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Abstract

We introduce the Weisfeiler-Lehman (WL) distance, a pseudometric defined on la-
beled measure Markov chains (LMMCs)—a general class of structures encompassing la-
beled graphs. This distance is computable in polynomial time and is closely aligned with
the classical WL graph isomorphism test: it assigns a positive value if and only if the WL
test distinguishes the two input graphs.

The WL distance captures fine structural differences in the underlying LMMCs and is,
consequently, more discriminative than the state-of-the-art Wasserstein WL graph kernel.
The distance motivates a neural network architecture on LMMCs, which we call Markov
chain neural networks (MCNNs), that is universal for continuous functions over LMMCs
(hence all graphs) under the topology induced by the WL distance. This finding further
extends to the analysis of graph neural networks (GNNs).

Additionally, the WL distance admits an alternative characterization through Marko-
vian couplings and Causal Optimal Transport (COT), offering a stochastic-process per-
spective that uncovers a surprising connection between the seemingly unrelated WL test
and COT. Finally, we show that the WL distance is stable under a natural variant of the
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Gromov-Wasserstein (GW) distance that we propose. The GW distance is generally NP-
hard to compute and hence the WL distance provides a polynomial-time computable lower
bound for it.

Keywords: Weisfeiler-Lehman test, optimal transport, causal optimal transport, Gromov-
Wasserstein, graph neural networks
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1. Introduction

The Weisfeiler-Lehman (WL) test (Lehman and Weisfeiler, 1968) is a classical procedure
which provides a polynomial time proxy for testing graph isomorphism. It is efficient,
capable of distinguishing most pairs of graphs in linear time (Babai and Kucera, 1979; Babai
and Luks, 1983). The WL test is closely related to graph neural networks (GNNs), both in
the design of GNN architectures and in terms of characterizing their expressive power. For
example, Xu et al. (2019) showed that graph isomorphism networks (GINs) have the same
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Figure 1: The WL distance metrizes the collection of all labeled measure Markov chains
(LMMCs). Markov chain neural networks (MCNNSs) are real valued functions h, with do-
main equal to the collection of all LMMCs, which are universal in the collection of functions
that are continuous relative to the topology generated by the WL distance.

discriminative power as the WL test in ascertaining whether two graphs are isomorphic or
not. Recently, Azizian and Lelarge (2021) demonstrated that message passing graph neural
networks (MPNNs) are universal approximators for continuous functions defined on the set
of graphs with bounded number of vertices, equipped with a topology induced by a specific
variant of the graph edit distance, provided that the functions’ discriminative power does
not exceed that of the Weisfeiler-Lehman test.

However, while the WL test is well-suited for testing graph isomorphism, it does not
directly support a quantitative comparison of graphs. This state of affairs naturally suggests
identifying a distance function between graphs so that two graphs have positive distance if
and only if they can be distinguished by the WL test. Although several WL-inspired graph
kernels have been proposed to quantitatively compare graphs (Shervashidze et al., 2011;
Togninalli et al., 2019), they either fail to handle continuous node features naturally, or do
not have the same discriminative power as the WL test.

1.1 Contributions and Connections to Related Work

Building on our earlier work (Chen et al., 2022, 2023), this journal version provides a unified
treatment of the Weisfeiler-Lehman distance, combining its iterative construction with its
interpretation through Markovian couplings and causal optimal transport. This framework
connects WL distinguishability with Lipschitz stability and universal approximation for
Markov chain and message-passing graph neural networks, and with Gromov-Wasserstein
comparisons of Markov chains. The additions in this version include extending the WL
measure hierarchy to compact state spaces and establishing its well-definedness (Proposi-
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tion 11), together with an analysis of the sharpness and limitations of the WL-based GW
lower bounds (Remark 66). In particular, we exhibit equality cases and examples where
these lower bounds vanish despite a positive GW distance.

We organize this unified treatment around four main themes:

(1) A new distance with the same discriminative power as the WL test. We
introduce the Weisfeiler-Lehman distance by merging the core iterative idea of the WL test
(which provides a 0 or 1 answer) with optimal transport (OT) (Villani, 2009). This new
distance quantifies the WL test in the following sense:

e two graphs are at zero WL distance if and only if they cannot be distinguished by the
WL test; and

e when the distance is positive, its value can be interpreted as the degree to which the
two graphs fail to pass the WL test.

Moreover, the WL distance can be computed in polynomial time. Furthermore, our WL
distance is actually defined on a more general and flexible type of objects called the labeled
measure Markov chains (LMMCs), of which labeled graphs (i.e, graph with node features)
are special cases; see Figure 1. LMMCs can naturally model the interaction between graphs
and their node labels (node features), and thus provides a new OT based perspective for
comparing node labeled graphs. Besides graphs, the LMMC framework also encompasses
continuous objects such as Riemannian manifolds and graphons. It is worth noting that the
idea of combining OT and Markov chains/heat kernels has long been used to study notions
of curvature of geometric objects, e.g., graphs or Riemannian manifolds (von Renesse and
Sturm, 2005; Ollivier, 2009) and has been utilized to quantify the dissimilarity between
shapes in Mémoli (2009, 2011b).

We further establish an efficiently computable lower bound for the WL distance and
carry out experiments to demonstrate the effectiveness of our WL distance (and its lower
bounds) in graph comparison tasks.! These experiment validate that our WL distance
provides a meaningful quantitative measure of graph dissimilarity, thereby extending beyond
the binary classification given by the standard WL isomorphism test.

(2) Connection with graph kernels and graph neural networks. We identify a
neural network architecture on the collection of all LMMCs, which we call MCNNs (for
Markov chain neural networks). We show that MCNNSs inherits the discrimination strength
of the WL test when restricted to graphs. Simultaneously, this architecture universally
approximates continuous functions on the LMMC space equipped with the topology gen-
erated by the WL distance; see Figure 1. Because MCNNs are closely related to graph
neural networks (Scarselli et al., 2008), these results transfer to standard GNNs as well.
Moreover, from MCNNs one can recover Weisfeiler-Lehman graph kernels (Togninalli et al.,
2019), and we show that a key pseudometric in (Togninalli et al., 2019) is a strict lower
bound for the WL distance (see Section 3.3), implying that the WL distance is strictly more
discriminative than WWL graph kernels.

1. Our code is available at https://github.com/chens5/WL-distance
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(3) Reinterpretation via Markovian couplings and causal optimal transport.
Interestingly, the WL distance admits an alternative characterization that does not directly
rely on the mechanics of the WL test: it can be understood through Markovian couplings
and causal optimal transport (COT) (Lassalle, 2018; Backhoff et al., 2017).

Specifically, we demonstrate that the WL distance can be characterized by the minimal
expected label discrepancy under pairs of Markov processes evolving jointly. This stochastic-
process perspective not only provides an independent way to characterize the WL distance
but also paves the way for leveraging existing COT methods in related algorithmic settings.

(4) Connections to Gromov-Wasserstein distance. Finally, we observe that our for-
mulation of the WL distance resembles the Gromov-Wasserstein (GW) distance (Mémoli,
2007, 2011a; Peyré et al., 2016; Sturm, 2023; Vayer et al., 2020a; Chowdhury and Mémoli,
2019; Arya et al., 2024; Bauer et al., 2025) which is an OT-based distance between met-
ric measure spaces which has been recently widely used in shape matching and machine
learning. Exploring this, we devise a specific variant of the GW distance which can be used
to compare Markov chain metric spaces (MCMSs, which includes all graphs). Our version
of the GW distance implements a certain multiscale comparison of MCMSs and vanishes
only when two MCMSs are isomorphic. Similarly to the standard GW distance, our version
leads to NP-hard problems and, interestingly, it turns out that the poly-time computable
WL distance is not only stable w.r.t. (i.e., upper bounded by) this variant of the GW dis-
tance, but can also be construed as a variant of the third lower bound of the GW distance
described in (Mémoli, 2007, 2011a).

After the publication of a conference version of this work in 2022 (Chen et al., 2022), sev-
eral concurrent and subsequent studies have emerged addressing the comparison of graphs
(or graphons) via the WL test, employing approaches closely related to our construction of
the WL distance. We summarize some of these in Table 1.

Organization of the paper. In Section 2, we begin with preliminaries, covering the
Weisfeiler-Lehman (WL) test and optimal transport. In Section 3, we define the WL dis-
tance, explore its key properties, and present an algorithm for its computation. Addition-
ally, we compare the WL distance with the Weisfeiler-Lehman Optimal Transport (WWL)
graph kernel both theoretically and empirically. In Section 4, we introduce the Markov
Chain Neural Network (MCNN) and leverage the WL distance to analyze its distinguishing
and expressive capabilities. In Section 5, we reinterpret the WL distance using Markovian
couplings, highlighting its deep connection to causal optimal transport. This reinterpre-
tation serves as a unifying framework, underpinning most of the proofs in the paper. In
Section 6, we extend our discussion to the Gromov-Wasserstein distance for Markov chains
and elucidate its relationship with the WL distance. Finally, in Section 7 we discuss about
future research plans. All proofs are deferred to the appendix.

2. This work is a collaboration between the 4th and 5th authors and Tristan Brugere.
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Paper and follow-
up work

Key Contributions and Relation to the WL Distance

Tree Mover’s Distance
Chuang and Jegelka
(2022)

Proposes the Tree Mover’s Distance (TMD) as a pseudometric
on attributed graphs. Bounds the Lipschitz constant of GNNs
with respect to TMD and provides a generalization bound for
GNNs under distribution shifts. Combines the 1-WL test with
optimal transport techniques in a way reminiscent of our WL
distance. Follow up work by Vasileiou et al. (2025) uses graph
pseudometrics, including a forest formulation of TMD, to derive
generalization bounds for message-passing GNNs.

Graphon Distance
Boker et al. (2023)

Integrates MPNNs into iterated degree measures and defines
metrics based on Prokhorov and Wasserstein metrics. Shows
that two graphons are close if MPNN outputs with bounded
Lipschitz constants are close. Proves a two-way equivalence
between graph similarity in the proposed metrics and MPNN
outputs. The construction is inspired on our iterative definition
of the WL distance.

Optimal Transport
Markov Distance
Brugere et al. (2024)

Proposes the Optimal Transport Markov (OTM) framework for
comparing Markov chains, extending the WL distance by com-
paring chains over multiple steps rather than at a single step.
A notable instance, the discounted WL distance, is identified
within this framework and can be differentiated easily, which is
advantageous for learning algorithms.?

Table 1: Summary of subsequent or follow-up works related to the WL Distance.
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2. Preliminaries

2.1 Notation

We use {-} to denote a set and {{-}} to denote a multiset.

For any measurable space Z, we will denote by P(Z) the collection of all probability
measures on Z. When Z is a metric space (Z,dyz), we further require that every a € P(Z)
has finite 1-moment, i.e., [,dz(z,z0)a(dz) < oo for any fixed zgp € Z. When X is a finite
set and a € P(X), we let a(x) := a({z}) for any =z € X.

Given two measurable spaces X and Y and a measurable map ¢ : X — Y, the pushfor-
ward map induced by 1 is the map 14 : P(X) — P(Y) sending a to 1xo where for any
measurable B C Y, Yyua(B) =« (z/J_I(B)) . If X is compact, Y is a metric space, and 1) is
continuous, then 14« obviously has finite 1-moment and is thus an element of P(Y").

2.2 The Weisfeiler-Lehman Test

A labeled graph is a finite graph G = (V, E¢) endowed with a label function g : Vg — Z,
where the labels (i.e., node features) are taken from some set Z. Common label functions
include the degree label (i.e., g : Vg — N sends each v € Vi to its degree, denoted by
degs(v)) and the constant label (assigning a constant to all vertices). For a node v € Vg,
let N (v) denote the set of neighbors of v in G. Below, we recall the Weisfeiler-Lehman test
(Lehman and Weisfeiler, 1968) in our terminology. In particular, we define the Weisfeiler-
Lehman hierarchy for a labeled graph (G, {s) as follows.

Definition 1 (Weisfeiler-Lehman (WL) hierarchy) Given any labeled graph (G,{q),
we define the following hierarchy of maps, which we call the Weisfeiler-Lehman hierarchy:

Step 0. For each v € Vi, we define
Uiy (V) = LG (v).
Step 1. For each v € Vg, we compute the pair
Uiy (0) = (Lo (), {la(v) : v € Ne(v) }}) -
Step k. For each v € V', we compute the pair

(G (0) = Uy (v): fliciigy (V) - v € Na(0) ).

In the literature (e.g. Shervashidze et al. (2011)), @EQZG) (v) is usually mapped into a common
space of labels such as N through a hash function, a step which we omit in this paper.
We now induce, at each step k > 0, a multiset consisting of the images of E(G )

Li((G,la)) = {td ) (v) s v e Val}.

7
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Definition 2 (Weisfeiler-Lehman test) Let (G1,lq,) and (G2, {q,) be two labeled graphs.
For each integer k > 0, check whether Li((G1,¢qc,)) = Lr((G2,4q,)). If there exists any
k >0 such that Li((G1,0q,)) # Lk ((G2,La,)), we conclude that the two labeled graphs are
non-isomorphic; otherwise we say that the two labeled graphs pass the WL test and that the
two graphs are “possibly isomorphic”.

2.3 Optimal Transport

For measurable spaces X and Y, given o € P(X) and 5 € P(Y), v € P(X xY) is called
a coupling between o and f if (px)xy = o and (py)xy = B, where px : X x Y — X and
py : X XY — Y are the canonical projections. For example, the product measure o ® g is
one such coupling. Let C(a, B) denote the set of all couplings between « and £.

Given a metric space (Z,dz), for a, B € P(Z), we define the (¢1-)Wasserstein distance
between them as follows:

dw(a, ) == inf / dz(z, 2" )y(dz x d2').
v€C(aB) Jzxz

By (Villani, 2009, Theorem 4.1), the infimum is always attained by some v € C(«, #) which
we call an optimal coupling between o and 3.

We will adopt the probabilistic perspective for optimal transport: rather than focus-
ing on probability measures directly, we consider random variables distributed according
to these probability measures. This approach affords more intuitive descriptions when
describing some of our constructions.

A probabilistic description of the Wasserstein distance. A random variable X
valued in a metric space Z is any measurable map X : (,P) — Z where (Q,P) is a
probability space. Recall that the law of X is defined as law(X) := X4P. It is well known
that for any probability measure o on a complete and separable metric space Z, there exists
a random variable X with law . We now reinterpret the notion of coupling in terms of
random variables (see also Den Hollander (2012) for details).

Definition 3 (Coupling in terms of random variables) Given two probability measures
a, B on a complete and separable metric space Z, we call any pair of random wvariables
(X,Y): (2,P) = Z x Z a coupling between o and § if law(X) = a and law(Y) = 3.

Of course, given a coupling (X,Y), one has that law((X,Y)) € C(«, 3). Conversely, note
that given any (measure-theoretic) coupling © € C(«, 3), one can always find a coupling
(X,Y) between « and (3 such that law ((X,Y)) = 7.

Now, given two probability measures a and S on a metric space Z, the Wasserstein
distance between « and 8 can be rewritten using the language of random variables as
follows:

dW(OZ?ﬁ) - ()?}{/)EdZ(X7Y)’ (1)

where the infimum is taken over all couplings (X,Y) between o and S.
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Hierarchy of Probability Measures. An important ingredient in this paper is the
following construction: Given a compact space X and a metric space Z, a map of the form
P+ X — P(Z) induces 1y : P(X) — P(P(Z)) which involves the space of probability
measures over probability measures, i.e., P(P(Z)). Inductively, we define the family of
spaces P°%(Z), called the hierarchy of probability measures:

1. POO(Z) = 7
9. pO(kH)(Z) =P (POk(Z)) for k> 0.

If Z is complete and separable then, when endowed with dyw, P(Z) is also complete and
separable (Villani (2009, Theorem 6.18)). By induction, for each k € N, P°*(Z) is also a
complete and separable metric space. These hierarchies will be critical in our development
of the WL distance (cf. Definition 10).

The Gromov-Wasserstein Distance. A metric measure space (MMS) is a triple X =
(X,dx, px), where (X,dy) is a metric space and px is a (Borel) probability measure on
X with full support. Given any X = (X,dx,ux) and Y = (Y, dy, puy), for any coupling
(X,Y) between px and py, we define its (£'-)distortion as follows:

dis((X,Y)) == Eldx (X, X) — dy(Y,Y)],

where (X,Y) denotes an independent copy of (X,Y), i.e., an independent random variable
with the same law as (X,Y). It is straightforward to check that the above distortion is
independent of the choice of independent copies and hence well-defined.

Then, the (¢!-)Gromov-Wasserstein (GW) distance between X = (X,dx,ux) and Y =
(Y, dy, ny) can be expressed as follows

d X,Y) = inf dis((X,Y)), 2
WX Y) = it dis((X.Y) @

where we omit the usual % factor from its original definition in (Mémoli, 2011a) for simplicity.

2.4 Markov Chains

Given a compact space X, we call any continuous map mg : X — P(X) (where P(X) is
endowed with the weak topology) a Markov kernel on X. Note that when X is finite, Markov
kernels can be represented as transition matrices. A probability measure px € P(X) is
called a stationary distribution w.r.t. m if for every measurable subset A C X we have:

px(4) = [ X (Apx(ie).

A measure Markov chain (MMC) is any tuple X = (X, m{,ux) where X is a compact
space, mY is a Markov kernel on X and ux is a fully supported stationary distribution

w.r.t. mf(

Remark 4 (Existence of stationary distributions) When X is finite, the existence of
stationary distributions is guaranteed by the Perron-Frobenius Theorem (Saloff-Coste, 1997,
Theorem 1.2.1). For a general compact X, one can prove that there exists a stationary
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Figure 2: Illustration of a graph induced LMMC.

distribution px by the fact that P(X) is compact (cf. Prokhorov’s theorem (Billingsley,
20183, Theorem 5.1)) and using a Krylov-Bogoliubov type argument (Da Prato and Zabczyk,
1996, Theorem 3.1.1).

Definition 5 (Labeled measure Markov chain) Given any metric space Z, which we
refer to as the metric space of labels, a Z-labeled measure Markov chain ((Z-)LMMC for
short) is a tuple (X,0x) where X is a MMC and {x : X — Z is a continuous map. For
technical reasons, throughout this paper, we assume that the metric space of labels Z is
complete and separable. We let M¥(Z) denote the collection of all Z-LMMCs.

We define the notion of isomorphism between LMMCs as follows:

Definition 6 (Isomorphism of LMMCs) Two Z-LMMCs (X,lx) and (Y, ly) are said
to be isomorphic if there exists a homeomorphism ¢ : X — 'Y such that for all t € X

o Ix(x) =ty (Y(x));
° w#mf = mi(x) and Yupux = py .

Labeled Graphs as LMMCs. Any finite labeled graph induces a family of LMMCs as
follows; see also Figure 2 for an illustration.

Definition 7 (¢-Markov chains on graphs) For any graph G and parameter q € [0,1),
we define the g-Markov chain m$ associated to G as follows: for any v € Vg,

1—
Ga . g0 + degc?v) ZU’ENG(’U) v, Na(v) #0 .
’ 8o, Ne(v) =0

We further let degg(v) = degq(v) if Ng(v) # 0 and degy(v) == 1 otherwise. Then, it
is easy to see that

po = Y )5 3

’UEVG Z’UIEVG d7egG(/U/)

is a stationary distribution for m&? for all ¢ € [0, 1).

3. These assumptions are mild: they encompass finite metric spaces, compact metric spaces, closed subsets
of Euclidean spaces and also the set of all integers with the usual metric.

10
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For any ¢ € [0,1), we define a LMMC X,(G) := (Vg,mg’q,ug) and call (X,(G),lg) a

graph induced LMMC. When g = 0, we also let m& = m& 7 and let X(G) = X(Q).

It turns out this process of constructing LMMCs from graphs preserves distinguisha-
bility of the underlying labeled graphs. To see this precisely, we first recall the notion of
isomorphism for labeled graphs.

Definition 8 (Isomorphism of labeled graphs) Two finite labeled graphs (G1,¢q,) and
(Ga,€q,) are said to be isomorphic if there exists a bijective map ¢ : Vo, — Vi, such that

for allv € Vg, la, (v) = La, (¥ (v)) and (v,v") € Eg, iff (¥(v),v (V")) € Eq,.

Then, we see that the labeled graph isomorphism is equivalent to the isomorphism of
the induced LMMCs.

Proposition 9 Consider two labeled graphs (G1,0q,) and (Ga,lq,). Then, for any fized
q€10,1), (G1,4q,) is isomorphic to (G2, {q,) as labeled graphs if and only if (X,(G1),4c,)
is isomorphic to (X4(G2),lq,) as LMMCs.

3. The Weisfeiler-Lehman Distance

A non-empty finite multiset M of elements taken from a given set S encodes information
about the multiplicity of each s € S in M. This suggests that one might consider the
probability measure pup; on S induced by M:

)
() = S o)y

where m(s) denotes the multiplicity of s in S.

Vs e S

By interpreting the multisets in the WL hierarchy (see Definition 1) as probability
measures, we naturally shift from a combinatorial framework to a measure-theoretic one.
This perspective enables us to leverage optimal transport techniques and ultimately
define a meaningful notion of graph distance.

Definition 10 (Weisfeiler-Lehman measure hierarchy) Given any Z-LMMC (X, 0x),
we let [ng),zx) = lx and produce the following label functions whose codomains span a certain
hierarchy of probability measures:

Step 0 We define

o .
Lo X = 2.
Step 1 We define
(oo = (o) g me + X = P(2).

11
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Figure 3: Illustration of the WL (measure) hierarchy. The graph G shown in the
middle of the figure is assigned the degree label ;. We explicitly present two steps of
the WL hierarchy of (G, /fx) (on the left) and of the WL measure hierarchy of (X(G),{q)
(on the right). Every probability measure is represented as a histogram. For ¢ = 1,2, ¢;
and [; are abbreviations for 65210) and [E’;(GMG), respectively. Notice how the WL measure
hierarchy interprets the multisets from the WL hierarchy as probability measures.

Step k For each integer k > 2, we inductively define

(5 ey = (i), md: X — P(Z).

We verify that the WL measure hierarchy is well-defined by showing that all the push-
forward measures are probability measures with finite 1-moment.

Proposition 11 (Well-definedness of the WL measure hierarchy) For any Z-LMMC
(X, lx), consider any x € X, then for any k > 1, [E’;’)Zw(x) € Pk(2), ie., [E?,ZX)@) is a

probability measure on the space P°*~1(Z) with finite 1-moment.

We then induce at each step £ > 0 a probability measure
(X, 6x)) = (7)) , nx € PETD(2),
[(k>

(.0 18 analogous to f%?,eg) and £,((X,¥¢x)) is analogous to Li((G,%g)) from the WL
hierarchy (cf. Definition 1). See Figure 3 for an illustration of the WL measure hierarchy
of a graph induced LMMC and its comparison with the corresponding WL hierarchy. We
will show later that, up to certain change of labels, the WL measure hierarchy for a graph
induced LMMC captures all the information contained in the WL hierarchy of the original
graph (see Proposition 17).

We now define the Weisfeiler-Lehman distance based on the WL measure hierarchy.

Definition 12 (Weisfeiler-Lehman distance) For each integer k > 0 and any metric
space of labels Z we define the Weisfeiler-Lehman (WL) distance of depth k between the
Z-LMMCs (X,lx) and (Y, ly) as

dy (X, €x), (Y, by) y=dw (Lr((X, €x)) , Lk (Y, b)) (4)

12
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where dw above takes place in P°*+D(Z). We also define the (absolute) Weisfeiler-
Lehman distance by

dWL((X7£X)7 (y,ey)) = ig% dg/z/)L((X7£X)v (yvgY» .

Example 1 We show explicit formulas for d{;,)L when k=0 and 1. When k =0, we have

A, (X, Lx), (Y, by ))=dw ((Ux)wpx, (by)wpy)

which is nothing but the Wasserstein distance between the label distributions ({x)ypx and
(by)ppy. When k =1, we have that

AW (X, 0x), Y, by)) = inf / dw ((Cx)pmy , (by)pm) ) y(dz x dy),
’YEC(HX#Y)X v
X

implementing the comparison of local label distributions. See Section B.2.2 for a derivation.

Example 2 (Potential triviality of the WL distance) The WL distance can become
trivial when the label functions are mot chosen in a meaningful manner. For example,
consider two LMMCs (X,lx) and (Y, ly) where {x and Ly are constant functions taking
the values z1 € Z and zo9 € Z, respectively. Then, we have that for any k > 1,

dwL((X,0x), (Y, 0y)) = dyp, (X, 4x), (Y, by)) = dz(z1, 22).

This can be seen easily from Lemma 67 and the fact that dW([EI;«),ém(x)v [Eg“,),zy)(y)) =dz(z1, 22)

which can be verified by induction on k and the following property: dw(0.,,0z) = dz(21, 22).

Example 3 (Distance to a one point space) Consider a Z-LMMC (X,lx) and a one
point Z-LMMC (Y, ly) := (x,4s) where z := £, (x). Then, we have that for any k > 1,

dwiL((X, €x), (Y, by)) = d (X, €x), (Y, ly)) = /Xdz(fx(af),Z)MX(dl“)-

This can be seen from Lemma 67 and the fact that dw([E};),[X)(az), [El;),ly)(*)) =dz(lx(x),2)
for all x € X and k > 1 which can be verified by induction on k and the assumption that
ux s stationary.

3.1 Properties of the WL Distance

In this subsection we first study some basic properties of the WL distance and then establish
its connection with the WL test.

3.1.1 BaAsic PROPERTIES OF THE WL DISTANCE

Since LMMCs are assumed to be compact, the WL distance turns out always bounded.

13
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Proposition 13 For any Z-LMMCs (X,lx) and (Y, ly), we let

OZ,Z(X7Y) ‘= sup dZ(EX(iL’),fy(y)) > 0.
rzeX,yeY

Since X,Y are compact and Ux,ly are continuous, we have Cz(X,Y) < oo. Then, we
have that

dWL((Xa KX)7 (yygy)) < CZ}[(X, Y) < Q.
Next we establish that dwr, is a pseudometric.

Theorem 14 dyri, (resp. d\y; for k > 0) defines a pseudometric on the collection M*(Z),
i.e., dwr (resp. dg;,)L) (1) is bounded and symmetric, (2) satisfies the triangle inequality,
(8) and is zero for isomorphic LMMCs (but non-isomorphic LMMCs can have zero dwr,
(resp. dyy,) distance).

The following proposition states that the WL distance becomes more discriminating as
the depth increases.

Proposition 15 Let k > 0 be any integer. Given any two Z-LMMCs (X, lx) and (Y, ly),
we have that dyy (X, 0x), (Y, 0y)) < dwi” (X, Lx), (Y, by)).

As a direct consequence of this monotonicity, we have that

Corollary 16 Given any two Z-LMMCs (X,lx) and (Y, ly), we have that

dwL((X,€x), (Y, ly)) = klgf;o A, (X, 0x), (Y, by)).

3.1.2 COMPARISON WITH THE WL TEST

Given the apparent similarity between the WL hierarchy and the WL measure hierarchy,
it should not be surprising that (as we will show later in Proposition 17), on graphs, dwr,
essentially has the same discriminative power as the WL test, i.e., those pairs of graphs
which can be distinguished by the WL test are the same as those at positive dwr,. The
WL distance should therefore be interpreted as a quantification of the degree to which the
graphs fail to pass the WL test.

However, there is a certain possible loss of information in the process of turning labeled
graphs into a LMMC (cf. Section 2.4): a normalization step via the degree function was
utilized to construct the Markov kernel and the stationary distribution. In certain cases,
this normalization step implies that dwr,((Xy(G1),4a, ), (X4(G2),4c,)) = 0 even though the
WL test distinguishes (G1,4q,) from (G2,{qg,). We first exemplify this point under two
scenarios and will then show a simple way to eliminate this issue altogether.

Example 4 (Constant labels) Consider two graphs Gi and Gy with four nodes as shown
in Figure 4a. Let the label functions {g, for i = 1,2 be constant and equal to 1 for both
graphs.

In the first step of the WL hierarchy, we find

Li((Gry b)) = £ AL 1L, 1), (1L 1)), (1L 413), (1L, {18) B

14
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Gq Gy Gy G,
0 8¢
QOO O—-0O O—®

(a) Labeled graphs in Example 4. (b) Labeled graphs in Example 5.

Figure 4: Labeled graphs in different examples.

and
Li((Ga, be,)) = (L, {18), (1L, {18, (1, {1, 18), (1, {1, 1)} -

Since L1((G1,4a,)) # L1((G2,4a,)), (G1,4a,) and (G2, lq,) are recognized as non-isomorphic
by the WL test. Notice that in the first step, the WL test collects degree information and
comparing L1((G1,%qc,)) and Li((Ge,Lq,)) is equivalent to comparing the multisets of de-
grees w.r.t. Gy and Ga, i.e., {3,1,1,1} vs {1,1,2,2, }}.

Example 5 (Degree label) Consider two graphs G1 and Gy as shown in Figure 4b. For
each i =1,2, let g, be the degree label function for G;. In the first step of the WL test,

Li((Gr,ley)) = (L A1R), (L {1 B

and
Li((Ga, be,)) = (1, 418), (1L {18, (1, {18), (1, {1 } -

Then in the first step of the WL test, the two labeled graphs are already distinguished as
non-isomorphic.

In either of the example above, however, when transforming (G;, {q,) (i = 1,2) into the
LMMC (X,(G;), g, ) for afixed ¢ € [0, 1), the degree information or the the size information
are lost and we obtain two LMMCs with constant label functions and hence 0 WL distance
(cf. Example 2). In order to resolve this issue, we hence introduce a simple augmentation
method for the label functions so that these information are preserved in the label functions
of the LMMCs.

Label augmentation. For any metric space of labels Z, consider any injective map
g: ZxNxN — Z; where Z; is any another metric space. A trivial example of such
injective g is given by letting Z; == Z x N x N and letting g be the identity map.

Now, given any labeled graph (G, {g : Vg — Z), we generate Z; and a new label function
0, = g(lg,degg(e), |Val) : Vg — Zi, which we call an augmentation map. Intuitively,
this is augmenting the label ¢ with the size and degree information of G. After this
augmentation, we establish that dwr, has the same discriminative power as the WL test.

Proposition 17 For anyq € (%, 1) and any augmentation map g, the WL test distinguishes
two labeled graphs (G1,0q,) and (Ga,la,) iff dWL<(Xq(G1),€gGl) , (Xq(Gg),€%2)> > 0.

Note here that we require ¢ € (3,1) instead of ¢ € [0,1) as in Definition 7. This is due
to the fact that we need to emphasize the label information of the given vertex v when

15
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constructing the Markov kernel m$* so that the WL distance has the same discriminative
power as the WL test, which stores such information in the first argument of the pair when
constructing a new label in the WL hierarchy.

Although it may seem that we are injecting more information into labels, this extra
augmentation, in fact, does not affect the outcome of the WL test:

Lemma 18 Let g be any augmentation map. The WL test distinguishes (G1,¢q,) and
(G2,4q,) iff it distinguishes (G1,(Z, ) and (Ga, €3,

By Proposition 17 and a convergence result pertaining to the WL test (Krebs and
Verbitsky, 2015), one has the following convergence result for dg:,)L (which implies that to
determine whether two graph induced LMMCs satisfy dwi, = 0 one only needs to inspect
d\yy, for finitely many k).

Corollary 19 For any q € (%, 1) and any two labeled graphs (G1,lq,) and (G2,lq,), if
dgﬁ,)L((Xq(Gl),EgGl) , (Xq(Gg),égG2>> = 0 holds for each k = 0,...,|Vg, |+ |Va,|, we then
have that dw, ((X(G1), 64, ), (Xy(G2), 68, ) ) = 0.

Results from (Babai and Kucera, 1979) imply that the WL test can certify isomor-
phism of random graphs (with degree labels) with high probability. Then, immediately
by Proposition 17, we have that with high probability dwr, generates positive distance for
non-isomorphic random-graph-induced LMMCs.

3.2 An Algorithm and a Computationally Efficient Lower Bound

The hierarchical nature of the WL distance gives rise to the following iterative Algorithm
1 for computing the WL distance between finite LMMCs (with Z = R for simplicity).

Algorithm 1 Computation of d&,)L
1: Input: The depth k € N, and two finite
LMMCs (X:{xl,xg,...,xn},mf(,ux,ﬁx :X—>R) and
(Y = {y17 sy ym} ’ mz/7:uY7£Y (Y — R)

2: Initialization: P = C = zeros(n,m)
3: for i € [n],j € [m] do

4 P(i,5) = [bx(z) — by (y;)]

5: end for

6: for | € [k] do

7. for i€ [n],j € [m] do

8:

C(ia j) = min’yEC(mﬁ,mzfj) Zae[n],be[m] P(a’ b)'y(a, b)
9: end for

10 P=C

11: end for

D= minvec(w{?uy) Zie[n],je[m} C(Z,j)’}/(’t,j)
12: Output: D

We establish the following complexity analysis for the algorithm below.
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Proposition 20 For any fived k € N, computing dgz,)L between any finite LMMCs (X, lx)
and (Y, 0y) through Algorithm 1 can be achieved in time at most O(kn®log(n)) where
n = max(|X|, |Y]).

Notice that directly computing the WL distance between two labeled graphs is compu-
tationally expensive. However, we provide below a computationally efficient lower bound
for the WL distance.

A Lower Bound for the WL Distance. The WL measure hierarchy, defined through
consecutive steps of pushforward maps, can be related to a certain sequence of Markov
kernels which we explain next. Given a MMC X = (X, mJ, ux) and any k € N, the k-step
Markov kernel, denoted by mf(@k, is defined inductively as follows: for any x € X, when

k=1, mX® :=mX and when k > 2, for A C X,

mCk(A) ::/ mf,@(k_l)(/l) mX (dx').
X

If we represent m by a transition matrix My, then the matrix corresponding to ma®F is

the k-power of My.

Recall the formula for dSV)L from Example 1. We define a certain quantity (for each
k € N) which arises by replacing the Markov kernels in that formula with k-step Markov
kernels:

dwiis(X,0x), (V. by)) == inf /dw<(EX)#mf@lf(EY)#myY’@k)’Y(dﬂf x dy).
VEC(ux,uy))( y
X

Notice that dw above takes place in P(Z) whereas dw in Equation (4) for defining diy);,
takes place in P°¥(Z). Of course, we have that d\y;;p = diy. It turns out that for each

k> 1, d\yy g is a lower bound for d{y); .

Proposition 21 For any (X,0x),(V,ly) € ME(Z) and any integer k > 1 we have that
d&])LLB((X7£X)7 (y,gy)) < d&])L((XagX)? (y?EY)) .

For any fixed k¥ € N and any two finite R-LMMCs, (X,fx) and (), fy), if we let
n = max(|X|, |Y), then computing d\y; between the pair can be done in O(kn®log(n)) (cf.
Proposition 20) time whereas the total time complexity for computing dgf,)LLB is far less:

Proposition 22 For any fired k € N, computing dgiz/)LLB between any finite LMMC's (X, {x)
and (Y, ly) can be achieved in time at most O(n?log(nk)) where n = max(|X|,|Y]).

We empirically compare the runtimes of d%)L and dgf,)LLB for k = 1,2 (see Figure 5). For
our runtime comparisons, we use LMMOCs induced by Erdés-Renyi graphs of sizes varying
from 5 nodes to 100 nodes (with the degree label function and ¢ = 0.6). Note that while
the runtime for d{;}LLB does not change much between k£ = 1 and k = 2, the dgi,)L distance
shows a significant increase in the time needed to compute distance between two graphs
from k=1to k=2.

We will further empirically compare the WL distance with this lower bound in terms of
performance in the graph classification task in Section 3.4.
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Figure 5: Comparison of runtime of WWL distance against d( wi, and its lower bound dWLLB

3.3 Wasserstein Weisfeiler-Lehman Graph Kernel and Relationship with dywyr,

In this subsection, we show that a slight variant of the Wasserstein Weisfeiler-Lehman
(WWL) graph kernel (Togninalli et al., 2019) provides a strict lower bound for the WL
distance. In this way, we argue that the WL distance is more discriminative than the WWL
graph kernel.

The WWL graph kernel deals with graphs with either categorical or “continuous” (i.e.,
Euclidean) labels (Togninalli et al., 2019). We only consider continuous labels since cate-
gorical labels usually do not come equipped with a natural distance and the WWL graph
kernel will invoke a hash map to simplify the categorical labels at each step and hence a
metric for such labels will not make sense.

Now, we describe the WWL framework w.r.t. continuous labels as follows. For technical
reasons, we assume that all graphs involved in this section are such that all their connected
components have cardinality at least 2 (i.e. no graph contains an isolated vertex).

Definition 23 (WWL Graph Kernels Togninalli et al. (2019)) Given a labeled graph
(G, lg : Vg — R and any fived integer k > 0, define iteratively label maps for i =
0,...,k—1 as follows: EOG =Yl and

. 1 )
Yo € Vg and i >0, (' (v) = 5| la() + deg Z L (
c\v

v ENG )
Then, define the stacked label function Lg as follows:
Lk = (zo L ,eg) Vg — RXHD),
Now, given any two labeled graphs (Gi,lq,) and (G2,{q,), let A, denote the uniform

measure on Vg, for i = 1,2 and define what we call the WWL distance between (G1,lq,)
and (Ga,lg,) as

D®((G1,La,), (Ga, le,)) = dw <(L’51># Ay (L’é2># )\G2> . (5)
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Figure 6: Each labeled graph has 3n + 2 vertices. Each of the graphs has n vertices with
label 1, n vertices with label —1, and n + 2 vertices with label 0.

Finally, for some hyperparameter v > 0, the WWL kernel is defined as
WWL(k>((G1,€G1), (GQ’EGz)) = e€Xp (_’YD(k)((le EGI)’ (GQv EGQ))2> : (6)

If we instead of uniform measures consider the stationary distributions ug, and pg,

G1,% Ga,% . . . .
w.r.t. me 2 and me 2, respectively, we define the following variant of the WWL distance:

Definition 24 (A Variant of the WWL Distance) Given any two labeled graphs (G1,4q, )
1

1
i) G27§

and (Ga,4q,), let ug, and pg, denote the stationary distributions w.r.t. m?l and me 2,
respectively, as defined in Equation (3). Then, we define the following variant of D™ :

DP((Gr.te,). (Ga, ley)) = dw<(L’§;1># new (L) NG2> . (7)

We then prove that the above slight variant of the WWL kernel D®) ((G1,4a, ), (Ga, {a,))
actually provides a strict lower bound for d{f}L((z’\,’q(Gl), 0c,), (Xy(G2),4q,)) when g = %

Proposition 25 For any two labeled graphs (G1,0q, : Vg, — R?) and (Go,lq, : Vo, —
RY), one has that for q = % and any k € N,

b<k)((G1ﬂ£G1)v (G27€G2)) <k- dWL((XQ(Gl)ngJ? (XLI(GQ)?EGQ))'

Example 6 (dgz,)L is strictly more discriminating than D®) For anyn > 2, consider
the two (3n+2)-point labeled graphs shown in Figure 6. It is easy to see that for eachi = 1,2,
and any v € Vg,,

1. if bg,(v) =0, then Kléi(v) =0 forallk=0,1,...;

2. if bg,(v) = 1, then (§, (v) = £5¢ for allk =0,1,.. ..
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Hence, for any k =0, ..., we have that

k _ k o
(LGl)#MGl o (LG2>#MG2 o mfs(o,---,o) + 6n + 26(1,~~,2_k) + 677, + 25(717...7,2—1«).

Therefore, D® ((G1,4a,), (G2, 0g,)) =0 for all k=0, .. ..
Now, we analyze [EB(GﬂJGl)(Ul) for any vy € Vg, .

1. If b, (v1) = £1, then
1 1
[83 (Gt )( ) 550 + 5511-

2. If bg,(v1) = 0 and vy is neither the leftmost nor the rightmost vertex, then

6 1 1
[8()(01) G )( 1) = géo + §51 + gé_l.

3. If v is either the leftmost or the rightmost vertex, then

[&)(Gn e (1) = do.

We then analyze [EQ(GQ)’ZGQ)(’UQ) for any va € Vg, .
1. If b, (v2) = £1, then
iy (v2) = %50 + %@1.
2. If vy is the center vertex, then

2n+1 n n
[(1) — ) ) o_
ety (V2) = 3300 b g Tyt g gy

3. If bg,(v2) = 0 and v is not the center vertex, then
[Ei\f)(Gz) ZGQ)(U2) = 50.

Hence, it is clear that when n > 1

(661 b, (G2 t) = v (i) s (o), 02 ) >0

Remark 26 Recall that earlier we modified the definition from Togninalli et al. (2019) by
imposing a stationary distribution instead of the uniform distribution originally used. This
modification enables a direct comparison between the variant D™ and the WL distance. Our
formulation of the WL distance is flexible, however, and can be further relaxed by comparing
measure Markov chains with any reference probability measures—not just stationary ones.
This more general approach has been further developed by the last two authors and their
collaborator in Brugere et al. (2024).
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In this relazed setting, we can directly compare the distance D™ defined in Equation (5)
with d{;}L (without the stationary assumption). Specifically, for any graph G, we can replace
the stationary distribution in X, (G) with the uniform measure to obtain a new measure
Markov chain X} (G). Then, using the same proof technique as in Proposition 25, one can
show that

D" ((G17€G1)7 (G2’€G2)) <k- dsil)L ((Xqu(Gl)’gGJa (X;(GZ)ngz)) :

Moreover, it still holds that in this setting, dgz,)L is strictly more discriminating than D™
using the same pairs of graphs as in Example 6.

3.4 Graph Classification Experiments

In this section, we validate the usefulness of the WL distance in the task of graph classi-
fication on several publicly available graph benchmark datasets from TUDatasets (Morris
et al., 2020); see Table 2 for dataset statistics. We will compare the performance of the WL
distance with its lower bound defined in Section 3.2 as well as other graph kernel methods.
The accompanying code is available at https://github.com/chens5/WL-distance.

Name # of graphs Average # of Nodes Average # of Edges
MUTAG 188 17.93 19.79
PROTEINS 1113 39.06 72.82
IMDB-B 1000 19.77 96.53
IMDB-M 1500 13.00 65.94
PTC-FM 349 14.11 14.48
PTC-MR 344 14.29 14.69
COX2 467 41.22 43.45

Table 2: Graph classification data sets. The table reports the number of graphs and the
mean numbers of nodes and edges per graph for each data set.

3.4.1 EXPERIMENTAL SETUP

Both dgﬁ}L and dg{’,)LLB are pseudometrics whereas the WWL kernel is a kernel. We design
two experiments to compare them in a fair manner.

1-Nearest Neighbor (1NN) Classifier. Recall from Equation (5) that the WWL kernel
(Togninalli et al., 2019) is constructed from a pseudometric D*). Therefore, in our first
experiment, we first compute pairwise dissimilarity between graphs in each given dataset
using three different pseudometrics, namely, d(\ilzI)Lv d(V’z,)LLB and D™, then we apply the INN
Classifier to obtain the final classification scores.

Support Vector Machines (SVM) In the second experiment, we turn both d{f}L and
dgf])LLB into kernels and then compare them with the WWL kernel. For this purpose, we
consider the lower bound kernel exp (_’Vdng)LLB) and the WL distance kernel exp (—fyd%)L)
where ~ is a hyperparameter. Notice that while the WWL kernel is positive definite, the
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WL distance kernel and the lower bound kernel may be indefinite. Hence, for the WWL
kernel, we apply directly the SVM classification method. For the WL distance kernel and
the lower bound kernel, we apply two classification methods: (1) the vanilla SVM and (2)
the KSVM (Loosli et al., 2015) which is designed to handle indefinite kernels.

For each data set, we tune the SVM regularization parameter C' and kernel coeflicient
by grid search, with both parameters ranging over {1073,1072,107%, 1,10, 102, 103}. Besides
the WWL kernel, we also compare with the WL kernel (Shervashidze et al., 2011), and the
Weisfeiler-Lehman optimal assignment kernel (WL-OA) (Kriege et al., 2016).

Note we do not include WL-OA and WL kernels into the 1NN experiments since they
are not defined in terms of a pesudodistance like the WWL kernel.

Preprocessing. For all of our experiments, we use ¢ = 0.6 to transform every graph G
into the Markov chain X,;(G) (cf. Section 2.4).

In regards of the label augmentation mentioned in Section 3.1.2, we use two types of
label functions:

o fi(G,v) := degy(v) is the degree label function.

o fo(G,v):= \Vilcl + degg(v) is further augmented by the size of the graph.

For WWL, WL, and WL-OA kernels, we use the degree label function f;. For de and

d{,ﬁ,}LLB, we use both f; and fs. Note that fs is a legitimate label augmentation as described

in Section 3.1.2 via the injective map ¢ : {¢} x N x N — R sending (¢, n1,n2) to n; + n%
We report the best accuracies for WWL, WL, and WL-OA for iterations 1,...,4.

3.4.2 EXPERIMENTAL RESULTS

In Table 3 and Table 4, we have included the 1-NN and SVM classification accuracies for
k€ {1,2,3,4}, respectively.

1-NN Classification. Overall, the classification accuracies of dg:,)LLB and dgf,)L are close
to those of the WWL distance, consistent with the close relationship between dgi,)L and
the WWL distance outlined in Section 3.3. Comparing the best classification accuracies in
Table 3, at least one of d%’f}LLB and d%}L outperforms the WWL distance on every dataset
except MUTAG, where WWL performs better than both.

SVM Classification. Asshown in Table 4, the kernels exp (—fyd{,’f/)LLB) and exp (—’yd%)L)
generally yield comparable classification accuracies when used with either SVM or KSVM.
Our lower bound kernel outperforms the WWL kernel on all datasets in terms of the best
classification accuracy. Compared with the lower bound kernel, the dgﬁ}L kernel achieves
slightly higher best accuracies on MUTAG and PTC-FM and slightly lower ones on PTC-
MR and IMDB-B. Their best reported accuracies are the same on PROTEINS, IMDB-M,
and COX2.

4. Markov Chain Neural Networks and Graph Neural Networks

As mentioned in the introduction, one of the major reasons for the popularity of the WL
test stems from the theoretical analysis of graph neural networks (GNNs). In this section,
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METHOD MUTAG  PROTEINS  PTC-FM PTC-MR IMDB-B IMDB-M COX2
s fi 91.6 £ 7.9 622440 60.0+102 540+58 70.5+59 38747 726+ 2.9
2>L7 f1 921475 603+39 61.1+89 563+41 71.9+47 403+6.1 745448
A 91.6 £ 6.3  60.7+ 3.3  5944+87 566+71 704+49 389+37 751436
AW, f1 92.6 £ 5.4 629+ 3.6 583+86 560+56 71.2+41 387+47 751455
}NU f2 91.14+7.8 629+38 569475 534+83 712455 421+53 7154 3.8
d},v 91.6 £ 5.9 61.84+31 57.4+85 57.1+£6.1 71.5+35 41.1+23 732442
d YL f2 92.14+6.3 63.94+31 58.0£79 57.1+81 709443 414437 753447
' fo 92.14+4.2 64.0+41 580+84 569+£79 704+31 397+21 751450

d(”LLB, fi 91.6+£79 61.6+37 600102 54.0+58 69.4+54 387+47 726+ 2.9
A /i 921+£75  603+44  60.0+88 549+69 TI8+47 43.5+6.5 760+ 4.9
a3 g fi 9L1£62  602+£35 60.0+7.0 554+68 70.1+39 402+37 772+ 3.8
g f1 921 +£59  601+£24 60.0+56 546478 T14+39 405+32 781+ 3.8

g fo 9L1+78  629+38 569+7.5 534+83 T03+64 39.6+46 TL5+ 3.8
dYQV)LLB, fo 921+63 618+38 583 +85 554+83 TLT+46 425+46 745+ 4.9
d}%LLB, fo 926+54 63.7+£42 59.1+80 56.0+75 T0.5+34 421+62 770+ 3.4
g fo 921 £59  61.6+£35 59.1+7.9 531+£7.6 TL1+28 41.2+49 766+ 4.4

WWL 93.7 £ 5.2 63.3 £ 3.5 60.6 £ 5.8 56.6 + 6.0 69.0 £ 4.3 43.1 £ 4.5 72.8 £ 3.5

Table 3: 1-Nearest Neighbor classification accuracy. WWL represents using the
pseudometric D® for constructing the WWL kernel (cf. Equation (5)). Values are mean
+ standard deviation in percent; the highest mean in each column is bolded, including ties.

we first utilize the WL distance to analyze properties of a special type of neural networks
for Markov chain inputs, which we refer to as Markov Chain Neural Networks (MCNNs),
and then present certain implications for graph neural networks (GNNs).

In particular, in this section we describe three key contributions of our work: (1)
we prove that certain GNN architectures exhibit Lipschitz continuity with respect to
the WL distance and that (2) their distinguishing power is precisely characterized by
the WL distance. Furthermore we prove that (3) they achieve universal approximation
relative to the topology induced by the WL distance.

4.1 Markov Chain Neural Networks

We focus on the case when the metric space of labels Z is Euclidean, i.e., Z = R?, and define
a family of real functions on M*(R9) called Markov Chain Neural Networks (MCNNs). We
study the discriminative power, Lipschitz property and the universality of this family of
functions.

For any function ¢ : RY — RY, we define the map ¢, : P(R?) — R/ sending a € P(R?)
to the average [, ¢(z)a(dz). Based on g, we define two types of maps:

o F,: ME(RY) — ME(RY) sending (X,0x) to (X,€%), where £% : X — R/ is defined
by @+ qu((£x)gm?).

o S, ML(RY) — RI sending (X, £x) to qu((x)ppx).
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METHOD MUTAG ~ PROTEINS PTC-FM  PTC-MR  IMDB-B  IMDB-M COX2
dé;}L, f 88.2+ 6.8 721+42 584+57 558464 757427 51.3+£46 775+ 25
d},f,)L., f 88.7 + 6.7 728 £43 581450 55.5+6.7 757436 51.2+44 7824 0.8
d},‘:’,)L., f 87.7+ 6.5  72.7+48 585+51 543469 759438 51.3+4.6 782+ 08
dwy: f1 88.7 + 6.7 722451 587456 549+67 76.1+40 51.1+51 7824 0.8
d;}L, f1, K 872+ 56 724 +41 584+65 538469 755430 B5L5+44 T7.5+25
a2, fL K 88.2+ 55 73.2+39 581459 540486 753442 51.2+44 782+ 08
d;y  fL K 87.7+56 73.3+42 59.0+57 535481 756441 51.3+4.6 782+ 08
a3, LK 88.2+ 6.4 73.8+44 585+51 541476 759444 51.1+50 782+ 08
Ay, fa 85.5+ 9.7 743 +40 60.8+54 572455 760428 51.3+£48 T77.5+25
iy, fa 85.0 £ 9.6 743+ 45 59.0+4.6 56.1+7.9 758436 50.5+43 782+ 08
d 3>L, fe 84.4+95 T45+44 616+6.1 561446 762438 51.1+48 782+ 08
, J2 . . . . . . . 5] . . . . . .
WLf 85.5+ 8.2 744+46 61.6+6.1 561452 761441 51.1+47 782+ 08
, f2, K 85.5+8.2 73.9+41 6l.1+6.0 57.8+89 759427 51.3+£49 T7.5+25
L
W 2, K 86.1 £8.3  73.9+3.7 59.6+62 564479 752439 508+4.6 782+ 08
s f2 K 86.1 +£8.3  74l+41  59.0+6.5 558+ 6.4 T57+£3.9 50.9+45 782+ 08
o, f2, K 84.5+ 7.6  T44+43 593 +55 550+7.0 759443 51.3+£47 782+ 08
AW fi 88.2+ 6.8 721+42 584 +57 558+6.4 757427 51.3+£4.6 77.5+25
LLB
LLB, h 872+ 56 72.2+42 59.6+7.0 54.0+74 756434 50.7+£49 779+ 13
 f 86.6 £ 6.9 725+ 4.6 58.7+6.6 53.8+6.6 760433 50.7+33 782+08
WLLB
dwrLss f1 86.6 + 7.1  71.6 +54 57.0+57 538458 761427 50.7+48 782+ 0.8
. f1, 87.2+ 5.6 72 1 584+65 538469 755430 51.5+4.4 5425
WLLB K 872+ 724 + 4 44 + 75.5 + + 775 +
yuige 1K 87251 73246 50.9£70  55.5%72 75.2+38  S0.7+£49  782+08
, 1, K 87.7+£69  73.0+£50 587+£66 549+68 761+32 51.3+45 T77.9+13
WLLB
,fi, K 86.6+56 723+56 56.7+65 541+57 76.0+28 50.9+48 782+08
WLLB
WLLB’ f2 85.5+ 9.7 743 +40 60.8+54 572455 760428 51.3+48 775425
WLLB’ f2 85.0 £ 9.6 740+ 46 59.6 +43 575+71 759438 50.9+43 779+ 1.3
s 2 86.1 83 73.7+43 602+55 549451 759436 503+46 782+ 08
dWLLB, f2 871+ 7.1 72.9+50 59.6+65 57.0+6.4 76.3+ 2.8 51.5+4.4 782+ 08
,fo, K 855482  739+41 611+60 57.8+89 759427 513+49 775425
vaLB7 fo, K 855482 745+3.8 605457 584+56 753+33 50.5+45 T77.9+ 1.3
g fo, K 86.6+83 742437  59.0+76 56.1+50 759+33 50.6+46 782408
dW>LLB7 fo, K 866471 738440 593462 57.0+53 762+31 51.4+43 782408
WWL 835 £ 3.0 725390 602+F56 57.5Ef81 745 +41 487 L35 773 £ 3.1
WL 86.7+ 4.4  70.8+29 544+6.1 547+78 T1.6+47 50.7+3.6 788+ 1.7
WL-OA 85.0 £ 9.7 727 +41 57.9+70 526484 T734+35 50.7+37 782+ 08

Table 4: SVM classification accuracy. For d%)L

and dwprg, we show results using

both the standard SVM and the KSVM (indicated by K in the table) (Loosli et al., 2015).
Values are mean + standard deviation in percent; the highest mean in each column is
bolded, including ties.
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We first define the general class of Markov Chain Neural Networks using Lipschitz maps.

Definition 27 (General Markov Chain Neural Networks) For any family of Lips-
chitz maps @; : R%-1 - R% fori=1,...,k+1, and any Lipschitz map 1) : R%+1 — R, we
define a map of the following form, which we call a k-layer general Markov Chain Neural
Network (¢MCNNy):

h::@boS%HoF%o..-oF(m:ML(Rd)—HR. (8)

We denote the collection of all such networks by NNJ*"(R?).

In practice, functions ¢; and @ are usually learnable functions instead of general Lips-
chitz maps. Hence, we would focus on cases when ¢ = ¢, is a multilayer perceptron (MLP)
with a single hidden layer, i.e., any map of the form ¢, (z) := Co * (Wx + b), where C, W
are matrices, b is any vector, and o* represents elementwise application of a fixed activation
function o. For technical reasons, we also assume that o is Lipschitz* and non-polynomial.
For example, one can choose ¢ to be ReLU or sigmoid.

Definition 28 (Markov Chain Neural Networks) If¢; and 1 are restricted to be mul-
tilayer perceptrons (MLPs) with Lipschitz activation functions such as ReLU or sigmoid, the

resulting k-layer network defined in Equation (8) is referred to as a Markov Chain Neural
Network (MCNNy,). The collection of all such networks is denoted by NN (R?), where:

NNE(RY) C NNVI(RY). 9)

Note the resemblance between our MCNNs and message passing neural networks (MPNNs)
for graphs (Gilmer et al., 2017): Specifically, (¢x)ygm2 is analogous to the AGGREGATION
operation, g4 is analogous to the UPDATE operation, and v o Sy corresponds to the readout
function that appears in the context of MPNN. We will specify how MCNNs reduce to
MPNNSs in more detail in Section 4.2.

Discriminative Power of MCNNSs. It turns out that AN (R?) has the same discrim-
inative power as the WL distance.

Theorem 29 Given any (X, lx), (Y, ly) € ME(RY),
1. if diwp (X, €x), (Y, by)) = 0, then for every h € NN (RY) one has that h((X,lx)) =
h((y,fy));

2. if dwy (X, 0x), (Y, 8y)) > 0, then there exists h € NN (RY) such that h((X,lx)) #
(Y, by)).

Recall from Corollary 19 that given any ¢ € (%, 1), any injective map ¢ and any la-
beled graphs (G1,{q,) and (Ga,%q,), we need at most 2n steps to determine whether
dwi,((Xy(G1),44,) (Xq(Gg),E%Q)) = 0, where n = max (|V, |, |V,|). Consequently, MCNNss
have the same discriminative power as the WL test:

Corollary 30 Given any finite labeled graphs (G1,¢q,) and (Ga,lq,), for any % <q<1,
the WL test distinguishes (G1,0q,) and (Ga,Lg,) iff there exists h € NNao,(R?) for which

(e, )) ({6 2)

4. Note that any MLP with a Lipschitz activation function is Lipschitz. This fact will be used in later
proofs.
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A stronger result on discriminative power. Utilizing the general MCNNs, we estab-
lish a result stronger than Theorem 29 under a setting similar to (but more flexible than)
the one used in (Xu et al., 2019). Choose any countable subset Z C R? and any countable
subset P C [0,1]. Let ME(Z) denote the collection of all LMMCs (X, £x) so that the
codomain of £x is Z and for any z,2' € X, m2X (2') € P and ux(x) € P.

Example 7 Fiz any parameter ¢ € [0,1) and any countable label space Z C R, Let
P :=1{0,1,q} U {% im,n € N}. Then, it is easy to see that ME(Z) contains every
graph induced LMMCs (see Definition 7) with parameter q.

Let NNV i’gen(Rd) denote the collection of maps in NNF(R?) where ¢;s and 1 have
output dimension 1. Then, we establish the following main result:

Theorem 31 For each k > 0, there exists h € J\/./\/'llc’gen(]Rd) such that for any (X, 0x),(V,ly) €
Mp(2),
d{}lif)L((X’gX)v (y,gy)) >0 h((X,fx)) 7é h((y,gy))

Lipschitz property of MCNNSs. In addition to the study of the discriminative power,
in other words, the study of the zero sets of functions in NN (R%), one can generalize the
results above in a quantitative manner. More specifically, we establish that MCNNs are
Lipschitz w.r.t. the WL distance. This in particular indicates that MCNNs are stable w.r.t.
small perturbations of LMMCs in the sense of the WL distance.

Theorem 32 (Lipschitz property) Let h :=1 o0 S oFy 0-0F, : ME(RY) —» R

Pk+1

be a k-layer MCNN. Assume that for i =1,...,k+ 1, ¢; is C;-Lipschitz for some C; > 0
and v is C-Lipschitz for some C > 0. Then,

|h(Xa£X) - h(y,fy” <C- Hf;rllcl ' de((X,EX)a (y,fy))

We also remark that the Lipschitz property for MCNNs above is essential in proving
the universality of MCNNs which we establish below.

Universality of MCNNs. Now we establish that MCNNs are universal. We start by
introducing some notation. We let ME(RY) := (ME(R?),d\y}). Then, it turns out that
MCNNs can approximate continuous functions defined on ./\/lé(Rd).

Theorem 33 (Universal approximation) For any k € N, let K C ME(R?Y) be any
compact subspace.® Denote C(K,R) the set of all continuous functions on K and denote

NN]C(Rd)bC = {h|;¢ :h GNNk(Rd)}.

Then,
NN LR | = O(K,R) where S denote the closure of a set S.

5. We stress that here compactness is relative to the the WL distance.
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4.2 Implications for Message Passing GNNs

MCNNSs reduce to a special type of message passing GNNs (MP-GNNs) when restricting
to graph induced LMMCs. In this way, the properties of MCNNs studied in the previous
subsection can be applied to analyze GNNs. In particular, in this subsection, we establish
discriminative power, Lipschitz property and the universal property of GNNs.

More precisely, we let G(R?) denote the collection of all R%labeled graphs and given
q >0, let I, : G(RY) — ML(R?) denote the map which sends a R¢-labeled graph into a
R4-LMMC via the method described in Definition 7. Let G,(R?) := I,(G(R%)) C ME(R?).
Then, for any k > 0, dgz,)L restricted to G,(R?) induces a pseudometric, which we denote by
dg,)q‘ We then call dg“,)q the (¢-damped) WL distance of depth k between labeled graphs.

Now, we consider the following special type of MP-GNNs.

Definition 34 (MP-GNNSs) Given q¢ > 0, we define a k-layer general Message Passing
Graph Neural Network (MP-GNN) as follows. For each layer i, the message passing step
s defined as:

’ qPi+1 (fZG,(U)) + deg v) ZU 'eNg (v) Wov' Pi+1 (KG’( ))
Message Passing (" (v) := if deg(v) > 0,

Pis1(Li(v)) if deg(v) =0

The final readout step is defined as:

deg(v) k
Readout h((G,lq)) := _ L& (v ,
¢ h((G.t) w(;evj S et >>>

where @; : R%i-1 — R% and ¢ : R%+1 — R are Lipschitz functions. The collection of all
such networks with k layers is denoted by NNPI(RT). When ¢; and ¢ are MLPs with
Lipschitz activation functions, we refer to the resulting network as a k-layer (MLP-based)

MP-GNN whose collection is denoted by NNI(R?).

Now, we show how MCNNs reduce to MP-GNNs when restricted to graph induced
LMMCs. Let h : G(RY) — R be a k-layer MP-GNN as defined above with maps ¢; :
R%-1 — R% for i =1,...,k+ 1 and ¢ : R%+1 — R. Then, we define the following k-layer
MCNN:

H:=1o0S8, 0 Fyy t ME(RY) - R,

k+1 SOk

Proposition 35 Recall that I, : G(RY) — MY (R?) sends a labeled graph to a LMMC and
the image Im(1,) = G,(RY). Then,

h=Hol,. (10)

Based on this transition from MCNNs to MP-GNNs, we establish properties of MP-
GNNs as follows.
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Discriminative Power of MP-GNNs. The result below follows directly from Theorem
29.

Corollary 36 Given any (G1,4q,),(G2,4q,) € G(RY),

1. ifdg) ((G1,€c,), (Ga,la,)) = 0, then for every h € NN (R?) one has that h((Gh, lg,)) =
h((G27£G2));

2. ifdgi)q((Gl,fgl), (Ga,4a,)) > 0, then there exists h € NN1(R?) such that h((G1,£lg,)) #
h((G27£G2))'

Similarly to Theorem 31, we can establish a stronger result on discriminative power.
Let Z C R% and P C R be countable subsets. Define Gp(Z) as the set of all Z-labeled
weighted graphs with edge weights in P. Let NN z’l’gen (RY) denote the collection of maps
in NN Z’gen(Rd) where each ¢; has output dimension 1. As a direct consequence of Theorem
31, we can establish a stronger result for general MP-GNNs.

Corollary 37 For any k > 0, there exists h € N./\/'Z’l’gen(]Rd) such that for any labeled
gmphs (G17£G1)7 (G27£G2) € gP(Z)

A (G, €6,), (Gorley)) > 0 = h(Gyle,)) # B((Gaylay)):

Notice that whereas in Corollary 36 the existence of h may depend on the choice of labeled
graphs, h in Corollary 37 is universal for all pairs of labeled graphs. Furthermore, while
maps ¢; involved in intermediate layers of h in Corollary 36 could potentially have large
dimensions (d; could be very large), ¢; can be chosen to have very low dimension (d; = 1)
in Corollary 37. In this way, the latter result is stronger than the previous one.

Remark 38 Xu et al. (2019) established a result similar to Corollary 37: for any k > 0,
there exists an MP-GNN h with the same discriminative power as the k-step WL test when
restricted to graphs with labels from a common countable set and with a uniformly bounded
number of vertices. However, the MP-GNN h they constructed relies on aggregation func-
tions defined on a countable set with an inherent discrete nature: when the countable set
is a subset of R?, the functions may not extend continuously to a domain such as R%. In
contrast, each function in h € N/\/Z’l’gen(Rd) is a continuous map between Euclidean spaces.

Lipschitz property of MP-GNNs. The result below follows directly from Theorem 32:

Corollary 39 Given a k-layer MP-GNN h : G(RY) — R as described above, assume that
p; is Ci-Lipschitz fori=1,...,k+ 1 and that ¥ is C-Lipschitz. Then, for any two labeled
graphs (G1,%q,) and (G2,4q,), one has that

’h<(G17 eGl)) - h((G27 eG’z))’ <C-: H]'ﬁillci ’ dgfq((le gGl): (G27 ng)) .

(2

Remark 40 We note that the WL distance could potentially be used to study the Lipschitz
property of other types of MP-GNNs. See Section A.3 for such a study of a normalized
version of Graph Isomorphism Network (Xu et al., 2019).
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Universal approximation Based on Theorem 33, we finally establish the universal ap-
proximation property of MP-GNNs.

Corollary 41 (Universal approximation of k-layer MP-GNNs) Given g > 0 and any
keN, let K C (Q(Rd), dgg) be any compact subspace. Then,

NNE(RY) [ = C(K,R).

Our universality result resembles the one established in (Azizian and Lelarge, 2021)
for message passing neural networks (MPNNs) which proves that MPNNs can universally
approximate continuous functions on graphs with bounded size which are less or equally as
discriminative as the WL test. Compared with their result, we remark that our universality
result applies to the collection of all graphs with no restriction on their size. Moreover, we
comment that their universal approximation result only works for sets of graphs with labels
from a countable set as their proof is based upon the results in Xu et al. (2019); see Remark
38 for a related comment.

5. Reinterpretation of the WL Distance via Markovian Couplings

Observe that the original definition of the WL distance (cf. Definition 12), while well-
suited for devising a computation algorithm (cf. Algorithm 1) for the distance, is rather
intricate due to its iterative consideration of probability measures on spaces P°*(Z ) with
increasing complexity (cf. Definition 10). In this section, we adopt a totally different
viewpoint to interpret the concept using the language of stochastic processes, which provides
a conceptualization independent of the mechanics of the WL test. Specifically, we introduce
two complementary approaches: (1) using the concept of Markovian couplings, a special type
of couplings between Markov chains, and (2) relating the WL distance and the theory of
causal Optimal Transport (Lassalle, 2018; Backhoff et al., 2017), a variant of OT specialized
for comparing stochastic processes. These interpretations of the WL distance offer valuable
insights for future research in this field.

5.1 Markovian Couplings and a Stochastic Process Interpretation of the WL
Distance

It turns out that the WL distance tracks how the difference between labels evolves along
the trajectories of two coupled Markov chains (see Figure 7b). In this section, we formalize
this intuition using stochastic process terminology. Before presenting our interpretation, we
introduce some preliminary definitions.

Let X = (X, m, px) be any measure Markov chain. When the state space X is finite,
a common description of X is via a sequence of random variables {X; : Q@ — X };en from
some probability space (€2, P) such that

o law(Xy) = pux and
o P(X;y1 =2/|X; =) =m (2) for any z,2’ € X.

T

We refer to such a sequence as a stochastic realization of the MMC X.
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In this section, we restrict our attention to MMCs with finite state spaces so that we
can fully exploit the language of stochastic realizations. Extensions to general compact
state spaces are possible and will be addressed in future work.

Example 8 A concrete example of a stochastic realization is given by letting Q := X" be
the path space, and defining the projection maps {X; : (XN, Px) — X }ien.

In this way, given any two MMCs X = (X,mJ,ux) and Y = (Y,m), ux), one can
consider any of their corresponding stochastic realizations {X; : (Qx,Px) — X }ien and
{Y;: (Qy,Py) - X}ien. Then, one can consider couplings P € C(Px,Py) C P(Qx x Qy).
This also gives rise to a stochastic process {(X;,Y;) : (2x x Qy,P) — X x Y}. This
stochastic process may not be Markovian a priori. If one imposes the Markov property on
such a stochastic process, then this leads to the following definition of Markovian couplings
which helps to provide an intuitive characterization of the WL distance. We now define the
Markovian couplings between two MMCs through stochastic realizations.

Definition 42 (Markovian couplings for stochastic realizations) Given MMCs X =
(X,m& ux) and Y = (Y,mY¥, py), let {X;}ien and {Y;}ien be stochastic realizations on
the same probability space (2, P). We call the sequence of random wvariables {(X;,Y;) bien
a Markovian coupling between X and Y, if the following two properties hold:

1. (Joint Markov Property) The sequence {(X;,Y;) }icn satisfies the Markov property,
i.e., foranyi €N, xqg,...,z; € X and yo,...,y; €Y, one has that

P((X;,Yi) = (i, 9) {(X;, Y5) = (2,95) Yo<j<i-1)
=P((X:,Ys) = (23, ) [(Xi—1,Yi1) = (wim1,4i-1))-

2. (Transition Coupling) For anyi € N, x € X and y € Y, the probability measure

(Vit1)wy constructed below satisfies that (Vit1)sy € C(mX, mz)

(Vit1)ay (@' y) = P((Xis1, Yirr) = (2, 9)|[(X3, i) = (2,9)), Va',y' € X x V.

In other words, a Markovian coupling is a Markov chain on X XY, whose transition kernels
match the individual Markov kernels of X and Y. We let Cp(X,)) denote the collection
of all Markovian couplings {(X;,Y;)},cn between X and Y.

In short, a Markovian coupling of two Markov chains X and )Y is a time-inhomogeneous
Markov chain on a state space X x Y that is the product of the state spaces of the two
chains and whose transition kernel at each time step is a coupling between the transition
kernels of the two chains; see Figure 7a for an illustration.

Remark 43 (Initial distribution) For a Markovian coupling {(X;, Y;)}icny € Crm(X, D),
at each step k > 0, we have that (X, Yy) is a coupling between law(Xy) = px and
law(Yy) = py (where we used the assumption that pux and py are stationary). In particular,
(Xo0,Y0) € Clux,py). Hence, any Markovian coupling starts with an initial distribution
which is itself a coupling between the initial distributions of the two Markov chains.
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Remark 44 (Coupling method) This definition of Markovian coupling is a generaliza-
tion of a common coupling technique used for proving convergence of Markov chains (see
for example (Levin and Peres, 2017)). Note that whereas we define Markovian couplings
for two arbitrary Markov chains, in the context of “coupling technique”, the two Markov
chains involved have the same transition kernels.

Remark 45 (Existence of Markovian couplings) Given transition kernels (Vi11)e e for
all steps i =0,... and an initial distribution v, one can always construct a Markovian cou-
pling via the Kolmogorov extension theorem (Kolmogorov and Bharucha-Reid, 2018).

The following result is our key observation: it turns out that the WL distance is some
variant of the Wasserstein distance between probability measures in path spaces with the
Markov coupling constraint.

Theorem 46 For any Z-LMMCs (X,lx) and (), ly), we have that

d¥ (X, 0x), (Y, ly)) = inf Edyz(0x(Xy), ly (Ys)).
wi (X, lx), (Y, by)) {(Xi,m)};;ecmx,y) 7(€x (Xy), by (Yz))

In this way, we have interpreted the WL distance of depth k as a variant of the Wasser-
stein distance between the marginal distributions of Markov chains at step k. Here the cost
between two states wx,wy € €2 is given by dz({x(Xi(wx), fy (Yr(wy))) through the label
functions. Essentially, the WL distance at depth k is comparing the distribution of the
Markov chains at step k; see Figure 7b for an illustration.

| .

Clwx,wy) : dz(Ux (Xk), by (Yi))

(a) Markovian coupling (b) WL distance interpretation

Figure 7: Left: A Markovian coupling between X and ) is a Markov chain in the product
space X X Y whose projections onto X and Y have the same law as X and ), respectively.
Right: The WL distance of depth k is a variant of the Wasserstein distance between path

distributions, with cost given by dy (EX (Xk (wX)), by (Yk(wy))) for any paths wx and wy .

5.2 The Connection with Causal Optimal Transport

Now, we comment that the Markovian coupling characterization formula given in the pre-
vious section is deeply connected with the notion of Causal Optimal Transport (COT)
(Lassalle, 2018). We elucidate this point in this section.
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Causal Optimal Transport (COT) provides a framework for comparing stochastic pro-
cesses by restricting the set of admissible couplings to those that preserve the temporal (or
causal) structure. COT has found applications in mathematical finance (Glanzer et al.,
2019; Backhoff-Veraguas et al., 2020) and in machine learning (Xu et al., 2020; Xu and
Acciaio, 2022; Klemmer et al., 2022). As COT lies in the framework of Optimal Transport,
multiple Sinkhorn algorithms have been proposed in the literature (Pichler and Weinhardt,
2022; Eckstein and Pammer, 2022) for accelerating computations. The connection between
the WL distance and COT that we study in this section may eventually result in efficient
algorithms for computing/approximating the WL distance. We leave this for future study
but see the discussion below Theorem 49. Furthermore, we believe that this connection can
also be useful for extending the WL distance to the case when input LMMCs have different
labeling space Z’s.

We first review some basics of COT. Given two (finite) spaces X and Y and an integer
k € N, consider the product spaces X**1 and Y**! (these product spaces are viewed as
spaces of paths in X or Y of length k + 1)5. Let a € P(X**1) and 8 € P(Y**!). Now we
are ready to define the notion of (bi)causal coupling between « and /3.

Definition 47 ((bi)causal coupling) A coupling measure m € C(«, ) is said to be causal
from a to B if it satisfies

(Yo, - y)l(zo, .-, k) = 7((vo, - - -, y)[(z0, - - -, 71))

foralll € {0,...,k} and (w0, ...,x) € X**1. Here, the notataion m(-|-) denotes conditional
probability. This implies that, at time | and given the past (xo,...,x;) of X, the distribution
of y; does not depend on the future (xyy1,...,xx) of X.

Moreover, w is said to be bicausal if it is causal both from « to 8 and from B to a. The
set of bicausal couplings between o and 3 will be denoted by Cpc(a, ).

Now, let ¢ : Xkt x Y+l 5 R, be any cost function. Then, the bicausal OT problem
is formulated as follows:

d°(a, B) :==  inf / c(z,y)m(dx x dy).
TECHc(a,B) J Xk+1xyk+1

Similarly, one can formulate the causal OT (COT) problem by considering causal couplings.

We use the acronym COT to refer to both causal and bicausal OT problems.

It turns out that Markovian couplings naturally give rise to bicausal couplings by re-
stricting paths with infinite time steps to paths with finite time steps. More precisely,
given two MMCs X = (X,mJ,ux) and Y = (Y,m), ux), we consider any Markovian
coupling {(X;,Y:)},cny € Cm(&X,Y) (cf. Definition 42). Then, for any k € N, we let
oF = law((Xo, ..., Xx)) € P(X 1) and let B* := law((Yp,...,Ys)) € P(YFEFL). In fact,
it is easy to see that o and B* can be expressed explicitly as follows.

ak((azo,xl, cTg)) = mffkil(:ck) . -mfo(xl)ux(a:o),

BF((yo,y1, - yk)) = ma (yn) -+ ml (y1) ey (o)

6. The COT framework can incorporate the setting of both discrete and continuous paths of finite or infinite
length. In this paper, we will focus on paths of finite length for simplicity and clarity of our presentation.
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Now, we further let
8 =law((Xo,..., X3, Yo,...,Y})) € P(XFFL x YR,
Then, we have that

Lemma 48 7% is a bicausal coupling between o and (*.

Now, we consider the following cost function ¢* : X*+1 x Yk*+1 5 R defined by

(@0, -+, k), (Y05 - -+ Yk)) = dz(Lx(2k), by (yr)) (11)

and state the following theorem.

Theorem 49 (WL distance as a COT problem) Forany Z-LMMCs (X,{x) and (Y, ly),
we have that

AW (X, 0x), (Y, by)) = d° (a*, 6%).

Theorem 49 shows that the WL distance can be formulated as a COT problem. Con-
sequently, practitioners can likely use causal Sinkhorn algorithms (Pichler and Weinhardt,
2022; Eckstein and Pammer, 2022) to approximate the WL distance efficiently.

Remark 50 (Markov chains in the label space) In fact, one can also transform a Z-
LMMC (X,¢x) into a Markov chain in the label space Z, if we require that £x : X — Z is
injective. In this way, the WL distance can be also interpreted as solving a COT problem
in the label space Z. See Section A.2 for more details.

6. Relationship with the Gromov Wasserstein Distance

Given a LMMC (X, £x), the label £x induces the following pseudometric on X: dx(z,z’) :=
dz(lx(x),lx(x")) for x,2’ € X. This suggests structures which are closely related to
LMMCs: Markov chain metric spaces (MCMSs for short). A MCMS is any tuple (X, dx)
where X = (X, m{,ux) is a finite MMC and dx is a proper distance on X. Obviously,
endowing a MCMS (X, dx) with a label function £x and forgetting dx produces a LMMC
(X,0x). We let MMS denote the collection of all MCMSs. We now construct a Gromov-
Wasserstein type distance between MCMSs and study its relationship with the WL distance.

6.1 The GW Distance between MCMSs

Recall from Equation (2) the definition of the standard GW distance between MMSs. In-
tuitively, in order to identify a suitable GW-like distance between MCMSs, we would like
to alter Equation (2) in order to carry out a comparison between Markov kernels.

Definition 51 For any k > 1 and any MCMSs (X,dx) and (¥,dy), we define the k-
distortion of any pair consisting of a Markovian coupling {(X;,Y;)},cn between X and Y
and an independent’ coupling (X{,Yy) between px and py as:

dis™ ({<X17 }fi)}iel\h (X(/)7 YI)/)) =K ’dX<X(I)7 Xk) - dY(}IOIﬂ Yk)‘

7. Here we implicitly require that the random variable (X, Yy ) and the Markovian coupling {(X;, Y;)}
are defined in a same probability space.

€N
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v, Y

.............. R

Yo

Figure 8: Illustration of dg\%Ms The distortion dis®™ measures the similarity between the
the evolution processes of the two Markov chains from step 0 to step k.

Then, the k-Gromov-Wasserstein distance between the MCMSs (X,dx) and (Y, dy) is de-
fined by

d% ((Xde)a(yadY)) = inf dis™ {(XuYz)}Z 7 X',Y’ : (12)
o (XY e (X0,YY) ( eN ( 0 0))

where the infimum is taken over all possible pairs consisting of a Markovian coupling
{(X4,Y))} ey between X and Y and a random variable (X, YY) independent of the Marko-
vian coupling such that law ((X{, Yy)) = law((Xo, Y0)).

Finally, we define the MCMS GW distance as follows:

dRMS (X, dx), (Y, dy)) := ililg diny (X, dx), (Y, dy)).

See Figure 8 for an illustration of the k-Gromov-Wasserstein distance.
Now we identify a notion of isomorphism between two MCMSs.

Definition 52 Two MCMSs (X,dx) and (Y, dy) are said to be isomorphic if there ezists
an isometry ¢ : X =Y such that Yupx = py and w#mf = mi(x) for all x € X.

Under this notion of isomorphism, we establish the following result.

Proposition 53 dl\GA\?VMS defines a proper distance on the collection MMS modulo isomor-
phism of MCMSs.

Unlike the case for dwr,, two MCMSs have zero dl\G/I\(,ijs distance iff they are isomorphic.

6.1.1 A SIMPLE EXAMPLE AND A LOWER BOUND FOR dpi>

The simplest MCMS is the one point MCMS denoted by *. For any MCMS (X, dx), one
can explicitly compute the MCMS GW distance between (X, dx) and .
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Example 9 For any MCMS (X,dx) and f07“ any k > 1, we have that

/ / dx (o', @) (A2’ (d),

where the last equality follows from the fact that ux is stationary and hence law(Xy) = ux.
This equation implies that

dSMS (X, dx), / / dx (2", 2)pux (dz" ) pux (dz).

Similarly to (Mémoli, 2011a, Definition 5.2), we use this distance to the one point space
to identify a notion of diameter.

Definition 54 (MCMS diameter) We let * denote the one point MCMS. For each k > 1
and a MCMS (X,dx), we define its MCMS diameter as follows:

diampioms (X, dx)) = dehg™ (X, dx), %).
By the triangle inequality, one obtains the following simple lower bound:
Proposition 55 For all two MCMSs (X,dx),(¥,dy) and k > 1, we have
|diamyions (€, dx)) — diamuems (Vs dy)| < déy (X, dx), (P, dy)) < i (X, dx), (P, dy)) -

Although the lower bound above is quite coarse, in Section 6.2 we develop more refined
lower bounds for dl(\}/[\(vaS utilizing the WL distance. This focus on lower bounds is motivated
by the NP-hardness of exactly computing dMCMS as we detail in Remark 61.

6.1.2 RELATIONSHIP WITH THE DECOUPLED GROMOV-WASSERSTEIN DISTANCE

Let X = (X,dx,ux) and Y = (Y, dy, uy) be two MMSs. Recall from Equation (2) that
for any coupling (X,Y), its (¢!-)distortion is defined as follows:

dis((X,Y)) = Eldx(X,X) —dy(Y,Y)|,

where (X,Y) denotes an independent copy of (X,Y), i.e., an independent random variable
with the same law as (X,Y).

On the other hand, when two independent couplings (X,Y) and (X', Y”") (with possibly
distinct laws) are given, we define the (decoupled ¢!-)distortion associated to (X,Y’) and
(X',Y’) as follows:

dis((X,Y), (Xl, Y/)) = E|dx (X, X,) —dy (Y, Y/)’
Then, we define the decoupled Gromov-Wasserstein distance as follows:

Definition 56 (Decoupled Gromov-Wasserstein distance) Suppose two metric mea-
sure spaces X = (X, dx,ux) , Y = (Y,dy, uy) are given. We define the decoupled Gromov-
Wasserstein distance dglw(X,Y) in the following way:

b (X,Y) = inf dis((X,Y), (X", Y")). 13
GW( ) independent (X,Yl)r,l(X’,Y')EC(uX,uy) ' (( ) ( )) ( )
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This version of the GW distance was implicit in the optimization procedure followed in
(Mémoli, 2011a) and has been explicitly considered in (Séjourné et al., 2021; Vayer et al.,
2020b) with a measure theoretic formulation. Obviously, d2iy(X,Y) < dew(X,Y) in
general. Furthermore, this inequality is tight as one can see in the following remark.

Remark 57 Welet Uxy(z,y,2',y) = |dx(z,2") —dy (y,y')| for any z,2' € X and y,y’ €
Y. Ifthe kernelT'xy : X XY x X xY — R is negative semi-definite, then one can show that
dw(X,Y) = dew(X,Y) by invoking Séjourné et al. (2021, Theorem 2). More precisely,
in terms of our terminology, if (X,Y),(X',Y’) are the optimal couplings achieving the
infimum in the definition of dt(’}iW(X,Y), we have that

dP (X, Y) =dis((X,Y), (X', Y')) = dis((X,Y)) = dis((X',Y")) = daw(X,Y).

Just like the original version, d'g;iw also becomes a legitimate metric on the collection of
metric measure spaces. This is another original contribution of our work.

Proposition 58 The decoupled GW distance d}g;iw is a legitimate metric on MM,
The decoupled GW distance gives a lower bound for the --MCMS GW distance.

Proposition 59 Let (X,dx) and (), dy) be MCMSs, with underlying MMSs X = (X, dx, ux)
and Y = (Y,dy, uy). For every k > 1,

AR (X, Y) < diy (X, dx), (V,dy)).

MMS induced MCMS Given a metric measure space X = (X, dx, ux), we produce a

MCMS M(X) = (X,dy) where X := (X,mX, ux) by letting mY = ux be the constant

Markov kernel. It is easy to check that px is a stationary distribution w.r.t. m.

Now, one can prove that any k-MCMS GW distance between M(X) and M(Y) is the
same as the decoupled GW distance between X and Y regardless of k.

Proposition 60 Then, for any two metric measure spaces X = (X, dx,ux), Y = (Y,dy, py),
and k > 1, we have that

Remark 61 (Computational complexity) The quantity dléiw 1s 1n general NP-hard to
compute (Scetbon et al., 2022), which (via Proposition 60) implies that dXS is also NP-
hard to compute.

6.2 The WL Distance vs. the GW Distance

Given a MCMS (X,dx), fix any x € X. Then, one can endow (X,dx) with the label
function dx(x,e) : X — R. This gives rise to the LMMC (X, dx(x,e)). Then, we have the
following lower bound of d(é“{;V in terms of dgf/)L:

Proposition 62 For each k > 1 and for any MCMSs (X,dx) and (Y, dy), one has that

. (k) (k)
(Xoayo)le%f(MXMY) EdWL((‘X7 dx (X07 .))7 (ya dY(}/(b .))) < dGW((Xv dX)7 (y7 dY)) (14)
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Remark 63 When (X,dx) and (V,dy) are induced from MMSs X and Y, as shown in
Proposition 60, the right-hand side of Equation (14) coincides with the decoupled GW dis-
tance. We point out that the left-hand side is also independent of k and actually coincides
with the third lower bound (TLB) for the GW distance as defined in (Mémoli, 2011a). See
Section B.5.6 for more details. Hence, the proposition above can be viewed as a generaliza-
tion of the TLB to the setting of MCMS.

In general, a MCMS (X, dx ) endowed with any label function £x : X — Z induces a LMMC
(X, m&, px, x) which we denote by (X, £x). If we assign label functions to all MCMSs in
a suitable coherent way, we obtain that the WL distance between the induced LMMCs is
stable w.r.t. the GW distance between corresponding MCMSs.

Definition 64 (Label invariant of MCMCs) Given any metric space of labels Z, a Z -
valued label invariant of MCMSs is a map le : MMS — Z* which by definition sends
each MCMS (X,dx) into a label function £x : X — Z. One such label invariant le will be
said to be stable if for all (X,dx),(V,dy) € MMS k€ N, and for any Markovian coupling
{(Xi,Y))} ey between X and Y and any independent coupling (X, Yy) between px and pry
we have

Edz(x(Xk), by (Yr)) < dis™ ({(X;, Y2) }ien» (X0, YD) -

By L(Z) we will denote the collection of all stable Z-valued label invariants.
Example 10 One immediate example of the stable label invariant is the eccentricity func-

tion ecce: for any MCMS (X,dx), eccx(x) = Eppdx(x,a’) for x € X. This can be
seen as follows.

E|6CCX(Xk) — eCCy(Yk)’ = E|EX(’)~MXdX(Xk7X(/)) — EYO'N,ude(Y’C’ YE]/)|

< Eldx(Xg, Xy) — dy (Yy, Y3)|.

Then, if one assigns stable labels to MCMSs, one immediately has that the WL distance
between the induced LMMCs is stable w.r.t. the GW distance.

Theorem 65 For every stable label invariant Ly € L(Z), k € N and (X,dx), (),dy) €
MMS we have that

Ay, (X, 0x), (Y, by)) < diny (X, dx), (Y, dy)).

Remark 66 (Sharpness of the GW lower bounds) The bounds in Proposition 62 and
Theorem 65 are sharp. Let (X,dx) be any MCMS with at least two points and let * be the
one-point MCMS, with label 0. For the eccentricity labels from Example 10, stationarity
gives, for every k > 1,

d{,’i,)L((X,ech),(*,O)) :/Xeccx(x)ux(da:):d(é{,v((X,dX),*).

The common value is the mean pairwise distance in X and is positive. For each reference
point x € X and every k > 1, stationarity also gives

dywy, ((X,dx(z,e)), (x,0)) = eccx ().
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Averaging over x ~ ux gives equality in Proposition 62 with the same positive value. Thus,
the coefficient 1 in either bound cannot be improved.

However, either bound can vanish while the GW distance is positive. Let X and Y be
the vertex sets of K33 and the triangular prism, respectively; see Figure 9. Give them their
shortest-path distances dx,dy and uniform probability measures ux,puy, and denote the
resulting MMSs by X and Y. These spaces are not isometric: an isometry would preserve
adjacency, but only the prism contains triangles. Hence, d'&iw(X, Y) > 0 by Proposition 58.

For Theorem 65, let X and Y be the simple random walks on these graphs. The uniform
measures are stationary since both graphs are 3-reqular. Every vertex has three vertices at
distance 1 and two at distance 2, so

o 3-1+2-2 7

eccx (z) = eccy (y) = — %  —% forallx e X, yeY.

These identical constant labels give zero WL distance at every depth. By Proposition 59,
for every k > 1,

diw, (X, ecex), (Y, eccy)) = 0 < deiw (X, Y) < diy (X, dx), (¥, dy)).

For Proposition 62, keep the same MDMSs but replace the random walks by the constant
kernels mX = px and m;/ = py. This gives M(X) and M(Y): each chain samples
uniformly from the entire vertex set at every step. For any reference vertices a € X and

beY, the distance labels dx(a,®) and dy (b,e) have the same distribution,
1 1 1
= — =01 + = d2.
v 650 + 501 + 352

After one WL step, every state in both chains has label v; subsequent steps give the common
labels 0,,0s,,. ... Thus, every k-WL distance on the left-hand side of Proposition 62 is zero
for k > 1, whereas the right-hand side equals d]élw(X,Y) > 0 by Proposition 60. Therefore,
neither lower bound admits a finite multiplicative reverse inequality in general.

7. Conclusion and Future Directions

In this paper, we propose the Weisfeiler-Lehman distance — a quantitative extension of the
Weisfeiler-Lehman test — for measuring the dissimilarity between objects in a fairly general
family called labeled measure Markov chains (LMMCs). Our approach uncovers intriguing
links with graph kernels, graph neural networks (GNNs), causal optimal transport, and the
Gromov-Wasserstein distance.

In order to more directly compare the WL test with the WL distance without resorting
to relabeling, one interesting future direction would be to redefine the WL distance via
positive measures and “unbalanced” (Gromov-)Wasserstein distances (Liero et al., 2018;
Séjourné et al., 2021; De Ponti and Mondino, 2022).

Whereas our paper focuses on the application of our WL distance to the graph setting,
LMMCs can be used to model not just graphs but also far more general objects such as
Riemannian manifolds (equipped with heat kernels) or graphons. Then, our neural network
architecture (MCNN) has the potential to be applied to point sets sampled from manifolds
too, as well as serving as the limiting object when studying the convergence of GNNs.
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(a) K33 (b) Triangular prism

No triangles Contains triangles
Only circles are vertices. Two triangles joined by three edges.

Both graphs: one 0, three 1s, and two 2s

0+3-1+2-2 7
Eccentricity at every vertex: % =5

Figure 9: The graphs K3 3 and the triangular prism from Remark 66. Vertex annotations in-
dicate shortest-path distance from the double-circled reference vertex; only circles represent
vertices. In either graph, every vertex has three vertices at distance 1 and two at distance
2, so its eccentricity is 7/6. These eccentricity labels give zero WL distance, although the
graphs are nonisomorphic and have positive GW distance.

It would also be interesting to extend our WL distance to a higher order version that is
analogous to the high order k-WL test and k-GNNs. We conjecture that a suitable notion
of k-WL distance will converge to the Gromov-Wasserstein distance for MCMSs as k tends
to infinity.

Finally, since many of these results are currently restricted to finite spaces, an extension
to more general settings, such as compact spaces, is anticipated in future work.
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Appendix A. Subsidiary Details
A.1 Useful Facts about Couplings

Here we collect some useful facts about couplings which will be used in subsequent proofs.

Lemma 67 Let X,Y be finite metric spaces and let Z be a complete and separable metric
space. Let ox : X — Z and py :' Y — Z be measurable maps. Consider any px € P(X)
and py € P(Y). Then, we have that

dw((@x)#ux,(w)#uy)i@(i}gfm / dz(ox (), ey (y)v(dz x dy).
XxY

Proof The proof is based on the following result.

Lemma 68 Under the same assumptions as in Lemma 67, if we let ¢ = px X @y, then
we have that

ouClpx, py) = C ((px)phx, (py)ghy) -

Proof [Proof of Lemma 68] Since X and Y are finite, ¢ x(X) and ¢y (Y') are discrete sets.
Then, the lemma follows directly from Proposition 4.5 in (Schmitzer and Schnérr, 2013). B

Hence,

dw (o)1 (0 )hiy) = in / dz (1, 2)v(dar % dza)
’YEC((%@X)#MXv(‘PY)#MY)XXY

= inf / dz(z1, 22) py(dz1 X dzg)
YEC(1x sty )
XxY

— it /dz<gox<x>,goy<y>>v<dxxdy>.
YEC(px,py)
XxY

The following lemma is a direct consequence of (Villani, 2009, Corollary 5.22)

Lemma 69 For any complete and separable metric space Z and a continuous cost function
c:Z xZ — R such that inf ¢ > —oo, there exists a measurable map ¢ : P(Z) x P(Z) —
P(Z x Z) so that for every a, B € P(Z), ¢(a, ) is an optimal coupling between o and 3.

A.2 The WL distance as COT in the label space Z

In Theorem 49 we are considering a special COT problem where the two involved state
spaces for stochastic processes are different. We note that in the literature, most of the
time COT is considering stochastic processes on the same state space. In this section, we
then provide an alternative characterization of the WL distance in terms of COT on a same
state space under certain conditions.
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Given a Z-LMMC (X, /lx), if we require that x : X — Z is injective, then (X, {x)
induces a MMC on Z:

z

x ._ (Ux)ymzX, 3Jz € X such that {x(z) =z
0, otherwise

We further let p, = (€x)gpx (note, however, pp, may not be fully supported on 7).

Now, given any two Z-LMMCs (X,fx) and (), fy) and k € N, if we assume that {x
and ¢y are injective, then these two LMMCs induce two Markov chains on the same state
space Z. It is natural to wonder whether one can characterize the WL distance of depth &
via a COT problem on Z. Recall notation o € P(X**1) and g* € P(Y**+1) from Section
5.2. We now let of, := (¢5F) 4ok € P(ZF1) and BE = (4B € P(Z%1). Here
E’;;rl : Xk 5 ZE+1 denotes the self product of £x, and Kffl is similarly defined. Finally,
we consider the cost df, : ZFt1 x ZFt1 — R defined by d%((z0, ..., 2k), (20, - .-+ 2})) ==
dz(z1, 2},). Note that df o (5 x £51) = ¢k where ¢* is defined through Equation (11).
Then, we have the following result:

Theorem 70 For any Z-LMMCs (X,lx) and (Y, ly), if we assume that {x and ly are
injective, then we have that

k
A, (X, 0x), (V) = d™ (ab. 8)
For the proof of Theorem 70, we establish the following lemma.
Lemma 71 (657 x (5, induces a surjective map from Cpe(a®, %) to Cpe(ak, BE).

Given this lemma, and by the fact that d5, o (67;(“ X ﬁ’;,“) = ¥, it is easy to check that
dck(ak, BF) = d?z (a’%, ﬂg) Hence, by emplyoing Theorem 49, we conclude our proof of
Theorem 70.

Finally, we provide a proof of Lemma 71.

Proof [Proof of Lemmma 71] Fix an arbitrary 7% € Cpe(a®, 8¥). Let wh := (£5 x 05+1) yrk.
Then, it is easy to check that 7r§ is indeed a bicausal coupling between a’} and ﬁé, SO we
omit the proof.

Next, fix an arbitrary 7@ € Che (a%, ﬁé) Now, let us define a probability measure 7
Xk 5 YE+1 in the following way:

kOIl

(@0, -, 2n)s (Yo, - yw) = 15 ((x (o), Ex (2k))s (By (y0)s - - by (yk)))
for all ((xo,...,7x), (Yo,...,yr)) € X*1 x Y1 First of all, observe that
75 (205 2k)s (25 -, 7)) =0

if 2; ¢ €x(X) for some i € {0,...,k} or 2} ¢ £y (Y) for some j € {0,...,k} since 5 is a
coupling measure between o/} and ,BZ. This implies that indeed 7* is a coupling measure
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between o and B*¥. Furthermore, since £x and ¢y are injective, it is easy to check that

mh = (05 x ¢ yrF. Finally, note that

((y (yo) - - - by () |(€x (wo), - - -, €x (wk)))

((Ly (o), - - -, by ()| (Ux (z0), . . ., £x(x7))) (.- 7% is bicausal)
™ ((yov v >yl)|($07 v ,I‘l))

Il
3

7Tk((yo, cony)(wo, - )

Il
N
> N N

foralll € {0,...,k}, (vo,...,y) € Y and (zo,...,zx) € X**1. Hence, ¥ is causal from
a® to B*. In a similar way one can also prove that 7% is causal from 8* to o, too. This
completes the proof. [ |

A.3 More on Lipschitz properties of MP-GNNs

In Section 2.4, we introduced one way of inducing LMMCs from weighted graphs. Below,
we introduce a new method for doing so and hence establish the Lipschitz property of a
new type of MP-GNNs closely related to GINs.

Given any ¢ > 0 and any finite edge weighted graph G = (V, E, w) endowed with a label
function 4G : V — (Z), we generate a LMMC as follows. We associate to the vertex set V a
€

Markov kernel m? as follows: for any v € V,

1
O I E———— Sy 18y
Mo deg(v) +1+¢ (L+2)d + U’G%C:;(v) Wou' O

For each vertex v € V, we let deg®(v) := deg(v) + 1 + €. Then, the following probability

measure fig ==y . i %50 is a stationary distribution w.r.t. the Markov kernel

m&©. Then, we let X (G) := (V, m?’(s),,u%).

Now, recall that G(Z) denotes the collection of all Z-labeled graphs. Given € > 0,
let 1oy : G(Z) — M¥(Z) denote the map sending a Z-labeled graph G into a Z-LMMC
(Xe)(G), La). Let G\ (Z) := I()(G(Z2)) C MZE(Z). Now, for any k > 0, dyy;, restricted on
G(s)(Z) induces a pseudometric, which we denote by dg’)(s), on G(2).

Now, given any € > 0, we consider the following k-layer “normalized” GIN.

1

Toalo] F1Te L+e)lgw) + Y. wulp(v)

v'€Ng(v)

Message Passing: (i (v) = piy1

cadout: . _ deg(v)
Readout: h((G,{g)) : w(é Zv/evdeg‘g(v’)%( ))

where ¢; : R%-1 — R% and v : R% — R are MLPs. Note that the only difference between

the above MP-GNN and GIN defined in (Xu et al., 2019) is the involvement of normalization
deg* (v)

and ==+~
2o ey deg® (V')

1
LeTS gegte)F1ve
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Lipschitz property of normalized GINs. Now, we establish that the normalized GINs

defined above are Lipschitz w.r.t. dg)(a).

Theorem 72 Given a k-layer normalized GIN h : G(R?) — R as described above, assume
that @; is Ci-Lipschitz for i =1, ...,k and that ¢ is C-Lipschitz. Then, for any two labeled
graphs (G1,4q,) and (G2,Lq,), one has that

|h((G1,lcy)) — h((G2’£G2))| <C- H G- d( G, (e )((G17€G1)7 (G27€G2)) :

Proof The proof is similar to the one for Corollary 39.
We first prove that

iw (), 1 (1), 42, ) <TG g (G te), (Gt (1)

Given Equation (15) and the fact that 1 is C-Lipschitz, one has that

(G 46,)) — h(Ga. b)) < O

deg® (v) deg*(v) 4
DL S L AURD DS e LAD)

veV vey VeV deg

<C- dW<<€gl)#M%17 (f'éz)#ua)

< C TGy dg (G, ey ), (Gaylas))

where the second inequality follows Lemma 85 by letting ¢ = idga, .
To prove Equation (15), it suffices to prove that for any v; € Viz, and vy € Vg,

k
66, (1) = £, (02) | S TELC - dw (K8 00y (1) K i (02))

We prove the above inequality by proving the following inequality inductively on j =
1,...k:

He] '01) _e] UQ H < Hz IC -dw ([(X< y(G1)lay )(vl) [E.)( 1(G2) gy >(02>> <16)
When j = 1, we have that

168, (v1) — €6, (v2)]]

<Cy

(1 + 5)601 (Ul) + Zv’leNcl (v1) w’UlUiEGl (Ull) (1 + g)éGQ (’Ug) + ZUQEN(;Q (v2) wvzv’ZECb (UIQ)

deggy, (v1) degg, (v2)
=C chd ( ﬁel)#mGl’(E)) — qud ((EGZ)#WGQ’ 5)> H

< Cidw <(£G1)#mG1’(E) (ﬁGa)#mG%(E)) Cldw( (%o @1ty (V1); [Ei‘f)(s)<G2),2G2>(U2)> '

Here Id : R — R®% is the identity map and thus is 1-Lipschitz.

43




CHEN, LM, MEMOLI, WAN, AND WANG

We now assume that Equation (16) holds for some j > 1. For j + 1, we have that

HEJ-H EH_ ,UQ)H

(1+ 5)%1 (1) + 21 eNg, (1) vw{g (v1) B (1+ 5)%2 (v2) + 2 g eNe, (2) wvwg%Q (v3)
degg;, (v1) degg, (v2)
=Cj1 HQId ( ZGl)#mGl’( )> —qua ((%Q#m%’(a)) H

< Cj1dw ((5 )yt (%Q#mgz’(g))

~ inf Heﬂ o)) — 6, (v} H (dv) x dv
Hl«/ec(mfll’(e) c2<s>) / 5) || v(dv) 2)

) ’U2

< Cjp1

VGl X VG2

< Cjar- inf / T,y - (120 ) ()5 T2 s (08) ) (0] o)

G1,(e) Ga,(e)

_ 1+l (G+1) (3+1)
= T2 Gy (1510 (00 K i (02))

This concludes the proof. |

Appendix B. Proofs
B.1 Proofs from Section 2
B.1.1 PROOF OF PROPOSITION 9

The “only if” part is obvious. To prove the “if” part, we assume (X;(G1), {g, ) is isomorphic
o (Xy(G2),4q,). Then, there exists a bijective map 1 : Vig, — Vg, such that w#mgl’q =
GQ’q s Yupiay, = pa, and Lo, (v) = Lg,(¥(v)) for all v € Vig,. Now, by the definition of

SJMJ G2,q (

and me see Definition 7), one can easily check that

dege, (v) = 0 & mS19(v) = M2 ((v)) = 1 & degg, (1(v)) = 0.

So, consider the case when m$(v) < 1. This implies degg, (v) > 0 and degg, (¥(v)) >

2,9

0. In this case, again by the definition of m?l’q and m? , one can show that

v,v' € Vg, are adjacent < mS19(v') = mi(Qv‘)l(z/J(v/)) >0 < (), (V") € Vg, are adjacent.

Hence, G and G» are isomorphic as we required.

B.2 Proofs from Section 3
B.2.1 PROOF OF PROPOSITION 11

Recall that if X is compact, Y is a metric space, and ¢ : X — Y is continuous, then for
any Borel probability measure o € P(X), ¥4« has finite 1-moment.
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Lemma 73 Under the same conditions, the pushforward map

P :P(X)—PY)
a— YPua

is continuous, where P(X) is equipped with the weak topology and P(Y') is equipped with
the metric topology induced by the (*-Wasserstein distance.

Proof Fix an arbitrary sequence {ay,},>1 of probability measures in P(X) that weakly
converges to o € P(X). Since X is compact and 1 is continuous, we have that for any fixed
Yo € Ya

/dY(yO,y)¢#an(dy)=/ dy (Yo, ¥ (x)) o (dx)
Y X
5 /X dy (4o, 9(x))o(dx) = /Y dy (90, ) ¥ po(dy)

as n — oo. Furthermore, it is well known that the sequence {¢ 4, }n>1 C P(Z) also weakly
converges to Yua; see (Bogachev, 2018, Section 5.2). Hence, by (Villani, 2003, Theorem
7.12), one can conclude that the sequence {14y, }n>1 converges to ¥4a with respect to the
/'-Wasserstein distance. |

(k—1)
[(szX))#

enough to show that the map [E'}f;;) : X — P°=1(Z) is continuous. We will prove this
fact by using the induction on k.

First, for £ = 1, note that [ng),ex) = [lx is a continuous map from X to Z by the
assumption.

Next, assume that the claim holds for £—1 so that [E';Tf;() : X — P°(k=2)(Z) is continuous.

Note that the map [Eifel)){) is a composition of the map = — mz and ([EI;—;))())# Since the

first map is continuous by the assumption and the second map is continuous by Lemma 73,
one can conclude that [E'}fél))d is also continuous.

Therefore, in order to show that [g?zx)(x) = ( mX has a finite 1-moment, it is

B.2.2 PROOF OF THE CLAIM IN EXAMPLE 1

By Lemma 67 we have that
A (X, ), (V. 6r)) = dw (£1((X, €)), £, 6)) = dw (), 15 () 107

= _nf dw (12 [V e d
’Yec(l/?x,uy)x/y W( (XJX)(x)’ (y,zy)(y)) ~v(dx x dy)
X

—  inf / dw ((0x) g, (by) g ) ~(de x dy).
’YEC(MX,MY)X v
X

B.2.3 PROOF OF PROPOSITION 13

First of all, we claim that dw([@’gx)(ac), [E’;)’gy)(y)) <CzoX,)Y)forallz e X,y €Y, and

k > 0. We prove this claim by using the induction on k. For k = 0, this is trivial since
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dz (15, (@), 19,0, () = dz(tx(2), by (y)) < Cze(X,Y) by the definition of Cz,(X,Y).

X.lx) >.ly)
Now, assume that the claim holds up to £ — 1. Then, for k, we have that

dw (1810 @), 18 ) = dw ((K10) s (50)) . m))

= 76c(in; ‘) / dw([gfga)(:v'), [2;;1;)@’)) v(dx' x dy'); by Lemma 67
ey

< Cz(X,Y); Dby the induction.

Hence, the claim above is true.
Finally, with the claim, one can prove that, for all £ > 0,

AL (), (V. 0)) = dw (SR, £)), SR ) = dw (B y) 10 () 07 )

= inf / dw([@’gx)(m), [E';)Jy)(y)) v(dx x dy); by Lemma 67
’YEC(MX#Y)X .
X

< CZ’g(X, Y).

B.2.4 PROOF OF THEOREM 14

The statement (1) follows from Proposition 13 and the definition. It is obvious that
when (X,£y) is isomorphic to (¥, ly), dywy, ((X,€x),(V,ly)) = 0 for all k € N and thus
dwL((X,lx),(V,ty)) = 0. It follows directly from Equation (4) that diy), satisfies the
triangle inequality. Hence, dwr, := supy>; d{,’i,)L also satisfies the triangle inequality.

B.2.5 PROOF OF PROPOSITION 15

Fix an arbitrary £ > 0. Observe that

A (X, L), (Vo) = dw (kX £0)), SV ) = dw ((10y)) b (1800, o7 )

= i (k) (k)
a VEC(I;?)?MY)X/Y dW([()(’gX)(CL'), [(y,éy)(y)) ’Y(dl’ X dy)
X

where the last equality holds by Lemma 67. Similarly,

dgiff)((xv EX)? (vaY))

= / dw(lgl;?j()(a:), [Elgfgﬁ)(y)) v (dx x dy); here v € C(ux, py) is chosen to be optimal
XxXY

-/ nf, [ w080 (0)) ey x ) | (e x )

Mz,yec(m§7m§/
XxY XxY

— [ [ w8 0,8 (00)) vy x ) x dy)
XXY XXY
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where Ve : X XY — P(X x Y) is a measurable map such that for every (z,y) € X x Y,
Vpy € C(m, m;/) is optimal. This map is guaranteed by the fact that (x,y) — (mf,mg)
is continuous (hence measurable) and Lemma 69.

Furthermore, since ux and py are stationary distributions w.r.t mX and mY respec-
tively, it is easy to verify that the measure [y vy (dz x dy) belongs to C(ux, iy ).

Therefore, one can conclude that

dED (X, Lx), (Vs by ) = / / dw (I, (1), (2, (1)) vy (diry X din ) (e x dy)

XXY XxY
> inf / dw (15 1) (), 18, () Y(da x dy) = diyy (X, €x), (V. by)).
WEC(NX#Y)X v
X

B.2.6 PROOF OF LEMMA 18

We first assume that the WL test cannot distinguish (G1, ¢g,) and (G, {q,), i.e., Ly ((G1,4q,)) =
Li((G2,4g,)) for all k = 0,1,.... We then prove that Ly,((G1,4%,)) = Li((G2,4Z,)) for all
k=0,1,.... The assumption L;((G1,%q,)) = Lx((G2,£q,)) for all k = 0,1,... immediately
implies that |V, | = |[Vig,|. Then, it suffices to show that for any v; € Vg, and vy € Vg,

(k+1) _ pk+1) (k) _ k)
E(GL@GQ(UI) - Z(Gz,éGQ)(UQ) = E(GLZ%l)(Ul) - g(Gzﬁé%Q)

(’Ug), Vk‘:(),l,.... (17)

We prove Equation (17) by induction on k. When k£ = 0, for any v; € Vi, and v2 € Vg,

if £%G17£G1)(v1) = €1G2’EG2)('U2)7 then

(gGl (’1)1), {{EGl (’l)), v € Ng, (2)1)}}) = (£G2(v2)7 {{EGz (’U), CAS NGQ(UQ)}})‘

It follows that {g, (v1) = g, (v2) and degg, (v1) = degg,(v2). Then, by injectivity of g, one
has that (7, (v1) = (3, (v2).
Now, we assume that Equation (17) holds for some k£ > 0. For the case of k + 1, note

(k (k . .
that e(fo)Gp(”l) = E(G;?2G2)<’U2) implies that

(6660 o0, {830 @) v € Nay (o) J}) = (06, (), {6, (), v € Nau(e2) } ).

Hence, £%5) (v1) = L&) (vy) and there exists a bijection 1 : Ng,(v1) — Ng,(vo)

(G1:Gq) (Ga:lg,)
such that EEZ‘TIBGI)(U) = KEZJ;Z)G2)(1/J(U)) for any v € Ng,(v1). By the induction assumption,
(k) — p&) (k) — &)
we then have that K(Gly%ﬁ(vl) = Z(GMQGQ)(UQ) and £<GMQG1)(U) = E(GQ’[%Q)&/}(U)) for any

v € Ng, (v1). This implies that

<£§21,g%1)(v1)7 {{ggg)l’ggcl)(v)? v E NG1 (Ul)}}> = <652274%2)(02)7 {{622274;2)(,0)7 v E NG2 (UQ)}}>

and thus £V (vy) = %, (vy). Therefore, Ly <(G1,€%1)) = Lk((Gg,Eé2)> for all

G169 Go b9
( 1 Gl) ( 2 GZ)

k=0,1,... and thus the WL test cannot distinguish (G1,€,) and (G2, (7,,).
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Conversely, we assume that the WL test cannot distinguish (G1,€‘é1) and (G, 02, L) 1e
Lk<(G1,£g1)> - Lk<(G2,€%2)) for all k = 0,1,.... We then prove that Ly((G1,lg,)) =
Li((Ga,4q,)) for all k = 0,1,.... The proof is similar to the one for the other direction.
First, the assumption Lk((Gl,EgGl)> = L <(G2,€é2)> for all k = 0,1,... implies that
|V, | = |V,|- Then, it suffices to show that for any v; € Viz, and vy € Vi,

) 1) =g, o, >(v2) — zggﬂGl)(vl) = éﬁ’gﬂ%)(vg), Vk=0,1,.... (18)

(G144, >(

We prove Equation (18) by induction on k. When k = 0, for any v; € Vg, and ve € Vg,
if €7, (v1) = €3, (v2), then by injectivity of g, we have that {q, (v1) = g, (v2).

Now, we assume that Equation (18) holds for some k& > 0. For the case of k + 1, note
that £57 (v1) = €%, (vy) implies that

(@1t ) (Ga.tE,)

(40 0 {2 00 v oo ) = (60, {00, 0 v Nt ).

By the induction assumption, it is easy to see that

(668 ey 00 00 1 (), 0 € Noy (o) B ) = (68 0y (02), {008, 1, (0), 0 € Ny (o) )

and thus 65?1146, y(v1) = EEZZ?G y(v2). Therefore, Ly((G1,4qg,)) = Lr((G2,La,)) for all k =

) =
0,1,... and thus the WL test cannot distinguish (G1,4q, ) and (G, {q,).

B.2.7 PROOF OF PROPOSITION 17

By Lemma 18, we only need to prove that the WL test cannot distinguish (Gl,ngl) and
(Go, 6%2) iff dwr, ((Xq(Gl), E“é) , (Xq(GQ), Z%Q» = 0. For this purpose, we need to introduce

some new notions.
For any metric space Z, we let MultPow(Z) denote the collection of all finite multisets
of Z (including the empty set). We inductively define a family of sets Z* as follows:

1. Z' == Z x MultPow(Z);

2. for k> 1, ZF1 = ZF x MultPow(ZF¥).

Then, we inductively define a family of maps cpk ZF — P°k(Z) as follows:
1. define ¢} : Z' — P(Z) by

90: + T4t Luea s AFD

(2,A) € Z x MultPow(Z)
dz, A=0

2. for k > 1, define i+t Zk+1 — polktl)(7) by

Q6 k + |A‘ ZZEA (pk(zl)7 A#@

z,A) € ZF x MultPow(Z*) — .
(2 4) (2 {%%w A
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Lemma 74 For any labeled graph (G,lqc : Vg — Z) and any q € [0, 1], one has that for

any k € N
[(k) E(k)
(Xq(Q)\eg) — (G.lq) *

Vo = PH(Z). (19)

Proof [Proof of Lemma 74] We prove by induction on k.
When k = 1, for any v € V, if Ng(v) # 0 we have that

[Ei\/q(c;) zG)( v) = (gG)#mG 4= = q0g(v) T

Z 540

v GNG
= @y ((La(v), {ta(@) : v € Na(@)}})) = 04(tid 1) (V)
If Ng(v) = 0 then we have that
[y (V) = (£a) 4l = 84 ) = g (La(v), ) = g (£d o) (0))-

Now, we assume that Equation (19) holds for some k& > 1. Then, for £+ 1 and for any
v eV, if Ng(v) # 0, we have that

(e (v) = ([(k) ) m& = = q 0, E 0,0)
(Xq(G) ) (Xq(G) L) (v) d (v')
# (Ah(G)ZG) eg (Rb(G)EG)
U’EN (v)
=qd E 5
~ (1)) deg 25 (4G eer®)

= (8 ) {{42@' Y € N }) = A ).

If Ng(v) = 0 then we have that

(k-+1) )
q G

- 5505(422 J(w )) = ¢§+1((£E?,ZG)(U)7®)) sok“(@’&&(@))-

This concludes the proof. |

Lemma 75 Fiz any 5 < q < 1 and any labeled graphs (G1,0c,) and (Ga,lc,). Assume
that the labels satisfy that for any vi € Vg, and va € Vig,, we have that {g, (v1) = La,(v2)
implies deg(v1) = deg(vz). Then, one has that for any v1 € Vg, ,v2 € Vg,

EEC’)l e, y(v1) = 556')2 g, y(v2) iff [<Xq<cl>fc (1) = [Elfv)qmz)ec;z)(@)' (20)

Proof [Proof of Lemma 75] By Lemma 74, we have that K(Gl ‘G, (V1) = EEZ)Z,ZG2)(”U2) implies
that [E];)q(cl) ¢, y(v1) = [gx)q(cw t, y(v2). For the other direction, we prove by induction on k.
When k = 1, we first note that [Eivq(cn ‘@, )( 1) = qdfcl(m) + 7de1g;_31) ZveNG (1) 5€G1(v) if

Ng,(v1) # 0 and [Eif)q(GﬂlGl)(Ul) = 04, (v) Otherwise. Since 3 < ¢ < 1, [<Xq<01)eg J(v1) =

[(1)
(X¥q(G2).tg,)

(v2) implies that 6, (u;) = 04, (vy)- Hence lg, (v1) = EGQ (v2) and thus degg, (v1) =
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degg, (v2). This implies that Ng, (v1) = 0 iff Ng,(v2) = 0. If Ng, (v1) = 0, then obviously,
we have that

U8y, (V1) = (lay (01),0) = (Ley (v2),0) = €3, o, (v2)-

If otherwise Ng, (v1) # 0, then [(Xq(Gl) e, y(v1) = [(Xq(GQ) ‘, ,(v2) again implies that

1—¢q _1—q
iy T ooy T b

UENGl (1)1) UENG2(U2)

Hence, 3 e g (v1) 0o, (v) = 2oveNa, (vs) O, (v) and thus

{{4c, (v) s v € Ny (v1)} = {{la,(v) - v € Nay(v2) -

Therefore, E(Gl e, y(v1) = EEG)Q ‘, ) (v2).
Now, we assume that Equatlon (20) holds for some k£ > 1. Note that

g0
[(kH) ( ) = <Xq(G1> el y(v1)
(X¥q(G1)Lgy) 5 )

(g (Gt @)

deg(vl) ZUENG (v1) %R NOK Ney (v1) #

(Xq<G1> ta\!
NG1 (Ul> =

0
0
(k41 [ k+1)

Then, for k + 1, the assumptions 3 < ¢ < 1 and [(Xq<G1)£c y(v1) = (X (G2t y(v2) imply

that ¢ 5 . Hence [ vy) = [ v9). By the
E?q(Gl)fG (1) (lqu<cz)ea ) (v2) (Xq@l)’ecl)( 2 <Xq(G2>’eG2)( 2) Y

induction assumption we have that €(01 e, y(v1) = EEZ)MGQ)(UQ). It is not hard to see that
) = degg, (v2). Then, similarly as in the

then 401 e, y(v1) = EEGENGQ)(UQ) and thus degg, (v1
= (), then we have that

case k = 1, we have two situations. If N¢g, (v1)
U 00) = (68, g (00,0) = (68, (02),0) = 66370, (v2).

If otherwise Ng, (v1) # 0, then 5"} (vy) = (&F) )(v2) again implies that

(¥q(G1)Lay) (¥q(G2).Lq,

1—¢q _1—gq
deg(vy) Z 5(k> ()  deg(v9) Z 5 5

Xq(Gq1).4 Xo(Go) L ()
vENG, (v1) (q( 1)4ay) vENG, (v2) (q( 2):4Gy)

Hence, ZveNcl (1) 0,9 0 = ZveN%(w) 8 (k) and thus

(gt (Va(G) ) ()

{8 e @) v € Nay (o) J} = {18 ey (0) 1 0 € Nay(om) -

Then, by the induction assumption again, we have that

{{EE?NGQ( )iv€E Ncl(m)}} {{62’22 ZG2>(v) :v € Ng, (’Uz)}} )

Therefore, EEZ?Z)GI)( 1) = %) (vy). This concludes the proof. [ ]

(Go ZG)
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Now, we are ready to prove that
the WL test cannot distinguish (G1,¢3;,) and (Ga, £g,,) iff dWL<(Xq(G1),€g) , (XQ(GQ),WGQ)> = 0.

It suffices to show that for any £ =0,1,...,
Li((Gr, ) = Ly((Go, 2)) if (rﬁ’;;q@l),%l))# ey = (f&’;;@,%z))# per  (@1)

Fix any k = 0,.... We first assume that Ly((G1,4])) = Lr((G2,¢5)). Then, it is
obvious that |Vg,| = |V,| and moreover, there exists a bijection 9 : Vi, — Vi, such that
T (v) = £ (1(v)) for any v € Viz,. This implies the following facts:

G149 Go, 09
( 1 Gl) ( 2 G2>

1. By injectivity of g, degg, (v) = degg,(¢(v)) for any v € Vg,. Hence, degg, (v) =
degg, (¥ (v)) for any v € Vg, .
2. By Lemma 74, for any v € V5, we have that

(k) — Ak (k) — Ak (k) — (R
[(Xq(Gl),chl)(v) =¥q° 6(01,6%1)(1)) =®q© E(GQ%QW(U)) - [(Xq(GQ),chz)(fl/}(v))'

Then,

degg, (v)
(k) _ G1
<[<Xq(G1),£5él))# HGy = Z Zv, 5[(k) (v)

!
eve, 9€8a, (V) g )

= O (k)
veve, 2 weve, dege, (Y (V) e e, ) V)

[ - (Xq(G9),02, ) 2°
vV, ZU’EVG2 degg, (v') (Xq<G2>,49G2)(”) PTG )

(k) — [
Conversely, we assume that <[<Xq<G1)’L,gG )> nG, = <[(Xq(c2>’[% )> G, Then,
VS # 2S#

degg, (v degg, (v
Z gci) R ) Z g(i) 7o (v)° (22)
vevg, 2aveVe, 4086, (V) T ) veV, 2uv'eVe, 9086, (V) xa(Ga) )
. (k) _ (k)
Then, for any v; € Vg, there exists vy € Vi, such that [(Xq<G1MgG1)(v1) = [(Xq(%)lg%)(vg). If
k =0, then
g _ (@ () _ 9
le, () = [(Xq<cl>,e%1>(”1) - [(Xq(G2>végG2)(,U2) = {5, (v2)-
Otherwise, we assume that & > 0. Since % < ¢ < 1, we have that [%" (v1) =

(Xq(G1)4% )
(k—1)
(Xq(Go). 6 )

(v2). Inductively, we still obtain that
g — (0 — (0 — 99
le, (v1) = [<Xq(Gl>,e9G1)(”1) - [(Xq(czxez,b)(”?) = L5, (v2).
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Hence, by injectivity of g, we have that [V, | = [Va,|, degg, (v1) = degg, (v2) and degg, (v1) =
degg, (v2). Then, it is easy to see from Equation (22) that

. (k) _ ((k) _ . (k) _ (k)
{v € Ve : [Wq(Gl)f?;l)(v) - [(Xq(GIWng)(vl)}‘ a HU Ve [(XQ(G2)"’9G2)(U) B [(XQ(G2)’%2)(U2)H '

It is obvious that K%i for ¢ = 1,2 satisfy the condition in Lemma 75. Then, by Lemma
75, we have that Egglyzcl)(vl) = 622)2,,_7(;2)(1)2) and that

Hv eVg @EQMGN(U) = Eéé)l!zcl)(vl)}‘ = ’{v e Vg, : 55221%)(0) = 6222’%2)(02)}’ .

Therefore, Ly ((G1,€é1)> = Ly ((GQ, @%2)>.

B.2.8 PROOF OF COROLLARY 19

It turns out that one only needs finite steps to determine whether the WL test can distin-
guish two labeled graphs (Krebs and Verbitsky, 2015). More precisely:

Proposition 76 For any labeled graphs (G1,lq,) and (G2, 4a,), Lk((G1,4a,)) = Li((G2,{4a,))
holds for all k = 0,...,|Ve, | + |Va,| if and only if Li,((G1,4c,)) = Lr((G2,4q,)) holds for
all k > 0.

Hence, this corollary is a direct consequence of Proposition 17 and Proposition 76.

B.2.9 PROOF OF PROPOSITION 20
Recall from Equation (4) that the WL distance of depth k is defined as

AL (X, 6), (V. 0r)) = dw ((121)) s ((8sy) , )

= inf [ aw( @)1 dr x dy).
VEC(MX,MY)X/Y W( (X’KX)( ) (yvfy)(y)) ( Y)
X

In order to compute dy) ((X,€x), (V,fy)), we must first compute dw([@’gx)(x), [E';,)’ey)(y))

for each x € X and y € Y. To do this, we introduce some notation. For each i =1,... k,
we let C; denote the | X| x |Y| matrix such that for each x € X and y € Y,

Ci(z,y) = dW([g,zX)(@v [g,ey)(y)) .

We also let Cy denote the matrix such that Cy(z,y) = |[fx(x) — fy (y)|| for each z € X and
y € Y. Then, our task is to compute the matrix C. For this purpose, we consecutively

compute the matrix C; for i = 1,..., k: Given matrix C;_1, since [EQ,ZX)(a;) = ([E;;;))# X
(i—1) Y

and [ES,ly)(y) = ([(y,ly))# m,, , computing

m

dy (2 0y (2), 13,0, (1) = 7ec(in)g . / dyw (g2 (), 152 () y(da! x dy).
Ty
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is reduced to solving the optimal transport problem with C;_; as the cost matrix and
mX and mzj as the source and target distributions, which can be done in O(n?log(n)) time
(Pele and Werman, 2009). Thus, for each i, computing C; given that we know C;_1, requires
O(n%n3log(n)). Finally, we need O(n?log(n)) time to compute d\y; (X, £x), (¥, £y)) based
on solving an optimal transport problem with cost matrix C} and with pux and py being
the source and target distributions, respectively.

Therefore, the total time needed to compute dyy (X, £x), (¥, ly)) is

k- O(nSlog(n)) + O(n®log(n)) = O(kn®log(n)).
B.2.10 PROOF OF PROPOSITION 21
We need the following lemma:

Lemma 77 Given any k > 0 and any Z-LMMCs (X,lx) and (Y, ly), we have that

diywr, (X, 0x), (Y, by))

= / / dz(Cx (zr)s by (Ur)) W)y s (dTr X dyg) -+ - (V1) 2,y (dz1 X dyr)y(dz x dy)
XxY XxY

for some v € C(u X,My ) and measurable maps (V;)eo : X XY — P(X X Y) such that
(Vi)ay € C(m,m) ) Y(z,y) € X XY fori=1,... k.

Proof First of all, we claim that for all £ > 0 and (z,y) € X x Y we have that

dw ([Eljc),zx) (), [El;),ly) (y))

- / / dz(Cx (2r), Ly (Uk)) (Ve )y s s (A X dy) - (01) (g X dlyy).
XxY XxY

where each (Vj)ee : X XY — P(X xY) is a measurable map such that for every (z,y) €
X XY, (Vi)ay € Clmy,m) ) fori=1,... k.

We prove the above claim by induction on k. The case k = 0 trivially since dywy ([E 9 e (@),
dx(x,y). Now, assume that the claim holds up to (k— 1) for some k > 1. Then, by Lemma
67 for any (z,y) € X x Y we have that

[8; ey)(y)) =

(k) (k) _ . (k—1) (k
dw([(X,ZX)(x)7 [(y,ey)(y)) = yz,yecl(rrlff,m;’) / dw ([(X zX)(‘Tl) [y, ey)( 1)) Py (dzy X dyr).
XxY
Since (z,y) — (m, m;/) is continuous (hence measurable) by our definition of Markov

chains, by Lemma 69 we have that there exists a measurable map (v1)e,e : X XY — P(XXY')

such that for every (z,y) € X x Y, (v1)zy € C(mX m?j) is optimal, i.e.,

dw ([EI;)ZX)( ) [El;)ey)(y)) = / dW([(I;c el))()(*rl) [Ey?;)(yﬁ) (Vl)x,y(dfl X dyl)- (23)
XxY
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Hence, by the inductive assumption one can finish the proof of the claim.
Finally, with the claim above, we have the following formulas.

AL (2, 0), V. 0)) = dw (5 ) 100 (Bey) v )

= / dw([E?’eX)(x), Igﬁ,)’ey)(y)) v(dx x dy); here v € C(ux, ny) is chosen to be optimal

XxY
= / / dz(x (z), by (Y) (Vie)wp_ s (dop X dyp) -+ - (1) ay(dz1 X dyr)y(dz x dy).

XxY XxXY

where the last equality holds by the claim. Here, each (1;)es € C(mY,mY) fori=1,...,k
is optimal in the sense of Equation (23). [ ]

We are ready to prove Proposition 21. By Lemma 77, we know that

iy, (X, £x), (Y, &)

= / / dz(Cx(zk), by (Yk)) (Vk)ag—yyn— (dzk X dyk) -+ (V1)ay (dzy X dyr)y(dz x dy)
XxY XxY

where v and v;’s are as above. Furthermore, it is easy to verify that (vk)z, 4., (dzk X

dyg) - - - (V1)a,y(dz1 x dy1) is a coupling between my®" and mf@k by induction on k. Hence,

we have that
dwy (X, x), (Y, by))

= [ [ ), 6 00) s X i) () s x i) (d )
XxXY XxY

Z/ dw ((EX)#mf@k, (EY)#mz,/’@k) v(dx x dy); by Lemma 67
XXY
>dw (X, 0x), (Y, 0y)).

B.2.11 PROOF OF PROPOSITION 22

Given two finite LMMCs,
(X, lx : X - R) where X = (X = {1, 29, ...,z } ,mY, pix)

and
(yagy Y — R) where y - (Y = {y17y27 7ym} ,mZ/,,LLY)

We represent their Markov kernels as two transition matrices, My and My, respectively.
Then, the k-step Markov kernels mf{@k and mf’®k are expressed as matrices M §( and M)’“,,
respectively. Assume that n = max(|X|,|Y]). Then computing the k-step Markov kernels of

X and Y will require O(n?3 log(k)) time where O(n?) is time needed for matrix multiplication.
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Then since (¢ X)#mf’@)k and (ﬁy)#m;/ @k are both distributions in R, by (Vallender, 1974),
dw ((KX)#mf’@’k, (ﬁy)#m;/’@k) can be computed in O(n) time for each x € X and y € Y.

Finally, computing di;,)LLB can be formulated as finding the optimal transport cost where
each (x,y) entry of the cost matrix is defined as dywy ((ZX)#mf’(gk, (fy)#m;/@k) and the

source and target distributions are px, puy respectively. Therefore, the overall time com-
plexity is
O(n3log(k)) + O(nlog(n)) = O(n®log(kn)).

B.2.12 PROOF OF PROPOSITION 25

The proof of Proposition 25 is based on the following basic fact about the Wasserstein
distance:

Lemma 78 Let Z be a complete and separable metric space. Endow Z X Z with any product
metric dzxz such that

dzxz((21,22), (23,24)) < dz(21,23) + dz(22,24) V21,22, 23,24 € Z.

For example, one can let

dzxz((21,22), (23, 21)) = \/(dZ(ZbZS))2 + (dz (22, 21))*.

Given any complete and separable metric space X, for any i = 1,2 and any measurable
maps fi,gi : X — Z, if we let h; == (fi,g;) : X = Z x Z, then for any u1, uz € P(X)

dw ((h1)gp1, (he)gpe) < dw((f1)pn, (f2)n2) + dw((g1) g1, (92)502) -

Proof [Proof of Lemma 78] For any v¢,74 € C(p1,12), we define a probability measure
veP(ZXZxZxZ) as follows: for any measurable A, A’, B,B' C Z

V(Ax A'x Bx B') = (fi x f2)gv1(Ax B) - (g1 % g2)79(A" x B).
It is easy to show that v € C ((h1)xp1, (h2)4p2). Then,

dw ((h1)gpr, (ho)gp2) < / / dzxz((z1,22), (23, 24)) v(dz1 X dzg X dzg X dz4)
LIXL LXZ

< / / (dz(z1,23) +dz(22,24)) v(dz1 X dzg X dzg X dzy)
IXZ ZXZ

< / dz(z1,23) (f1 % f2)#yp(dz1 x dz3) + / dz(22, 24) (91 % g2)79(dz2 X dz4)
Zx7Z X7

By Lemma 67, infimizing over all v¢,7, € C(u1, p12), we obtain the conclusion. |

Now we are ready to prove Proposition 25.
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Since L == (¢%,...,¢%), by inductively applying Lemma 78, we have that

D®(G1,Gs) = dw<<Lgl>#MG1, (ng)#li@) < Zk:dw((ficl)# KG s (fiGQ)# MG2> :
=1

Choose ¢; = id : R? — R% to be the identity map for each j = 1, ..., k, then using notation
from Section B.3.1, we have that

(o =tg7, Yi=12andVj=1,... k

Then, by Equation (29), we conclude that

k
D(k>(G17 G2) S ZdW<([22q(G1)veG1>)#uG“ ([Eiq(GQ)le))# MG2>
=1

k
= Z ds\;L((Xq(Gl)’ €G1)7 (Xq(GZ)v ng)) :
=1

By Proposition 15, we have that
D®(G1,Ga) < k- dy (X (G1), bay), (Xy(Go), L)

B.3 Proofs from Section 4
B.3.1 PROOF OF THEOREM 29

Item 1 follows directly from Theorem 32.
Next, we prove item 2. The proof is based on the following two basic results:

Lemma 79 For any d € N and any o, 3 € P(R?), if a # j3, then there exists a Lipschitz
function ¢ : R* — R such that

/ o@)a(dr) # | o(@)p(do).
Rd R4

Proof [Proof of Lemma 79] By Kantorovich duality (see for example Remark 6.5 in (Villani,
2009)),

dw (@, B) = sup {

| #lalatn) = [ o)

Rd

T R? - R is 1-Lipschitz.}

Since a # 3, we have that dyw(c, 3) > 0, and thus there exists a 1-Lipschitz ¢ : R? — R
such that [p. o(x)a(de) # [pa(x)B(dx). [ |

Lemma 80 For any d € N and any o, € P(R?), if « # B and they are both compactly
supported, then there exists a MLP ¢ : R® — R, with one hidden layer and with a Lipschitz
non-polynomial activation function, such that

/ p@)aldz) # | o(x)B(dz).
Rd R4
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Proof [Proof of Lemma 8()] By Lemma 79, there exists a Lipschitz 1 : R? — R such

that [pq ¥ (@)a(dz) # [pat(z)B(dz). Let & = | [patp(z)a(dz) — [patp(z)B(dx)| > 0. Let
K = supp(«a) U supp(3). Then by the classic unlversal approximation theorem (Pinkus,

1999, Theorem 3.1), there exists a MLP ¢ : R? — R, with one hidden layer and with

any Lipschitz non-polynomial activation function, such that sup,cf [[¢(z) — ¥ (2)|| < §.

Therefore,

[ et = [ w@atin)| < [ o) - v@laa) = [ le@) = v@)ati) < 5
Rd

and similarly,

/ o(@)B(dr) — | w(x)B(dr)| <
Rd Rd

Hence, [pqp(z)a(dz) # [pao(x)B(dx). [ |

el o

Now, given any (X, £x) and (), £y) such that d\y; (X, £x), (Y, £y)) > 0, we have that

dW(([EX éx))# HX, ([<y)zy )# '“’Y> = dgz/)L((XJX)a YV, by)) >0

We introduce some notation. Given a MCNNy h :=1 o .S
(X, lx) € ME(Z), we let

orsr © Fypy 0+ 0 Fy and any

(X, 67) = Fy, 00 Fy, (X, x)) (24)

Then, we prove that for each i = 1,...,k, there exists a MLP ¢; : R%-1 — R% for
suitable dimensions d;_1 and d; such that

Vee X, yeY, ({7 (x) =02 (y) iff (3, (2) =15, ) (25)

Given Equation (25), it is obvious that ([EX) £X>) wx # ( Yoty )# uy implies that (E()?’k))# wx #
(ng‘k))# ty. Then, by Lemma 80 and by the fact that X and Y are finite, there exists a
MLP g1 : R% — R such that

/Rd w1 (t) ((5Y) y nx (dt) # /Rd prr1(t) (657, py (dt).

Then, by the classic universal approximation theorem (Pinkus, 1999, Theorem 3.1) again,
there exists a MLP 1 : R — R which distinguishes the two numbers above. Hence, we have

o Swh“ o ka 0--+0 Fm(.)() = </Rd gok_H(t) (E()?k))#MX(dt)>

£ ([ o) (657) , o)
=9 oSp, o Fyp 00 Fy ().

To conclude the proof, we prove Equation (25) by induction on i = 1,...,k. When
i =1, let
A = {(a:,y) eXxY: (EX)#mf % (éy)#myy}.
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Since X and Y are finite, A; is a finite set. We enumerate elements in A; and write
Ay = {(21,y1),...,(Ta,,ya,)}. By Lemma 80, for each j = 1,...,d, there exists a MLP
¢} : R? — R such that

[ eopm@n 2 [ e @),
Rd Rd

We then let ¢y = (go%, 1. .. ,<p61l1> : R4 — R, Tt is not hard to see that ¢ is still a MLP
with one hidden layer and it satisfies that

Ve e X,y ey, (Lx)gmy = (by)ygm, iff /d P1(t)(x)gmy (dt) = /d p1(t) () gmy (dt).
R R
Equivalent speaking,

VeeX,yeY, I, (z) =13, (y) iff 677 (2) =670 (y).

(X,lx) V.ly)

Now, we assume that Equation (25) holds for some i > 1. For i + 1, we let

Aiy1 = {(m,y) eXxY: (ﬁ%’i))#mf # (Eg}”))#m;/}.

Since X and Y are finite, A;y1 is a finite set. We enumerate elements in A;; and write
A1 =A{(z1,y1), -+ (4,15 Ydiy, )} By Lemma 80, for each j =1,...,d;11, there exists a
MLP ¢, : R% — R such that

' (2:1) X - (o) v
/Rdi Pl (t) (£57) iy, (dt) # /Rdi 01 (1) (657) , my (dt).

We then let ¢; 1 = <g0il+1, ©21see ,go?fll) : R% — R%+1. Again ;41 is a MLP with one
hidden layer and it satisfies that Vo € X and y € Y,

(157 X = (67) ) 0 [

[ O ) g = [ i) (5) gm0

Equivalent speaking,

Vee X, yeY, (£§7)

x

X )i Y Ji Ji
L = (657 ))#my iff 607 (2) = 627 (y).

By the induction assumption, Vo € X, y € Y we have that
07 () = 6577 (y) LR 0 (2) = 1300 ().
This implies that
)% X )1 Y - i X i Yy . i i
(f()? ))#mﬂc = (ng ))#my iff ([E?g,éx))#mm = ([Eai,éy))#my iff [E;Zg)(x) = [E;I’l;)f)(y)

Therefore,
0 (@) = 67 (y) i (0, () = (5 (v)

and we thus conclude the proof.
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B.3.2 PROOF OF THEOREM 31

The proof of the theorem is based on the following several lemmas.

Lemma 81 Consider the union

Cp(Z) = U ({(x)ppx}U{x)gmy : z € X}).
(Xlx)eME(2)

Then, Cp(Z) is a countable subset of P(R?).

Proof Every probability measure o € Cp(Z) can be expressed as

o= Z a(z)d,, where a(z) is a sum of finitely many elements in P.
2€Z

Then, by the fact that both Z and P is countable, we have that Cp(Z) is countable. W

Lemma 82 Fiz any d € N. For any Lipschitz ¢ : R — R, any countable subset Z C R?
and any countable subset P C [0, 1], there exists a countable subset Z' C R such that

Fyp(MB(Z)) € MB(Z') and Sp(Mp(Z)) C Z'. (26)

Proof Let Z' := q,(Cp(Z)) C R. Since Cp(Z) is countable, Z’ is also countable. It is
obvious that Z’ satisfies Equation (26) which concludes the proof. |

Lemma 83 For any countable subset C C P(RY), there exists a Lipschitz function ¢ :
R? — R such that the restriction of Gy PRY) = R to C is injective.

Proof Consider the following vector space:
Lipy(R?) == {f : RY - R| f is Lipschitz and f(0) = 0}.

%, Lipy(R%) is a Banach space
(Weaver, 1995). Consider the following collection of signed measures D = {a — : o, €
C and « # S}. Since C is countable, D is also countable. Each p € D gives rise to a linear
functional 1, : Lipg(R?) — R defined by f +— [54 f(z)p(dz). This functional is well-defined
since every probability measure in P(R%) is assumed to have finite 1-moment (see Section
2.3 for this assumption on P(R?)). Moreover, it is easy to check that 1, is bounded and
non-zero (see also Lemma 79 for proving that v, is non-zero). Then, ker(,) is nowhere
dense since it is a proper closed subspace of Lipy(R?). By Baire category theorem, we have
that Uyep ker(t,) # Lipg(R?). Then, choose an arbitrary ¢ € Lipy(R?)\ Uep ker(¢,) and
it follows that g,|c is injective. [ |

When equipped with the norm [|f[| = sup,.,

Lemma 84 For any countable subset S C R, there exists a Lipschitz function ¢ : R — R
such that the restriction of v : R — R to S is injective.
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Proof Consider the isometric embedding E : R — (P(R), d%;) sending each t € R to the
Dirac delta measure §;. By Lemma 83, there exists a Lipschitz map ¢ : R — R such that
QLp’E(S) is injective. We let 9 = g, 0 ' : R — R. Then, it is obvious that v is Lipschitz and
¥|g is injective. |

Proof [Proof of Theorem 31] We let Zy .= Z and C) := Cp(Zp). By Lemma 83, there exists
a Lipschitz map ¢; : R? — R such that do1|cy s injective. By Lemma 82, there exists a
countable subset Z7; C R such that

Fy, (MB(Z0)) € MB(Z).

Let Cy :== Cp(Z1). By Lemma 83 again, there exists a Lipschitz map ¢2 : R — R such
that q,,|c, is injective. Then, inductively, for each ¢ = 1,...,k, there exist a countable
subset Z; € R and a Lipschitz map ¢; : R — R so that g, is injective when restricted
to C; == Cp(Zi—1) and F,,(ME(Z;—1)) € ME(Z;). Similarly, there exist a countable
subset S C R and a Lipschitz map ¢ry1 : R — R such that q,,,, is injective when
restricted to Ciy1 = Cp(Zg) and Sy, (M%E(Z;)) € S and, moreover, by Lemma 84 there
exists a Lipschitz map ¢ : R — R which is injective when restricted to S. We then let
h::d)o&ﬁkﬂ oFy, 0---0F, :ML(Rd) — R.

Pick any (X,(x),(V,ly) € ME(Z). We prove that di ((X,0x),(V,ly)) > 0 iff
h((X,lx)) # h((Y,fy)). The proof is similar to the one for proving Theorem 29. For
eachit=1,...,k, we let

(X, L57) = Fp, 0+ 0 Fy, (X, £x)). (27)
We similarly define (y,egr*”). Then, we prove that for each i =1,...,k,
Vee X, yeY, ({7 (x) = 5?””( ) iff (20 () = (30 (1) (28)

Given Equation (28), it is obvious that ) px # (I WW) py iff (E(“"’k))#ux +

(E(M))# iy . Note that (E(“”k)) ( ))# py € Cry1. Since gy, ., is injective on Cg
and 1 is injective on S, we have that (E(“a k>)# ux # (6(“” )# py iff (X, 0x)) # h((V, ly)).

Therefore, dgz/)L((Xa gX)7 (y7£Y)) > 0 iff h((‘)(v KX)) 7é h((y,gy))

To conclude the proof, we prove Equation (28) by induction on i = 1,...,k. When
i =1, since (x)amy, (ly)um) € C1, Vo € X, y €Y, by injectivity of g,, on C’l, we have
that

Vz e X,y €Y, (bx)gmy = (by)gmy iff gp, ((Cx)gmy) = o (by)gmy).
Equivalent speaking,
VzeX,yeY, [, (x) =1, (y) iff £V (z) =67 (y).
Now, we assume that Equation (28) holds for some i > 1. For i + 1, since

(57 (67 ) ) € Ci, Yo e X,y e,
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by injectivity of q,,,, on Cjy1, we have that

Ve Xy € Y, (157) , mE = (677) , m i gy, ((667) ) = gy, ((667) ) ).
Equivalent speaking,

Vee X, yeY, (£¢7)

mX = (Eg}”’i))# my i 67 (@) = 677 (y).

#
By the induction assumption, Vo € X, y € Y we have that
E()?i) (z) = E()}M) (y) iff [Eg,zw(x) = [g,ey)(y)-
This implies that
)% X ,1 Y - i X i Yy . i i
(f()? ))#mﬂc = (ng ))#my iff ([E;,ZX))#mm = ([E;,ly))#my iff [E;Z()(x) = [E;Zly)f)(y)

Therefore,
O (@) = 67 (y) iff (0 () = (50 ()

and we thus conclude the proof. [ |

B.3.3 PROOF OF THEOREM 32

We need the following lemma:

Lemma 85 For any C-Lipschitz function ¢ : R® — RI, we have that the map dp P(RY) —
R7 is C-Lipschitz.

Proof [Proof of Lemma 85] For any a, 3 € P(R?), pick any v € C(a, 3). Then, we have

1510) ~ 4,0 = | [ etorato) - [ wpstan| =| [ (ol = ptn)tae x an)
<

< [ let - el s xdy) <C- [ oyl (e x dy)
R*xR* R xR?

Since v € C(«, B) is arbitrary, we have that
|gp(@) = ap(B)| < C - dw (e, B).

Hence g, is C-Lipschitz. [ |

Given a MCNNy h == o0 S

onss © Fip 0+ 0 Fy and any (X, 0x) € MY(Z), recall the
notation from Equation (24):

(X,087) = Fy, 00 Fp (X, 0x))

We assume that for ¢ = 1,... k, ¢; is a Ci-Lipschitz MLP for some C; > 0. Then, by
Lemma 85, we have that g, is a Cj-Lipschitz map for i =1,... k.
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We then prove the following inequality:
dw((ﬁ&?”“)# s (677) w) <TG - dyy (X, £x), (D, 6y)). (29)
Given Equation (29), by Lemma 85 and the fact that v is C-Lipschitz, one has that
B2, 0x)) = (D, D] < O | ((657)  1x ) = o ((677) v |
< C- Ck+1dW ((e()?’k))# nx, (€§f7k>)# /J'Y>
< CHILE G dyy (X £x), (Y, by )
To prove Equation (29), it suffices to prove that for any x € X and y € Y (see Lemma 67),
1657 () = 627 () || < T G- dw (E ) (@), 134y () -

We prove the above inequality by proving the following inequality inductively on j =
1,...k:

1657 (@) = 627 () || < TE_,Cs - dw (R0 (2)s 10y (1)) - (30)
When j = 0, we have that E(}?’m =Ilx = [on),zx) and ng’o) =0y = [goy{ey). Therefore,

Equation (30) obviously holds (we let II_;C; := 1). We now assume that Equation (30)
holds for some j > 0. For j + 1, we have that

. . ,
I C - dw (15, (2), 185 (1))

j+1 j X j) Y
= ngl Ci- dW(([EJX)IXQ# My s ([&éy))# my, )

=Cpr- _ inf / TE_, C; - dw (100 (), 15000 (1)) v(da! x dy)
Ty

> Cj inf / 7 (') = 627 (y) || v(da’ x dy
= ]—H'VEC( ifvmf)X y H X (') Yy (y)H’Y( y')
X

= G- dw ((£57) X, (677 ) )

2 [t (6587 m2) g (16773
= (1657 (@) = 657 W)

B.3.4 PROOF OF THEOREM 33

The main technique we utilize to prove the theorem is the following Stone-Weierstrass
theorem.

Lemma 86 (Stone-Weierstrass) Let X be a compact Hausdorff space. Let F C C(X,R)
be a subalgebra containing the constant function 1. If moreover F separates points, then F
is dense in C(X,R).

Ideally, one would try to let X := K to apply the Stone-Weierstrass theorem. However,
notice that Mﬁ(Rd) is a pseudometric space and may not be a Hausdorff space. To handle
this subtlety, we consider the following variant of the Stone-Weierstrass theorem.
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Lemma 87 (Variant of Stone-Weierstrass) Let (X, d) be a compact pseudometric space.
Let F C C(X,R) be a subalgebra containing the constant function 1. If moreover F sepa-
rates points, then F = C(X,R).

Proof [Proof of Lemma 87] In general, a pseudometric space canonically induces a metric
space by identifying points at 0 distance (see Burago et al. (2001 Proposition 1.1.5)). We
let X denote the metric space induced from X with the metric d([z], [y]) := d(z,y) for any
(2], ] € X.

Let @ denote this identification map (also called the quotient map): Q : (X, d) — (X,d)
sending each z € X to its equivalence class [¥] € X. Then, consider the map Q. : C(X,R) —
C(X,R) defined by sending f X > Rto f:=foQ: X — R. It is easy to check that Q.
is an isometric embedding W r.t. the sup metrics on C' (X ,R) and C(X,R) and that Q. has
its isometric inverse (Q.)~" : C(X,R) — C(X,R) defined as follows: for any f € C(X,R),
we let f: X — R be defined such that for any equivalence class [z] € X, f([z]) := f(z) (it
is obvious that f does not depend on the choice of the representative z). Hence, Q. gives
rise to an isometry from C(X,R) to C(X,R).

Note that Q.(F) is a subalgebra of C'(X,R) containing the constant function 1. If F
separates points, then QC( ) separates points on X. By the Stone-Weierstrass theorem, we
have that Q.(F) = C(X,R). Since Q. is an isometry, we have that F = C(X,R). [ ]

We now start by proving a relaxation of Theorem 33. Let
NNE(RY) == {4 o Sppir 0 Fp 00 F, 1V MLPs ;i =1,...,k+ 1 and continuous ¢.}.

Note that NNV(R?) C NN¢(R?) since the latter relaxes the MLP assumption for v in
NN(R?). Then, we prove the following lemma:

Lemma 88 Foranyk € N, let K C ME(R?) be any compact subspace. Then, NN (R?)|c =
C(K,R).

We prove the lemma by applying Lemma 87 to K.

NN¢(R?)|x Contains 1. Given any choice of ¢;s, we let ¢ : R%+1 — R be the constant
map 1. Then, the corresponding function h =10 S,, ., 0 F,, 0+ Fp, =1 € NNG(RY).

NN¢(R?) | Separates Points. This follows from item 2 in Theorem 29.

k+1

NNE(RY)|c Is a Subalgebra. By Equation (29), Lemma 85 and the continuity of ¢, we
have that NN¢(R?) C C(K,R). Next, we show that NNG(RY) is, in fact, a subalgebra of
C(K,R). Given any constant ¢ and function h =0 Sy, , 0 F,, o---0F, € NN¢(R?), we

k+1
have that
ch=c-poSy, 0Fy 0 Fy =(c-9)oSy,  0Fy 0 Fy ENNE(Rd)-
Then, we show that the sum and the product of any hy = o S, o F, o---F, and
hy =08z, 0 Fs, 5 belongs to NNV (R?). We define

Oy = (p1,51) : R RN 5 RT
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and for each 2 <7 < k + 1, we define
D; = p; x @yt RE-1 5 RE-1 5 R R,

It is not hard to see that for each i = 1,...,k+ 1, ®; is also a single hidden layer MLP
with the activation function o. Indeed, if we write @;(x) = Cjo* (W;x + b;) for any z € R%,

and ¢;(Z) = Cio * (V~VZ50 + l~)1> for any € ]Rczi, then for any (;) e R% x ]Rczi, we have that
Ch W1 b1
v =(e) ()= ()
()= &) (00 @) G)+ () v

We let P : R+ x R+ — R+t and P : R+t x R+ — Rk+1 denote projection

maps. Then, we can rewrite h; and ho as follows.

Claim 89 hy =¢oS,,  ,0F, 0 F, =t¢oPoSg 0Fg, 0 - Fp, andhy = woS
Fg, 0. Fp :wOPOSq)kJ,-loF‘I)kO”.F(Dl'

Proof [Proof of Claim 89

‘Pk+1

We define
(X(G),£&7) = Fp, 0+ 0 Fp, ((X4(G), L)) (31)
Then, we first prove inductively on ¢ = 1,..., k that for any X € K
E()‘?’i)(az) = (E(;("’” (x),ﬁ()‘;”(x)) , VrelX. (32)
When i =1,

00 (@) = o, (L) pm)) = (g (L) pmid) i (x)gm) = (657 (), 657 () -
Now, we assume that Equation (32) holds for some ¢ > 1. Then, for i + 1, we have that
f()?iﬂ)(x) = 4o, ((g()?i))# mf) = 4o, (((é()?,i)’ fg?i)))# mf)
= 49,44 ((6()?1))# mi( & (gg?’l))# mf)
- <q<Pi+1 <(€<)?i>)# mf) 1 4Bit ((gg?i))# mf))
= (08" (@), 63 (@),

which concludes the proof of Equation (32).
Similarly,

Sq’kJrl © F(Dk O F‘Pl((ngX =4y, ((f@ k))# /LX) = 4d;,, (((E()A(p’k)ag()?k)))# IUX)
= am ((657) yux © (657) , ix)
= (qQOk+l ( E(w k) # NX) 1 4Gj11 ((g()?k))# 'uX))
= (Sppir 0 Fpp 0+ Fip (X, €x)), 85,01 0 Fip 0+ Fip, (X, £x))) .

Pl+1 Phk+1
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Therefore, ¢ o Ssokﬂ L O =1oPoSg,, oFy, 0 Fp and similarly, Yo Spir ©
F;

@r© " wOPOS‘l’kHOF‘Dk - Fo,.

Given these claims, we then have that

Y05y, 0F g 00 "H/}OS%H 3,0 Fp = (1/)oP+77Z~)o]5)oSq,k+10F¢ko. - Fo, € NNZ(RC[)
and
woS@kHOFs@ko' XwOS@kH A 'Fs51 = (wopxqjjop)o&pkﬂ OF‘Dko' o F¢‘1 € NN%(Rd)

This concludes the proof of Claim 88. Now we finish proving Theorem 33 by showing that
NN (RY)[xc is dense in NNV (R?)|x. Choose any h =0 S, 0 F,, o F, € NN (R?).
By Equation (29) and Lemma 85 again, we have that the map S, _, o F, o---F, :
ME(RY) — R%+1 is continuous. Hence, & := S, ,, 0 Fj,, 0+ F,;, (K) is a compact subspace
of R%+1. Now, for any € > 0, by the universal approximation theorem for MLP (Pinkus,

1999, Theorem 3.1), there exists a single hidden layer MLP 1; : R%+1 — R such that
SUD,cq Hl[}(m) — w(w)H <e Ifwelet h:=1vo0S o F, o---F, , then h € NN(R?%) and

moreover,

Pr+1

sup  |A((X,lx)) —h((X,lx))| <e
(X lx)eK

This implies that NNt (RY) |k is dense in NNG(RY)|x. This concludes the proof.

B.3.5 PROOF OF PROPOSITION 35

We now carry out calculations for the first layer given a graph induced LMMC as input.
Let (G,4g) € G(RY). Consider the corresponding LMMC (X,(G), £) defined in Section 2.4.
Then, by applying H to (X;(G),{g), one has that for any v € V' (without loss of generality,
we assume deg(v) > 0),

I—gq
081 () = g, ((Lg) pmS ) = gy, po) + 57—~ Z Wy Op g (01
deg(v) eNa®)

1—g¢q
= /Rd ©1 (7}”) q(;fc(v) + m Z wvv’5€G(v’) (d’l)”)

v'€Ng(v)

= gp1(la(v) > wewprla)).

deg( v'€Ng(v)

Hence the label map ¢3! : V — R agrees with the one (%, obtained via the message passing
rule specified in Section 4.2. In this way, it is straightforward to verify that any MP-GNN
defined in Section Section 4.2 is a restriction of an MCNN to the collection of graph induced
LMMCs G,(R%), i.e., h = Ho I,.
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B.4 Proofs from Section 5
B.4.1 PROOF OF THEOREM 46

By Lemma 77, we have that
dg\?L((X’ fx), (ya KY))

= / / dz(Ux (z), by (k) (Vk)ag_yyp— 1 (d2k X dyk) - - (V1) 2y (dzy X dyr)y(dz x dy)
XxY XxY
for some v € C(ux, pny) and measurable maps (vj)ee : X X Y — P(X x Y) such that

(Vi)ay EC(mf,mg) V(z,y) e X xY fori=1,... k.

Furthermore, as pointed out in Remark 45, one can construct a Markovian coupling
{(Xi,Y4) },cn € Cm(X,Y) such that

and law((Xg,Y)) = 7. Hence, we have that
AL (X, 0x), (Y, b))

= / / dz(Cx (zk), by (Yk)) (Vk)ay—y o (dz X dyg) -+ (1) (dzr X dy1)y(dz x dy)

XxY XxY

=Edy;({x(Xp), ly(Yy)) > inf Edy;((x(Xy), by (Y3)).
72(€x (Xk), by ( k)>_{(Xi,Y¢)}ig;€CM(X,y) 7(Ux (Xk), by (Yz))

For the other direction, fix an arbitrary {(X;,Y;)},cy € Cm(X,Y). Let
(Vi) s (@it 15 Yig1) = P((Xig1, Yir1) = @isr1, vi01) (X6, Y3) = (24, 01)),
and law((Xo, Yo)) = v. Then,
Edy(Cx(Xk), by (Yr))

- / / dw (0x (1), O (91)) (Vi) (A, X i) - (1) (dy X dyp)y(der x dly)
XxXY XxXY

= [ [ e (18 010 180 (00)) ) (X i)+ () (i i) x )
XxY XxXY

> / / dW([gc),l/.X)(xk—l)v lgiz),zy)(yk—l)> (Vk—l)rk—zayk—Q(dxk—l X dyk—l) e (1/1)r7y(d131 X dyl)’)/(dl’ x dy)

XXY XxXY

> / / v (520, (), 150, (1) ) () iy (e  dy)
XXY XXY

> [ (K 0 1, () 2 x dy) = s ((rzizm)# px (), w) = A, (X, 0x), (9, 67)).
XxY

where the inequalities hold by Lemma 67. Hence, we have that

A (X, 0x), (Y, by)) < inf Edyz(0x(Xy), ly (Ys)).
wi, (X, lx), (Y Y))_{(Xh},i)}ilenNecM(ny) 7(€x (Xy), by (Yz))

This completes the proof.
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B.4.2 PROOF OF LEMMA 48

Note that it is easy to check that ¥ is indeed a coupling measure between o and g* from
the definition. Hence, we only need to verify the bicausality of 7%. Observe that

™ (o, - )|(@o, - .., x1))
=P(Yo =vo,..-, Y =yl Xo = z0,..., X = a)
P(Xo:mo,...,Xk:a:k,Y('):yo,...,Yl:yl)
P(Xo = 2o, ..., X} = xp)
IP’(XIH:le,...,Xk:xk|X0:x0,...,Xl:a:l,YO:yo,...,Yl:yl)
]P’(XH_l =241, .., Xk = 2| Xo = x0,. .., X] :a:l)
P(Xo=0,.... X1 =2, Y0 =v0,.... Y1 =y
P(Xo = zo,..., X; =)

Moreover, since P is a Markovian coupling, it is easy to check that
IP’(XZ_H =241, .., Xt = 2| Xo =2x0,...,X; =21, Y0 =Y0,..., Y] :yl)
=P(Xy = 2| X0 =0, .., X1 = 26—1, Yo = Y0, - .-, Y1 = y1)
X P(Xk1 = zp—1| X0 = w0, ..., Xp—2 = 22, Yo = Y0,..., Y] = y)
XIP’(XIH =141 X0 = z0,.... Xi =2, Y0 =y0,..., Y] :yl)
= my (xr41) - -mg_ (xx)
= P(Xl-s—l =41, Xk = 2| Xo = 20,..., X = xl).
Therefore, one can conclude that
P(onxo,...,Xl :xl,Yb:yO,...,Y}:yl)
P(Xo = zo,..., X1 =)
=7 ((yo, - - -, w) (20, - - -, 11)).

T (Wos -+, ) (0 -+ k) =

This implies that 7% is causal from o to 8*. In a similar way, one can also prove that 7*
is causal from ¥ to a. This completes the proof.

B.4.3 PROOF OF THEOREM 49

In order to prove Theorem 49, we first note that d®" can be recursively computed. For each
i=0,...,k we define V; : X't x Y"1 — R recursively as follows:

Vk(an <o Ty Yo, - - - ayk’) = dZ(gX(xk>7€Y(yk))7 and

Vie1(%0, -+ Tie1,Y0, - - -5 Yim1) 1= inf E,: Vi(Xo,..., Xi—1,Xi, Y0,...,Yi1,Y;)
VIEC(ad as 1P iy

where a§07-~~7$i— , (resp. 6507“_’%7 ,) is the probability measure on X (resp. Y') defined as the

conditional probability measure o - (x;) := o*(xi|zo, ..., zi—1) (vesp. Bl . (i) =

k
B*(wilyos - -, yi-1))®.
8. It might happen that the event (Xo,...,Xi—1) = (zo,...,x;—1) is null, then the conditional probability

777777
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Then, as a direct consequence of Proposition 5.2 in (Backhoff et al., 2017), one has the
following equality

a5 = ot Vi) (dao  duo). (3)
YOeC(ux py) JXxY
It turns out that V;(xo,..., 2, yo,...,y:) is independent of (zg,...,Ti—1,Y0,--.,Yi—1)-
In order to show that this is indeed the case, for each ¢ =0, ..., k, we define W; : X xY — R
in a way similar to how we defined V;:

Wi(zg, yr) = dz(x(xr), by (yr)), and
Wiii(zi—1,yi-1) = inf E,: Wi(X;,Y;)

) k k
vieC(ag, 1.8y, 1)

k

for each i = 0,...,k—1 where o} (resp. B]y“iil) is the probability measure on X (resp. Y)

defined as the conditional probability measure of _ (z;) := of (z;|2;—1) (resp. 6’;2,_ (i) =

B*(yilyi-1))-

Lemma 90 For alli € {0,...,k—1,k} and (2o, ..., i, Y0,.-.,%) € XT x Y+ we have
the following equality:
W(':U(]a sy Ty Yo, - - 7yl) = Wz(xhyz)

Proof The proof is by (backward) induction. First, observe that O‘Iago,...,zi_1 =ak =mf |
and 5507"-@1'— L= ’y“F L= m;/ii , since both of o and ¥ are Markovian. The remaining steps
are straightforward, so we omit it. |

Now we are ready to prove Theorem 49.
Proof [Proof of Theorem 49] First, fix an arbitrary Markovian coupling {(X;, Y;)},cn €
Cm(X,Y). Then, by Lemma 48, we know that 7% := law((Xo,..., X%, Yo,...,Y%)) €
P(XFF1 x YF+1) is a bicausal coupling between o and #*. Therefore,

Edy(0x(Xy), by (Vi) = / ) 7 (da x dy) > d (o, BY).

Xk+1 ka+1
Since the Markovian coupling {(Xj, Y;)},cy is chosen arbitrarily, by Theorem 46, we have
Ak (X, 6x), (Y, by)) > d° (o, g¥).
Now, let us prove the other direction. By Equation (33) and Lemma 90, one can choose
an optimal coupling 7 € C(ux, py) such that

k
d* (a*, B) = Wo (@, yo0) 7" (dzo X dyo).
XxY
Next, for arbitrary (zo,y0) € X x Y, one can choose an optimal coupling (v1)zyy, €
C(mg,, m?jo) such that

Wo(zo,y0) = Wi(x1,91) (V1) g0 (dz1 X dyr).
XxY

same convention for 8%. An alternative and more rigorous way of dealing with this is to define aﬁo 77777 o
as the disintegration of o w.r.t. (xo,...,xi—1) (cf. (Ambrosio et al., 2005, Section 5.3)). However, for

simplicity of presentation, we avoid such a definition.
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We repeat this process inductively to obtain the following maps (v1)e,e; - - - ; (Vk)e,e such that
(Vi)ay € C(mf,mg), for all (z,y) € X x Y and for i = 1,..., k. Furthermore,

Wi—i(zi—1,¥i-1) = WiZiy yi) Vi) 1y (dzi X dy;)
XxXY

for all (x;—1,yi—1) € X x Y. Now, the following equality holds:

0 (o, B) = / - / A2 (x @0), O () (k) s (X i) - (1) 0 o (A1 Xy )7 (Ao X o).
XxXY XxXY

Also, recall that there exists a Markovian coupling induced by 7° and these maps (¥1)e.e, "+ , (Vk)o
by employing Kolmogorov extension theorem (cf. Remark 45). Therefore, again by Theo-
rem 46, we have d°" (¥, g%) > dywy, ((X,£x), (Y, ¢y)). This completes the proof. [ |

B.5 Proofs from Section 6

B.5.1 PROOF OF PROPOSITION 53

The proof is rather lengthy, and we start with some preliminary definitions and lemmas.
Lemma 91 For any k > 1 and any MCMSs (X,dx) and (Y,dy), consider any pair con-
sisting of a Markovian coupling {(X;,Y;)}cn between X and Y. Let v denote the law of

(X0,Y0) and i denote the law of (X, Yy). Let (Vit1)ee denote the transition kernel of
the Markovian coupling for i =0,.... Then, we have that

Y (dzg X dyg) = /(Vk)xkl,ykl(dﬂck X dyg) - - /(Vl)xo,yo(dl’l x dy1)y(dzo x dyo).

Lemma 92 Let (X,dx) and (),dy) be two finite MCMCs. Then, for each k > 1, there
exists an optimal Markovian coupling such that the infimum in Equation (12) is achieved.

Proof Consider any Markovian coupling {(Xj, Y;)},cy between X and ) and an indepen-
dent coupling (X(),Y]) between pux and uy. Let 75 denote the law of (X, Yy) and let v
denote the law of (X(,Y]). Then, we have that

dis™ ({(X3, Yi) bien » (X0, Y0)) = / |dx (20, 2x) — dy (Yo, yx) |17 (dwg x dyo)yi(day, x dyr).

By Lemma 91, the left hand side is simply a continuous function of (v/,~, (Vit1)i=0,..)-
Notice that the following set is compact:
Clux, py) X (MaexyeyC(my ,my )"

Therefore, the infimum can be achieved and hence the optimal Markovian coupling exists. B

Now we start to prove Proposition 53. First of all, dl(\;/[\(vaS is obviously symmetric. Next,

we prove that den'>((X, dx), (V,dy)) = 0 happens if and only if (X, dx) and (), dy) are
isomorphic.
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When are (X,dx) and (),dy) are isomorphic, without loss of generality, we simply
assume that (), dy) = (X,dx). In this case, consider the (diagonal) Markovian coupling
{(Xi, Xi)}ien. Then, for each k € N

A& (X, dx), (¥, dy)) < dis®™ ({(Xs, Xi) biens (X0, X0))
— Eldx (X}, Xp) — dx (X}, X3)| = 0.

Hence, d¥$MS((X,dx), (V,dy)) = 0,

Now, we assume that deny > ((X,dx),(V,dy)) = 0 for some MCMSs (X,dx) and
(¥,dy). Then, dga ((X,dx), (Y,dy)) = 0. By Lemma 92, there exist optimal (1), €
C(my,m)) forall z € X and y € Y and € C(ux, py’) such that

/ dx (@, 2') — dy (5, 5)| (1) (da’ X dif)y(da” x dy")y(de x dy) = 0. (34)
XxY XxY XxY

We define the average of v under v as the probability measure 7/ € P(X x Y) such that
for any measurable A C X x Y,

Y (4) = /X vyl A)a(de x dy).

Note that 7' € C(ux, py). Since X and Y are finite, we rewrite Equation (34) as sums:

> > dx(z,a) = dy (y,y)1Y (@ y) v(z,y) = 0.

(z,y)EX XY (2/,y)EX XY
By Claim 94, there exists an isometry ¢ : X — Y such that
{(z,¢(x)) : x € X} = supp(v) = supp(y).
Since 7,7 € C(ux, py ), this immediately implies that for any Borel subset A C X, one has
px(A) = 7(AXY) = v(A x ¢(A)) = 7(X x §(A)) = py (¢(A4)).

Hence, ¢4pux = pry. Moreover, we have that

y=4= Z 1x ()02, p(ar)) -

rzeX

Then, by the definition of 7/, we have that

doux(@)0ws@y =7 = D, Y@Ly Wary = D > @y e (@, 0)

zeX zieX, ey zeX,yeY \z1€X,y1€Y

= Z Z 7(1‘17¢(x1))yx1,¢(m1)($7y) 6(x,y)

rzeX,yeY \z1€X

= Z Z nx ($1)Vz1,¢(;v1) (.’L‘, y) 5(m,y)'

zeX,yeY \z1€X
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By comparing coefficients for the Dirac delta measures above, one has that

0, if y # ¢(z)

Vﬂ?lyd’(zl)(w’ y) - {’/11,(]5@1)(:’1:’ y)7 if Yy = (;S(CL')

for any #1 € X. This means that {(z,¢(z)) : € X} 2 supp[vy, ¢(z;)]- Since vy, ¢(z) €
C (mi‘;,mg(m)» for any Borel subset A C X, one has that

mfl (A) = VI17¢($1)(A X Y) = 1’1@(:61)(‘4 X ¢(A)) = $1,¢($1)(X X ¢(A)) = mg(xl)(gb(A))
By an argument similar to the one for proving ¢upx = py, we have that
¢#m§i = mg(xl), Vr; € X.

Therefore, (X, dx) is isomorphic to (Y, dy).

Finally, we prove that dg\%Ms satisfies the triangle inequality. It suffices to prove that
for each k € N, d(c};{/v satisfies the triangle inequality. Fix arbitrary three MCMSs (X, dx),
(V,dy), and (Z,dz). Then, we have the following gluing lemma for Markovian couplings.

Lemma 93 (Gluing lemma for Markovian couplings (Brugeére et al., 2024, Lemma 31))
Let (X, Z})ien € Crm(X, Z) and (Z2,Yi)ien € Cm(Z,Y). Then, there exists a (time inho-
mogeneous) Markov chain (X, Z}, Y/ )ien so that (X, Z])ien ~ (Xt Z)ien, (Z], Y )ten ~
(Z?,Y1)ien and furthermore (X, Y] )ien is a Markovian coupling between X and ).

We let I'y y denote the function sending (z,y,2’,y') € X x Y x X x Y to |dx(z,2') —
dy (y,y')|. Then, for any z,2' € X, y,y € Y, and z,2' € Z, we obviously have that

Ixy(z,y,2,y) <Txz(x,z,2,2) +Tzy(z,9,2.9).

Now, consider any Markovian couplings {(Xy, Z})}ien € Cm(X, Z) and {(Z2,Y7) hien €
Cm(Z,Y). By the Gluing lemma above, there exists a Markov chain (X, Z/, Y} )ten so that
(thv Zt{)tEN ~ (Xt7 Ztl)tEN’ (Zig?Y;f,)tEN ~ (Zt27 }ft)tEN and that (Xwgv l/t,)tEN € CM(X’y)
Similarly, by the gluing lemma for usual couplings, for any couplings (X, Zél) and (Zg,, Y;)
there exists a random variable (X, Z|,Yy) whose corresponding marginals coincide with
the two couplings and that (X, Y]) is a coupling between px and py. Therefore,

d((l}C{N((Xa dX)7 (y,dy)) < EFX,Y(X(/)a }f()/v Xk Yk)
< EFX,Z(X(/)’ Z(/)’ Xllc’ Zl,c) + EFX,Y(Z(I)’ YE),’ Zl,cv Y;c/)
= EFX,Z(X(/)’ Z(%/7 Xk, Zli) + EFX,Y(Zg/’ Yg? Zlgv }Ik)

Since the choice of couplings are arbitrary, by taking the infimum one concludes that

dg{)\/((){’dx)? (y7dY)) < dg{N((XadX% (ZvdZ)) + dg{}V((Zvdz% (yde))

as we required. Then, we have that dl(\;/[\%MS = SUPk>0 d(é“{,v satisfies the triangle inequality.
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B.5.2 PROOF OF PROPOSITION 58

To prove this result, we consider the equivalent measure theoretic formulation as follows:

d}éiw(X,Y) = inf / / |dx (z,2") — dy (y,y") |7/ (dz’ x dy")y(dz x dy).
vy €C(1x 1y )
XXY XxY

Symmetry is obvious. We need to prove the triangle inequality plus the fact that
d'&iW(X,Y) = 0 happens if and only if X and Y are isomorphic. The “if” part is triv-
ial. For the other direction we proceed as follows. Suppose that déiw(X,Y) = 0. By
the compactness of C(ux, uy ) with respect to the weak topology (see Villani (2003, p.49)),
there must be optimal couplings ,~" € C(ux, iy ) such that

> > ldx(@,2)) = dy (y,y)|Y (@) y(z,y) = 0. (35)

(z,9)EX XY (a/,y')EX XY
Claim 94 There exists an isometry ¢ : X — 'Y such that
{(z,6(x)) : # € X} = supp(7) = supp(7).
Proof [Proof of Claim 94] By Equation (35), we have that
dx(z,2") = dy (y,9) (36)

for any (z,y) € supp(v) and (2',y') € supp(v').

Fix an arbitrary * € X. Then, since both pux and py are fully supported, there
must exist y,y’ € Y such that (x,y) € supp(y) and (z,y’) € supp(y’). Then, y = ¢/
by Equation (36). Now, if there exists y” € Y such that (x,y”) € supp(y), then sim-
ilarly, we have that ¢’/ = ¢/ and thus ¢/ = y. In other words, for each z € X, there
exists a unique y € Y such that (x,y) € supp(y). Similarly, this same y € Y is unique
such that (x,y) € supp(y’). Hence, we define ¢ : X — Y by letting ¢(x) be the unique
y € Y such that (x,¢(x)) € supp(y). It is obvious that ¢ is bijective and satisfies that
{(z,¢(z)) : x € X} = supp(y) = supp(y’). By Equation (36), we conclude that ¢ is an
isometry. |

Based on the claim above, consider an arbitrary Borel subset A C X. Then,

px(A) =v(AxY) =y(AxXY NAXGA)) =7(Ax(A) = py(d(A)).

Hence, ¢ is a isomorphism between X and Y.
Finally, for the triangle inequality, fix finite metric measure space X,Y, and Z. Notice
first that for all z,2' € X, y,y/ €Y, and 2,2’ € Z,

FX’Y(JZ‘, Y, xlay/) < FX,Z(vaa Zla .’L'/) + FZ,Y(y> Z, y/7 Z/).

Next, fix arbitrary coupling measures v1,7; € C(ux, pz) and v2,v, € C(pz, py ). By the
Gluing Lemma (see Villani (2003, Lemma 7.6)), there exist probability measures 7, 7" €

72



WEISFEILER-LEHMAN MEETS OPTIMAL TRANSPORT

P(X x Y x Z) with marginals 71,7 on X x Z and 72,75 on Z x Y. Let 73,74 be the
marginal of 7,7" on X x Y. Then, by the triangle inequality of L' norm,

diw (X, Y) < ITxv |21 (vsev4)
= ITx vl (rer)
< IPxzllzi@er + 1T 2y |21 e
= ITx 2zt tnev) + T2y L1 (ra0ms)-
Since 1,71, V2,74 are arbitrary, by taking the infimum one can conclude

B.5.3 PROOF OF PROPOSITION 59

Fix £ > 1 and any MCMSs (X,dx) and (),dy). Consider any Markovian coupling
{(Xi,Y;)}ien between X and Y, and a coupling (X, Y) between px and py that is inde-
pendent of this Markovian coupling and has the same law as (X, Yp), as in Definition 51.
By stationarity, (X, Yx) also has marginals ux and py. Thus, (X, Yy) and (X(,Y]) are
two independent couplings between py and py. Hence, by the definition of the decoupled
GW distance,

E|dx (X0, Xi) — dy (Y5, Yi)| > dew(X,Y).

Taking the infimum over all such choices in Equation (12) proves the result.

B.5.4 PROOF OF PROPOSITION 60

Fix arbitrary independent couplings (X,Y), (X', Y"’) € C(ux, uy). Because of the defini-
tions of M(X) and M(Y), one can establish a Markovian coupling {(X;,Y;) }ien and an
independent coupling (X, Yy) satisfying that

1. law (X, Yp) = law(X{(, Yy) = law(X", Y");
2. law(Xgs1, Yir1| Xk, i) = law(X,Y).
Also, it is easy to verify that
law(Xp,Yy) =law(X,Y) forallk=1,2,.... (37)
Hence,

A%y (M(X), M(Y)) < Eldx (X}, X) — dy (g, V)]
= Eldx (X', X) — dy(Y',Y)].

Since (X,Y), (X', Y’) are arbitrary, one concludes that
iy (M(X), M(Y)) < dghw (X, Y).

For the reverse direction, fix an arbitrary Markovian coupling {(X;,Y;)}ien and an
independent coupling (X(,Yy) € C(ux,pny). Let (X', Y') = (X{,Yy) and (X,Y) :=
(Xk,Yk) Then,

E|dx (X0, Xi) — dy (Yy, Yi)| = Eldx (X, X') —dy (Y, Y")| > dglw(X,Y).
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Since the choices of {(X;,Y;)}ien and (X, Yy) are arbitrary, one concludes that
dsty (M(X), M(Y)) > deiw (X, Y).
Hence, dy (M(X), M(Y)) = d2%(X,Y) as we required.

B.5.5 PROOF OF PROPOSITION 62

For any (X0, Yp) € C(ux, py), let {(X/],Y/)}ien denote an independent Markovian coupling
between X and ). Then,

Edyi (X, dx(Xo.e)), (V,dy (Yo, ®))) < E|dx(Xo, X}) — dy (Y0, Y})].

One concludes the proof by infimizing both sides.

B.5.6 PROOF OF THE STATEMENT IN REMARK 63

We first recall the third lower bound (TLB) from (Mémoli, 2011a):

TLB(X,Y):=  inf / inf / ldx (z,2") — dy (y, y)|Y (dz’ x dy') | v(dzxdy).
YEC(1x 51y ) v EC(nx 1y)
XxY XxY

where we omit the % factor from (Mémoli, 2011a) for simplicity of presentation.
For simplicity, we let £% = dx(x,e). Notice that

inf [ ()~ dy (o) (da’ % d) = A (X 60, (9, 6))
v'E€C(ux 1y )
XXY
We hence have that
B Y) = it [ (6. 0. 8 d x dy)
YEC(x 1y )
XxY
For any k£ € N, we show the following equation using the lemma below.
B Y) = it [ (5. 0. 8 d x dy).

YEC(ux 1y )
XxY

Lemma 95 For any k € N we have that d\y) (X, 0%), (Y, 63)) = dwp. (X, 6%), (Y, 6.)).
Proof By Equation (37), we have that

A5 (X, 05 Y)) = inf Eld X.)—d Y,
wiL (X, %), (V. 65,)) {(X;%)}EN ldx (z, Xk) — dy (y, Yz)|

< inf Eldx(z, X3.) — dy (v, Y;
T (X5, Yi)EC(ux iy ) |dx ( k) — dy (Y, Yg)|

= dy, (X, 65), (V. 6)).
By Proposition 15, we conclude that dwy (X, €%), (V,€3)) = d\y. (X, 0%), (Y, 4}.)).
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