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Abstract

Bilevel optimization has recently attracted significant attention in machine learning due
to its wide range of applications and advanced hierarchical optimization capabilities. In this
paper, we propose a plug-and-play framework, named PnPBO, for developing and analyzing
stochastic bilevel optimization methods. This framework integrates both modern unbiased
and biased stochastic estimators into the single-loop bilevel optimization framework in-
troduced in Dagréou et al. (2022), with several improvements. In the implementation of
PnPBO, all stochastic estimators for different variables can be independently incorporated,
and an additional moving average technique is applied when using an unbiased estimator
for the upper-level variable. In the theoretical analysis, we provide a unified convergence
and complexity analysis for PnPBO, demonstrating that the adaptation of various stochas-
tic estimators (including PAGE, ZeroSARAH, and mixed strategies) within the PnPBO
framework achieves optimal sample complexity. Specifically, in the finite-sum setting, the
resulting complexity matches the lower bound in Dagréou et al. (2024) and is comparable
to that of single-level optimization (Zhou and Gu, 2019). This resolves the open question
of whether the optimal complexity bounds for solving bilevel optimization are identical to
those for single-level optimization. Finally, we empirically validate our framework, demon-
strating its effectiveness on several benchmark problems and confirming our theoretical
findings.
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1. Introduction

Bilevel optimization (BLO) effectively addresses challenges arising from hierarchical opti-
mization, where the decision variables in the upper level are also involved in the lower level.
In recent years, BLO has gained increasing attention due to its extensive and effective ap-
plications, including hyperparameter optimization (Franceschi et al., 2018), meta-learning
(Ji et al., 2020), continual learning (Hao et al., 2023), and reinforcement learning (Shen
et al., 2024).
In this paper, we focus on the nonconvex-strongly-convex BLO problem under classical
assumptions, formulated as follows
min H(z) := f(z,y"(x)) s.t. y*(z):=arg min g(x,y), (1)
rERz yeRdy
where H(z) denotes the total objective function, also referred to as the value function
(Dagréou et al., 2022, 2024; Chen et al., 2024). The upper-level (UL) objective f(x,y) is
L/ -smooth and possibly nonconvex. The lower-level (LL) objective g(z,v) is L{-smooth and
strongly convex in y, and its gradient Vg is L§-smooth. As is the case in many applications
of interest in machine learning (Shalev-Shwartz and Ben-David, 2014), the UL and LL
objective functions take the finite-sum form

f(:c,y)=%ZFz-(:c,y), g(:c,y)=%ZGj(w,y)- (2)
i=1 j=1

A widely used and effective strategy for solving the BLO problem in (1) involves using
implicit differentiation (Pedregosa, 2016; Liao et al., 2018; Lorraine et al., 2020; Li et al.,
2022), which leads to the following expression for VH (x) (known as the hypergradient)

VH(z) = Vif(z,y"(z)) — Vig(z,y"(2))[Vig(z,y" ()] Vo f (2, y"(2)).

The bilevel structure typically makes the objective H (x) nonconvex, except in a few special
cases. Therefore, our goal is to develop efficient gradient-based algorithms to find an e-
stationary point of H(z), specifically, a point = that satisfies the inequality E|VH (z)|> < e
in the stochastic setting (Ghadimi and Lan, 2013). To achieve this, a promising approach is
to adapt stochastic methods from single-level optimization, which we refer to as stochastic
estimators, to the bilevel optimization context. However, estimating hypergradients requires
solving LL problems and computing inverse Hessian-vector products.

To tackle these challenges, Ghadimi and Wang (2018) use multi-step gradient descent to
approximately solve the LL problem and incorporate a truncated Neumann series to approx-
imate the Hessian inversion. Subsequent studies (Yang et al., 2021; Khanduri et al., 2021)
leverage variance reduction techniques, such as STORM (Cutkosky and Orabona, 2019) or
SARAH (Pham et al., 2020), improving the sample complexity to O(e~'?), where the O
notation hides a factor of log(e~!). Notably, methods using Neumann series approximations
introduce an additional O(1) factor in both sample complexity! and batch size.

Another approach to computing the inverse Hessian-vector product is to solve the corre-
sponding linear system. For example, by employing a warm-start strategy and performing

1. The sample complexity refers to the number of calls made to stochastic gradients and Hessian (Jacobian)-
vector products required to obtain an e-stationary point.



PNPBO FRAMEWORK FOR STOCHASTIC BILEVEL OPTIMIZATION

one or more SGD steps to solve LL problems and the linear systems, stochastic algorithms
such as AmIGO (Arbel and Mairal, 2022) and SOBA (Dagréou et al., 2022) achieve a sam-
ple complexity of O(¢~2). However, AmIGO requires a batch size that scales with e !,
and SOBA depends on a stronger smoothness condition. Thus, there is a gap in the com-
plexity analysis between stochastic bilevel and single-level optimization when implementing
the SGD gradient estimator. Recently, this gap has been effectively addressed by MA-
SOBA (Chen et al., 2024) through the incorporation of an additional moving average (MA)
technique for the UL variable in SOBA.

For other stochastic gradient estimators, SABA (Dagréou et al., 2022) integrates the
stochastic estimator SAGA (Defazio et al., 2014), and SRBA (Dagréou et al., 2024) em-
ploys SARAH to propose algorithms with lower sample complexity. As indicated by the
results of SABA in Appendix D of Dagréou et al. (2022), the sample complexity of SABA,
under classical smoothness assumptions, differs from the performance of its stochastic es-
timator SAGA in single-level optimization by a O((n + m)'/3) factor. Additionally, the
theoretical analysis of SRBA requires stronger smoothness conditions to achieve a better
sample complexity of O((n +m)'/2e1).

In this paper, we address several open and important questions in stochastic bilevel opti-
mization. First, we observe that existing algorithms and their theoretical analyses typically
rely on a specific stochastic estimator, with case-by-case theoretical analysis. Therefore,
the following question arises:

Q1: Can we propose a unified algorithm design and theoretical analysis framework in which
stochastic estimators can be integrated flexibly and independently?

Furthermore, observing that there remains a gap between stochastic bilevel and single-level
optimization when using SAGA, the following question needs to be addressed:

Q2: Is it possible to bridge the gap between stochastic bilevel and single-level optimization
when using SAGA?

In addition, noting that SRBA (Dagréou et al., 2024) utilizes a double-loop structure and
requires stronger smoothness conditions, one fundamental question arises:

Q3: How can we develop a fully single-loop algorithm for solving stochastic bilevel optimiza-
tion problems that achieves optimal sample complezity of O((n + m)l/zefl) under standard
smoothness assumptions in the finite-sum setting?

1.1 Contribution

We summarize the major contributions of this work as follows.

e A unified plug-and-play framework. We propose a flexible and unified frame-
work for stochastic BLO, referred to as PnPBO. At its core, PnPBO consists of three
key features: (1) It integrates both unbiased and biased stochastic estimators into
the single-loop BLO algorithm framework presented in Dagréou et al. (2022), allow-
ing independent incorporation of stochastic estimators for different variables; (2) An
additional MA technique is suggested when an unbiased estimator is used for the UL
variable; (3) Clipping is applied to the implicit variable, following standard techniques
in deep learning practices.

e New algorithms with optimal sample complexity. The PnPBO framework
is versatile, accommodating all existing single-loop BLO algorithms. Within this
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framework, we employ distinct designs of stochastic estimator combinations, resulting
in some specific instances of PnPBO: (1) SPABA, SFFBA, and MSEBA, which use
the stochastic estimators PAGE (Li et al., 2021a), ZeroSARAH (Li et al., 2021b), and
a mixed strategy, achieving optimal sample complexity that matches the finite-sum
lower bound in Dagréou et al. (2024); (2) MA-SABA, which bridges the gap between
single-level and BLO when using SAGA; (3) Generalized SPABA and SRMBA: These
are instances of the extended PnPBO framework applied to the expectation setting,
where Generalized SPABA matches the lower bound in Arjevani et al. (2023) and
SRMBA is near-optimal under existing bounds. See Tables 1 and 2 for details.

e A unified and sharp convergence and complexity analysis. We provide a
unified convergence and complexity analysis for PnPBO, applicable to all variants of
PnPBO with distinct combinations of stochastic estimators. Although the stochastic
estimators for different variables can be independently plugged in, our theoretical
analysis shows that the step size (learning rate) strategies for these variables must
be coupled to ensure convergence. For further details regarding the explicit coupling
step size conditions, refer to Theorems 14, 15 and Remark 13. Under this unified
framework, we can derive convergence results for all proposed algorithms.

e Empirical validation. We validate our framework empirically, demonstrating its
effectiveness on several benchmark problems and confirming the theoretical findings.

Algorithm Stochastic Estimator ~ Sample Complexity UL, LL Gap Reference
SABA SAGA Ol(n+me™) an ot v/ Dagréou et al. (2022)
O((n+m)*Pety  C3? 0% v
MA-SABA SAGA+MA & SAGA  O((n+m)¥3e Yy Cpt, 0% X Theorem 3.5
SRBA SARAH O((n+m)Y2eYy  CP?, 0% v Dagréou et al. (2024)
SPABA PAGE O((n+m)Y2e Yy cpt, o X Theorem 3.7
SFFBA ZeroSARAH O((n+m)*2e Yy Cpt, 03? X Theorem 16
MSEBA  ZeroSARAH & PAGE  O((n+m)Y?e™Y)  Cp', 0% X Theorem 18

Lower Bound: Q((n 4+ m)*/2¢™1) (Dagréou et al., 2024)

Table 1: Comparison of stochastic bilevel optimization algorithms in the finite-sum setting.
Following Dagréou et al. (2024), the finite-sum complexity comparison is made in the regime

2. In this regime, the one-time O(n 4 m) initialization cost is subsumed by O((n +

n+msS e
m)l/Qefl). The symbol * indicates that this result has been published in our conference paper
(Chu et al., 2024). C?"* means that for all i € [n], F; € CP, and V*F; is Lipschitz continuous
for all 0 < k < p. The same holds for G; for all j € [m]. The symbol v indicates a gap in
either sample complexity or required conditions when using this stochastic estimator for single-
level versus BLO. We omit algorithms such as SOBA (Dagréou et al., 2022), SUSTAIN (Khanduri
et al., 2021), MRBO and VRBO (Yang et al., 2021), which have a sample complexity of at
best @(671‘5). These algorithms, designed for objective functions in the expectation setting, are

further discussed in Section 6.3.
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1.2 Related Work

Stochastic Estimators and Lower Bounds. Single-level stochastic optimization has
a variety of algorithms, which we refer to as stochastic estimators. A classic method is
SGD (Sinha and Griscik, 1971; Bottou, 2010), which requires O(¢~?) sample complexity to
reach an e-stationary point in non-convex optimization. Variants of SGD, such as reshuffled
versions (Shamir, 2016) and other modifications (Lan, 2020), have been proposed to improve
its performance. While SGD is widely used due to its simplicity, its variance remains
constant. To address this issue, Johnson and Zhang (2013) introduced variance reduction
techniques and proposed SVRG, which inspired more advanced algorithms like SAG (Roux
et al., 2012), SAGA (Defazio et al., 2014), and STORM (Cutkosky and Orabona, 2019).
The finite-sum structure is widely applied in single-level optimization to develop first-
order algorithms that converge faster. Several methods achieve optimal sample complexity,
including SARAH (Pham et al., 2020), SPIDER, (Fang et al., 2018), SNVRG (Zhou et al.,
2020), PAGE (Li et al., 2021a), ZeroSARAH (Li et al., 2021b), SILVER (Oko et al., 2024),
and SpiderBoost (Wang et al., 2019). The sample complexity lower bound Q(y/ne™1) is
established in (Fang et al., 2018; Zhou and Gu, 2019).
Bilevel Optimization Methods. Other advances in stochastic bilevel optimization in-
clude: Li and Huang (2024) incorporated a without-replacement sampling strategy into
SOBA. Recently, several algorithms using only first-order information have been proposed
(Kwon et al., 2023; Yang et al., 2023; Chen et al., 2025). However, these algorithms either
lack non-asymptotic convergence guarantees, have less competitive convergence rates com-
pared to our results, or are limited to deterministic settings. Sow et al. (2022); Gu et al.
(2021) proposed zeroth-order algorithms, but they do not have a convergence rate guaran-
tee. Shen et al. (2025); Huang (2023); Kwon et al. (2024) proposed stochastic algorithms
for bilevel optimization with a non-strongly convex LL objective.

2. Preliminaries

2.1 Notations

Let N = n + m. To simplify the notation, we introduce the following notation D,f; 1=
T}\Zz’el ViFi(zk, yk) — ‘—}”ng V3,Gj(wk, yk) 2k, where I and J are the sets of indices
sampled for functions f and g at the k-th iteration. Similarly, Dz; g and Dp ; are defined.

Additionally, let y; := y*(xx) and 2z, := 2*(xx). The clipping function on z with radius
R > 0 is defined as Clip(z; R) = min{1, R/||z||} - 2.

2.2 Assumptions

We present the assumptions for the BLO problem under study.

Assumption 1 (a) For any z, there exists C > 0 such that ||Vaf(z,y*(z))| < C/;
(b) For alli € [n], the function V F;(x,y) is L -Lipschitz continuous in (z,y);
(¢) The function H(z) is bounded from below, i.e., Hy :=inf cpa, H(z) > —o0.
Assumption 2 (a) For any z, g(x,-) is p-strongly convez;
(b) For all j € [m], the functions VGj(z,y) and V>Gj(x,y) are L] and L} Lipschitz
continuous in (z,y), respectively.
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Remark 1 Assumptions 1(b) and 2(b) are stochastic conditions that many algorithms rely
on to achieve enhanced complexity results (Fang et al., 2018; Li et al., 2021a; Dagréou
et al., 2022). They imply that V f(z,y), Vg(x,y), and V?g(x,y) are Lipschitz continuous
with LY, LY, and Lj, respectively.

2.3 Hypergradient Decoupling and Single-Loop Algorithm

We revisit the decoupling approach to address the challenge of computing the hypergradient.
For a given x, we compute an approximation y of the LL minimizer y*(x) € arg min, g(z, y).
Let the inverse Hessian-vector product [V%Qg(:n,y*(x))]_1V2f(aj,y*(x)) be denoted by
z*(z). To obtain a computable approximation of z*(z) in a single-loop scheme, we in-
troduce an implicit variable z, which is computed as an inexact solution to the following
quadratic minimization problem evaluated at the available pair (z,y):

min % <V§2g(aj,y)z, z> — <V2f(3:,y), z> .

2€R%

The process of solving the BLO problem can be viewed as consisting of three update
modules: one for the UL variable x, one for the LL variable y, and one for the implicit
variable z. Based on a warm-start strategy, the single-loop decoupling algorithms (Arbel
and Mairal, 2022; Dagréou et al., 2022; Chen et al., 2024) are structured around these
update directions and can be summarized as follows.

1: for k=0to K —1do
2. Update xp41 =z — oDy,
where DY is an approximation of DY := Vi f(zx, yk) — Vieg(Tk, Ur)2k;

3:  Update Yk+1 = Yk — 5kDZa
where Dz is an approximation of Dz = Vag(xk, Yk );
4: Update k1 = 2k — ’YkD]i’

where D7 is an approximation of D} := V3,g(zk, yk)2k — Vaf (Tk, Yk)-
5: end for

3. Method

In this section, we introduce a unified plug-and-play framework, PnPBO, enabling the
independent integration of modern stochastic estimators and offering guidance on their
usage. Furthermore, based on this framework, we propose two new algorithms as illustrative
examples.

3.1 PnPBO: A Unified Plug-and-Play Framework

We now introduce PnPBO, a flexible and unified framework for stochastic bilevel optimiza-
tion, as outlined in Algorithm 1. PnPBO consists of three modules: Lines 4-6 for updating
the UL variable x, Lines 7-8 for updating the LL variable y, and Lines 9-10 for updating the
implicit variable z. These modules operate in parallel and are independent. Unlike existing
algorithms that rely on specific variance reduction techniques, this framework supports the
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independent integration of different stochastic estimators A, B and C. They can be either
unbiased or biased.

For the implicit variable z, we apply clipping with a radius R in Line 10, where
R := Cf/u serves as the upper bound for |z*(x)|| in Lemma 19. This technique has
been introduced and used in bilevel optimization (Hu et al., 2023; Dagréou et al., 2024)
to control the implicit iterates zi, which allows the analysis to proceed without an a pri-
ori boundedness assumption on z. From a computational perspective, clipping is widely
adopted in deep learning practice (Zhang et al., 2020; Bhattacharjee et al., 2025), and it
does not introduce significant additional computation.

When A is an unbiased estimator, we recommend employing the MA technique. Impor-
tantly, unbiasedness of A (as an estimator of DY) does not in general imply an unbiased
hypergradient estimate, since Dy itself is an approximation of VH (x), so that in general
E[0f] # VH(xi). We therefore introduce MA by incorporating the historical direction
vi_, into the current update to reduce the hypergradient estimation error and stabilize the
z-update, which allows a larger step size o and leads to improved sample complexity.

Algorithm 1 PnPBO: A Unified Plug-and-Play Framework

1: Input: Initializations v*,, p_1, (r_1,y—1,2-1) and (=0, Yo, 20), number of total iter-
ations K, stochastic estimators A, B and C, step sizes {ax}, {8}, {7}, MA weight
{pr}, clipping radius R.

2: for k=0to K —1do

3. Sample S/ for f and S¢ for g;

4:  Compute an estimate 07 of Dy using the stochastic estimator A with S,{ and S7;

5:

. 0, if A is a biased estimator of D%;
v =
k (1 = pr—1)vi_y + pr—10j, if Ais an unbiased estimator of DY;
6:  Update

Thtl ¢ Tp — QUL

7. Compute an estimate v} of D} using the stochastic estimator B with S7;
Update
Ykt1 < Yk — Brvy;
9:  Compute an estimate vf of D} using the stochastic estimator C with S,{ and S7;

10:  Update
zgy1 < Clip(zx — yvg; R).

11: end for

3.2 Instantiation of PnPBO

We present two algorithms as specific implementations of PnPBO. Below, we describe the
stochastic estimators used and the resulting estimates of the three update directions after
independent embedding.
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3.2.1 SFFBA: SToCHASTIC FULL GRADIENT FREE BILEVEL ALGORITHM

We introduce a new algorithm, called SFFBA, which achieves optimal sample complexity
in the finite-sum setting. SFFBA is an adaptation of the ZeroSARAH algorithm (Li et al.,
2021b), originally designed for non-convex optimization, and tailored for the bilevel setting.
The key advantage of this stochastic estimator is that it eliminates the need for multiple
full gradient evaluations. We apply it to all three variable update modules.

Let wy; = (w,“,w,“) for i € [n] and Wy ; = (ng,wg’j,w,;j) for j € [m] represent two
memory variables, correspondmg to the calls to functions f and g. For each iteration k& > 1,
we sample sets I C [n] and J C [m] for f and ¢g with a minibatch size of b. The update
rules for wy; are as follows: if i € I, then wy; is updated to (zy,yx); if @ ¢ I, wy,; retains
its previous value wy_1 ;. Similarly, for @y ;, the update rule follows the same structure.

The update direction for the variable x is vi = 97 with

of =(1 = pr) (vi—1 — Di_1;1,5) + Dit.r g + D <‘Dz—l;[n],[m] - Di—l;u) ;

where pj, is the momentum parameter, and we deﬁne the notation as

A

Di;I,J: ‘I‘ ZVlF wk z’wkz ‘J‘ ZV%QG wk’]7wl€])wk,j

el J€J

Similarly for ﬁz ; and ﬁi 7.+ The update directions for y and z follow a similar approach
:(1 - f_)k) (Ulgfl - Dlzfl;J> + Dz;J + Pk (Dz—l;[m] B szl;J> ) (3)
Uli :(1 - ﬁk) (vli—l - Dz—l;I,J) + DZ;I,J + Pk (szl;[n},[m] - DZ—I;I,J) .

Following ZeroSARAH (Li et al., 2021b, Algorithm 2 and Corollaries 1-2), two initial-
ization settings can be considered. The first uses a full batch at k = 0. Specifically, for
SFFBA, we use the one-time full initialization, for all i € [n] and j € [m],

wo,i = (T0,%0),  Wo; = (w0, %0, 20), v = V5 = Dg, vg =Dy, v5=Dg. (4)

No full-gradient evaluation is required thereafter. The second uses a minibatch at k = 0 and
avoids full initialization, as in ZeroSARAH (Li et al., 2021b, Corollary 2). In this setting,
the initial update directions are computed from the sampled minibatch rather than the full
data set.

3.2.2 MSEBA: MULTIPLE STOCHASTIC ESTIMATORS BILEVEL ALGORITHM

Next, we introduce MSEBA, an algorithm that integrates different stochastic estimators,
including PAGE and ZeroSARAH. This algorithm demonstrates the flexibility of PnPBO
and provides an example for its plug-and-play implementation.

We choose the stochastic estimators A and C for the UL variable x and implicit variable
z update modules, respectively, as PAGE. Specifically, for k > 1, the updates are as follows

xT
of =i = § Dkl m)” WP P
Vg1 + Dy — Dy wp-1-p

That is, with probability (w.p.) p, we compute the full gradient D}, and w.p. 1 — p,
we update the previous iteration’s direction using the samples. The update direction for
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z is constructed analogously: with probability p, v = Dj, and with probability 1 — p,
v = vi_y +Di.;; — Dj_y.; ;. The stochastic estimator B is chosen as ZeroSARAH, and
the construction of its update direction is given by (3). One initialization setting for MSEBA
is the following one-time full initialization, where wy ; is initialized for all j € [m]:

U(a)::@g:ng Ug:ng US:DS’ wOJZ(J:O’yO’ZO)' (5)
For the ZeroSARAH estimator B, the minibatch initialization described in Section 3.2.1
can alternatively be used at k = 0, thereby avoiding full initialization of B.

Remark 2 As established in Section 6.2, MSEBA achieves optimal sample complexity in
the finite-sum setting. This algorithm serves as an example to demonstrate the theoretical
feasibility of integrating different stochastic estimators into the three update modules, high-
lighting the flexibility of PnPBO. It encourages users to select estimators based on problem-
specific characteristics or practical outcomes.

4. Theoretical Analysis Framework

In this section, we present a unified and sharp convergence and complexity analysis
framework. Such a framework would help clarify how the variance properties of stochastic
estimators, combined with step size conditions, contribute to the final convergence rates
and sample complexities. The algorithm framework PnPBO and its convergence analysis
framework are illustrated in Figure 1.

Single-level i PnPBO ; Bilevel

A oPLUG ->‘Update UL variable x ‘ '

50
. Stochastic HE : _stati int
Algorithm PLUG ||| e-stationary poin
. ° . ol .
Framework Estimators | B § = ‘ Update LL variable ¥ ‘ . of BLO (1)
D i
=] 1

* Biased PLUG ! .
co E[|VH(2)|°] < e

—>| Update implicit variable z

* Unbiased
M oo
| |
‘ Decoupling Step Size Conditions ‘ B
. Control Conditions: I
Theoretical
Analvsis SE-VRC, SE-CC, Step 1- Step 5 Convergence Results
Framezvork UE-CC, UEMA-CC Decreasing Behavior with Error, Lyapunov Function (Theorem 14, 15, ... )
(Properties of A, B, C) 1

‘ Coupling Step Size Conditions ‘

Figure 1: PnPBO and Unified Analysis Framework Schematic

4.1 On the Variance Properties of Stochastic Estimators

In this subsection, we recall a generic template for single-level stochastic estimators and
their variance properties. These statements will be repeatedly invoked when we analyze the
same estimators after embedding them into the bilevel framework. Specifically, we consider
the single-level non-convex problem min,, h(u) := % Zqul hy(u).
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The stochastic estimator vy is typically constructed using the current iterate wug, the
sampled set Py and historical information such as {(v;,u;)}*=}. Some estimators addition-
ally maintain explicit memory variables ;1 = (ﬂ,lg_l, el agq% which are maintained and
updated along the iterations based on the iterate and sampling histories. Accordingly, the
algorithm is driven by the recursion

vp = V({Vhe(ur) gere, (oiid {wi i tien, . )y gy = ugp — agog,

where a;, is the step size and other auxiliary variables are updated by prescribed rules.
We work with the following abstract mean-squared estimation error recursion for the
estimator {vg}:

Efllons1 — Vh(urs )] <OE[v — VA(ue)|?] + HE(| Vo, (ur11) = hay ., (w)]I°)
Ly e (©)
+ 7k DL ElIVhg(ue) = Vi (@) ] + A,
q=1

where 0, € [0,1) and 1, > 0 may depend on the batch size pyy1 := |Pyt1]. Let gr+1 be
sampled uniformly from Pyq (given Pg11). The second term on the right-hand side of (6)
captures the local change of a sampled component gradient along the update, and we keep
it in a single-sample form to facilitate the subsequent bilevel analysis. Assume further that
each hg has an Lj-Lipschitz gradient. Then

M E[1V gy (wis1) = Vhg, (o) |?] < Linai Efllve]®] =: neag E|lvs]*].

If v, depends on memory variables, define the mean-squared staleness d; := % Zqul E [Huk—
@} ||?]. By Lp-smoothness, the third term on the right-hand side of (6) (the memory term)
is bounded by 740, with 7 := T];L}%. This mean-squared memory staleness & typically
satisfies a contraction-type recursion up to additional terms:

Ot < A + B[ urs1 — unl*] + G ag B VA (ur)||], (7)

where \; € [0,1) and the coefficients in the above inequality may depend on the size of the
data set Q. The term Ay collects the method-dependent residual variance not captured by
the other terms (e.g., the noise in plain SGD).

Moreover, for an unbiased estimator with E[vy] = Vh(uy), there exist nonnegative
sequences {Coefy }x>o and {Coef) };>0 such that

Coefyy10) — Coef, < —2aj, Coefyi17y + Coef} 4 Ax — Coef}, < 0. (8)

For a biased estimator, there exist nonnegative sequences {Coef} };>0 and {Coefz/}kzo such
that

Coef} 0 — Coef} < —2ay, Coefl ;7 + Coefgﬂ)\k — Coef? < 0. 9)

The inequalities (8)-(9) express compatibility between step sizes and Lyapunov coefficients,
which will be summarized as control conditions next. Appendix B provides instantiations
of (6)—(9) for several standard estimators.

10



PNPBO FRAMEWORK FOR STOCHASTIC BILEVEL OPTIMIZATION

4.2 Control Conditions

We summarize the single-level template in (6)—(9) into a set of abstract control conditions,
which will be used as the interface between concrete stochastic estimators and our bilevel
framework PnPBO. We begin by introducing the SE-VRC (Stochastic Estimator Variance
Recursion Control) condition that characterizes the variance behavior of stochastic estima-
tors. This condition applies to both biased and unbiased estimators.

Condition 1 (SE-VRC condition) A stochastic estimator is said to satisfy the SE-VRC
condition if it exhibits properties of the form (6) and (7) in the corresponding single-level
stochastic optimization problem.

Under the SE-VRC condition, we introduce coefficient control conditions, including the
SE-CC condition (Stochastic Estimator Coefficient Control) for biased estimators and the
UE-CC condition (Unbiased Estimator Coefficient Control) for unbiased estimators. These
conditions relate the step size aj, Lyapunov coefficients, and variance-related coefficients.

Condition 2 (SE-CC condition) A stochastic estimator A is said to satisfy the SE-CC
condition with {A, A’} if there exist sequences of nonnegative coefficients A = {Ax} and
A" = {A}} such that (9) hold, i.e. for k> 0:

Apr 07 — Ap < =24,  Ap7i + Af M — A, <0

Condition 3 (UE-CC condition) A stochastic estimator A is said to satisfy the UE-CC
condition with {A, A’} if there exist sequences of nonnegative coefficients A = {Ax} and
A" = {A}} such that (8) hold, i.e. for k> 0:

Apabf — Ap < =243, Apamit + A M\ - A <0.

Furthermore, our framework involves unbiased estimators combined with MA, with mo-
mentum parameter py € (0,1]. In the Lyapunov analysis, the MA update introduces an
additional deviation term, which is controlled by an extra Lyapunov coefficient A”. This
motivates the following UEMA-CC (Unbiased Estimator MA Coefficient Control) condition.

Condition 4 (UEMA-CC condition) We say that a stochastic estimator A satisfies the
UEMA-CC condition with {A, A’, A"} if there exist sequences of nonnegative coefficients
A={A;}, A ={A,} and A" = {A]} such that for k >0, the following inequalities hold:
PRAY 107 + Apa0F — Ay, <0, % + Ay (1= pg) — AL <0,
PRAL TR+ T A + M AL — A <0,
where py, € (0,1] denotes the moving average weight.

Remark 3 (Discussion of the Control conditions)

(1) The SE-VRC condition characterizes the variance property that stochastic estimators
should possess in single-level stochastic optimization problems. Based on this, we can estab-
lish the validity of the inequalities in the BLO setting, specifically (10)—(11) and (19)-(22).

(2) The SE-CC, UE-CC, and UEMA-CC conditions provide coefficient relations between
step sizes, Lyapunov coefficients, and variance-related coefficients, ensuring that the SE-
VRC recursions can be combined into a telescoping Lyapunov decrease in the bilevel analysis.

11
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—E[[lvz|?] Case 1.1 axE[[|of — Df|I”] (A BE, Corollary 5)
L Case 1.2 p2E[5 — DEI?) (A UE +MA, Lemmas 4, 6) 33{8)9), (171420)
~E[[|VH (z)]?] E([flvi[1?]
Y Y12 . .
- —’u*HZ] Case 2.1(B BE, Lemma 7) SiE[llvi — DY)y | g[jop - D2
Lomma 4 [ Case 2.2(B UE, Lemma 8) 2E[|[v! — D?|?]
E[||VHy, — vf 2] E[llv; — Dil1?]
\.]E[HZA - Z*”2] Case 3.1(C BE, Lemma 10)7:E[||v} — D;Mﬂ <
g Case 3.2 (C UE, Lemma 11)’YkE[HU —Dil’] | Control Conditions
Step 1:

Descent of the Total s Step 4:
Objective Function Step 2, 3: Descent of the Approximation Errors Descent of the Variances

Figure 2: Roadmap of the Analysis Framework. Above, “BE” represents biased stochastic estimator
and “UE” represents unbiased stochastic estimator. In the figure, we have kept only the key

terms from the formulas.

4.3 Analysis Steps of Framework

This subsection provides the five-step roadmap used throughout the paper. Steps 1-4
establish monotone descent behaviors with error terms, depending on whether the stochastic
estimators are biased or unbiased. These behaviors can be expressed as recursive inequalities
in conditional expectation

E[Ek_H |fk] +A; < wkﬁk + Qp,

where ﬁk, A, and € are nonnegative quantities, and wy € [0,1] is a contraction factor.
Step 5 constructs a Lyapunov function, which integrates the lemmas from Steps 1-4 to
derive the final convergence results.

Specifically, as illustrated in Figure 2: (1) Starting from the total objective function
H(x) in Step 1, and based on Lemma 4, the errors in the monotonic decreasing behavior of
H (z},) include the gap between the UL variable update direction and the true hypergradient,
ie., E[||[VH (zx) — v¥[[?]. This gap is analyzed case by case in Corollary 5 and Lemma 6,
depending on whether A is biased or unbiased. (2) The approximation errors E[||lyx — y;||?]
and E[||z, — z;||?] appear in the errors of the descent behavior derived in Step 1 (as shown in
Corollary 5 and Lemma 6). We further analyze these errors separately in Step 2 and Step 3.
(3) In Step 4, we control the variance term by examining the performance of the stochastic
estimators when embedded in our bilevel setting. (4) Finally, in Step 5, we construct an
appropriate Lyapunov function to integrate the above analyses and derive the convergence
and complexity results. Next, we will provide the details for each step.

Step 1: Descent of the Total Objective Function H(x)

Under Assumptions 1 and 2, H is L¥-smooth (Lemma 20). Based on this, we can
characterize the descent behavior of the overall objective function with errors, as described
in the following lemma.

12
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Lemma 4 Suppose Assumptions 1 and 2 hold, and ay < 1/(2L"). Then we have
ag af T ag T
E[H (@11)] < E[H (0)] = SE [IVH @I ] - B[] + SE [IVH (o) =i ]

Notably, Lemma 4 does not depend on the type of stochastic estimator A. To further
quantify how the term E[||VH (z),) — v§||?] affects the descent of H, we establish two refined
descent results, distinguishing whether A is biased or unbiased.

Case 1.1: A is a biased stochastic estimator.

We decompose the gap between the hypergradient and the iterative direction of x,
E[|VH (zg) — v¥?], into two terms: E[|VH (xx) — D¥|*] and E[||vf — Df|]?], leading
to the following corollary.

Corollary 5 Suppose Assumptions 1 and 2 hold, and ay < 1/(2L™). Then we have
E[H (v4+1)] <E[H (w4)] = S |IVH (02)*] = 2B [I0F 1] + s [Iof - DEI?]
+ 3104k [y — 971%| + Bcacn [l - 117
where ¢1 = (Lf)2 + (LSR), o = (L9)2.

Case 1.2: A is an unbiased stochastic estimator.

When A is an unbiased stochastic estimator, combining it with the MA technique yields
the following lemma.

Lemma 6 Supposing that Assumptions 1 and 2 hold and that A is an unbiased stochastic
estimator. Then we have

Ellviyy — VH(wrs1)[1?] = Elllvg — VH (21)]%]

2 (7H)?2 22
. 9 a3 (L + 12¢c1pic
< — piE [lvf — VH () |12] + o3E [|[6%,1 — D 7] + 3 )p SR I

+ 1204 (et SFE | [of|*] + e22ZE [[0517) ) + 90 (1 [llge = vl + 2 [l12n — =21 ).

Step 2: Descent of the Approzimation Error E[|y; — yi|?]

In this step, we evaluate the error from approximating y; with y;. We construct the
corresponding lemmas separately, depending on whether B is a biased or unbiased estimator.

Case 2.1: B is a biased stochastic estimator.

Lemma 7 Suppose Assumptions 1 and 2 hold, B is a biased stochastic estimator and the
step size satisfies B < ¢ . Then we have

2
E [llveer = viall’] < (1= esB)E [l — i) + 2B [If]1?] + eapi [l — DY)
_ . p+L7 1 _ulLly _ aptLY N 2(p+LY)L2,
where c—mln{ NL51;17u+L£1]}7 3 = WIL?)’ ca =06 #lezlv G5 = pLf ’

Case 2.2: B is an unbiased stochastic estimator.

13
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Lemma 8 Suppose Assumptions 1 and 2 hold, B is an unbiased stochastic estimator and
the step size satisfies B, < 1/(u+ LY). Then we have

Ce(x

Bk

2
E g1 — vial’] (U= BB [y — i) + 2 [l1of)2] + 262 [[|of - DY,

where cg = 2L2. /.

Remark 9 The key difference between Lemmas 7 and 8 is the coefficient on E[||lv! — DY||?],
which scales as By for biased estimators and as B,ﬁ for unbiased ones; an analogous pattern
holds for Lemmas 10 and 11.

Step 3: Descent of the Approzimation Error E[|z, — z;||%]

Similar to Step 2, we derive the following two lemmas based on the type of C to measure
the approximation error between z; and z;,.

Case 3.1: C is a biased stochastic estimator.

Lemma 10 Suppose Assumptions 1 and 2 hold, C is a biased stochastic estimator and
the step size satisfies v < ¢ . Then we have

* 2 1% * 1801’)% *
E(llze01 = 2’ < (1= 5 B [ll2n = 1] + =2 [lgs - il
2
Crx
+ ewnE [Iof — DY) + T [l 7]

where c; = 4L% /u, c10 = 12/p.

Case 3.2: C is an unbiased stochastic estimator.

Lemma 11 Suppose Assumptions 1 and 2 hold, C is an unbiased stochastic estimator
and the step size satisfies v < min{1/(10u),1/LY}. Then we have

* 2 * *
B[zt = i |*] < (0= wn) E [z = 517] + csn |l — wil?]

2
Co(x
LE (g )],

+ 297 [|lof - DEII?] +
Tk

where cg = 8¢y /u, cg = 3L2. /1.

Step 4: Descent of the Variances

In this section, we characterize the variance behavior of single-level stochastic estima-
tors when they are embedded in our bilevel framework. Assuming that A, B, and C in
Algorithm 1 satisfy the SE-VRC condition in Section 4.2, we establish the corresponding
bilevel variance bounds as follows. These variances include E[||0f — Df||?], E[||vy — DY||?],
and E[[[v — DE|I?].

Case 4.1: For the stochastic estimator A in the bilevel setting, we have

E[[051 — Di1l1?] <OLElI0F — DI*] + g croREl|oi 1% + ng' et SE[ o} 11]

(10)
+ g e REil*] + 7ot + AL

14
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Here (5,;4 denotes the mean-squared staleness induced by the memory tables maintained
by A, and it satisfies

A AcA | A, LA, A,
i1 A0+ T QZE[og I17) + Y BRE(|0p 1) + i R EvE 7]

AT 2 |2 ALY 92 Y112 Az 2 z|2 (11)
+ il ToRE(IDEN®] + Y SREI D) + 7 Bl DR )

Detailed proofs are deferred to Appendix D, where we also provide the corresponding
interface inequalities (19)—(20) for B and (21)—(22) for C.

Remark 12 In our PnPBO framework, which couples the UL and LL objectives f and g
through the variables (z,vy, z), embedding a single-level estimator typically leads to recursions
that are slight adaptations of the single-level ones. Here, we treat (10)—(11) and (19)-(22) as
abstract interface inequalities for plug-in estimators: to embed a specific estimator, one may
start from its single-level derivation and establish the corresponding bilevel counterparts term
by term under Algorithm 1, thereby identifying the involved parameters; see, for example,
Lemma 235.

Step 5: Constructing Lyapunov Function

We use a Lyapunov function to combine the above inequalities. Specifically, we construct
the Lyapunov function as follows

Ly =E [H (zy,)] + AE [[[6F — DEI?] + BiE [lvf — DYI] + CiE [|lof; — Di|I*] + Apo7
+ BLoy + Cof + AYE [[|vf — VH () I°] + CyE [llye — will®] + C:E [[l2 — 2117 -

Here, all the Lyapunov coefficients are nonnegative. By Assumption 1(c), Ly > E[H (xy)] >
H,.If Ais a biased estimator, set A} = 0.

The construction of the above Lyapunov function is analysis-driven: we systemati-
cally decouple all error sources arising in the algorithmic recursion until no further de-
coupling is possible. The underlying logic is as follows. Since our stationarity criterion
is based on the hypergradient H(xj), we must explicitly control both the approxima-
tion errors and the stochastic errors in hypergradient estimation. The approximation er-
rors include E[||lyx — y;||?] and E[||zx — 2;||%], together with the additional tracking term
E[||vf — VH(x)||?], which captures the hypergradient-tracking improvement brought by
the MA mechanism in the z-module. The stochastic errors consist of the variance terms
E/LH@IJE - DiHQJ, E[llvy — D}|1?], E[|lvi — Df||?], as well as the memory (staleness) terms
o7, (5,‘3, and 0y .

Combine the inequalities presented in Steps 1-4 to provide an upper bound for Ly —Ly.
The inequalities to be selected for estimating each term can be found in Figure 2.

We choose the Lyapunov coefficients and step sizes so that the decoupling and coupling
step size conditions required by our framework are satisfied (see Sections 5.1 and 5.2). Under
Assumptions 1-2 and the corresponding control conditions, this yields

E [|VH (i) ?] < Li = Liss + B,
where Ay = (Ags1 + Agﬂpi)Aﬁ + Bk_HAE + C/.H_lAg and AkA, Af, Ag are given in (10),
(19) and (21), respectively.
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Therefore, we can obtain the final convergence result
Lo—H, YK A,
inf E[||VH (zz) ||?] < 4 k=0 T8
Jnf B[VH (2x) I'] < — 55 %0
where 6 is a parameter that depends on «j. This bound is an abstract template: once the
specific estimators are fixed, it suffices to verify the corresponding control conditions and
step size relations to obtain an explicit rate. In the next section, we instantiate our analysis

framework and derive the corresponding general convergence theorems.

5. Theoretical Results

In this section, we establish general results for the cases where all estimators are biased and
where all estimators are unbiased, as presented in Theorems 14 and 15, respectively.

Notably, our convergence analysis framework allows for the integration of both biased
and unbiased estimators. However, due to space constraints, we omit explicit theorems for
this combined case.

5.1 General Convergence Theorem 14: biased estimators

In this subsection, we present a general convergence result for the case where all stochas-
tic estimators are biased.

Before stating the main result, we summarize the step size conditions required in The-
orem 14. Specifically, we impose the following decoupling step size conditions

o < SLH Bk <¢ v <G, (Bk+177k + Bk+1nk ’y> Br < My, Bk+1?7/B VB < W‘;, (12)

and the coupling step size conditions

ar < magBr, ok < MayVk, Ve < Mg B, (13a)
(Ak+l77kA + A?cﬂﬁ;?’g) B < My,  Aj 17 1 By < Mo, (13b)
Cl N
(Ck+177k + Chsa Ty, & ) B < Ma,  Cj i), B, < Mo, (13c)
1 1
B B B/ AB#E) < B/ A/B x < 13d
( k1M T k+17k Bk > 96ma562’ k+1"g ﬂk > 196mo¢ﬁ7 ( )

where ¢ € {z,y, 2z}, and the constants above are determined by the constants in Assump-
2
tions 1-2. Specifically, ¢1 = ¢1 + 1, éo = co + 1, My = min{ L1 } My =

66y 4é1° 7252
2 2 2
. 1 g 1 1 & n o 5
min { 96mapc1? T2¢1ce’ 6¢17 4mygc’ 72m.,g€2L2 ? 40m.,géac10L2 } » Map = N 8L2 > 108c1 }
2 2
. 3 1 . c3 c3 1
ma'Y = n { 16LZ* ’ 60cac10 }’ m'}/ﬁ 5481 M2 min { 36¢2 7 36m7/3L§ ’ 20m7g010L§ 7 196mgag }

Remark 13 Decoupling strategies bring immediate benefits in BLO, as they render each
search direction linear with respect to the functions f and g, which simplifies both the algo-
rithmic structure and the analysis. Nevertheless, the decoupling is not complete: the step
sizes remain intrinsically coupled, as reflected in (13). Moreover, for ease of verification,
the above step size conditions are simplified based on (13a).
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With these step size conditions in place, we are ready to state the following theorem.

Theorem 14 Fiz an iteration K > 1 and suppose that Assumptions 1 and 2 hold. Select
stochastic estimators A, B, and C as biased, and assume they satisfy the SE-CC and SE-
VRC conditions with { A, A'}, {B, B'}, and {C, C"}, respectively. Assume that the sequences
{ar}, {Br} and {vi} satisfy the decoupling step size conditions in (12) and the coupling step
size conditions in (13). Then we have

2(Lo — H, ) =
inf E[||VH (z;) [|?] < ;1 T Z (Ak 1 A7 + Bra AF + CenAF) -
k<K Zk —o Q% o

5.2 General Convergence Theorem 15: unbiased estimators

Subsequently, we provide a general result for the scenario in which all stochastic esti-
mators are unbiased. Before stating the main result, we summarize the step size conditions
required in Theorem 15, starting with the following decoupling conditions

1 . 1 " W . " 1 1
< 5rH < < — —, =5 14
ak—QLH’ Bk_mln{/,L—FL‘(l]’lGCQ’ 16[4%}’ ’Wf_mln{loLza 10Ma L_(ly}v ( a)

L 1 1B K
< mi 1l ( B vp ) _ BB 14b
Pr < mm{Q\ﬁ } M Bry1 + 77k 1) = 105, By Br < 166y (14b)

and the coupling step size conditions are given by

1
ar <mhgBe, ok < Mp vk, Yk < MisBe pemi <4, A ———, (15a
af ay’) vB PEM k+1 96 (LH)Q ( )

1 1 nd
A < i d POE P ( B g ) 15h
Prfee1 = mm{144c1’ 90cy” 144, 120cy [ \Tk7k+ il B ) < 6, ()
(771::4Ak+1 +ipt k+1) < Ms, (U%Ck—kl + ﬁg’ECfm) < Ms, (15¢)
A e 1 N

A A1 B < Ma, 527 Bl B < Al Ay Chy1Be < My, (15d)

R 1 LH R 1 p r
where ¢ € {x,y,z}, M3 = mln{—1062, —1651}, My = mln{24m, s Toog 71%2 7B}, myg =

; 1 2 I i 1 2 I — mind X 5
min { 32c Zder } » Moy = TN { 32c9” Toe } » My = 1IN { 8cs? 16 }

With these step size conditions in place, we are ready to state the following theorem.

Theorem 15 Fiz an iteration K > 1 and suppose that Assumptions 1 and 2 hold. Consider
unbiased stochastic estimators A, B, and C. Assume that all three estimators satisfy the
SE-VRC condition. In addition, A satisfies the UEMA-CC condition with coefficient family
{A, A", A"}, and B and C satisfy the UE-CC' condition with coefficient families {B, B'} and
{C,C"}, respectively. Assume that the sequences {ar}, {8k}, {7}, and {pr} satisfy the
decoupling conditions in (14) and the coupling conditions in (15). Then we have

" 4 (Lo = Ho+ X050 ((Agss + AL 1 p)AR + Brin AB + Cpia A7) )
Zk:_ﬂ Ak .

inf E[||VH
Jnf E[VH (2
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6. Illustrative Examples

To illustrate the effectiveness of the proposed algorithm and its convergence analysis frame-
work, we provide several examples in this section.

We begin by presenting the proofs of convergence and sample complexity for SFFBA
and MSEBA. We then discuss how this framework can generate additional algorithms and
extend to the expectation setting. It is important to note that MA-SABA and SPABA,
which were introduced in the conference version, also serve as specific instances of our
framework. Due to space limitations, we will not delve further into these methods here.

6.1 Convergence Rate and Sample Complexity of SFFBA

Using the convergence analysis framework, we can derive the following convergence result
for SFFBA.

Theorem 16 Fiz an iteration K > 1 and assume that Assumptions 1 and 2 hold. Select
the batch size as b = v/ N, and set the momentum parameter pp = p = % = ﬁ Then
there emist positive constants o, 3, 7y, cg, cag, and cyg such that if

ar=a<1/2L7), w=v<% Br=B<cs abr<cas Wh<cy  (16)

and the step sizes satisfy (13a), the iterates in SFFBA using the one-time full initialization
(4) satisfy

inf E[|VH ()]} = 0 (K. (a7)

To attain an e-stationary point, the sample complexity is O(N + v/ Ne~1).

Proof Based on the convergence rate analysis framework we provided, and in conjunction
with Theorem 14, we will now give the values of the undetermined parameters, select the
appropriate step sizes and Lyapunov function coefficients, and verify the conditions that
need to be satisfied in Theorem 14.

(D Select the Lyapunov function coefficients as Agi1 = %a, By = %, Ciy1 = 2%,
Al = 8apLl”, By, = 8BpL", C}, = 8ypL". Let cy53 = cap := \/71&1]\4{%%”7 and cg =

. — My 1
min {C» 16+12L7 > \/(16+12L//)96maﬁ52 } ’

(2) Validation of the SE-VRC condition:

Lemma 2 in Li et al. (2021b) verifies that the SE-VRC condition holds. More details on
the properties of ZeroSARAH in the BLO setting can be found in Lemma 23.

(3 Validation of the SE-CC Condition: It holds by

N 20
Ak+19,fc4 — A = ?(1 — p)2 — ? < —2a;,

20 2L" 52 b
Aprmi + A N — Af = ;a bp + 8apL” <1 - 2N> — 8apL” < 0.

For B and C, the same reasoning applies.
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@ Validation of the decoupling step size condition (12): It holds by (16) and

254

. 3N
(Bk+177k + Bjyy By) Br = < ; 83pL" —

) B < (16 + 12L") B* < M.

(® Validation of the coupling step size condition: We have

« 8 120N
(Ak+177k + Aj 1) Ae) B = (bp + Z L") af < M,

where ¢ € {x,y, z}. Similarly, we have the coupling conditions (13c)-(13d) are satisfied.
Thus, all conditions in Theorem 14 are satisfied, and we have infy. g E[|VH (7 [|?] <
2(Lo—H.)
Ef:_ol ag
vanish. Hence, Ly — H, = E[H(z0)] + CyE [|lyo — y5lI?] + C-E [[l20 — 2§||?] — H., and
therefore does not depend on the N-dependent Lyapunov coefficients. Since the one-
time full initialization requires O(N) stochastic-oracle calls and each subsequent itera-
tion uses O(b) samples, the total sample complexity for attaining an e-stationary point

is O(N +be™!) = O(N + v/Ne ') for b = +/N. [ |

. Under the one-time full initialization, the initial variance and staleness terms

Remark 17 This implies that there is no gap between stochastic bilevel and single-level
optimization in the context of ZeroSARAH implementation. The lower bound established in
(Dagréou et al., 2024) for BLO indicates that SFFBA achieves optimal sample complexity
in the finite-sum setting when m = O(n) and € = O(n~Y2). However, memory remains a
practical limitation of SFFBA: consistent with the ZeroSARAH estimator embedded in the
framework, SFFBA maintains per-sample memory variables for variance reduction, result-
ing in a memory requirement of order O (n(dy + dy) + m(dy + 2dy)).

6.2 Convergence Rate and Sample Complexity of MSEBA

In this section, we state the convergence rate and sample complexity of MSEBA.

Theorem 18 Fiz an iteration K > 1 and assume that Assumptions 1 and 2 hold. Choose
the batch size as b = v/ N, the probability p = NLH), and set the parameter pp, = p = ﬁ If

the step sizes satisfy (13a) and o = a < 1/(2L7), v, =7 <€, B = B < ¢, apfr < M /2,
YiBr < Ma/2, then the iterates in MSEBA using the one-time full initialization (5) satisfy

ot B[[VH () ] = O (K1),

where cg > 0 is chosen as in the proof of Theorem 16.
Moreover, to achieve an e-stationary point, the sample complexity is O(N + v/ Ne™1).

Proof We apply Theorem 14 to prove this result.
(D Select Lyapunov function coefficients as:
Ak+1 = %7 Bk+1 = %7 Ck+1 - 2?77 A;C_A'_l = C]/i‘-i-l - 0 and B]/<:+1 = 8/BﬁL”

(2 Validation of the SE-VRC condition and SE-CC Condition:
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According to Lemma 3 in Li et al. (2021a) and Lemma 23, we obtain that the stochastic
estimators A, B and C satisfy SE-VRC condition with the following values

k

97;‘:962(1—1?)7 ‘98:(1_5)27 77124:77 o =g U =

_b
2N’

¢ ¢ 2L"p?
=l =6t =0 ==X = AA ﬁg’ =0, 7P = 2

7;/;;475 — ,’%QB:Z A/CE A.A — AB — AC —0.

08 =6, AP =

The stochastic estimator B satisfies the SE-CC condition, as verified in (3) in the proof of
Theorem 16. For A, we have

200 2«
Apff = Ap = (1 —p)? Y +0 =2, A1t + A A — Af = 0.

The same applies to C .
(3 Validation of the decoupling step size condition: see (4) in the proof of Theorem 16.
@ Validation of the coupling step size condition: for conditions (13b)-(13c), we have

) 1— .
<Ak+1777c4 + Ak+177kA K) B = 20[5% = 2a3 < Mo, (Ck+177£ + Cllc+177§’£> Br < Ma.

Thus, all the conditions in Theorem 14 are satisfied, and we finally obtain the conver-
gence result, which implies that, to achieve an e-stationary point, the sample complexity is
O(N +be™t + (pN + (1 — p)b)e ™) = O(N + V/Ne ). |

6.3 Extension to the Expectation Setting

It is worth noting that our algorithm framework, PnPBO, and its convergence analysis
framework can be directly applied to the expectation setting, where the objective functions
are

f(l',y) :]EE [F(.’E,y,f)], g(x,y) :EC [G(l‘,y,C)}

This extends problem (2) and captures scenarios where the data comes from a stream or
online setting with a substantial or potentially infinite number of samples.

In this expectation setting, we propose two illustrative algorithms as examples. First, we
introduce SRMBA, which directly integrates the stochastic estimator STORM into PnPBO.
Secondly, by adjusting the batch size, we propose the generalized SPABA, which is the
application of PAGE within PnPBO. These algorithms are described in Section 2.4 and 2.3
of the conference version Chu et al. (2024).

The analysis framework remains the same as described in Section 4, with the difference
being that its variance reduction in Step 4 may depend on the addition of the following
variance bounding assumption:

Assumption 3 There exist positive constants oy, 041, and 042 such that

E[|VE(z, yf) ~ Vi)l < o},
E[|VG(z,y:¢) = Va(z,)|’] < 051, ElIVZG(,y:0) — V2g(x,y)|’] < o
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Under Assumptions 1-3, the sample complexity of SRMBA is @(6*1'5), with an improved
batch size of O(1). For the generalized SPABA, it achieves optimal sample complexity
O(e~1?). For more details, please refer to Theorem 3.11 and Theorem 3.9 in the conference
version. We compare SRMBA and the generalized SPABA with other methods in the
expectation setting in Table 2.

Algorithm  Stochastic Estimator Sample Complexity Gap Batch Size Reference
stocBiO SGD O(e™?) v O™ Ji et al.7(2021)7
MRBO STORM O(e™19) v o) Yang et al. (2021)

SUSTAIN STORM O(e™ 1) v O(1) Khanduri et al. (2021)
VRBO SARAH O(e ') v O(e799) Yang et al. (2021)
SRMBA STORM O(e9) X o(1) Theorem 3.11*
SPABA PAGE O(e™?) X 0(1) Theorem 3.9*

Lower Bound: Q(¢™'%) (Arjevani et al., 2023)

Table 2: Comparison of Stochastic Algorithms for BLO in the Expectation Setting.
* indicates that this result has been published in our conference paper (Chu et al., 2024). We omit
comparisons with BSA (Ghadimi and Wang, 2018), TTSA (Hong et al., 2023), SOBA (Dagréou
et al., 2022), AmIGO (Arbel and Mairal, 2022), and MA-SOBA (Chen et al., 2024), which rely on
smoothness assumptions for f and g (instead of the mean-squared smoothness condition), with
a best-case sample complexity of O(e?).

7. Numerical Experiments

In this section, we conduct numerical experiments grounded in our theoretical results to
validate the effectiveness of the proposed framework and associated algorithms.

We first compare the performance of our algorithms—SPABA, SFFBA, and MSEBA—
with several benchmark methods on two widely studied tasks: data hyper-cleaning on
the corrupted MNIST? data set, and hyperparameter optimization for ¢2-penalized logistic
regression on the IJCNN1% and covtype? benchmark data sets. In addition, to validate the
effectiveness of the PnPBO framework, we conduct ablation studies on both the moving
average technique and the variable clipping technique. All experiments were repeated five
times, and the average results were reported.

Setting. We strictly follow the experimental settings provided in benchmark_bilevel in
Dagréou et al. (2022). The original results and configurations are also publicly available at
https://benchopt.github.io/results/benchmark_bilevel.html.

In all experiments, we use a batch size of 64 across all methods. The step sizes and
momentum parameters for the benchmark algorithms are adopted directly from the fine-
tuned values provided by Dagréou et al. (2022). For our methods—SPABA, SFFBA, and
MSEBA—we select the best constant step sizes based on a grid search.

2. http://yann.lecun.com/exdb/mnist/
3. https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
4. https://scikit-learn.org/stable/modules/generated/sklearn.datasets.fetch_covtype.html
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In this experiment, the optimal pair («, 3,7) is selected via grid search. The parameter
« is chosen from a set of 11 values logarithmically spaced between 10~3 and 10°. For 3 and
7, we first select ¢ and & from 11 values logarithmically spaced between 10~° and 10", and
then set g = % and v = %. In SPABA, the probability parameter 1 — p is selected from the
set {0.001,0.002,...,1}. For SFFBA and MSEBA, the momentum parameter p is chosen
from the set {0.01,0.02,...,1}. The clipping radius is set to R = 1.

The benchmark methods we compared include SGD-based algorithms: stocBio (Ji et al.,
2021), SOBA (Dagréou et al., 2022), AmIGO (Arbel and Mairal, 2022), TTSA (Hong et al.,
2023); variance-reduction algorithms: SUSTAIN (Khanduri et al., 2021), MRBO (Yang
et al., 2021); algorithms proposed for finite-sum setting: SABA (Dagréou et al., 2022) and

SRBA (Dagréou et al., 2024).

7.1 Data Hyper-Cleaning

The first learning task we address is data hyper-cleaning on the MNIST data set. The data
set is partitioned into a training set (dgrain,ylt-rain) with 20,000 samples, a validation set
(d}’al y}’al) with 5,000 samples, and a test set with 10,000 samples. The input samples d are
784-dimensional, with target labels y ranging from 0 to 9. In the training set, each sample
is independently corrupted with probability p by randomly replacing its label y; with one
from {0,...,9}. The validation and test sets remain uncorrupted.

The objective of data hyper-cleaning is to train a multinomial logistic regression model
on the corrupted training set, assigning a weight to each training sample to ideally reduce the
influence of corrupted samples by assigning them weights close to zero. This is formulated

as a BLO problem, with the UL objective function f(\,0) = % Z;«n:lﬁ (¢9d}’a1 ij-al) , and
the LL objective function g(X,0) = 2 3% | o (\;) £ (6diran, yirain) 4+ O, ||0[|%, where ¢ denotes

the cross-entropy loss, o is the sigrgoid function, and we choose C, = 0.2 after a manual
search to achieve the best final test accuracy. In this experiment, the LL variable 6 is a
matrix of size 10 x 784, and the UL variable X is a vector in dimension 7tpain = 20,000.

Figure 3(a), we report the test error—defined as the percentage of incorrect predictions
on the test set—comparing SPABA, SFFBA, and MSEBA with variance-reduction-based
methods, including those designed for the finite-sum setting, under a corruption probability
of p = 0.9. To supplement this comparison, we conducted additional experiments using
corruption probabilities p € {0.5,0.7,0.9} with a broader set of comparison methods. The
corresponding results are presented in Figures 4(a)-4(c).

We observe that our method, SPABA, consistently outperforms other methods across
all three values of p, particularly on the more challenging settings with p = 0.7 and p = 0.9,
achieving lowest test errors at a faster rate. Our second algorithm, MSEBA, which employs
a mixed strategy by combining the stochastic estimators from both SPABA and SFFBA,
performs between SPABA and SFFBA. It surpasses most other baseline algorithms and
demonstrates strong performance on the data hyper-cleaning task.

7.2 Hyperparameter Selection on the covtype Data Set

In the second task, we address the problem of hyperparameter selection for determining
regularization parameters in £2-penalized logistic regression, evaluated on the covtype data
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Figure 3: Comparison of SPABA, SFFBA and MSEBA with other variance-reduction-based
stochastic BLO methods. Left: Test error for data hyper-cleaning on MNIST
with p = 0.9 corruption rate, Right: Suboptimality gap for hyperparameter
optimization for 12 penalized logistic regression on IJCNN1 data set.

set. This data set comprises 581,012 samples, each with p = 54 features, and includes
C = 7 classes. We use n = 371,847 training samples, m = 92,962 validation samples, and
Ntest = 116,203 test samples.

Let {(dtrain qytraimy}, . and {(d}’al, y}’al)}lggm denote the training and validation sets,
respectively. The bilevel objective functions are defined as f(0,\) = % Z;n:l 14 (Hdgal, y}’al> ,
g(0,0) = LS g (adirain ytrain) 4 SO eAe S92 | where the LL variable § € RYX7

Ton i=1"1,c’
represents the model parameters, and the UL variable A € R” denotes the class-wise regu-
larization coefficients.
Figure 4(d) shows comparisons with all benchmark methods on the covtype data set,
focusing on the test error. All algorithms exhibit a rapid decrease in test error, with the
performance of SRBA and our method, SPABA, closely aligned. Both methods achieve the

lowest test error value and do so at the fastest rate.

7.3 Hyperparameter Selection on the IJCNN1 Data Set

In the third task, we fit a logistic regression model (for binary classification), and select
the regularization parameters (one hyperparameter per feature) on the IJCNN1 data set.
Let {(df™™, g™} <icpn and {(d}, y3*)}1<j<m denote the training and validation sets,
respectively.

In this context, the LL variable 6 corresponds to the model parameters, while the UL
variable \ represents the regularization parameters. The UL and LL objective functions

are defined as f()\7 9) = % ZTzl ) <yva1<d}/al, 9>> and g()\7 9) — %Z?:l © (y;c]rain<d‘;1rain7 0>) +
% Zi:l e 9,%. In this case, the data set is partitioned into a training set Di;ain, a validation

set Dyal, and a test set Dyegt, Where |Dipain| = 49,990, and |Dy,1| = 91,701. The LL variable
6 € R?? is the regression coefficient, while the UL variable A\ € R?? is a vector of regulariza-
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Figure 4: Top: Compare SPABA, SFFBA, and MSEBA with other benchmark algorithms
for the data hyper-cleaning problem under different p. Bottom: Compare
SPABA, SFFBA, and MSEBA with other benchmark algorithms for hyperpa-
rameter selection experiments on covtype and IJCNN1.

tion parameters. Unfortunately, the previously reported results for MRBO on the IJCNN1
data set and SABA on the covtype data set are currently not reproducible due to conflicts
with the latest developer version of Benchopt.

Figure 3(b) compares the suboptimality gap of our methods—SPABA, SFFBA, and
MSEBA—with that of other variance-reduction-based algorithms for hyperparameter op-
timization in ¢?-penalized logistic regression on the TJCNN1 data set. Figure 4(e) further
compares our methods with all other benchmark algorithms. We observe that SFFBA
achieves the lowest values, clearly outperforming the other algorithms. Notably, SFFBA
does not require computing full gradients, and its advantage over the other algorithms be-
comes more pronounced. Specifically, we observe that SFFBA is the only algorithm that
consistently reaches an objective value below 10~4. Both MSEBA and SPABA also achieve
objective values close to 10™4, outperforming most baseline algorithms, including SRBA.

7.4 Ablation Study

Our PnPBO framework introduces clipping for implicit variable updates and combines MA
with the unbiased estimator A. In this section, we conduct ablation studies to further
demonstrate the effects of these two techniques.
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Figure 5: Left: Compare the performance of SOBA and MA-SOBA, and SABA and MA-
SABA in the problem of hyperparameter selection experiment on the IJCNN1 data
set. Right: Compare the performance of SPABA, SFFBA, and MSEBA with
their versions without the clipping technique in the problem of hyperparameter
selection experiment on the covtype data set.

First, we perform an ablation study to assess the impact of the MA technique on up-
dating UL variables when using unbiased estimators. Figure 5(a) presents the performance
comparison of SOBA and SABA with their MA-enhanced counterparts, MA-SOBA and
MA-SABA, in the I?>-penalized logistic regression task on the IJCNN1 data set. We observe
that the algorithms using the MA technique reach the minimum faster, demonstrating a
potential acceleration effect.

Next, we compare the use of the clipping technique in the implicit variable update for
SPABA, SFFBA and MSEBA. Omitting the clipping step may degrade convergence speed,
as shown in Figure 5(b).

8. Conclusion

In this work, we propose the plug-and-play stochastic BLO algorithm framework, PnPBO,
which enhances the framework in (Dagréou et al., 2022; Arbel and Mairal, 2022) and intro-
duces a more general convergence analysis framework. Based on this, we apply stochastic
estimators such as SAGA, STORM, PAGE, ZeroSARAH, and their mixed strategies in the
bilevel setting with convergence guarantees. We resolve the open question of whether the
optimal complexity bounds for bilevel optimization are the same as those for single-level
optimization. It’s worth mentioning that the proposed algorithm framework still relies
on second-order information. An interesting and promising direction is to use value func-
tion approaches (Kwon et al., 2024; Yao et al., 2025) to develop single-loop, Hessian-free
stochastic bilevel algorithms.
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Appendix A. General Lemmas

In this section, we present general results that will be used. For proof details of Lemma
19-21, see Appendix D.2. in the conference version (Chu et al., 2024).

Lemma 19 (Lipschitz continuity of y*(z) and z*(z), boundedness of z*(x))
(1) Under the Assumptions 2, y*(x) is Ly«-Lipschitz continuous, where Ly = LY /p.
(2) Under the Assumptions 1 and 2, z*(x) is L,-Lipschitz continuous, and for each z,
|z*(z)|| < R, where

Lo = (L i+ CILY/0?) L+ L8/m), R=CT /.

Lemma 20 (smoothness of function H)
Suppose Assumptions 1 and 2 hold, the function H(z) is L -smooth, where

L =1

2 2 2
;o 2L LS+ (C1)T LS LY (L) + 2001418 ¢ (19)" 1§
- + - - a—
1 0 1
Lemma 21 Suppose Assumptions 1 and 2 hold. Then the following inequalities hold

E ||| Dy

| < @’ E(lye — i), E[IDFIP] < L2E Iz — 20°) + L2E [l — vil?]
E|IDf - VH (@4)I] < 3eiE |llye - yil*] +3¢:E |12 - 21?] (18)
where L? = max{3 (L?)2 ,3R? (L‘g)2 +3 (Lf)2}.
Lemma 22 Under the Assumptions 1 and 2, we have
D41 = DE[|* < dex (0 g2 + 8 |17 + 4exn? o7
Proof Using Assumptions 1 and 2, we have

| D1 — DifHQ <2V f(@r1s Y1) — Vif @, yi) |* + 4] Viag (@, ye) (21 — zkz—i—l)H2
+ 4[|V (ke yk) 2kt — Vg @kt Yn1) 2t ||

< |2(L7)? + 4R (L] (g 12 + BEey ) + 4L PR
The second inequality also uses the boundedness of zx11, which arises from the clipping. B

Appendix B. Single-level Instantiations

In Table 3, we list representative single-level instantiations of the abstract interface inequal-
ities from Section 4.1.
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Active terms Coefficients
Method in (6)—(7) in (8) or (9)
SGD (Unbiased) Ay =0}

Ve = Vhpk (uk),

(Assumption: there exist pos-

Coefy, = O(a})

step size a, = O(K~1/?), itive constant o), such that  Coef), =0
batch size p, =1 E[[|[Vh(u) — Vhg(w)|?] < 07)
SAGA (Unbiased) O = (4+4Q)a2 L2
Vg ZVhpk (uk) - Vh(’ak, Pk) Nk = (5 + 4@)[]%
- — _ 2 4
where [Q] = {1,---,Q}; L& an ,
Ok = 2 Elllur — ul] Coefl, = O(Q™ %)

update u?,, = Uk, 4 € P, =1

M Al a ¢ B Ap =1-1/(4Q)

step size aj = (’)(Q_%)7 batch size py = 1

e =1, 0, =2+2Q

ZeroSARAH (Biased)

vk = (1= pr) (k-1 — Vhp, (ur-1))
+ pe(Vh(tr-1:[Q]) — Vh(tg—1; Pr))

+ Vhpk (uk);
Uk, € Py,
update af = ~: 45 Tk
u}g717 q ¢ ka
step size ar = O(1), parameter p

O(1/4/Q), batch size p = O(V/Q)

Or = (1 — pry1)?
me = 2L /p
T = 2L3pi /P

Q
b= & > Blllus — i)

Coef, = O (%>

Pk

Coef), = O(anpr)

PAGE (Biased)

with probability p, set vy = Vh(ug);
otherwise, set vy = wvg_1 + Vhp, (up) —

Vhp, (ur—1)

step size a = O(1), batch size p = /Q,

probability p = pr/(Q + pr)

q=1
A =1-p/2Q
e = 3Q/p
k=1(1-p)

Coefr, = O(ay/p)
Coef), =0

Table 3: Single-level instantiations of the abstract inequalities in Section 4.1.
In the Active terms column, we report only nonzero coefficients.

The SAGA row is based on Lemma C.5 in (Dagréou et al., 2022); the coefficients reported here
are obtained by specializing that lemma to the single-level finite-sum problem and applying the

bound E[|jvx, — Vh(ug)||?] < L2 6 together with simple constant relaxations. The ZeroSARAH

row follows from Lemmas 2-3 in (Li et al., 2021b). The PAGE row follows from Lemma 3 in (Li

et al., 2021a).

Appendix C. The Missing Proof in Section 4

Proof (Proof of Lemma 6) When A is an unbiased estimator, it is necessary to combine
it with the MA technique, i.e., v | = (1 — pg)v + p 0y ;. Using the unbiasedness of 9,
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we obtain
E|[vf 1 — VH (z11) ||] [H 1 — py) (vi — VH(xy)) + VH(xy) — VH(wpi1) + px Dy,
— o VH(zy) + pi (Dfyy — DY) m + o2 (||t — D]
Based on the convexity of || - |2, we can derive the following
E[|[vks = VH (@) ] < (U= o) E [0 = VH (@4)|1?] + o3E [|[6%11 — D]

VH (z3) = VH (k1) m
Pk
< (1= p)E [Ilof = VH @) I1”] + o2E [551 — Digal*] + 304ElI DE 4y — DEIP)

+ 3piEl| Df = V@I + B [IVH (2x) = VH @]

+ p4E||| D1 — Df + D — VH(wy) +

Using (18), Lemma 22 and the L —smoothness of H, we conclude the proof. |

Proof (Proof of Lemma 10)
Based on the definition of 2341 and utilizing Young’s inequality twice, we obtain

1
* 2 * 2 2
ok == )l < (140 s == @0+ (14 57 ) Lo gl

Since ||z*(x)|| < R, the clipping operator Clip(+; R) coincides with the Euclidean projection
onto B(0,R), and hence it is nonexpansive. Using this nonexpansiveness and applying
Young’s inequality, we have

lzk1 — 27 (@)|I* = [[Clip(zx — wois B) — 2* ()|

< o = f — #* (@)
k 4
< (14195 o = i - ol + (142 ) b0 - DD I

For the first term, we use the identity V3,g(z, y*(x1))2*(zx) — Vaf(zr, y*(z1)) = 0 to
obtain the decomposition

ot = wDf = =" @) > = ||( = %V a9(@es i) (2 — * ()

+90((Vag o,y (24)) — Vagon, )2 (22) + V() — Vaf i) |

Applying Young’s inequality yields

z * Vi * 2

o = wDf = 2 @)l < (1+55) (7 = 0w VBag(we, )z — 2 ()|
4 * %

n (2 n W) V(@ y (@) — Viag(ans w2l (o) 2

+ (2 + 4) Vil Vaf (@, yp) — Vaf (e, y* (2))|12.
Ykt
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Using Assumption 2(a) and the step size condition v, < 1/LY, we have
1T = V309 (@, o) ||” < (1 —m)?.
Moreover, by Assumptions 1(b) and 2(b), together with ||z*(zx)|| < R, we obtain
2 = Df = 2* (@)
< (14 ) = Pl - I+ (24 ) Bl = o7 @0,

where ¢; = (LIR)* + (L)2.
Rearranging the above inequalities and taking the total expectation yields

E [z — = Gee)lP] < (14 225) (14 229 (10— B [l — =* () P]

N’Yk) ( wu> 4\ 2 { x 2}
1+— ) (1+— )2+ — E —
(1) (14 2 ( + ) ki [k — " ()|

+(1+5¢) < ;1) VE [l — D)
+ (1 + >L2*akE [”vkn }

Using the step size condition v < T we have

Lg

* N 18¢ .
E 2041 = 2" @)l < (1= ZE)E [llzn = =* @) I?] + —2F [y — v* (o)

127y, 412, a2 9
+ =B [|of - D) + ==K [|of ]
% Kk
|

Proof (Proofs of the Remaining Lemmas and Corollary):

They have already been proved in our conference version. Specifically, Lemma 4 can be
found in Lemma D.7 of the conference version, Corollary 5 in Corollary F.1, Lemma 7 in
Lemma F.3, Lemmas 8 and 11 in Lemma E.2. |

Appendix D. Variance Results of Stochastic Estimators in the Bilevel
Setting
For the stochastic estimator B, we have
B (1D = ol ] <62 (10 = wll"] + nea (o [Ioil] + sEE [t ]) )
+ Tk (Sk + AB7

and

7B B, 1B, 1B,
Sp i1 SAEOE + 0y "R ElllvEl?] + Ay, Y BRE(0f 1] + iy o Bl|DE %] + iy yﬁiE[IIDZ\Q]-( |
20
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For the stochastic estimator C, we have

2 2
B (107 - via|I*] <6RE (107 - vill] + rferof Bl + el SREIRLI )
+ e RElEI?) + 70f + A,

and
.C, ~C, ~C,
Sfpr SALSE + 0 "B (lvEI1?] + Ay Y BREIE 2] + A *veE|v7 1]

A1C A1C, N z
+ iy, T eRE(| DI + iy Y BRE[ DY) + iy * B[l DEIIP).

Proof (Proof of Inequalities (10), (11), and (19)-(22))
We take A as an illustrative example. Since A satisfies the SE-VRC condition, we have

~ 2
E [HDIJ;H - ”k+1H }
<O'E|IDE = 5F1%) + ' [IV1Fi(@rs1, yoss) = ViFilon ) ]

2
+ i E [HVQG (Tht1, Y1) 2k 1 — V712G (2, yie) 2 | }

(22)

—i—Tk fZE ’VlF (CCk yk) vlFi(wi,ivwzi)Hﬂ
=1

Z HV12G (Th, Yr) 2k — VmG (wk]awk])wkgn ]+ A

where, conditional on Ix1q and Ji41, the indices ¢ and j are Sampled independently and
uniformly from Iy and Jyy1, respectively. Here wy,; = (wj i W 2) for i € [n] and Wy ; =
(ﬁ;ﬁ,j,ﬁ)}i’ j,w;,j) for j € [m] are the memory variables maintained by A (when memory is
required), corresponding to the oracle calls for f and g, respectively. We define

ol =L ZE |z, — wi 2, 69" = — ZE g — @ |1

and analogously define 5,{’3/, &Y, o,
For the second and third terms on the right-hand side of (23), we can bound them as
follows:

CE IV Fi(@hi1, vee) = Vi B u) 7] <o ()2 (BRI + BEENIEI) . (24)
/AE [HV%QG‘(%H, Yk+1)2k+1 — V%2Gj($k, yk;)zkHﬂ
<277 E [vaG (xk,yk)(zkH — Zk H } (25)

+ 27 B (V32G @kt 1, k1) — Via Gy (@, yi)) 1| 241 ]|°]
<2R*(LY)*ni o (E[I|vE 1% + BRE[logl*]) + 2(L9)*ni B[ lv]1?)-
For the fourth term on the right-hand side of (23), by Assumption 1, we have

1 z
T;AfZEHw(xk,yk) VE; (i wf )P < 7ML + ALY (26)
=1
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For the fifth term on the right-hand side of (23), invoking Assumption 2 and Lemma 19,
and adding and subtracting V%Gj(ﬁ),‘gj, ﬁ)zj)zk yield

1 & i
T’QAE > E[IVEG) (r, )2k — ViaGy (a1, Y )7 5 17] (27)
j=1

<2 (LE)2R* (50" + 67Y) + 2m (L) %677,

Substituting the above inequalities into (23) yields

N 2 N
E D41 — 0fl] <07 [I1DF = 51| + 2em oF B[] + 2e1m BZE[ o} |
+ 22 RE([o7 ) + A (L) (60" + 81)
20 ALY R (577 + 67Y) + 27 (L)) 69° + Af!
<OFE[||Df; — 0% |*] + 7007 + AF

+ i (croRElvg %] + e BRELI011%] + 2R Bl g 1))
where we set 7t = 20, 7 = ALY, L' = max{(L)?, 2(L§R)?, 2(L)?}, and &7 =
ST 4 697 4 IV 4 69V 4 507,

Based on the memory-update rule of A, which satisfies the SE-VRC condition, the
mean-squared staleness admits the recursions

oL < NS+ it o Eof 1) + i oL DR, (284)
UL < NPT 4 i ™ o B0 2] + A oFE | DR |1, (28b)
SLY) < XRmOLY it B of12) + a ™Y BREN DY), (28¢)
5V, < XTSIV gAY B2 of 2] + i BREL DY), (284)
§E7, < NP 4+ AR ZE g 1% + A AR DE 1. (28¢)

Note that the staleness terms are induced by the memory tables maintained by A. The
coefficients in the recursion may depend on the data set sizes n and m through the sampling
and refresh mechanisms. In addition, ﬁf and ﬁ;:\"" may vary with the properties of
the update directions (vf,vy,vf) (e.g., biased vs. unbiased), generated by A, B, and C,

respectively. We therefore distinguish these coefficients using the superscrlpts in (28).

A.Ax ~An,x ~Am,x AT AN ~IA M, T . ~A ~Az o AA A/Az
Deﬁne =M + LA s My =g + My Wlth 77]g ’ M 5 N Y a‘nd

defined analogously Summing (28) yields

~A,x T R ~A,z
0ty SN+ i oFE[|vE || + i BEE g )] + i Rl [vE 1]
AT A AAz
+ i oG R DEN] + 4 BRENIDYIP) + i EIDEI)-

The proofs of (19)—(22) follow analogously and are omitted. [ |
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Appendix E. Verification of SFFBA Satisfying the SE-VRC condition.

Lemma 23 Under the conditions stated in Assumptions 1 and 2, SFFBA satisfies the SE-
VRC condition and we have

~ 4 k L//
Op =08 = 0f = (1= pesn), W =1k =10 = 5. Té“=ﬁ?=ﬁ§—7zl :
b
ot = 6% = o8 = ¢y, )\A:)\B:/\Czl—ﬁ, A = AB = A¢ =0,
Al Bl e SN a0 uBe
Ny =M =M = b Ne =M =M =0, \V’EE{:Ey,z},

where 8 = 81 + 69 + 6[Y + 677 + 677, L' = max{(L))?, 2(L§R)%, 2(L9)?}.

Proof According to Lemma 2 in Li et al. (2021b), we can directly obtain that the SE-VRC
condition holds and the selection of the parameters. For the sake of completeness in the
proof, we provide a detailed proof in BLO setting for E[||0F — Df||?] and E¥ 7 as an example.

First, for the descent property of E[||0f — Df||?], from the update rule of ¢7, we have
E[|[vks = Diaa*] = E[[| 0 = prs1) (F = DE) + Dfriss = Dir s + Dk — D
+ P+ (Di;u — Djf = Ditp g (w, @) + Dy g (w > H }
<(1 — pr+1)’Elllof — DEIP) + 2E [ Di 4110 — Dirs + Dk = Ditga|1?]
+ 20 B | IDfr.s — Df - 15;;11 § (W, ®) + D) g (0,0) 2]

<(1 = prs1) Elllof — Di %] T2 ZE IV1Fi(2k 11, yrs1) — ViFi (e, yp) %]
el
2
t2 > B [[IV32G) (ki1 Yka1) 21 — Vi2Gi(n vi) 2]
jel

201 1 ¢
= LBl ) = ViR ol )

20811 1 U 5, Wh )W
bJr m > E[Vi2Gi(n, yn) 2k — V3G (@, @ ;)7

j=1
where 0 = v, the first inequality uses that Dj 10T T Dﬁ; 7 is an unbiased estimator of
Dy, — Dy and that Dy, ; D,f;LJ(w, ) is an unbiased estimator of Di—f),f;[n],[m] (w, W), so
the cross terms vanish; we then apply ||a+b||? < 2||a||?+2||b||?>. The second inequality follows
from using the independence between the i- and j-samples, and applying E[||X —EX||?] <
E[|X]?).
Following the derivations in (24)—(27), we further obtain

o1 2L'p3 .,
E [H”lggﬂ D] } (1= pr41)’E [Ilvk Df|| } + s,
é 2E |2 2E Y12 2E 2112
+ 3 (croiE J[okl"] + erfy [o2]]7] + c27iE [IvElIF] )
where o, = 3% + 67" + o[ + 60" + 6.

.2}

_l’_

)
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Next, for the descent property of (5{5’1, we have

b
Bullown = uoal = (1= ) Bullos - gl

b b i b 2n
<(1-2) (14 52) Bullow = gl + (1= 2) (04 ) Bullons —

2
3naj,

b @ x
< (1- 50 ) Bullon - w17+ 2R Bl

Taking the full expection yields
n
b 3na?
ot = £ 3 Ellens - wko ) < (1- 5-) oL + BEElog )
i

Similarly, the same reasoning applies to the other terms in d;. Then we have

b 3NaZ . . 3NB2 3N~Z_
Opt1 < <1 - > O + SE[[vf 7] + —EE[lop)1?] + —EE[[l07]1%)-

2N b b b

Appendix F. Proof of Theorem 14

Proof Since the stochastic estimator A is biased, it follows that vj = o7, and we set
Al = 0. Under the conditions of Assumptions 1, 2, and the SE-VRC condition, we have
that Corollary 5, Lemmas 7 and 10, and the equations (10)-(11) and (19)-(22) hold. Based
on these results, and by combining Lemma 21 with the following inequalities

2
E([lo]°] < 28 [|[of - DY|*] + 2E[ID]°] . E [Ivi1?] < 28 [Io; - DiI] + 28 [z,
we obtain
-~ *
Lyt = L < =SB |IVH (@0)|’| + Part,E [|vf |*] + PartaE |1y — i)

+ PartsE Mzk - z};HQ} + PartyE [HD,f — v,f”z] + PartsE [va — Dz‘ﬂ
+ PartgE[| D — v} ||%] + Part767' + Partgd? + Partgd§ + Ap1 A7 + B AP + Cri1 A,

where
o2 2

Part; = — — + C5Cyﬁ +cC,—= % + 2(A) AT+ Bl 7P 4 CpiS%)ad,

" .C,
+ <Ak+177k o1+ Ap 7" + Brgreanf + B + Cerong + Chig z) ag,
180Z01

Party =3cia, — c3Cy Bk + Vg + c2 (23k+10277k + Bk+1(2nk A/B’y)) 5k

+c2 <2Ak+10177124 + A;c+1(2777€4 Y+ ﬁ,A )+ 2Ck 1 camf, + Cllc—i—l(277 + 77,0 )) Bi

+ L2 (241 100m + A (20 + 7 4+ 2C00mf + Ol (2007 +707)) 27,

33



CHu, XU, YAO, YU AND ZHANG

Party =3caa) — — + L2 <2Ak+10277k 24 T+ A z) i

+ L2 (2Ck+102772 + O 2007+ 7E Z)) V%,

Party =ay, + Ap 107 — Ag + 245 7 af + 2B1 7P af, + 205,17 o,

Parts =c43,Cy + Bk+1«9k By +2 (Ak+1cl77k + Ak+1 AA,y) Bk
+2 (Bkﬂcka + B 11 7y> B 42 (CkJrlCl??k + Cp i ~C, y) 32,

Parts =c1074C: + Cp16f — Cp + 2 (Ak+1027]7<;4 + Ay ’Z) o0
NG
+2 (Ck+10277k + Chy1y Z) e

Part~ :Ak_;,_lTj:t + A?c—l—l)"lﬁ — A, ,

Parts =By 170 + B AL — B,

Partg =Cj 175 + Ch 1\ — Ch.
It remains to verify that, under the conditions stated in Theorem 14, Part; < 0, i =

9. Granting this claim for the moment, we obtain

1,2,...
[0
Ly — L < —?kE [HVH (ﬂfk)HQ} + Ap1 A7 + Bri A7 + Crn AL

By rearranging and summing up, we obtain

K-1 K-1
Z aiE [HVH ($k)||2] <2Ly — 2Lk + 2 Z (Ak—HA']? + Bk—}—lAE + Ck-HAi) s
k=0 k=0
which leads to
2(Lo — H.) 9 K—1
inf E[|[VH () |?] < < 4 (A1 A + Byt AP + Gt AF)
k<K ook Yo o kzo

For completeness, we will now verify Part; < 0 for ¢ = 1,2,...,9 individually.

(D First, using (13a), we have the following implication:

"Bv ’\Bv
(Bk—i-lmf + By 17, y) ap < (Bk-i-lmf + By 17, y) MasBr < 615,

Similarly, we can derive that
R 1 . N 1
(Ak+1777c4 + A;c+177124’w) ap < o—, ( ?c+177/A’ + Bk+ 7o+ Ck+ 77 )ak S
9661 64
1 1
B, ~C,
(Bk+177k + BTy m) k< 9655 <0k+177k + Chi17, x) ap < 967,

1 3 I
A, A <A/ ~A ) < 3
( k1M + Ak ) Yk < min 46y’ T269L2° 40&yc10L2
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1 c2 o
Cri1nf + C} AC’Z> <mind —, =—>
( k17 + Cppa ™ ) Ve S min Ay’ T2 L2 40&yc19L2 [
) 2
A A M| e B _r U
ketll Tk S T 36790 900,12 [ ke Tk S T 36750 500 0 L2

() For Part; (i = 7,8,9), by applying the SE-CC Condition for A, B and C, we have
Part; <0 for i = 7,8,9. Moreover, by setting Cy = 1/c4, C, = 1/c19, we obtain

caBrCy + Biey10F — By < —Br,  c107Cs + Crp1605 — Cr < — . (29)

(3) For Part;, since

) 3 3 AT 1
aj < min {%Bk, 16Lg%} , (Ak+177k + A1y ) ap < 96¢;

( ;ﬂ+1f/A’x + Bl + Gy ") oy, < é
(BanE - B];Hﬁ’f’x) W = 96152’ <Ck+177k; + Gy, x) ay < 96161,
it follows that
Part; < ,E +2( k:+177 T 4 B]/H_m/ls,m n C/_Hﬁ,c Ty
+ C9 <Bk;+177k + Bk;+177;lf l") a% + ¢1 (Akﬂn;f + A%an + Ck+177k + O i .C, :):) a%
< _3*2 + Co (Bk+177k + Bk+1ﬁf x) ak +& <C’€+177k + Ck+1 .C, z) az

+ ¢ <Ak+177k + A1 e x) aj, <0,

@ For Parte, under the parameter choices and bounds

o =L (5a0, -4
VT @ty =3 ) k_108
2 2 2

2
B ~1By < C3
/Ska /Bka k+1"k ﬂk > 3662’

Vk_54

A IC, G IC, A, C3
Cl/€+1 YBr < 36¢4 Cl{z+177k P < 36L2’ A§c+177k e < 3612
/ Ayﬁ C% (A A—I—A/ AA,y) B < 03
k1Tl Be < 3604 k+1Mk k+1"k ES 72,0y

2 D

~B, ¢ ~C, c

<Bk+177;§ + By 17, y) Br < 72362’ <Ck+177£ + Ch1 y) B < =2
5

725162 ’

2 62

C
C C C/ AC,z) < 3 7 (A A A/ A.A,Z) < 3 )
( k1M, + Cpamly™ ) Ve = 726,12 k1T + Apamly ) Tk S 728,12

Therefore, the sum of all nonnegative terms in Parts is at most c3C), 3, and hence Party < 0.

(®) For Parts, under the parameter choices and bounds
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1% ~A,z % ~1C,2 1%
< , A < —— (
ES 60cac10 Yk k1Tl Ve > 20010[% 1 e < 20¢1 L2
A AL q AA’Z> c__ K (C ol pS > «_r
( k+17 + Ap 17 Yk = 4052610@7 k+177k + Crany” ) e < 4052010L§

By substituting the above bounds into the definition of Parts and summing the resulting
termwise estimates, we conclude that the total contribution of all nonnegative terms is
dominated by the negative term —(C,u/4)7y;. Hence, Partg < 0.

For Part4: by the SE-CC condition and Al A +B’ Bw —l—C’ A’c oy, < 1/2,
Y k+1"
we have Party < 0.

(7) For Parts: By combining (29) with the following conditions
(Ak+1771?;4 + A§c+1777§4’y) Br < 1/(6¢1), (Bk+1nzlf + Bz@+1ﬁf’y) Br < 1/(6¢2),

.C, -
(Croan + Chaif™) B < 1/(621).
Plugging these bounds into Parts shows that the sum of all nonnegative terms is at most
Br/2. Therefore, Parts < 0.

For Partg: Similarly, the validity of inequality Partg < 0 relies on inequality (29) and
(Acrn + A i) e < 1/(422), (G + Chaif™) e < 1/(42).

Thus, the proof of the theorem is completed. |

Appendix G. Proof of Theorem 15

Proof Let Cy = C., = 1/2. Then, applying Lemmas 4, 6, 8, 11 and combining with
(10)-(11) and (19)-(22), we obtain

Lyt = Ly <PartiE [|[VH (2)|°] + PartiE [IVH (i) — vf|*] + PartyE |7 ]
+ PartyE [y — yi|*] + PartiE [}z — 22| + PartsE [of — DF|?]
+ PartgE [HDy —vf| } + Part,E [HD; — viHQ] + Part 87 + Partyds
+ Part o0, + AL 1 ppAR + Akt A7 + B A7 + Crn A,
where

Part) = —ay/2 + 2 (A} 17" + By iy P + Oy i©") o,
Part) = oy, /2 + A}, (1 — pr) — A,
2
Part! — _ ceop | coaq | 3aj (L)
arty = —— + +
4 2B, 2% Pk
+ (77124Ak+101 + ﬁf’m k+1 Tt Tk FCry101 + Uk “Chyr + 15 FBriic2 + 77k Bk+1> aj,

" 2 4N 2 21 A2
w1 + 1201 ppai AY 1 + c1p ALy,
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Parth = —puf/2 + csie/2 + ¢ (2Branfies + Bl (20 +i10)) B2
+c2 (2Ak+101777g4 + Ay (200 4 7) + 20k er + Oy (2000 + 0 )) B
+ L (2% Chr1ca + Chyr (2007 + %) + 208 Apgaca + Aj oy (2007 + i Z)) o
+ 24c1copr B Al + 2c1C2pR ATy i By + 202 L2 ALy i + 242 L2 pr Ay
+9c1prAj 41 + 6c1 ( e 1 0 By iy ICIQH) a,

Part) = 9capp Af 1y — pk/2 + 24ca L2 P Afly + 200 L2pR AL mi' i

~ ~ ~C, ~IC,
+ L2 (20277k Apr + A 2075+ AY) + 260§ Crpr + Cpy (2057 + i Z)) o

A, 1B,z L IC,x
+ 6¢2 (77;C CA + TI;C “Bjy1 + 772; Cl/c—i—l) e
Partf = p%AZHHkA + A 107 — Ay,
Party = 7 + 05 By — By, + 24c1pp SR Al + 2c1pR A i B2
’\87 ’\ Y
+2 (nEBk—HCQ + 7Y By + 77124Ak;+161 + i Y Ay + Ck+101 + 77k Ck+1) Bk,

Part;, = 37 + 07 Ci11 — Ck + 2c0pf AL 1mE 7 + 24c2pi i Al
+2 (Ak+177kAC2 + i Ay + 0 Crpaca + 7)) Ck+1) Vies
Party = pp A} 77 + i Apyr + M A — A
Party = 78 Byy1 + AP By, — By,
Part}y = 75 Cri1 + NeCyq — Ch.
Following a similar approach to the proof of Theorem 14, we have Part( < — ¢ and Part] <
0 for i = 1,2,...,10. Specifically, the UE-CC and UEMA-CC conditions ensure that

Part, < 0 holds for i = 1,5,8,9,10. For the remaining 7, following a similar process to
(D in the proof of Theorem 14, we can derive the following conditions:

W Ay < i’ " Bk < 214’ I Chaon < 214’ e Bl B < lg@
(n,’é‘AkH + ﬁkA’x ;H—l) ap < 321517 (771?4147#1 ™ ﬁ;:"y ;““) = 101627

(nk Apir + 737 k+1> = 8162’ i A B < %’ A A < ﬁ7

(W Brsr + 5 "By ) o < 32152’ (1 Brss + 7B ) < 1015 ’

(niCkH +771§’xcl/c+1 a < 327, (nkc’f“ +nk Ck“) = 1016 ’

AIC,z

A C

.C,
(nngJrl + 1y, ZC;QH)

Ou

1 1 1
2 " A 2 AN A :
y o PEROEAE 1T = 32¢;’ PrAp+1M > M { 10¢,’ 862} )

1
Al/ < -
POk Ap41 S 384c,
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which guarantee that Part; < 0 holds for i = 2,3,4,6,7 and Party < —%*. Similar to the
proof of Theorem 14, we obtain the final conclusion. |
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