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Abstract

Probabilistic generative models based on measure transport, such as diffusion and flow-
based models, are often formulated in the language of Markovian stochastic dynamics,
where the choice of the underlying process impacts both algorithmic design choices and
theoretical analysis. In this paper, we aim to establish a rigorous mathematical foundation
for denoising Markov models, a broad class of generative models that postulate a forward
process transitioning from the target distribution to a simple, easy-to-sample distribution,
alongside a backward process particularly constructed to enable efficient sampling in the re-
verse direction. Leveraging deep connections with nonequilibrium statistical mechanics and
generalized Doob’s h-transform, we propose a minimal set of assumptions that ensure: (1)
explicit construction of the backward generator, (2) a unified variational objective directly
minimizing the measure transport discrepancy, and (3) adaptations of the classical score-
matching approach across diverse dynamics. Our framework unifies existing formulations
of continuous and discrete diffusion models, identifies the most general form of denoising
Markov models under certain regularity assumptions on forward generators, and provides
a systematic recipe for designing denoising Markov models driven by arbitrary Lévy-type
processes. We illustrate the versatility and practical effectiveness of our approach through
novel denoising Markov models employing geometric Brownian motion and jump processes
as forward dynamics, highlighting the framework’s potential flexibility and capability in
modeling complex distributions.

Keywords: Generative Models, Markov Processes, Diffusion Models, Denoising Markov
Models, Score-Matching, Lévy Processes

1. Introduction

Generative modeling, originating from foundational works such as VAE (Kingma, 2013) and
GAN (Goodfellow et al., 2014), has become one of the central pillars of modern machine
learning. Following the advent of normalizing flows (Rezende and Mohamed, 2015; Zhang
et al., 2018), Markov processes emerged as a key mathematical foundation for generative
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models, leading to the groundbreaking development of diffusion models (Sohl-Dickstein
et al., 2015; Song and Ermon, 2019; Ho et al., 2020; Song et al., 2021b,a) and flow-based
generative models (Lipman et al., 2023; Liu et al., 2023; Albergo and Vanden-Eijnden, 2023;
Albergo et al., 2025). At their core, these models rely on Markovian dynamics to smoothly
transform an easy-to-sample reference distribution into complex target data distributions.
The adaptability of this paradigm has inspired numerous variants tailored to diverse data
modalities, including discrete data (Austin et al., 2021; Campbell et al., 2022; Lou et al.,
2024), and data supported on manifolds (De Bortoli et al., 2022; Huang et al., 2022; Chen
and Lipman, 2024; Zhu et al., 2025). Generative models based on Markov processes have
consistently achieved state-of-the-art performance across various applications, from image
synthesis (Meng et al., 2022; Ho et al., 2022a; Bar-Tal et al., 2023; Chen et al., 2025¢; Ma
et al., 2024; Croitoru et al., 2023), video generation (Ho et al., 2022b; Yang et al., 2023; Wu
et al., 2023a; Xing et al., 2024), and natural language processing (Li et al., 2022; Wu et al.,
2023b; Shi et al., 2024; Xu et al., 2025), to physical, chemical, and biological domains (Xu
et al., 2022; Yang et al., 2024; Frey et al., 2024; Guo et al., 2024; Stark et al., 2024).

The theoretical and algorithmic development of these models is deeply rooted in the
mathematical theory of Markov processes. Continuous diffusion models, for instance, lever-
age the theory of stochastic differential equations (SDEs) (Tzen and Raginsky, 2019; Block
et al., 2020; Chen et al., 2023b; Lee et al., 2022; Chen et al., 2023a; Benton et al., 2024a;
Wang et al., 2024), along with ordinary differential equations (ODEs) through the probabil-
ity flow formulation (Chen et al., 2024b; Li et al., 2024b; Gao and Zhu, 2025; Huang et al.,
2025). In parallel, discrete diffusion models utilize the theory of continuous-time Markov
chains and Poisson random measures (Campbell et al., 2022; Chen and Ying, 2025; Ren
et al., 2025a). To further improve the efficiency and scalability of these generative frame-
works, specialized numerical methods taking advantage of the properties of these underlying
Markov processes have been introduced, including high-order numerical schemes (Zhang and
Chen, 2023; Lu et al., 2022, 2025; Dockhorn et al., 2022; Zheng et al., 2023; Li et al., 2024a;
Wu et al., 2024; Ren et al., 2025b), parallel sampling strategies (Chen et al., 2024a; Shih
et al., 2024; Selvam et al., 2024), and randomized algorithms (Kandasamy and Nagaraj,
2024; Gupta et al., 2025; Li and Jiao, 2025). Recent advances in diffusion models have also
significantly informed and advanced research in related guidance (Ho and Salimans, 2022;
Chidambaram et al., 2024; Skreta et al., 2025; Chen et al., 2025a; Ren et al., 2026) and
sampling problems (Zhang and Chen, 2022; Richter and Berner, 2024; Vargas et al., 2023;
Albergo and Vanden-Eijnden, 2025; Chen et al., 2025b; Guo et al., 2025a,b).

Motivated by these remarkable empirical successes, there is a growing interest in estab-
lishing a unified theoretical understanding and generalizing current Markovian generative
frameworks to accommodate a broader class of processes. Such extensions promise to fa-
cilitate the modeling of more intricate probability paths, potentially offering enhanced effi-
ciency and expressiveness for handling complex, heavy-tailed, or multimodal distributions.
Recently, Benton et al. (2024b) proposed a general framework known as denoising Markov
models, which operates directly on the level of generators rather than explicit transition
kernels to unify continuous and discrete diffusion models. Meanwhile, Holderrieth et al.
(2025) developed the generator matching framework, extending flow-matching methods to
general Markov processes, including pure diffusion and jump dynamics. Nevertheless, a
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comprehensive generalization and theoretical characterization of denoising Markov models
remain open challenges.

1.1 Contributions

This paper provides a rigorous treatment of the mathematical foundations of denoising
Markov models using the language of Markov process generators. Our analysis deepens the
theoretical understanding and systematically guides the algorithmic design of such genera-
tive models. Specifically, our contributions are summarized as follows:

o We employ a fundamental connection between the parametrization of backward Markov
processes and the generalized Doob’s h-transform (Chetrite and Touchette, 2015).
This insight allows us to formulate minimal and explicit assumptions required to jus-
tify the application of the change-of-measure argument, derive a theoretically grounded
loss function that directly minimizes the KL divergence between the target and gener-
ated distributions, and generalize the classical score-matching technique (Hyvérinen
and Dayan, 2005) to a broad class of Markovian models.

e Our mathematical framework unifies and extends several existing denoising Markov
models, encompassing both continuous and discrete diffusion models as well as more
sophisticated Lévy-Ito6 models (Yoon et al., 2023). Furthermore, we characterize the
most general form of denoising Markov models under standard regularity conditions on
their generators (Courrege, 1965) and thus generalize the permissible class of forward
processes from diffusion and jump processes to arbitrary Lévy-type processes.

e Based on these theoretical developments, we provide a general yet practical recipe
for training and inference in denoising Markov models. Our framework accommo-
dates any underlying Markov process satisfying the established conditions, ensuring
theoretical guarantees on model performance. Analogous to the generator matching
framework (Holderrieth et al., 2025), which extends the flow-matching paradigm, our
results significantly enhance the flexibility of model design and efficiency of training
algorithms in the context of denoising Markov models.

In addition, we introduce novel instances of denoising Markov models by utilizing ge-
ometric Brownian motion and general jump processes as forward processes, which, to our
knowledge, have not been previously explored. Through carefully designed empirical exper-
iments, we validate the versatility, practicality, and effectiveness of our generalized frame-
work, demonstrating its capability to model complex target distributions.

1.2 Outline

This paper is organized in the following structure: Section 2 reviews the background of de-
noising Markov models and recalls two key special cases, continuous and discrete diffusion
models, that motivate our generalization; Section 3 develops the core mathematical theory
of denoising Markov models at the generator level, the roadmap of which is illustrated in
Figure 1. Section 4 specializes these general results to concrete process classes, including
diffusions, finite-state jump processes, and general Lévy-type processes, illustrating how fa-
miliar score-matching losses and their discrete counterparts arise as special cases. Section 5
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Figure 1: Conceptual roadmap of our denoising Markov model framework. This
diagram summarizes how forward, backward, and estimated processes are related at the
level of generators.

e Red (true): The forward Markov process x; evolves from the data distribution pg to
an easy-to-sample reference pr ~ qo, with generator £; and adjoint £} satisfying their
corresponding Kolmogorov equation. The relation between the forward and backward
processes is given by Theorem 3.2.

e Blue (estimated): The learned backward process y; starts from gy and aims to
reconstruct pg. Its generator K; is assumed to be parametrized by a positive function
¢¢ in the form of Assumption 3.3, where I'} is the carré du champ operator associated
with the adjoint generator L.

e Purple (link): The density ratio n: = @ip, 1 connects the two processes via
Lemma 3.4, where ft is the carré du champ operator associated with the backward
generator L;. This demonstrates that the estimated backward generator [y can be
viewed as a perturbation from the backward generator Zt, which leads to the change-
of-measure loss (Theorem 3.6) that upper bounds Dxy,(po||gr) (Corollary 3.7).
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presents proof-of-concept experiments, including models driven by geometric Brownian mo-
tion and pure jump processes, which demonstrate the flexibility of our framework beyond
classical diffusion dynamics. Finally, Section 6 discusses implications and future directions.

2. Preliminaries

In this section, we outline the problem settings and basic concepts pertinent to genera-
tive modeling with Markov processes. We review the problem setting of denoising Markov
models, emphasizing two prominent and well-studied diffusion model variants designed re-
spectively for continuous and discrete data distributions.

2.1 Problem Setting and Notations

We consider the following problem setting and adopt these notational conventions through-
out this paper. We refer readers to Figure 1 for a diagram of this framework. The main
objective of generative modeling is to sample from a target distribution pgata Supported
on a measure space (E,B(FE), n), given a dataset sampled from pqata, which forms an em-
pirical distribution Dyata & Pdata. Throughout, general states are denoted z; € E and in
bold specifically when the states have a clear multi-dimensional structure, i.e., F = R? or
E = [s]%

In denoising Markov models, we first construct a cadlag Markov process (mt)te[oﬂ on K
in the probability space (2, F,P), referred to as the forward process in the sequel, originating
from g ~ pPgata. This process progressively injects noise, causing the sample to deviate from
the original data distribution. We denote the distribution of x; as p;, with pg = pgata. The
forward process is designed in a way that after a sufficiently long time horizon T, the
resulting distribution pr approximates or coincides with a simpler distribution ¢¢ that is
relatively straightforward to sample from (e.g., a standard Gaussian) than py.

Denoising Markov models then aim to construct another denoising Markov process
(yt)te[O,T]7 termed the backward process below, whose distribution at time ¢ is denoted
as q;. Starting from the simpler distribution ¢p, the backward process also evolves over
the time horizon T to yield a distribution ¢7, intended to closely approximate the target
distribution pgata. Typically, constructing the backward process involves the following two
main steps: (1) parametrizing the backward process (yt)¢c[o,7] using a neural network, and
(2) training the neural network by minimizing the discrepancy between the time-reversed
forward process (Zt)sc[o,7] and the backward process (yt).e(o,r)-

In general, the learnability of the backward process is significantly influenced by its
parametrization, i.e., the class of Markov processes representable by a particular neural
network architecture. Choosing an appropriate parametrization is thus a crucial compo-
nent in the design of denoising Markov models. Additionally, careful construction of the
loss function is essential for enabling efficient training and providing strong theoretical
guarantees. Favorably, the minimization of the loss function directly optimizes the discrep-
ancy between the target and generated distributions, which is often quantified by the KL
divergence.

In the following, we review two well-known denoising Markov models, namely contin-
uous and discrete diffusion models, by introducing their respective forward and backward
processes and the corresponding parametrization and training procedures.
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2.2 (Continuous) Diffusion Models

(Continuous) diffusion models (Song et al., 2021b) are denoising Markov models designed
for data supported on the d-dimensional space R?, i.e., E = R%, B(E) is the Borel o-algebra
on R? and p is the Lebesgue measure. The forward process (xt)sejo,m i described by a
diffusion process. Specifically, the forward process (xt);c[o,7] is governed by the following
stochastic differential equation (SDE):

dmt = bt(l‘t)dt + d’lUt, (21)

where b; denotes the drift term and (wy);>¢ is a d-dimensional Wiener process. For
simplicity, we assume an identity diffusion coefficient, and its generalization to the time-
inhomogeneous case is straightforward with time reparametrization. A common choice of
the drift is by = —%ws, yielding the Ornstein-Uhlenbeck (OU) process and thus driving the
forward process (2.1) towards a standard Gaussian distribution exponentially fast.

The forward SDE (2.1) naturally corresponds to a backward process (&:).e[o,r), Which
is also a diffusion process satisfying the following SDE (Anderson, 1982):

de; = (—br_¢(&) + Viog pr—(is)) dt + duwy,

where the term s;(x) := Vlogpi(x), known as the score function, is often approximated
by a neural network 3¢(x) parametrized by 6. In other words, the backward process is
parametrized by the family of estimated backward processes (y:).e(o,r) satisfying the fol-
lowing SDE:

dy; = <—bet(yt) + ggT—t(yt)> dt + dwy,

and when the estimated score function 8¢ (x) coincides with the true score function s;(zx),
i.e., 8)(x) = s(x), the backward process (Yt)iejo,r) is exactly the time-reversed forward
process (&t).e(o,7]-

The parameters are estimated through the score-matching objective (Hyvérinen and
Dayan, 2005):

T 2
min By, {/0 VtBa, mpyjo(-Jo) [HVlogPtm(wt!%) - §?($t)H } dt} ; (2:2)

where pyjo(-|zo) denotes the conditional distribution at time ¢ given a sample xq from the
data distribution pg, and v is a time-dependent weighting function. Specifically, in the
case of the OU process where b; = —%a:t, we have the following closed-form formula for the
conditional density:
x; — xoe 2

1—et 7

through which Eq. (2.2) gives a practical loss function for training.

V log pyjo(xt|z0) = —

2.3 Discrete Diffusion Models

Discrete diffusion models consider data supported on a finite discrete set X, i.e., F = X
B(E) = 2%, and p is the counting measure. The forward process (zt)se(0,7) is a continuous-
time Markov chain and the distribution vector p; = (pt(x))zex of the forward process at
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time t satisfies the following evolution equation:

dp;
— =A 2.3
dr tPt, ( )

where Ay = (A¢(y, 2))zyex is the rate matriz of the continuous-time Markov chain satis-
fying the following two conditions: (1) A¢(z,z) = — 3, ,, A(y, ), for all z € X, and (2)
Ai(z,y) >0, for all z # y. At the pointwise level, the forward process (7¢).[o,) also admits
a stochastic integral formulation (Ren et al., 2025a):

:ct—a:0+//x—xs [Al(ds,dz),

where N[\|(ds,dz) denotes the Poisson random measure with intensity As(x, z,-)dz, with
the intensity M\ (y, ) = A¢(y, 2)(1 — 0z (y)).

Strictly speaking, the jump measure depends on the outcome w €  through the pre-
dictable state process z,—(w). A convenient and rigorous construction is via thinning of a
standard Poisson random measure on an augmented space. Let p be a reference measure on
X (e.g., counting measure when X is discrete), and let N(ds,dz,dz) be a Poisson random
measure on [0,00) x X x Ry with deterministic intensity dsu(dz)dz, meaning that (1) for
any 0 < s <t < oo and any Borel sets A C X and B C R with finite measure,

N((s,t] x A x B) ~ Poisson((t — s)u(A)|B|),

and (2) the random variables N ((s, ] x A; x B;) are independent over disjoint sets (s, t] x 4; x
B;. Given a predictable nonnegative intensity \s(z, x4 (w)), define the thinned (integer-
valued) random measure on [0,00) x X by

N[\(w,ds,dx) ::/ < (ze._ ()N (ds,dz,dz).
0 S

Then N[)| has predictable compensator A\s(z, z,— (w))dsu(dx). We refer readers to Bottcher
et al. (2013) for standard Poisson random measures and to Protter (1983); Ren et al. (2025a)
for more details on this construction procedure and applications. In the following we omit
the dependence on w for notational simplicity.

It is a classical result that the forward process (2.3) also corresponds to a backward
process (T¢)e(o,r) With another rate matrix A = (Mi(y, )z yex defined as

K (y ZE) _ 3T—t<x7 y)AT—t(:U7y)7 Vr 7é Y,
’ _Zy’yéx At(y/>$)7 Vo = Y,
where the score function sy, a vector-valued function, is defined as

P
pi(z)

(2.4)

st(z) = (5¢(2,y))yex =

Similar to the continuous case, we use a neural network 8¢ with parameters € to estimate
the score function sy, i.e., parametrizing the backward process (7:)ejo,r) by the family of
estimated backward processes (yt)ic[o,7) satisfying the following evolution equation:

g’%—t (l‘, yBXT*t (‘T? y)a vz 7& Y,
=2y MV ), Vo =y.

d — _
% = AtQh with At(yax) = {

7
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This also corresponds to a pointwise stochastic integral formulation

v =90 + /0 /X (v — ys_ )N[N(ds, dy),

where N [X](ds,dylis the Poisson random measure with evolving intensity As(y, v, )dy,

with the intensity M\ (y,x) = Ai(y, )(1 — 0:(y)).
The score function s; is estimated via the score-matching objective (Lou et al., 2024):

min Emfvpo /T wt}Exth”O(-Mo) Z <§f(l‘t, y) - M loggg(xtv y)) At(IL‘t, y) dt.
9 0 . pejo(@t|z0)

(2.5)
In practice, a usual setting of the state space is the set of d-dimensional discrete vectors,
e, X = [S]d, where S is the number of possible states along each dimension. The forward
process (Zt).e(o,) 18 often chosen such that the rate matrix A; is sparse, for which two
rate matrices are commonly adopted: (1) the uniform rate matrix: A(y,z) = d~! only if
ly — x|lo = 1, for which we have

d

_ i 1—et
Pejo(®i|T0) = H (e t5xg(95t) + S) ;

i=1

and (2) the masked rate matrix: A(x_; @& 0,x) = 1 if 23 # 0, where 0 is appended to each
dimension of the state space as a null state and x_; @ 0 denotes the state x with the k-th
dimension set to 0, in which case we have

d
puo(@ilmo) = [T (0 () + (1 = e )ioah))

i=1

Both cases converge exponentially fast, and Eq. (2.5) gives a practical loss function for
training.

3. Denoising Markov Models

In this section, we present the mathematical framework underpinning denoising Markov
models. We first introduce the concept of generators, which serve as fundamental building
blocks of these models. Next, we discuss the time reversal of the forward process, yield-
ing the backward process, explore how its generator relates explicitly to the generator of
the forward process, and provide appropriate assumptions regarding the parametrization of
the estimated backward process. Connecting the relations between the forward and back-
ward processes to the generalized Doob’s h-transform, we provide the change-of-measure
arguments that naturally lead to a derivation of the score-matching objective for general de-
noising Markov models formulated in terms of generators. Finally, we give meta-algorithms
for training and sampling from denoising Markov models, which can be applied to any for-
ward process satisfying the established conditions, and provide a theoretical guarantee on
the performance of the estimated backward process in terms of the KL divergence between
the target and generated distributions.
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Throughout this section, definitions, theorems, and proofs are presented informally to
highlight the essential concepts and intuitions. For precise mathematical definitions, rigor-
ous theorem statements, explicit assumptions, and detailed proofs, we direct the reader to
Appendix A.

3.1 Mathematical Background

We assume that the forward process (7¢)ic[o,1] is governed by an evolution system (Uys)s<t
(Definition A.1), defined by

Usf(x) = E[f(z)|zs = 2].

Furthermore, we assume that (Us)s<; is a Feller evolution system (Definition A.2).
Roughly speaking, a Feller evolution system is a family of linear, time-evolution operators
mapping the space Cy(F) consisting of all continuous functions vanishing at infinity on F,
into itself, that satisfy positivity-preservation, contractivity, and strong continuity.

Feller evolution systems can be characterized by their right generators. The right gen-
erator Ly of the forward process (zt);c(0,7) is defined as follows:

Definition 3.1 (Forward Generator, Informal Version of Definition A.3) For each
t € [0,T], the right generator of the forward process (Tt)efo,m) at time t is given by:

ﬂ%wﬂ—ﬂm)mle

h

Should no ambiguity arise, we refer simply to this as the forward generator. If the
forward process (z;) is time-homogeneous, then T;_, := Uy ; forms a one-parameter semi-
group or simply semigroup (Definition A.4), with a time-homogeneous generator £ (Defini-
tion A.5). In the special case when (U, ¢)s<; is a Feller evolution system, the corresponding
semigroup (7})¢>o is called a Feller semigroup (Definition A.6).

Feller processes, which are Markov processes governed by Feller semigroups (Defini-
tion A.7), have been extensively studied in the literature (Ethier and Kurtz, 2009; Béttcher
et al., 2013). They possess several convenient properties, including the existence of transi-
tion kernels as unique positive Radon measures by the Riesz representation theorem (Bottcher
et al., 2013, Theorem 1.5), an adapted form of the Hille-Yosida theorem (Ethier and Kurtz,
2009, Theorem 4.2.2), and the following Dynkin’s formula (Theorem A.8):

l‘o—w].

In most practical settings, however, the evolution system (Uy s)s<¢ is time-inhomogeneous.
Nevertheless, one can often transform the forward process (xt)te[o,T} into an augmented pro-
cess that incorporates the time index explicitly, without introducing additional randomness.
We refer to Definition A.9 for details of this transformation. By Theorem A.14, the aug-
mented process (Zt);c(o,r), defined on the probability space (ﬁ,]? ) ]f”) with the augmented

Lif(z) = lim E {

h—0t

Mﬂme—ﬂ—f@w—ELéﬁﬂ%Ms

generator L, is a Feller process if and only if the original process (71)ic[o,7] is governed by a
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Feller evolution system. Under certain smoothness conditions, the generators of the original
and augmented processes are connected as follows (Proposition A.12):
5 [+ hwgn) = (G a)

Litte) = hlif& h

Ty = x] =0 f(t,x) + Lof(t, ).

Assuming the existence of the adjoint of the forward generator £; (Definition A.19),
denoted as L}, we recall the classical Kolmogorov forward equation (Theorem A.23):

Ot = CI Pi-

3.2 Time-Reversal of Forward Process

As discussed in Sections 2.2 and 2.3, once the forward process (¢)c(o,7] has been con-
structed with the marginal distributions satisfying pg = pgata and pr =~ qg, the objective is
to construct a corresponding backward process (yt)ic[o, 7], Whose marginal distribution gr
at time 7' is close to pg.

Due to the Markov property of the forward process (art)te[O’T], there exists a natural time-
reversal process (Tt);e(o,r) (Definition A.17), which we refer to below as the (true) backward
process. Specifically, for each t € [0,T), we define z; = T(r—_¢)-, where ;- denotes the left
limit at time t. The time-reversal process thus has the initial distribution Iy ~ pr and
terminal distribution Tp := x9 ~ pg. It can be verified that the time-reversal process
(Tt)epo,m) of a cadlag Markov process (¢)ejo,r) remains cadlag and Markovian, thereby
admitting a generator called the backward generator, denoted by Zt, defined analogously
to the forward generator £; in Definition 3.1.

The relationship between the forward generator £; and the backward generator Ly is
characterized by the following result:

Theorem 3.2 (Time-Reversal of Forward Process (Cattiaux et al., 2023), Infor-
mal Version of Theorem A.22) Under certain regularity assumptions on the densities
pt (Assumption A.21), the backward generator /:'t can be explicitly expressed in terms of the
forward generator L; and the density py at time t as follows:

ptZT—tf =peLy f + T (pe, f), (3.1)

where L} is the adjoint operator of L (Definition A.19), and

i (pe, f) o= Liwef) — peL5 f — fL P
is the carré du champ operator associated with the adjoint operator L.

Although Theorem 3.2 provides an explicit formula connecting the backward generator
L; to the forward generator L;, the expression inherently involves the unknown density p;
at each time t. To overcome this practical limitation, we introduce another Markov process
(Yt)tepo,1]> driven by another generator ;. Typically, we restrict the possible choices of the
generator K; to a parametrized class of generators that is sufficiently flexible to contain a
broad spectrum of generators, especially including the true backward generator Zt, while
remaining computationally tractable and learnable from available data samples from pg and
simulations of the forward generator L;.

10



A UNIFIED APPROACH TO ANALYSIS AND DESIGN OF DENOISING MARKOV MODELS

Motivated by the particular form involving the carré du champ operator associated
with the adjoint generator L£f in the backward generator Lr_s given by Eq. (3.1), the
following assumption constitutes a central structural hypothesis in the denoising Markov
model framework:

Assumption 3.3 (Parametrization of Backward Generator, Informal Version of As-
sumption A.24) Under certain regularity conditions on n, (Assumption A.25), we as-
sume the estimated backward generator Ky, associated with the estimated backward process
(yt)te[oﬂ, is parametrized by a strictly positive function ¢; : E — RT satisfying

oKt f = i L3 f + T (01, f). (3.2)

In practical implementations, we parametrize either p; itself or its equivalent coordinates
by neural networks, whose parameters are denoted by 6. The corresponding parametrized
generator is denoted by le.

Observe that when the function ¢; coincides exactly with the marginal density p;, the
estimated backward generator IC; reduces to the true backward generator L. Therefore,
the strictly positive function ¢; intrinsically represents an approximation to the marginal
densities. More generally, defining the density ratio of ¢; and p; by n; = wip, ! and assum-
ing certain regularity conditions thereof (Assumption A.25), we can relate the estimated
backward generator K; to the true backward generator L7_, through the following lemma:

Lemma 3.4 (Informal Version of Lemma A.26) The estimated backward generator IC
and the true backward generator L, are related through the following relation:

mKr—if = mLr—of + Tr_i(ne, f),

where f‘t(f,g) = Zt(fg) — fLig — gL.f is the carré du champ operator associated with the
time-reversal generator L.

This lemma offers a convenient way of understanding and analyzing the parametrized
backward generator K; relative to the unknown true backward dynamics.

3.3 Change of Measure

The relation between the estimated backward generator K; and the true backward gener-
ator L, outlined in Lemma 3.4, can be viewed as applying a “perturbation” of the form
n;itl“t(n;r,t, -) to L. This particular perturbation, involving the carré du champ operator,

repeatedly appears in the connection between the backward generator L; and the adjoint
operator £} (Theorem 3.2), as well as in our parametrization for the estimated backward
generator IC; (Assumption 3.3). These relationships are summarized in Figure 1. The ques-
tion remains as to how this specific form provides a quantitative measure of perturbation,
enabling the derivation of practical loss functions and error bounds for denoising Markov
models.

As explored in the literature (Kunita, 1969; Ethier and Kurtz, 2009; Fleming and Soner,
2006; Palmowski and Rolski, 2002), this form of perturbation closely relates to the gener-
alized Doob’s h-transform (Chetrite and Touchette, 2015). The main idea of the transform
is summarized in the following theorem:

11
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Theorem 3.5 (Generalized Doob’s h-Transform (Chetrite and Touchette, 2015))
Suppose Ly is the generator of a Markov process (xt)icpo,r) with path measure P, hy is a
strictly positive and sufficiently smooth function, and Ay is an arbitrary function, for any
t € [0,T]. Then the transformed process with the generator ,C?’)‘, defined as

E?’Af = h; ' Li(hef) — Mo f,

is another Markov process with path measure PP* absolutely continuous with respect to P,
with the Radon-Nikodym derivative satisfying

h,\ T T
S @om) = ]};Exff exp ( /0 (hi"Ouhe + M) (wt>dt> , (3.3)

where xy ) denotes the path of the process (x¢)ejo,r)-
In particular, choosing Ay = h; LLihy results in a conservative transformed process, i.e.,
E?’)‘l =0, satisfying

LI = hi Co(hef) — hi Y fLohe = Lof + b7 Ti(he, f),

where Uy(hy, f) = Li(hef) — hiLof — fLAy is the carré du champ operator associated with
the generator L;.

The generalized Doob’s transform is broadly used in physical contexts, as it is re-
lated to stochastic mechanics (Meyer and Zheng, 1985) and fluctuation-dissipation rela-
tions (Chetrite and Gupta, 2011). It is also explored in the study of the Metropolis algo-
rithm (Diaconis and Miclo, 2009). For non-perturbative generalization, we refer to Jarzynski
(1997); Gallavotti and Cohen (1995).

In the denoising Markov model context, Lemma 3.4 can be rewritten, after replacing ¢
by T —t, as _ _

Kef =t Le(nr—if) — npty f Lenr—e.

Therefore, K; is precisely the generalized Doob’s h-transform of the true backward generator
Zt with _

ht = nr—t, At = n%itﬁmcr-t-
In particular, the approximate backward process may be viewed as a path-space reweighting
of the true backward process, with the density ratio 7; acting as the reweighting factor.
When this reweighting is trivial (i.e., 7y = 1), the estimated backward generator K; coincides
with the true backward generator L.

This observation leads directly to the following change-of-measure identity, which pro-
vides a quantitative measure of the perturbation between the estimated backward generator
K and the true backward generator L in terms of a variational form of the density ratio ;.
The perturbation should originally involve Ly (¢f. Theorem A.29) as in Eq. (3.3) when per-
turbing £ but thanks to Theorem 3.2, it can be rewritten in terms of the forward generator
L as follows:

Theorem 3.6 (Change of Measure, Informal Version of Corollary A.30) Under
certain regularity conditions on ny (Assumption A.25), there exists a probability measure Q

12
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absolutely continuous to the original probability measure P with the Radon-Nikodym deriva-
tive satisfying that

T
DkrL(P|Q) = Ep [log d} =Ep [/0 (mLon, " + Lelogmy) (zo)dt| := Llny), (3.4)

under which the time-reversal process (Ty)icpo,r] is governed by the generator Ky, where the
expectation is taken over the forward process (xt)te[O,T}-

We will omit the subscript P indicating the expectation over the forward process (¢ ).c[o,7] in
the following discussion for brevity. The result in Theorem 3.6 directly yields error bounds
for generative models in terms of KL divergence, as shown by the following corollary by
applying the data-processing inequality and the chain rule of KL divergence:

Corollary 3.7 The following error bound holds for the denoising Markov model:

Dxv(pollgr) < Dxr(prllgo) + £[ne],
where L[n] is defined as in Eq. (3.4).

This result highlights that the quantity £[n] not only quantifies the perturbation be-
tween the estimated backward generator K; and the true backward generator L; but also
naturally serves as an appropriate loss function for training denoising Markov models. By
minimizing this loss, we directly obtain an error bound on the generative model, measured
by the KL divergence between the target distribution pg and the estimated distribution qr,
up to an additional term Dgr, (pr||qo) that typically decays exponentially and reflects the
convergence of the forward process.

To facilitate practical and efficient training, the marginal densities p;(x;) can be ex-
pressed instead in terms of the conditional distributions pyjo(2¢|xo), which are often simpler
to compute or available in closed-form solutions. This substitution leads to a score-matching
objective tailored for general denoising Markov models, as captured in the following corol-
lary, extending the classical score-matching framework (Hyvérinen and Dayan, 2005; Vin-
cent, 2011).

Corollary 3.8 (Score-Matching) Define the conditional density ratio as
mo(lao) = e )py (20),

where pt|0(-\xo) denotes the conditional distribution of xy given xo. Then, the score-matching
loss is given by

T
Lsm[Mt0] = Ezgrpo [/0 ) [(nﬂo('\fﬁo)ﬁtﬁtfol(‘ﬁo) + Ly 10g77t|0('|I0)) (SUt)} dt] ;

(3.5)
and when the function n; depends on the parameters 6 through the parametrization of ©; by
its neural network representation, the score-matching objective satisfies that

arg min Dict (P Q) = arg min £[nf] = arg min s nfo)
where constants independent of the model parameters 6 are omitted.

13
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In general, due to the non-negativity of the integrands of £[n] (3.4) and Lsm[ny o] (3.5)
(¢f. (Benton et al., 2024b, Proposition 1(a))), one may reweight the integrands by a function
¢ to mitigate the concentration of the loss in regions where its magnitude is large (Song
et al., 2021b), similar to the approach in Eqgs. (2.2) and (2.5). Practically, this reweighting
can be implemented by sampling time ¢ from a non-uniform distribution ¥ over [0, 7] during
training (cf. Algorithm 1), resulting in the following time-reweighted loss:

Lsm,w 0] = Eaompo,tnw | Biympyo(-f0) [<Ht|0(‘|$o)ﬁtm_|01('|$o) + L;log nt\o("l’o)) (th)H :

Remark 3.9 (Comparison with Benton et al. (2024b)) We briefly compare our pro-
posed framework and the approach presented by Benton et al. (2024b). While our framework
relies on a single explicit assumption (Assumption 3.3), Benton et al. (2024b) propose two
independent assumptions concerning the parametrization of the estimated backward genera-
tor IC¢, which, in our notation, can be expressed as follows:

(1) For each t € [0,T], there exists an auziliary Markov process (z)sc(o,1] governed by a
Feller evolution system with generator My, together with a function ¢, such that

Kr_of = Mor—if +cr—if
for all sufficiently regqular f;

(2) For each t € [0,T], there exists a strictly positive function By satisfying
BrtMr_if = LB ) — FLB

Under these assumptions, Benton et al. (2024b) apply a change-of-measure argument be-
tween the original process (xi)icpo,r) and the auziliary process (zt)iejo,r), and subsequently
invoke the integral-by-parts formula for semimartingales and the Feynman-Kac formula to
handle the additional term c;.

In contrast, our simpler and more explicit assumption (Assumption 3.3) inherently sat-
isfies the assumptions above. Specifically, using FEq. (3.2) and the definition of the adjoint
operator, we have

Ki 19 =0iLe(pr ' 9) — o1 'glior = oili(oy 'g) — erglevr ' + g (welepy ' — or ' Ligr)

which corresponds precisely to their assumptions with the choices
Be=1, Mr_yg=pLi(o;'g) —pglior ', and cr_y = @ilip; " — o L.

Moreover, while the choice of ¢, is left implicit in the approach of Benton et al. (2024b), we
explicitly characterize ¢ in our framework and demonstrate via Lemma 3.4 and Theorem 3.5
that this selection is uniquely determined to ensure the conservativeness of the estimated
backward process (yt)te[QT]- By clearly specifying c¢, our framework provides a direct and
explicit representation of the estimated backward generator K, thereby enabling a broader
class of denoising Markov models with arbitrary Feller forward processes, as elaborated
in Section 4 and verified by several examples in Section 5.
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Furthermore, our analysis reveals explicit and intuitive relationships between the for-
ward generator Lg, the true backward generator Zt, and the estimated backward generator
Kt, as illustrated clearly in Figure 1. By interpreting these relationships through a gener-
alized Doob’s h-transform (Theorem 3.2, Assumption 3.3, and Lemma 3.4), our framework
avoids the necessity of introducing an auxiliary process (Zt)te[[)’T]. Instead, we directly em-
ploy a streamlined change-of-measure argument (Theorem 3.6) between the true backward
process (It)cjo,r) and its estimate (Yi)iejo,r)- This simplification significantly clarifies the
analysis, enhances the conceptual transparency of the method, and provides clearer insights
for practical implementation in designing denoising Markov models.

3.4 Meta-Algorithm

We now introduce the meta-algorithm for denoising Markov models and outline several key
principles underlying their design.

Training Process. The training process (Algorithm 1) of denoising Markov models typ-
ically relies on four crucial components: (1) an empirical distribution py approximating
the target distribution pg, (2) a simple, easy-to-sample reference distribution to which the
forward process rapidly converges after time horizon T', (3) an explicit formula for the condi-
tional distribution py|o(-|20), and (4) an efficient method for simulating the forward process
(7¢)4efo,r) generated by L.

In generative modeling scenarios, the first requirement is naturally fulfilled by available
data samples. However, the remaining conditions depend on careful choices of the forward
process. Choosing the transition kernel p;o to be space-homogeneous and even further
time-homogeneous is common in practice to simplify its computation. We provide concrete
examples addressing these criteria in Section 4.

Inference Process. Inference for denoising Markov models is straightforward in princi-
ple: given the explicit form of the estimated backward generator K¢ (specific examples again
appear in Section 4), we simulate the estimated backward process (y:);c(o,7]- Starting from
the initial distribution qg, samples are generated by numerically discretizing and simulating
this continuous-time process.

Since practical implementations involve discretization, controlling the resulting numeri-
cal error becomes crucial for the model’s performance. To quantify the numerical error, we
consider a uniform discretization of the interval [0, 7] into time steps of length x, assuming
T = Lk for some integer L. For ¢ € [L], let gy denote the distribution of samples after ¢
discretization steps. The inference procedure for the discretized denoising Markov model
is detailed in Algorithm 2. We impose the following assumption on the numerical error
introduced at each discretization step:

In the following theorem, we consider a general case where the time horizon T is dis-
cretized into time steps of equal length . For simplicity, we assume that T'= Lk for some
integer L. For any ¢ € [L], we denote the distribution of obtained samples after ¢ steps
of simulation by gy.. We refer to Algorithm 2 for the inference procedure of the denoising
Markov model. Within each interval [¢k, (¢ + 1)), we assume the existence of a numeri-
cal method that simulates the estimated backward process (Ut)e[ex,(¢+1)x With a bounded
one-step numerical error.
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Algorithm 1: Training Procedure of Denoising Markov Model

Input: Empirical distribution py of the data distribution pg, the conditional
probability pyjo(-|7o), number of total epochs N, batch size B, time
distribution ¥ on [0, 7.

Output: The estimated backward generator IC? depending on model parameters 6

through ¢; represented by a neural network.
1 forn=0to N —-1do

2 Sample samples {xék)}szl ~ po and time points {t*)}B_ ~ U for k =1 to B

do

3 Sample xﬁk) ~ pt(k)|0(-|x[()k)) by simulating the forward process (2¢)e(o,7)

with the generator £, )

end
Compute the empirical average of the integrand in Eq. (3.5) as

Ssmw )] =

;i (nf(WO Uw‘()k)) Lo <'}xék)>_l + Ly log njie <|$ék)>> <$§k)> :
k=1

Update the parameters 6 by gradient descent as 6 < 6 — GVESM,\I}[W?‘O]
6 end

Algorithm 2: Inference Procedure of Denoising Markov Model

Input: The estimated backward generator ICf depending on model parameters 6
through ¢, represented by a neural network, a simple, easy-to-sample
distribution qg ~ pr.

Output: A sample yr from gr = po.

1 Sample gy ~ qo = qo for £=0to L — 1 do

2 Sample J(s4 1), from the distribution g(g11xjex(:[¥ex) by the numerical method
satisfying Assumption 3.10

3 end

Assumption 3.10 (One-Step Numerical Error) For each ¢ € [0,L — 1], there ezists
an algorithm for simulating the estimated backward generator KY. Given Gy, this algorithm
induces a conditional distribution G4 1)x)ex(-|Uex) approzimating the estimated backward pro-
cess (Yt)ielen,(e+1)x) and the corresponding conditional distribution qpi 1w (-|Yex)-

Moreover, we assume that the numerical error of the algorithm within each interval
[0k, (£ + 1)K] is of order O(k'17), i.e., the following bound holds:

G Dmlen T ernnlTen) | o 14y

E = = = S )
Qe+ 1)x)ex(T(e11)x] Taw)

T ~Dow T (641)r~D(e+1)k

for some r > 0, where we write a < b to mean a < Cb for a constant C > 0 that may depend
on fized, time-uniform structural parameters of the model class (dimension, conditioning,
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reqularity), but is independent of the step size k, the time horizon T, and any realized path.

Under this assumption, we obtain the following meta-error bound:

Theorem 3.11 (Meta-Error Bound for Denoising Markov Models) Under Assump-
tion 3.10, the distribution gr of the samples generated by the inference algorithm (Algo-
rithm 2) satisfies:

Dk (pollgr) < Dxr(prllao) + £nf) + Tx", (3.6)

where £n?] is defined in Theorem 3.6.
The error bound (3.6) reveals three main sources of error in the model:

(1) Truncation Error Dxr(pr|q): Results from approximating the forward process
distribution pp at the terminal time 7' by a simpler distribution ¢g. If the forward
process converges exponentially, as in certain cases of the continuous and discrete dif-
fusion models discussed in Sections 2.2 and 2.3, this term typically becomes negligible
for sufficiently large T'.

(2) Estimation Error £[nf]: Corresponds exactly to the KL divergence between the
path measure of the true backward process and that of its estimate as introduced
in Theorem 3.6. This quantity measures how well ¢; aligns with the true marginal
distributions p; and can be directly minimized during training (Algorithm 1).

(3) Numerical Error Tk": Represents cumulative numerical errors arising from the
discrete approximation of the continuous-time backward process. This term heav-
ily depends on the choice of numerical method and the underlying Markov process.
Standard Euler-Maruyama methods typically yield » = 1. For general Lévy pro-
cesses introduced in Section 4.3, the constant factor before the scaling Tk" depends
on the dimension d, the conditioning, uniform regularity, and moment bounds on the
coefficients of the Lévy triplet (I;f, ﬁf ) Xf) Practitioners may choose adaptive dis-
cretization strategies based on the data distribution’s characteristics to reduce this
error. For relevant discussions, we refer readers to Chen et al. (2023a); Benton et al.
(2024a) (continuous diffusion models) and Chen and Ying (2025); Ren et al. (2025a)
(discrete diffusion models).

4. Examples

In this section, we illustrate our framework by applying the theoretical results developed
earlier to several important classes of Markov processes. Specifically, we revisit diffusion
processes and jump processes, which recover continuous and discrete diffusion models as
special cases. We then extend our analysis to general Lévy-type processes, revealing the
broad applicability of our denoising Markov model framework. For clarity and brevity,
we provide main results and intuitive explanations here, deferring rigorous mathematical
details and proofs to Appendix B.
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4.1 Diffusion Process

We first consider diffusion processes, where the underlying state space is the Euclidean
space RY, and the generator acts on twice-differentiable functions, i.e., functions in C?(R?).

Forward Process. We assume that the forward process (¢)e[o,r) is a diffusion process
governed by the following SDE:

da; = bt(:ct)dt -+ Et(a:t)dwt, (41)

where by(x) is the drift, (w¢)¢>0 is the Wiener process, and the diffusion coefficient X;(x)
satisfies 3y(x)X, () = Dy(x). Regularity conditions on the coefficients by(x) and Dy(x)
are detailed in Assumption B.2.

The generator of the diffusion process (z+);c[o,7] is given by

Lif =by(x)-Vf+ %Dt(m) V2,

where we adopt the notations V2 = VVT and Dy(z) : V2f = szzl DY ()05 f.

Backward Process. Given sufficient regularity (Assumption B.2), Theorem 3.2 shows
that the backward generator £; can be explicitly obtained as:

r 1
ﬁT—tf: (_bt+DtV10gpt+V.Dt) .Vf_|_§Dt . sz,

while our assumption (Assumption 3.3) leads to a similar structure for the estimated back-
ward generator:

1
Kr—f = (—bt+DtV10gcpt+V.Dt).vf+§Dt V2,

implying that the estimated backward process (yt)te[o,T} is itself a diffusion process, de-
scribed by the following SDE:

dy; = (=br—¢(ys) + Dr—i(ye)sr—i(y) + V- Dr_¢(y)) dt + Zp_ (ys)dwy, (4.2)

where 37 = Vlog ¢; estimates the true score s; = V log p;.

Loss Function. Applying Theorem 3.6, the KL divergence between the true and esti-
mated backward processes is given by:

T
~ 1 ~ ~
Lls)] =E [/ §Dt(:ct) s (si(xy) — Vogpi(xy)) (s¢(xy) — Vlogpt(mt))T dt|, (4.3)
0
and the corresponding score-matching loss replaces V log p; by the conditional score V log pyo.
Example 4.1 (Continuous Diffusion Model) Choosing the diffusion coefficient Dy(x) =
I; simplifies the score-matching loss to the familiar form from continuous diffusion models
as in Eq. (2.2):
~ T L. 2
Lom(8t] = Eagopo E:l:twpzw(-\mo) B Hst(a?t) - Vlogpﬂo(mt\azo)H de|,
0

matching exactly Eq. (2.2) up to time-reweighting.
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4.2 Jump Process with Finite State Spaces

We now discuss finite-state jump processes, represented by continuous-time Markov chains
on a finite state space X, whose size we denote by |X|.

Forward Process. The generator of the jump process on X is given by

Lif(z) = (fy) = F@) Ny, ),

yeX

where A\¢(y,x) represents jump rates from z to y at time ¢, with \;(z,2) = 0 for all z € X.
Then it is a classical result that the forward Markov chain (z¢),c(o,7] evolves according
to (2.3) and one may verify that the jump rate A\;(y, x) matches that defined with the rate
matrix A; in Section 2.3.

Backward Process. Assumption 3.3 reduces to the following form:

Krof = 30w — @) 2D 0, 9) = S ) — F@)F )Ml v),

yex %(33) yeX

with estimated score function 5;(z,y) = ¢:(y)/¢i(z) approximating the true score sy(x,y) =
pt(y)/pe(x). Thus, the estimated backward process (yt)cjo,r) is also a continuous-time
Markov chain with the form (2.4).

Loss Function. Theorem 3.6 now corresponds to

T /S\t T, /S\t T,
L] =E /0 Z <(y) —1- log(y)> se(ze, y) ez, y)dt | (4.4)

Jex St(l'ta ZJ) St(l‘t, Z/)

We adopt the convention A\(z,x) = 0 and therefore the summation is effectively exclud-
ing the case where y = x;. We will also adopt this notation for brevity in the following
discussions.

Example 4.2 (Discrete Diffusion Model) As shown in Appendiz B.2, the score-matching
objective (3.5) in this case matches exactly the loss of discrete diffusion models (Eq. (2.5))
up to time reweighting.

4.3 General Lévy-Type Process

We now investigate the most general setting for denoising Markov models, focusing on
Lévy-type processes defined on R?. Lévy-type processes generalize both diffusion and jump
processes and include a rich class of stochastic dynamics.

Forward Process. Under suitable assumptions on the generator (Assumption B.3), which
ensure that the generator is sufficiently regular, i.e., the domain of the augmented generator
contains all compactly supported smooth functions, we characterize the forward generator
explicitly using the Lévy-Khintchine representation:

19



REN, ROTSKOFF, AND YING

Theorem 4.3 (General Form of Forward Process, Informal Version of Theo-
rem B.4) Under Assumption B.3, the generator Ly of the forward process (x¢)ejo,r) can be
represented in the following generalized Lévy-Khintchine form:

Lif(@) =bi(z) - Vf(x) + %Dt(w) V2 f(x)
(4.5)
+ /Rd\{ : (fly) = f(x) = (y— ) - V(@)1 (Y — =) M(dy, z),

where by(x) is the drift term, Dy(x) is the diffusion coefficient, which is positive semidefinite
for any ® € RY, and \(dy, x) is a Lévy measure, i.e., a Borel measure on R\{x} satisfying

/ (1/\Hy—a:||2) A (dy, ) < 400,
R\ {x}

for any x € RY. The triple (by, Dy, \¢) is known as the Lévy triplet.

Note that if the coefficients (by, Dy, A¢) are time-invariant, this reduces to the classical
Lévy-Khintchine form. By similar arguments as for (Cinlar and Jacod, 1981, Theorem 3.33),
the generator £; of the general Lévy-type process (x;)icr admits the stochastic integral
representation (Proposition B.7):

t ¢
T = Tg —|—/ bs(xs)ds + / Y (xs)dws
0 0

+ /O /R d\B(%,l)(y—xSf)N[A](ds,dy) + /0 /B (mf’l)(y—:Bsf)N[)\](ds,dy),

where the matrix X4(z) satisfies Xs(2)Es(z)" = Dy(z) for any z € R?, (wg)s>p is a
d-dimensional Wiener process, N[\|(ds,dy) denotes the Poisson random measure with in-
tensity As(dy, z,-), and N[A](ds,dy) is the compensated version of N[\|(ds,dy), i.e.,

N[M(ds,dy) = N[A](ds,dy) — A\s(dy, z,- )ds.

Backward Process. Under further regularity conditions (Assumption B.6), particularly
assuming that the Lévy measure A\(dy, ) admits a density, i.e., \(dy, z) = \(y, z)dy,
one may explicitly compute the backward generator L;, yielding the same form as Eq. (4.5):

Fuf(x) =by(x) - V(=) + %Dt(m) V2 ()

4 / (Fw) — f(x) — (5 — ) - V@) (¥ - ) M(dy, z),
R\ {x}

with modified Lévy triplet (l;t, Dy, Xt) explicitly given by:
br_i(x) = —bi(x) + Dy(x)Vlog py(x) + V - Dy(x) + Z[pi (),

Dr_y(z) = Dy(z), and XT_t(y,m)zzzgz;At(m,y),
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where the integral term Z[p;] accounts for asymmetric jumps:

_ . pe(y) x x
Tpd@) = [ ) (AN )+ ) ) do

Under our estimation assumption (Assumption 3.3), the estimated backward genera-
tor KC; shares the same general Lévy-type form (4.5) but with the estimated Lévy triplet
(b, D{,X)):

br_y(@) = —bi(x) + Dy(x)V log pi(x) + V - Di(x) + L[] (x)

DY (@) = Di(@), and X (w.z) = Y\ (a.y).

We remark that the integral Z[-] should be understood as a bona fide integral or in
the Cauchy principal value sense, depending on the singularity of A\(y,x) (see Conforti
and Léonard (2022, Theorem 5.7) for sufficient conditions and Example 4.4 for an explicit
example).

Loss Function. To practically implement this model, we define the diffusion and jump
score functions separately as:

s (@) = Vlegpi(z), and 8 (@) = Vg pi(),

and
Jump(wjy) _ pt(y) and ~jump

s = ) S
t D (m) t

respectively. Using these definitions, the KL divergence between the backward processes

decomposes naturally into diffusion and jump parts, yielding the unified loss function:

(wvy) -

E[Adlﬂ /\%ump] F [

1 . . .
| 3P (38 (@) — Viogm(@) (5 @)~ Viegm(en) @t (46)
Jump :B , gjump T , um
/ / Jump i_(ony) 1—10g# S (24, y) Mo (a0, y)dydt |
v \ " (a7, ) S ()

which is exactly the sum of the KL divergence (4.3) derived from the discussion of diffusion
processes and that of the jump process (4.4), and the corresponding score-matching loss is

thus
T
/ B, ~prjo(-20)
0

%Dt(xt) 1 <§?iﬂ($t) - Vlogpt|0(wt\xo)> (ggiff(iﬁt) - Vlogpt\o(ﬁﬂt!wo))T (4.7)

€T
() - P ) it
R

pejo(xt|T0)

SSM [Adlﬁ /ﬂump]

5t ]Ew() ~Po
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Example 4.4 (Lévy-Itd Model (Yoon et al., 2023)) Consider the special case where
the diffusion component vanishes, i.e., Diy(x) = 0, and the Lévy measure \(y,x)dy is
chosen as a time-homogeneous and isotropic a-stable Lévy measure with the following form:

042"_1#_‘1/21“(0‘7‘“1) 1
r1-3) ly — ||+t

Ai(y, z)dy = dy. (4.8)
In this setting, the integral term Z|[-] arising in the backward drift admits a concise expression
in the Fourier domain (Yoon et al., 2023, Theorem B.3):

_
 fl=)

where F and F~1 denote the Fourier transform and its inverse, respectively.

While the Lévy measures associated with the true and estimated backward processes
differ from the forward measure, a practical simplification used by Yoon et al. (2023) is
to approximate the ratio terms pi(y)/pi(x) or pi(y)/wi(x) by 1. This approzimation is
justified by noting that the Lévy measure defined in Eq. (4.8) concentrates strongly near
the origin, thus allowing the standard isotropic a-stable process to be used directly in the
backward simulation.

Typically, to obtain the estimated drift term l;f (x), one would first estimate the jump-
related score function s, ¥ (x,y) by optimizing the general Lévy-type score-matching loss (4.7),
and then plug this into the integral term Z[p](x). However, an alternative approach pro-
posed by Yoon et al. (2023) is to directly learn the integral term Z]pi](x) by minimizing the
following simpler loss:

Z[f](=) FH{—iag|gll*F{f}} (@),

Lrm[Z[ed]] = Ezgopo [/OT Emwpt\oCIwo) [Hl'[tpt](w) —I[pt\o(.]wo)](as)HQ] dt] )

This loss no longer directly corresponds to minimizing an upper bound on Dk, (pollqr) as
in Corollary 3.7, but it is practically appealing due to its explicit form. When the forward
drift is chosen as by(x) = —x/«, this integral term simplifies to a closed-form expression:

_t
Ly — € ad

Zlpyo(wt|wo)] (z) = —m,

thus enabling efficient training and inference.

In the following theorem we justify the necessity of allowing general Lévy-type forward
processes in the denoising Markov model framework, including instances such as the Lévy-
It6 model (Yoon et al., 2023). We show that, under the standard diffusion-only setting with
affine drift and additive Gaussian noise, heavy-tailed data inevitably induce an infinite
terminal mismatch against a Gaussian reference. Consequently, the KL-based error bound
degenerates, which motivates enlarging the design space beyond diffusions.

Theorem 4.5 Consider a denoising Markov model whose forward process is the diffusion

in Eq. (4.1),
dmt = bt(:nt)dt + 2tdwt,
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with affine drift by(x) = Az + uy, where Ay € R4 gnd u, € R are measurable and
bounded on [0,T], and 3 is measurable and bounded on [0,T]. Assume the data distribution
po is absolutely continuous, spherically symmetric, and heavy-tailed with E[||xo]|?] = oo, and
let the reference qo be Gaussian. Then, for every time horizon T > 0,

D1 (prllq) = oo,
where pr is the T-marginal of the forward process.

The proof is provided in Appendix B.3. By Corollary 3.7, the sample error bound
degenerates for diffusion-only forward processes with affine drift and additive Gaussian
noise when pg is heavy-tailed:

Dxuw(pollgr) < DxwL(prllqo) + £[ne] = oo,

because the terminal marginal pr retains heavy tails, making the terminal mismatch against
a Gaussian reference g infinite and the KL-based guarantee vacuous.

Remark 4.6 The failure mode of Theorem 4.5 is intrinsic to any finite physical time Gaus-
sian noising path and therefore cannot be eliminated by a mere time reparametrization.
Consider compressing t € [0,00) into T € [0,1) via an increasing C* map g : [0,1) — [0, 00)
with g(1) — 00 as 7 — 1, and the reparametrized process y, = x The time-changed
process satisfies

g(7)-

dyr = ¢'(1)by(r)(y-)dT + /g (T)Z () dwr,
and since g(1) = [J ¢'(s)ds = o0 as T — 1, the factor g’ cannot remain bounded and the
dynamics become stiff near = — 1. As a result, any implementable numerical scheme must

effectively truncate at 7 = 1 — & for some € > 0 (or equivalently, at finite physical time
t=g(1—c¢)), where the KL divergence remains infinite.

This exposes a concrete failure mode of diffusion-only denoising Markov models for
heavy-tailed data and motivates enlarging the design space to Lévy-type forward processes
with heavy-tailed marginals, e.g., the Ornstein-Uhlenbeck process driven by an a-stable
Lévy process, whose stationary law is a-stable. In such cases one can simply choose this
heavy-tailed stationary distribution as the reference ¢o to match the tails, restoring a fi-
nite and informative terminal bound and making Corollary 3.7 meaningful. For empirical
evidence on using a-stable Lévy forwards with real-world heavy-tailed data, we refer to
the results in (Yoon et al., 2023), without repeating those experiments in this paper. This
provides a principled rationale for adopting general Lévy-type processes in our framework
when heavy-tailed data may arise. This framework is practically attractive when pyo, or a
surrogate such as Z[po], is available in closed form or can be approximated efficiently.

To end this section, we provide insights into the connections between denoising Markov
models and generator matching (Holderrieth et al., 2025) in the following remark.

Remark 4.7 (Connections to Generator Matching (Holderrieth et al., 2025))
The primary conceptual distinction between our proposed framework of denoising Markov
models and the generator matching approach of Holderrieth et al. (2025) lies in the direction
and strategy used to specify and estimate the underlying Markov dynamics.
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In denoising Markov models, we specify the forward generator L; explicitly and subse-
quently estimate the backward generator L through the parametrization of a function ¢y,
guided by conditional densities pyo. In contrast, the generator matching method specifies
the form of the backward generator L first and then directly learns its coefficients using a
prescribed probability path (pt)icpo,r) (or equivalently, (Py)iecfo,1])-

Specifically, generator matching assumes that for each terminal condition T ~ pp (or
equivalently, o ~ po), the conditional probability path (byr(:|Z7))icio,r) (or equivalently,
(Pr—tjo(|®0))tefo,1]) is pre-determined and assumed to be governed by a general Lévy-type
conditional backward generator of the form:

Zf'; =byyr (@|Er) - V(@) + %bt\T(wI:ET) V2 f(x)
_ (4.9)
’ /Rd\{ } (fy) = f(z) = (y = @) - V(@)1 (@) (y — @) Myr(dy, z|27),

where the triplet (5t|T(m]:Y:T), DﬂT(SD‘fI_:T), Xt|T(dy, x|xr)) is assumed to be available in closed
form formulas, derived directly from Kolmogorov’s forward equation (Theorem A.23):

-

Opyr(-lTr) = (£t|T) Pyr(lET).

Then, leveraging the linearity of the generator, the unconditional backward generator Ly
can be expressed as the posterior expectation of this conditional generator (cf. (Holderrieth
et al., 2025, Proposition 1)):

th($) = E:ETNﬁT\t("I) [Zj§f<w)]

- _ 1 - _
=B r iy, () [btlT($|mT)] V@) + 5Barmir, ) [DtlT(m’wT)} : V2 f ()

o ) = @) = (=) V5@t ) By o [ ()]

(4.10)
i.e., the Lévy triplet (by, Dy, A) of the backward process is given by the posterior expectations

of the Lévy triplet (Et‘T(-H}T), Dt|T('|5T)> Xt|T(-|£T)) of the conditional generator /:’:T:Tp given
T, as

— —

bi(x) = Bz, () [5t|T(m‘53T)} , Di(x) = Esppp, (o) [DtlT(xliT)} :
and Xt(dy,w) = ECET"@TH('W) [XﬂT(dy,m]fET)} .

The generator matching training strategy thus involves learning these posterior expecta-
tions (4.10) by formulating suitable regression problems. For instance, the drift term by(x)
can be learned via the minimization of the following regression-based loss:

o T o 2
SgM[bt] :/O Efl—?t’\‘ﬁt |:Eff3T"’I3Tt(‘5i?t) |: bt (mt) — bt|T($t‘xT)H :|:| de¢

T
/0 EmONPO [EwT—thTto(‘|$0) [
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with samples &y ~ Py (-|&r) obtained by simulating the conditional generator (4.9). After

0 <0 <0
obtaining the estimated Lévy triplet (b,, Dy, \;), inference proceeds via simulation from the
resulting estimated backward generator.

5. Experiments

In this section, we present several experiments validating our theoretical results. Given the
extensive empirical literature on continuous and discrete diffusion models as special cases of
our framework (cf. Examples 4.1 and 4.2), we focus on novel examples of Markov processes
that have not yet been extensively explored in the context of denoising Markov models.
The primary purpose of these experiments is to demonstrate the generality and flexibility
of our theoretical approach. Given the established success of diffusion-based models, our
objective is not to outperform existing methods; instead, we aim to highlight the viability
of alternative formulations by applying them to conceptually simple tasks.

We will consider two examples of denoising Markov models: (1) a diffusion model with
geometric Brownian motion as the forward process, and (2) a “jump model” with a jump
process in R? as the forward process. In both cases, we will demonstrate that the learned
backward processes can effectively approximate the target distribution.

5.1 Diffusion Model with Geometric Brownian Motion

In this illustrative example, we consider geometric Brownian motion (GBM) as our forward
process. The forward dynamics follow:

dil?t =x © Zd'wt,

where ® denotes the element-wise product. Through a change of variables, this equation
admits a closed-form solution:

1
Ty = xo) O exp <Zwt ~3 diag(ZET)t) ) (5.1)

where diag(£XT) denotes the vector with the diagonal elements of the matrix XX 7. The
diffusion matrix in this case is given explicitly by D(x;) = diag(x;)XX " diag(x;). Thus,
this choice clearly fits within our denoising Markov model framework, with a diffusion
process as the forward dynamics. Unlike the standard diffusion models (Example 4.1), the
diffusion matrix here is neither constant nor spatially homogeneous, depending explicitly
on the current state x;.

Following the framework in Section 4.1, we parametrize the estimated score function
S¢(x) by a neural network with parameters 6 and optimize the following score-matching
loss (4.3):

T

Lom[s:] = fco~p0|: ; By mpijo |w0){

3D (@) ~ Viowp(arlen)) (st - Viogpp(alen) | ar]
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—-—=- Target Distribution pg
B Generated Samples gr

(a) 1-D Case. (b) 2-D Case.

Figure 2: Empirical results of denoising Markov models using geometric Brownian motion
as the forward process. The generated samples from gp (in blue) closely match the target
distribution py (dashed line in 1-D and contour lines in 2-D in red), highlighting the effec-
tiveness of the learned backward process.

Using the explicit solution (5.1), the gradient of the conditional log-density is given by:

1 t
V log pyo(@i|xo) = —z;' o <1 + Z(EET)_l <log x; — logxp + 3 diag <ZET)>> , (5.2)

with the vector operations taken element-wise. Note that, when D(x;) is not diagonal, this
loss no longer simplifies to a standard mean squared error, highlighting the generality of
our method.

Due to the positivity-preserving nature of GBM, our experiments focus on the positive
orthant R‘i. We choose the target distribution as the absolute value of mixtures of Gaussian
distributions. We select a sufficiently large terminal time 7' to ensure that the forward
dynamics (5.1) approach the origin closely with high probability. Correspondingly, the
backward dynamics, derived from Eq. (4.2), read:

dy; = (D(y)S7—(y¢) + V- D(yy))dt + y¢ © Zdw.

To demonstrate the effectiveness of our method, we conduct experiments in both one
and two-dimensional cases (Figure 2). For both cases, we use an MLP with 5 layers and
128 hidden units for the score function s;(x) with the input simply being the concatenation
of the state x; and the time ¢t. We optimize the score-matching loss (4.3) using the Adam
optimizer with a learning rate of 1073. In the 1-D scenario, we set ¥ = 1 and use the
following target distribution:

po(y) = 0.7TN (y;2,0.25) + 0.3N (y;4,0.64), V y € R,.

In the 2D scenario, we use:
(1.0 04 B [2.5 5.5 )
%= [0,2 1‘0] , and po(y) = 0.6N (y, [ 5 ] ,I) + 04N (y, [2'5] ,I) , Yy € R2,
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Figure 3: Visualization of generated backward trajectories using geometric Brownian motion
as the forward process. Samples generated via the learned backward dynamics (in blue)
evolve from the initial distribution gp with the estimated score function s;(x) into the
target distribution pg (in red), further validating the theoretical robustness and practical
effectiveness of our denoising Markov models.

where N (+; pu, X) denotes the Gaussian density with mean p and covariance X. We ap-
proximate the initial distribution gy by sampling from A(0,2I) and then applying the
absolute-value transformation.

As evidenced in Figure 2, our model achieves satisfactory performance: the generated
samples closely approximate the target distributions in both dimensions. Despite the po-
tential singularities in the score function (5.2) as ¢ — 0 or as ||z¢|| — 0, training is notably
stable, requiring only moderate neural-network sizes. Furthermore, Figure 3 illustrates the
evolution of the generated trajectories during inference, demonstrating how samples move
smoothly from the initial noise toward the complex target distribution along a different
path from the pure Brownian motion (Variance-Exploding SDE) or OU process (Variance-
Preserving SDE). This provides empirical support for the soundness of the backward process
learned via score-matching and emphasizes our framework’s flexibility in accommodating
more general Markov dynamics beyond standard diffusion processes.

5.2 Jump Model

In this example, we propose a pure jump process-based model as a new type of denoising
Markov model. Specifically, we consider a forward process consisting exclusively of jumps,
i.e., we set the drift b;(x) = 0 and the diffusion coefficient D;(x) = 0. For simplicity,
we assume that the Lévy measure \;(dy, ) admits a density A\ (y, ) with respect to the
Lebesgue measure and satisfies the following integrability condition:

/( lly — z|| A\ (dy, x) < +o0.
€T

)
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This ensures that small jumps in Eq. (4.5) are integrable and thus can be naturally included
with the drift term, which vanishes in this case.
Under these assumptions, the forward generator simplifies to:

Lif(x) = / (f(w) — f(@)) My, x)dy.
R\ {x}

This corresponds to a pure-jump Lévy-type process represented by the stochastic integral:

T, = To +/0 /Rd(y — x4, )N[N(ds, dy), (5.3)

where N[\](ds,dy) denotes the Poisson random measure with compensator As(y, - )dyds.
We refer readers to Section 4.2 for more details on this formulation.
Correspondingly, Assumption 3.3 yields a simplified estimated backward generator:

Kof () = / () — 1)) X (v, 2)dy,
Ré\{x}

where the estimated Lévy measure Xf (y,x)dy is defined explicitly via the score function
for the jump part:

NZ — T—
)‘t (ya m) = Sle“lEltp(ma y))\T,t(m, y) = SOit(y)>‘Tf1f(mvy)‘

er—t()
This estimated Lévy measure is both temporally and spatially inhomogeneous. In contrast
to general Lévy-type processes, this jump-only model eliminates the need to estimate any
diffusion-based score function. The score-matching loss from (4.7) then reduces to:

. T
Lsm[51™] =Eagmpo [ /0 Emwm\o('Imo) [
(5.4)

U (g, ) — ————log &P (xy, M (g, y)dy | dt|.
L (B - 28Tt ) Mt u)y

=)

Once the jump-based score function §"™ is learned, we simulate the backward process by:

w=wot [ [ -y ) NE s dy), (55)

where N [Xw] (ds,dy) denotes a Poisson random measure with compensator Xf (y,y,- )dyds.

We highlight that this jump model generalizes discrete diffusion models discussed in Sec-
tion 4.2, extending them from finite state spaces to continuous domains. Instead of continuous-
time Markov chains in the finite-state setting, the forward and backward processes are now
stochastic integrals with respect to Poisson random measures, and the score-matching loss
is an integral instead of a sum. These differences pose computational challenges to the
implementation of the model:
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e Forward Simulation: By choosing a space and time-homogeneous Lévy measure
Ay — @), the forward process (5.3) reduces to a compound Poisson process. Specifi-
cally, in order to sample x; given xg, one first samples the jump count from a Poisson
distribution with mean ¢ fRd Ay — x)dy, then samples corresponding jump locations
from A(-).

e Numerical Integration: If the Lévy measure \(y — x)dy is further isotropic as
in Example 4.4, the integral over A(||y — ||)dy in the score-matching loss (5.4) is
efficiently approximated by Monte Carlo integration using samples from the isotropic
kernel A(]| - ||).

e Backward Simulation: The backward simulation (5.5) is nontrivial due to the
space-time inhomogeneity of the estimated Lévy measure )\f (y,x). Specifically, com-
puting the integral:

T = [ Koy = [ e iy -y 60

for each sample y,gk) at time ¢ is computationally expensive. However, noting that the

score function satisfies:

P (yref y)

~jum k)’
SR (g, i)

5Py y) =

ref

with a fixed reference point y™', one can reuse numerical integrations as

NI

jum k)\’
S (gref 4 ()

TN oyt =

significantly reducing computational costs across samples. Subsequently, given the
integral (5.6), one can sample the jump count from a Poisson distribution with mean

kT [Xf (-, ygk))] and use rejection sampling to draw jump locations according to the es-

timated backward Lévy measure X;P(y, y§k)), by first estimating sup,cpa §3;“mp(y§k), )

and then drawing samples from the kernel \(||y — y,gk) ID-

In our empirical experiments, we consider a 2-D spatial domain defined on the torus
T? = R?/Z%. The Lévy measure \;(y,x)dy is chosen as a time and space-homogeneous,
isotropic Gaussian kernel:

1 |y — |
My, z) =N(y—=x;0,I) = —e - .
o) = Ny - 30.1) = oxp (125
We select a sufficiently large time horizon T' such that the forward jump process converges
towards the uniform distribution on T2. To efficiently compute the integral term (5.6), we
leverage the periodic structure of the domain and the property of the Gaussian kernel by
employing numerical quadrature based on the fast Fourier transform. For all cases, we use

an MLP with 5 layers and 128 hidden units to approximate the score function /s\iump(a:, Y).
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Figure 4: Visualization of generated backward trajectories using the jump process as the
forward process. Samples from ¢; generated via the learned backward dynamics (in blue)
are compared with the corresponding distribution pr_; from the forward process (in red).
Results for three distributions (Chessboard, Swiss roll, Moons) demonstrate close agreement
between the generated and target distributions.

We optimize the score-matching loss (5.4) using the Adam optimizer with a learning rate of
103, Additionally, we use Fourier features for the input « and y to account for the periodic
boundary conditions of the torus in the neural network architectures used to approximate
the score functions.

The empirical results for three distinct 2-D target distributions (Chessboard, Swiss
Roll, and Moons) are presented in Figure 4, illustrating the evolution of samples from the
estimated backward jump dynamics. Specifically, we visualize 2048 backward-generated
samples at different intermediate time steps and compare them with the corresponding
forward distributions pr_;. As demonstrated in Figure 4, the backward jump trajectories
initially start from a uniform distribution at ¢ = 0, gradually capturing intricate features
of the target distributions as time progresses. By the end of the backward simulation
(t =1T), the generated samples accurately reconstruct the complex structures of each target
distribution, verifying the effectiveness of our jump-based denoising Markov model.

Unlike diffusion models, which typically begin their backward evolution from Gaussian
distributions, our jump-based model starts from the uniform distribution, highlighting a
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distinct and versatile approach within generative modeling frameworks. We also refer read-
ers to (Holderrieth et al., 2025, Figure 2 and Appendix E) for a comparison of our denoising
approach with the generator matching framework in the context of pure jump processes.
Our denoising Markov models do not directly work with the Kolmogorov’s forward equation

to obtain the conditional generator ZfHTw through its coefficients Xt‘T, but instead leverage
the score-matching technique to learn the backward process through the score function

/S\}]eump .

6. Discussion

In this paper, we introduced a novel framework for denoising Markov models, significantly
extending classical diffusion models to a broader class of Markovian dynamics. By estab-
lishing connections between the backward process and the generalized Doob’s h-transform,
we provided a rigorous theoretical foundation and a versatile methodology for constructing
denoising Markov models from general Lévy-type forward processes. Under suitable regu-
larity conditions, we justified the use of standard score-matching techniques for efficiently
training these models. Additionally, we discussed practical implementation strategies and
elaborated on connections with the generator matching approach recently proposed by Hold-
errieth et al. (2025). Through empirical experiments, we explored several novel instances of
our general framework, including geometric Brownian motions and jump processes, high-
lighting their effectiveness in generative modeling scenarios that had not been previously
studied. These experimental results demonstrated the flexibility and robustness of our
approach, validating our theoretical insights.

For future work, several promising directions remain open. A key area of interest is
extending the jump model to high-dimensional problems by introducing sparsity structures
into the Lévy measure \(y, x), following recent advances by Lou et al. (2024). This would
enable efficient large-scale sampling and mass transportation, potentially unlocking power-
ful new generative modeling capabilities. Furthermore, a deeper theoretical investigation
into how the choice of forward process affects training efficiency, generalization performance,
and model robustness remains an exciting avenue. Specifically, it would be beneficial to sys-
tematically explore the optimal selection of forward processes tailored to specific structures
present in target distributions, such as multimodality or heavy tails.
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Appendix A. Mathematical Approach to Denoising Markov Models

In this section, we assume that E is a locally compact, separable Hausdorff space, equipped
with a base Radon measure (E,B(E), i), where B(E) denotes the Borel o-algebra on E.
Let (z¢)ter be a time-inhomogeneous Markov process on F, defined on the probability space
(Q, F,P), where T is the time index set, either R or [0, +00). For notational simplicity, we
will write P(+) instead of P({w € Q| -}) when there is no risk of confusion.

A.1 Feller Evolution Systems
We begin by introducing the concept of time-evolution operators and evolution systems,

which form a family of linear operators closely associated with Markov processes.

Definition A.1 (Time-Evolution Operators) A family of linear operators (U s)s<t.s teT
is called a time-evolution operator family, or simply an evolution system, if the following
conditions hold:

(1) Uiy =id for any t € T;

(2) Ups = U, Uy s for any s <r <t, with s,r,t € T.

This definition is motivated by interpreting the operator U; 5 as the conditional expecta-
tion operator associated with the Markov process (x¢)icr. Specifically, for any f € By(E),
the space of bounded Borel measurable functions on F, and any s < t, we define the operator
Ut,s by

Ursf (@) =E[f(z1) | s = a]. (A1)

It is straightforward to verify that U; satisfies both conditions in Definition A.1, and
hence qualifies as an evolution system. Moreover, the operator family (U;s) defined in
(A.1) possesses the following properties:

(1) (Positivity-Preserving Property) U sf > 0, if f > 0 and f € By(E), for any s < ¢,
s, t €T;

(2) (Contractivity) ||Utsflloo < || flloo, for any f € By(E), s <t, s,t € T;
(3) (Conservation) U;s1 =1, for any s <'t, s,t € T.

We also define a special class of evolution systems, namely the Feller evolution sys-
tem (Bottcher, 2014), as follows:

Definition A.2 (Feller Evolution System) An evolution system (U s)s<t.steT 15 called
a Feller evolution system if, for any f € Cy(E), the space of continuous functions vanishing
at infinity!, the following conditions are satisfied:

(1) (Feller Property) Uy sf € Co(E), for any s <t, s,t € T;

(2) (Positivity-Preserving Property) Uy sf > 0 if f >0, for any s <t, s,t € T;

1. A function f is said to vanish at infinity if for any € > 0, there exists a compact set K C E such that
|f(z)] <eforallz e E\ K.
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(3) (Contractivity) |Ussflloo < ||flloos for any s <t, s,t € T;
(4) (Strong Continuity) The following limit holds:

lim : WUsrf —Usflloo =0, for any s <t,s,t €T.
t

(o,7)—(s

For any evolution system, we can define its right and left generators as follows.

Definition A.3 (Generator of Evolution System) For any fized s € R, the right
generator of the evolution system is defined by the limit

. Us+h sf - f
Lsf = lim ————~—,
/ higi h

The domain dom(Ls) of the right generator Ls at time s consists of all functions f € Cy(E)
such that the above limit exists in the L> norm, in which Cy(E) denotes the space of bounded
continuous functions on E.

Similarly, the left generator is defined as

_ . Us sfhf - f
Lyf= lim 2= 20
o f ho+ h ’

with the corresponding domain denoted by dom(L; ).

A.2 Feller Semigroups

For time-homogeneous evolution systems, observe that for any s € T and ¢ > 0, we have
T = Us—i—t,s = Us,s—t,

which implies that the left and right generators coincide, .e., L = L5 = L. In this case,
the family of linear operators (7}):>0 forms a semigroup, or more precisely, a one-parameter
semigroup, as defined below:

Definition A.4 (One-Parameter Semigroup) A family of linear operators (1t)i>o is
called a one-parameter semigroup if the following conditions are satisfied:

(1) To = id;

(2) TsTy = Teyt, for any s,t > 0.

For such semigroups, we define their generator as follows:

Definition A.5 (Generator of Semigroup) The generator of a semigroup is given by
the limat Tof— f
Lf— lim - —
/ o b
where the domain dom(L) consists of all functions f € Cy(E) for which the above limit
exists in the L norm.
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In general, the generator L is a closed operator on its domain, which is dense in Cy(FE),
and it maps dom(£L) into Cy(E) (Bottcher et al., 2013). To focus on a class of semigroups
that are particularly suitable for Markovian dynamics, we now introduce the notion of a
Feller semigroup.

Definition A.6 (Feller Semigroup) A one-parameter semigroup (T)i>0 is called a Feller
semigroup if the following conditions hold for every f € Co(E):

(1) (Feller Property) T,f € Co(E) for any t > 0;
(2) (Positivity-Preserving Property) Tyf > 0 if f >0, for any t > 0;
(3) (Contractivity) | Tif|loo < || flloo for any t > 0;

(4) (Strong Continuity) The following limit holds:

[Thf = flloo = 0.

lim

h—0+

We now introduce the concept of a Feller process, which is a time-homogeneous Markov
process whose transition semigroup forms a Feller semigroup.

Definition A.7 (Feller Process) A time-homogeneous Markov process (x¢)ier on E is
called a Feller process if its transition semigroup, defined as

Tif(z) == E[f (z¢)|zo = 7]
1s a Feller semigroup.

An important identity associated with Feller processes and their generators is Dynkin’s
formula. This result provides a key connection between the infinitesimal generator and the
expected value of a function evaluated along the process.

Theorem A.8 (Dynkin’s Formula (Bottcher et al., 2013)) For any f € dom(L) N
Co(FE) and stopping time t with E[t|zo = x| < 400, the following relation holds:

E[f (0)|x0 = o] — J(x0) = E [ | £rtegas

I‘0:$:|.

To establish a more general framework that connects Feller evolution systems with
Feller semigroups, we introduce an augmentation construction. This construction allows us
to reinterpret a time-inhomogeneous process as a time-homogeneous one by lifting it into
an augmented state space.

Definition A.9 (Augmented Process (Wentzell et al., 1979)) Let (x¢)ieT be a Markov
process on E with the evolution system (Ups)s<tster- Then we define the following aug-
mented process (Zs)s>o in the augmented probability space (S, F,IP) defined as follows:
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(1) (State Space) The augmented state T is defined as T := (s,z) € T x E, with the
augmented state space T X E equipped with the following o-algebra:

g::{ECTxE

B, = {x € E|F = (s,z) € E} € B(E),Vs € ’JI‘}

where B(E) is the Borel o-algebra on E;

(2) (Sample Space) The augmented event w is defined as @ := (s,w) € T x Q := Q, with
the augmented sample space €2 equipped with the following o-algebra:

ﬁ::{ﬁcﬁ

F, = {wGQ’@:(s,w)Eﬁ}E}",VSET};

(8) (Probability Measure) The augmented process (Ti)i>0 is defined as
515((:6) - :ft(sv w) = (3 +1, .’135+t(W>),

and the augmented probability measure P is defined such that the following relation

holds:

P, (@(a) € E) =P (@(@) € B|7o(@) = %)
—Pp ((s 1,241 (W) € BlFo(w) = (5, 25(w)) = (s,x))
=P (a:s+t(w) € §5+t’xs(w) = m) ,

foranyz = (s,z) e Tx E, t>0, and B € B.

For simplicity, we will omit the explicit dependence on w and w in the remainder of
our discussion.

The following proposition establishes that the augmented process is indeed a Markov
process on T x FE, provided that the original process is Markovian on FE.

Proposition A.10 If the original process (x¢)ier s a Markov process on E, then the aug-
mented process (Ty)ieT is a Markov process on T x E with the following transition probability:

IF) (:’L'vt/ I~ E‘:’I}Vt = .7L'v> = IFD (J,'s/+t/7t I~ gsﬁkt’ft‘xs’ = 3:‘) R
forany = (s',2) e T x E, BeB, and st > t.

Proof Let F € ]?t and B € B with ¢/ > t, where ft denotes the filtration generated by the
augmented process up to time t. We verify the Markov property of the augmented process
by computing:

/~1§(5t,)ﬁ»50 (d@):/1§(5t,)1§ (d& |70 = (s,2))
F '
N /~ 1§5+t/ (@stv)P(dw|zs = 2)

Fs

:/; P (ms—l-t’ € BJs—HE’
Fs

:/j@(g?t/ € Bl#) B (4|7 = 7).
F

x8+t> P(dw|zs = )
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where the second equality is due to that conditioning Zp(w) = (s, ) implies that W = (s,w)
such that z5(w) = z, and the third equality is by the Markov property of the original process

(zt)teT-
We now compute the transition probability of the augmented process explicitly. For any
x € E, BeB, and s',t' > t, we have

P (3 € Bl# =7)
:IF) ((SI + t/ - t, $s’+t’—t) S é‘ft = (S/, .’E))
=P (xs’th’ft € §3’+t’7t‘$s’ = 1‘) .

This shows that the transition kernel depends only on the difference ¢’ — ¢, and hence the
augmented process is time-homogeneous. |

We may now define the semigroup associated with the augmented time-homogeneous
Markov process:

T,f(@) = E[f(3)|70 = 7.

where E denotes the expectation with respect to the augmented probability measure P.
Correspondingly, the generator of the augmented process is introduced below.

Definition A.11 (Augmented Generator) The augmented generator L of the aug-
mented process is defined as the following limit:

E1E) — i @D = 1@

h—0 h ’

for any f € Cy(T x E). We denote the domain dom(Z) of the augmented generator L as
the space of all function f € Cyo(T x E) satisfying the conditions aforementioned such that
the limit above exists with respect to L*° norm.

The next proposition establishes the relation between the augmented generator and the
right generator of the original time-inhomogeneous Markov process.

Proposition A.12 Let (z¢)ieT be a Markov process governed by the evolution system (Uys)s<t
with right generator Ls. Let (Zt)t>0 be the corresponding augmented process with semigroup
(Tt)tzo and generator L as in Definition A.11.

Suppose f € Cy([0,T] x E) satisfies the following conditions:

(1) f(-,x) € CHT) for any x € E;
(2) f(s,-),0sf(s,-) € dom(Ls) for any s € T,

then we have f € dom(L) and the generator satisfies

Lf(T)=Lf(s,x) = 0sf(s,x) + Lsf (s, ). (A.2)
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Proof Starting from the definition, we write

Thf(S,ﬂi) - f(sa $)

Lf(s,z) = lim

h—0 h
— lim E [f(S + h7$8+h)’x8 = .’E] - f(S,.Z‘)
h—0 h
i B [f(s+ h, o) — f(5,Zspn) + [(5,Texn) — f(s,2)|xs = 2]
_h—>0 h
_ i B+ A zsin) — f(s, Tsin)lzs = 2] + gim B (£ (5, Tsn) — f(5,2)|zs = 95]’
h—0 h h—0 h

where the second term on the right-hand side matches the definition of the right generator
L of the original process (z;)tcr and thus converges to Lsf(s,z) as h — 0, given f(s,-) €
dom(Ls).

The first term on the right-hand side can be computed as follows:

TR (S5 hoarn) — (5, masn) ks = 2] = 00 (s, )

< lE [f(s+hysin) — f(8,Ts1n)|xs = 2] — E [an(svl's—I—h)‘xs = -73]
1 s+h
—[E| [ @t rn) -~ o

h
+ |E [0sf (s, Tstn)|xs = 2] — s f (5, 2)]
Ts = az]
+ UE [asf(svxs—kh)‘xs = -77] - asf(sagc)} )
where the first term is bounded by the continuity of J,f(-, z) as

1 s+h
’hE [/ (05 f(o,Ts1n) — Osf(8,xs4p)) do|xs = l‘:|

< sup  [Osf(o,) = Osf(s,x)| =0, as h = 0,
o€ls,s+h],z€E

and the second term is bounded as

|E [0sf (5, Tsqn)|ws = ] — 05 f(s,2)|
=Ustn,s0sf(s,-)(x) —Osf(s,x) =0, as h =0,

where we treat the derivative 0sf(s,z) as a function of only = and thus the limit converges
to 0 as h — 0, given O0sf(s,-) € dom(Ls). The proof is thus completed. [ |

We now state an important corollary, which extends Dynkin’s formula to time-inhomogeneous
processes via the augmented framework. We will adopt the shorthand notation f;(-) = f(t, )
in the following discussions.

Corollary A.13 (Dynkin’s Formula) Under the conditions of Proposition A.12, the fol-
lowing relation holds:

E[fxa:t)rxo:w]—fo(x):E[ [ @t + £apwas].
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for any stopping time t with E[t|xg = x] < +o0.

Proof First, we apply Theorem A.8 to the augmented process (Z;)ieT, and obtain the
following relation:

E[f(@)[F0 = (0.2)] — /(0.2) = E [ [ Es@aas

o= (0.9)].
where the left-hand side, by Definition A.9, can be rewritten as

E [f(@)|T0 = (0,2)] = f(0,2) = E [fi(w,) o = a] — fo(w),

while the right-hand side, similarly, can be rewritten as

E Uot Lf(%s)ds

- 0.0)] - [ C(Oufuls) + Lafulen)) ds]

where we used the relation (A.2) in the last equality. The proof is thus completed. |

Finally, the next theorem establishes the equivalence between Feller evolution systems
and Feller semigroups via the augmented process.

Theorem A.14 (Bottcher (2014, Theorem 3.2)) Let (z¢)ier be a Markov process on
E and (Ty)ier be the augmented process on T x E as defined above. Then the following
statements are equivalent:

(1) The evolution system (U s)s<t is a Feller evolution system;

(2) The semigroup (Tt)teT is a Feller semigroup, and thus the augmented process (Ty)ier
is a Feller process.

Remark A.15 The time index set T may also be taken as a closed interval [0,T] for some
T > 0. In this case, we may restrict all time indices in the preceding discussion to lie within
[0,T]. The identity in Eq. (A.2) remains valid for all s € [0,T') since it is a local property.
To ensure well-defined behavior at the endpoint T', one may extend the Markov process
(wt)iejo,) to (Tt)eepo,r+) for some small e > 0, where T+ =T + ¢, or more conveniently, to
(l’t)teR-

A.3 Time-Reversal of Markov Processes

Throughout this subsection, we fix the time index set as T = [0, 7] and adopt the following
assumption.

Assumption A.16 (Feller) The Markov process (xt)c(o,r) 95 governed by a Feller evolu-
tion system (Ut,s)sgms,te[o,T}' Therefore, by Theorem A.14, the associated augmented process
(Tt)eo,1) 18 a Feller process.
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Additionally, we assume that both the original and augmented processes are cadlag.
We now define the time reversal of a Markov process, following the formulation in Léonard
(2022); Cattiaux et al. (2023).

Definition A.17 (Time-Reversal of Markov Process) Let (zt);c(0,7] be @ Markov pro-
cess. The associated time-reversal process (:r_t)te[[),T] s defined by

Ty = lim xp_ p = Tp_p-
h—0t ( )7

and by setting T = xg.

Without loss of generality, we assume that xp- = zp with probability 1. Consequently,
the map % : (%¢)ico1) = (Tt)ieo,r) is almost surely bijective. The filtration (F¢).ejom
generated by the time-reversal process is defined by

-/::t = ﬂ U(fos:T)a
s>t
where o (z.7) denotes the o-algebra generated by the path (21)ic(s 7). We define the right

generator L of the time-reversal process (ft)te[o,T} and the generator ZS of the augmented

time-reversal process (%t)te[o,T]a similar to Definition A.3 and Definition A.5.
For the ease of presentation, we introduce the following function class assumption.

Assumption A.18 (Function Class U) There exists a class of functions U on E satis-
fying the following:

(1) U is an algebra, i.e., closed under addition, (pointwise) multiplication, and scalar
multiplication;

(2) U C Cy(E) and is dense in Cy(E);
(3) U C Nyejo.r dom(Ly) N dom(Ly).
Next, we define the formal adjoint of a generator. This concept is motivated by the

observation that we only require adjointness to hold for functions in U/, rather than for all
elements of L?(E, ).

Definition A.19 (Adjoint Operator) We define the domain dom(L*) of the adjoint
operator L£* as the space of all functions g € L*(E,u) such that there exists a unique
function L*g € L*(E, u) satisfying that for any f € U, the following relation holds:

(Lf,9)=([.L7g), (A.3)

where (-,-) denotes the inner product on L*(E, ).

The uniqueness of L*g follows from the density of ¢ in Cy(E) and hence in L*(E, p).
We now introduce another function class ¥V C U as test functions for the function class U:

Assumption A.20 (Function Class V) There exists a class of functions V on E satis-
fying:

48



A UNIFIED APPROACH TO ANALYSIS AND DESIGN OF DENOISING MARKOV MODELS

(1) V C Niejo,r) dom(L7);

(2) gU ={fglf €U} €V, for any g € V.

To ensure well-definedness and integrability of expressions involving the generator, we
also make the following regularity assumption on marginal and conditional densities.

Assumption A.21 (Regularity of Densities) We assume that

(1) The marginal distribution of the Markov process (xt);c(o,1) at time t admits a density
pi(x) with respect to the base measure p and py € V C U, for any t € [0,T];

(2) The conditional distribution pt|s(xt|xs) of the Markov process (ZL‘t)te[(),T]; defined as
pt|s("xs) =P(zy € ‘|zs = s),

admits a density pys(z¢|zs) with respect to the base measure pu and py(-|lrs) €V CU
for any x5 € E, for any s,t € [0,T] with s < t;

(3) For any f € U, the following conditions hold:

T T _
E [/ \Etf(xt)]dt} < t+oo. and E [/ |£tf(;ft)|dt] < +oo,
0 0

We are now ready to state a key result that relates the generator of the original process
to that of the time-reversal process.

Theorem A.22 (Time-Reversal Generator) Under Assumptions A.18, A.20 and A.21,
for each t € [0,T] and any f € U, the generator L, of the time-reversal process satisfies the
identity

pelr—if = Li(pef) — [L{p:- (A.4)

If in addition f €V and pi(x) > 0 for all x € E, the identity Eq. (A.4) can be rewritten as
Lr_if =p; ' Li(pef) —pr ' FLipe = L1 f + p; 'Ti (p, f)

where TS (pt, [) = Lf(pef) — o L7 f — fLEpe is the carré du champ operator associated with
the adjoint operator L.

Proof By Theorem 3.17 in Cattiaux et al. (2023), for any ¢t € [0,7] and f,g € U, the
following relation holds:

Egimp, [(Lt + ZT—t)f(wt)Q(xt) +Ii(f 9)(ze) | =0,

where T4 (f,9) = Li(fg) — fLg — gLt f is the carré du champ operator of the original
generator L.
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Substituting the definition of T'.(f, g), we obtain

<ptZT—tf,9> = —(pLef,9) — (P, Te(f, 9))

=— (peLif,9) — (v, Le(fg) — [Lrg — gL f)
= <Ptf, £t9> - <pt,£t(fg)> .

Since pg, f € V and fg € U, the definition of the adjoint operator yields

<ptZT_tf,g> = (pef. L1g) — (pt, Lo(f9))

=(Li(pef),9) — (fLiPt, 9)
=(Li(pef) — fLIDE 9)

which establishes the identity (A.4). |
For completeness, we state the Kolmogorov forward equation under the current frame-
work.

Theorem A.23 (Kolmogorov Forward Equation) Under Assumptions A.18, A.20
and A.21, the transition density pyo(w|zo) satisfies the evolution equation

8tpt|0($’370) = Ei‘pt\o(wlwo)-
In particular, the marginal density satisfies

Oy = Lips.

Proof Applying Dynkin’s formula (Corollary A.13), for any f € U, we compute
(f, 0o (-|0)) = 8 (f, o (-x0)) = OE[f ()]0 = ]
=E[(0 + L) f(z)|xo = 2] = E[Lef (1) |z0 = 2],

which can also be written as

E[Lof (z¢)|zo = 2] = (Lof, pro(-lzo)) = (f+ Lipepo(-]m0))

and the proof is thus complete. |

A.4 Change of Measure

Motivated by the form of the time-reversal generator /:'T_t in Theorem A.22, we now con-
sider the following structural assumption for a family of generators (K¢)ejo,7] associated
with another Markov process (yt)ieo,r)- This formulation provides a rigorous version of
Assumption 3.3 in the main text.

50



A UNIFIED APPROACH TO ANALYSIS AND DESIGN OF DENOISING MARKOV MODELS

Assumption A.24 (Parametrization of Backward Generator) There exists a family
of generators (Ki)eo,r) corresponding to a Markov process (yi)icjo,r) such that, for each
t € [0,T], the generator KC; and the adjoint operator L are related by a function ¢ € U in
the following way:

er—of = Li(eef) — [Lier, (A.5)

forall felU.

To ensure that the identity in (A.5) is well-defined, we require the following regularity
properties of the density ratio 1, := ¢;/py, which informally ensures that this ratio is smooth
and bounded.

Assumption A.25 (Regularity of 7;) For each t € [0,T], the function n; = ;"
satisfies:

(1) n.(),n71() € Co([0,T] x E), n.(x),n.(x)~" € C'((0,T)) for any x € E, and
e, Oene, 1, ey log e, O log my € U
for any t € [0,T1];
(2) The function Lor_emy, satisfying that
Lr_ime = i L (peme) — v 'meLipe,
is upper bounded, i.e.,

7 ) LEoi(1) — op () Lipe(x
sup Ly () = sup pi(@) Ly )2 i () Lip(x)
zeE zeE p;(x)

< +00.

We note that condition (2) in Assumption A.25 implicitly requires both p; and ¢; to be
strictly positive on E. Under Assumption A.25 (1), it is easy to see that ¢; = pym € V and
also o f = pymef € V forany f € U, and thus Eq. (A.5) is well-defined under Definition A.19,
i.e., U C dom(K;) for any t € [0, 7. Analogous to Theorem A.22, if we further assume that
feVand pi(x) >0 for any = € E, Eq. (A.5) can be rewritten as

Kr_if =@ ' Li(of) —o; ' fLioe = Lif + 07 ' T (o1, f).

We now express the generator IC; in terms of the time-reversal generator ZT_t and the
ratio n; = ¢/ ps.

Lemma A.26 Foranyt € [0,T], under Assumptions A.24 and A.25, the following relation
holds for any f € U:

mKr—if = Lo—s(ef) — fLr—me = Lo f + Tri(ne, f),

where f‘t(f,g) = Z',t(fg) — thg - thf is the carré du champ operator associated with the
time-reversal generator L;.
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Proof For any functions f, ¢ that allow the following computation (c¢f. Assumptions A.18
and A.20), using the definition of 7;, we have that

<g,ZT—t(77tf) - fZT—mt> = <9p;1,ptZT—t(90tpt_1f)> - <9Pt_17 fptZT—t((Ptpt_l)> .

Notice that by the time-reversal formula (Theorem A.22), we have
pilr (e ' f) = Li(eif) — ey fLipe and  plLr (i) = L (o) — eupi ' Lipr,
and a careful algebraic manipulation shows that

<9, ZT—t(Tltf) - fZTftnt>

=(gp; ', Ly (o)) — (gpy s oy M FLipe) — (apy s FLT o) + (apy by Feoepr " Lipe)
={gp; " Li(eef)) — (api ', FLYee) = (gpi ' Li(eef) — fLT 1)

which by Assumption A.24 is exactly

<972T—t(77tf) - fZT—mt> = <gp;1, oKt f) = (g, mKr_1f),

and the proof is complete. |

Corollary A.27 Under Assumptions A.24 and A.25, suppose any f € Cy([0,T] x E) sat-
isfying that

(1) f(-,x) € CY[0,T)) for any x € E;
(2) f(s,+),0sf(s,:) €U for any s € T,
then the following relation holds:
(K = L ()F) = fLnr—.() = e OLf + Fr (). /). (A6)

where K is the augmented genemtor of the augmented process (yt)te[o 7] defined according to

Definition A.9, and F(f, g) = (fg) fﬁg g[,f is the carré du champ operator associated

with the augmented time-reversal generator L.

Proof We first apply Proposition A.12 to the augmented time-reversal process (%t)te[O,T]

to obtain that the augmented generator L, satisfies that

Lf(s,2) = 0sf(s,2) + Lafls, ), (A7)

and then apply similar arguments to the Markov process (yi):cjo,r] assumed in Assump-
tion A.24, we also have that

Kf(s,z) = 0sf(s,x) + Ksf (s, ).
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Using Lemma A.26, we compute

1r—s(@)Kf(s,2) = nr_s(2)0s f (5, 7) + nr—s(2) Ko f (5, 2)
=nr—s(7)0s f (s,x)—i—z (nr—sf(s,°))(x) — f(s,x)ZSnT,s(x)
)+ L

(77T s(m f( (nT sf( ))( ) f(‘S?x) (8877T—5(x) =+ anT—s(x)>
=L(rr—.()f) — FL(mr—.().
which proves the result. n

Corollary A.28 Under the conditions of Corollary A.27, we further have that
ni (OLF = Kng . ()f) = fRng () = el OK S + Tl (), ).

where f;c(f, g) = /E(fg) — f/%g — gl%f is the carré du champ operator associated with the
augmented generator IC.

Proof By taking f = n;i() in Eq. (A.6), we have

nr—(WKngh () = £1 — ngt (Vo) = = () Enr—. (),

and also by taking f = n}i.(-)g in Eq. (A.6), we have

—

Tle-(‘)IE(nq_“i.(')g) = Lr—()npt ()9) — gngt. () Lnr—. ()
=Lg + gnr—.()Knzt. (),
and thus

it ()Lg = Kzt ()g) — gKnpt (),
and the proof is complete. |

l*m

The relation of Ky (resp., K) and the time-reversal generator L, (resp., £) in Lemma A.26

can be regarded as applying to L (resp., Z',) a specific form of “perturbation” involving the
carré du champ operator acting with the ratio npr_;:

B (resp. mre. () Tr—.(),),

which allows an exponential change of measure argument, as summarized in the following
theorem:

Theorem A.29 (Change of Measure) Let Q be another probability measure absolutely
continuous with respect to P. Suppose that, for any t € [0,T], the conditional expected
log-Radon-Nikodym derivative satisfies

—&[- [ (i E @) - logm @) as| . (4

d
E [log @ _
F
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then the time-reversal process (:’ft)te[QT] under the probability measure Q is governed by the
generator K.

Furthermore, the original probability measure P is also absolutely continuous to Q, and
the conditional expected log- Radon-Nikodym derivative above satisfies the following relation:

dP
[log 0|~

] —E [ /0 t (72 Esnr—(5,) — Lo lognr—(5,) ) ds} :

Proof Based on Corollary A.27, we apply Theorem 4.2 in Palmowski and Rolski (2002)
to the augmented generator L of the augmented time-reversal process (%t)te[O,T} by verify-
ing condition (M2) in Proposition 3.2 therein, and obtain that under another probability
measure @ absolutely continuous to ]?’, the augmented time-reversal process (%t)te[o,T] is
governed by the augmented generator I and the Radon-Nikodym derivative is given by

77Tt()) exp < /Ot nTis(fs)EnTs(fs)%) ,

nr (o

aP |3
and thus

o 40
S ap

¢ -
- ] =E [—/ ko (Fs) Lnr—s(T5)ds + log nr—4(%;) — log nT(fo)]
% 0

= |- [ t (1@ Brr—o(5) ~ Eognr-.(5) ) ds).

where the boundary terms lognr_.(7;) — lognr(Zg) are rewritten via Dynkin’s formula
(Theorem A.8) applied to the time-inhomogeneous function (s,z) +— lognr_s(x) on the
interval [0, ¢].

Notice that in the construction of the augmented processes (Definition A.9), no extra
randomness is introduced apart from that from the probability space (2, F,P), and thus
we may define the probability measure Q on the original probability space (2, F,P) under
which the time-reversal process (Zt):c(o,r) is governed by the generator K; and the Radon-
Nikodym derivative is given by

o
o

||

dP

E |log dIP"

=E |- /0 (nT_S(ws)EnT_s(:%s) —ElognT_s(fs)> dS]

t
~E |- /0 (n;is(a?s) (Ounr—s(2) + Lanr—o(5) ) = (0 log nr— (&) + L log o () >d3]

t
—E |- / (7t () Eanr—(5,) = Lo lognr—(5,) ) ds] ,
L Jo
where the second equality is due to Eq. (A.7) and the last equality is by

nT—sas log nr—s = asnT—s‘
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To prove the absolute continuity of P to Q, one applies the same argument to the aug-
mented generator K and the original generator K of the Markov process (y¢)ic[o,7] under

the probability measure Q and @, respectively, given the symmetry of the two augmented

generators K and L (Corollary A.28), and the proof is thus completed. |

Proof of Corollary 3.7 The error bound is obtained from Theorem 3.6 by

Dxu1(pollgr) < Dxw(po.rllgor) = Dxi(prllqo) + Dkr(porllgo.r|pr), (A.9)

where the first inequality is by applying the data-processing inequality and the second equal-
ity is by the chain rule of KL divergence. The conditional KL divergence Dkr,(po.r||q0:7|pT),
defined as

Dxr.(po:rl|qo:7|pr) = Esympy [Dir(po:r (To:r) || q0:7 (Zo:1)) [T,

can be further bounded by the change-of-measure theorem Theorem 3.6 by aligning the two
processes (Tt);e(o,7] and (Yt)efo,r) at time 0 with probability distribution p, = pr. [ |

Corollary A.30 Under the conditions in Theorem A.29, the Radon-Nikodym derivative (A.8)
further satisfies the following relation:

dP T .
Dyt (PQ) = E [log d@] —E [ [ e e + Lotognads| = il

Proof By Theorem A.29, we have that
dP

Dy, (P =E |log —

@ (PIQ) = B [iog i |

T
E [ / nL (5) Esnr—s(Es) — Ly log nT_s(‘:Es)ds}
0

— —

T
= [ o 1 BBt (5) — Eolognr-. ()] ds

= /OT (<prs, TZEESZSUT75> - <prs, L;log 77T73>> ds

= [ (it pr-Bor-) = (o Eotog ) ) ds

Notice that by Theorem A.22, we have the following time-reversal formula:

—

pT—s[fsnT—s = 'C’if[’—g(pT—snT—s) - WT—sﬁ?_SPT—57

and
pr—sLilognr_s = Lo (pr—slognr—s) — lognr—s Lo pr—s.
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Thus, we continue our computation as follows:

Dk (P||Q)

/ <77T 57[’T s PT shT— s) nT_sAC;w_SpT_S> ds

- / (1, L7 _s(pr—slognr—s) —lognr—oLop_pr—s) ds
_1 "

/ <77T 37£T s pT sTT— s)> - <77T78,77T_3£T75pT_5> ds

- / <17 [’Tfs(prs log ans)> - <17 10g ans»C}fsprs> ds
0

— /0 ' (Lr—snplpr—snr—s) — (1, Lr_gpr—s) ds

_ /OT (Lr—s1,pr—slognr—s) — (log nr—s, L7_pr—s) ds
_ /OT (07 —sLr—snpt o pr—s) + (Lr—slognr—s, pr—s)) ds
_ /0 (oLan= ps) + (L log e, pa)) s

T
= /0 Eoomps [115(26) Lons H(2s) + L logns(zs)] ds

where the third equality is by noticing that £;1 = 0 by the definition of the generator. The
proof is thus complete. |

Remark A.31 (Direct route via generalized Doob’s h-transform) The conclusion
above may also be obtained more directly from Theorem 8.5. Indeed, by Lemma 3.4, after
replacing t by T — t, we have

Kef =05t Letnr—if) — npt, FL 4
Therefore ICy is precisely the generalized Doob’s h-transform of the true backward generator
Et with
he = nr—t, e =0t Lanr—s.

Applying Theorem 3.5 to the time-reversal process (Aﬂf_t)te[()’T] yields

dQ

. T T 1 o= -
@(Hf[m) = Z;((;O; eXp<— /0 (nTiﬁmT_t + nTitﬁmT_t) (¢) dt) :

Taking logarithms, inverting the Radon—Nikodym derivative, and then applying Dynkin’s
formula to the time-inhomogeneous function (t,x) — lognr_i(z) give

T
D1 (P||Q) = Ep {/ (n}itﬁmT—t — Ltlog 77T—t) (Ty) dt} :
0
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Finally, Theorem 3.2 rewrites this in terms of the forward generator as

T
Dk1(P|Q) = Ep [/ (mLemy t + Lilogm) (ze) dt|,
0
which is exactly the identity in Corollary A.30.

The next corollary rewrites the Radon-Nikodym derivative (A.8) in terms of the condi-
tional distribution pyg.

Corollary A.32 (Score-Matching) Suppose the discussions above can be extended to the
case where py = 0z, for any xo € E, then there exists a constant C' such that

Dk (P||Q) =E [108; j(g} = Lsm[Mejo) + C;

where we define the score-matching loss £sm[myo] as

T
'SSM[Uth] = Ezgpo [/0 EmsNPsw('\:vo) [nslo(fxsmo)ﬁsngé(ﬂfsmo) + L5 log 175|0(x5|x0)} ds] )

the constant C only depends on the Markov process xy, or more precisely, the marginal
distribution py, the initial distribution po, and the conditional distributions pyo(-|zo), and
does not depend on ;.

Proof Using similar arguments as in the proof of Corollary A.30, we have

Dyt (Bl|Q) = E [log & :/T(< L) + (e, Lo Tog 7)) s
KL gd(@ . Dsy NsksTs Ps, s 108 17]s
T

:/0 ((pss Lsns ') + (ps; Ls (log s — log py))) ds

T
:/0 (<£*‘p87905 p8>+ (s, Ls 10g@s>)d

where the notation ~ indicates the equality up to a constant term that does not depend on
¢sjo- Further computation gives

D (P[|Q)

T
>z po /(; (<,C:g05, g0;1p8|0('|x0)> + <ps|0("x0)a L log (Ps>) d5:|

=Eqpo /T << P \ﬂfo)> + (Psjo(-|70), Ls (10g77s|0+10gps|0)>> ds]

~Eaypo /0 ({paiolz0), nollz0) £snd (1r0) ) + (pajo(-10), L5 log majol-120)) ) ds]

T
:EQTONPO /0 Ex5~p5‘0(~|x0) [775\0(%‘:”0)537755 (.Z‘S’.Z‘()) + Ls log 773|0(5L‘s|l‘0)} d3:| )

where the omitted terms depend only on the forward process through p;, pg, and pt‘o(-]azo).
Collecting those terms yields the constant C', which does not depend on ¢; (equivalently,
on the model parameters). |
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A.5 Overall Error Bounds
Proof of Theorem 3.11 We first consider one specific interval ¢ € [¢x, (£ + 1)x). Similar
to the arguments in Eq. (A.9), we have, by the chain rule of KL divergence, that

DKL( Pty KHq £+1) ) DKL(ﬁlnH@K) < DKL@;(H—I)HMRH(/J\(ﬁ-ﬁ-l)nwﬁyﬁén)y

where the conditional KL divergence is defined as

Dxr(Pees1yrjen1Tes 1)k ek Do) = Espniy,e [DKL(ﬁ(£+1)H‘fH("E€H)H/q\(€+1)li|fli(.|:ffﬁ>):| :

In the following, we will omit the subscripts for the expectation with respect to the true
backward process (7)ic[o,1) for brevity.
For each Z; ~ py,., we consider the following decomposition of the integrand:

f@n]

~ N - Pres1ymien (T e 1)xlTex)
DKL(Pe41ymjen (1 Tex) @4 1)m)0x ([ Tex)) = E [log el (O D O
Q(Z—ﬁ-l)nwn( (L+1)k |xén)

f@n]

DRL(Pey1ymjen ([ Zex) | aer1ymien (1 Tex)) < DL (Do e41)x C1Z00) [ @0m:(41)6 (| Tew)),

xT—Kﬁ] .

The second term corresponding to the one-step error is bounded by Assumption 3.10
after taking expectation over Ty, as

=E |1

o Pees1)mien (@ er1)slTen)
Qe+ 1)x)ex(T(e11)x| Tew)

. ] R [ Qee41)m)er (T (1) [ Tex)
Q(€+1)H\Zn(‘r(€+1 n’x&@)

where the first term is first bounded by the data-processing inequality as

which is further bounded by Theorem 3.6 as

T—tk

DKL (Per: (041) ([T ) | Ger: (041) (- [Tex)) S E [/T o (meLem; ' + Lilogne) (wr)dt

o~

E [IE [log Q(e+1)n\zn(f(e+1)n!fen)
Q(€+1)n\€n(x(€+l)n|$fﬁ)

:’fﬂn:|:| 5 ’QH_T’
and by iterating for £ € [0 : L — 1], we have

DKL(??TH(?T) = Dx1(Prelldee)
<3 (s

SDKL(pTHQO) + L] +T'w",

T—flk
/ (Utﬁtﬁfl + Lilogny) (wy)dt
(H1)k

1+T> + Dxw(Pollo)

and the proof is complete. |

Appendix B. Example Details

In this section, we present the proofs of the examples in the main text. Specifically, we will
be verifying the assumptions that are required in Appendix A.
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B.1 Diffusion Process

In this example, we choose the space E = R? evidently a locally compact and separa-
ble space equipped with the Lebesgue measure. This example is the generalized case of
continuous diffusion models.

Definition B.1 (Hélder Space) In R?, define the Hélder semi-norm as

‘f|0,77 — sup ‘f(.’l?) B f(y)’

z,ycRe, xty Hx - yHﬂ

9

the Hélder space of order k with exponent n € (0, 1] is defined as

CrI(RY) = {f € C*RY)

fllgen = max sup |0gf(x)| + max [0z flo, < o0 ¢,
Ifllcna = miss s, 135 (@)] + o 95l

where B is a multi-index, |B| = Zle Bi, and 0g = 8|ﬁ|/8xfl e 8x§d.

Generator of Diffusion Processes. For a diffusion process ()cjo,7) on R?, the gen-
erator L; is given by

EJ:bx@-Vf+%DA@:V%, (B.1)

where by(z) = (b}(x))iciq) € RY is the drift vector, and Dy(x) = (Dzj(a:))i,je[d] € Réxd jg
the diffusion matrix.
The diffusion process (x¢):>0 governed by the generator £; can also be expressed in the
following SDE form:
dwt = bt(act)dt + Et(a:t)dwt,

where the matrix X;(x) satisfies I¢(x)2/ (€) = Di(x) for any € R? and ¢t > 0, and
(wy)>0 is a standard d-dimensional Wiener process.

To proceed with further discussions, we make the following assumptions on the coeffi-
cients of the generator L;:

Assumption B.2 (Regularity of the Diffusion Process) We assume the following
smoothness and regularity conditions on the coefficients of the generator Ly (B.1) for any
tel[0,7T]:

(1) The drift vector by(x) satisfies that bi € CO(RY) for any i € [d] and x € R%;
(2) The diffusion matriz Dy(x) is positive semidefinite and satisfies that DI’ € C*0(R%)
for any i,j € [d] and = € R%.

Domain of the Generator. Set the function class U = C?9(R?), it is straightforward
to see that U C dom(L;) for any ¢ € [0,7] under Assumption B.2. Then the function class
V can be chosen accordingly as sufficiently rapidly decreasing functions, e.g.,

vz{fec%ww

sup [0 (@)] < +o0. ¥ € N} ,
zER?,|B|<2
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such that Eq. (A.3) satisfies for any f € Y and g € V:
(£if.9) = [ o@)Luf(@)de
Rd
~ [ @) (bla)- V(@) + 3Dia) : T2 (@) )

== | V- (b(z)g(z))f(x)dx + %VQ H (Di(®)g(x)) f(z)dz
R4 Rd

=(f,Lig),

where the integration by parts is justified by the choice of V in the second-to-last equality,
and thus

1
Lig=-V-(byg)+ 5V2 : (Dvg)

which implies that V C dom(L}) for any ¢ € [0,7]. It is also easy to check that for any
g €V, g CV, and thus both Assumption A.18 and Assumption A.20 are satisfied.

Backward Generator. Theorem A.22 gives the exact form of the backward generator
L; as follows:

Loof =p; " Li(pof) — v ' FLI e
=—p; 'V (bpef) + %p;lVQ : (Dypef) + pp YV - (bepe) — %pt_lfv2 : (Dipr)
=—p; 'V (bip)f —p; oup - V4 %pt_lv (fV - (Depr)) + %pt_l (V- (Dpt)) - Vf
+p, V- (bipr) — %P;lfvz : (Dipy)
:—bt-Vf+%Dt V2 +p (Ve (D) - Vf
= (~by+ DVlogp + VD)V + 3Dy V1,
where we adopted the notation
V- Dy) = (X4, ;D) ()
corresponding to the following backward SDE:
dy = (—=bi(Ts) + Dy(&4)Viog pi () + V - Dy(1)) dt + (&) dwy, (B.2)

icld)’

where one often defines s; = Vlogp; as the score function.
Similarly, Assumption A.24 reduces to the following form:

1
Kr_if = (—bt—i—DtV]og(pt—f-V.Dt).vf+§Dt : V2f7

and thus the Markov process (yt)e[o,7] assumed in Assumption A.24 corresponds to another
diffusion process with the following SDE:

dy: = (=br—¢(yt) + Dr—¢(ye)s7—t(yt) + V- Dr_i(ys)) dt + Zp_4(y:)dwy,

where 8; = Vlog ¢, is an estimate of the true score function s;.
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KL Divergence and Loss Function. We also compute the KL divergence in Corol-
lary A.30 explicitly as follows:

T
DkiL(P[|Q) =E [/O m(@e) Lony (@) + Ly 10gﬁt($t)dt]
T
:E[/o (Ut(a:t)bt(mt) V() + %Wt(f”t)Dt(mt) Vi (@)
+ be(w) - Vdog () + %Dt(mt) : V2 log 77t(‘13t)>dt:|

T
1
| [ §Di(en: Tiogn(w) v ogmiai|.
0
where the last equality is by the following identity:

Vit =0V (—n; ' Viogn,)
= [Vm‘ 'V logn: +n, 'V? log m}
= —V2logn, + Viogn,V ' logn.

Notice that

~

Vlogni(z:) = Vlog gy(x) — Viog py(xs) = 8¢(x¢) — Vlog py(xy),

if we define s; = Vlog p; as the score function and s; = Vlog ¢, as its estimation, then the
KL divergence can be rewritten as

T R R .
D1, (P||Q) =E {/0 §Dt(a:t) : (8e(xe) — Vog pr(xy)) (8¢(xy) — Vog pi(ay)) dt] ,

and the corresponding score-matching loss (Corollary A.32) is thus

T
Dk (P[|Q) =Ezy~po |:/0 EthPto('|ﬂ30)|:
1 ~ ~
3 Di(@:) : (8e(w:) — Vlog pryo(wilao)) (8:(w:) — VIngt|0(wt|w0))T:|dt:| +C.

For diagonal diffusion matrices Dy(x), the loss function can be further simplified as

T
1. ~ 2
Dx1(P||Q) = Ezgnpy {/O B imprjo(1200) [2 diag Dy(x:) (8t(2t) — V log pyjo(@:|z0)) ]dt] +C,
where the square is element-wise.

B.2 Jump Process

In this example, we choose the space £ = X to be a finite set equipped with the discrete
topology and the counting measure pu. This example is the generalized case of discrete
diffusion models.
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Generator of Jump Processes. For a jump process (.’,Bt)te[o,T} on X, the generator L
is given by

£uf @) = [ (1) = @ a)n(dn) = S (F0) = ). o)
yeX

where A\ (-, z) is the rate of jumps from z to y at time ¢.
The jump process (x:):>0 governed by the generator £; can also be expressed in the
form of a continuous-time Markov chain:

)\t(yax)a lfy#ﬂ?,
- Zy’;éa: )‘t<ylvm)7 if y=ux,

where p; = (pi(z))zex is the vector of probability masses at time ¢.

d )
dtpt = Aipy,  with Ay(y,z) = {

Domain of the Generator. The choices of the function class & and V are trivial in this
case, as the generator £; is a linear operator on the space of real-valued functions on X,
and thus U = V = R¥| by noticing that for any f,g € R¥l, we have

(Lof9) =D g@)Lif(x) = > g@)(fly) = f(@)M(y, z)

zeX z,yeX
=Y 9@ iz, y) — gl@) f(@)Mi(x,y)
z,yeX
=D @)Y (g, y) — gl@)ly, 1)),
rzeX yeX

i.e., Eq. (A.3) holds with
Lig(x) = (9)\i(z,y) — g(x) e[y, 7))

yeX

Backward Generator. The generator L; of the time-reversal process (T¢)e(o,7) 1S given
by Assumption A.24 as

ZT—tf = pflﬁf(ptf) —p;lfﬁfpt

:pt:(lx) Z (pt(y)f(y))\t(l'y y) - pt(x)f<$))\t(y7 :L')) — i((xx)) Z (pt(y))\t(x, y) — pt([];))\t(y, q;))
yeX yex
=Y ()~ )2 (o) = ()~ sl
yexX yexX

where we define the score function as

s(z) = (st(x,y))yex = <]p)zgsyc;> %
ye

Thus, the backward process (fft)te[o,T} also corresponds to another jump process, which can
be expressed as the following continuous-time Markov chain:

ST*t(xvy))‘T*t(‘r’y)’ 1fy 7& z,

—q; = Mgy, with Ay(y,z) = .
de =2yt STt (@Y ) A2, y), iy ==
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Assumption A.24 can be similarly reduced to

Krof = S0 — @) 2D 0w, y) = () — F@)F )M, v),

yex oi(x) yex

where s;, defined as

se(x) = (5e(, ) yex = (ngzD X
ye

is an estimate of the true score function s¢. And the estimated backward process (yt):e(0,7]
corresponds to the following continuous-time Markov chain:

d_ AG N ST s Y)AT— »Y), if s
S G =ANG, with Ay(y,2) =" (@ y)A T-1(2 ?/J) / ify #
dt _Zy’;ém ST—t('fmy))‘T—t(x:y)a ity = x.

KL Divergence and Loss Function. The KL divergence in Corollary A.30 can be
computed explicitly as

T
Dx(P|Q) = E [ /0 () Loy () + L4 log nt(:rt)dt]

[/ (Znt ) nfl(wt)) At (Y, ) + Z (logmi(y) — logme(xy)) )\t(y,g;t)>dt}

yeX yeX
_ g m(@e) g, (@) .
- /0 yz@; ( nt(y) toloe ne(y) ) Ml )t

—E / 3 (9‘% L) W) Ay, z,)dt

X
yeX Pe\Ty

T, St \Tt, Y
=K / Z < xz’ o log ,\t( ! )> )\t(y,ib‘t)dt

3t<$t7 )

After swapping dummy variables in the double-sum representation, this can be further
transformed as follows:

Dk (P|Q) = / Z ( tzey) 1 —log St(xt’y)> st(@e, y) (@, y)di

St(xhy)
5¢(,y) st(z,y)
— ¢(z) -1 se(z, y) Mz, y)dt
/ ng;gp yEE;{ <St(m7y) St(x7y)> Y Y
[ - Szy) o @y pely)
), 2! )yze;g(sﬁ(m,y) 1-tog 2 ) DG

Ty, Sy,
=k / Z( J?Z, —1—log tlae y)> s¢(xe, y) M (g, y)dt

St (l't, y)
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By Corollary A.32, the corresponding score-matching loss is

D1 (P|Q)
T
¢(¢ pt|0 (y|wo) SOt(fUt)Pt|0(y|$0)>
=Ez ~ _— . —1-1o Ae(2g, dt| +C
orpe /0 e~Priol’[zo) y;g< ot(Y)peo(xt|To) g@t(y)Pﬂo(xt\mO) t(a.9)
oi(w)p y|$0) ei(z)
:EzoNpo Zptm x’% - lOg )\t(x7y)dt +C
= S\ eiW)po(elzo) i (y)
+(y)p 1’\900) Ppejo(ylzo)
=Ez~po / Zptm (z]z0) ( — log SOt(y)) ! A(z,y)dt| +C
= = or(2)pejo(ylzo) pi(x) ) pro(|zo)
[ 7
)Pejo(we|To) oY) > Pejo(y]7o)
—E, . /EM " <t ~1lo Me(ze,y) | dt]| +C
0P| Jy Eepollo) = t(xt)Pejo(y] 7o) et(zt) ) pyjo(at|To) (@)

Pt|0(y‘930)
pt\o($t|x0)

M

<§t<xt,y>— 1og§t<xt,y>) Meny)| dt| +c.

T
:EUCONPO /0 EItNPt\o('WO)

_yEX

B.3 General Lévy-Type Process

We now turn to the general case of Lévy-type processes, where we take the space £ = R%.
For ease of presentation, we extend the Markov process (i)icjo,r] t0 (%t)ier, i-e., take
T = R in Definition A.9, and make the following assumption:

Assumption B.3 (gourrége) Under Assumption A.16, the augmented process (Z¢)ter
is conservative, i.e., Ty1 = 1, where Ty is the Feller semigroup defined in Definition A.6,
and C°(R¥1) € dom(L), where C°(RIH1) is the space of all compactly supported smooth
functions in R,

Generator of General Lévy-Type Process. We first present the following theorem
stating that under Assumption B.3, the most general form of the forward generator is the
generator of general Lévy-Type processes.

Theorem B.4 Under Assumptions B.53 and A.16, the right generator Ls of the Markov
process (t)icr at time s is of the following form:

Loful@) =by(w) -V fy(@) + 3D,(@) : V2/u(2)

(B.3)
+ / (o) — fol@) — (g — @) - Vs (@)xs(@, ) Mo(dy, ),
R\ {x}

for any f.(-) € CP(RxR?), where x is a local unit? and the coefficients satisfy the following
conditions:

2. We say x is a local unit if it is a C°° mapping from R? x R¢ to [0,1] satisfying that (1) x(x,y) = 1
in a neighborhood of the diagonal set {(z, z)|z € R%}; (2) for any compact set K C R?, the mappings
{x(x, ) }ocx are supported in a fixed compact set in R%.
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(1) The drift by(x) € R? for any x € R%;
(2) The diffusion matriz Dy(x) € R¥? is positive semidefinite for any x € R?;

(3) As(-,) is a Lévy measure, i.e., a Borel measure on R¥\{z} and
[ anly=elP) Addy.a) <+
RN\{w}
for any « € R,

Proof By Theorem 3.5.5 in Applebaum (2009), which is originally derived by Courrege

(1965), the augmented generator £ of the augmented process (Z;)ier, the domain dom(£)
contains C2°(R%*1) as assumed in Assumption B.3, is of the following form for any

L(@) =~ 3@)(@) + b(@) - VI(@) + D) : V(@)

w [ (f@) - 1@ - 5 @) I @NED) MG D).
RHH\(3)

where V = (8,, V). The coefficients satisfy the following conditions:

Now that we assume the augmented generator L is conservative, we see by the definition of
the augmented generator (Definition A.11) that

0=L1=-7<0,

and thus ¥ = 0 (¢f. (Bottcher et al., 2013, Lemma 2.32)).

Notice that for any f € C’SO(RdJFi), it also satisfies the conditions in Proposition A.12,
and thus the augmented generator £ only consists of the time derivative d; and the right
generator L, only involving operations on the function fs(x) at time s regarded as a function
of only x € R?, where f; (x) is an alternative notation for f(z) with & = (s, ). Therefore,
the augmented generator £ can be reduced to the following form:

Zfs(w) :asfs(w) + 'Csfs(x)7

where the right generator L satisfies
1
Lsfs(x) =bs(x) - Vfs(x) + iDs(x) : V2 fo(x)

+/ (Faly) = fo(@) — (4 — @) - Vu()xa(2. 9)) As(dy, ),
R\{x}
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and it is easy to check that the required conditions of the coefficients are satisfied. The
proof is thus completed. |

We remark that the Courrege form (B.3) is closely related to the Lévy-Khintchine rep-
resentation of Lévy processes, and thus, without loss of generality, we choose the local unit
X to be the indicator function 1p(g 1) of the unit ball B(0,1) centered at the origin with
radius 1, and give the following definition of general Lévy-type processes.

Definition B.5 (General Lévy-Type Process) A general Lévy-type process (i)icr 1S
a Markov process on R® with the generator L; of the following form:

£f(@) =bu(@) - V() + 5 Dila) : VS ()
(B.4)
' /]Rd\{ ) (F(y) = fl) = (y = 2) - V(@) @y — 2) Mldy, @),

for any f € C(RY), where by(x) € R? is the drift, Dy(x) € R is the diffusion matriz,
and \(-, @) is a Lévy measure. In the following, we will call (by, Dy, A\¢) the Lévy triplet of
the general Lévy-type process.

To enable further discussion on the construction of the backward process, we summarize
and strengthen the required conditions for the coefficients in the following assumption as
in Assumption B.2:

Assumption B.6 (Regularity of General Lévy-Type Process) We assume the fol-
lowing smoothness and regularity conditions on the Lévy triplet of the generator Ly in Eq. (B.4)
for any t € R:

(1) The drift vector by(x) satisfies b, € CYO(R?) for any i € [d] and = € RY;

(2) The diffusion matriz D¢(x) is positive semidefinite and satisfies Dij € C?O(RY) for
any i,j € [d] and x € RY;

(8) The Lévy measure M\(-,x) admits a density function with respect to the Lebesgue
measure, which we denote with a slight abuse of notation with M\(y,x), i.e.,

M(dy, z) = M(y, x)dy,

and the density satisfies \i(x,z) = 0, M(-, ) € CLORY) for any x € R, \(y,-) €
CHO(RY) for any y € R?, and the following integral

[ (e e niw)) -

exists either bona fide or in the sense of Cauchy principal value, for any © € R% and
te0,7].

The following proposition gives a stochastic integral representation of the general Lévy-
type process.
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Proposition B.7 Under Assumption B.6, the generator associated with the Markov process
defined by following stochastic integral:

t t
T = xo —i—/ bs(ws)ds—i-/ Y(xs)dws
0

0
+/0 /Rd\B(ms,1)(y_ws_)N[)\](d8’dy)+/o /B(wsJ)(y—ws—)N[)\](ds,dy),

coincides with the form (B.4), where the matriz X,(z) satisfies Bs(x)Bs(z)T = Dy(x) for
any € RY, (ws)s>0 s a d-dimensional Wiener process, N[\|(ds,dy) denotes the Poisson

(B.5)

random measure with evolving intensity As(y, x,—)dy, and N[\|(ds,dy) is the compensated
version of N[A](ds,dy), i.e.,

N[A(ds, dy) = N[\](ds, dy) — As(y, z,-)dsdy.

Proof By taking X (t) = @, z = (y,§), a(t, X(t)) = by(x), o(t, X(t)) = Zi(x¢), and

Yt z,w) = (Y — 24— (W) Ljo A (g, - ()] (€)

in (OQksendal and Sulem, 2019, Theorem 1.16), where £ € R is an auxiliary variable aug-
mented to the space R? to account for varying jump intensities at different locations, follow-
ing the strategy in Protter (1983), we see that the stochastic integral (B.5) corresponds to
a unique strong Markov cadlag solution and by the general form of (@Qksendal and Sulem,
2019, Theorem 1.22) with the compensated Poisson random measure part, we have that

£4f(@) =bi(a) - V(@) + D) s V2 (o)
i /Rd\B( ) /R (F@+ (Y = @)L r () — f(@)) dydg
S L0 00010 s

— (y —x) - V()L (y,2)(E))dydE
=b(x) - Vf(z)+ %Dt(w) V2 f(x) +/ (f(y) — f(x)) Me(y, z)dy

R\ B(z,1)

+ / (F(y) — (@) — (y — z) - V(@) M(y, 2)dy,
B(z,1)

which is exactly the form (B.4) and the proof is complete. |

Domain of the Generator. We set U = C®(R?) N C29(R?), and V = S(R?), the
Schwartz space on R%. Clearly, under Assumption B.6, we have that & C dom(£;) for any
t € [0,7] and that for any f € U and g € V, Eq. (A.3) holds as

€if.9)= [ 9@ (@)
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- [ ot >(bt< ) Vi >+§Dt<w>:v2f<w>) da
/Rd IRC
[
; /R @Y (= @)L~ @)y, @)g(w) dady = (F, o).

i.e., V C dom(L;) for any ¢ € [0, 7], with the adjoint operator £} given by

Lig ==V (bug) + 3V°+ (D) + |l 9)olw) ~ Nlw. @)g(@) dy

x) — (y —x) - Vf(®)lpe1)(y — ) \(y, z)g(x)dzdy

V- (bi(z)g(x)) f(x)de + §V2:(Dt(w)g($))f(fv)dw

Rd

) \i(z,y)9(y) — f(x) iy, z)g(x)) dzdy

(B.6)
+ [ V(=) a - Dy, 2)g() dy.
It is also checked that for any g € V, gf C V.

Backward Generator. We plug the form of the adjoint generator £ (B.6) into Theo-
rem A.22 and obtain the backward generator £; as follows:

Lr—if =p 'Li(ouf) — i ' fLI e

~ (b= DV logp+ VD) VI + 3DV + [ (1) - 5@) B )iy

+ / (y— @) - V(@) lpen (Y — @)y, @)y
Rd

=(=by+ DVlogp:+V -D;)-Vf+ %Dt V2 + /Rd (f(y) — f(x)) ZEZ;At(w,y)dy

# [ o) V@ - @) (2w + Nw2) ) dy
- [ =) V@) sy - )2 PlY) ) (. )y
Rd ()

which also corresponds to a general Lévy-type process with the generator of the form (B.4)
with the Lévy triplet (bt, D, )\t)

br_i(x) = —by(x) + Dy(x)V log py(x) + V - Dy(x)
pe(y)
+ /B(m) ( Ar(®,y) + Ay, m)) (y —z)dy,

pe(x)

Dr_i(z) = Dy(x), Mr—i(y,z) = ZEZ; Ae(z, y).

KL Divergence and Loss Function. The KL divergence in Corollary A.30 can be
rewritten as

T
Dx(P|Q) = E [ [ mteoon @ + rtog m(ast)dt}
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—E[/ ~Dy(;) : Viogm(z)V ' logm(zy)dt

where the first part corresponds to the diffusion part b;(x) - Vf(x) and the second part
the large jump part fRd\{w}(f(y) — f(x))\i(y, z)dy. The small jump part fRd\{w}(y —x)-
Vf(x )1B @) (¥ — )\ (y, x)dy does not contribute to the KL divergence by noticing that
mVnt + Vlogn: = 0. Then simple algebraic manipulations lead to Eqgs. (4.6) and (4.7).

Proof of Theorem 4.5 The affine linear SDE admits the explicit variation-of-constants
representation

T T
T = Mrxo +mr + Zr, mp = / Mr susds, Zp:= / My 3 dws,
0 0

where M solves Mt = A;M; with My = I, and Mr, = MTMgl. For each t, M; is
invertible and we denote omin(M7) > 0 as its smallest singular value. Since 3; is bounded,
E||Z7||? < co and my is deterministic and finite.

We first show heavy-tail persistence at finite time:

1
Ellzr|? > §EHJV—’T360H2 — El|mr + Zr|* > 5055 (Mr)E|zo|* — C = oo,

N | —

using E||xo||? = oco.
Let g0 = N(p, Q) and denote by Apax(Q) the largest eigenvalue. By the Donsker-
Varadhan variational formula,

Dii(prllao) = sr;p{EpT [ (@)] — log Egy e/ )] }.
Choosing f(x) = al|z||* with any o € (07 ﬁx(Q)) vields

Dxr(prlao) > oE|jzr|* — log Eqy, [eanHz] = 00,

which completes the proof. |

69



	Introduction
	Contributions
	Outline

	Preliminaries
	Problem Setting and Notations
	(Continuous) Diffusion Models
	Discrete Diffusion Models

	Denoising Markov Models
	Mathematical Background
	Time-Reversal of Forward Process
	Change of Measure
	Meta-Algorithm

	Examples
	Diffusion Process
	Jump Process with Finite State Spaces
	General Lévy-Type Process

	Experiments
	Diffusion Model with Geometric Brownian Motion
	Jump Model

	Discussion
	Mathematical Approach to Denoising Markov Models
	Feller Evolution Systems
	Feller Semigroups
	Time-Reversal of Markov Processes
	Change of Measure
	Overall Error Bounds

	Example Details
	Diffusion Process
	Jump Process
	General Lévy-Type Process


