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Abstract

Many machine learning methods look for low-dimensional representations of the data. The
underlying subspace can be estimated by first choosing a dimension q and then optimizing
a certain objective function over the space of q-dimensional subspaces—the Grassmannian.
Trying different q generally yields non-nested subspaces, which raises an important issue of
consistency between the data representations. In this paper, we propose a simple and easily
implementable principle to enforce nestedness in subspace learning methods. It consists in
lifting Grassmannian optimization criteria to flag manifolds—the space of nested subspaces
of increasing dimension—via nested projectors. We apply the flag trick to several classical
machine learning methods and show that it successfully addresses the nestedness issue.

Keywords: subspace learning, Grassmann manifolds, flag manifolds, nested subspaces,
dimensionality reduction

1. Introduction

Finding low-dimensional representations of data sets is a common objective in machine
learning, notably due to the curse of dimensionality (Bellman, 1957). A classical way of
building such a representation is by searching for a low-dimensional subspace that well
represents the data, where “well” is defined by an application-dependent criterion (Cun-
ningham and Ghahramani, 2015). Here is a non-exhaustive list of examples of subspace
learning problems. Principal component analysis (PCA) (Pearson, 1901; Hotelling, 1933;
Jolliffe, 2002) searches for a low-dimensional subspace that minimizes the average squared
Euclidean distance to the data. Robust subspace recovery (RSR) (Lerman and Maunu,
2018b) minimizes the average (absolute) Euclidean distance to the data, which is less sen-
sitive to outliers. Many matrix decomposition methods, like robust PCA (Candès et al.,
2011) and matrix completion (Keshavan et al., 2010; Candès and Recht, 2012) look for
low-rank approximations of the data matrix, which can be decomposed into a product of
subspace and coordinate matrices. Trace ratio (TR) (Ngo et al., 2012) refers to a wide
class of problems that look for subspaces making a tradeoff between desired yet antago-
nist properties of low-dimensional embeddings; an example is Fisher’s linear discriminant
analysis (LDA) (Fisher, 1936) which seeks to maximize the between-class variance while
minimizing the within-class variance. Domain adaptation methods learn some domain-
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invariant subspaces (Baktashmotlagh et al., 2013) by minimizing the projected maximum
mean discrepancy (MMD) (Gretton et al., 2012) between the source and target distribu-
tions. Subspace tracking methods incrementally minimize a distance between the current
subspace and the available data (Balzano et al., 2010). Subspaces can also be estimated
from adjacency matrices or graph Laplacians—rather than directly from the data—as done
in the celebrated Laplacian eigenmaps (Belkin and Niyogi, 2003) and spectral clustering (Ng
et al., 2001). Subspaces can also be estimated beyond Euclidean data, for instance on sym-
metric positive-definite matrix data sets (Harandi et al., 2018). In all the previously cited
examples, the search space—the space of all linear subspaces of dimension q embedded in
an ambient space of larger dimension p—is called the Grassmannian, or the Grassmann
manifold (Bendokat et al., 2024) and is denoted Gr(p, q). Consequently, many machine
learning methods can be recast as an optimization problem on Grassmann manifolds.

Remark 1 (Sequential Methods) Alternative methods to subspace learning via Grass-
mannian optimization exist. Notably, methods such as canonical correlation analysis (CCA)
(Hotelling, 1936; Hardoon et al., 2004), independent component analysis (ICA) (Hyvärinen
and Oja, 2000), partial least squares (PLS) (Geladi and Kowalski, 1986) or projection
pursuit (Huber, 1985; Tsakiris and Vidal, 2018) build a low-dimensional subspace out of
the data sequentially. They first look for the best 1D approximation and then recursively
add dimensions one-by-one via deflation schemes or orthogonality constraints (Lerman and
Maunu, 2018b, Section II.C). These sequential methods however suffer from many issues—
from a subspace estimation point of view—due to their greedy nature. These limitations are
well described in Cunningham and Ghahramani (2015) and Lerman and Maunu (2018b).
In light of the fundamental differences between those methods and the previously described
subspace methods, we decide not to address sequential methods in this paper.

Learning a low-dimensional subspace from the data through Grassmannian optimization
requires to choose the dimensionality q a priori. This prerequisite has many important
limitations, not only since a wrong choice of dimension might remove all the theoretical
guarantees of the method (Lerman and Maunu, 2018b), but also because the observed
data set might simply not have a favored dimension, above which the added information
is worthless.1 For these reasons, one might be tempted to “try” several dimensions—i.e.,
run the subspace optimization algorithm with different dimensions and choose the best one
a posteriori, with cross-validation or statistical model selection techniques for instance. In
addition to being potentially costly, such a heuristic raises an important issue that we later
refer to as the nestedness issue: the optimal subspaces at different dimensions are not nested
in general. This notably means that the data embeddings at two different dimensions might
drastically differ, which is a pitfall for data analysis.

Remark 2 (Importance of Nestedness) The importance of nestedness has been widely
documented in the statistical literature: it yields a hierarchy of representations, improving
interpretability, dimension selection, computational efficiency and stability (Huber, 1985).

1. Many generative models assume that the data lie on a lower-dimensional subspace, up to isotropic
Gaussian noise (Tipping and Bishop, 1999; Lerman et al., 2015). However, anisotropy is much more
realistic (Maunu et al., 2019), which nuances the theoretical guarantees and removes hopes for a clear
frontier between signal and noise at the intrinsic dimension.
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In geometric statistics, nestedness is considered as a key feature for multilevel analysis (Da-
mon and Marron, 2014). Many works consequently directly impose the nestedness of the
approximation subspaces by construction (e.g., via forward or backward sequential methods),
in contrast to subspace-based methods which cannot guarantee nestedness. One can notably
cite the geodesic versions of PCA (Fletcher et al., 2004; Sommer et al., 2014; Huckemann
et al., 2010), the principal nested spheres of Jung et al. (2012), the barycentric subspace
analysis of Pennec (2018) and subsequent contributions (Eltzner et al., 2018; Huckemann
and Eltzner, 2018; Dryden et al., 2019; Jaquier and Rozo, 2020; Yang and Vemuri, 2021;
Fan et al., 2022; Mankovich and Birdal, 2023; Rabenoro and Pennec, 2024; Mankovich
et al., 2025; Su and Yao, 2025; Rauba and Schaar, 2026). All these works show the in-
terest of nestedness in statistical inference, with theoretical advantages (e.g., sharper confi-
dence intervals) and meaningful applications. It is also worth noticing that the review paper
from Lerman and Maunu (2018b) emphasizes that the lack of nestedness is a fundamental
issue in robust subspace recovery, which is left open for future research.

We illustrate in Figure 1 the nestedness issue on toy data sets related to three important ma-
chine learning problems: robust subspace recovery, linear discriminant analysis and sparse
spectral clustering (Lu et al., 2016; Wang et al., 2017). We can see that the scatter plots
of the projected data for q = 1 and q = 2 are inconsistent—in that the 1D representation
is not the projection of the 2D representation onto the horizontal axis.

In this paper, we propose a natural solution to the nestedness issue with a geometrical
object that has not been much considered yet in machine learning: flags—i.e. sequences of
nested subspaces of increasing dimension. The idea is to first select a sequence of candidate
dimensions—the signature of the flag—then formulate a multilevel subspace learning crite-
rion which extends the original one by integrating multiple dimensions simultaneously—with
the flag trick—and finally optimize over the space of flags of the chosen signature, which
has a manifold structure similar to the one of Grassmannians. The output subspaces are
naturally nested, which solves the nestedness issue of subspace learning methods and pro-
vides the subspaces with a hierarchy that is good for interpretability. Moreover, the nested
representations of the data can be fit to general machine learning algorithms and combined
via ensembling methods. The ensembling weights can then be interpreted as a measure of
importance for the different dimensions, echoing the perspectives of Minka (2000). Beyond
the change of paradigm (from subspaces to flags of subspaces), the main contribution of the
paper is the flag trick : a generic method to convert a fixed-dimension subspace criterion
into a multilevel flag criterion, without nestedness issue.

The paper is organized as follows. In Section 2, we provide some prerequisites on flag
manifolds and describe a steepest descent optimization algorithm. In Section 3, we intro-
duce the flag trick and propose an ensemble learning algorithm to leverage the hierarchical
information of the flag. In Section 4, we show the interest of the flag trick on several sub-
space learning methods such as robust subspace recovery, trace ratio and spectral clustering.
In Section 5, we conclude and discuss the limits and perspectives of such a framework. In
Appendix A, B, C, we show how the flag trick can be used to develop two advanced optimiza-
tion algorithms on flag manifolds—an iteratively reweighted least squares (IRLS) method
for robust subspace recovery and a Newton-Lanczos method for trace ratio problems—that
go beyond the limitations of simple algorithms like the steepest descent, and we provide
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Figure 1: Illustration of the subspace nestedness issue in three important machine learning
problems: robust subspace recovery (left), linear discriminant analysis (middle)
and sparse spectral clustering (right). For each data set (top), we plot its projec-
tion onto the optimal 1D subspace (middle) and 2D subspace (bottom) obtained
by solving the associated Grassmannian optimization problem. The 1D and 2D
representations are inconsistent—in the sense that the 1D plot is not the projec-
tion of the 2D plot onto the horizontal axis—which is a pitfall for data analysis.
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the proofs that are not in the main body. In Appendix D, we report the empirical running
times for the flag trick in robust subspace recovery, trace ratio and spectral clustering.

2. Basics of Flag Manifolds

A flag is a sequence of nested linear subspaces of increasing dimension. This section in-
troduces flag manifolds and provides the minimal tools to perform optimization on those
spaces. More details and properties can be obtained in dedicated works (Szwagier, 2025).

2.1 Flags in the Scientific Literature

Flags, by providing a natural parametrization for the eigenspaces of symmetric matrices,
have long been geometrical objects of interest in the scientific community, with traditional
applications in physics (Arnold, 1972) and numerical analysis (Duistermaat et al., 1983; Am-
mar and Martin, 1986; Watkins and Elsner, 1991; Helmke, 1991; Helmke and Moore, 1994).
The seminal work of Edelman et al. (1998) on the geometry of algorithms with orthogonality
constraints, paved the way for Riemannian optimization algorithms on Stiefel, Grassmann
and related matrix manifolds. The first work that explicitly proposed an optimization algo-
rithm on flag manifolds dates back to 2006. Nishimori et al. (2006) reformulated independent
subspace analysis—an important variant of independent component analysis which maxi-
mizes the independence between the norms of projected samples into mutually-orthogonal
subspaces (Cardoso, 1998; Hyvärinen and Hoyer, 2000)—as an optimization problem on
flag manifolds and solved it via a Riemannian gradient descent. This led to many papers
developing or performing optimization on flag manifolds (Nishimori et al., 2007, 2008; Fiori,
2011, 2012; Ye et al., 2022; Zhu and Shen, 2024) and to implementations in open-source
packages for differential geometry such as Manifolds.jl (Axen et al., 2023).

Recently, flag manifolds played a central role in the investigation of a curse of isotropy
in principal component analysis. By means of a probabilistic covariance model parameter-
ized with flags, Szwagier and Pennec (2026) show that close eigenvalues—whose relative
distance is lower than a certain threshold—should be assumed to be equal. The resulting
principal subspace analysis has led to several follow-up works, notably an efficient algo-
rithm for covariance estimation in high dimensions (Szwagier et al., 2025) and an extension
to parsimonious Gaussian mixture models (Szwagier et al., 2026).

It is important to notice that flags—as mutually-orthogonal subspaces—also implicitly
appear in many works, with different keywords. For instance, the mutually-orthogonal class-
subspaces of Watanabe and Pakvasa (1973), the adaptive-subspace self-organizing maps
of Kohonen (1996) and follow-up works (Kim et al., 2010; Giguere et al., 2017) implicitly
involve flags under the name of “mutually-orthogonal subspaces”. Flags also appear in
many spectral methods under keywords such as “isospectral manifolds” (Deift et al., 1983;
Watkins, 1984; Brockett, 1991; Helmke, 1991; Lim and Ye, 2024); indeed, at fixed eigenval-
ues, the remaining degrees of freedom in a symmetric matrix are the associated eigenspaces,
which exactly correspond to flags.

Flags as sequences of nested subspaces were first introduced in the machine learning
literature as robust prototypes to represent collections of subspaces of different dimen-
sions (Draper et al., 2014; Santamaŕıa et al., 2016; Mankovich et al., 2022). They were
obtained via a sequential construction (where one dimension is added at a time), which can
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be problematic for greediness reasons (Huber, 1985; Lerman and Maunu, 2018b). Pennec
(2018) was the first to show that PCA can be reformulated as an optimization problem on
flag manifolds by summing the unexplained variance at different dimensions, raising inter-
esting perspectives for multilevel data analysis on manifolds. This principle was recently
applied to several variants of PCA under the name of flagification in Mankovich et al.
(2024), showing an important robustness to outliers. Some works compute distance-related
quantities on flag-valued data sets, with notable applications in computer vision and hy-
perspectral imaging (Ma et al., 2021, 2022; Nguyen, 2022; Mankovich and Birdal, 2023;
Szwagier and Pennec, 2023). Flags were recently used to learn nested representations from
data with a prespecified hierarchy (Mankovich et al., 2025). Other applications include
shape spaces (Ciuclea et al., 2023), quantum physics and chemistry (Vidal et al., 2024),
system identification (Jin and Coulson, 2025) and deep learning (Rauba and Schaar, 2026).

2.2 Definition and Representation of Flag Manifolds

Let p ≥ 2 and q1:d := (q1, q2, . . . , qd) be a sequence of increasing integers such that 0 <
q1 < q2 < · · · < qd < p. A flag of signature (p, q1:d) is a sequence of nested linear sub-
spaces {0} ⊂ S1 ⊂ S2 ⊂ · · · ⊂ Sd ⊂ Rp of respective dimensions q1, q2, . . . , qd, noted here
S1:d := (S1, . . . ,Sd).2 A flag S1:d can be canonically represented as a sequence of sym-
metric matrices that are the orthogonal projection matrices onto the nested subspaces, i.e.,
S1:d 7→ (ΠS1 , . . . ,ΠSd

) ∈ Sym(p)d. We call this the projection representation of flags.
The set of flags of signature (p, q1:d) is a smooth manifold (Ye et al., 2022) denoted here

Fl(p, q1:d). Flag manifolds generalize Grassmannians when d = 1—as Fl(p, q) = Gr(p, q)—
and therefore share many practical properties that are useful for optimization (Edelman
et al., 1998). In the following, we use the notations q0 := 0, q := qd and qd+1 := p.

For computational reasons, flags are often represented as orthonormal q-frames. Those
correspond to points on the Stiefel manifold St(p, q) = {U ∈ Rp×q : U⊤U = Iq}). Let us
define sequentially, for k ∈ {1, . . . , d}, Uk ∈ St(p, qk − qk−1) such that

[
U1 · · · Uk

]
is

an orthonormal basis of Sk (this is possible thanks to the nestedness of the subspaces).
Then, U1:d :=

[
U1 · · · Ud

]
∈ St(p, q) parametrizes the flag S1:d. We call this a Stiefel

representative of S1:d. Such a representation is not unique—contrary to the projection
representation defined previously—due to the rotational-invariance of orthonormal bases
of subspaces. More precisely, if U1:d is a Stiefel representative of the flag S1:d, then for
any set of orthogonal matrices Rk ∈ O(qk − qk−1), the matrix U ′

1:d :=
[
U1R1 · · · UdRd

]
spans the same flag of subspaces S1:d. This provides flag manifolds with a quotient manifold
structure (Edelman et al., 1998; Absil et al., 2008; Ye et al., 2022):

Fl(p, q1:d) ∼= St(p, q)
/
(O(q1)×O(q2 − q1)× · · · × O(qd − qd−1)) . (1)

Remark 3 (Orthogonal Representation) For computations, one might have to per-
form the orthogonal completion of some Stiefel representatives. Let U1:d :=

[
U1 · · · Ud

]
∈

St(p, q), then one denotes Ud+1 ∈ St(p, p − qd) to be any orthonormal basis such that
U1:d+1 :=

[
U1 · · · Ud Ud+1

]
∈ O(p). Such an orthogonal matrix U1:d+1 will be called

2. Flags can equivalently be defined as sequences of mutually orthogonal subspaces V1 ⊥ V2 · · · ⊥ Vd, of
respective dimensions q1, q2 − q1, . . . , qd − qd−1, by taking Vk to be the orthonormal complement of Sk−1

onto Sk. This definition is more convenient for computations, but we will not need it in this paper.
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an orthogonal representative of the flag S1:d. In the following, we may abusively switch
from one representation to the other since they represent the same flag.

2.3 Optimization on Flag Manifolds

There is a rich literature on optimization on smooth manifolds (Edelman et al., 1998;
Absil et al., 2008; Boumal, 2023), and the particular case of flag manifolds has been no-
tably addressed in Ye et al. (2022) and Zhu and Shen (2024). Since flag manifolds can
be represented as quotient spaces of Stiefel manifolds, which themselves are embedded in
a Euclidean matrix space, one can develop some optimization algorithms without much
difficulty. In this paper, we will use a steepest descent algorithm, which is drawn from
several works (Chikuse, 2003; Nishimori et al., 2006; Ye et al., 2022; Zhu and Shen, 2024).
Let f : Fl(p, q1:d) → R be a smooth function on a flag manifold, expressed in the Stiefel
representation (e.g., f(U1:d) =

∑d
k=1

∥∥UkUk
⊤x
∥∥ for some x ∈ Rp). Given U1:d ∈ St(p, q),

let Grad f(U1:d) = (∂f/∂Uij)
p,q
i,j=1 denote the (Euclidean) gradient of f . To “stay” on the

manifold, one first computes the Riemannian gradient of f at U1:d, noted ∇f(U1:d). It can
be thought of as a projection of the Euclidean gradient onto the tangent space and com-
puted explicitly (Nishimori et al., 2006; Ye et al., 2022). Then, one moves in the opposite
direction of ∇f(U1:d) with a so-called retraction, which is chosen to be the polar retraction
of Zhu and Shen (2024), combined with a line-search. We iterate until convergence. The
final steepest descent algorithm is described in Algorithm 1.

Algorithm 1 Steepest Descent on Flag Manifolds

Require: f : Fl(p, q1:d)→ R a function; U1:d ∈ Fl(p, q1:d) a flag (Stiefel representation)
for t ∈ {1, 2, . . . } do[

G1 · · · Gd

]
← Grad f(U1:d) ▷ Euclidean gradient

∇ ←
[
Gk −

(
UkUk

⊤Gk +
∑

l ̸=k UlGl
⊤Uk

)]
k=1...d

▷ Riemannian gradient
U1:d ← polar(U1:d − α∇) ▷ polar retraction + line search

end for
Ensure: U∗

1:d ∈ Fl(p, q1:d) an optimal flag

Remark 4 (Initialization) We can initialize Algorithm 1 “randomly” (under the invari-
ant measure of James, 1954): we generate a random p× q matrix with normal entries and
perform its polar decomposition; the orthogonal factor then follows a uniform distribution
(Chikuse, 2003, Theorem 1.5.5). We can also initialize Algorithm 1 with a specific flag
depending on the objective function, as we will see in Section 4. Such an initial flag can,
for instance, be obtained via the eigendecomposition of a symmetric matrix related to the
problem, or by refining the solution of the original subspace problem.

Remark 5 (Optimization Variants) Many extensions of Algorithm 1 can be considered:
conjugate gradient (Ye et al., 2022), Riemannian trust region (Absil et al., 2008), etc.
We can also replace the polar retraction with a geodesic step (Ye et al., 2022) or other
retractions (Zhu and Shen, 2024).

Remark 6 (Complexity Analysis) The number of operations for the polar retraction is
O(pq2) + O(q3) (see Zhu and Shen, 2024 and comparisons with other retractions therein).
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The number of operations for the Riemannian gradient (from the Euclidean gradient) is
O(pq2). The number of operations for the Euclidean gradient depends on the objective
function f (which itself depends on the dimension p, the signature q1:d and the number
of samples n), and the overall complexity of Algorithm 1 also depends on the number of
iterations (for both the main loop and the line search). Therefore, for completeness, we
report the empirical running times of our steepest descent algorithm in Appendix D.

3. The Flag Trick in Theory

In this section, we motivate and introduce the flag trick to make subspace learning meth-
ods nested. The key result is Theorem 8, which states that the classical PCA at a fixed
dimension can be converted into a nested multilevel method using nested projectors.

Remark 7 (Centering) In the remaining of the paper, we assume that the data have been
already centered around a point of interest (e.g., its mean or geometric median), so that we
are only interested in fitting linear subspaces and not affine ones. One could directly include
the center in the optimization variables—in which case the geometry would be the one of
affine Grassmannians (Lim et al., 2019) or affine flags (Pennec, 2018)—but we will not do
it in this work for conciseness.

3.1 From Subspaces to Flags of Subspaces: the Seminal Example of PCA

PCA is known as the eigendecomposition of the sample covariance matrix. Originally, it can
be formulated as the search for a low-dimensional subspace that minimizes the unexplained
variance (or maximizes the explained variance). Let X :=

[
x1 · · · xn

]
∈ Rp×n be a data

matrix with n samples, let S ∈ Gr(p, q) be a q-dimensional subspace, and let ΠS ∈ Rp×p be
the orthogonal projection matrix onto S. Then PCA consists in the following optimization
problem on Grassmannians:

S∗q = argmin
S∈Gr(p,q)

∥X −ΠSX∥2F , (2)

where ∥M∥2F := tr
(
M⊤M

)
denotes the Frobenius norm. The solution to the optimization

problem is the q-dimensional subspace spanned by the leading eigenvectors of the sample
covariance matrix S := 1

nXX
⊤, that we note S∗q = Span(v1, . . . , vq). It is unique when the

sample eigenvalues q and q+1 are distinct, which is almost sure when q ≤ rank(S). We will
assume to be in such a setting in the following for simplicity but it can be easily handled
otherwise by “grouping” the repeated eigenvalues (Szwagier and Pennec, 2026). In this case,
the principal subspaces are nested for increasing q, i.e., if S∗q is the q-dimensional principal
subspace, then for any r > q, one has S∗q = Span(v1, . . . , vq) ⊂ Span(v1, . . . , vr) = S∗r .

Another way of performing PCA is in a sequential manner (cf. Remark 1). We first
estimate the 1D subspace V∗1 that minimizes the unexplained variance, then estimate the
1D subspace V∗2 that minimizes the unexplained variance while being orthogonal to the
previous one, and so on and so forth. This gives the following constrained optimization
problem on 1D Grassmannians:

V∗q = argmin
V∈Gr(p,1)

V⊥Vq−1⊥···⊥V1

∥X −ΠVX∥2F . (3)
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This construction naturally yields a sequence of nested subspaces of increasing dimension—
i.e., a flag of subspaces—better and better approximating the data set:

{0} ⊂ S∗1 ⊂ S∗2 ⊂ · · · ⊂ S∗p−1 ⊂ Rp,with S∗k =
k⊕

l=1

V∗l . (4)

Those subspaces happen to be exactly the same as the ones obtained by solving the subspace
learning optimization problem (2), although the way they are obtained (in a greedy manner)
is different. This is generally not the case for other dimension reduction problems (for
instance in robust subspace recovery, as it is raised in the final open questions of Lerman
and Maunu, 2018b).

Hence, the subspace learning formulation of PCA (2) is equivalent to the sequential for-
mulation of PCA (3)—in terms of cumulative spans (4)—and both yield a flag of subspaces
best and best approximating the data. One can wonder if this result could be directly
obtained by formulating an optimization problem on flag manifolds. The answer is yes, as
first proven in Pennec (2018, Theorem 9) with an accumulated unexplained variance (AUV)
technique, but there is not a unique way to do it. Motivated by the recent principal sub-
space analysis (Szwagier and Pennec, 2026), we propose in the following theorem a generic
principle to formulate PCA as an optimization on flag manifolds.

Theorem 8 (Nested PCA with Flag Manifolds) Let X :=
[
x1 · · · xn

]
∈ Rp×n be

a centered p-dimensional (p ≥ 2) data set with n samples. Let q1:d := (q1, q2, . . . , qd) be a
sequence of increasing dimensions such that 0 < q1 < q2 < · · · < qd < p. Let S := 1

nXX
⊤

be the sample covariance matrix. Assume that it eigendecomposes as S :=
∑p

j=1 ℓjvjvj
⊤

where ℓ1 ≥ · · · ≥ ℓp are the eigenvalues and v1 ⊥ · · · ⊥ vp are the associated eigenvectors.
Then PCA can be reformulated as the following optimization problem on flag manifolds:

S∗1:d = argmin
S1:d∈Fl(p,q1:d)

∥∥∥∥∥X − 1

d

d∑
k=1

ΠSk
X

∥∥∥∥∥
2

F

. (5)

More precisely, one has S∗1:d = (Span(v1, . . . , vq1),Span(v1, . . . , vq2), . . . ,Span(v1, . . . , vqd)).
The solution is unique if and only if ℓqk ̸= ℓqk+1,∀k ∈ {1, . . . , d}.

Proof One has∥∥∥∥∥X − 1

d

d∑
k=1

ΠSk
X

∥∥∥∥∥
2

F

= tr

X⊤

(
Ip −

1

d

d∑
k=1

ΠSk

)2

X

 , (6)

=
1

d2
tr

X⊤

(
d∑

k=1

(Ip −ΠSk
)

)2

X

 , (7)

=
n

d2
tr
(
W 2S

)
, (8)

with W =
∑d

k=1(Ip − ΠSk
) and S = 1

nXX
⊤. Let U1:d+1 :=

[
U1 · · · Ud Ud+1

]
∈

O(p) be an orthogonal representative (cf. Section 2) of the optimization variable S1:d ∈
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Fl(p, q1:d). Then one has ΠSk
= U1:d+1 diag (Iqk , 0p−qk)U1:d+1

⊤. Therefore, one has W =
U1:d+1ΛU1:d+1

⊤, with Λ = diag
(
0 Iq1 , 1 Iq2−q1 , . . . , d Iqd+1−qd

)
. Hence, one has

argmin
S1:d∈Fl(p,q1:d)

∥∥∥∥∥X − 1

d

d∑
k=1

ΠSk
X

∥∥∥∥∥
2

F

⇐⇒ argmin
U∈O(p)

n

d2
tr
(
UΛ2U⊤S

)
. (9)

The latter problem is exactly the same as the one of Szwagier and Pennec (2026) for principal
subspace analysis parameter inference. Hence, one can conclude the proof on existence and
uniqueness via their maximum likelihood estimation theorem.

The key element of the proof of Theorem 8 is that averaging the nested projectors yields a
hierarchical reweighting of the (mutually-orthogonal) principal subspaces. More precisely,
the k-th principal subspace has weight (k−1)2, and this monotonic weighting enables to get
a hierarchy of eigenspaces (Absil et al., 2008; Cunningham and Ghahramani, 2015; Pennec,
2018; Oftadeh et al., 2020). In the following, we note ΠS1:d

:= 1
d

∑d
k=1ΠSk

and call this
symmetric matrix the average multilevel projector, which will be central in the extension of
subspace methods into multilevel subspace methods.

Remark 9 (Weighted Projectors) One can show that any convex combination of the
nested projectors yields the same result for PCA. Indeed, let α1, . . . , αd be positive scalars.
Let S1:d ∈ Fl(p, q1:d) and U1:d :=

[
U1 · · · Ud

]
∈ St(p, q) be a Stiefel representative of S1:d

(cf. Section 2). One has
∑d

k=1 αkΠSk
=
∑d

k=1 αk
∑k

l=1 UlUl
⊤ =

∑d
l=1(

∑d
k=l αk)UlUl

⊤.
Therefore, the weights in front of each (mutually-orthogonal) subspace Span(Ul) are strictly
decreasing, and the solutions of Theorem 8 are exactly the same. For criteria beyond PCA,
the choice of weights might have an influence on the solution. In the following, we will by
default consider uniform weights

(
1
d , . . . ,

1
d

)
.

3.2 The Flag Trick

As we will see in the following (Section 4), many important machine learning problems can
be formulated as the optimization of a certain function f on Grassmannians. Theorem 8
shows that replacing the subspace projection matrix ΠS appearing in the objective function
by the average multilevel projector ΠS1:d

yields a sequence of subspaces that meet the
original objective of principal component analysis, while being nested. This leads us to
introduce the flag trick for general subspace learning problems.

Definition 10 (Flag Trick) Let p ≥ 2, 0 < q < p and q1:d := (q1, q2, . . . , qd) be a sequence
of increasing dimensions such that 0 < q1 < q2 < · · · < qd < p. The flag trick consists in
replacing a subspace learning problem of the form

argmin
S∈Gr(p,q)

f(ΠS) (10)

with the following optimization problem:

argmin
S1:d∈Fl(p,q1:d)

f (ΠS1:d
) , (11)

where ΠS1:d
:= 1

d

∑d
k=1ΠSk

is the average multilevel projector.

10
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Let us note that for d = 1—i.e., with signatures of the form q1:d = (q)—the flag-tricked
problem (11) is equivalent to the original subspace problem (10). For d > 1, the flag
trick yields new objective criteria that we cannot a priori relate to the original subspace
learning problem. Except for the very particular case of PCA where fX(Π) = ∥X −ΠX∥2F
(Theorem 8), we cannot expect to have an analytic solution to the flag problem (11); indeed,
in general, subspace problems do not even have a closed-form solution as we shall see in
Section 4. This justifies the introduction of optimization algorithms on flag manifolds like
Algorithm 1.

Remark 11 (Flag Trick vs. AUV) The original idea of accumulated unexplained vari-
ance (Pennec, 2018) (and its subsequent application to several variants of PCA under the
name of “flagification” in Mankovich et al., 2024) consists in summing the subspace criteria
at different dimensions, while the flag trick directly averages the orthogonal projection ma-
trices that appear inside the objective function. While both ideas are worth experimenting
with, we believe that the flag trick has a wider practical reach. Indeed, from a technical
viewpoint, the flag trick appears at the covariance level and directly yields a hierarchical
reweighting of the principal subspaces (see end of Section 3.1). This reweighting is only
indirect with the AUV—due to the linearity of the trace operator—and is not expected to
occur beyond PCA. Notably, as we shall see in Section 4, the flag trick enables to easily
develop extensions of well-known methods involving PCA, like IRLS (Lerman and Maunu,
2018a) or Newton-Lanczos methods for trace ratio optimization (Ngo et al., 2012), it less
likely reaches singularities of the objective function (see, notably, end of Section 4.2.1) and
it is closer in spirit to the statistical formulations of PCA (Szwagier and Pennec, 2026).

3.3 Multilevel Machine Learning

Subspace learning is often used as a preprocessing task before running a machine learning
algorithm, notably to overcome the curse of dimensionality. One usually projects the data
onto the optimal subspace S∗ ∈ Gr(p, q) and use the resulting lower-dimensional data set
as an input to a machine learning task like clustering, classification or regression (Bou-
veyron et al., 2019). Since the flag trick problem (11) does not output one subspace but
a hierarchical sequence of nested subspaces, it is legitimate to wonder what to do with
such a multilevel representation. In this subsection, we propose a general ensemble learning
method to aggregate the hierarchical information coming from the flag of subspaces.

Let us consider a data set X :=
[
x1 · · · xn

]
∈ Rp×n (possibly with some associated

labels Y :=
[
y1 · · · yn

]
∈ Rm×n). In machine learning, one often fits a model to the

data set by optimizing an objective function of the form RX,Y (g) = 1
n

∑n
i=1 L(g(xi), yi).

With the flag trick, we get a filtration of projected data points Zk = ΠS∗
k
X, k ∈ {1, . . . , d}

that can be given as an input to different machine learning algorithms. This yields optimal
predictors g∗k = argming RZk,Y (g) which can be aggregated via ensembling methods. For
instance, voting methods choose the model with the highest performance on holdout data;
this corresponds to selecting the optimal dimension q∗ ∈ q1:d a posteriori, based on the
machine learning objective. A more nuanced idea is the one of soft voting, which makes
a weighted averaging of the predictions. The weights can be uniform, proportional to the
performances of the individual models, or learned to maximize the performance of the
weighted prediction (Perrone and Cooper, 1995). Soft voting gives different weights to the

11
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nested subspaces depending on their contribution to the ensembled prediction and therefore
provides a soft measure of the relative importance of the different dimensions. In that
sense, it goes beyond the classical manifold assumption stating that data have one intrinsic
dimension, and instead proposes a soft blend between dimensions that is adapted to the
learning objective. This sheds light on the celebrated paper of Minka for the automatic
choice of dimensionality in PCA (Minka, 2000, Section 5). Many other ensembling methods
are possible like gradient boosting, Bayesian model averaging and stacking. The whole
methodology is summarized in Algorithm 2 and illustrated in Figure 2.

Algorithm 2 Flag Trick with Ensemble Learning

Require: X :=
[
x1 · · · xn

]
∈ Rp×n a data matrix; q1:d := (q1, . . . , qd) a flag signature;

f a subspace learning objective; (opt.) Y :=
[
y1 · · · yn

]
∈ Rm×n a label matrix

S∗1:d ← argminS1:d∈Fl(p,q1:d) f(ΠS1:d
) ▷ flag trick (11) + optimization (Alg. 1)

for k ∈ {1, . . . , d} do
g∗k ← fit(ΠS∗

k
X,Y ) ▷ learning on qk-dimensional projected data

Y ∗
k ← g∗k(ΠS∗

k
X) ▷ prediction on qk-dimensional projected data

end for
Y ∗ ← ensembling(Y ∗

1 , . . . , Y
∗
d ) ▷ weighted predictions

Ensure: Y ∗ the ensembled predictions

Algorithm 2 is a general proposition of multilevel machine learning with flags, but many
other uses of the optimal flag S∗1:d are possible, depending on the application. For in-
stance, one may directly use the reweighted data matrix ΠS∗

1:d
X as an input to the machine

learning algorithm. This enables to fit only one model instead of d. One can also simply
analyze the projected data qualitatively via scatter plots or reconstruction plots as evoked
in Section 1. The nestedness will automatically bring consistency contrarily to non-nested
subspace methods, and therefore improve interpretability. Finally, many other ideas can
be borrowed from the literature on subspace clustering and flag manifolds (Draper et al.,
2014; Launay et al., 2021; Ma et al., 2021; Mankovich et al., 2022; Mankovich and Birdal,
2023; Mankovich et al., 2024, 2025), for instance the computation of distances between flags
coming from different data sets as a multilevel measure of similarity between data sets.

Remark 12 (Choice of Signature) In the following experiments, flag signatures are cho-
sen heuristically. Although important, we believe that such a choice must be thoroughly ad-
dressed for each subspace learning problem, which leads us to leave that for future research.
Alternative methodologies for the automatic choice of dimensions are discussed in Section 5.
One could notably investigate penalties on the spectral gaps in the same spirit as Szwagier
et al. (2025)—where the penalty factor would be tuned according to the downstream machine
learning task. Beyond spectral gaps, the signature could be selected by starting from a flag
of signature (p, (1, 2, . . . , p− 1)) and removing the nested subspaces that do not significantly
increase the accuracy on the downstream machine learning task. For the specific example
of subspace averaging, a hyperparameter-free signature selection method extending the order
fitting rule of Santamaŕıa et al. (2016) could be investigated via the flag trick.

12
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1) Subspace Learning 2) Nested Subspace Learning 3) Ensembling

Optimization on Flag Manifold

Optimizations
on

Grassmannians

Optimal Flag Projected DataProjected DataData Soft VotingHard Voting

50% (low dim)

80% (optimal dim) 90%

60% (high dim)

Flag Trick

Figure 2: Illustration of the flag trick methodology. 1) We start with a subspace learning
problem: argminS∈Gr(p,q) f(ΠS). Trying different q yields in general non-nested
subspaces, which raises an issue of consistency between data representations.
2) We convert the subspace learning problem into a nested subspace learning
problem via the flag trick: argminS1:d∈Fl(p,q1:d) f(

1
d

∑d
k=1ΠSk

). We run a steepest
descent on flag manifolds (Algorithm 1) and get a flag of nested subspaces. 3) We
fit a machine learning algorithm (regression, classification, etc.) to the projected
data at each dimension qk ∈ q1:d. We aggregate the estimators via ensembling
methods (hard voting, soft voting, etc.) and get improved predictions.

4. The Flag Trick in Action

In this section, we provide some applications of the flag trick to several learning problems.
We choose to focus on subspace recovery, trace ratio and spectral clustering problems. Other
ones, like domain adaptation, matrix completion and subspace tracking are developed or
mentioned in the last subsection but not experimented for conciseness.

4.1 Outline and Experimental Setting

For each application, we first present the learning problem as an optimization on Grass-
mannians. Second, we formulate the associated flag learning problem by applying the flag
trick (Definition 10). Third, we optimize the problem on flag manifolds with the steepest
descent method (Algorithm 1)—more advanced algorithms are also derived in the appendix.
Finally, we perform various nestedness and ensemble learning experiments, via Algorithm 2,
on both synthetic and real data sets.

The general methodology to compare Grassmann-based methods to flag-based methods
is the following one. For each experiment, we first choose a flag signature q1:d := (q1, . . . , qd),
then we run independent optimization algorithms on Gr(p, q1), . . . ,Gr(p, qd) (10) and finally
we compare the optimal subspaces S∗k ∈ Gr(p, qk) to the optimal flag of subspaces S∗1:d ∈
Fl(p, q1:d) obtained via the flag trick (11). To show the nestedness issue in Grassmann-
based methods, we compute the subspace distances Θ(S∗k ,S∗k+1)k∈{1,...,d−1}, where Θ is the
generalized Grassmann distance of Ye and Lim (2016, Eq. 14). It consists in the ℓ2-norm of
the principal angles, which can be obtained from the singular value decomposition (SVD)
of the inner-product matrices Uk

⊤Uk+1—Uk ∈ St(p, qk) being an orthonormal basis of S∗k .
Regarding the implementation of the steepest descent algorithm on flag manifolds (Algo-

rithm 1), we develop a new class of manifolds in PyManOpt (Boumal et al., 2014; Townsend
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et al., 2016), and run their SteepestDescent algorithm. Our implementation of the Flag

class is based on the Stiefel representation of flag manifolds, detailed in Section 2, with the
retraction being the polar retraction. For the computation of the gradient, we use auto-
matic differentiation with the autograd package. We could derive the gradients by hand
from the expressions we get, but we use automatic differentiation as strongly suggested in
PyManOpt’s documentation. Finally, the real data sets and the machine learning methods
used in the experiments can be found in scikit-learn (Pedregosa et al., 2011).

4.2 The Flag Trick for Robust Subspace Recovery Problems

As shown in introduction and particularly in Figure 1, robust subspace recovery (RSR)
methods based on Grassmannian optimization might suffer from the nestedness issue, which
notably yields inconsistent data representations across different dimensions (as seen on the
left part of the figure, where outliers somewhat swap position with inliers from 1D to 2D).
The RSR overview by Lerman and Maunu (2018b) particularly emphasizes the need for
nested subspace methods, although it leaves this as an open perspective. In this subsection,
we address the nestedness issue in robust subspace recovery by applying the flag trick
(Definition 10) to the problem of absolute deviation minimization (Maunu et al., 2019).

Robust subspace recovery is an outlier-robust extension of classical dimension reduction
methods such as PCA. Let us consider a data set that is a union of inliers and outliers—the
inliers are assumed to lie near a low-dimensional subspace S while the outliers live in the
ambient space. The aim of RSR is to recover S. Without further specifications, the RSR
problem might not be well-posed. Therefore, the works in this domain often have to make
some assumptions on the inlier and outlier distributions in order to obtain convergence and
recovery guarantees. For instance, in Lerman and Maunu (2018b), it is assumed that the
inliers “fill” the lower-dimensional subspace and that the outliers are not much “aligned”;
this is rigorously defined in Lerman et al. (2015) and Maunu et al. (2019) through permeance
and alignment statistics.

A generative model—the haystack model—following these assumptions is introduced
in Lerman et al. (2015). It assumes an isotropic Gaussian distribution on the subspace
for the inliers and an isotropic Gaussian distribution on the (full) ambient space for the
outliers. A more realistic model—the generalized haystack model—is introduced in Maunu
et al. (2019) to circumvent the simplistic nature of the haystack model. This one assumes
general (anisotropic) Gaussian distributions for the inliers and outliers.3 This makes the
learning harder, since the anisotropy may keep the inliers from properly permeating the
low-dimensional subspace—as discussed in Section 1. Therefore, one has to make some
stronger assumptions on the inlier-outlier ratio and the covariance eigenvalues distributions
to derive some convergence and recovery guarantees.

Remark 13 (Parametrization of RSR Models) The inlier distribution in the haystack
model follows the isotropic PPCA model (Bouveyron et al., 2007, 2011), while it follows the

3. The generalized haystack model is more-precisely defined as follows: the nin inliers are i.i.d sampled
from a sub-Gaussian distribution N (0,Σin/q), with Σin = UΛU⊤, U ∈ St(p, q) and Λ ∈ diag (Rq),
while the nout outliers are i.i.d sampled from a sub-Gaussian distribution N (0,Σout/ rk(Σout)), with
Σout ∈ Sym(p). The (original) haystack model is a particular case of the generalized haystack model
with isotropic outliers and (subspace-)isotropic inliers, i.e., Σout = σ2

out Ip/p and Σin = σ2
in UU⊤/q.
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PPCA model (Tipping and Bishop, 1999) in the case of the generalized haystack model.
Both models are a special case of the principal subspace analysis models (Szwagier and Pen-
nec, 2026). However, as argued in Szwagier and Pennec (2026), while the haystack model
is parameterized with Grassmannians, the generalized haystack model—which has more de-
grees of freedom accounting for the anisotropy—is parameterized with Stiefel manifolds.
Therefore, from a statistical modeling perspective, it only makes sense to conduct subspace
learning experiments on the haystack model and not the generalized one.

4.2.1 Application of the Flag Trick to RSR

Among the large family of methods for robust subspace recovery presented in Lerman and
Maunu (2018b), we consider the one of least absolute deviation (LAD):

argmin
S∈Gr(p,q)

n∑
i=1

∥xi −ΠSxi∥2 . (12)

It is motivated by the sensitivity of squared norms to outliers, which makes PCA (2) unsuit-
able for outlier-contaminated data. Problem (12) has the advantage of being rotationally
invariant (Ding et al., 2006) but the drawback of being NP-hard (McCoy and Tropp, 2011;
Lerman and Maunu, 2018b) and obviously non-convex—since Grassmannians are not. A
first body of works relaxes the problem, for instance by optimizing on the convex hull of
Grassmannians (McCoy and Tropp, 2011; Xu et al., 2012; Zhang and Lerman, 2014; Ler-
man et al., 2015). A second body of works directly optimizes the LAD criterion on Grass-
mannians, either with an IRLS algorithm (Lerman and Maunu, 2018a) or with a geodesic
gradient descent (Maunu et al., 2019), both achieving very good results in terms of recovery
and speed. The following proposition applies the flag trick to the LAD problem (12).

Proposition 14 (Flag Trick for RSR) The flag trick transforms the least absolute de-
viation problem (12) into

argmin
S1:d∈Fl(p,q1:d)

n∑
i=1

∥xi −ΠS1:d
xi∥2 , (13)

which is equivalent to the following optimization problem:

argmin
U1:d∈St(p,q)

n∑
i=1

√√√√∥xi∥22 − ∥∥U1:d
⊤xi
∥∥2
2
+

d∑
k=1

(
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2
. (14)

Proof The proof is given in Appendix A.

Remark 15 (Generalization of RSR) We can check that Equation (14) generalizes the
original RSR problem (12) from Maunu et al. (2019). Indeed, if we consider the particular
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case d = 1, U := U1:d, S := Span(U1) (Grassmannian), then we get

n∑
i=1

√√√√∥xi∥22 − ∥∥U1:d
⊤xi
∥∥2
2
+

d∑
k=1

(
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2
=

n∑
i=1

√
∥xi∥22 −

∥∥U1:d
⊤xi
∥∥2
2
+ 0 =

n∑
i=1

∥∥∥(Ip − UU⊤)xi

∥∥∥
2
=

n∑
i=1

∥xi −ΠSxi∥2 . (15)

Hence, (14) is a multilevel generalization of the RSR problem from Maunu et al. (2019).

The new term under the square root,
∑d

k=1

(
k−1
d

)2 ∥∥Uk
⊤xi
∥∥2
2
, is nonzero when d > 1 (i.e.,

for flag manifolds refining Grassmannians). This additional term corresponds to a weighted
sum over the blocks of the orthonormal frame U1:d ∈ St(p, q), with increasing weights
((k − 1)/d)2. Therefore, intuitively, the variance in Im(U∗

k ) is expected to decrease with
k. In other words, the points that are far from the center—i.e., with large norm—should
be in the first principal subspaces. Hence, we can interpret our new criterion as a robust
generalization of the nested PCA (Theorem 8), with a least influence of outliers due to the
square root.

Moreover, we can see that numerical issues are less prone to occur with the flag-tricked
problem (13) than with the original one (12). Indeed, the numerical issues of the square root

arise when the radicand ∥xi − 1
d

∑d
k=1ΠSk

xi∥
2

2
is close to zero. By nestedness, this is the

case if and only if S1 is close to xi. Consequently, while numerical issues arise in classical
RSR (12) whenever the subspace S is close to any data point, they arise in flag-tricked
RSR (13) whenever both the subspace S and the smaller nested subspaces are close to that
data point. Hence, whenever q1 := min q1:d is smaller than the dimension q that one would
have tried for classical RSR, the non-differentiability and exploding-gradient issues caused
by the square root are less likely to occur.

Finally, since the flag-tricked problem (13) is nothing but a robust version of the nested
PCA of Theorem 8 (

∑n
i=1 ∥xi −ΠS1:d

xi∥22), a natural idea can be to initialize the optimiza-
tion algorithm with the nested PCA solution. This is what is done in Maunu et al. (2019)
for the original problem (12), and it is coming with exact recovery guarantees.

4.2.2 Nestedness Experiments for RSR

We first consider a data set consisting in a mixture of two multivariate Gaussians: the
inliers, with zero mean, covariance matrix diag (5, 1, .1), nin = 450 and the outliers, with
zero mean, covariance matrix diag (.1, .1, 5), nout = 50. The data set is therefore following
the generalized haystack model of Maunu et al. (2019). The ambient dimension is p = 3 and
the intrinsic dimensions that we try are q1:2 = (1, 2). We run Algorithm 1 on Grassmann
manifolds to solve the LAD problem (12), successively for q1 = 1 and q2 = 2. Then we
plot the projections of the data points onto the optimal subspaces. We compare them to
the nested projections onto the optimal flag output by running Algorithm 1 on Fl(3, (1, 2))
to solve (13). The results are shown in Figure 3. We can see that the Grassmann-based
projections are non-nested while their flag counterparts are not only nested but also robust
to outliers. This could be explained by the nestedness constraint of flag manifolds which
imposes the 2D subspace to contain the 1D subspace.
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Figure 3: Illustration of the nestedness issue in robust subspace recovery. Given a data set
consisting in a mixture of inliers (blue) and outliers (red) we plot its projection
onto the optimal 1D subspace and 2D subspace obtained by solving the associated
Grassmannian optimization problem (12) or flag optimization problem (13). We
see that the Grassmann representations are not nested, while the flag represen-
tations are both nested and robust to outliers.

Second, we perform an outlier detection experiment. A common methodology to detect
outliers in a corrupted data set is to first look for an outlier-robust subspace and then
plot the distribution of distances between the data points and their projection onto the
recovered subspace. This distribution is expected to show a clear gap between the inliers
and outliers (Vidal et al., 2016, Fig. 3.7). However, in practice, one does not know which
subspace dimension q to choose. If q is too large, then the recovered subspace may contain
both inliers and outliers, and therefore the distribution of distances might be roughly 0. In
contrast, if q is too small, then some inliers may lie too far from the recovered subspace
and be detected as outliers. An idea in the spirit of the flag trick is to perform an average
ensembling of the reconstruction errors. More specifically, if ∥xi −ΠSxi∥2 is the classical
measure of robust reconstruction error, then we compute ∥xi −ΠS1:d

xi∥2. Such a score ex-
tracts information from projections at different levels and might result in a richer multilevel
analysis. We consider a data set where the inliers are images of 8× 8 handwritten 0’s and
outliers correspond to other digits from 1 to 9, all extracted from the classical handwritten
digits data set (Alpaydin and Kaynak, 1998). The ambient dimension is p = 64, the number
of inliers is nin = 90 and the number of outliers is nout = 10. The intrinsic dimensions that
we try are q1:3 = (1, 2, 5). We plot the distribution of reconstruction errors for the points
of the digits data set on the optimal flag S∗1:3 ∈ Fl(p, (1, 2, 5)) in Figure 4. We compare it
to the distribution of reconstruction errors on S∗ ∈ Gr(p, 5). We can see that the flag trick
enables to clearly distinguish the inliers from the outliers compared to the Grassmann-based
method, which is a consequence of the multilevel nature of flags.
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Figure 4: Euclidean reconstruction errors (sorted in ascending order) on the corrupted dig-
its data set for robust subspace recovery (∥xi − ΠS∗xi∥, left) and its flag-tricked
version (∥xi−ΠS∗

1:d
xi∥, right). With the Grassmann-based method, the distribu-

tions of reconstruction errors for the inliers and outliers intersect, meaning that
we cannot fully distinguish the inliers from the outliers (see the gray zone on the
left plot). In contrast, with the flag-based method, the distributions of recon-
struction errors for the inliers and outliers are clearly separated, meaning that
we can easily distinguish the inliers from the outliers (see the white zone on the
right plot). This phenomenon can be explained by the multilevel nature of the
flag trick (see the main text for more details).

4.2.3 Discussion on RSR Optimization and Objective Functions

To substantiate the generality of the flag trick, we propose two extensions of the previously
proposed multilevel RSR method: an IRLS optimization algorithm and a collection of new
multilevel criteria. The experimentation of these extensions is left to future work since the
goal is rather to show how the flag trick principle can be easily applied in different contexts.

An IRLS Algorithm In all the experiments of this paper, we use a steepest descent
method on flag manifolds (Algorithm 1) to solve the flag problems. However, for the
specific problem of RSR (13), we believe that more adapted algorithms should be derived,
notably due to the non-differentiability and exploding-gradient issues caused by the square
root. To that extent, we derive in Appendix A an IRLS scheme (Algorithm 3) for RSR.
In short, the RSR problem (13) can be reformulated as a weighted least squares problem∑n

i=1wi ∥xi −ΠS1:d
xi∥22 with wi = 1/∥xi −ΠS1:d

xi∥2 and optimized iteratively, with explicit
expressions obtained via our central Theorem 8. We insist on the fact that such an IRLS
algorithm could not be developed with the flagification of Pennec (2018) and Mankovich
et al. (2024), since a sum of square roots does not correspond to a least squares problem.

More RSR Problems In this work, we explore one specific problem of RSR for concise-
ness (12), but we could investigate many other related problems, including robust PCA.
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Notably, drawing from the Grassmann averages (GA) method (Hauberg et al., 2016), one
could develop many new multilevel RSR and Robust PCA objective functions. The idea
behind GA is to replace data points with 1D subspaces (Si = Span(xi)) and then per-
form subspace averaging methods to find a robust prototype for the data set. GA ends
up solving problems of the form argminS∈Gr(p,1)

∑n
i=1wi dist

2
Gr(p,1)(Span(xi),S), where wi

are some weights and distGr(p,1) is a particular subspace distance detailed in Hauberg et al.
(2016). Using instead some multidimensional subspace distances, like the principal an-
gles and its variants (Hamm and Lee, 2008; Ye and Lim, 2016), we can develop many

variants of the Grassmann averages, of the form argminS1:d∈Gr(p,q)

∑n
i=1wi ρ(

√
xi⊤ΠSxi),

where ρ : R→ R is a real function, like ρ(x) = arccos(x) if we want subspace-angle-like dis-
tances, ρ(x) = −x2 if we want PCA-like solutions, and many other possible robust variants.
Applying the flag trick to those problems yields the following robust multilevel problem:
argminS1:d∈Fl(p,q1:d)

∑n
i=1wiρ(

√
xi⊤ΠS1:d

xi). Similarly, the dual principal component pursuit
of Tsakiris and Vidal (2018) could benefit from a multilevel version via the flag trick.

4.3 The Flag Trick for Trace Ratio Problems

As shown in introduction and particularly in Figure 1, trace ratio methods based on Grass-
mannian optimization such as linear discriminant analysis might suffer from the nestedness
issue. This notably yields inconsistent data representations across different dimensions, as
seen on the middle part of the figure, where the clusters get rotated and reflected, leading to
cluster identification issues. In this subsection, we address the nestedness issue by applying
the flag trick (Definition 10) to trace ratio problems (Ngo et al., 2012).

Trace ratio (TR) problems are ubiquitous in machine learning (Ngo et al., 2012):

argmax
U∈St(p,q)

tr
(
U⊤AU

)
tr (U⊤BU)

, (16)

where A,B ∈ Rp×p are positive semi-definite matrices, with rank(B) > p − q. A famous
example of trace ratio problem is Fisher’s linear discriminant analysis (LDA) (Fisher, 1936;
Belhumeur et al., 1997). It is common in machine learning to project the data onto a low-
dimensional subspace before fitting a classifier, in order to circumvent the curse of dimen-
sionality. It is well known that performing an unsupervised dimension reduction method like
PCA comes with the risks of mixing up the classes, since the directions of maximal variance
are not necessarily the most discriminating ones (Chang, 1983). The goal of LDA is to use
the knowledge of the data labels to learn a linear subspace that does not mix the classes. Let
X :=

[
x1 · · · xn

]
∈ Rp×n be a data set with labels Y :=

[
y1 · · · yn

]
∈ {1, . . . , C}n. Let

µ = 1
n

∑n
i=1 xi be the data set mean and µc =

1
#{i : yi=c}

∑
i : yi=c xi be the class-wise means.

The idea of LDA is to search for a subspace S ∈ Gr(p, q) that simultaneously maximizes the
projected between-class variance

∑C
c=1 ∥ΠSµc −ΠSµ∥22 and minimizes the projected within-

class variance
∑C

c=1

∑
i : yi=c ∥ΠSxi −ΠSµc∥22. This can be reformulated as a trace ratio

problem (16), with A =
∑C

c=1(µc−µ)(µc−µ)⊤ and B =
∑C

c=1

∑
i : yi=c(xi−µc)(xi−µc)⊤.

More generally, a large family of dimension reduction methods can be reformulated
as a TR problem. The seminal work of Yan et al. (2007) shows that many dimension
reduction and manifold learning objective functions can be written as a trace ratio involving
Laplacian matrices of attraction and repulsion graphs. Intuitively, those graphs determine
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which points should be close in the latent space and which ones should be far apart. Other
methods involving a ratio of traces are multi-view learning (Wang et al., 2023), partial
least squares (PLS) (Geladi and Kowalski, 1986; Barker and Rayens, 2003) and canonical
correlation analysis (CCA) (Hardoon et al., 2004), although these methods are originally
sequential problems (cf. Remark 1) and not subspace problems.

Classical Newton-like algorithms for solving the TR problem (16) come from the seminal
works of Guo et al. (2003), Wang et al. (2007) and Jia et al. (2009). The interest of
optimizing a trace-ratio instead of a ratio-trace (of the form tr

(
(U⊤BU)−1(U⊤AU)

)
)—

which enjoys an explicit solution given by a generalized eigenvalue decomposition—is also
tackled in those papers. The repulsion Laplacians (Kokiopoulou and Saad, 2009) instead
propose to solve a regularized version tr

(
U⊤BU

)
− ρ tr

(
U⊤AU

)
, which enjoys an explicit

solution but now has a hyperparameter ρ—whereas the latter is directly optimized in the
previous approaches.

4.3.1 Application of the Flag Trick to Trace Ratio Problems

The trace ratio problem (16) can be straightforwardly reformulated as an optimization
problem on Grassmannians, due to the orthogonal invariance of the objective function:

argmax
S∈Gr(p,q)

tr (ΠSA)

tr (ΠSB)
. (17)

The following proposition applies the flag trick to the TR problem (17).

Proposition 16 (Flag Trick for TR) The flag trick transforms the trace ratio problem
(17) into

argmax
S1:d∈Fl(p,q1:d)

tr (ΠS1:d
A)

tr (ΠS1:d
B)

, (18)

which is equivalent to the following optimization problem:

argmax
U1:d∈St(p,q)

∑d
k=1(d− (k − 1)) tr

(
Uk

⊤AUk

)∑d
l=1(d− (l − 1)) tr

(
Ul

⊤BUl

) . (19)

Proof The proof is given in Appendix B.

Equation (19) tells us several things. First, the subspaces Span(U1) ⊥ · · · ⊥ Span(Ud) are
weighted decreasingly, which means that they have less and less importance with respect to
the TR objective. Second, we can see that the nested trace ratio problem (18) somewhat
maximizes the numerator tr (ΠS1:d

A) while minimizing the denominator tr (ΠS1:d
B). Both

subproblems have an explicit solution corresponding to our nested PCA Theorem 8. Hence,
one can naturally initialize the steepest descent algorithm with the q highest eigenvalues of
A or the q lowest eigenvalues of B depending on the application. For instance, for LDA,
initializing Algorithm 1 with the highest eigenvalues of A would spread the classes far apart,
while initializing it with the lowest eigenvalues of B would concentrate the classes, which
seems less desirable since we do not want the classes to concentrate at the same point.
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4.3.2 Nestedness Experiments for Trace Ratio Problems

We run some nestedness and classification experiments for the specific Trace Ratio problem
of LDA. Many other applications—like marginal Fisher analysis (Yan et al., 2007) and local
discriminant embedding (Chen et al., 2005)—could be similarly investigated.

First, we consider a synthetic data set with five clusters. The ambient dimension is
p = 3 and the intrinsic dimensions that we try are q1:2 = (1, 2). We adopt a preprocessing
strategy similar to Ngo et al. (2012): we first center the data, then run a PCA to reduce
the dimension to n− C (if n− C < p), then construct the LDA scatter matrices A and B,
then add a diagonal covariance regularization of 10−5 times their trace and finally normalize
them to have unit trace. We run Algorithm 1 on Grassmann manifolds to solve the TR
maximization problem (17), successively for q1 = 1 and q2 = 2. Then we plot the projections
of the data points onto the optimal subspaces. We compare them to the nested projections
onto the optimal flag output by running Algorithm 1 on Fl(3, (1, 2)) to solve (18). The
results are shown in Figure 5. We can see that the Grassmann representations are non-
nested while their flag counterparts perfectly capture the filtration of subspaces that best
and best approximates the distribution while discriminating the classes. Even if the colors
make us realize that the issue in this experiment for LDA is not much about the non-
nestedness but rather about the rotation of the principal axes within the 2D subspace, we
still have an important issue of consistency.

Second, we consider the (full) handwritten digits data set (Alpaydin and Kaynak, 1998).
It contains 8 × 8 pixels images of handwritten digits, from 0 to 9, almost uniformly class-
balanced. One has n = 1797, p = 64 and C = 10. We run a steepest descent algorithm
to solve the trace ratio problem (18). We choose the full signature q1:d = (1, 2, . . . , 63)
with d = 63 and compare the output flag to the individual subspaces output by running
optimization on Gr(p, qk) for qk ∈ q1:d. We plot the subspace angles Θ(S∗k ,S∗k+1) and

the explained variance tr(ΠS∗
k
XX⊤)/tr(XX⊤) as a function of the k. The results are

illustrated in Figure 6. We see that the subspace angles are always positive and even
very large sometimes with the LDA. Worst, the explained variance is not monotonic. This
implies that we sometimes lose some information when increasing the dimension, which is
extremely paradoxical.

Third, we perform some classification experiments on the optimal subspaces. For each
data set, we run the optimization problems on Fl(p, q1:d), then project the data onto the
different subspaces in S∗1:d and run a nearest neighbors classifier with 5 neighbors. The
predictions are then ensembled (cf. Algorithm 2) by weighted averaging, either with uniform
weights or with weights minimizing the average cross-entropy:

w∗
1, . . . , w

∗
d = argmin

wk≥0∑d
k=1 wk=1

− 1

nC

n∑
i=1

C∑
c=1

yic ln

(
d∑

k=1

wky
∗
kic

)
, (20)

where y∗kic ∈ [0, 1] is the predicted probability that xi ∈ Rp belongs to class c ∈ {1, . . . , C},
by the classifier g∗k that is trained on Zk := U∗

k
⊤X ∈ Rqk×n. One can show that the latter is

a convex problem, which we optimize using the cvxpy Python package (Diamond and Boyd,
2016). We repeat the experiment 10 times in a stratified train-test fashion and report the
average test cross-entropy in Table 4.3.2. The wine example is particularly interesting. It
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Figure 5: Illustration of the nestedness issue in linear discriminant analysis (trace ratio
problem). Given a data set with five clusters, we plot its projection onto the
optimal 1D subspace and 2D subspace obtained by solving the associated Grass-
mannian optimization problem (17) or flag optimization problem (18). We see
that the Grassmann representations are not nested, while the flag representations
are nested and well capture the distribution of clusters. In this example, it is less
the nestedness than the rotation of the optimal axes inside the 2D subspace that
is critical to the analysis of the Grassmann-based method.

data set n p q1:d Gr Fl Fl-U Fl-W weights

digits 1797 64 (1, 2, 5, 10) 5.1 4.6 3.1 2.9 (0.03, 0.05, 0.30, 0.62)
wine 178 13 (1, 2, 5) 0.71 0.69 0.43 0.29 (0, 0.68, 0.32)
breast 569 30 (1, 2, 5) 0.534 0.537 0.485 0.475 (0.26, 0.24, 0.50)
iris 150 4 (1, 2, 3) 0.275 0.271 0.281 0.265 (0.27, 0.12, 0.62)

Table 1: Results of the TR-based classification experiment. For each method—Gr: Grass-
mann optimization (17), Fl: flag optimization (18), Fl-U: flag optimization +
uniform soft voting, Fl-W: flag optimization + optimal soft voting (20)—we give
the average test cross-entropy between the predictions and the true labels.

first tells us that the optimal 5D subspace obtained by Grassmann optimization discrimi-
nates less between the classes than the 5D subspace from the optimal flag. This may show
that the flag takes into account some lower-dimensional variability that enables to better
discriminate the classes. Second, the uniform averaging of the predictors at different di-
mensions improves the classification. Third, the optimal weights improve even more the

22



Nested Subspace Learning with Flags

S
u
b
sp

ac
e 

D
is

ta
n
ce

 (
k,

 k
+

1
)

Subspace Number (k) Subspace Number (k)

E
xp

la
in

ed
 V

ar
ia

n
ce

Figure 6: Illustration of the nestedness issue in linear discriminant analysis (trace ratio
problem) on the digits data set. For qk ∈ (1, 2, . . . , 63), we solve the Grassmannian
optimization problem (17) on Gr(64, qk) and plot the subspace angles Θ(S∗k ,S∗k+1)

(left) and explained variances tr(ΠS∗
k
XX⊤)/tr(XX⊤) (right) as a function of k.

We compare those quantities to the ones obtained by solving the flag optimization
problem (18). We see that the Grassmann-based method is highly non-nested and
even yields an extremely paradoxical non-increasing explained variance (cf. red
circle on the right).

classification and tell that the best discrimination occurs by taking a soft blend of classifiers
at dimensions 2 and 5. Similar kinds of analyses can be made for the other examples.

4.3.3 Discussion on TR Optimization and Kernelization

To substantiate the generality of the flag trick, we propose two extensions of the previously
proposed multilevel TR method: a Newton optimization algorithm and a kernelization. The
experimentation of these extensions is left to future work since the goal is rather to show
how the flag trick principle can be easily applied in different contexts.

A Newton Algorithm In all the experiments of this paper, we use a steepest descent
method on flag manifolds (Algorithm 1) to solve the flag problems. However, for the specific
problem of TR (18), we believe that more adapted algorithms should be derived to take
into account the specific form of the objective function, which is classically solved via a
Newton-Lanczos method (Ngo et al., 2012). To that extent, we develop in the appendix (B)
an extension of the baseline Newton-Lanczos algorithm for the flag-tricked problem (18).
In short, the latter can be reformulated as a penalized optimization problem of the form
argmaxS1:d∈Fl(p,q1:d)

∑d
k=1 tr (ΠSk

(A− ρB)), where ρ is updated iteratively according to a
Newton scheme. Once again, our central Theorem 8 enables to get an explicit solution to
the penalized optimization problem.
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A Non-Linearization via the Kernel Trick The classical trace ratio problems look
for linear embeddings of the data. However, in most cases, the data follow a nonlinear
distribution, which may cause linear dimension reduction methods to fail. The kernel
trick (Hofmann et al., 2008) is a well-known method to embed nonlinear data into a linear
space and fit linear machine learning methods. As a consequence, we propose in appendix
(B) a kernelization of the trace ratio problem (18) in the same fashion as the one of the
seminal graph embedding work (Yan et al., 2007). This is expected to yield much better
embedding and classification results.

4.4 The Flag Trick for Spectral Clustering Problems

As shown in introduction and particularly in Figure 1, spectral clustering methods based
on Grassmannian optimization might suffer from the nestedness issue, which notably yields
inconsistent data representations across different dimensions. This can be seen on the
right part of the figure, where the clusters are almost separable in 1D but surprisingly
intertwine in 2D. In this subsection, we address the nestedness issue by applying the flag
trick (Definition 10) to Grassmann-based sparse spectral clustering (Wang et al., 2017).

Spectral clustering (Ng et al., 2001) is a baseline clustering technique. It can be applied
to general cluster distributions compared to the classical k-means (round clusters) and
Gaussian mixture models (ellipsoidal clusters). Given a data set X :=

[
x1 · · · xn

]
∈

Rp×n, spectral clustering roughly consists in the eigenvalue decomposition of a Lapla-
cian matrix L ∈ Sym(n) associated to a pairwise similarity matrix, for instance Mij =
exp(∥xi − xj∥2 /2σ2). The eigenvectors are then used as new embeddings for the data points,
on which standard clustering algorithms like k-means can be performed. This method is
closely related to the celebrated Laplacian eigenmaps (Belkin and Niyogi, 2003) which are
used for nonlinear dimension reduction. The good performances of such a simple method
as spectral clustering are theoretically justified by the particular structure of the Laplacian
matrix L in an ideal case—block-diagonal with a multiple eigenvalue related to the number
of clusters (Ng et al., 2001). The recent sparse spectral clustering (SSC) method (Lu et al.,
2016) builds on such an ideal case and encourages the block-diagonality by looking for a
sparse and low-rank representation:

argmin
U∈St(n,q)

⟨UU⊤, L⟩F + β
∥∥∥UU⊤

∥∥∥
1
, (21)

that they optimize over the convex hull of Grassmann manifolds with an ADMM algorithm.

4.4.1 Application of the Flag Trick to Spectral Clustering

The Grassmannian spectral clustering method (Wang et al., 2017) directly optimizes (21)
on Grassmann manifolds:

argmin
S∈Gr(n,q)

⟨ΠS , L⟩F + β ∥ΠS∥1 . (22)

The authors use a Riemannian trust region method (Absil et al., 2008) for optimization and
show the interest of directly optimizing over the Grassmann manifold instead of convexifying
the optimization space (Lu et al., 2016). The following proposition applies the flag trick to
sparse spectral clustering.
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Proposition 17 (Flag Trick for SSC) The flag trick transforms the sparse spectral clus-
tering problem (22) into

argmin
S1:d∈Fl(n,q1:d)

⟨ΠS1:d
, L⟩F + β ∥ΠS1:d

∥1 , (23)

which is equivalent to the following optimization problem:

argmin
U1:d∈St(n,q)

d∑
k=1

(d− (k − 1)) tr
(
Uk

⊤LUk

)
+ β

∥∥∥∥∥
d∑

k=1

(d− (k − 1))UkUk
⊤

∥∥∥∥∥
1

. (24)

Proof The proof is given in Appendix C.

We can see that the case β = 0 corresponds to classical spectral clustering. Indeed, with
a similar reasoning as in the proof of Theorem 8, we can easily show that the solution to
problem (23) is explicit and corresponds to the flag of nested eigenspaces of L (for increasing
eigenvalues). Therefore, initializing the algorithm with the smallest q eigenvectors of L
seems like a natural idea. Moreover, one may intuitively analyze the relative weighting of
the mutually-orthogonal subspaces Span(U1) ⊥ · · · ⊥ Span(Ud) in (24) as favoring a model
with q1 clusters, and then adding successively qk − qk−1 clusters to improve the modeling
of the Laplacian matrix, with a tradeoff between too much and too few clusters.

4.4.2 Nestedness Experiments for Spectral Clustering

We run some nestedness experiments for the sparse spectral clustering problem. First, we
consider a 3D extension of the classical two-moons data set for clustering with n = 100.
The ambient dimension is p = 3 and the intrinsic dimensions that we try are q1:2 = (1, 2).
We adopt a pre-processing strategy similar to Lu et al. (2016) and Wang et al. (2017):
we compute the affinity matrix W ∈ Rn×n using an exponential kernel with standard
deviation being the median of the pairwise Euclidean distances between samples. Then
we compute the normalized Laplacian matrix L = In − D− 1

2LD− 1
2 where D ∈ Rn×n is a

diagonal matrix with diagonal elementsDii =
∑n

j=1wij . We run Algorithm 1 on Grassmann
manifolds to solve the sparse optimization problem (22), successively for q1 = 1 and q2 = 2.
Then we plot the projections of the data points onto the optimal subspaces. We compare
them to the nested projections onto the optimal flag output by running Algorithm 1 on
Fl(3, (1, 2)) to solve (23). The results are shown in Figure 7. We can see that the Grassmann
representations are not only non-nested but also mix the two clusters in 2D, while the
flag representations are nested and much better discriminate the clusters. This could be
explained by the nestedness constraint of flag manifolds which imposes the 2D subspace to
contain the 1D subspace.

Second, we consider the breast cancer data set (Wolberg et al., 1993). It contains 569
samples—from which we extract a subset of 100 samples for computational time—with 30
numerical attributes and two classes. One has n = 100, p = 30 and C = 2. Then we run the
steepest descent algorithm 1 to solve the SSC problem (23). We choose the full signature
q1:99 = (1, 2, . . . , 99) and compare the output flag to the individual subspaces output by
running optimization on Gr(n, qk) for qk ∈ q1:d. We perform scatter plots in 1D and 2D
and subspace error computations as a function of the qk. The results are illustrated in
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Figure 7: Illustration of the nestedness issue in sparse spectral clustering. Given a data
set with two half-moon-shaped clusters, we plot its projection onto the optimal
1D subspace and 2D subspace obtained by solving the associated Grassman-
nian optimization problem (22) or flag optimization problem (23). We see that
the Grassmann representations are not nested, while the flag representations are
nested and better clustered. The last row corresponds to dividing the 2D embed-
dings by their norms, as commonly done in spectral clustering (Ng et al., 2001).

Figure 8. The subspace angle plot tells us that the Grassmann spectral clustering yields
highly non-nested subspaces, while the flags are by nature nested. The scatter plots show
that the Grassmann representations are totally inconsistent, while the flag representations
are consistent with the cluster structures.

4.4.3 Discussion on SSC Optimization

Similarly to the previous examples, we can see that the steepest descent algorithm 1 might
not be the most suited to solve the optimization problem (23), notably due to the ℓ1-
penalization. Contrary to robust subspace recovery, where we want to avoid the non-
differentiable points (cf. Section 4.2.3), here we would ideally like to exactly attain those
points, since they encode the desired sparsity of the Laplacian matrix. Therefore, we believe
that sparsity-inducing optimization algorithms (Bach et al., 2012) on flag manifolds would
be more adapted than the steepest descent we use.
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Figure 8: Illustration of the nestedness issue in sparse spectral clustering on the breast can-
cer data set. On the left, for qk ∈ (1, 2, . . . , 99), we solve the Grassmannian op-
timization problem (22) on Gr(100, qk) and plot the subspace angles Θ(S∗k ,S∗k+1)
as a function of k. On the right, we plot the projection of the data set onto the
output 1D and 2D subspaces. We compare those quantities to the ones obtained
by solving the flag optimization problem (23). We see that the Grassmann-based
method is highly non-nested while the flag-tricked one is not only nested but also
seems to be coherent with the cluster structure: the first axis is for the red cluster
while the second axis is for the blue cluster.

4.5 The Flag Trick for Other Machine Learning Problems

Subspace learning finds many applications beyond robust subspace recovery, trace ratio
and spectral clustering problems, as evoked in Section 1. The goal of this subsection is to
provide a few more examples in brief, without experiments.

4.5.1 Domain Adaptation

In machine learning, it is often assumed that the training and test data sets follow the same
distribution. However, some domain shift issues—where training and test distributions are
different—might arise, notably if the test data have been acquired from a different source
(for instance a professional camera and a phone camera) or if the training data have been
acquired a long time ago. Domain adaptation is an area of machine learning that deals with
domain shifts, usually by matching the training and test distributions—often referred to as
source and target distributions—before fitting a classical model (Farahani et al., 2021). A
large body of works (called “subspace-based”) learn some intermediary subspaces between
the source and target data, and perform the inference for the projected target data on these
subspaces. The sampling geodesic flow (Gopalan et al., 2011) first performs a geodesic in-
terpolation on Grassmannians between the source and target subspaces, then projects both
data sets on (a discrete subset of) the interpolated subspaces, which results in a new repre-
sentation of the data distributions, that can then be given as an input to a machine learning
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model. The higher the number of intermediary subspaces, the better the approximation, but
the larger the dimension of the representation. The celebrated geodesic flow kernel (Gong
et al., 2012) circumvents this issue by integrating the projected data onto the continuum of
interpolated subspaces. This yields an inner product between infinite-dimensional embed-
dings that can be computed explicitly and incorporated in a kernel method for learning.
The domain invariant projection (Baktashmotlagh et al., 2013) learns a domain-invariant
subspace that minimizes the maximum mean discrepancy (MMD) (Gretton et al., 2012) be-
tween the projected source Xs :=

[
xs1 · · · xsns

]
∈ Rp×ns and target distributions Xt :=[

xt1 · · · xtnt

]
∈ Rp×nt : argminU∈St(p,q)MMD2(U⊤Xs, U

⊤Xt), where MMD(X,Y ) =∥∥ 1
n

∑n
i=1 ϕ(xi)−

1
m

∑m
i=1 ϕ(yi)

∥∥
H. Following Baktashmotlagh et al. (2013, Eq. 4), we can

rewrite the unsupervised domain adaptation problem as

argmin
S∈Gr(p,q)

 1

n2s

ns∑
i,j=1

exp

(
−
zsij

⊤ΠSz
s
ij

2σ2

)
+

1

n2t

nt∑
i,j=1

exp

(
−
ztij

⊤
ΠSz

t
ij

2σ2

)

− 2

nsnt

ns∑
i=1

nt∑
j=1

exp

(
−
zstij

⊤
ΠSz

st
ij

2σ2

) , (25)

where zsij := xsi − xsj , ztij := xti − xtj and zstij := xsi − xtj . One can easily apply the flag
trick (11) to this problem to make domain adaptation multilevel:

argmin
S1:d∈Fl(p,q1:d)

 1

n2s

ns∑
i,j=1

exp

(
−
zsij

⊤ΠS1:d
zsij

2σ2

)
+

1

n2t

nt∑
i,j=1

exp

(
−
ztij

⊤
ΠS1:d

ztij
2σ2

)

− 2

nsnt

ns∑
i=1

nt∑
j=1

exp

(
−
zstij

⊤
ΠS1:d

zstij
2σ2

) . (26)

Some experiments similar to the ones of Baktashmotlagh et al. (2013) can be performed.
For instance, one can consider the benchmark visual object recognition data set of Saenko
et al. (2010), learn nested domain invariant projections, fit some support vector machines
to the projected source samples at increasing dimensions, and then perform soft-voting
ensembling by learning the optimal weights on the target data according to Equation (20).

4.5.2 Low-Rank Decomposition

Many machine learning methods involve finding low-rank representations of a data matrix.
This is the case of matrix completion (Candès and Recht, 2012) where one looks for a
low-rank representation of an incomplete data matrix by minimizing the discrepancy with
the observed entries, and which finds many applications including the well-known Netflix
problem. Although its most-known formulation is as a convex relaxation, it can also be
formulated as an optimization problem on Grassmann manifolds (Keshavan et al., 2010;
Boumal and Absil, 2011) to avoid optimizing the nuclear norm in the full space which can
be of high dimension. The intuition is that a low-dimensional point can be described by
the subspace it belongs to and its coordinates within this subspace. More precisely, the
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SVD-based low-rank factorization M = UW , with M ∈ Rp×n, U ∈ St(p, q) and W ∈ Rq×n

is orthogonally-invariant—in the sense that for any R ∈ O(q), one has (UR)(R⊤W ) = UW .
One could therefore apply the flag trick to such problems, with the intuition that we would
try low-rank matrix decompositions at different dimensions. The application of the flag trick
would however not be as straightforward as in the previous problems since the subspace-
projection matrices ΠS := UU⊤ do not appear explicitly, and since the coefficient matrix
W also depends on the dimension q.

Many other low-rank problems can be formulated as a Grassmannian optimization.
Robust PCA (Candès et al., 2011) looks for a low rank + sparse corruption factorization of
a data matrix. Subspace Tracking (Balzano et al., 2010) incrementally updates a subspace
from streaming and highly-incomplete observations via small steps on Grassmann manifolds.

4.5.3 Other Subspace Learning Problems

Finally, many other general machine learning problems involve optimization on Grassman-
nians. For instance, linear dimensionality reduction (Cunningham and Ghahramani, 2015)
encompasses the already-discussed PCA and LDA, but also many other problems like multi-
dimensional scaling (Torgerson, 1952), slow feature analysis (Wiskott and Sejnowski, 2002)
and locality preserving projections (He and Niyogi, 2003). All these machine learning prob-
lems involving optimization on Grassmannians can, likewise, be turned into multilevel prob-
lems via the flag trick.

5. Discussion

We introduced a general principle to make subspace learning problems multilevel and nested.
The non-nestedness issue of Grassmannian-based methods was clearly demonstrated on a va-
riety of machine learning problems, yielding inconsistent scatter plots and paradoxical learn-
ing curves. The flag trick was shown to both solve this nestedness issue and output filtrations
of subspaces that meet the original goals of the problems. As a positive side-effect, the flag
trick sometimes even output substantially-better subspaces than the original subspace prob-
lems, due to its multilevel nature which enables to aggregate information from several dimen-
sions. When combined with ensemble learning, the flag trick showed an overall improvement
over the subspace-based predictors that work at a fixed dimension and it raised some in-
teresting dimension-blending perspectives that question the manifold hypothesis. The code
for the experiments can be found at https://github.com/tomszwagier/flag-trick.

One major limitation of this paper is the lack of in-depth study of the specific in-
terest of the flag trick to each subspace learning method. We indeed focus on general
practical results—the nestedness of flag-based methods with respect to classical subspace
methods and the interest of ensembling dimensions instead of considering each dimension
individually—and not on some application-specific questions—like the robustness of the flag
to outliers for robust subspace recovery, the quality of the embedding for trace ratio prob-
lems, and the quality of the clustering for spectral clustering problems. This paper should
thus be viewed as an invitation to the various communities to explore multilevel extensions
of subspace learning, rather than as a definitive solution to a long-standing challenge in
machine learning. To that extent, we end this paper with a list of perspectives.
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First, one should perform in-depth experiments to show the interest and the limitations
of the flag trick for each specific subspace learning problem among—but not limited to—the
list of examples developed in Section 4. Throughout this paper, we focused on linear flags,
but nonlinear extensions could be considered to improve expressivity. Beyond the kernel
trick considered in Section B.2 for nonlinear graph embedding, a general methodology based
on data mappings to linear spaces—such as the latent space of a deep generative model
or the tangent space at the Fréchet mean of a manifold-valued data set—could be simply
implemented. More advanced methodologies relying on nested submanifolds, borrowed from
the geometric statistics community (see Section 1), could be investigated as optimization
problems on flag manifolds; typical examples are the principal nested spheres from Jung
et al. (2012), which can be seen as intersections between spheres and nested hyperplanes.

Second, one should experiment with more complex and more efficient optimization algo-
rithms on flag manifolds such as the ones developed in the appendix (IRLS in Appendix A
and Newton in Appendix B) or the ones proposed in Ye et al. (2022), Nguyen (2022) and
Zhu and Shen (2024), and develop new ones that are specifically adapted to the prop-
erties of the objective function. We invite the interested researchers from the manifold
optimization community to test their existing algorithms (and develop new ones) on our
statistically-grounded optimization problems (13), (18), (23) and (26) on flag manifolds.

Third, we derived a very general principle for transitioning from fixed-dimension sub-
space methods to increasing-dimension flag methods, but this principle could be revisited
specifically for each problem. This includes the problems that are not specifically formu-
lated as a Grassmannian optimization, as long as they somewhat involve low-dimensional
subspaces, like in domain adaptation (Gopalan et al., 2011; Gong et al., 2012) and sparse
subspace clustering (Elhamifar and Vidal, 2013).

Fourth, we leave the question of the choice of flag signature (i.e., the sequence of di-
mensions to try) open in this paper (see, notably, Remark 12). A first step for PCA in
the Gaussian case has been achieved with the principal subspace analysis of Szwagier and
Pennec (2026), where the dimensions are chosen based on the relative eigengaps of the co-
variance matrix. Other generative models could be designed specifically for each subspace
learning problem, and the recent penalty of Szwagier et al. (2025) on the spectral gaps could
be added to automatically select the flag signature.
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Appendix A. Robust Subspace Recovery: Extensions and Proofs

In this section, we develop a reweighted least squares algorithm for robust subspace recov-
ery (13) and we provide the proof of Proposition 14.

A.1 An IRLS Algorithm for Robust Subspace Recovery

Iteratively reweighted least squares (IRLS) is a ubiquitous method to solve optimiza-
tion problems involving ℓp-norms. Motivated by the computation of the geometric me-
dian (Weiszfeld, 1937), IRLS is highly used to find robust maximum likelihood estimates of
non-Gaussian probabilistic models (typically those containing outliers) and finds application
in robust regression (Huber, 1964), sparse recovery (Daubechies et al., 2010), etc.

The recent fast median subspace (FMS) algorithm of Lerman and Maunu (2018a),
achieving state-of-the-art results in RSR, uses an IRLS scheme to optimize the absolute
deviation (12). The idea is to first rewrite the absolute deviation as

n∑
i=1

∥xi −ΠSxi∥2 =
n∑

i=1

wi(S) ∥xi −ΠSxi∥22 , (27)

with wi(S) = 1
∥xi−ΠSxi∥2

, and then successively compute the weights wi and update the

subspace according to the weighted objective. More precisely, the FMS algorithm creates a
sequence of subspaces S1, . . . ,Sm such that

St+1 = argmin
S∈Gr(p,q)

n∑
i=1

wi(St) ∥xi −ΠSxi∥22 . (28)

This weighted least-squares problem enjoys a closed-form solution which relates to the
eigenvalue decomposition of the weighted covariance matrix

∑n
i=1wi(St)xixi⊤ (Vidal et al.,

2016, Chapter 3.3).
We wish to derive an IRLS algorithm for the flag-tricked version of the LAD prob-

lem (13). In order to stay close in mind to the recent work of Peng et al. (2023) who proved
convergence of a general class of IRLS algorithms under some mild assumptions, we first
rewrite (13) as

argmin
S1:d∈Fl(p,q1:d)

n∑
i=1

ρ(r(S1:d, xi)), (29)

where r(S1:d, x) = ∥x−ΠS1:d
x∥2 is the residual and ρ(r) = |r| is the outlier-robust loss

function. Following Peng et al. (2023), the IRLS scheme associated with (29) is{
wt+1
i = ρ′(r(St1:d, xi))/r(St1:d, xi) = 1/ ∥xi −ΠS1:d

xi∥2 ,
(S1:d)t+1 = argminS1:d∈Fl(p,q1:d)

∑n
i=1w

t+1
i ∥xi −ΠS1:d

xi∥22 .
(30)

We now show that the second step enjoys a closed-form solution.

Proposition 18 (Reweighted Nested PCA) The RLS problem

argmin
S1:d∈Fl(p,q1:d)

n∑
i=1

wi ∥xi −ΠS1:d
xi∥22 (31)
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has a closed-form solution S∗1:d ∈ Fl(p, q1:d), which is given by the eigenvalue decomposition
of the weighted sample covariance matrix Sw =

∑n
i=1wixixi

⊤ =
∑p

j=1 ℓjvjvj
⊤, i.e.,

S∗k = Span(v1, . . . , vqk) (k ∈ {1, . . . , d}). (32)

Proof One has

n∑
i=1

wi ∥xi −ΠS1:d
xi∥22 = tr

(
(I −ΠS1:d

)2

(
n∑

i=1

wixixi
⊤

))
. (33)

Therefore, we are exactly in the same case as in Theorem 8, if we replace XX⊤ with the
reweighted covariance matrix

∑n
i=1wixixi

⊤. This does not change the result, so we conclude
with the end of the proof of Theorem 8 (itself relying on Szwagier and Pennec, 2026).

Hence, one gets an IRLS scheme for the LAD problem. One can modify the robust loss
function ρ(r) = |r| by a Huber-like loss function to avoid weight explosion. Indeed, one can
show that the weight wi := 1/ ∥xi −ΠS1:d

xi∥2 goes to infinity when the first subspace S1 of
the flag gets close to xi. Therefore in practice, we take

ρ(r) =

{
r2/(2pδ) if |r| <= pδ,

r − pδ/2 if |r| > pδ,
(34)

which yields
wi = 1/max

(
pδ, ∥xi −ΠS1:d

xi∥2
)
. (35)

The final proposed scheme is given in Algorithm 3, named fast median flag (FMF), in
reference to the fast median subspace algorithm of Lerman and Maunu (2018a).

Algorithm 3 Fast Median Flag

Require: X :=
[
x1 · · · xn

]
∈ Rp×n a data matrix; q1:d := (q1, . . . , qd) a flag signature;

ε > 0 a saturation parameter
U1:d ← SVD(X, qd) ▷ top qd left singular vectors (least squares)
for t ∈ {1, 2, . . . } do

ΠS1:d
← 1

d

∑d
k=1(d− k + 1)UkUk

⊤ ▷ multilevel projector (flag trick)
wi ← 1/max(ε, ∥xi −ΠS1:d

xi∥2) ▷ weights (saturated)
Sw ←

∑n
i=1wixixi

⊤ ▷ reweighted covariance
U1:d ← EVD(Sw, qd) ▷ top qd eigenvectors

end for
Ensure: U∗

1:d ∈ Fl(p, q1:d) an optimal flag (Stiefel representation)

We can easily check that FMF is a direct generalization of FMS for Grassmannians (i.e.,
when d = 1).

Remark 19 (Convergence Analysis) Although beyond the scope of the paper, we believe
that the convergence result of Peng et al. (2023, Theorem 1) could be generalized to the
FMF algorithm, due to the compactness of flag manifolds and the expression of the residual
function r.
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A.2 Proof of Proposition 14

Let S1:d ∈ Fl(p, q1:d) and U1:d+1 :=
[
U1 U2 · · · Ud Ud+1

]
∈ O(p) be an orthogonal

representative of S1:d (cf. Section 2). One has

∥xi −ΠS1:d
xi∥2 =

√
(xi −ΠS1:d

xi)
⊤(xi −ΠS1:d

xi), (36)

=

√
xi⊤(Ip −ΠS1:d

)2xi, (37)

=

√√√√xi⊤

(
Ip −

1

d

d∑
k=1

ΠSk

)2

xi, (38)

=

√√√√ 1

d2
xi⊤

(
d∑

k=1

(Ip −ΠSk
)

)2

xi. (39)

By definition, one has ΠSk
=
∑k

l=1 UlUl
⊤ and, in particular, Ip =

∑d+1
l=1 UlUl

⊤. Therefore,
by re-injection and double summation inversion, one gets:

d∑
k=1

(Ip −ΠSk
) =

d∑
k=1

(
d+1∑
l=1

UlU
⊤
l −

k∑
l=1

UlU
⊤
l

)
=

d∑
k=1

d+1∑
l=k+1

UlU
⊤
l =

d+1∑
l=2

l−1∑
k=1

UlU
⊤
l =

d+1∑
l=2

(l − 1)UlU
⊤
l =

d+1∑
l=1

(l − 1)UlU
⊤
l . (40)

Re-injecting the previous quantity in the computation of ∥xi −ΠS1:d
xi∥2, one gets

∥xi −ΠS1:d
xi∥2 =

√√√√ 1

d2
xi⊤

(
d+1∑
k=1

(k − 1)UkUk
⊤

)2

xi, (41)

=

√√√√ 1

d2
xi⊤

(
d+1∑
k=1

(k − 1)2UkUk
⊤

)
xi, (42)

=

√√√√d+1∑
k=1

(
k − 1

d

)2

xi⊤UkUk
⊤xi, (43)

∥xi −ΠS1:d
xi∥2 =

√√√√d+1∑
k=1

(
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2
. (44)

Hence, the flag-tricked robust subspace recovery problem (13) is equivalent to the following
problem on the orthogonal group:

argmin
U1:d+1∈O(p)

n∑
i=1

√√√√d+1∑
k=1

(
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2
. (45)
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This problem can be further simplified into an optimization problem on Stiefel manifolds,
by noting that

∥xi −ΠS1:d
xi∥2 =

√√√√ d∑
k=1

((
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2

)
+

(
d+ 1− 1

d

)2 ∥∥Ud+1
⊤xi
∥∥2
2
, (46)

=

√√√√ d∑
k=1

((
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2

)
+ xi⊤Ud+1Ud+1

⊤xi, (47)

=

√√√√ d∑
k=1

((
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2

)
+ xi⊤(Ip − U1:dU1:d

⊤)xi, (48)

=

√√√√ d∑
k=1

((
k − 1

d

)2 ∥∥Uk
⊤xi
∥∥2
2

)
+ ∥xi∥22 −

∥∥U1:d
⊤xi
∥∥2
2
, (49)

which concludes the proof.

Appendix B. Trace Ratio Problems: Extensions and Proofs

In this section, we successively develop a Newton-Lanczos algorithm for the multilevel trace
ratio problem (18), a kernelization of the same problem to handle nonlinear data, and we
provide the proof of Proposition 16.

B.1 A Newton Method for Multilevel Trace Ratio Problems

We wish to solve the following optimization problem (cf. (18)):

argmax
S1:d∈Fl(p,q1:d)

tr (ΠS1:d
A)

tr (ΠS1:d
B)

. (50)

In this subsection, we propose a Newton method—drawn from Ngo et al. (2012), which is
itself based on Wang et al. (2007) and Jia et al. (2009)—to solve this problem. The following
proposition states that the multilevel trace ratio problem (50) can be reformulated as the
search for the root (or zero) of a certain function, which can be then classically solved via
Newton’s method.

Proposition 20 (Multilevel Trace Ratio as a Newton Method) For M a symmet-
ric matrix, let (ℓj(M), vj(M)) denote its j-th largest (eigenvalue, eigenvector)-pair and

Sk(M) := Span(v1(M), . . . , vqk(M)). Let f(ρ) :=
∑d

k=1

∑qk
j=1 ℓj(A− ρB). Then f admits a

unique root ρ∗ and one has

argmax
S1:d∈Fl(p,q1:d)

tr (ΠS1:d
A)

tr (ΠS1:d
B)

= (S1(A− ρ∗B), . . . ,Sd(A− ρ∗B)) (51)

Proof Let ϕ : Fl(p, q1:d) ∋ S1:d 7→ tr
(∑d

k=1ΠSk
A
)
/tr
(∑d

k=1ΠSk
B
)

be the objective

function we want to maximize. We can see that ϕ is well defined on Fl(p, q1:d) if and only
if rank(B) > p− qd, which we assume in the following.
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ϕ is continuous on Fl(p, q1:d) which is a smooth compact manifold, therefore it admits
a maximum ρ∗. As a consequence, for any S1:d ∈ Fl(p, q1:d), one has ϕ(S1:d) ≤ ρ∗, which is
equivalent to ψ(S1:d) :=

∑d
k=1 tr (ΠSk

(A− ρ∗B)) ≤ 0. Similarly to Theorem 8, one can show
that the maximum of ψ, which is 0, is attained in S∗1:d := (S1(A− ρ∗B), . . . ,Sd(A− ρ∗B)).

Therefore, one has ψ(S∗1:d) =
∑d

k=1 tr(ΠSk(A−ρ∗B)(A− ρ∗B)) = f(ρ∗) = 0.

Let us now show that ρ∗ is the unique root of f . One can show that the derivative of∑qk
j=1 ℓj(A− ρB) with respect to ρ is − tr(ΠSk(A−ρB)B) (Ngo et al., 2012). Therefore, the

derivative of f is f ′(ρ) = −
∑d

k=1 tr(ΠSk(A−ρB)B), which is everywhere (strictly) negative
since B is positive semidefinite and rank(B) > p− qd. Therefore, f is a (strictly) decreasing
function. Hence, ρ∗ is the unique root of f .

Newton’s method to find the root ρ∗ of f is described by the following iteration:

ρt+1 = ρt − f(ρt)

f ′(ρt)
=

∑d
k=1 tr

(
ΠSk(A−ρtB)A

)∑d
k=1 tr

(
ΠSk(A−ρtB)B

) . (52)

The optimal flag S∗1:d is given by the eigenvalue decomposition of A − ρ∞B, according to
Proposition 20. The only remaining question is the one of initialization. The following
proposition provides a possible answer.

Proposition 21 (Bounds on Newton’s Root) Let ℓj(A,B) be the j-th largest eigen-
value of the matrix pencil (A,B). If B ≻ 0, then ρ∗ ∈ [ℓqd(A,B), ℓ1(A,B)].

Proof Let Z ∈ GLp such that Z⊤BZ = Ip and Z⊤AZ = diag (ℓ1(A,B), . . . , ℓp(A,B)).
Then, using Sylvester’s law of inertia, one gets that the number of negative eigenvalues of
Z⊤(A−ρB)Z and of Λ−ρIp are the same. Therefore, for ρ = ℓ1(A,B), all the eigenvalues of

A−ρB are nonpositive, so f(ρ) =
∑d

k=1

∑qk
j=1 ℓj(A−ρB) ≤ 0. Similarly, for ρ = ℓqd(A,B),

the qd largest eigenvalues of A− ρB are nonnegative, so in particular for all k ∈ {1, . . . , d},
the qk largest eigenvalues of A− ρB are nonnegative, so in the end f(ρ) ≥ 0.

The bounds given by Proposition 21 can be used to initialize Newton’s method. Alterna-
tively, one can initialize the algorithm with a random flag (see Remark 4), similarly to Ngo
et al. (2012, Algorithm 4.1), in order to circumvent the potentially costly computation of
the generalized eigenvalues. The final proposed scheme is given in Algorithm 4, called flag
iterative trace ratio in reference to the iterative trace ratio of Wang et al. (2007).

Algorithm 4 Flag Iterative Trace Ratio

Require: A,B ∈ Sym+(p); q1:d := (q1, . . . , qd) a flag signature
ρ ∈ [ℓq(A,B), ℓ1(A,B)] ▷ generalized eigenvalues
for t ∈ {1, 2, . . . } do

U1:d ← EVD(A− ρB, qd) ▷ top qd eigenvectors
ΠS1:d

← 1
d

∑d
k=1(d− k + 1)UkUk

⊤ ▷ multilevel projector (flag trick)
ρ← tr (ΠS1:d

A) / tr (ΠS1:d
B) ▷ trace ratio

end for
Ensure: U∗

1:d ∈ Fl(p, q1:d) an optimal flag (Stiefel representation)
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B.2 Kernel Trick for Graph Embedding

The seminal paper of Yan et al. (2007) shows that many dimensionality reduction methods
can be seen as a trace ratio problem known as graph embedding. Let X :=

[
x1 . . . xn

]
∈

Rp×n be a p-dimensional data set. We look for a q-dimensional linear embedding of X
that satisfies pairwise attraction and repulsion relationships. For instance, if we know the
classes like in linear discriminant analysis (Fisher, 1936), we might want same-class points
to be close and different-class points to be far in the lower-dimensional subspace. Writing,
respectively, Sii′ ∈ R and Sp

ii′ ∈ R the desired similarity and penalty between points i and
i′, this yields to the following optimization problem (Yan et al., 2007; Wang et al., 2007):

argmin
U∈St(p,q)

∑
i ̸=i′

∥∥U⊤xi − U⊤xi′
∥∥2
2
Sii′∑

i ̸=i′ ∥U⊤xi − U⊤xi′∥22 S
p
ii′

. (53)

Writing L ∈ Sym(n) and Lp ∈ Sym(n) the graph Laplacians associated with the adjacency
matrices S ∈ Sym(n) and Sp ∈ Sym(n)—i.e., L = D − S, with D a diagonal matrix such
that Dii =

∑
i′ ̸=i Sii′∀i—this can be rewritten as the following trace ratio problem:

argmax
U∈St(p,q)

tr
(
U⊤XLpX⊤U

)
tr (U⊤XLX⊤U)

. (54)

Finding a linear embedding satisfying such attraction and repulsion properties might be
complicated in practice, as real data distributions are often nonlinear. A classical trick—
known as the kernel trick (Hofmann et al., 2008)—consists in nonlinearly mapping the
data to an infinite-dimensional Hilbert space (H, ⟨·, ·⟩H)—known as the reproducing ker-
nel Hilbert space (RKHS)—via a so-called kernel K : Rp × Rp → R, and then perform-
ing the linear graph embedding in the RKHS. This kernel must satisfy symmetry and
positive-definiteness properties—a classical example is the radial basis function (RBF)

kernel K(x, y) = e−∥x−y∥22/(2σ2). The nonlinear map ϕ : Rp → H is then chosen to be
ϕ(x) = K(x, ·), and the scalar product is ⟨ϕ(x), ϕ(y)⟩H = K(x, y).

Let us now write K := K(xi, xj)i,j∈{1,...,n} ∈ Sym(n). Let f = (f1, . . . , fq) ∈ Hq be an
orthonormal family, with fj =

∑n
i=1 vij K(xi, ·). The weights V ∈ Rn×q must then satisfy

the constraint V ⊤KV = Iq. Moreover, the coefficients of the orthogonal projection of ϕ(xi)
onto Span(f) are ⟨fj , ϕ(xi)⟩H =

∑n
i′=1Kii′vi′j . Consequently, linear graph embedding in

the RKHS boils down to

argmin
V ⊤KV=Iq

∑
i ̸=i′

∥∥V ⊤Ki − V ⊤Ki′
∥∥2
2
Sii′∑

i ̸=i′ ∥V ⊤Ki − V ⊤Ki′∥22 S
p
ii′

, (55)

which is equivalent to

argmax
V ⊤KV=Iq

tr
(
V ⊤KLpKV

)
tr (V ⊤KLKV )

. (56)

Let K := QΛQ⊤ be an eigendecomposition of K, with Q ∈ O(n) and Λ ∈ diag(Rn).

Let us make the change of variable U := Λ
1
2Q⊤V , and write A = Λ1/2Q⊤LpQΛ1/2 and
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B = Λ1/2Q⊤LQΛ1/2. Then the trace ratio problem in the RKHS can be rewritten as

argmax
U∈St(n,q)

tr
(
U⊤AU

)
tr (U⊤BU)

. (57)

One can now simply apply the flag trick to it, and get the following multilevel kernel graph
embedding problem:

argmax
S1:d∈Fl(n,q1:d)

∑d
k=1 tr (ΠSk

A)∑d
k=1 tr (ΠSk

B)
. (58)

Let U∗ :=
[
U∗
1 · · · U∗

d

]
∈ St(n, q) be a Stiefel representative of the optimal flag S∗1:d ∈

Fl(n, q1:d). Then, one has for any x ∈ Rp the kernel graph embedding map Π∗(x)k =∑n
i=1 U

∗
ikK(xi, x). In particular, Π∗(X) = U∗⊤K ∈ Rq×n.

B.3 Proof of Proposition 16

Let S1:d ∈ Fl(p, q1:d) and U1:d :=
[
U1 · · · Ud

]
∈ St(p, q) be a Stiefel representative of S1:d

(cf. Section 2). One has

tr (ΠS1:d
A)

tr (ΠS1:d
B)

=
tr
(
1
d

∑d
k=1ΠSk

A
)

tr
(
1
d

∑d
l=1ΠSl

B
) , (59)

=
tr
(∑d

k=1(d− (k − 1))UkUk
⊤A
)

tr
(∑d

l=1(d− (l − 1))UlUl
⊤B
) , (60)

tr (ΠS1:d
A)

tr (ΠS1:d
B)

=

∑d
k=1(d− (k − 1)) tr

(
UkUk

⊤A
)∑d

l=1(d− (l − 1)) tr
(
UlUl

⊤B
) , (61)

which concludes the proof.

Appendix C. Spectral Clustering: Proof of Proposition 17

Let S1:d ∈ Fl(n, q1:d) and U1:d :=
[
U1 · · · Ud

]
∈ St(n, q) be a Stiefel representative of S1:d

(cf. Section 2). One has

⟨ΠS1:d
, L⟩F + β ∥ΠS1:d

∥1 =

〈
1

d

d∑
k=1

ΠSk
, L

〉
F

+ β

∥∥∥∥∥1d
d∑

k=1

ΠSk

∥∥∥∥∥
1

, (62)

=
1

d

(〈
d∑

k=1

(d− (k − 1))UkUk
⊤, L

〉
F

+ β

∥∥∥∥∥
d∑

k=1

(d− (k − 1))UkUk
⊤

∥∥∥∥∥
1

)
, (63)

=
1

d

(
d∑

k=1

(d− (k − 1))
〈
UkUk

⊤, L
〉
F
+ β

∥∥∥∥∥
d∑

k=1

(d− (k − 1))UkUk
⊤

∥∥∥∥∥
1

)
, (64)

=
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Appendix D. Empirical Running Times

In this section, we describe the empirical running times of the flag trick (and the subsequent
optimization on flag manifolds via Algorithm 1) for robust subspace recovery, trace ratio and
sparse spectral clustering problems. We consider the three synthetic data sets described in
Section 4, with varying n and p, and report the average running times over 10 independent
experiments in Figure 9. The code is run on a CPU with 16 GB of RAM.

We see that the running times are in the order of a second for all methods. They increase
approximately linearly with the dimension p (as expected from the complexity analysis of
the Riemannian gradient and the polar retraction in Remark 6). They do not increase much
with the number of samples n, except for the sparse spectral clustering problem which relies
on the n× n adjacency matrix.
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Figure 9: Empirical running times of the flag trick and the subsequent steepest descent
on flag manifolds (Algorithm 1) for three machine learning problems: robust
subspace recovery (RSR), trace ratio (TR) and sparse spectral clustering (SSC).
On the left plot, the number of samples is fixed to n = 100 and the dimension
varies from p = 10 to p = 90. On the right plot, the dimension is fixed to p = 10
and the number of samples varies from n = 20 to n = 100. We set q1:d := (1, 2, 5).
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2025. URL https://inria.hal.science/tel-05423812. 2025COAZ4027.

Tom Szwagier and Xavier Pennec. Rethinking the Riemannian Logarithm on Flag Manifolds
as an Orthogonal Alignment Problem. In Geometric Science of Information (GSI), LNCS,
pages 375–383. Springer, 2023.

46

http://arxiv.org/abs/2209.02025
http://arxiv.org/abs/2502.10010
https://inria.hal.science/tel-05423812


Nested Subspace Learning with Flags

Tom Szwagier and Xavier Pennec. The curse of isotropy: from principal components to
principal subspaces. Statistical Science, 2026.

Tom Szwagier, Guillaume Olikier, and Xavier Pennec. Eigengap Sparsity for Covariance
Parsimony. In Geometric Science of Information (GSI), pages 50–59. Springer Nature
Switzerland, 2025.

Tom Szwagier, Pierre-Alexandre Mattei, Charles Bouveyron, and Xavier Pennec. Parsimo-
nious Gaussian mixture models with piecewise-constant eigenvalue profiles. Statistics and
Computing, 36(95), 2026.

Michael E. Tipping and Christopher M. Bishop. Probabilistic Principal Component Anal-
ysis. Journal of the Royal Statistical Society Series B: Statistical Methodology, 61(3):
611–622, 1999.

Warren S. Torgerson. Multidimensional scaling: I. Theory and method. Psychometrika, 17
(4):401–419, 1952.

James Townsend, Niklas Koep, and Sebastian Weichwald. Pymanopt: A Python Toolbox
for Optimization on Manifolds using Automatic Differentiation. Journal of Machine
Learning Research, 17(137):1–5, 2016.
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