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Abstract

Randomized clinical trials are the gold standard for analyzing treatment effects. However,
increasing costs and ethical concerns may limit trial recruitment, resulting in insufficient
sample sizes and potentially invalid inference. Incorporating external trial data with similar
characteristics (treatments, diseases, biomarkers, etc.) into the analysis appears promising
for addressing these issues. Transfer learning, which in our context utilizes external trials
as the source domain and current trials as the target domain, may offer a viable approach.
In this paper, we present a formal framework for applying transfer learning to the analysis
of clinical trials, considering three key perspectives: transfer algorithm, theoretical foun-
dation, and inference method. To cover broad types of randomized trials, we study this
problem under stratified randomization, or more generally, covariate-adaptive randomiza-
tion. For the algorithm, we adopt a parameter-based transfer learning approach to enhance
the lasso-adjusted stratum-specific estimator developed for estimating the treatment effect.
A key component in constructing the transfer learning estimator is deriving the regression
coefficient estimation within each stratum, accounting for the bias between source and
target data. To provide a theoretical foundation, we derive the convergence rate for the
estimated regression coefficients and subsequently establish the asymptotic normality for
the transfer learning estimator. Our results show that when external trial data resemble
current trial data, the sample size requirements can be reduced compared to using only
current trial data. Finally, we propose a consistent nonparametric variance estimator to
facilitate inference that is robust to model misspecifications and applicable to various com-
monly used randomization procedures. Numerical studies demonstrate the effectiveness
and robustness of our proposed estimator across various scenarios. Our study highlights
the potential of transfer learning in analyzing randomized clinical trials.
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ence; Transfer learning.
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1. Introduction

Randomization is the gold standard in clinical trials and other intervention studies, such
as online A/B tests and experiments in development economics. After randomization, a
treatment effect estimator that can provide valid inference should be constructed. However,
randomized clinical trials may suffer from rising costs, ethical concerns, and recruitment
difficulties, especially when the trial involves rare or life-threatening diseases. Consequently,
the inference may become invalid due to the lack of sufficient experimental units, i.e.,
patients enrolled in the trial. To solve this problem, data from external trials are encouraged
to assist in analyzing the current trial (Food and Administration, 2022). Including these
external data, such as historical control data or supplementary trials, may improve the
precision of estimates in the current trial (Pocock, 1976; Boatman et al., 2021; Liu et al.,
2022). The use of external trial data is most promising when the current trial and the
external trial share similar drugs, biomarkers, or treatment procedures. For example, when
analyzing the Covidicus trial, researchers leveraged external Recovery trial data to evaluate
the efficacy of dexamethasone, a common treatment in both trials, for critically ill COVID-
19 patients, although the Bayesian methods used may be sensitive to parametric model
settings (Chevret et al., 2022). The transferability induced by the similarities in study
characteristics provides a natural foundation for using transfer learning in these settings.

The recent development of transfer learning, especially in the field of statistics, offers
insights into incorporating external trial data into the analysis of current trial data. Transfer
learning (Torrey and Shavlik, 2010) uses information from similar source data to support
the analysis of target data. To date, transfer learning has been successfully applied in
many fields, such as natural language processing, computer vision, and epidemiology. Due
to its empirical success, transfer learning has received considerable attention in statistical
disciplines. For example, it has been studied in a variety of problems, such as classification
(Cai and Wei, 2021), nonparametric regression (Cai and Pu, 2024), and contextual multi-
armed bandits (Cai et al., 2024). Most relevant to our work, due to the availability of
a large number of baseline covariates in modern clinical trials, transfer learning, when
applied to high-dimensional problems, has been shown to improve the convergence rate of
regression coefficients compared to using only the target data (Li et al., 2022; Tian and Feng,
2023). Moreover, transfer learning can also improve estimation and inference accuracy in
the Gaussian graphical model (Li et al., 2023). These works inspire us to apply transfer
learning to estimating treatment effects in clinical trials, especially in a high-dimensional
setting.

While incorporating external trial data through transfer learning is conceptually intu-
itive, ensuring robust inference is pivotal for its acceptance in clinical trial practice, espe-
cially under covariate-adaptive randomization. Covariate-adaptive randomization is com-
monly used in clinical trials to produce a more balanced treatment allocation within strata
formed by covariates, such as stratified block randomization (Zelen, 1974) and minimiza-
tion method (Pocock and Simon, 1975). According to recent surveys, covariate-adaptive
randomization is implemented in about 80% of trials (Ciolino et al., 2019). The infer-
ence under covariate-adaptive randomization has been challenging due to the dependence
between treatment assignments. Various valid tests have been proposed for different alloca-
tion methods under model assumptions of the true data generation process (e.g., Ma et al.,
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2015, 2022b; Wang et al., 2023; Shao et al., 2010). In practice, the data-generating model
in clinical trials is usually unknown, which makes robust treatment effect estimation par-
ticularly important. Here, robustness means that the estimator can provide valid inference
even when the working regression models are misspecified. Recently, Bugni et al. (2018)
proposed robust treatment effect estimators based on several regression models adjusting
for strata variables, where the regression models can be misspecified. Subsequently, many
researchers have adjusted additional baseline covariates in the regression models to further
improve efficiency (Ma et al., 2022a; Liu et al., 2023; Ye et al., 2023, 2022; Gu et al., 2023).
Notably, under a high-dimensional setting, Liu et al. (2023) applied lasso regression to ob-
tain a lasso-adjusted stratum-specific treatment effect estimator, which is optimal among
the class of all regression-adjusted estimators. However, the validity of the stratum-specific
estimator requires sufficiently many units in each stratum to ensure the convergence of
the estimated projection coefficient, which may fail in high-dimensional settings, especially
when there are many small strata. One possible solution is to incorporate external data
through transfer learning to improve the estimation of the projection coefficient. For more
discussion on covariate-adaptive randomization and its inference, please refer to Section 1.1.

To fulfill our mission, challenges from three perspectives need to be tackled: trans-
fer algorithm, theoretical foundation, and inference method. Firstly, a transfer learning
approach must be tailored to the context of covariate-adaptive randomization to ensure
proper knowledge or feature transfer from the source (external trial) to the target (current
trial) data, without compromising the performance on the target task in terms of the ro-
bustness of treatment effect estimation. Secondly, providing theoretical guarantees that the
treatment effect estimation will benefit from transfer learning is crucial, given the depen-
dence in treatment assignments across experimental units resulting from covariate-adaptive
randomization. Finally, valid inference is critical for accurate treatment effect estimation.
In previous transfer learning studies, only the inference for individual components of regres-
sion coefficients was considered. We expect our transfer learning approach to produce valid
inference that is applicable to commonly used randomization methods and robust against
model misspecification.

In this paper, we propose a robust treatment effect estimator via transfer learning to
address the aforementioned issues. For the first challenge, we apply a parameter-based
transfer learning approach (Li et al., 2022) to enhance the lasso-adjusted stratum-specific
treatment effect estimator developed for covariate-adaptive randomization (Liu et al., 2023).
Importantly, this method also strengthens data privacy and security, which is crucial in
clinical trials due to the sensitivity of patient information. Specifically, we begin by using
lasso regression to obtain regression coefficients from the source data within each stratum.
We then correct the bias in these regression coefficients between the source and target data
by applying lasso regression to the target data. The target regression coefficient estimator
is obtained by adding the bias estimator to the source regression coefficient estimator.
Finally, the transfer learning-enhanced treatment effect estimator (referred to hereafter as
the transfer learning estimator for simplicity) is constructed by substituting the original
regression coefficients in the stratum-specific estimator with these bias-corrected target
regression coefficients.

In previous transfer learning frameworks, the units were typically assumed to be in-
dependent and identically distributed (i.i.d.). However, covariate-adaptive randomization
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imposes a complex dependence structure between covariates and treatment assignments,
leading to different strategies for obtaining l1 convergence rate of the target regression co-
efficient estimator. Specifically, we incorporate the coupling framework proposed by Bugni
et al. (2018, 2019) and prove the restricted strong convexity condition under covariate-
adaptive randomization to derive the l1 convergence rate. Under mild conditions, we show
that, when the source and target data are similar, the l1 convergence rate of the regression
estimators is faster than the convergence rate in Liu et al. (2023). This result leads to an
improvement in inference based on our proposed estimator, which requires fewer units in the
target data. Notably, our proposed estimator achieves optimal efficiency for a regression-
adjusted estimator under covariate-adaptive randomization with multiple treatments (Gu
et al., 2023).

Finally, we facilitate valid inference by developing a consistent nonparametric variance
estimator for the transfer learning estimator. In general, inference under transfer learn-
ing for high-dimensional data is non-trivial. However, thanks to our framework, we can
preserve robust inference for the treatment effect, avoiding negative transfer when incorpo-
rating source data. Moreover, the proposed inference procedure is widely applicable to a
broad class of covariate-adaptive randomization procedures. Additionally, the robustness of
our transfer learning approach can adapt to scenarios where the covariate distributions or
functional forms of data generation models may differ between the source and target data.

1.1 Related work

Covariate-adaptive randomization and its inference. Covariate-adaptive randomization aims
to provide more balanced treatment allocation with respect to baseline covariates. For exam-
ple, stratified block randomization (Zelen, 1974) defines sets of strata based on covariates
and allocates experimental units within each stratum using block randomization. Mini-
mization methods (Taves, 1974; Pocock and Simon, 1975) have been proposed to balance
covariates over their margins. This approach has been generalized to control various types of
imbalance measures, including overall and within-stratum imbalance measures (Hu and Hu,
2012; Hu et al., 2023). Other commonly used covariate-adaptive randomization approaches
include stratified biased coin design (Efron, 1971; Shao et al., 2010) and model-based ap-
proaches (Begg and Iglewicz, 1980; Atkinson, 1982). We refer readers to Rosenberger and
Lachin (2015) for a detailed discussion of these methods.

Our theoretical analysis of the inference for the regression-adjusted treatment effect
estimators is related to recent studies that have shown that under covariate-adaptive ran-
domization, regression-adjusted treatment effect estimators are valid for inference. Bugni
et al. (2018) proposed robust treatment effect estimators that are resistant to model mis-
specification with regression adjustment for stratification, which can produce valid inference.
With the inclusion of additional baseline covariates, stratum-common and stratum-specific
treatment effect estimators have been proposed to improve the efficiency of the estimators
(Ye et al., 2023, 2022; Ma et al., 2022a). Gu et al. (2023) showed that the stratum-specific
estimator could gain efficiency compared to the stratum-common estimator under multi-
ple treatments, regardless of whether the allocation ratios are the same across strata. In
high-dimensional settings, Liu et al. (2023) obtained the regression coefficient estimator
by lasso and replaced the original coefficient estimator in stratum-common and stratum-
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specific estimators to get lasso-adjusted estimators. Under regular conditions on sparsity,
they showed that the lasso-adjusted estimators could achieve the same efficiency as the
regression-adjusted estimators under two treatments. When the working model is correctly
specified to capture the true underlying relationship instead of a linear form, researchers
reach a theoretical guarantee for the efficiency gain if the function form is properly estimated
(Rafi, 2023; Bannick et al., 2025; Tu et al., 2024).

Transfer learning. Transfer learning is widely applied in many fields, such as computer
vision (Saenko et al., 2010; Donahue et al., 2014), natural language processing (Ruder et al.,
2019; Wolf et al., 2020), and biomedical analysis (Schweikert et al., 2008; Petegrosso et al.,
2017). We refer readers to Pan and Yang (2009); Weiss et al. (2016); Zhuang et al. (2020)
for comprehensive surveys on transfer learning. Based on the type of knowledge being trans-
ferred, transfer learning problems can be categorized into several subproblems: instance-
based, feature-based, parameter-based and relation-based problems (Pan and Yang, 2009).
Our paper focuses on the parameter-based problem as we transfer the regression coeffi-
cients from the source data to the target data. Due to its successful empirical performance,
transfer learning draws extensive attention in the statistics field. In addition to the work
we have mentioned, transfer learning has also been applied to statistical problems such as
high-dimensional quantile regression (Huang et al., 2022; Jin et al., 2024) and precision
medicine (Wu and Yang, 2023).

Bayesian historical borrowing. In many cases, historical trial data with settings similar
to the current trial data are available. Incorporating these historical data may improve
the precision of estimations in the current trial (Pocock, 1976). As the treatments usually
differ between trials, researchers mainly focused on using historical control data. How-
ever, differences in population distribution may lead to heterogeneity between the historical
and current data. Under the Bayesian framework, researchers proposed several methods
to address the issue, such as using power prior (Ibrahim and Chen, 2000; Ibrahim et al.,
2015), meta-analytic predictive prior (Schmidli et al., 2014) and hierarchical models (Neuen-
schwander et al., 2010; Hobbs et al., 2011). However, almost all existing Bayesian methods
depend on the choice of prior distributions and the parametric model assumptions, poten-
tially introducing bias and subjectivity into the statistical inference. Furthermore, previous
studies only used historical control data, ignoring the potential improvement from using
historical treatment data.

Combining clinical trial and observation study. Another source of external data is real-
world data, which primarily comes from observational studies, such as electronic health
records, disease registry databases, wearable devices, etc. Observational studies typically
have a much larger number of patients than clinical trials, which can empower the inference.
However, they have disadvantages such as selection bias and unmeasured confounding, which
may lead to biased estimates and identification problems for causal effects (Rubin, 1972;
Colnet et al., 2024; Dahabreh and Bibbins-Domingo, 2024). Therefore, researchers have
focused on effectively combining observational studies with clinical trials to leverage their
respective strengths and compensate for weaknesses. For example, the integration can
enhance the generalizability of clinical trials (Stuart et al., 2011; Dahabreh et al., 2020; Lee
et al., 2023), help identify complex causal effects in observation studies (Athey et al., 2020;
Jung et al., 2023; Jung and Bellot, 2024), improve estimation efficiency of treatment effect
heterogeneity (Kallus et al., 2018; Yang et al., 2023, 2025; Wu and Yang, 2022), and identify
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optimal individual regimes (Wu and Yang, 2023; Chu et al., 2023). For more discussion on
combining randomized trials and observational studies, please refer to Colnet et al. (2024).

1.2 Paper outline

The remainder of this paper is organized as follows. Section 2 introduces the framework
and notations for covariate-adaptive randomization. Before the main results, we general-
ize the lasso-adjusted treatment effect estimator for multiple treatments in Section 3. In
Section 4, we develop our transfer learning algorithm and the asymptotic properties of the
proposed transfer learning estimator. We propose nonparametric variance estimators for
valid inference in Section 5. Simulation results are in Section 6. Section 7 provides a clinical
trial example, and Section 8 summarizes our discussion. The Appendix includes a notation
table, general asymptotic results for the regression-adjusted estimator, proofs of the main
theorems, and additional simulations.

2. Framework and notation

We start by introducing a covariate-adaptive randomization procedure with n units. Sup-
pose that the treatment a takes values in the set A = {1, 2, . . . , A}. Let a = 0 be the control
group and A0 = A∪ {0}. Let Ai be the indicator variable, such that Ai = a indicates that
the ith unit is assigned to the ath treatment. Let na =

∑n
i=1 I(Ai = a) be the number

of units in each treatment group, where I(·) is the indicator function. Let Bi denote the
stratum label, which takes values in K = {1, 2, . . . ,K}. Here, K represents the total num-
ber of strata, which is fixed and finite. Define Xi = (Xi1, . . . , Xip)

T as the p-dimensional
additional baseline covariates not used in the randomization procedure. We consider a high-
dimensional setting where p tends to infinity as n goes to infinity. Let p[k] = pr(Bi = k) > 0
be the expected proportion of stratum k and π[k]a = pr(Ai = a | Bi = k) be the expected
proportion of treatment a in stratum k. Let n[k] =

∑n
i=1 I(Bi = k) be the number of units

in stratum k and n[k]a =
∑n

i=1 I(Ai = a,Bi = k) be the number of units in stratum k and
treatment group a. Let pn[k] = n[k]/n be the estimated proportion of stratum k.

We use the Neyman-Rubin model to define potential outcomes and treatment effects
(Neyman, 1923; Rubin, 1974). Let {Yi(a), a ∈ A0} be the potential outcomes and Yi =∑

a∈A0
I(Ai = a)Yi(a) be the observed outcomes. Let {Wi}ni=1 = {Yi(0), . . . , Yi(A), Bi, Xi}ni=1

be independent and identically distributed (i.i.d.) samples from the population distribu-
tion W = {Y (0), . . . , Y (A), B,X}. Our goal is to estimate the treatment effect τa =
E{Yi(a)− Yi(0)} for all a ∈ A.

In the context of transfer learning, in addition to the observations {Yi, Xi, Ai, Bi}ni=1

from the target population, we also have external trial data as source data. The treatments

and the range of stratum labels in the source data are denoted as A(s)
0 and K(s). Let

{W (s)
i }n(s)

i=1 = {Y (s)
i (0), . . . , Y

(s)
i (A), B

(s)
i , X

(s)
i }n(s)

i=1 be n(s) i.i.d. samples from the source
data population W (s) = {Y (s)(0), . . . , Y (s)(A), B(s), X(s)}, which is independent of W and

(A1, . . . , An). Similarly, the notations for source data are superscripted by (s), such as n
(s)
[k]

indicates the number of units in stratum k in source data.

We denote the set of random variables with at least one positive stratum-specific variance
as R2 = {V : maxk∈K var(V |Bi = k) > 0}. Also, we assume that the stratum-specific
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covariance matrix

Σ[k]XX = E[{Xi − E(Xi|Bi = k)}{Xi − E(Xi|Bi = k)}T|Bi = k], k = 1, 2, . . . ,K,

is strictly positive definite. The following assumptions are made for the target data gener-
ation and covariate-adaptive randomization procedures.

Assumption 1 E{Y 2
i (a)} < ∞ and Yi(a) ∈ R2, for all a ∈ A0. {Xi}ni=1 are uniformly

bounded by a constant, which means that there exists a constant M independent of n, such
that maxi=1,...,n;j=1,...,p |Xij | ≤ M .

Assumption 2

1. Conditional on {B1, . . . , Bn}, {A1, . . . , An} is independent of {Yi(0), . . . , Yi(A), Xi}ni=1.

2. n[k]a/n[k]
P→ π[k]a as n → ∞, for all a ∈ A0 and k ∈ K.

The assumptions are similar to those proposed in Gu et al. (2023). The difference from
Assumption 1 is that Xi is high-dimensional, so we assume that Xi is uniformly bounded,
as motivated by Liu et al. (2023). This assumption may be stringent for Xi; however, it
helps relax the requirements for the approximation error between the potential outcomes
and the working model.

Assumption 2.1 requires that given the stratification Bi, treatment assignment Ai is
conditionally independent of both the potential outcomes and covariates. Assumption 2.2
further requires that, in each stratum, the observed allocation proportion converges to the
pre-specified target proportion. Assumption 2 is guaranteed by the mechanism of several
well-known covariate-adaptive randomization methods, including stratified block random-
ization (Zelen, 1974) and stratified biased-coin randomization (Shao et al., 2010), and has
been frequently used in recent studies on inference under covariate-adaptive randomization
(Bugni et al., 2019; Ma et al., 2022a; Ye et al., 2022). Assumption 2.1 also guarantees the
identification of the treatment effect, which is detailed in Remark 3. When π[k]a is identical
across strata, Pocock and Simon’s minimization (Pocock and Simon, 1975) also satisfies
this assumption (Hu et al., 2023). Assumption 2 is also satisfied by simple randomization
and permuted block randomization. Together with covariate-adaptive randomization, these
designs account for approximately 90% of clinical trials (Ciolino et al., 2019).

These assumptions may fail in certain cases. Assumption 2.1 may be violated under
treatment contamination or noncompliance (Sussman and Hayward, 2010; Huang, 2018),
where patients do not receive the treatment to which they were randomized. Assumption
2.2 may not hold due to limited sample sizes in each stratum, for example, when a study
site with many levels is used for stratification. Extending the results of this paper to these
cases is beyond its scope and left for future research.

We impose similar assumptions on the source data; see Assumption 10 for details. Next,
we introduce some notations. Let ri(a), for i = 1, 2, . . . , n, a ∈ A0, be a transformed
outcome, such as potential outcomes Yi(a), covariates Xi or their linear combinations. Also,
we denote r̃i(a) = ri(a)−E{ri(a)|Bi}. The sample means of the transformed outcomes are
defined as r̄a = (1/na)

∑n
i=1 I(Ai = a)ri(a), r̄k = (1/n[k])

∑n
i=1 I(Bi = k)ri(a) and

r̄[k]a = (1/n[k]a)
∑n

i=1 I(Ai = a,Bi = k)ri(a). The population variance of a transformed
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outcome ri(a) is denoted as σ2
r(a). We define σ2

[k]r(a) = var{ri(a) | Bi = k} as the population

variance of a transformed outcome in stratum k. Let ∥·∥1 denote the l1-norm of a vector. To
enhance the clarity, we present a notation table (Table 3) in the Appendix A to summarize
the frequently used notations in this paper.

Remark 3 Based on Assumption 2.1, conditional on the stratum variable Bi, the treatment
assignment Ai is independent of the potential outcomes. This condition implies that, within
each stratum Bi = k, the conditional expectation of the observed outcome under treatment
a equals the conditional expectation of the corresponding potential outcome:

E[Yi(a)|Bi = k] = E[Yi(a)|Ai = a,Bi = k] = E[Yi|Ai = a,Bi = k].

Consequently, the treatment effect for each treatment a ∈ A can be identified by taking the
expectation over Bi as

τa = E[E{Yi(a)|Bi}]− E[E{Yi(0)|Bi}]
= E[E{Yi|Ai = a,Bi}]− E[E{Yi|Ai = 0, Bi}]

=
K∑
k=1

p[k][E{Yi|Ai = a,Bi = k} − E{Yi|Ai = 0, Bi = k}].

3. Lasso-adjusted estimator under multiple treatments

The stratum-specific estimator under multiple treatments has been discussed in Gu et al.
(2023). This estimator can guarantee an efficiency gain among the estimators they consid-
ered, regardless of whether the target allocation ratios across strata are the same or different.
However, the OLS estimator does not work well in high-dimensional settings due to overfit-
ting. Therefore, selecting covariates or some forms of regularization should be considered,
such as lasso (Tibshirani, 1996). Liu et al. (2023) considered the stratum-specific lasso-
adjusted treatment effect estimator and derived its asymptotic normality when there are
two treatments. In this section, we generalize the stratum-specific lasso-adjusted treatment
effect estimator to multiple treatments and derive its asymptotic normality.

We define the stratum-specific projection coefficient β[k]proj(a) as

β[k]proj(a) = arg min
β∈Rp

E([{Yi(a)− E(Yi(a)|Bi = k)} − {Xi − E(Xi|Bi = k)}Tβ]2|Bi = k).

The stratum-specific lasso-adjusted vectors can be calculated as

β̂[k]lasso(a) = arg min
β∈Rp

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi − Ȳ[k]a − (Xi − X̄[k]a)
Tβ}2 + λ[k]a∥β∥1,

where λ[k]a > 0 is a regularization parameter controlling the strength of the l1 penalty.
Therefore, the treatment effect estimator for each treatment a is

τ̂lasso,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k]lasso(a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k]lasso(0)}

]
,
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and the stratum-specific lasso-adjusted treatment effect estimator is

τ̂lasso = (τ̂lasso,1, τ̂lasso,2, . . . , τ̂lasso,A)
T.

To investigate the performance of τ̂lasso, we define the transformed outcome ri,proj(a) =
Yi(a)−XT

i β[k]proj(a), for i ∈ [k], Ai = a. Here i ∈ [k] means that unit i belongs to stratum
k. Let βj,[k]proj(a) be the jth element of β[k]proj(a) and S[k] =

⋃
a∈A0

{j ∈ {1, . . . , p} :
βj,[k]proj(a) ̸= 0} be the union of the support of β[k]proj(a) for all a ∈ A0. Also, let s[k] = |S[k]|
be the number of relevant covariates in stratum k. We make the following assumptions
within each stratum to obtain the l1 convergence rate of vectors β̂[k]lasso(a).

Assumption 4 The minimum eigenvalue of the stratum-specific covariance matrix Σ[k]XX

is Λmin,[k] and Λmin,[k] ≥ κl > 0, where κl is a constant independent of n.

Assumption 5 There exist constants cλ[k] > 0, cM > 1, and a sequence Mn[k] in n for
each stratum k such that Mn[k] → ∞ with Mn[k]s

2
[k](log p)

2/n → 0, k = 1, 2, . . . ,K. Then
the tuning parameters λ[k]a belong to the interval[

4

(
cλ[k]p[k]Mn[k]

π[k]a

)1/2( log p

n

)1/2

, 4cM

(
cλ[k]p[k]Mn[k]

π[k]a

)1/2( log p

n

)1/2
]
.

Assumption 4 ensures that, within each stratum, the stratum-specific covariance ma-
trix Σ[k]XX is positive definite with eigenvalues bounded away from zero. This prevents
perfect collinearity among covariates and guarantees that stratum-specific estimators based
on Σ−1

[k]XX are well-defined and stable. Meanwhile, it implies that the sample-version re-
stricted eigenvalue condition holds with probability tending to one when n → ∞, a typical
assumption for obtaining l1 convergence rate of the lasso under high-dimensional sparse
linear regression models (e.g., Zhang and Huang, 2008; Huang et al., 2009; Meinshausen
and Yu, 2009; Negahban et al., 2009). Assumption 4 closely resembles Assumption 4 in Liu
et al. (2023), with minor modifications, as they require a restricted eigenvalue condition
for Σ[k]XX , whereas we assume full positive definiteness to ensure well-conditioning in all
directions, including those induced by the source data. Assumption 4 is also commonly
used in transfer learning settings (Li et al., 2022; Tian and Feng, 2023).

Assumption 5 specifies a range for the lasso tuning parameters λ[k]a in each stratum.
Intuitively, it ensures that λ[k]a is large enough to control estimation error for sparse high-
dimensional regression, but not so large as to overly shrink important coefficients, leading to
the requirement that the tuning parameter be of the order of approximately {(log p/n)}1/2.
It is a standard condition in high-dimensional analysis (Bickel et al., 2009; Bühlmann and
van de Geer, 2011). It may only be restrictive in extremely dense or ultra-high-dimensional
settings. An additional sequence Mn[k], which diverges slowly in n for each stratum k
(e.g., Mn[k] = log log n), is introduced to relax the condition on the transformed outcome
ri,proj(a), thereby ensuring the robustness of our estimator. The scaling with s[k], p, and n
guarantees consistent and reliable estimation as the sample size increases, which is essential
for valid high-dimensional inference (van de Geer et al., 2014).
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Let 1A denote an A-dimensional vector with ones and m[k](a) = E[Yi(a)|Bi = k] −
E[Yi(a)]. The asymptotic variance of τ̂lasso depends on the following quantities:

VHỸ =
∑
k∈K

p[k]
(
m[k](a)−m[k](0) : a ∈ A

)
×
(
m[k](a

′)−m[k](0) : a
′ ∈ A

)T
,

Vr̃proj =
∑
k∈K

p[k]

π[k]0
σ2
[k]r̃proj(0)

1A1
T
A + diag

{∑
k∈K

p[k]

π[k]a
σ2
[k]r̃proj(a)

: a ∈ A

}
,

VX̃ =
{∑

k∈K
p[k]{β[k]proj(a)− β[k]proj(0)}TΣ[k]XX{β[k]proj(a′)− β[k]proj(0)} : (a, a′) ∈ A×A

}
.

We assume that Vr̃proj , VX̃ have finite limits and the limit of Vr̃proj + VX̃ + VHỸ , denoted by

Vproj, is positive. The following theorem establishes the l1 convergence rate of β̂[k]lasso(a)
and the asymptotic normality of τ̂lasso.

Proposition 6 Under Assumptions 1–5, if ri,proj(a) ∈ R2, E{r2i,proj(a)} < ∞ for a ∈
A0, then ∥β̂[k]lasso(a) − β[k]proj(a)∥1 = Op[s[k](Mn[k](log p)/n)

1/2], for k ∈ K and a ∈ A0.
Moreover,

√
n(τ̂lasso − τ)

d→ N(0, Vproj).

Remark 7 A general theory in Liu et al. (2023) can guarantee the asymptotic normality
for the regression-adjusted estimator as long as

√
n(X̄[k]1 − X̄[k]0)

T{β̂[k](a)− β[k](a)} = op(1), for a = 0, 1,

is satisfied for some vector β[k](a) and its estimator β̂[k](a). Under this condition, a regression-
adjusted treatment effect estimator is asymptotically normal with mean τ = τ1 − τ0. There-
fore, the crucial step for proving the asymptotic normality is to derive the l1 convergence
rate of the lasso-adjusted vectors. We prove our result by generalizing the existing theory to
settings with multiple treatments.

Remark 8 The unadjusted estimator was studied in Bugni et al. (2019), which is

τ̂ben,a =
∑
k∈K

pn[k](Ȳ[k]a − Ȳ[k]0), for a ∈ A,

and

τ̂ben = (τ̂ben,1, τ̂ben,2, . . . , τ̂ben,A)
T.

To improve the efficiency, Gu et al. (2023) proposed a stratum-specific treatment effect
estimator using linear regression in each stratum and treatment. Our proposed lasso-adjusted
estimator shares the same asymptotic covariance matrix as the stratum-specific estimator,
which had been certified to gain efficiency compared with the unadjusted estimator in Gu
et al. (2023). This estimator will be used as the benchmark estimator in the numerical
studies in Sections 6 and 7.
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Remark 9 Building upon the efficiency gain from the regression-adjusted estimator in Re-
mark 8, the interpretability of the lasso adjustment in our high-dimensional framework is
tied to the estimation of the sparse projection coefficient. Specifically, estimating this par-
simonious linear representation enables the estimator to achieve the efficiency gains. In
Appendix E.2, we conduct a corresponding interpretability study to demonstrate that the
proposed method can select relevant baseline variables to improve efficiency.

4. Transfer learning for treatment effect estimation

4.1 Context and algorithm

The validity of the stratum-specific estimator requires a sufficient number of units in each
stratum, which may fail in high-dimensional settings, especially when there are many small
strata. To obtain valid inference, we use transfer learning by leveraging source data in the
estimation. In this paper, we consider the scenario where only one source dataset is used
in the transfer learning algorithm. If multiple candidate source datasets exist, the one with
the highest similarity to the target data may be pre-selected. In practice, this could be
achieved through expert knowledge or data-driven methods. See Section 8 for a discussion
on cases involving multiple source datasets. We make the following assumptions about the
source data.

Assumption 10

1. X
(s)
i is a p-dimensional vector, A(s)

0 = A0, and K(s) = K.

2. Source data {W (s)
i }n(s)

i=1 satisfy Assumption 1. In details, E
[
{Y (s)

i (a)}2
]
< ∞ and

Y
(s)
i (a) ∈ R2, for all a ∈ A(s)

0 . {X(s)
i }n(s)

i=1 are uniformly bounded by a constant, which

means that there exists a constant M independent of n(s) such that maxi=1,...,n(s);j=1,...,p |X
(s)
ij | ≤

M .

3. The randomization procedure satisfies Assumption 2. In details, conditional on {B(s)
1 , . . . , B

(s)

n(s)},
{A(s)

1 , . . . , A
(s)

n(s)} is independent of {Y (s)
i (0), . . . , Y

(s)
i (A), X

(s)
i }n(s)

i=1 .

4. n
(s)
[k]a/n

(s)
[k]

P→ π
(s)
[k]a as n(s) → ∞, for all a ∈ A(s)

0 and k ∈ K(s).

Assumption 10.1 requires that the source and target data share the same set of treat-
ments and stratum labels. Specifically, having the same treatments may indicate that the
two trials use the same drugs or closely related ones, such as drugs targeting the same
biomarker. Likewise, having the same stratum labels means that both trials use the same

covariates for stratification in the randomization process. We allow the distribution of X
(s)
i

to differ from that of Xi, which ensures that our theoretical results remain applicable under
covariate shift. Assumption 10.2 is the same as Assumption 1. The upper bound M is uni-
form across both source and target data. The covariate-adaptive randomization procedure
depends on Assumption 10.3 and 10.4. Here we allow the randomization procedures in the

two clinical trials to be different, as π
(s)
[k]a may not be equal to π[k]a.

11
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Before presenting the formal algorithm, we define the key ingredients in the transfer

learning procedure. Let β
(s)
[k]proj(a) denote the stratum-specific projection coefficient in the

source data, defined by

β
(s)
[k]proj(a) = arg min

β∈Rp
E

(
[{Y (s)

i (a)−E(Y
(s)
i (a)|B(s)

i = k)}−{X(s)
i −E(X

(s)
i |B(s)

i = k)}Tβ]2|B(s)
i = k

)
.

The bias induced by using the source data is defined as the difference between the target
and source projection coefficients, which is given for each stratum k by

δ[k](a) = β[k]proj(a)− β
(s)
[k]proj(a).

Our transfer learning algorithm is implemented in a stratum-wise manner. Within each
stratum, we adopt the two-stage idea of Li et al. (2022), first leveraging information from the
source data and then using the target data to correct for bias. Following this overview, we

formally present the algorithm in Algorithm 1. In Algorithm 1, we first estimate β̂
(s)
[k]proj(a)

using the source data in each stratum k

β̂
(s)
[k]proj(a) = arg min

β∈Rp

1

n
(s)
[k]a

n(s)∑
i=1

I(A
(s)
i = a,B

(s)
i = k){Y (s)

i −Ȳ
(s)
[k]a−(X

(s)
i −X̄

(s)
[k]a)

Tβ}2+λ
(s)
[k]a∥β∥1,

and then obtain the bias estimator δ̂[k](a) from the target data in each stratum k

δ̂[k](a) = arg min
δ∈Rp

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi−Ȳ[k]a−(Xi−X̄[k]a)
T(β̂

(s)
[k]proj(a)+δ)}2+λ[k]a∥δ∥1.

Combining these two estimators, we define

β̂[k]tl(a) = δ̂[k](a) + β̂
(s)
[k]proj(a),

and the transfer learning estimator for each treatment a ∈ A is then given by

τ̂tl,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k]tl(a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k]tl(0)}

]
,

and the transfer learning estimator is

τ̂tl = (τ̂tl,1, τ̂tl,2, . . . , τ̂tl,A)
T.

Remark 11 Even when two trials evaluate the same drug or target the same biomarker,
treatment effects may still differ, for example, because of differences in patient populations
and in how the trials are conducted. We capture such differences using the projection coeffi-
cients estimated from each dataset, with δ[k](a) quantifying the discrepancy between the two
domains. This approach, which has been used in recent transfer learning studies (e.g., Li
et al., 2022; Tian and Feng, 2023), allows us to borrow information from the source data
to improve the estimation of β[k]proj(a), particularly when the target sample size is small.
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Remark 12 When using multiple datasets, the identification of treatment effects becomes
more challenging, as it relies on causal transportability across different experimental do-
mains (Jung et al., 2023; Jung and Bellot, 2024). This issue does not arise in our setting,
as our transfer learning algorithm focuses on the treatment effects in the target trial, whose
identification is directly ensured by the covariate-adaptive randomization procedure.

Algorithm 1: Transfer learning algorithm for treatment effect estimation under covariate-adaptive
randomization

1. Perform lasso regression on source data in each corresponding stratum k and treatment a.
The coefficient estimators are derived by

β̂
(s)
[k]proj(a) = arg min

β∈Rp

1

n
(s)
[k]a

n(s)∑
i=1

I(A
(s)
i = a,B

(s)
i = k){Y (s)

i − Ȳ
(s)
[k]a − (X

(s)
i − X̄

(s)
[k]a)

Tβ}2 + λ
(s)
[k]a∥β∥1.

2. Perform lasso regression on the bias δ using target data.

δ̂[k](a) = arg min
δ∈Rp

1
n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi − Ȳ[k]a − (Xi − X̄[k]a)
T(β̂

(s)
[k]proj(a) + δ)}2 + λ[k]a∥δ∥1.

3. Derive the coefficient estimator β̂[k]tl(a) = δ̂[k](a) + β̂
(s)
[k]proj(a).

4. Impute the coefficient estimators into the treatment effect estimator for each a ∈ A:

τ̂tl,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k]tl(a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k]tl(0)}

]
,

and the transfer learning estimator is
τ̂tl = (τ̂tl,1, τ̂tl,2, . . . , τ̂tl,A)

T.

4.2 Theoretical results

We consider δ[k](a) by its l1 norm such that

max
k∈K, a∈A0

∥δ[k](a)∥1 ≤ h.

Here we use all components to evaluate the bias as the source data may have different
supports from the target data. Recall that the transfer learning estimator for each treatment
a is

τ̂tl,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k]tl(a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k]tl(0)}

]
,

and the transfer learning estimator is

τ̂tl = (τ̂tl,1, τ̂tl,2, . . . , τ̂tl,A)
T.

To derive the asymptotic behavior of τ̂tl, we first obtain the l1 convergence rate of β̂[k]tl(a).
Even though a similar result has been derived in Li et al. (2022), it is not sufficient as
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they assumed that the observations are independent, while our treatment assignments have
dependency due to covariate-adaptive randomization. Consequently, their findings do not
directly apply to our setting. To overcome this limitation, we incorporate the coupling
framework proposed by Bugni et al. (2018) and derive the restricted strong convexity con-
dition under covariate-adaptive randomization, which is detailed in Lemmas 30 and 31 in
the Appendix C. The following assumptions are made for source data to reach our results.

Assumption 13 The minimum eigenvalue of stratum-specific covariance matrix Σ
(s)
[k]XX is

Λ
(s)
min,[k] and Λ

(s)
min,[k] ≥ κl > 0.

Assumption 14 There exist constants c
(s)
λ[k] > 0, c

(s)
M > 1 and a sequence M

(s)
n[k] → ∞ with

M
(s)
n[k]s

2
[k](log p)

2/n(s) → 0, k = 1, 2, . . . ,K, such that the tuning parameters λ
(s)
[k]a belong to

the interval4
c

(s)
λ[k]p

(s)
[k]M

(s)
n[k]

π
(s)
[k]a

1/2(
log p

n(s)

)1/2

, 4cM

c
(s)
λ[k]p

(s)
[k]M

(s)
n[k]

π
(s)
[k]a

1/2(
log p

n(s)

)1/2

 .

Assumptions 13 and 14 are the source data versions of Assumptions 4 and 5 respectively.

M
(s)
n[k] is the same sequence as Mn[k] but with n(s) elements. The following theorem shows

the l1 convergence rate of β̂[k]tl(a).

Theorem 15 Suppose that Assumptions 1–4 and 10–14 hold, and that h < s[k]
√
log p/n,

n(s) ≫ n, h(log p/n(s))1/2 = o(1), and the tuning parameters λ[k]a belong to the interval[
4

(
cλ[k]p[k]Mn[k]

π[k]a

)1/2( log p

n

)1/2

, 4cM

(
cλ[k]p[k]Mn[k]

π[k]a

)1/2( log p

n

)1/2
]
, k = 1, . . . ,K,

where Mn[k] → ∞ with Mn[k]/n → 0. When ri,proj(a) ∈ R2 and E{ri,proj(a)}2 < ∞ for
a ∈ A0, we have

∥β̂[k]tl(a)− β[k]proj(a)∥1 = Op

s[k]

√√√√M
(s)
n[k] log p

n+ n(s)
+ h

 .

Theorem 15 establishes the l1 convergence rate of β̂[k]tl(a) under mild regularity con-
ditions for k ∈ K, a ∈ A0. We highlight the advantages of our transfer learning method
when a large amount of source data is available and there is sufficient similarity between
the two datasets. Specifically, when the source and target data are similar, in the sense
that h < s[k]

√
log p/n, Theorem 15 shows that the convergence rate is nearly

Op[s[k]{M
(s)
n[k](log p)/(n+ n(s))}1/2].

This result implies that our method allows for less sparsity in the target model compared
with the lasso-adjusted estimator τ̂lasso defined in Section 3, whose corresponding coefficient
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estimator has l1 convergence rate Op[s[k]{Mn[k](log p)/n}1/2] as shown in Proposition 6.

The conditions for achieving this improvement are n(s) ≫ n and h < s[k]
√
log p/n. These

conditions can be satisfied when the source data has a large number of observations and is
similar to the target data. The similarity requirement h < s[k]

√
log p/n ensures that the

heterogeneity between the source and target data is smaller than the l1-convergence rate of
applying lasso based on the target data alone. In this regime, transfer learning can improve
estimation accuracy; otherwise, when the similarity requirement does not hold, even if
n(s) ≫ n, the l1 estimation error may increase. To make the results more informative,
Appendix D.2 provides both the theoretical bounds and the corresponding finite-sample
performances under varying h, demonstrating the convergence results from both theoretical
and empirical perspectives. Meanwhile, the convergence rate and the sparsity condition
are similar to the Oracle Trans-Lasso estimator in Li et al. (2022) except for a sequence

M
(s)
n[k]. This sequence plays as the cost to relax the conditions on the transformed outcome

ri,proj(a). M
(s)
n[k] can grow very slowly such that M

(s)
n[k]/n

(s) approaches zero when n(s) is

large enough, for example, M
(s)
n[k] = log log n(s). Therefore, the main requirement on the

tuning parameter λ
(s)
[k]a is of the order O{(log p/n(s))1/2}.

Now, we can obtain the asymptotic behavior of τ̂tl.

Theorem 16 Suppose that Assumptions 1–4, and 10–14 hold, and that h < s[k]
√

log p/n,

n(s) ≫ n, h(log p)1/2 = o(1), and the tuning parameters λ[k]a satisfy the condition in Theo-
rem 15. When ri,proj(a) ∈ R2 and E{ri,proj(a)}2 < ∞ for a ∈ A0, we have

√
n(τ̂tl − τ)

d→ N(0, Vproj).

We compare the result in Theorem 16 with the result in Proposition 6 for lasso. The

requirement on the sparsity s[k] is relaxed to s[k] log p = o(
√
n(s)/M

(s)
n[k]), when n(s) ≫ n,

h < s[k]
√

log p/n. This result allows fewer units in the target data, especially when many
strata exist and a small number of units exist in each stratum. Also, in typical high-
dimensional regression models, the valid inference requires s[k] log p ≪

√
n. In Theorem 16,

s[k] can be greater than
√
n and of order o(

√
n(s)).

Remark 17 It is worth noting that, although the proposed framework naturally bridges
covariate-adaptive randomization and transfer learning, several additional challenges arise
when establishing its theoretical properties. In particular, the adaptive procedure induces
dependence among units, complicating the derivation of asymptotic results in the transfer
learning setting. To address this issue, we generalize the coupling method proposed in Bugni
et al. (2018, 2019) to include high-dimensional covariates Xi alongside outcomes Yi, thereby
accounting for the joint dependence structure inherent in covariate-adaptive randomization.
Moreover, robustness analysis becomes substantially more difficult than in standard single-
domain problems, since our estimator must remain valid even when the working models in
either the source or the target domain, or both, are misspecified. These challenges reflect
the additional technical considerations required in our framework, as existing approaches
often assume correct model specification in at least one domain (Li et al., 2022; Tian and
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Feng, 2023). To this end, we establish a generalized restricted strong convexity condition
that accommodates model misspecification in either the source or target domain, or both.
This condition provides the theoretical foundation for establishing the l1-convergence rate
and asymptotic normality results in Theorems 15 and 16. To validate these theoretical
derivations, we provide an empirical verification of the restricted strong convexity condition
in Appendix D.4 under our assumptions.

Remark 18 Theorems 15 and 16 hold under Assumptions 1 and 10 regarding the uniform
boundedness of Xi and Assumptions 4 and 13 concerning the strictly positive definite popu-
lation covariance matrix Σ[k]XX . The boundedness assumption is naturally justified in clin-
ical settings because biological indicators such as age and blood pressure reside within finite
ranges. Regarding the positive definiteness, this condition is guaranteed by the selection of
non-redundant covariates by clinical experts and the subsequent removal of highly correlated
features during data pre-processing. These procedures ensure that the chosen covariates are
informative and avoid perfect multicollinearity.

Remark 19 We discuss the conditions on h in Theorem 16. The typical condition for the
inference using the debiased lasso (Zhang and Zhang, 2014) is s[k] log p = o(

√
n), which leads

to h being of order o(1/
√
log p). Meanwhile, the larger s[k] is, the weaker the conditions on

h. The condition h(log p)1/2 = o(1) coincides with conditions of Theorem 4.1 in Li et al.
(2024), which was required for inference on each component of the debiased transfer learning
coefficient estimator in the generalized linear model.

Remark 20 Our transfer learning approach requires the source and target data to be sim-
ilar with respect to the l1 norm of the difference in regression coefficients. However, it is
possible that the external trial data may differ substantially from the current trial data,
even if the two trials have similar characteristics. In this case, it is still feasible to use our
transfer learning estimator; however, the asymptotic variance may differ from that in the
case with sufficient similarity. Proposition 26 in Appendix B provides a way to obtain valid
inference for the transfer learning estimator. Nevertheless, this change in variance could
reduce efficiency relative to the ideal setting with high similarity between the two trials. The
simulation results in Appendix D.3 demonstrate that even when large l1 differences indicate
a risk of negative transfer, our transfer learning estimator can still provide valid inference.

5. Consistent variance estimator

A crucial step in drawing valid inference is constructing a consistent asymptotic variance
estimator. Specifically, we consider the difference in the potential outcomes for any two
treatments b and c. Let ebc be an A-dimensional vector, such that all elements are zero,
except for the bth element, which is 1, and the cth element, which is -1. Let τbc = E{Y (b)−
Y (c)} = τb − τc, b, c ∈ A, be the real difference in potential outcomes, and τ̂†,bc be the
estimator for τbc generated from the estimators above, for † = lasso, tl. Based on simple
calculations,

√
n(τ̂†,bc − τbc)

d→ N(0, σ2
proj,bc), † = lasso, tl,
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where
σ2
proj,bc = eTbcVprojebc = Vproj(b, b)− 2Vproj(b, c) + Vproj(c, c).

Here Vproj(i, j) denotes the element in the ith row and jth column of Vproj. By using ri(a)
as the transformed outcomes again and r̂i(a) as an estimator of ri(a), r̂i =

∑
a∈A0

I(Ai =
a)r̂i(a). Let r̄[k]a = 1/n[k]a

∑n
i=1 I(Ai = a,Bi = k)r̂i. For the estimators above, we use

r̂i,† = Yi −XT
i β̂[k],†(a), where † = lasso, tl, respectively, for i ∈ [k], Ai = a. We define

σ̂2
r†(a)

=
∑
k∈K

pn[k]n[k]

n[k]a

{
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(r̂i,† − r̄[k]a,†)
2

}
, † = lasso, tl,

and

σ̂2
bc,HY =

∑
k∈K

pn[k]

{(
Ȳ[k]b −

∑
k′∈K

pn[k′]Ȳ[k′]b

)
−
(
Ȳ[k]c −

∑
k′∈K

pn[k′]Ȳ[k′]c

)}2

.

Let S[k]XX = 1/n[k]

∑n
i=1 I(Bi = k)(Xi − X̄[k])(Xi − X̄[k])

T denote the stratum-specific
sample covariance matrix. Let σ̂2

†,bc be the estimator of σ2
proj,bc for † = lasso, tl, respectively.

Theorem 21

1. Under Assumptions 1–5, the variance estimator

σ̂2
lasso,bc = σ̂2

rlasso(b)
+ σ̂2

rlasso(c)
+ σ̂2

bc,HY

+
∑
k∈K

pn[k]
{
β̂[k]lasso(b)− β̂[k]lasso(c)

}T
S[k]XX

{
β̂[k]lasso(b)− β̂[k]lasso(c)

}
is a consistent estimator for σ2

proj,bc.

2. Under conditions in Theorem 16, the variance estimator

σ̂2
tl,bc = σ̂2

rtl(b)
+ σ̂2

rtl(c)
+ σ̂2

bc,HY

+
∑
k∈K

pn[k]
{
β̂[k]tl(b)− β̂[k]tl(c)

}T
S[k]XX

{
β̂[k]tl(b)− β̂[k]tl(c)

}
is a consistent estimator for σ2

proj,bc.

Remark 22 A concern regarding Theorem 16 is that the condition h < s[k]
√
log p/n may

not hold, as discussed in Remark 20. However, in this case, we can still obtain valid
inference for τ̂tl using a debiased variance estimator. Assume there exists some coefficient
vector β[k](a) such that

√
n(X̄[k]1 − X̄[k]0)

T{β̂[k]tl(a)− β[k](a)} = op(1).

Then under Assumptions 1 and 2, we can show that
√
n(τ̂tl − τ) is asymptotically normal

with a covariance matrix depending on β[k](a). At the same time, we can provide a con-
sistent variance estimator for this new asymptotic variance as we did in this section. The
related theorems and proofs are provided in the Appendix B. A direct result is that when As-

sumptions 10-14 hold, β̂[k]tl(a) can be replaced by β̂
(s)
[k]proj(a) to obtain consistent treatment

effect estimator and variance estimator. However, the efficiency of this source-only estima-
tor could be lower. In the next section, we present simulations to compare the performance
of these estimators.
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6. Simulation

In this section, we evaluate the performance of our proposed estimators compared to a
benchmark estimator across various scenarios. The benchmark estimator is the unadjusted
estimator in Bugni et al. (2019), as discussed in Remark 8. We compare the lasso-adjusted
treatment effect estimator τ̂lasso, the transfer learning treatment effect estimator τ̂tl, and
the source-only treatment effect estimator τ̂so as we mentioned in Remark 22. The term
“source-only estimator” refers to an estimator whose projection coefficients are estimated
solely from the source data. The source-only treatment effect estimator for each treatment
a is defined as

τ̂so,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂
(s)
[k]proj(a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])

Tβ̂
(s)
[k]proj(0)}

]
and τ̂so is

τ̂so = (τ̂so,1, τ̂so,2, . . . , τ̂so,A)
T.

Note that, τ̂so can be seen as we transfer the coefficient estimator in source data without
any bias correction.

The following model is used to generate the potential outcomes for both source and
target data:

Yi(a) = µa + ga(Xi) + ϵa,i, for a ∈ A0,

where Xi, ga(Xi) are specified below. We consider |A0| = 3, that is, 2 treatment groups and
a control group. In each model, (Xi, ϵ0,i, ϵ1,i, ϵ2,i) are i.i.d., and ϵa,i follows standard normal
distribution, for a = 0, 1, 2. Covariates other than Xi are generated such that the total
dimension is p = 100 to consider the high-dimensional setting. The details of the models
are as follows:

Model 1: We consider s-dimensional Xi such that ga(Xi) = β1Xi1 +
∑s

j=2 βjXi1Xij ,
for a = 0, 1, 2, where Xi1 takes value in {1, 2} with probabilities 0.4 and 0.6, respectively.
Xij ∼ Unif[−2, 2], for j = 2, 3, . . . , s, and they are independent of each other. The coefficient
β will be specified later for source data and target data separately. Here Xi1 is used for
randomization, resulting in two strata. The additional covariates are independent of Xi and
follow a multivariate normal distribution with mean zero and a diagonal covariance matrix
where all diagonal elements are 2.

Model 2: Similar to Model 1, we consider s-dimensional Xi, where Xi1 takes value in
{1, 2} with probabilities 0.4 and 0.6, respectively. Xij ∼ Beta(2, 2) for j = 2, 3, . . . , s, and
they are independent of each other. For different treatments, we set g0(Xi) = β1Xi1 +∑s

j=2 βjXi1(Xij −0.5), g1(Xi) = β1Xi1+
∑s

j=2 βjXi1(X
2
ij −0.3), and g2(Xi) = g0(Xi). The

coefficients β and the additional covariates are set the same as in Model 1.
The source and target data are generated from either Model 1 (a linear model) or Model

2 (a nonlinear model) for the potential outcomes. Since our transfer learning estimator is
derived under a high-dimensional linear working model, we evaluate its performance under
both correctly specified and misspecified scenarios, where “misspecified” means that the
true data-generating model differs from the linear model. To this end, we consider three
cases. Case 1 considers a fully linear setting for both the source and target data, while Case
2 and Case 3 introduce model misspecification in the source and target data, respectively.
The details for each case are as follows:
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Case 1: Both the source and target data use Model 1. We examine the results as the bias
increases in a linear model setting. Let s = ⌈nr⌉ where r = 0, 0.05, . . . , 0.7. In target data,

βj = 2 for j = 1, 2, . . . , s, and in source data, β
(s)
j = 2+ hj

s for j = 1, 2, . . . , s, h = 0.2, 0.5, 1.

This setup leads to ∥β − β(s)∥1 = h(s+ 1)/2.
Case 2: We use Model 2 as the source data and Model 1 as the target data. This case

demonstrates the compatibility of our transfer learning estimator when the source data is
misspecified. The coefficients β, β(s), and dimension s are the same as in Case 1.

Case 3: We use Model 1 as the source data and Model 2 as the target data. This case
illustrates the robustness of our proposed estimators when the target data is misspecified.
The coefficients β, β(s), and dimension s are the same as in Case 1.

We represent the simulation results for four treatment effect estimators under stratified
block randomization. The target data size is n = 300 and the source data size is n(s) = 1200.
The allocation ratio is 1:1:1 among treatments, with a block size of 6. Our estimators are
calculated in R = 2000 replicates. The performances are measured by relative bias, standard
deviation, and coverage probability of 95% confidence interval. The relative bias is defined
as

√
nR−1

∑R
r=1(τ̂†,r − τ)/σ̂, where τ̂†,r denotes any of our treatment effect estimators in

the rth replicate, τ is the true value of treatment effect, and σ̂ is the sampling standard
deviation. An additional result for the unequal allocation ratio, which is 1:1:1 in the first
stratum and 2:2:1 in another stratum, is in Appendix D.1. The results are summarized as
follows:

1. For all cases, the relative bias for all estimators is close to 0.
2. In Figure 1(B), the sampling standard deviation (SD) of all estimators increases as s

increases. When the difference between the true projection coefficients in the source
and target data is small, τ̂so behaves similarly to τ̂lasso and τ̂tl, as expected. As h
increases, the gap in SD between τ̂so and τ̂lasso widens, reflecting that the source data
becomes less informative for the target domain. This gap can be reduced by our
transfer learning approach. As we expected, when s is small, the sampling standard
deviation for τ̂tl is similar to τ̂lasso, which verifies Theorem 16; when s is sufficiently
large, τ̂tl shows an efficiency gain compared to τ̂lasso.

3. In Figure 1(C), τ̂lasso shows a substantial decrease in coverage probability when s
increases, which may be caused by the overfitting when the condition (s log p <

√
n)

is violated, leading to an inconsistent variance estimator. As we have mentioned
in Remark 22, the coverage probability is approximately 95% for τ̂so. For τ̂tl, the
estimation is conservative when h = 0.2. When h = 0.5 and s increases, τ̂tl maintains
a 95% coverage probability as the conditions in Theorem 16 hold. Moreover, even
when the condition is violated at h = 1, τ̂tl shows a slower decrease in coverage
probability compared to τ̂lasso.

4. In Figures 2 and 3, the underlying model is misspecified from the linear model for
source data or target data, respectively. The results for all measures are consistent
with those presented in Figure 1, which shows that our transfer learning algorithm is
robust regardless of whether the outcome model for the target data or the source data
is misspecified. Especially, our transfer learning approach performs better in Cases 2
and 3, with the coverage probabilities around 95%. This confirms that our proposed
approach can provide valid inference when conditions are satisfied.
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Figure 1: Simulations in Case 1 under stratified block randomization. Each column rep-
resents different h in the simulation settings, resulting in different l1 norms of
the bias. (A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B) Sampling standard
deviation for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability for τ̂ben, τ̂lasso, τ̂so
and τ̂tl.
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Figure 2: Simulations in Case 2 under stratified block randomization. Each column rep-
resents different h in the simulation settings, resulting in different l1 norms of
the bias. (A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B) Sampling standard
deviation for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability for τ̂ben, τ̂lasso, τ̂so
and τ̂tl.
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Figure 3: Simulations in Case 3 under stratified block randomization. Each column rep-
resents different h in the simulation settings, resulting in different l1 norms of
the bias. (A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B) Sampling standard
deviation for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability for τ̂ben, τ̂lasso, τ̂so
and τ̂tl.

22



Transfer learning in RCT

7. Clinical trial example

We consider an example of a clinical trial solely to generate synthetic data to illustrate the
capability of our proposed estimators to improve efficiency compared with the benchmark
and provide valid inference. Additionally, the application of our proposed method to the
original dataset is detailed in Appendix E. We use synthetic data from a trial using ne-
fazodone and the cognitive behavioral-analysis system of psychotherapy (CBASP) (Keller
et al., 2000). The trial aimed to compare the efficacy of nefazodone, CBASP, and their
combination in the treatment of chronic depression. We consider the combination as the
control group indexed as 0, nefazodone as the treatment indexed as 1, and the CBASP as
the treatment indexed as 2. The outcome of interest was FinalHAMD, the final score of
the 24-item Hamilton rating scale for depression. We evaluate two treatment effects: the
effect of nefazodone versus the combination, denoted as τ1, and the effect of CBASP versus
the combination, denoted as τ2. To generate the synthetic data, we first fit the data with
a nonparametric spline model using the function bigssa from the R package bigspline.
Based on this model, we generate multiple synthetic datasets to evaluate bias, variance,
and coverage probabilities. We stratify the data using GENDER and select eight covariates
to fit the model: AGE, HAMA SOMATI, HAMD17, HAMD24, HAMD COGIN, Mstatus2,
NDE and TreatPD, which are detailed in Table 1. We take linear, quadratic, cubic, and
interaction terms for continuous covariates, linear and interaction terms for binary covari-
ates, and interaction terms for the above two sets of coordinates as the covariates, resulting
in p = 135 for treatment effect estimators other than the benchmark estimator.

Table 1: Description of baseline covariates
Variable Description

AGE Age of patients in years
GENDER 1 female and 0 male
HAMA SOMATI HAMA somatic anxiety score
HAMD17 Total HAMD-17 score
HAMD24 Total HAMD-24 score
HAMD COGIND HAMD cognitive disturbance score
Mstatus2 Marriage status: 1 if married or living with someone and

0 otherwise
NDE Number of depressive episodes
TreatPD Treated past depression: 1 yes and 0 no

Note: HAMD, Hamilton Depression Scale; HAMA, Hamilton Anxiety Scale.

To generate the source and target data, we split the data based on the HAMD17 score
such that the target population has HAMD17 < 18 and the source population has HAMD17
≥ 18. The purpose is to create a difference in outcomes between the source and target
data, as shown by a boxplot in Figure 4. Then, we sample 300 units among the target
population with replacement as the target dataset. Similarly, we sample 1200 units from the
source population with replacement as the source data. Next, we implement stratified block
randomization on both the source and target data, using GENDER as the stratification
variable with an allocation ratio of 1:1:1 for treatments and a block size of 6. In this
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section, we also compare the performance of the same four estimators as in Section 6.
The treatment effects and variances are evaluated based on 1000 replicates. The coverage
probabilities of the 95% confidence interval are assessed based on the estimates and variance
estimators. The results are shown in Table 2.

Control Treatment 1 Treatment 2

Source Target Source Target Source Target
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40
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D

data_type Source Target

Figure 4: Difference in potential outcomes (FinalHAMD) between source data and target
data.

Table 2: Treatment effect estimates, sampling variances, variance reductions and coverage
probabilities under stratified block randomization for synthetic nefazodone CBASP
trial data.

τ1 τ2
Estimator Estimate Variance (×10−2) VR (%) CP Estimate Variance (×10−2) VR (%) CP

τ̂ben 4.46 15.97 — 0.956 4.29 22.70 — 0.954
τ̂so 4.44 21.57 -35.08 0.950 4.30 19.13 15.75 0.954
τ̂lasso 4.46 11.89 25.53 0.933 4.30 15.38 32.25 0.913
τ̂tl 4.46 11.28 29.36 0.944 4.29 13.58 40.19 0.950

Note: τ1, the treatment effect of nefazodone versus combination therapy; τ2, the treatment effect of CBASP
versus combination therapy; Estimates: treatment effect estimates; CI, confidence interval; VR, variance
reduction; CP, coverage probability.

As shown in Table 2, the treatment effect estimation for all four estimators is similar,
with positive results. The source-only estimator τ̂so has the worst performance in terms of
efficiency, which may decrease the efficiency compared with the benchmark estimator τ̂ben
(variance reduction: -35.08%). Both τ̂lasso and τ̂tl show efficiency gains compared with τ̂ben
as the variance reductions range from 25.53% to 40.19%, and τ̂tl also shows an efficiency
gain compared with τ̂lasso. Moreover, τ̂tl and τ̂so have better performance on coverage
probabilities than τ̂lasso, which are closer to 95%.
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8. Discussion

In this paper, we incorporate external trial data into the inference under covariate-adaptive
randomization by transfer learning. We first generalize the lasso-adjusted stratum-specific
treatment effect estimator under multiple treatments. Then, we apply a transfer learning
approach to develop the transfer learning estimator. The theoretical results show that our
proposed estimator can enhance the lasso-adjusted stratum-specific estimator to have a
faster l1 convergence rate of regression coefficient estimators and weaken the requirements
on the sample size for asymptotic normality when the source data and target data are
similar under mild conditions. We also propose a consistent variance estimator to provide
valid inference. The simulation results and a clinical trial example confirm our findings. By
proposing an effective transfer algorithm, offering theoretical guarantees, and developing
a robust inference method, our study sheds light on the potential of transfer learning in
analyzing randomized clinical trials.

Our method relies on the assumption that the l1-norm of the coefficient difference is
small. When there are multiple heterogeneous source datasets, some of them may not
satisfy our conditions on the similarity. In this case, one possible solution is to use a
data-driven source detection mechanism to exclude datasets with poor similarity. However,
this could be complex, as it may introduce correlated selection procedures across datasets.
Therefore, identifying similar parts is a potential direction for future work. Meanwhile,
the efficiency gain of the treatment effect estimation can be improved by estimating the
underlying model between the response and the baseline covariates (Tu et al., 2024). A
potential improvement for our work is to replace the linear model with a general function for
covariates. In this setting, future work may focus on characterizing the difference between
the source data and the target data and proposing a proper transfer learning approach
to develop a robust treatment effect estimator and ensure valid inference. Additionally,
a promising direction for future research is extending our transfer learning framework to
accommodate more complex adaptive randomization procedures. For example, response-
adaptive randomization (RAR) in clinical trials introduces outcome-dependent allocations
that violate Assumption 2. Despite this violation, as shown in Appendix D.5, our framework
can be empirically applied to RAR and continues to demonstrate noticeable advantages.
Establishing rigorous theoretical guarantees under RAR remains an important avenue for
our future work. Beyond clinical trials, generalizing our methodology to randomization
schemes frequently used in other intervention studies, such as rerandomization (Zhu et al.,
2025) and matched-pair designs (Bai et al., 2024), represents another valuable opportunity
for future investigation. Overall, these potential works will help broaden the scope and
enhance the utility of transfer learning in the context of randomized trials.
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Appendix A. A notation table

We summarize the frequently used notations in Table 3.

Table 3: Notations used in this paper
Notations Definitions

n Number of units in the trial
n[k] Number of units in stratum k

na Number of units in the treatment group a
n[k]a Number of units in the stratum k and treatment group a

pn[k] = n[k]/n Estimated proportion in each stratum k

p[k] = Pr(Bi = k) Expected proportion in each stratum k

π[k]a = Pr(Ai = a|Bi = k) Expected proportion in stratum k for treatment group a

A A set of treatment groups, {1, 2, . . . , A}
A0 A set of treatment groups including the control group, {0, 1, 2, . . . , A}
ri(a) A transformed outcome
r̃i(a) = ri(a)− E{ri(a)|Bi} A stratum-centered transformed outcome

ri =
∑A

a=0 I(Ai = a)ri(a) Observed transformed outcome
r̄a The sample mean of ri in treatment group a
r̄[k] The sample mean of ri in stratum k

r̄[k]a The sample mean of ri in stratum k and treatment group a

τa The treatment effect for treatment a
τ The treatment effect for all treatments, (τ1, . . . , τA)

T

τ̂ben The benchmark estimator for τ , defined in Remark 8
τ̂lasso The lasso-adjusted estimator for τ , defined in Section 3
τ̂tl The transfer learning estimator for τ , defined in Algorithm 1
β[k]proj(a) The population-level coefficient in stratum k and treatment group a

β̂[k]lasso(a) The lasso vector to estimate β[k]proj(a) in stratum k and

treatment group a

β̂[k]tl(a) The transfer learning vector to estimate β[k]proj(a) in

stratum k and treatment group a
M The uniform bound for each element of Xi

Mn[k] A sequence with n in stratum k, satisfying Mn[k] → ∞ while

Mn[k]/n → 0 when n → ∞.

S[k] The union of the support of β[k]proj(a) for all a ∈ A0

s[k] = |S[k]| The number of relevant covariates in stratum k

(·)(s) Expression for notations in source data.

For example, Y
(s)
i (a), X

(s)
i and β

(s)
[k]proj(a).

Appendix B. General theory for regression adjustment under
covariate-adaptive randomization with multiple treatments

We develop a general theory for regression-adjusted treatment effect estimators, which we
can apply to the lasso-adjusted and transfer learning estimators.
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Assumption 23 For k = 1, 2, . . . ,K and a ∈ A0, there exist coefficient vectors β[k](a)
such that

√
n(X̄[k]a − X̄[k])

T{β̂[k](a)− β[k](a)} = op(1).

Remark 24 We develop the asymptotic normality by first deriving the asymptotic normal-
ity for the mean potential outcomes τ∗ = (τ∗0 , . . . , τ

∗
A)

T and then using linear transformation
to obtain the result, where τ∗a = E{Yi(a)} for a ∈ A0. Therefore, Assumption 23 is the re-
maining term for the first step and needs to be op(1).

Remark 25 When the dimension p is fixed,
√
n(X̄[k]a − X̄[k]) = Op(1) by Bugni et al.

(2018). Therefore, when β̂[k](a) element-wisely converges to β[k](a), Assumption 23 holds.
Remark 2 in Gu et al. (2023) also explained this result when using the stratum-common
estimator. However, the OLS estimator may not satisfy this condition when p is diverging
or even larger than the sample size.

Let τ̂gen be a general estimator for treatment effect τ . That is,

τ̂gen,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k](a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k](0)}

]
and

τ̂gen = (τ̂gen,1, . . . , τ̂gen,A).

Also, we define the transformed outcome ri,gen(a) = Yi(a) −XT
i β[k](a), for i ∈ [k], Ai = a.

Recall that 1A is an A-dimensional vector with ones and m[k](a) = E[Yi(a)|Bi = k] −
E[Yi(a)]. Define

VHỸ =
∑
k∈K

p[k]
(
m[k](a)−m[k](0) : a ∈ A

)
×
(
m[k](a

′)−m[k](0) : a
′ ∈ A

)T
,

Vr̃gen =
∑
k∈K

p[k]

π[k]0
σ2
[k]r̃gen(0)

1A1
T
A + diag

{∑
k∈K

p[k]

π[k]a
σ2
[k]r̃gen(a)

: a ∈ A

}
,

VX̃ =
{∑

k∈K
p[k]{β[k](a)− β[k](0)}TΣ[k]XX{β[k](a′)− β[k](0)} : (a, a′) ∈ A×A

}
,

Vr̃genX̃
=
{∑

k∈K
p[k]{β[k](a′)− β[k](0)}T

[
(Σ[k]XY (a) − Σ[k]XY (0))− Σ[k]XX{β[k](a)− β[k](0)}

]
:

(a, a′) ∈ A×A
}
.

Proposition 26 Under Assumptions 1, 2 and 23, if Vr̃gen, VX̃ , and V T
r̃genX̃

have finite limits,

and the limit of VHỸ +Vr̃gen +VX̃ +V T
r̃genX̃

, denoted by Vgen, is positive, ri,gen(a) ∈ R2, and

E{ri,gen(a)}2 < ∞ for a ∈ A0, we have

√
n(τ̂gen − τ)

d→ N(0, Vgen).
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Proof The asymptotic normality can be derived from Theorem 2 in Gu et al. (2023) under
Assumption 23 with minor changes. Recall that

τ̂gen,a =
∑
k∈K

pn[k]
[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k](a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k](0)}

]
.

Then we have

τ̂gen =
(∑

k∈K
pn[k]

[
{Ȳ[k]a − (X̄[k]a − X̄[k])

Tβ̂[k](a)} − {Ȳ[k]0 − (X̄[k]0 − X̄[k])
Tβ̂[k](0)}

]
: a ∈ A

)
=
(∑

k∈K
pn[k]

[
{Ȳ[k]a − (X̄[k]a − E(Xi|Bi = k))Tβ[k](a)}

− {Ȳ[k]0 − (X̄[k]0 − E(Xi|Bi = k))Tβ[k](0)}
]
: a ∈ A

)
−
(∑

k∈K
pn[k]{E(Xi|Bi = k)− X̄[k]}T{β[k](a)− β[k](0)} : a ∈ A

)
+
(∑

k∈K
pn[k][(X̄[k]a − X̄[k])

T{β̂[k](a)− β[k](a)} − (X̄[k]0 − X̄[k])
T{β̂[k](0)− β[k](0)}] : a ∈ A

)
.

The proof reduces to showing that the first two terms are asymptotically normal and the
last term is op(n

−1/2). By Assumption 23, we have

(X̄[k]a − X̄[k])
T{β̂[k](a)− β[k](a)} = op(n

−1/2)

for all a ∈ A0. As the stratum size K is finite, we have∑
k∈K

pn[k][(X̄[k]a − X̄[k])
T{β̂[k](a)− β[k](a)} − (X̄[k]0 − X̄[k])

T{β̂[k](0)− β[k](0)}] = op(n
−1/2)

for all a ∈ A.
Then we show that the first two terms are asymptotically normal. Simple calculation

shows that

E(Xi|Bi = k) =
1

n[k]

n∑
i=1

I(Bi = k)E(Xi|Bi = k) =
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)E(Xi|Bi = k),

X̄[k] =
1

n[k]

n∑
i=1

I(Bi = k)Xi.

Define

L(1)
n[k],ri(a)

=
1√
n

n∑
i=1

I(Ai = a,Bi = k)r̃i(a),

L(1)
n[k],Xi

=
1√
n

n∑
i=1

I(Bi = k)X̃i,

L(2)
n[k] =

√
n(p[k] − pn[k]).
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Here ri(a) is a transformed outcome, and

r̃i(a) = ri(a)− E[ri(a)|Bi = k], i ∈ [k].

In Bugni et al. (2019), it takes ri(a) = Yi(a). Some calculation for the first two parts of
τ̂gen leads to

√
n(τ̂gen − τ) =

{∑
k∈K

(
1

π[k]a
L(1)
n[k],ri,gen(a)

− 1

π[k]0
L(1)
n[k],ri,gen(0)

), a ∈ A
}

+
{∑

k∈K
L(1)T
n[k],Xi

{β[k](a)− β[k](0)}, a ∈ A
}

+
{∑

k∈K
L(2)
n[k]{m[k](a)−m[k](0)}, a ∈ A

}
+ op(1),

where ri,gen(a) = Yi(a)−XT
i β[k](a) and m[k](a) = E[Yi(a) | Bi = k]−E[Yi(a)]. By Lemma

27 and some additional calculations, we have
{ ∑

k∈K
( 1
π[k]a

L(1)
n[k],ri,gen(a)

− 1
π[k]0

L(1)
n[k],ri,gen(0)

), a ∈ A
}

{ ∑
k∈K

(L(1)T
n[k],Xi

{β[k](a)− β[k](0)}, a ∈ A
}

{ ∑
k∈K

L(2)
n[k]{m[k](a)−m[k](0)}, a ∈ A

}
 d−→ N


0
0
0

 ,

 Vr̃gen Vr̃genX̃
0

V T
r̃genX̃

VX̃ 0

0 0 VHỸ


 ,

where

VHỸ =
∑
k∈K

p[k]
(
m[k](a)−m[k](0) : a ∈ A

)
×
(
m[k](a

′)−m[k](0) : a
′ ∈ A

)T
,

Vr̃gen =
∑
k∈K

p[k]

π[k]0
σ2
[k]r̃gen(0)

1A1
T
A + diag

{∑
k∈K

p[k]

π[k]a
σ2
[k]r̃gen(a)

: a ∈ A

}
,

VX̃ =
{∑

k∈K
p[k]{β[k](a)− β[k](0)}TΣ[k]XX{β[k](a′)− β[k](0)} : (a, a′) ∈ A×A

}
,

Vr̃genX̃
=
{∑

k∈K
p[k]{β[k](a′)− β[k](0)}T

[
(Σ[k]XY (a) − Σ[k]XY (0))− Σ[k]XX{β[k](a)− β[k](0)}

]
:

(a, a′) ∈ A×A
}
.

Let Vgen = VHỸ + Vr̃gen + VX̃ + Vr̃genX̃
+ V T

r̃genX̃
, we have

√
n(τ̂gen − τ)

d−→ N(0, Vgen).

Appendix C. Proof of main theorems

As we assume that Vr̃proj , VX̃ have finite limits, when no confusion arises, we use the same
notation to denote their respective limits.
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C.1 Proof of Proposition 1

Proof By the definition of lasso estimator, we have

β̂[k]lasso(a) = arg min
β∈Rp

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi − Ȳ[k]a − (Xi − X̄[k]a)
Tβ}2 + λ[k]a∥β∥1.

Therefore, we have

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi − Ȳ[k]a − (Xi − X̄[k]a)
Tβ̂[k]lasso(a)}2 + λ[k]a∥β̂[k]lasso(a)∥1

≤ 1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi − Ȳ[k]a − (Xi − X̄[k]a)
Tβ[k]proj(a)}2 + λ[k]a∥β[k]proj(a)∥1.

Let u = β̂[k]lasso(a) − β[k]proj(a). Let ϵi(a) = Yi(a) − XT
i β[k]proj(a), for i ∈ (a, k), be a

transformed outcome. Here i ∈ (a, k) means the units such that Ai = a,Bi = k. Also, we
denote

S[k]XX(a) =
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(Xi − X̄[k]a)(Xi − X̄[k]a)
T

S[k]Xϵ(a) =
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(Xi − X̄[k]a)(ϵi(a)− ϵ̄[k]a).

Then by some calculations,

uTS[k]XX(a)u ≤ λ[k]a∥β[k]proj(a)∥1 − λ[k]a∥β̂[k]lasso(a)∥1 + 2uTS[k]Xϵ(a).

By Lemma 29, with high probability that

2∥S[k]Xϵ(a)∥∞ ≤
λ[k]a

2
.

Therefore, we have

uTS[k]XX(a)u ≤ λ[k]a∥β[k]proj(a)∥1 − λ[k]a∥β̂[k]lasso(a)∥1 +
λ[k]a

2
∥u∥1.

As S[k] is the union of the support of β[k]proj(a) for a ∈ A0, we have

∥[β[k]proj(a)]SC
[k]
∥1 = 0.

Therefore, we split the l1 norm into the parts in S[k] and SC
[k], and by triangle inequality:

∥[[β[k]proj(a)]S[k]
∥1 − ∥[β̂[k]lasso(a)]S[k]

∥1 ≤ ∥[u]S[k]
∥1,

∥[β̂[k]lasso(a)]SC
[k]
∥1 ≥ ∥[u]SC

[k]
∥1 − ∥[β[k]proj(a)]SC

[k]
∥1,
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we have

uTS[k]XX(a)u ≤ 3

2
λ[k]a∥uS[k]

∥1 −
1

2
λ[k]a∥uSC

[k]
∥1.

As all three terms are greater than or equal to zero, we have ∥uSC
[k]
∥1 ≤ 3∥uS[k]

∥1. Let

E3 = {u ∈ V : uTS[k]XX(a)u ≥ κ∥u∥22},

where V = {h ∈ Rp : ∥hSC
[k]
∥1 ≤ 3∥hS[k]

∥1}. By Lemma 30,

Pr(E3) → 1.

Under E3, we have

κ∥u∥22 ≤
3

2
λ[k]a∥uS[k]

∥1 ≤
3

2

√
s[k]λ[k]a∥uS[k]

∥2 ≤
3

2

√
s[k]λ[k]a∥u∥2.

That is

∥u∥2 ≤
3

2κ

√
s[k]λ[k]a.

Then

∥u∥1 = ∥uS[k]
∥1 + ∥uSC

[k]
∥1 ≤ 4∥uS[k]

∥1 ≤ 4
√

s[k]∥u∥2 ≤
6

κ
s[k]λ[k]a.

Therefore, as λ[k]a = Op(
√
Mn[k] log p/n), we have

∥β̂[k]lasso(a)− β[k]proj(a)∥1 = Op

(
s[k]

√
Mn[k] log p

n

)
.

Then by Lemma 28, ∥X̄[k]a − X̄[k]∥∞ = Op(
√
log p/n), we have

|
√
n(X̄[k]a − X̄[k])

T(β̂[k]lasso(a)− β[k]proj(a))| =
√
n ·Op

(
s[k]

√
Mn[k] log p

n

)
·Op

(√
log p

n

)

= Op

(
s[k] log p

√
Mn[k]

n

)
= op(1).

The last line is due to Assumption 5. The assumptions for Proposition 26 hold, so we have

√
n(τ̂lasso − τ)

d→ N(0, Vgen).

In Proposition 26, when β[k](a) = β[k]proj(a) for k ∈ K, a ∈ A0, we have

(Σ[k]XY (a) − Σ[k]XY (0))− Σ[k]XX{β[k](a)− β[k](0)} = 0.

Therefore, the asymptotic covariance matrix is Vproj = Vr̃proj + VX̃ + VHỸ .
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C.2 Proof of Theorem 1

Proof Transfer Step:

By the definition of β̂
(s)
[k]proj(a), we have

1

n
(s)
[k]a

∑
i∈(a,k)

{
Y

(s)
i − Ȳ

(s)
[k]a − (X

(s)
i − X̄

(s)
[k]a)

Tβ̂
(s)
[k]proj(a)

}2
+ λ

(s)
[k]a∥β̂

(s)
[k]proj(a)∥1

≤ 1

n
(s)
[k]a

∑
i∈(a,k)

{
Y

(s)
i − Ȳ

(s)
[k]a − (X

(s)
i − X̄

(s)
[k]a)

Tβ
(s)
[k]proj(a)

}2
+ λ

(s)
[k]a∥β

(s)
[k]proj(a)∥1.

Let u(s) = β̂
(s)
[k]proj(a)− β

(s)
[k]proj(a). By some calculations, we have

(u(s))TS
(s)
[k]XX(a)u

(s) ≤ λ
(s)
[k]a∥β

(s)
[k]proj(a)∥1 − λ

(s)
[k]a∥β̂

(s)
[k]proj(a)∥1 + 2(u(s))TS

(s)
[k]Xϵ(a),

where

S
(s)
[k]XX(a) =

1

n
(s)
[k]a

n(s)∑
i=1

I(A
(s)
i = a,B

(s)
i = k)(X

(s)
i − X̄

(s)
[k]a)(X

(s)
i − X̄

(s)
[k]a)

T,

S
(s)
[k]Xϵ(a) =

1

n
(s)
[k]a

n(s)∑
i=1

I(A
(s)
i = a,B

(s)
i = k)(X

(s)
i − X̄

(s)
[k]a)(ϵ

(s)
i (a)− ϵ̄

(s)
[k]a).

Here ϵ
(s)
i (a) = Y

(s)
i (a)−X

(s)
i β[k]proj(a)

(s), for i ∈ (a, k).

Let E1 = {∥2S(s)
[k]Xϵ(a)∥∞ ≤ λ

(s)
[k]a/2}. By Lemma 29, we have

Pr(E1) ≥ 1− 1

M
(s)
n[k]

→ 1.

Then under E1, we have

(u(s))TS
(s)
[k]XX(a)u

(s) ≤ λ
(s)
[k]a∥β

(s)
[k]proj(a)∥1 − λ

(s)
[k]a∥β̂

(s)
[k]proj(a)∥1 +

λ
(s)
[k]a

2
∥u(s)∥1.

Recall that S[k] =
⋃

a∈A{j ∈ {1, . . . , p} : βj,[k]proj(a) ̸= 0} and SC
[k] is the complementary

set of S[k]. Let [u]S = (uj , j ∈ S[k]) and [u]SC = (uj , j ∈ SC
[k]) for any vector u. We split S[k]

and SC
[k] apart and take the following inequalities: for S = S[k],

∥[β(s)
[k]proj(a)]S∥1 − ∥[β̂(s)

[k]proj(a)]S∥1 ≤ ∥[u(s)]S∥1,

∥[u(s)]SC∥1 ≤ ∥[β̂(s)
[k]proj(a)]SC∥1 + ∥[β(s)

[k]proj(a)]SC∥1.

Then we have

(u(s))TS
(s)
[k]XX(a)u

(s) ≤ 3

2
λ
(s)
[k]a∥[u

(s)]S∥1 +
3

2
λ
(s)
[k]a∥[β

(s)
[k]proj(a)]SC∥1 −

1

2
λ
(s)
[k]a∥[u

(s)]SC∥1.
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Then we compare the first term and the second term on the RHS.
Case 1 :

3

2
λ
(s)
[k]a∥[u

(s)]S∥1 ≥
3

2
λ
(s)
[k]a∥[β

(s)
[k]proj(a)]SC∥1.

Then we have ∥[u(s)]SC∥1 ≤ 6∥[u(s)]S∥1. By Lemma 30, we have

c0∥u(s)∥22 ≤ 3λ
(s)
[k]a∥[u

(s)]S∥1 ≤ 3
√

s[k]λ
(s)
[k]a∥[u

(s)]S∥2,

which leads to
∥u(s)∥2 ≤ C1

√
s[k]λ

(s)
[k]a

and
∥u(s)∥1 ≤ 7∥[u(s)]S∥1 ≤ 7

√
s[k]∥[u(s)]S∥2 ≤ C2s[k]λ

(s)
[k]a.

Case 2 :
3

2
λ
(s)
[k]a∥[u

(s)]S∥1 <
3

2
λ
(s)
[k]a∥[β

(s)
[k]proj(a)]SC∥1.

Then

(u(s))TS
(s)
[k]XX(a)u

(s) ≤ 3λ
(s)
[k]a∥[β

(s)
[k]proj(a)]SC∥1 −

1

2
λ
(s)
[k]a∥[u

(s)]SC∥1.

A direct bound for ∥u(s)∥1 is

∥u(s)∥1 ≤ ∥[u(s)]S∥1 + ∥[u(s)]SC∥1 ≤ 7∥[β(s)
[k]proj(a)]SC∥1 ≤ 7∥[δ[k](a)]SC∥1 ≤ 7h.

The third inequality holds as

∥[β(s)
[k]proj(a)]SC∥1 ≤ ∥[β[k]proj(a)]SC∥1 + ∥[δ[k](a)]SC∥1 = ∥[δ[k](a)]SC∥1.

Also, by Lemma 31, we have

κ1∥u(s)∥22 − κ3
log p

n
(s)
[k]a

∥u(s)∥21 ≤ 3λ
(s)
[k]a∥[β

(s)
[k]proj(a)]SC∥1 −

1

2
λ
(s)
[k]a∥[u

(s)]SC∥1.

Under the condition that h(log p/n(s))1/2 = o(1), we have

κ1∥u(s)∥22 ≤ 3λ
(s)
[k]a∥[β

(s)
[k]proj(a)]SC∥1 ≤ C3λ

(s)
[k]ah.

This is used for the proof in the debiasing step. Therefore, we have

∥u(s)∥1 ≤ C2s[k]λ
(s)
[k]a + C4h.

Debiasing Step:

Let u = β̂[k]tl(a)−β[k]proj(a). By the definition of β̂[k]tl(a) = δ̂[k](a)+ β̂
(s)
[k]proj(a), we have

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi − Ȳ[k]a − (Xi − X̄[k]a)
Tβ̂[k]tl(a)}2 + λ[k]a∥δ̂[k](a)∥1

≤ 1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){Yi−Ȳ[k]a−(Xi−X̄[k]a)
Tβ[k]proj(a)}2+λ[k]a∥β[k]proj(a)−β̂

(s)
[k]proj(a)∥1.
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Then, by similar calculations in the Transfer step, we have

uTS[k]XX(a)u ≤ λ[k]a∥β[k]proj(a)− β̂
(s)
[k]proj(a)∥1 − λ[k]a∥δ̂[k](a)∥1

+ 2uT

 1

n[k]a

∑
i∈(a,k)

(Xi − X̄[k]a){Yi − Ȳ[k]a − (Xi − X̄[k]a)
⊤β[k]proj(a)}

 .

Recall that ϵi(a) = Yi(a)−XT
i β[k]proj(a), then we have

uTS[k]XX(a)u ≤ λ[k]a∥β[k]proj(a)− β̂
(s)
[k]proj(a)∥1 − λ[k]a∥δ̂[k](a)∥1 + 2uTS[k]Xϵ(a).

Here S[k]XX(a) and S[k]Xϵ(a) are the same as the ones defined in the Proof of Proposition 1.
Let

E2 =

{
∥2S[k]Xϵ(a)∥∞ ≤

λ[k]a

2

}
∩ E1.

By Lemma 29 we have

Pr(E2) ≥ 1− 1

Mn[k]
→ 1.

Therefore, under E2, we have

uTS[k]XX(a)u ≤ λ[k]a∥β[k]proj(a)− β̂
(s)
[k]proj(a)∥1 − λ[k]a∥δ̂[k](a)∥1 + 2uTS[k]Xϵ(a)

≤ λ[k]a∥β[k]proj(a)− β̂
(s)
[k]proj(a)∥1 − λ[k]a∥δ̂[k](a)∥1 + ∥u∥1∥2S[k]Xϵ(a)∥∞

≤ λ[k]a∥β[k]proj(a)− β̂
(s)
[k]proj(a)∥1 − λ[k]a∥δ̂[k](a)∥1 +

λ[k]a

2
∥u∥1.

We have the following inequalities

∥u∥1 = ∥β̂[k]tl(a)− β[k]proj(a)∥1
= ∥β̂(s)

[k]proj(a) + δ̂[k](a)− β[k]proj(a)∥1

≤ ∥β̂(s)
[k]proj(a)− β[k]proj(a)∥1 + ∥δ̂[k](a)∥1,

and
∥β̂(s)

[k]proj(a)− β[k]proj(a)∥1 = ∥u(s) − δ[k](a)∥1 ≤ ∥δ[k](a)∥1 + ∥u(s)∥1.

Then we have

uTS[k]XX(a)u ≤ λ[k]a∥β[k]proj(a)− β̂
(s)
[k]proj(a)∥1 − λ[k]a∥δ̂[k](a)∥1 +

λ[k]a

2
∥u∥1

≤ 3

2
λ[k]a∥δ[k](a)∥1 −

1

2
λ[k]a∥δ̂[k](a)∥1 +

3

2
λ[k]a∥u(s)∥1

As the LHS is greater than or equal to zero, we have

∥δ̂[k](a)∥1 ≤ 3∥δ[k](a)∥1 + 3∥u(s)∥1 ≤ (3 + C4)h+ 3C2s[k]λ
(s)
[k]a.

34



Transfer learning in RCT

Also, we can derive that

∥δ̂[k](a)− δ[k](a)∥1 ≤ ∥δ̂[k](a)∥1 + ∥δ[k](a)∥1 ≤ (4 + C4)h+ 3C2s[k]λ
(s)
[k]a.

Therefore, according to the inequalities for ∥u(s)∥1 and ∥δ̂[k](a)− δ[k](a)∥1, with high prob-
ability, we have

∥β̂[k]tl(a)− β[k]proj(a)∥1 = ∥{β̂(s)
[k]proj(a)− β

(s)
[k]proj(a)}+ {δ̂[k](a)− δ[k](a)}∥1

≤ K1s[k]

√
M

(s)
n[k] log p

n(s)
+K2h

for some constant K1 and K2 independent of n, n(s), and p. When h < s[k]
√
log p/n, we

can write the above term as

∥β̂[k]tl(a)− β[k]proj(a)∥1 ≤ K1s[k]

√√√√M
(s)
n[k] log p

n(s) + n
+K2

(
h ∧ s[k]

√
Mn[k] log p

n

)
.

C.3 Proof of Theorem 2

Proof According to Theorem 15 and Lemma 28, we have

∥β̂[k]tl(a)− β[k]proj(a)∥1 = Op

s[k]

√√√√M
(s)
n[k] log p

n+ n(s)
+ h

 ,

and

∥X̄[k]a − X̄[k]∥∞ = Op

{(
log p

n

)1/2
}

for all k ∈ K and a ∈ A0. By Hölder’s inequality, we have

|
√
n(X̄[k]a − X̄[k])

T{β̂[k]tl(a)− β[k]proj(a)}|

≤
√
n∥X̄[k]a − X̄[k]∥∞∥β̂[k]tl(a)− β[k]proj(a)∥1

=
√
n ·Op

s[k]

√√√√M
(s)
n[k] log p

n+ n(s)
+ h

 ·Op

{(
log p

n

)1/2
}

= Op

(
s[k] log p

√
Mn

n+ n(s)
+ h
√
log p

)
= op(1)
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The last line is due to Assumption 14 and the condition that h(log p)1/2 = o(1). Therefore,
by Proposition 26 and similar arguments for the asymptotic covariance matrix in the proof
of Proposition 6, we have

√
n(τ̂tl − τ)

d−→ N(0, Vproj).

C.4 Proof of Theorem 3

Proof By Lemma 32, we only need to show that

1

n[k]

∑
i∈[k]

[XT
i {β̂[k]lasso(a)− β[k]proj(a)}]2 = op(1)

and
1

n[k]

∑
i∈[k]

[XT
i {β̂[k]tl(a)− β[k]proj(a)}]2 = op(1),

respectively. By Proposition 6 and Theorem 16, we have

∥β̂[k]lasso(a)− β[k]proj(a)∥1 = Op

(
s[k]

√
Mn log p

n

)
= op(1)

and

∥β̂[k]tl(a)− β[k]proj(a)∥1 = Op

s[k]

√
M

(s)
n log p

n+ n(s)
+ h

 = op(1).

By Hölder inequality and Xi is uniformly bounded, we have

1

n[k]

∑
i∈[k]

[XT
i {β̂[k]lasso(a)− β[k]proj(a)}]2 ≤ M2∥β̂[k]lasso(a)− β[k]proj(a)∥21 = op(1)

and

1

n[k]

∑
i∈[k]

[XT
i {β̂[k]tl(a)− β[k]proj(a)}]2 ≤ M2∥β̂[k]tl(a)− β[k]proj(a)∥21 = op(1).

Therefore our variance estimators are consistent.

C.5 Lemmas with proof

Lemma 27 Let L(2)
n = {L(2)

n[k], k ∈ K} and

Ln =

({∑
k∈K

1

π[k]a
L(1)
n[k],ri,gen(a)

, a ∈ A0

}
,

{∑
k∈K

L(1)T
n[k],Xi

β[k](a), a ∈ A0

}
,L(2)

n

)
.
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Under Assumptions 1–2, we have

Ln
d−→ N

0
0
0

 ,

Σ1 Σ12 0
ΣT
12 Σ2 0
0 0 Σ3

 ,

where

Σ1 = diag

{∑
k∈K

p[k]

π[k]a
σ2
[k]r̃gen(a)

, a ∈ A0

}
,

Σ12 =

{∑
k∈K

p[k]β
T
[k](a

′)

(
Σ[k]XY (a) − Σ[k]XXβ[k](a)

)
, (a, a′) ∈ A0 ×A0

}
,

Σ2 =

{∑
k∈K

βT
[k](a)Σ[k]XXβ[k](a

′), (a, a′) ∈ A0 ×A0

}
,

Σ3 = diag{p[k] : k ∈ K} − {p[k]p[k′], (k, k′) ∈ K ×K}.

Proof Most of the proof is similar to the proof for Lemma 5 in Gu et al. (2023). The
difference is that in this Lemma, β[k](a) may not be β[k]proj(a) as we define in the context.
The consequence is that Σ12 ̸= 0 for most cases. The remaining parts are the same and we
omit the proof.

Lemma 28 Under Assumptions 1 and 2, we have

∥X̄[k]a − X̄[k]∥∞ = Op

{(
log p

n

)1/2
}
.

for all a ∈ A0, k ∈ K.

Proof The proof is similar to the proof of Lemma S4 in Liu et al. (2023). We can replace
Ai = 1 into Ai = a for all a ∈ A0 to show our result. Therefore, we omit the proof.

Lemma 29 Under Assumptions 1-5 and E{ϵ2i (a)} < ∞ for all a ∈ A0, the events

E1 =

∥2S(s)
[k]Xϵ(a)∥∞ ≤

λ
(s)
[k]a

2

 , E′
2 =

{
∥2S[k]Xϵ(a)∥∞ ≤

λ[k]a

2

}

have probability tending to one when the source size n(s) and target size n go to infinity.

Proof The proof is similar to the proof of Lemma S5 in Liu et al. (2023). It’s a special
case for stratum size K = 1. At the same time, we can replace Ai = 1 into Ai = a for all
a ∈ A0 to show our result. Therefore, we omit the proof.
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Lemma 30 Under Assumptions 1–5, for any u ∈ V = {h ∈ Rp : ∥hSC
[k]
∥1 ≤ 3∥hS[k]

∥1}, we
have

uTS[k]XX(a)u ≥ κ∥u∥22

holds with probability 1− c1 exp(−c2n), for some positive constant κ independent of n.

Proof We use a similar argument in Bugni et al. (2018). As {Yi(0), . . . , Yi(A), Bi, Xi} are
i.i.d. and A(n) is independent of {Yi(0), . . . , Yi(A), Xi} conditional on B(n). Therefore, given
A(n) and B(n), the distribution of S[k]XX(a) is the same if we order the units first by strata
and then by treatments within each strata. Then, independently with k = 1, 2, . . . ,K and
(A(n), B(n)), let {Y k

i (0), . . . , Y
k
i (A), Xk

i } has the same distribution as {Yi(0), . . . , Yi(A), Xi}
given Bi = k. Then S[k]XX(a)|A(n), B(n) has the same distribution as

1

n[k]a

n[k]a∑
i=1

(
Xk

i − 1

n[k]a

n[k]a∑
i=1

Xk
i

)(
Xk

i − 1

n[k]a

n[k]a∑
i=1

Xk
i

)T

.

By Assumption 1, Xi is uniformly bounded by a constant M . As Xk
i has the same dis-

tribution as Xi given Bi = k, Xk
i is uniformly bounded by the constant M so that it is

a sub-Gaussian random vector. According to Proposition 2 in Negahban et al. (2009) for
generalized linear models, it can be applied directly to the standard linear model. For any
N ≥ 1, we have

hT

{
1

N

N∑
i=1

(Xk
i − 1

N

N∑
i=1

Xk
i )(X

k
i − 1

N

N∑
i=1

Xk
i )

T

}
h

≥ κ1∥h∥2

{
∥h∥2 − κ2

√
log p

N
∥h∥1

}
, for all ∥h∥2 ≤ 1

with probability at least 1 − c1 exp(−c2N). Here κ1, κ2 only depends on the minimum
eigenvalue of covariance matrix Σ[k]XX and M .

As we can divide ∥h∥2 on both sides, we have

hT

{
1

N

N∑
i=1

(Xk
i − 1

N

N∑
i=1

Xk
i )(X

k
i − 1

N

N∑
i=1

Xk
i )

T

}
h ≥ κ1∥h∥2

{
∥h∥2 − κ2

√
log p

N
∥h∥1

}
.

Next, we consider the vectors in the convex cone

V = {h ∈ Rp : ∥hSC
[k]
∥1 ≤ 3∥hS[k]

∥1}.

For any vector h ∈ V ,

∥h∥1 = ∥hS[k]
∥1 + ∥hSC

[k]
∥1 ≤ 4∥hS[k]

∥1 ≤ 4
√

s[k]∥hS[k]
∥2.
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Therefore,

hT

{
1

N

N∑
i=1

(Xk
i − 1

N

N∑
i=1

Xk
i )(X

k
i − 1

N

N∑
i=1

Xk
i )

T

}
h

≥ κ1∥h∥2

{
∥h∥2 − κ2

√
log p

N
∥h∥1

}

≥

(
1− 4κ2

√
s[k] log p

N

)
κ1∥h∥22.

Under the assumption Mn[k]s
2
[k] log

2 p/n → 0, we have

1− 4κ2

√
s[k] log p

n[k]
>

1

2

when n → ∞. Therefore,

Pr

(
hT

{
1

N

N∑
i=1

(Xk
i − 1

N

N∑
i=1

Xk
i )(X

k
i − 1

N

N∑
i=1

Xk
i )

T

}
h ≥ 1

2
κ1∥h∥22

)
→ 1, (1)

when N → ∞. Using the almost sure representation theorem, we can construct ñ[k]a

(independent of {Y k
i (0), . . . , Y

k
i (A), X

k
i }) such that ñ[k]a/n has the same distribution as

n[k]a/n and ñ[k]a/n → π[k]ap[k] almost surely. Therefore, for any h ∈ V ,

Pr

(
hT

{
1

n[k]a

n[k]a∑
i=1

(Xk
i − 1

n[k]a

n[k]a∑
i=1

Xk
i )(X

k
i − 1

n[k]a

n[k]a∑
i=1

Xk
i )

T

}
h ≥ 1

2
κ1∥h∥22

∣∣∣ A(n), B(n)

)

= Pr

hT

 1

n
ñ[k]a

n

n
ñ[k]a

n∑
i=1

(Xk
i − 1

n
ñ[k]a

n

n
ñ[k]a

n∑
i=1

Xk
i )(X

k
i − 1

n
ñ[k]a

n

n
ñ[k]a

n∑
i=1

Xk
i )

T

h ≥ 1

2
κ1∥h∥22

∣∣∣ A(n), B(n)


= E

[
Pr

(
hT

 1

n
ñ[k]a

n

n
ñ[k]a

n∑
i=1

(Xk
i − 1

n
ñ[k]a

n

n
ñ[k]a

n∑
i=1

Xk
i )(X

k
i − 1

n
ñ[k]a

n

n
ñ[k]a

n∑
i=1

Xk
i )

T

h ≥ 1

2
κ1∥h∥22

∣∣∣ A(n), B(n),
ñ[k]a

n

)]
→ 1,

where the convergence follows from the dominated convergence theorem, n(ñ[k]a/n) → ∞
a.s., independence of ñ[k]a/n and {Yi(0)k, . . . , Y k

i (A), Xk
i } and (1). Therefore,

Pr

(
hTS[k]XX(a)h ≥ 1

2
κ1∥h∥22

)
= Pr

(
hT

{
1

n[k]a

n[k]a∑
i=1

(Xk
i − 1

n[k]a

n[k]a∑
i=1

Xk
i )(X

k
i − 1

n[k]a

n[k]a∑
i=1

Xk
i )

T

}
h ≥ 1

2
κ1∥h∥22

)
→ 1.
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Lemma 31 Under Assumptions 1–4 and 10–13, we have

uTS[k]XX(a)u ≥ κ1∥u∥22 − κ3
log p

n
∥u∥21

with probability 1− c1 exp(−c2n), where κ1, κ3, c1, c2 are constants independent of n.

Proof Similar to the proof of Lemma 30, we construct {Y k
i (0), . . . , Y

k
i (A), Xk

i } and
S[k]XX(a) has the same distribution as

1

n[k]a

n[k]a∑
i=1

(
Xk

i − 1

n[k]a

n[k]a∑
i=1

Xk
i

)(
Xk

i − 1

n[k]a

n[k]a∑
i=1

Xk
i

)T

.

Also, by the same argument in Negahban et al. (2009), when N → ∞,

hT

{
1

N

N∑
i=1

(Xk
i − 1

N

N∑
i=1

Xk
i )(X

k
i − 1

N

N∑
i=1

Xk
i )

T

}
h ≥ κ1∥h∥2

{
∥h∥2 − κ2

√
log p

N
∥h∥1

}
.

By a general inequality, we have

κ1κ2

√
log p

N
∥h∥1∥h∥2 ≤

α

2
∥h∥22 +

(κ1κ2)
2

2α

log p

N
∥h∥21,

for some positive constant α. We can choose α = κ1, then we have

hT

{
1

N

N∑
i=1

(
Xk

i − 1

N

N∑
i=1

Xk
i

)(
Xk

i − 1

N

N∑
i=1

Xk
i

)T
}
h ≥ κ1

2
∥h∥22 − κ3

log p

N
∥h∥21,

for some positive constant κ1 and κ3. Then by the similar arguments in the proof of Lemma
30, we have

Pr

(
hTS[k]XX(a)h ≥ κ1

2
∥h∥22 − κ3

log p

N
∥h∥21

)
→ 1.

Lemma 32 Suppose that the conditions in Proposition 26 hold, and that there exist β̂[k](a)
and β[k](a), such that

1

n[k]

∑
i∈[k]

[XT
i {β̂[k](a)− β[k](a)}]2 = op(1),

for all k ∈ K, a ∈ A0. Let σ̂2
gen,bc be the estimator of σ2

gen,bc, such that

σ2
gen,bc = eTbcVgenebc = Vgen(b, b)− 2Vgen(b, c) + Vgen(c, c).
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Then we have

σ̂2
gen,bc = σ̂2

rgen(b)
+ σ̂2

rgen(c)
+ σ̂2

bc,HY

−
∑
k∈K

pn[k]
{
β̂[k](b)− β̂[k](c)

}T
S[k]XX

{
β̂[k](b)− β̂[k](c)

}
+ 2

∑
k∈K

pn[k]
{
β̂[k](b)− β̂[k](c)

}T {
(S[k]XY (b) − S[k]XY (c))

}
is a consistent estimator for σ2

gen,bc.

Proof The proof is similar to that of Theorem 3 in Gu et al. (2023). The proof for σ̂2
bc,HY

stays the same. We will focus on σ2
rgen(b)

and the other two terms.
The consistency of the estimator can be implied by

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(r̂i − ¯̂r[k]a)
2 P→ var(ri|Bi = k)

for ri = Yi −XT
i β[k](a) and XT

i {β[k](b)− β[k](c)}, and

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k){β[k](b)− β[k](c)}(Xi − X̄[k]a)
T(Yi − Ȳ[k]a)

P→ {β[k](b)− β[k](c)}Σ[k]XY (a).

By Lemma 33 below, we have

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(Yi − Ȳ[k]a)
2 P→ var{Yi(a)|Bi = k},

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(ri − r̄[k]a)
2 P→ var{ri(a)|Bi = k}.

Then we have

1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(r̂i − ¯̂r[k]a)
2

=
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(ri − r̄[k]a)
2

− 2

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(ri − r̄[k]a)(Xi − X̄[k]a)
T(β̂[k](a)− β[k](a))

+
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)
[
(Xi − X̄[k]a)

T{β̂[k](a)− β[k](a)}
]2

=
1

n[k]a

n∑
i=1

I(Ai = a,Bi = k)(ri − r̄[k]a)
2 + op(1)

P→ var(Yi(a)|Bi = k).
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The third term converges to zero due to the condition that

1

n[k]

∑
i∈[k]

[XT
i {β̂[k](a)− β[k](a)}]2 = op(1),

and the second term converges to zero due to the Cauchy-Schwarz inequality. Similarly, in
the last term of the variance estimator, we can only deal with{

β̂[k](b)− β̂[k](c)
}T {

S[k]XY (b) − S[k]XY (c)

}
.

Also, it is sufficient to show that for any treatments b and c, we have

{β̂[k](b)}TS[k]XY (c)
P→ βT

[k](b)Σ[k]XY (c).

The left-hand side can be expressed as

{β̂[k](b)}TS[k]XY (c) = βT
[k](b)

1

n[k]c

n∑
i=1

I(Ai = c,Bi = k)(Xi − X̄[k]c)
T(Yi − Ȳ[k]c)

+
1

n[k]c
{β̂[k](b)− β[k](b)}T

n∑
i=1

I(Ai = c,Bi = k)(Xi − X̄[k]c)(Yi − Ȳ[k]c).

As

1

n[k]c

n∑
i=1

I(Ai = c,Bi = k)[(Xi − X̄[k]c)
T{β̂[k](b)− β[k](b)}]2

≤ 1

n[k]c

n∑
i=1

I(Bi = k)[(Xi − X̄[k]c)
T{β̂[k](b)− β[k](b)}]2

≤ 1

n[k]

n∑
i=1

I(Bi = k)[XT
i {β̂[k](b)− β[k](b)}]2

= op(1),

and the second term is op(1) due to the Cauchy-Schwarz inequality, we show the convergence
of the last term in the estimator.

Finally, we need to show that{
β̂[k](b)− β̂[k](c)

}T
S[k]XX

{
β̂[k](b)− β̂[k](c)

} P→
{
β[k](b)− β[k](c)

}T
Σ[k]XX

{
β[k](b)− β[k](c)

}
.

We can write the LHS as

1

n[k]a

n∑
i=1

I(Bi = k)
[
(Xi − X̄[k])

T
{
β̂[k](b)− β̂[k](c)

}]2
and split the term into three parts:

1

n[k]a

n∑
i=1

I(Bi = k)
[
(Xi − X̄[k])

T
{
β[k](b)− β[k](c)

}]2
,

1

n[k]a

n∑
i=1

I(Bi = k)
[
(Xi − X̄[k])

T
{
β̂[k](b)− β[k](b)− (β̂[k](c)− β[k](c))

}]2
,
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and their production. Similar to the former arguments, the first term converges to the
required result. The second and third terms converge to zero due to the condition and the
Cauchy-Schwarz inequality.

Lemma 33 For fi = f(Yi(0), . . . , Yi(A), Bi, Xi) that satisfies E[f2
i ] < ∞, we have

1

n

n∑
i=1

fiI(Ai = a)
P→
∑
k∈K

p[k]π[k]aE(fi|Bi = k),

1

n

n∑
i=1

fiI(Ai = a,Bi = k)
P→ p[k]π[k]aE(fi|Bi = k).

Proof It is a generalized version of Lemma C.4 from Bugni et al. (2019) and Lemma 1 from
Ma et al. (2022a). They proved their lemmas by setting fi = f(Yi(0), . . . , Yi(A), Bi) and fi =
f(Yi(0), Yi(1), Xi). The proof can be easily generalized to fi = f(Yi(0), . . . , Yi(A), Bi, Xi)
so we omit it.

Appendix D. Additional simulations

D.1 Unequal allocation ratios within each stratum in Section 6

Figures 5–7 represent the simulation results when the allocation ratios are unequal within
each stratum. The allocation ratios are 1:1:1 in the first strata and 2:2:1 in the other strata,
and the block size for the stratified block randomization is 15. Other settings are the same
as the settings in Section 6 in the main text. The simulation results are similar to the
results in the main text.

D.2 Additional illustration of the l1 norm bound in Theorem 16

In this subsection, we present additional simulations to illustrate the l1 norm results de-
scribed in Theorem 16, which are closely related to the difference between the target and
source coefficients, denoted by h. Specifically, we compare ∥β̂[k]tl(a) − β[k]proj(a)∥1 with

∥β̂[k]lasso(a)− β[k]proj(a)∥1 to show how increasing h affects ∥β̂[k]tl(a)− β[k]proj(a)∥1.

D.2.1 Theoretical bound

We begin by numerically evaluating the theoretical bounds established in Proposition 6
and Theorem 16. Figure 8 displays the upper bound in Theorem 16 as a function of the
heterogeneity parameter h, together with the corresponding l1-norm bound for β̂[k]lasso(a)
given in Proposition 6. This comparison clarifies how the tightness and informativeness of
the transfer learning bound depend on the similarity between the source and target pro-
jection coefficients. As h increases, the bound in Theorem 16 grows monotonically and
eventually exceeds the lasso bound, indicating that the theoretical advantage of transfer
learning diminishes when the source and target models become sufficiently dissimilar. Con-
versely, when h is small to moderate, the transfer learning bound is tighter, which supports
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Figure 5: Simulations in Case 1 under stratified block randomization with unequal alloca-
tion ratio. Each column represents different h in the simulation settings, resulting
in different l1 norms of the bias. (A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B)
Sampling standard deviation for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability
for τ̂ben, τ̂lasso, τ̂so and τ̂tl.
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Figure 6: Simulations in Case 2 under stratified block randomization with unequal alloca-
tion ratio. Each column represents different h in the simulation settings, resulting
in different l1 norms of the bias. (A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B)
Sampling standard deviation for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability
for τ̂ben, τ̂lasso, τ̂so and τ̂tl.
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Figure 7: Simulations in Case 3 under stratified block randomization with unequal alloca-
tion ratio. Each column represents different h in the simulation settings, resulting
in different l1 norms of the bias. (A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B)
Sampling standard deviation for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability
for τ̂ben, τ̂lasso, τ̂so and τ̂tl.
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the conditions stated in the main text under which the bound is informative. In the next
section, we further investigate whether this theoretical behavior is reflected in finite-sample
simulations of estimation error.
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Figure 8: Theoretical l1 norm error bounds in Proposition 6 and Theorem 15. In this
simulation, target sample size n = 50, source sample size n(s) = 2000, Mn =
log log n, s = 5 and p = 100.

D.2.2 Simulation

In this section, we conduct additional simulation studies to examine how the theoretical
behavior described in Theorem 16 is reflected in finite-sample performance. In particular,
we investigate how the relative improvement of the proposed transfer learning estimator
over applying the lasso to the target data alone varies with the discrepancy h.

We consider a stratified block randomization with three treatment arms. Within each
stratum, units are assigned with an allocation ratio of 1 :1 :1 and a block size of 6. Outcomes
in both the target and source datasets are generated from the following linear model:

Yi(a) = τa +Xi1β0 +Xi1X
⊤
i2β + ϵi(a).

Here, τa denotes the treatment effect. Xi1 ∈ {1, 2} is a stratum variable with Pr(Xi1 =
1) = 0.4, and Xi2 ∈ Rs is a covariate vector with independent entries, each drawn from
a Uniform[−2, 2] distribution, where s ∈ {2, 4, 6} in our settings. To consider a high-
dimensional setting, in both the lasso and transfer learning procedures, additional covariates
beyond Xi2 are generated to reach a total dimension of p = 100. These additional covariates
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are independent of Xi1 and Xi2, and are drawn from a multivariate normal distribution with
mean zero and a diagonal covariance matrix, where all diagonal elements are equal to 2.
The error term ϵi(a) ∼ N (0, σ2

β), where σ2
β is chosen to ensure a signal-to-noise ratio of

SNR = 2. The coefficient β0 = 1 is fixed and shared across the target and source models.

In the target data, the sample size is n = 300, and the coefficient vector β is s-
dimensional with each element equal to 2/s, so that ∥β∥1 = 2 for all values of s. The
source data have the same sample size nsource = 1200, using coefficient vector βsource, whose
elements are all equal to (2 + h)/s. This construction ensures ∥βsource − β∥1 = h, where h
ranges from 0 to 3 and directly controls the degree of heterogeneity between the source and
target models.

As we derive β̂[k]lasso(a) and β̂[k]tl(a) separately within each stratum and treatment
group, we only report results for stratum Xi1 = 1 and treatment a = 0, since the patterns
are consistent across strata and treatment arms. We evaluate the ratio of ℓ1-norm error
based on R = 1000 replicates,

∥β̂[1],∗(0)− β∥1
∥β̂[1]lasso(0)− β∥1

,

where β̂[1],∗(0) denotes either the lasso vector β̂[1],lasso(0) or the proposed transfer learning

vector β̂[1]tl(0). The case h = 0, corresponding to ideally identical source and target models,
is included as an additional benchmark. The simulation results are presented in Fig 9.

The simulation results reveal three main patterns. First, for a fixed s, as h increases, the
ratio of l1-norm errors for the transfer learning vector gradually increases: it starts below
1, indicating that transfer learning outperforms the lasso on the target data alone, and
eventually exceeds 1, showing that the advantage diminishes when the source and target
data become too different. Second, the value of h at which the ratio equals 1 increases
with s. This indicates that in less sparse settings, transfer learning remains beneficial even
when the source and target models differ more substantially. Third, for h = 0, the baseline
ratio decreases as s increases, indicating that transfer learning performs increasingly better
relative to the lasso when the signal vector becomes less sparse, as source and target models
are identical.

D.3 Additional illustration of valid inference against negative transfer

In this section, we conduct a simulation study to demonstrate that our transfer learning
method provides valid statistical inference and is robust against negative transfer, particu-
larly when the l1-norm error for β̂[k]tl(a) becomes worse relative to β̂[k]lasso(a) as the differ-
ence h grows. Following the experimental setup described in Appendix D.2.2, we evaluate
the performance using relative bias, sampling standard deviation, and empirical coverage
probability across R = 2000 independent replicates. The results are reported in Figure 10.
Although the l1-norm estimation error worsens with larger h (as shown in Figure 9), our
inference method maintains robust performance. In Figure 10(B), the proposed transfer
learning estimator τ̂tl consistently exhibits a smaller or comparable sampling standard de-
viation compared to the lasso-adjusted estimator τ̂lasso and the source-only estimator. As
the sparsity s increases, the variance reduction achieved by our transfer learning method
becomes even more pronounced, while the benchmark estimator consistently exhibits the
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Figure 9: l1-norm ratios of different estimators for β[k]proj(a). Each panel corresponds to a
different sparsity level s.

highest variance. In Figure 10 (C), When s is small (s = 2, 4), the coverage probability of
τ̂tl closely targets the nominal 95% level, demonstrating its resilience to negative transfer.
When s increases to 6, τ̂tl becomes slightly conservative (with coverage hovering around
95%–96%), whereas the lasso-adjusted estimator τ̂lasso undercovers significantly, dropping
to approximately 92%.

D.4 Additional illustration of the restricted strong convexity condition

To empirically validate the restricted strong convexity (RSC) condition in high-dimensional
settings, we conduct a simulation experiment to investigate the lower bound of the empiri-
cal prediction norm ∥X⊤β∥2/

√
n. We consider a fixed sample size n = 400 and a covariate

dimension p = 1000. The design matrix X ∈ Rp×n is generated from a Beta distribu-
tion, where each entry Xij is independently sampled from Beta(α, α) with α = 0.1, and
subsequently centered and scaled to have zero mean and unit variance. Since the Beta
distribution has bounded support on [0, 1], the centered and scaled covariates remain uni-
formly bounded, thereby satisfying the uniform boundedness condition in Assumption 1.
To explore the impact of sparsity, we vary the support size s = ∥β∥0 across 30 logarithmi-
cally spaced values up to a maximum sparsity of smax = 120. For each sparsity level s, we
perform 100 Monte Carlo replicates. In each replicate, a sparse coefficient vector β ∈ Rp

is constructed by randomly selecting s indices with independent standard normal entries
(βi ∼ N(0, 1)), followed by an l2-normalization to enforce ∥β∥2 = 1.

We follow the relationship between the empirical prediction norm ∥X⊤β∥2/
√
n and

the scaled norm
√
log p/n∥β∥1. As illustrated in Figure 11, the blue dots represent the

individual results collected in all 3,000 independent simulation runs. To formalize the
empirical lower bound, we extract the minimum value of ∥X⊤β∥2/

√
n within each sparsity

level and fit a linear envelope using ordinary least squares. The resulting empirical RSC
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Figure 10: Simulations under stratified block randomization. Each column represents dif-
ferent s in the simulation settings, resulting in different l1 norms of the bias.
(A) Relative bias for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (B) Sampling standard deviation
for τ̂ben, τ̂lasso, τ̂so and τ̂tl. (C) Coverage probability for τ̂ben, τ̂lasso, τ̂so and τ̂tl.

50



Transfer learning in RCT

lower bound is depicted by the orange dashed line, which satisfies:

∥X⊤β∥2√
n

≥ κ1 − κ2

√
log p

n
∥β∥1.

The simulation results verify that the RSC condition holds with high probability under our
experimental configuration, as the empirical lower bound remains well above zero through-
out the entire range of sparsity.
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Figure 11: Empirical verification of the restricted strong convexity condition under bounded
covariates and positive definite covariance matrix. The blue dots represent in-
dividual simulation trials across varying sparsities, while the dashed orange line
denotes the fitted empirical lower bound.

D.5 Numerical illustration of the transfer learning framework under
response-adaptive randomization

In this section, we investigate the performance of the transfer learning framework for the
lasso-adjusted estimator under randomizations other than covariate-adaptive randomiza-
tion. Specifically, we consider the doubly adaptive biased coin design (DBCD), a response-
adaptive randomization procedure that sequentially adjusts treatment allocation probabil-
ities based on both accumulating efficacy data and current assignment proportions. By
incorporating observed outcomes into the randomization procedure, DBCD violates As-
sumption 2 in the main text. Consequently, the l1-norm error and the asymptotic normality
derived in Theorems 15 and 16 may no longer hold, and the variance estimator in Theorem
21 may become inconsistent. Therefore, we conduct numerical simulations in this section
to explore whether the transfer learning estimator τ̂tl still maintains an advantage over the
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lasso-adjusted estimator τ̂lasso under DBCD. For the variance estimation of τ̂lasso, we adopt
the approach proposed in Tu and Ma (2025). Meanwhile, the variance estimator for the
transfer learning estimator is constructed by replacing the lasso coefficient vector β̂lasso(a)
in the variance estimator of τ̂lasso with β̂tl(a).

We now introduce the details of the simulation settings. The following model is used to
generate the potential outcomes for both the source and target data:

Yi(a) = µa +X⊤
i β + ϵa,i, for a ∈ A0.

We consider an s-dimensional covariate vector Xi, where each component Xij is indepen-
dently generated from Unif[0, 2]. We focus on the treatment setting with |A0| = 2, repre-
senting one treatment group and one control group. For each model, (Xi, ϵ0,i, ϵ1,i) are inde-
pendent and identically distributed (i.i.d.), and the error term ϵa,i follows a t-distribution
with 3 degrees of freedom, scaled to have mean zero and unit variance for a = 0, 1. To mimic
a high-dimensional setting, additional noise covariates are also generated from Unif[0, 2] to
bring the total dimension to p = 100. We examine the results as the difference between the
source and target data increases. Let s = ⌈nr⌉ with r ∈ {0, 0.05, . . . , 0.7}. In the target
data, we set βj = 1 for j = 1, 2, . . . , s. In the source data, the coefficients are specified as

β
(s)
j = 1 + hj

s for j = 1, 2, . . . , s, where h ∈ {0.2, 0.5, 1}. This setup results in the l1 norm

difference of ∥β − β(s)∥1 = h(s+ 1)/2.

We present the simulation results under DBCD for three treatment effect estimators:
the benchmark difference-in-means estimator τ̂ben, the lasso-adjusted estimator τ̂lasso from
Tu and Ma (2025), and the proposed transfer learning estimator τ̂tl. The sample sizes
for the target and source data are set to n = 100 and n(s) = 400, respectively. The
target allocation function for DBCD is adopted from Zhang and Rosenberger (2006). All
estimators are evaluated over R = 2000 independent replicates. Performance is evaluated
using relative bias, standard deviation, and the coverage probability of the 95% confidence
interval, following the same definitions provided in Section 6. The simulation results are
summarized in Figure 12. Overall, the numerical patterns remain highly consistent with
our previous findings in Section 6. Specifically, the proposed transfer learning estimator
τ̂tl consistently outperforms both τ̂ben and τ̂lasso in terms of estimation efficiency, with
coverage probabilities remaining close to the nominal 95% level in most settings as the
sparsity parameter s increases. Although τ̂tl exhibits a slight undercoverage when facing
a large source-target discrepancy combined with a dense model setting (i.e., h = 1 and a
large s), its coverage probability decreases at a visibly slower rate compared to that of τ̂lasso,
demonstrating its robustness under response-adaptive randomization.

Appendix E. Real data results

E.1 Treatment effect estimation and inference

In this section, we apply the proposed transfer learning algorithm to the CBASP dataset
analyzed in Section 7, without synthetically generating any unobserved outcomes. Specifi-
cally, the target and source populations are divided by the clinical status of patients, with
HAMD ≤ 17 and HAMD ≥ 18 representing the target and source population, respectively.
The additional covariates are constructed following the exact same procedure as described
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Figure 12: Simulations under the response-adaptive randomization. Each column repre-
sents different h in the simulation settings, resulting in different l1 norms of the
bias. (A) Relative bias for τ̂ben, τ̂lasso and τ̂tl. (B) Sampling standard deviation
for τ̂ben, τ̂lasso and τ̂tl. (C) Coverage probability for τ̂ben, τ̂lasso and τ̂tl.
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in Section 7. As summarized in Table 4, the results of the real-data analysis remain highly
consistent with our previous findings presented in Table 2.

Table 4: Treatment effect estimates, 95% confidence intervals and variance reductions for
nefazodone CBASP trial data.

τ1 τ2
Estimator Estimate 95%CI VR(%) Estimate 95%CI VR(%)

τ̂ben 3.83 (0.76, 6.91) – 4.28 (1.12, 7.43) –
τ̂so 3.89 (0.82, 6.95) 0.84 4.54 (1.34, 7.74) -2.82
τ̂lasso 3.79 (0.76, 6.83) 2.78 4.31 (1.22, 7.40) 4.08
τ̂tl 4.39 (1.43, 7.35) 7.59 4.86 (1.84, 7.89) 8.10

Note: τ1, the treatment effect of nefazodone versus combination therapy;
τ2, the treatment effect of CBASP versus combination therapy; Estimates: treatment
effect estimates; CI, confidence interval; VR, variance reduction.

E.2 Interpretability study for lasso adjustment

In this section, we conduct an exploratory interpretability study to show that the lasso
adjustment, especially when enhanced by our transfer learning method, can select relevant
variables to improve efficiency. We use the CBASP data in the same way as in the last
section and form p = 135 additional covariates as well. Here, we examine the selection
frequency and the average absolute coefficient estimates for the eight baseline covariates in
Table 1. In detail, the selection frequency is calculated as the proportion of times a baseline
covariate group is selected across the six projection vectors (representing three treatment
arms and two strata). In this calculation, a baseline group is counted as selected if at
least one of its associated expanded covariates has a non-zero coefficient. The coefficient is
computed by taking the average of the absolute projection coefficients across all expanded
covariates derived from the same baseline variable. Finally, the summary statistics presented
in Table 5 are obtained by averaging these metrics over 200 replicates.

Table 5 summarizes the variable selection behavior and the estimated projection co-
efficients of the proposed transfer learning method. As shown in the table, AGE (0.57),
Mstatus2 (0.51), and HAMD17 (0.50) have the highest selection frequencies across the pro-
jection vectors. In terms of the coefficients, HAMD17 and TreatPD have the largest average
absolute coefficients (3.1 and 2.6, respectively, on the 10−2 scale). These results demon-
strate that our method can select relevant baseline variables, which lead to efficiency gain
as shown in Table 4.
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Table 5: Variable selection frequencies and absolute estimated projection coefficients using
the proposed transfer learning method.

Variable Selection frequency Absolute coefficients (×10−2)

Mstatus2 0.51 1.9
TreatPD 0.45 2.6
AGE 0.57 1.8

HAMD17 0.50 3.1
HAMD24 0.37 1.6

HAMD COGNID 0.48 1.6
NDE 0.38 1.2

HAMA SOMATI 0.42 1.9
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