different kernels
may be appropriate. Below we provide a few examples of the kernel functions that will be
used in the paper along with a description of the type of dependence implied.
Gaussian Kernel.
2
(:U — x;‘ d)

K(x"(’b;id) = exp 20* 2
j7d

where 1,0;-‘, g = (zF PNy ) € R x R*. The parameter z* i describes the value in the covari-
ate space where the j th component best applies for the d-th group, and crj7d2 affects the
sharpness of the boundary between the covariate regions associated to each component.
Smaller values for a 2 Jead to more drastic change in the weights (Figure 2 middle). A
Gaussian kernel is recommended when we beheve the covariate space can be partitioned
into well-behaved regions. Notice that when o d — oo for all j and d, the C-HDP reduces
to the HDP.
Periodic Kernel.

92 T —xk
K@W}id) = €xp <*2 sin” <*Jd>> )
Tj.d A

where ¥, = (77, a}"dQ, t4a) € Rx R* x R*. Note that for identifiability, % 4 needs to
be restricted within one period (mA7 ). Figure 3 (left) shows the periodic kernel under
different parameter values. The parameter ¥ 7 4 Tepresents the value that maximizes the
kernel and changing % T will shift the kernel (red vs. green). The period is determined by
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Figure 2: Left: Example of a Gaussian kernel for varying parameter values. Middle:

Covariate-dependent weights for two components. In each row, both components
have the same o d2 but different % L When o7 d2 decreases from top to bottom,
the change of weights with respect to the covarlate x becomes more abrupt, show-
ing a sharp transition. Right: Covariate-dependent weights for two components.
Both clusters have the same :n;‘ 4 but different o*;-" d2. The weights can exhibit a
bimodal behavior.
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Figure 3: Left: Example of a periodic kernel for varying parameter values. Middle:

Covariate-dependent weights for the first component given a total of two compo-
nents (red and green on the left), for different o d2. When o7 d2 decreases, the
weights show a more abrupt change. Right: Covarlate-dependent weights for the

first component for different )\; d-

¥ 4 (green vs. blue), and o} d2 is related to the minimum value of the kernel and smooths

the kernel (blue vs. purple). The influence of 0’ d 2 and )\* 4 on the covariate-dependent
weight is shown in Figure 3 (middle and right). A peI‘IOdlC kernel is appropriate when
there is repeated behavior over the covariate, e.g. time. Similar to the Gaussian kernel, for
periodic kernels, as o d — 00, the C-HDP reduces to the HDP.
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0.6 0.751
Component
0.4 ©0.50 . 1
B2
0.2 0.251
0.0 0.00+
, . . . . . . T 5 3 :

Figure 4: Left: Example of a categorical kernel for two different sets of kernel parameters
(probabilities), with L = 4. Right: Covariate-dependent weights for two compo-
nents, with kernel parameters shown in the left panel.

weight
o

kernel

a1

Categorical Kernel.

L
W’J, H py,dl
=1

for z € {1,...,L} where I(*) is the indicator function, ¥7; = (pj41,---.p}4 ) and the
probabilities p;,d’l are positive and sum to one. Categorical kernels are a natural choice
when we have categorical covariates (see Figure 4 for examples).

The choice of these kernels makes the denominator in Equation (5) finite, ensuring P, 4
and P, are valid probability measures. Following the definition in Equation (4) and Equa-
tion (5), a draw from the C-HDP prior is concisely denoted as P, 4 ~ C-HDP(a, o, Py, ¥*),
where ¥* denotes the collection of all kernel parameters across components and groups.

In our work, hierarchical priors are assigned to kernel parameters, similar to the hier-
archical prior for g; 4, to borrow strength across groups and account for differences in the
covariate effects on the weights across groups. For example, for the Gaussian kernel, the
following hierarchical priors are considered in our case study later,

g i.d
5 M N(ry,8%), R Ny, 02), 8%~ 1G(m,ma),

;d2 o log-N(hj,m?), h; <y N(pun,03), m? ~IG(k1, K2).

The effects of the prior parameters are demonstrated in Figure 5. For large values of
the concentration parameter o and small prior variance s> and m?, the differences in the
relationship between the weights and covariates across groups are minimal and resemble
the global relationship (left panel of Figure 5). On the other hand, for small « and/or large
prior variance, the covariate-dependent weights vary across groups. In particular, for small
«, the group-level relationship still centers around the global one (middle panel of Figure
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Figure 5: The effects of the concentration parameter o and prior variance parameters s and
m on the covariate-dependent weights across groups. Three groups are considered
here.

5), while the differences in the shape are more prominent for larger prior variance (right
panel of Figure 5).

3.3 Component-specific Likelihood
The mixture model, under C-HDP, is given by

F (], Prg) = / £ (16, 2)dP, a(0),

where P, 4 ~ C-HDP (o, o, Py, ¥*). This can be hierarchically written as

ind ind
YidlOias Tia ~ f(ialbidsTia)s OialTia =2, Pra ~ Pya.

And, the latent variables z; 4 € {1,2,...} can be introduced, where z; 4 = j if 6; 4 = 9;.

Depending on the type of the data, different distributions can be selected for the
component-specific likelihood, which should account for the characteristics and nature of
the sample space ). For instance, a normal distribution is the most common for a contin-
uous response, while a (skew) ¢ or skew-normal may be more appropriate when there are
outliers or asymmetry (Frithwirth-Schnatter and Pyne, 2010; Lee and McLachlan, 2014).
Positive responses are usually modeled from a gamma or log-normal distribution, and a
beta distribution is suitable for values on the unit interval. For a categorical response, a
Bernoulli (Pan et al., 2024) or multinomial distribution (Shahbaba and Neal, 2009; Blei
et al., 2003) is usually selected. Poisson (Karlis and Xekalaki, 2005; Krnjaji¢ et al., 2008)
and negative-binomial (Wu and Luo, 2022; Liu et al., 2024) distributions are used for count
data. Below are some examples of component-specific likelihoods, with the first used in the
simulation study of Section 5 and the latter two employed in the examples of Section 6.

Gaussian Model. For a continuous response ¥; 4 = (¥i1,d, - - - ,yLG,d)T € RY, a normal
distribution is commonly used

yi,d’zi,d = j7 IJ‘;7 2; ~ N(I"‘j? 2;)7 (8)
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*

where p,;- € R denotes the mean and X ;

with component j, i.e. 65 = (u},37).

is a G x G covariance matrix, both associated

Linear Regression Model. For a continuous response, where we also want to allow
each component to reflect different linear relationships between the response and covariates,
a linear regression model can be employed,

YidlZid = ja Ti d, B;ka E; ~ N(mz:dﬂ;(a 2;)3
where 37 is a p-dimensional (column) vector of coefficients for component j and x; 4 is a
p-dimensional (column) vector of covariates.

Vector Autoregressive (VAR) Model. An extension of the normal distribution to
time-series data, based on a VAR model with lag one in the mean, is of the following form:

yi,d|yi—1,d7 Zid = ja CL;, B;v 2;( ~ N(a;k + B;yi—Lda 2;)7

where a] € RS denotes the intercept and B’ is a real-valued G x G matrix of the coeflicients
in VAR, both associated with component j.

Negative-binomial Model. For count data, we consider a negative-binomial distri-
bution for the within-component likelihood, with mean y7 € RT and dispersion ¢i4 € R+
in each dimension g (¢ = 1,...,G) for component j:

yi,g,d|zi,d = j? /,L;:g, ¢;,g ~ NB(M;,Q7 gb;,g)‘

4. Inference

In this section, we describe a Gibbs sampling scheme for the C-HDP mixture model, where
we focus on the finite-dimensional truncation (Equation 6-7). The truncation level J should
be chosen as a generous upperbound; see the online Appendix, showing how inference is
stable for large enough J, while computational run time is approximately linear in J. Gibbs
sampling can be applied to draw posterior samples for parameters with full conditionals of
a standard form. For non-standard full conditionals, adaptive Metropolis-Hastings (AMH)
is used (Griffin and Stephens, 2013). We highlight the key steps in constructing the Gibbs
sampler, including an initial data augmentation trick to handle the normalizing constant of
the weights.

4.1 A Data Augmentation Trick

For mixture models, the complete data likelihood is widely employed to allow for efficient
inference, which for the finite-dimensional C-HDP mixture has the form:

0,a K (ia|¥] 4)
T
Dkt Qk,dK(xi,dWZ,d)

fWids zia = jl@1:0.a, 05, %154, Tid) = X f(Yi,al05, zia)

However, the normalizing constant in the denominator makes it difficult to obtain standard
full conditional densities for ¢;4 and the kernel parameters. We propose to use a data
augmentation trick, introducing a latent variable §; 4 € R, and the augmented likelihood
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is

J
F Wi Gia> zid = 1105, W5 g 00 ia) =exp | =60 > qiaK (wialh]y) | *
i=1

050K (@i al] ) X f(Yialb, wia)- 9)

Using the fact that fooo exp(—&N)d¢ = /\, the complete data likelihood is restored when
integrating out §; 4. It is worth noticing that, unlike z; 4, the &; 4 does not have a physical
interpretation. Define N; 4 as the number of observations in component j in data set d
and ng the size of data d. The augmented data likelihood yields standard full conditional
distributions to enable sampling both ¢; 4 and §; 4 effectively:

ng
N. P
T(jal - ) < (gj,a)" " x exp (‘qj,dZ&-,dK (ﬂfi,d|¢§,d)> % (¢j.0)*" " exp(—gj,a)

1+ gi,dK(xi,dW’;d)] ) :

x (gj,a)" et P~ i exp <_Qj,d
=1

ng
= ¢jdl-.. ~ Gamma (Nj,d + apj, 1+ Z£i7dK(xi,d|¢;,d)> :
=1

J
m(&ial .. ) ocexp [ —&Ga Y gjaK (@ialdla) |

J=1

= &idl... ~ Gamma )
j=1

In addition to the intricate denominator, the presence of the kernel parameters inside
the exponential term in Equation (9) also poses challenges. For kernel parameters, we
introduce another latent variable u;;q € (0,1) to facilitate MCMC sampling. The update
of 1#]’77 4 and 07 depends on the choice of the kernel and component-specific likelihood. If
appropriate priors are chosen, it is possible to sample from the full conditionals of zp;, g and
0;.

. . . . . . ind
For example, consider the Gaussian kernel with a hierarchical normal prior x;d ~

N(r;, s?) (for details see online Appendix), the full conditional distribution for z7, s

(@54l - - H K(x;a|] q) % HeXp fi,dqj,dK(xi,dW;d)) x N(x;,d\rjaSQ)-
i Zi,d= .7
With the introduction of u; ;4 € (0, 1), the above can be written as
nq
m(@al.. ) o< [ K@ialega) x [IT(wiga < Mija) x N3 glrs, %),

1:24,4=] =1
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where M; ;4 = exp (—fhdqjydK(xi’dh,b;fd)). The full conditional of the latent variable is

Ui jd| - .. ~ Unif (0, M; ;q), and for the kernel parameter x;‘ 4 8iven u; ; 4, the full conditional
is a truncated normal distribution:

(@5 al ) < N(@f alfsa, 550) X Waj g € Aja),

where

i

-1 /2 * 2
-2 L Nja Py = 13/8" 4 Diizsami Tisd/ T
2 ) ) Ja 2 . * 2
s° 0hy 1/s* + Nja/o%
and the truncation region is of the form
Aja = M Aijds
i:—logu j,d<&;,dqj,d

where

log u; ;4
Ai,j,d = (—o0, Tig — ki,j,d) U (xi’d + ki ja, +00), kija= \/—20';5de log [—Z’]’] )

&i,dq,d

The full derivation and details of the Gibbs sampling algorithm for all parameters under
different kernel and within-component likelihood choices are presented in online Appendix.

4.2 Clustering

The Bayesian approach provides a collection of posterior samples of the allocation variables.
To understand the posterior and uncertainty in the clustering represented by these alloca-
tion variables, we construct the posterior similarity matrix (PSM) where each entry is the
posterior probability that observations i and i’ are co-clustered, which is approximated by
PSMy; s ~ 1/L Zlel ]I(zi(l) = zl(,l)) where zi(l) is the I-th MCMC sample. For multiple data
sets, we can compute the PSM for observations both within and across data sets to visualize
the uncertainty in clustering across groups.

To summarize the posterior with a point estimate, the optimal clustering is obtained that
minimizes the posterior expected variation of information (VI) (Wade and Ghahramani,
2018). If interest lies in understanding the patterns within each cluster of this optimal
solution and the marginal component-specific likelihood is unavailable in closed form (i.e.
the prior on the atoms is not conjugate to the component-specific likelihood), a subsequent
MCMC is considered to estimate and quantify uncertainty in cluster-specific parameters
given the optimal clustering solution.

For the post-processing step, to understand the uncertainty in allocations, we calculate
the posterior allocation probability of each data point conditioned on all others

p(zi = .]’D7 Ziz) = /p(zz = j’@’D)p(@uI Ziz)dgv i = 17 -y N

where D denotes the observed data, 2*; denotes the optimal clustering without the i-th ob-
servation and © represents all the unknown parameters. If we approximate p(®|D, z*;) by
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p(®|D, z}.,,), which corresponds to the posterior distribution of ® from the post-processing
MCMC, then the above can be approximated by the average over MCMC samples (from
the post-processing step),

L
1
i * ) oy T — 100
p(zi = jID,22%) ~ £ ZE_I p(zi = j|©Y, D), (10)
where ®® denotes the I-th MCMC sample.

4.3 Covariate-dependent Predictive Quantities of Interest

In the context of density estimation, we can obtain the covariate-dependent conditional
density, approximated by averaging over the MCMC samples:

L
1(312.0) = [ 1(3l.@)n(@ID)d® ~ 1 3 f(7lz. 00,
=1

where Z and ¢ denote new data from group d and f(g|z,©®) = Zj:l p;.a(Z) f(907, ).
Similarly, other quantities can be computed, such as the posterior predictive mean

L
i~ 1 i~
=1

For instance, in the case of the Gaussian within-component likelihood defined in Section
3.3, for an observation from group d, we have E(g|z, ®) = Z}]:1 Pja(T) ]

5. Simulation Study

We now demonstrate our method in a simulation study and compare its performance with
other existing Bayesian nonparametric priors, in particular the HDP and DDP. We gen-
erate 10 replicated sets of data from a two-dimensional Gaussian mixture, consisting of 3
components. The data-generating process is as follows:

R ind * * .
yi,d’Z’i,d:jvlJ’jvzj 1’7\1/ N(M]72])7 1= 17"'7nd7d: 17"'7D7

ind
Zi,d "~ Cat(plj,d(xi,d)’ s 7p§,d(xi,d))a

where D = 5,ng = 300 for all d. The covariate x for all observations in each data set d is
equally spaced between 0 and 1. The parameters in each component-specific likelihood are

i =(0,0), pus = (4,4), p3=(0,4),

. (10 « (1 05\ o 1 05
El:(o 1)’22:<0.5 1)’23:<—0.5 1 >

The relationship between the weights and the covariate is given by
_ exp(Bjar + Bja2r + Bjasr’)
— 3

Soh_1exp(Bra + Bra2® + Brasr?)

where each B4 = (Bja.1, 5542, 5jd3) is generated from a diagonal Gaussian distribution,
Bj.a ~ N(B;,5I), with 81 = (0, 20,0), B2 = (10, —-20,0), B3 = (0,0, 40).

p}'],d(fﬁ)
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5.1 Implementation and Results

The Gaussian kernel defined in Section 3.2 is used in the C-HDP and DDP to model the
covariate-dependent weights. While the HDP allows for weights to be different across data
sets, it does not incorporate covariate effects. Instead, for the DDP, we consider two types
of models, with and without the group indicator as an additional covariate, where the latter
corresponds to setting when data is simply pooled across groups. In the former, the group
variable is incorporated through a categorical kernel defined in Section 3.2. For each model
and replicate, the full MCMC algorithm and the post-processing step (which is used to
estimate the covariate-dependent allocation probabilities for each cluster in the optimal
solution) use 15000 iterations, with a burn-in of 12000 iterations and thinning of 3, leading
to 1000 samples for posterior inference. The MCMC setup is the same across all methods
and a truncation level of J = 8 is applied.

Across all replicates, the estimated clustering from our proposed C-HDP method gen-
erally shows better alignment with the truth, with a higher average adjusted rand index
(ARI) in Figure 6 (left, red points). The DDP with the group indicator (DDP;) also pro-
vides relatively high ARI, sometimes even higher than the C-HDP, but the difference is
small and the performance of the DDP appears more unstable. Further, the ARI drops
dramatically if the grouping is not considered in the DDP (DDP3). As for the HDP, it is
noticeably outperformed by the C-HDP and DDP;, but with much smaller variability in its
performance.

Regarding the modelling of the relationship between the weights and the covariate, for
an example cluster shown in Figure 6 (middle), we notice that using the Gaussian kernel
for the C-HDP can estimate the relationship well, with the truth covered by the posterior
samples, while in the DDP (including the groups), the true relationship is only marginally
within the samples. This is worse in the simpler DDP (DDP3) which does not capture the
true relationship except for the upward trend. Note that since the HDP does not take into
account the covariate, the probability is constant with x, showing much larger uncertainty.
More detailed results are shown in online Appendix.

In addition, we also compare the four methods in terms of density estimation (Figure 6
right). The estimated density from the C-HDP appears much closer to the truth with their
differences concentrated around zero, followed by the DDP and HDP.

Lastly, one advantage of the C-HDP and HDP over the DDP is the ability to predict the
(covariate-dependent) weights in new groups through posterior predictive sampling, which
is not available for the DDP as the groups are treated as fixed categories. The relationship
between the weights and covariate shows variability across groups (see red lines in Figure
7 and Figure 6 middle). Figure 7 (left) illustrates that the new group’s weight can be
reasonably estimated by the C-HDP where the posterior median (green solid line) is close
to the truth and samples exhibit relatively large uncertainty (green dashed lines) compared
to those for the existing groups. As for the HDP, large discrepancy from the truth is
observed due to the absence of the covariate in the method.

Overall, the simulation study on Gaussian mixtures shows that C-HDP outperforms
DDP and HDP in estimating the clustering, the relationship between the weights and
covariate, as well as density estimation. In particular, even though the true relationship
between the weights and covariate is not correctly specified in the C-HDP model (a softmax
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Figure 6: Left: Adjusted rand index (ARI) comparing each method to the truth across all
replicates, with the red line showing the average ARI. DDP; and DDP, refer to
the model with and without the group indicator, respectively. Middle: Posterior
samples of covariate-dependent probabilities for all models, shown for an example
cluster in data set 5 from one replicate. Right: Differences between the posterior
mean of the density and the truth for all observations in one replicate, under the
four methods.
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Figure 7: Left: Posterior predictive samples of covariate-dependent probabilities for the
C-HDP and HDP, shown for an example cluster in a new group from one repli-
cate. Right: Posterior samples of covariate-dependent probabilities for all models,
shown for an example cluster in data set 4 from one replicate. Samples from the
C-HDP and DDP; overlap.
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function as opposed to a Gaussian kernel), a Gaussian kernel is still able to capture the
true underlying relationship. Moreover, the hierarchical structure of the C-HDP facilitates
understanding of the weights in a new group based on the posterior predictive distribution.

6. Case Studies

We demonstrate the application of the C-HDP prior through experiments on two real data
sets, using a Gaussian kernel combined with a negative-binomial component-specific likeli-
hood and a periodic kernel combined with a VAR model, respectively.

6.1 Application to Single-cell RNA Sequencing Data - Pax6

The transcription factor Pax6 is believed to play an important role in the development
and fates of embryonic cells. Specifically, Pax6 is critical to regulate gene expressions to
avoid patterning defects in the brain and can affect signaling between neighbouring cells
during development (Caballero et al., 2014). Mutations in Pax6 can result in eye anomalies
(Jordan et al., 1992) and neurodevelopmental disorders, such as intellectual disability and
autism spectrum disorder (Davis et al., 2008; Kikkawa et al., 2019). It plays a crucial role
in cortical neurogenesis, controlling proliferation and differentiation of neural stem cells and
progenitor cells (Estivill-Torrus et al., 2002; G6tz et al., 1998).

To study and quantify the effects of Pax6 empirically at the single-cell level, Manuel
et al. (2022) collected the scRNA-seq data at 13.5 days since conception (day E13.5) from
mouse embryos in two groups: the mutant (HOM) group where both copies of Pax6 gene
were deleted, and the control group (HET) where only one copy of Pax6 was deleted, to
account for gene changes due to the process of deletion. In previous work, Liu et al. (2024)
developed a model using the HDP to discover hidden cell subpopulations with similar gene
expression and study how the proportion of cells in each cell group is affected by Pax6
activity. However, additional information is available for cells, such as the developmental
trajectory, which may be relevant to identify clusters and quantify the influence of Pax6
across the developmental stages. Our aim is to extend the model of Liu et al. (2024) to
incorporate this information and determine how the proportion of cells in each cell group
is affected by both Pax6 activity and cellular developmental trajectory.

Each group d (d = 1,2) contains the mRNA counts . 4 4 for gene g (9 =1,...,G) in cell
¢ (e=1,...,Cq). Data has been preprocessed in Liu et al. (2024) using the approaches in
Hoffman (2023), where low-quality cells and lowly expressed genes are removed and highly
variable genes are selected. The HET and HOM data sets contain C7 = 3096 and Cs = 5282
cells, both with G = 2529 genes. The covariate of interest is a proxy for cell developmental
trajectory, specifically, the cell-specific latent time ¢, 4 € [0,1] (Bergen et al., 2020), which
empirically shows a relation to the clustering in Liu et al. (2024) (Figure 8). Bergen et al.
(2020) argue that the latent time is correlated to the cellular position in the biological
process, with a small value corresponding to an earlier developmental stage. The latent
time is derived from a per-gene model based on the relative amount of unspliced mRNAs
to spliced mRNAs. For each group, the abundances of unspliced and spliced mRNAs are
obtained from the velocyto pipeline (La Manno et al., 2018) and the latent time is computed
from a generalized RNA velocity model (Bergen et al., 2020).
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Figure 8: Counts versus latent time for gene Sgol2a¢ in scRNA-seq data (Manuel et al.,
2022) collected under two experimental conditions. Cells are colored by cluster
membership from Liu et al. (2024) without information of latent time.

6.1.1 BAYESIAN MODEL FOR PAX6 DATA

The model for clustering the Pax6 data extends the work in Liu et al. (2024) to include
latent time as a covariate. Liu et al. (2024) employed the HDP prior for shared clustering
across the HET and HOM data sets, where the clustering model is built upon the likelihood
of bayNorm (Tang et al., 2020) that addresses the problem of normalization, imputation
and batch effect correction in an integrated manner.

Likelihood. The observed count .44 is assumed to follow a binomial distribution
given the latent true count yg, g.d with cell-specific capture efficiency 3. 4

0 : 0
Ye,g,d yc,g,d? Bc,d ~ Bln(yc,g,dy Bc,d)‘

The binomial distribution accounts for the case where partial true counts are observed. The
latent counts follow a negative-binomial distribution accounting for over-dispersion:
0
yC,g,d"LLC»g’Cb (bczg’d ~ NB(MCmg’d’ ¢C,97d)7
with mean expression i 44 and dispersion ¢.4q that are both specific to each gene and
cell. The latent counts can be integrated out to obtain:
yc,g,d|/~’fc,g,du ch,g,dy Bc,d ~ NB(/’LC,g,dBC,d7 ¢c,g,d>7

where it is noticed that pu and [ are not identifiable while only their product is. An
informative prior for j. 4 is applied to mitigate this problem (Liu et al., 2024).
While Liu et al. (2024) assume the cell-specific mean and dispersion

"
(Hed, Ped)| Py~ Py,
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and employ an HDP prior P; ~ HDP(«, a, Py), we extend with a C-HDP prior
Ptc,«hd ~ C-HDP(O((), «, P07 ‘I’*)a

with the covariate being the latent time. For the base measure Py, a linear relationship is

assumed between log mean expression and dispersion (Brennecke et al., 2013; Vallejos et al.,
2015; Eling et al., 2018).

Kernel. The latent time is included via a Gaussian kernel with kernel parameters

;-‘7 a=( ;k & a;’ dz)_ The parameter t; 4 Tepresents the value in the covariate space where

the j-th component from the d-th group best applies and o*;'-" d2 controls the smoothness
of the transition between components in the covariate space. The kernel parameters are
data-specific, which allows for shared clusters across HET and HOM to be associated with
different cellular positions and the degree of separation between clusters that can vary
between two conditions.

For full details of the model and prior specifications, Gibbs sampling algorithm and
implementation, see the online Appendix. Results for posterior predictive checks (Gelman
et al., 1996) that suggest no strong disagreement between the data and model, along with
a simulation study, are available in online Appendix.

6.1.2 RESULTS ON PAX6 DATA

Clustering. The Bayesian C-HDP model identifies 14 clusters using the VI criterion,
whose sizes and proportion of HET and HOM cells are summarized in Figure 9. We refer
to clusters as over-represented /under-represented in the mutant group if their proportion of
HOM cells is greater/less than the overall proportion, and stable if the proportion is similar
to the overall proportion. In this case, five clusters (2, 4, 5, 6, 10) are found to be over-
represented in the mutant group, three clusters (3, 7, 9) are under-represented in the mutant
group, and the remaining clusters (1, 8, 11, 12, 13, 14) show relatively stable proportions.
Moreover, while we focus on the clustering estimate, the posterior similarity matrix (Figure
9) highlights some uncertainty in further splitting or merging some clusters. In addition,
based on posterior allocation probability (Equation 10), we observe some uncertainty in cell
allocations at the boundary between clusters in the covariate space (see online Appendix).
Although all clusters are shared in both groups, suggesting that Pax6 may play a small
role at this early stage in the development (day E13.5) (as concluded in Liu et al., 2024), we
observe some interesting patterns in the mutant group when connecting the clusters to latent
time. Figure 10 displays the first principal component computed from the observed gene
expression matrix against latent time. The three under-represented clusters 3, 7, 9 (dark
green, yellow, light pink) are associated with larger latent time, particularly for the mutant
group, which suggests interesting implications in the role of Pax6 in cellular development,
especially later in the biological process. The over-represented clusters 2, 4, 5, 6, 10 (red,
dark purple, orange, black, light green) have moderate latent time in the mutant group,
whereas the stable clusters have relatively earlier latent time in the mutant group.
Time-dependent Probabilities. To further investigate the differences between HET
and HOM, the time-dependent probabilities are visualized for stable, under-represented
and over-represented clusters (1, 3, 6) in Figure 11. The under-represented cluster is closely
associated to cells with high latent time (probability close to 1) in the mutant group, while
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Figure 9: Left: Posterior similarity matrix within and between two experimental conditions.
Diagonal blocks correspond to within-group PSM. Top-right: Size of each cluster
found in Pax6 data. Bottom-right: Proportions of HET and HOM cells in each
cluster. The black horizontal line represents the overall proportion.
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Figure 10: Plot of the first principal component (PC1) against latent time for HET (left)

and HOM (right). Cells are colored by cluster membership. The three under-
represented clusters 3, 7, 9 (dark green, yellow, light pink) are associated with
higher latent time in the mutant group, and the over-represented clusters 2, 4,
5, 6, 10 (red, dark purple, orange, black, light green) have more moderate latent
time, while the stable clusters (1, 8, 11, 12, 13, 14) are mainly associated with
smaller latent time.
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Figure 11: Time-dependent probabilities for clusters 1, 3, 6 (stable, under-represented, over-
represented in HOM) in each data set for Pax6. The top row shows results for
HET, with HOM shown in the bottom.

for the control group this association is not so pronounced. Specifically, although this
cluster is associated with high latent time in the control group, cells with higher latent time
may also belong to other clusters (probability is less than 0.5), as observed in Figure 10
(left). The stable cluster is mainly associated to cells with small latent time in the mutant
group (probability greater than 0.5), whereas it is more associated with moderate to large
latent time in the control group. As for cluster 6 (over-represented in HOM), the difference
between two conditions is not evident. The results for full set of clusters are shown in online
Appendix.

Latent Counts. Beyond clustering, the C-HDP can be used for nonparametric condi-
tional density estimation and regression (Section 4.3). Specifically, for scRNA-seq, this is
useful to understand how gene expression changes over latent time and across conditions.
The expected count for a new cell ¢ from data set d as a function of latent time is

J
J * J * *
E(y2, dlted = t,D) = /ij,d(t):uj,gdﬂ-(QI:J,dv Hi.7.gs%1.0.41D),
=

which is approximated from the MCMC samples. This is illustrated in Figure 12 for an
example gene 3110035F1Rik. A general decreasing pattern is observed in the control group
with a potentially mild increase in the beginning (small latent time), whereas in the mutant

23



ZHANG, WADE AND BOCHKINA

HET: 3110035E14Rik HOM: 3110035E14Rik
© -
© -
o -
o -
c < 4 €
3 3 v
o o
E E o
k] k]
SV ~
- - - -
o o =
T T T T T T T T T T T
0.2 0.4 0.6 0.8 1.0 00 02 04 06 08 10
latent time latent time
HET: 3110035E14Rik HOM: 3110035E14Rik
1.2+ 1.00
= o 0.75+4
5 0.8+ 5
o o
o o
B B 050
£ £
& 04- &
0.25-
0.0 0.00-
025 050 0.75 1.00 0.00 0.25 050 075 1.00
latent time latent time
latent time “

0.00 0.25 0.50 0.75 1.00
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red lines. Bottom: Spliced mRNA counts against latent time (La Manno et al.,
2018). Cells are colored by latent time.

group a clear increasing trend is present followed by a decreasing trend, suggesting Pax6
may influence the expression activity of gene 3110035E14Rik. In addition, the relationship
between the latent counts and latent time appears similar to that between the observed
spliced mRNA counts and latent time, which implies the reliability of the nonparametric
estimate.

6.2 Application to Calcium Imaging Data

Most neurons interact with other neurons for communicating information rather than re-
ceiving direct inputs from the external world, which gives rise to an internal structure
(Rubin et al., 2019). Such internal structure differs across brain regions with different
computational roles, and can be used to expose unknown encoded variables, facilitating un-
derstanding of the functional roles of different brain circuits. Therefore, understanding the
internal structure has become a critical goal in neuroscience, elucidating the neural mecha-
nisms important for behavioral variables. This can be empirically studied using the calcium
imaging technique which records neural activity of behaving animals over time (Mukamel
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et al., 2009; Rubin et al., 2015), with a higher measurement suggesting that the neuron is
firing, actively passing or receiving information.

In this setting, clustering is useful to identify time frames when neural activity is sim-
ilar. In Rubin et al. (2019), it was shown that neural activity can be encoded in a lower-
dimensional space and the identified clusters in the latent space correlate with behavioral
measurements and positions, shedding light on the neural code associated with behavior and
location. However, the authors analyzed multiple experiments individually, which makes it
difficult to identify shared patterns across experiments. In addition, algorithmic clustering,
e.g. k-means, is used, which is unable to account for the temporal nature of the data. To
address these concerns, our aim is to use the C-HDP to integrate multiple experiments, iden-
tify shared neural activity patterns, and account for heterogeneous temporal dependence in
the data (Figure 14) through a hierarchical Bayesian modelling framework.

We note that related approaches include D’Angelo et al. (2023), who propose a nested
Bayesian finite mixture model with common atoms to allow shared clustering across exper-
iments, which takes into account the time dependence. However, the method is designed
for neural activity in a single neuron. In addition, D’Angelo et al. (2023) identify clus-
ters characterized by similar spike magnitudes and therefore temporal dependence between
successive time frames is assumed homogeneous within each experiment.

We study calcium imaging data collected by the Nolan lab in the Centre for Discovery
Brain Sciences at the University of Edinburgh to study neural activity in mice. Data is from
the dorsal CA1 region of the hippocampus, where neurons are tuned to spatial positions
of the animal (O’Keefe and Dostrovsky, 1971). For a single mouse, two experiments were
conducted over two different days inside a linear rig. The mouse was asked to run back and
forth in the rig, and each experiment records the calcium activity of hundreds of neurons
at fixed time bins. Following the approach in Rubin et al. (2019), the data is projected to
a lower-dimensional space to explore their activity patterns. Specifically, we apply kernel
PCA (Bishop, 2006) to the first experiment, which is used to transform both experiments
from hundreds of neurons into a three-dimensional encoding of the neural activity of the
neurons. The encoded neural activity at the i-th time bin from the d-th experiment is
denoted as y; 4 € RE with i = 1,...,n4, G = 3 and d = 1,2. Each experiment consists of
ng = 800 time frames, and the covariate of interest is the observed time ¢ which is rescaled
to be equally spaced on [0, 1].

6.2.1 BAYESIAN MODEL FOR CALCIUM IMAGING DATA

Our aim is to build on the work of Rubin et al. (2019) to develop a clustering model
that accounts for the temporal dependence in the data through the model-based approach
and integrates data across multiple experiments through the hierarchical framework of the
C-HDP.

Likelihood. The three-dimensional encoding of the neural activity at each time point
i from experiment d, y; 4, is assumed to follow a vector autoregression model with lag one

YidlYi-1,d> id, Bia, ia ~ N(ajq+ Bja¥i—1,4, Zia),
where we define L; 4 = (a; 4 Bi,d)T which represent the (G+1) x G coefficient matrix, and
Y 4 is the G x G covariance matrix. Time frames with similar dependence on the previous
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time point and a similar covariance structure are expected to be in the same cluster. We
assume the likelihood parameters for each time frame are generated from the covariate-
dependent distribution F; 4 in group d, which is modelled from the proposed C-HDP prior,
with the covariate being the observed time:

(Lias Zia)l Py gd ~ Prigdr Pryga ~ C-HDP(ap, o, Py, ¥7),

Base Measure. For the base measure Py of the C-HDP, the component-specific pa-

rameters L7 = (a] B;)T and X7 are given conjugate priors:

J
L[t " MN(Lo, Vo, B5), 35 27 TW (wo, ),

where MN and IW denote the matrix normal and inverse-Wishart distribution, Lg is of
dimension (G +1) x G, Vj is of dimension (G +1) x (G+1), ¥ is of dimension G x G, and
wo > G — 1. Empirical estimates are used for prior specification (for details see the online
Appendix).

Kernel. As a cyclic pattern over time has been observed in the transformed data (see
Figure 14 below), we implement the periodic kernel to account for the recurring pattern,
with kernel parameters 1/:; q= (,u}'f,d,a; dQ,A;’d). The parameter uj’d represents the value
that maximizes the kernel, /\;’(,d specifies the period of the kernel and a;7d2 again smooths
the covariate region (Figure 3).

For full details of the model and prior specifications, Gibbs sampling algorithm and
a simulated experiment, see the online Appendix. In addition, we provide predictions of
the neural activity and covariate-dependent probabilities for future time points and assess
model fit through posterior predictive checks in the online Appendix.

6.2.2 RESULTS ON CALCIUM IMAGING DATA

Clustering. Twenty clusters associated to different activities are identified across both
experiments, with the posterior similarity matrix shown in Figure 13 depicting some un-
certainty in allocations. There are 15 clusters shared in both experiments, with varying
proportions reflecting different amounts of time associated to patterns across the experi-
ments. There are also some unique clusters of neural activity as well as several small clusters
with size < 20, which may represent the noise in the data.

To understand the neural activity patterns of the identified clusters, we plot the encoding
of activity at each time frame against previous time for a specific cluster (Figure 14 top).
It is noticed that cluster 17 (pink) is mainly below the equivalent line y = z in the first
dimension, suggesting a decreasing trend in the encoded activity as time increases, whilst an
increasing trend is observed in the third dimension. On the other hand, cluster 5 exhibits
exactly the opposite patterns to cluster 17. Both clusters show an upward trend in the
second dimension. This can be confirmed from the lower panels in Figure 14 which shows
a time-series plot for each reduced dimension.

Further, we compute the posterior estimated relationship between consecutive time
points for each dimension based on

A% -
Yid = a; +Bjyi-1.4,
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where a} and ]3;‘ denote the posterior mean of the coefficients for cluster j that y; 4 belongs
to. The estimated relationship is shown in the colored solid lines in Figure 14. It is worth
noting that an almost linear relationship is observed for cluster 5 in the first dimension and
cluster 17 in the second dimension, suggesting a dominant role of the past observation in
the same reduced dimension. Nonlinear relationships instead indicate interactions between
different lower-dimensional embeddings that represent different aspects of summaries of
neuronal activities.

For a comparison, we visualize the clusters obtained from fitting a Gaussian mixture
model (GMM) with an unconstrained covariance matrix! (Equation 8) after pooling the
data sets. The pairplots of the encoded activity (Figure 15) display a similar cyclic behav-
ior in both experiments. For the C-HDP method, each shared cluster tends to accumulate
at the same edge or vertex. For instance, clusters 5 and 6 (orange and black) are mainly in
the top-left corner, shared in both experiments. Clusters 8 and 9 (light blue and light pink)
concentrate around the upper-right and lower-right edges, respectively, and such pattern
is also similar across two experiments. However, GMM is unable to capture such charac-
teristics. Instead, GMM simply groups time frames into blocks of similar expressions (e.g.
light green and light pink clusters with y; > 0.2 in the first experiment), and clusters are
therefore less likely to be shared at the same edge or vertex across experiments. A full set
of pairwise scatterplots is shown in online Appendix.

1. GMM is implemented using R package mclust (Scrucca et al., 2016).
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Alignment with Behavioral Data. To understand the relationship between clusters
and externally recorded behaviors of the mouse, Figure 16 displays the spatial locations
of the mouse at each time point belonging to the same cluster. Even though the spatial
information is not used for modelling, clusters can still match with the spatial positions and
navigation of the mouse, the known variable encoded by the hippocampus. For instance,
cluster 2 is likely to correspond to the mouse scurrying around the right end of the linear
rig, whereas cluster 15 may represent the mouse moving around the left end. Clusters 5
and 16 coincide with the mouse moving towards the left end and right end, respectively. In
particular, cluster 5 spans almost across the whole linear track, while cluster 16 is mainly
located at the left half track. This highlights that our model is able to identify meaningful
neural activity patterns mapping to the behavioral variables.
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Figure 17: Time-dependent probabilities for cluster 2 for the calcium imaging data.

Time-dependent Probabilities. Figure 17 shows posterior samples of the time-
dependent probabilities for cluster 2. The probabilities show an recurring pattern, and
there is no substantial difference in the magnitude of uncertainty between two experiments,
as they have the same data size. In addition, different experiments can have different peri-
odicity, with cluster 2 happening more frequently in the second experiment, suggesting that
the animal probably spent more time moving around the right end of the linear rig in the
second experiment (Figure 16). The posterior samples for all clusters are shown in online
Appendix.

7. Discussion

In this paper, we have developed a covariate-dependent hierarchical Dirichlet process prior
to flexibly integrate external covariates into clustering and density estimation across related
groups, combining the strengths from both the HDP and DDP. An efficient MCMC sampling
scheme is provided for inference based on data augmentation tricks. The dependence on the
covariate is introduced by appropriate kernel functions and covariate-dependent weights are
constructed based on normalization for enhanced interpretability. Our approach is fairly
general in terms of the choice of the component-specific likelihood and kernel, which can be
subjective and depend on the characteristics of the data.

We illustrated the utility of the C-HDP on two real data sets using two examples of kernel
functions: a Gaussian kernel and a periodic kernel, and two examples of component-specific
likelihood functions: negative-binomial and vector autoregression. The results demonstrate
that our C-HDP prior yields meaningful clusters for both data sets. The covariate-dependent
probabilities enhance our understanding of the influence of external covariates on clustering
and differences between groups. For the scRNA-seq data, the identified clusters reveal
separation in the lower dimensional embeddings and latent time. In particular, the under-
represented clusters in the mutant group are associated with larger latent time as well as
high covariate-dependent probabilities (close to 1), suggesting Pax6 plays an important role
in the later stage of the biological process. On the other hand, stable clusters have relatively
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smaller latent time in the mutant group with moderately large probabilities (above 0.5).
The C-HDP method further enables use to discern the relationship between latent counts
and latent time through a nonparametric estimate, which shows a similar pattern to that of
the spliced mRNA counts. For the calcium imaging data, time frames from the same cluster
exhibit a homogeneous dependence structure with the previous time point, which cannot
be achieved by a simple Gaussian mixture model. In addition, without using the spatial
information in the model which is known to be influenced by the hippocampus where the
data was collected, the clusters are still found closely aligned with the spatial locations and
navigation of the animal.

However, while we have constructed an efficient Gibbs sampling algorithm for posterior
inference, the algorithm may still face the dilemma of getting trapped in the local modes
and a large number of iterations is needed to reach convergence. The problem is even more
severe for high-dimensional scRNA-seq data with large number of cells and genes. We have
employed consensus clustering (Coleman et al., 2022) to overcome these difficulties to exploit
the clustering. In the future, alternative methods will be considered, and one option is the
parallelizable posterior bootstrap (Fong et al., 2019) suitable for multimodal posteriors.
Moreover, for the Pax6 application, incorporating both the clustering and estimation of
latent time into a single model instead of two separate steps would better account for
the uncertainty in the scRNA-seq data. As for the calcium imaging application, future
work could incorporate dimension reduction within the modeling-based clustering approach
(Chandra et al., 2023). Finally, it is worth extending the model to encompass covariate-
dependent atoms as well, enhancing its applicability to more complex data sets.
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Supplementary Materials

This supplement includes the details of the MCMC algorithm for the proposed C-HDP
model in the analysis of the single-cell RNA sequencing data and calcium imaging data.
Results from the simulation study concerning different types of kernel functions and within-
component likelihood functions are provided. Additional results for real data applications
are discussed.

Appendix A. Posterior Inference for Pax6 Data

We assume the following likelihood for the mRNA count y. 4 4 for gene g (9 =1,...,G) in
cell ¢ (e=1,...,Cq) from groupd (d=1,...,D,D = 2):

yc,g,d|ﬂc,g,da d)c,g,d, ﬂc,d ~ NB(/‘I’C,Q,d/BC,dv ch,g,d)'
Under the C-HDP mixture model, the cell-specific mean expression and dispersion param-
eters fi. 44 and ¢. 44 are assumed

(lJ/C,da ¢C,d)|PtC’d,d ~ Ptc’d,da Ptc’d,d ~ C—HDP(CMQ, «, P07 ‘I’*)7

where peq = (te,ds - -5 tecd) and Geg = (de1ds-- - be,a) denote the collection of pa-
rameters across all genes.

A.1 Prior Specification
Below we specify the priors for all parameters.

Base Measure. For the base measure Py, we follow Liu et al. (2024) to model the rela-
tionship between y7  and ¢7 (component-specific parameters for gene g) as follows:
% Ga.d * % ind *
:uj,g Z'L log_N(()? az)v ¢j,g|:uj,g Z;r\l" log_N(bO + bl IOg()u],g) ) a?ﬁ)v

where log-N denotes the log-normal distribution. The linear relationship between the log-
arithmic mean expression and dispersion has been observed in Brennecke et al. (2013),
Vallejos et al. (2015) and Eling et al. (2018). The value of ai is set using the empirical
estimates for the mean parameters from bayNorm (Tang et al., 2020) (see Section A.12).
The mean-dispersion parameters b = (bo, b1)” and ai have hyper-priors as follows

b]ai ~ N(my, ai,Vb), ai ~ 1G (v, v2),

where IG is the inverse-gamma distribution and by default V; = I, and we use the estimated
mean and dispersion parameters from bayNorm to determine my, 1 and vs.

Capture Efficiencies .4. The prior for capture efficiencies (. 4 is
ind
Be.d kS Beta(ag, bg),

where the values of ag, bg are based on the empirical estimates from bayNorm (see Section
A.12). To avoid bimodal and exponentially decaying (increasing) shape of the Beta prior,
we set ag , bg > 1. For identifiability of 3. 4, an informative prior is used, where the mean is

specified to be an estimate of global mean capture efficiency across cells 0.06 (Tang et al.,
2020).
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Kernel Parameters. For efficient MCMC sampling, a hierarchical prior for kernel pa-
rameters ¥ ; = (&} 4,07 ;2) in the Gaussian kernel is used:
ind i.4.d
;,d kS N(rjv 52)? Tj ~ N(.“T’ 0-3)7 52 ~ IG(TIh 772)a
i.4.d

Ojj,d2 iZ\LJd lOg'N(hja m2)7 hj ~

; N(un,02), m? ~1G(k1, k2).

The prior means (r;,h;) for ¢, and 0;7d2 are component-specific, and (7}, h;) are given
Gaussian hyper-priors with global means (u,, up) to allow for borrowing of information

across groups, which is similar to the hierarchical prior for qj 4+ The values of hyperparam-
eters are set as p, = 0.5,0, =0.5,m =572 =1, up, = —5,0, = 0.5, k1 = 5, k2 = 1.

Concentration Parameters o, «g. For concentration parameters, weakly informative
priors are used
a ~ Gamma(1,1), a9~ Gamma(l,1).

If prior information on the number of clusters is available, we can use this information to
set the hyperparameters.
Using a finite-dimensional truncation at J, the complete model is as follows:

. ind

yc,g,d‘zc,d =D :u;‘:gv ¢;,g7 5c,d kS NB(M;gﬁc,da ¢;7g>7
ind
ZC,d|p{,d(t0,d)v e apid(tC,d) ~ Cat(plj,d(tqd)a o 7p§,d(t0,d))a
_ qsz(tc,d|¢;id)
Sk QK (tedl by 4)

q}{d nd Gamma(ap}-], 1),

Q) ao)
J PR J )

a M NG ),

p}‘],d(tc,d)

p‘{,...,pwair(

i.4.d
Tj '~ N (g, U?)a

82 ~ IG(”I; 7]2)7

ot 42 * 1og-N(hy,m?),

id
h] = N(/Lh,U}%),
m? ~ 1G(k1, K2),
. iid
Wi~ log-N(0, ),
¢j,g’“j,g ~ log_N(bO + bl log(iuj,g)7a¢)7
ind
Bed = Beta(ag, bg),
b\ai ~ N(my, aivb),
Oéi ~ IG(I/l, I/Q),
a ~ Gamma(1,1),

ap ~ Gamma(l,1).
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J,D
_ Cq,D _ C4,G,D _ Ca,D J 7 J _
Define Z = {chd}czl,dzl Y = {yc,g,d}czl,g 1,d=1 b= {tc d}c 1,d=1 7q {q]‘ d}] 1 d 1 yP™ =

(pfv"'vpg)vﬂ;:(,u;lv"'?ﬂjg) ¢*7( ;,17"'7¢;G) B {/Bcd}c 1,d= 1757{50(1}0 1,d= 17 =

T % * J.D *2 * 2 5D
(b, b1)T, ¢* = {tm}jzldzl,a - {am }jzldzl,r — (r1,...,75),h = (h1,...,hy). The

posterior distribution is

W(Z, qJ7pJ7 l"l’*7 ¢*7 67 £7 a? ao? b7 agﬁ? t*7 0-*27 r? 827 h7 m2‘Y7 t)
J

G
X H H H NB(yc,d,g“«L;gBC,d’ ¢§7g)

J=1(c,d):zc,a=j 9=1
J D J D
T T s T 620"

Jj=ld=1lciz. q=j Jj=1d
J D Cy
x [T TT IT exp (—écaafaK (e} a)
j=1d=1c=1
J D a0 o
J J ; J 1=V -
le_[lgGamma(qjvdej,l)><D1r<p |J,..., J) (11)
J G
x [T 11 [log-N (115,410, o) x log-N (65[b0 + b log (15,4), 0) ]
j=1lg=1
D Cy
X H HBeta 5cd|ad, ) x Gamma(«a|1,1) x Gamma(ap|l, 1)
d=1c=1

X N(b|mb,aivb) X IG(O%|I/1, V)
J
X H H [ (£5 alrj; 57) X log-N(07 4°[hj, m )} < [ [N(rjle, 07) x N(hjlpn, o7)]
j=1ld=1 j=1
X IG($2|771,’I72) X IG(m2|K,1,/-€2),

where Njq = Zfzdl I(zc,g = j) is the number of cells in component j in the d-th group,
I(-) is the indicator function that takes the value 1 if the condition inside the bracket
holds, and is 0 otherwise. Note that the first three lines in Equation (11) comes from
the augmented data likelihood after introducing the latent variables &.4. The MCMC
algorithm (Gibbs sampling) iteratively samples from the full conditional distributions of
(blocked) parameters. For standard full conditional densities, we can draw samples directly,
while adaptive Metropolis-Hastings (AMH) is used for non-standard forms. Define C =
(C1,...,Cp). The time complexity for each parameter is provided below.

e parameters in covariate-dependent weights ¢”: O(sum(C).J).
e latent cell-specific parameters & O(sum(C)J).

e latent parameters {uc7j7d}cci’1‘];.[:) 1 g for efficient sampling of kernel parameters: O(sum(C).J).
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e kernel parameters (centre) t*: O(sum(C)J).

e kernel parameters (bandwidth) o*2: O(sum(C).J).

e concentration parameter a: O(JD).

e concentration parameter og: O(J).

e allocation variables Z: O(sum(C)JG).

e component probabilities p”/: O(JD).

e mean-dispersion parameters b, aé: O(JG).

e component-specific parameters pj. ;.. @7, ;1.0 O(sum(C)JG).
e capture efficiencies B: O(sum(C)G).

e hyperparameters r, s>, h, m? for the kernel parameters: O(.JD).

Next we provide the details of sampling each parameter.

A.2 Group-specific Parameters for Component-specific Likelihood q}{ d

For each j and d, the full conditional distribution is

(q] d‘ {zc d}c 1@, pj 5 {Ec d}c_l s {tc d}c_l 5 ] a0 ] d )

N,
SRR RTh w R

c=1
J

X (Qfd)apj ! eXP(—(I}{d)

J
J Nj,d+ap. —1 J
o< (45.4) Tooxexp| —gjgq

Cq

s sc,dK<tc,dw;zd>D ,
c=1

i.e.

Cq
/4l ... ~ Gamma (Nj,d +oap] 14+ gc,dK(tc,d|"»b;,d)> :
c=1

A.3 Latent Cell-specific Parameters &, g4

For each ¢ and d, the full conditional distribution is

7 2 J
T(€c,alai.gas teds t.ga: 0104 ) X exp | —Ecd Z Gl (tealia) |
=

i.e.
J

€ed| ..~ Gamma | 1, Z Q}{dK(tcvdW;,d)
j=1
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A.4 Kernel Parameters t* d and a;‘ d2

The joint full conditional distribution for t* and o*? is

m(t*, U*le,t,f,qJ,T,SQ,h,m2)
J D J D Cq4
H H H K(tc,d|¢;‘:d) X H H H €Xp (_éc,d%{dK(tc,d"lnb;d))

leize,a=j j=ld=1c=1

1d=
J D
* * 2
X H H [N(tj’d]rj,SQ) x log-N(07 4 \hj,mz)} :
j=ld=1

Due to the presence of the exponential term, it is impossible to obtain standard distributions.
We introduce latent variables u = {uc7j7d}f:d’1‘]£l 4—1 € (0,1), and the joint full conditional

distribution becomes

J D Cy4

(t*, o ) H H H K(tedlv;a) H H Hﬂ(uc,j,d < Meja)

j=ld=1cz;. 4=j j=ld=1lc=1

b (12)
x TTTT [N alrss 52) x 1og-N(oy s m?)]

j=1d=1

where M, ; 4 = exp (—fc,dqde(thW;d)). Integrating out u. ;4 on (0,1) restores the joint

full conditional distribution for t* and o*2

A.4.1 LATENT PARAMETERS U j 4

For each ¢, j and d, the full conditional distribution of the latent variable is

W(“c,j,d’fe,da q}{d’ tc,d: t;,d7 O—;,dQ) o I (uC ,d < M ¢, d )
ie.
Uc jdl - - ~ Unif (0, exp (_‘fc,d%{dK(tc,d|¢;d))) .

A.4.2 CENTRE t;d

For each j and d, the full conditional distribution is

C c c 2
(], dlris 8%, Lz, d}c o {€edtdy {uegatoly - {teat ’qid’ Tjd )
oN H K(tealtp]q) x Nt} glrj, 87) x [t} 4 € Ajq)-

C:ze,d=]
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Let I;q = {c: z.,q = j}. The first two terms are proportional to

1 N 2 1 . 2
exp _W Z (tj,d — tc,d) X exp [_232 (t]-’d — rj) ]

i 3 I g
1 * 2 * 1 * 2 *
ocexp | =55 | Nidtja" — 250 ted | — 53 (tj,d - 2tmd”j>
L ]7d de
1 * 2 N 2 t* 2 Qt* x 2 2 ¢
xexp | =095 |\%id + Njas™ ) tja~ —2tjq | 75054 T Z c.d
J.d I a

ocN(t 4l7j.d5 3?@)»

where

-1 2
9 1 Nj,d ) ’r‘j/SQ + le’d tcvd/o-;,d
Sja =\ 2 v Tid =

J s? o—;f’dZ 1/s% + vad/a;‘de

The indicator function I(t;; € Aj;q) results from the one in Equation (12), leading to a
truncated normal distribution. The truncation region A4; g is

Cq Cq
Aja= [V Aeja= [ {ta+ teja < exp(—Eead)aK (teal¥]a)) }
c=1 c=1
Cu log u..; 1
:ﬂ =R KL —— (tea — ¢ )2
.77d J 2 Cvd ],d
e=1 { Se.dd; g 2074
Cu log u, 1
jd 2
= ({thatlog |[———% > ——— (tea—ta) -
.77d J 2 C, ]7d
e=1 { [ $edd; 2074
Since the right-hand side is always negative, if —lzg:#j’d >1,ie. —logucjq > §cydq3]d, we
c,d4; q ’

will have A, ;4 = R and hence there is no truncation. Otherwise,

log uc j.q . 10g e i g

gc,d%{d fc,d%{d

Hence the region A; 4 is given by
Aja = M Acjd
ci— 10g uc,j,d<£c,dqj{d

Note that if there is no cell in group d that belongs to component j, we will sample t; 4 from

the prior truncated to A; 4. Furthermore, if it satisfies that {c :—logucja < &:,dq;{d} =0,
there is no truncation. Therefore, there are four possible cases, based on truncation or not
and whether or not the component j is empty in group d.
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A.4.3 BANDWIDTH o7 .

For each j and d, the full conditional distribution is

C C C C
7T(O';‘F,d2|hj’ mQ» {ZC,d}ci1 ) {€C,d}ci1 ) {UC,j,d}ci1 ) {tC,d}cil ) q}{d7 t;,d)

x J[ K(tedl;q) xlog-N(o}2|hs,m?) x 1o} ;> € Bja).

CZe,d=]
The first two terms are proportional to
1 2 1 1 2 2
exp _720%2 Z (t;d — th) X 70*(12 exp [_2m2 (log(a}‘-"d ) — hj) ] , (13)
s Ij,d s

which is not a standard form when component j is occupied, and hence we will apply
adaptive Metropolis-Hastings. The region B, 4 is given by

Cyq Cq
Bj,d — m BC,j,d — ﬂ {O';.:d2 : Uc7j7d < exp (—Eqdqj{d}-{(tqd"lp;d))}
c=1 c=1

Cq
]7d gc,d J 20.* 2 Cy .]7d

=1 Tja j.d
Cq
log ue ; 1
2 3,d 2
— m U;’:d slog [ — CJJ > —72 = (tc,d — t;,d) .
=1 Seddjq O5d

Similar to t;fﬂ g0 if _loguca > 1, there will be no truncation. Otherwise,

§c,dqj7d

Hence the region Bj 4 is
_ _ +
Bjq = N Beja = (07 Uj,d> ;
Ci— log uc,j,d<§c,dq3{d
where

L \2
+ _ - (tc’d B tjvd)
Uj,d = min —

ci— lOg uc,j,d<£c,dq3{d 2 log _ log Ue j,d
gc,dqy{d

2

Adaptive Metropolis-Hastings for a;f? 4 For notation simplicity, we will drop the sub-

script j,d in this section.
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1. Apply the following transformation to o*?

1
T = 9(0*2) = log( -

i
\
%
~—
m
]

The Jacobian term is

The inverse transformation is

1
*2 +
= € (0 .
7 exp(—z)+1/0t (0.0%)

2. Let d denote the dimension of  (d =1 for the case of 07, 2). At the current iteration

n, denote the sampled o*? from iteration n — 1 as O’OldQ. Conditional on o™ at the
current iteration, define xqq = g(o; dz).

We use random walk to sample x,,¢,,. For n < 100, we draw
Tnew ~ N(Zo1g,0.01 X Iy).
For n > 100, letting sq = 2.42/d, we propose
Tnew ~ N(Zold; 84 X (En-1 + €lg)),

where ¢ = 0.01, and X,_1 is the sample covariance based on the past iterations,
which needs to be updated at each iteration. We obtain o7%,,,? through the inverse
transformation.

3. Next, we compute the acceptance probability. Let 77(0*2) denote the posterior dis-
tribution, and @, the proposal distribution at step n. The acceptance probability
is

a(o

o) = uin (1. () @nl0 Olduw?))

1 Told
me e (004 %)Qu( r*zew2|0'old )
— min (1’ W(U’;Eeg )|Jxold‘>
Tr(o-old )‘J$new|
= min (1,exp [10g7(0he,,>) — 108 T(07514”) + 1081 Jz,1g| — 1081 | )
Where (0% ew?) and m(a7,%) are given by Equation (13) evaluated at the new and old

2 and |Jz| is provided in step 1, conditional on o in the current iteration:

|Jxold| o O-:Ler (U+ - O-newz)

| Snew| - gy (‘7+_°'ld ) '

(14)

Taking the logarithm of Equation (13) and Equation (14) yields

1 * 2 * 1 * 2
= gr 2 (G o) 1om (077) = 5 (on(077) =) com,
I
J.
log <‘|Jx“ld‘|> log ( O ew ) + log (0+ - U;;ew2> — log <U:ld2> — log <U+ - a;‘zf) :

Tnew

log 7 <0*2 o)
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4. After making the decision to accept the proposed value or not, we update the sample
covariance/variance ¥,,. For computational purposes, Liu et al. (2024) use a recursive
formulae to update ¥, sequentially at each iteration, which is described below.

For d = 1, the variance ¥, is computed based on two statistics: Ma(n) and Z,,, which
are defined as
_ I
Ms(n) = Z(ml — :cn)Q, Ty = - Z;%
1=
The following relationship is observed between Z,, and Z,_1, and between My(n) and

Ms(n —1):
1
T = <1—n> a?n_1+%”,

Sp = 3 (s — Ta)? = ——Ma(n)

n—14%4
=1

= ﬁ[Mg(n — 1) + (IIJTL - fn—l)(xn - a_jn)] (15)

The proof of Equation (15) is as follows:

n n—1
(n=1)%n = (n=2)Tn1 =Y (2;—Zn)’ = > (i — Tn_1)
=1 =1

n—1
= (@ — jn)2 + Z((% - jn)2 — (i — j71—1)2)
=1

n—1
= (wn - i‘n)z + Z(xz — Tp +x; — jnfl)(-fnfl - jn)
1=1

= (xn - in)2 + (jn - l‘n)(i'nfl - in)
= (Tn — Tn)(Tn — T — Tn—1 + Tn)

= (zn — Zn)(Tn — Tn-1)

Hence we first compute z,, from Z,,_; and z,. Then Z,,Z,_1,z, and Ma(n — 1) are
used for the calculation of >,,.
For d > 1, we will compute X,, based on two statistics: S(n) and m(n) defined as
Y)Yy wiaziz o Y %ia%id
D1 TidTil iy TidTi2 vt Dig TidTid

where x;; is the i-th posterior sample of the I-th unknown parameter, and m(n) is a
d-dimension row vector, with the I-th element my(n) =Y 1" z;;/n (1=1,...,d).
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The element in the sample covariance matrix after n iterations is given by

n

1

3 (u,v) = — Z(CCi,u — my(n)) (i — my(n))
i=1
1 [& n .
- n—1 [Z Tiulip = mv(n) Z Tiu — mu(n) Z Tip + 1 X mv(n)mu(n)
=1 i=1 i=1
1 n
1=

1 "~ n
=7 wa:cw e 1mv(n)mu(n)
i=1

Hence the covariance matrix could be written in the following form:

1 =~ n
En—n_IS(n)—

and we note the following relationship:
S(n) =S(n—1) +xlx,,

1 1
=(1-= — 1)+ —z,.
Therefore, we first compute S(n) and m(n) based on S(n — 1), m(n —1) and the new
value x,. Then the covariance matrix can be updated given S(n) and m(n).

Lastly, we note that the above AMH will be applied when component j is occupied. In
this case, if there is no truncation (the upper bound O'Id = 00), the transformation defined
in step 1 will reduce to a simple log-transformation, and the Jacobian is simply 1/ a;-"dQ.
When component j is empty at one iteration, we will draw a new sample from the log-
normal prior (may or may not be truncated). In this case, the sample is always accepted
and transformed to x to update the covariance/variance.

A.5 Concentration Parameters o and o

The full conditional distribution of « is

J D
m(alg?,p’) x H H Gamma(q;{d|ap}], 1) x Gamma(«a|1,1)
j=1d=1
J D 1 ;
J O\ ¥P;
<TII |75 (6™ | x exp(-a).
j=t1a=1 | T <04Pj)

The distribution is not of a standard form and we apply the AMH scheme as described in
Section A.4.3. Specifically, we use the log-transformation

x = log(a) € R.
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The Jacobian is
S _de 1
Y da o

and the inverse transformation is o = exp(z).
The logarithm of the full conditional density is

J D
logm(alq”,p’) = —a + ZZ [ap}-] log(qid) —log (T (ozp‘j]))] + const.
j=1d=1

Hence the acceptance probability of the new sample is
7T<anew)Qn(aold‘anew) )
ﬂ—(aold)Qn(anew‘aold)
— min <1, 7T(O‘WU)O‘TM)
T(Qold) Qold
= min (17 exXp [logﬂ—(anew) - W(aold) + log(anew) - log(aold)]) .
After the decision of rejection or acceptance, we update the sample variance following

step 4 of Section A.4.3 (d =1).
As for ayg, the full conditional distribution is

a(anewa aold) = min <1>

m(ag|p”’) o« Gamma(ayg|1,1) x Dir (pJ]ao ao)

g T
x exp(—« Tlao) - s
p( 0) X [F(cf]o)]JjI;[l(pj) :

This distribution does not have a closed form and hence we apply AMH (Section A.4.3).
Same log transformation as « is applied to transform «g, and hence details are omitted
here. The logarithm of the full conditional distribution is

J
log m(a|p?) = —ag + log(I'(ag)) — J log <F (?)) + % Zlog(pj) + const.
j=1

A.6 Allocation Variables z.4

The full conditional distribution is
G

W(ZC,d = j’“T:J,I:Gv ¢T:J,1:G7 167 Y7 t7 qJ) X H NB(yc,g,d
g=1

/’L;,gﬁC,d7 Qs}:g) X qsz(tc,d|¢;d)'

Let p.q,; denote the term on the right-hand side. We have

Kpe,a,j
P —
K1 Pedl
where we remove the most extreme probability to avoid numerical errors,

log (ff ) = —maxlog (Ped,j) -
J

m(zed = JlT.g 160 P16 B Y0 8, q’) =

In all, we sample z. 4 from {1,...,J} according to 7(z.q = j|p,’1‘:J’1:G,¢’{:J71:G,B,Y,t,q‘7).
This is repeated for every ¢ and d.
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A.7 Component Probabilities p;’

The full conditional distribution is

J D
. Qg @Q
m(pf,....p7la’, o, ap) o H H Gamma(q}{d]apj, 1) x Dir (p‘lj, . ,piﬂj, cey 7)
j=1d=1
J D 1 J
<UL s (@™ | < L) 7
j=1d=1 | T (Oépj> i=1

which has no closed-form, and hence AMH is applied (Section A.4.3). Since p}l sum to one,
the following transformation is applied yielding € R7~1:

The inverse transformation is given by

exp(z
pj p( j) 9 j:17"‘7']_17
1+ Z] I exp(x])
1
%ﬂ—Z%
st 1+ Z] 1 exp(xj
The Jacobian matrix is
doy  dzy 0 dEZi
dp1 dp1 dp1
Jp = : :
day dzy ., dry
dpyj_1 dpj_1 dpj-1
1 1 1
pr T by Py
1 11
pJ pr s
1
N N o 0 0
ps T pJ 1
_ ) . 0 > 0
1 1 0
Py D 1
0 0 PJ-1
=B+ A.

Because det(A + B) = det(A) + det(B) T (A71B)det(A), det(B) = 0 and det(A4) =

J—1 . J J
II;5 pij, it follows that det(A + B) = H pi (L =pn) 1= p% =1I= pij. Therefore,

J J
1
log|Jz| =log | [ —| = =D _ log(p;)-
j=1Pi j=1
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The log full conditional distribution is

D J
logﬂ = ZZ apj log qjd —log I'( apj + Z K 1) log(pj)} + const.
7j=1d=1 7j=1

Combining all terms together, the acceptance probability is

W(p;{bew)Qn(pb]ld‘prJLew) )
W(p;)]ld)Qn(p%ew ‘pgld)

— mln <17 ﬂ-(pée’w)ijold|>
Tr(pold)|‘]wnew|

J J :
a(pneunpold) = min <]-7

J
= min [ 1,exp |log7(p’.,,) — logm(py) +Z log p]new —log (p;{old))
7=1

We note that the sampling of a new transformed variable @y, is slightly different from
step 2 in Section A.4.3. Following Algorithm 6 in Griffin and Stephens (2013), instead of a
fixed scale parameter sq = 2.42/d (d = J — 1 for the case of p”), sq is also updated at each
iteration. The idea is to adapt sq to achieve a particular average acceptance probability
@, e.g. 0.234, which has been shown to be optimal in the multivariate target distribution
(Roberts et al., 1997).

We use an initial value s((il) = 0.001. At the current iteration n, let &,¢, denote the new
sample after the decision of rejection or not. Define

w™ = exp <log ( (")> +n7 07T x (a(piewapgld) - 5‘)) )

then
wo, ifw® <w,
s((i"H) =w™ if w™ e [w,wt],
wt, ifw® >t
where w™ = exp(—50) and wt = exp(50). The update of the covariance matrix follows from

step 4 (multivariate case) in Section A.4.3.

A.8 Mean-dispersion Parameters b and a?b

The joint distribution of b = (bg, b1)? and ai is

J G
W(bv 0435’“91‘@1:(;: d)T:J,l:G) OCN(b‘mbv 04351) X IG(aé‘Vlv V2) X H H log'N(¢;,g’b0 + b IOg(M;,g),Oéi)
j=1g=1
x (o) )
171 J G
T
<o (- 2 [222 log(63,) — bo — brlog(13,)) + 267
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For b, we have

J G
1
7T(b|u*’ ¢*7 ai) X exp (W |:Z log ¢] g bl log(u;’g))z + bTb — 2bTmb] ) .
¢ | j=1g=1
We have
J
ZZ (log(¢],4) — bo — b1 log (5 ,)) Z (log(¢}) — b)T(IOg(Qb;) — 1;b),
j=1g=1 Jj=1
where
log (¢;f71> 1 log( )
- b
log(¢5) : M= » b= (b?)
log ((b;G) 1 log( )
Therefore
1 J J
(bp*, ¢, a3) oxexp ( ovel [bT doalay+Tb—2b" (YAl log(d)) +my
¢ j=1 j=1
+) " log(¢; Tlog(%)])
ie.
b| N(ﬁ’bb, 04¢Vb)
where

<
Il
—

As for oz?b, the full condition is

w3l ¢%) = [ mbadlu’, 6") b

I/1+1 JG/2
/ ) (o2 (L 1
) \a2 Plraz )2 o2

1 N ~ - T ~
X exp < — W [(b — mb)TVb 1(b —my) — mbTVb L,

+ Zlog #?) Tlog (¢7) +mf me db.
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Conditional on u*, ¢*,
/ exp ( 202 (b— mb)TVb_l(b — ﬁzb)> db = const.,
Y

it follows that

1 v1+1 1 JG/Q
77(0435|H , @) x <2> exp <—2) <2>
@ Q) \ Y

J

1 Y T~ *
xexp | —5— —mi V, iy, + Z log(qb}‘)T log(}) + mi my
¢ j=1

1 v1+1+JG/2
| —
2
<a¢>

1 Y T ~
o (<o 12 (2 nlo) sto) ¥+
@

N —

Therefore,
ai‘ﬂ*> d)* ~ IG(ﬂb 172)7

where

- - 1 T X T~
n=wv+JG/2, Dy=1vy+ 3 Zlog(@-) log(qf)j) — m;‘,FVb lmb + mbTmb
j=1
A.9 Component-specific Parameters . , and ¢

The full condition distribution is

(15 g 05 412, b, 03, Y, B) oclog-N (415 4]0, o) x log-N (¢] 4 lbo + b1 log (k5 ), aF)
X H NB(yc,d,g|M;'<,gﬁc,da d);,g)

(e,d):zc,a=]
1 1 x \2 1 i o
x (%) exp <_M(log Mg — @(log ¢7 g — (bo +bilog uj ) )
% H <yc,g,dj‘ bF g — 1> <*]*g*) 2 <*’u;ig*>yc,g,d |
(¢,d):ze.a=] ¢j79 -1 Nj7gﬁc,d + qu,g Nj,gﬁc,d I ¢j7g

This is not a standard distribution and hence we will apply AMH to sample for (u;‘ 9 5 g>

(Section A.4.3). For clarity, we will drop the subscript j and g here. We apply the following
transformation

@ = (21,29) = (log (") ,log (¢")) € B2,
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with inverse transformation

pt =exp(x1), ¢ =exp(wz).
dxy dzry 1
Jm - <§g2 §22> - (u ) ’
du*  do*
giving [Jz| = 1/(p"¢").
The logarithm of the full conditional distribution is
* * * ok 1 * \2 1 * * 2
log (15,9, @jgl - --) = = log(14055) — 57 (0B 1j4)" = @(log g — (bo + b1 log 115 ,))
m

Ye,g,d T oy * ;,9
+ log < , 9 > +¢F log | ——+
Z . -1 79 Mjgﬁc,d + ¢j,g

(C7d):ZC,d:] ] 9

The Jacobian term is

[en}
8- o

Hig
+ Ye,g,dlog | ———5——5— | + const.
o /"Lj7gBC,d + ¢j7g

Combining all terms together, the acceptance probability is
Q@ ((/’L*) ¢*)newa (N*a ¢*)old) =min <]—7 €xXp |:10g77((,u*7 (b*)new) —log W((M*, ¢*)old)
 log(ia) ~ 108(610) + 10E() + 108(600)] )

Then the covariance matrix is updated following the multivariate case (d = 2) in step 4 of
Section A.4.3.

Note that due to label switching, the covariance matrix may have very large values.
Therefore, to mitigate the multiplicative effect of the scale parameter sq on the covariance,
we fix sq = 1 instead of sq = 2.4%/2. In addition, the adaptive Metropolis-Hastings algo-
rithm above is applied for all occupied components. For empty components, new samples
are drawn from the prior directly and transformed to @ to update the covariance matrix.

The above step is repeated for every j and g.

A.10 Capture Efficiencies .4
The full conditional distribution is

G
G Lk *
W(BC,d’ {yc,g,d}gzl y2e,d = 1y H1:J,1:G> ¢1:J,1:G) “Beta(ﬁc,dmfgv bg) X H NB(yC,g,d
g=1

(ﬁcd)ad "1 -8 d)b !

G ¢j7g+yc,g,d
- B d Ye,g,d
]J ( _|_ ,U/] gﬁc d) ( C, )

M;,gﬁC,d7 (b;:g)
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This does not have a closed form and we will apply AMH (Section A.4.3) with the following

variable transformation 8
d
x = log ( - ) eR,
1- ﬂc,d

with Jacobian equal to

W 4 (1og(Beg) — log(1 - fua)) !

Jy =

dﬂc,d B dﬁc,d B 5c,d(1 - 5c,d) '
The inverse transformation is given by
1
6C,d - 1 + eXp(—fL') .
Next, the logarithm of the full conditional distribution is
log (el ) =(aj — 1) 10g(Bea) + (b — 1) log(1 ~ )
G
- Z [(cﬁg + Yeg.d) log(gb;g + u;gﬂc,d) — Ye,g,a10g(Beq)] + const.
g=1

Therefore, the acceptance probability is given by

a(ﬂnew; /Bold) =min <17 €Xp [log 7T(Bnew) - IOg 7r(Bolol)

+ IOg(ﬁnew) + IOg(l - Bnew) - 1Og(ﬁold) - IOg(l - Bold):| ) )

and we update the variance of the transformed variable = following step 4 of Section A.4.3.
This step is repeated for every ¢ and d.

A.11 Hyperparameters Tj,82,hj and m?

This section details the sampling steps for hyperparameters related to kernel parameters.

A.11.1 PRIOR MEANS r;

For each j, we have

D
D
7 (il {ta} gy » 1000 87) o< [ N alrss 8) x N(rjlpar, 07)
d=1
_1i(_t*)2 % _1 (_ )2
X exp @d_l T'] 5,d exp Tﬁ 7’] Loy .

Recall our calculation for t;. ¢ in Section A.4.2. It can be noticed that the full conditional
distribution for r; is a normal distribution

il ~ N, 82),

where

9 1 D\ ! _ pir /07 + Zc[z):l t;,d/SQ
P 1/0%2 + D/s? ’
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A.11.2 PRIOR VARIANCE s2

J D
2’{t_]d}] 1,d= 1777177727 HH yd’rjv ) x IG(s ‘7717772)
j=1d=1

i.e.

J D
JD 1 y 2
s°|... ~1G 7+771,772+§ZZ(%1—7"J‘)

A.11.3 PRIOR MEANS h;
For each j,

D
D
* 2 * 2
w(hsl {o3d*} mnsofm?) o T tomN (75 m) Ny o)
D ) 1
X exp [ Z ( — log ( 2)) ] X exp [—M (hj — ,uh)Q

d=1 h

Similar to r;, the full conditional is a normal distribution

hil ...~ N(f, 67),

where

D .
2 (L, D - _uh/oi+2d2110g(ffj,d2) fm?
= 1/o? + D/m? '

A.11.4 PRIOR VARIANCE m?2

J D
J,D
m(m?| {o *Q}jzldzl,m,@,mocnn log-N(0% 2, m?) x 1G (|, 2)
j=1d=1

)

ie.

J D
JD 1 x 2 2
m2|...~IG 74—/@1,/@24—55 E (log<0j7d>—hj)
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A.12 bayNorm Estimates of Capture Efficiencies, Mean and Dispersion
Parameters

In the bayNorm approach, capture efficiencies for cells from group d are estimated by

G
5bay o Zg:l yc:gvd

C,d - 1 Cd G
Cid ZCZI g:l yc7gzd

X A,

where A is the an estimate of global mean capture efficiency across cells. Under the default
setting of bayNorm, A = 0.06. The estimates are used to construct empirical priors for the
capture efficiencies in our C-HDP model.

As for mean and dispersion parameters, Tang et al. (2020) propose two approaches to
estimate them. The first one is based on maximizing the marginal likelihood for each gene,
assuming independence between cells. The log-marginal likelihood for gene g is

D Cy4

log M, = Z Zlog NB(ye,g.dlttgBe,gs bg)-

d=1 c=1

Alternatively, (s and ¢, can be estimated through the method of moments estimation
(MME) by matching the empirical and theoretical moments of the normalized count Y. gd =
Ye,g.d/Be,d- In addition, two approaches can be combined to produce more robust and
efficient estimation (Tang et al., 2020), where pg is obtained through MME, and ¢, from
MME is adjusted by a factor obtained from fitting a linear regression between ¢, from
MME and ¢, from maximizing the marginal likelihood.
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Appendix B. Posterior Inference for Calcium Imaging Data

We use a vector autoregression model with lag one to account for the temporal nature of
the data:

yi,d|yi—1,d, Zid = j; a';a B;v E; ~ N(a; + B;y’i—l,da E;)7

where ;4 = (Yi1ds--- ,yi’G,d)T € R, a;f denotes the intercept, B; is a matrix of coef-
ficients in VAR, and X% is the covariance matrix. Define L} = (a,;- B;T)T and x; 4 =
(Lyic11ds - Yi1,6.a)" -

B.1 Prior Specification
Below we specify the priors for all parameters.

Base Measure. The component-specific parameters L* and X7 are given conjugate pri-
ors:

%1 nd * % t.i.d

For hyperparameters, we obtain empirical estimates for the coefficient matrix and covariance
matrix, denoted by Lo and <i>0, respectively, by regressing y; 4 on y;_1 4 across all groups.
Then we set Lo = Lo and &, = i’o/Jg/G (Fraley and Raftery, 2007), where Jy is a guess
of the number of clusters. In addition, we use Vg = 100I and wy = G + 2.

Kernel Parameters. For a periodic kernel with parameters %, = (1} 5, 075 2 Aja)s the
following hierarchical priors are used:

4 aNE L TAE . -
5 * Unif (—;d, ;d) C Na ®ogN(ry, 8%, AN (), 8~ 1Gm, ),
% 2 ind 2

3
: : id
O;d ™ IG(aj7bj)7 a; :2+m7327 b; :h?_|_m7]27 h;j A IOg—N(uh,U}%)w m? ~ 1G(K1, K2)-
Here shape a; and scale b; are modelled as functions of the mean h; and variance m? of the
inverse-gamma prior. Note that 41 ; is restricted within one period (7T/\;f o) for identifiability.
For calcium imaging data, we set p, = —2,0, = 0.5, =5,72 =1, up, = —1,0, = 0.5, k1 =
26, kg = 1.

For concentration parameters, the priors are the same as those for Pax6 data (Section
A). With a finite-dimensional truncation at .J, the complete model is
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Yidlzia = G Yio1a L, 25 WN(LH) @4, 20),

pi],d(ti,d)a e apid(ti,d) ! Cat(p{,d(ti,d)7 e »pid(tzgd)),
C_Ij{dK(tz‘,d 'l.b;d)

Zizl Qk,dK(tz‘,d|'¢’ZVd)’

Qj],d (S Gamma(ap}], 1),

Zid

pla(tia) =

I J~D1r<%... @)
D1, 7pJ J7 ) J )
”A;,d W)\;f’d

* * i d .
15al Ay~ Unif <—2, 2) ;

;,d ind log-N(rj, %),
jid

Tj Z;LV N(Mﬁag)a

s* ~ 1G(n1, m2),

ot 2 "G az,b)),

h? B3
oG =2+ o b=t

hy * log-N(un, o),
m? ~ 1G(k1, Ka),
L3125 % MN(Lo, Vo, 35),
2; ~ IW(QJQ, ‘I)()),
a ~ Gamma(1l, 1),

ap ~ Gamma(1,1).
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J,D
Define Z = {Z,L"d}?d’l d= 1’ = {yi,d}zndi d= 17 = {ti,d}?di ,d=1 ’q {de} —1.d=1 pJ -
(s p7), LF = (Lf,..., L), = = ( Tv-"72§)’“*:{“;7 }3 1,d=1" { j=1,d=1"
J,D
{a;f e }j_l P (riy...,77),h = (h1,...,hs). The posterior distribution is

W(Zv anPJa L*a 2*7 «, O, /J'*) A*v 0*27 r, 525 h7 m2|Y7 t)
J

[T II Nwid@) =ia =)

.7 1 (7'7d) Zz,d_j

J D J D N
X H H H K (tialjq) x 1_[1(11_1 (q}],d) .
j=1d=1

Jj=ld=11:2; q=J

J D ng
X H H H exp (_fi,de{dK(t', )
j=1d=1i=1
J D a a
. 0 0
X H H Gamma(q}{d\apj, 1) x Dir <p‘]\7, . 7)
j=1d=1

J
x [T IMN(L5|Lo, Vo, 33) x TW (X5|wo, ®o)]

x Gamma(«|1,1) x Gamma(ag|1,1)

J D * *
. ) . TN TA
X H H [log—N()\j7d|rj,s2) x Unif (/Lj’d| - 2]’ ,2> X IG( 04 %|a;, b )}

j*l d=1

X H r]|/'LT'7 >< IOg' (h]“AhaO‘%)] X IG(52|771,7)2) X IG(m2|’%1a "412)7

where Nj 4 = > "4 I(2,4 = j) is the number of observations in component j in the d-th
experiment. The Gibbs sampling steps for updating the allocation variables Z and pa-
rameters q” are similar to those in the clustering model for Pax6 data, except that the
likelihood and the kernel have changed. As for concentration parameters «, g and compo-
nent probabilities p”, the steps are the same as illustrated in Section A. Therefore, below
we only illustrate the sampling step for component-specific parameters, kernel parameters
and hyperparameters.

B.2 Kernel Parameters

The details of sampling kernel parameters are as follows.
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B.2.1 LOCATION p}

For each j and d, the full conditional distribution for u;f 418
2
W(“;’,d {Zi,d}:‘b:dl ) {gi,d}?:dl ’ {ti,d}?:dl ’qj{dv O-;'K,d ) )‘;,d)

nqg 7T>\*d 7T)\*d
x H K(tialbjq) x Hexp (_gi,de{dK(ti,d|¢j,d)) x I (Mj,d* € <—2]’, 2J>> .
1=

1124, d=]

The distribution does not have a closed form since 1} ; is inside sin(-) function. The AMH
scheme described in Algorithm 5 from Griffin and Stephens (2013) is applied to achieve a
targeted average acceptance probability for univariate parameters.

Adaptive Metropolis-Hastings for u; d
1. Apply the following transformation to p*, dropping subscript for simplicity:
W=
z = g(u*) = log <) € R,
pt—p
where = = —mA% /2 and pt = mA} 4/2 are the lower bound and upper bound. The

Jacobian term is
A et
Codpr (- ) (et - )

The inverse transformation is
-t
* _ o+ woo—
p=E Y +exp(z)
2. At iteration n, letting xqq = g(p2,;), We propose Tpew ~ N(zo4,¢") where ¢ g

the adaptive variance with an initial value ¢ (1) = 0.01, which will be updated at each
iteration (see step 4 below). Then p ., is obtained through the inverse transformation.

3. The logarithm of the full conditional distribution is

2 tid — 1]
7 x Y s (Md
J?

*
g .
J,d

log w(pl. ) = -

Ija
ng ; ) . tid — IUJ;-’d
- Z §i,dqj,q€xp | —— 5 X sin DS + const.,
i=1 Tj,d J,d

where I; 4 = {i: 249 =j}. Let Q, denote the proposal distribution at step n. The
acceptance probability of this proposal is given by

* * : ﬂ-(u;ew)Qn(/LZlA:u;ew)
M Horg) = min (17 * *
new © W(Nold)Qn (Mnew|”21d)
— min <1’ W(Mziw)(ﬂ;zew — :u’:)(u—:r — /ﬁiew))
(i) (Rgg — 1) (1t = 1514)

=min <17 exXp |:10g7r(:u;ew) - logW(N:ld) + log (:u‘;ew - Mi) + log (M+ - IU’::LG’LU)
—log(pgyq — p~) —log(u" - Msz)] > :
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4. After making the decision to accept the proposed value or not, we now update the
adaptive variance. Define

W) = exp (log (¢) +n70T x (@t Hisa) ~ @)

where @ is desired average acceptance probability (0.234 or 0.44). The updated vari-

ance is
w, ifw® <w,

¢t = L) if ) ¢ [w™,wt],
wh, ifw® > wt,
where w™ = exp(—50) and wt = exp(50).
B.2.2 PERIOD A7,

As for )\; 4+ the full conditional distribution is
2
(A} al7j, s? {zia}t?, {fz' arity Atiatidy ,Q}{da 054 s Ha)
o H K(tialj 4) x HeXp —& a0 0K (tial Y] )

i Zi, d_]
. )\]d 77)\
x log-N(A} 4l7j, 5%) x Unif <Hg d=—" )

o« [[ K(tiaw;a) ><Hexp ~&iaqyaK (t,

1:25,4=]J

1 1 . 2 1 . 2lug 4l
X )\;d exp (_232 (log( j,d) —T‘j) ) X )\;d x I ( id > — |-

Similar to 4 4, the distribution is non-standard and the AMH scheme described in Section
B.2.1 is applied. We use the following transformation to transform /\;f 4 on the real line,
dropping subscript for notation simplicity:

z=g(\") =log(A\* = A7) €R,

i)

where A\~ = 2|p*|/7 is the lower bound. The Jacobian term is
dx 1
= T

and the inverse transformation is
A" =exp(x) + 2.

The logarithm of the conditional distribution is

— 1 2 tid — 15
( Jd) Zgqu]deXP[ ><Sln2< 7 _ jwl)]

1 «
— 2log( ;‘-’d) — 2732 (log( j7d) — Tj)2 + const.,

log (] 4] - -
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where I; 4 = {i: z;4 = j}. The acceptance probability is
. T(Aew) @n(Agal Aew)
()‘:ewv )\:’; ) = min <1’ Zew >|<o new
td ()‘Old)Qn( new|)\old)
. ()‘;(Lew)()‘:;ew B )‘_)>
=min | 1
< T(Aoia) A = A7)
= min (17 CeXp [logﬂ-()‘;e'w) logﬂ-( Zld) + log()‘:zew - )‘7) - log( ;ld - )‘7)}) :

The adaptive variance is updated as described in Section B.2.1.

B.2.3 BANDWIDTH aj d

As for 0;‘7 d2, the full conditional distribution is
( |hj7m {sz}ndl {fzd}l 17{ Zd} 17q1d7lu’jd7>‘Jd)

x H K (t: al07,) xHexp &g K (bal.0) X 1G (o7 las,b; )

'Lzzd ]

3
where a; = 2 + m2 b = h2 . Here we introduce the latent variable u; ; 4, same as the

step in Section A.4. Then the full conditional distribution becomes

m(o} 05d > {Uz,g d}, 1 ‘hja m® {zz d}Z 17 {gi,d}?:dl ) {ti,d}?i1 >q3{d7 /J’;',d’ )‘;}d)

X H K(t’hd"(zb;,d) X H]I (ui,j,d < Mi,j,d) x 1G <U;,d2‘aj’ b]> ;

Z’ZZi’de =1
*
i)

We sample w; j 4 ~ Unif <O,exp (—ﬁi,dqidK(tthp;d))). For J;»:dz, the conditional dis-
tribution is

(o5l ) o [T Etalga) < 1G (0%105.b) x 1o} € Eja)

where M; ; 4 = exp (—fi,dq;{dK(t',

i:zi’d:j
tig — 15 —a;—1 b;
» 3,d * 2 J ] * 2
xexp | ———= X Zsm - X (aﬁd ) exp e X ]I(aj’d € Ejq)
5, d I J,d J»d
PN tid — Hia b; ‘2

x (Uj,d ) X exp | ——5 X Zsm = = x (o} 4" € Eja)-

3, d Ijq J.d Jid

The truncation region can be derived in the same fashion as described in Section A.4.3, and
is given by

. tid— 1
2 sin? ( % J’d)

— + + _ : 7,d
Ejq= (0,0'].’(1) s 0g= min L .
ii—logu; 5,d<€:,aq; 4 log _ loguija
Sz,dq]{d
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Thus the full conditional is a truncated inverse-gamma distribution with truncation region
E;q4
j?

tid — 14
O';:d2|NIG aj,bj+2281n2 (Z’)\*J’d>
I 3,d

The latent variable is not introduced for ,u,; 4 and )\; 4 as the full conditional distributions
are still not of a standard form.

B.3 Component-specific Parameters L;f and E;
Recall the density of an inverse-Wishart distribution is
@~/
“Ta (%)

where ¥ is of dimension G x G, I'¢(-) is the multivariate gamma function, and T denotes
the trace. The density of a matrix normal distribution is

_ w+G+1

F(Slw, B) = =) exp (—;Tr(tﬁﬁ_l)) ,

exp (—3Tr (VHY —=M)TUH(Y - M)))

FYM, U, V) = (2m)NG/2[V|N/2[U|G/2 ’

where Y and M are of dimension N x G, U is N x N for variance among the rows of Y,
V is G x G for variance among columns,

For empty components, new samples for L}, X7 are drawn from the prior directly. For
occupied components, let N; denote the size of component j, Y; denote the data matrix
with dimension IN; x G, stacking all observations belonging to component j, and X, the
corresponding design matrix of dimension N; x (G +1). The first column of X; is one. The
likelihood for component j can be expressed as

Y; ~ MN(XjL;f, IN].7 2;‘)
The full conditional distribution for L;f and E;f is

W(L;7 Ej‘Y7 Z7 L07 V07 ¢07 WO)
O(MN(YJ"X]‘L;,IN]., 2;) X MN(L;’L(),V(), 2;) X IW(ZﬂW(), q)g)

_N. 1 f— x
oc| 25| ~Ni/2 exp <—2T7“ (Zj Y - XL T(Y - Xﬂ?)))
* | — 1 *— * — *
x |35~ (EHD2 exp (—ZT’” (Ej NIy = Lo) Vo N - Lo)))
*|— 1 *—
x || (wotG+1)/2 oxpy {—2T7‘ (‘1’02]‘ 1)} .
Consider the first two exponential terms. It can be shown that
A= (Y; - X;L5)"(Y; — X;L;) + (L) — Lo)" Vi ' (L — Lo)
=Y]Y; +LjVy'Lo - 2Y] XL} + (L) X7 XL} + (L) Vi 'Ly — 2(L5) Vv ' Lo
=Y]Y; +L{Vy'Lo + (L))" (XX, + VihLy — 2(L)"(XTY; + Vi 'Lo).
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Let V,, = (X]TX] +Vyh) ! Completing the square for L} yields

A=Y]Y;+L{Vi'Lo+ (L) 'V, 'L — 2LV, Vu(XT Y + Vi 'Lo)

Ln
=Y Y;+L{Vy'Lo+ (L} — L,) "V, ' (L} — L,) - L]V, 'L,.

Since Tr(A+ B) = Tr(A) + Tr(B) and Tr(AB) = Tr(BA), the joint full conditional
distribution can be written as

* * *|— 1 *— * — *
A(LE, 5] ) o[BG 2 exp <—2Tr (zj HL: = L,) 'V, (LS — Ln))>
1
X|2;|_(Nj+WO+G+1)/2 exp <2TT (2;*1 (@O + Y‘,]TYJ + LgValLO . LZ;V'gan)>> ,

which corresponds to the following full conditional distributions:

LS5, ...~ MN(Ly, Vi, S0), S5~ TW (wp, @),

where

L, =V.(XIY; +Vy'Ly), V,=(XIX;+VyH,
@, =@+ Y] Y; +L{V;'Ly— LIV, 'Ly, w, = N; + wp.

B.4 Hyperparameters r;, s2, h; and m?

This section details the sampling steps for hyperparameters related to kernel parameters.

B.4.1 PRIOR MEANS r;

For each j, we have

D
* D *
ﬂ—(rj| {)‘j,d}dzl » M 07%7 32) X H log'N()‘j,d|Tj? 32) X N(Tj‘lum 03)
d=1

D
1 1
o exp [_ 557 2 (= 10g(A§,d))2] X exp [— 502 73 ~ ur)2] ~

d=1

The full conditional distribution for r; is a normal distribution
)
TJ| cee N(Mhar)’

where

L (1 D\t R TR es(X,)/8
- K= 1/02 + D/s? '
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B.4.2 PRIOR VARIANCE s2

J D
m(s*[ {A] d}J Lt T T2: T OCHH10g-N(>\§,d|Tj,S2) x 1IG(s%|n1,72)

j=1d=1
/D 1 1L
oc(sz)_TeXp ——2x§ZZ(log(z\ ) 7“])
j=1d=1
2
x (2 exp |-

ie.

ID 1 J.D )
s... ~1IG 7+n1,n2+522(log(>\;d)—Tj)

B.4.3 PRIOR MEANS h;
For each j,

D
W(hJ’ {U;7d2}d:1 7Mh70-}2w O( H IG < ]d ‘CL], > X 1Og_N(hj‘:uh70-}2z)v

: exp| — 5
o*
Jid

1 1 ,
xhjexp( o7 1o8(h) ~ ?).

2 3
where a; = 2 + 5 5, b = h2 h—g The distribution has no closed form and hence the

AMH scheme descrlbed in Sectlon B.2.1 is applied. The log transformation is applied with
z = g(h;) = log(h;) € R. The Jacobian term is J, = dxz/dh; = 1/h;, and the inverse
transformation is h; = exp(x).

The logarithm of the full conditional density is

D
log w(hy| ...) =Dajlog(b;) — Dlog(T'(a;)) — (a; + 1) Y _log (0}13)
=1

D
1
bJZ e dz — log(h;) — 5 %(log(h i) — pn)? + const.
a=1 77,

Hence the acceptance probability of the new sample is

: ﬂ-(hnew)Qn(hold‘hnew)>
o hnew, hotg) = min | 1,
( ld) < 7r(hold)Qn(hnew‘hold)

. 7T(hnew)hnew)
=min (1, ——F——
< 7(hotd) hold
= min (1, exp [log 7 (hnew) — 10g T(hora) + 1og(hnew) — log(hoa)]) -
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B.4.4 PRIOR VARIANCE m?

The full conditional distribution is

D
J,D
(m?| {a;id?}j:ld:l,m,m,h) < TTTT1G (05.210.b5) x 1G(m2 w1, ),

j=1d=1
J D baj b
J —a;—1 J
> gy i exp<_0* )
j=1d=1 Jd

2\ —k1—1 (_ K2 )
x (m e )
(m”) p (=3
which is not of a standard form and we apply adaptive Metropolis-Hastings (Section B.2.1).

Similar to h;, a log transformation is applied. The logarithm of the full conditional density
is

J D D
logm(m?|...) = E (Daj log(b;) — Dlog(I'(a;)) — (aj + 1) Zlog(o’j’f) —b; Z *1 2)
j=1

d=1 d=1%j.d

K2
- 1) log(m?) — — t.
(k1 + 1) log(m?) 3 +cons

Hence the acceptance probability is

2 2 ) — min <1’ W(m%ew)Qn(mgld‘m%ew)>

a(m m
( new> ' Yold ﬂ'(mgld)Qn(m%ew‘mgld)
~ min <1, W)
m (mold) old

= (1 exXp [logﬂ-( new) lOgTr( old) + IOg( new) - log(mzld)]) ’
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Appendix C. Consensus Clustering

In practice, it is common to run multiple MCMC chains with a large number of iterations
to account for sensitivity to different initial values and to ensure convergence. Nevertheless,
for high-dimensional data, chains can easily get trapped into local posterior modes even
after sufficiently long time. To overcome such problems and reduce computational costs,
Coleman et al. (2022) develop a general method to exploit the posterior distribution of data
partitions through an ensemble of Bayesian clustering results. The method does not require
the chain to reach convergence and hence is expected to relieve computational burden. In
addition, it can be readily integrated into existing Bayesian clustering frameworks without
requiring substantial redevelopment of the original method.

The core idea behind consensus clustering is to run a large number of chains, denoted
as chain width W, each for a small number of iterations, denoted as chain depth D. Then
the D-th sample in each chain is combined to produce a posterior similarity matrix (PSM),
based on which the optimal clustering can be obtained, e.g. by minimizing VI.

Coleman et al. (2022) propose a heuristic way to choose appropriate values for W and
D. The rational is that increasing W and D may improve the performance substantially in
the beginning, but the improvement will gradually diminish with further increases. This is
similar to PCA where more variance will always be captured for more principal components,
but the gain in variance will be smaller and smaller, and eventually we will have few returns.

To choose D and W, one begins with candidate sets D' = (di,...,dr) and W' =
(wi,...,wy) arranged in increasing order. For a given number of chains w;, the PSM
is computed based on the samples at the d;-th iteration across w; chains, and compared
with the PSM obtained from the d(;_;)-th iteration across w; chains. The mean absolute
difference (MAD) between the two matrices is a measurement of how stable the clustering
is. Plotting these values as a function of D, it is expected to see an elbow-shaped curve,
and a suitable D can be selected at which the curve plateaus. Similarly, to choose W, we
can fix D and compute MAD between w(;_p) and wj.
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Appendix D. Simulation Study

In the first part of this section, we provide additional results for the simulation study
on the Gaussian mixtures discussed in the manuscript. Recall that the true relationship
between the weights and the covariate follows a softmax function, while a Gaussian kernel is
applied in the C-HDP and DDP. Nevertheless, Figure 18 shows that the covariate-dependent
probabilities can be accurately estimated in the C-HDP, with the truth mostly covered by
the samples. On the other hand, although the group indicator is included in the DDP as
an additional categorical covariate, the posterior samples may still fail to cover the true
relationship, e.g. in clusters 2 and 3 of Dataset 5 (Figure 19). When it comes to the DDP
without using the group indicator (Figure 20), the estimated relationship is the same across
groups, which appears as an average across data sets and exhibits much smaller uncertainty
in the posterior samples. Finally, as the HDP does not account for the covariate, the
probabilities are only constant with z, showing large uncertainty (Figure 21).

Further, to better understand how the quality of the approximation depends on the
truncation level J, we compare the performance of the C-HDP across different truncation
levels. The results demonstrate that inference is stable (Figure 22 left for clustering and
middle for density estimation) as long as we use a large enough J, which in this case is three
as the true number of components is three. The computational run time is approximately
linear with J.

Next, we conduct more simulation studies to assess the covariate-dependent HDP model.
Two settings are considered for two different types of kernels: a Gaussian kernel and a
periodic kernel, and two types of likelihoods: negative-binomial and vector autoregression.
Posterior inference is performed based on the MCMC algorithms detailed in Section A and
Section B.

We are interested in the posterior inference of the clustering, the covariate-dependent
probabilities, and component-specific parameters. For the clustering, we compare the opti-
mal clustering with the true clustering based on adjusted Rand index (ARI) and variation
of information (VI; normalized on [0,1]). A large value for ARI and a small value for VI
suggest good performance. For covariate-dependent probabilities, we check if the true re-
lationship is covered by the posterior samples. Credible intervals are computed to verify if
parameters can be correctly estimated.

D.1 Simulation Setting 1: A Gaussian Kernel

Below we consider two simulation scenarios for the single-cell clustering model. The first
simulated data is generated from the proposed model to test the ability to recover true
clustering and parameters, especially the time-dependent probabilities. For the second
simulated data, we investigate the robustness of the model under misspecification of the
relationship between the probability and covariate.

D.1.1 SIMULATION 1 AND 2

In Simulation 1, the relationship between the probability and covariate is based on the
proposed Gaussian kernel, while in Simulation 2, the relationship follows from a logistic
regression. In each simulation setting, two generated data sets have the same number of
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Figure 18: C-HDP: Posterior samples of the covariate-dependent probabilities (grey) for
In each panel, the true

each cluster in each data set in a selected replicate.
relationships for three clusters are shown in colored lines.

estimated cluster is indicated in the title.
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Figure 19: DDP (with group): Posterior samples of the covariate-dependent probabilities

(grey) for each cluster in each data set in a selected replicate. In each panel, the
true relationships for three clusters are shown in colored lines. The size of each
estimated cluster is indicated in the title.
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Figure 20: DDP (without group): Posterior samples of the covariate-dependent probabili-

ties (grey) for each cluster in each data set in a selected replicate. In each panel,
the true relationships for three clusters are shown in colored lines. The size of

each estimated cluster is indicated in the title.
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Figure 21: HDP: Posterior samples of the probabilities (grey) for each cluster in each data

set in a selected replicate. In each panel, the true relationships for three clusters
are shown in colored lines. The size of each estimated cluster is indicated in the

title.
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Figure 22: For a data set simulated from Gaussian mixtures with three clusters, adjusted
rand index (ARI) comparing the truth to the estimated clustering (left), average
difference in the density between the truth and posterior mean across observa-
tions (middle), and computational run time in minutes versus the truncation
level used in the C-HDP (right).

cells C; = (9 = 100 and genes G = 10, and two clusters are generated. To avoid excessive
zero counts in the data, we generate capture efficiencies with a mean of 0.6. The data-

generating process is detailed below.

Data-generating Process.

lowing:

0 ind . 0
yc,g,d’yc,g,w Bc,d ~ Bln(yc,g,d7 Bc,d)7

0 . ind
yc,g,d‘zcvd = ]’”;79’ ¢;,g ~ NB(“;797¢;79)’

ind

In Simulation 1 and 2, the data is generated from the fol-

ZC,d|p{,d(tC,d)v cee 7p§,d(t0,d) ~ Cat(plj,d(tqd)v s 7p§,d(t0,d))v

toq 4 Unif(0, 1).

The component-specific parameters and capture efficiencies are simulated from

x| - i.7.d * |- i.1.d
Wigli =1~ og-N(L,a), i gli = 2 "~ 1og-N(3, o)),

w

x ind
Dl glts g "~ log-N(bo + b log (M;,g)7 O‘é)7

ind
Be.d '~ Beta(ad’B, bg).

where by = 0.25,b; = 0.5,0% = a2 = 0.1,a); = 3 and b} = 2.
For Simulation 1, the time-dependent probabilities are based on the proposed Gaussian

kernel with the following parameters:

Group 1:
Group 2 :

( T,bt;,l) = (04709)7
(ti%t;ﬂ) = (08’03),

(07 1,051) = (0.08,0.15),
(07 4,055) = (0.1,0.1),
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Figure 23: Choice of W and D in consensus clustering for Simulation 1 (top) and Simulation
2 (bottom).

For Simulation 2, the time-dependent probabilities p; d(t) are based on a logistic regres-
sion where the probability of belonging to the first cluster (j = 1) in each group is given
by

1 J 1
t) = ,
1+ exp(—4 + 20¢2)’ Pia(l) 1+ exp(4 — 10¢)

J
p1,1(t) =

and pid(t) =1 —p{7d(t).

To fit the proposed model, we use a truncation level at J = 4 in both settings. Consensus
clustering is performed with 100 parallel chains for both settings, and 200 iterations and
500 iterations, respectively (see Figure 23 for the choice of tuning parameters). The MCMC
setup for the post-processing step with a fixed clustering is the same in both simulation
scenarios. One chain of length 10000 is run, and the first 8000 iterations are thrown away,
followed by a thinning of 2.

Results. The posterior similarity matrix from consensus clustering is shown in Figure 24,
suggesting some uncertainty in cell allocations. Further, we compare our method with four
popular methods for clustering scRNA-seq data: 1) Seurat (Satija et al., 2015), 2) CIDR
(Lin et al., 2017), 3) TSCAN (Ji and Ji, 2016), and 4) SC3 (Kiselev et al., 2017). Table
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Figure 24: Posterior similarity matrix for Simulation 1 (left) and Simulation 2 (right). Di-
agonal blocks correspond to within-group PSM. The black solid line separates
two groups.

1 shows that our C-HDP method performs the best in both simulation settings, with ARI
close to 1 and VI close to 0, followed by SC3, TSCAN, Seruat and CIDR.

Table 1: Simulation 1 and 2: Comparison of different estimated clusterings from the pro-
posed C-HDP model and other four competing methods, based on ARI and VI.
The best result is highlighted in bold.

C-HDP Seurat CIDR TSCAN SC3
Simulation 1 - ARI 0.9602 0.5908 0.0712 0.8456 0.9020
Simulation 2 - ARI 0.9020 0.4874 0.0826 0.7911 0.8272
Simulation 1 - VI 0.0185 0.1344 0.3419 0.0532 0.0377
Simulation 2 - VI 0.0423 0.1589 0.4080 0.0664 0.0578

As for time-dependent probabilities, Figure 25 shows that the true relationship is cov-
ered by the posterior samples in both simulation scenarios, implying the robustness of
the proposed kernel-based constructions for covariate-dependent probabilities. The poste-
rior variability is comparatively smaller in the first simulation setting, which is probably
because the true probabilities change more abruptly with latent time in Simulation 1 (prob-
ability close to 0 or 1), showing more decisive cluster classifications. In addition, it is worth
noticing that the individual kernel parameters t; & 0;.‘7 d2 and g; 4 may only be weakly identi-
fiable, given that true values are not covered by the posterior samples while the relationship

between the probability and weight can still be accurately recovered.
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Figure 25: Posterior samples for time-dependent probabilities for Simulation 1 (top) and
Simulation 2 (bottom). The red solid line denotes the truth.

Next, we compute the expected count for a new cell ¢ from the d-th group as a function
of latent time:

7
E(?Jg,g,d’tc,d =t,X,Y) = /Zp}'],d(t>u;,gd7r(qi]:J,dv K. g, 104X, Y),
=1

which is approximated from the MCMC samples. Figure 26 shows that the truth is well
covered by the posterior samples. The large uncertainty in time-dependent probabilities for
Simulation 2 is propagated into the expected count.

As for component-specific parameters, Figure 27 demonstrates that mean expressions,
dispersion parameters and their relationship can be accurately inferred, with larger uncer-
tainty in dispersion than mean expression.

Following the approach in Liu et al. (2024), we perform posterior predictive checks to
examine model fit by comparing the kernel density estimation (KDE) of three statistics
between the true data and replicated data, the latter generated from posterior predictive
distributions. As shown in Figure 28 and Figure 29, the KDEs of the observed data is
contained within the replicated data, indicating a reasonable fit of the model.
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Figure 26: Estimated latent counts against time for the first data set in Simulation 1 (top
2 rows) and Simulation 2 (bottom 2 rows). The red solid line denotes the truth.

72



COVARIATE-DEPENDENT HIERARCHICAL DIRICHLET PROCESSES

log mean expression log dispersion True and estimated relationship
|
< o
o
o
o
o
g g
s w0
g 2 g 21
:
ko) o) s
8 2 2 94
Q Q
9 |
S
e o
T T T T T T T T T T T S
05 10 15 20 25 30 35 0.5 1.0 15 2.0 ' ! ! ! ' ' 1
05 10 15 20 25 3.0 35
truth truth log mean expression
(a) Simulation 1
log mean expression log dispersion True and estimated relationship
(=] |
< 2
w ]
o
4
N
c c o«
§ § <
wn =]
E E — 2
2 ) g o
5 s S 2
] 8 g
2 2 5
=)
o4
0
o - 2
T T T T T T T ! T T T T T
05 10 15 20 25 30 35 05 1.0 15 2.0 ! j j J T T T
05 10 15 20 25 30 35
truth truth

log mean expression

(b) Simulation 2

Figure 27: Left: Posterior mean of log mean expression against truth, with 95% HPD Cls
shown in grey. Middle: Posterior mean of log dispersion against truth, with 95%
HPD ClIs shown in grey. The red line denotes y = x. Right: Posterior samples
for mean-dispersion relationships. The red line denotes truth.
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Figure 28: Posterior predictive checks for Simulation 1. Each panel shows the kernel density
estimation of one statistic, with replicated and true data sets in grey and red,
respectively. Left to right: mean of log shifted counts, standard deviation of log
shifted counts and dropout probabilities.
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Figure 29: Posterior predictive checks for Simulation 2. Each panel shows the kernel density
estimation of one statistic, with replicated and true data sets in grey and red,
respectively. Left to right: mean of log shifted counts, standard deviation of log
shifted counts and dropout probabilities.
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D.2 Simulation Setting 2: A Periodic Kernel

For a VAR model with a periodic kernel, two data sets consisting of 3 clusters are generated
from the proposed model in Section B, each consisting of ny = no = 151 observations with
dimension G = 2. The time associated with each data set is equally spaced on [0,1]. The
data is generated from

. * * i d * *
Yial Vi1, zia = §, L5, 55 X N((LE) 5,0, 25),

ind
plaltia)s - praltia) =~ Cat(p{ 4(tia), - p7atia)),

Zi.d
where ;¢ = (1,yi-1,1.d, yi,m,d)T. The component-specific parameters are given by
Le_ (0 09 01 T Le_ (1 05 01 T Le_ (—1 09 —02 T
1=to0 01 08/ " ™2 \1 -01 05 -1 0 09 ’
> _ 0.001 0.002 $* _ 0.005 0 > _ 0.05 —0.02
1=10.002 0.004)> 27\ 0 0.005)> 3 \0.02 005 )"
where L} = (a;-‘ B;)T. For time-dependent probabilities, we set gi.31 = (0.5,0.5,0) and

qi1:32 = (0.6,0,0.4), leading to one shared cluster across groups and one unique cluster in
each group. The kernel parameters are

0.3 0.6 0.2
Group 1: /.L>{:3 1= (0,02, —01), T.g 1= <, —, > s O'TB 12 = (02, 01, 005),
b g 7r 7'(- 7r ]

Group 2:  jifay = (0.1,—0.1,0), M.y — <0'6, 04 03) L olay? = (0.05,0.2,0.1).
’ ' T owT ’

For each data set, the first observation is not clustered as its previous time point is
not observed. To infer the clustering, we run the MCMC algorithm described in Section B
with J = 6 for 5000 iterations, followed by a burnin of 3000. For the post-processing step
with fixed clustering, we run one chain with 16000 iterations, and apply a burnin of 12000,
followed by a thinning of 2, giving 2000 MCMC samples.

D.2.1 RESULTS

Based on the VI criterion, the C-HDP model correctly finds the true clustering (ARI = 1),
with the posterior similarity matrix shown in Figure 30, demonstrating small uncertainty.

In addition, to interpret the clusters, we show the time-series plot for each dimension
(Figure 30 right), the identified clusters appear to share homogeneous dependence on the
previous time. For instance, cluster 3 mainly shows an increasing trend in the first di-
mension, which can be further confirmed in Figure 31 where cluster 3 is mostly above the
equivalent line y = x in dimension 1. On the contrary, cluster 1 generally decreases in the
first dimension. In addition, by computing the posterior estimated relationship between
consecutive time points: R

Yia = a; +Biyi_ 14,

where &j and B;‘ denote the posterior mean of the coefficients for cluster j that y; 4 belongs
to, we notice that the estimated relationship for cluster 3 in the second dimension is almost
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Putastd o, et

Figure 30: Left: Posterior similarity matrix. Diagonal blocks correspond to within-group
PSM. Right: Plot of each dimension against time t for each data set, with
observations colored by cluster labels.
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Figure 31: Plot of current time point against the previous time point for each dimension g,
for clusters 1 and 3 in both data sets. The black dashed line denotes y = z. The
solid colored line denotes the posterior estimated relationship between successive
time frames for each cluster.

linear, as shown in the green solid line in Figure 31. This implies a dominant influence
from the past observation in the same reduced dimension, which corresponds to the zero
coefficient in L} representing the impact of the first dimension on the second dimension.

For a comparison, we also fit a simple Gaussian mixture model (GMM) with an uncon-
strained covariance matrix?. However, GMM finds 11 clusters between 2 to 15 based on
BIC, yielding a poor ARI of 0.3507 with the true clustering. Figure 32 shows that GMM
groups observations into small blocks with similar observed values, rather than considering
their relative dependence.

2. GMM is implemented using R package mclust (Scrucca et al., 2016).
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Figure 32: Pairwise scatterplots for two data sets, with observations colored by cluster
membership from a simple Gaussian mixture model.
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Figure 33: Posterior samples for time-dependent probabilities. The red solid line denotes
the truth.

The true time-dependent probabilities are contained within the MCMC samples (Figure
33), with large uncertainty at time point around 0.5. In addition, similar to the Gaus-
sian kernel, individual kernel parameters and q}{ g4 still cannot be contained in the MCMC
samples, suggesting weak identifiability.

For component-specific parameters, each element in the coefficient matrix L;f and co-
variance matrix X7 is investigated and all values are well estimated falling within the 99%

HPD CIs (Figure 34 and Figure 35).
For posterior predictive checks to examine model fit, one replicate for observation ¢ in

the data set d is generated from
T
o N () im0

where x; 4 = (1,yi_1717d,yi_1727d)T, and L;(l) and Ej(l) denote the I-th posterior MCMC
draw.
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Density plots for each element in the coefficient matrix L7. The red dashed line
denotes the truth.
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Density plots for each element from the upper triangular part of the covariance
matrix Z;f. The red dashed line denotes the truth.
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Figure 36: Posterior predictive checks based on 200 replicates. Red lines denote the pos-
terior mean of the replicates, with 99% HPD CIs shown in the red area. Black
points denote the observed data. Rows correspond to dimensions. Left: Group
1. Right: Group 2.

Conditional on the optimal clustering and observed data, we generate 200 replicated
data sets from posterior predictive distributions, based on samples from the post-processing
MCMC. Figure 36 shows that the replicated data closely resembles the actual data, thus
supporting the model fit.

79



ZHANG, WADE AND BOCHKINA

Appendix E. Additional Results for Pax6 Data

In this section, we present additional findings for clustering the Pax6 data using our C-HDP
model. To infer the clustering, we perform consensus clustering (Coleman et al., 2022) (see
Section C for a review), which runs large numbers of chains (100) with a small number
of iterations (500) to better exploit the posterior distribution of the clustering. Figure 37
shows the decision for choosing tuning parameters in consensus clustering. The truncation
level is J = 30. For the post-processing step with a fixed optimal clustering, the total
number of MCMC iterations is 48000. A burn-in of 43000 iterations is then applied and
with a thinning of 5 there are 1000 samples in total for posterior inference.

0.04

1 — 30 — 60 %0 1 — 100 — 220 — 340 — 460
w 10 — 40 — 70 100 D 20 — 140 — 260 380 500

20 — 50 80 60 — 180 — 300 420

Figure 37: Choice of W and D in consensus clustering for Pax®6.

E.1 General Results

By examining the posterior allocation probability for each cell, Figure 38 suggests there is
some uncertainty in cell allocations at the boundary between clusters 3 and 9, with moderate
allocation probabilities (between 0.25 and 0.75 (dark blue)).

Figure 39 shows the time-dependent probabilities for all 14 clusters from two groups.
All the three under-represented clusters in HOM (3, 7, 9) are associated with larger latent
time and high probabilities that are close to 1, while for the control group the probabilities
are relatively lower (< 0.6).
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Figure 38: Plot of the first principal component against latent time for two example clusters

in two experimental conditions. In each panel, cells are colored by the posterior
allocation probability of belonging to the specific cluster indicated in the title.
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Figure 39: Time-dependent probabilities for each cluster in each group for Pax6. Top
rows show the results for HET, with bottom 3 rows for HOM. Clusters 3, 7, 9
are under-represented in HOM.
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E.2 Latent Counts

Tang et al. (2020) and Liu et al. (2024) provide posterior mean of the latent counts given
the allocation variables, capture efficiencies and unique parameters

/’[/;g + ;g ,LL* ;g(l B 5C,d)
M;agﬂc’d + (ZS;:Q e M;.qﬁc’d + (b;:g

which can be used to approximate the posterior mean of latent counts as

0 .
E(yc,g,d|yc,g,d7 Zed = s /Bc,da M;,m ¢§,g) = Ye,g,d

L
1 Do) x() k(1
0 ~ 0 _

BOa) ~ L Y B dega = A0 60 o

=1
Figure 40 shows the t-SNE (Van der Maaten and Hinton, 2008) plot for the observed and
estimated latent counts from Equation (16) using all 1000 samples from the post-processing
step. From the observed counts, some clusters are already quite separated, such as the
purple and dark green clusters. The separation is much more apparent in the latent counts.

Observed counts Latent counts

dataset dataset

X Hom X HOM

tsne2

tsne2

Figure 40: t-SNE plot for observed counts (left) and posterior mean of latent counts (right).
Cells belonging to different clusters are shown in different colors. Different sym-
bols indicate different experimental conditions.

Figure 41 and Figure 42 show the estimated latent counts and observed counts for each
cell on the log scale after adding a pseudo-count of 1. Global differentially expressed genes
that distinguish between different clusters (see Liu et al., 2024 for details) show different
patterns across clusters, whilst within each cluster, the pattern is similar across groups.

E.3 Posterior Predictive Checks

The posterior predictive checks are conducted following Liu et al. (2024) by comparing
replicated data generated from posterior predictive distributions to true data. Figure 43
and Figure 44 demonstrate that a single replicated data set exhibits similar relationships
between pairwise statistics to the true data. The pointwise differences in statistics are
nearly negligible, implying that the replicated data is consistent with the observed data.

For multiple replicates, Figure 45 shows that the estimated kernel of key statistics is
similar between the simulated 200 data sets and the true observed data. Therefore, there
is no strong disagreement between the model and the data.
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Latent counts

Figure 41: Heatmap for the latent counts on the log scale after adding a pseudo-count
of 1. FEach row represents a gene and each column represents a cell. Genes
above the red dashed lines are global differentially expressed genes (Liu et al.,
2024). Yellow solid lines separate clusters. Yellow dashed lines separate cells
from different groups within each cluster.

Observed counts

Figure 42: Heatmap for the observed counts on the log scale after adding a pseudo-count
of 1. Each row represents a gene and each column represents a cell. Genes
above the red dashed lines are global differentially expressed genes (Liu et al.,
2024). Yellow solid lines separate clusters. Yellow dashed lines separate cells
from different groups within each cluster.
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Figure 43: Posterior predictive checks with one single replicated data set. Left two plots
show the relationship between mean and standard deviation of log-shifted counts
in true (red) and replicated data (black) for HET and HOM. Right two plots
show the relationship between log of mean counts and dropout probabilities.
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Figure 44: Posterior predictive checks with one single replicated data set. Each panel shows
pointwise differences in a statistic between true and replicated data. The black
dashed line corresponds to y = .
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Figure 45: Posterior predictive checks with multiple replicates for HET (top) and HOM

(bottom). Each panel shows the kernel density estimation of one statistic, with
replicated and true data in grey and red, respectively. Left to right: mean of
log shifted counts, standard deviation of log shifted counts and dropout proba-

bilities.
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Appendix F. Additional Results for Calcium Imaging Data

In this section we provide additional results for clustering the calcium imaging data. To infer
the clustering, two chains of length 10000 have been run with a truncation level of J = 25.
With a burnin of 6000 and a thinning of 2 in each chain, 4000 posterior samples from both
chains are used to estimate an optimal clustering based on VI. For the post-processing step,
we run one chain of length 8000 and then apply a burnin of 4000 and thinning of 2, leading
to 2000 samples.

F.1 General Results

Figure 46 displays the time-series plot for all clusters. It is noticed that observations from
the same cluster do share similar dependence on the past observed time point.
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Figure 46: Plot of each dimension against time ¢, with points colored by cluster labels. Left:
Experiment 1. Right: Experiment 2.

Figure 47 shows the complete pairwise scatterplots from C-HDP and simple Gaussian
mixture model. In C-HDP, the identified clusters shared between experiments tend to accu-
mulate at similar positions in the lower-dimensional embeddings, whereas GMM identifies
fewer shared clusters and just cuts time frames into groups of similar values.

To investigate the differences between neural activity patterns, we visualize the posterior
mean of the coefficient matrix B for each cluster (Figure 48). Within each cluster, the
contribution to each dimension is dominated by the corresponding dimension from the
past time frame (red diagonal grids), with the strongest effect observed in cluster 14 (first
dimension). In contrast, interactions between different lower-dimensional embeddings are
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Figure 47: Pairwise scatterplots for two experiments, with observations colored by cluster
membership from C-HDP (a) and GMM (b).
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generally weaker and tend to show more negative contributions. Specifically, cluster 13
exhibits the strongest negative between-dimension influence, followed by cluster 5.

Figure 49 shows posterior samples for time-dependent probabilities across all clusters,
with probabilities close to zero for small-size clusters. In addition, clusters may have dif-
ferent periodicities, e.g. clusters 2, 6 and 9, suggesting varying frequencies associated with
pattern across experiments. Although cluster 5 seems to have a similar periodicity, the
probabilities are higher in the first experiment.

F.2 Predictions

Forecasting is one of the primary goals in time-series modelling, which allows us to under-
stand the encoded neural activity in the near future. We predict the neural activity for
20 future times points, using the same time increment as the observed data. In particular,
time-dependent probabilities are first used to generate allocation variables z; 4, based on
which future observed values are simulated. The true future neural activity are found to
be generally covered by the samples of the predictions (Figure 50), and the uncertainty
increases fast as predictions are made further away.

In addition to neural activity, we can also estimate the covariate-dependent probability
for future time points. Unlike Gaussian kernels where probabilities at future time points
are almost around zero due to absence of data, for periodic kernel, the repetitive pattern is
similar for either interpolation and extrapolation, with similar uncertainty (Figure 51).

F.3 Posterior Predictive Checks

Conditional on the optimal clustering and observed data, we generate 200 replicated data
sets using MCMC samples from the post-processing step. In particular, one replicate for
observation ¢ in experiment d is given by

Te * T *
YO N ((Lja)) - (l)) ’

where x; 4 = (1,yi,171,d,yl-,Lg,d,yl-,l,g,d)T, L;(l) and E;(l) denote the [-th posterior draw.

From Figure 52, the replicated data closely resembles the true data sets. The neural
activity in the true data is similar to the posterior mean of the replicates with short 99%
CIs, indicating no strong disagreement between the data and the model.
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Figure 48: Posterior mean of the coefficient matrix B} for each cluster (excluding the in-
tercept). Values close to 0 are shown in white, with red for positive coefficients
and blue for negative coefficients.
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(b) Experiment 2
Figure 49: Time-dependent probabilities for each cluster in each experiment in the calcium

imaging data. Only non-empty components are plotted. Cluster size is indicated
in the title.
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Figure 50:

probability

Predicting future trends. Red solid line denotes true future observations, with
posterior predictive samples shown in grey. Black points denote the observed
data used for model fitting. Left: Experiment 1. Right: Experiment 2.
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Figure 51: Time-dependent probabilities for future time. Grey area shows predictions.
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Figure 52: Posterior predictive checks based on 200 replicates. The red line denotes the
posterior mean of the replicates, with 99% HPD CIs shown in the red area.
Black points denote the observed data. Left: Experiment 1. Right: Experiment
2.
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