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Online learning is an inferential paradigm in which parameters are updated incrementally
from sequentially available data, in contrast to batch learning, where the entire dataset is
processed at once. In this paper, we assume that mini-batches from the full dataset become
available sequentially. The Bayesian framework, which updates beliefs about unknown pa-
rameters after observing each mini-batch, is naturally suited for online learning. At each
step, we update the posterior distribution using the current prior and new observations,
with the updated posterior serving as the prior for the next step. However, this recursive
Bayesian updating is rarely computationally tractable unless the model and prior are con-
jugate. When the model is regular, the updated posterior can be approximated by a normal
distribution, as justified by the Bernstein—von Mises theorem. We adopt a variational ap-
proximation at each step and investigate the frequentist properties of the final posterior
obtained through this sequential procedure. Under mild assumptions, we show that the
accumulated approximation error becomes negligible once the mini-batch size exceeds a
threshold depending on the parameter dimension. As a result, the sequentially updated
posterior is asymptotically indistinguishable from the full posterior.

Keywords: Bernstein—von Mises theorem, Laplace approximation, Bayesian online learn-
ing, variational approximation

1. Introduction

Online learning is an inferential paradigm in which parameters are updated sequentially as
new data arrive. Unlike batch learning, which processes a fixed dataset all at once, online
learning incrementally adjusts parameters with each new observation. This approach is par-
ticularly well-suited for analyzing streaming data, where data become available sequentially.
Moreover, even for fixed datasets, online learning can be an advantageous approach, as its
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algorithms are often significantly more computationally efficient than batch learning meth-
ods. Over the past few decades, substantial progress has been made in the development
of online learning techniques for various statistical models, such as topic models (Hoffman
et al., 2010; Wang et al., 2011; Kim et al., 2016), matrix factorization (Mairal et al., 2010),
survival analysis (Xue et al., 2020; Wu et al., 2021; Choi et al., 2025) and quantile regression
(Chen et al., 2019; Lee et al., 2024). We provide a comprehensive review of online learning
methodologies in Section 1.1.

The Bayesian philosophy, which updates beliefs about an unknown parameter after
observing data, aligns well with the online learning paradigm. As new data arrive, one can
update the posterior distribution using the current prior and the new data, with the updated
posterior serving as the new prior. However, unless the model-prior pair is conjugate, this
straightforward Bayesian approach is rarely computationally tractable, particularly when
dealing with complex hierarchical models. Consequently, Bayesian approaches to online
learning typically include an additional step to approximate the updated posterior with a
simpler one, ensuring computational feasibility for subsequent updates (Opper and Winther,
1999; Solla and Winther, 1999). A common choice for this additional step is variational
approximation (Broderick et al., 2013; Lin, 2013; Nguyen et al., 2018).

In the Bayesian online learning framework described above, the posterior distribution
must be repeatedly approximated as new data arrive. While the approximation error at
each step may be negligible, the cumulative error over multiple updates may not be. Thus,
a central concern is whether the accumulated approximation error remains small. In this
paper, we provide a rigorous theoretical analysis of this issue by investigating the frequentist
properties of the sequentially updated and approximated posterior distributions.

To set the scene, let P = {Py : 6 € O} be a statistical model indexed by 0 € ©,
where © C RP is the parameter space. Let D = (Y,...,Yy) be the complete set of
observations, and let IT € Q denote the (initial) prior on O, where Q is a class of priors. The
corresponding posterior distribution is II(- | D), which we refer to as the full posterior. We
assume that the data become available sequentially in the order Dy, Do, ..., Dy, where D; =
(Yn, ,+1,YN, ,42,...,Yn,) represents the t-th mini-batch, with Ny = 0. For convenience,
we assume that each mini-batch has the same size, denoted by n, so that N; = nt for every
t.

With IIy = II, the Bayesian online learning framework considered in this paper consists
of the following inductive steps. For ¢ > 1, let ﬁt( | D;) be the posterior distribution
obtained by updating the prior II;_; with the data D; using Bayes’ formula:

_ f.A exp {Lt<9)} dHt_l(G)
Jo exp{Le(6)} dIT,_1(6)’

I, (A | D) for any measurable A C ©, (1)

where L(-) is the log-likelihood corresponding to the ¢-th mini-batch D;. Next, we ap-
proximate the updated posterior II;(- | D;) by projecting it onto Q, the space of prior
distributions. Since we use a variational approximation, the approximated posterior is
given by

I, = argmin K (Q; Ty(- | D)), (2)
QeQ
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where K (P; Q) denotes the Kullback-Leibler (KL) divergence, defined as

K(P;Q) = /log (jg) dP. (3)

Thus, we obtain the sequence (II;);<7 of approximated posterior distributions, where IT; € Q
for every t.

The main goal of this paper is to provide sufficient conditions under which the accumu-
lated approximation error in the online learning process remains negligible, ensuring that
the sequentially updated posterior distribution IIp(-) is nearly identical to the full posterior
distribution II(- | D). Although this is intuitively obvious when Q is sufficiently large, a
mathematically rigorous analysis is challenging even for 7' = 2.

We assume that Y7,..., Yy are independent but not necessarily identically distributed,
and there is the true parameter 6y € © generating data. This is a frequentist assumption
that is commonly adopted in the Bayesian asymptotics literature. We also assume that
the parametric model P is regular in the sense that the log-likelihood function is locally
approximately quadratic around 6y. Under this regularity condition, the full posterior
distribution II(- | D) is approximately normal, centered around the linear efficient estimator,
with variance given by the inverse Fisher information matrix, as stated by the celebrated
Bernstein—von Mises (BvM) theorem. Accordingly, the class of normal distributions serves
as a natural choice for Q.

Our main theorem guarantees, under suitable assumptions, that the total variation
distance between the full posterior II(- | D) and the sequentially updated posterior IIp(-) is
sufficiently small with high probability. When the dimension p of 0 is fixed, the required
condition boils down to n > (log N)*. The main results are formulated in a non-asymptotic
framework and also cover the case where p diverges at a polynomial rate with respect to
the sample size N. In particular, when logp =< log N, n > p3 is sufficeint; see Theorem
11 for detailed statements. We refer to this result as the online BuM theorem. It ensures
the frequentist validity and asymptotic efficiency of statistical inferences, such as point
estimation and uncertainty quantification, based on Il7.

To prove the main results, sharp non-asymptotic results on the quadratic approximation
of the log-likelihood function are crucial, for which substantial progress has been made in
recent studies; see Spokoiny (2012), Spokoiny (2017) and Katsevich and Rigollet (2024). In
addition to these techniques, we develop several novel techniques, including bounding the
KL divergence between the updated posterior and the approximated variational posterior,
as well as handling accumulated errors. It is also important to note that, while the prior
considered in the standard BvM theorem is typically a flat prior, the priors used in the
intermediate steps of the online learning process are highly informative.

To the best of our knowledge, no theoretical work has studied the theory of Bayesian on-
line learning with the level of rigor presented in this paper. In contrast, rigorous theoretical
frameworks have recently been developed for frequentist online learning based on empirical
risk minimization using one-pass stochastic gradient descent (SGD) algorithms. Specifically,
Toulis and Airoldi (2017) demonstrated that the implicit SGD estimator is asymptotically
efficient, admitting a limiting distribution with optimal variance. In addition, Chen et al.
(2020) proposed the batch-means SGD estimator, which yields asymptotically valid confi-
dence intervals.
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Since the one-pass SGD approaches described above process a single datum at each step,
it is natural to ask whether similar results can be achieved with T' = N. We conjecture
that the online BvM theorem does not hold in this case. Although we do not have a formal
proof, our numerical experiments in Section 9 provide supporting evidence. Specifically, we
observe that the relative efficiency of the point estimator—the posterior mean obtained from
the sequentially updated II;— when T" = N, compared to a batch estimator, is significantly
greater than 1, indicating that it is not asymptotically efficient. We believe the online
BvM theorem fails to hold because our results rely on the quadratic approximation of the
log-likelihood, which is valid only when the mini-batch sample size n is much larger than
the parameter dimension p. Given the positive results of one-pass algorithms in Toulis and
Airoldi (2017) and Chen et al. (2020), it would be interesting to develop an online Bayesian
procedure with appropriate algorithmic modifications that ensure the validity of the online
BvM theorem.

The remainder of this paper is organized as follows. In the next subsections, we provide
a comprehensive review of online learning methods and introduce elementary notations.
Section 2 describes the basic setup and key definitions related to Bayesian online learning.
Section 3 provides a high-level overview of the online BvM theorem and presents a motivat-
ing example illustrating where our theory applies. Sections 4 and 5 present the variational
approximation of the sequentially updated posterior and the penalized M-estimation, re-
spectively. Section 6 provides a non-asymptotic analysis of several regularity quantities.
Section 7 establishes the BvM theorem for the full posterior. Our main results concerning
the online BvM theorem are presented in Section 8. Numerical results supporting our the-
ory are provided in Section 9. Concluding remarks follow in Section 10, and all proofs and
additional technical details are deferred to the Appendix.

1.1 Related works
1.1.1 FREQUENTIST METHODS

In this sub-section, we provide a brief introduction to the recent advancements in online
statistical inference by surveying theoretical investigations of SGD-type estimators. Due
to its computational advantages, the SGD estimator (Robbins and Monro, 1951) and its
variants have been extensively studied in the frequentist online learning literature. As pi-
oneering works, Ruppert (1988) and Polyak and Juditsky (1992) independently proposed
averaging of SGD iterates, with Polyak and Juditsky (1992) establishing the asymptotic
normality of the averaged SGD estimator. More recently, Toulis and Airoldi (2017) intro-
duced the implicit SGD estimator, which exhibits stable performance in finite samples and
is asymptotically normal under a suitably specified learning rate.

However, in the online learning setting, the asymptotic normality alone does not guaran-
tee that confidence intervals can be constructed. This is because the asymptotic covariance
matrix is typically computed using the entire dataset, which is not available when data
arrives sequentially. For example, if our interest lies in the Fisher information matrix eval-
uated at an estimator 67, we would need to evaluate ST 9%L4(60)/00007 at fr, where

L(0) denotes the log-likelihood function for the ¢-th mini-batch D;. In a batch learning
setup, the computation of this matrix is straightforward. However, in an online learning
setting, the early mini-batches Dy, ..., D7r_1 are discarded once Dp arrives, while 67 is only
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available at time 7. This limitation hinders the applicability of the conventional batch
learning approach.

As a result, constructing tractable and asymptotically valid confidence intervals has
become an important topic in online learning literature. To address this challenge, Chen
et al. (2020) proposed a batch-means method that aims to estimate the limiting covariance
matrix, and Zhu et al. (2023) improved upon this method by eliminating the need for a
priori knowledge of the total sample size N. In another line of work, Lee et al. (2022)
developed computationally efficient confidence intervals by applying a functional central
limit theorem to SGD iterates, which further extended to quantile regression (Lee et al.,
2024). Alternatively, instead of directly estimating the limiting covariance matrix, Fang
et al. (2018) constructed tractable confidence intervals by employing a bootstrap resampling
procedure based on randomly perturbed SGD updates.

1.1.2 BAYESIAN METHODS

In recent years, significant methodological advancements have been made in Bayesian online
learning. Several studies have proposed various approximation methods for updating the
posterior distribution sequentially. For example, Broderick et al. (2013) introduced a general
framework for large-scale and streaming data, and Nguyen et al. (2018) adapted the online
VB algorithm for neural networks. In the realm of nonparametric models, Lin (2013)
developed a VB algorithm for Dirichlet process mixture models, while Jeong et al. (2023)
employed an assumed density filtering (ADF) approach for similar tasks. More recently,
Lambert et al. (2022)! and Lambert et al. (2023) proposed computationally efficient online
VB approximations using the Gaussian variational family.

These works demonstrate that projecting onto a tractable class Q of distributions is a
popular strategy due to its computational feasibility. Among the proposed methods, both
ADF and VB are prominent. However, ADF requires a moment-matching step for each
mini-batch, which can be computationally costly for certain hierarchical models (e.g., topic
models), whereas VB can avoid this step (Broderick et al., 2013). Consequently, VB and
its variants have emerged as the preferred approaches in recent Bayesian online learning
literature (Lin, 2013; Bui et al., 2017; Nguyen et al., 2018; Lambert et al., 2022; Choi et al.,
2025).

1.2 Notations

For two real numbers a and b, a V b and a A b denote the maximum and minimum of ¢ and
b, respectively. For two positive sequences (ay,) and (by,), a, < by (or a, = O(by,)) means
that a, < Cb, for some constant C' € (0,00). Also, a,, < b, indicates that a,, < b, and
bn, < ap. The notation a, < by, (or a, = o(by,)) implies that a,/b, — 0 as n — co. We use
the standard Op and o, notation for stochastic order symbols; see van der Vaart (2000).
With a slight abuse of notation, for v, € RP satisfying [|v,]|2 = o(1), we write v, = o(1).
For 1 < g < o0, | - |lq indicates the £;-norm of a vector. For m € N, let [m] = {1,2,...,m}.

1. The procedure proposed in Lambert et al. (2022) coincides with the setup that will be introduced in
Section 2.1.
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Table 1: Important notations

Notation Location Notation Location
©,F,r), ©F,r) (6),(7) Fio, Fip (5)
Teft,t, Teff,1:ts Teff,1:t  (28), (43) || Gest,1, Eest,2 (32), (44)

Deff t5 At (28) TLA, 7A'37t7 7/'\4,75 (19)

M, (27), (42) Tt (24)

P+ (EX) T3 (29)
dy (), K(-3°) (20), (3) €n,t, TV, €ntx.  Lheorem 2, 3
i, 0f (9) Kunin, Kmax ~ (34), (35), (36)
O, O%, 07, (40) Kiow, Kup  Proposition 6

For z = (2j)ep) € RP and k > 2, let

Rk

k
z = (zil X ... X Zik) ik €lD] c RP.

1

For two k-order tensors A = (A i )i, irelp] € R?" and B = (Bi,...i)
let

k
1,01k E[P] SR

(A,B) = Z Air o inBinig
il,.‘.,ike[p]

Let S¥, denote the set of all p x p-dimensional symmetric positive definite matrices. Let
I, € RP*P denote the identity matrix. For a matrix A = (a;;) € R™*P, let Ayin(A) and
Amax(A) denote the smallest and largest singular values of A, respectively. For simplicity,
|A[[2 will often be used interchangeably with Amax(A). Let [[Allr = (3_;; a?j)1/2 be the
Frobenius norm. For two distinct matrices A, B € R"*" A > B means A — B is positive
semi-definite matrix. For a k-th order tensor A = (Ail,...,ik)il,...,z‘ke[p} € Rpk, define the

operator norm of A by

[All,p = sup  [(A,u1 @ ... @ ug)l,

UL yeen UK EU

where U = {u € RP : |Ju|]s = 1}.
For 02 > 0, a random vector X € RP is said to be SubG(c?) if

logEexp (a' (X —EX)) < o?|lal5/2, VacRP

With the convention, we consider that inf () = oo in this paper. Throughout our paper, the
constants ¢y, ¢, ... may vary depending on the context.

2. Preliminaries

2.1 Setup for online learning

In this subsection, we precisely formulate the Bayesian online learning procedure briefly
introduced in the introduction. Suppose the entire dataset D = (Y;);e[n) consists of in-
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dependent (not necessarily identically distributed) observations Y7,...,Yy. The dataset is
partitioned into 7" mini-batches of equal size n, so that the total sample size up to the ¢-th
mini-batch is given by Ny = nt for all ¢t € {0,1,2,...,7}. The t-th mini-batch and the
collection of all samples up to the ¢-th mini-batch are denoted as

D = (YN, 141, YN, 1425+ YN,), and Dy = (D1, Da, ..., D) = (Yi)ie[ny)-

For i € [N], let py;(-) be the probability density function for Y; parametrized by 6 €
© C RP, and let £y ;(y) = log pp,i(y) be the log density. For t € [T, let

Ny
Li(0) = Ly(0:;Dy) = Y Lg(Yy).
i=Nt_1+1

Let ]P’éN) denote the joint probability measure corresponding to the product density function

(Y1,Y2, .-, YN ) — Hf\il Po,i(yi). We assume that the model is well-specified; that is, D is

generated from Péf)v) for some true parameter 6y € ©. Let Py () denote the joint probability
measure corresponding to the product density

Nt
(YN 1415 YNy 425 - YN, ) H Poo,i (Yi)
i=Nz_1+1

and let E; denote the expectation under Py ;. Since the model is assumed to be well-specified,
we have 6y = argmaxgcg E;L(6) for all ¢ € [T7].

Now, we introduce our online learning procedure. Let Q be the collection of all Gaus-
sian measures with nonsingular covariance matrices. Given an initial prior IIy and the
log-likelihood L¢() for the t-th mini-batch data Dy, we iteratively define the posterior dis-
tribution II;(- | Dy) and the corresponding variational approximation II;(-) as described in
(1) and (2). We denote by (- | D) and m¢(-) the density functions of II;(- | D;) and IL;(+),
respectively.

In particular, we consider a normal distribution N (g, 2y 1) as the initial prior IIj,
where g € RP and Qg € SY,. For t € {0,1,...,T}, we denote

I = N (e, ;) (4)
for p; € RP and Q; € SL,.

2.2 Definitions
For a four times differentiable function f: RP — R with 8 — f(0), let

) 0
vfe:( fe) € R, V2f9=<f9> e RV,
©) 00, (©) i1€[p] ) 905,005, ) i1,i2€[p]
83
3 _(_ o PXDPXP
v f(e) <60i18‘9i286i3 f(9)>i1,i2,i36[]3] <F ,

84
V(o) = ( f(9)> € RPPP,
00;,00;,00;,00;, 01,02,i3,i4 €[p]
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To ensure an accurate approximation of the posterior, we will impose several smoothness
conditions on the log-likelihood L, requiring that it is at least four times continuously
differentiable with probability 1. For such a differentiable L;(-), we introduce some notations
used for posterior analysis. For t € [T] and 6 € ©, define

Fip=—V2Li(0) e RP*P, Frp=Q 1+ Fug, (5)
where €;_; is defined in (4). For . € RP, r > 0 and F € S%,, let
@@@Eﬂ:{HEGJWU%Hf&W2S& (6)
denote the local elliptical vicinity of f.. For notational simplicity, let
OF,r)=0/(0,F,r). (7)

Given the prior distribution II;_;, which reflects the information in Dq.;_1, we define
the penalized log-likelihood function as

£6) = 1u(0) — 5 [ @12 0 — )| (8)

For each t € [T], the penalized maximum likelihood estimator (pMLE) and its population
version are defined as

0, = argmax Ly(0), 607 = argmaxE,Ly(6). (9)
0cO 0cO

From the standard M-estimation theory, it is expected that é\t is close to 6f; this will be
addressed in Section 5. It is noteworthy that gt need not converge to 6y because, in general,
0; # 6y due to the penalization term. Therefore, for 51; to be a reliable estimator of 6y, the
bias |07 — Oo||2 should be sufficiently small. Roughly speaking, if ]\9;121(90 — p¢—1)l2 is not
too large, one can expect that ||} — 6pl|2 will also be small. The magnitude of this bias will
be addressed in Proposition 6, followed by a refined analysis in (55).

2.3 Smoothness condition

In this subsection, we introduce an essential tool for characterizing the smoothness structure
of (concave) functions—namely, self-concordance-type condition. For a simple illustration,
consider a 3-times differentiable function f : R — R satisfying

IF7(0)] < 2f"(0)%2, VO €R,

where f” and f” denote the second and third derivative of f(-), respectively. Then, one
can prove that

(1—38(0,0)f"(6) < f"(n) < 1/(1—6(8,7)°f"(6), W8, €R with 6(6,7) <1

where 6(6,1) = |f"(8)/2(n — 0)|; see Theorem 5.1.7 in Nesterov et al. (2018) for a general
statement. Intuitively, this condition ensures that the second derivative of f does not change
too abruptly, which in turn facilitates the analysis of local quadratic approximations.
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Recently, the self-concordance condition has been invoked in the statistical literature.
Originally introduced in the context of convex optimization problems (Nesterov and Ne-
mirovskii, 1994), it has since been adapted for statistical applications (Bach, 2010; Ostrovskii
and Bach, 2021; Spokoiny, 2025). These conditions facilitate non-asymptotic quadratic ap-
proximation theory, leading to sharp theoretical analyses. For this purpose, we rely heavily
on the smoothness structures induced by the self-concordance condition.

Now, we formalize the notion of smoothness. Let f : © — R be a four-times differentiable
function. For some F € SY, and 73,7 > 0, we say that f satisfies the third order smoothness
at § € © with parameters (73, F,r) if

[(V2£(0 + ), 2%%)]
sup sup

< 73. 10
ueO(F,r) zERP HF1/22H3 =T (10)

Similarly, we say that f satisfies the fourth order smoothness at # € © with parameters
(7’ 4, F, T‘) if

sup  sup ]<V4f(0 +u), Z®4>‘
ueO(F,r) zeRP HFl/Q?JH;L

< 74. (11)
By Theorem 2.1 in Zhang et al. (2012), each left-hand side in (10) and (11) is equal to the

following expression:

w“ “ (VEFO+u),21©- - @ z)|
weo(b) 1o |[FV22][, % - x [FV22][,"

ke {3,4}. (12)

It is noteworthy that 73 and 74 can typically be chosen to be sufficiently small. More
specifically, for € ©, F € S¥, and r > 0, we prove in Lemma 42 that (10) and (11) hold
with

T3 = )\I;?I{Z(F) sup HV?’f(G + u)HOp and 74 = )\I;?H(F) sup HV4f(0 + u)HOp, (13)
ueO(F,r) ueO(F,r)

respectively. To aid understanding, suppose that f = L;, F = —V?L;(0) with

Amin(F) < n, sup ( Hv3Lt(9 + U)H

Y ||V4Lt(0 + u)” ) =<n.
ueO(F,r)

op op

Then it follows that 73 =< n~1/2 and 74 =< n~!. Many of the subsequent analyses in this paper
rely on the assumption that 73 and 74 are small enough. This can be achieved when Ay, (F)
is large enough relative to the local third and fourth operator norms of L; as described in
(13). In this sense, Anin(F) behaves as an effective sample size in our analysis. A detailed
discussion of this point is deferred to Section 6.

3. High-level overview of the online BvM theorem

In this section, we provide a high-level overview of the online BvM theorem and provide a
motivating example illustrating the applicability of our theory.
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3.1 Proof framework and our contributions

For t € [T], we define the t-th full posterior by

_ fA exp {Li1.(0)} dIIp(8)
Jo exp{L1:4(6)} dIIo(9)

where Ly.4(0) = 3%, Ls(0). As mentioned in Section 1, we aim to show that

II(A | Diy) for any measurable A C O, (14)

dy (T T | D1a)) ) = 0p(1), VE€ [T, (15)

which we call the online BuM theorem, stated in Theorem 11. To this end, we introduce a
normal distribution @ satisfying

dy (@t, (- | DM)) = op(1) (16)

for all ¢ € [T]. In Section 7, Q; will be specified in Theorem 7.

For regular parametric models, it is well known that the posterior distribution can be
approximated by a normal distribution centered at an efficient estimator with variance
equal to the inverse Fisher information matrix (van der Vaart, 2000). However, this nor-
mal distribution involves the Fisher information matrix, which depends on the unknown
true parameter #y. This motivates approximating the posterior by fully data-dependent
distributions @t, a topic of significant interest in the Bayesian literature.

Substantial theoretical progress has been made in this direction, including Laplace ap-
proximation (LA) (Spokoiny, 2023, 2025; Katsevich, 2023) and VB methods (Katsevich
and Rigollet, 2024). Accordingly, one may take such data-dependent distributions as @t-
In Section 7, we will provide rigorous justifications for these arguments. In the remainder
of this section, we focus on conveying the high-level ideas.

Now we present our high-level proof strategy. For ¢ € [T], note that

dy (I, TI(- | D1y)) < dy (I, Q1) + dy (Qp, TI(- | D1y))
= dy (II;, Q) + op(1).

Therefore, it suffices to bound the first term dy (Ht, @t)

To this end, we introduce an important formula. For two normal distributions Q1 =
N(my, Vi) and Qy = N (mg, V') with sufficiently small [V /*V1 V5 /% — 1,5, it holds
that

dy (Q1,02) < HV}/2 (m1 — my) H2 v val/zvlvgl/2 _ IpHF . (17)

Suppose that Q; = N (0, F;1) for some 6; € © and F; € S,.2 By (17), the proof of (15)
boils down to the problem of obtaining sharp upper bounds for the following quantities:

Hﬂi/Q(Gt — i) H2 and HF;l/QQtF;W - IPHF. (18)

2. Here, 0, and F; are written in simplified form. More precise notations and a rigorous construction of
these quantities will be introduced in Section 7.

10
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Our main technical contribution lies in deriving explicit non-asymptotic bounds for these
two terms in (18). To the best of our knowledge, no prior theoretical work has provided a
rigorous non-asymptotic analysis of (18). Specifically, Propositions 9 and 10 in Section 8
address the first and second terms, respectively. We will revisit this issue in Section 8.

3.2 Example: logistic regression under random design

This subsection summarizes our main results in the context of the logistic regression model.
Let Y = (Yi)igin) € R be the response vector and X = (Xij)ielN)jelp] € RNV*P be the
design matrix.

To illustrate that our theory applies to logistic regression with a “well-posed” random
design, we consider the random matrix setup where each entry of the design matrix X is an
i.i.d. standard normal, i.e., X;; g (0,1). For simplicity, we take the covariance matrix
to be the identity matrix I,; the analysis can be easily extended to a general covariance X

satisfying
C_l < Amin (E) < Amax (2) <C

for some constant C' > 0. With slight abuse of notation, hereafter, let P and E denote
the joint probability measure and expectation corresponding to (X,Y), respectively. For a
detailed description, see Appendix G.1.

To prove the online BvM theorem for the logistic regression model, we impose the
following conditions.

(EX) The true parameter 6y and the initial prior parameters o and €2y satisfy
1/2 1/2
I60lly < K1, |95/ (80 = o) |, < Kop®, 10l < Kape,

where p, = pVlogn VlogT and K, Ko, K3 > 0 are some universal constants. Fur-
thermore, for a large enough constant C' = C (K7, K, K3) > 0,

n>C [(plogﬁ(T Vv 1) log® (2n/p)> v <p2 log? T)] .

We now state that the online BvM theorem holds for the logistic regression model.

Proposition 1 Suppose that (EX) holds. Then, with P-probability at least 1 — 5n~! —
10e=™/72 — 4(Np)~L, the following inequality holds uniformly for all t € [T):

3 1/2
av (a1 D) < 0 (2)

n
where C' = C(K7).

Technical statements and proofs are deferred to Appendix G; see Proposition 31 for the
precise statements.

11
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4. Variational approximation

In this section, we demonstrate that the posterior distribution II; (- | Dy) is well approxi-
mated by its variational approximation II;. Before establishing the precise relation between
IT; and II, (- | D¢), we first show that the posterior can be accurately approximated by its
Laplace approximation, defined as

A = A (@,ﬁ;gt) . Ve T,

which admits a density function 7F4(-). Although our primary focus is on II; rather than
I}*, understanding the concentration behavior of the pair (6;, F t,é\t) allows us to facilitate
the theoretical analysis needed to establish IIp ~ II(- | D). We will revisit this issue in
Section 8.

Our main results and the corresponding proofs in this section are largely inspired by
those in Spokoiny (2023). Notably, for the total variation (TV) metric, we refine the
dimension dependency of Theorem 2.4 in Spokoiny (2023) by leveraging advanced analysis in
Spokoiny (2024). Moreover, for the KL divergence, we significantly improve the convergence
rate presented in Theorem 2.6 of Spokoiny (2023); see the discussion following Theorem 3.
Since the variational posterior II; minimizes the KL divergence, obtaining a sharp upper
bound for the KL divergence between I and II(- | Dy) is a crucial step in bounding
K(IL; IL(- | Dy)). A detailed proof of this section is provided in Appendix B, where we
present self-contained non-asymptotic proofs adapted to the online learning framework.

As discussed in Section 2.3, to accurately approximate IL(- | D;), we adopt self-
concordance-type smoothness conditions. To this end, we impose the following assumption:

(AO) For every t € [T], assume that the map 6 — L(0) is concave on © and at least four
times continuously differentiable with probability 1.

For the remainder of this paper, every event is treated as the intersection with the event
under which assumption (A0) holds, without further explicit restatement.
Let

rea = 24/p 4+ v/2log N

\<v3zt<a; +u), z®3>)

T3, =1inf ¢ T € Ry sup sup " <713,
RP
uE@(Ft o, 74’I”LA) z€ HFt et ‘ (19)
‘<V4Lt(0t + u), z®4>)
Tar=1Inf ¢ 7 € Ry sup sup <7
uG@(Ft o, 74T‘LA) ZGRP HF1/2 ‘
t,0¢ 2

Then, with probability 1, Et() satisfies the third and fourth order smoothness at 67,5 with
parameters <7A-3¢7Ft 7, ,4rLA) and (’7\47t,Ft 7, ,4rra), respectively. Note that 73, and 74 are

finite almost surely under (A0) because Ly is four times continuously differentiable and

€ Sk,

12
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For two probability distributions P and @, the total variation (TV) distance is defined
as

dy (P,Q) = Sup [P(A) = Q(A)], (20)

where the supremum is taken over all measurable sets A. The following theorem provides
an upper bound on the total variation between I and II;(- | Dy) in terms of 73, and
T4, We also note that Theorem 2 can be obtained from Theorem 2.2 in Katsevich (2025).
Although the form of (2.1) in that paper differs slightly from (19), the leading asymptotic
orders are the same, and the proof techniques are similar.

Theorem 2 (Laplace approximation: TV distance) Suppose that (A0) holds. Then,
with probability 1, we have

dy (ngf*(-),ﬁt a Dt)) < Kenymy, Vte|T), (21)

where

~ ~2\,2 | =~ ~3 3 ~8log N—8
En,t, TV = (T4,t + Tg,t) p°+ T3up + T3 log? N 47208 7%

and K > 0 is a universal constant.

Theorem 2 implies that an accurate approximation in total variation can be achieved
provided that (73472,) V (Ta.p?) is sufficiently small. In particular, this condition guaran-
tees that the quadratic approximation is accurate on the local region @(@, ﬁt,§t74rLA)' In
Proposition 6, we provide sufficient conditions under which the following asymptotic bounds

hold on a given event:
Tap =037V, 7 =0t ). (22)

Based on these bounds, nt? > (p + log N)? is sufficient to ensure (73 ¢7%,) V (Ta.p?) = o(1).
Furthermore, combining (22) with conditions nt3 > p~'log® N and nt > p? one can
simplify the leading order of €, ¢ 1y as

ntirv = O(Fap) = O (72(p2 n)1/?) (23)

For the batch learning setup (¢ = 1), this bound coincides with the sharp bounds estab-
lished in recent studies (Katsevich, 2024; Katsevich and Rigollet, 2024; Spokoiny, 2024).
In particular, Katsevich (2023, Section 2.4) showed that the total variation error is lower
bounded by a constant multiple of (p?/ n)Y/2. Therefore, the rate derived in Theorem 2 is
optimal, at least in terms of its dependence on the sample size and parameter dimension.
In this sense, for a fixed sample size n, the order p = o(nl/ 2) is regarded as the critical
dimension for the validity of the Laplace approximation.

Note that the critical dimension of order p = o(n!/?) established in the above literature
is derived for a certain class of models, including logistic regression. However, it is important
to emphasize that the critical dimension for the Laplace approximation—or more broadly,
the asymptotic normality of the posterior distribution (i.e., the BvM assertion)—depends on

13
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the specific statistical model under consideration. For instance, Panov and Spokoiny (2015,
Section 4.1) demonstrated that the condition p = o(n'/3) cannot be relaxed for the BvM
assertion in a particular model. Similarly, Chae (2023) established the asymptotic normality
of the posterior distribution in the current status model under the assumption p = o(nl/ 3).
Although there is no formal proof that p = o(nl/ 3) is the critical dimension in this setting,
the bound appears to be tight based on the corresponding frequentist theory (Tang et al.,
2012) for the same model. On the other hand, Yano and Kato (2020) showed that asymptotic
normality of the posterior holds under the condition p?log®n = o(n) in linear regression
with an unknown error distribution. These examples illustrate that the critical dimension
for the Laplace approximation generally depends on the underlying statistical model.

To approximate the posterior in terms of the KL divergence, an additional step is re-
quired to carefully control the behavior of the posterior density in the tail region. In
particular, the log-likelihood ratio 6 + log(mr4(6)/7:(6 | D)) on @C(é’t,Ftﬁt,élrLA) should
not grow too rapidly. To quantify this growth rate, we introduce the following quantity:

(V3Lu(r + ), 259)]
Tytr =inf ¢ 7€ Ry sup sup — 3 <73, 1T>4r,. (24)
uG@(f‘t 9 ) zeRp HFI/;Z
’ t7 t

.

This quantity plays a key role in bounding the KL divergence K (IIEA(-); II; (- | Dy)). To
ensure that this divergence remains sufficiently small, we impose the following regularity
condition.

(KL) Suppose that N > 2. Assume also that, on an event & the following inequalities hold
uniformly for all ¢ € [T7:
1

(Fsurtn) V (Faep?) < 3’

(25)
7/:3,25,7“ < NeSp €Xp < [\/ﬁ + 210gN — 3} 7’), Yr > 4TLA'

Assumption (KL) is very mild. In the proof of Proposition 6, we show that (25) holds
under mild regularity conditions. Here, we provide a simple sufficient condition for (25).
According to the discussion following (22), the condition nt? > (p + log N)? is sufficient

to ensure the first part of (25). Furthermore, by Lemma 42, the second condition in (25)
holds when

sup vaLt(e)Hop < )\il/ii (i&@) Ne® exp ( [\/]3—1— v2log N — 3] T).

9€O(6:F, 5,

Note that the last display is rather mild and holds in many examples. For instance, under
the logistic regression with a simple random design setup, one can prove that

< n, Vke{3,4}

~

op

)\min(f‘ ) = nt, maxsup HVkLt(G)

te[T] pco

t,0;

provided that p?log'?(T'Vn) = o(n) (see Propositions 36 and 39 for the precise statements).
Combining the last two displays, one easily checks that n > p? 10g12(T V n) is sufficient for
(25).

14
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Theorem 3 (Laplace approximation: KL divergence) Suppose that (A0) and (KL)
hold on some event &1. Then, on &1, the following inequality holds uniformly for allt € [T):

K (TEAC); T (1 Dy)) < Ke

where K > 0 is a universal constant and
~ ~2 2 ~3 3 —T7log N 1/2
EntKL = ([74,t + 737::] p°+T754log” N e %% ) .

According to the bounds established in (22), the leading order term of €, ¢ k1, satisfies

2

~ = p
& S G?) v o W) 5 (25) v

log? N 32
nt3 > ’

which simplifies to p?/n when n > p=* log® N and ¢t = 1. As a comparable result for
t = 1, Spokoiny (2023) demonstrated, under certain conditions, that K (ITLA(-); II, (- | Dy))
is bounded by (p3g/ n)'/2 up to a constant factor. Here, pog denotes an effective dimension
satisfying peg < p, and we have peg < p unless A\pin(€20) > 1. In this sense, our result rep-
resents a substantial improvement over existing ones because p?/n < (p3g/n)'/? provided
that n > p and peg < p.

Extending the results in Theorem 3 to the VB case is straightforward. By the definition
of II; specified in (2), we have

K (T0): T (| D)) < K (IAC); T (- DY) £ €

which, by Pinsker’s inequality, further implies that

dy (Ht(')aﬁt (-] Dt)) < \/;K (HI{A('); II; (- | Dt)) S €njt KL

For a simplified comparison, if we take €, 1. = O(y/p?/n), our result for the TV metric
aligns with the rate demonstrated in Katsevich and Rigollet (2024, Corollary 2.1).

Theorem 4 (Variational approximation) Suppose that (A0) and (KL) hold on some
event &1. Then, on &1, the following inequalities hold uniformly for all t € [T]:

K (T(); T (- | D)) € Ky, dy (T(), T (-] DY) < K,
where K > 0 is a universal constant.

In the online setting, the sequential updates quickly yield a highly informative prior.
Specifically, we typically have Apin(€2) > 1 and ||y — Ogll]2 < 1 for ¢ > 1, and both
quantities naturally scale with the sample size Ny = nt. To quantify the strength of such
priors, we adopt the notion of effective sample size, originally introduced by Spokoiny (2017),
defined as nef+ = Amin(—V2L¢(6])). A strong prior tends to inflate the effective sample
size. We will show in Section 6 that neg; < IV; holds under suitable conditions.
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A subtle but important phenomenon emerges in the rate of €, ;ry. One might initially
expect the TV error based on N; observations to scale as (p?/N;)'/2, matching the order
(p?/n)t/? at t = 1. In contrast, e, v = O(t~'[p?/NgJ*/?) in (23) is strictly sharper in
terms of its polynomial dependence on t. Notably, this improvement arises from the use of
informative normal priors.

To provide more intuition behind this improvement, note that, by (13),

Fro <A (F5) s [[VEL(O)]),,, ke (3,4}

96@(9t,Ftﬁt ,4T‘LA)

For a simple illustration, we assume that

Amin (F =nt and sup HVkLt (9)

96@(@5 ’Ftﬁt ATea)

t,é\t) op =n.

Then, the asymptotic bound (22) holds, which leads to the improved result (23). Note that
the normal prior affects L;(-) only through (up to) second-order terms, whereas the key
regularity of our model is governed by the ratio between the third (or fourth) and second
derivatives. By using informative normal priors, we can effectively increase the effective
sample size (as Amin(F, §t) = nt) without altering the higher-order properties of the log-
likelihood, since V*L, = VFL, for k > 2. In this sense, the normal prior effectively leverages
the available prior information.

5. Penalized M-estimation

This section presents theoretical results for the penalized M-estimator é\t, which has been
well-studied in the literature. Recently, Spokoiny (2012, 2017, 2024) developed advanced
techniques for analyzing statistical behaviors of M-estimators with finite-sample guarantees.
Accordingly, we adopt these techniques with modifications to adapt them to our framework.

We say the model is stochastically linear if the map 6 — (;(8) = L¢(0) —E¢L:(0) is linear
for every t; that is, (;(8) = a'6 + b for some (random) quantities a € RP and b € R. Note
that stochastic linearity implies that V¥ L;(6) is non-random for all t € [T] and k € {2, 3, 4}.
Also, since V{;(0) does not depend on 6, we hereafter denote this random vector by V(;.
The stochastically linear framework encompasses many important statistical models, such as
the logistic regression, Poisson regression, nonparametric regression (Spokoiny and Panov,
2025), nonlinear inverse problem (Spokoiny, 2019), and covariance estimation (Puchkin
et al., 2025). See Section 1.3 in Spokoiny (2024) for a detailed discussion.

We now introduce the assumptions and notations used in the estimation procedure.

(A1) The model is stochastically linear. Also, F;y is nonsingular for every t € [T] and
6 € O(6o,1,,1/2). Furthermore, there exist {V; : t € [T]} C S}, and M,, > 1 such
that

Po,t< [FLa?va| = reff,t> < ¢ logntloeT), (26)

. My
max sup HFt QVtH < —, (27)
teT] 9O (6),I,,1/2) ’ 2 )
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where

Teff,t = pif/f?t + \/2At(10g n -+ log T)7

. o (28)
pere = tr (Fig Vi), A = HFt’O:VtH2.

As discussed in Section 2.3, we employ the self-concordance condition on Etft(-) over
the local set O(6;, Fig;,4re,). For this purpose, we define the following quantity:

‘ <V3Etft(9; + 'LL), Z®3> ‘
3 <T3. (29)

T3, =1inf ¢ T3 € Ry : sup sup
,

= =1/2
’U,E@(Ft’g;‘ 747'eff,t) z€RP HFt /9* z
Ut

Note that 73, is random because both ¢} and €2 depend on (Dy,...,D;_1). To prove the

convergence of the pMLE gt, we further impose the following assumption.
(Est) On an event &5, the following inequality holds uniformly for all ¢ € [T]:

Ta Vet < 1/16. (30)

Assumptions (A1) and (Est) ensure that the pMLE 0, converges to 0; at an appropriate
rate. More specifically, Theorem 5 shows that

é\t €06 (9;(, f‘tﬂz‘ R 47’eff7t), Vit € [T]

with high probability. Before stating the theorem, we provide a detailed discussion of the
above assumptions.

In many examples, one can choose V; = cVar(V(;) for a sufficiently large constant ¢ > 0.
Other choices are also possible. For instance, if V(; ~ subG(c2) for some o2 > 0, then
(26) holds with the choice V; = ¢2I,. In this case, since V(; is the sum of n independent
random variables, we roughly have 0721 = n. Note that V{; can be sub-exponential rather
than sub-Gaussian in certain important examples, such as the Poisson regression model.
Even in sub-exponential cases, however, one can still verify (26) under suitable conditions;
see Appendix A in Spokoiny (2017) and Lemma B.2 in Lee et al. (2025).

The condition (27) is used to derive an appropriate bound for the radius regs. In the
batch learning setting, one may choose 71 =< \/p + v/Iog n so that 0, € o(07, f‘ljgi‘,ll”f'eﬂ"l)
with high probability. In contrast, in the online learning setting, the order of reg; exhibits
an interesting behavior. In particular, note that the effective dimension peg ¢ decreases with
t because f‘tﬂ? and V, are of orders proportional to the sample sizes nt and n, respectively.
By combining (27) with additional conditions, one can derive the following bounds:

Deff t = O(M,th_lp), Tofft = O(Mn\/(p Vlogn V log T)/t). (31)

The results in (31) follow directly from Lemma 18 and Proposition 6.
The assumptions in (A1) are mild and hold in many examples (e.g., when the score func-
tion is sub-Gaussian). Statistical models with the sub-Gaussian score function encompass a
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wide range of examples; a logistic regression model is one of the popular cases. In Appendix
G, we present a theoretical verification of (A1) under a simple random design setting For
the logistic regression model, one can show (26) and (27) are satisfied with V; = X/ X;/4
and M,, = Op(1), where X; € R"*P is the design matrix for the ¢-th mini-batch.

The nonsingularity of F;y on ©(0y,1,1/2) can be verified when L;(-) is strictly concave;
this includes, for example, the logistic regression model. The specific choice of radius 1/2
in (27) does not carry inherent meaning and can be replaced by a decaying sequence 7,
with some additional technical effort.

Assumption (30) ensures that the effective sample size neg, is sufficiently large relative
to the effective dimension peg ¢, thereby guaranteeing the convergence of §t to 6;. One can
show that 73, is of the order given in (22). Combining this with (31), we find that for a
fixed t € [T, a sufficient condition for (30) is

MZ(pVlogT) = o(nt?).

In the batch learning setup where T = ¢ = 1, this condition reduces to the well-known
requirement p = o(n), provided that M, = O(1).

Note that the additional term logT" in the definition of r¢f; can be interpreted as the
cost of requiring uniformity over {1,2,...,T}. From (26), we have

JP’(](HFt 91*/2vgtH2 > refrt for some t € [T]) <T. gf?(]%t< HFt ;;/QVQHQ > ’I"eff7t>

< eflogn — nil.

To state the main theorem in this section, let &cs 1 be the event on which the following
inequality holds:

Hf‘;elg/QVCtHQ <regy forallte[T]. (32)

Then, PgN)(gesm) >1—n""! under (A1). The event &est,1 plays a crucial role throughout
this paper, as it ensures the statistical validity of the online estimation procedure.

Theorem 5 Suppose that (A0), (A1) and (Est) hold. Then, on Eest1 N E2, the following
inequality holds uniformly for all t € [T):

|EL - 67)

‘2 < dregy, Ve [T).

Theorem 5 provides a sharp upper bound for Hé\t — 0f]]2, which corresponds to the
variance term in the well-known bias—variance decomposition:

Hgt HQ Het Q:HQ"’_HQ:_HUH? (33)

By (31) and Theorem 5, we obtain

6.0

;(HQ =0 (Mn [pVlognV logT]1/2 t—ln—1/2>
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provided that )\mm(ﬁtﬁ;) > nt. Ignoring the logarithmic factor, the quantity ||6; — 6}/
decreases at the rate t~'n~1/2 rather than the standard rate (nt)~'/2. As discussed at the
end of Section 4, this improvement arises from the use of informative quadratic penalization.

Note that Theorem 5 does not address ||#f — 6p||2, which corresponds to the bias term
in the decomposition (33). In Sections 6 and 8, we show that [|0; — 6p||2 decreases at the
rate (nt)~/2. Given that this convergence rate cannot be improved in general, our result
may be seen as a natural consequence.

6. Analysis of eigenvalues and remainder terms

This section presents informative bounds on important quantities such as 734, 74, and 73 ,.
b

A crucial step in analyzing these quantities is to ensure that 5,5 and 6 lie within a local
neighborhood of 6y, say ©(6p,I,,1/2). This localization guarantees an accurate quadratic
approximation. Specifically, the quality of the quadratic approximation relies heavily on
the magnitude of the smallest eigenvalues, such as )\min(f‘tﬁj) and )‘min(ﬁt,é})‘ Intuitively,
these values serve as the effective sample size. Therefore, we need to show that the effective
sample size is proportional to the accumulated (actual) sample size nt. Once this step is
established, it is not too difficult to bound the other quantities (e.g., 75+, T4+ and Té':t).
However, unless the log-likelihood L(-) is strongly concave in the sense that Amin(F4 ) is
uniformly bounded below by a multiple of n for all 8 € O, it is not straightforward to ensure
that )\min(f‘tﬁ:) A )\min(f‘ 0, ) 2 nt. If we assume the strong concavity of L(-), the analysis
can be significantly simplified because the localization step (e.g., 0; € O(6p,1,,1/2)) can
be omitted, and it is possible to obtain )\min(ﬁtﬁ;) 2 nt directly. For ease of analysis,
this strong concavity assumption has been often adopted in the existing online learning
literature (Chen et al., 2020; Zhu et al., 2023). However, many important statistical models
(e.g., GLMs) may not exhibit strong concavity when © = RP. For instance, the logistic
regression model—which is our main statistical application— is not strongly concave but
strictly concave. To accommodate these models, we impose some regularity conditions in a

local vicinity of 8y. The precise statements of the local regularity conditions are as follows:

(A2) There exist constants Kpin, > 0 and Kyax > 1 such that
min inf Amin (Ftﬂ) > Kninn,
te[T] 0€6(00,1p,1/2)

max sup Amax (Ft0) < Kmaxn,
telT] 9o (69,1,,1/2)

VEL(0)| < Kmaxn,
g%ee@(sﬁi,l/m | t( )HOP N "

4
max sup V=L(0 < Knmaxn,
te[T] geo(0y,1,,1/2) H g )HOP e

(35)

max sup HVBLt(G)H < KmaXNGSPe(Vﬁ*VQIOgN*S)T, Yr > 0. (36)
t€[T] peo (0o 1,,1/2+7) op
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In Appendix G, we show that assumption (A2) holds with high probability under the
logistic regression model with random design. For precise statements, see Propositions 36
and 39.

For high-dimensional or nonparametric models, the effect of the prior may remain non-
negligible even as the sample size increases (Cox, 1993; Freedman, 1999; Johnstone, 2010).
Since we allow the dimension to diverge, i.e., p = p, — 00 as n — 00, we impose non-
asymptotic conditions on the initial prior parameters pug and €2y. Before we state specific
conditions, we recall the following notation:

px =pVlognVlogT.
(P) The initial prior parameters po and g satisfy
1/2
|96 (00— o)), < on2 190, < Kunaep.
for a small enough constant 6 = §(Kpin, Kmax) > 0.
(S) For a large enough constant C' = C'(Kpin, Kmax) > 0,

n > C(log2 TV Mg)pz
We now present the main results of this section.

Proposition 6 Suppose that (A0), (A1), (A2), (S), and (P) hold. Then, on &est 1, the
following inequalities hold uniformly for all t € [T]:

‘2 < Kup My /tps, Amin (ﬁtﬁ;‘) A Amin (ft,é\t) > Kiownt,

‘2 < KupMn \% t_lp*, Amax(j::v‘z‘,,@;‘) V Amax (Ftﬁt) < Kupnt7

(IACES

|E2 @ - 07)

and
~ -3/2,.—1/2 ~ -2 -1 —-1_-1/2
T3¢V T{it < Kupt 3/ n / y T4t < Kupt n o, €ntKL < Kupt n / D+,
where Kup = Kup(Kmina Kmax) and Klow = Klow(Kmin)-

Proof See the proof of Proposition 23; Proposition 6 is a special case of Proposition 23. B

From the results in Proposition 6, we can quantify the relation between pMLE (@, F . §t)

and variational parameters (u, €2;). Recall that

dy (T1(), TE() ) < dy (T, The (-1 Do) )+ dy (T (- 1 Do) THEAC) ) S e
where the inequality holds by Theorem 4 and Pinsker’s inequality. If two normal distribu-
tions Q1 = ./\f(ml,Vl_l) and Qo = N(m27V2_1> with dy (Q1,Q2) < e for sufficiently small
€ > 0, Arbas et al. (2023) showed in Theorem 1.8 that

HV}/Q(m1 - mz)H2 v HV2_1/2V1V2_1/2 - IpHF = 0(e).
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Based on this fact, it follows from Proposition 6 that on &est 1
[B 5= B0, v ]| R, 500 | S e = 06700 (37

Note that, due to the symmetry of the total variation distance, the above bound remains
invariant under interchange of (6;, F +5,) and (ue, ). Importantly, (37) plays a crucial role
in establishing the online BvM assertion, namely that dy (II7,II(- | D)) — 0 in probability.

We conclude this section by discussing the bias term ||8f — 6p||2. By Proposition 6, we
have

1/2
16 = Bolly S i (Fegp) Mo/Bpe 5 () (39)

Although this bound is sufficient to ensure that 6; € ©(6,1I,,1/2), the corresponding rate
is not sharp enough to guarantee that |; — ||z decreases at the optimal rate (nt)~'/?
under the standard decomposition analysis in (33). Instead, we will obtain an appropriate

rate of ||§t — 6p||2 via a batch learning estimator. We revisit this issue in Proposition 9.

7. Bernstein—von Mises theorem for full posterior

This section presents the BvM theorem of full posterior under the batch learning setting.
Recall the definition of full posterior in (14). Also, we introduce some notations for analyzing
t-th full posterior II(- | Dy.). For t € [T] and 6 € ©, let

- 1 2
Lia(0) = =5 96720 = po) | + L12(0),  Frag = ~V2L14(6)
C1:4(0) = L1.4(0) — EL14(6), Fri0=Q + Frip.

(39)

and

014 = argmax Ly4(0), @{”‘t = argmax L14(0), 0}, = argmaxEL;.(0). (40)
(4SS 0cO 4SS

By applying similar approximation techniques in Section 4, one can prove that the LA
would provide an accurate approximation of I (- | D) in TV sense. Specifically, since we
impose several regularity conditions on the local nelghborhood of Oy in (A2), we need to
establish the concentration behaviors of 91 .+ and 9 ; for suitable localization steps (e.g.,
91;,5, QML € ©(6o,1,,1/2)). For this purpose, we 1mp05e the following conditions, which are
a version of (A1) adapted to the batch learning setup.

(A1x) Assume that (A1) holds. Also, there exists {V1, : t € [T]} C SY, such that
(HF”Q* V(. tH > Teff,1:¢ for some t € [T]) <n71

(41)
(HF1 100 VCl tH > Teff,1:¢ for some t € [T]) <n7 1
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and
2
re(r) %@(3353,1/2) HFE’GVM’L - %’ .
where
At = Hf‘;%ﬂitvlzt‘ 2’ Al = HFE;OOVMHQ’
and

Feff,l:t = ﬁif/f?lzt + \/2Xl:t(logn + log T), ﬁeff,l:t =tr <i‘£;9{:tvlst> )

(43)
Teff,1:t = pif/f?l;t + \/2)‘1:15(103” +logT), Deff,1:t = tr <F;;90V1:t) )
and M, is the quantity specified in (A1).
Let &est,2 be the event on which the following inequalities hold:
Hi‘;;/ngt vCl:tH2 < 'Feff,lzt’ HFlitly/QiVCItHQ < Teff 1:t for all t € [T] (44)

Then, by (41), IP’(()N) (Eest2) > 1 — 2n~! under (A2). On Eest,2, We can prove that the
following inequalities hold uniformly for all ¢ € [T7]:

~1/2  n ~—1/2 1/2
HFthve*:t (91:t B 60) HQ S HFthvgftQO (00 B 'LLO) HQ + Mnps

b, @ — o), < pmpt™ (45)

More detailed statements for the above inequalities are deferred to Appendix E. Here,
Hﬁ{?@i Q0 (0o — po)||2 denotes the bias term arising from the quadratic penalization. Based
on these results, we can prove Theorem 7. Note that the following theorem is the full
posterior version of Theorem 1 in Section 3; hence, Theorem 2.2 in Katsevich (2025) yields

an identical result.

Theorem 7 Suppose that (A0), (Alx), (A2), (S) and (P) hold. Then, on Eest2, the
following inequality holds uniformly for all t € [T]:

7 p2 1/2
dy <N (91:t,F;i’§1:t> S| D1:t)> <K <*> :

nt
where K = K(Kmin, Kmax)-

Although we conclude from Theorem 7 that N(é\l;t,f‘;g ) ~ II(-| Di4), the rela-
U1t

tionship with A (6%, F7! p,) remains unresolved. A standard BvM theorem states that
N(@i"ﬁ,F;%ﬁO) ~TI(- | Dyy) in the TV sense. Importantly, A/(6%, Fi%,eo) does not exhibit
the prior effects. Hence, we impose an additional assumption (Px) for (ug, €20) so that the
prior effects become asymptotically negligible.
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(Px) Assume that (P) holds. Also, the initial prior parameters 1o and Qg satisfy

HQ(1)/2 (90 - ,U'O) H < KmaxM 1/2-

Theorem 8 Suppose that (A0), (Alx), (A2), (S) and (Px) hold. Then, on &es 2, the
following inequalities hold uniformly for all t € [T]:
1/2
ﬁ /
nt ’

dy <N (9115)]?;%,90) ’N<61t’F1_t 01. t))

pQ 1/2
dV<N(91t’F1t€ ) IT(- | Dl:t)) < KMy, <*> ;

nt

IA
=
5

(46)

where K = K(Kmina Kmax)-

We briefly introduce the key idea in our proof of Theorem 8. Our proof strategy is
similar to that in Spokoiny (2025) and Katsevich (2025) whose key idea is based on

dy (VB Fily,) I | Di) )

R 1 (47)

< dy (N (B, FLL 5 ) T0C | Do) ) + dy (V@5 Frly) N (O B ).
Recall the formula (17) in Section 3. If the initial prior assigns sufficient probability mass
to a neighborhood of 6y as described in (Px), it can be shown that

1/2
=1/2 N 1 2 —1/2 Dx
HFlz/tﬁl;t (0% = 01.) H v HF“/QO L tﬁl:tFl’tﬂé’O B IPHF =0 (Mn (nt) > 7 48)

which yields the first inequality in (46). Combining this with the result in Theorem 7, one
can easily check that the second inequality in (46) holds via (47).

Since we assume the stochastic linear model in Section 5, Fy.; g, is non-random; indeed,
it coincides with the Fisher information matrix. In more general cases, however, F1.; g, may
exhibit randomness. Logistic regression with a random design serves as a representative
example.

To analyze such cases, it is natural to compare Fy.; 9, with its population counterpart.
For simplicity, suppose that Nt_lEx[Fl:tygo] is the same for all t € [T, and define Ip, =
Nt_lEX[Fl;t,go]. Here, Ex denotes the expectation over the randomness of X. Under
suitable regularity conditions (e.g. sub-Gaussian random design), we can obtain, for any
x > 0,

<K p+x

L HN <K p(p +x) (49)

Fo N

Flt@o 190 F1t90 ‘[00

I~
with probability at least 1 — e™, where K > 0 is a quantity depending on some regularity

conditions (e.g. sub-Gaussian parameter of each row of X). These bounds are standard;
see (Tropp, 2012; Vershynin, 2018).

23



LEg, CHOI AND CHAE

This discrepancy is negligible in terms of the final TV convergence rate. Specifically,
combining (49) with (17), it is not difficult to see that with probability at least 1 —e™

- +
dv (N(alt’Fltﬁo) N(elu [Nilg,] 1)) <K p(pNtX)

provided that Ayin(Zp,) > C for some constant C' > 0.

8. Online Bernstein—von Mises theorem

In this section, we present the main result of this paper, namely the online BuM theorem.

We elaborate on the high-level proof strategy in Section 3. For clarity, we now introduce

explicit definition for Q; appearing in (16). Let Qras = N (01, Fl_ig ). By (18), our claim
,01:¢

reduces to obtaining upper bounds for the following two quantities:

1 1 2 =~—1/2
], [ 0 2

Propositions 9 and 10 address the first and second terms, respectively.

To bound the first term in (50), we need to ensure that the accumulated approximation
errors are asymptotically ignorable. To quantify these errors, we introduce some quantity.
For 6 € © and t € [T, define

- 1y a1)2 2 -
m(@):Lt(G)+§HQt (a—ut)HQ, Vie(0) = VLi(0) + Q4 (0 — ). (51)

Here, n.(-) serves as the error term induced by the ¢-th variational approximation. Specifi-
cally, for # € © and t € [T], it is not difficult to see that

Ly (0 ) + Z ns(0 (52)

Based on (52), we briefly present key ideas to bound the first term in (50). Recall that,
the definitions of Hl,t and Gt imply the following equations

VLIiy(01y) =0, VL(6;) =0, Vtell).

By these two score equations and (52), we have

t—1 t—1
0=VL4(01:4) = VLi(Ore) + > Vns(Or:t) = VLe(010) = VLi(6:) + > Vis(1.1)
s=1 s=1
= —F¢(01:4,0;) (616 — 0;) + Z Vns(01:¢)
s=1

for some f‘t(é\l;t,@), depending on 5;:1: and é\t, by Taylor’s theorem. If gl;t and (9; are
sufficiently close, one can replace F;(60;.;,0;) with Ft 3, in the last display. Hence, we can
obtain the following relation:

F. 5, (1 — 02) ~ Fo(B1.0,00) (01 — 02) Z Vns(01.0). (53)

24



ONLINE BERNSTEIN-VON MISES THEOREM

From this approximation, we have

def
= On,t-
2

26~

t—1

~_1/9 ~
E Ft,@\t/ vns(glzt)
s=1

Also, recall from (37) that on &est1
Hf‘:g (@ ~ ) HQ v Hﬂt_lﬂi‘tﬁtﬂt_lﬂ - IpHF Seéntxe = 0(1)

Combining these two facts, we can obtain the following rough relations:

00201~ )], =[2G = )|, = B2~ ), ~

— ~_1/2 ~
. t,@ vns(el:t)

2

The main challenge is establishing that g, = op(1) for all t € [T']. In Proposition 9, we

prove that on &est1 N Eest,2
3
=0 MH/= |, vtelT)].
n
2

We now formally state the results addressing the first term in (50).

-1

~_1/9 ~
Ont = t§/ Vns(alzt)
— ,0t

Proposition 9 Suppose that (A0), (A1x), (A2), (S) and (P) hold. Then, on Eest1 N
Eest,2, the following inequalities hold uniformly for all t € [T):

1/2 (7 1/2 (3 p3 2
HF Hlt—Gt H \/Hﬂt (let—ut)H SKM% —= s
2 2 n

(54)
HF”2 (60 — B) H < K Mo/pr,
2

where K = K(Kmnin, Kmax)-

From Proposition 9, we have Hé\t — Ooll2 < My (p«/Ny)Y/2, where N; = nt. Since Propo-
sition 6 implies that ||6; — 0} ||2 < M,,t='/2(p,/N;)'/2, we have

107 — Bolly < 10: = 67112 v 18, — Goll> = O (Ma(po/N)V?) (5)

This significantly improves the bound in (38).
_ Under the setting in Proposition 9, one can argue the efficiency of the estimators y; and
0:. More precisely, we can show that

F1/ 2o (00— 00) = F1y 2V Lia(0) + o(1),
Fi/% (e — 60) = F, tlﬁf VLy14(60) + o(1)

with high probability. Therefore, 01 and pu; serve as asymptotically efficient estimators in
the sense of van der Vaart (2000, Section 8). See Corollary 27 for detailed statements.
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Proposition 10 Suppose that (A0), (A1x), (A2), (S) and (P) hold. Then, on Eest1 N
Eest,2, the following inequality holds uniformly for all t € [T):

N 1/2
}!ﬁiiﬁ:tﬂtfii,%l = IpHF < KM, <1;) : (56)
where K = K(Kmnin, Kmax)-

We present a sketch of the proof of Proposition 10. Provided that )\min(f‘
Amax (F

Ltaé\l:t) =
), we can obtain the following bound:

t,0;
=—-1/2 =-1/2 < H 1/2 1/2 H H 1/2 o n-l2 H
HFltt,é\lthtFlzt,é\kt I H Ft ,0¢ Q Ft ,0¢ —1 - F 1: tyel:tFt,/@\t Ip F

1/2 —1/2
< t n p* + HF Fl t7é\1:tFt7§t — Ip‘

9

F

where the second inequality holds by (37). Hence, we only need to verify f‘h G, F 6, in

a certain sense. From the definitions in (5) and (39), one can obtain the following equality:

t—1 t
Fl:t,é\l;t - Ft,é} = Z (Fs,gs - QS) + Z (Fs,é\l;t - Fs,gs)' (57)
s=1 s=1

Then, under some conditions, we can show that

1/2
1/2~ ~ 1/2_ 1
HFtQt 1t,91t t,0; I H <t Z s 651 Z s,2 < ) + maxes 2,

sEt]

where the second inequality holds by (37), and

o1 = HF_I/QQ P2 IpHF, €sn = HF_1/2 A | H

5,01:t7 s 05
Bounding €s,2 requires that the map 6 — F g is sufficiently smooth. If 01. .+ is sufficiently

~F
s 9 5,05 )
Indeed, under some conditions, we can derlve from (45) and (54) that

Hé\lzt*é\sHQ < Hé\lzt*HOHQWL Hé\s*QOHQ O( (p*/N )1/2)

By applying Lemma 40, therefore, we can obtain max,cp€s2 = O(Myp«n ~1/2) which
results in (56).

close to 93, then we can expect that F_ see Lemma 40 for a precise statement.

Theorem 11 (Online Bernstein—von Mises Theorem) Suppose that (A0), (A1x), (A2),
(S) and (P) hold. Then,

3\ 1/2
P (dv (w161 ) <52 () or aitt e [T]) > 130!

If, in addition, (Px) holds, then

]PJSN) (dv <Ht7N (91 t7F1t90>> < KM2 <I:,:>

H@T@, K= K(Kmin,Kmax)‘

1/2
forallt e [T]) >1—3n"L

26



ONLINE BERNSTEIN-VON MISES THEOREM

When p is fixed, Theorem 11 guarantees that the online BvM theorem holds even with a
very small mini-batch size n. Specifically, if n > (log N)* (as required by condition (S)), the
online BvM theorem holds. Moreover, Theorem 11 further ensures that credible sets based
on II7 yield asymptotically valid frequentist confidence sets. To be specific, for a € (0, 1),
consider the following Wald-type confidence and credible sets:

~

Cnta) = {00 PR, (0- 8% <.},
Cpr(a) = {9 €O: HﬂlT/Q(Q - “T)Hz < xf,a} ,

where Xg,a denotes the (1 — a) quantile of the X?g distribution. Here, aN(a) represents the
standard frequentist confidence set based on batch MLE, while én;_p(a) is the credible set

based on the sequentially updated posterior II7. Under the setting in Theorem 11, we have
on (g}est,l N gest,Q
N||Q:! - Fy,

ltGOHF =0 <Mn (pz/n)l/Q) )
HF}:/YZ“,GO (90 - 91:LT) HQ = HﬂlT/2 (90 - MT) Hz +0 (Mn (Pi/n) 1/2) .

See Corollaries 29 and 30 for precise statements. Therefore, we can conclude that on
Eest,1 N Eest,2 the following inclusions hold:

~ ~ ~

CN(Oé — En) C CnT(Od) C CN(Oé + En)y

)

where ¢, = CM, (pi /n) 1/2 for some constant C > 0. Hence, as long as C*N is a valid
confidence set, the credible set @,T also provides valid frequentist coverage.

Our final bound in the online BvM theorem requires the condition n > M2p2, which is
stronger than the requirement n > (M2 Vlog? T') p? specified in the condition (S). This ap-
parent discrepancy arises from a technical artifact in our proof. Specifically, in Proposition
9, we bound the spectral norm by the Frobenius norm:

1/2
HF_I/QQF 1/2 _ g H HF 1/2QF 1/2 IPH (P*) ’
t.0: t,0; t,0: t.0¢ F ™\ nt?

which introduces an additional factor of p, in the final bound.
A sharper analysis is possible by considering LA instead of VB. Under LA, we have
ue = 0y and Q; = Fte , and thus

HF—1/2Q F—1/2 1 H
t,0¢

Consequently, the bounds in Proposition 9 and Theorem 11 can be improved from M2 (p /n)1/?
to M2(p?/n)'/2.

However, it should not be interpreted as implying that LA-based online updates are
strictly superior to VB-based ones. Importantly, this discrepancy does not reflect an inher-
ent limitation of VB. Rather, the weaker dimension dependence arises from our technical
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analysis. Although we do not provide a formal proof, we believe that a refined analysis
could also improve the dimension dependence under VB. We plan to investigate this direc-
tion in future work, especially in connection with one-pass algorithms and sharper dimension
requirements.

9. Numerical experiments

In this section, we present small-scale numerical experiments to complement our theoretical
findings. In particular, we observe that the Bayesian online estimator performs comparably
to the batch estimator when the mini-batch size n exceeds a certain threshold, while its
performance deteriorates when n falls below this threshold. Moreover, the performance
gap between the online and batch estimators becomes larger as the number of mini-batches
T increases when n is small, whereas the gap remains negligible for sufficiently large n
regardless of 7.

For the simulation study, we consider a sequence of observations Y; S Bernoulli(1/2)
for all i« € [N], which corresponds to one-dimensional logistic regression with the true
parameter §y = 0. We generate N = 1000 samples and partition them into mini-batches of
size n = 1,2,4,6,8, 10, 20, 50, 200, and 1000.

For the online Bayesian updates, we solve the minimization problem (2). It is well
known that minimizing the KL divergence in (2) is equivalent to maximizing the evidence

lower bound (ELBO), defined as

max {Eq [Li(6)] — K (Qs 1)}, (58)

where E¢ denotes the expectation with respect to the normal distribution @ = N (u, @71).
Although the ELBO for logistic regression is concave in (u, £2), the expectation in (58) is
not available in closed form. We approximate it via Monte Carlo integration using 103
samples, and then optimize (58) using a gradient ascent algorithm with a suitably chosen
learning rate. The initial prior is set as IIp = N(0, 32).

We first compare online and batch learning in terms of point estimation /Performance.
Specifically, we compare the online estimator p; with the batch estimator )5 using the
mean squared error (MSE) as the evaluation metric. The experiment was repeated M = 500
times, and for each replicate, we obtained an online estimator ju ,, and a batch estimator
@fﬂm for m =1,..., M. In all cases (even when n = 1), we observed that |u; — 6y] — 0 as
t — oo, indicating that the point estimators are consistent regardless of the mini-batch size
n. For further comparison, we also computed the relative efficiency, defined as

S tm — B0l

A .
Zm:l IQPIIILi,m - 90’2

Figure 1 shows the relative efficiency. For small mini-batch size (e.g., n = 1), the
performance of the Bayesian online learning method deteriorates as the number of mini-
batches T increases. In this case, the accumulated error becomes non-negligible and the
online estimator suffers a significant loss of statistical efficiency relative to the MLE. A
similar, though less severe, pattern is observed for n = 2. However, as n exceeds a certain

RE, =
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Table 2: Coverage probability
(CP) and length of 95% CIs over
M = 500 repetitions.

14 ——

Method CP Length

o 0.944  0.248
=1 1098  0.398
e, 1= 2 0.974 0.301
e, n=4 |095  0.269
e, n =06 0.950 0.259
g, =8 |0.948  0.255
| T u, =10 | 0.942  0.253

g, =20 | 0.942  0.250
g, =50 | 0.938  0.248
g, n =200 | 0.938  0.248
g, o= 1000 | 0.942  0.248

= 0o o0 AN

o

3333323

e
w

Relative Efficiency
=
N

=
.

1.0

300 400 500 600 700 800 900 1000
Number of samples used

Figure 1: Relative efficiency in terms of MSE across
varying mini-batch size.

threshold, the relative efficiency approaches 1, indicating that the online estimators perform
comparably to the MLE.

We also assess the coverage probability of the credible/confidence intervals (CI) for
0. Table 2 summarizes the coverage probability and average length of 95% CIs over 500
repetitions for various mini-batch sizes, alongside those based on the MLE. As the mini-
batch size increases, both the coverage probability and CI length tend to align with those
of the MLE.

When the mini-batch size is small, however, our numerical results reveal an intriguing
phenomenon: the online variational posterior exhibits conservative coverage. This behavior
is not immediately apparent from standard intuition. The variance underestimation of
mean-field VB is well known in the literature (Blei et al., 2017). Even when a full Gaussian
variational family is employed, variance underestimation may still occur in small-sample
regimes due to the directionality of the KL divergence, ming K (Q,II;), although this effect
vanishes asymptotically (see Section 4). Furthermore, the posterior mean exhibits a non-
negligible bias when the mini-batch size is small (e.g., n = 1,2), as illustrated in Figure 1.
Such bias would ordinarily lead to under-coverage of credible sets.

Contrary to this expectation, the empirical coverage becomes conservative in this small-
n regime. Although a rigorous explanation is currently lacking, these findings suggest
that online VB may implicitly incorporate a form of safety effect. We conjecture that
variance inflation induced by sequential updates offsets the usual variance underestimation
associated with KL-based variational approximations. A theoretical justification of this
implicit regularization effect is deferred to future work.
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10. Discussion

There are many papers on Bayesian online learning, but a large portion of them are based on
heuristic ideas. Although our theoretical analysis is limited to regular parametric models,
the online BvM theorem established in this paper provides strong theoretical justification
for online Bayesian procedures and offers a useful mathematical tool for studying further
theoretical properties in more complex models.

Remarkably, the online BvM theorem holds with a very small mini-batch size; specifi-
cally, n > (log N)* is sufficient when p is fixed. On the other hand, our simulation results
indicate that if the mini-batch size is too small—say, n = 1—then although the online pro-
cedure still yields a consistent estimator, it loses statistical efficiency. We believe that this
is due to the particular choice of approximation in our online learning procedure, which is
based on variational approximation. Given that frequentist one-pass algorithms can yield
efficient estimators, we believe that it is possible to develop an online Bayesian procedure
with some algorithmic modifications that also achieves frequentist efficiency. We leave this
as a direction for future work.
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Appendix A. Notations

Table 3: Table of Notations

Notation Location
Dy, Nia(-), Nia(-), Nes(e) (62)
Aocalt (), Apainfis()s Aaitrae() (61)
bn,t (104)
T3 t,biass T4t bias (104)
Ay (100)

For k > 2, we say that a k-th order tensor A = (A;; i\ )iy, izelp] € RP" is symmetric
if Aiy i, = Ao(iy,...i) for any permutation map o of the tuple (i1, ...,4). For a symmetric
3-order tensor A = (Ayjk); jrep) € RP*P*P, B = (Bji)jkep) € St and x € RP, let

<A,B> = Z AijkBjk S Rp, <A, l‘> = Z Aijkxk € RP*P,
jikelp] il kelp] ij€lp)

For a function f: © — R, let || f||co = supgee |f(0)]- For A C O, let 14(0) : © — {0,1}
be the indicator function, defined as 1 if 8 € A and 0 otherwise.
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Appendix B. Proofs for Section 4

Throughout this section, let ©,,; = @(f‘ 43, 4ry). (Note that the notation ©,,; is reserved
for defining other local sets in subsequent sections.)

B.1 Laplace approximation

For a function g : © — R, let
/9(0) exp Et(e)] do /g(u)eft(u;@)du
Iﬁ,t(g) = — = —
/exp [Lt(al):| del /eft(u ;Gt)dul

[r0em ] Slesz -]

T e[ AR - a)[]w .
/g(e)exp[ HF”2 H ]du
[ |- [Fiu]]
where [ f(u)du = [, f(u)du and
Filu; 01) = Ly(B, + w) — Ly(6r) = Lo(B, + ) — Lo(B) — (VLi(0r), u). (60)

For t € [T}, the total variation distanace between II-A and II; (- | D;) can be represented by

dv (WO (D)) = s {Z5,(9) = Tuaelo)].
Illoo<

where the supremum is taken over every measurable function g with ||g||cc < 1. Define the
following quantities:

Alocalt(9) = Ngf 9) ) tallnt(g) thf 9) ;o Dtaitrag(g) = Nt;f )’ (61)
Ataitt(9) = Ao i (9) V AtailLat(9),
where
Dt:/eexp< HFtl/; ‘ )du,
Nosle) = [ gt [esp () —exp (=5 [EL72a] )]
’ (62)

Niale) = [ lotw)lesp (£u.)) du

n,t

Nis(g) = /C \g(u)!exp( 3 HF1/2 Hj) du.

n,t
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Lemma 12 Suppose that (A0) holds. Also, assume that Ajgcalt(le) + Atailt(le) < 1/2

for allt € [T] on an event &. Let g: © — R be a function satisfying ||gllcc < 1. Then, for
all t € [T,

T(9) ~ Tun(g)] <2 (Alocal,t(m T At (16) + 2Ais(9) + 2Amﬂ,t<n@))
on &.

Proof In this proof, we work on the event & without explicitly referring to it. Let
0 I
/g(u)efi(u,et)du /g(u) exp [—2 HFtl/zsu
/eft(“l;at)du’ /eft(“/@)du’ 7
/g(u) exp [ 3 HN;/; ’ } du /g(u) exp [ HF:Z ’ ] du
(i) = — .
Joremai o fen [ lge]o

Ta,(9) = Tunalo)| 1001 + 1G] (63)

(i) =

Note that

Firstly, we will obtain an upper bound of (i). Note that

0 < ‘/eft(“5§f)du /g(u) |:€ft(u§§t) — exp( HFl/Q
2 t,0¢

By the definitions in (61), note that

-1
X

)]
MLt

DiAjocart(1e) = |Nei(lo)| = ’/ exp (ft(u,é\t)> — exp ( 3 HF1/2

t,0¢
1/2 A
> /@nt exp < Htht )2> du — /@nt exp (ft(u, 9,5)) du,

which implies that

2/ exp< HFl/2
Ot 2 1|7 4,6:
1/2

p— F
/@n’t eXP ( H t9t

)2) du — DtAlocal,t(]}-@)

’ ) du — Ajpeatt(lo) /exp < HFEZ
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It follows that

/eft(u@)du >/ eft(u%é\t)du
ent
1 1~ 2
Z/@ texp( B ‘2> du — Alocal,t(]l@)/exp< 5 HF;gu‘L) du (64)

111~
= (1 - Atail,LA,t(]}-@) - Alocal,t(ﬂ@)> /EXP <_2 HFl/QU ‘2> du

t,0¢

i‘l/Q
t,0¢

and

felwibe) _ 1/2
‘/g(u) [e ¢ exp( 5 HFt 5, U

)

Fe(usby) _ P2
<| [, o0 e - (g [R5 )
| (65)
fr(wiby) _ P2
+ /%ytg(u) [e exp( 3 H th ‘2>] du
<(a A A L|lg2 d
= local,t(g)+ taﬂ’th(g)_'_ tail,LA,t(g) eXp ) t@tu Uu.
It follows that
—1
(1) < <1 — Ataileat(le) — Alocal,t(]le)>
(66)

X <A10cal,t(g) + Atail,ﬁ,t(g) + AtaLil,LA,t (g)> :

Next, we will obtain an upper bound of (ii). Let Z ~ A(0, 91) and Ez denote the
expectation with respect to the law of Z. Note that

2 2

g(u)exp |— HF1/2 exp HF1/2 ‘ du
()] < 2l - 1
i) < —

e tlreTor || o

yUt
1|=1/2 1/2
i ] / ool Al
= ~g ‘ X = —
Z /eft(“'39t)du’ ft(u 9t)d !

< (1 — Ataitiat(le) — Alocal,t(]le))) <Aloca1,t(]1®> + Atail’n’t(]le) + Atail,LA,t(]16)>7
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where the last inequality holds by (64) and (65). Combining the last display with (66), the
right hand side of (63) is bounded by

[Alocal,t(g) + Atail,ﬁ,t(g) + Atail,LA,t(gﬂ + [Alocal,t(]le)) + Atail,ﬁ,t(]l@) + Atail,LA,t(]lG))}
<1 — Ataileat(le) — Alocal,t(lle))

<2 [Alocal,t (g) + Alocal,t(]l@) + 2Ataﬂ,t (9) + 2Atail,t(]l@)] 5

where the inequality holds by the assumption Ajgeart(Lle) + Agili(le) < 1/2. This com-
pletes the proof. |

Lemma 13 Suppose that (A0) holds, and N > 2. Also, assume that 73 < 1/8 for all
t € [T] on an event &. Then, on &,

sup A7 ,(9) < 2¢ 8108 N8P and (67)
llglleo<1
H ?up Avtail1a(g) < e~ 16log N—49p/2 vy [T]. (68)
glleo<1

Proof In this proof, we work on the event & without explicitly referring to it. Note that

/ eft(u§§t)du

To obtain an upper bound of the right-hand side in the last display, we will obtain an
upper bound of fi(u;0;) on Oy ;. Let u € RP with u ¢ ©,,;. Then, we have

(69)

Sup Atall I t(g)

. —A = (lg) =
b b 171_[7 ~
lglloe <1 . /exp< H Fl2,,

tc9t

def =1/2
u® = drpa HF 2
t,0+

‘_ uea@mdif{e €O HFW

} - 4m} . (70)

By Taylor’s theorem, note that

~ o~ ~ o~ ~ o~ 1 —
L@, + v) — Li@) — (VLu(B),u®) < sup {—QHF;/; e
ﬁE@n,t ’ t+u

2]

) ? (71)
~ =1/2 o

S —5(1 — 47‘3’157"]_‘1;) HFt,@u

2 )
where the second inequality holds by Lemma 40. Also, Taylor’s theorem gives
(VLi(B; + u®) — VL(8;),u — u®) < sup {—(f‘ _u’ u— u°>}

UEOn ¢ th “
70
(70) ( 1 a HFl/Q

([4TLA HF1/2 ‘2 - 1) (1- 47A'3,t7“LA)(1'~1t7§tUOaUO>

—(1—473471a) <]ﬂ~ﬂt,§tu°, u—u°),

.Y ol (Fega ) (72)
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where the second inequality holds by Lemma 40.
The concavity of L;(-) implies that:

Li(By +u) < Ly(B; + u®) + (VLy(By + u®),u — uo). (73)
Also,
fr(u; at) = Zt(g’t +u) — Zt(é\t) —(VL(6t),w)
= L0, +w) — Lu(8) + u®) — (VLe(By + u®), u — u®)
+ Ly + u®) — Ly(0) — (VLe(0,),u®) + (VLB + u) — VLi(By), u — u°)

(73) ~ ~ o~ ~ o~ ~ o~ ~ o~
< Lt<6t +u ) Lt(0t> — <VLt(0t), u°> + <VLt(0t + UO) — VLt(Gt), U — UO>
(71)
(72 1 /2 olI2 N ~ R
< 5(1—47‘3,57”“\ HF 2— (1—4737trLA)<Ft0u u—u >
70) 1 olI2 . ~
(:) 5(1 — 47'3 tT'LA HF /2 ) (1 — 47’3 tTLA HF1/2 ) HF:,%TU ’2
2
-+ (1 —47'3 tT'LA HF1/2 ° )
2
||| = (1 4R rua) |E e HF1/2 ’

~ /2
= —2(1 — 473 tTLA TLA HF Au‘
’ t,0+

9

1
:5(1 473 110 HF

1

2 2

(1 _47'3t7“LA HF1/2 °

HF1/2

.

where the last line holds because HF uH > HFl/ 2U0”2 = 4rpy. It follows that

/ f’f(“@)du < / exp [—2(1 — 4?3,t7“LA)7“LA ‘ﬁtl/;u ’ } du

c c sVt 2

n,t

— ex —2(1 — 4T3 4T HF /2u HF1/2 ‘ ex HFl/z ‘ du
. p 3.t LA LA 5 2 11M 68 s PL75 0% 2 )
n,t

Combining with the last display, the right-hand side of (69) is bounded by
H~1/2
‘2 ] t,0¢
2 ~1/2 /
/exp < 2 H tet

~ 1
=FEy, (exp [—2(1 — A7 4rea) e || Z ]| + B ||Z||§] 1{|Z], > 4TLA}>

‘2> du
> du/
2

e

‘ ||FV2
2 2 t,0¢

/ exp [2(147-3tTLA T‘LAHFtet
n,t

1
<Egz (eXP [—TLA 1Z1l5 + 3 ||Z||§] {Zz|l, > 47“LA}>,

where Z ~ N(0,I,) and the inequality holds by the assumption 73 ra < 1/8. The right-
hand side of the last display is equal to

A 7 exp [—mw + 1&] p(w)dw (74)

TLA 2
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where p(-) denotes the density function of || Z]|2. Note that p(-) is the derivative of the map
w S(w) =—-P(|Z|]2 > w) and

1
lim exp [—TLAW + w2] S(w)=0

W—00 2

because we have, for any w > /p,

2

= exp [(\/I3 — L)W — E} = exp [—(\/ﬁ+ v/2log N)w — g} 7

2

where the inequality holds by the application of Lemma 49 with A = B = I,. Hence,
integration by parts implies that (74) is equal to

1 1 — /D)?
exp [—TLAw + QwQ] P(||Z]|2 > w) < exp [—TLAUJ + QwQ] exp [_(w\/f))]

o0

exp(ArZ B (| Z]ly > dria) + /

47‘L A

1
=y exp (—rua+ 57 (121, > ) o

By Lemma 49 with A =B =1,

1 2
P12l > trus) < oxp (5 [+ 4vZEN] ).

which implies that

exp(4ry )P (|| Z]ly > 4rea)
< exp <—; [7\/;3+4\/W}2 4 [2\/;3+ \/210gNr> 75)

17
< exp (—2])— 810gN> .

At the end of this proof, we will show that

& 1
/ (W —7La) exp <—TLAw + 2w2> P(||Z]|ly > w)dw < exp (—8p — 8log N) . (76)
4

TLA

By (75) and (76), we have

S A (9) < 2exp (—=8p —8log N),
Glloc S

which completes the proof of (67).
Similarly, one can bound the left hand side of (68) as

a
exp ( HF;Z

sup Ataﬂ,LA,t(g) = Atail,LA,t(]l@) = / 1
lglloo<1 s, /eX 1 HF1/2 /

)

5 du
> du’

2

1 2 49
=P (||Z]l, > 4ra) < exp (—2 [7\/13+ 4\/210gN} ) < exp (—2p - 1610gN> .

p

40



ONLINE BERNSTEIN-VON MISES THEOREM

To complete the proof, we only need to prove (76). Note that

o0 1
/ (w—7La) €Xp <—TLAw + 2w2> P(||Z|ly > w) dw
4

TLA

2
Lemma 49 S 1 w —
< / (w— ra) €Xp [—TLAW + Zw? — 7( \/f)) ] dw
4

TLA 2 2
o0 (W 4rp)? (w4 — \/17)2
= / (w4 3rpa) exp | —rea (w+4rpy) + 5 — 5 dw
0

= exp [—4rLA (rea — /p) — g} /Ooo(w + 3rea) exp [— (roa — /p) w] dw

— exp [—4m (rea — /D) — g} (ra — /)~ (B(W) + 3r1a),

where W ~ exp(ria — /p) and density function of exp()\) is given by = — Ae™**. By
EW = (rpa — \/]3)_1, the right-hand side of the last display is equal to

exp {_ drea (rea — v/P) — g] [( - N2 (rLABiLAm]

) o [_4(2@+ V210gN) (Vi + v21g ) _g]

{ | 6\[+3\/W}
(Vb +V2g N | b+ v2log N
<exp |4 (2yp+ V2108 N) (VB + 210g N ) | e 72 (14 6)

:exp(—Sp—8logN) exp(— 12 2p10gN—p/2—|—10g7) <exp(—8p—8logN),

where the last inequality holds by the assumption N > 2. This completes the proof. |

Lemma 14 Suppose that conditions in Lemma 13 hold. Then, for0 < A, < /p++/2log N,

H~1/2
~1/2 t,0¢

/%’texp (An Ftﬁt ’2)/ ( H~1/2 ,
£,0;

on &, where & is the event specified in Lemma 13.

‘ ) du < 26—8p—8logN (77)

=

Proof In this proof, we work on the event & without explicitly referring to it. Let Z =
Ffél\/ ’z , where Z ~ N(0,I,). With slight abuse of notations, let E be the corresponding

sUt
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expectation for Z. Note that
~ 2
e (=3 [Pzl
t,0:
u / 5 du
~1 2 o !
/ex ( 2” 15, U )du

£ o7z, > 4m}) - E<eAn“Z“211 {121, > 4m}>.

/ exp [An f‘ig
n,t

:E<exp[ .

As in the proof of Lemma 13, let p(-) be the density of ||Z]|2, which is the derivative of the
map w — S(w) = —P(||Z||2 > w). Then, the last display equals

/ e p(w)dw = exp(40,ra)P (| Z ]|, > 471a) + Apexp (Apw) P (|| Z]], > w) dw
4

TLA 4rea

by the integration by parts. Note that

P(|Zl; > 4ra) = P (11Zlly > 85 + 4y/2log N)
<P (HZ”2 > P+ \/[7\/ﬁ+ 4«/210gN]2>

Lemma 49

< exp <—; {7x/23+4\/mr> :

which implies that

6Xp(4AnTLA)P (||Z||2 > 4TLA)
1 2
< exp (-2 [7\/13+4\/2 1ogN} +4A, [2¢§+ \/210gN}> 78)
< exp (—32317— 810gN> ,
where the last inequality holds by the assumption A, < ,/p++/2log N. At the end of this
proof, we will show that

Apexp (Apw) P (|| Z])y > w) dw < exp (—8p — 8log N) . (79)

4TLA

Therefore, (77) holds by (78) and (79).
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To complete the proof, we only need to prove (79). Note that

o

Apexp (Apw) P (|| Z]], > w) dw

4rpa
2
Lemma 49 [ w — o0 w?—2 w +
< / Apexp |Apw — (2\@)] dw = / A, exp {Anw — # dw
4 4

TLA TLA

00 2
= eMn/2HAnvD 4 exp[—;(w—[\/ﬁ—i-/ln]) ]dw

4TLA

o) 2
< eAn/2424nvD exp [ - ;<w —Vp+ An]> ]dw

47'L A

A2 /24240 B Hlos(v/27) / > Ry
6/P+3v2Iog N V2T

A2 1 2
< exp [2” +2A,/p + log(Vv2m) — 5 <6\/ﬁ+ 3v/2log N> ]

1
< exp {— %p —8log N — 154/2plog N + log(\/27r)]

<exp(—8p—8logN),
where the fourth inequality holds by A,, < ,/p+ +/2log N. This completes the proof. B

For 6,u € O, let
(V2Le(6), u®?)

Ris(0,u) = Li(0 4+ u) — Li(0) — (VL (0), u) — 5 , 0

(V3L(9), u®®)
. .

For simplicity, we often use the notations R 3(u) = Rug(at, w) and Ry 4(u) = Rt74(§t, u).

Rt,4(07 U’) = Rt,3(97 U) -

Lemma 15 Suppose that (A0) holds. Also, assume that

(Taaria) V (Taep®) <1, Wt € [T (81)
on an event &. Then, on &,
H T|1lp Alocart(9) < K( (Fag +75,) p° + Taap + ﬁﬁ&) (82)
g <1
Ajpcalt(lo) < K( (Tas + ?32,t) P+ 7A'§’,ﬁ§A> (83)

for all t € [T], where K > 1 is a universal constant.

Proof In this proof, we work on the event & without explicitly referring to it. By the
definitions,

— 3 ®3 1/2
= Rea(w) + 5 (VLB u™) — 5 [F12
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It follows that

~ 11~ 2 1 ~ ~
folw00) + 5 | F, 2| = Rea(w) = Rea(w) + 5 (VLe(Br), u™). (84)

t,0
2
‘ )] du
2

g(u) [eft(é\t’“) — exp <1 Hﬁl/gu

) .
)

Let Z = 17171/2Z where Z ~ N(0,1,). Let E~ be the corresponding expectation for Z. With

Hence,
en t
‘~1 /2

1
11~ 2
Alocali(g) = [/exp <2 Ftlgu 2) du]
t9t

o]
= / g(u) [eRm(“) - 1} —
Ot /eXP< H FI2

th

slight abuse of notations, to simplify the notations, we further denote E4(-) = E(-1{Z € A})
for a measurable set A C ©. Then, the right-hand side of the last display is equal to

)

_ ’eE(')n,th’B(Z)E@nyt [g(Z)eRt,S(Z)—E@n’tRt,S(Z)i| — E@n’t [g(z)”

< eEQ"’th’s(FZV)EGW I:Q(Z) eRt’g(Z) . 1>] ' + ‘elEen’tRm(Z) _ 1‘ :

E
i ’(6%””&3(2) —1)Ee,, [Q(E)H

where Ry 3(-) = Re3(°) —E@nthLg(Z), and the last inequality holds by |/g]lcc < 1. To prove
(82), therefore, we only need to bound the following quantities:

(i) = Eo, ,Res(Z), (i) = Eeo,, [g( 3 <€m,3(z> _ 1)] .
Firstly, we will obtain an upper bound of (i). Note that
Fo,. [(V*Li(@), Z2°%)] =0 (86)

by the symmetry of ©,,;. It follows that

. ~.1 (80 1 ~ o~ = ~
() =B, [Rar(2)] @ Ba., |{(VE).2%) + Rau(2)]
86 > =~
P Ee,, [Riu(2)] < \[Fe, R3,(2).
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By Taylor’s theorem, for u € O,,, there exists u € O,,; such that

N ®4(9)T4t 12 ||
Rag(u) = 5o (VALo(: + ), u®) < HFM ‘2.
Hence,
R <E FWZ —E i Al
4t( ) @ 242 tat - en,t @ H H2
(88)
~2 4 2
< () + 3L )| = 2L (p+3)°
= gz | ) TRl = o P

where the second inequality holds by Lemma 51. Combining with (87), the last display

implies that
() < \/Bo, R3,(2) < T (p 4 ) (89)

Next, we will obtain an upper bound of |(ii)]. By Lemma 55 with X = R;3(Z) and
€ = 873,417y, we have

Ros(Z Ris(w)
E®n,t (eRt,S(Z) —1— ﬁt,,g(Z) - t’;) g(Z)] 2 )3 6647-9?,”“1‘_1,x

S (8?3,tTLA

w | ot

(81) 3 6
< T34,

for some universal constant ¢; > 0. It follows that

)]

72 ~
R N7 W [
< |Eeo,, (Rt,3(z) + ti;) 9(Z)||+ ClT??,tTEA
T F T O
<Ee,, [Rus(2)9(Z)| + 5Be.. [Ris(Z)9(Z)| + 7y
N 1 52 ~3 6
< Ee,,|Rt, (Z)‘ + §Een,t [Rt,B(Z)} + C1T3, 71,

where the last inequality holds by ||g]jcc < 1. Let

(iii) = Ee,, |Re;3(Z)

. (iv) = Ee,, [Ri5(2)] .

To bound [(ii)|, we need to obtain upper bounds for (iii) and (iv). Firstly, we bound (iii).
Let Rea(-) = Rea(-) — Eo, ,Rea(Z). By (84) and (86), we have

EQn,thA(Z) = Een,th73(2)7
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which implies that, for every u € ©,

_ 1 e~ _

Ris(w) = (V2 Li(6), u®?) = Rya(u). (90)
It follows that

U R
Ee, . |Rt3(Z) — 6<V3Lt(0t)a Z93)

= E('—)n,t

Ria(Z)|,
which further implies that

(iii) < Ee,, ,

I 1 e o~
Ria(Z)| + Ee,, —(V3L4(6y), Z9%)].
6

Note that
= (88) 7, ;
Ee,., |R ’ \/EG) th4 Z) < \/Een,tR%A(Z) < ﬂ(l"“?’) :
Also,
1 ae o~ =~ 1 - a2
EOn,t 7<V3Lt(9t)vz®3> 6\/E9 ot <V3Lt(9t)72®3>‘
(91)
Lemma 54 1 15 .
Al (1) = /157302 = Y R
Combining the last three displays, we have
(it}) < 5 (p+3)° +\6ﬁ?3tp
To bound (iv), note that
Bo. [Roa(7)] L3740 558 o7 ()
(iv) = Ee,, |Ry5(Z)| ‘= Fe,, 6V Le(00), Z77) + Rea(Z)
<lg 3Lu(0,), Z%)?| + 2Fe, , |Rs4(Z 92
< 1g0u: [(V7Li(00), Z277)7| + 2Be,, |R1.4(Z) (92)
o 2,
15A 4 5 8.

where the last inequality holds by (p + 3)* < 28p*. Combining the last two displays, we
have

. N o
(D)) < )] + S10v)] + a7 eria

5'\47 V15 5 .
t(p+3)2 ——T34p + Tgtp +

4 .
6 12 74 tp + ClT??tTEA (93)

9

Q

2 A N2, A~ ~3 6
<ca| (T34 + Tar) p° + Ta4D + 3477
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for some universal constant co = ca(c1) > 0, where the last inequality holds by ?4,tp2 <1.
Now, we are ready to prove (82). By (89) and (93), the right-hand side of (85) is
bounded by

oTLe(p+3)2/24 _ 1‘

et P 2y [9(2) <6Rt73(2) - 1>] ‘ i
62?4,15[’2/31@@ . [9(2) (eRt,s(Z) _ 1>:| ‘ + ‘62?4”5[)2/3 _ 1‘
< ‘E@ [g@ (e%@ - 1)} ' + Ty

(93)
< Cz[(73t+7'4t)p +7'3tp+7‘3t7”LA] —I-T4tp

<

~2 ~ 2 |~ ~3 .6
<cs3 [ (7'3,t + 7'4,t) p”+ T3P+ T3,tTLA:|

for some positive constants cg = c3(cz2), where the second inequality holds because 7y ;p? < 1
and e* <1+ 2x for x < 1.256. Therefore, we have

A2 4~ o~ 3 (22 A\ 2, A ~3 6
sup  Ajocalt(9) < 3 [74,tp + T347a4P” + (Tsy + Tae) ° + T340 + T3471a |
llglleo<1

which completes the proof of (82).

The proof of (83) is similar. However, there are some differences in obtaining the upper
bound of (ii). Consider the case where g(-) is symmetric, meaning g(u) = g(—u) for any
u € ©,. Note that

)

) ~
RO L
< |Eo,., (Rt,3(2)+nz> 9(Z) JFClT??,tTEA
(90) 37T 7R3 > I ﬁ?3(2) I~ ~3 6
=" |Ee,, <VL(9t) Z9g(Z) + Rua(Z)g(Z) + 5 9(2) || +erTiyr
Ris(Z) (94)
= Ria(Z)g(Z) + %9(2) + Cl?:?,tTEA
1
<Ee,, [Rua(Z)| + 5Ee, Ris(Z) + ity

1
< Eenth 1(Z )+ 2E®nth 3(Z )+ CngtrEA

(88)
(92)

~ 92 2 9 ~3 6 2 ,~ \.2 -3 6
S Taep” +TapT 1Ty < [ (T30 + Tat) P° + 734700
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for some universal constant ¢4 = c4(c1) > 0, where the second equality holds by the sym-
metry of ©,; and g(-). For any symmetric g(-), therefore, we have

Alocalt(g) (8§5) ‘GE@"’th’g(Z)’ ‘E(Bnt [9(2) <€Rt’3(2) — 1>:| ‘ + ‘G]E(')n,tntg(z) — 1)

2 s () o

(94)
~2 =~ 2 ~3 ,.6 =~ 2 ~2 ~ 2 ~3 ,.6
< ey [ (73’15 + 747,:) -+ Tg,tTLA] + Tap” < s [ (73,t + 74715) P+ Ts,ﬂ“ux]

for some universal constants ¢ = ¢5(cq) > 0. This completes the proof of (83). [ |

B.2 Proofs of Theorem 2, 3

Proof [Proof of Theorem 2] Since the total variation distance is bounded by 2, note that
the inequality in (21) always holds provided that (7372,) V (T44p?) > C for some universal
constant C' > 0 and K = K(C) is large enough. Hence, we may assume that

(7/:3,tTEA) \% (?4,#72) <46, VtelT] (95)

for some small enough constant § on an event &1. In this proof, we work on the event &
without explicitly referring to it. By (95) and rpy > 1, we have

Tagria < T3ure, <6< 1/8, N >2,
which allows us to utilize Lemma 13. By Lemma 13, we have

~ —8log N—8p
sup Ay 51,(9) < 2e g
llglloo<1

sup  Atailrat(g) <
llglloo<1

—161log N—49p/2
€ )

which, combining with p > 1, further implies that
Atail,ﬁ,t(]l(%) V Ataitat(le) < 1/4.

Also, by (95), Lemma 15 implies that

= R R (95) 1
Alocal,t(]le) < K( [7-4,t + T‘g?,t] P2 + TgtTEA) < 5K16 < 1
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where K7 denotes the constant K in Lemma 15 and § = §(K7) is small enough constant.
By Lemma 12, it follows that

dv <H%A(‘)7Ht (/D ) = sup ‘ —T1at(9)
llglloo

Lemma 12

< 2 | T|up {Alocal,t (g) + Alocal,t(]l@) + 2Atai1,t (g) + 2Atail,t(]16)}

glleo<1

Lemma 13 —81oe N—8

< sup 2A100al,t (g) + 2A100al,t(ﬂ@) + 16e & P

lglloo<1

Lemma 15

4K, ( [T4t + 7'3t] p°+T3ap+ T3 tTLA> + 168l N=8p
< (4K7 V 16) ( [Fae +75,] p° + Taap + 7o riy + €78 108N 8p>
S (4K1V 16) ( [Tas + 7/:??715} P° +Taup + /T}it log® N + ¢~8lg N_8p>,

which completes the proof. |

Remark 16 The indicator function 1g in (83) can be replaced by any symmetric function
g

Proof [Proof of Theorem 3] In this proof, we will work on the event &1 without explicitly
referring to it. Let Z = F 1/2Z where Z ~ N(0,1,), and E~ be the corresponding

expectation. As in the proof of Lemma 15, we also use the notation E4(-) = EZ(]I{Z € A})
for a measurable set A C ©.
For u € ©, note that
log(nt*(0; + u) /7y(0; + u | Dy))

Lt (0 +u)
[f] LF (e

— log {/exp( HF1/2 (0t+u—9t)H )du]
g ] o (3[R ]
= —fi(u; Ht - = HF qu + log [/ eff(“?gt)du} — log [/ exp ( HNiZ
) —Rt73(§t,u) + log [/ eft(“‘at)du] —log [/ exp ( HF;Z ‘ > du}

= _Rt,S(é\t, U) + Wn,h

)]
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where

Wit = log [/ eft(“@)du] — log {/ exp ( HF1/2
s 2 t,0¢

K (H%A(-); 0, (- | Dt)) = /log [m

=E; [—Rt,:s(z)} + Wit

.

(0, 4 u)du

Hence,

We will obtain upper bounds for the following quantities:
() =Bz [-Ris(2)], (i) = W
Firstly, we will obtain an upper bound of (i). Note that
E; [—Rm(é)] ~Feo,, [—Rt,g(Z)} + Ee,, [—Rt,g,(é)}
& Eeo, ., [—Rt,4(2)] +Eec [—Rt,S(Z)}

For the first term in the right-hand side of the last display, note that

~ 5 5 89) 1 R 9 96
RM(Z)’ < VB, Riu(Z) < 5 +3)%  (96)

Een,t |:_Rt,4(2):| S Een,t

Also, for u € 6

n.t» We have

R _ 7.0 T (T, Lgiz, |12
t,3(u) = [Lt(et—i—u) Ly(6;) <VLt(9t)’u>+2HFt,§tuu
o1 G e o I L

for some 6 = 69(6;,u) € O, F, »
be located in @(é\t, F

F u by Taylor’s theorem. Note that Y may not
| y Tay § may
1/2

t9’

4rpy). Let r = ||F u||2 > 4rpy > 1. Then,

t,é\t’
1 o~ -
fuTFl/P (I +F 1/2Ft oF 01/2 Ip) Fl/;u
t t
B LY
t,0 t,0¢
Lemgla 40 1 ) H~1/2 ’
- 2 t,0¢
“u ’ =(1VT3,)exp (3 log Hf‘tl/;u
Ut

)
2
§N68pexp<<\/f)+\/m >HF 2y

1/2

1 2
2 HFW\

2_

F/2

<1+7—3tr

S (1\/7/:3157'

‘F

)
e o[z

<(1 \/Tgtr)exp( HF1/2

)
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where the last inequality holds by (KL). It follows that

~ 1 =179 ~|[2
o [Ra)]  r, [ [F227)

oo { (v vaeN —a) [£1:2], poso (3121,

S NGSPEGSL t

(97)
— NeSPEac pl/27
= NeEec , | exp < [\/IH— \/2logN} HFt,@}ZH2>
Lemma. 14 NeSPo—8p—8log N _ ,~Tlog N
Therefore, (96) and (97) imply that
. = 1 .
(i) = Ee,,, [—RM(Z)] + Ee, [ Ris(Z )} < g rae(p+ 3) 4 e Tloe N (98)

Next, we will obtain an upper bound of (ii). Note that

fleh el slRie
W’n,t _ 1} _ 2 tyet

L (-3l
[ w5 [Fiieal] au / 1”5
[ e g lEz] o

* 1/2
/exp[ ZHFth ”du

< Alocal,t(ll@) + Ataﬂ,ﬁ’t(ﬂe) + Atail,LA,t(]l@)

uat)du

T

§K1<[7'4t+73t]p +7'3t7"LA> 4 3¢ 8logN— 8p

where the last inequality holds by Lemmas 13 and 15, and K; denotes the constant K in
Lemma 15. By 1 4+ o < e for z € R, it follows that

(i) = Wy < K < [T4t + Tgt] e+ T3tT’LA> + 3¢ 8log N=8p (99)
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By (98) and (99), therefore, we have
K <HI{A(')S T (- | Dt))
< iﬁ,t(p +3)2 e e N + K ( [Fae + 754 p° + ?Qtr&) + 3¢ Blog N=8p
< K, ( [Tas + ???ﬂf} p? + ?§7tTEA + e_7logN>
< Ko < [Ta + 7A'32,t] P2+ ?§’,t log® N + 6_710gN>,

for some universal constant Ky = K3(K7) > 0. This completes the proof. [ ]

B.3 Proof of Theorem 4

Proof [Proof of Theorem 4] In this proof, we will work on the event &1 without explicitly
referring to it. By Theorems 2 and 3, we have

dy (T (), T (| D)) < Krenay, K (TAC), T (| D)) < Koy

where K and K3 denote the constant K in Theorems 2 and 3, respectively. By the definition
of II;(+), it follows that

K (110); T (-] D)) < K (05 T (-] D)) < Ko, .

By Pinsker’s inequality, we have
~ 1 ~ K
v (10T 1D0) < 4/ 2 (0. Tu ¢ 1D0) <26, 0,
dy (T (| DY) < /5K (405 (D)) < /22600
2 2

By taking the constant K in Theorem 4 as K = KoV y/K3/2, we complete the proof. M

For t € [T7, let

A= (=), v [F2 (-2,

s (100)

_1/9= —1/2 =—1/24 7—1/2
V[ g0 - v R e E S -

.
Corollary 17 Suppose that conditions in Theorem 4 hold. Also, assume that
ensxe < (1200K)71, Wt € [T]

on &1 defined in Theorem 4, where K is the universal constant specified in Theorem 4.
Then, on &1,

At < 400K6n,t,KL; YVt € [T]
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Proof From the proof of Theorem 4, we have
dy (Ht('),ﬁt (-] Dt)) < Ki€n ke,
dv (H%A(')vﬁt (| Dt)) < Kién ke,
where K7 denotes the constant X in Theorem 4. It follows that
dy (I:(-), () < dy (), TT: (- | DY) ) +dy (T (-] Do), TEA())
< Kiengxr + Kienpxe < 2Ki€p 1 x0-

Since 2K €, k. < 1/600, we can apply Lemma 44. By Lemma 44 and symmetry of dy (-, -),
therefore, we have

200 <dy (Ht(),H]{A()) < 2Kjén e,

which completes the proof. |

Appendix C. Proofs for Section 5
Proof [Proof of Theorem 5] In this proof, we work on the event &2N&est,1 without explicitly
referring to it. Let ¢ € [T]. For simplicity in notations, let ©,; = O(0f, Fy:, 47emr 1),
Ot = @nyt(f‘t,g;,élremt) in this proof, and

=1/2 *
00n; = {001 [FLE (00| = ree -
For any 6 € O, let
91(0) = BeLo(0) + (Vi 0) = BeLo(6) + (VLo(6:) — VE,Ly(6:), ). (101)

By the right-hand side of the last display and the strong concavity of ¢ — Etzt(ﬁ), note
that Vg(0;) = 0 and 0 +— g;(0) is concave. Hence, we only need to prove that the first-order
stationary point 6; of g;(-) is located in ©,,4.

By the concavity of g;(-), for any 6 € ©¢

n.t» We have

9t(0) > wge(0) + (1 — w)g:(05), (102)

where 0 = w6 + (1 —w)f; and w = 4Teﬁ"t”f‘t1’/9§ (0—67);" € (0,1). At the end of this proof,
we will show that

sup  g+(0°) — g (67) < —27“257,5 < 0. (103)
0°€00,

It follows that, for any 6 € ©F 4,
(102)

0> 2> s all?) - o) > w[gAe)—gt(e:)} > gu(6) — 9u(6)),
°e n,t
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which implies that @t € Op .
To complete the proof, we only need to prove (103). Let §° € 00,,; and u = 6° — 6;.
By Taylor’s theorem, there exists some u € ©,,; such that, on & 1,

9i(0°) — 0u(67) = Vg (05) T+ 5 (V2g0(605 +7), u?)
_ [vmtw*) n vg} ut = (VQIEtLt(G + ), u®?)

= V(_"t u+ = <V2EtLt(0 + ’LL) ®2>

= [ t_gl*/ZVCt:| Fi/ﬁu <Ft,9;+a, u®?)
bempe 40 <HFt G - L0 ) |2 ) [Fizl
(an ] e
< ["”eff,t -2 (1 — 47—37t7"eﬂ“,t) Tefr,t] X Aregs, (. HF or U ’2 = 47 )
< _QTgff,tv
where the last inequality holds by 73 ,refr+ < 1 /16. This completes the proof. |

Lemma 18 Suppose that (A0), (A1) hold. Also, assume that ||0f — Opll2 < 1/2 for all

t € [T] on an event &. Then,
1/2
)\max Fy -
{(J’ef)m}p*] . Vte [T

T < M,
it ! Amin (Ftﬁf)

on &, where p, =pVlognVlogT.

Proof Note that

Tofft = pif/f?t +1/2M(logn +1ogT) = 4 /tr <f‘;01:Vt> +v/2\(logn +log T)

<4/ Hf‘t_el*VtHQp—F V2 (logn +1og T) = )\%/2 (p1/2 + \/2(10gn+10gT)>

< 3)\1/2 1/2

By the assumption ||f — Opll2 < 1/2 on &, we have

~ ~ » . »
( ) 2 2 )\m N F, -
< My o , < M|y 5 M
9 >\min (Ftﬂf)
Combining the last two displays, we complete the proof. -
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Appendix D. Proofs for Section 6

For t € [T], let
t—HFt_gl*QQt 1 (6o — pe— 1)”27

‘(V3Etft(0* +u), z®3>’

Ts,t,bias = inf ¢ 73 € Ry - sup sup T <730,
F cRp
uEO(F gz Abn 1) * |F) ‘2 (104)
‘ <V4EtLt ((92( + ’LL), Z®4> ‘
Tatbias = inf ¢ 74 € Ry : sup sup WL <74
ue@(Ft,Gz‘ 74b’n,t) z€RP HF 0*2 ‘

Lemma 19 Suppose that (A0) and (A1) hold. Also, assume that T3¢ bias bt < 1/16 on
an event &. Then, on &,

| 60— 61)

) < (a)+ (b) + (c), (105)

where
1 ! 1 3
(a) = 67—4,t,bias (1 - 47—3,t,bias bn,t) (1 + 57—3,t,bias bn, ) bf;, ts

1 -1 1
(b) = §T§,t,bias (1 — 473 ¢ bias bmt) (1 + 273,t,biasbn,t> byt

1
(C) = (1 + 27-3,t,biasbn,t) bn,t-

Proof In this proof, we work on the event & without explicitly referring to it. Let ¢ € [T7.
For simplicity in notations, let ©,, = ©(0;,F gx,4bn¢), Ont = O(Fy s, 4by ) in this proof.
For 6 € O, let

9:(0) = B Ly (0) + (S4—1 (80 — pe—1) , 0). (106)
It follows that
106
Vgi(0o) = (129 VE:Li(60) + Q1 (0o — ps—1) = VE;L(6) = 0.
Let
~ 1 ~ ~ ®2
pr =1 (00— 1), G =F, [sot +3 <V3Lt<92‘), (Frot) >] : (107)

By Taylor’s theorem, we have

tel*/Z[Vgt(e + ¢1) — Vi (o)

106 1~— = * *
(106) [/ F, o "B, Ly (00 + 5 {0 + & — 00}) F t;*/? 3] F,4r (07 + 60— o).
0
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Later, we will prove that

1/2 *
|F25 60— 07)

~i7/0§«¢tH2 < 4bn,t7 (109)

which implies that 6y, 07 + ¢; € ©,,. By (108) and Lemma 40 with f(-) = E,;L;(-) and
x = 0, we have
! —1/2 -1/2 ! =-1/2 = ~-1/2
_ /0 ol VB Ly (00 + 5 {07 + 6 — 00}) /2 ds = /0 Fyo!? [0 = 473 st Fog: | By /s
= (1 - 47—3,t,biasbn,t) Ipa
which implies that

B2t 199167 + 60) = Ve 00)] |, = (1 = 47301000 |7 (65 + 60— 60) |

It follows that
et 0 ),
< (1= 473 biasbnt) HFt 91*/2 [Vgi(0f + ¢1) — Vi (6o)] H + HF%%@‘L (110)
= (1 — 4734 piasbne) " (i) + (i),
where

1/2
)= [[Fiad,

- ) = [Fu! (Voo + 60 — V00,

In the remainder of this proof, we will prove (109), and obtain upper bounds of (i) and
(ii). Firstly, we will prove (109), which encompasses an upper bound of (i). By Lemma 41
with

T3 = T3,t,bias, f() = ]Etzt(')v 0 = 0;:7 5: 907 B = Pt, r= bn,ta

the condition 734 piasbn+ < 1/16 implies that

|E2 (00— 07)]|, < b
Also,
et e (R (5oge) )|
= UGR:}Hl?IL)Hg:l 1 ‘<V3Et(9f), (Ef;; @t)®2 ® (Ft_91/2u)>‘ (111)
s L [FR ] [FURE ), = et

ueRP:[Juf|2=1 2
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It follows that

1
)= |[Fided, < <1 - QTg,t,biasbn,t> b < Abns (112)

which completes the proof of (109).

Next, we will obtain an upper bound of (ii). Since Vg:(6y) = 0, it suffices to obtain an

upper bound of ||F;91*2Vgt(0t + ¢¢)|l2- By (107), we have

~_ _ N ®2
Frl o= Fljion— F (VL. (Fge) ™). (113
Also,

|Fa 29007 + )| " HF;;PVEtLt(@*+¢t)+Ftel»«/2%0tH2

113) || ~— . N ®2
" t;"mvELt(e + o) + Ft1/92*¢)t - *Ft 91*/2 <v3Lt(9t)v (Ft,(}:@t) > 2
< H F, o *VEL(0; + 60) + Fpjion — 5F, " (VL07), (60)°)
2
]. 1/2 1/2 ~_ ®2
+ H 2 tG*/ <V3L (et) (¢t)®2> t9*/ <V3Lt(0t) (Fuo}:@t) > )
To bound (ii), we need to obtain an upper bounds of the following quantities:
(iii) = Hﬁ;;ﬁvzﬁztm(et + 1) + Fylpon — = ; F 2 (VL) (00
2
1/2 3T (p* ®2 1 -1/2 3 ~_1 ®2
() = || 5F 0/ (VPLa0), (00) > F, o2 (V2Lu(6)), (Ftﬁ;cpt)
2

At the end of this proof, we will prove the following inequalities:

(iii) <

1 1 P,
§ T4t bias 1+§Ts,t,biasbn,t bt

) ) (114)
(iV) < §T§7t,bias (1 + 27-3,t,biasbn,t> b?t,t'
By (110), we have
HFtl/az et - 90)”2 < (1 - 47—3,t,biasbn,t)7l [(111) + (IV)] + (1)
By (112) and (114), we complete the proof of (105).
To complete the proof, we only need to prove (114). First, we will prove the first

inequality in (114). By (112), note that 6; + ¢4 € ©,+. Also, the stochastic linearity in
(A1) and the definition of 6} imply that for k € {2,3,4}

VFELi(-) = VFLi(-), VEL(6)) = 0.
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By Taylor’s theorem, we have
—1/2

' oy VEL(6; + ¢0) + Fiéz*@ - *Ft 91/2 <V3Et(9;§k)7 (¢t)®2>

|

2

t91*/2 [VEtLt(9t +dp) — VELy(07) — (V2B Ly (67), ¢) — % <V3Etit(9}f), (¢t)®2>]

2

< sup Ft 91*/2* <V4E Li(0f +u), (¢t)®3>
€O, 2

= sup |F, 91*/26 <V4L (07 + ), (¢t)®3>
ﬁe(an,t 2

1 ~ —
= sup sup - <V4Lt(0;‘ +a0), (¢)%? ( t;!2u)>
UEO,,s WERP:[|ul|2=1

(12) 1
< 67—4,t,bias

a1 012) 1 1 3
1 2
t 9* ¢t H *7'4 ,t,bias (1 + 27—3,t,biasbn,t> b?z,t?

which completes the proof of the first inequality in (114).
Next, we will prove the second inequality in (114). Let

T = (Tijk)ijkep = V?’ft(ef)m c RP*PXP,
With a slight abuse of notation, let 7 : R? — R be the function defined as
T (u) = (T, u®?).

Then, we have

P
VT (u) = 3Z7Ejkug‘wc =3 ({ i7U®2>)i€[p} . VT (u) = 62“1 i)
ok ic[p]
where T; = (Tijk)jre[p) € RP*P. By using the above definitions, note that

1 2
2H ol (VL) (00 ) - t;!2<v3]:t<et> (F tM)®>

= [Feal?oT (00 - BV T (Frbal)|

2

< sup Ft_ol*/2 < o+ (1— S)Ft 9*%) (¢t t9*%> ‘
s€[0,1] ' 2
~_1/9 ~_ =-1/2 1/2 P
< o] Ftﬁ;/ VT <S¢t+(1—8)Ft,elr%>sz‘/ HFt/G< Ftﬁlz‘s"t)Hg'
se|0,

Therefore, we only need to bound the following quantities:

sup
s€0,1]

F,,/ QVZT(S(bt + (1= 8)F g )F;;Z{?

[Fis; (o= Fisen)]
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For u € ©, note that

1/2¢ ~-1/2
|Eo VAT WF

)2 = sup 6 ’<7', (f‘;@l{?a)@ ® u>‘

GERP: @2 =1
(12)

= sup <V3Lt(0t) ( g*/zu) ® u> < T3¢ bias fi/ﬁu ‘ )
GERP: [|il]|2=1 Y7 e
Also, for u = (u;)icp) € O,
p
u s V2T (u) = 6 Z u; T
i=1
is a linear map. By the last two displays, we have
sup f‘;;;/QVQT(S(bt +(1- s)Ft 91* >f‘;91:/2
s€[0,1] 2
1/2 = =—1/2 —-1/2 —-1/2
= s [B3/9T (- 9B Bl + BT (o0 B
sE

122 (-1 ~—1/2
= [F VR (P ) B

LV IF Ty .

< T3,t,bias |: HFt 91*/29015)‘2 \ Hﬁtl7{92?¢tH2:| = T3,t,bias |:bn,t \4 Hf‘tl7/9§<¢tH2:|

(112) 1
< T3,t,bias (1 + 27-3,t,biasbn,t> bn,t-

Also, (111) implies that

=1/2 ~_ 1
HFt7/9; <¢t - Ftﬁl: SOt) H2 < 57-3,t,biasb317t-

By the last two displays, we complete the proof of the second inequality in (114).

The quantities (T3¢, 7at), T3¢, 734 and (3.t biass T4t bias ), Which appear in the following
lemma, are defined in (19), (24), (28) and (104), respectively. By Lemma 42, these quantities

can be characterized by the smallest eigenvalue of F¢: and F, 5

Lemma 20 Suppose that (A0) and (A1) hold, and N > 2. Let o € (0,1] and t €

{1,2,...,T — 1}. Assume that
rare < CiMaN/E e, B (00— 00)| < ot v

on an event &, where C'1,Co > 0 are constants. Also, assume that

[?3,1‘/7“1%4 v [?4#72] v [Tg,treﬁ,t} \ |:€n,t,KL:| <,
T3,t+1,bias (Mntl/2+2a\/ p*) < (5,

(entre V [Tg,troﬁ,t])tl/ﬂa <4,

2 2,1/243
(T4,t+1,bias v 7'3,t+1,bias) Mnt / ap* <9,
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on &, where 6 = §(C1,C2,a) > 0 is a small enough constant. Assume further that

T3 < Ne®P exp <[\/fv+ v2log N — 3]r) , Vr > drpy (118)

on &. Then, on Eest1 NE,

/2 * —x o
Hth/Ll,egﬂ (60 — 0711) H2 < KM, (877 + 1) /s, (119)

where K = K(C1,Cy, a).

Proof In this proof, we work on the event & N & cs,1 without explicitly referring to it, and
assume that § = §(Cq, Ca, @) is small enough constant.

By Lemma 19, if 7311 biasbn,+1 < 1/16, then

|E s, (0= 01)|, < @)+ ) + @), (120)

where

~1 3
1 1
3
(a) = § TAt+L bias 1 — 473 411 bias bn,t+1 1+ 5 T3.+1,bias bnji+1 | bp g1

1 -1 1
(b) = 5732,t+1,bias <1 — 473 11 bias bn,t+1> <1 + 273,t+1,biasbn,t+1> b i1

1
(C) = <1 + 27—3,t+l,biasbn,t+1)bn,t+1-

We will obtain an upper bound of by, ;41 first, and then bound (a) + (b) + (c).

By N > 2, (118) and (116) with sufficiently small 4, we can utilize the results in Theorem
5 and Corollary 17. Hence, we have

Theorem 5

1/2
t/e* (et - Ht H 4Teff,t7
Lemma 40
—1/2 —1/2 X
121
Corollary 17

—1/2 —1/2 1/2 —1/2

QF 21, HF QF 21, cre
t Ot t Gt t 9t t Gt 1€n,t.KL;

~ Corollary 17
1/2

Qt/ (6, — H < C1€n LKL,
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for some universal constant ¢; > 0. Note that
= [, 0] <[00 0, = o 0
o (o =)+ e (- )

<[l w 57, HF“ 7, (I8 00, JRizt (-3 )

< [ 00 - )

"112

t,0¢ tﬂ:
+[lou’ (B -

1/2 1/2 1/2 1/2 1/2 1/2
< (v [Fs e 5 - ) (14 [P EL - 1)
(115)

< ([ o], 72z (5 =), ) + ot (5o~ ),
(121)

< \/(1 + CIEn,t,KL) (1 + 47—§7t7aeff,t) (C2Mnta\/p* +4C1 M, V t_lp*) + CréptxL

< (14 crenpun) (14475 7o 1) (CoMnt® /by + ACI Mo/t 1p, + crenexe)-
It follows that
bnirr < (1+ crengxe) (14475 remt) (C2Mnt®/pa + AC M/t 1, + CléntxL)
< (14 1) (1 + 46) (CoMut®\/ps + 4C1 My A/t~ 1p. + ¢10)
< Mnt®/ps,

where the second inequality holds by (116). Consequently, we have

(117)
T3 t+1,biasOnt+1 < 1/16, (122)

which implies that (120) holds.

Next, we will obtain an upper bound of (a) + (b) + (c). Since (1 —z)~! < 1 + 2z for
r<1/2and (1+ )% <1+ 4z for x € [0,0.3],

—1 3
1 1
3
(a) = 67-4,t+1,bias <1 - 47—3,t+1,bias bn,t-l—l) <1 + 57'3,t+1,bias bn,t—i—l bn,t+1

1
674 t+1,bias (1 + 873 141, bias On t+1> (1 + 273 t41,bias bn,t+1> bi,t—i—l

(122) 1 1 1 3
< 67'4,t+1,bias 1+ = 9 1+ 3 bn A1 < Ty, blasbn A1

Similarly, we have

1 -1 1
(b) = §T§,t+1,bias <1 — 473 ¢41 bias bn,t+1> <1 + 273,t+1,biasbmt+1> b i1

1, 1 3
< 5T+ bias | 1 873041 bias Ont1 | ( 1+ 57341 biasbner1 | Ui

2
(122) 1 1
< §T??,t+1,bias (1 T 2) <1 32) by g1 S 7—32,t+1,biasb§z,t+l'
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By (116), (117), and the inequality b, 111 S Mnpt®\/px, we have

(7,61 biasbn,i+1) V (274041 biasbi 1) V (275 41 biasbiis1) < 1/6,

123
(4crenixe) V (87§,treff,t) \ (SClK_l) < 1/6, (123)

for some large enough constant K = K(C1,C, ) > 0. (Here, K can be chosen depending
only on C1, but later, it will be taken as a larger constant that depends on Cy and «.) Also,
we can further bound b, 11 as follows:

bn,t11
< (L4 crengxe) (1 + 473 e ) (CoMut™\/ps + 40 My\/t=1p. + CréntxL)
< (14 cientxe) (1 + 4T§,t7"eff,t) (KMnta\/ZT* + 401Mn\/m + Clﬁn,t,KL)
= (14 crentkL) (1 + 4T§:t7"eff,t)
x (1440 K~V 4 KO e ) K Mnt™ /s
< (L+ crengre) (14475 o) (1+4C1 K 727 4 cren ) K Mt /Py,

(124)

where the second and last inequalities hold by taking sufficiently large K. Let

2 2 2

Pt = T3,t4+1,biasOn,t+1 + 274,441 biasOp ¢41 + 273 111 biasOn,t+1
. (123)

+ 4clen,t,KL + STg,treff,t + 8C1K lt 1/2 @ < 1

Therefore, from (120) and the bounds for (a) and (b) above, we have

=1/2 * 3 2 3 1
HFHLG;‘H (90 - t—|—1) H2 < T47t+1,biasbn,t+1 + 7'3,t+1,biasbn,t+1 + <1 + 57-3,t+1,biasbn,t+1 bn,t+1

1
2 2 2
= (1 + 57'3,t+1,biasbn,t+l + T4,t+1,biasbn,t+1 + T3,t+1,biasbn,t+1 bn,t+1

(124)
< <1 + 57_3,t+1,biasbn,t+1 + T4,t+1,biasbi,t+1 + T??,tJrl,biasb?L,t—&-l) (14 crenexe) (1 + 473 remrt)
X (L+ 40 K2 e g ) K Mt® /ps
< (14 73,041, biasbn,t+1 + 274,041 biasn 441 + 27—532,t+1,biasb31,t+1 +dcren ik + 875 ettt + 801K_1t_1/2_°‘)
X KMt /ps,
= (1 + Pn,t)KMnta\/ D+,

where the third inequality holds because
(14 21)(1 4+ 22)(1 4+ 23) (1 + m4) < ™HP2F8TE4 < 4 29y 4 229 + 203 + 224

for x1,x9, 3,24 € Ry with 21 + 29 + 23 + 24 € (0, 1).
Suppose that the following inequality holds:

e g o tY2He <1, (125)
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Since
(1+2)Y<1+2%
for x € (0,1) and w > 1, we have

)

(125
(L4 pun) /<120, < 1 t2me

It follows that
(14 pog) K Mut®/p < (147127 K M, t% /s
= (t[1+ 7120 KM/ = (8 £127) K M/,

which completes the proof of (119). Therefore, we only need to prove (125).
By (124) and (116), with a large enough K and small enough §, we have

bn,t+1 < 2I(]\47Lta\/ D

It follows that

(117)
21/a (7—3,t+1,biasbn,t+1)t1/2+a <c2 (Mnt1/2+2a\/ p*)7—3,t+1,bias < 1/6>

(117)
21/a (274,t+1,biasb721,t+1)t1/2+a < c (M§t1/2+3ap*)7—4,t+1,bias < 1/6»

(117)
1 2 2 1/2+ 2,1/243 2
2 /e (27-3,t+1,biasbn,t+l)t [2+a < C2 (Mnt / Oép*)7—3715-i-1,bias < 1/67

where ¢ = ca(a, K) > 0. Also,
(117)
91/ (4016n,t,KL)t1/2+a < C3t1/2+a€n,t,KL < 1/6,

1/a * 1/24« 1/24a (% (117)
2/ (873 yremm )t < cst (13 4rers) < 1/6,

21/a (Scleltfl/Qfa)tl/Q*FOé — 2l/a (8CIK71) S 1/67

where ¢3 = ¢3(a, K), and the last inequality holds by taking a sufficiently large K. By the
last two displays, we complete the proof of (125). [ |

Remark 21 Note that the constant K in (119) can be chosen as
K = [(21/%)48C1] v Co v 1.

Lemma 22 Suppose that (A0)-(A2) hold. Let o € [1/2,1] and t € {1,2,...,T — 1}. Also,
on an event &, assume that

)\min (f‘t,éf) A )\min (f‘t @) > Cg?’Lt,
Amax <f‘t,92‘> \ )\max (f‘t é‘t) < C4nt7 (126)

|E40% 60— 0|, < Mt v/
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for some constants Cs, Cy and C5 with

C3 S [ mln/2 mm] C'4 S [ maX72Kmax]7 CS (1920_1/2K1/2)

max

Assume further that
n > CM>2tto=2p? (127)

for a large enough constant C' = C(Kwyin, Kmax, @, C5). Then, on Eest1 NE,

|, < KMo/E T,

T3V Ty < Kt 732712
Tas < Kt72p71 (128)

Ay Voen i < Kt*1n71/2p*,

0;, 0; € ©(00,1,,1/2),

(AR

where K = K(Kmin, Kmax) S a large enough constant, and

Aumin (Ft+1 %) A Amin (ﬁm s ) > O3(1 — At +1),

Amax (Frino; )vxmax( L )304(1+At>n(t+1),

B (129)
1/2 X
HFtJ/rl 07, (B0 — 671) H2 < CO5 My (t +1)% /s
Furthermore, if C5(1 — Ay) > Kpin/2 and Cy(1 4+ Ay) < 2Knax, then
F L. (6 ) < KM, /E+ 1)
t+1,07,  \Vt+1 T 0711 5 = n D+,
T3,t+1 v ?37154-1 < K<t +1 3/27’1,_1/2 (130)

(

)~
Tarr1 < K(t+1)"2n"1

) n

Api1Venprix < K(t+1)71 _1/2
on Eest,1 NE.

Proof In this proof, we work on the event & N &1 Without explicitly referring to it.
Also, the dependency on C5 and CYy is not explicitly expressed, as it can be replaced by the
dependence on Ky, and Kpax. The constant C' = C(Kyin, Kmax, @, C5) in (127) will be
assumed to be large enough if necessary. The proof is divided into several steps.

Step 1: 73, Tefrt

By (126), we have

B (126) B
180 — Of |1y < Al > (Fro)Cs Mt /pr < (Cant) ™2 C5Mt® /s

(127)
= (03 VPO Mt V2 P12 U<y,

(131)
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Also,

Lemma 18 ~1/2 1/2
Teff,t < M, )\mlr{ (Ft *))\m/zzx(Ft,ef)p*/

< My (Cant) ™Y (Kpaxn) V2 /pn = (C5 VP KY2) M/t ..
For 6 € ©(0;, ﬁtﬁ;,ll’reﬂ?t), we have

(126)

By g Areny < (Cant) M2 dreg

||9 - 9:”2 < >‘m1n
(132) (127)
< (4G ' KM2 ) MypPn V2 <18,

max

By (131) and (133), we have
007, Fr gz, Ares) € O(60,1,,1/2).
Consequently, we have
(A2)

Lemma 42 _ ~ (126) 3
e S (Kmax) A2 (Frgr) < (Kmaxn) (Cant) ™3/

min

_ (0373/2Kmax)t73/277/71/2‘

Step 2: T34, Tuy
By (132) and (134), we have

1/2 3/2
K, X Km X Km X, _
Tgytreﬂf,t < [mat—?)/Qn—l/Q] [aMn tlp*] — T;t Qn 1/2ani/2

ci? cy/? 3
(127)
<" 1/32.

Therefore,
6, € ©(67, f‘t,eg ,Aret t)

by Theorem 5. It follows that
(131)
(133)
16: — 05 ||, + 1|6 — 6ol|, < 1/8+1/8=1/4.

9= o], <

Also,
e = 20+ /2log N < 2,/p + 2¢/ps < 4y/ps.
Tor 0 € @(9/;, f‘t §t’4rLA)’ note that

16 pj (127)

26)
16— etHQ ) (Cont) 2 argy < (Cont) 2 16pY2 = = o
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It follows that ©(f;, F
have

t@,éLrLA) C O(6o,1,,1/2). By Lemma 42 and (A2), therefore, we

Tas < (Kmaxt) Ay (F, 5,) < (Knaxn) (Cant) ™2 = (C5 ¥ Knax )t/ 20712,
(F

Tat < (Kmaxn) A2 ) < (Kmaxn) (C3nt) ™ = (C3 2 Kmax )t 20"

min

(138)
t,é\t

Step 3: At, €n,t,KL

For r > 4ryy and 6 € @(@,f ), note that

00"
126) (127) 1

—~ —~ ( 1
160 = 6o||, < ||6 — 64|, + |0 — b0, < ((73nt)*1/2r+5 < rtg

It follows that
0(0:F,5,.7) € O(00,1,,1/2+ 7).

By (126), Lemma 42 and (36) in (A2), the last display implies

T3 tr < (ant)—3/2 KmaXNeBP exp ( [\/ﬁ ++/2log N — 3} 7’)

(127)

< NeSpeXp<{\/f?+\/m3} 7“).

(139)

<" 1/8, (140)

. _ o (127)
Tp® < (O3 Kmax) t 207 1p? < 1/8.

By the last two displays, we can apply Theorem 3. Recall that

By (138), €7 ; ¢ is bounded by

2 3
Kmaxt—Qn—1p2 " Kmsaxt—fﬂn—lp2 n Kmaxt—Q/Qn—3/2 log® N 4 ¢~ Tloa N
Cs 03/2

<c |1+t 4 t75/2n*1/2p;2 log® N + e5l°gN] 20 1p?

< |1+t 4+ 72207 2p 2 (log? n + log® T) + e 2108 N] t~ 2 1p?

<e|l+tt+ t_5/2n_1/2(10gn +1logT) 4 e 518 N} t2n "2

(127)
< et T2,
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for some constant ¢; = ¢1(Kmin, Kmax) > 0. It follows that

(127)
Engkr < 0

for a small enough constant 6 > 0, which further implies that

Corollary 17

Ay < éntn < ot " tn 12

where c’1 is the universal constant in Corollary 17 and ¢y = c2(Kmin, Kmax) > 0. By the
results in Step 1-3, we completes the proof of (128).

Step 4: )\min(nt)a )\max(ﬂt)

By (141), we have

(100)

~1/20 T-1/2 1/2
HFwt F, IH < Ay < oot V2p,.

It follows that

_ (126)
Amin(ﬂt) > (1 - At) )\min(Ftﬁt) > C’3 (1 - At) nt

~ (126)
Amax() < (1+A) Amax(F,5) < Ca(1+ Ap)nt

(142)

Step 5: ||9t+1 ‘90”23 mln(Ft+1 9t+1) )\max(Ft—i-l 9t+1) )\min(Ft+1,@+1)’ )\max(Ft_i_L@\tJrl)
The results in Step 1-4 and the assumptions can be summarized as follows:

(126)

Fy (60— 07) L < CsMut* Vs,
N (136) (132) _
iﬁ,ﬁ <0t 9*) ‘2 < dregy < (405 PEYZ) Mo/,

(100) (141) (127)
Ay < et inTVp, < 1/4,

1/ /26y 7—1/2
o)l Fia

Amin (f‘t,eg) > Csnt,

(136)
Lemma 40 (135),(127)

1/25 1/2 *
|F0F,;, Fw! L), T e 18,

167 — 90|!2 S 1/8.
By the last display, we can apply Lemma 48 with

D1 = 05, D2 = 40_1/2K1/2 D3 = C2, D4 = 03,

max’

where the choice D3 = ¢y is justified by p. < n. By Lemma 48, we have

1/2 * * —
HFtJ/rl,eg (071 — 07) ‘2 < C'Mt* 2/,
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where C" = C'(Kmin, Kmax, C5) > 0. Consequently, we have

1651 — o], < 11671 — 67][, + 1167 — ol
T (Kuinn) ™ /2C M7 /. 4 1/8 (144)

(127)
= (K _1/20’) (M2t 1p, n71)1/2+1/8 < 1/4.

min

Since 0}, € O(6o,1,,1/2), combining the results in Step 4 and (A2), we have

(142)

(A2)
) > )\mm(ﬂt) + )\mln (Ft—l—l o ) > 03 (1 - At) nt + Kminn

)\mln (Ft—l—l or Y
> ezn(t+ 1),

t+1

. (145)
~ (A2)
Amax (FtJrl 9t+1) < )\max(ﬂt) + Amax (Ft+1 9t+1) < C (1 + At) nt + Kmaxn
<equn(t+1),
where
C37t = 03 (1 - At) S [SKmin/gaKmin] 5 ( At S 1/4) (146)

Cat = Cy (1 + At) S [Kmaxa 5Kmax/2] s ( Ay < 1/4)-

The proofs of )\mm( 100 ) and /\max(ﬁtH §t+1) are similar to those in Step 1-2. Hence,

we give a sketch of the proof Since ¢34 > 3Kmin/8, we have

(144)
Lemma 18 1/2
reern = Mot (Fra 05 )M (Fep, 9;;1)1?/
(145)
(144),(A2) B
< My (eaemlt 1)) (Kunan) 2291/ = (K ) Mo/ D T,
sup (|0 —bolly < sup (|0 — 6074, + (0741 — 90“2 < Nain Bevrgr, Jressoen + 1/4
0€©y 11 €On,t41
(145) (127)
< (Aes tKY2)MpPn 2+ 1) r 14 <12,
(A2)

Lemma 42 (126) 7
T 2 Kmax) Ao (Fesngr,,) < (Kmaxn) (cagnlt + 1))~/

_ (03 ?/szax) (t+ 1)73/27171/2’
3/2 1/2 -2 —1/2 (127)
T3 efft+1 < (CSthaX)MTLp* (t+1)""n < 1/16,

Theorem 5
i1 € nitts

Tg’t+1’f‘eff’t+1 < 1/16)
where 0,111 = O(0f, 1, Ft+1 9t+1,4reg7t+1). Since the last display gives

s — o]l < 172
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we have
(142)
~ A2

>\min (Ft+1,§t+1) 2 )\min(ﬂt) + Amin(Ft—i—l,é\tJrl) Z C3 (1 - At) nt + Kminn

2 C3,tn(t + 1)>

(142)
~ (A2)
Amax (Ft+1,§t+1) < )\max(ﬂt) + Amax (Ft+l,§t+1) < C14 (1 + At) nt + Kmaxn

<eqn(t+1),

which completes the proof of the first three assertions in (129).
Step 6: 73 ;41 bias) T4,i+1,bias

Note that
= 52, 0 ] [0 0] = 0
< Joi -, [0t (5 0]+ el (3 ).
o N e | [t R e N R S

12 w—1/2 1/2 ~1/25 g1/ 1/2
< (1+ £33 - 1) (WWWtﬁw -5,)

Bt (00, ] + i (3w

S (1 + At)1/2 (1 + 4T§treff,t)l/2 (C5Mnta\/27* + 47aeff7t) + At

[HF,}/; 0—0;)

(132),(143)
Ly (ot + (105 P RYZ) Mo /7T, + ot~ %,
(127)

S C5Mnta V p*y

where ¢5 = ¢5(Kmin, Kmax, C5) > 0. For § € ©(0;,, Ft+1 9t+1,4bn,t+1), we have

" (145) —1/2 —-1/2 a
H(g — 9t+1H2 < (037m(t + 1)) 4bn,t+1 < (0371577,(15 -+ 1)) des Mt \/]7*

(127)
§(4C5(637t)71/2) M22e—1p.n=-1 < 1/4.

Combining with (144), we have

On (0t+1>Ft+1 9t+174bn,t+1> C ©(0,1,,1/2).

By Lemma 42 and (A2), we have

—3/2
T3,t4+1,bias < (Kmaxn) Amlr{ (Ft+1 0 ) < (Kmaxn) (CB,tn(t + 1)) /

t+1

(147)
= Kmax(037t)73/2(t +1)” 3/2p-1/2,
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Similarly,

_9 = -2
T4,t+1,bias < (Kmaxn) )\mj?n(Ft+1,0f+1) < (Kmaxn) (CB,tn(t + 1)) (148)
= Kmax(03,t)_2(t + 1)_2n_1.
=1/2
Step 7: HFt~{»179;+1 (90 - 0:4_1) H2
To complete the proof of the last inequality in (129), we will show that the assumptions in
Lemma 20 are satisfied. By the results in Step 1-6, we have

(139)
Vr > drp,  Tape < Ne®P exp < [\/]3—1— v2log N — 3} r>,
R (140) R (140)
Taardy < cot AT 2., Fup? < et T iph

(135) (141)
—2 _1/2 1/2 ~1,_-1/2
Tg’treff’t < gt n /an*/, entke VA < cgt”n /p*,

(147)
T3,t+1,bias(Mnt1/2+2a\/p*) < CGMntQQ_I\/p*n_l/Qa

5,1/243a,  (48) 2,30-3/2, . —1
T4 t+1,bias (Mt pe) < cgMt pn

2 M2¢1/243a (lf) M230=5/2) -1
7—3,t+1,bias( n p*) = Celdy, b« -,

(135)
11/2+a (1;1)

(Gn,t,KL \ [Tg,treff,t] ) CGMnto‘_l/Qp*n_l/Q,

where ¢g = ¢6(Kmin, Kmax). By the last display and (127), the assumptions (116), (117)
and (118) in Lemma 20 are satisfied. Also, we have

(132) - -
Tefft < (03 1/2K1/2 )Mn tilp*, HFi/gé (‘90 - 9:)

max

(126)
‘2 < CsMyt® /s

Hence, the assumption (115) in Lemma 20 are satisfied with C1 = Cy 1/ 2Kél/3x and Cy = C5.
Recall that

Cs > 192C; 2KY2 > (2Y/2)48(Cy 2K M2), O > 1,

which is chosen to be sufficiently large so that we can replace K in (119) with Cj; see the
remark following Lemma 20. By Lemma 20 with K = C5, we have

Hﬁzﬁﬂfﬂ (60 = 0741) H2 < C5 My (£ + ) /px

which completes the proof of (129).
All remaining proofs for (130) are similar to those in Step 1-4, but replace ¢3¢, ¢4+ and
t with Kpmin/2, 2Kmax and t + 1, respectively. [ |
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Proposition 23 Suppose that (A0), (A1), (A2), (S) and (P) hold. Then, on &est1, the
following inequalities hold uniformly for all t € [T]:

) < KupMn\/t P, Amin (f‘tﬂf) A Amin (Ft 0; ) > Kiownt,

‘2 < KupMn V t_lp*a Arnax (ﬁtﬁ;‘) \ )\max (ft,§t> < Kupnta

1/2 *
|E25 60— 07)

52— ) "

and
T3t \/7'3t < Kypt™ 3/2 71/2
Tar < Kupt—%—l, (150)
Ay Vv Ent KL < Kupt n- /2p*7

where Kup = Kup(Kmina Kmax) and Kiow = Klow(Kmin)-

Proof In this proof, we will work on the event &est,1 without explicitly mentioning it. Also,
although the value of o in Lemma 22 can range over the interval [1/2,1], we fix a = 1/2 in
this proof. Later, we specifiy C5 in Lemma 22 as a constant depending only on Ky, and
Kmax. Consequently, (S) implies the condition (127) with a = 1/2.

Step 1: Proof strategy

Suppose that the following inequalities hold for some ¢ € [T7:

Amin (f‘t,eg) A Amin (f‘t@) > K;lin nt,
Ama (ﬁt 9*> V Amax (ﬁt@) < 2K paxnit, (151)
[F1 00— 0n)||, < (4 192V2K P KY2]) M/ .
By Lemma 22 with
Kin

Cy = 2Kmaxn, Cs =4V (192vV2K VK12,

min max

Cs =

2 )
we have

HFi/i —67)

9 < KqiM, V tflp*,

7'37t VT < Klt_3/2n_1/2,
Tap < Kt 2n 71,

A Voenixn < Kit™'n™V2p,,

where K1 = K (Kmin, Kmax) denotes the constant K specified in Lemma 22. If (151) holds
for all t € [T'], then we complete the proof by taking

Kup = 2Kmax V K1 VAV (192V2K P KY2), Kigw = Kunin/2.

Therefore, it suffices to show that (151) holds for all ¢ € [T']. The proof is divided into several
steps. We first establish—through Step 2-4— that (151) holds for t = 1. Subsequently, by
using induction, we will prove in Step 5 that (151) holds for all ¢ € [T7].
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Step 2: )\mm(f‘l pr) and )\max(f‘l )
By (P) with a small enough 6 = 5( Kmin, Kmax), the assumption (211) in Lemma 45 is
satisfied for ¢t = 0. By Lemma 45, we have

Hl?l/Q =0, < \/§W’flé/2(9o —-/LO)”2(§Z)(\/25)711/2,

which further implies that

A2) (P)
(Fl 60) (V20)n/? < (Kminn) "2 (V26)n/? < 1/8,
- (a2)
)‘min(FLBT) > )‘min(Fl,GT) + )\min(ﬂo) > Kminn7 (152)
= (A2),(P) (S) 4
)\maX(Fl,GT) < )\maX(QO) + )\mﬂX(Fl,GI) < Kmaxp* + Kpaxn < gKmaXn-

160 = 05115 < Ay

min

Step 3: HF1/9* (6o — 07) l2
Note that
bt = [P 322020 (60 — o) |, < Akl (Frr) 1920012 | 262 (6 — o),

min

< (Kminn)fl/Z(Kmaxp*)l/Q(énl/Q) = (K, 1/2401/2 5)pt 1/2 o M,p 1/27

min max

(153)

where the last inequality holds by M,, > 1 and small enough §. Also, for § € O(67, f‘lﬂf ,4by 1),
we have

(152),(153) (S)
16 = 0;lly < Aokl ?(Frg: )by < (Kuinn)™/24M, /B < 1/4,

min

which, combining with [|6p — 07|, < 1/8, implies that ©( T,f‘lﬁfa‘lbn,l) C ©(00,1,,1/2).
Hence, Lemma 42 implies that

(A2) — _
T3,1,bias < (Kmaxn) (Kminn) 8% = (KmaXKm?n/z) 1/27

(A2) .
T4,1,bias < (Kmaxn) (Kminn) (Kmamem) .

It follows that

_ (S)
7-3,1,biasbn,1 < ((Kmamef)n/z) 71/2) (Mn\/ZT*) < 1/167
which allows us to utilize Lemma 41. By Lemma 41 with
T3 = T3,1,bia57 f(a) = ]Elzl(e)v 0 - 01(7 52 907 /8 = 90(90 - /1’0)7 r= bn,la

we have

(153)

|FLG 00— 01)|, < 4bus < a0ty (154)
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Step 4: )\mm( 1.9 ) and )\max(f‘l 51)
Combining with H00 — 67|]2 < 1/8, we have

Lemma 18

Teff,1 < M )‘;lf (Fl *)/\%r{aX(Flza*)pi/Q (155)
(152),(A2) _
< M, (Kminn) 1/2 (Kmaxn) 1/2 1/2 (Kmmeax) 1/2ani/2~
Also, for 6 € ©(0;,F1 9, et 1),
. 1/2 (152),(155) 1/2 1/2 1/2
He 0 HZ < )‘mm (Fl ‘9*)4Teff 1 < (Kmlnn) 4(Kmmeax) M, py (156)
1/2 1/2 —1/2 S)
= (4K} K2 M,p/“n < 1/4.
It follows that @(0?,?1791,47}33,1) C ©(0y,1,,1/2). Hence, we have
(A3 55
i = () ™ (Kiaen) < (KmaxK;f’f) 2,
* (155) 3/2 1/2 —1/2
T3qTeff,1 < (Kmamem)an* n § 1/16.
By the last display, Theorem 5 implies that
~ (156)
BV @ - 07)||, < aremas 00 —0i] < 14,
which further implies that 6; € ©(00,1,,1/2). It follows that
~ (A2)
Amin(Flﬁl) > )\min(Flyé‘l) + Amin(QO) > Kminna (157)

- (A2),(P) (S) 4
Amax(]'?ljgl) < )\max(QO) + Amax(Flﬁl) < Kaxps + Kmaxn < gKmaxn-

Combining (152), (154) and (157), one can check that (151) holds for ¢ = 1.

Step 5: Inductive argument

We complete this proof by employing an inductive argument. Let to € {2,3,...,T}. Suppose
that the following inequalities hold:

Amin(f‘sﬁ;) A Amin(f‘s’é‘s) > c1ns,
)\max(f‘s 9*) V /\max(f‘sﬁs) < cons, (158)
FL5 (00— 0|, < caus' /s

for all s € [top — 1], where

c1 € [Kmin/2, Kuminl,  ©2 € [Kumax, 2Kmax], €3 = 4V (192V2K, 1P KY2).

min max
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By applying Lemma 22 with o = 1/2, it follows from (129) that

)\min(f‘to,ef ) A /\min(f‘to é\to) Z Ctont07

)\max(f‘to,e* ) \ )\max( 0 ) < Cgont07 (159)
‘F}O/f;* )H < esMntt? /px

for some constants cy,, cgo > 0. Next, we prove the following inequalities:

K.
Cty > 1;111’ C:fo < 2Knmax, Vig € {2,3, ...,T}, (160)

which, combining with the result in Step 0, completes the proof by induction.
By (128), (129) in Lemma 22, (158) implies that

(A2)
Amin (Ft,@) A Amin (Ft,éz‘) > Kuinn, vt € [t0]>
(A2)
Amax (Ft,@\t) A Amax (Ftﬁ;‘) < Knaxn, vt € [tO]a (161)
-1,_-1/2 )
Ay < Kys—'nep, < 1/4, Vs € [tg — 1],

where the first two inequalities hold because 6;, 0, ©(0,1,,1/2) for all t € [tg]. Also, for
any t € [T], we have

> (1 — At_g)(l — At 1)Ft 9 9 (1 — At_l)Ft_Lé\t_l + Ft,é\t
t

-1 s
= Z <{H (1—Ay) :| FtSﬁt—s> + Ft,@\t’ (162)

t—1 s
- <[H (1—Ay) } Ft_57§t5> +Fy .
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It follows that

)\min (f‘to,ago ) A )\min (Ft07§t0 )
(161)

(162) to—1 s
> <[H (1 - AtO*T)

s=1 r=1
(exp [—2 ZS: AV
( [1 -2 Z Ato r] rnlnn) + Kninn
to 1
([1 -2 Z A,

where the second and third inequalities hold by 1—z > e~2% for z € [0,0.795] and e ™% > 1—x
for x € R, respectively. Suppose that the following inequality holds:

Kminn) + Kminn

|
—

to
>

(]

Kmin“) + Kminn

s=

||M ||MHH

mlnn> + Kmin”v ( Ar > 07 Vr e [tO - 1])

to—1
D A<1/4, Ve {2,3,..,T} (163)

Then, for any ¢y € {2,3,...,T}, we have

to—1 to—1
> ([1—22Ato_r
r=1

s=1

Kmin
Kmin”) + Kminn > 9 ntp.

Hence, we need to show (163). Note that

to—1 (161) to—1 to—1 T
Z Ay < Z Kipen~ Y2571 = Kypn~1/2 Z 57t < Kipn /2 Zs_l
s=1 s=1 s=1 s=1

()
< Kipon™ Y2 (log T + 1) < 2K 1p,n~Y?log(T v 3) < 1/4.

As in (162), for any t € [T], we have

t—1

t—1 s
F5 = [H (1+A,) ] Qo + Z <[H (14 Ay } Ft_&g”) +F, 5,
r=1 s=1 r=1
t—1

t—1 s
Fior < [H (1+4,) ] Q-+ <[H (14 A,) } Ft_$75t5> +Fip:.
s=1 r=1

r=1

Also, note that

(P) ) Ko
HQOH2 < Knaxpx < —n.
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It follows that

)‘maX(Ftoﬁfo) V AmaX(Fto,é\to)

1 to—1 to—1 s
(1§)|:H(1+A } max +Z<[H (1+Agyr)

" 1to 1 to—1

< exp (ZA) maxn+ Z (exp ZAtO —r
1+22At0_r
r=1

to—1 to—1
(1+2ZA> maxn+z<
s=1
to—1 to—1 to—1
(1+2ZA> max +Z<1+22Ar]Kmaxn>+Kmaxn
r=1

Kmax”) + Knaxn

maxn> + Kmaxn

Kmax”) + Kmaxn

IN

3 Kmax 3 3
< 5 I;a n+ iKmaxn(tO - 1) + Knaxn = §Kmaxnt0
< 2K maxnto,

where the second and the third inequalities hold because 1+xz < e* < 142z for x € [0,1/4]
and Y7 ' A, < 1/4. This completes the proof of (160). [ |

Appendix E. Proofs for Section 7
Lemma 24 Suppose that (A0), (A1), (A2), (S) and (P) hold. Then, for all t € [T,
=1/2 X
HFL/t,e;t (6o — 1:t)H <4 HF1 .00 20 (60 — p1o) H2, (164)
and
)\min(f‘lztﬂf;t) > Kminnta )\max(f‘lzt,ﬁf:t) < )\max(QO) + Kmaxnt. (165)
Proof Let t € [T]. By the definition of 67.,, we have

EL;. t(¢90 - = HQI/Q 90 — ,uo) H = ELl t(eo) < ELl t(91 t)
2
* 1/2 /1 px *
= IELl:t( 1:t) - 5 HQU/ (91:t - HO) H2 < ELlit(glzt)'
It follows that
. L ||a1/2 2
EL14(01) — ELv1a(00) = —3 2% (60 — o). (166)

In this proof, we denote O,,; = ©(6y, F1.14,, \/5”(21/2 0o — po)ll2). For 6 € ©,,+, we have

16 — Golly < A2 (Frg,) \fHQ (% — 10 H

(A2)

2 a0 )], 2 (B

1’I111’1
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where the last inequality holds by a small enough §. It follows that
Ont C{l €O :]|0—06,<1/2}. (167)

By Lemma 42 and (A2), EL;..(0) satisfies the third order smoothness at 6y with parameter
(Kmax Kt (n) ™2, P, V2|25 (00 = o) )

min

By contradiction, we will prove that
I 0], = Ve[ s
Suppose 67, ¢ O, +. Let
00, = {9 € 0|1, 0= tu), = V2] 60— o)}
For 6° € 00,,+, we have

]_ 2
EL11(6%) — ELv14(6) < VELwa(6) - 5 , inf HF}{?@ —90)H2

I 1/2 2

=~ wf [F¥%0° -0 H

2 961:8” t 1't79( 0) 2
Lemma 40 ] 2
0 L1 ko ol ) 52 o

(= o 0] ) 20

2o it -]

1/2
<o
where the last inequality holds by a small enough ¢. Consequently,

1 2
ELy(674) = ELva(6o) < —5 |94 (60 = o)

by the concavity of the map 6 — ELj..(0), which contradicts to (166). This completes the
proof of (168).
By (167) and (168), we have

)\min(f‘lzt,eit) Z Amin(Flzt,OT:t) 2 Kminnta
)\max(Flzt,Hit) S Amax(SZO) + )\maX(Fl:t,Gf:t) S Amax(QO) + Kmaxnta

which completes the proof of (165).
Next, we prove (164). Let

= [F 1, 20 (00— o)

5’ @t,bias = 6(0;1&3 Fl:t,@fjﬁ 4pn,t)-

7
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Note that

ot < Atl Froar,) 1920l15” 25/ (00 — o)

(P)
< (Kninnt) ™ (Komape) 2 (6012) = (K0P KY2.6) 671 2py/ (169)

<t 22,
where the last inequality holds by a small enough §. For 6 € © pias, note that
9 (S) 1
=4
Also, by 07., € ©,,+, we have ||67,,—6p|| < 1/4. It follows that O pias € O (6, I,,1/2), which,

combining (A2) and Lemma 42, implies that ELy.(-) satisfies the third order smoothness
at 07, with

0 — 07|, < (Kminnt _1/24pn AR _1/2t_1 1
1:tll2

min

(Kmameil/z( ) 1/27 ﬁl:t,@i‘:t, 4pn,t) .

Let Ty = Kax K2

—>/%(nt)~1/2. Then, by (S), one can easily check that 7, p,: < 1/16. By
Lemma 41 with

73 = Tn,t f(e) = Ezlit(e)’ 0= gitv 0= 907 5 = QO (90 - MO), T = Pnt,
TntPnt < 1/16 implies that

=1/2 "
HFl:/tﬁit (00 = 91;,5)H2 < 4pnt,

which completes the proof of (164). [ |

Lemma 25 Suppose that (A0), (A1x), (A2), (§) and (P) hold. Then, on & et 2,
[ s, (B = 65.) |, < a2, vt e 1)

Proof In this proof, we work on the event &g 2 without explicitly mentioning it. The
proof of this lemma is similar to that of Theorem 5. Hence, we provide a sketch of the
proof.

Let ¢t € [T]. By Lemma 24, we have

= ~ (169)
2 ¥ —1/2 ~1/2,1/2
HFII/tﬁT:t (00 o let)HQ = 4 HFlzt,éitQO (90 - MO) H2 < 4t 1/219*/ )

Amin (f‘lztﬁi‘:t) > Kmin(nt)a

which implies that

(s)
180 — 654 lly < (Kminnt)~"/24¢1/2pl* < 1/4,

- ~ _ (Als) pf2
>\1:t = HFI%G* Vl:t” < HFL;Q* Vl:tH2 < Tn’
Toff 1:¢ < )\ /2 [ 172 4 \/2 logn—l—logT)] < 3)\%2]31/2 < ani/z-
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For all § € ©(07.,, ﬁl:t,@{:ta4?eﬁ,1:t)a it follows from the last display that

NE)

He - 0;15”2 < (Kminnt)71/24ani/ < 1/4

Hence, we have
S} (Hit? f‘lit,ei‘:t ) 4776&,1:75) C (C] (00, Ip, 1/2) ,

which, combining with Lemma 42, implies that EZM(H) satisfies the third order smoothness
at 07., with parameters

(Kmamelgn/Q( ) 1/27 ﬁl:t,@’lﬂt’ 4f7ﬂveﬁ,l:t)-
Also,

S
(Kol 2(00) ) Fat s < (KK nt)2) (M%) < 1716,

min min

which allows us to utilize Lemma 41. By Lemma 41 with

73 = Koo K0 2(nt) "2, £(0) =ELy4(0), 0=05,, 0=00, B=VCu 7=7remrs,

min
we have on &est,2

=12 (7 . 1/2
[F3r, (B = 610) |, < s < v, vt (21,

which completes the proof. |

Proof [Proof of Theorem 7] In this proof, we work on the event &es 2 without explic-
itly mentioning it. The proof of this theorem is similar to the proofs of Theorem 2 and
Proposition 23. Hence, we provide a sketch of the proof.

Let t € [T]. Note that

(169)
1/2 * _1/2 1/2
F..7 . (6p — 05. H <4HF : Qo (00 — po H < 4t
[F1l, (00— 010) i, (00— o) o)
~1/2 (5 1/2
[F2, G010, = 02,
which, combining with (S), implies that
160 — 61.4][, < 1/8, |61 — 07|, < 1/8. (171)
From the last display, we have ||y — 51:tH2 < 1/4, which implies that
~ (A2)
Amin(Fl:t,é\l;t) > Amin(QO) =+ )\min(Flzt,@\l;t) > Amin(Flzt’é\l:t) > Kpinnt. (172)
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Note that .y = 2/p + 2log N < 4,/p.. Also, we have

(S)
1/2 _
swp 10 Brally < Nl By i < (Kunt) 216,50 < 1/4,

min
0€0(01.+,F 1:,8, t147'LA)

which implies that @(01 0 F 5 4ria) € ©(00,1,,1/2). By Lemma 42 and (A2), Lya(+)

satisfies the third and fourth order smoothness at 51:t with parameter
Ko K 2 (nt) V2 F. - 4 d (KmaxK LF - .4
max{Y min ( ) P 1,010 LA an max mln( ) 7T 1,014 LA )
respectively. In this proof, let

T3t = KmaXK 3/2( ) 1/27 T4t = KmaXKmln( ) 1‘

min

Then, we can apply the proof strategy in Theorem 2, which implies that
dy (N (91:t,1'~11:t’§1:t) JI(- | Dl:t))
S (&) < |:T4,t + T32,t:| p2 + T37tp —|— Tiit 10g3 N + e*SIOg ng)

< ((nt)_lp2 + (nt)"Y2p + (nt)73/?1og® N + e~8loe N_8p>

S 2
< c3 P
nt
for some constants ¢y, c2, 3 > 0, depending only on (Kin, Kmax)- [ ]

Proof [Proof of Theorem 8] In this proof, we work on the event &eg 2 without explicitly
mentioning it. Let ¢t € [T]. To complete this proof, we utilize Lemma 43. Hence, we need
to obtain upper bounds of the following quantities:

- Ht/feu( _9“)’
Step 1: (i)

Firstly, we will obtain an upper bound of (i). To complete the proof, we will show that

125 —1/2
5’ (i) = HFltOO 1t,91:tF1:t,90 - IPHF'

1/2 1/2
i (3 < s

by utilizing Lemma 41. Note that required proof for the last display is similar to that of
Theorem 5. Hence, in Step 1, we provide a sketch of the proof. Note that

(A1) M2
1
Fito i, <5
(A2)

)\min(Flzt,Oo) > Kmin(nt)
rea < A [pm +1/2(logn +1og T)| < 3(Aups)/? < Mypi/?,
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which, combining with (S), implies that
6 (007 Fl:t,907 4Teff,1:t) g e (007 Ip7 1/2) .

By Lemma 42, the last display implies that EL;.+(0) satisfies the third order smoothness at
0o with parameters

(Kmamelgn/z( ) 1/2a Fl:t,@m 4Teff,l:t) .

Also,

(8)
(Kmax K22 (08) ™) rerar < (Kmax K2 ?) (Mypl (nt)~1/2) < 1/16,

HFLt,eoVCl:t H2 < Teff1:45

where the second inequality holds on &eg 2 by the condition (41). Note that (173) allows
us to utilize Lemma 41. By Lemma 41 with

T3 = Knax K 3/2( ) 1/27 f(g) = ELl:t(e)a t = 0o, 52 @{H_{t) B=V(.y 1= Teff,1:t5

min

we have

HF}/thO (61 — 6o) H < dreg e < AMpy?, (174)

which implies [|645 — 6o|j2 < 1/2 by (S).
By (165), (172) and (A2), we have

)\min(FI:tﬁl:t) A )\min(f‘lztﬁi‘:t) A )\min(Flztﬂo) A )\min(Fl:t@{H;t) 2 Kmin(nt)- (175)
It follows that

[0 0@~ o)

< HF 12 Qo (0% — 6o) H +HF 12 Q0 (00 — ko H

Glt 1t91t
1z ﬂo (60 — 10) H

:HF V2 QR 2R (B g, ’
1t9

1t'91t 1:t,0¢ 1t9()

+ HF
2

1/2
< (Kmlnnt) ”QOH2 HFl/t 6o 0 Li - 00) H2

4 (Komint) ™2 || Q20142 Hﬂuz (6, — “O)HZ (176)

IN

(Kminn1t) ™" (K mascps) <4Mn 1/2)

+ (Kninnt) ™2 (Knaxpa) Y2 (Komax Myps'?)
(S) 2\ 1/2 1/2
2 o () = (Z)

min n nt
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where ¢ = 1+ K;nln/ngl/azx, and the third inequality holds by (174), (175) and (Px). In
this proof, let

_lg—1/2 M
by = HFLt,é}tQO(GLLt B MO)HQ’

Then, for 6 € @(01 4, F ,»4by), note that

1t0

16— Bolly < 116 = Bully + 181 = Boll, < A (F 5, ) 40 + 1B — 6ol

» 1/2 (S)
< (Kminnt) ™2 |:461Mn <t) } +1/4 < 1/2,
n

where the third inequality holds by (171), (175) and (176). It follows that © (61, F 16,00, 4b) ©

©(00,1,,1/2). By Lemma 42, f/l:t(ﬁ) satisfies the third order smoothness at 01.,5 Wlth pa-
rameters

min

3/2 1/2
(KmaxK (nt)~Y ’Flzt,é\l;t’4bt)'

Also,

1/2
3/2 1/2 —3/2 1/2 P: 27
(Kmax K il " (nt) ") by < Kax K i) " (nt) 12 e My, " < 1/16,

min min
which allows us to utilize Lemma 41. By Lemma 41 with

T3 = KmaxK_3/2( ) 1/2a f(e) = Z1:15(9)7 0= (/g\lzta 5: é}lﬁia

min

/6 = QO(elzt - HO)) r= bt7

we have

=1/2 ~ »? 1/2
HFll/t,é\l:t (@Iﬂ;S N 9“) H2 < 4by < deyt My, (n*> ) (177)

Step 2: (ii)
Next, we will obtain an upper bound of (ii). By Lemmas 24 and 25, we have

- (169)
[ 0, <4522 0t "2 s

< AM P2, (178)
H 1/t49* (610 — 07, t)” < AM,p."”.
Combining (S), (175) and (178), one can easily check that

Q(thvf‘l:tH* , 4Myp 1/2) @(Ho,lp, 1/2),
0074, Fru:,, 10M,pY%) C O(60. 1, 1/2).

1:¢7
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Hence, by Lemma 42, L1,(-) satisfies the third order smoothness at 0., with parameters

(KmaxK 3/2( ) 1/27 ﬁl:t,@* 4Mn 1/2>-

min
Since 51;15 S G(QT;t,f‘lzt,e* ,4M,p 1/2) by (178), we have

1/2 -~ =1/2  =-1/2
B}, 00— 0], < B0, Bt

1 "
i, @0 =010

Lemma 40

1/2 _ N
z (1+KmaxK 3/2 (4)~V/2 (4 M, 1/2) HF}fﬁit(eo—Glzt)HQ

min

min

(178) 1/2 S)
< <1+KmaxK o2 (nt) V2 (4M, 1/2)) 8M,py/> < 10M,p/?,
which implies that
0 € 0 (B4, F 5 10Mupt/?) € 6 (810, By 10M,pl/2) € 0 (60,1,,1/2).

Consequently, by Lemma 42, Lq..(-) satisfies the third order smoothness at 51;15 with param-
eters

(KmaxK S2(nt)"V2 B - 10Myp 1/2).

min 1:t,01.¢

Hence, combining with the last two displays, Lemma 40 and (A2) give that

~1/2 —1/2 -3/2 1/2
HFl:t,/é\ljtFltt,eoFlt91t -1 H = KmaxK 1/ (nt) 1/2(10M Dx / )

(179)
H v, S Komax(nb)
Note that
[ran —Frug, ]|, < 190l + [Fria - Frg, ],
<190l + [Fru, ||, |Frrn Frea 5 -~ 1,
L Ko (ent) (KBl (n0)2(10M,/%))
2 < (14 10K, K2 M, (nt)/2pi/ 2.
It follows that
HFl_tléi 1t7§1:tF;i,/6'?) - IpH2 < )‘r:liln(Flttﬁo) ‘Fl:tﬂo - ﬁl:tﬁu 9

max= " min

< (Kminnt) ™ {1+10K2 K.?’/Q} M, (nt)H/2pl/?

= (KL +10K2, K.2/*) M, (%)I/Q,

min max min
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which further implies that

12 pol/2 /2 ~1/2
HFlteo 1t,01:tF1:t,90 pH <\fHF1t00 1t,§1;tF1:t70071P

1/2
< (K7L +10K2, K 2/*)M, AN
min max~ *min n nt (180)

1/2
o (2)”
nt

where ¢o = K71 +10K2 K22,

min max min
Step 3: Applying Lemma 43
By (S), we have

~1/2F ~1/2
HF1 .00 F 14,01, F 14,00 IpH2 < 0.684.

By Lemma 43, we have

dy (N (91t,F;;00> 7'/\/‘<6”’F1_t 01. t))

1/2
P2 (g _ g 2 —1/2% ~1/2 2
B (CONCEN N

857;8 2\ 1/2 2\ 1/2
1 o\ 1/2 2 P

< 16 M, = =c3M, | =
-2 ( cl e ) <nt> @ <nt>

for some constant ¢z = ¢3(Kmin, Kmax) > 0. This completes the proof of the first assertion
n (46).

Combining with Theorem 7, we have

v (W (P FiLy,) 10 D1 )

SdV< (11:7 1t9> (91t, 91:t>>+d <N(91t,F1t9“) H('|D1:t)>
2\ 1/2 2\ 1/2 2\ 1/2

< c3M, <ﬁ;> + ey (Z;;) < c5 M, (i;)

for some constants c4,c5 > 0, depending only on (Kyin, Kimax). This completes the proof
of the second assertion in (46). [ |
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Appendix F. Proofs for Section 8

Proof [Proof of Proposition 9] In this proof, we work on the event &est,1 N Eest2 Without
explicitly referring to it. By Lemmas 24, 25 and Proposition 23, we have

Hf‘};/fe* (60 — 07.¢) H < AMpy”, )\min(f‘lzt,ai‘:t) > Kminnt
/2 1/2 =~
HFltG* (9115 9115 H < 4Mn ) )\max(Flzt,Git) < 3Kmaxnt (181)
)\min(Ftﬁt) A )\min(Ftﬁ;‘) Z Klownta )\maX(F ’\) A AmaX(Ft 0*) < Kupntv
é\t? 9:7 Hitv é\I:t S 6(907 Ip> 1/4)7 At \ €n ,t,KL < I(upt_1 _1/2
for all ¢t € [T1.

By utilizing Lemma 41 and an inductive argument, we prove the following inequalities
with some constants Dq, Dy > 0:

3\ 1/2
-l < oo (2) ", R -], <pons o

for all t € [T]. Based on (182), we subsequently prove the following inequality:
. 1/2
Hﬂiﬂ(@l:t = ) H2 < D3My <p*> for all t € [T
n

for some constant D3 = D3(Dy).
Step 1: Inductive argument
We will first show that (182) holds for t = 1. Note that

LACTRD R

because /0\1:,5 = ét at t = 1. Also, we have

1/2 1/2 5—1/2 £1/2 ~
HF/ 9 _91 H HF/ 11/9{1F1:/1,6{:1(90_9111)H2

1/2 1—-1/2 =1/2 * o
< ezmts |, (1B o0t 9, 50,

1,01

(181)
< (Kminn) ™2 (Kupn) /2 (4My/Dx + 4My/D5)

= (8K P KY?) M, \/p.

min

Hence, for t = 1, the inequalities in (182) hold with D; =0 and Dy = 8Kmlln/2K${)2.
Let to € {2,3,...,T}. To prove (182) by induction, suppose that

[E12 (00— 0)|, < (K K02+ 1) Maye, Ve € o= 1. (183)

min
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Based on (183), we will show that

f‘l/%\ (é\l:to - é\to)

to,0t

where D1 = D1 (Kmin, Kmax; Kiow, Kup). It then follows by induction that (182) holds for
all t € [T.

The proof is divided into several steps. In Step 2, we introduce the theoretical frame-
work needed to prove (184). Then, in Step 3-6, we will prove that (184) holds for every
to€{2,3,..,T}.
Step 2: Framework for applying Lemma 41
To prove (184), we will utilize Lemma 41. In Step 2, therefore, we introduce some theo-
retical preliminaries needed to apply Lemma 41.

Recall the definition of V,(6) given in (51). For € © and ¢ € [T], note that

Vne(0)

1/2
< Dy M? (p ) ,
n

< (8K 2P KY? +1) My /s,

min

2 (184)

F'2 (60— 0y,)

t070t0

2

= VL(0) + Q1 (0 — ) = VL(0) + F, 5 (0 — 0) = F 5.0 — 0,) + 24 (0 — )

= VLy(0) — VLi(0:) + F, ;5 (0 — 0;) — F, 5 (0 — 0r) + Q0 (0 — pue) (185)
=Ry 3(01,0 — 0) = F, 5,0 01) + (6 — )

= Re3(0:,0 — 0;) + (Qt t) (0= 00) + (0 — ),

where Ry 3(-,-) is defined as
Ri3(0,u) = VLi(0 + u) — VL (0) — V2L, (0)u, V6,u € O.

For § € O, define a linear perturbation version of Ly, (6) by

to—1
Gnto(0) = Ly (0) + <Z Vi (G110, 9> .
t=1

Note that
to—1

~ ~ o~ ~ 52 ~ ~
VntoBrto) = Vi Bre) + 3 Vni(rtg) S VL1 (Bra0) = 0.
t=1

It Eto(-) satisfies the third order smoothness at é\to with parameter

<7’n,to7 to, 9t0 >
2

to—1

ZF Y27 (B4,

07 to

to—1

Z Ft 1/ V?]t 01 to)
0,0t

for some 7,4, > 0 and

1
<7>
— 16

2

Tn ,to

86



ONLINE BERNSTEIN-VON MISES THEOREM

one can apply Lemma 41 and then obtain the following inequality:

to—1
< E L .
) ~ 4 £ Ftoﬁto Vnt(el,to)

2

Later, we will show that 7,4, can be chosen as 7, = KmaXKlovSV/ Qta 3/ 212, Therefore,
to apply Lemma 41, we need to obtain an upper bound of

to—1

S_F, 2 Vn(6r,)
=

2

By (185), we have

to—1 )
> F;)yé/\to Vi (01:t)
t= 2
to—1 N R ~ ~
Z P [Rt3(9t,91 10— 00+ (2 =F,5) Ora — 0) + (0 - Mt)]
g
2
to—1 1/ to—1 1/2 R R
Z ¥ to,0 to,Rt?)(et’e1 fo ™ 975 ) Z Fto,@to ( t,@) (01"‘/0 - 91‘/) )
to—1
Z P 1/2 Qt(et )
10,04
2
to—1 1/2 1/2
< ; H t0.5 toRt 3(9t,91 ito — 9t) , + HF o, (Qt — ) (01:40 — 61) 2
+ Hf‘mlé/\iﬂt(gt - Ht) 2] .

For t € [ty — 1], let

(i) = |F 2 Ry.5(0y, 0140 — O1)

to,@

)

2

(i), = ||F '/ (Qt F. o ) (G140 — 1)

tO 70150 ’

2

(iii); = F‘112Qt(9t i)

to,0t,

2

We will obtain upper bounds of these quantities throughout Step 3-5.
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_To bound (i), (i) and (iii)s, 61.4, should be located in a sufficiently small neighborhood
of 0, for all t € [to — 1]. Let t € [to — 1]. Note that

),

< Fl//?(é\lzto — o) H +HF1/2 (6o *9t H
t,0¢
~1/25-1/2
S Ft,é\t 13t0701(:t0

)

o] 22000

lzto,ei‘:t

IN

~1/257—-1/2
FU2E L2 ’
t,9t 0, l:itg

=1/2
HFuo,e;t (91 to — 01ty

’ + HF}/; 01, (02 = 00) HJ (186)
+[E -],

< (Kminnto) ™2 (Kupnt) /2 (4My /Py + 4My/By) + (8K P K Y2 4+ 1) M, /pe
< (16K 2 K12 + 1) My, /b

min

where the fourth inequality holds by (181) and (183). It follows that

Brn € On =0 (8,F, 5, 16K, 12 K42 +1] M, /pr)

min

For 0 € ©,,;, we have

(s ()
10 = 6|, < (Kiownt) V216K, KY2? +1)M,/pe < 1/4.

min

It follows that ©,,; C O(6fy,I,,1/2) because |6y — é\tHQ < 1/4 by (181). Combining (A2)
and Lemma 42, L,(-) satisfies the third order smoothness at 6; with parameters

min

<KmaXK_3/2 272 F, 5 (16K 1P KY? + 1) M, \/]7*>. (187)

Now, we are ready to obtain upper bounds of (i), (ii); and (iii)s.

Step 3: (i)t
Note that

=—1/2 & 1 2
F-1/2 51/
t079t0 t 0%

HF_I/ Re3 (s, 01 — 9t)H

tOy to

H F /2 Rt3(9t701t0 —9t)

"

2
(181 )

(188)
T LS E XA
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Also, by 51:t° € O, and Taylor’s theorem, we have
=—1/2.5 7 7 R
HFt,a; Ri3(0r, 01:40 — 90”2

<ngt(§t +7), (91 to — gt)®2 ® <ﬁt_$/2u)>‘

1
< — sup sup
UEO, + LERP:[|u||l2=1

sVt

(187) 1 _ 2

< (KmaxKlo\?v/Q RE0 71/2 HF1/2 (91t0_9t>‘ sup HF1/2 1/2UH
QUERPZ”U”2:1 t,0: t,0¢ 2

(186) 1 _ _

< 5 (Kot ) (16K G Ko + 1) Mp.
1/2

= (Lo orc i 1)) anzeo ()

2I(vlow n

where

s = (B 5 LR+ )

Combining with (188), therefore, we have

HFZ%ax%mm—@>
to, to

2\ 1/2
< o) MR35 (p*>

2 n

for some positive constant ¢; = ¢1(Kmin, Kmax; Kiow, Kup). Consequently, we have

to—1 ) to—1 / D 1/2
1/2 2,—1 2 *
t:E - Fto, Rt 3(015, 91 to Qt) ) S t:E l Canto < n >

12 (P 1/2 to—1 1 2 1/2
= ¢y M2t * t71 < ey M2 (logtog + 1)t
a1yt <n> Z a1 My, (logto + 1) ¢, n

t=1
1/2
s%ﬂﬁ(“) ,
n

where the last two inequalities hold by >/ 't~ <logty + 1 and t, 12 (logto+1) < 2.
Step 4: (ii);

Next, we will obtain an upper bound of (ii);. Note that

~1/2 ) =-1/2 Cm 512 1/2 B
[ (o0 Rus) G| < [0 (0B ) B[22 ()
P22 (F1/2 —1/2 1/2 B
Ft0,9t0 Ft ,0¢ < t 9t Q F ) HF (91 to Ht) H2
—1/2 1/2 1/2 1/2 1/2 .
< i HFMF ][22 (-2
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Note that
ﬁ—l[Q f‘l/AQ (121) (K—1/2K1/2)
to,0y, t.0: ) = low tO’
(181) 1/2
—1/2~ ©—1/2 P
HFth Q Ft@z Ip”z < K < t2) '
Also,

HF”2 (010 — 99” (26) (16K, /2 K12 4+ 1) M\ /ps.

min

Combining the above three inequalities, we have

ez (00 Fis) G-

to ﬁto

2
3\ 1/2
< <K10V1V/2K3/2(16Km11n/ K+ )>Mntl/2t0 1/2 (p)
n
P 1/2
— oM, t_1/2t1/2< ) :
n

where ¢ = K| 1/2K3/2(16K_1/2K1/2 1). Consequently, we have

min
to—1 1/2
_ 1/2
<N oMt P (n)

2 =1

1/2 to—1 N
_cth‘l/Q(n> Zt_1/2<th01/2< ) (2t5° - 1)

t=1
3\ 1/2
< 2¢5 M, <p> .
n

Step 5: (iii)
Next, we will obtain an upper bound of (iii);. Note that

to—1

> |IF

2 (i =F,5) (B, — B0)

0,0t

Fl/2 ~1/2 1/2 ~1/2q1/2 /25
e o) <[Few] Jeara] Jore -],
Note that
~ - (181)
‘F—112F142 < (K1—1/2K1/2) / 7
t079t0 t,0¢ 9 ow tO

1/2
_ _ 1/2 (181) 1/2 ()
e, < (B e o) 2 (m () 7e0) 72

o1, "2 s (iz)”‘
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By the last display, we have

=—1/2 ~ —1/2 -1/2 p2 2 -1/2 p2 12
HF (0, — )| < (2K K3t () = st V2t <*> :

to,0t, 9 low n n
where c3 = 2K1;vlv/ QK{?I/}. Consequently, we have
to—1 , to—1 , . 1/2
=—1/2 w B -1/2 —1/2 Px
> [F e (B | < et ()

t=1
2

o\ 1/2to—1 1/2 o\ 1/2
= sty 'V’ <];> ST < ety (i) (2t5° 1) < 24 (Z) .
t=1

Step 6: Upper bound of || Zf:o:_ll 1‘:;)1&2 Vnt(éA?l;tO)Hg
Ptg
Let

2

Combining the results in Step 3-5, note that

2\ 1/2 3\ 1/2 2\ 1/2
Onty < 201M,% <p*> + 2¢9 M, <p*> + 2c3 <p*>
n n n

3\ 1/2 3\ 1/2 (189)
< 2(01 +co + Cg)Mg (ZZ:) = C4M5 (%)

where ¢4 = 2(¢1 + ¢2 + ¢3), and the second inequality holds by M,, A p, > 1. In this proof,
we denote

én,to = @(é\to’ ﬁt0’§t0 ) 4Qn,t0)~
By (181), we have ||§to — bpll2 < 1/4. Also, for 0 € én,tm we have

(181) _
S (KlowntO) 1/24Qn,t0

(189) 3\ /2
< (Kiownto) Y2 dey M2 <Z>

1=l

g (

_ _1/2 (3
= (4K 1/204)M5pi/2n_1t0 V2 < 1/4.

low

It follows that ©,,;, C ©(09,1,,1/2). Then, by Lemma 42 and (181), Ly, () satisfies the
third order smoothness at 6;, with parameters

—-3/2,-3/2 _ =
(KmaxKlow/ YT E, 4Qn7t0). (190)
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Step 7: (184) and (54)
By Step 1-6, we are ready to prove (184). Note that

_ 979 (S)
Ko K2 24530120 10 < (K K 2ea) M2p3 201453 < 116, (191)
which allows us to apply Lemma 41. By Lemma 41 with
T3 = KmaXK ‘i/zt(] 3/2n_1/25 f(a) = Zto (0)7 0 - é\Ifoa 5: é\l:tov
to—1 R
B - Z vnt(el:to)a r= Qn,t(n
we have
1/2
=1/2 (5 x p
’ Ft()/7§t0 (elzto - Hto) ) S 4Qn,t0 S 4C4M7% ( T:) ) (192)
which completes the proof of the first assertion in (184). It follows that
=1/2 ~ ~1/2 ~ =1/2 (5 ~
HFtoﬁtO (B0 — 6r,) ) < HFto,@O (60 — 014, ) + HFto,@O (O1:t0 — Oro) )
FlU2 12 1/2 ~ =1/2 (5 ~
< t0,6t0F1 t0,6; ’ HF1 0.0 (90 — 91;t0) ’2 + Fto,@so (91;t0 — 9t0) ,
(181) 3 1/2
< (Kminnito) "2 (Kupnto) 2 (4 My /Dx + 4My\/pi) + dca M2 ()
n
= (8K P KM? 4 deyMyp.n™"?) My /ps
(S)
< (8K K2 + 1) Mn/pr = e5Mon/pr
for some constant c5 = 8Km11n/ 2K 1/ 2 1 1. This completes the proof of (184).
It follows by induction that
1 2 P3 2 1/2
HF 2 (0 — et)H2 < deg M2 <n> HF 2 (9, — et)H2 < esMun/py, Vte[T).
Also, for any t € [T1,
Hﬂiﬂ (é\m - Ht) H < Hﬂi/z(é\l;t - é\t) H + Hﬂim (é\t - Ht) H2
Corollary 17 1/2 1/2 ~1/2 /7 —~
< (1+A HF —Qt H + A < (1+At) HFté\t(let—gt)‘L%—At

(181) —1 _1/2 2 p* 1/2 —1 —1/2
< (1—|—Kupt n p*)4C4Mn o + Kyt~ n Dy

1/2
= [4c4(1+KuPt—1n V2p) + KupM, 2t 1p 1/2]Mn <P>

n
3\ 1/2
D«

NG
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for some positive constant cg = cg(ca, Kyp). This completes the proof of (54). u

Proof [Proof of Proposition 10] In this proof, we work on the event &est 1 N Eest,2 Without
explicitly referring to it. Given the conditions in Proposition 9, the conditions required for
Lemmas 24, 25 and Proposition 23 are satisfied. It follows that

Hf‘};/fe*, (60 — T:t)H < AMpi/?, Amin(F1i,0:,) > Kinnt
~ ~ 4
HF}/Ige* (10 — 07.) H <AMpY? Amax(Frapr ) < S Kt (153)
)\min(i‘tﬁt) A )\min<Ft,9,’f) Z Klownt7 )\max(f‘tﬁt) A )\max(f‘tﬂ;‘) S Kupnt7
5157 6:7 HT:ta é\lzt S 6(007 Ip7 1/4)7 At \ €n,t KL < Kuptilnil/zp*
for all ¢t € [T7.

Step 1: Proof framework
For t € [T, note that

~—1/2 ~ =—1/2 1 (= =
R, < (R o

1:t791:t t 1:t791:t min

1:t7§1:t F

| (= ~ ~ ~
< )‘mm ( 1: t,é\l;t) < Hﬂt - Ft,é\tHF + HFt,é\t - Fl:t,é\l;t F)
15 —1/2¢ T—1/2 12 =—1/2
S )\min (Flzt,é\l;t) HFt 0 HFt et Q Ft 04 —1 H + HF 1: tyé\l:tFt,é\t B IpHF]
(193) ~1/2 1/2 1/2F ~—1/2
< K-l K (HF QF, -1 H + HF LR I”HF>
(193) 2 ~ ~
—1 { Px 1/2 N -1/2 .
KmanuP [KuPt <TL> + HFt 0: 1: tyel:tFt,’@\t IpHF] .
Hence, we only need to obtain an upper bound of
“125 g2 _
HFt o L tveliiFtﬁz IPHF
Note that
N N t—1
1:¢,01.¢ :Ft,/\t+ |:<Fs,§ _QS) + (Fsﬂlt Fs@;):| + ( t,01:¢ tﬁt)
s=1
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It follows that

- _§F 1/2F1/2 1/29 F 1/2
- t,0¢ $,05 593

_ w12 (v . o N\
B Zl Ftﬁt |: (Fs,é's QS) + (Fsﬂl;t Fs,03> :|F

-3
5,05

t
5-1/201/2 | =1/20 /2 1/2 5-1/2
+ (Z F°F /5 {FS@ F o F -1 }F F )

FU2F-1/2

t,04

t@t

—-1/2

/ s 05
5=
Let
S 122 [ /
N 1/2311/2 —-1/2 1/2
(1) o Z;Ftﬁt FS ,0s |: 5,05 2 Fs s
5=
d / / / /
oy 1/201/2 | p—1/2p  —1/2
(11) Z; Ft Qt Fsyé\s |:F87§s FS’HIZthvé\S
5=
Note that
1/2~ 2
HFt 9t 1: t,@l:tFt,é\t IpH

Step 2: (i)
Let s € [t — 1]. Note that

'f‘imfw [ 1120 F F

t,0¢ s,0s s,0s
—1

min
(193)
Corollary 17 [ [ g
Kiowt

By the last display, we have

n
s=1

where ¢; = K K -

low
Step 3: (ii)
Let s € [t]. Note that

Hf1/2F1/3 [FWF "

t,@t 8,93 8,03

< () (.

min

Kinax -1 1/2 —1/2
e

1/2

P
n

5,01:¢

_I, |F2EL2
P 50,7 t,0

FL/2
5,05

HF—1/2

94

S 91:t

+F -

)

FU2F-1/2

1)
8,05

1 ]Fuz F1/2
80g t@t

- Ip} FY2F 12

=—1/2
tez

)

F

t@t

o = @)+ ().

—1/2Q F—1/2 _ IPH
F

-

i< ot (2) = o (Z) Sica

s,0s  t,0t F
—1/2
o

s F

—1I .

P 2

(Ftaé\l:t o th

F

N\ -1/2
9t> Ft7§t

(194)
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where the last inequality holds by (193) and (AZ2). Also, by Proposition 9, we have

3\ 1/2
HFW (014 —et)H < KM? (p*> HFW (% —et)H < KM,p'?, vtelT),
2 n
where K = K(Kiow, Kup, Kmin; Kmax) > 0. It follows that

I -,

< €226 0], [P ] e ),

1/2 7—1/2 1/2 B 1/27—1/2 1/2 1/2 iy
<|en L IF G G =8|, + [ 5 E 5 [R5 -0+ B2 (20 - 2:)

.

Koax \ ? 2,3/2, ~1/2 Koo | ? 1/2 12
< K M:ps — KM,p KM,p
- (Klowt> ( nb ) + Klowt ( nP ) + nP

max- *low max

<KK1/2 K—1/2 1/2an*n71/2 K1/2 K_1/2 1/2K+K>ani/2

()
< K(KY2KLY? +2) Mopl? = exM,pl?,

max~— " low

o H2).

where the third inequality holds by (193) and F_5 = F ;,and g = K (K&l/azxKl

s,0s — 39 ’
It follows that
—~ (193)
100 = 6sf|, < 1/4,
HO—HSH2 < (Kminn) co M, p* < 1/4, VO € @(95,F87§S,02an* )
Ori € O(0s. F, 5, caMypi’®) € O(600,1,,,1/2).

which, combining with Lemma 42, implies that Lg(-) satisfies the third order smoothness
at 0, with parameters

(KmaxK 3/2 71/2 Fsa’ CQani/2>-

min

By Lemma 40, it follows that

HF 2 g2 g H KmaxK -3/2, 1/2)(02ani/2) = c3M, <]:)1/2,

s 93 3 0167 5.0, min

where c3 = Kpax K —3/2 co. Hence, the right-hand side of (194) is bounded by

min

1/2
Kmax -1 P« 1/2 —1 p2
“imax M, <7) < et (2=
[ Kiow } \/ﬁ (63 n = n

where ¢4 = K. ' KnaxCs. Consequently, we have

low
P 1/2 P 1/2
) < Mt~ = =y M, [ = )
(i) §:@ <n> — e n(n>

s=1
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Step 4
By Step 2-3, we have

12 ~—1/2 P2 1/2 2 1/2
HF 1t,§1:tFt,§t - IPHF < @)+ () <a <r:) + caMy (;)

By Step 1 and the last display, we have

HF‘VE QF Y2 _ pH
1:t991:t 1:t791:t F

<KL Koo | Kupt ™! pj F1/2~ ~ FM?2 g
min up n 1t791:t t,@} P F

% 1/2 P2 1/2
< KmmK [}’(upt_1 <;> + (Cl + C4) M, < T:) ]

2\ 1/2
< csMy, <p*> >
n

where ¢5 = ¢5(Kmin, Kup, ¢1,c4) > 0. This completes the proof.

Proof [Proof of Theorem 11| In this proof, we work on the event &est 1 N Eest.2 Without
explicitly referring to it. Note that ]P’(()N)(@[”esm NEest2) > 1— 3n~t. For all t € [T], we have

av ()11 | D) )

<o (O (B ) )+ e (¥ (BB, ) 1 10w

Theorem 7 _ D% 1/2
< dv(ﬂt<->,N(0u,F 1)>+K1<nt> :

where K7 =
need to obtain an upper bound of

o (0 (u5y))

By Propositions 9 and 10, we have

1/2 =—1/2 P2 2
- - *
HFl it 91 tQtFlit,glzt N IpHF S K3Mn (n) ’

K1 (Kmin, Kmax) > 0 is the constant K specified in Theorem 7. Hence, we only
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where Ky and K3, depending only on (Kmwmin, Kmax, Kiow; Kup), are the constants specified
in Propositions 9 and 10, respectively. Also,

1/2 (S)

2
=-1/2 o 312 Py
HF1:t7§1:tQtF1:t,§1;t IpH2 = K3Mn < n ) = 06847

which, combining with Lemma 43, implies that

Ht(.),/\/@l:t,f‘*h ))

d
v 1t 010

N

< 1 Hﬂl/z(é\ _ )H2 n Hf‘—1/2 Q ﬁ_1/2 -1 HQ 1/2
> 2 t 1:t Mt 2 1:t7§1:t t 1:tyé\l:t P F

. 3\ 1/2 2\ 1/2
<> (KQM,% (p> + KsMn <p*>

2 n "

1 2 p3 2
< S (Ko+ K3) My | =
=9 ( 2+ 3) n < n > ’
where the second inequality holds by x? + y? < (x + y)? for 2,y > 0. Therefore, we have

K —|—K i 1/2 3 1/2
dy <Ht(‘)7ﬂ(‘ | D1:t)> < %MEL (p) + K (p)
n nt

K K 9K 3\ 1/2 3\ 1/2
<SR () -man ()

n n

where Ky = (K3 + K3+ 2K1)/2.
If we further assume (Px), we can employ Theorem 8. For all ¢ € [T, it holds that

AL 1 P 1/2
dV (N (91:157 it,@o) 7H( | Dl:t)> < K5Mn <n;> ’

where K5 = K5(Kmin, Kmax) is the constant specified in Theorem 8. It follows that
dy (T, N (015, F 5, ) ) < dv (T(). T | Dra) ) + dy (N (005, Fidg, ) LG | D) )

P 1/2 2 1/2
< K4M;, <n> + K5 M, (m)

3\ 1/2
< (K44 Ks5) M} (%) ;

which completes the proof. |

Corollary 26 Suppose that (A0), (A1x), (A2), (S) and (Px) hold. Then, on &ecst 2, for
all t € [T, EL1.4(0) satisfies the third order smoothness at 0y with parameters

min

(KmaxK_3/2(nt)_l/2a Fl:t,@m 4Teff,l:t) .
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Furthermore, the following inequalities hold uniformly for all t € [T]:

HFi/tz@ (0% - 90)” < dre 1 < AMypY?,
n1/2 oM ~ P 1/2
HFl:t,é\lzt (O — 01 H2 < KM, <nt> |

where K = K(Kmnin, Kmax)-

Proof See Step 1 in the proof of Theorem 8. |

Corollary 27 Suppose that (A0), (A1x), (A2), (S) and (Px) hold. Then, on &es,1 N
Eest,2, the following inequalities holds uniformly for all t € [T':

1/2 1/2 PQ 12
H 1/t 00 (@1,I 90) 1t/9 VLy.+(0o) 9 < KM?L <n*> )

1/2 (3 1/2 3 1/2
HFl/t fo (6: — 6o) — F;t,/QOVLl;t(HO) < KM? <*> 7

2 n

where K = K(Kmina KmaxyKlowa Kup) > 0.

Proof In this proof, we work on the event &est,;1 N &est,2 Without explicitly referring to it.
By Lemmas 24, 25 and Proposition 23, for all ¢ € [T], we have

)\min(ﬁt §t) > Klownta
é\t, é\l't S @(60,1p7 1/4) (195)
Ar < Kypt~1n™12p,

Let t € [T]. By Taylor’s theorem, we have

~VL14(00) = VL14(B%) — VL14(00) = —Fr.¢ (6% — 6o)
= —F1.10, (@f]“t —00) — (F1:t — F19,) (@1”2 — ).

where
Flt—Flt 9“,90 / V2L1t S 1:t +(1—S)90)d8.

It follows that

1/2 71 2 —1/21/2

1/750 (9 —0 ) = /9 Vtht(QO) + Flt/e (Flt Flitﬂo)Fltéo 1/t ,00 (@1’I 90)
-1/2 1/2 -1/2 1/2
1t{9 VL. t(e ) (F1 t/BOFltFl t,/eo I ) 1/t(9 (0 — 0 )
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By Corollary 26 and Lemma 40, we have

1/2 1/2
B3l (0% — 00)]|, < 4ngap?,

and
—-1/24 —-1/2 3/2 1/2
|Fr e FLF e — L] < (Kua It (n) ™) (424,91 )

_Canp*/2( ) 1/27

where ¢| = 4Kmamem/ Consequently, we have

P11, (B = 00) — PV Lua(60) H

1:¢,00
< PP — 1| |Fi, (0% - 60) |, < dernsip. )2,
Note that
[, @t =], < [P, @t - i), + i (e~ 20
< [P L i, @ =, + [ ®i5] |G =0
(A2)
R @ 0|+ KUK [F 2 G -8

1t91t

Corollary 26
Pr0p051t10n 9
< \/E+M2\/E><202M2\/E
n

for some constant ¢z = c2(Kmin, Kmax, Kiow, Kup) > 0. Also, we have

1/2 fm 1/2 ’ML /2 (7
i (8 =], < [, OF =0, = i, @ )],
1/2 m /2 F-1/2 /2,5
< [[eiin, @t -] +HFueo |, [ @ =m

(195) 3
< 262M7% \/ p* + Kr%rl/a%cKlovlvﬂK t™'n” /2p* < CSM72L \/ %

for some constant ¢ = ¢3(Kin, Kmax, Kiow, Kyp) > 0. Therefore, we have

HF1/2 at — o) — 1t9 Vth 6o) H

1:,60
HF}/th 9 Lt - 90) lt/9 VLi:(6h) H + HF}/tQGO é\Pllué - é\t)Hz
P2 P2
< 461M2p*(nt)_1/2 + 202M3 ;* < (401 + 202)M3 ﬁ
Similarly,
HF}/tZQO pe — 00) — F_‘I/QQVLM(QO)H
1/2 1/2
HFl/te @14:}?_90) lt/G VLi:(6) H +HF1/1660 9 {2—/%)”2

3
< 02, ) 2+ 022 2 < e a2y
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This completes the proof. |

Corollary 28 Suppose that (A0), (A1x), (A2), (S) and (Px) hold. Then, on &esta N
Eest,2, the following inequalities holds uniformly for all t € [T):

Amin (Qt) A Amin (Flztﬂo) > Kint,

Amax (Flzt,§1;t) A Amax (Flztﬁo) < Kont,

/2 /2 p2 1/2
-1 —1 *
[t it -, < o ()

1/2 p3 12
HF/ eg—ut)H <K2M2<*> ,

1:t,600 n
where K1 and Ky are positive constants depending only on (Kuyin, Kmax)-

Proof The first two assertions directly follow from Proposition 23 and assumption (A2).
For the proof of the third assertion, see Step 2 in Theorem 8. The last assertion follows
from the proof of Corollary 27. |

Corollary 29 Suppose that (A0), (A1x), (A2), (S) and (Px) hold. Then, on &es,1 N
Eest,2, the following inequalities holds uniformly for all t € [T':

P2 1/2
—1 —1 *
A

HF_1/2 F—1/2

2
1:t,00 1:t,00 pHF < KM (n

HQ]}/Q(@{H} —ut)H < KM? <p§>1/2

where K = K(Kmim Kmax)-

Proof In this proof, we work on the event &est;1 N Eest,2 Without explicitly referring to it.
Let ¢t € [T] and N; = nt in this proof. Note that
< (1927 |, |1 F e 2P e — Lol

<192 5[ F 5 0 ]2 — Frceoy |

Corolgl"y 28 Kl—QNt—QHQt — Fl:t,90 HF’

Hﬂt_l - 1t00HF

where K7 is the constant specified in Corollary 28. Hence, we only need to obtain an upper
bound of ||Q; — F1.44,F-
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Note that

o5

Hf‘—l/Q Q 13—1/2 1 H

| <|F, .5 : ;
1t,01 ||p — H 1:6,01:¢ || 9 1:¢,01:¢ t 1:¢,01.¢

Corollary 28
Proposition 10

» 1/2 D 1/2
< (KaN) KM, (=) = (KoK3)NeMy, (=)
n n

where Ko is the constant specified in Corollary 28, and K3 denotes the constant K in
Proposition 10. Also,

"F15t7é\1:t —Frea|,

Corollary 28 1/2
< (Ko KoM, ( i;‘ ) — K2M,p.N,"2.
t

HFlt90

/2 —1/2
[FriiB a1
Consequently, we have

”Qt F1t90HF < Hﬂt 1:,01:4

+HF1t91t F1t90

1/2
< (Ko K3) Ny My, (2;) + féMnmN”2

1/2
< (KoKs + K2) N, M, (i) :

which implies that

1/2
0 = < KN (ol + K7 b ()
1/2
= K{*(K2K3 + K3)N; ' M, (’;) :
Also,
[P e @ Fra =~ Tolle < [P 12— Frs s

Corollary 28 1ol
< Kl Nt Hﬂt_Flzt,HOHF

2\ 1/2
<K' (KoK3 + K3) M, <p> :
n
which, combining with the last assertion in Corollary 28, implies that
2 p 2
1 *
o0t |, = ez (%)

for some positive constant K4 depending only on (Kyin, Kmax)- [ |
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Corollary 30 Suppose that (A0), (A1x), (A2), (S) and (Px) hold. Then, on &es1 N
Eest,2, the following inequalities holds uniformly for all t € [T):

1/2
Dy
19207200 )|, - [V, (00— B | < 3 (2)

where K = K(Kmnin, Kmax)-

Proof In this proof, we work on the event &est,;1 N & est,2 Without explicitly referring to it.
Let t € [T]. By Corollaries 26 and 29, we have

[F1%, (B — 60) ||, < 4Mypi/?,
1/2
FrhnE Ll < son (%)

3\ 1/2
Hﬂi/z(@lﬂi —pit) ||, < KM} (Z;;k) ,

where K1 = Ki(Kmin, Kmax) denotes the constant K in Corollary 29. Let €, 2 = KM, (pz/n) 1/2
and €,3 = K1 M? (p‘:’/n) Y2 i1 this proof. Note that
1927 (80 — o) 1, < 19272 (60 = O [, + 1272 (% — )
< (1 en2) 2B, (80 — B |, + (|98 (B2 = o),
< (14 en2) |25 (60 — B5) |, + (1922 (@ — o)
< [|F%, (B0 = B5) |, + ena (4Mapi®) + 0,
which implies that
19272 (80 — 1) ||, = P17, (B0 — O3%) I, < Bens.
Also,
19272 (60 — o) |, = (12272 (60 — %) |, — (127 (B} — )
> (1= en2) [ F1L, (60— %) [, — |28 @ — o),
> (1= ena) [F1/7, (60 — 8% ||, — (1927 (8} — pue)

I

I

> B3l (60— 05) |, — cna (404027) = ns
which implies that
1922 (80 = 1) |, = B2, (60 = 85 [, > —5ens
This completes the proof. |
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Appendix G. Logistic regression with Gaussian design

In this section, we demonstrate that the main results in Section 8 hold under the logistic
regression model. First, we introduce some notations needed for the theoretical verifications
of this model. Let Y = (Vi);en) € RY be the response vector and X = (Xy;)ie[n) jefp) €
RN*P be the design matrix. Also, for ¢ € [T7], let

L={n(t—1)+1nt—-1)+2,..,nt}, I,=U_I,
Y= (Yi)ier,, Xi= (Xij)ieft,jé[p]v Xy = (Xij)ielljt’je[p] e RNVexp,

With slight abuse of notation, we denote D; = (X¢,Y;) in this section.
For the logistic regression model, the likelihood function is given by

Li0) = > [vix[ 0 - b(x]0)], (196)

sn

where b(-) = log(1 + exp(-)). Note that b(-) is four times differentiable with derivatives
b, 0", 0" and b, respectively.

In the sections in main text, we considered several regularity conditions, as assumed
in (A1), (Alx), and (A2). These conditions can be verified under the logistic regression
model with a “well-posed” design X. To see this, we consider a simple random matrix setup
where each entry of the design matrix X is an i.i.d. standard normal random variable, i.e.,
X e (0,1). For simplicity, we take the covariance matrix to be the identity matrix I,;
this setting can be easily extended to a general covariance X satisfying

Cil S Amin (Z) S )\max (Z) S C

for some constant C' > 0. With slight abuse of notation, hereafter, let P and E denote the
joint probability measure and expectation corresponding to (X,Y), respectively.

Under the assumed random design setup, we can verify the conditions in (A1), (Alx),
and (A2). First, one can easily check that L.(f) in (196) is stochastically linear (with
respect to the randomness in Y) as follows:

G6) = L4(6) ~ BeLa(6) = Y | (i~ Eu(¥i | X)) x[0] . vee[7],
<N

where E(Y; | X) = ¥/(X,'6p) for each i € I;. To verify the remaining assumptions, we
impose (EX). Under the assumption (EX), we can prove the conditions in (A1), (Alx),
and (A2) hold uniformly for all ¢t € [T] with the following quantities:

V,=X/X;/4, Vie=X{,X1.4/4, M,=C1, Kupn=Co Kna=Cs,

where C1 and C» are positive constants depending only on K7, and C} is a universal constant.
Technical statements and proofs are deferred to Appendix G.1; see Propositions 36, 38, 39
for precise statements.

We now state that the online BvM theorem holds for the logistic regression model.
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Proposition 31 Suppose that (EX) holds. Then, with P-probability at least 1 — 5n~1 —
10e=™/72 — 4(Np)~L, the following inequality holds uniformly for all t € [T):

3\ 2
dy (11, 11(- | D1y)) < € <n) ,

3\ 1/2
_ D
dV (HtaN (51‘14%57 1;;90)> < C <n> ’
where C' = C(Ky).

G.1 Proof for Proposition 31

Throughout this subsection, we follow the notations given in Appendix G without explicitly
referring to them.

Lemma 32 Suppose that

pV (4logT) < n. (197)
Then,
1
P {)‘min (Z XiXZ-T> < " for some t € [T]} < 2e 4 (198)
N
and
P {/\max (Z XZ'XZ«T> >9n  for somet € [T]} < 274, (199)
i€l

Proof By the equation (60) in Wainwright (2009) and p < n, we have, for t € [T,

]P’{/\min (Z XZ-XZ-T> < ;n} < 2e7M2,

i€l
It follows that

P {/\min <Z XzXZT> < %n for some t € [T]}

i€l

<T- P< Auin XX <
<7y e (007 <

i€l

(197)
< 2e7m/1,

O =

n} < 267n/2+logT

completing the proof of (198).
The proof of (199) is similar. By the equation (59) in Wainwright (2009) and p < n, we
have, for t € [T1,

P {)\max (Z XzXzT> > 977/} < 26771/2.

i€l
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It follows that

P {)\max (Z XiXiT) > 9n for some t € [T]}

icly
o (197
<T-maxP{ Apax | DX X;T | >9n 5 < 2e7/2H8T "< 9o/
te[T] i€l

which completes the proof of (199). [ |
Lemma 33 We have

P{ max | X; ;| > 2\/10g(Np)} < 2(Np)~* (200)

i€[N],j€lp]
and
{1 > tplog(Np) | < 2099) ", (201)
(S

where X; = (Xij) ey € RP.

Proof Since Xj; i N (0,1), we have, for all w > 0, i € [N] and j € [p],

w2
IP)<|XU| > w) < 2exp (—2> .

2
w
P a Xl > <2Npe —— .
(ié[rf\rfl]d}é[p] il w>_ P Xp< 2>

It follows that

By taking w = 24/log(Np), we complete the proof of (200).
Also, on the same event where the following inequality holds:

max | X;;| < 24/log(Np),

i€[N].j€lp]
we have
2
max || X; 2§p max | X;; Sp(2 log Np)
max | X3 < p_max |, V)
This completes the proof of (201). [ |

Lemma 34 Let b(-) = log(1 + exp(-)). Then,

v (m) < Slm—nz|

V1,2 € R.
b (772) 1,12
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Proof Let 11,75 € R. Since b”(n) = €/ (1 + e)? for n € R, note that

b (771) _ - <1 —l—e%)

b (1) I+ en

Also,

1+em e —en e (=M — 1) _ _
=14+ -— =1 <1 Ime—ml _ 1 — elm—n2l
1+em * 1+em - 1+em =i ‘

It follows that

"
b" (m) < MM e2lm—n2| < €3|771—772|,
v (2

which completes the proof. |

~—

Lemma 35 For 7 > 0, suppose that
n > C(logT V [p log (7'2p log N)]) (202)

for a large enough universal constant C > 0. Then,

n <min inf Apin (Frg) < max sup Amax (Frg) < (203)

1080e2(7+1) ~ €T 9e6(1,,7) €T 9co

with P-probability at least 1 — 6~/ — 2(Np)~!

bh\@

Proof For t € [T] and 0 € ©, note that
Fro=Y [b” (XJ 0) X X[ } .
i€l
For 7 > 0 and € € (0,1), let @ET be the e-cover of ©(I,, 7). One can choose (:)E,T so that

|®6 7| < (37/€)P; see Proposition 1.3 of Section 15 in Lorentz et al. (1996) Let 0 € ©(I,, 7).
By the definition of 6”, there exists 6(6) € O, .+ such that [|§ — 9”2 <e. Forw >0, let

T.0,t) = T,0,t,7) = {z el X0 <w(r+ 1)} .
Note that

b'(X.'0
Amin (Ftﬁ) = Amin <Z b//(XzTG)XZXzT> = Amin (Z b”(_X@)b”(XTe)X XT>
icly en V'( )

// T R
> | mi 717 (X, ) Ammin §j V(X 0)X; X,
[N] b (X, 0) et
1€Z,(0,t)
(204)

Lemma 34

> exp (—SHH - é\HQ 1161% HXsz> Amin Z b (X, 0) X, X,
' i€Z.(0,t)

> exp <—3e . 112% HXZHQ) V' (w(T 4+ 1)) Amin Z X X,
i€Z,(0,t)
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where the last inequality holds by the symmetry and monotonicity of v”(-) in the logistic
regression model. R
First, for 6 € O, and t € [T], we will prove that |Z3(6,¢)| > n/6 with high probability.
Since X,'0 ~ N(0, ||6]|2) and
0]z < 18]l + 16 =Bl < 7+ e <741,
we have, for i € I,
]P’(\XZT@\\ > W' (T + 1)) < P(\Xﬁ\ > w’\\ény) <2 @2 v > 0.

By taking «’ = 2, we have

~ 1
P(\Xfe | §2(T+1)> >1-2e7" > 2

We will utilize the Chernoff-type left tail inequality (see Section 2.3 in Vershynin (2018)).
Let S, =" | Z;, where Z; s Bernoulli(n) for some 7 € (0,1). Then, for any § € (0,1),

s, < om} <o (~En).

By taking § = 1/2 and 1 = 1/3 in the above display, we have, for 8 € (:)677 and t € [T,
o n —n/36
]P’(|I2(0,t)] < 6) <e .

By taking ¢ = (41/plog(Np))~1, it follows that

o3

P ( min min |Z5(8,t)| <

_mi < (31/e)P-T- e /36
€6, te[T]

(202)
= CXp <§ log(1447%plog(Np)) + log T — Z?G) < /72

Let

Qn1 = {]12(57 t)] > én for all t € [T] and 0 ée,T}a

(o)

n,2

1. - L
{Amm > x| > ’Ig(@,t)’ for all ¢ € [T] and § € 96,7},
iEZQ(a,t)

Q3= {rg% [ Xall, < 2\/p10g(Np)}.
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Since pV4logT < n/6 < |I(8,t)| for all t € [T] on .1, we can apply the results of Lemma
32 on €, 1. By the equation (205), Lemmas 32 and 33,
IP’{QC 1} < e 72
P{Qy, 3} < 2( (Np)~!
P{Q5, 5 | Q1 } < (37/€)P x 2e~ (/04 — 2 exp (—n/24 + g 10g(1447'2p10g(]\7p))>

202
( < : 2e /48,

Byl—z>e 2 and e ¥>1—yfor x €[0,0.795] and y € R, note that
P{Q,} > 1-P{Q,} —P{Q5,} —P{Q5 3}
>1—2P{Q% 1} —P{Q5 5 | Qn1} —P{O5 5}
>1— 2 —n/72 — 9~ n/48 _ (Np)
>1—4e ™™ _2(Np)~!,
where Q,, = Q, 1 N Q2N Q3. On €, therefore, we have
(204)

1 n
iy o 1) = exp (=g X0 ) 2+ ) (5 5)

S e=3/2 exp (2(T + 1)) o

- [14+exp(2(r+1))]° 54

>_ 0
~ 1080e2(T+1)’

where the third inequality holds by e=3/2 > 1/5 and % /(1 4 €%)? > 1/(4€*) for x > 0.
The proof of the third inequality in (203) is simple. Since b” ( ) < b'(0) = 1/4, with
P-probability at least 1 — 2e —n/4

Amax (F1.6) = Amax (Zn: v (x70) x.xT }) < %Amax (i b ) < %n,
i=1 =1

where the second inequality holds by Lemma 32. This completes the proof of (203). |

The following proposition verifies (27), (34) and (42).

Proposition 36 Suppose that (EX) holds. Then, the following inequalities hold with P-
probability at least 1 — 4=/ — 2(Np)~!

Kpinn < min inf Amin (Ftg) < max SUP Amax (Ft ) < Kmaxn (206)

teT 0€0(6o,1,,1/2) T gco

T T 2
max H (Xt Xt) ' 1:¢,0 (X”X“) < %, (207)
te[T] ae@(oo,xp,1 /2) 2 4 2 9

-l
where IN(min and M are constants depending only on K1, and IN(maX is a universal constant.
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Proof Since ||6p]|2 < K1, we have
©(0o,1,,1/2) C O(L,, K1 + 1/2).
By Lemma 35 with 7 = K; + 1/2, (206) holds with the constants

~ 1 ~ 9
Kmin = W, Kmax = 4’

with P-probability at least 1 — 8e~™/72 — 4(Np)~*
By the last display and Lemma 32, on the same event on which (206) holds, we have

1 (xT
max sup HF (X Xt/4) H
teT] 9O (6y,1,,1/2) tP ! 2

-1
< | mi inf Amin (F XX, /4
< [ lcodt o )| s (579

te[T) 6€©(00,1,,1/2

< (1080e2K1+3) <Z> — 2430e2K1+3,
Also,

max sup HF XT Xi.t/4 H
telT] 9o (6y,1,,1/2) “9< bt t/> 2

-1
i inf )\min Fi. }(—r X.../4
{gﬂﬁae@(;&mm) ( 1.t,6)] [g%( 14 X1:t/ )]
27\/%e1<1+3/2)2

9 .

IA

IN

(1080e>173) (Z) — augpezirt — |

The last two displays complete the proof of (207) by taking M = 27+/30e/1 +3/2,

Lemma 37 For any w > 0 and t € [T], we have

XTX XX
HFt;gzvgtHQZ\/tr(Ft;* t M o XX

Proof Let t € [T] and & = (€)ier, € R™, where ¢; = Y; — E.(Y; | X). Note that

X <e™™

)

VG = Zeiwi =X/&, supb’(n) <b"(0)=1/4.
i€l neR

By Lemma 6.1 in Rigollet (2012), we have, for any u = (u;);e[,) € R™ with [Jul]z = 1,

u'E = Zu,ent D4 ~ subG (1/4), VYt e [T],
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which is equivalent to & ~ subG (1/4) for all ¢ € [T]. By the last display and E(&; | X) =0
for all t € [T], we can apply Hanson-Wright inequality. By Lemma 50, we have, for any
w >0,

~_ 1
Py, <‘)Ft791,{2ngt“ Z 7 [tr (By) 4 24/tr (B?) w + 2 ||Bt”2w} ‘ X) <ew,
/

where B; = 17‘;911‘/2 (XtTXt) f‘;elt % Since

tr (By) + 21/tr (B2) w + 2| Byllyw = tr (By) + 2 || B¢||p w'/? + 2 |By ||y w
2
< |Vir®i + /20 B,
for any w > 0, we have

~— 1
oo ([Fra X781, > | or (B) + 20 1Bl | | X) < e

The above display is equivalent to

Po. (Hﬁ;(}:/nggtHQ >\ Jor (B1) + /20 Bl

where B, = f‘; 61; (X/X¢/4). This completes the proof. [ |

In the following Proposition 38, we demonstrate that (26) and (41) are satisfied with
the specified matrices V; = X X;/4 and Vi, = XItXM /4, respectively.

Proposition 38 Suppose that (EX) holds. Then, with P-probability at least 1 — 3n~1 —
6e="/72 — 2(Np)~', the following inequalities hold uniformly for all t € [T]:

|EL6va|, < r(Fugs XTXi/4, logn +10gT),
H 1:t79T:tVC1:tHQ < T(f‘lztﬂita Xil—;txlst/llv logn + log T))
|FrimVu|, < r(Fru, X{iXui/4, logn +1ogT),

where

r(F,V,w) = V/ir (F-1V) + /20 |[F-1V|,, F,Ve&, weR,.

Proof The proof of the first assertion directly follows from Lemma 37. Note that

~_ X,/ X
[Frieval, = o (P 23+ o[

~ . XX ~ XX
—1 t t —1 t t
<7 maxks | [F*val, Z\/“ <Ftﬁ: i )*%HFW: rl

<T- eflognflogT — 77,71.

T
—1 X Xt
t,0F

(logn+1logT) | X
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By integrating over the values of X, we have

1/2 X, X,
‘(i v, e (K)o

)

=
1X t
t@*

(logn +1logT) for some t € [T

which completes the proof of the first assertion.

The proof of the second assertion is similar to that of Lemma 37. Hence, we will provide
the sketch of the proof. Let t € [T] and &4 = (€;)ier,,, € R™. Note that V(1. = X{,,E14.
By Lemma 50, we have, for any w > 0,

1 _ — _
<HF1 i/ez X tgltH = [tr (B1t) + 24/ tr (Bf,)w + HBl:IfHQW} ‘ X) <e™,

where ]§1:t = ﬁ;tl/ét (XLXM) F1 t/e* Since

tr (]§1:t) + 2\/@"’ HﬁlthQW < [\/tr (ﬁl:t) + \/ZWHIA‘D;L??HQ]Q’

for any w > 0, we have

. 1
P(HFMI{)% X&), 2[\/tr (Bi.) +\/2w||BltM ‘ ) e,
It follows that
_ 1
]P’<HF“1/92* X] 5”“ =

<T- eflognflogT — nfl.

[\/tr Blt \/QHBUH logn—l—logT)} for some t € [T ‘X)

By integrating over the values of X, we have

P (HF;:/Q% X 5MH2 > ;[\/tr (ﬁlzt) + \/2H]~31:,5H2(10gn + logT)] for some t € [T})
<n!

)

which completes the proof of the second assertion. N

Next, we will prove the third assertion, which is similar to the second assertion. Let &
be an event where F. g, is nonsingular. By Lemma 37, there exists an event & such that
on &, Fy. ¢, is nonsingular and

P(&) > 1—6e ™™ —2(Np)~!
Hence, we have

P(Z) > P(&) > 1 — 6/ — 2(Np)~!
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In this proof, we denote

1
Rn,T(Blzt) = 5 < tr (Blzt) + \/2 ”B1;t||2 (logn + log T)),

where Br,y = F1 /% (X1, X1.) Fy 172 It follows from Lemma 50 that

P (HF;%?)XLEMHQ > R, 7(Buy) for some t € [T] ‘ X, (Z@) <n 1,

Consequently, we have

P (HF;E}Q?)XLSMHQ > Ryr(Bu) for some t € [T))

< Ex [IP’ (HF;tIQiXIt&;tHQ > R, 7(Byy) for some t € [T] ‘ X, (E’) 1130] +P(&°)

<n L4 P(6°) <nt 4 6e7™ 4 2(Np) L
This completes the proof of the third assertion. Therefore, with P-probability at least
1—3n~' —6e ™7 —2(Np)~!, the three assertions hold uniformly for all ¢ € [T]. [ |

The following proposition verifies (35) and (36).

Proposition 39 Suppose that (EX) holds. Then,

3 4 7! o -1
P([?é%zgg‘}v Lt(Q)HOP] Y [?é%zgg“v Lt(H)HOP] < Kmaxn> >1-2n"", (208)

where K'

max > 0 15 a universal constant.

Proof For b(-) =log(1 + exp(-)), note that

Sup |:b/// (77) \/ b//// (77):| S 1
neR

For t € [T], we have

3 3
sup HV?’Lt(H)HO =sup  sup Z b" <XZ»T9) (XZTu) < sup Z ‘XZTU )
0O P 0€O ueRP:||lu|l2=1 icl, u€RP:||ull2=1 el

4 4
sup HV4Lt(0)HO =sup  sup Z b (XZ-TH) (XZTu) < sup Z ’XZTU’
0co P 0eO ueRr fulla=1 T, weRP:||ulla=1 j 7,

By Lemma 52, for ¢t € [T], k > 2 and w, T > 1, there exists some constants D1 = Dy(k) > 1,
Dy > 0 and D3 = D3(k) > 0 such that

3 (1l —E|<Xi,u>|’“>‘

i€l
9 ko k/2

< DyrwF 1 logh™! (n) \/E—l— Dlw P + Dy <£>w
P n n 2n
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with a probability at least

1 — exp (—Daw,/p) — exp <—D3{ [Tszk_Qplog(zk_Q) (2;) ] A [m—l\/@log—l (i:’) ] }) .

By (EX), we have

2
(log T +logn)* ' log* ! <n> \/5 <6, (logT +logn)*p**n~" <4, 2p =
p)\Vn "

for a small enough constant § > 0 depending only D;. Also,

(log T + log n)* log*(2n/p) > C’(logn + log T),
vnplog=t(2n/p)(log T + logn)~t > C'(logn + log T)

for a large enough constant C’ > 0 depending only D3. By taking
w=1logT +logn, 7=1,

after some algebra, for any k € {3,4}, there exist some positive constants ¢; = ¢1(D;) and
ca = c3(D3) such that

max  sup 1Z(|<Xi,u>|’“—E\<Xi,u>|’“)'

te[T] yeRP:||ull2=1 | el

2
<c [(bgT + log n)k*1 logk—1) <n> \/E%- (log T + log n)kpkﬂn_1 + p] <3
p n n

with P-probability at least

1 — e—\/ﬁ(log T+logn)+logT

— exp (—02 [{ (log T 4 logn)* log4(2n/p)} A {\/@logfl(2n/p)(logT + log n)l}] + log T>

> 1— e—logn—logT-HogT — e logn—logT+logT _ 1— 27’L_1.

Also, for any ¢ € I; and u € RP with |lul|2 =1,

2
E[(X;u)l® =2/~ E[(X;,u)l* =15.

Therefore, we have

3 >
SL.0)] < M || < 2\/> :
i sup [V L Oy < s e D[ —(3* )"
maxsup“V4Lt(9)|’O <max  sup E ‘XiTur

< <(3415)n=18n
te[T] peo P te[T] yere:|jull2=1 il
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with P-probability at least 1 —2n 1. By taking K/, = = (3+24/2/m)V 18 = 18, we complete

max

the proof. |

Proof [Proof of Proposition 31] Let

Q= { The three assertions in Proposition 38 hold uniformly for all ¢ € [T]},
Qo = {(206) and (207) hold with the constants .f(min, f(max and M},
Q3 = {(208) holds with the constant IN(r’nax}.

By Propositions 36, 38 and 39, we have
P(Q) >1—3n"" —6e /™ —2(Np)~,
P(Q) > 1 —4e ™™ —2(Np) ™,
P(Q3) >1—2n"L.
It follows that
P N QN Q3) >1—5n"" —10e™™/™ — 4(Np)~*

Let Q = Q1 NQ2N Q3. On Q, the assumptions in (A1), (Alx) and (A2) are satisfied when
Kunin, Kmax and M, are replaced by Kpin, (Kmax Vv K{nax V Ky V K3) and M, respectively.
Recall that

Konin = (10802517371 Ko VKL =18, M = 27v/30e5113/2,

max

By (EX), all conditions specified in Theorem 11, Propositions 36, 38 and 39 hold. There-
fore, the result of Proposition 31 follows from Theorem 11. |

Appendix H. Technical lemmas
H.1 General technical lemmas

In this subsection, assume we are given a function f : © — R that is four times continu-
ously differentiable. For § € ©, let Fg = —V2f(f), and assume Fy is nonsingular in this
subsection.

Lemma 40 For a given 0 € ©, suppose that f satisfies the third order smoothness at 0
with parameters (13, Fg,r). Then,

sup
0'€0(0,Fg,r)

—-1/2 —-1/2
F9 /FQIFG / —IpH2§7'3’l“.

Consequently, for every u € RP and 6’ € ©(0,Fg,r), we have
2

= [R5 < [R5 < ) 5%
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Proof For ¢ € ©(0,Fy,r), we have

L 3 e I A LV 2 Peate M)
2 ueRr:||u2=1
< sup sup ’(Fe_l/ngJth@_lﬂ -1, u®2>‘

heO(Fg,r) ueRP:||u|l2=1

= sup sup
he®(Fy,r) UERP:”’LL”Q:l

(Fonpa (57))

3 / —1/2 \®2
< sup sup (V°f(O+h), (Fe u) ® h)
h,h/ €O (Fg,r) u€RP:||ull2=1
(12) B 2
< sup sup T3 HFémFe 1/2uH2 HF;/QhH2 < 7371

he®(Fg,r) ueRr:|julla=1

This completes the proof. |

Lemma 41 Let 0, 5,5 €O andr = ||F9_1/2BH2. Suppose that f is concave and satisfies the
third order smoothness at 0 with parameters (13, Fg,4r). Assume further that
mar <1/16, Vf(0) =0, Vf(6)+B=0.
Then,
|2 @ -0, <o
Proof Let Oy, = ©(0,Fy,4r), Oy, = O(Fp,4r) and
000, = {0 c0:||[F;* (' —0)| = ar}.

Then, it suffices to prove that 0 e Og,-
For ' € O, let g(8') = f(0') + (B8,6). Then, Vg(f) = 0 and the map 6’ — g(¢') is
concave. By the concavity of g(-), for any 6’ € 05, we have

9(0) = wg(6") + (1 — w)g(0), (209)

where 0 =wh + (1 —w)f and w = 4r||Fglc/2(0’ —0)|5" € (0,1). One can easily check that
0 € 00¢,. At the end of this proof, we will show that

sup  ¢(8°) —g(6) < —2r% < 0. (210)
0°€00y.,

It follows that, for any 0’ € ©f ,

_ (209)

0>—2r% > 55D 9(6°) — g(z) > g(0) — g(z) > w[g(®)—g(0)] > g(&) — g(0),

115



LEg, CHOI AND CHAE

which implies that g e O,
To complete the proof, we only need to prove (210). Let 8° € 00y, and u = 6° — 6. By
Taylor’s theorem, there exists some u € g, such that

9(6°) — 9(0) = Vg(6) Tu+ L (V2g(0 + 1), u?)
= [Vf(0) + 8] Tu+ %(VQf(H +0),u®?) = BTu+ <V2f(0 + 1), u®?)

N
- [F;Wﬁ} Fy'u - 1<F9+aﬂ~b®2>

(e o], - g0 e, ) e,
< [7“ —2(1 — 4ryr) r] x dr, ( HF1/2 H - 47‘)
< —2r%
where the last inequality holds by 737 < 1/16. This completes the proof. |

Lemma 42 Let 0. € ©, F € SY, and r > 0 be given. Then, f satisfies the third and fourth
order smoothness at 6. with parameters (13, F,r) and (14, F, 1), respectively, where
= A\t (F)  sup [[VEf(6)

min Hop )

0€O(6c,F,r)
= Anin(F) sup VO], -
0€O(6c,F,r)
Proof Note that
3 ®3 ®3
sup  sup ‘(V f(@c—i—u)?,’z >| = sup sup V?’f(90+u),Z73
ueO(F,r) zERP |F1/2z2|); ueO(F,r) zERP | F1/22]|,

< )\mi{Q( F) sup sup ‘(V3f(9(;+u),z®3>‘
u€B(F,r) zERP:||z]|2=1
<NLCF) s [[VEF(0)

min Hop '

0O (0., F 1)
Also,
V(O +u), 2% o4
sup  sup ’< /( u)4z >| = sup sup V4f(9c+u),zi4
ueO(F,r) zeRP HF1/2ZH2 u€O(F,r) zeRP | F1/22H2
Apm(E) sup sup  [(VHF(Oc + u), 22|
u€B(F,r) zERP:||z]|2=1
< )\m?n(F) sup Hv4f(0)Hop’
0O (0c,F,r)
which completes the proof. |
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H.2 Technical lemmas for TV distance

Lemma 43 For uq, s € RP and Qq,Qs € SY,, let Q1 = N(ul,ﬂfl),QQ = N(MQ,QQ_I).
Suppose that

HQ;V?QlQQ‘W - IpH2 < 0.684.

Then,

1 1/2 2 ~1/2 ~1/2 2\ 2
o0 @009 < 3 [ g+ o P -3 1)

Proof By Pinsker’s inequality, we have

) 1/2
dy (Q1,Q2) < <2K(Q17Q2)) :

By the definition of KL divergence, K (Q1,Q2) is equal to

% [HQ}/? (p1 — MZ)Hz + tr (951/291951/2 _ Ip) — Jogdet <Q;1/291951/2) } .

1/2 1/2

Let (A;) e[y be eigenvalues of B = €2,
by

Q,9Q, /" —1I,. Then, the last display is represented

- [+ 3= 3200 -0 = 5 -+ 32
, , j=1

Jj=1 Jj=1

=l s+ @] = | o - 4

where the first inequality holds by max;cp, |A;| < 0.684. It follows that

1/2

1 V2o 1/2 2 2
dv (Q1,Q2) < §K(Q1>Q2) <5 HQ1 (11 — M2>H2 +IBllE|
which completes the proof. |

Lemma 44 For uq, s € RP and Q1,0 € SY,, let Q1 = N(ul,ﬂl_l),QQ = N(Mg,ﬂz_l).
Suppose that

dy (Q1,Q2) < 500"
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Let
e R R
Then,
A
= < =
5 < v (@1.Q2) < 2.
Proof See Theorem 1.8 in Arbas et al. (2023). [ |

H.3 Technical lemmas for eigenvalue analysis

Lemma 45 Suppose that (A0)-(A2) hold. Also, assume that
1/2 2
nzC @y 00— | (211)
on an event &, where C = C(Knin, Kmax) 5 a large enough constant. Then, on &,
1/2 X 1/2
|Fi 0, (00— 010) |, < V2|22 (00— o) (212)

Proof In this proof, we will work on the event & without explicitly mentioning it, and
assume C' = C(Kmin, Kmax) in (211) is large enough. By the definition of 6}, , we have

2
Eiy1Li11(00) — 5 H91/2 (I ,ut)H = Ery1Li41(00) < Ei1Lis1(6]4,)

2
=By 11 L1074 H91/2 1 — ,ut)H2
< Et+1Lt+1(9t+1)'

It follows that

2

" 1
Et+1Liy1(0341) — Erp1Lig1(00) > ) Hﬂtm (6o — 1) ) (213)

In this proof, we denote ©, 11 = O(6o, Fry16,, \/ﬁHQim(Qg — pt)]|2). For 6 € ©y, 441, we
have

16 = bolly < A (Frsn) V2|21 (60 — o)

(A2)

< (Kaunun) ™ 2V2 21 (00 — )| (1) 1

1

< —.
- 2
It follows that

@n7t+1 - {0 €0: He —(90”2 < 1/2}
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By Lemma 42 and (A2), E;y1L:11(0) satisfies the third order smoothness at 6y with pa-
rameters

(KmaxK;?n/z 2 Foii,, \/5"9%/2(90 - Mt)”2> .
We will prove (212) by contradiction. Suppose 0}, & Oy ¢41. Let
O N T T
For 0° € 00,, 141, we have
E11Li41(0°) — Egq1 L1 (00)

-
1 .
< <VEt+1Lt+1(9o)> (0° —00) — 5 inf

9€®7L,t+1

R0 o)

1. 1/2 2

b I )

2%&M er10(0” = o),
Lemma 40 2
2 (1 Kbl 00 - ) [

L it )3 ]

211) 1| _1/9 2
< -3 e - ﬂt>H2-
where the second equality holds by the definition of 90, ;1. Consequently, we have

1 2
Ev1 L (611) = Brpa Lo (60) < =3 || 94700 — o)

by the concavity of the map 6 — Eyyq1Li11(6), which contradicts to (213). This completes
the proof of (212). [ ]

Remark 46 The constant C in (211) can be chosen as

C=8K, V(8K K 2 +1

max min )

Lemma 47 Suppose that (A0)-(A2) hold. Also, on an event &, assume that |0} — 0o, <
1/4, and

~1/2 o |2 1/2 / px 2
n>C Ft+1,0;VEt+1Lt+l(0t) 9 V€2 (0F — pe) 9 (214)
for a large enough constant C' = C(Kmnin, Kmax). Then, on &,
1/2 X
|Fi e (01— 00)],

o 1/2
< HFm o VEr1Li i ( t)H2) Vv <2H9t/ CA _”t)Hz)'
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Proof In this proof, we work on the event & without explicitly referring it, and assume
C = C(Kmin, Kmax) in (214) is large enough. By the definition of 6}, ,, we have, for
te{0,1,...,T — 1},

Ett1L41(67) H91/2 (07 — Mt)H = Ey1L41(07) < By L (0714)

1 2 *
=K1 Li1(0741) — HQ / T — ) H2 < Epr1Le1(0540)-
It follows that
Ety1 L1054 1) — Eev1Lera (0F) > —3 Hﬂ%/z (07 — Mt)H2- (216)

Let
Ty = < HFt_,'_I{QG*VEt+1Lt+1(9;)H2> v <2 HQI}/2 (07 - Mt)Hz)

In this proof, we denote O, 11 = O(0;, Fi11,67,7¢). For 0 € Op 411, we have

12 L1, 21
||9 et HQ < )‘mm (Ft-&-lﬁ;‘)rt < (Kminn) e < 1
where the second inequality holds by ||0f — fpll2 < 1/4 and (A2). It follows that
@n,t+1 - {9 €0: H0 — 00”2 < 1/2} .
By Lemma 42 and (A2), E;y1L411(0) satisfies the third order smoothness at 6 with pa-
rameters

(KmaXK 3/2 _1/2 Ft—l—lﬂf, Tt)'

min
Next, we will prove (215) by contradiction. Suppose 6;, | ¢ O, ;41. Let

00nis1={0€0: |[Fi3 0 -0 =} (217)

For 0° € 00,, 111, Taylor’s theorem gives
Et1Lt41(0°) — Etg1Le41(67)

:
1.
< <VEt+1Lt+1(0f)> (6°—6;) — 5 in

2
FI/2 (6° -6
0€O, t+1 ( t)

t+1,0 )

12 0 o
Ft+1,9(‘9 _et) 9

.
— —-1/2 * 1/2 ° * 1 .
= (Rl Vet 0D ) Bl 0005 et

~1/2
Ft+1/9*VEt+1Lt+1(9f)

Lemma 40
| e

o),

1 3/2 _ 1/2 NI
- 5 (1 - Kmamem/ 1/2 ) HFtil 0F 9 - 915) 9
217 - N 1 _
= |:HFt—i-11/,29fVEt+1Lt+1(9t) 5 (1 ~ KoK *n 1/2”> rt] "

il L1 _ 1o
47"t 5 1 re|Te = 87‘t.
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Consequently,
* x 1 2 1/2 2
Et1Le41(0541) — Erp1 L1 (0f) < —g"t <73 HQ (07 — Mt)‘ ;
by the concavity of the map 6 +— E;11L;41(6), which contradicts to (216). This completes
the proof of (215). [ |

Lemma 48 Suppose that (A0)-(A2) hold. Let a € [1/2,1]. Also, assume that there exist
some constants Dy, Do, D3, Dy > 0 such that

[E2z 6 - 0|, < ot [FE (5~ 67)], < DMV,

HQE/Z (0 — Mt)H2 < D3sM, v/t 1ps, Amin (Ft,eg) > Dynt

(218)

on an event &. Assume further that, on &,

|FPauf 2 -1 < HFt;PF Folf -1 <
2 2

. 1
t.0: t,0 Het - 00”2 < 17 (219)

1
8 )
and

n > CMAt* 1p,, (220)
for a large enough constant C' = C(Kmin, Kmax, D1, D2, D3, Dy). Then, on &,

£ 02— 00

< KMut*=Y2 /s,
2
where K = K (D1, Dy, D3, Dy, Kin, Kmax)-

Proof In this proof, we work on the event & without explicitly referring it, and assume
that C' = C(Kwin, Kmax, D1, D2, D3, Dy4) in (220) is sufficiently large. Note that

t1/2(§t *Mt)HQ

\Hﬂﬁ - 6))

ot - ] < oG-
SHQUQF—UQH HF1/2 —1/2

, T HQ%/Q(@ — Mt)”2

t,0¢ t,0¢ t@;
1/2 1/2 1/2 1/2 ~—1/2 1/2 1/2 X
< ([ er g - n ) (1 R R s EL - 1],) [FiE G -],
[t
219
1/2 /2,5
HFt/G* —07) V (et_ﬂt)‘ )
(218)

2
< 5 |:D2Mn V t_lp* + §D3Mn V t_lp*:| < 3 (DQ \% D3) Mn V t_lp*-

Also, by Taylor’s theorem and VIE;;1L¢11(6p) = 0, we have
VEi41L41(07) = VEr41Le41(07) — VEry1Ler1(60) = —Fry1(07,00) (67 — o)
« 1/2531/2 o
—Fr1(07,00)F 5/ *Fy e (6 — o)
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where
Ft+1(9t790 / V Et+1Lt+1 (89 + (1 — 8)00) / V Lt+1 (89 + (1 - S)Ho)d

Note that sff + (1 — s)8p € O(0y,1,,1/2) for all s € [0,1] because ||0f — ||, < 1/4. It
follows that

H t+1/9*VEt+1Lt+1 (07) H = HFtH G*Ft+1(9t,90) t61*/2 %2 (05 — 69) H
AR Sy R
< )\mH{ (Ft+1,9;))\max(Ft+1(9t,90))>\m11r{2 (Fy, o; HF,}/f - 90)H2

218),(A2
FLE ) 2 () (Dant) (D101

= (KD Ko D1) (M=% /7).

min

Since
|00 = )||| < M/t RS VEG L (0)]|, < eaMut™ V2,

for some positive constants ¢; = ¢1(D2, D3) and ¢ = co(Kmnin, Kmax, D1, D4), combining
(220) and the assumption ||0f — 6p||2 < 1/4, we can utilize Lemma 47. Therefore, Lemma
47 gives

|Ei e (60— 80)

= (4t v, ) v (2ot @ -], )

which further upper bounded by

(4o Mt Y2 /5 V (201 M/t 1ps) < (261 + deo) Mut® 2 /s,

which completes the proof. |

H.4 Deviation bounds for (sub-) Gaussian random vectors

Lemma 49 For A € 8%, and B € S, let Z ~ N (0, A™') and Q = A~V2BA~1/2. Then,
for every w >0,

IP’< (BZ,Z) —tr ()] > 2|2|p vw + 2 HQ||2w> < 2ev.

Furthermore,
IP’( HB1/2ZH2 > Vi (Q) + /2 ||m|2w) <o,
Proof See Theorem B.4 in Spokoiny (2024). [ |
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Lemma 50 Let A € RP*P = 0, and Z = (Z;)"_; € R" ~ SubG(c?) be a random vector
whose components are independent with EZ = 0 Then, for every w > 0,

]P’((AZ, Z) > o? [tr (A) +2y/tr (A2)w +2 HAHQwD <ev.

Proof See Theorem 1 in Hsu et al. (2012). [ |

Lemma 51 Let Z ~N(0,1,) and A € S¥,. Then,
E(AZ, Z)* < (tr(A) + 3| All,)"

Proof See Theorem B.1 in Spokoiny (2024). [ |

Lemma 52 Let (Zi)z‘e[n] be i.i.d. copies of an isotropic and log-concave probability measure
on RP. Suppose thatn > p. Then, for any k > 2, there exists some constants K1 = K1 (k) >
1, K2 > 0 and K3 = K3(k) > 0 such that

n

X (Hzar —Er<zi,u>|’“)‘

sup
u€ERP:||ul|2=1 i—
9 k k/2 s
< K ts* 1 logh! (") \/Eju K2 Lk (ﬂ) C Vst>1
P n n 2n

with probability at least

1 — exp (—K2sy/p) — exp (-Kg{ [tQSQka log(%+=2) (i’:) ] A [tsl\/@logl (?) ] }) .

Proof See Proposition 4.4 in Adamczak et al. (2010). |

H.5 3-order Gaussian tensor analysis

For 6,4 € © and a three times differentiable function f : © — R, let

(V2£(6),u®?),

Rap(0,u) = f(0 +u) — F(0) — (VF(0),u) - %

Rap(0,u) = f(0 +u) = f(0) = (Vf(0),u)

. . (221)
LV I0), 45 — ST 0),u)
For a 3-order symmetric tensor T = (Tjj1); jrefp) € RP*P*P, let
T(u) = (T,u®), Ti= (Tye)jueR TR = D T
1,5,k €[p]

The following lemmas are from the Section B.7.1 in Spokoiny (2024). We reproduce
them here for the sake of readability and completeness of proof.

123



LEg, CHOI AND CHAE

Lemma 53 For a symmetric 3-order tensor T € RP*P*P et Z = (Z;);cpp) ~ N(0,1) and
M = (M;);c,)» where My = tr(T;). Then,

2
2 2 2
E(T(Z) —3(M, Z)) =6[T|p, ET*(Z)=6[Tls+9[M|.

Proof See Lemma B.32 in Spokoiny (2024). [ |

Lemma 54 For a symmetric 3-order tensor T € RP*P*P suppose that there exist some
F € 8%, and 3 > 0 such that

T(u) = (T,u®) < 73 |Ful, VYucRP.
Let Z ~ N(0,D7Y) for some D € SE, and V. =D~ /2FD~1/2. Then,
E{T(2)}?] <1573 V[, tr*(V)

Proof See Lemma B.36 in Spokoiny (2024). [ |

Lemma 55 For a three times differentiable function f : © — R and 6 € O, suppose that
[ satisfies the third order smoothness at ¢ with parameters (73, F,r), where F € S, and

73,7 > 0. Let Z ~ N(0,D71) for some D € SY, and V = D~Y2FD~Y2. Then, for a
random variable G with |G| < 1,

X2
’E (eX -1-X - 2> G’ < ge?’ exp(€?),

where
X =Ras(0.2)E [Rg,fw, 2)11@(1:,7«)(5)} e=n VY2

Proof Combining with Lemma B.42 in Spokoiny (2024), this lemma is a special case of
Lemma B.39 in Spokoiny (2024). The proof can be found therein. [ ]
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