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Abstract

Bilevel optimization has recently attracted significant attention in machine learning due
to its wide range of applications and advanced hierarchical optimization capabilities. In this
paper, we propose a plug-and-play framework, named PnPBO, for developing and analyzing
stochastic bilevel optimization methods. This framework integrates both modern unbiased
and biased stochastic estimators into the single-loop bilevel optimization framework in-
troduced in Dagréou et al. (2022), with several improvements. In the implementation of
PnPBO, all stochastic estimators for different variables can be independently incorporated,
and an additional moving average technique is applied when using an unbiased estimator
for the upper-level variable. In the theoretical analysis, we provide a unified convergence
and complexity analysis for PnPBO, demonstrating that the adaptation of various stochas-
tic estimators (including PAGE, ZeroSARAH, and mixed strategies) within the PnPBO
framework achieves optimal sample complexity. Specifically, in the finite-sum setting, the
resulting complexity matches the lower bound in Dagréou et al. (2024) and is comparable
to that of single-level optimization (Zhou and Gu, 2019). This resolves the open question
of whether the optimal complexity bounds for solving bilevel optimization are identical to
those for single-level optimization. Finally, we empirically validate our framework, demon-
strating its effectiveness on several benchmark problems and confirming our theoretical
findings.
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1. Introduction

Bilevel optimization (BLO) effectively addresses challenges arising from hierarchical opti-
mization, where the decision variables in the upper level are also involved in the lower level.
In recent years, BLO has gained increasing attention due to its extensive and effective ap-
plications, including hyperparameter optimization (Franceschi et al., 2018), meta-learning
(Ji et al., 2020), continual learning (Hao et al., 2023), and reinforcement learning (Shen
et al., 2024).

In this paper, we focus on the nonconvex-strongly-convex BLO problem under classical
assumptions, formulated as follows

min
x∈Rdx

H(x) := f(x, y∗(x)) s.t. y∗(x) := arg min
y∈Rdy

g(x, y), (1)

where H(x) denotes the total objective function, also referred to as the value function
(Dagréou et al., 2022, 2024; Chen et al., 2024). The upper-level (UL) objective f(x, y) is
Lf -smooth and possibly nonconvex. The lower-level (LL) objective g(x, y) is Lg

1-smooth and
strongly convex in y, and its gradient ∇g is Lg

2-smooth. As is the case in many applications
of interest in machine learning (Shalev-Shwartz and Ben-David, 2014), the UL and LL
objective functions take the finite-sum form

f(x, y) =
1

n

n∑
i=1

Fi (x, y) , g(x, y) =
1

m

m∑
j=1

Gj (x, y) . (2)

A widely used and effective strategy for solving the BLO problem in (1) involves using
implicit differentiation (Pedregosa, 2016; Liao et al., 2018; Lorraine et al., 2020; Li et al.,
2022), which leads to the following expression for ∇H(x) (known as the hypergradient)

∇H(x) = ∇1f(x, y
∗(x))−∇2

12g(x, y
∗(x))[∇2

22g(x, y
∗(x))]−1∇2f(x, y

∗(x)).

The bilevel structure typically makes the objective H(x) nonconvex, except in a few special
cases. Therefore, our goal is to develop efficient gradient-based algorithms to find an ϵ-
stationary point of H(x), specifically, a point x that satisfies the inequality E∥∇H(x)∥2 ≤ ϵ
in the stochastic setting (Ghadimi and Lan, 2013). To achieve this, a promising approach is
to adapt stochastic methods from single-level optimization, which we refer to as stochastic
estimators, to the bilevel optimization context. However, estimating hypergradients requires
solving LL problems and computing inverse Hessian-vector products.

To tackle these challenges, Ghadimi and Wang (2018) use multi-step gradient descent to
approximately solve the LL problem and incorporate a truncated Neumann series to approx-
imate the Hessian inversion. Subsequent studies (Yang et al., 2021; Khanduri et al., 2021)
leverage variance reduction techniques, such as STORM (Cutkosky and Orabona, 2019) or
SARAH (Pham et al., 2020), improving the sample complexity to Õ(ϵ−1.5), where the Õ
notation hides a factor of log(ϵ−1). Notably, methods using Neumann series approximations
introduce an additional Õ(1) factor in both sample complexity1 and batch size.

Another approach to computing the inverse Hessian-vector product is to solve the corre-
sponding linear system. For example, by employing a warm-start strategy and performing

1. The sample complexity refers to the number of calls made to stochastic gradients and Hessian (Jacobian)-
vector products required to obtain an ϵ-stationary point.
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one or more SGD steps to solve LL problems and the linear systems, stochastic algorithms
such as AmIGO (Arbel and Mairal, 2022) and SOBA (Dagréou et al., 2022) achieve a sam-
ple complexity of O(ϵ−2). However, AmIGO requires a batch size that scales with ϵ−1,
and SOBA depends on a stronger smoothness condition. Thus, there is a gap in the com-
plexity analysis between stochastic bilevel and single-level optimization when implementing
the SGD gradient estimator. Recently, this gap has been effectively addressed by MA-
SOBA (Chen et al., 2024) through the incorporation of an additional moving average (MA)
technique for the UL variable in SOBA.

For other stochastic gradient estimators, SABA (Dagréou et al., 2022) integrates the
stochastic estimator SAGA (Defazio et al., 2014), and SRBA (Dagréou et al., 2024) em-
ploys SARAH to propose algorithms with lower sample complexity. As indicated by the
results of SABA in Appendix D of Dagréou et al. (2022), the sample complexity of SABA,
under classical smoothness assumptions, differs from the performance of its stochastic es-
timator SAGA in single-level optimization by a O((n + m)1/3) factor. Additionally, the
theoretical analysis of SRBA requires stronger smoothness conditions to achieve a better
sample complexity of O((n+m)1/2ϵ−1).

In this paper, we address several open and important questions in stochastic bilevel opti-
mization. First, we observe that existing algorithms and their theoretical analyses typically
rely on a specific stochastic estimator, with case-by-case theoretical analysis. Therefore,
the following question arises:
Q1: Can we propose a unified algorithm design and theoretical analysis framework in which
stochastic estimators can be integrated flexibly and independently?
Furthermore, observing that there remains a gap between stochastic bilevel and single-level
optimization when using SAGA, the following question needs to be addressed:
Q2: Is it possible to bridge the gap between stochastic bilevel and single-level optimization
when using SAGA?
In addition, noting that SRBA (Dagréou et al., 2024) utilizes a double-loop structure and
requires stronger smoothness conditions, one fundamental question arises:
Q3: How can we develop a fully single-loop algorithm for solving stochastic bilevel optimiza-
tion problems that achieves optimal sample complexity of O((n+m)1/2ϵ−1) under standard
smoothness assumptions in the finite-sum setting?

1.1 Contribution

We summarize the major contributions of this work as follows.

• A unified plug-and-play framework. We propose a flexible and unified frame-
work for stochastic BLO, referred to as PnPBO. At its core, PnPBO consists of three
key features: (1) It integrates both unbiased and biased stochastic estimators into
the single-loop BLO algorithm framework presented in Dagréou et al. (2022), allow-
ing independent incorporation of stochastic estimators for different variables; (2) An
additional MA technique is suggested when an unbiased estimator is used for the UL
variable; (3) Clipping is applied to the implicit variable, following standard techniques
in deep learning practices.

• New algorithms with optimal sample complexity. The PnPBO framework
is versatile, accommodating all existing single-loop BLO algorithms. Within this
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framework, we employ distinct designs of stochastic estimator combinations, resulting
in some specific instances of PnPBO: (1) SPABA, SFFBA, and MSEBA, which use
the stochastic estimators PAGE (Li et al., 2021a), ZeroSARAH (Li et al., 2021b), and
a mixed strategy, achieving optimal sample complexity that matches the finite-sum
lower bound in Dagréou et al. (2024); (2) MA-SABA, which bridges the gap between
single-level and BLO when using SAGA; (3) Generalized SPABA and SRMBA: These
are instances of the extended PnPBO framework applied to the expectation setting,
where Generalized SPABA matches the lower bound in Arjevani et al. (2023) and
SRMBA is near-optimal under existing bounds. See Tables 1 and 2 for details.

• A unified and sharp convergence and complexity analysis. We provide a
unified convergence and complexity analysis for PnPBO, applicable to all variants of
PnPBO with distinct combinations of stochastic estimators. Although the stochastic
estimators for different variables can be independently plugged in, our theoretical
analysis shows that the step size (learning rate) strategies for these variables must
be coupled to ensure convergence. For further details regarding the explicit coupling
step size conditions, refer to Theorems 14, 15 and Remark 13. Under this unified
framework, we can derive convergence results for all proposed algorithms.

• Empirical validation. We validate our framework empirically, demonstrating its
effectiveness on several benchmark problems and confirming the theoretical findings.

Algorithm Stochastic Estimator Sample Complexity UL, LL Gap Reference

SABA SAGA
O((n+m)ϵ−1) C1,1

L , C2,2
L ✓

Dagréou et al. (2022)
O((n+m)2/3ϵ−1) C2,2

L , C3,3
L ✓

MA-SABA SAGA+MA & SAGA O((n+m)2/3ϵ−1) C1,1
L , C2,2

L ✗ Theorem 3.5∗

SRBA SARAH O((n+m)1/2ϵ−1) C2,2
L , C3,3

L ✓ Dagréou et al. (2024)

SPABA PAGE O((n+m)1/2ϵ−1) C1,1
L , C2,2

L ✗ Theorem 3.7∗

SFFBA ZeroSARAH O((n+m)1/2ϵ−1) C1,1
L , C2,2

L ✗ Theorem 16

MSEBA ZeroSARAH & PAGE O((n+m)1/2ϵ−1) C1,1
L , C2,2

L ✗ Theorem 18

Lower Bound: Ω((n+m)1/2ϵ−1) (Dagréou et al., 2024)

Table 1: Comparison of stochastic bilevel optimization algorithms in the finite-sum setting.
Following Dagréou et al. (2024), the finite-sum complexity comparison is made in the regime

n + m ≲ ϵ−2. In this regime, the one-time O(n + m) initialization cost is subsumed by O((n +

m)1/2ϵ−1). The symbol ∗ indicates that this result has been published in our conference paper

(Chu et al., 2024). Cp,p
L means that for all i ∈ [n], Fi ∈ Cp, and ∇kFi is Lipschitz continuous

for all 0 < k ≤ p. The same holds for Gj for all j ∈ [m]. The symbol ✓ indicates a gap in

either sample complexity or required conditions when using this stochastic estimator for single-

level versus BLO. We omit algorithms such as SOBA(Dagréou et al., 2022), SUSTAIN (Khanduri

et al., 2021), MRBO and VRBO (Yang et al., 2021), which have a sample complexity of at

best Õ(ϵ−1.5). These algorithms, designed for objective functions in the expectation setting, are

further discussed in Section 6.3.
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1.2 Related Work

Stochastic Estimators and Lower Bounds. Single-level stochastic optimization has
a variety of algorithms, which we refer to as stochastic estimators. A classic method is
SGD (Sinha and Griscik, 1971; Bottou, 2010), which requires O(ϵ−2) sample complexity to
reach an ϵ-stationary point in non-convex optimization. Variants of SGD, such as reshuffled
versions (Shamir, 2016) and other modifications (Lan, 2020), have been proposed to improve
its performance. While SGD is widely used due to its simplicity, its variance remains
constant. To address this issue, Johnson and Zhang (2013) introduced variance reduction
techniques and proposed SVRG, which inspired more advanced algorithms like SAG (Roux
et al., 2012), SAGA (Defazio et al., 2014), and STORM (Cutkosky and Orabona, 2019).

The finite-sum structure is widely applied in single-level optimization to develop first-
order algorithms that converge faster. Several methods achieve optimal sample complexity,
including SARAH (Pham et al., 2020), SPIDER (Fang et al., 2018), SNVRG (Zhou et al.,
2020), PAGE (Li et al., 2021a), ZeroSARAH (Li et al., 2021b), SILVER (Oko et al., 2024),
and SpiderBoost (Wang et al., 2019). The sample complexity lower bound Ω(

√
nϵ−1) is

established in (Fang et al., 2018; Zhou and Gu, 2019).

Bilevel Optimization Methods. Other advances in stochastic bilevel optimization in-
clude: Li and Huang (2024) incorporated a without-replacement sampling strategy into
SOBA. Recently, several algorithms using only first-order information have been proposed
(Kwon et al., 2023; Yang et al., 2023; Chen et al., 2025). However, these algorithms either
lack non-asymptotic convergence guarantees, have less competitive convergence rates com-
pared to our results, or are limited to deterministic settings. Sow et al. (2022); Gu et al.
(2021) proposed zeroth-order algorithms, but they do not have a convergence rate guaran-
tee. Shen et al. (2025); Huang (2023); Kwon et al. (2024) proposed stochastic algorithms
for bilevel optimization with a non-strongly convex LL objective.

2. Preliminaries

2.1 Notations

Let N = n + m. To simplify the notation, we introduce the following notation Dx
k;I,J :=

1
|I|

∑
i∈I ∇1Fi(xk, yk) − 1

|J |
∑

j∈J ∇2
12Gj(xk, yk)zk, where I and J are the sets of indices

sampled for functions f and g at the k-th iteration. Similarly, Dy
k;J and Dz

k;I,J are defined.
Additionally, let y∗k := y∗(xk) and z∗k := z∗(xk). The clipping function on z with radius
R > 0 is defined as Clip(z;R) = min{1, R/∥z∥} · z.

2.2 Assumptions

We present the assumptions for the BLO problem under study.

Assumption 1 (a) For any x, there exists Cf > 0 such that ∥∇2f(x, y
∗(x))∥ ≤ Cf ;

(b) For all i ∈ [n], the function ∇Fi(x, y) is Lf -Lipschitz continuous in (x, y);

(c) The function H(x) is bounded from below, i.e., H∗ := infx∈Rdx H(x) > −∞.

Assumption 2 (a) For any x, g(x, ·) is µ-strongly convex;

(b) For all j ∈ [m], the functions ∇Gj(x, y) and ∇2Gj(x, y) are Lg
1 and Lg

2 Lipschitz
continuous in (x, y), respectively.
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Remark 1 Assumptions 1(b) and 2(b) are stochastic conditions that many algorithms rely
on to achieve enhanced complexity results (Fang et al., 2018; Li et al., 2021a; Dagréou
et al., 2022). They imply that ∇f(x, y), ∇g(x, y), and ∇2g(x, y) are Lipschitz continuous
with Lf , Lg

1, and Lg
2, respectively.

2.3 Hypergradient Decoupling and Single-Loop Algorithm

We revisit the decoupling approach to address the challenge of computing the hypergradient.
For a given x, we compute an approximation y of the LL minimizer y∗(x) ∈ argminy g(x, y).

Let the inverse Hessian-vector product
[
∇2

22g
(
x, y∗(x)

)]−1∇2f
(
x, y∗(x)

)
be denoted by

z∗(x). To obtain a computable approximation of z∗(x) in a single-loop scheme, we in-
troduce an implicit variable z, which is computed as an inexact solution to the following
quadratic minimization problem evaluated at the available pair (x, y):

min
z∈Rdy

1

2

〈
∇2

22g
(
x, y

)
z, z

〉
−
〈
∇2f

(
x, y

)
, z

〉
.

The process of solving the BLO problem can be viewed as consisting of three update
modules: one for the UL variable x, one for the LL variable y, and one for the implicit
variable z. Based on a warm-start strategy, the single-loop decoupling algorithms (Arbel
and Mairal, 2022; Dagréou et al., 2022; Chen et al., 2024) are structured around these
update directions and can be summarized as follows.

1: for k = 0 to K − 1 do
2: Update xk+1 = xk − αkD̃

x
k ,

where D̃x
k is an approximation of Dx

k := ∇1f(xk, yk)−∇2
12g(xk, yk)zk;

3: Update yk+1 = yk − βkD̃
y
k,

where D̃y
k is an approximation of Dy

k := ∇2g(xk, yk);

4: Update zk+1 = zk − γkD̃
z
k,

where D̃z
k is an approximation of Dz

k := ∇2
22g(xk, yk)zk −∇2f(xk, yk).

5: end for

3. Method

In this section, we introduce a unified plug-and-play framework, PnPBO, enabling the
independent integration of modern stochastic estimators and offering guidance on their
usage. Furthermore, based on this framework, we propose two new algorithms as illustrative
examples.

3.1 PnPBO: A Unified Plug-and-Play Framework

We now introduce PnPBO, a flexible and unified framework for stochastic bilevel optimiza-
tion, as outlined in Algorithm 1. PnPBO consists of three modules: Lines 4-6 for updating
the UL variable x, Lines 7-8 for updating the LL variable y, and Lines 9-10 for updating the
implicit variable z. These modules operate in parallel and are independent. Unlike existing
algorithms that rely on specific variance reduction techniques, this framework supports the
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independent integration of different stochastic estimators A, B and C. They can be either
unbiased or biased.

For the implicit variable z, we apply clipping with a radius R in Line 10, where
R := Cf/µ serves as the upper bound for ∥z∗(x)∥ in Lemma 19. This technique has
been introduced and used in bilevel optimization (Hu et al., 2023; Dagréou et al., 2024)
to control the implicit iterates zk, which allows the analysis to proceed without an a pri-
ori boundedness assumption on z. From a computational perspective, clipping is widely
adopted in deep learning practice (Zhang et al., 2020; Bhattacharjee et al., 2025), and it
does not introduce significant additional computation.

When A is an unbiased estimator, we recommend employing the MA technique. Impor-
tantly, unbiasedness of A (as an estimator of Dx

k) does not in general imply an unbiased
hypergradient estimate, since Dx

k itself is an approximation of ∇H(xk), so that in general
E[v̂xk ] ̸= ∇H(xk). We therefore introduce MA by incorporating the historical direction
vxk−1 into the current update to reduce the hypergradient estimation error and stabilize the
x-update, which allows a larger step size αk and leads to improved sample complexity.

Algorithm 1 PnPBO: A Unified Plug-and-Play Framework

1: Input: Initializations vx−1, ρ−1, (x−1, y−1, z−1) and (x0, y0, z0), number of total iter-
ations K, stochastic estimators A, B and C, step sizes {αk}, {βk}, {γk}, MA weight
{ρk}, clipping radius R.

2: for k = 0 to K − 1 do
3: Sample Sfk for f and Sgk for g;

4: Compute an estimate v̂xk of Dx
k using the stochastic estimator A with Sfk and Sgk ;

5:

vxk =

{
v̂xk , if A is a biased estimator of Dx

k ;

(1− ρk−1)v
x
k−1 + ρk−1v̂

x
k , if A is an unbiased estimator of Dx

k ;

6: Update
xk+1 ← xk − αkv

x
k ;

7: Compute an estimate vyk of Dy
k using the stochastic estimator B with Sgk ;

8: Update
yk+1 ← yk − βkv

y
k ;

9: Compute an estimate vzk of Dz
k using the stochastic estimator C with Sfk and Sgk ;

10: Update
zk+1 ← Clip(zk − γkv

z
k;R).

11: end for

3.2 Instantiation of PnPBO

We present two algorithms as specific implementations of PnPBO. Below, we describe the
stochastic estimators used and the resulting estimates of the three update directions after
independent embedding.
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3.2.1 SFFBA: Stochastic Full gradient Free Bilevel Algorithm

We introduce a new algorithm, called SFFBA, which achieves optimal sample complexity
in the finite-sum setting. SFFBA is an adaptation of the ZeroSARAH algorithm (Li et al.,
2021b), originally designed for non-convex optimization, and tailored for the bilevel setting.
The key advantage of this stochastic estimator is that it eliminates the need for multiple
full gradient evaluations. We apply it to all three variable update modules.

Let wk,i = (wx
k,i, w

y
k,i) for i ∈ [n] and w̃k,j = (w̃x

k,j , w̃
y
k,j , w̃

z
k,j) for j ∈ [m] represent two

memory variables, corresponding to the calls to functions f and g. For each iteration k ≥ 1,
we sample sets I ⊂ [n] and J ⊂ [m] for f and g with a minibatch size of b. The update
rules for wk,i are as follows: if i ∈ I, then wk,i is updated to (xk, yk); if i /∈ I, wk,i retains
its previous value wk−1,i. Similarly, for w̃k,j , the update rule follows the same structure.

The update direction for the variable x is vxk = v̂xk with

v̂xk =(1− ρ̄k)
(
vxk−1 −Dx

k−1;I,J

)
+Dx

k;I,J + ρ̄k

(
D̂x

k−1;[n],[m] − D̂x
k−1;I,J

)
,

where ρ̄k is the momentum parameter, and we define the notation as

D̂x
k;I,J :=

1

|I|
∑
i∈I
∇1Fi(w

x
k,i, w

y
k,i)−

1

|J |
∑
j∈J
∇2

12Gj(w̃
x
k,j , w̃

y
k,j)w̃

z
k,j .

Similarly for D̂y
k;J and D̂z

k;I,J . The update directions for y and z follow a similar approach

vyk =(1− ρ̄k)
(
vyk−1 −Dy

k−1;J

)
+Dy

k;J + ρ̄k

(
D̂y

k−1;[m] − D̂y
k−1;J

)
, (3)

vzk =(1− ρ̄k)
(
vzk−1 −Dz

k−1;I,J

)
+Dz

k;I,J + ρ̄k

(
D̂z

k−1;[n],[m] − D̂z
k−1;I,J

)
.

Following ZeroSARAH (Li et al., 2021b, Algorithm 2 and Corollaries 1–2), two initial-
ization settings can be considered. The first uses a full batch at k = 0. Specifically, for
SFFBA, we use the one-time full initialization, for all i ∈ [n] and j ∈ [m],

w0,i = (x0, y0), w̃0,j = (x0, y0, z0), vx0 = v̂x0 = Dx
0 , vy0 = Dy

0 , vz0 = Dz
0. (4)

No full-gradient evaluation is required thereafter. The second uses a minibatch at k = 0 and
avoids full initialization, as in ZeroSARAH (Li et al., 2021b, Corollary 2). In this setting,
the initial update directions are computed from the sampled minibatch rather than the full
data set.

3.2.2 MSEBA: Multiple Stochastic Estimators Bilevel Algorithm

Next, we introduce MSEBA, an algorithm that integrates different stochastic estimators,
including PAGE and ZeroSARAH. This algorithm demonstrates the flexibility of PnPBO
and provides an example for its plug-and-play implementation.

We choose the stochastic estimators A and C for the UL variable x and implicit variable
z update modules, respectively, as PAGE. Specifically, for k ≥ 1, the updates are as follows

vxk =v̂xk =

{
Dx

k;[n],[m], w.p. p,

vxk−1 +Dx
k;I,J −Dx

k−1;I,J , w.p. 1− p.

That is, with probability (w.p.) p, we compute the full gradient Dx
k , and w.p. 1 − p,

we update the previous iteration’s direction using the samples. The update direction for

8
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z is constructed analogously: with probability p, vzk = Dz
k, and with probability 1 − p,

vzk = vzk−1 + Dz
k;I,J − Dz

k−1;I,J . The stochastic estimator B is chosen as ZeroSARAH, and
the construction of its update direction is given by (3). One initialization setting for MSEBA
is the following one-time full initialization, where w̃0,j is initialized for all j ∈ [m]:

vx0 = v̂x0 = Dx
0 , vy0 = Dy

0 , vz0 = Dz
0, w̃0,j = (x0, y0, z0). (5)

For the ZeroSARAH estimator B, the minibatch initialization described in Section 3.2.1
can alternatively be used at k = 0, thereby avoiding full initialization of B.

Remark 2 As established in Section 6.2, MSEBA achieves optimal sample complexity in
the finite-sum setting. This algorithm serves as an example to demonstrate the theoretical
feasibility of integrating different stochastic estimators into the three update modules, high-
lighting the flexibility of PnPBO. It encourages users to select estimators based on problem-
specific characteristics or practical outcomes.

4. Theoretical Analysis Framework

In this section, we present a unified and sharp convergence and complexity analysis
framework. Such a framework would help clarify how the variance properties of stochastic
estimators, combined with step size conditions, contribute to the final convergence rates
and sample complexities. The algorithm framework PnPBO and its convergence analysis
framework are illustrated in Figure 1.

Stochastic
Estimators

PLUG

SE-VRC, SE-CC, 
UE-CC, UEMA-CC 

Update implicit variable

Single-level PnPBO Bilevel

Update UL variable

Update LL variable
Algorithm 

Framework

Theoretical 
Analysis 

Framework

Control Conditions:

(Properties of              )     

Convergence Results

Decoupling Step Size Conditions

PLUG

PLUG D
ec

ou
pl

in
g 

   
   

   
   

   
 

Step 1- Step 5
(Theorem 14, 15, … )

PLAY

•  
•  

Biased 
Unbiased

Coupling Step Size Conditions

Decreasing Behavior with Error, Lyapunov Function

Figure 1: PnPBO and Unified Analysis Framework Schematic

4.1 On the Variance Properties of Stochastic Estimators

In this subsection, we recall a generic template for single-level stochastic estimators and
their variance properties. These statements will be repeatedly invoked when we analyze the
same estimators after embedding them into the bilevel framework. Specifically, we consider
the single-level non-convex problem minu h(u) :=

1
Q

∑Q
q=1 hq(u).

9
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The stochastic estimator vk is typically constructed using the current iterate uk, the
sampled set Pk and historical information such as {(vi, ui)}k−1

i=0 . Some estimators addition-

ally maintain explicit memory variables ũk−1 = (ũ1k−1, . . . , ũ
Q
k−1), which are maintained and

updated along the iterations based on the iterate and sampling histories. Accordingly, the
algorithm is driven by the recursion

vk = V ({∇hq(uk)}q∈Pk
, {vi}k−1

i=0 , {ui}
k−1
i=0 , ũk−1, . . .), uk+1 = uk − akvk,

where ak is the step size and other auxiliary variables are updated by prescribed rules.

We work with the following abstract mean-squared estimation error recursion for the
estimator {vk}:

E[∥vk+1 −∇h(uk+1)∥2] ≤θkE[∥vk −∇h(uk)∥2] + η′kE[∥∇hqk+1
(uk+1)−∇hqk+1

(uk)∥2]

+ τ ′k
1

Q

Q∑
q=1

E[∥∇hq(uk)−∇hq(ũqk)∥
2] + ∆k,

(6)

where θk ∈ [0, 1) and η′k ≥ 0 may depend on the batch size pk+1 := |Pk+1|. Let qk+1 be
sampled uniformly from Pk+1 (given Pk+1). The second term on the right-hand side of (6)
captures the local change of a sampled component gradient along the update, and we keep
it in a single-sample form to facilitate the subsequent bilevel analysis. Assume further that
each hq has an Lh-Lipschitz gradient. Then

η′k E
[
∥∇hqk+1

(uk+1)−∇hqk+1
(uk)∥2

]
≤ L2

hη
′
ka

2
k E

[
∥vk∥2

]
=: ηka

2
k E

[
∥vk∥2

]
.

If vk depends on memory variables, define the mean-squared staleness δk := 1
Q

∑Q
q=1 E

[
∥uk−

ũqk∥
2
]
. By Lh-smoothness, the third term on the right-hand side of (6) (the memory term)

is bounded by τkδk with τk := τ ′kL
2
h. This mean-squared memory staleness δk typically

satisfies a contraction-type recursion up to additional terms:

δk+1 ≤ λkδk + η̂kE[∥uk+1 − uk∥2] + η̂′ka
2
kE[∥∇h(uk)∥2], (7)

where λk ∈ [0, 1) and the coefficients in the above inequality may depend on the size of the
data set Q. The term ∆k collects the method-dependent residual variance not captured by
the other terms (e.g., the noise in plain SGD).

Moreover, for an unbiased estimator with E[vk] = ∇h(uk), there exist nonnegative
sequences {Coefk}k≥0 and {Coef ′k}k≥0 such that

Coefk+1θk − Coefk ≤ −2a2k, Coefk+1τk +Coef ′k+1λk − Coef ′k ≤ 0. (8)

For a biased estimator, there exist nonnegative sequences {Coefbk}k≥0 and {Coefb′k }k≥0 such
that

Coefbk+1θk − Coefbk ≤ −2ak, Coefbk+1τk +Coefb
′
k+1λk − Coefb

′
k ≤ 0. (9)

The inequalities (8)-(9) express compatibility between step sizes and Lyapunov coefficients,
which will be summarized as control conditions next. Appendix B provides instantiations
of (6)–(9) for several standard estimators.

10
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4.2 Control Conditions

We summarize the single-level template in (6)–(9) into a set of abstract control conditions,
which will be used as the interface between concrete stochastic estimators and our bilevel
framework PnPBO. We begin by introducing the SE-VRC (Stochastic Estimator Variance
Recursion Control) condition that characterizes the variance behavior of stochastic estima-
tors. This condition applies to both biased and unbiased estimators.

Condition 1 (SE-VRC condition) A stochastic estimator is said to satisfy the SE-VRC
condition if it exhibits properties of the form (6) and (7) in the corresponding single-level
stochastic optimization problem.

Under the SE-VRC condition, we introduce coefficient control conditions, including the
SE-CC condition (Stochastic Estimator Coefficient Control) for biased estimators and the
UE-CC condition (Unbiased Estimator Coefficient Control) for unbiased estimators. These
conditions relate the step size ak, Lyapunov coefficients, and variance-related coefficients.

Condition 2 (SE-CC condition) A stochastic estimator A is said to satisfy the SE-CC
condition with {A, A′} if there exist sequences of nonnegative coefficients A = {Ak} and
A′ = {A′

k} such that (9) hold, i.e. for k ≥ 0:

Ak+1θ
A
k −Ak ≤ −2ak, Ak+1τ

A
k +A′

k+1λ
A
k −A′

k ≤ 0.

Condition 3 (UE-CC condition) A stochastic estimator A is said to satisfy the UE-CC
condition with {A, A′} if there exist sequences of nonnegative coefficients A = {Ak} and
A′ = {A′

k} such that (8) hold, i.e. for k ≥ 0:

Ak+1θ
A
k −Ak ≤ −2a2k, Ak+1τ

A
k +A′

k+1λ
A
k −A′

k ≤ 0.

Furthermore, our framework involves unbiased estimators combined with MA, with mo-
mentum parameter ρk ∈ (0, 1]. In the Lyapunov analysis, the MA update introduces an
additional deviation term, which is controlled by an extra Lyapunov coefficient A′′. This
motivates the following UEMA-CC (Unbiased Estimator MA Coefficient Control) condition.

Condition 4 (UEMA-CC condition) We say that a stochastic estimator A satisfies the
UEMA-CC condition with {A, A′, A′′} if there exist sequences of nonnegative coefficients
A = {Ak}, A′ = {A′

k} and A′′ = {A′′
k} such that for k ≥ 0, the following inequalities hold:

ρ2kA
′′
k+1θ

A
k +Ak+1θ

A
k −Ak ≤ 0,

ak
2

+A′′
k+1 (1− ρk)−A′′

k ≤ 0,

ρ2kA
′′
k+1τ

A
k + τAk Ak+1 + λA

k A
′
k+1 −A′

k ≤ 0,

where ρk ∈ (0, 1] denotes the moving average weight.

Remark 3 (Discussion of the Control conditions)
(1) The SE-VRC condition characterizes the variance property that stochastic estimators

should possess in single-level stochastic optimization problems. Based on this, we can estab-
lish the validity of the inequalities in the BLO setting, specifically (10)–(11) and (19)–(22).

(2) The SE-CC, UE-CC, and UEMA-CC conditions provide coefficient relations between
step sizes, Lyapunov coefficients, and variance-related coefficients, ensuring that the SE-
VRC recursions can be combined into a telescoping Lyapunov decrease in the bilevel analysis.
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Step 2

Case 1.1  
Case 1.2  

Case 2.1  
Case 2.2  

Step 3
Case 3.2  
Case 3.1  

Step 1  
Lemma 4

Step 4
(8)-(9), (17)-(20)

Step 1  

Step 1:
Descent of the Total 
Objective Function Step 2, 3: Descent of the Approximation Errors 

Step 4: 
Descent of the Variances

Step 5:  Constructing Lyapunov Function

Control Conditions

Decoupling step size conditions Coupling step size conditions

Figure 2: Roadmap of the Analysis Framework. Above, “BE” represents biased stochastic estimator

and “UE” represents unbiased stochastic estimator. In the figure, we have kept only the key

terms from the formulas.

4.3 Analysis Steps of Framework

This subsection provides the five-step roadmap used throughout the paper. Steps 1–4
establish monotone descent behaviors with error terms, depending on whether the stochastic
estimators are biased or unbiased. These behaviors can be expressed as recursive inequalities
in conditional expectation

E
[
D̃k+1 | Fk

]
+ Λk ≤ ωkD̃k +Ωk,

where D̃k, Λk, and Ωk are nonnegative quantities, and ωk ∈ [0, 1] is a contraction factor.
Step 5 constructs a Lyapunov function, which integrates the lemmas from Steps 1-4 to
derive the final convergence results.

Specifically, as illustrated in Figure 2: (1) Starting from the total objective function
H(x) in Step 1, and based on Lemma 4, the errors in the monotonic decreasing behavior of
H(xk) include the gap between the UL variable update direction and the true hypergradient,
i.e., E[∥∇H(xk) − vxk∥2]. This gap is analyzed case by case in Corollary 5 and Lemma 6,
depending on whether A is biased or unbiased. (2) The approximation errors E[∥yk − y∗k∥2]
and E[∥zk−z∗k∥2] appear in the errors of the descent behavior derived in Step 1 (as shown in
Corollary 5 and Lemma 6). We further analyze these errors separately in Step 2 and Step 3.
(3) In Step 4, we control the variance term by examining the performance of the stochastic
estimators when embedded in our bilevel setting. (4) Finally, in Step 5, we construct an
appropriate Lyapunov function to integrate the above analyses and derive the convergence
and complexity results. Next, we will provide the details for each step.

Step 1: Descent of the Total Objective Function H(x)

Under Assumptions 1 and 2, H is LH -smooth (Lemma 20). Based on this, we can
characterize the descent behavior of the overall objective function with errors, as described
in the following lemma.

12
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Lemma 4 Suppose Assumptions 1 and 2 hold, and αk ≤ 1/(2LH). Then we have

E [H (xk+1)] ≤ E [H (xk)]−
αk

2
E
[
∥∇H (xk)∥2

]
− αk

4
E
[
∥vxk∥

2
]
+

αk

2
E
[
∥∇H (xk)− vxk∥

2
]
.

Notably, Lemma 4 does not depend on the type of stochastic estimator A. To further
quantify how the term E

[
∥∇H(xk)− vxk∥2

]
affects the descent of H, we establish two refined

descent results, distinguishing whether A is biased or unbiased.

Case 1.1: A is a biased stochastic estimator.

We decompose the gap between the hypergradient and the iterative direction of x,
E[∥∇H(xk) − vxk∥2], into two terms: E[∥∇H(xk) − Dx

k∥2] and E[∥vxk − Dx
k∥2], leading

to the following corollary.

Corollary 5 Suppose Assumptions 1 and 2 hold, and αk ≤ 1/(2LH). Then we have

E[H(xk+1)] ≤E[H (xk)]−
αk

2
E
[
∥∇H (xk)∥2

]
− αk

4
E
[
∥vxk∥

2
]
+ αkE

[
∥vxk −Dx

k∥
2
]

+ 3c1αkE
[
∥yk − y∗k∥

2
]
+ 3c2αkE

[
∥zk − z∗k∥

2
]
,

where c1 =
(
Lf

)2
+ (Lg

2R)
2
, c2 = (Lg

1)
2.

Case 1.2: A is an unbiased stochastic estimator.

When A is an unbiased stochastic estimator, combining it with the MA technique yields
the following lemma.

Lemma 6 Supposing that Assumptions 1 and 2 hold and that A is an unbiased stochastic
estimator. Then we have

E[∥vxk+1 −∇H(xk+1)∥2]− E[∥vxk −∇H(xk)∥2]

≤− ρkE
[
∥vxk −∇H (xk)∥2

]
+ ρ2kE

[∥∥v̂xk+1 −Dx
k+1

∥∥2]+ 3α2
k

(
LH

)2
+ 12c1ρ

2
kα

2
k

ρk
E
[
∥vxk∥

2
]

+ 12ρk
(
c1β

2
kE

[∥∥vyk∥∥2]+ c2γ
2
kE

[
∥vzk∥

2
] )

+ 9ρk
(
c1E

[
∥yk − y∗k∥

2
]
+ c2E

[
∥zk − z∗k∥

2
] )

.

Step 2: Descent of the Approximation Error E[∥yk − y∗k∥2]

In this step, we evaluate the error from approximating y∗k with yk. We construct the
corresponding lemmas separately, depending on whether B is a biased or unbiased estimator.

Case 2.1: B is a biased stochastic estimator.

Lemma 7 Suppose Assumptions 1 and 2 hold, B is a biased stochastic estimator and the
step size satisfies βk ≤ c . Then we have

E
[∥∥yk+1 − y∗k+1

∥∥2] ≤ (1− c3βk)E
[
∥yk − y∗k∥

2
]
+

c5α
2
k

βk
E
[
∥vxk∥

2
]
+ c4βkE

[
∥vyk −Dy

k∥
2
]
,

where c = min
{

µ+Lg
1

µLg
1
, 1
µ+Lg

1

}
, c3 =

µLg
1

2(µ+Lg
1)
, c4 = 6

µ+Lg
1

µLg
1
, c5 =

2(µ+Lg
1)L

2
y∗

µLg
1

.

Case 2.2: B is an unbiased stochastic estimator.
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Lemma 8 Suppose Assumptions 1 and 2 hold, B is an unbiased stochastic estimator and
the step size satisfies βk ≤ 1/(µ+ Lg

1). Then we have

E
[∥∥yk+1 − y∗k+1

∥∥2] ≤(1− βkµ)E
[
∥yk − y∗k∥

2
]
+

c6α
2
k

βk
E
[
∥vxk∥

2
]
+ 2β2

kE
[∥∥vyk −Dy

k

∥∥2] ,
where c6 = 2L2

y∗/µ.

Remark 9 The key difference between Lemmas 7 and 8 is the coefficient on E[∥vyk−Dy
k∥

2],
which scales as βk for biased estimators and as β2

k for unbiased ones; an analogous pattern
holds for Lemmas 10 and 11.

Step 3: Descent of the Approximation Error E[∥zk − z∗k∥2]
Similar to Step 2, we derive the following two lemmas based on the type of C to measure

the approximation error between zk and z∗k.

Case 3.1: C is a biased stochastic estimator.

Lemma 10 Suppose Assumptions 1 and 2 hold, C is a biased stochastic estimator and
the step size satisfies γk ≤ c . Then we have

E
[∥∥zk+1 − z∗k+1

∥∥2] ≤(
1− µ

4
γk

)
E
[
∥zk − z∗k∥

2
]
+
18c1γk

µ
E
[
∥yk − y∗k∥

2
]

+ c10γkE
[
∥vzk −Dz

k∥2
]
+

c7α
2
k

γk
E
[
∥vxk∥

2
]
,

where c7 = 4L2
z∗/µ, c10 = 12/µ.

Case 3.2: C is an unbiased stochastic estimator.

Lemma 11 Suppose Assumptions 1 and 2 hold, C is an unbiased stochastic estimator
and the step size satisfies γk ≤ min{1/(10µ), 1/Lg

1}. Then we have

E
[∥∥zk+1 − z∗k+1

∥∥2] ≤ (1− γkµ)E
[
∥zk − z∗k∥

2
]
+ c8γkE

[
∥yk − y∗k∥

2
]

+ 2γ2kE
[
∥vzk −Dz

k∥
2
]
+

c9α
2
k

γk
E
[
∥vxk∥

2
]
,

where c8 = 8c1/µ, c9 = 3L2
z∗/µ.

Step 4: Descent of the Variances

In this section, we characterize the variance behavior of single-level stochastic estima-
tors when they are embedded in our bilevel framework. Assuming that A, B, and C in
Algorithm 1 satisfy the SE-VRC condition in Section 4.2, we establish the corresponding
bilevel variance bounds as follows. These variances include E[∥v̂xk −Dx

k∥2], E[∥v
y
k −Dy

k∥
2],

and E[∥vzk −Dz
k∥2].

Case 4.1: For the stochastic estimator A in the bilevel setting, we have

E[∥v̂xk+1 −Dx
k+1∥2] ≤θAk E[∥v̂xk −Dx

k∥2] + ηAk c1α
2
kE[∥vxk∥2] + ηAk c1β

2
kE[∥v

y
k∥

2]

+ ηAk c2γ
2
kE[∥vzk∥2] + τAk δAk +∆A

k .
(10)
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Here δAk denotes the mean-squared staleness induced by the memory tables maintained
by A, and it satisfies

δAk+1 ≤λA
k δ

A
k + η̂A,x

k α2
kE[∥vxk∥2] + η̂A,y

k β2
kE[∥v

y
k∥

2] + η̂A,z
k γ2kE[∥vzk∥2]

+ η̂′A,x
k α2

kE[∥Dx
k∥2] + η̂′A,y

k β2
kE[∥D

y
k∥

2] + η̂′A,z
k γ2kE[∥Dz

k∥2].
(11)

Detailed proofs are deferred to Appendix D, where we also provide the corresponding
interface inequalities (19)–(20) for B and (21)–(22) for C.

Remark 12 In our PnPBO framework, which couples the UL and LL objectives f and g
through the variables (x, y, z), embedding a single-level estimator typically leads to recursions
that are slight adaptations of the single-level ones. Here, we treat (10)–(11) and (19)-(22) as
abstract interface inequalities for plug-in estimators: to embed a specific estimator, one may
start from its single-level derivation and establish the corresponding bilevel counterparts term
by term under Algorithm 1, thereby identifying the involved parameters; see, for example,
Lemma 23.

Step 5: Constructing Lyapunov Function

We use a Lyapunov function to combine the above inequalities. Specifically, we construct
the Lyapunov function as follows

Lk =E [H(xk)] +AkE
[
∥v̂xk −Dx

k∥2
]
+BkE

[
∥vyk −Dy

k∥
2
]
+ CkE

[
∥vzk −Dz

k∥2
]
+A′

kδ
A
k

+B′
kδ

B
k + C ′

kδ
C
k +A′′

kE
[
∥vxk −∇H (xk) ∥2

]
+ CyE

[
∥yk − y∗k∥2

]
+ CzE

[
∥zk − z∗k∥2

]
.

Here, all the Lyapunov coefficients are nonnegative. By Assumption 1(c), Lk ≥ E[H(xk)] ≥
H∗. If A is a biased estimator, set A′′

k = 0.
The construction of the above Lyapunov function is analysis-driven: we systemati-

cally decouple all error sources arising in the algorithmic recursion until no further de-
coupling is possible. The underlying logic is as follows. Since our stationarity criterion
is based on the hypergradient H(xk), we must explicitly control both the approxima-
tion errors and the stochastic errors in hypergradient estimation. The approximation er-
rors include E

[
∥yk − y∗k∥2

]
and E

[
∥zk − z∗k∥2

]
, together with the additional tracking term

E[∥vxk − ∇H(xk)∥2], which captures the hypergradient-tracking improvement brought by
the MA mechanism in the x-module. The stochastic errors consist of the variance terms
E
[
∥v̂xk −Dx

k∥2
]
, E

[
∥vyk −Dy

k∥
2
]
, E

[
∥vzk −Dz

k∥2
]
, as well as the memory (staleness) terms

δAk , δ
B
k , and δCk .

Combine the inequalities presented in Steps 1-4 to provide an upper bound for Lk+1−Lk.
The inequalities to be selected for estimating each term can be found in Figure 2.

We choose the Lyapunov coefficients and step sizes so that the decoupling and coupling
step size conditions required by our framework are satisfied (see Sections 5.1 and 5.2). Under
Assumptions 1–2 and the corresponding control conditions, this yields

αkE
[
∥∇H(xk)∥2

]
≤ Lk − Lk+1 + ∆̃k,

where ∆̃k = (Ak+1 +A′′
k+1ρ

2
k)∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k and ∆A

k ,∆
B
k ,∆

C
k are given in (10),

(19) and (21), respectively.
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Therefore, we can obtain the final convergence result

inf
k<K

E[∥∇H (xk) ∥2] ≤
L0 −H∗

Kθ
+

∑K−1
k=0 ∆̃k

Kθ
,

where θ is a parameter that depends on αk. This bound is an abstract template: once the
specific estimators are fixed, it suffices to verify the corresponding control conditions and
step size relations to obtain an explicit rate. In the next section, we instantiate our analysis
framework and derive the corresponding general convergence theorems.

5. Theoretical Results

In this section, we establish general results for the cases where all estimators are biased and
where all estimators are unbiased, as presented in Theorems 14 and 15, respectively.

Notably, our convergence analysis framework allows for the integration of both biased
and unbiased estimators. However, due to space constraints, we omit explicit theorems for
this combined case.

5.1 General Convergence Theorem 14: biased estimators

In this subsection, we present a general convergence result for the case where all stochas-
tic estimators are biased.

Before stating the main result, we summarize the step size conditions required in The-
orem 14. Specifically, we impose the following decoupling step size conditions

αk ≤
1

2LH
, βk ≤ c, γk ≤ c,

(
Bk+1η

B
k +B′

k+1η̂
B,y
k

)
βk ≤M1, B

′
k+1η̂

′B,y
k βk ≤

c23
36c2

, (12)

and the coupling step size conditions

αk ≤ mαββk, αk ≤ mαγγk, γk ≤ mγββk, (13a)(
Ak+1η

A
k +A′

k+1η̂
A,ℓ
k

)
βk ≤M2, A′

k+1η̂
′A,ℓ
k βk ≤ M̃2, (13b)(

Ck+1η
C
k + C ′

k+1η̂
C,ℓ
k

)
βk ≤M2, C ′

k+1η̂
′C,ℓ
k βk ≤ M̃2, (13c)(

Bk+1η
B
k +B′

k+1η̂
B,x
k

)
βk ≤

1

96mαβ c̃2
, B′

k+1η̂
′B,x
k βk ≤

1

196mαβ
, (13d)

where ℓ ∈ {x, y, z}, and the constants above are determined by the constants in Assump-

tions 1–2. Specifically, c̃1 = c1 + 1, c̃2 = c2 + 1, M1 = min
{

1
6c̃2

, 1
4c̃1

,
c23

72c̃22

}
, M2 =

min
{

1
96mαβ c̃1

,
c23

72c̃1c2
, 1
6c̃1

, 1
4mγβ c̃2

,
c23

72mγβ c̃2L2
z
, µ
40mγβ c̃2c10L2

z

}
, mαβ = min

{
3

8L2
y∗
,

c23
108c1

}
,

mαγ = min
{

3
16L2

z∗
, µ
60c2c10

}
, mγβ =

c23
54c1

, M̃2 = min
{

c23
36c2

,
c23

36mγβL2
z
, µ
20mγβc10L2

z
, 1
196mαβ

}
.

Remark 13 Decoupling strategies bring immediate benefits in BLO, as they render each
search direction linear with respect to the functions f and g, which simplifies both the algo-
rithmic structure and the analysis. Nevertheless, the decoupling is not complete: the step
sizes remain intrinsically coupled, as reflected in (13). Moreover, for ease of verification,
the above step size conditions are simplified based on (13a).
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With these step size conditions in place, we are ready to state the following theorem.

Theorem 14 Fix an iteration K > 1 and suppose that Assumptions 1 and 2 hold. Select
stochastic estimators A, B, and C as biased, and assume they satisfy the SE-CC and SE-
VRC conditions with {A,A′}, {B,B′}, and {C,C ′}, respectively. Assume that the sequences
{αk}, {βk} and {γk} satisfy the decoupling step size conditions in (12) and the coupling step
size conditions in (13). Then we have

inf
k<K

E[∥∇H (xk) ∥2] ≤
2(L0 −H∗)∑K−1

k=0 αk

+
2∑K−1

k=0 αk

K−1∑
k=0

(
Ak+1∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k

)
.

5.2 General Convergence Theorem 15: unbiased estimators

Subsequently, we provide a general result for the scenario in which all stochastic esti-
mators are unbiased. Before stating the main result, we summarize the step size conditions
required in Theorem 15, starting with the following decoupling conditions

αk ≤
1

2LH
, βk ≤ min

{
1

µ+ Lg
1

,
µ

16c2
,

µ

16L2
z

}
, γk ≤ min

{
µ

10L2
z

,
1

10µ
,

1

Lg
1

}
, (14a)

ρk ≤ min

{
LH

2
√
c1
, 1

}
,

(
ηBkBk+1 + η̂B,yk B′

k+1

)
≤ 1

10c̃2
, η̂′B,yk B′

k+1βk ≤
µ

16c2
, (14b)

and the coupling step size conditions are given by

αk ≤ m′
αββk, αk ≤ m′

αγγk, γk ≤ m′
γββk, ρkη

A
k ≤ 4,

αk

ρk
A′′

k+1 ≤
1

96 (LH)2
, (15a)

ρkA
′′
k+1 ≤ min

{
µβk
144c1

,
µγk
90c2

,
1

144c1
,

1

120c2

}
,

(
ηBkBk+1 + η̂B,xk B′

k+1

)
≤ LH

16c̃2
, (15b)(

ηAk Ak+1 + η̂A,ℓ
k A′

k+1

)
≤M3,

(
ηCkCk+1 + η̂C,ℓk C ′

k+1

)
≤M3, (15c)

η̂′A,ℓ
k A′

k+1βk ≤M4, η̂′B,xk B′
k+1βk ≤

1

24m′
αβ

, η̂′C,ℓk C ′
k+1βk ≤M4, (15d)

where ℓ ∈ {x, y, z}, M3 = min
{

1
10c̃2

, LH

16c̃1

}
, M4 = min

{
1

24m′
αβ

, µ
16c2

, µ
10L2

zm
′
γβ

}
, m′

αβ =

min
{

1
32c6

, µ
24c1

}
, m′

αγ = min
{

1
32c9

, µ
15c2

}
, m′

γβ = min
{

µ
8c8

, 5
16

}
.

With these step size conditions in place, we are ready to state the following theorem.

Theorem 15 Fix an iteration K > 1 and suppose that Assumptions 1 and 2 hold. Consider
unbiased stochastic estimators A, B, and C. Assume that all three estimators satisfy the
SE-VRC condition. In addition, A satisfies the UEMA-CC condition with coefficient family
{A,A′, A′′}, and B and C satisfy the UE-CC condition with coefficient families {B,B′} and
{C,C ′}, respectively. Assume that the sequences {αk}, {βk}, {γk}, and {ρk} satisfy the
decoupling conditions in (14) and the coupling conditions in (15). Then we have

inf
k<K

E[∥∇H (xk) ∥2] ≤
4
(
L0 −H∗ +

∑K−1
k=0

(
(Ak+1 +A′′

k+1ρ
2
k)∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k

))
∑K−1

k=0 αk

.
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6. Illustrative Examples

To illustrate the effectiveness of the proposed algorithm and its convergence analysis frame-
work, we provide several examples in this section.

We begin by presenting the proofs of convergence and sample complexity for SFFBA
and MSEBA. We then discuss how this framework can generate additional algorithms and
extend to the expectation setting. It is important to note that MA-SABA and SPABA,
which were introduced in the conference version, also serve as specific instances of our
framework. Due to space limitations, we will not delve further into these methods here.

6.1 Convergence Rate and Sample Complexity of SFFBA

Using the convergence analysis framework, we can derive the following convergence result
for SFFBA.

Theorem 16 Fix an iteration K > 1 and assume that Assumptions 1 and 2 hold. Select
the batch size as b =

√
N , and set the momentum parameter ρ̄k ≡ ρ̄ = b

2N = 1
2
√
N
. Then

there exist positive constants α, β, γ, cβ, cαβ, and cγβ such that if

αk ≡ α ≤ 1/(2LH), γk ≡ γ ≤ c, βk ≡ β ≤ cβ, αkβk ≤ cαβ, γkβk ≤ cγβ, (16)

and the step sizes satisfy (13a), the iterates in SFFBA using the one-time full initialization
(4) satisfy

inf
k<K

E[∥∇H (xk) ∥2] = O
(
K−1

)
. (17)

To attain an ϵ-stationary point, the sample complexity is O(N +
√
Nϵ−1).

Proof Based on the convergence rate analysis framework we provided, and in conjunction
with Theorem 14, we will now give the values of the undetermined parameters, select the
appropriate step sizes and Lyapunov function coefficients, and verify the conditions that
need to be satisfied in Theorem 14.

1○ Select the Lyapunov function coefficients as Ak+1 =
2α
ρ̄ , Bk+1 =

2β
ρ̄ , Ck+1 =

2γ
ρ̄ ,

A′
k+1 = 8αρ̄L′′, B′

k+1 = 8βρ̄L′′, C ′
k+1 = 8γρ̄L′′. Let cγβ = cαβ :=

√
M2

16c1+12L′′ , and cβ :=

min
{
c,

√
M1

16+12L′′ ,
√

1
(16+12L′′)96mαβ c̃2

}
.

2○ Validation of the SE-VRC condition:

Lemma 2 in Li et al. (2021b) verifies that the SE-VRC condition holds. More details on
the properties of ZeroSARAH in the BLO setting can be found in Lemma 23.

3○ Validation of the SE-CC Condition: It holds by

Ak+1θ
A
k −Ak =

2α

ρ̄
(1− ρ̄)2 − 2α

ρ̄
≤ −2α,

Ak+1τ
A
k +A′

k+1λ
A
k −A′

k =
2α

ρ̄

2L′′ρ̄2

b
+ 8αρ̄L′′

(
1− b

2N

)
− 8αρ̄L′′ ≤ 0.

For B and C, the same reasoning applies.
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4○ Validation of the decoupling step size condition (12): It holds by (16) and

(
Bk+1η

B
k +B′

k+1η̂
B,y
k

)
βk =

(
2β

ρ̄

4

b
+ 8βρ̄L′′ 3N

b

)
β ≤

(
16 + 12L′′)β2 ≤M1.

5○ Validation of the coupling step size condition: We have(
Ak+1η

A
k +A′

k+1η̂
A,ℓ
k

)
βk =

(
8

bρ̄
+

12ρ̄N

b
L′′

)
αβ ≤M2,

where ℓ ∈ {x, y, z}. Similarly, we have the coupling conditions (13c)-(13d) are satisfied.

Thus, all conditions in Theorem 14 are satisfied, and we have infk<K E[∥∇H (xk) ∥2] ≤
2(L0−H∗)∑K−1

k=0 αk
. Under the one-time full initialization, the initial variance and staleness terms

vanish. Hence, L0 − H∗ = E [H(x0)] + CyE
[
∥y0 − y∗0∥2

]
+ CzE

[
∥z0 − z∗0∥2

]
− H∗, and

therefore does not depend on the N -dependent Lyapunov coefficients. Since the one-
time full initialization requires O(N) stochastic-oracle calls and each subsequent itera-
tion uses O(b) samples, the total sample complexity for attaining an ϵ-stationary point
is O(N + bϵ−1) = O(N +

√
Nϵ−1) for b =

√
N .

Remark 17 This implies that there is no gap between stochastic bilevel and single-level
optimization in the context of ZeroSARAH implementation. The lower bound established in
(Dagréou et al., 2024) for BLO indicates that SFFBA achieves optimal sample complexity
in the finite-sum setting when m = O(n) and ϵ = O(n−1/2). However, memory remains a
practical limitation of SFFBA: consistent with the ZeroSARAH estimator embedded in the
framework, SFFBA maintains per-sample memory variables for variance reduction, result-
ing in a memory requirement of order O

(
n(dx + dy) +m(dx + 2dy)

)
.

6.2 Convergence Rate and Sample Complexity of MSEBA

In this section, we state the convergence rate and sample complexity of MSEBA.

Theorem 18 Fix an iteration K > 1 and assume that Assumptions 1 and 2 hold. Choose
the batch size as b =

√
N , the probability p = b

N+b , and set the parameter ρ̄k ≡ ρ̄ = 1
2
√
N
. If

the step sizes satisfy (13a) and αk ≡ α ≤ 1/(2LH), γk ≡ γ ≤ c, βk ≡ β ≤ cβ, αkβk ≤M2/2,
γkβk ≤M2/2, then the iterates in MSEBA using the one-time full initialization (5) satisfy

inf
k<K

E[∥∇H (xk) ∥2] = O
(
K−1

)
,

where cβ > 0 is chosen as in the proof of Theorem 16.
Moreover, to achieve an ϵ-stationary point, the sample complexity is O(N +

√
Nϵ−1).

Proof We apply Theorem 14 to prove this result.

1○ Select Lyapunov function coefficients as:

Ak+1 =
2α
p , Bk+1 =

2β
ρ̄ , Ck+1 =

2γ
p , A′

k+1 = C ′
k+1 = 0 and B′

k+1 = 8βρ̄L′′.

2○ Validation of the SE-VRC condition and SE-CC Condition:
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According to Lemma 3 in Li et al. (2021a) and Lemma 23, we obtain that the stochastic
estimators A, B and C satisfy SE-VRC condition with the following values

θAk = θCk = (1− p), θBk = (1− ρ̄)2, ηAk = ηCk =
1− p

b
, ηBk =

4

b
, η̂B,ℓk =

3N

b
,

τAk = τCk = δAk = δCk = λA
k = λC

k = η̂A,ℓ
k = η̂C,ℓk = 0, τBk =

2L′′ρ̄2

b
, δBk = δk, λ

B
k = 1− b

2N
,

η̂′A,ℓ
k = η̂′B,ℓk = η̂′C,ℓk = ∆A

k = ∆B
k = ∆C

k = 0.

The stochastic estimator B satisfies the SE-CC condition, as verified in 3○ in the proof of
Theorem 16. For A, we have

Ak+1θ
A
k −Ak = (1− p)

2α

p
− 2α

p
+ 0 = −2α, Ak+1τ

A
k +A′

k+1λ
A
k −A′

k = 0.

The same applies to C .

3○ Validation of the decoupling step size condition: see 4○ in the proof of Theorem 16.

4○ Validation of the coupling step size condition: for conditions (13b)-(13c), we have(
Ak+1η

A
k +A′

k+1η̂
A,ℓ
k

)
βk = 2αβ

1− p

pb
= 2αβ ≤M2,

(
Ck+1η

C
k + C ′

k+1η̂
C,ℓ
k

)
βk ≤M2.

Thus, all the conditions in Theorem 14 are satisfied, and we finally obtain the conver-
gence result, which implies that, to achieve an ϵ-stationary point, the sample complexity is
O
(
N + bϵ−1 + (pN + (1− p)b)ϵ−1

)
= O(N +

√
Nϵ−1).

6.3 Extension to the Expectation Setting

It is worth noting that our algorithm framework, PnPBO, and its convergence analysis
framework can be directly applied to the expectation setting, where the objective functions
are

f(x, y) = Eξ [F (x, y; ξ)] , g(x, y) = Eζ [G (x, y; ζ)] .

This extends problem (2) and captures scenarios where the data comes from a stream or
online setting with a substantial or potentially infinite number of samples.

In this expectation setting, we propose two illustrative algorithms as examples. First, we
introduce SRMBA, which directly integrates the stochastic estimator STORM into PnPBO.
Secondly, by adjusting the batch size, we propose the generalized SPABA, which is the
application of PAGE within PnPBO. These algorithms are described in Section 2.4 and 2.3
of the conference version Chu et al. (2024).

The analysis framework remains the same as described in Section 4, with the difference
being that its variance reduction in Step 4 may depend on the addition of the following
variance bounding assumption:

Assumption 3 There exist positive constants σf , σg,1, and σg,2 such that

E[∥∇F (x, y; ξ)−∇f(x, y)∥2] ≤ σ2
f ,

E[∥∇G(x, y; ζ)−∇g(x, y)∥2] ≤ σ2
g,1, E[∥∇2G(x, y; ζ)−∇2g(x, y)∥2] ≤ σ2

g,2.
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Under Assumptions 1-3, the sample complexity of SRMBA is Õ(ϵ−1.5), with an improved
batch size of O(1). For the generalized SPABA, it achieves optimal sample complexity
O(ϵ−1.5). For more details, please refer to Theorem 3.11 and Theorem 3.9 in the conference
version. We compare SRMBA and the generalized SPABA with other methods in the
expectation setting in Table 2.

Algorithm Stochastic Estimator Sample Complexity Gap Batch Size Reference

stocBiO SGD Õ(ϵ−2) ✓ Õ(ϵ−1) Ji et al. (2021)

MRBO STORM Õ(ϵ−1.5) ✓ Õ(1) Yang et al. (2021)

SUSTAIN STORM Õ(ϵ−1.5) ✓ Õ(1) Khanduri et al. (2021)

VRBO SARAH Õ(ϵ−1.5) ✓ Õ(ϵ−0.5) Yang et al. (2021)

SRMBA STORM Õ(ϵ−1.5) ✗ O(1) Theorem 3.11∗

SPABA PAGE O(ϵ−1.5) ✗ O(1) Theorem 3.9∗

Lower Bound: Ω(ϵ−1.5) (Arjevani et al., 2023)

Table 2: Comparison of Stochastic Algorithms for BLO in the Expectation Setting.
∗ indicates that this result has been published in our conference paper (Chu et al., 2024). We omit
comparisons with BSA (Ghadimi and Wang, 2018), TTSA (Hong et al., 2023), SOBA (Dagréou
et al., 2022), AmIGO (Arbel and Mairal, 2022), and MA-SOBA (Chen et al., 2024), which rely on
smoothness assumptions for f and g (instead of the mean-squared smoothness condition), with
a best-case sample complexity of O(ϵ−2).

7. Numerical Experiments

In this section, we conduct numerical experiments grounded in our theoretical results to
validate the effectiveness of the proposed framework and associated algorithms.

We first compare the performance of our algorithms—SPABA, SFFBA, and MSEBA—
with several benchmark methods on two widely studied tasks: data hyper-cleaning on
the corrupted MNIST2 data set, and hyperparameter optimization for ℓ2-penalized logistic
regression on the IJCNN13 and covtype4 benchmark data sets. In addition, to validate the
effectiveness of the PnPBO framework, we conduct ablation studies on both the moving
average technique and the variable clipping technique. All experiments were repeated five
times, and the average results were reported.

Setting. We strictly follow the experimental settings provided in benchmark bilevel in
Dagréou et al. (2022). The original results and configurations are also publicly available at
https://benchopt.github.io/results/benchmark_bilevel.html.

In all experiments, we use a batch size of 64 across all methods. The step sizes and
momentum parameters for the benchmark algorithms are adopted directly from the fine-
tuned values provided by Dagréou et al. (2022). For our methods—SPABA, SFFBA, and
MSEBA—we select the best constant step sizes based on a grid search.

2. http://yann.lecun.com/exdb/mnist/
3. https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
4. https://scikit-learn.org/stable/modules/generated/sklearn.datasets.fetch_covtype.html
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In this experiment, the optimal pair (α, β, γ) is selected via grid search. The parameter
α is chosen from a set of 11 values logarithmically spaced between 10−3 and 100. For β and
γ, we first select ϕ and κ from 11 values logarithmically spaced between 10−5 and 100, and
then set β = α

ϕ and γ = α
κ . In SPABA, the probability parameter 1− p is selected from the

set {0.001, 0.002, . . . , 1}. For SFFBA and MSEBA, the momentum parameter ρ̄ is chosen
from the set {0.01, 0.02, . . . , 1}. The clipping radius is set to R = 1.

The benchmark methods we compared include SGD-based algorithms: stocBio (Ji et al.,
2021), SOBA (Dagréou et al., 2022), AmIGO (Arbel and Mairal, 2022), TTSA (Hong et al.,
2023); variance-reduction algorithms: SUSTAIN (Khanduri et al., 2021), MRBO (Yang
et al., 2021); algorithms proposed for finite-sum setting: SABA (Dagréou et al., 2022) and
SRBA (Dagréou et al., 2024).

7.1 Data Hyper-Cleaning

The first learning task we address is data hyper-cleaning on the MNIST data set. The data
set is partitioned into a training set (dtraini , ytraini ) with 20,000 samples, a validation set
(dvalj , yvalj ) with 5,000 samples, and a test set with 10,000 samples. The input samples d are
784-dimensional, with target labels y ranging from 0 to 9. In the training set, each sample
is independently corrupted with probability p̃ by randomly replacing its label yi with one
from {0, . . . , 9}. The validation and test sets remain uncorrupted.

The objective of data hyper-cleaning is to train a multinomial logistic regression model
on the corrupted training set, assigning a weight to each training sample to ideally reduce the
influence of corrupted samples by assigning them weights close to zero. This is formulated

as a BLO problem, with the UL objective function f(λ, θ) = 1
m

∑m
j=1 ℓ

(
θdvalj , yvalj

)
, and

the LL objective function g(λ, θ) = 1
n

∑n
i=1 σ (λi) ℓ

(
θdtraini , ytraini

)
+Cr∥θ∥2, where ℓ denotes

the cross-entropy loss, σ is the sigmoid function, and we choose Cr = 0.2 after a manual
search to achieve the best final test accuracy. In this experiment, the LL variable θ is a
matrix of size 10× 784, and the UL variable λ is a vector in dimension ntrain = 20,000.

Figure 3(a), we report the test error—defined as the percentage of incorrect predictions
on the test set—comparing SPABA, SFFBA, and MSEBA with variance-reduction-based
methods, including those designed for the finite-sum setting, under a corruption probability
of p̃ = 0.9. To supplement this comparison, we conducted additional experiments using
corruption probabilities p̃ ∈ {0.5, 0.7, 0.9} with a broader set of comparison methods. The
corresponding results are presented in Figures 4(a)–4(c).

We observe that our method, SPABA, consistently outperforms other methods across
all three values of p̃, particularly on the more challenging settings with p̃ = 0.7 and p̃ = 0.9,
achieving lowest test errors at a faster rate. Our second algorithm, MSEBA, which employs
a mixed strategy by combining the stochastic estimators from both SPABA and SFFBA,
performs between SPABA and SFFBA. It surpasses most other baseline algorithms and
demonstrates strong performance on the data hyper-cleaning task.

7.2 Hyperparameter Selection on the covtype Data Set

In the second task, we address the problem of hyperparameter selection for determining
regularization parameters in ℓ2-penalized logistic regression, evaluated on the covtype data
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(a) Data hyper-cleaning on MNIST (b) Logistic regression on IJCNN1

Figure 3: Comparison of SPABA, SFFBA and MSEBA with other variance-reduction-based
stochastic BLO methods. Left: Test error for data hyper-cleaning on MNIST

with p̃ = 0.9 corruption rate, Right: Suboptimality gap for hyperparameter
optimization for l2 penalized logistic regression on IJCNN1 data set.

set. This data set comprises 581,012 samples, each with p̂ = 54 features, and includes
C = 7 classes. We use n = 371,847 training samples, m = 92,962 validation samples, and
ntest = 116,203 test samples.

Let {(dtraini , ytraini )}1≤i≤n and {(dvalj , yvalj )}1≤j≤m denote the training and validation sets,

respectively. The bilevel objective functions are defined as f(θ, λ) = 1
m

∑m
j=1 ℓ

(
θdvalj , yvalj

)
,

g(θ, λ) = 1
n

∑n
i=1 ℓ

(
θdtraini , ytraini

)
+

∑C
c=1 e

λc
∑p̂

i=1 θ
2
i,c, where the LL variable θ ∈ R54×7

represents the model parameters, and the UL variable λ ∈ R7 denotes the class-wise regu-
larization coefficients.

Figure 4(d) shows comparisons with all benchmark methods on the covtype data set,
focusing on the test error. All algorithms exhibit a rapid decrease in test error, with the
performance of SRBA and our method, SPABA, closely aligned. Both methods achieve the
lowest test error value and do so at the fastest rate.

7.3 Hyperparameter Selection on the IJCNN1 Data Set

In the third task, we fit a logistic regression model (for binary classification), and select
the regularization parameters (one hyperparameter per feature) on the IJCNN1 data set.
Let {(dtraini , ytraini )}1≤i≤n and {(dvalj , yvalj )}1≤j≤m denote the training and validation sets,
respectively.

In this context, the LL variable θ corresponds to the model parameters, while the UL
variable λ represents the regularization parameters. The UL and LL objective functions

are defined as f(λ, θ) = 1
m

∑m
j=1 φ

(
yvalj ⟨dvalj , θ⟩

)
and g(λ, θ) = 1

n

∑n
i=1 φ

(
ytraini ⟨dtraini , θ⟩

)
+

1
2

∑p
k=1 e

λkθ2k. In this case, the data set is partitioned into a training set Dtrain, a validation
set Dval, and a test set Dtest, where |Dtrain| = 49,990, and |Dval| = 91,701. The LL variable
θ ∈ R22 is the regression coefficient, while the UL variable λ ∈ R22 is a vector of regulariza-
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(a) Data hyper-cleaning (p̃ = 0.5) (b) Data hyper-cleaning (p̃ = 0.7) (c) Data hyper-cleaning (p̃ = 0.9)

(d) Logistic regression on covtype (e) Logistic regression on IJCNN1

Figure 4: Top: Compare SPABA, SFFBA, and MSEBA with other benchmark algorithms
for the data hyper-cleaning problem under different p̃. Bottom: Compare
SPABA, SFFBA, and MSEBA with other benchmark algorithms for hyperpa-
rameter selection experiments on covtype and IJCNN1.

tion parameters. Unfortunately, the previously reported results for MRBO on the IJCNN1

data set and SABA on the covtype data set are currently not reproducible due to conflicts
with the latest developer version of Benchopt.

Figure 3(b) compares the suboptimality gap of our methods—SPABA, SFFBA, and
MSEBA—with that of other variance-reduction-based algorithms for hyperparameter op-
timization in ℓ2-penalized logistic regression on the IJCNN1 data set. Figure 4(e) further
compares our methods with all other benchmark algorithms. We observe that SFFBA
achieves the lowest values, clearly outperforming the other algorithms. Notably, SFFBA
does not require computing full gradients, and its advantage over the other algorithms be-
comes more pronounced. Specifically, we observe that SFFBA is the only algorithm that
consistently reaches an objective value below 10−4. Both MSEBA and SPABA also achieve
objective values close to 10−4, outperforming most baseline algorithms, including SRBA.

7.4 Ablation Study

Our PnPBO framework introduces clipping for implicit variable updates and combines MA
with the unbiased estimator A. In this section, we conduct ablation studies to further
demonstrate the effects of these two techniques.
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(a) Logistic regression on IJCNN1 (b) Logistic regression on covtype

Figure 5: Left: Compare the performance of SOBA and MA-SOBA, and SABA and MA-
SABA in the problem of hyperparameter selection experiment on the IJCNN1 data
set. Right: Compare the performance of SPABA, SFFBA, and MSEBA with
their versions without the clipping technique in the problem of hyperparameter
selection experiment on the covtype data set.

First, we perform an ablation study to assess the impact of the MA technique on up-
dating UL variables when using unbiased estimators. Figure 5(a) presents the performance
comparison of SOBA and SABA with their MA-enhanced counterparts, MA-SOBA and
MA-SABA, in the l2-penalized logistic regression task on the IJCNN1 data set. We observe
that the algorithms using the MA technique reach the minimum faster, demonstrating a
potential acceleration effect.

Next, we compare the use of the clipping technique in the implicit variable update for
SPABA, SFFBA and MSEBA. Omitting the clipping step may degrade convergence speed,
as shown in Figure 5(b).

8. Conclusion

In this work, we propose the plug-and-play stochastic BLO algorithm framework, PnPBO,
which enhances the framework in (Dagréou et al., 2022; Arbel and Mairal, 2022) and intro-
duces a more general convergence analysis framework. Based on this, we apply stochastic
estimators such as SAGA, STORM, PAGE, ZeroSARAH, and their mixed strategies in the
bilevel setting with convergence guarantees. We resolve the open question of whether the
optimal complexity bounds for bilevel optimization are the same as those for single-level
optimization. It’s worth mentioning that the proposed algorithm framework still relies
on second-order information. An interesting and promising direction is to use value func-
tion approaches (Kwon et al., 2024; Yao et al., 2025) to develop single-loop, Hessian-free
stochastic bilevel algorithms.
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Appendix A. General Lemmas

In this section, we present general results that will be used. For proof details of Lemma
19-21, see Appendix D.2. in the conference version (Chu et al., 2024).

Lemma 19 (Lipschitz continuity of y∗(x) and z∗(x), boundedness of z∗(x))
(1) Under the Assumptions 2, y∗(x) is Ly∗-Lipschitz continuous, where Ly∗ = Lg

1/µ.
(2) Under the Assumptions 1 and 2, z∗(x) is Lz∗-Lipschitz continuous, and for each x,

∥z∗(x)∥ ≤ R, where

Lz∗ =
(
Lf/µ+ CfLg

2/µ
2
)
(1 + Lg

1/µ) , R = Cf/µ.

Lemma 20 (smoothness of function H)
Suppose Assumptions 1 and 2 hold, the function H(x) is LH-smooth, where

LH = Lf +
2LfLg

2 +
(
Cf

)2
Lg
2

µ
+

Lf (Lg
1)

2
+ 2CfLg

1L
g
2

µ2
+

Cf (Lg
1)

2
Lg
2

µ3
.

Lemma 21 Suppose Assumptions 1 and 2 hold. Then the following inequalities hold

E
[∥∥Dy

k

∥∥2] ≤ (Lg
1)

2 E
[
∥yk − y∗k∥2

]
, E

[
∥Dz

k∥
2
]
≤ L2

zE
[
∥zk − z∗k∥

2
]
+ L2

zE
[
∥yk − y∗k∥

2
]
,

E
[
∥Dx

k −∇H (xk)∥2
]
≤ 3c1E

[
∥yk − y∗k∥

2
]
+ 3c2E

[
∥zk − z∗k∥

2
]
, (18)

where L2
z = max{3 (Lg

1)
2
, 3R2 (Lg

2)
2
+ 3

(
Lf

)2}.
Lemma 22 Under the Assumptions 1 and 2, we have∥∥Dx

k+1 −Dx
k

∥∥2 ≤ 4c1

(
α2
k ∥vxk∥

2 + β2
k

∥∥vyk∥∥2)+ 4c2γ
2
k ∥vzk∥

2 .

Proof Using Assumptions 1 and 2, we have∥∥Dx
k+1 −Dx

k

∥∥2 ≤2 ∥∇1f(xk+1, yk+1)−∇1f(xk, yk)∥2 + 4
∥∥∇2

12g(xk, yk)(zk − zk+1)
∥∥2

+ 4
∥∥∇2

12g(xk, yk)zk+1 −∇2
12g(xk+1, yk+1)zk+1

∥∥2
≤
[
2(Lf )2 + 4R2(Lg

2)
2
] (

α2
k∥vxk∥2 + β2

k∥v
y
k∥

2
)
+ 4(Lg

1)
2γ2k∥vzk∥2.

The second inequality also uses the boundedness of zk+1, which arises from the clipping.

Appendix B. Single-level Instantiations

In Table 3, we list representative single-level instantiations of the abstract interface inequal-
ities from Section 4.1.
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Method
Active terms
in (6)–(7)

Coefficients
in (8) or (9)

SGD (Unbiased)

vk = ∇hPk
(uk);

step size ak = O(K−1/2),
batch size pk = 1

∆k = σ2
h

(Assumption: there exist pos-
itive constant σh such that
E[∥∇h(u)−∇hq(u)∥2] ≤ σ2

h)

Coefk = O(a2k)
Coef′k = 0

SAGA (Unbiased)

vk =∇hPk
(uk)−∇h(ũk;Pk)

+∇h(ũk; [Q]),
where [Q] = {1, · · · , Q};

update ũq
k+1 =

{
uk, q ∈ Pk,

ũq
k, q /∈ Pk;

step size ak = O(Q− 2
3 ), batch size pk = 1

θk = (4 + 4Q)a2kL
2
h

ηk = (5 + 4Q)L2
h

τk = (1− 1/(4Q))L2
h

δk = 1
Q

Q∑
q=1

E[∥uk − ũq
k∥2]

λk = 1− 1/(4Q)

η̂k = 1, η̂′k = 2 + 2Q

Coefk = O(Q− 4
3 )

Coef′k = O(Q− 1
3 )

ZeroSARAH (Biased)

vk = (1− ρ̂k)(vk−1 −∇hPk
(uk−1))

+ ρ̂k(∇h(ũk−1; [Q])−∇h(ũk−1;Pk))

+∇hPk
(uk);

update ũq
k =

{
uk, q ∈ Pk,

ũq
k−1, q /∈ Pk;

step size ak = O(1), parameter ρ̂k =
O(1/

√
Q), batch size p = O(

√
Q)

θk = (1− ρ̂k+1)
2

ηk = 2L2
h/p

τk = 2L2
hρ̂

2
k/p

δk = 1
Q

Q∑
q=1

E[∥uk − ũq
k∥2]

λk = 1− pk/2Q

η̂k = 3Q/p

Coefk = O
(

αk

ρ̂k

)
Coef′k = O(αkρ̂k)

PAGE (Biased)

with probability ρ̂, set vk = ∇h(uk);
otherwise, set vk = vk−1 + ∇hPk

(uk) −
∇hPk

(uk−1)

step size ak = O(1), batch size p =
√
Q,

probability ρ̂ = pk/(Q+ pk)

θk = (1− ρ̂)

ηk = (1− ρ̂)L2/p

Coefk = O(αk/ρ̂)

Coef′k = 0

Table 3: Single-level instantiations of the abstract inequalities in Section 4.1.
In the Active terms column, we report only nonzero coefficients.
The SAGA row is based on Lemma C.5 in (Dagréou et al., 2022); the coefficients reported here
are obtained by specializing that lemma to the single-level finite-sum problem and applying the
bound E[∥vk − ∇h(uk)∥2] ≤ L2

h δk together with simple constant relaxations. The ZeroSARAH
row follows from Lemmas 2–3 in (Li et al., 2021b). The PAGE row follows from Lemma 3 in (Li
et al., 2021a).

Appendix C. The Missing Proof in Section 4

Proof (Proof of Lemma 6) When A is an unbiased estimator, it is necessary to combine
it with the MA technique, i.e., vxk+1 = (1− ρk)v

x
k + ρkv̂

x
k+1. Using the unbiasedness of v̂xk+1,
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we obtain

E
[∥∥vxk+1 −∇H (xk+1)

∥∥2] =E
[∥∥∥ (1− ρk)

(
vxk −∇H(xk)

)
+∇H(xk)−∇H(xk+1) + ρkD

x
k

− ρk∇H(xk) + ρk
(
Dx

k+1 −Dx
k

) ∥∥∥2]+ ρ2kE
[∥∥v̂xk+1 −Dx

k+1

∥∥2] .
Based on the convexity of ∥ · ∥2, we can derive the following

E
[∥∥vxk+1 −∇H (xk+1)

∥∥2] ≤ (1− ρk)E
[
∥vxk −∇H (xk)∥2

]
+ ρ2kE

[∥∥v̂xk+1 −Dx
k+1

∥∥2]
+ ρkE

[∥∥∥Dx
k+1 −Dx

k +Dx
k −∇H(xk) +

∇H (xk)−∇H (xk+1)

ρk

∥∥∥2]
≤ (1− ρk)E

[
∥vxk −∇H (xk)∥2

]
+ ρ2kE

[∥∥v̂xk+1 −Dx
k+1

∥∥2]+ 3ρkE[∥Dx
k+1 −Dx

k∥2]

+ 3ρkE[∥Dx
k −∇H(xk)∥2] +

3

ρk
E
[
∥∇H (xk)−∇H (xk+1)∥2

]
.

Using (18), Lemma 22 and the LH−smoothness of H, we conclude the proof.

Proof (Proof of Lemma 10)
Based on the definition of zk+1 and utilizing Young’s inequality twice, we obtain

∥zk+1 − z∗ (xk+1)∥2 ≤
(
1 + δ′k

)
∥zk+1 − z∗ (xk)∥2 +

(
1 +

1

δ′k

)
L2
z∗α

2
k ∥vxk∥

2 .

Since ∥z∗(xk)∥ ≤ R, the clipping operator Clip(·;R) coincides with the Euclidean projection
onto B(0, R), and hence it is nonexpansive. Using this nonexpansiveness and applying
Young’s inequality, we have

∥zk+1 − z∗ (xk)∥2 = ∥Clip(zk − γkv
z
k;R)− z∗ (xk)∥2

≤ ∥zk − γkv
z
k − z∗ (xk)∥2

≤
(
1 +

µγk
4

)
∥zk − γkD

z
k − z∗ (xk)∥2 +

(
1 +

4

µγk

)
∥γk (vzk −Dz

k) ∥2.

For the first term, we use the identity ∇2
22g(xk, y

∗(xk))z
∗(xk) − ∇2f(xk, y

∗(xk)) = 0 to
obtain the decomposition

∥zk − γkD
z
k − z∗ (xk)∥2 =

∥∥∥(I − γk∇2
22g(xk, yk))(zk − z∗(xk))

+ γk
(
(∇2

22g(xk, y
∗(xk))−∇2

22g(xk, yk))z
∗(xk) +∇2f(xk, yk)−∇2f(xk, y

∗(xk))
)∥∥∥2.

Applying Young’s inequality yields

∥zk − γkD
z
k − z∗ (xk)∥2 ≤

(
1 +

γkµ

2

)∥∥(I − γk∇2
22g(xk, yk))(zk − z∗(xk))

∥∥2
+

(
2 +

4

γkµ

)
γ2k∥∇2

22g(xk, y
∗(xk))−∇2

22g(xk, yk)∥2∥z∗(xk)∥2

+

(
2 +

4

γkµ

)
γ2k∥∇2f(xk, yk)−∇2f(xk, y

∗(xk))∥2.
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Using Assumption 2(a) and the step size condition γk ≤ 1/Lg
1, we have∥∥I − γk∇2

22g(xk, yk)
∥∥2 ≤ (1− γkµ)

2.

Moreover, by Assumptions 1(b) and 2(b), together with ∥z∗(xk)∥ ≤ R, we obtain

∥zk − γkD
z
k − z∗ (xk)∥2

≤
(
1 +

γkµ

2

)
(1− γkµ)

2 ∥zk − z∗(xk)∥2+
(
2 +

4

γkµ

)
γ2kc1∥yk − y∗(xk)∥2,

where c1 = (Lg
2R)

2
+ (Lf )2.

Rearranging the above inequalities and taking the total expectation yields

E
[
∥zk+1 − z∗ (xk+1)∥2

]
≤
(
1 +

µγk
4

)(
1 +

γkµ

2

)2
(1− γkµ)

2E
[
∥zk − z∗ (xk)∥2

]
+
(
1 +

µγk
4

)(
1 +

γkµ

2

)(
2 +

4

γkµ

)
γ2kc1E

[
∥yk − y∗(xk)∥2

]
+
(
1 +

µγk
2

)(
1 +

4

µγk

)
γ2kE

[
∥vzk −Dz

k∥2
]

+

(
1 +

2

µγk

)
L2
z∗α

2
kE

[
∥vxk∥

2
]
.

Using the step size condition γk ≤ 1
Lg
1+µ

, we have

E
[
∥zk+1 − z∗ (xk+1)∥2

]
≤
(
1− γkµ

4

)
E
[
∥zk − z∗ (xk)∥2

]
+

18c1γk
µ

E
[
∥yk − y∗(xk)∥2

]
+

12γk
µ

E
[
∥vzk −Dz

k∥2
]
+

4L2
z∗α

2
k

µγk
E
[
∥vxk∥

2
]
.

Proof (Proofs of the Remaining Lemmas and Corollary):
They have already been proved in our conference version. Specifically, Lemma 4 can be

found in Lemma D.7 of the conference version, Corollary 5 in Corollary F.1, Lemma 7 in
Lemma F.3, Lemmas 8 and 11 in Lemma E.2.

Appendix D. Variance Results of Stochastic Estimators in the Bilevel
Setting

For the stochastic estimator B, we have

E
[∥∥Dy

k+1 − vyk+1

∥∥2] ≤θBkE [∥∥Dy
k − vyk

∥∥2]+ ηBk c2

(
α2
kE

[
∥vxk∥

2
]
+ β2

kE
[∥∥vyk∥∥2])

+ τBk δ
B
k +∆B

k ,
(19)

and

δBk+1 ≤λB
k δ

B
k + η̂B,xk α2

kE[∥vxk∥2] + η̂B,yk β2
kE[∥v

y
k∥

2] + η̂′B,xk α2
kE[∥Dx

k∥2] + η̂′B,yk β2
kE[∥D

y
k∥

2].
(20)
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For the stochastic estimator C, we have

E
[∥∥Dz

k+1 − vzk+1

∥∥2] ≤θCkE [
∥Dz

k − vzk∥
2
]
+ ηCkc1α

2
kE[∥vxk∥2] + ηCkc1β

2
kE[∥v

y
k∥

2]

+ ηCkc2γ
2
kE[∥vzk∥2] + τCk δ

C
k +∆C

k ,
(21)

and
δCk+1 ≤λC

kδ
C
k + η̂C,xk α2

kE[∥vxk∥2] + η̂C,yk β2
kE[∥v

y
k∥

2] + η̂C,zk γ2kE[∥vzk∥2]

+ η̂′C,xk α2
kE[∥Dx

k∥2] + η̂′C,yk β2
kE[∥D

y
k∥

2] + η̂′C,zk γ2kE[∥Dz
k∥2].

(22)

Proof (Proof of Inequalities (10), (11), and (19)-(22))
We take A as an illustrative example. Since A satisfies the SE-VRC condition, we have

E
[∥∥Dx

k+1 − v̂xk+1

∥∥2]
≤θAk E

[
∥Dx

k − v̂xk∥
2
]
+ η′Ak E

[
∥∇1Fi(xk+1, yk+1)−∇1Fi(xk, yk)∥2

]
+ η′Ak E

[∥∥∇2
12Gj(xk+1, yk+1)zk+1 −∇2

12Gj(xk, yk)zk
∥∥2]

+ τ ′Ak
1

n

n∑
i=1

E[∥∇1Fi(xk, yk)−∇1Fi(w
x
k,i, w

y
k,i)∥

2]

+ τ ′Ak
1

m

m∑
j=1

E[∥∇2
12Gj(xk, yk)zk −∇2

12Gj(w̃
x
k,j , w̃

y
k,j)w̃

z
k,j∥2] + ∆A

k ,

(23)

where, conditional on Ik+1 and Jk+1, the indices i and j are sampled independently and
uniformly from Ik+1 and Jk+1, respectively. Here wk,i = (wx

k,i, w
y
k,i) for i ∈ [n] and w̃k,j =

(w̃x
k,j , w̃

y
k,j , w̃

z
k,j) for j ∈ [m] are the memory variables maintained by A (when memory is

required), corresponding to the oracle calls for f and g, respectively. We define

δf,xk =
1

n

n∑
i=1

E[∥xk − wx
k,i∥2], δg,xk =

1

m

m∑
j=1

E[∥xk − w̃x
k,j∥2]

and analogously define δf,yk , δg,yk , δg,zk .
For the second and third terms on the right-hand side of (23), we can bound them as

follows:

η′Ak E
[
∥∇1Fi(xk+1, yk+1)−∇1Fi(xk, yk)∥2

]
≤ η′Ak (Lf )2

(
α2
kE[∥vxk∥2] + β2

kE[∥v
y
k∥

2]
)
, (24)

η′Ak E
[∥∥∇2

12Gj(xk+1, yk+1)zk+1 −∇2
12Gj(xk, yk)zk

∥∥2]
≤2η′Ak E

[∥∥∇2
12Gj(xk, yk)(zk+1 − zk)

∥∥2]
+ 2η′Ak E[∥(∇2

12Gj(xk+1, yk+1)−∇2
12Gj(xk, yk))∥2∥zk+1∥2]

≤2R2(Lg
2)

2η′Ak α2
k(E[∥vxk∥2] + β2

kE[∥v
y
k∥

2]) + 2(Lg
1)

2η′Ak γ2kE[∥vzk∥2].

(25)

For the fourth term on the right-hand side of (23), by Assumption 1, we have

τ ′Ak
1

n

n∑
i=1

E[∥∇Fi(xk, yk)−∇Fi(w
x
k,i, w

y
k,i)∥

2] ≤ τ ′Ak (Lf )2δf,xk + τ ′Ak (Lf )2δf,yk . (26)

30



PnPBO Framework for Stochastic Bilevel Optimization

For the fifth term on the right-hand side of (23), invoking Assumption 2 and Lemma 19,
and adding and subtracting ∇2

12Gj(w̃
x
k,j , w̃

y
k,j)zk yield

τ ′Ak
1

m

m∑
j=1

E[∥∇2
12Gj(xk, yk)zk −∇2

12Gj(w̃
x
k,j , w̃

y
k,j)w̃

z
k,j∥2]

≤2τ ′Ak (Lg
2)

2R2(δg,xk + δg,yk ) + 2τ ′Ak (Lg
1)

2δg,zk .

(27)

Substituting the above inequalities into (23) yields

E
[∥∥Dx

k+1 − v̂xk+1

∥∥2] ≤θAk E [
∥Dx

k − v̂xk∥
2
]
+ 2c1η

′A
k α2

kE[∥vxk∥2] + 2c1η
′A
k β2

kE[∥v
y
k∥

2]

+ 2c2η
′A
k γ2kE[∥vzk∥2] + τ ′Ak (Lf )2(δf,xk + δf,yk )

+ 2τ ′Ak (Lg
2)

2R2(δg,xk + δg,yk ) + 2τ ′Ak (Lg
1)

2δg,zk +∆A
k

≤θAk E[∥Dx
k − v̂xk∥2] + τAk δAk +∆A

k

+ ηAk
(
c1α

2
kE[∥vxk∥2] + c1β

2
kE[∥v

y
k∥

2] + c2γ
2
kE[∥vzk∥2]

)
,

where we set ηAk = 2η′Ak , τAk = τ ′Ak L′′, L′′ = max{(Lf )2, 2(Lg
2R)2, 2(Lg

1)
2}, and δAk :=

δf,xk + δg,xk + δf,yk + δg,yk + δg,zk .

Based on the memory-update rule of A, which satisfies the SE-VRC condition, the
mean-squared staleness admits the recursions

δf,xk+1 ≤ λA,n
k δf,xk + η̂A,n,x

k α2
kE[∥vxk∥2] + η̂′A,n,x

k α2
kE[∥Dx

k∥2], (28a)

δg,xk+1 ≤ λA,m
k δg,xk + η̂A,m,x

k α2
kE[∥vxk∥2] + η̂′A,m,x

k α2
kE[∥Dx

k∥2], (28b)

δf,yk+1 ≤ λA,n
k δf,yk + η̂A,n,y

k β2
kE[∥v

y
k∥

2] + η̂′A,n,y
k β2

kE[∥D
y
k∥

2], (28c)

δg,yk+1 ≤ λA,m
k δg,yk + η̂A,m,y

k β2
kE[∥v

y
k∥

2] + η̂′A,m,y
k β2

kE[∥D
y
k∥

2], (28d)

δg,zk+1 ≤ λA,m
k δg,zk + η̂A,m,z

k γ2kE[∥vzk∥2] + η̂′A,m,z
k γ2kE[∥Dz

k∥2]. (28e)

Note that the staleness terms are induced by the memory tables maintained by A. The
coefficients in the recursion may depend on the data set sizes n and m through the sampling
and refresh mechanisms. In addition, η̂A,·,·

k and η̂′A,·,·
k may vary with the properties of

the update directions (vxk , v
y
k , v

z
k) (e.g., biased vs. unbiased), generated by A, B, and C,

respectively. We therefore distinguish these coefficients using the superscripts in (28).
Define η̂A,x

k := η̂A,n,x
k + η̂A,m,x

k , η̂′A,x
k := η̂′A,n,x

k + η̂′A,m,x
k , with η̂A,y

k , η̂A,z
k , η̂′A,y

k , and η̂′A,z
k

defined analogously. Summing (28) yields

δAk+1 ≤λA
k δ

A
k + η̂A,x

k α2
kE[∥vxk∥2] + η̂A,y

k β2
kE[∥v

y
k∥

2] + η̂A,z
k γ2kE[∥vzk∥2]

+ η̂′A,x
k α2

kE[∥Dx
k∥2] + η̂′A,y

k β2
kE[∥D

y
k∥

2] + η̂′A,z
k γ2kE[∥Dz

k∥2].

The proofs of (19)–(22) follow analogously and are omitted.
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Appendix E. Verification of SFFBA Satisfying the SE-VRC condition.

Lemma 23 Under the conditions stated in Assumptions 1 and 2, SFFBA satisfies the SE-
VRC condition and we have

θAk = θBk = θCk = (1− ρ̄k+1)
2, ηAk = ηBk = ηCk =

4

b
, τAk = τBk = τCk =

2ρ̄2k+1L
′′

b
,

δAk = δCk = δBk = δk, λA
k = λB

k = λC
k = 1− b

2N
, ∆A

k = ∆B
k = ∆C

k = 0,

η̂A,ℓ
k = η̂B,ℓk = η̂C,ℓk =

3N

b
, η̂′A,ℓ

k = η̂′B,ℓk = η̂′C,ℓk = 0, ∀ ℓ ∈ {x, y, z},

where δk = δf,xk + δg,xk + δf,yk + δg,yk + δg,zk , L′′ = max{(Lf )2, 2(Lg
2R)2, 2(Lg

1)
2}.

Proof According to Lemma 2 in Li et al. (2021b), we can directly obtain that the SE-VRC
condition holds and the selection of the parameters. For the sake of completeness in the
proof, we provide a detailed proof in BLO setting for E[∥v̂xk−Dx

k∥2] and Ex
k,f as an example.

First, for the descent property of E[∥v̂xk −Dx
k∥2], from the update rule of v̂xk , we have

E
[∥∥vxk+1 −Dx

k+1

∥∥2] = E
[∥∥∥(1− ρ̄k+1) (v

x
k −Dx

k) +Dx
k+1;I,J −Dx

k;I,J +Dx
k −Dx

k+1

+ ρ̄k+1

(
Dx

k;I,J −Dx
k − D̂x

k;I,J(w, w̃) + D̂x
k;[n],[m](w, w̃)

)∥∥∥2]
≤(1− ρ̄k+1)

2E[∥vxk −Dx
k∥2] + 2E

[
∥Dx

k+1;I,J −Dx
k;I,J +Dx

k −Dx
k+1∥2

]
+ 2ρ̄2k+1E

[
∥Dx

k;I,J −Dx
k − D̂x

k;I,J(w, w̃) + D̂x
k;[n],[m](w, w̃)∥

2
]

≤(1− ρ̄k+1)
2E[∥vxk −Dx

k∥2] +
2

b2

∑
i∈I

E
[
∥∇1Fi(xk+1, yk+1)−∇1Fi(xk, yk)∥2

]
+

2

b2

∑
j∈J

E
[
∥∇2

12Gj(xk+1, yk+1)zk+1 −∇2
12Gj(xk, yk)zk∥2

]
+

2ρ̄2k+1

b

1

n

n∑
i=1

E[∥∇1Fi(xk, yk)−∇1Fi(w
x
k,i, w

y
k,i)∥

2]

+
2ρ̄2k+1

b

1

m

m∑
j=1

E[∥∇2
12Gj(xk, yk)zk −∇2

12Gj(w̃
x
k,j , w̃

y
k,j)w̃

z
k,j∥2],

where v̂xk = vxk , the first inequality uses that Dx
k+1;I,J −Dx

k;I,J is an unbiased estimator of

Dx
k+1−Dx

k and that Dx
k;I,J−D̂x

k;I,J(w, w̃) is an unbiased estimator of Dx
k−D̂x

k;[n],[m](w, w̃), so

the cross terms vanish; we then apply ∥a+b∥2 ≤ 2∥a∥2+2∥b∥2. The second inequality follows
from using the independence between the i- and j-samples, and applying E [∥X −EX∥2] ≤
E [∥X∥2].
Following the derivations in (24)–(27), we further obtain

E
[∥∥vxk+1 −Dx

k+1

∥∥2] ≤ (1− ρ̄k+1)
2E

[
∥vxk −Dx

k∥
2
]
+

2L′′ρ̄2k+1

b
δk

+
4

b

(
c1α

2
kE

[
∥vxk∥

2
]
+ c1β

2
kE

[∥∥vyk∥∥2]+ c2γ
2
kE

[
∥vzk∥

2
])

,

where δk = δf,xk + δg,xk + δf,yk + δg,yk + δg,zk .
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Next, for the descent property of δf,xk , we have

Ek[∥xk+1 − wx
k+1,i∥2] =

(
1− b

n

)
Ek[∥xk+1 − wx

k,i∥2]

≤
(
1− b

n

)(
1 +

b

2n

)
Ek[∥xk − wx

k,i∥2] +
(
1− b

n

)
(1 +

2n

b
)Ek[∥xk+1 − xk∥2]

≤
(
1− b

2n

)
Ek[∥xk − wx

k,i∥2] +
3nα2

k

b
Ek[∥vxk∥2].

Taking the full expection yields

δf,xk+1 =
1

n

n∑
i=1

E[∥xk+1 − wx
k+1,i∥2] ≤

(
1− b

2n

)
δf,xk +

3nα2
k

b
E[∥vxk∥2].

Similarly, the same reasoning applies to the other terms in δk. Then we have

δk+1 ≤
(
1− b

2N

)
δk +

3Nα2
k

b
E[∥vxk∥2] +

3Nβ2
k

b
E[∥vyk∥

2] +
3Nγ2k
b

E[∥vzk∥2].

Appendix F. Proof of Theorem 14

Proof Since the stochastic estimator A is biased, it follows that vxk = v̂xk , and we set
A′′

k = 0. Under the conditions of Assumptions 1, 2, and the SE-VRC condition, we have
that Corollary 5, Lemmas 7 and 10, and the equations (10)-(11) and (19)-(22) hold. Based
on these results, and by combining Lemma 21 with the following inequalities

E
[∥∥vyk∥∥2] ≤ 2E

[∥∥vyk −Dy
k

∥∥2]+ 2E
[∥∥Dy

k

∥∥2] , E [
∥vzk∥

2
]
≤ 2E

[
∥vzk −Dz

k∥
2
]
+ 2E

[
∥Dz

k∥
2
]
,

we obtain

Lk+1 − Lk ≤ −
αk

2
E
[
∥∇H (xk)∥2

]
+ Part1E

[
∥vxk∥

2
]
+ Part2E

[
∥yk − y∗k∥

2
]

+ Part3E
[
∥zk − z∗k∥

2
]
+ Part4E

[
∥Dx

k − vxk∥
2
]
+ Part5E

[∥∥vyk −Dy
k

∥∥2]
+ Part6E[∥Dz

k − vzk∥2] + Part7δ
A
k + Part8δ

B
k + Part9δ

C
k +Ak+1∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k ,

where

Part1 =−
αk

4
+ c5Cy

α2
k

βk
+ c7Cz

α2
k

γk
+ 2(A′

k+1η̂
′A,x +B′

k+1η̂
′B,x + C ′

k+1η̂
′C,x)α2

k,

+
(
Ak+1η

A
k c1 +A′

k+1η̂
A,x
k +Bk+1c2η

B
k +B′

k+1η̂
B,x
k + Ck+1c1η

C
k + C ′

k+1η̂
C,x
k

)
α2
k,

Part2 =3c1αk − c3Cyβk +
18Czc1

µ
γk + c2

(
2Bk+1c2η

B
k +B′

k+1(2η̂
B,y
k + η̂′B,yk )

)
β2
k

+ c2

(
2Ak+1c1η

A
k +A′

k+1(2η̂
A,y
k + η̂′A,y

k ) + 2Ck+1c1η
C
k + C ′

k+1(2η̂
C,y
k + η̂′C,yk )

)
β2
k

+ L2
z

(
2Ak+1c2η

A
k +A′

k+1(2η̂
A,z
k + η̂′A,z

k ) + 2Ck+1c2η
C
k + C ′

k+1(2η̂
C,z
k + η̂′C,zk )

)
γ2k ,
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Part3 =3c2αk −
Czµ

4
γk + L2

z

(
2Ak+1c2η

A
k + 2A′

k+1η̂
A,z
k +A′

k+1η̂
′A,z
k

)
γ2k

+ L2
z

(
2Ck+1c2η

C
k + C ′

k+1(2η̂
C,z
k + η̂′C,zk )

)
γ2k ,

Part4 =αk +Ak+1θ
A
k −Ak + 2A′

k+1η̂
′A,xα2

k + 2B′
k+1η̂

′B,xα2
k + 2C ′

k+1η̂
′C,xα2

k,

Part5 =c4βkCy +Bk+1θ
B
k −Bk + 2

(
Ak+1c1η

A
k +A′

k+1η̂
A,y
k

)
β2
k

+ 2
(
Bk+1c2η

B
k +B′

k+1η̂
B,y
k

)
β2
k + 2

(
Ck+1c1η

C
k + C ′

k+1η̂
C,y
k

)
β2
k,

Part6 =c10γkCz + Ck+1θ
C
k − Ck + 2

(
Ak+1c2η

A
k +A′

k+1η̂
A,z
k

)
γ2k

+ 2
(
Ck+1c2η

C
k + C ′

k+1η̂
C,z
k

)
γ2k ,

Part7 =Ak+1τ
A
k +A′

k+1λ
A
k −A′

k,

Part8 =Bk+1τ
B
k +B′

k+1λ
B
k −B′

k,

Part9 =Ck+1τ
C
k + C ′

k+1λ
C
k − C ′

k.

It remains to verify that, under the conditions stated in Theorem 14, Parti ≤ 0, i =
1, 2, . . . , 9. Granting this claim for the moment, we obtain

Lk+1 − Lk ≤ −
αk

2
E
[
∥∇H (xk)∥2

]
+Ak+1∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k .

By rearranging and summing up, we obtain

K−1∑
k=0

αkE
[
∥∇H (xk)∥2

]
≤2L0 − 2LK + 2

K−1∑
k=0

(
Ak+1∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k

)
,

which leads to

inf
k<K

E[∥∇H (xk) ∥2] ≤
2(L0 −H∗)∑K−1

k=0 αk

+
2∑K−1

k=0 αk

K−1∑
k=0

(
Ak+1∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k

)
.

For completeness, we will now verify Parti ≤ 0 for i = 1, 2, . . . , 9 individually.

1○ First, using (13a), we have the following implication:(
Bk+1η

B
k +B′

k+1η̂
B,y
k

)
αk ≤

(
Bk+1η

B
k +B′

k+1η̂
B,y
k

)
mαββk ≤

1

64c̃2
.

Similarly, we can derive that(
Ak+1η

A
k +A′

k+1η̂
A,x
k

)
αk ≤

1

96c̃1
,
(
A′

k+1η̂
′A,x +B′

k+1η̂
′B,x + C ′

k+1η̂
′C,x)αk ≤

1

64
,(

Bk+1η
B
k +B′

k+1η̂
B,x
k

)
αk ≤

1

96c̃2
,

(
Ck+1η

C
k + C ′

k+1η̂
C,x
k

)
αk ≤

1

96c̃1
,(

Ak+1η
A
k +A′

k+1η̂
A,z
k

)
γk ≤ min

{
1

4c̃2
,

c23
72c̃2L2

z

,
µ

40c̃2c10L2
z

}
,
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(
Ck+1η

C
k + C ′

k+1η̂
C,z
k

)
γk ≤ min

{
1

4c̃2
,

c23
72c̃2L2

z

,
µ

40c̃2c10L2
z

}
,

A′
k+1η̂

′A,z
k γk ≤ min

{
c23

36L2
z

,
µ

20c10L2
z

}
, C ′

k+1η̂
′C,z
k γk ≤ min

{
c23

36L2
z

,
µ

20c10L2
z

}
.

2○ For Parti (i = 7, 8, 9), by applying the SE-CC Condition for A, B and C, we have
Parti ≤ 0 for i = 7, 8, 9. Moreover, by setting Cy = 1/c4, Cz = 1/c10, we obtain

c4βkCy +Bk+1θ
B
k −Bk ≤ −βk, c10γkCz + Ck+1θ

C
k − Ck ≤ −γk. (29)

3○ For Part1, since

αk ≤ min

{
3

8L2
y∗
βk,

3

16L2
z∗
γk

}
,

(
Ak+1η

A
k +A′

k+1η̂
A,x
k

)
αk ≤

1

96c̃1
,

(
A′

k+1η̂
′A,x +B′

k+1η̂
′B,x + C ′

k+1η̂
′C,x)αk ≤

1

64
,(

Bk+1η
B
k +B′

k+1η̂
B,x
k

)
αk ≤

1

96c̃2
,

(
Ck+1η

C
k + C ′

k+1η̂
C,x
k

)
αk ≤

1

96c̃1
,

it follows that

Part1 ≤ −
αk

16
+ 2(A′

k+1η̂
′A,x +B′

k+1η̂
′B,x + C ′

k+1η̂
′C,x)α2

k

+ c̃2

(
Bk+1η

B
k +B′

k+1η̂
B,x
k

)
α2
k + c̃1

(
Ak+1η

A
k +A′

k+1η̂
A,x
k + Ck+1η

C
k + C ′

k+1η̂
C,x
k

)
α2
k

≤ −αk

32
+ c̃2

(
Bk+1η

B
k +B′

k+1η̂
B,x
k

)
α2
k + c̃1

(
Ck+1η

C
k + C ′

k+1η̂
C,x
k

)
α2
k

+ c̃1

(
Ak+1η

A
k +A′

k+1η̂
A,x
k

)
α2
k ≤ 0.

4○ For Part2, under the parameter choices and bounds

Cy =
1

c4

(
⇒ c3Cy =

c23
3

)
, αk ≤

c23
108c1

βk, γk ≤
c23
54c1

βk, B′
k+1η̂

′B,y
k βk ≤

c23
36c2

,

C ′
k+1η̂

′C,y
k βk ≤

c23
36c2

, C ′
k+1η̂

′C,z
k γk ≤

c23
36L2

z

, A′
k+1η̂

′A,z
k γk ≤

c23
36L2

z

,

A′
k+1η̂

′A,y
k βk ≤

c23
36c2

,
(
Ak+1η

A
k +A′

k+1η̂
A,y
k

)
βk ≤

c23
72c̃1c2

,(
Bk+1η

B
k +B′

k+1η̂
B,y
k

)
βk ≤

c23
72c̃22

,
(
Ck+1η

C
k + C ′

k+1η̂
C,y
k

)
βk ≤

c23
72c̃1c2

,(
Ck+1η

C
k + C ′

k+1η̂
C,z
k

)
γk ≤

c23
72c̃2L2

z

,
(
Ak+1η

A
k +A′

k+1η̂
A,z
k

)
γk ≤

c23
72c̃2L2

z

.

Therefore, the sum of all nonnegative terms in Part2 is at most c3Cyβk, and hence Part2 ≤ 0.

5○ For Part3, under the parameter choices and bounds

35



Chu, Xu, Yao, Yu and Zhang

αk ≤
µ

60c2c10
γk, A′

k+1η̂
′A,z
k γk ≤

µ

20c10L2
z

, C ′
k+1η̂

′C,z
k γk ≤

µ

20c10L2
z

,(
Ak+1η

A
k +A′

k+1η̂
A,z
k

)
γk ≤

µ

40c̃2c10L2
z

,
(
Ck+1η

C
k + C ′

k+1η̂
C,z
k

)
γk ≤

µ

40c̃2c10L2
z

.

By substituting the above bounds into the definition of Part3 and summing the resulting
termwise estimates, we conclude that the total contribution of all nonnegative terms is
dominated by the negative term −(Czµ/4)γk. Hence, Part3 ≤ 0.

6○ For Part4: by the SE-CC condition and (A′
k+1η̂

′A,x+B′
k+1η̂

′B,x+C ′
k+1η̂

′C,x)αk ≤ 1/2,
we have Part4 ≤ 0.

7○ For Part5: By combining (29) with the following conditions(
Ak+1η

A
k +A′

k+1η̂
A,y
k

)
βk ≤ 1/(6c̃1),

(
Bk+1η

B
k +B′

k+1η̂
B,y
k

)
βk ≤ 1/(6c̃2),(

Ck+1η
C
k + C ′

k+1η̂
C,y
k

)
βk ≤ 1/(6c̃1).

Plugging these bounds into Part5 shows that the sum of all nonnegative terms is at most
βk/2. Therefore, Part5 ≤ 0.

8○ For Part6: Similarly, the validity of inequality Part6 ≤ 0 relies on inequality (29) and(
Ak+1η

A
k +A′

k+1η̂
A,z
k

)
γk ≤ 1/(4c̃2),

(
Ck+1η

C
k + C ′

k+1η̂
C,z
k

)
γk ≤ 1/(4c̃2).

Thus, the proof of the theorem is completed.

Appendix G. Proof of Theorem 15

Proof Let Cy = Cz = 1/2. Then, applying Lemmas 4, 6, 8, 11 and combining with
(10)-(11) and (19)-(22), we obtain

Lk+1 − Lk ≤Part′0E
[
∥∇H (xk)∥2

]
+ Part′1E

[
∥∇H (xk)− vxk∥

2
]
+ Part′2E

[
∥vxk∥

2
]

+ Part′3E
[
∥yk − y∗k∥

2
]
+ Part′4E

[
∥zk − z∗k∥

2
]
+ Part′5E

[
∥v̂xk −Dx

k∥
2
]

+ Part′6E
[∥∥Dy

k − vyk
∥∥2]+ Part′7E

[
∥Dz

k − vzk∥
2
]
+ Part′8δ

A
k + Part′9δ

B
k

+ Part′10δ
C
k +A′′

k+1ρ
2
k∆

A
k +Ak+1∆

A
k +Bk+1∆

B
k + Ck+1∆

C
k ,

where

Part′0 = −αk/2 + 2
(
A′

k+1η̂
′A,x +B′

k+1η̂
′B,x + C ′

k+1η̂
′C,x)α2

k,

Part′1 = αk/2 +A′′
k+1 (1− ρk)−A′′

k,

Part′2 = −
αk

4
+

c6α
2
k

2βk
+

c9α
2
k

2γk
+

3α2
k

(
LH

)2
ρk

A′′
k+1 + 12c1ρkα

2
kA

′′
k+1 + c1ρ

2
kA

′′
k+1η

A
k α

2
k

+
(
ηAk Ak+1c1 + η̂A,x

k A′
k+1 + ηCkCk+1c1 + η̂C,xk C ′

k+1 + ηBkBk+1c2 + η̂B,xk B′
k+1

)
α2
k,
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Part′3 = −µβk/2 + c8γk/2 + c2

(
2Bk+1η

B
k c2 +B′

k+1(2η̂
B,y
k + η̂′B,yk )

)
β2
k

+ c2

(
2Ak+1c1η

A
k +A′

k+1(2η̂
A,y
k + η̂′A,y

k ) + 2Ck+1η
C
kc1 + C ′

k+1(2η̂
C,y
k + η̂′C,yk )

)
β2
k

+ L2
z

(
2ηCkCk+1c2 + C ′

k+1(2η̂
C,z
k + η̂′C,zk ) + 2ηAk Ak+1c2 +A′

k+1(2η̂
A,z
k + η̂′A,z

k )
)
γ2k

+ 24c1c2ρkβ
2
kA

′′
k+1 + 2c1c2ρ

2
kA

′′
k+1η

A
k β

2
k + 2c2L

2
zρ

2
kA

′′
k+1η

A
k γ

2
k + 24c2L

2
zρkγ

2
kA

′′
k+1

+ 9c1ρkA
′′
k+1 + 6c1

(
η̂′A,x
k A′

k+1 + η̂′B,xk B′
k+1 + η̂′C,xk C ′

k+1

)
α2
k,

Part′4 = 9c2ρkA
′′
k+1 − µγk/2 + 24c2L

2
zρkγ

2
kA

′′
k+1 + 2c2L

2
zρ

2
kA

′′
k+1η

A
k γ

2
k

+ L2
z

(
2c2η

A
k Ak+1 +A′

k+1(2η̂
A,z
k + η̂′A,z

k ) + 2c2η
C
kCk+1 + C ′

k+1(2η̂
C,z
k + η̂′C,zk )

)
γ2k

+ 6c2

(
η̂′A,x
k A′

k+1 + η̂′B,xk B′
k+1 + η̂′C,xk C ′

k+1

)
α2
k,

Part′5 = ρ2kA
′′
k+1θ

A
k +Ak+1θ

A
k −Ak,

Part′6 = β2
k + θBkBk+1 −Bk + 24c1ρkβ

2
kA

′′
k+1 + 2c1ρ

2
kA

′′
k+1η

A
k β

2
k

+ 2
(
ηBkBk+1c2 + η̂B,yk B′

k+1 + ηAk Ak+1c1 + η̂A,y
k A′

k+1 + ηCkCk+1c1 + η̂C,yk C ′
k+1

)
β2
k,

Part′7 = γ2k + θCkCk+1 − Ck + 2c2ρ
2
kA

′′
k+1η

A
k γ

2
k + 24c2ρkγ

2
kA

′′
k+1

+ 2
(
Ak+1η

A
k c2 + η̂A,z

k A′
k+1 + ηCkCk+1c2 + η̂C,zk C ′

k+1

)
γ2k ,

Part′8 = ρ2kA
′′
k+1τ

A
k + τAk Ak+1 + λA

k A
′
k+1 −A′

k,

Part′9 = τBk Bk+1 + λB
kB

′
k+1 −B′

k,

Part′10 = τCkCk+1 + λC
kC

′
k+1 − C ′

k.

Following a similar approach to the proof of Theorem 14, we have Part′0 ≤ −
αk
4 and Part′i ≤

0 for i = 1, 2, . . . , 10. Specifically, the UE-CC and UEMA-CC conditions ensure that
Part′i ≤ 0 holds for i = 1, 5, 8, 9, 10. For the remaining i, following a similar process to
1○ in the proof of Theorem 14, we can derive the following conditions:

η̂′A,x
k A′

k+1αk ≤
1

24
, η̂′B,xk B′

k+1αk ≤
1

24
, η̂′C,xk C ′

k+1αk ≤
1

24
, η̂′B,yk B′

k+1βk ≤
µ

16c2
,(

ηAk Ak+1 + η̂A,x
k A′

k+1

)
αk ≤

1

32c̃1
,

(
ηAk Ak+1 + η̂A,y

k A′
k+1

)
≤ 1

10c̃2
,(

ηAk Ak+1 + η̂A,z
k A′

k+1

)
≤ 1

8c̃2
, η̂′A,y

k A′
k+1βk ≤

µ

16c2
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k+1γk ≤

µ

10L2
z

,(
ηBkBk+1 + η̂B,xk B′

k+1

)
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1

32c̃2
,

(
ηBkBk+1 + η̂B,yk B′
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)
≤ 1

10c̃2
,(

ηCkCk+1 + η̂C,xk C ′
k+1

)
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1

32c̃1
,

(
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)
≤ 1

10c̃2
,(
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k+1

)
≤ 1
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, η̂′C,yk C ′

k+1βk ≤
µ

16c2
, η̂′C,zk C ′

k+1γk ≤
µ

10L2
z

,

ρkαkA
′′
k+1 ≤

1

384c1
, ρ2kαkA

′′
k+1η

A
k ≤

1

32c1
, ρ2kA

′′
k+1η

A
k ≤ min

{
1

10c1
,

1

8c2

}
,
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which guarantee that Part′i ≤ 0 holds for i = 2, 3, 4, 6, 7 and Part′0 ≤ −
αk
4 . Similar to the

proof of Theorem 14, we obtain the final conclusion.
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