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Abstract

Due to resource constraints or external and internal uncertainties, clients in real-world
federated learning systems are often intermittently available edge devices. In highly dynamic
environments, the parameter server lacks prior real-time knowledge of clients’ availability,
making it challenging to adapt traditional federated learning algorithms to be resilient to
uncertainties in client availability. If not carefully addressed, complex client availability can
introduce significant bias, potentially harming the performance of the trained model. Most
prior work either fails to account for non-stationary client availability dynamics or demands
significant memory and computational overhead. This paper aims to develop efficient feder-
ated learning algorithms that are provably resilient to heterogeneous and non-stationary
stochastic client availability. We propose FedSWE, which admits novel algorithmic structures
to (i) compensate for missed computations, (ii) stabilize and diffuse the global updates over
rounds, and (iii) evenly mix the local updates through implicit gossiping, despite being
agnostic to non-stationary dynamics. Compared with the standard FedAvg, FedSWE intro-
duces light additional memory and computation overhead. We show that FedSWE converges
to a stationary point of non-convex objectives while achieving the desired linear speedup
property in certain special cases. We corroborate our analysis with numerical experiments
over diversified client unavailability dynamics on real-world data sets.

Keywords: federated learning, non-convex optimization, heterogeneous data, client
unavailability, fault-tolerance

1. Introduction

Federated learning is a distributed machine learning framework that enables training global
models without disclosing raw local data (McMahan et al., 2017; Kairouz et al., 2021). It
has been adopted in commercial applications such as autonomous vehicles (Chen et al., 2021;
Zeng et al., 2022; Peng et al., 2023), internet of things (Nguyen et al., 2019), and natural
language processing (Yang et al., 2018; Ramaswamy et al., 2019).
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Heterogeneous data and massive client populations are two of the defining characteristics
of cross-device federated learning systems (McMahan et al., 2017; Kairouz et al., 2021;
McLaughlin and Su, 2024). Despite intensive efforts (McMahan et al., 2017; Li et al., 2020b;
Yuan and Li, 2022; Ruan et al., 2021; Kairouz et al., 2021), several key challenges that arise
from the involvement of large-scale client populations are often overlooked in the existing
literature (Perazzone et al., 2022). One of the primary hurdles is the issue of intermittent
client unavailability. Intuitively, more active clients drive the global model to their local
optima, biasing the training. In addition, the higher the uncertainty in client unavailability,
the larger the performance degradation. Concrete examples that confirm these intuitions
can be found in Section 4. Client unavailability issues can arise from internal factors such
as different working schedules and heterogeneous hardware/software constraints. External
factors, such as poor network coverage and frequent handovers of base stations due to fast
movements, only exacerbate these problems (Tse and Viswanath, 2005; Wen et al., 2024; Ye
et al., 2022; Bonawitz et al., 2019; Kairouz et al., 2021). The intricate interplay of internal
and external factors results in non-stationary and heterogeneous client unavailability.

There is a recent surge in the study of client unavailability (Li et al., 2020a; Yang et al.,
2022; Wang and Ji, 2022, 2024; Cho et al., 2023a; Gu et al., 2021; Yan et al., 2023; Crawshaw
and Liu, 2024). Despite their solid foundation in this direction, most prior work either
assumes exact knowledge of the clients’ availability or requires their dynamics to be benignly
stationary (McMahan et al., 2017; Li et al., 2020a; Perazzone et al., 2022; Wang and Ji, 2022,
2024; Crawshaw and Liu, 2024). The non-stationarity in client unavailability remains largely
underexplored. A related line of work studies asynchronous federated learning wherein clients
are vulnerable to delays in message transmission, and the reported model updates may be
stale (Xie et al., 2019; Nguyen et al., 2022; Toghani and Uribe, 2022; Koloskova et al., 2022).
However, the proposed methods assume the availability of all clients or uniformly sampled
clients, making them infeasible for dynamic and complex client availability in practice. A
handful of other works (Gu et al., 2021; Jhunjhunwala et al., 2022; Yan et al., 2023) memorize
the old gradients of unavailable clients. However, the added memory burdens the federated
learning system with substantial memory proportional to the product of the number of
clients and the model dimension.

We adopt the commonly-used stochastic
client unavailability model (McMahan et al.,
2017; Wang and Ji, 2022; Jhunjhunwala et al.,
2022; Perazzone et al., 2022; Wang and Ji, 2024),
where each client ¢ is available for federated learn-
ing training with probability p! in round ¢. The
p!’s are heterogeneous across clients and are sub-
ject to unknown and non-stationary dynamics.
An example can be found in Fig. 1. (Xiang et al.,
2025) marks our first move towards understand- Figure 1: An illustration of heterogeneous and
ing heterogeneity and non-stationarity in pf’s but non-stationary availability.
focuses on a significantly simpler problem where p!’s are used to describe the uplink com-
munication failures—it requires that clients be capable of continuous local optimization
regardless of failures. In addition, it imposes the assumption that p! > §, where § > 0 is an
absolute constant.
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Relaxing the requirement of continuous local computation, a preliminary version of
this work (Xiang et al., 2024) studies client unavailability yet still imposes the technical
assumption that p! > §. In this extended version, we generalize the dynamics of p! by
allowing it to take zero values occasionally. Our generalized setup is motivated by the
real-world scenario in which clients located in different geographical regions may experience
availability issues due to time zone differences, naturally causing p!’s to drop to zero from
time to time (Zhu et al., 2022). When clients participate independently, our generalized
model of p! covers some popular existing models as special cases such as p! = p (Li et al.,
2020a; Yang et al., 2022), pt = p; (Wang and Ji, 2024), regularized participation (Wang and
Ji, 2022; Crawshaw and Liu, 2024) and cyclic participation (Cho et al., 2023a). Details can
be found in Section 3.

Contributions. Our contributions are four-fold:

e We demonstrate in Section 4, using concrete examples in the context of FedAvg - the most
widely adopted federated learning algorithm, that both heterogeneity and non-stationarity
of p! can result in bias and thus significant performance degradation of FedAvg.

e We propose a computational and memory-efficient algorithm FedSWE in Section 5. At a
high level, the design of FedSWE introduces three novel algorithmic components:

(i) adaptive innovation echoing, which helps clients catch up on missed computation;

(ii) global moving average, which stabilizes and diffuses the global updates over

rounds;
(iii) implicit gossiping, which facilitates a balanced information mixture through implicit
client-client gossip, ultimately correcting residual bias.
Notably, no direct neighbor information exchanges are involved, and the client unavail-
ability dynamics remain undisclosed to all clients and the parameter server.

e In Section 6, we show the convergence of FedSWE, which exhibits the desired linear speedup
property in certain special cases.

e In Section 7, we validate our analysis with numerical experiments over diversified client
unavailability dynamics on real-world data sets.

2. Related Work

2.1 Dynamical client availability

There is a recent surge of efforts to study client availability (Ruan et al., 2021; Ribero et al.,
2022; Chen et al., 2022; Jhunjhunwala et al., 2022; Wang and Ji, 2022, 2024; Perazzone
et al., 2022; Xiang et al., 2023; Crawshaw and Liu, 2024), which can be roughly classified
into two categories depending on whether the parameter server can unilaterally determine
the participating clients.

(i) Controllable availability. Earlier research (McMahan et al., 2017; Li et al., 2020b;
Jhunjhunwala et al., 2022) presumes that, in each round, the parameter server could recruit
a small set of clients either uniformly at random or in proportion to the volume of local data
held by clients. More recently, Cho et al. (2022) design adaptive and non-uniform client
sampling to accelerate learning convergence, albeit at the cost of introducing a non-zero
residual error. In another work, Cho et al. (2023a) study the convergence of FedAvg with
cyclic client participation. Yet, the set of available clients is sampled uniformly at random per
cyclic round and is chosen unilaterally and deliberately by the parameter server. Perazzone
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et al. (2022) consider heterogeneous and time-varying response rates p! under the assumptions
that p! is known a priori and that the stochastic gradients are bounded in expectation.
Furthermore, the values of p! are determined by the parameter server by solving a stochastic
optimization problem. Chen et al. (2022) propose a client sampling scheme wherein only the
clients with the most “important” updates communicate back to the parameter server. This
sampling method can achieve performance comparable to that of full client participation,
provided that p! is globally known to both the parameter server and the clients. Departing
from this line of literature, our setup neither assumes any side information or prior knowledge
of the probability p! nor assumes that the parameter server has any influence on p!’s.

(ii) Uncontrollable availability. There is a handful of work on building resilience against
arbitrary client availability (Ribero et al., 2022; Wang and Ji, 2022; Yan et al., 2023; Gu et al.,
2021; Yang et al., 2022; Wang and Ji, 2024; Crawshaw and Liu, 2024). Ribero et al. (2022)
consider random client availability whose underlying probabilities are also heterogeneous and
time-varying with unknown dynamics. However, the underlying dynamics of p!’s in (Ribero
et al., 2022) are assumed to follow a homogeneous Markov chain. Wang and Ji (2022) propose
a generalized FedAvg that amplifies parameter updates every P rounds for some carefully
tuned P. Despite its elegant unified analysis and potential to accommodate non-independent
unavailability dynamics, to reach a stationary point, p! needs to satisfy some assumptions to
ensure roughly equal availability of all clients over every P rounds. Sharing a similar spirit,
Crawshaw and Liu (2024) propose a SCAFFOLD variant that amplifies global parameter and
local gradient updates every P round. In spite of its communication efficiency, ability for
correlated participation, and resilience to data heterogeneity, the rolling average of p! over
every P round is assumed to be the same constant for all clients. Yang et al. (2022) analyze
a setting where clients participate in the training at their will. Yet, their convergence is
shown to be up to a non-zero residual error. The algorithms proposed in (Gu et al., 2021;
Yan et al., 2023) share the same idea of using the memorized latest gradient updates from
unavailable clients for global aggregation. Despite superior numerical performance, both
algorithms demand a substantial amount of additional memory (Wang and Ji, 2024). For
non-convex objectives, both (Yan et al., 2023) and (Gu et al., 2021) require an absolute
bounded inactive period, and share similar technical assumptions such as almost surely
bounded stochastic gradients (Yan et al., 2023) or almost surely bounded gradient noise (Gu
et al., 2021). Though bounded inactive periods are relevant for applications wherein the
sensors wake up on a periodic schedule, this assumption is not satisfied even for the simple
stochastic setting when clients are selected uniformly at random. A recent work (Wang and
Ji, 2024) considers unknown heterogeneous p;’s yet assumes p;’s are fixed over time. Another
concurrent work (Sun et al., 2025) characterizes periodic client participation through the
lens of the Markov chain. In spite of its resilience to non-uniform and correlated availability,
pﬁ’s are also assumed to be stationary over the window of participation.

2.2 Asynchronous federated learning

Another related line of work is asynchronous federated learning. To the best of our knowledge,
Xie et al. (2019) initialize the study of asynchronous federated learning, wherein the parameter
server adjusts the global model every time it receives an update from a client. Convergence is
shown under some technical assumptions such as weakly-convex global objectives, bounded
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delay, and bounded stochastic gradients. Nguyen et al. (2022) propose FedBuff, which uses
additional memory to buffer asynchronous aggregation to achieve scalability and privacy.
Convergence is shown under bounded gradients and bounded staleness assumptions. In
fact, most convergence guarantees in the asynchronous federated learning literature rely on
bounded staleness (Xie et al., 2019; Nguyen et al., 2022; Toghani and Uribe, 2022; Koloskova
et al., 2022), or bounded gradients (Xie et al., 2019; Nguyen et al., 2022; Koloskova et al.,
2022). Recently, arbitrary delay is considered in the context of distributed SGD with
bounded stochastic gradients and (0, )-bounded inter-client heterogeneity (Mishchenko
et al., 2022) (see Assumption 4 therein for the definition). The convergence suffers from a
non-zero residual term O(¢?). In contrast, our convergence guarantee is free from non-zero
residual terms and does not require gradients or staleness to be bounded.

Notations. Let [|v]],, [[A|lr and A2(B) define the Iy norm of a vector v, the Frobenius
norm of a matrix A, and the second largest eigenvalue of a squared matrix B, respectively.
Denote F* the sigma algebra generated by randomness up to round ¢, R? a d-dimensional
vector space, and [m] aset {k: k € N,1 <k <ml}. lg is an indicator function of an event
&, i.e., Iygy =1 when event € occurs, but 1¢y = 0 otherwise. For two functions f(n) and
g(n), we have f(n) < g(n), if there exists a constant ¢, > 0 and an integer n, € N such that
f(n) < cog(n) for all n > n,, while f(n) < g(n), if there exists a constant ¢y > 0 and an
integer ny € N such that f(n) = cpg(n) for all n > ng.

3. Problem Formulation

A federated learning system consists of a parameter server and m clients to collaboratively
minimize

iy F(z) = =Y Fi(a) (1)

where Fj(x) £ E¢,p, [(;(2;&;)] is the non-convex local objective, D; is the local distribution,
&; is a stochastic sample that client ¢ has access to, ¢; is the local loss function, and d is the
model dimension.

We use Assumption 1 to formally describe the non-stationary and heterogeneous client
availability that we consider in this paper. Let A’ denote the set of available clients, and T
be the number of total training rounds.

Assumption 1. Define p! £ E[lg;c 4¢}]. For any given § € (0,1], there exists a window of
P rounds such that

1 (n+1)P-1
t=nP

where the events {i € A'} are independent across clients i and across rounds ¢. Let Ps be
the collection of all P’s that satisfy (2), and Ps = min Pj.

Assumption 1 requires that the averaged pl’s over P consecutive rounds are non-trivially
lower bounded away from zero while allowing p}’s occasionally drop to zeros. Note that if (2)
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holds for some Py, then it must also hold for ¢ - Py, where ¢ € N. Hence, we will focus on Pj
to eliminate ambiguity. Next, we elaborate on the generality of Assumption 1 in Remark 1.

Remark 1. Within the context that {i € A’} are independent across agents i and across

rounds ¢, Assumption 1 generalizes many existing client availability assumptions.

e When P; = 1, (2) reduces to p! > 4§, which encompasses the cases of uniform avail-
ability p! = p (Li et al., 2020a; Yang et al., 2022), stationary availability p! = p; >
min, ey, pi (Wang and Ji, 2024) and non-stationary availability p! > ¢ (Xiang et al., 2024,
2025).

e When Ps > 1, Assumption 1 encompasses the following dynamics:

(i) Regularized participation (Wang and Ji, 2022; Crawshaw and Liu, 2024): There exists

e, > 1/Ps such that

1 (n+1)Ps—1
B tzp P{ic A'} = pi, for i € [m] and Vn € N, (3)
—nPs

where Py is some carefully chosen integer. (3) says that every client becomes available
equally often within each window. By contrast, our Assumption 1 does not require
such “balance” in p,. On the other hand, outside the restriction that {i € A'} are
independent across ¢ and t, the regularized participation assumption (Wang and Ji,
2022; Crawshaw and Liu, 2024) allows clients’ participation to be correlated within Pjs
consecutive rounds.

(ii) Cyclic participation (Cho et al., 2023a; Crawshaw and Liu, 2024): Suppose that the m
clients can be equally partitioned into K groups. Denote the group index of client i as
G(i) € {1,--- ,K}. In each round ¢, p! is determined as

(4)

pi = .
‘ 0, otherwise.

‘ {p, if (t mod K) = G(i);

Cyclic participation characterizes the scenario where client groups become available in
order. For example, if clients are populated in different time zones around the globe,
their availability naturally exhibits cyclic patterns due to time differences. On the
other hand, outside the restriction that {i € A’} are independent across i and ¢, cyclic
participation also admits correlated participation. Sun et al. (2025) generalize (4) by
allowing clients to have different p;’s rather than a homogeneous p.

Independent client unavailability is a widely adopted assumption in federated learning
research (Li et al., 2020a,b; Karimireddy et al., 2020; Yang et al., 2021, 2022; Wang and
Ji, 2024), and it is also the focus of this paper. We aim to extend our approach to address
correlated client unavailability in future work. Analyzing non-independent availability with
uncertain probabilistic trajectories in Assumption 1 is in general challenging. For example,
the involved entanglement of stochastic gradient and availability statistics fundamentally
complicates the theoretical analysis. We conjecture that independent participation may be
only for the technical convenience of our analysis. Our experiments in Section 7 suggest that
the proposed algorithms offer notable improvements even when the clients’ participation is
correlated.
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4. Heterogeneity and Non-stationarity May Lead to Significant Bias

In this section, we illustrate the impacts of heterogeneity 1.0 >0
and non-stationarity of client availability under the 08 20
classic FedAvg. We use two examples to showcase the _
significant bias incurred. _os 30%
< H
Example 1 (Heterogeneity). Suppose that m = 2 and 04 208
pl = pi for i € [2]. Let Fj(x) 2 ||z — w3 /2, where i
x,u; € R. The global objective (1) is
0.0, —0

1 00 02 04 06 08 1.0
2 2 P1
F(z) = 5(lz —ully + llz = uall3), 6)
Figure 2: Let zoutput 2 limi—oo E [mt]
Under most of the choices of

with unique minimizer z* = (u ug)/2. Let up = . N
q (u1 + u2)/ 1 0 P1, P2, Toutput is far from x*.

and ug = 100. Fig. 2 illustrates how the heterogeneity
in p; affects the expected output of FedAvg.

Example 2 (Non-stationarity). In Fig. 3, a total of m = 100 clients perform an image
classification task on the SVHN data set (Netzer et al., 2011) under the FedAvg algorithm,
whose local data set distribution follows Dirichlet(0.1) (Hsu et al., 2019). Clients become
available with probability p! = p - [y -sin(0.17 - t) + (1 — )], Vi € [m]. The hyperparameter
details are deferred to Appendix H. Observations can be found in the caption.

L [P — f [ P —— %
80% S e g 80% 1 R e, -
8 78% A Ao ) A o 78%] A Ao, . A
£ A S : 2
= 75%] A 2750 A
© A~ p=0.1 o A~ p=0.1
F73% 4 p=03 T 73% u p=03
70%4 A p=05 70%1 A+ p=0.5
65% 1 A p=1.0 " 68% 1 A~ p=1.0 A
y=0.1 y=02 y=0.3 y=0.5 y=0.1 y=0.2 y=0.3 y=0.5
Non-stationary Degree y Non-stationary Degree y
(a) Train accuracy. (b) Test accuracy

Figure 3: Train and test accuracy results in percentage (%). In particular, the parameter v signifies the
degree of non-stationary. Notice that, as the client availability becomes more non-stationary (a
larger 7), FedAvg experiences a significant drop in accuracy. For example, both the train and
test accuracies drop by over 10% when p = 0.1, and ~ increases from 0.1 to 0.5.

5. Federated Stabilized Agile Weight Re-Equalization (FedSWE)

In order to minimize (1), it is natural to have the entire client population perform the same
number of local updates and mix these updates carefully to ensure that they are weighted
equally. However, due to intermittent availability, clients may miss computations in certain
rounds and, as a result of the heterogeneity in pf, are unable to contribute an equal number
of local updates. An alternative approach to equalizing the number of local updates is to
have clients catch up by performing their missed local computations immediately when they
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become available. However, this approach requires a daunting amount of resources and may
not be feasible due to hardware or software constraints. Formally, recall that A is the set of
available clients at time t. Let 7;(t) := {t': #' <t and i € A"} denote the most recent (with
respect to time ¢) round that client 7 is available. Compared with standard FedAvg, the
naive “catch-up” procedure will consume (¢t — 7;(¢) — 1) - s local stochastic gradient descent
updates and (¢t — 7;(t) — 1) additional stochastic samples, where s is the number of local
updates per global round when a client is available in standard FedAvg. In this work, we
target computation-light algorithms that, compared with FedAvg, adjust local updates by
O(1) additional computation per client without additional stochastic samples.

We propose Federated Stabilized Agile Weight Re-Equalization (FedSWE), which is
formally described in Algorithm 1. It involves three novel algorithmic structures: adaptive
innovation echoing, global moving average and implicit gossiping. At a high level, these novel
algorithmic structures (i) help clients catch up on the missed computation, (ii) stabilize and
diffuse the global updates over rounds by interpolating between the fresh local updates and
the most recent global update, and (iii) enable a balanced information mixture through
implicit client-client gossip, ultimately correcting the remaining bias.

In Algorithm 1, each client keeps two local variables @; and 7;, along with a few auxiliary
variables used in updating x; and 7;. The server keeps tracking the most recent global
update x'. The algorithm’s inputs are rather standard: total training rounds 7', local and
global learning rates n; and 7y, the number of local updates per round s, the interpolation
coefficient k, and the initial model . In each round ¢, in lines 6-10, similar to FedAvg, an
available client ¢ € A" performs s steps of stochastic gradient descent on its local model !,
where V/;(+; fz-(t’k)) is the stochastic gradient of sample §Z»(t’k). Next, we describe the novel
algorithmic structures used in FedSWE.

5.1 Adaptive innovation echoing

Departing from FedAvg, wherein the local estimate ! is updated as w? +— azgt’o) — ngG";.
FedSWE “echos” the local innovation G by multiplying it by (¢ — 7;(¢)) (lines 12-13). Intu-
itively, this simple echoing helps approximately equalize the number of local improvements,
as formally stated in Proposition 2. It says that the total number of innovations echoed is
the same for all active clients for any given round.

Proposition 2. For any R € N, if i € A®~! then Zﬁ:_ol Lijeany (t—T7i(t)) = R.

5.2 Global moving average

When client availability is highly dynamic, the set of active clients A! can vary greatly from
round to round, leading to unsteady global updates. Our extensive experiments in Section 7.1
confirm that most of the state-of-the-art methods experience significant fluctuations during
training. The early version of our algorithm (i.e., Algorithm 1 with k£ = 0) presented in the
conference paper (Xiang et al., 2024) is no exception and has a similar level of variability.
When k£ > 0, Algorithm 1 adaptively interpolates between the fresh local updates
Y icAt m? and the most recent global update ! in line 17, where the interpolation coefficients
are jointly decided by the number of active clients ‘At‘ and the parameter k. For ease of
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Algorithm 1: Federated Stabilized Agile Weight Re-Equalization (FedSWE)
1 Inputs: T, s, k, n, 1g,

2 Y Initializations.

3 for i € [m] do z¥ + x° and 7;(0) + —1;

4 fort=0,---,T—1do

5 % On the available clients.

6 for i € A" do

7 (t R x!;

8 fork:—O -,s—1do

9 a:l(t’k+1) - ar;(t (@M ey > Client local SGD
10 end
11 Gt — w(m) — a:gt’s);
12 zc — m(t 0 —ng(t — 7(t))G" ; > Client adaptive innovation echoing (Section 5.1)
13 Tz(t + 1) —1; > Client round index counter update (Section 5.1)
14 Report JZ?L to the parameter server
15 end
16 % On the parameter server.
17 !t — Wﬁ (Z:ieAt w;T + ksct> ; > Global moving average (Section 5.2)
18 Multicast x!*! to clients i € A’ ; > Postponed multicast (Section 5.3)

19 Y On all clients.
20 for i € [m] do

21 if i € A’ then

29 t+1 o gttt

23 else

24 it xl;

25 Tl(t+1) <—Ti(t);
26 end

27 end

exposition, we restate the interpolation as follows:

1 _ tf 1 t
o= e +< yAtHk)w' ©)

i€ Al

Intuitively, as k increases, the interpolation produces a smoother curve by emphasizing more
on the most recent global update. However, the budget for increasing & is not unlimited. In
particular, when k& — oo, the global update x! duplicates the global model from the last
round, preventing effective learning from occurring. Specifically, unrolling the recursion, we
have 2!t = 20 for all ¢ > 0, i.e., the global model ! is not updated at all. In Section 7,
we will show that &k = ©(m) is generally a reasonable empirical choice. We conjecture that
discrete k’s are only necessary for the technical convenience of our analysis, and leave it as a
future work on how to analyze continuous k theoretically.



XIANG, IoANNIDIS, YEH, JOE-WONG AND SU

Furthermore, we want to note that (6) is closely related to global momentum and
model exponential moving average, yet the interpolation coefficient is neither static nor
decaying over rounds. Therefore, the existing theoretical analysis for momentum with static
coefficient (Reddi et al., 2019; Li et al., 2023; Cheng et al., 2024) and model exponential
moving average with decaying coefficient (Ahn and Cutkosky, 2024) is inapplicable to our
problem. Beyond stabilizing training, we will show in Section 6 that interpolation is also
necessary to strengthen global information diffusion across rounds. Details can be found
therein.

5.3 Implicit gossiping

In FedSWE, the parameter server does not send the most recent global model to the active
clients at the beginning of a global round. Instead, the parameter server aggregates the
locally updated models w? through (6) and sends the new global model z'™! to all active
clients A? (lines 20-26). By postponing multicasting the shared global model, the active
clients in A' implicitly gossip their updated local models with each other through the
parameter server (Xiang et al., 2023, 2024). Though the postponed multicasting brings in
staleness, we will show that the staleness is bounded in Lemma 5. In addition, our empirical
results (Table 7 in Appendix H) suggest that there is no significant slowdown when compared
to vanilla FedAvg.

Gossip-type algorithms were originally proposed for peer-to-peer networks and are well-
known for their agility to communication failures and asynchronous information exchange
in achieving average consensus (DeGroot, 1974; Boyd et al., 2006; Kempe et al., 2003;
Hajnal and Bartlett, 1958; Lynch, 1996; Nedic and Ozdaglar, 2009). Intuitively, the clients’
local estimates are eventually equally weighted in the final algorithm output. Note that,
departing from the standard gossiping protocols therein (Kempe et al., 2003; Shah et al.,
2009), information exchange in FedSWE does not involve direct client-client communication.

6. Convergence Analysis
6.1 Assumptions

In this section, we analyze the convergence of FedSWE. We start by stating regulatory
assumptions that are common in federated learning analysis (Li et al., 2020a; Wang et al.,
2020; Karimireddy et al., 2020).

Assumption 2. Each local objective function VFj(x) is L-Lipschitz, i.e.,
|VFi(x1) — VEj(x2)||y < L ||x1 — 225, V&1, 2, and V i € [m].
Assumption 3. Stochastic gradients V/;(x; ) are unbiased with bounded variance, i.e.,
E[Vli(x;€) | ] = VF;(x) and E |||V (x;§) — VFZ(J:)H% | :L'] < o2 Vie[m).

Assumption 4. The divergence between local and global gradients is bounded for 5, ¢ > 0
such that

%ZHVE(QB)—VF(OS)H% < B IVE(@)3+ ¢ (7)
i=1

10
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Table 1: Popular variant assumptions on gradient dissimilarity.

Bounded Gradient Dissimilarity ‘ References

(Li et al., 2020b; Yu et al., 2019b; Cho et al.,

9 .
maxg [VE(@)[; < ¢%, Vi€ [m] 2022, 2023b; Yan et al., 2023).

LS IVE(@)|3 < A IVF@)3 | (Li et al., 2019, 2020a)

(Yu et al., 2019a; Wang et al., 2019; Huang et al.,
2022; Karimireddy et al., 2022; Wang and Ji,
2022, 2024; Yang et al., 2022; Wang et al., 2022;
Allouah et al., 2023).

LS | VFi(z) - VF(2)|5 < ¢

(Karimireddy et al., 2020; Wang et al., 2020;
it |VF(x)|3 < B2 |[VF(x)|3 + ¢? | Wang and Joshi, 2021; Gu et al., 2021; Yuan and
Li, 2022).

When the local data sets are homogeneous, VF;(x) = VF(x) holds for any client i € R,
resulting in § = ( = 0. Assumption 4 and its variants in Table 1 are often referred to as
bounded gradient divergence to characterize data heterogeneity across clients. It can be
easily checked that our Assumption 4 is more relaxed or equivalent to the variants therein.

6.2 Augmented Learning Systems

For ease of analysis, it is technically convenient to consider an augmented learning system
with k£ virtual clients, and to show convergence of & through this system. Observing that
the update in (6) can be rewritten as

m—+k

1 1
t+1 _ tt t
x = g T, +— E x.
¢ i t
| A+ k et |A + k i
More specifically, we construct the augmented learning system as follows: let V = {m +
1,---,m+k} with each element representing a virtual client; it holds that :c?;r = z! for each

i €V. Let Fy(x) 20 for i € V and V& € R?. Tt is easy to see that, with this local objective
function, we have

1
t+1 _ tt
X = — g €T
|At + k v
e AtUY

In addition, unlike regular clients in [m], each virtual client is always available, i.e., 7;(t) = t—1
for i € V. To distinguish, let R = [m] denote the regular clients and M = m + k. We define
an auxiliary global objective function F' as in (8):

Fa)2 - 3 Re)= 1Y B = (1) S Re = (1) F@.  ©)
IER IER

1ERUV

Note that the auxiliary local and global objectives are only used to facilitate our analysis
of Algorithm 1; they do not affect the computation at the regular clients. Hence, to show

11
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that @ converges to a stationary point of F'(-) with & > 0 on the regular client population
R is equivalent to showing that x converges to F (z) with £ = 0 on the augmented client
population R UV up to rescaling. The latter case can be analyzed by adapting our road
map from the conference version (Xiang et al., 2024), but with non-trivial characterizations
to account for the generalized Assumption 1.

6.2.1 INFORMATION MIXING ON THE AUGMENTED LEARNING SYSTEM.

We construct a doubly stochastic information mixing matrix W® in (9) that characterizes
the information diffusion in FedSWE.

|Aﬁ+7k7 if {Z,j c AU V},
Wi el if {i =4} and {i € R\ A'}; 9)

0, otherwise.

Let WnFs) & HEZ:}%P‘S_l W® and p(n, k) £ A(E[(W™F2)2]) where A\o(-) denotes the
second largest eigenvalue, n € Z*, J = 117 /M, and p; £ max, p(n, k). The information

mixing errors, i.e., consensus errors, are quantified through Lemma 3.

Lemma 3. (Boyd et al., 2005; Koloskova et al., 2020) For any matrix B € R¥>M it
holds that Ey[|| B (W("’RS) —J) I3] < prl BA = J)||%, where the expectation is taken w.r.t.
randomness in W matrices.

6.3 Imaginary Update Sequence Construction

Directly analyzing the evolution of &' and «! is challenging due to the fact that different
clients update at different rounds, and that different active clients echo their local innovation
G! (line 12 in Algorithm 1) with different strength (¢ — 7;). As such, we construct an
imaginary update sequence z! for client i € [m], whose evolution is closely coupled with @'
and x! yet is easier to analyze. Note that the imaginary update sequence is never actually
computed by clients but acts as a necessary tool in building up the analysis.

Definition 4. The auxiliary sequence {z!} of client € R UV is defined as

toa {:Df, Viey; (10)

2l — mngs(t —7i(t) — )V F (@]9, vieR.

We know that the virtual clients in V are (i) always available and (ii) with zero-valued
local gradient updates since their local models are duplicates of the global model from the
immediate previous round. Therefore, (10) can be simplified as (11) by using the convention
that VFi(miTi(t)Jrl) = 0 for any virtual client ¢ € V in any round ¢ € [T7:

2zl & xl —nmys(t — i(t) — 1)VFi(wZi(t)+l), Vie RUV. (11)

12
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When i € AL, the iterate of z; is a bit more involved:

(12.0) , (126) Dojear— | 4

Zi = $Z- = W Zj 1 + (m;il — Z;il) —ng(t -1 Tj(t — ].))G;il (12)
(12.¢)
1 ) .
T 2 < nngW e ))>
JjEA=L

|
—

S

+\;7llt7zgl| o o(t-2-7(t—1)) (VF( POV T ))’ (13)
jeAt—1 r

Il
o

where (12.a) holds because of Definition 4 and i € A'~!, (12.b) because of line 12 in Algo-
rithm 1, addition and subtraction, and we can get (13) by replacing (12.c¢) with (10). Recall

that, for client j € V, we have (i) ) = 2 and (ii) G} = 0.

When i € R\ A1, z! has a simple iterative relation:

2l = 27— sV E V) (14)

3 7

At a high level, the sequence z! approximately mimics the ideal descent evolution at a client
as if the client performs local optimizations on its local model @; per round regardless of its
availability. Mathematically, the idea is that, if the progress per iteration of the auxiliary
sequence z! is bounded, we can show the convergence of ! when x! and 2! are close to each
other.

It is worth noting that imaginary sequences are used in peer-to-peer distributed learning
literature (Spiridonoff et al., 2020; Avdiukhin and Kasiviswanathan, 2021; Lian et al.,
2017; Yuan et al., 2016; Stich, 2018; Nedi¢ et al., 2018). Yet, existing constructions
are not applicable to our problem due to the (i) non-convexity of the global objectives,
(ii) multiple local updates per round, (iii) possibly unbounded gradients, and the (iv)
general form of bounded gradient dissimilarity. Departing from the use of staled stochastic
gradients for auxiliary updates therein, we adopt the true gradient VF;(-) to avoid the
complications from the involved interplay between randomness in stochastic samples and

randomness in 7;(t). On the technical front, it follows from Definition 4 that ||z} — 2f||3 <

77l277£2732 (t—mi(t)— 1)2\\VFi(a:Zi(t)+1) |2, whose bound appears to be quite challenging to derive
due to the coupling of different realizations of 7;(¢) and gradients. As such, we bound the
average of ||z! — z!||? across clients and rounds in Proposition 8.

Lemma 5 (Unavailability statistics). Under Assumption 1 and § defined therein. It holds
for ¢t > 0 that

(Ps—1)8 +1)° + (Ps — 1)0 + L

Elt—n()] < Ps+ 55 (15) E[(t-m0)] < -

(16)

Remark 6. Lemma 5 yields an upper bound on the first and second moments of a client ¢’s
unavailable duration. Its proof can be found in Appendix D.3, where we leverage the tools
from probability theory (Gut, 2006). Here, we remark on some special cases:

13
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e When 0 = 1, all clients are available during all training rounds, suggesting a static
unavailable duration ¢t — 7;(t) of length 1 and thus a static second moment of value
1. Recall that we require Pj to be the minimum window size when given a budget §
in Assumption 1, so it implies Ps = 1. In this case, both of our bounds are loose by only
a constant offset 1.

e When Ps = 1, the dynamics (2) becomes p! > §, which follows a heterogeneous geometric
distribution. Our bounds (15) and (16) reduce to 141/8 and 2/62, respectively. Compared
with (Xiang et al., 2024, Lemma 2), the first moment is loose by only a constant offset 1,
while the second moment matches the result therein. When we further relax the condition
and consider the special case where clients are available with the same probability ¢, the
unavailable duration ¢ — 7;(¢) simply follows a homogeneous geometric distribution. It can
be checked that our bound trivially holds.

6.4 Main Convergence Results
Let z, £ M Zl L2 F* = miny, Fv(a:), and Opax 2 MaX;eR (7] pl. Recall that M = m + k.

Lemma 7 (Descent Lemma). Let F* define the sigma algebra generated by randomness up
to round ¢. Suppose that Assumptions 2, 3 hold and nn, < 1/(8sL). It holds that

2

E [ﬁ(ztﬂ) _F(zY) | ft} < —”lggs Hvﬁ(zt)H2

2 sLo? Smax + IMn?sL) &
=1

L SIS S [P Rro

M ,
=1
2 m 2 m
e N R e S Rl
w2 1mAl oy B F
1= 1=
Approximation Error Consensus Error

The proof of Lemma 7 follows from the standard analysis for non-convex smooth
objectives but with non-trivial adaptation to account for adaptive innovation echoing and
implicit gossiping. In particular, it highlights two terms unique in our derivation: the
approximation error from the auxiliary sequence and the consensus error from the implicit
gossiping procedure.

Proposition 8 (Approximation error). Suppose that Assumptions 2 and 4 holds, we have

T—1 M 21 (17.0) 1 T—1 m
7 o SB[t = &) O S S S K [t - 2
t=0 i=1 t=0 i=1

T—

<3 77 o [(Ps —1)8 + 1] ;[(R; —1)82+1] M (ﬁ;+ 1)1 ! Z E [HVﬁ(zt) j
t=0

+377l277§52[(P6_1)6+1] ;;[(Pé_l)(s +1] <mC Z ZE“‘Z _th }) (17)

where (17.a) holds because of (10).
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The proof of Proposition 8 starts from Definition 4. Although in general it is difficult to
bound the error, Assumptions 2 and 4 allow us to break down the problem into bounding
the averaged gradient norm of z! and the consensus error over all randomness instead.
Next, we analyze the consensus error. Note that although implicit gossiping takes place
in Algorithm 1 for !, its analysis is technically challenging as discussed before. So, we
adopt the auxiliary z! as an intermediary and apply Young’s inequality to bound the actual
consensus error. Formally, the auxiliary models can be expressed in a compact matrix form
as ZW 2 [zt ... 2! ]. Their local parameter innovation matrix Gt (18) is formulated by

rTm

combing (12) and (14).

s—1
Gl =Ljieuy (t—7(0) Y (Vea(a"") = VE(&))) + sV (al). (18)

T

Il
o

Unrolling the recursion, it holds for the consensus error > ||zt — 2t||3/M that

2
1 B ~ _ 2 (19.0) 7712772 g =

L (20— G0 -1 (I-J) 2a) g G@ w@ _ 3 , (19)
il (20 - am@ ) =5 e (e = )|

where equality (19.a) holds because all clients are initiated at the same weight. Recall that
Pk is the spectral norm of the information mixing matrix square over a rolling window of Pj
rounds in Lemma 3. To ensure an exponential decay of the consensus error, it is crucial to
have py < 1, which is confirmed by Lemma 9.

Lemma 9. Suppose that Assumption 1 and k& > 0.

When Ps5 =1, it holds that

[m?6 + (k* + 2mk)] ? 52
8(m + k)?

pr < 1— (20)

When Ps > 1, it holds that

- [m?6 + (k* + 2mk)] 2 52
Ph = 8(m + k)1Fst2

(21)

Proof Proof Sketch. The full proof is deferred to Appendix D.5. Coarsely, we study the
conductance of a hypothetical Markov chain, whose transition matrix is a matrix square
(WmF5))2 " as we are interested in a sliding window of Ps rounds. The unique challenge of
our analysis arises from the involved information mixing between volatile regular clients in
R and always-on virtual clients in V. Instead, we represent the federated learning systems
as a graph, where the nodes are clients, and the edges are defined by the mixing matrix W
weights, capturing the interactions between clients. As such, we can bound the conductance
of the hypothetical Markov chain by studying the product of the edge weights and use
Cheeger’s inequality to close the gap between the spectral norm and the conductance. H
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Remark 10. Lemma 9 is divided into two parts: Ps = 1 and Ps > 1, where (20) is tighter
than (21) when Ps = 1. A similar dependence on the number of clients in the spectral norm
bound has been noted in the prior fully decentralized learning literature, e.g., in (Nedi¢ and
Olshevsky, 2014), the clients therein are assumed to form a Ps-strongly-connected graph.
Mapping to our setup, it means that all clients are available at least once over Ps consecutive
rounds. In contrast, we only need the average available probability of each client to be
non-zero across every Py rounds, which is more general and makes direct applications of
their results inapplicable. It remains an open question whether the worst-case bound can be
improved, and we would like to leave this as future work.

We now proceed to present the convergence rates. In the sequel, we assume it holds for
1y and 7; that

O(L = pg)y/m < )
96sL\/PyM (P — 1202 + 1) (B2 + 1)~ 216sL /(B — D202 + 1) (B2 + 1)

mng <

The proof of the consensus error borrows insights from the analysis of the gossip algo-
rithm (Nedic et al., 2017; Wang et al., 2022) but with substantial adaptation to accommodate
the novel auxiliary formulation and multi-step local updates. Under the learning rate conid-
tions in (22) and Assumptions 1, 2, 3 and 4, we can show that

[ Tol M , L T71 M , = ,
72 a7 Bt -2y = 5 X 5 B[l - ) = 7 X E[IVFEIE] . @9
t=0 7 =1 t=0 7 =1 t=0
It remains to bound the full convergence error of 2!, which is presented in Theorem 11.

Theorem 11 (Convergence error of z!). Suppose that Assumptions 1, 2, 3 and 4 hold.
Choose learning rates 7, and 7, such that the conditions in (22) are met for 7" > 1 and
k > 0. It holds that

S [yl 5 (1) HELE , (mok) el [, )

m mngsT m m+k 62

+ <m7:’“> nings’L*Ps (0 + ¢?) [(P(; —1)*+ 512] [1 + (1_1%)2] : (24)

By addition, subtraction, and Young’s inequality, (25) and (26) hold under Assumption 2.

T-1

[Tl M L e 1 LM L 1M L
TZMZE[H‘Ei_wHQ}X* *Z [Hmi_zing}+TZM2E[H'Z1'_Z||2}; (25)
= i= —0 t=0 " =1

1 = 1 t 12 1 = =t\[[2
7ZE“|VF 2} T M E[Hwi_'ziHJ +TZE[HVF(Z )Hz} : (26)
t =0

Moreover, from (23), (25) and (26), it can be seen that (27) holds.
*Z ZEW —&'3] = 7

Combining (23), (24), (25) and (26), we are ready for Corollary 12.

I 10
&Msu

3

’ﬂ

IE[HVF I5] = ! iOIE[yVF [ E—C

1

t

Il
=
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Corollary 12 (Convergence rate of x!). Suppose that Assumptions 1, 2, 3 and 4 hold.
Choose learning rates as n; = ﬁ, ng = Vsom. Let T' > 1 be sufficiently large so that the

conditions of 7, and 7y in (22) are satisfied. For k£ > 0, it holds that

m vV sodmT 5%\/3mT

+ (mm““> %P‘S (02 +¢2) [(Pg 1262 4 1] [1 +

;Tzlm [HVF(it)Hﬂ < (m+k> L(F@) — ) 4 Omax [(P(; —1)262 4+ 1} o2
t=0

1
(1- Pk)2] - (28)
Remark 13 (Linear speedup). Corollary 12 establishes the full convergence rate for FedSWE al-
gorithm. It can be seen that the second term dominates when T is sufficiently large, which
relates to stochastic gradient noise o2. The non-stationary client unavailability results in the
third term, which relates to gradient divergence ¢? and also to 0. The proof of Corollary 12
follows from (26) by plugging in Proposition 8 and Theorem 11.

In the special case where k = ©(m) and A; = [m], we simply have dyax = d = 1 and
Ps = 1. Our convergence bound reduces to O(1/vsmT'). In other words, we achieve the
desired linear speedup property with respect to the number of local steps s and the number
of clients m, matching rates in the established literature (Yu et al., 2019a,b; Yang et al.,
2021; Wang and Ji, 2022, 2024). The linear speedup property enables a large cross-device
federated learning system to take advantage of the massive scale of parallelism. Notice that
the consensus error (27) and the convergence rate (28) have the same asymptotic order with
respect to the parameters mentioned above. Hence, the consensus error also enjoys the
desired linear speedup property when 7' is sufficiently large in this special case.

6.5 Impacts of &

In this section, we elaborate on the scaling of spectral norm p; and convergence upper bound
in (28) w.r.t. k. Next, we explore the necessity of interpolation (k > 0) under Assumption 1.

6.5.1 ON THE SCALING OF CONVERGENCE RESULTS

On spectral norm p;. It is easy to show that the upper bound in (20) decreases mono-
tonically in k£ by taking partial derivatives; yet, the monotonicity is not that straightforward
n (21). On the other hand, the upper bounds characterize only the worst-case scenario, so
they cannot directly inform the monotonicity analysis of py w.r.t. k. Intuitively, a greater
k implies a more connected client population because virtual clients are always available.
When k — oo, we have pi =~ 0 since the W matrix will be dominated by the virtual clients,
approaching a scaled all-one matrix. We hypothesize that the spectral norm p; would
decrease w.r.t. k, which is numerically demonstrated in Example 3 by explicit realizations
of Assumption 1.

Example 3. In Fig. 4, a total of m = 10 clients are available under the dynamics shown
in Fig. 4a with P; = 1 and Fig. 4b with Ps > 1. We expect to see a smaller spectral
norm when clients are more frequently available. The results match our hypothesis that the
spectral norm p; would decrease w.r.t. k. It is expected that a larger Ps leads to worse
information fusion, i.e., a smaller spectral norm p;. Details can be found in the captions.
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(a) Regular clients (i.e., clients in R) are available Global Rounds
with probability p in any global round. That is,
the period is P = 1. The values of p can be found (b) Regular clients (i.e., clients in R) are divided
in the legends. y-axis is the calculated spectral into two groups. Each group i is available with
norm of (W(O’1>)2 over 1000 repetitions. We can probability p; for 10 rounds. That is, the period
see that the spectral norm decreases in k except is P = 20. y-axis is the calculated spectral norm
when p = 1. In that case, clients are always of (VV(O’QO))2 over 1000 repetitions. We can see
available, leading to a zero-valued spectral norm. that the spectral norm decreases in k.

Figure 4: Calculated spectral norm results with varying numbers of k. We consider m = 10 clients with
availability dynamics described in the plots. Note that the y-axis of each subplot is of a different
range.

On convergence upper bound in (28). We have shown in Lemma 9 that p; < 1, which
holds independently of k as long as k > 0. Intuitively, as we have discussed in Section 5.2,
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there exists a sweet spot k* for k that balances training stability and convergence speed.
Yet, analytically obtaining the exact £* is fundamentally challenging, if not impossible at
all. Specifically, the value of k affects the convergence upper bound in (28) by (i) explicitly
showing up in the numerator and by (ii) implicitly influencing the spectral norm pi. Recall
that we hypothesize in 3 that the spectral norm p; monotonically decreases w.r.t. k. However,
which term will ultimately dominate the monotonicity of (28) as k increases remains unclear.
In Section 7, we empirically find that & = O(m) strikes the best balance between convergence
speed and test accuracy.

6.5.2 NECESSITY OF INTERPOLATION (k > 0) WHEN Pj5 > 1

Observe that we require the coefficient k£ > 0 in Lemma 9, which appears to be an artifact
in our proofs to improve training stability. However, we show next in Proposition 14 that
for our algorithm to hold under Assumption 1, it is necessary to have k > 0. To see this, we
construct a counterexample via a similar quadratic function as in Example 1. Let client ¢’s
local objective Fi(z) £ ||z — w;||3 /2, where z, u; € R and i € [m]. The global objective is

1 m
F(z) = %ZW—WHS, (29)
=1

with unique global minimizer z* = (3", u;)/m.

Proposition 14. For a global objective as per (29), let M the first half client population,
M the remaining client population, and M £ [m] = M7 U Ms. When all clients in M are
available in even rounds only, while those in My are available in odd rounds only. We have
(i) Assumption 1 holds under Ps = 2 and ¢ = 0.5;
(ii) It holds for the output z!  of Algorithm 1 without interpolation (k = 0) that

2

: « 1
tlggo]E [HVF(a:gut) — VF(z )H;} =3 Z u; — Z uj|| - (30)
iEM1 JEM2 9

Proof Proof of Proposition 14. At a high level, our proof suggests an interesting client
participation dynamics that prevents two groups of clients from properly mixing global
updates.

Construction of p!’s. We assume that clients in M are available in even rounds only with
p?’“ = 1, while the rest clients in My are exclusively available in odd rounds with p?”l =1,
where 7 € ZT. 1t is easy to extend the proof to the case where p! < 1 for the same group of
clients.

Global and local gradients. The global gradient VF'(z) and local gradient VF;(z) are
VF(@) = o - L3 V@) =2 -
r) ==z mi:luz, i(x) =z — u,.

Combining them together. Due to the postponed multi-cast procedure and the lack of
interpolation, the parameter server cannot carry the aggregated global updates from one
round to another. Hence, the available clients depend on their cohorts’ updates in that round
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to prepare their local models for the next availability. Since M7 N M3z = () and non-overlap
availability between two groups, the clients in M; cannot exchange models with the clients
in Ms. Therefore, the global objective alternates between an average objective of clients in
M and of clients in Mo, i.e.,

2
Feven = % Zie_/\/ll HJJ - Uz”g )

2
Foaa =2 D iem, 1T — i[5

The expected output ¢ . follows that

out

E [xt ] — 2(216/\/[1 UZ)/m if t = 2r;
20 iem, wi)/m ift=2r+1.

Consequently,

2

E [HVF(xfmt) —VF(:E*)Hz] = % Z U — Z u;j

iEMl j€M2 2

As is empirically verified by the scalar example in Fig. 5, £ > 0 may correct the bias.
Intuitively, interpolation mixes the global models over rounds and enables clients to share
information through the parameter server with cohorts in the current round and those from
previous rounds. Mathematically, we guarantee clients to exchange information with each
other in expectation over every sliding window of Pjs rounds, provided k& > 0. See the proof
of Lemma 9 for details.

6.5.3 SPECIAL CASE WHEN Py =1

Our conference version (Xiang et al., 2024) studies a special case where P; = 1 and
interpolation becomes optional. Our discussions in Section 6.5.2 are consistent with our
results therein. Informally, this is because clients in (Xiang et al., 2024) are never isolated
into distinct groups when P; = 1. On the technical front, all elements in the information
mixing matrix W®) are strictly positive in expectation in any round ¢ under the unavailability
dynamics therein. Hence, clients can evenly diffuse information with each other in expectation.
Nevertheless, k > 0 still helps to reduce fluctuations of the trajectory of x'.

7. Numerical Experiments

In this section, we evaluate FedSWE on real-world data sets to corroborate our analysis
and compare the performance of FedSWE with the state-of-the-art algorithms. The missing
specifications and additional numerical results can be found in Appendix H. Specifically, we
consider a federated learning system of one parameter server and m = 100 clients. We focus
on image classification tasks, and consider multiple real-world data sets (Netzer et al., 2011;
Krizhevsky et al., 2009; Darlow et al., 2018). Each data set contains 10 image classes, but
the categories differ.
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(a) A visualization of the scalar gradient of Algo-
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(b) A visualization of the scalar gradient of Algo-
rithm 1 with interpolation (k = 1). It can be seen
that the gradient outputs converge to 0 under inter-
polation, recovering the global optimum.
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(d) A visualization of the consensus of Algorithm 1
with interpolation (k = 1). It can be seen that two
clients can reach a consensus under interpolation.

Figure 5: Visualizations of Algorithm 1 with two clients and a global objective (29), whose u1 = 100,
u2 = —100. The first client is available exclusively in even rounds, while the second client is
available in odd rounds only. z-axis is the global round index, the details of y-axis can be found
in the subplots. Figs. 5a and 5c plot the results of Algorithm 1 without interpolation. It can be
seen that the outputs alternate between two clients’ local optimums and can deviate far away
from the true global minimizer u; + u2 = 0. Moreover, the clients fail to reach a consensus. In
sharp contrast, Figs. 5b and 5d indicate that Algorithm 1 recovers the global minimizer with
interpolation (k = 1) and allows clients to reach a consensus.

7.1 Non-stationary and Heterogeneous Unavailability with Py > 1

We start from a general case where the length of the sliding window Ps > 1 in Assumption 1.

Data sets and data heterogeneity. We perform the experiments on SVHN (Netzer et al.,
2011) and CIFAR-10 (Krizhevsky et al., 2009) data sets. Similar to Proposition 14, we divide
clients into two groups M; and My, each with 50 clients. Each group of clients collectively
hold 5 classes of images from the original data set, non-overlapping with the other group.
To emulate highly heterogeneous local data distributions within each group, the images are
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(e) An illustration of the client unavailability dy-
namics in Figs. 6a and 6¢. The two client groups
M and My are available alternately, where p;’s
remain static within each available period.
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(b) SVHN data set. Heterogeneous and nonsta-
tionary intra-period p!, detailed in Fig. 6f.
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(d) CIFAR-10 data set. Heterogeneous and non-
stationary intra-period pf, detailed in Fig. 6f.
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(f) An illustration of the client unavailability dy-

namics in Figs. 6b and 6d. The two client groups

are available alternately, where p!’s have a stair-

case pattern within each available window.

Figure 6: Plots of the consensus errors on a logarithmic scale with m = 100 clients. The 100 clients
are evenly divided into two non-overlapping groups M; and M. The global rounds can be
partitioned into periods, each with length 50 rounds. In all odd periods, the available probability
pt > 0 if i € M while p! = 0 otherwise. In all even periods, the available probability pf > 0 if
i € Ms while p! = 0 otherwise. We train CNN networks on the SVHN data set and CIFAR-10
data set for T' = 10000 and T" = 20000 rounds, respectively. When a client becomes available,
it performs s = 10 steps of local computation. The results are obtained under 3 random seeds
and sampled every Ps round. The solid curves differ from each other by the values of k, and the
shaded areas plot the standard deviation. It can be observed from the plots that clients fail to

reach a consensus when k = 0.

assigned to individual clients ¢ according to v; ~ Dirichlet(a = 0.1) (Hsu et al., 2019; Wang

and Ji, 2022, 2024).

Non-stationary client unavailability with P; > 1. We evaluate two non-stationary
unavailable dynamics—static and staircase probabilistic trajectories—both with Ps = 100.
Tllustrative plots can be found in Figs. 6e and 6f. The non-stationary dynamics are motivated
by real-world federated learning participation statistics and by generalizing the existing
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(b) No interpolation (k = 0). Heterogeneous
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(Fig. 7f).
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(Fig. 7f).
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(f) The two client groups are available alternately;
however, the clients’ pt’s show a staircase pattern
within each available window.

Figure 7: Test accuracy results with m = 100 clients, who are divided into two non-overlapping but evenly
sized groups. We train CNN networks on the SVHN data set for 7' = 10000 rounds. When a
client becomes available, it performs s = 10 steps of local computation. The results are obtained
under 3 random seeds and sampled every Ps round. The curves plot the averaged results, while

the shaded areas plot the standard deviation.

participation patterns, such as cyclic participation (Cho et al., 2023a; Wang and Ji, 2024).
Formally, let f;(t) be a time-dependent function under the specific non-stationary dynamics,

and p; =

(vi, ¢), where v; ~ Dirichlet(ow = 0.1), and ¢ characterizes the unbalanced contribu-

tion of different image classes to the generated probabilities. The unavailability dynamics of
client group M; and My are illustrated in (31) and in (32), respectively.

For i € M1, we have

. pi- fi(t), if (t mod Ps) < £ (31)
! 0, otherwise.

23

For j € Ms, we have

- fi(t), if (t mod Ps) > 5,
p§: p] f]( )7 1 ( mo 5)> 2 (32)

0, otherwise.
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Figure 8: Test accuracy of FedSWE with different k’s on SVHN data set under different unavailability
dynamics. The reported results are averaged over the last 500 rounds. Consistent with Remark 13,
we observe an initial increase in test accuracy, followed by a decline, peaking around k£ = m = 100.
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Figure 9: The number of rounds needed to achieve 40% test accuracy of FedSWE with various k values on
the SVHN data set under different unavailability dynamics. We can observe a similar trend as
in Fig. 8 that a slight speedup in the beginning but a significant slowdown after k = m.

Each element of [¢]. is drawn from Uniform(0, ®.), where a smaller ®, leads to a less
significant contribution of that image class. It is immediately clear that the coupling of local
data distribution v; ~ Dirichlet(ae = 0.1) and class contribution ¢ leads to non-independent
pi’s. Although the non-independence setup violates our theoretical analysis, we observe
that FedSWE retains its outperformance. Correlating the local data distribution and the
probability of client availability is a common practice in the prior literature. For example,
Gu et al. (2021) experiment with a formula for p; so that clients that hold images of smaller
digits participate less frequently. Wang and Ji (2024) construct p; as an inner product of
the clients’ local data distribution v; and an external distribution ®’.

We highlight that the periodic unavailability dynamics evaluated in our work are more
challenging, e.g., than (Wang and Ji, 2022), where they select a fixed number of S clients
out of the available client group to participate in each round ¢ uniformly at random. In our
work, we may have fewer than S available clients in any round ¢ due to the heterogeneity in
the base probability p; and randomness in the Bernoulli sampling process; therefore, a fixed
size of sampling clients in each round is not guaranteed.

Benchmark algorithms. We compare FedSWE with six baseline algorithms, includ-
ing FedAvg over active clients (McMahan et al., 2017), gFedAvg (Wang and Ji, 2022),
FedAvg with known probability (FedKnown) (Perazzone et al., 2022), FedAU (Wang and Ji,
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Figure 10: Test accuracy results with m = 100 clients, who are divided into two non-overlapping but evenly
sized groups. Only a single client group is available in each training round. Inside an available
window of P rounds, a client 4 in each group is available with probability p!. We train CNN
networks on the CIFAR-10 data set for 7' = 20000 rounds. When a client becomes available, it
performs s = 10 steps of local computation. The results are obtained under 3 random seeds
and sampled every P round. The curves plot the averaged results, while the shaded areas plot

the standard deviation.

2024), MIFA (Gu et al., 2021) and FedVARP (Jhunjhunwala et al., 2022). The details of the

algorithms are deferred to Appendix H.

Necessity of interpolation (k > 0). Recall that we show in Proposition 14 that interpo-
lation is necessary for information diffusion over rounds under periodic unavailability. To
validate such a claim, we show in Fig. 6 that clients fail to reach a consensus when k = 0.
Specifically, instead of decaying, we observe that the consensus errors blow up in the plots. In
contrast, the interpolation carries global updates from round to round and eventually allows
clients to correct bias. Furthermore, as k increases, we observe a smaller consensus error,
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Figure 11: Test accuracy of FedSWE with different k’s on CIFAR-10 data set under different unavailability
dynamics. The reported results are averaged over the last 500 rounds. Consistent with Re-
mark 13, we observe an initial increase in test accuracy, followed by a decline, peaking around

k =m = 100.
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Figure 12: The number of rounds needed to achieve 40% test accuracy of FedSWE with various k values on
CIFAR-10 data set under different unavailability dynamics. We can observe a similar trend as
in Fig. 11 that a slight speedup in the beginning but a significant slowdown after k = m.

which implies better client connectivity. Yet, as we will show next, excessively increasing k
will inevitably lead to an unnecessary slowdown in convergence.

Performance discussions. We can observe from Figs. 7b, 7a, 10a and 10b that most of the
algorithms, including our conference version: FedSWE without interpolation (k = 0), suffer
from the challenging periodic non-stationary dynamics and experience high fluctuations.
As we have illustrated in Proposition 14, FedSWE without interpolation fails to diffuse
information across rounds. For baseline algorithms on the SVHN data set, FedKnown attains
the best peak accuracy, while FedVARP and gFedAvg yield the smoothest curves yet with
less accurate predictions. In sharp contrast, FedSWE with £ = 100 generates relatively
smooth trajectories and outperforms all the baseline algorithms on both SVHN (Figs. 7c
and 7d) and CIFAR-10 data sets (Figs. 10c and 10d). For the SVHN data set, FedSWE with
k = 100 attains comparable accuracy as the peak accuracy of FedKnown yet with more
consistent performance. For the CIFAR-10 data set, FedSWE with k£ = 100 obtains even
better accuracy than FedKnown. It is worth noting that, despite the impressive empirical
performance of FedKnown, its analysis requires strictly positive probabilities (Perazzone et al.,
2022), and its implementation adopts p!’s as a known priori. FedAU is provably robust to
stationary dynamics; yet, we consider non-stationary availability here. It is a bit surprising
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that FedSWE surpasses MIFA and FedVARP, which both require heavy memory of size O(md);
however, the interpolation in FedSWE only requires light memory of size O(d). Under the
periodic unavailability dynamics, the clients in the inactive client group can be unavailable
for quite a long period of global rounds; therefore, their gradients from the most recent
availability may not be a good approximation of their latest fresh gradients if they are
available.

Effects of interpolation coefficient k. Figs. 8 and 11 compare the test accuracies
of FedSWE under different choices of k. The results show that increasing k is not always
beneficial. On the one hand, FedSWE converges faster as k approaches m, but it undergoes a
substantial slowdown when & continues to rise, as shown by the number of rounds required
to reach 40% test accuracy in Figs. 9 and 12. On the other hand, the final test accuracy
increases and then drops in Figs. 8 and 11. This aligns with our discussions in Remark 13,
where we show that the convergence upper bound minimizes at a unique point. However,
the exact analytical form depends on parameters that are difficult, if not impossible, to
obtain in practice. Based on the results, we empirically recommend k = ©(m) to strike a
balance between performance and convergence speed.

7.2 Non-stationary and Heterogeneous Unavailability with P; =1

In this section, we investigate the special case of Assumption 1, where Ps; = 1 as in (Xiang
et al., 2024), with interpolation providing an added benefit. Our numerical results are
presented in Table 2, where we study additional availability dynamics and data sets. The
results are partitioned into two parts, where the latter part includes algorithms aided by
heavy memory or known statistics, such as MIFA, FedVARP and FedKnown.
Non-stationary client unavailability with P; = 1. We study a total of three client
unavailability dynamics in Table 2, including stationary, staircase, and sine probabilistic
trajectories. Their visualizations are also available in the same table. Our choices of
non-stationary dynamics are motivated by real-world federated learning participation statis-
tics (Bonawitz et al., 2019; Ribero et al., 2022). The learning tasks become more challenging
as the list progresses due to the growing complexity of the non-stationary dynamics.

Mathematically, similar to the construction—(31) and (32)—in Section 7.1 but without
alternate client group availability, client i’s dynamics is defined as p! = p; - fi(t). The
definitions of p! and f;(t) can be found therein. Note that the p;’s remain to be non-
independent across different clients, but we observe that FedSWE retains its outperformance.
Performance discussions. In addition to the baselines in Section 7.1, we include the
evaluation results on FedAvg over all clients, F3AST algorithm (Ribero et al., 2022) and on
CINIC-10 data set (Darlow et al., 2018). To understand the nuances in the performance of
our conference version (Xiang et al., 2024) and this journal extension, we also compare the
performance of FedSWE without (k = 0) and with interpolation (k = 100).

It is observed that FedSWE consistently outperforms the algorithms not aided by heavy
memory or known statistics. In particular, FedSWE with interpolation attains better accura-
cies than its non-interpolation variant (Xiang et al., 2024) on almost all tasks, providing
added benefits. In the only exception (stationary on SVHN data set), their performances are
close, with accuracy differences of less than 1%. We also surprisingly observe that FedSWE oc-
casionally beats MIFA, which is memory heavy. We attribute it to its reuse of stored gradients
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Table 2: Results and comparisons on real-world data sets in the form of mean accuracy + standard deviation
and are obtained over 3 repetitions in different random seeds. Results are averaged over the
last 50 rounds. The total number of global rounds is 2000 for SVHN, CIFAR-10 and CINIC-10.
Algorithms are categorized into two groups: (1) ones not aided by memory or known statistics;
(2) ones assisted by memory. For a fair competition, we boldface the best accuracy in the first
group, while the second best is underlined.

Unavailable | Data sets | SVHN | CIFAR-10 | CINIC-10
Dynamics | Algorithms ‘ Train Test ‘ Train Test ‘ Train Test

FedSUE (ours, k = 0) 86.5+0.7% 86.1+07% | 68.1+14% 663+1.1% | 47.9+21% 47.3+2.0%
FedSWE (ours, k =100) | 86.3 + 1.1% 854+ 1.0% | 68.7+1.0% 66.9+09% | 48.3+1.7% 47.9+16%

Stationary FedAvg over active | 826 £1.0% 824+11% | 641+1.9% 62.9+14% | 43.6£24% 431+24%
— FedAvg over all 761+21% 76.1+24% | 55.8+21% 554+ 18% | 384+21% 380+21%
—_— gFedAvg 835+ 1.5% 83.0+1.2% | 645+ 1.7% 638 £ L7% | 45.3 £ L.4%  44.9 + 1.2%

FodAU 834+10% 832+10% | 654+14% 641+£1.0% | 45.6+15% 452+ L5 %
F3AST 832+£07% 83.2+07% | 644+11% 635+09% | 45.3+12% 448+12%

FedAvg with known pi’s | 86.1 £05% 85.6£05% | 65.4+1.0% 63.1+09% | 45.0£1.2% 446+1.1%
MIFA (memory aided) 8424+ 05% 84.1+06% | 666+08% 653+06% | 475+05% 46.9+05%
FedVARP (memory aided) | 846 £02% 843+01% | 675+02% 663+03% | 47.84+02% 472+02%

FedSWE (ours, k = 0) 8.9+08% 85.6+1.0% | 67.7+13% 66.0+1.2% | 47.5+20% 469+20%
Non-stationary | FedSWE (ours, k= 100) | 86.0+1.2% 85.9+07% | 67.8+1.0% 66.1+1.2% | 47.7+15% 47.1+14%

(Staircase) FedAvg over active 825+1.0% 824+09% | 642+18% 63.0+14% | 43.7+£20% 423+22%
, FedAvg over all 75.9+21% 759+23% | 55.7+21% 554+18% | 384+20% 37.9+20%

Pirm oy gFedAvg 831+13% 8.0+£11% | 65.0+1.6% 64.9+15% | 453+14% 449+13%
FedAU 836+ 08% 834+08% |652+17% 63.9+15% [45.7+15% 451+15%

F3AST 831+06% 831+£06% | 643+1.1% 633+£09% | 45.2+12% 448 +1.2%

FedAvg with known pl’s | 85.8 0.8 % 852+09% | 680+1.6% 66.1+18% |450+1.1% 447+1.0%
MIFA (memory aided) 842+ 05% 84.0+£05% | 66.7+07% 653+05% | 475+£05% 46.9+05%
FedVARP (memory aided) | 84.6 £ 02 % 84.34+03% | 67.3£03% 66.1+£03% | 47.7+02% 472+£0.1%

FedSWE (ours, k=0) | 85.7+09% 85.6+09% | 64.9+1.9% 63.5+20% | 464+24% 458 +24%
Non-stationary | FedSWE (ours, k = 100) | 85.9+12% 85.8+08% | 65.8+1.8% 64.2+19% | 47.2+20% 46.7+18%

(Sine) FedAvg over active 821+11% 820+13% | 633+19% 621+18% | 43.1£25% 426+25%

, FedAvg over all 71.3+25% 7T1.3+28% | 522+24% 521+22% | 364+20% 360+1.9%
[ AVASAY) gFedAvg 836+ 13% 835+11% |624+12% 622+12% | 433+£11% 429+1.0%
FedAU 825+14% 825+13% | 642+23% 630+19% | 44+£21% 439+21%

F3AST 823+1.0% 823+£10% |631+£1.7% 623+15% | 41£16% 43.7+1.6%

FedAvg with known pl’s | 86.3+1.0% 86.0+1.0% | 69.1+12% 67.3+13% | 479+15% 474+11%
MIFA (memory aided) 842+04% 841+04% | 66.6+08% 655+06% | 474+£05% 469+04%
FedVARP (memory aided) | 84.5£02% 843 +01% | 674+02% 66.0+03% | 47.7+01% 47.1+02%

from the unavailable clients. Although FedSWE brings in staleness due to implicit gossiping,
our results in Section 7.1 for £ > 0 and Table 7 in Appendix H for k£ = 0 indicate that
there is no significant slowdown for FedSWE when compared to the baseline algorithms. Fur-
thermore, FedSWE attains competitive or even better performance than FedAvg with known
probability, yet completely unknown to the underlying dynamics in client unavailability.

8. Conclusion

In this paper, we have shown that the significant impacts of heterogeneous and non-stationary
client unavailability on learning performance through FedAvg. To address this, we have
proposed an algorithm FedSWE, which provably converges to a stationary point of the global
objective by adaptively echoing clients’ local improvements, by interpolating updates across
rounds via a global moving average, and by evenly diffusing local updates through implicit
gossiping. Notably, it achieves the desired linear speedup property in certain special cases.
Experiments have validated the superiority of FedSWE over state-of-the-art algorithms under
diversified non-stationary dynamics. Future work will investigate how to relax the assumption
of independence in client availability.
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Appendix A. Nomenclature

In this section, we provide the notations and nomenclatures used throughout our proofs for

a comprehensive presentation.

Table 3: Nomenclature table

Notation(s) Definition

At The set of active clients in round ¢.

wt A doubly stochastic matrix to capture the information mixing error.
Its definition can be found in (9).

Pl The probability that a client ¢ becomes available in round ¢.

7i(t) 7i(t) £ sup{t' | t' < t,i € A"} defines client #’s most recent active
round. In particular, 7;(0) = —1 for all i € [m].

x! The real model at client ¢ at the beginning of round ¢ in Algo-
rithm 1.

z! The auxiliary model at client ¢ at the beginning of round ¢. Refer
to Definition 4 for more details. The sequence is for analysis only
and is not computed by any clients.

x! The aggregated real model at the end of round ¢ —1 in Algorithm 1.

2t The auxiliary model at the end of round ¢ — 1.

m?, sz The real model of an active client ¢, and auxiliary model of an
active client ¢ after s-step local computation in round ¢, respectively.
Refer to Algorithm 1 for more details.

wgt’r) The real model at client ¢ after r-step local computation.

x!, z The real and auxiliary model mean over all clients in a distributed
system and in round ¢, respectively.

Fi(x) The local objective function at client ¢, which is assumed to be
non-convex.

F(x) The global objective function defined in (1): F(z) £
2imy Fi(z)/m.

Vii(x) The local stochastic gradient function at client ¢ taken with respect
to x.

VFi(x) The local true gradient function at client ¢ taken with respect to x.

D; Client i’s local data distribution.

& An independent stochastic sample drawn from client i’s local

distribution D;.
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Table 4: Variable table

0 An absolute constant that is the lower bound on the client unavailability.
Ps, P The period in Assumption 1.

L Lipschitz constant in Assumption 2.

o? The upper bound of the stochastic gradient variance.
(8, ¢) Parameters that capture the averaged gradient dissimilarity between

global and local objectives.

) The spectral norm of a stochastic matrix in expectation.

S The number of local computation steps.

k The interpolation coefficient in the global moving average procedure.

m The number of clients in the federated learning system.

M M=m+k.

Appendix B. Useful Inequalities

For completeness and for ease of exposition, we present some common inequalities that will
be frequently used in our proofs.

The followings hold for any a; € R? and any i € [m).

1. Jensen’s inequality.

2 2
EZ“@‘ < EZHain and Zaz‘ SWZHain‘ (33)
=1 2 i=1 i=1 2 i=1
2. Young’s inequality (a.k.a. Peter-Paul inequality).
2 2

a a
(a1,a92) < a5 + dl ZHQ, for any € > 0. (34)

2¢ 2

Equivalently, we have
2 2 2
a1 + az|l; = [laill + [[az[3 + 2 (a1, az)
1

< (1 + 6) la13 4+ (1+€)|laz|3, for any € > 0. (35)
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3. Smoothness corollary. Given Assumption 2, it holds that

Flay) — Flas) = <a1 . /01 VF(as + r(a) — ag))dr>

1
— (VF(a3), a1 — as) +/0 (a1 — as, VF(as + (a1 — as)) — VF(as)) dr

(a) 1
< (VF(a2),a; —az>+L/ 7lla; — a2,y [|(a1 — a2)|, dT
0

L
< (VF(az), a1~ az) + 5 [la1 — a3, (36)

where (a) follows from Cauchy-Schwartz inequality and Assumption 2.

Appendix C. Descent Lemma (Lemma 7)

In this section, we first present a bound on multi-step local computation. Then, we apply
the bound to the analysis of descent lemma.

C.1 Multi-step perturbation

Lemma 15. Suppose that Assumption 2 and Assumption 3 hold. For each regular client
1 € R, we have

2

— VFi(}) Dl

‘ Fil < 577233L202 + 207}234L2 HVF
2

Proof Proof of Lemma 15 The proof shares a similar road map to (Yang et al., 2021
Lemma 2), but the objective is instead to show an upper bound with respect to HVF

It holds that

i

2

@ <4 (t.r) 2
ZVF RGN ED LRI NES
s—1
?sﬁ;xa[\ 27 — j\ft], (37)

where inequality (a) holds because of Jensen’s inequality, inequality (b) holds because

of Assumption 2. It remains to bound E[||m§t’r) —x!||?| F!. In what follows, we use Vﬁgt’k)
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to denote V&(cc(t’k)) and VF"*) as VF; (a:(t’k)), respectively, for ease of presentation.

ED

_E [H_m (vgl(t,'r—l) B VF;(t,fr—l)) " mz('t,r—l) B - (VFi(t,r—l) _VE 4 VFf) Hz ’ ]_-t:|

wl('t,r—l) gt — mv&(t,f‘—l) Hz ’ ]:t]

7

ot =< =] -

) A

9 e oot | ] o [t o (ot o)

2oge o - w0 | 7]

1 [ (tzT_l) t 2
+<1+2s—1>E_H$i ‘“’u‘

Ft| 4 2snE

|VEET — VF 4

2‘ft
2

(2

2
< fE [Hw?’”) —vEl|| ]-"t]
2

1 I _ 2 i I _ 2

+ <1+ 28_1>E 2V —al|| | F| +asifE [||VESTY - || ft] +dsn? |V FL
© 5 4 2 ¢|2
< nio® +4sni | VF{||;

1 [ tr—1) 2 ] 2 92 tr—1 2
+<1+28_1>E_w£7" —a:fZ ft_+43L771E Hzcgr )—w§2‘}"t
.2 2 4 2 VFt 2 1 1 4 L2 2 E (tﬂ'_l)_ t 2 ft
= njo” +dsni [|VE ||, + (14 5= +4sL7m z; |, | 7]

()

where equality (c) holds because Vfgt’k) is an unbiased estimator of VF;""’ inequality (d)

holds because of Young’s inequality, inequality (e) holds because of Assumption 2.
Byn < ﬁ, it holds that
1 2
<

4sL%n? < .
TASE S T T s S s 1

2s —1

Unroll the recursion, we have

(t ) 2 r—1 9 k )
[t 7)< 152 ot
k=0
s—1 9 k 9
< (1 + > (77?02 + 457712 HVFfHQ)
2s —1
k=0
25 — 1 2 \*2 2 \2 )
_ 2 2 2 t
=3 <1+ 25—1> <1+ 95— 1) — 1] (7710' + 4sn; HVFsz)

< (5= 5) [vae=1] (st + asup V)

(9)

< ssnfo? +20s%7 | VY2,
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where inequality (f) holds because of (1 4 1/z)* < exp(1), inequality (g) holds because of
V3exp(1) — 1 < 5. Plug it back into (37), we have the desired result

2

ZVF — VFy(@ ‘}"t < 5P L2 + 20m7s L2 ||V Fy(ah) |2

|
C.2 Descent lemma
Recall that we have defined an auxiliary global objective F/(x) = Y ieruy Fi().
Proof Proof of Lemma 7 By Assumption 2 and inequality (36), we have
F(ztY — F(zh) < <v}~7(2t)’2t+1 _ Zt> Hzt+1 —tH;
(A) (B)
Recall that M = m + k = |R UV|. The one-round innovation of Z can be rewritten as
R M ) 1D DI CA) BRI  F )
M ' 1 1 M ) 7 1 M ' 7 1
e At 1ER\A? (1%
1 : 1 .
-3 (zj_zg) Y (-2
i€ At 1€ER\A?
1 m t—1
t,r t,r
= > ey | mmgs Y, VE(af) —mmg(t Z Ve )
i=1 k= (t)+1
migs -
- Wg > lpieryary VEi(ah)
i=1
- Z rieanmngs(t — 1 — 7(1) VF (! Z Lgicarymng (t Z Ve M)
_ TimgS
g Z Ljier\aty Vi (x)
®) 1 m s—1 )
(t,r t,r
:WZ: feany (t = 7i(®) Z;)(VFZ ~ V(" 60))

MgSs t
M Z VF;(x;)
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where equality (a) using the fact that ¥ = x! for all k such that ;(t) +1 < k < ¢,

and equality (b) is obtained by adding and subtracting V/;(x!; fi(t’r)) and by the fact that
Lgicary + Liier\aty = 1 since a client ¢ € V does not update gradients.

Bounding (A).

(A) = (VF(z), 27! - 2')

m t—1 s—1
= MMNg <Vﬁ(zt)’ % Z ]l{zeAt} Z ]l{n (t)= p} t - Z ( (t " — VY, ( ; a§ )>>
i=1 p=—1 =0

(AD)

+ Mg Z]l{ze.At} Z [ — <VF( . (t—=p)

p=—1

1

@
I

(VF( by _ VFi(azz(t’r)))>

Il
=)

r

(AI)

S - ~
+ TN (GF(2), VE(2)) - VE() ) — g

M

=1

<VF< PR va<z5>>.

i=1

(A.IIT)
Bounding (A.I)

E [(A.I)‘ft]

@ i E lE
(b) ~ _
= mng <VF(zt),

m t—1

i ZE [ﬂ{zeAf} f} Y. Unw=n(t =

p=-—1

< Zﬂ{zeAt} Z Liry(t)=p (¢

p=—1

=0,

r=0

(AIV)

i( z,") vei<w§”%s£“‘)>)> mEt’“’,ft] \ft]

r=0

where equality (a) holds because of the law of total expectation, equality (b) holds because
Licary is by definition independent of others and Assumption 3.

Bounding (A.II)

(ATT) g"MEj: {ieAr) Z L= | 15 HVF H

Wﬂﬂﬁ

TS
T 12M Zﬂ{i@”}

+ 1 Zﬂ{zeAt} Z ir()=

p=—1
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s—1
SN VE() - VE @)
r=0

D3 E (e[ (TR v ) 4. 7] 7]
2
Fi(z{"")
2

2

)
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where inequality (¢) holds because of Young’s inequality. We further have:

2L22m

1
E [ (A.ID) 7 ’7”79 5779”1 11T (t — p)>
{ri(t) p}
i=1 p=—1
60 3 3L2 m -
0L S S gyt = 0 (VD)
i=1 p=—1
m  t—1
77l779 2 157797]?82[/20'2 9
HVF Hz - M Z:p;l Liri=p) (t = 1)
60’/]9773 3L2 m t—1

)

S 5 tpnionte 0 [V

2
i=1 p=—1

where inequality (d) holds because of Lemma 15, the last equality using the fact that mf” = x!

for all k such that 7;(t) +1 <k <t.
Bounding (A.III).

2

3mn,sL?
T ZH 2t i3

(A1) = 2 ; (VE(2), VE(!) - VFi(a))) ¢ T HVﬁ(it)Hg

where inequality (e) follows from Young’s inequality and Assumption 2. It holds that,
?7177 3771?7 sL? 2
E[(a1m|F] < T8 | VA H SN Ik - -
i=1

Bounding (A.IV)

2
(AIV) = m"g HVF H

2
1 m
17 2 VE(z)
i=1

1 m
— a7 2 V(=)
i=1

2

where the equality follows from the identity in Appendix B (3). It holds that

m m m 2
E[AIV ‘ff} 77”79 HVF H ]\ZZVFi(zf) AZ;VE(?)—AZ;VE@;)Q
S [ T 2 1e) R o Ee A R
=1 2 =1

where the first equality holds because a client ¢ € V does not update gradients, and it holds

that
2 & ZVF +%ZVFZ-(?)=%ZVF¢(?)7

zGR % i=1
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where we use the convention that VF;(z!) = 0 for i € V. Putting (A) together,

32L2 2 m t—1

— TN U=y (t — D)

i=1 p=—1

3nmgsL? - mnesL?
+ = Dl s+ T ZHZ ~ 25
=1

2 [oo]] = -2 e 200

mngs || 1 ’ 60?7778L2Mt_1 2
1
I | D VEGED| 3 Y Lewmn - P [VERE]
=1 2 i=1 p=—1

Bounding (B).

_ 2
ning . , .
(B) <2L- 7 Zn{lem (t =) Y (VR - Ve ¢))
r=0 9
(B.I)
2772 — 2
2 |3 (Ve - vRe)
= 2
(B.II)
m m 2
L 3 |V (el) - VG 420t | S V()
D) m 779 M — % ,
(B.IIT) (B.IV)

Bounding (B.I) Recall that dyay = SUPje [m] te[T] pt. It holds that,

E [(B.I) ‘}"t}

= 2Lnl T’g ZE |:]1{16Af}

Yoo S rmtet) -] 7]

m

L(Smax 2
7717795 g Z Z Ly (t)—py ( — >,

=1 p=—1

,\
I/\s

where equality (f) holds by the law of total expectation and by the independence of event
{i € A"}, inequality (g) holds because of Assumption 3 and by definition p! < dyax.
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Bounding (B.II) We have,

2.9 m t—1
nin
E [(B-ID’P] <20 ;p;l]l{w):p}(t —p)*5nis’ Lo
+2L77”79211{n J=p) Z (t — p)*20n7s*L? | VF(x H2
p=—1
107)g7ﬁ1 $3[3g2 I )
1 (t —p)
{ri(H)=p}
;;;E;I -

dgdr3 m t—1
4077977l L Z Z ]]-{TZ p} t— )ZHVF’L(mf—Fl)sz

=1 p=—1
where the last equality using the fact that xf = z! for all k such that 7;(t) +1 < k < t.
Bounding (B.III).

,'7l,’72 2L3 m

ZHw ;-

E [(B.IH)’}"t]

Putting (B) together, we get

277[27728LU2 =t 101, 771 $PL0% I
E [(B)‘fﬂ < D Ynwn =0+ 3 D L (t = p)°
p=—1 i=1 p=-—1
4077 n;l 4L3 m — 1 2
LIS 30 SR TSI LT )
i=1 p=—1
2
27727,’ 2L3 m 1 m
+ S 2t — s+ 2Lnpds? | 57 D VA
i=1 i=1 9
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Now, everything:

s [Fue) < Fe ] <22 oFe

2
m
mMNgS 1
— =5 (1= 4Lmings) MZVF@-(zD
2
2n2n 3L5 o
1 max
= ZZ% )=p}(t = )°
i=1p=-—1
517977?52L2 (3 + 2ngmsL) )o? " 9
+ i > Z Liz(0=p}(t = P)

i=1 p=—1

1 L?
+77177g5L2(3+277mg$L)MZHffﬁg—sz; 77177g8 ZHZ_itHz

=1

m

t—1
1 2
+ 200t L (3 2mgmsL) 11D 3 Lo (¢ - 0 VEGLH)

i=1 p=—1

2 m
MNgS ==t 2 277[77 SL(Smaxo'
R G R s 5 S TN

i=1 p=—1
17 2L2 2 m
+ ngm ZZ Lr = (t — 1)
i=1 p=—1

dynos L2 S t_ L% 4 77”795L st
+ 4nings MZH“% zzHQ ZHZ z H2
i=1

1 m  t—1 9
65t P S S Uy (- )% VR @D |
i=1 p=—1

Y

where the last inequality holds because nn, < &TL and that H i iy VEi(z H2 |

Appendix D. Intermediate Results

In this section, we present the intermediate results that serve as handy tools in building up
our proofs afterwards.

D.1 Bounding local and global dissimilarity
Proposition 16. For any ¢, it holds that

B S ITRGDIE < 25 - 2+ 2 1) [0 [+ 25

46
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Proof Proof of Proposition 16

— Z IVE(H)|| = Z IVFi(2}) — VFi(2") + VF(z") - VF(z") + VF(2")|]

< iZHVﬂ(z;?)—VFi(zt)HerZZHVE(?) )2 +3 |V

&AL et 2243 (5 4 1) VRG] + 3¢

i=1

where inequality (a) follows from Assumptions 2 and 4. It follows that

quw |2 < ZHt 3+ 25 () |[vEE +

where the equality holds because VF(x) = %Vﬁ (). [ |

D.2 Weight re-equalization (Proposition 2)

Proof Proof of Proposition 2 We show Proposition 2 by induction.

When T =1 and i € A°, we have 3y o Leary (£ — 7i(t)) = L0y (0 — 75(0)) = 1.
Therefore, the base case holds.

The induction hypothesis is that Zfi_ol Tgieary (t —7i(t)) = K holds for i € AK=1. Next,
we focus on K + 1:

K-

Z Liicary (t— Licary (= 7i(t) + Ljjeaxy (K — 7(K)) . (38)
t=0

,_n

Now, we have two cases:

e Suppose i € AX~1 then we simply have 7;(K) = K — 1. It follows that (38) @ K+1,
where (a) follows from induction hypothesis.
e Suppose i ¢ AK—1

K 7 (K)

(b
D Mgeany (t—7ut) = D Tgeary (= 7ilt) + Ljeany (K — 7i(K)
t=0 t=0

= TZ(K) +1+ (K—TZ(K)) =K+1,
where (b) follows because 1 ;e 46y = 0 for 7;(K) <t < K — 1 and induction hypothesis

that 700 1ican (= 73(t) = 7(K) + 1 for i € A7)
|

47
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D.3 Unavailable statistics (Lemma 5)

Proof Proof of Lemma 5

t
Eft —7(t)] = Z]P’{t —7i(t) > r} (39)
r=0
t -1 t -1 0o t-1
= (1-p) =1+ [ a-pH<1+> ] a-p")
r=0ri=t—r r=1ri=t—r r=1ri=t—r
(P t—1

=1+£lggoz IT a-p"

r=1ri=t—r

Let tg € {0, Ps, 2P, ...}, it holds that

to+Ps—1 (@) [ Ps — to+Ps—1 ¢\ Fs
5 = b;
11 <1—p§>s< . ) <(1-9)",
t=to

where inequality (a) holds because of AM-GM inequality. Also, it trivially holds that

l’

[Ta-»h <1,

t=l

where tg <1 <1’ <ty+ Ps— 1. In general, we have
e When r > Pj, it holds that

to—1 Lto/PgJ—l (r0+1)P5—1
H (1-pt) < H H (1—p) < (1— §)Fslto/Fo=[(to=r)/P51) < (1 — g)—Fs,
ri=to—r Toz(to—r)/P(; r1=roPs

e When r < Py, it holds that

to—1
II a-pH <1
ri=to—r
Hence,
to—1
[T a-p)<a-o ™M=, (40)
ri=to—r

It holds for (39) that

1

4]

Elt—m(t) <1+ (1—8)" H=n) = py ¢

r=1
From (Gut, 2006, Theorem 12.3 (1)), we know that
El0(X)] = 9(0) + [ g/@P{X > a}do
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where X is a non-negative random variable, and g a non-negative, strictly increasing,
differentiable function. Therefore,

© & .
E |(t-7(t)] < Z = 0) " e
s(Ps—1) By 1=
( TSt 52 )

(Ps—1)6+1)*+ ((P(; —1)6% +1), (41)

(5 52

where inequality (a) holds because of (40), For a neat presentation, we use (var) as a
shorthand notation in the following proofs for the constant in (41). [ |

D.4 Auxiliary sequence construction and properties (Proposition 8)

Proposition 17. For any ¢t > 0, when i ¢ A’ it holds that mf“ t+1 = mngs(t — m(t +
1))VF¢(33?(H1)+1); when i € A, it holds that z/T = 2!t 20+1 = g+ and 2/+! = 2!+,

Proof Proof of Proposition 17 The proof is divided into two parts: i ¢ A’ and i € A?,
When i ¢ A'. Tt holds that

t
t+1 t+1 _ _mi(t+1)+1 7 (t+1)+1 k
x, -z =, - |z — MNgS Z VF(x;)
k‘:ﬁ'(t—f—l)—‘rl

t
@ m?(t+1)+1 . win-(t+1)+1 — Z VFi(m?(t—l-l)—l—l)
k=7;(t+1)+1

i t+1)+1
= mgs(t = mi(t + 1) VE ([T,
where equality (a) follows from Definition 4 for inactive clients.

When i € A, Note that if z'? f++ for each i € A?, then by the aggregation rules,
we know z!t! = 1/’At‘) et a:t‘ur (1/|AY) S jeu 27T = 2*1. Then, we know that
wf“ = zf“ Vi € A'. Hence, to show the Proposition, it is sufficient to show thr+ §++
holds for i € A?, which can be shown by induction. When ¢ = 0,

z?++ _ Z? 10— <=’C£0’0) _ m@(o,ﬂ) _ 0 (m(o,o) B ch('o,s)) _ 0+t
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Thus, the base case holds. The induction hypothesis is that zf++ = x§++, Vie Alis true
for all £ > 0. Now, we focus on ¢ + 1.

t
zi(t-i—l)-H— t+1 + mings Z VF,(:cf) _ (t 11— Ti(t T 1)) <$§t+1,0) _ x£t+1,s))

k=i (t4+1)+1

2 st — it + 1) VE@] ) — (¢ 41— 7t + 1)) (xgt“’o) = mgm:s))
@ z?(tﬂ)ﬂ —nngs(t —m(t+1) —1+ l)VFi(:c?(tH)H)
T mngs(t = it + DIVE @ TV = (011 = 7+ 1) (a0 2l

_ zin(t+1)+1 (41—t + 1) (wZ(tH,O) _ wz(t-i-l,s))

© GrtHD (1t + 1) (mgt“m - xgt“’s))

(2

t+1)++
= m’f ) s

where equality (a) follows from the auxiliary updates z;, and equality (b) holds because of
the induction hypothesis and the fact that 7;(t + 1) <t + 1 and i € A7+, [ |

Proof Proof of Proposition 8 From Propositions 17, we have

2t — 2¢15 < [lmmgs (t — 7i(t) — 1) VE(h)||;

t—1
2
= 17??7352 Z Liryty=py (t =P — 1’ HVFi(wf+l))‘z‘
p=—1

Take expectation over all the randomness

B[l = 15) £ #2#  Bltiuonn] =017 |7t ]

L 3 (- p— 0P {lt) - n-E|[vaEr[;)

p=—1

where inequality (a) follows because by definition 1, ;)—,) is independent of HVF P +1)H

inequality (b) follows because ¥ S

Y

2
i+1 from Proposition 17.
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1T—11M . - 1T—11m t -

T;M;E [sz _zzHQ} = T;M;E {Hml—leQ]

= nin? QLT_IL She o pr1y

T 3 37 20 L PARO =} (- p = V°E|[VEG! T

t=0 i=1 p=—

© 5551 moq izl )

< izt 2 S E[|VEE]3] (B¢ -n)])
=1 t=0

(d) 1 T-1

< o var) 5> SB[ VA D]
i t=0

s [(Ps — 1)6 + 1] ;2 [(Ps — 1)6% + 1] M(ﬂ;+ 1);21}3 [Hvﬁ(zt)uz]

2 o o l(Ps—1)6+ 17+ [(Ps —1)6% + 1] <m§2>

52 M
23
vt (1321 e[l #17]).

where inequality (¢) follows from re-indexing, inequality (d) from Lemma 5. |

D.5 Consensus error of the auxiliary sequence

Lemma 18 (Consensus error of z!). Assuming that n, < §/(20sL), and nn, < 6(1 —
V/P)/(10sL(,/p + 1)), under Assumptions 2, 3 and 4, it holds that

1 — t_ st 32771 7793P5 (Ps—1)0 + 1)2 + ((Pé —1)6% + 1) mao?
MT £ [”zi I } Y 52 ( M )
t=0 =1
2npngs®Ps(8° +1) (P = 10+ 1) + (P —1)0° +1) (M 1§ g vz
(1—pr)? 52 (m) T — {H H ]
24nPn2s2 Py [(Ps — 1)0 + 11> + [(B5 — 1)82 + 1] (m(?
BCEYAE & (M>

Proof Proof of Lemma 18 When t = 0, Z" = [20,... | 2Y], which immediately leads to

Z°0-J)=[2°--- 20 - [2%--- .2 =0.

For t > 1, recall that W® is a doubly stochastic matrix to characterize the information
mixture, and that G* in (42) captures the local parameter changes in each round. Specifically,
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for a client ¢ € R, it holds that

éﬁé]liAt (t— 7t V€ (” —s(t—1—-7;(¢t)) VF;(x ()—H
i {ic At}

+]l{ ¢At}SVF( (t)+1>

s—1

S P (t—n(t))z<v&( 0y VE (2 )) + sV F(ah), (42)
r=0
where the last equality holds because x! = a:?(t)Jrl and re-grouping. It can be seen that

Z(t) (Z(t—l) _ mngét—l) W=
Define n(t) = LP%J — 1. For ease of presentation, we drop the variable t. We have
t —2Ps < nPs <t — Py; therefore, (n+ 1)Ps <t < (n + 2)Ps. Further, P; <t —nPs < 2P;.
Expanding Z, we get
ZO(M=3) = (2D — g G H w1 - D

t—1
=2z J[ w'@-3) - nn, Z GqHW
{=nPjs q=nPs

Let matrix notations Af, A" and VF! define as follows:

s—1
Gl = Lican (t = 7i(1)) (vei(xgt”");ngt”")) - VFi(mgt’T)))
r=0
A,
s—1
+ Ly (t=7it) Y (VE (@) = VE(a)) ) +s VE(a)).
—0 N——
[VFL]i
[Af];
Assuming an absolute constant p € (pg, 1), it holds that
t—1 =1 -1
Ew (1120 0= 9) [F] = Bw {127 [T w'@=3)—nm, Y- G T[wOa-a
{=nPs g=nPs  fl=q

() 1 _
< <1 + 7> prBw (1275 — Z"P |1 3] + (1 + y)minEw ||| Z GqHW
q=nPs

(b)
< 7z - Z”Pﬂmp”l”;kxa Iy G"HW“ (T- D)

q=nPs
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where inequality ( ) holds because Young’s inequality and Lemma 3, inequality (b) holds by

plugging in v = =££-. Unrolling the recursion, it holds that
~ = 77 77
1ZO @ —-3) [ <Pl 2" — 25 |f + =L || Z GqHW (I—-J) I
q=nP;s
2 nPs—1 nPs—1
Plz-0m - go-vrg Ty S G [T woa-ai
P — Pk = (n 1)Ps
”79 | S G‘IHWM Ul
q=nPs

(j+1)Ps—1 (+1)Ps—1

n—1
< "”79 ( ZGqHW DI+ Y 6 I W“WIJ)%)-
J=0 t=q

q=nPs q=jPs

Define (A) = || S0_, GI[;_, W (I J) ||2. It remains to bound (A):

b b
A=13 (&1 A VF;g) [Iwea-a3
q=a i=q
b b
—HZNHW I-D)|Z+ > AT+ VEH WO a-T) |z
=a qg=a l=q

b b
+2<ZAQHW@ (I-J ,Z(AHVF;{)HW“)(I—J)> :
@ F

q=a l=q

Take expectation with respect to randomness in stochastic gradients, denote by Eg¢ [-]:

)] = Ee

b b b b
I A (H w® J) ] + B { > (AT +VEY) (H w J) ]
q=a l=q t=q

q=a

+ 2 —<q§;&1 (ﬁW@J) zb: A7+ VFZ) (ﬁw“ )> ]

b b t—1
=Ee¢ || > A HW@J) [ ] + Ee {Z Al + VFY) (HW J) 2]
q=a t=q g=a t=q
b b b b
+2<ZE£ A1) (HW“)J) Y (A7 + VEY) (HW J)>
q=a l=q q=a l=q F
b b b
< Ee ||| ) A (HW“ J) F] +Ee {Z (A7 + VFY) (HW“ ) F] :
q=a t=q q=a l=q
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where the last inequality holds because E¢ [ﬁq} = 0. Next, we take expectation over the

remaining randomness.

E[(A)] <E ||ZA‘1 (HW‘“—J) & +E[||Z (A7 + VF}) (ﬁW“’”—J) ||%]

£=q

l=q

l=q q=a l=q

L I | (11)
Bounding E [(I)]

b b
=S s (1A TTwo -a]
q=a {=q

b t—1 t—1
+Y M E <£P Zl_[W(Z)—J LAY }IW(Z)_
=p =q

q=a p#q
b

ESS AR

b b b b b
<E||Y AT (HW“)—J> 5| +2E > Al (HW“)—J> || +25°E ||| Y VFZ
qg=a

q=a

[

t—1

H W(e) _

l=q

J) HE

(111)

(43)

(44)

where inequality (c) holds because of independent and unbiased stochastic gradients. It

remains to bound E [Hﬁqﬂ%}

q—1 s—1

1A = 3" Tiean) | D Lnwepyla— ) Y (V@56 — VR @)
i=1

Il
=)

p=-1 r

Further take expectation w.r.t. the randomness in stochastic gradients.

2

2

[|A‘IHF} Zﬂ{leAq} Z L7, (6)=p} (¢g—p) ZE5 [va (’17 5(1% ) — VFi(wgq,T)>Hj

p=—1

< SO'QZ]I{ieAq} Z ]l{’ri(t):p}(q _p)Q'

i=1 p=-—1
Take expectation over the remaining randomness:

q—1

E[IAE] =B [Be [IA73]] < 50 Y B [Mpcan] 3 E [Linwm=p] (a - p)* < mso? (var).
=1

p=-1

Recall that (var) refers to (41). Therefore, we have

E[(I)] < 2Psmso? (var).
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Bounding E [(II)]

b b b

||ZN [ITwO-3)1E]| <2ps > E|ja? [ [[wO-3])IF
l=q q=t—Pjs l=q
b
<2P; Y E[||AYF].
q:a

It remains to bound E [|[A?||Z]. Take expectation with respect to randomness in stochastic
gradients:

m q—1 m q—1
2
Ef [HAQH%‘] < 477[283L2 Z Z IL{'rz-(q)zp} (q - p)202 + 16171284L2 Z Z ]l{n(q):p}(q - p)2 HVFI(w(zI)HQ )
i=1 p=—1 =1 p=-—1

Next, we take expectation over the remaining randomness and plug back in:

m q—1
E[(I)] < 169?s°L2P2 " N E (145 9)=p)] (@ — p)%0?
= 1p7—1
+32n7s LQP&ZZE[IVF } Z E [Lr(9)=p}] (@ —p)°
q=a i=1 p=—1

b m
< 16975’ L* Pimo? (var) + 32075 L*F; Y Y E [||VFi(m;?)||§} (var)

qg=a i=1
Bounding E [(III)] Use a similar trick as in bounding E [(II)], and we get
b m
(D)) =E ||| ZVFq HW“ ~3| 3| <253 Y E [HVFZ-(m;?)H;] .
qg=a i=1

Hence, we have

b m
E[(A)] < 2Ps(var) <m502 (14 16m7s*L*Ps (var)) + 2s* (1 + 1657 s>L?) Z ZE [HVFz(mf)g})

q=a i=1

It follows that

7] 02 n—1 G+DPs=1  (G+LPs—1
B2 -0 ] < = (n 3 anw@ DXl Y e I wia J>%)

g=nPs q=3Ps
2,2 t—1 m
< 2Ps (var) ~771 Ty (msa (14 16n;s>L* Py (var)) 4 2s” (1 + 16n7s°L?) Z Z]E “VFZ(scf)Hg])
PPk q=nPs i—1
2 9 n—1 (G+1)Ps—1 m
+ 2P (var) % S (m502 (1+160752L2P; (var) + 26 (1 4+ 1672°L?)  Y° > E|[|VEi(a) }) .
~ R j=0 q=jPs =1
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Rearranging the terms, we have

G-p(1-p) M (ﬁ—pk)(l—ﬁ)M

Further, it holds that

T—1 m T-1 m
1 2 1
o= E:ENVE@@WJ<n%#2me—T S E[||IVA(=)
t=0 i=1 t=0 i=1
BM(B2+1) 5 5 -«
- Ny s (var) T tz:(:) E
3mnings® (var) ¢?
M
| Tl M
2.2 272
+ 3npnys” L= (var) UT ZE [Hz

56

2,2 n _
E [HZ(t) I-J H%} < 2Pj (var) ~77l Ty Z,’o‘"*j (mso® (1 + 16n7s*L*Ps (var)))
— Pk £
7=0
77 T] t—1 m n (J+1)Ps—1 m
2 an—j 2
4% (14165 L?) Py (var) == | 3" S E[IVE@HI] + Y77 Y S E[IVRE@E)I;)]
P Pr q=nPs i=1 =0 q=jPs i=1
g
< 2P5 (var) ————2—— (mso? (1 + 16n7s*L? Ps (var)
G (e (H 10 )
n2n? -1 m n G+1)Ps—1 m
2 — 2
+ 45> (1+ 167]1232L2) Ps (var) = Ll Z ZE |:||VF1((B;])H2i| + Zp J Z ZE [HVFZ(:BZ)HQ}
P Pr q=nP; i=1 =0 q=jPs i=1
It follows that
:lngMZ@HJMﬂ<2%@m) il <mMZO+Mﬁ§ﬁRﬂmm>
MT 2= P = G-p)1—) \ M l
22 T-1 [ t-1 m G+1)Ps—1 m
+452 (14 16n2s Lﬂ}%@m—J—ir }: > Y E[IVE(a! H]+§:“lﬂ > S E[IVR(!
=0 q=nPs i=1 q=jPs i=1
< 4P (var) iy <m&¥)+1%%ﬂ@m mng Eifi E[[|VE @] iiﬁ
< 4P =
(P = pr)(1 = p) M ’ =0 i=1 2 7=0
nny  mso® ning -
< 4Pj (var) g + 1652 P? (var) g Z [HVF 2]
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Plug it back in, we have

1 T—1 M ) 772772 8m02
E{ 2l — 2t } < 4P; (var) — 9
MT | Iz (p=pr)(1=p) M

t

Il
o

i=1

43;1\4 n; ng((f“‘ + 1))(1‘*1j5mvar Z e MVF

g m@
+ 4851 P2 (var)® — g ( )
5 (var) (P = pr)(1=p)

i

1 T—-1 M
b s va) G i 2 (I - #E]).
t=0

i=1

Under our choice of learning rate condition, it holds that

S

M
1 B 877ﬂ7 sPs (var) mo?
E t t g
T Z |:HzZ H :| P pk)(l _ﬁ) M

t
+6nl s*Ps (var) (8% 4+ 1) (%);;E[HVF H]

Il
=)

=1

(P pe)(1—p)

6771 Ps (var) /m(?
G- pk><1—m< )

TPk we get

By taking p = 1

T-1

M
7 Y3 [Jst -] < R ()
1 2 — _ 2
Tt:Oz:l (1—pr) M
24n?n2s? Py (var) (B2 +1) (M 1
+ - VN HVF H
(1= pr) m ) T
2477[27733235 (var) <mC2)
(1= pk)? M )

D.6 Spectral norm upper bound (Lemma 9)

Proof Proof of Lemma 9 Before we dive into the concrete proof, let us first go over some
additional notations and agree on a fact about matrix products.

Notations. Ht_ 2 wOwR ... Wk defines an ordered matrix product from W)
to W®), where k € Z+ and an undirected graph G; £ {Vg,, &, W®}, where Vg, £ R UV
defines the set of vertices for all t € [T], W defines the weighted adjacency matrix, an
edge (i,5) € & if W) > 0 for i, j € [M].
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A fact about matrix product. By definition of matrix products, we have

M
(t) _ (1) (Ps—1) (Ps)
H W Z VVikl T Z kP5 3k3P5 2 Z WkP(;kaP(;lekP(;flj. (45)
k1=1 kp5,2 1 kPﬁ 1=1
It is observed from (45) that H ) > 0 if there exists at least one

Dyr7(2) (Ps—1) (Ps)
Wi/ﬂ Wk1k2 o WkprszerkPrM >0,
where k1,...,kp,—1 € RUYV. In the language of graph theory, Ht 1 W(t) > 0 if there exists
a directed path starting from node 7 of G; and ends at node j of Gp, through Go, Gs, ...,
Gp;—1 sequentially. Therefore, to lower bound elements in Hf:“ 1 Wy, it suffices to find the
paths of interest for the lower bound.

Element-wise lower bound of W) matrix for all ¢ € [T]. Recall the definition of a
W matrix:

(Licatyl{jeaty

ATHE , ifi£jandi,j€R;
ﬂ{ieAt} ep - .
TR ifie R and j € V;
t
W = ‘fjf‘fk}, ifi€VandjeR;
4 (1 Lgeay), ifi=jandic R,
ﬁ’ ifi=jandieV,

Next, we focus on the diagonal element in W® | we have two cases:
e When ¢ € R, we have

1o gt | T (1 — 1y At ) 1
W(t) — {ZEA } 1—-1 {'LEA } {ZE } — .
VL VU N v U VU WS
e When ¢ € V, we have
1
Wi — '
“ T Ak
For the edge weight of ij, where i # j, it holds that
1y Tys
() {ie[M]} HjelM]}
W27’ > .
v |AY + &k
Element-wise lower bound of (Htﬁp ! W(t) Fig. 13 presents a simple example of

a path from node i to j, which visualizes the transition between different nodes. We will use
it to assist our proof. By definition, we have

to+Ps—1 to+Ps—1 T to+Ps—1 to to+Ps—1
( H Wﬂ) — < H W(t)> ( H W(t)> — H w® ( H W(t)> .
t=to t=to t=to t=to+Ps—1 t=to

I (1I)
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(a) A directed path from node ¢ to j through a virtual node.

-~ -

7z \ 1 7 \ 1

"7 ( '

(b) A directed path from node ¢ to a virtual node. (c) A directed path from a virtual node to node j.

Figure 13: An illustration of a directed path from node i to j through an intermediate
virtual node. The dashed arcs are self-loops. The weights next to the dashed
arcs and solid lines are the lower bounds of each edge weight, respectively.

2
To lower bound | Hiotfé i )) lij, where i # j. It suffices to let a node i take one path

to an intermediate node h in (I) and then take another path from the intermediate node h
back to node j in (II). We will return to the case i = j later. Let h € V.
e In (I) (Fig. 13b), we start from node i in W{#+TP=1) to node h in W) via a directed
path. One possible path is to stay in self-loops as long as one can, and jump only once
from node 7 to node h. It holds that

Ps—1 B
Oz 5o (L e | NS e (g
= B i R el [T (A7 + k)
— N——r

self-loop weights one jump weight

e In (IT) (Fig. 13c), we can show the results similarly in the following

to+Fs—1 to+Ps—1

Leicany 1 t=t Lijeany
[(ID)]n; > . . = 0_ ; .47
02 2| QIeE T AR | TR e R
—— —_————

one jump weight self-loop weights

Hence, when h € V, we have

( io;trf‘s_l ]l{iEAt}> ( ioto o ﬂ{JeAt})
> (@in - (D] > P
hev (H?:toé_ (JAY| + k:))
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2
Expected element-wise lower bound of (]_[tOJrP‘S L )) . Recall that F* defines the

sigma algebra generated by the randomness up to round ¢, and that we assume independent
availability. Note that we are interested only in the off-diagonal elements. By the law of
total expectation, it holds for ¢ # j that

e i€R, jER.
to+Ps—1 2 (ZtoJrPa*l]l o to+Ps—1 9 ,
t t t=to {icAt} t=to {jeAt}
E ( tH WU) ‘]—'0 >E V[ ‘]:o
—to y
1 to+Ps—1 to+Ps—1
= [E ( > ]l{ieAt}) ( > ]l{jeAt}> ’]:t°+P5_1,J:t°] )J-"t‘)]
t=to t=to
(@ 1 tot+Ps—1 to+Ps—1
= MiQstE [E ( Z ]l{ieAt}> ‘ft0+P‘s_1] E [( Z ﬂ{je%ﬁ}) ‘]:to-l—P(s—ll ‘]_-to]
t=to t=to

1 to+Ps—2 to+Ps—2
= aen K Y Liean +P{ic Ato”’“}) ( > Ageay+P{je At0+P61}> ’J—“t()]

t=to t=to

(Ztom 'PlieA}) (SR e At s
M2P6 = M2P§

where equality (a) holds because of independence.
e i€V, jeR. In this case, the node can move to an arbitrary virtual node (j included) in

@.
to+Ps—1
( > ]l{ieAt}) }f“’]
ij t=to
to+Ps—1
< > ]l{ieAt}> ‘ft°+P“1] \F“’]

t=to
P (Sih T Plic Al})  4ppe
M2P5 2 M2P5 :

to+Ps—1 )2
t t, [}
E < H W( )> ‘}— i M2Ps E

t=to

Ps

= e

E

e i € R, j€ V. Similar strategy as above.

to+Ps—1 5P62
£,
E (H W) Fol = 2o

t=to

j

eicV jeV.

to+Ps—1 2 2
Ps 5P;
t (7
E ( ll W)> ’fo ZMzPL;ZW'
t=to ij
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1=to

Cheeger’s inequality. For ease of presentation, define Wt-rs £ | {(HtHP‘S L@ ) ],
ij

and p = A\a(W!:5), Suppose we have |S N V| = a. Accordingly, we have |SNR| = |S| — a,
VNS =k—-aand |[RNS'| =S| — (k—a). Let
to, to, P,
A 21631¢8 WZW ol o ZZGS,]¢S W Y
f((l,S) - - ’
2ies i S|

where the equality holds because m; = ﬁ for all i € RU V. It follows that

Pj?
Z Wto,P5 > M2P (‘S| (|Sl‘ _ (k _ CL)) ]\;2})6 (|S| ’Sl} _ ’S| — CL ’S" _
i€S,j¢S

— a))) .
Next, we decompose the two coefficients, respectively.

[SI[8'] = (S| = a)(|S| = (k — a)) = |S| (m + &k = |S]) = (IS| = a) (m + &k — |S| — k + a)

=m|S| +k|S| = |S|* —=m|S|+ |S]” — a|S| + am — a|S| + a®
=a’+a(m-2|S))+k|S|.

(ISI=a) (|S'| = (k —a)) = (IS| = a) (m + k —|S| = (k — a))
=m|S| —am —|S|* — a® + 2a|S|
= —a’—a(m—2|S)) +m|S| - |S]*.

Therefore, f becomes:

3 (S| —a) (IS'] = (k —a)) + 3 (IS||S"| = (|S| = a)(|S"] = (k — a)))
M2Ps |8

(6= 0%) + a(m — 2|S|)(6 — 6%) + k|S| 65 + |S| (m — |8])5?

- M2Ps |8

It follows that,

e m >2[S|, ie., |S| <. Hence, we have

f((l,S) > f(Ov‘S) > (%5+k)5p5

k k - M2Ps

e m < 2[S|, ie., [S]| > F. In this case, the axis of symmetry is on the right-hand side
Hence, it holds that

2

a §— 62 a m— 2|§] 9. kOPs+ (m — |S|)6%Ps
2 g () < (M) 6=+ S

i+ m — 150 - (252 (2181 - )

M2P : (48)

>
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It is easy to see that (48) is monotonic decreasing w.r.t. |S|. By definition, we know that
S| < mT*k and plug this in, we have

2

k6 -+ ()57 = (557 (4 (%) + e — am )

f 2 M2P5
R+ (58)07 — (552 <";+k —2(m - k))
= M2P5
2 m— 2
_ J (k - 2(nlfb+k)> + 07 (Tk + 2(7s+k))
N (m + k)2Fs

~ m?6% + (k* + 2mk)d
 2(m 4 k)2EsHL

By comparing the above two lower bounds, we conclude that

> Ps.t

. A 71—.”/”670 252 ]{;2 2 k; 5

®(M) = _min ieSyes Ty 5, T + ‘;‘P ””i )
Yiesmi<s > ies i 2(m + k)?Fs+

From Cheeger’s inequality, we know that % < ®(M) < +/2(1 — A2). Thus,

[m?6 + (k? + 2mk)]2 9
8(m + k)ir+2

o) = ro <1- LMD

<1-

Special case where P = 1. By using a similar argument as above and adapting the
results in (Xiang et al., 2024), it holds that

O (M) _, [+ (R + 2mk)]?

= <1-—
plt) = Az < = 8(m + k)2 !

which is decreasing in k. The monotonicity can be seen by taking the partial derivative w.r.t.
k. Let 25 )
2mk + k
h(k) 2 m=d + (2mk + k?)
(m + k)2

It follows that
Oh(k)  (2m+2k)(m + k)% — (2m + 2k)(m?25 + 2mk + k?)

ok (m + k)*
(m + k)2 — (m25 + 2mk + k?)
(m + k)2

~ 2m?(1 - )
ekl

=2
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Appendix E. Convergence Error of z' (Theorem 11)

In the sequel, we recall and assume the following learning rate conditions in (22):

6(1 — pp)vm

mng <

and 7 <
96sL+/PsM [(Ps — 1)262 + 1] (82 + 1)

Recall that dmax = max;cpn serr] P and F* £ ming F(x).

216sL/[(Ps — 1)26% +

1](B2+1)

Proof Proof of Theorem 11 Take expectation over all the randomness, plug in Lemma 18
and Proposition 8. By telescoping sum, it holds that

E [ﬁ - ﬁ(zO)}

- S w[vre|]

2T—1 m —

2 L(Smax
+ mngs > D ZE Lirw=py] (¢ —p)°

t=0 i=1 p=—1
t_

29 9T—-1 m
L 5SS > B[ty -9

t=0 i=1 p=—

4%$ZZWM¢M

t=0 =1

L?
+ T ZZE[\z ~ 2]

65 3 3L2 T-1 m t-1
o > 2 2 B[l

Next, we bound (49), (50) and (51), respectively. First, we show that

] R 3m(2 B +1)
e XS E[IvrElE) < 28+ 2D LS [foran[] + 2
24n; 772 2Ps (var) L* | [/ m(?
=3 (1= pr)? ]<M>
M (B*+1) 24m; 772 2Ps (var) L -
M [, 222 152 ]
9617?17353; (var) L? [ mo?
(1 — pr)? ( M )

where the last inequality follows from Lemma 18.
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Bounding (49).

2 T 1 m
4771%8L ZZE[lw —th] 4mngSL ) ZZE“VF H
t=0 =1 0 im1
2 2
— pi)?

T-1

(M) 15 o]

24n7n7s* Py (var) L?

ECEYTSE

+ 12n; 773 SL? (var) (8% + 1)

384771577384P5 (var)? L4 <m02>
(1= pk)? M
3,3.372 m¢? 3,33 y (mo?
< 16m;n,s”L" (var) oA + 4nynys” Ps (var) L Yl

i o ) (2) 355 foro ]

where the last inequality holds due to nny < (1 — pg)/(10sL+/Ps - var).

Bounding (50).

L2
- ZZE[Hz — 2]

t=0 i=1

4771773 212 P (var) /mo?

(gm 77[;’k2)’(L12P;()Var§(;\f +> 1) (M 1« 3njnds® L2Ps (var) (m(?
G )15 <> EMVF H] G- o)1= 7) <M)

Bounding (51).

65mgn; s° L* MlT Z Y Elnw—p] (t—p)°E [HVFz'(wa)Hz]
_1

t=0 i=1 p=

651731453 L? (var g
< P Y S B |[VE@ED])

t=0 i=1

< 260mn,s3 L? (var)

m@)

MY 260n31,53L2 (var) (62 +1) <= NTE 4 5 5 (Mo
+(> T Z]E HVF(z)H2 + 65nym;’s° L )

m
t=0

Y
<
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where the last inequality holds due to mn, < (1 — p)/(10sL+/Ps - var). Putting (49), (50)
and (51) together and plugging them back into the telescoping sum, it holds that

E [ﬁ - ﬁ(zO)}
T

(g () O R 1

_ <_260n?ngs3L2 (var) <%) ) ;TzlE [HVF H ]

20?028 Lomax (var) mo? mo?
+ 4 2 + 17, s> L? (var) <M>
2 16mPn3s? L2 Ps (var) mo? 2
333 2 Mo Mg s mo 3. 372M0
+ 4ny'nys” Ps (var) L 7 (1= pp)2 % + 65nyn;'s° L oYl
mC2 127]53 3L2P5 (var) mC2 mCQ
+ 16771377333L2 (var) < i > (1 BT )T 260m;7 1,53 L (var) 573
1
nmgs ZE [HVF H }
2n?n sLémaX (var) mo? mo?
+ 4 2 + 17, s> L? (var) <M )
2 16m7n3s? L2 P (var) 2 2
3 3.3 2 (MO n;Mys s ma 3372 (Mo
+ 4ny'nys” Ps (var) L <M)+ (1= )2 <M>+6577977ZSL <M>
me? 12773 s3L2 Py (var) [ m(2 Cz
+ 16771377353L2 (var) ( i ) + (1 e % + 260m;7n,5° L? (var) )
where the last inequality holds because
1- m
mng < ( pr)Vm 5 and 7 < = .
48sL+/PsM (var) (82 + 1) 108sL+/(var) (8% + 1)
Combining the above and rearranging the terms, it holds that
| 71 e A (ﬁ(zO) . ﬁ*)
7 2B |[vFE] ] <
TZ [ (=) 2| — mngsT
t=0
81Mg Lmax (var) mo? mo?
+ 2 m]2:42 + 68n7sL? (var) ua
mo®\ | 64ntn2sL?Ps (var) [ mo? mao’
+ 161712?7;32135 (var) L? ( 2 ) + (19_ )2 ( i > + 260n7 s> L? (var) <M)
me? 48n?n2s? L2 Ps (var) ([ m(? mc?
+ 64771277232[/2 (var) ( A ) + (gl o i 4 1040n?s*L? (var) )
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Expanding the second moment of the unavailable duration, it holds that

Sxllre] < U™

T P mngsT
[(P5 — 1)5 + 1]2 + [(Pg - 1)52 + 1] 87]l779L5max 2.72 mo”
+ 52 i + 68n;'sL SYa
[(Ps —1)8 + 1> 4 [(Ps — 1)6% + 1] 2pre y SmngsL® Py 2272\ (Mo
=+ 52 167” T]g P L W 26077[ s“L M
[(Ps = 1)6 +1]° + [(Ps — 1)6 + 1] 2 022  A8NiNgs’LPP; $2[2 S
4 L+ ——4 1104 L — .
+ P 64nyngs”L” + 1= )2 04017 s i
It holds that
(Bs — 1)+ 1P+ [(Bs—1)0% +1] _ 2((Ps—1)202 +1) + (Ps — 1)26% + 1
52 = 52
1
=3 <(P5 -1+ 52) (53)
Grouping the terms of the same order in terms of asymptotic, we have
T— _ F* 2
1 SmaxMg L 1
fz [Hv H ] (Fe ) TR i [(P 124 2}
T nlngST M g

-+
Il
=)

wtgrn e n o] (o)

where we use the convention that n, > 1 for ease of presentation. Using the fact that
VF(x) = (§;)VF(x), it holds that

sl < (2) S i (4

+ i L? Py <Anf) (0% +¢%) [( Ps—1)° +512} (”(1—1pk>2>

M\ (F(2°) = F*)  SmaxmngLo? 1
< e max g P_12 -
~ (m) nmgsT + m [( 5= 1) +52}
M 1 1
2 212 M 2, 2 B
cgrr (3 e [t ] [ ]
|
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Appendix F. Convergence Rate of &' (Corollary 12)
F.1 Convergence error of Algorithm 1

Corollary 19 (Convergence error of z!). Suppose learning rates conditions in (22) are met
for 7, and 7,4, and Assumptions 1, 2, 3 and 4 hold for 7" > 1, it holds that

,}TZ:::E IIvr@E)|l;] < <M> (F(2°) = F*) | SmaxiungLo” [(P_ 1)2+512]

m mngsT m

a2 () (08 ) (=174 g5 |14 s

Proof Proof of Corollary 19

_ T-1
ZE vre9lE] < 2 5 jor) -wrelE) + & 3w [Ivrei]
LT 3T—1
2yl -1 g E IR
09 ot Sm [l
50 W“L”zl el TR S o (LT
< 2T

where inequality (a) follows from Appendix B 2, inequality (b) follows from Assumption 2.
Further plug in (52) and use the learning rate conditions, it holds that

T-1
! 2 M2 Mo?
P Se[wreE] < 2 R [0 RalE]  ratm sttt (M) saqanaiigisr (U2).

Grouping the terms of the same order in terms of asymptotic, we have

;::Z_:E MVF(@t)H;} < (M) (F(z%) — F*) . SmaxTing Lo [(P e 612]

m mngsT m
M 1 1
2.2 272 2, 2
L*Ps | — -1 1+ —
+Tllng3 5<m> (U +C ) |:( ) 52:| I: + (1_pk)2:| )
where we use the convention that n, > 1 for ease of presentation. |
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F.2 Convergence rate of Algorithm 1

Proof Proof of Corollary 12 Choose step-size as n; = ﬁ, 1y = Vsdm such that
learning rate conditions in (22) are met, it holds that

r ol s () PR e e e ]
t=0

m somT 02vVsmT

N (%) T 0+ ) [ - 120 41 [1 " (1—1pk)2] |
|

Appendix G. Additional Results and Interpretations

G.1 Consensus error of Algorithm 1

Corollary 20 (Consensus error of z!). Suppose learning rates conditions are met in (22)
for n; and 74, and Assumptions 1, 2, 3 and 4 hold for 7" > 1, it holds that

F3 g S el 2] 5 (3) ELE et gy 1]

=0 7 =1 migsT m

) (T | SR |

Proof Proof of Corollary 20
T—

I B S e
(a) 1 T-1 3 M T ) i
< 7237 =k ==l + Z ZHZ o TZ3H 2 -2,

t=0 7 =1 r=MI
B 123 <N, g2 le=3<L, , Lo 1 3 . a2
=R S SR DRI FRE D 9) B R DA 9 KR -

t=0 " i=1 t=0 " =1 t=0 " i=1
:1T16§:H$"z_ztuz Z:l - szt_th?

T t=0 M =1 ' e =0 i=1 ' 2’

where inequalities (a) and (b) follow from Jensen’s inequality. It holds that

T-1 M

T—1
7 D E |l —%ké;WMWM}

t=0 i=1
9612125 Ps (var) [ mo?2 mo?
4 20015 (var) < >+6(var)?7 ngs'L? <>

(1 —pr)? M M

72771 779 52 Ps (var) m¢? 2,2 272 mC
72 L .

+ (1— pp)2 ) TR van Ty M
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where the last inequality holds because of learning rate condition in (22). Group the terms
of the same order in terms of asymptotics, we have

T-1 M -
l i t_ =t)2 % (F(zo) — F*) 6maxnl7’gL02 2 i
P35 2E let -] < (m) 2T | btk [y

stin (1) -1 3] o o)

where we use the convention that n, > 1 for ease of presentation. |

G.2 Orders of the asymptotic rates

From Theorem 11, Corollary 19, Corollary 20, it is easy to see from the theorem statements
that they are all of the same asymptotic order, i.e.,

T—1
—ZEWF Z ZE |zt — &3] 1ZE|VF 12].
t=0

In addition, we can also see that

1 T-1 1 M 1 T-1
. Z ZE It — 2008) = 7 3 2= SEllat — 28] =< = > EIVFE)I)
t=0 =1 t=0

Therefore, we conclude that (23), (25) and (26) hold.

Appendix H. Numerical Experiments

H.1 Experimental setups 187 ey

e Hardware. The simulations are per- ] — S .
formed on a private cluster with 64 CPUs,

Client Index
e
L4

500 GB RAM and 8 NVIDIA A5000 GPU e . S
cards. o e Ll e
e Software. We code the experiments 2 * &
based on PyTorch 1.13.1 (Paszke et al., o p 1 M e e e e
2019) and Python 3.7.16. ot fobel clss

Figure 14: An example of data heterogeneity using

Neural Network and Hyperparameter Dirichlet(ac = 0.1) distribution with 20

Specifications. Table 5 specifies details of clients. x-axis denotes the categories of
the structures of the convolutional neural images, while y-axis denotes the client
network and training. We initialize CNNs index. The size of a circle refers to the

proportion of pictures in a given class.
The color of a circle distinguishes images
with different categories.

using the Kaiming initialization. The initial
local learning rate ng and the global learn-
ing rate 7, are searched, based on the best
performance after 500 global rounds, over two grids {0.1,0.05,0.01,0.005,0.001,0.0005} and
{0.5,1,1.5,5,10,50}, respectively. The results are presented in Table 6.
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Table 5: Neural network architecture, loss function, learning rate scheduling, training steps and batch size

specifications
Data sets SVHN CIFAR-10 CINIC-10
Neural network CNN CNN CNN
C(3,32) -R -
ci32)-m- GBI -R M - C(32,32)
M- C(232) - M- CE232) - p i ph
Model architecture R M L(128) 7]5{];;71\/%4(*65(%5%) L(512) -R-D
- R - L(10) ~L(10) - L(256) - R -
D - L(10)

Loss function

Local learning rate n;

Cross-entropy loss
10

m = no in Section 7.1; m; = in Section 7.2,

Vt/10+1
scheduling where t denotes the global round.
Number of local steps s 10
Number of global rounds 7" in Section 7.1 10000 20000 -
Number of global rounds 7" in Section 7.2 2000 2000 2000
Batch size 128

* C(# in-channel, # out-channel): a 2D convolution layer (kernel size 3, stride 1, padding 1); R: ReLU
activation function; M: a 2D max-pool layer (kernel size 2, stride 2); L: (# outputs): a fully-connected

linear layer; D: a dropout layer (probability 0.2).

Table 6: Initial learning rate 79 and global learning rate 7,

Algorithms - °4Ave  Fedhvg  Fedhvg . .\ F3AST  FedSWE  MIFA
active known all

SVHN Mo Mg 7o Mg 7o Tlg Mo Mg Mo Mg Mo Mg Mo Ng
0.0 1.0 01 1.0 0.05 10 005 1.0 0.05 1.0 0.1 1.0 0.05 1.0

CIFAR.10 ™M Mg Mo Mg N0 Ng Mo Mg Mo Mg o Mg To g
0.0 1.0 01 1.0 005 1.0 005 1.0 005 1.0 01 1.0 0.0 1.0

CINIC-10 7o Tlg o Mg Tlo Mg Mo Tlg To Mg Tlo Mg o Mg
0.0 1.0 01 1.0 005 1.0 005 1.0 005 1.0 0.1 1.0 0.0 1.0

Baseline Algorithm Details.

The difference between FedAvg over active clients and FedAvg over all clients is that the lat-
ter counts the contributions of unavailable clients as 0’s. We set § = 0.001 for F3AST (Ribero
et al., 2022), which is tuned over a grid of {0.1,0.05,0.01,0.005,0.001,0.0005}. The amplifi-
cation factor of gFedAvg in (Wang and Ji, 2022) is set as 10, and the period is set as 100.
In addition, as recommended by (Wang and Ji, 2024), we choose K = 50 in FedAU without
further specification. Fig. 3 adopts the same hyperparameter setups as the ones in Section 7.2,
yet with only 1000 training rounds.

Data sets and Data Heterogeneity.
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Data sets. All the data sets we evaluate contain 10 classes of images. Some data enhancement

tricks that are standard in training image classifiers are applied during training. Specifically,

we apply random cropping and gradient clipping with a max norm of 0.5 to all data set

trainings. Furthermore, random horizontal flipping is applied to CIFAR-10 and CINIC-10.

One full set of experiments in Section 7.2 takes about 6 hours on SVHN and CIFAR-10

data sets, while about 10 hours on CINIC-10 data set. The training time for experiments

in Section 7.1 almost doubles.

e SVHN (Netzer et al., 2011). The data set contains 32x32 colored images of 10
different digits. In total, there are 73257 train images and 26032 test images.

e CIFAR-10 (Krizhevsky et al., 2009). The data set contains 32x32 colored images of
10 different objects. In total, there are 50000 train images and 10000 test images.

e CINIC-10 (Darlow et al., 2018). The data set contains 32x32 colored images of 10
different objects. In total, there are 90000 train images and 90000 test images.

Data heterogeneity. Fig. 14 visualizes an example of 20 clients, the size of each circle
corresponds to the relative proportion of images from a specific class. The larger the circle,
the greater the share of images associated with that particular class. Moreover, o controls
the heterogeneity of the data such that a greater « entails a more non-i.i.d. local data
distribution and vice versa.

H.2 Non-stationary client unavailability dynamics

Client unavailability dynamics and visualiza- 161
tions. As specified in Section 7, we consider a total 14]
of four client unavailable dynamics in the form of 12/
p! = pi - fi(t), where p; = (vi, ¢), v; ~ Dirichlet(at) 10/
and ¢ is the distribution to characterize the uneven ]
contributions of each image class. In detail, each
element [¢]. is drawn from a uniform distribution
Uniform(0, ®.). We set ®. = 1 for the first half
image classes and ®, = 0.5 for the remaining half 02 04 06 o o
image classes. Fig. 15 plots one resulting p;’s example, Probability p;
wherein p;’s are heterogeneous across clients.

Next, we formally introduce f;(¢)’s under each
dynamic in Section 7.2.

Count

Figure 15: A histogram of one generated
p;’s example with a total of

) A m = 100 clients. It can be
e Stationary: f;(t) = 1; seen that the majority of p;’s
e Non-stationary with staircase trajectory: are below 0.5.

Jit) = Licpo o+ pr2)y + 04 - Lciio Prator P}
where P defines a period, to € {0, P,2P,3P,...}.
e Non-stationary with sine trajectory:

fi(t) & ysin(2m/P - t) 4+ (1 — ),

where  signifies the degree of non-stationary.
We choose v = 0.3 and P = 20 for all non-stationary dynamics in Section 7.2. Next, we
visualize the probability trajectories and sampled client availability in Section 7.2 in Fig. 16.
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(C) Non-stationary with sine trajectory

Figure 16: Examples of client unavailability with probabilistic trajectories. The first row in each sub-figure
plots the probabilistic trajectory of each dynamics. The second row visualizes the simulated
client availability by using a colored box to denote that a client is available in that round. The
y-axis is the base probability p; to construct pt. In other words, more blank space means that a
client is more scarcely available. We simulate the cases where p; € {0.1,0.5,0.9}. The detailed
construction of p! can be found in Appendix H.2

Table 7: The first round to reach a targeted test accuracy under non-stationary of sine trajectory over 3
random seeds. We study the first round to reach 1/4, 1/2, 3/4 and 1 of the best test accuracy of
each data set in Table 2, which is rounded up to the nearest 10% below for ease of presentation. In
addition, we sample the mean of test accuracy every 20 global rounds to mitigate noisy progress.
Some algorithms may never attain the targeted accuracy due to their inferior performance, where

43 ”

we use as a placeholder.

Data sets | SVHN H CIFAR-10 | CINIC-10

Quarters | 1/4 1/2 3/4 1 | 1/4 1/2 3/4 1 |1/4 1/2 3/4 1
Test accuracy | 20% 40% 60% 80% | 15% 30% 45% 60% | 10% 20% 30% 40%

FedSWE (ours, k£ =0) 40 120 200 820 20 60 200 1360 0 20 120 540

FedAvg over active clients | 20 80 160 900 10 20 120 1060 20 40 800
FedAvg over all clients 100 420 960 — 20 60 520 — 20 200 —
FedAU 60 100 160 840 | 10 20 100 960 20 80 460

F3AST 40 120 200 1080 | 20 40 160 1300 20 60 540

20 40 400
20 40 240

FedAvg with known pl’s 20 40 100 320 | 10 20 140 620
MIFA (memory aided) 20 80 140 600 | 10 20 80 700

o O o O o o

H.3 Additional results

In this section, we provide ablation results on FedSWE with £ = 0.
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Table 8: Results after different parameter 7. p} = p; - (ysin(27/P - ) + (1 — 7)).

Unavailable Data sets v=0.3 v=02 v=0.1
Dynamics Algorithms Train Test Train Test Train Test
Non-stationary FedSWE (ours, k = 0) 85.7+09% 85.6+09% | 85.7+05% 85.7+05% | 85.8+0.6% 85.7+0.7%
(Sine) FedAvg over active 821+11% 820+13% | 820+12% 819+12% | 823+09% 822+1.0%
FedAvg over all T13+25% 713+28% | 732+25% 732+28% | 740+21% 749+24%
pi\/\/W\ FedAU 825+14% 825+13% |8.5+03% 8344+04% | 8.7+03% 83.6+03%
F3AST 823+1.0% 823+1.0% | 823+09% 826+08% | 829+07% 829+06%
0 FedAvg with known pl’s | 86.3 £ 1.0% 86.0+1.0% | 86.2+1.2% 86.0+1.4% | 86.4+09% 86.0+08%
MIFA (memory aided) | 84.2+04% 841+04% | 846+01% 845+01% | 84.6+01% 844+01%
Table 9: Results after different Dirichlet parameter . p} = p;(ysin(27/P - t) + (1 — 7).
Unavailable Data sets a = 0.05 a=0.1 a=1.0
Dynamics Algorithms Train Test Train Test Train Test
Non-stationary | FedSWE (ours, K =0) | 825£21% 82.5£24% | 85.7£00% 85.620.0% | 90.6:02% 89.7L03%
(Sine) FedAvg over active 789+16% 785+18% | 821+11% 820+£13% | 83+01% 875+01%
FedAvg over all 585+30% 585+38% | 7T1.3+£25% 71.3+28% | 820+07% 81.9+06%
Pf/\M/\ FedAU 795+16% 795+1.7% | 825+14% 825+13% | 884+01% 87.6+02%
F3AST 789+13% 789+13% | 823+1.0% 823+10% |876+01% 87.0+01%
0 FedAvg with known pl’s | 842+ 1.0% 835+ 1.0% | 863+1.0% 86.0+1.0% | 91.5+03% 90.5+0.1%
MIFA (memory aided) 826+01% 826+00% | 84.2+04% 841+04% |8.4+01% 875+01%

Staleness studies. Table 7 illustrates the first round to

reach a targeted test accuracy

under non-stationary client availability with sine trajectory. Specifications can be found in
the caption. It can be easily checked that, during the initial stage (the first three quarters),
FedSWE slightly lags behind FedAvg over active clients. However, when reaching the final
stage (the last quarter), FedSWE attains the target accuracy in a comparable or lower number
of rounds to FedAvg over active clients in the evaluations on SVHN and CINIC-10 data sets.
The slowdown of FedSWE on CIFAR-10 data set is worth further investigation. In general,
we arrive numerically at the conclusion that the staleness incurred by implicit gossiping
in FedSWE is mild.

Impact of system-design parameters. In this part, we study the impact of system-design
parameter including the degree of non-stationarity v and data heterogeneity o under non-
stationary with sine trajectory. The results are in Table 8 and Table 9. Overall, FedSWE keeps
outperforming the algorithms not assisted by memories or known statistics.

In Table 9, clients’ local data becomes more heterogeneous when « increases. We can see
a clear increasing trend in accuracy. However, FedSWE remains to attain the best accuracies
both train and test when compared to the algorithms not aided by heavy memory or known
statistics. Moreover, it outperforms MIFA, which consumes a lot of storage space, when
a = 0.1 and 1.0. The observations confirm the practicality of FedSWE.
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