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Abstract

In this paper, we focus on the decentralized stochastic subgradient-based methods in min-
imizing nonsmooth nonconvex functions without Clarke regularity, especially in the de-
centralized training of nonsmooth neural networks. We propose a general framework that
unifies various decentralized subgradient-based methods, such as decentralized stochas-
tic subgradient descent (DSGD), DSGD with gradient-tracking technique (DSGD-T), and
DSGD with momentum (DSGD-M). To establish the convergence properties of our pro-
posed framework, we relate the discrete iterates to the trajectories of a continuous-time
differential inclusion, which is assumed to have a coercive Lyapunov function with a sta-
ble set .A. We prove the asymptotic convergence of the iterates to the stable set A with suf-
ficiently small and diminishing step-sizes. These results provide first convergence guar-
antees for some well-recognized of decentralized stochastic subgradient-based methods
without Clarke regularity of the objective function. Preliminary numerical experiments
demonstrate that our proposed framework yields highly efficient decentralized stochastic
subgradient-based methods with convergence guarantees in the training of nonsmooth
neural networks.
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ZHANG, XIAO AND LIU

1. Introduction

In this paper, we consider the following decentralized optimization problem (DOP) on an
undirected, connected graph G = (V, E) containing d agents,

d
min (i),
x1,x3,...,. x4 €R" ;fl( l) (DOP)
s.t. x;, = zj, V(l,]) € E.
Here, for each i € [d] := {1,2,...,d}, z; refers to the local variable of agent i. Moreover,

the set of nodes V = [d] := {1,...,d} represents the set of agents, while the set of edges
E C V x V represents the set of communication links. An edge (i,j) € E refers to that
agents i and j are neighbors and can communicate with each other. Furthermore, for any
i € [d], fi : R" — Ris a locally Lipschitz continuous (possibly nonconvex and nonsmooth)
cost function exclusively known to the agent i and takes the empirical-risk formulation
(Shapiro et al., 2021). More precisely, for any i € [d], there exists F; : R" x Q) — R such that

fi(z) == ’;| Y. Fi(z;s), (1.1)
ge8;

where s; is a random data vector supported on a local finite set S;. In real-world ap-
plications, the size of S; is often sufficiently large, in the sense that computing the exact
(sub)gradient of f; is very costly, which makes stochastic (sub)gradient-based methods
inevitable. Problem (DOP) has wide applications in machine learning (Jain et al., 2017;
Bottou et al., 2018), signal processing (Mateos and Giannakis, 2012; Cohen et al., 2016) and
control (Bolognani et al., 2014), etc.

1.1 Existing Works on Decentralized Stochastic Optimization

Motivated by stochastic gradient descent (SGD), the decentralized stochastic gradient de-
scent (DSGD) (Nedic and Ozdaglar, 2009; Jiang et al., 2017; Lian et al., 2017) is one of the
most fundamental methods for solving (DOP). In DSGD, each agent locally averages its
model parameters with those of its neighbors and updates along the direction of the neg-

ative local stochastic gradient, which can be expressed as
d
Tijyr =Y Wi, )@ — Wi Y VFE(xixs), (1.2)

j=1 ik| 1€B;

where the subset B,y C S; refers to the mini-batch selection of the samples. Therefore, for
any i € [d], the term ﬁ Yien,, VFi(xix; s;) refers to the stochastic gradient of f; at x;,

In addition, we define §; ;1 := \Blﬁ YicB,, VEi(xik; s;) — Vfi(zik) as the corresponding

evaluation noise. W € R?*? represents the mixing matrix corresponding to the graph
G = (V,E). Thatis, W is symmetric, doubly stochastic, and W (i, j) = 0 whenever (i,j) ¢ E
(see Section 2.2 for details).

Based on DSGD, a wide range of variants have been developed for solving (DOP).
Some works introduce auxiliary variables within DSGD to track the global stochastic gra-
dient of the objective function, such as GNSD (Lu et al., 2019) and DSGT (Pu and Nedi¢,
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2021). To accelerate convergence, some recent works (Yu et al., 2019; Gao and Huang,
2020) propose the decentralized momentum SGD by integrating the heavy-ball momen-
tum (Polyak, 1964) into DSGD. Moreover, Gao et al. (2023) combines the stochastic gradi-
ent tracking method with momentum acceleration, Chen et al. (2023b) proposes a general
framework for decentralized adaptive methods such as Adam, AdaGrad, and AMSGrad,
and show that under suitable conditions, for nonconvex smooth objectives, if the origi-
nal adaptive method converges, then its decentralized counterpart also converges. In ad-
dition, Huang et al. (2023a,b) introduce random reshuffling (RR) (De Sa, 2020) sampling
techniques (that is, randomly samples an index i of [N] without replacement at each step k
in agent i, ensuring that each index appears exactly once per epoch.) into DSGD and DSGT,
and provide theoretical evidence that RR outperforms with-replacement sampling. A se-
ries of studies (Lian et al., 2017; George et al., 2019; Yuan et al., 2021; Zhang and You, 2019;
Xin et al., 2021b) have established theoretical guarantees for above decentralized SGD-
type methods with continuously differentiable nonconvex objective functions. Recently,
a line of works (Yan et al., 2023; Bylinkin and Beznosikov, 2024; Condat et al., 2024; Xu
et al., 2023; Sun et al., 2024; Liu et al., 2025) have focused on developing distributed SGD-
type methods that reduce communication and handle asynchrony and heterogeneity. For
instance, Condat et al. (2024) couples local training with communication compression to
obtain a communication-efficient distributed optimization method with theoretical guar-
antees with strongly convex objectives. Xu et al. (2023) analyzes asynchronous adaptive
stochastic gradient methods, showing that AMSGrad-type schemes can be parallelized
under bounded staleness while retaining convergence guarantees with smooth objective
functions. From the perspective of federated learning, Sun et al. (2024) studies the role
of server momentum and develop a more general server-momentum framework, which
highlights how momentum can mitigate the adverse effects of heterogeneous data and
system asynchrony with smooth objective functions.

Much attention has also been directed towards decentralized nonsmooth optimization.
Some existing works, such as ProxDGD (Zeng and Yin, 2018), NEXT (Di Lorenzo and Scu-
tari, 2016), and PG-EXTRA (Shi et al., 2015b) develop decentralized proximal gradient type
methods for (DOP), under the assumption that f; is composed of a differentiable term g;
and a convex regularization term 7; for all i € [d]. In this context, the objective function is
weakly convex and thus is Clarke regular. Several existing works (Di Lorenzo and Scarda-
pane, 2019; Niu et al., 2021; Xin et al., 2021a; Xiao et al., 2023b; Zhou et al., 2025) extend the
convergence analysis of Prox-DGD and NEXT from the deterministic case to the stochastic
case, under additional assumptions regarding boundedness and heterogeneity. Addition-
ally, Chen et al. (2021) proposes stoDPSM for p-weakly convex objectives and shows the
global convergence while employing the Moreau envelope for measuring the stationarity.
Koloskova et al. (2021) improves the convergence analysis for DSGT and proves its conver-
gence for weakly convex objectives. From the view of distributed gradient flow, Swenson
et al. (2022) establishes the global convergence of DSGD for Clarke regular function with
decreasing consensus parameter. The detailed comparisons between the existing results
on decentralized SGD-based methods in nonsmooth nonconvex optimization are listed in
Table 1.

Despite achieving nice theoretical results, all the aforementioned works are only ca-
pable of handling nonsmooth but (Clarke) regular (Clarke, 1990) objective functions in
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Update . . . .
Method Step-sizes Conditions on f; Conditions on noises
scheme
stoDPSM GD Square summable, p-weakly convex, WRS,
Chen et al. (2021) N1/ — 1 bounded subgradient bounded second moment
S-NEXT Proximal, weakly convex, .
GT Square summable WRS, bounded noise
Di Lorenzo and Scardapane (2019) bounded subgradient
ProxGT Proximal, weakly convex, .
GT Constant WRS, bounded variance
Xin et al. (2021a) mean-squared smoothness
Prox-DASA Xiao et al. (2023b) GD/GT 7 = O( ﬁ ),k € [K] Proximal, weakly convex WRS, bounded variance
DEPOSITUM . ] ]
GT-M e = 0( i3 ),k € [K] Proximal, weakly convex WRS, bounded variance
Zhou et al. (2025)
DGF Clarke regular, weakly coercive,
GD e =0(k"P),pe(0,1] 8 weasy a WRS, bounded variance
Swenson et al. (2022) decreasing consensus parameter
ME-DOL T . . . WRS, bounded variance,
GD N = G)(W)’k € [K] Global Lipschitz continuous
Sahinoglu and Shahrampour (2024) bounded second moment
GD/GT Path-differentiable, WRS, conditionally
Our work (DSM) i = 0(1/ log(k))
/GD-M Coercive controlled noises
GD/GT L Path-differentiable,
Our work (DSM) diminishing 77 RR
/GD-M Coercive

Table 1: A brief comparison of existing decentralized SGD-based methods for nons-
mooth nonconvex optimization. Here, “GD”, “GT” and “GD-M”, "GT-M” are abbre-
viations of “gradient descent”, “gradient tracking”, “gradient descent with momentum
technique” and “gradient tracking with momentum technique”; “WRS” and “RR” are ab-
breviations of “with-replacement sampling” and “random reshuffling”; The term “con-
ditionally controlled noise” means that the evaluation noise is bounded conditional on
Fir=0({zi), 1 <k i€ [d]}). The concept "path-differentiable” is defined in Definition 2.6.

(DOP), while some of these works evaluate the efficiency of their developed methods in
the decentralized training of neural networks. However, nonsmooth activation functions,
including ReLU and leaky ReLU, have served as popular building blocks for modeling
neural networks, resulting in loss functions that are nonsmooth and lack Clarke regularity.
To the best of our knowledge, Sahinoglu and Shahrampour (2024) is the only recent work
that investigates the convergence of decentralized SGD-based method without requiring
Clarke regularity. They propose a decentralized first-order and zero-order online algo-
rithm called Me-DOL, but it requires several strong assumptions, such as global Lipschitz
function and L? bounded stochastic subgradients. As a result, how to establish conver-
gence properties for decentralized stochastic subgradient-based methods in nonsmooth,
nonconvex settings remains an area for further exploration.

1.2 Existing Works on Stochastic Subgradient-based Methods for Nonsmooth
Nonconvex Optimization

In the training of nonsmooth neural networks, one major challenge comes from computing
the (stochastic) subgradients of the loss function. In a wide range of deep learning pack-
ages, such as TensorFlow, PyTorch, and JAX, automatic differentiation (AD) algorithms
have become the default choice for computing subdifferential. Employing the chain rule,
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AD algorithms recursively construct the so-called “subgradients” through the composi-
tion of Jacobians of each block of the neural network, yet they neglect the underlying
nonsmoothness. As the chain rule fails for loss functions lacking Clarke regularity, the
so-called “subgradient” may not necessarily be contained in its Clarke subdifferential (see
examples in Bolte and Pauwels (2020)). This limitation consequently renders the theoreti-
cal analyses of existing literature inapplicable to such functions.

To characterize the behavior of AD algorithms, Bolte and Pauwels (2021) introduces the
concept of path-differentiable functions, which constitute a broad function class, including
semi-algebraic functions, semi-analytic functions, and functions whose graphs are defin-
able in some o-minimal structures (Davis et al., 2020). More importantly, the set of path-
differentiable functions is general enough to cover almost all loss functions in neural net-
work tasks, encompassing most of the loss functions without Clarke regularity. The study
(Bolte and Pauwels, 2021) further demonstrates that when applied to path-differentiable
loss functions, the outputs of AD algorithms are contained within a conservative field,
which is a generalization of the Clarke subdifferential. Conservative field admits chain
rules for path-differentiable functions, thereby preserving several good properties. For a
comprehensive discussion of this concept, readers are directed to Section 2.3.

Based on the concepts of path-differentiable functions and conservative field, some re-
cent works (Bolte and Pauwels, 2021; Castera et al., 2021; Pauwels, 2021; Xiao et al., 2024;
Ruszczynski, 2020; Le, 2024; Xiao et al., 2023a; Bolte et al., 2022a) leverage the ordinary dif-
ferential equation (ODE) approach (Benaim et al., 2005; Benaim, 2006; Borkar, 2009; Duchi
and Ruan, 2018) to study the behavior of stochastic subgradient-based methods in the non-
distributed setting. Although these studies have achieved significant progress in estab-
lishing convergence properties for stochastic subgradient-based methods, the theoretical
results of many approaches cannot avoid infinitely many spurious critical points due to the
gap between the conservative field and the Clarke subdifferential (Bianchi et al., 2022; Bolte
et al., 2021). Moreover, extending existing results to the multi-agent scenario is non-trivial,
as the update schemes of all the agents are coupled through local communication under
decentralized settings. Given the convergence properties that need improvement and lim-
ited existing results in the multi-agent scenario, developing a unified framework for estab-
lishing convergence properties for decentralized stochastic subgradient-based methods is
of great importance and worth exploring.

1.3 A General Framework for Decentralized Stochastic Subgradient-based Methods

We define the collection of the local variables, evaluation noises and noiseless gradients in
(1.2) by matrix Xy, Zx41, and Hjy, respectively:

Xk = [ml,k/ Lo freer :Bd,k] s

Ert1 = [C1k+1, Cok+1s -+ Cakr1] s (1.3)
Hk 2:[Vf1 (mlrk), ey Vfd(wd,k)].

Then for any i € [d], we denote ®¢P : x — {Vf;(z)} as a singleton-valued mapping from
R" to 2R", which characterize the noiseless update directions in the i-th agent in the DSGD
method. With these notations, the update scheme of DSGD in (1.2) can be reformulated as
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follows:
X1 = X W — i (Hi + Egy1)

. (1.4)
€ X W —mi( [‘DfD(wl,k),- : .,<I>SD(wd,k)} + k1)

In light of the reformulated update scheme (1.4), we consider the following unified
framework for decentralized stochastic subgradient-based methods,

Ziy1 = ZtW — ii(Hy + Epq). (DSM)

Here, Zy = [z14,---,24x) € R™*? denotes the collection of local variables (for example,
model parameters, momentum, etc.), Hy € R™*4 refers to the collection of noiseless up-
date directions, Z;,; € R"*? refers to the collection of evaluation noises, and e > 0
denotes the step-size.

Moreover, the noiseless update directions in (DSM) is characterized by a family of lo-
cally bounded graph-closed set-valued mappings {®; : i € [d]} that maps R™ to the collec-
tions of subsets of R”. More precisely, there exists a sequence of nonnegative real numbers
{0x} such that

1 1&

HHkld € conv <d i;q)i"(zi,k)> , VkeN. (1.5)
Here, ®)(z) := {y € R" : 3z, s. t. ||z —z| < §,infcq,() |y —w| < 6}. ! Therefore, it
is easy to verify that (DSM) encloses DSGD method in (1.2).

1.4 Contributions

The main contributions of our paper can be summarized as follows.

We propose a unified framework (DSM) that encompasses a variety of decentralized
stochastic subgradient-based methods. We verify that decentralized stochastic subgradi-
ent descent (DSGD), DSGD with gradient-tracking technique (DSGD-T) and DSGD with
momentum (DSGD-M) all fit into the framework (DSM). In particular, a decentralized vari-
ant of SignSGD (Bernstein et al., 2018), denoted as DSignSGD, is also enclosed by (DSM).

We establish the convergence guarantees for our framework (DSM). By introducing
the following differential inclusion

d 1¢
d—j € —conv (di;@i(z)) , (1.6)

that admits a coercive Lyapunov function ¢ and stable set .4, we prove that, under mild
conditions with controlled noises, the sequence {Z;} generated by (DSM) is uniformly
bounded. Then we prove that the iterates {z;;},i € [d] asymptotically reach consensus
and approximate the trajectories of the differential inclusion (1.6), hence converging to the
stable set A under sufficiently small and diminishing step-size.

Based on our theoretical results of the proposed framework (DSM), we prove that
DSGD, DSGD-M, DSGD-T, and DSignSGD achieve global convergence in the random

1. The superscript is used to denote expansion only when applied to set-valued mappings.
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reshuffling case and high-probability global convergence in the with-replacement sam-
pling case. We also show that with random initialization, DSGD, DSGD-M and DSignSGD
can avoid the spurious critical points in the sense of conservative field in minimizing path-
differentiable functions. Although these algorithms are widely used in the training of non-
smooth neural networks, existing theoretical results are limited to Clarke regular objective
functions. Our theoretical findings first fill the gap in solving Problem (DOP) with objec-
tives lacking Clarke regularity.

Preliminary numerical experiments show the efficiency of analyzed methods and ex-
hibit the superiority of our proposed method DSignSGD in comparison with DSGD and
DSGD-M, hence demonstrating the flexibility and great potential of our framework.

1.5 Organizations

The rest of this paper is organized as follows. In Section 2, we present some basic nota-
tions and definitions. In Section 3, we stipulate some assumptions for our proposed frame-
work (DSM), and establish convergence results under different noise settings by linking it
with the dynamics of its corresponding differential inclusion. In Section 4, we demon-
strate that framework (DSM) covers major existing decentralized stochastic subgradient-
based methods, which inherit the convergence properties from (DSM) and avoid infinitely
many spurious critical points. Numerical experiments regarding analyzed decentralized
subgradient-based methods are presented in Section 5. In the last section, we draw con-
clusions and discuss possible future research directions.

2. Preliminaries

In this section, we introduce the necessary preliminaries for the subsequent analysis, in-
cluding the notation system, the mixing matrix, key concepts from nonsmooth analysis,
conservative fields, and differential inclusions.

2.1 Notations

We denote (-, -) as the standard inner product, while | - || as the ,-norm of a vector or
spectral norm of a matrix. We refer to || - ||; as £1-norm of a vector and || - ||r as Frobenius
norm of a matrix. B(z,6) := {& € R": ||& — ||> < 6} refers to the ball centered at

with radius J. For a given set ), dist(x, ))) denotes the distance between z and a set )/,
that is, dist(x,)) := argminycy || — y||, conv) denotes the convex hull of ), and e
denotes d-fold Cartesian product. The notation ® stands for the Kronecker product. A, :=
{(Ao, .-, Am) : A > 0,11" ) Ai = 1} stands for the simplex of dimension .

For any positive sequence {17}, let A, (0) := 0, A, (i) := Y\ _b #1x, and Ay (t) := sup {k € N :
t > Ay (k)} . More explicitly, A, () = p,if A, (p) <t < A,(p+1). We define the set-valued
mapping sign : R” = R" as follows:

{—1}, x; < 0;
(sign(z))i = ¢ [-1L,1], =z =0;
{1}, x; > 0.
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It is easy to verify that sign(x) is the Clarke subdifferential of the nonsmooth functions

Moreover, we denote N as the set of neighbor agents of agent i together with {i}, R
as the set of all nonnegative real numbers. For any N > 0,[N] := {1,...,N}. And let
1; € R? represent a vector of all 1’s, e; € R? represent [0,...,1,...,0]T, where 1 is the i-th
component. For two integers i and j, i A j represents min{i, j}.

We denote (), F, IP) as the probability space. We use o( X ) to denote the sigma-algebra
generated by the random variable X. We say { Fj }; . is a filtration if { ¥} is a collection
of o-algebras that satisfies 7y C F; C --- C Fo C F. A stochastic series {;} is called
a martingale with respect to a filtration { F}, if {gx} is adapted to the filtration {F};} and
E[Ck+1|Fk] = &k Yk € N. Moreover, A stochastic series {;} is referred to as a martingale
difference sequence, if {gx} is adapted to the filtration {F;} and E[{;1|Fx] = 0 holds for
allk € IN.

In addition, we define the summation function f of (DOP) as

1 d
flz):= g Zfl(m) (2.1)
i=1
2.2 Mixing Matrix
Mixing matrix W = [W(i,j)] € R%*“ determines the structure of the communication

network and plays an important role in averaging the local information of neighbor agents.
Generally, we assume the mixing matrix W satisfies the following properties, which are
standard in the literature (Xiao and Boyd, 2004; Sundhar Ram et al., 2010; Lian et al., 2017).

Definition 2.1 Given a connected graph G = (V,E), we say W € R¥*“ is a mixing matrix of G,
if it satisfies the following conditions.

1. W is symmetric.
2. W is doubly stochastic, namely, W is nonnegative and Wil; = W1, = 1,.
3. W(i,j) =0, ifand only if i # jand (i,]) ¢ E.

With a given graph G, there are various approaches to choose its corresponding mixing
matrix, such as Laplacian-based constant edge weight matrix (Xiao and Boyd, 2004) and
Metropolis weight matrix (Xiao et al., 2006). We refer interested readers to Nedi¢ et al.
(2018); Shi et al. (2015a); Wang and Liu (2022); Wang et al. (2025) for more details about
how to choose the mixing matrix.

Based on Pillai et al. (2005, Perron-Frobenius Theorem), we derive a direct corollary,
which illustrates the fundamental spectral property of mixing matrix W.

Corollary 2.2 For any mixing matrix W € R*“ that corresponds to a connected graph G, all
the eigenvalues of W lie in (—1,1], and W has a single eigenvalue at 1 that admits 1, as its
eigenvector.
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2.3 Nonsmooth Analysis and Conservative Field

A set-valued mapping D : R" = R" is a mapping from R" to set of subsets of R”. The
graph of D is given by graph D = {(x, z) | * € R",z € D(x)}. The set-valued mapping
is said to be graph-closed (or has closed graph), if graph D is a closed subset of R" x IR".
D is said to be locally bounded, if for any € IR", there exists a neighborhood U, of x
such that sup, ) veu, |z|| < 4o0. In addition, D is convex-valued, if D(x) is a convex
subset of R" for any = € R".

Definition 2.3 (Clarke, 1990) For any given locally Lipschitz continuous function f : R" — R,

and any © € R", the generalized directional derivative of f at x along the direction d € R", is

defined as
f°(z; d) := limsup fly +td) _f(y)
y—ax,tl0 t
The Clarke subdifferential of f at x € R", denoted by df (x), is defined as

of (x) :={u eR": f°(x;d) > (u,d),¥d € R"}.

Notice that df is a convex-valued graph-closed locally bounded set-valued mapping
from IR" to the subsets of R". Based upon the concept of generalized directional derivative,
we present the definition of Clarke regular functions.

Definition 2.4 (Clarke, 1990) We say that f is Clarke reqular at x € IR", if for every direction
d € R", the one-sided directional derivative

f*(ac,d) — llmf($+td) _f(a:)

10 t

exists, and f*(x;d) = f°(x; d).

Next, we present a brief introduction to the conservative field, which characterizes the
output of AD algorithms in differentiating nonsmooth neural networks.

Definition 2.5 (Conservative field) Let D : R" = R" be a nonempty set-valued mapping.
We call D a conservative field if it is compact-valued and graph-closed, and for any absolutely
continuous loop 7y : [0, 1] — R" satisfying (0) = (1), it holds that
1
max (¥(t),v)dt =0.
) wepax (i(t),v)
It is remarkable to note that any conservative field is locally bounded (Bolte and Pauwels,

2021, Remark 3). We now introduce the definition of the path-differentiable function cor-
responding to the conservative field.

Definition 2.6 Let D be a conservative field, we say a function f is a potential for D or f is
path-differentiable, provided that f can be formulated as

fla) = flamo) + [ (7(5), DCr())es,

for any absolutely continuous curve «y with v(0) = xg and y(t) = x. We also say that D is a
conservative field for f, denoted as Dy.
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As illustrated in Bolte and Pauwels (2021, Corollary 1), for any given path-differentiable
function f, df is a conservative field for f. Therefore, the concept of the conservative field
can be regarded as an extension of the Clarke subdifferential. More importantly, when
conservative field D¢(x) is convex-valued, 0 € df(x) implies that 0 € D¢ ().

In fact, the class of path-differentiable functions is general enough to cover the most ob-
jective functions in real-world problems. The well-known Clarke regular functions men-
tioned in Clarke (1990) and semi-algebraic functions mentioned in Lojasiewicz (1965) are
all path-differentiable functions. In Davis et al. (2020); Bolte and Pauwels (2021), the au-
thors identify definable functions (whose graphs are definable in an o-minimal structure)
as an important class of path-differentiable functions. Actually, most activation functions
and loss functions in deep neural networks are definable functions, including sigmoid,
softplus, ReLU, leaky ReLU, hinge loss, etc.

Furthermore, it is important to highlight that definability is preserved under finite sum-
mation and composition (Davis et al., 2020). Consequently, for any neural network con-
structed by definable blocks, its loss function is definable, thus it is a path-differentiable
function. Additionally, it is worth noting that the Clarke subdifferential of definable func-
tions is itself definable (Bolte and Pauwels, 2021). Hence, in the case of a neural network
constructed by definable blocks, the conservative field corresponding to the AD algorithms
is also definable. The following proposition demonstrates that the definability of both f
and its conservative field Dy leads to the nonsmooth Morse-Sard property (Bolte et al.,
2007).

Proposition 2.7 (Theorem 5 in Bolte and Pauwels (2021)) Let f be a path-differentiable func-
tion that admits Dy as its conservative field. Suppose both f and Dy are definable over R", then the

set {f(x) : 0 € Dy(x)} is finite.

Finally, based on the concept of the conservative field, we present the definition of the
critical points for the optimization problem (DOP).

Definition 2.8 Let f in (2.1) be a path-differentiable function that admits Dy as its convex-valued
conservative field, then we say X € R is a D ¢-critical point of (DOP), if X = X 1,1] and
0c Df(%X 14). Furthermore, we say X € R"*% is a Clarke (or df)-critical point of (DOP), if
X =1Xx151] and 0 € 9f (1 X1,).

2.4 Differential Inclusion and Stochastic Subgradient Methods

In this part, we introduce fundamental concepts and theories associated with differential
inclusion, which is crucial for establishing the convergence properties for stochastic sub-
gradient methods.

Definition 2.9 Let D : R" =% R" be a set-valued mapping. An absolutely continuous curve
v : Ry — R" is called a solution (or trajectory) to the differential inclusion

dx

dt
(or a trajectory of D) with initial point x, provided that y(0) = @ and «'(t) € D(+y(t)) holds for
almost every t € R .

€ D(z), (2.2)

10
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Definition 2.10 (Lyapunov function) Let B C IR" be a closed set. A continuous function i :
R"™ — R is referred to as a Lyapunov function for the differential inclusion (2.2) with the stable set
B, if for any solution -y to (2.2) and any t > 0, it holds that

p(r(1) < 9(7(0)).
Moreover, whenever y(0) ¢ B, it holds for any t > 0 that

p(r(8) < $(r(0).

Definition 2.11 For any set-valued mapping D : R" = R" and any § > 0, we denote D° :
R" = R" as D°(@) = Uyep(a,) (D(y) +B(0,9)).

Definition 2.12 (Perturbed solution) An absolutely continuous curve vy : Ry — R" is said to
be a perturbed solution of differential inclusion (2.2), if the following two conditions hold:

* There exists a locally integrable function w : Ry — IR", such that

t+to
lim sup / w(s)ds|| =0
t

t—-+oo 0<to<T

holds for any T > 0.

e For above locally integrable w, there exists 6 : Ry — R such that lim;_,, 6(t) = 0 and
¥(8) —w(t) € DU (v(h)).

Now we consider an iterative sequence corresponding to the differential inclusion (2.2),

Ty1 = x + (D% (zx) + Cr), (2.3)

where {7} is a non-summable positive sequence of step-sizes, {J;} is a nonnegative se-
quence, and 1 is a random noise when evaluating D(xzx). A continuous-time interpo-
lated process u : Ry — R" induced by (2.3) is defined as
u(Ay (k) +5) = @ + @s, s € [0, 7).
k
Here, A,/(0) := 0and A, (k) := Zf;ol nik > 1.

In what follows, we summarize and present several lemmas, which respectively de-
scribe the conditions under which the interpolated process of the sequence {x} is a per-
turbed solution of (2.2), how the sequence {x;} remains uniformly bounded, and a result
on global convergence.

Lemma 2.13 (Extension of Proposition 1.3 in Benaim et al. (2005)) Let D : R" == R" be a
locally bounded, graph-closed and convex-valued set-valued mapping. Assume that the following
hold:

1. Forany T >0,

i
Y miir|| =0,

k=s

lim sup
ST <<y (Ay (5)+T)

where Ay (t) := sup{k : A, (k) < t}.

11
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2. {0} is diminishing, that is, limy_, 0 = 0.
3. sup;cp |z < 4o

Then the interpolated process of sequence {xy } is a perturbed solution for (2.3).

Before exhibiting the results on uniform boundedness and convergence of (2.3), we
provide an assumption about differential inclusion (2.2), which is commonly used in the
analysis of ODE-based approaches (Benaim, 2006; Borkar, 2009; Duchi and Ruan, 2018).

Assumption 2.14 1. There exists a locally Lipschitz continuous Lyapunov function i : R" —
R for the differential inclusion (2.2) with stable set A.

2. Theset {¢(x) : ¢ € A} is a finite subset of R.

Lemma 2.15 (Theorem 3.6 in Xiao et al. (2023a)) Let D : R" = IR" be a locally bounded,
graph-closed and convex-valued set-valued mapping, and Xy be any compact subset of R". Suppose
Assumption 2.14 holds and Lyapunov function 1 is coercive.

Then for any given r > max{0,4sup .y 4 Y(x)}, there exist « > 0, T > 0 such that

whenever sUPo 1k < &, SUPo Ok < &, and SUP i x (1 (s)+1) 1k k]l < &, Vs >0,
the sequence {x; } generated by (2.3) with xo € Xy is restricted in L, := {x € R" : p(x) < r}.

Lemma 2.16 (Summary of Theorem 3.6, Proposition 3.27 in Benaim et al. (2005)) Let D :
R" = R" be a locally bounded, graph-closed, and convex-valued set-valued mapping. Suppose
Assumption 2.14 holds, and {xy} is generated by (2.3) with any xy € R". If the interpolated
process of {xy } is a perturbed solution of (2.2), then any cluster point of {x} generated by (2.3)
lies in A, and the sequence {(xy)} converges to p(x*), for some x* € A.

Except for Lemma 2.16, similar results under slightly different conditions can be found
in Borkar (2009); Davis et al. (2020); Duchi and Ruan (2018), while some recent works
(Bianchi and Rios-Zertuche, 2021; Bolte et al., 2022a) focus on analyzing the convergence
of (2.3) under relaxed conditions. Interested readers could refer to those works for details.

3. A General Framework for Decentralized Stochastic Subgradient-based
Methods

In this section, we aim to establish the convergence properties of proposed framework
(DSM) under two noise settings. To this end, it is crucial to ensure the uniform bounded-
ness of iterates { Z; }. A large amount of literature (Castera et al., 2021; Ruszczyniski, 2020;
Davis et al., 2020; Le, 2024) regards this condition as a prior assumption when analyzing
the convergence of SGD-type algorithms in a single-agent setting. Nevertheless, more re-
cent works (Bianchi et al., 2019, 2022; Josz and Lai, 2024, 2023; Bolte et al., 2024; Xiao et al.,
2023a) focus on rigorously establishing the uniform boundedness of the iterative sequence.

Section 3.1 introduces the fundamental definitions and assumptions used in our anal-
ysis, and then rigorously demonstrate the uniform boundedness and asymptotic conver-
gence for our framework (DSM). In Sections 3.2 and 3.3, we further discuss about the con-
vergence properties of (DSM) when the evaluation noise is introduced by random reshuf-
fling and with-replacement sampling, respectively.

12
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3.1 Basic Assumptions and Main Results

(1.5) shows that the average update direction {1 H;1,} approximates %Zle P;(zix). To
constrain the behavior of {®;}9_,, we impose a set of basic assumptions concerning both
the framework in Section 1.3 and its associated continuous-time differential inclusion,

d
cjl—: € —P(z) := conv (;;@,@)) . 3.1)

Assumption 3.1 1. The sequence of step-sizes {1y} is positive and satisfies Yy, fjx = +o0.

2. The sequences { Hy} and {1 } are uniformly bounded in R"*¢, whenever { Z} is bounded
in R™*4,

3. There exists a locally Lipschitz continuous and coercive Lyapunov function  : R™ — R for
the differential inclusion (3.1) with stable set A.

4. Theset {¢(z) : z € A} is a finite subset of R.

Assumption 3.1(1) allows for a flexible choice of the step-size, while Assumption 3.1(2)
is reasonable and mild, which is commonly employed in various existing works (Bolte and
Pauwels, 2021; Davis et al., 2020; Xiao et al., 2023a, 2024; Castera et al., 2021).

Assumption 3.1(3) clarifies the Lyapunov properties of a differential inclusion with
respect to —®, which is standard in the literature (Benaim et al., 2005; Borkar and Borkar,
2008; Bian and Xue, 2009; Davis et al., 2020; Bolte and Pauwels, 2021; Josz and Lai, 2023)
and can be satisfied by most appropriately selected set-valued mappings. Since each ®; is
graph-closed and locally bounded, the convex-valued set-valued mapping ® is also graph-
closed and locally bounded. Then, the coercivity of ¢ in Assumption 3.1(3) indicates the
compactness of any level set £, := {x € R" : ¢p(x) < r}.

Assumption 3.1(4) is similar to the Weak Sard’s condition in Davis et al. (2020), which
stipulates that the set of values of ¢ at points outside the stable set is dense in IR. As
demonstrated in Bolte and Pauwels (2021), Assumption 3.1(4) holds when f is a definable
function with the selection ® := df and ¢ := f.

In the following, we present some basic notations and definitions throughout Section
3. For any M > 0, the stopping time Ty, is defined as

Ty = inf{k € N : || Z;|| > M},
and the upper bound of noisy update direction before stopping time is given by

Cv = sup |Hy+ Exq1]l,
OSkSTM

which is finite followed by Assumption 3.1(2). The second largest singular value of mixing
matrix W is

1,1
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Definition 3.2 For any positive sequence {1y}, we say {nx} is a,,-upper-bounded or is upper-
bounded by &y, if SUpp 1Tk < &.

Definition 3.3 For any sequence of vectors (or matrices) {Cx}, and given constants T,a,;, > 0,
we say {Cx} is (ayp, T, {1k })-controlled, if for any s > 0, we have

Z MkCk+1

k=s

sup
s<i<Ay(Ay(s)+T)

S Kyp-

Moreover, we say {Cy } is (ayp, &, T, {1x } )-asymptotically controlled, if it is (a,p, T, {1y } )-controlled
and

< a.

Z MkCk+1

k=s

lim sup sup
500 s<i<Ay(Ay(s)+T)

With above tools in placement, we first present Proposition 3.4 to demonstrate the av-
erage iterative sequence of (DSM) before stopping time coincides with the update scheme
(2.3).

Proposition 3.4 Suppose Assumption 3.1 holds, and let Zy be a compact subset of R™. The se-

quence {Zy} is generated by (DSM), and Zy = 2z91],z0 € Z. Then the recursion relation of
{%Zk nry L} can be reformulated as

1 1 1 1.
g2 urrmta € 5k la — ﬂk[q)sk(aZkAerd) + Edkﬂld]ﬂrwk, (3.2)

SUPo<i<knry, MitM
where Sk = 5k + ||ZL,k/\TM H < 5k + 1,);1

Proof From (DSM), the update scheme for { Zy,,, } can be expressed as

Zi1ynmy = Zinay t [Zineyy (W = 1) — i (Hy + 1)Ly >k (3.3)

where 1., - is the indicator function for the event {7y > k}. Alternatively, the update can
be written as

Ziistynan = Zin(iu-1)W = Tin (1) Hia (mg=1) T E k1) ary)- (34)

Define the consensus projection matrix P := 11,1} and the disagreement matrix Z j :=
Zy(I; — P). Then, the orthogonal decomposition holds:

Zy =24 P+ Z, .

Intuitively, Z, y measures the dissimilarity among all agents’ local variables at k-th itera-
tion.
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According to (3.4), simple calculations yield that

1Z 1 ks1ynall = H (Zin(o-1)W = Min(oy—1) (Hia(my—1) T Eks1)an)) (La — P) H
HZk/\(TM—l)W(Id - P) H + H’?kA(TM—n (Hin(ry—1) + Ek1)ary ) (La — P) H

< || Zenr 1y Ea = P 1W (2 = PY + |[11n 1) (Blienoy 1) + Eges )|

IN

<A

Z | jp(ry-1) H + H’?kA(TM—n(HkA(TM—n + 5(k+1)ArM)H

N 1) - (k+1) ATyt
< Y A 7 (H; + Zi1) || + A, 1Z Lol
i=0

SUPg<i<kn(ty—1) Hilm

= 1— )\2 ’
(3.5)
where the second inequality follows from the fact that (I; — P)W (I; — P) = W (I; — P)
T
and the last inequality is due to Z | o = Zp — Zotfdld = 0. As a result, we obtain that
SUpPy<; 74
N Z | iaey |l < poglls_m)?; i M, forany ! < k+1. (3.6)
We right-multiply % to (3.3) to get:
1 1 1 1_
EZ(kH)ATM 1; = EZk/\TM 1;— Wk(HHkld + 58k 1g) e~k (3.7)

Equation (1.5) reveals that %H 1y € conv ( % Zle <I>§-S (zi,k)). According to Carathéodory’s
Theorem, it admits the representation

GHL = 1oLy, i € P (20,6 € B
j=0 i=1

On the event {1y > k}, combining with (3.6) yields that

(1 1& 1
dist (deld,conv (d Zq)i<EZkATM1d + ]B(O, (Sk + HZJ_’k/\TMH))>)
i=1

m ) 1 d i 1 d 1
< ) cjdist (d Z% yf,k, ] ) @ (deAerd +B(0,0 + | Z 1L knwy H)))
j=0 i= i=1

IA
=
‘\n(?

SW
M&

) ; 1
dist (v} @1 ( § Zennla + BO,G+ | Z1sn, ) )

~

Il
=}

Il
—_

IA

=
QU =
Mm.

Ok = Ok,

~

I
o

Il
—
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where the first inequality is due to the Jensen’s inequality and the second inequality is
followed by the triangle inequality. That is to say,

1 1
EHk]_d E q)sk (de/\TM]'d) .

Plugging this relation into (3.7) completes the proof. |

Remark 3.5 It is worth mentioning that the value of Ay (that is, the second-largest eigenvalue
of the mixing matrix W) is a critical factor in quantifying the effect of network topology on the
convergence of decentralized methods. As demonstrated in Boyd et al. (2004), A, is widely regarded
as a measurement for network connectivity. Proposition 3.4 establishes (3.6), demonstrating that
A governs the rate at which Z | j converges to zero. Consequently, the value of A, determines how
rapidly the iterates %Z(k +1)ary Ld approach the trajectory of the differential inclusion (3.1). For
further analysis regarding the influence of network topology in smooth settings, we refer readers to
some related works (Vogels et al., 2023; Song et al., 2022).

Based on Proposition 3.4, Theorem 3.6 establishes that the sequence { Z; } remains uni-
formly bounded, whenever step-size {7}, {Jx} are upper-bounded by a sufficiently small
ayp > 0,and {Egy1} s (ayp, T, {5k })-controlled for some T > 0.

Theorem 3.6 Suppose Assumption 3.1 holds, and let Zy be a compact subset of R™. Then for any
r > max{0,4sup, 4 ¥(x)}, there exist ay, > 0, T > 0 such that for any o,p-upper-bounded
sequences {n} and {0}, and any (a,p, T, {ni } )-controlled sequence {Zx 1}, the sequence { Zy }
generated by (DSM) with Zy = zolg, zo € 2y is restricted in £gr.

Proof Recall from Proposition 3.4, we have

1 1 1 1.
FZknmyLd € 5 ZkpeyLa — Wk[q)sk(azk/\erd) + adk+11d]ﬂm>k-

For any M > 0, employing Lemma 2.15, we conclude that there exists «, T > 0 such that for
any a-upper-bounded sequences {7} and {sx}, and any («, T, {7} )-controlled sequence
{%Ekﬂld]lw>k}, the sequence {%Zk/\erd} is restricted in £,.

Let L1 be the Lipschitz constant of ¢ in £, + B(0, f‘_g—/\mz), and &, := min{5, “(%N)[‘Z), %}
It can be readily verified that

SUPy<i<knty 1ilm .
1-—A -

1
P(ziknm) — $(FZknayla) < La

for any i € [d] and any &,,-upper-bounded {7y }.

Therefore, for any M > 0, any a,;-upper-bounded sequences {7}, {dx}, and any
(ayp, T, {nx})-controlled sequence {E 1}, itholds that {#y } and {si } are a-upper-bounded,
{%Ekﬂ 1,0, >k} is («, T, {#x })-controlled, thus {z;xx,, } is restricted in Ly, Vi € [d]. Tak-
ing M > sup{||Z|| : Z € L4}, from the definition of the stopping time Tj;, we can derive
that Tyr = 400, then z;x = zjknr, € Lo, Vi € [d],k > 0, which completes the proof. [ |
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The following lemma from Sundhar Ram et al. (2010, Lemma 3.1) concerns the limit
property of a convolution-like scalar sequence.

Lemma 3.7 Let {’yk} be a sequence of real numbers. If 0 < a < 1 and limy_,o Y = 7y, then it
holds that limy_,, Zl 0’1 by, =

Combining Theorem 3.6 and Lemma 3.7, we demonstrate in Theorem 3.8 that the se-
quence {Z;} asymptotically reaches consensus and converges to the stable set .A with di-
minishing upper-bounded {7, }, {d} and (a5, 0, T, {#x} ) asymptotically controlled noises.

Theorem 3.8 Suppose Assumption 3.1 holds, and let Z be a compact subset of R™, { Z; } be gen-
erated by (DSM) with Zy = zolg, zo € Zy. Then there exist oy, > 0, T > 0such that for any «,,,-
upper-bounded diminishing sequences {n} and {0y}, and any (a0, T, {ni})-asymptotically
controlled sequence {Ey 1}, it follows that

klim dist(Zy,{Z € R"™4: 7z =217,z ¢ A}) =0,
—00

and (z; ) converges for each i € [d].

Proof From Theorem 3.6, there exists 7, ay,, T > 0, for any a,,-upper-bounded {7} and
{6x}, and any (a,p, T, {17c})-controlled sequence {E.1}, the sequence {Z;} C L4. Taking
sufficiently large M, (3.2) becomes

1

1
a *Zk]_d —ﬂk[q)sk

Zii11, €
k+14d €

1 1
-Zi1 =Er11y4),
(52k14) + SEks11d]
where s := 6 + [| Z_ |- Since limy oo || Z1 &|| < iy o0 Y120 A5~ |l3:(Hi 4+ Ei41)]| = 0,
we have limj_,, s = 0.
Moreover, (a,;,0, T, {1 })-asymptotically controlled sequence {Zx. 1} implies that for
any T’ > 0,

|
1; Wkg:k+11d
=s

lim sup
ST S<i< A (Ay (5)+T")

then it follows that the interpolated process of {}Z;1,} is a perturbed solution of (3.1).

By combining Lemma 2.16, we can infer that, any cluster point of {} Z;1,} lies in .A and
the sequence {(}Z;1,)} converges. As limy_, || Z, || = 0, we conclude that, any cluster
pointof {z;} liesin A and {¢(z;x) } converges, for any i € [d]. This completes the proof. B

3.2 Convergence with Random Reshuffling

Given a family of locally bounded, graph-closed set-valued mappings {I/;; : 1 <i <d,0 <
j < N — 1}, we consider framework (DSM) with the following random reshuffled update
scheme,

1_ 1
FEk+1la € o ZUfz'; zik) = 5 Hila. (3.8)

17



ZHANG, XIAO AND LIU

One can see (3.8) as a detailed characterization of the relationship between the update di-
rection and the iterates {z;}, thereby serving as a replacement for the role of (1.5). Here-
after, we make some assumptions on (3.8) and step-sizes {7, } in (DSM).

Assumption 3.9 1. Forany ki, ky € N, 1y, = 1y, holds, if Lkﬁl = L%J

2. The sequence of indexes {iy} is chosen from {0,...,N — 1} by reshuffling. That is, {i :
IN<k<(I+1)N} ={0,...,N —1} holds for any | € IN.

3. The sequence {py} is controlled by {n;p(Z;) } i<k, where p : R"*? — R is a locally bounded
function. Moreover, limy_,, px = 0, whenever limy_,o 11 = 0 and { Z.} is bounded.

4. Forany z € R™, & Zjlif)l Ui j(z) C Di(z).

Indeed, we can treat each interval {k : IN < k < (I +1)N} as an epoch. Assumption
3.9(1) reveals that step-sizes {7, } remain unchanged within each epoch, which is a prac-
tical and mild condition. Assumption 3.9(2) illustrates that the sequence of indexes {iy}
is drawn by reshuffling in each epoch. Assumption 3.9(3) shows how the noisy averaged
update scheme asymptotically approximates the Minkowski sum of random reshuffled
set-valued mappings. The statement {p;} is controlled by {#;p(Z;)}i<x means that p; is
bounded by a linear combination of the components in {#;p(Z;) };<x. In particular, p can
be an exponential moving average of {17;p(Z;) } i<k, given by Y5_ A ~i;p(Z;). In Assump-
tion 3.9(4), we show the noisy update scheme at agent i is randomly reshuffled from N
components of ®;, which implies that 1 Y4 ; YN ';;, (2) C ®(z), building a bridge
between the sequence { %ZkN 1,} and the differential inclusion (3.1).

It will be straightforward to see from Lemma 3.10 that, in a certain sense, the averaged
evaluation noise is “hidden” over each epoch.

Lemma 3.10 Suppose Assumption 3.1 and 3.9 hold, let Zy be any compact set of R™ and Zy =
201", 2z0 € Zo. {Zy} is generated by (DSM) and the evaluation noise is introduced by random
reshuffling (3.8). Then for any € € (0,1) and M > 0, there exists a constant « > 0 such that for
any k > 0, any gy € (0, a], we have

1 1 s 1
720Nty Ld € 5 Zinngg,La = Niiw®* (5. Ziv, 1a) L, s an- (3.9)

where Ty := inf{ | £ IN € N : || Z|| > M}.

Proof From Assumption 3.9(3), for any ¢ € (0,1) and any M > 0, there exists a9 > 0 such
that p; < 5, when {7, } is upper bounded by ag, and || Z|| < M + 1. We now introduce an
additional notation:

Ly = sup { [[Uyj(x) || : x| <M+ 1,i€[d,0<j<N-1},

and for any ¢ € (0,1), define

x:=min { & 1 € (1-7z)e
. 1T (Lm+2) 3N +Ly) +N&'~ 30y [
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Then for any 7,y € (0,&] and any j € {0,..., N — 1}, it follows from (3.5) that

(RN+=DA (1) (KN—+j—1)A(Ti—1)—i (KN+/)AT,
1Z L akns ol < Ay M i (H 4 Zi) [+ A, M Z

(=]

1=

SUPo<i<(kN-+j-1)A(my-1) TitM _ ¢
= 1-2; B

(3.10)
Without loss of generality, assuming 7)1 > kN, the update scheme (3.8) implies that

]'/\(TM*kal)
< Y.
1=0
j/\(TM—kN—l) 2
Y. mns(lm+3)
1=0 3
G+Detm+5) _ &
= 3N(1+Ly)+NEé ~ 3

1 -
EHkNJrlld + SN+ 14

*Z(kN+j)ArM 1;— HZkNATM 14

I

(3.11)

IN

As a result, we derive that SUP(<j<n-1 ‘ Zi (kN+j) Aoy — %ZkNAerdH < %é, Vi € [d].
Therefore, for any k > 0 and any 0 <[ < N — 1, the following inclusion holds:

1 28
<ZkN/\TM 1, +B(0, 3)>] oy kN1

1 1 d e
EZ(kN+z+1)ATM1d € < ZNt1)Ary Ld — 1N+ Z; [%}kw 7
1=

(3.12)

d

Moreover, the definition of 73, implies the following relations:

Ty >kN &1 >kN+1, VO<I<N-I,

and
KNATy < (KN+I1+1)Aty, VO<I<N-1.

Recursively employing (3.12) gives us that

1

EZ(kH)N/\r;Mld
(k+1)N-1 1 d 1 8
€ ~Zinn, L — ), TN 5 ) [Ui,il(dengA 1, +B(0,¢)) +B(0, 3)] IR
I=kN i=1

1 1& 1N R ¢

S S Zinng,ta — Nijw | 5 Y N Uit (5 Zinn, La +B(0,€)) +B(0, g) Ly > kN
iz N %

1 . (1

€ ZZinng,ta = N ® | 2 Zinng,La ) Do sins

which is our desired result.
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Lemma 3.10 illustrates that {%ZkN AT, 1,} can be viewed as an inexact discretization of
differential inclusion (3.1). Then based on Lemma 2.15, we establish the uniform bound-
edness and asymptotic convergence of { Z;} when adopting (3.8) under Assumption 3.9.
As the evaluation noise in (3.9) vanishes over each epoch and is thus asymptotically con-
trolled, Theorems 3.11 and 3.12 can be viewed as special cases of Theorems 3.6 and 3.8.

Theorem 3.11 Let Zy be any compact set of R™. Suppose Assumption 3.1 and 3.9 hold, and
Zy = zoll, where zy € Zy. Then for any r > max{0,4supzezouA (=)}, there exist & > 0,
such that for any a-upper-bounded {n;}, the sequence {Z;} generated by (DSM) with (3.8) is
restricted in L3,.

Proof For any r > max{0,4sup, ;4 ¥(2)}, we set L, to be the Lipschitz constant of
¢ in £, + B(0,7). According to Lemma 2.15, there exists a; € (0, 23Tr2) such that for any
ap-upper bounded {7} and {5}, the sequence generated by

Bri1 € T — D (&),

satisfies {#x} C L,. Given the iterative sequence {}Zy nt), 1a}, Lemma 3.10 guarantees
that for any &y € (0,a1), there exists « € (0,3 ) such that whenever {#;y} is a-upper
bounded, the following inclusion holds:

1 1 1
720+ )NAty,Ld € S Zinng, la — N N D (EZkNATI’VI 1a)Ly kN

Hence, by Lemma 2.15, the sequence {%ZkN AT, 1} C L,.
Without loss of generality, we assume 1)y > kN. Following arguments analogous to
those in (3.10)-(3.11), we deduce that

1
Zi (kN+j) Aty — HZkN/\TI/\Ald
1 1 1
< |2 (kN ATy — aZ(kN+j)/\TM1d + EZ(kNJrj)/\TMld — EZkNld
201 r
3 Ly
Consequently,

< 2r, (3.13)

(i, kNtj)nen) < IP(% kNt Ld) + L2 || 25 kNtj)amy — ngngA 1,
foranyie [d],j € {0,...,N—1}.
To finish the proof, it suffices to demonstrate that 7p; = +oo, for any M > sup{||Z| :
Z c L‘ZI,}. If not, then there exists k; € IN with k1N < 1)y < (k1 + 1)N. By (3.13), this
implies Z-,, € £4,. However, since M > sup{||Z|| : Z € £4}, the definition of Tj forces
| Z~y || > M, contradicting Z-,, € L4 .
|
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Theorem 3.12 Suppose Assumption 3.1 and 3.9 hold. Let Zy be any compact set of R", { Z; } be
generated by (DSM) with (3.8), and Zy = zp 1;, zo € Zo. Then there exists ay, > 0, such that for
any a,,-upper-bounded diminishing {1} in (DSM), it follows that

Jim dist(Z, {Z e R™: Z =217,z € A}) =0,
— 00
and (z; ) converges for each i € [d].

Proof Recall from Theorem 3.11 that there exists a > 0, if { Z; } iterates by (DSM) and (3.8)
with a-upper-bounded sequence {7y} and initial point Zy = 291, 20 € Zo, then {Z;} is
restricted in Egr for some r > 0. Moreover, by Assumption 3.9(3), we can further select a
&y € (0, &) such that py < 1 for a,-upper-bounded sequence {#n }.

We now analyze the case when {#y} is upper bounded by a,,. With a slight abuse of
notation, let L := sup {||U4;(x)|| : x € L2r +B(0,1),i € [d],0 < j < N —1}. Then for any
i€[dandje{0,...,N—1}, wehave

1

ZikN+j — EZkNld + | Z L]

1 1
< HdeN+j1d - EZkNld

kN-+1 HkN+11d+dukN+l+11d + | Z Lin ]|

(3.14)

| A

j

=L

j

Z in+1(L 4+ 1) +HZJ_kN+]H
1=0

< N(

L+ 1) + oS {1ZLinll} -

According to Assumption 3.1(2), || Hj + Ek.1|| is uniformly bounded as {Z;} is re-
stricted in £4 . Plugging Lemma 3.7, we have

KN+

. : KN+j—i -

Um (12 o < lim Yo Ay i (Hi+ B | = 0. (3.15)
i—

Define &y := N(L + 1)y + maxo<jen—1{1|Z 1 kvl } + maxo<j<n—1{pkn+;}. Similar
to the arguments in Lemma 3.10, we can achieve that

1 1 s 1
FZ0nla € S Zknla — Ny @ (deN1d> : (3.16)

Since {7y} is diminishing, Assumption 3.9(3) indicates that & — 0 as k — oo.

Indeed, the update scheme (3.16) corresponds to an inexact subgradient descent method
corresponding for the differential inclusion (3.1). Applying Lemma 2.13, we obtain that the
interpolated process of {%ZkN 1,} is a perturbed solution of (3.1). Then Lemma 2.16 illus-
trates that

k—o0 d

1 1{
lim dist(= Zxny14,A) = 0, and l[)(a Y zikn) converges,
=1

=
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and (3.14) further implies that

klim dist(zixn+j, A) = 0, and (2N ;) converges, forany 0 < j < N — 1. (3.17)
—00
Combining (3.15) and (3.17) leads to the desired result. |

3.3 Convergence under With-replacement Sampling

In this part, we handle the circumstance that the evaluation noise {Zy 1} arises from with-
replacement sampling. Let (Q), F,IP) be the probability space. We consider the following
expression of {Zx1}:

Eri1 = X(Zk, Ck) = [X1(z10 C1k)s - -0 Xa(Za ks Ca)], (3.18)

where each x; : R" x Q) — R is a Borel function, {¢;x }x>0 is a sequence of sampling data
picked in Q) at agent i. With-replacement sampling means that the sampling data {¢; s } k>0
are randomly drawn from the same probability distribution P;, which allows ¢; x to occur
multiple times.

We stipulate the following assumptions on framework (DSM) with (3.18).

Assumption 3.13 1. Forany Z € R™ E:[x(Z,&)] = 0. Moreover, there exists a locally
bounded function g : R"™*4 — R, such that

1x(Z,8)|| < q(Z), foralmost every & € Q.

2. The sequence of step-sizes {1y} satisfies
Y i = +oo,  lim g log(k) = 0.
k=0 k—o0

Recall from Proposition 3.4, we have

1 1 1 1_
EZ(k—H)/\TM 1, € EZk/\TM 1;— Uk[q)Sk(HZk/\TMld) + aﬁkﬂld]ﬂrmk- (3.19)

Under Assumption 3.13(1), the sequence {%Ek.i_l 1,1~} is a uniformly bounded martin-
gale difference sequence with respect to Fy := 0({Z;,i < k}). With the 0(1/ log(k)) step-
sizes {1} and any given > 0, the following lemma illustrates that sequence { 151141,k }
is (1, T, ¢ )-controlled with arbitrary high probability.

Lemma 3.14 Suppose Assumption 3.1 and 3.13 hold. Then for any e, T,1 > 0, there exists By > 0,
such that for any Bo-upper-bounded sequence {1}, it holds that
> 1}) <e.

i 1 _
Y Mk 7541 10y, >k

Pr ({Els > 0, such that sup
k=s

s<i<Ay(Ay(s)+T)
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Lemma 3.14 is a direct corollary of Benaim (2006, Proposition 4.2) and Xiao et al. (2023a,
Proposition A.5), hence we omit its proof for simplicity. Based on this lemma, we present
Theorem 3.15 and 3.16 to show the uniform boundedness and convergence properties of
framework (DSM) together with evaluation noise (3.18).

Theorem 3.15 Suppose Assumption 3.1 and 3.13 hold, and let Zy be any compact set of R™,
Zy = zolg,zo € 2y. The sequence {Zy} is generated by (DSM), and the evaluation noise is
introduced by with-replacement sampling (3.18). Then for any r > max{0,4sup .z 4 (%)}
and any e € (0,1), there exists p > 0, such that for any p-upper-bounded sequence {1} and {Jy},
{Zy} is restricted in L4 with probability at least 1 — .

Let Oy denote the event that the sequence {%Ek.}rl 1,1, >k} is (1, T, ni)-controlled. Lemma
3.14 gives us that

]P(Q()) > 1—c¢.
Applying Theorem 3.6 over event )y directly yields Theorem 3.15. Hence, we omit the

proof for clarity.

Theorem 3.16 Suppose Assumption 3.1 and 3.13 hold, {6y } in (1.5) satisfies limy_,« o = 0. Let
Zy be any compact set of R™, and Zy = z1],z9 € Zo. Then for any ¢ € (0,1), there exists
B > 0, such that for any {n},{dx} upper-bounded by B, and any { Z; } generated by (DSM) with
evaluation noise (3.18), we have

P <k11m dist(Z, {Z e R™ : Z =217,z € A}) = O> >1—c¢
—00
and P ((z; ) converges) > 1 — ¢ forany i € [d].

Proof Denote the event Q1 := {{Z;} C £4 }. By Theorem 3.6 and 3.15, we have
Ql D) Qo, ]P(Q1) > ]P(Qo) >1—c¢

Notice that {%Ekﬂld} is a uniformly bounded martingale difference sequence over ()
and 7, ~ 0(1/log(k)). Invoking Benaim et al. (2005, Proposition 1.4, Remark 1.5), we
obtain that

S 1 0
kgsﬁk Fhuas it

lim sup
ST <i<Ay (A (5)+T)

holds almost surely over both () and (), for any T > 0.
Employing Theorem 3.8 over (), we completes the proof.
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4. Convergence Properties of Decentralized Stochastic Subgradient-based
Methods

In this section, we demonstrate the flexibility of our proposed framework (DSM) by show-
ing that it encloses a wide range of popular decentralized stochastic subgradient-based
methods, including DSGD, decentralized generalized SGD with momentum (DGSGD-M),
and DSGD with gradient-tracking technique (DSGD-T). More importantly, our theoretical
analysis provides convergence guarantees for these methods in the minimization of nons-
mooth path-differentiable functions without Clarke regularity. Additionally, Theorem 4.5,
4.8 establish that DSGD and DGSGD-M can avoid spurious critical points.
To facilitate analysis, we need the following assumptions on problem (DOP).

Assumption4.1 1. Foreachi € [d]and s; € S;, Fi(-; s;) is a definable function, which admits
a definable conservative field D, ..s,).

2. The objective function f is coercive.

As discussed in Section 2.3, the class of definable functions is wide enough to enclose
the loss functions of common nonsmooth neural networks. Moreover, Bolte and Pauwels
(2021) demonstrates that there exists a definable conservative field for any definable loss
function constructed by definable blocks, within which the results yielded by Automatic
Differentiation (AD) algorithms are contained. Henceforth, Assumption 4.1(1) is mild and
reasonable in practical scenarios.

For conciseness, we denote Dr, = Dg(q)- According to Bolte and Pauwels (2021,
Corollary 4) and Assumption 4.1(1),

Dy, (x) : ’8| ZDE} (4.1)

is a definable conservative field for f;. Recall that f(z) = 1 Y%, fi(z) defined in (2.1), we
can choose its definable conservative field D ras

Dy (x) —conv< ZDf, ) (4.2)

4.1 Decentralized Stochastic Subgradient Descent

In this subsection, we establish the global convergence for decentralized stochastic sub-
gradient descent (DSGD) by showing that it fits into our proposed framework (DSM). The
detailed algorithm of DSGD is presented in Algorithm 1. Intuitively, for each i € [d], the
consensus term Y ;e\, W (i, j)x;x enforces x; towards the mean over all the agents (that
is, % Yicld Tik).- Moreover, as d;x refers to the (mini-batch) stochastic subgradient of f; at
x;, the term —#d; . can be viewed as a single SGD step to minimize f; in the i-th agent.

In Algorithm 1, the evaluation noise is introduced by the selection of mini-batch B5;.
Now, we discuss two different scenarios for selecting mini-batches and step-sizes.

Assumption 4.2 (Random reshuffling)
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Algorithm 1 DSGD for solving (DOP).

Input: Initial point xp € R"” and a mixing matrix W'.
1: foralli € [d] in parallel do
2: Set k < 0. Initialize x; , = xo;
3 while not terminated do
4: Randomly select a mini-batch B;; C S;;
5: Compute d;x € \Blﬁ ZsleBi,k Dp, (Tik);
6
7

Choose the step-size #y;
Communicate and update the local variables

Tigr1 = Y Wi, j)xjx — mdig;

JEN:
8: Setk+ k+1;
9: end while
10: end for

11: return Xy := (@14, ..., Tax].

1. Biy is selected from set S; by random reshuffling, meaning that for every epoch index | € IN,

the following holds:
(I+1)N-1

U Bi,k = Si.
k=IN
2. Let {fjx} be a prefixed sequence such that Y2 i = o0, and limy_,« fx = 0. Moreover,
forany ji,j2 € N, fjj, = #);, holds, if | &] = | &]. We set i = cfj, ¢ > 0 forall k € N.

Assumption 4.3 (With-replacement sampling)
1. B;y is selected from set S; by with-replacement sampling for each k € IN.
2. Let {fjx} be a prefixed sequence satisfying

Y ik = +oo, and lim 7 log(k) = 0.
=0 k—ro00

We set 17y = cfjx, ¢ > 0 for all k € IN.

Assumption 4.2(1) and 4.3(1) employ different sampling techniques, leading to dif-
ferent forms of evaluation noise. In subsequent analysis, we will demonstrate that they
conform to (3.8) and (3.18), respectively.

Assumption 4.2(2) and 4.3(2) both assume that {7} is composed of a scaling parameter
¢ and a fixed diminishing sequence of step-sizes (at most in the rate of 0(1/ log(k))), hence
enabling great flexibility in choosing the step-sizes {#} in practical scenarios.

In the following theorem, we establish the global convergence of Algorithm 1 by show-
ing that Algorithm 1 fits into our proposed framework with ® = D¢, ¢ = fand A = {x €
R":0 € D¢(x)}.
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Theorem 4.4 Suppose Assumption 4.1 holds. Let { Xy} be the sequence generated by Algorithm
1.

(1) When Assumption 4.2 holds, there exists «, > 0, for any ¢ € (0,a.), it holds that almost
surely, any cluster point of { Xy} is a D¢-critical point of (DOP) and {f(x;x) : k € N}
converges for any i € [d].

(2) When Assumption 4.3 holds, for any € > 0, there exists a. > 0, for any ¢ € (0, a.),
I (klim dist(Xy, {X € R™ . X =21",0¢ Df(x)}) = 0) >1-—g¢
— 00

and
P(f(x;x) converges ) > 1 —¢, Vi € [d].

Proof As demonstrated in Line 7 of Algorithm 1, the sequence { X} follows the update
scheme,
Xit1 = XeW — Dy, Dy = [dag, - .., daxl. (4.3)

Let the filtration Fy := o({X; : I < k}). We set Z; := Xy, Hy := E[Dy|Fi] and
Ey1 = Dy — Hy. To demonstrate that Algorithm 1 fits into our framework (DSM), it suf-
fices to check the update scheme (4.3) is a special case of (DSM) satisfying Assumption 3.1,
and verify the validity of Assumption 3.9 or 3.13 with different sampling techniques. As-
sumption 3.1(1) follows immediately from Assumption 4.2(2) or 4.3(2); Assumption 3.1(2)
follows quickly from local boundedness of the conservative field Df,,. Nevertheless, how
to verify (1.5) varies across different cases. For case (1) in Theorem 4.4, we set ®; := Dy.
In this case, the nonnegative sequence {J;} in (1.5) is not subject to any other restrictions,
hence we may select a sufficiently large one to meet the practical requirement for Hy and
®;. This choice makes Assumption (1.5) hold trivially. For case (2), we need to carefully
choose a diminishing {Jx } so that it conforms to the conditions in Theorem 3.16.

Specifically, we note that E|[d; x| ] € IEBi,k[\Blm Yses, Dk (zik)] = Dy (zix) in case
(2), we can conclude that

1 1¢
SHiL € Z (x;)) C conv (d ZDﬁ(mi,k)> :
i=1

i=1

Therefore, by choosing ®; := Dy, and J; := 0, we have verified the validity of (1.5).
Furthermore, according to Bolte and Pauwels (2021, Section 6) and the path differentiability
of f, it follows that f is the Lyapunov function of the differential 1nclu510n 7 € —Ds(x),
and admits the stable set {x € R" : 0 € Dg(x)}. In addition, combmmg Assumptlon
4.1(1) and Proposition 2.7 yields {f(z) : 0 € Ds(x)} is finite in R. As a result, we verify
the validity of Assumption 3.1 with ® := Dy, ¢ := f,and A := {z € R" : 0 € D¢(x)}.
With the choice of U; ;(x) := \617,/\ Ysep;; D, (%), where B;;,0 < j < N — 1 are sub-
sets of equal size, and py := 0, Assumption 3.9 is satisfied for case (1); With the choice of
Cix = {Draw out B;y from agent i}, & := 0 and x;(x,&;x) € ﬁ Yo, Dk, (z) — Dg (),
Assumption 3.13 is satisfied for case (2). Finally, setting X as a compact set which contains
xo, and leveraging Theorem 3.12 and 3.16, we completes our proof. |
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The following theorem demonstrates that Algorithm 1 provably avoids spurious criti-
cal points. For clarity, we defer the full proof to Section A.

Theorem 4.5 Suppose Assumption 4.1 holds. Let Xy be any compact set of R", and sequence
{X\} be generated by Algorithm 1.

(1) When Assumption 4.2 holds, there exists a, > 0, a full-measure subset S of (0,a.), and a
full-measure subset Xy of Xy, such that for any ¢ € S and xy € X}, it holds that almost
surely, any cluster point of { Xy} is a Clarke-critical point of (DOP) and { f(x;x) : k € N}
converges for any i € [d].

(2) When Assumption 4.3 holds, for any € > 0, there exists a. > 0, a full-measure subset S of
(0, a¢), and a full-measure subset Xy of Xy, such that for any c € S and xy € A},

P (khm dist(Xj, {X e R : X =21",0 € 9f (x)}) = 0) >1—¢,
—00

and
P(f(x;x) converges ) > 1 —¢, Yi € [d].

4.2 Decentralized Generalized SGD with Momentum

Momentum is a technique to accelerate the subgradient descent method in the relevant di-
rection and dampen oscillations. In the single-agent setting, Xiao et al. (2023a) investigates
the global convergence properties of generalized SGD with momentum, where an auxil-
iary function ¢ : R” — R is introduced to normalize the update directions of the primal
variables.

In this subsection, motivated by the generalized SGD with momentum analyzed in
Xiao et al. (2023a), we introduce the decentralized generalized stochastic subgradient de-
scent method with momentum (DGSGD-M) and present the details in Algorithm 2. Differ-
ent from DSGD in Algorithm 1, Algorithm 2 introduces the auxiliary variables {y; : k €
IN'} to track the first-order moment of the stochastic subgradients of f;. Therefore, Algo-
rithm 2 requires two rounds of communication to perform local consensus to {1k, ..., 4k}
and {y1k ..., Yir}, respectively. Moreover, similar to the generalized SGD analyzed in
Xiao et al. (2023a), Algorithm 2 introduces an auxiliary function ¢ to normalize the update
directions of its primal variables {x1, ..., xx}.

Remark 4.6 The auxiliary function ¢ in Algorithm 2 determines how the update directions of the
variables {x } are reqularized. Hence, Algorithm 2 yields different variants of DSGD-type methods
with different choices of the auxiliary function ¢. For example, when we choose ¢(y) = % lyll,
Algorithm 2 corresponds to DSGD with momentum; when we select ¢(y) = ||y||;, Algorithm
2 employs the sign map to reqularize the update directions of the variables {xy}, which can be
viewed as a decentralized variant of SignSGD analyzed in Bernstein et al. (2018), and denoted as
DSignSGD. Interested readers could refer to Xiao et al. (2023a) for more details on the choices of
the auxiliary function ¢.

Furthermore, recognizing signSGD as a limiting variant of Adam (Chen et al., 2023a), we
extend our analysis in Appendix C to demonstrate how Adam-type methods can be adapted to
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Algorithm 2 DGSGD-M for solving (DOP).
Input: Initial point £y € R”, initial descent direction yg € RR", momentum parameter
T > 0, an auxiliary function ¢ : R" — R, and a mixing matrix W.
1: forall i € [d] in parallel do

2: Set k <— 0. Initialize x; , = o, Yix = Yo;

3: while not terminated do

4: Choose the step-size #y;

5: Communicate and update the local variable

Tig1 € Y, Wi, j)mix — mdd(yix);
JEN;

6: Randomly select a mini-batch B; ;1 C S;;
Compute di,k+1 € m ZSIGBI',}(_H DFi,l (mi,k+1);
Communicate and update local descent direction

Yigs1 = (1 —176) Y W, ) yjx + Tcdipr1;
JEN:

9: Setk «— k+1;

10: end while

11: end for

12: return Xy := [@14, ..., Tl

our framework, hence establishing convergence guarantees for these methods under the nonsmooth
nonconvex settings.

Let Y; := [y14, - .., Yak| at k-th iteration in Algorithm 2. The convergence properties of
this algorithm are established in Theorem 4.7, within which we concern about two different
noise settings and step-sizes in Assumption 4.2 and 4.3.

Theorem 4.7 Suppose Assumption 4.1 holds. { Xy} is generated by Algorithm 2, and auxiliary
function ¢ is convex and admits a unique minimizer at 0.

(1) When Assumption 4.2 holds, there exists a. > 0, for any ¢ € (0, ), it holds that almost
surely, any cluster point of { Xy} is a D¢-critical point of (DOP) and {f(x;x) : k € N}
converges for any i € [d].

(2) When Assumption 4.3 holds, for any € > 0, there exists o, > 0, for any ¢ € (0,a.),
P (klim dist(Xp, {X e R : X =21',0 € Df(x)}) = 0) >1—g¢
—00

and
P(f(z;x) converges ) > 1 —¢, Vi € [d].
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Proof From Line 5 and Line 8 of Algorithm 2, we can conclude that the sequences { X}
and {Y;} follow the update scheme,

X1 € XiW — T, Tic € [09(Y1k), - -+, 0P(Ya k)],
Dy1 = [diji, - dagial, (4.4)
Yii1 = (1= ) YW + i D1

Let the filtration Fy := o({ X, Y] : I < k}). Then by setting

X T = T
7 = [Ykk] ,H, =E {[TY}W}TDkH] |-7'—k} ,and Hiyq = [rnwfer+l} — Hy,

we can conclude that the update scheme (4.4) can be reshaped as Zy 1 = ZtW — i (Hy +
Ek+1), which aligns with the update format of (DSM).

Now we check the validity of (1.5) and Assumption 3.1, and then show Assump-
tion 3.9 and 3.13 are satisfied for case (1) and (2), respectively. From the local bound-
edness of Dy, we can conclude that { Dy} is uniformly bounded almost surely when-
ever { X} is bounded. Together with the update scheme of Yy, we can conclude that
| Yesrll < (1 — k) || Ykl| + Tk || D1, hence there exists a constant My > 0 such that
supi~g || Yell < max{||Yo||,sup,~, || Dkl|} < My, if {Xj} is bounded. Then combining
with local boundedness of d¢, it can be referred that {7} } is uniformly bounded almost
surely whenever { X} } is bounded. This illustrates that Assumption 3.1(2) holds.

{ W) }, then (1.5) holds automatically for case (1)

TyfTDfl.(:E)
with sufficiently large J;. For case (2), we define §; as an exponential moving average of
{1 IT;|| } j<x, expressed as

Moreover, we set ®;(x,y) :=

k—1
k—1—j
Se=melTell +2 ) Ay T
=0
From this, we can deduce that %H lg € % 2?21 CD;S" (ik, yix) for case (2).

Furthermore, from the definition of ®; and (1.5), we attain that ®(x,y) = | _ yﬁi(gf)( ) } .

Then together with Xiao et al. (2023a, Proposition 4.5) and the path-differentiability of f,

we can conclude that ¢(z,y) = f(x) + L1¢(y) is the Lyapunov function of the differential

inclusion (‘(ﬂi—”f,%) € —®(z,y), and admits {(x,y) € R" xR" : 0 € Df(x),y = 0} as

its stable set. Leveraging the definability of f and Dy, it follows that the set {¢(x,y) €
R"xR":0¢€ D f(a:), y = 0} is finite in R. Therefore, Assumption 3.1 holds for Algorithm
2.

d
We set U j(x,y) := [ i

Ty*TuslTj\ Tapes,, D, (w)}, where B, for 0 < j < N — 1 are subsets

of equal size, and set py := ;|| Tx|| + 2 Z;:& Ag_l_jn]-Hfl}H. Then (4.4) is a special form of
(DSM) with (3.8). Moreover, Assumption 4.2 implies that Assumption 3.9 is satisfied for
case (1). With the choice of ¢; x := {Draw out B, from agent i}, and
0
Xi(:l;', yl él,k) € |: ﬁ ZsleBi,k DFZ-/] (w/y)_Dfi(w/y) :| 4
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(4.4) is a particular form of (DSM) with (3.18), and Assumption 3.13 is satisfied for case
(2). Plugging Lemma 3.7 and Theorem 3.15, we can prove that 6y — 0, as k — oo with
arbitrary high probability. > Employing Theorem 3.12 and 3.16, we can derive the results
in Theorem 4.7.

|

Theorem 4.8 illustrates how Algorithm 2 avoids spurious critical points, whose proof
is presented in Appendix A for simplicity. We also provide a numerical example in Ap-
pendix B to demonstrate that DSGD-m can avoid spurious critical points.

Theorem 4.8 Suppose Assumption 4.1 holds and W is a non-singular mixing matrix. X is a
compact set of R", sequence { Xy } is generated by Algorithm 2, and auxiliary function ¢ is convex
which admits a unique minimizer at 0.

(1) When Assumption 4.2 holds, there exists a. > 0, a full-measure subset S of (0,a.), and a
full-measure subset IC of Xy x R", such that for any ¢ € S and (xo,yo) € K, it holds that
almost surely, any cluster point of { Xy} is a Clarke-critical point of (DOP) and {f(x;) :
k € IN'} converges for any i € [d].

(2) When Assumption 4.3 holds, for any € > 0, there exists a. > 0, a full-measure subset S of
(0, &), and a full-measure subset IC of Xy x R", such that for any c € S and (zo, yo) € K,

P <klim dist(X;, {X e R X = 217,0 € of (z)}) = o) >1—¢,
—0

and
P(f(x;x) converges ) > 1 —¢, Vi € [d].

4.3 Decentralized SGD with Gradient-tracking Technique

The decentralized SGD method with gradient-tracking technique (DSGD-T) is another
widely employed stochastic (sub)gradient-based method in decentralized learning. Al-
gorithm 3 exhibits the detailed implementations of DSGD-T in minimizing nonsmooth
path-differentiable functions. Different from the DSGD in Algorithm 1, DSGD-T intro-
duces a sequence of auxiliary variables to track the average of local subgradients over all
the agents. To the best of our knowledge, all the existing works focus on analyzing the
convergence of DSGD-T with Clarke regular objective functions, and the convergence of
DSGD-T for nonsmooth functions without Clarke regularity remains unexplored.

In this subsection, we prove that DSGD-T can be enclosed by our proposed framework
(DSM) with (3.8) or (3.18). Therefore, based on our theoretical results exhibited in Theorem
3.12 and 3.16, we can establish the global convergence of DSGD-T in the minimization of
nonsmooth path-differentiable functions.

In the rest of this subsection, we denote Vi = [vyy, ..., v k] at k-th iteration in Algo-
rithm 3. We condense the assertion that DSGD-T can fit in our framework (DSM) with
different noise settings, along with convergence analysis, into a single theorem.

2. Notice that Theorem 3.15 does not require d; to diminish.
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Theorem 4.9 Suppose Assumption 4.1 holds. Let { Xy} be the sequence generated by Algorithm
3.

(1) When Assumption 4.2 holds, there exists a. > 0, for any ¢ € (0, ), it holds that almost
surely, any cluster point of { Xy} is a Dy-critical point of (DOP) and {f(x;x) : k € N}
converges for any i € [d].

(2) When Assumption 4.3 holds, for any € > 0, there exists o, > 0, for any ¢ € (0, a.),
P <k11m dist(Xi, {X e R : X =x17,0 € D¢(x)}) = 0) >1—c¢
—00

and
P(f(x;x) converges ) > 1 —¢, Vi € [d].

Algorithm 3 DSGD-T for solving (DOP)

Input: Initial point xp € R”, initial descent direction Vj = [v1y, ..., v4] satisfying Vp1,; =
Y4, dio, where d;( € \BIW YsieBi Dr, (xi0), Bip is a mini-batch of S;, and a mixing
matrix W.

1: foralli € [d] in parallel do

2: Set k < 0. Initialize x; , = xo;
3: while not terminated do
4: Choose the step-size #y;
5: Communicate and update the local variable
Tijir = Yy, Wi, j)mjx — nxvigs
JEN;
6: Randomly select a mini-batch B; 1 C S;;
1 .
Compute dl'/kJrl c Bl ZSIGBi,kH DFi,I (Cci,k+1),
8: Communicate and update local descent direction
Vigr1 = Y Wi, j)(vjx + djjes1 — dix);
jeN:
9: Setk + k+1;
10: end while
11: end for

12: return Xy := (@14, ..., Tax].

Proof From Line 5 - Line 8 of Algorithm 3, the sequences { X} and {V;} are updated by
the following scheme,

X1 = XiW — Vi, Diyr = [dijsrs -+ dagal],

(4.5)
Vi1 = (Vi + Dy — D)W,
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Let the filtration Fy := o({X| : | < k}). By setting Z; := Xy, Hy := E[V,|Fi] and
Hraq = Vi — Hy, we can conclude that (4.5) coincides with the framework (DSM).

Then we aim to check the validity of Assumption 3.1. Due to the local boundedness
of any conservative field, there exists Mp > 0 such that sup,.. || Dx|| < Mp almost surely
when { X} is restricted in some bounded set. Then by the update scheme of {V;} in (4.5),
it holds that

k .
Vit1 = D W + Y_ Dj(W — L) WK — Dow ! 4 yywirL,
i=1
Then from Corollary 2.2, there exists a constant & € (0, 1), such that H (W — I,)Wk H < 20k
holds for any k > 0. Therefore, almost surely, it holds that

sup || Vel < supl\Dk+1W+2D (W — L)W — DWW+ vyt
k>0 k>0 i=1

< 3sup | Dy + <supHDkH> ZH (W — 1w
k>0

; 2
< 3Mp + ZzMszl < (3 + > Mp.
i=1 1—a
Therefore, we can conclude that {V}} is uniformly bounded almost surely when { Xj} is
bounded, hence verifying the validity of Assumption 3.1(2).
Assumption 3.1(1) follows quickly from Assumption 4.2 or 4.3. (1.5) holds vacuously
with sufficiently large 6y and ®; := Dy, for case (1). Moreover for case (2), followed by
E(d; x| Fi] € Eg,, [IB%H YseB,, Dr, (xix)] = Dg(xix), it is easy to deduce that

d
%Hkld = E[%Wlﬂfk] = [;Dk1d|fk %Z il:lk Vk € NN.

i=1
Therefore, by choosing Jy := 0 and ®; := Dy, for all i € [d], we verify the validity of (1.5).

Furthermore, according to Bolte and Pauwels (2021 Section 6), we can assert that f is
the Lyapunov function of the differential 1nclu51on € —D¢(x), and admits the stable
set {x € R" : 0 € Dg(x)}. In addition, the defmablhty of f and Dy illustrates that
{f(x):0€D f(:z:)} is finite in IR. As a result, we have verified the validity of Assumption
31with®:= D, ¢p:=f,and A:= {x € R": 0 € Dg(x)}.

Following the same construction of U;(x), px, & x and yx; as in the proof of Theorem
4.4, we could verify Assumption 3.9 and 3.13 hold for case (1) and case (2), respectively.
Henceforth, the update scheme (4.5) is a variant of (DSM) with either (3.8) or (3.18). Ap-
plying our theoretical results in Theorem 3.12 and 3.16, we completes the proof.

[ |

5. Numerical Experiments

In this section, we evaluate the numerical performance of our analyzed decentralized
stochastic subgradient-based methods in Section 4 for decentralized training nonsmooth
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Figure 1: Numerical performance comparison of DSGD, DSGD-M, and DSignSGD in train-
ing ResNet50 on CIFAR-100 dataset using random reshuffling strategy.
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Figure 2: Numerical performance comparison of DSGD, DSGD-M and DSignSGD in train-
ing ResNet50 on CIFAR-10 dataset using random reshuffling strategy:.
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Figure 3: Numerical performance comparison of DSGD, DSGD-M, and DSignSGD in train-
ing ResNet50 on CIFAR-100 dataset using with-replacement sampling strategy.

neural networks. All numerical experiments in this section are conducted on a worksta-
tion equipped with two Intel(R) Xeon(R) Processors Gold 5317 CPUs (at 3.00GHz, 18M
Cache) and 8 NVIDIA GeForce RTX 4090 GPUs under Ubuntu 20.04.1. We implement all
decentralized algorithms with Python 3.8 and PyTorch 1.13.0 using NCCL 2.14.3 (CUDA
11.7) as the communication backend.

33



ZHANG, XIAO AND LIU

B s !

(a) Test Accuracy (b) Train Loss (c) Consensus Error

Figure 4: Numerical performance comparison of DSGD, DSGD-M, and DSignSGD in train-
ing ResNet50 on CIFAR-10 dataset using with-replacement sampling strategy.

5.1 Experiment Settings

We conduct a series of image classification tasks with CIFAR-10 and CIFAR-100 datasets
(Krizhevsky et al., 2009), which both consist of 50000 training samples and 10000 test sam-
ples. ResNet-50 (He et al., 2016) is employed as our nonsmooth neural network. The
decentralized network topology is set as ring-structure with 8 agents, and the mixing ma-
trix is chosen as the Metropolis weight matrix (Xiao et al., 2006). In each experiment, we
divide the training dataset into 8 equal parts, with each part serving as the local dataset
for each agent. During any epoch of training, the local dataset of each agent itself remains
unchanged, while the mini-batch is selected by random reshuffling or with-replacement
sampling to ensure compliance with the sampling scheme in Assumption 4.2 or 4.3.

Moreover, we set the number of epochs as 200 and choose the batch size as 128. The
strategy for selecting step-size is designed to reduce it three times, specifically at the 60-th,
120-th, and 160-th epochs, with a decay factor of 0.2.

5.2 Performance Comparison between DSGD, DSGD-M, and DSignSGD

We first evaluate the numerical performance of DSGD (Algorithm 1), DSGD-M (Algorithm
2 with ¢ = 1||y||?), and DSignSGD (Algorithm 2 with ¢ = ||y||;). All compared methods
are executed five times with varying random seeds. In each test instance, all these com-
pared methods are initialized with the same randomly generated initial points.

In Algorithm 2, we choose the momentum parameter 7 as %, and the initial descent
direction is taken as Yy = (1 — 1170) DoW + t1j0Dy. Additionally, we set the initial step-size
170 of DSGD and DSGD-M to be 0.2, and the counterpart of DSignSGD to be 104

We present the numerical results of the above-mentioned decentralized stochastic sub-
gradient-based methods in Figures 1- 4, including the test accuracy, train loss, and consen-
sus error under two different sampling strategies. It is worth mentioning that the consen-

sus error at the k-th iteration is measured by ﬁ | X (I; — P)|[p. Asillustrated in Figures 1-
4, all the compared decentralized stochastic subgradient-based methods are able to train
the ResNet-50 network to a high accuracy. Moreover, we can conclude from Figure 1(a)
and 2(a) that when we employ the random reshuffling strategy, DSignSGD achieves simi-
lar test accuracy as DSGD and better test accuracy compared to DSGD-M, while showing
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Figure 5: Numerical performance comparison of DSGD and DSGD-T in training ResNet50
on CIFAR-100 dataset using random reshuffling strategy.

superior performance to DSGD and DSGD-M in the aspect of train loss from Figure 1(b)
and 2(b). When using with-replacement sampling, DSGD achieves higher test accuracy
than that of DSGD-M and DSignSGD, but exhibits the worst training-loss-performance
from Figure 3- 4.

Furthermore, in all the compared methods, the consensus error diminishes to 0 through-
out the iterations. These results illustrate that our framework is able to yield efficient
stochastic subgradient-based methods for decentralized training tasks.

5.3 Performance Comparison between DSGD and DSGD-T

In this subsection, we evaluate the numerical performance of DSGD (Algorithm 1) and
DSGD-T (Algorithm 3). Similar to the settings in Section 5.2, we repeat the numerical ex-
periments for 5 times with varying random seeds for DSGD and DSGD-T. For each random
seed, DSGD and DSGD-T are executed with the same initial point xy. The initial step-size
is taken as 0.2 for both algorithms.

The numerical results on the CIFAR-100 and CIFAR-10 datasets are presented in Fig-
ures 5- 8, respectively. It can be concluded that DSGD-T demonstrates slightly better per-
formance than DSGD in all aspects under all sampling strategies, especially in train loss.
Therefore, we can conclude that DSGD-T achieves high efficiency in decentralized training
tasks while enjoying convergence guarantees from our framework (DSM).

6. Conclusion

Decentralized stochastic subgradient-based methods play an important role in the decen-
tralized training of deep neural networks, where the widely employed nonsmooth build-
ing blocks result in non-Clarke regular loss functions. As nearly all of the existing works
on decentralized optimization focus on the Clarke regular functions, there is a gap between
theoretical analysis and implementation in real-world training tasks. Additionally, despite
the development of various acceleration techniques to improve the performance of decen-
tralized stochastic subgradient methods, the convergence guarantees of these methods in
training tasks are largely absent.
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Figure 6: Numerical performance comparison of DSGD and DSGD-T in training ResNet50
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Figure 7: Numerical performance comparison of DSGD and DSGD-T in training ResNet50
on CIFAR-100 dataset using with-replacement sampling strategy.
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Figure 8: Numerical performance comparison of DSGD and DSGD-T in training ResNet50
on CIFAR-10 dataset using with-replacement sampling strategy.

To address these issues, we propose a unified framework (DSM) for analyzing the

global convergence of stochastic subgradient-based methods in nonsmooth decentralized
optimization. We conduct consensus analysis and relate the average iterates of (DSM)

to the trajectories of its corresponding noiseless differential inclusion. Then, under two
different evaluation noise settings, we establish convergence properties of (DSM), in the
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sense that {z;;} asymptotically reaches consensus and converges to the stable set of the
corresponding noiseless differential inclusion.

Moreover, we show our proposed framework (DSM) is general enough to enclose the
implementations of various acceleration techniques for decentralized stochastic subgradi-
ent methods, including momentum and gradient-tracking techniques. In particular, we
demonstrate that a wide range of decentralized stochastic subgradient-based methods,
such as DSGD, DSGD-M, and DSGD-T, together with two common sampling schemes, are
all encompassed by our proposed framework. Therefore, our theoretical results, for the
first time, provide the global convergence guarantees for these decentralized stochastic
subgradient-based methods in nonsmooth nonconvex optimization. Furthermore, based
on our proposed framework, we develop a new method named DSignSGD, where sign-
mapping is employed to regularize the update directions. Preliminary numerical results
verify the validity of our developed theoretical results and exhibit the high efficiency
of these decentralized stochastic subgradient-based methods enclosed in our framework
(DSM).

Our work sets several directions for future research in the field of nonsmooth non-
convex decentralized optimization. Existing ODE approaches are limited to establishing
asymptotic convergence properties or the convergence rate for the continuous-time trajec-
tories of the corresponding differential inclusion Bolte et al. (2022b, 2025). Consequently,
deriving explicit convergence rates for various nonsmooth decentralized stochastic sub-
gradient methods (such as DSGD, DSGT, and their momentum variants) remains a sig-
nificant challenge. While our analysis establishes the convergence of DSGT in nonsmooth
nonconvex settings, it reveals that DSGT and DSGD are corresponding to the same limiting
differential inclusion. Empirically, however, Figures 5-8 demonstrate that DSGT consis-
tently converges faster than DSGD. Bridging this gap between theory and practice, espe-
cially in establishing explicit convergence rates that distinguish between DSGT and DSGD
in the nonsmooth nonconvex regime, remains a critical direction for future research.

Further attention is also needed on the convergence of decentralized methods with
time-varying networks, as well as those that incorporate asynchronous or compressed
communication. Additionally, we are also eager to explore routes that presume relaxed
conditions for convergence analysis of decentralized methods in solving (DOP). For in-
stance, closed-measure approaches (Bianchi and Rios-Zertuche, 2021; Bolte et al., 2022a; Le,
2024) are developed for establishing the convergence properties of stochastic subgradient-
based methods, with relaxed conditions on the step-sizes and evaluation noises. How to
employ these closed-measure approaches for analyzing decentralized stochastic subgradient-
based methods is worthy of investigating.
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Appendix A. Proofs of Theorem 4.5 and 4.8

In this part, we devote to showing the avoidance of spurious critical points for Algorithm
1 and 2. In other words, these algorithms can avoid points that are critical for a specific
conservative field but are not Clarke-critical points. We begin with the definition of the
concept of almost everywhere C! set-valued mapping.

Definition A.1 A measurable mapping q : R™ — R™ is almost everywhere C' if for almost
every z € R™, q is locally continuously differentiable in a neighborhood of z.

Moreover, a set-valued mapping Q : R™ = R™ is almost everywhere C' if there exists an
almost everywhere C' mapping q : R"™ — R"™ such that for almost every z € R™, Q(z) =

{9(2)}.

A.1 Proof of Theorem 4.5

For ease of presentation, we define

1 1
Y. F(x;s), and Dgg,. (x):= Y. Dr(x;s).

Fi gy, () :=
bk ‘Bi,k+1’ S1€EB; k41 ’Bi,k+1’ #1€Bikn

Define the set-valued mappings U : R™ = R™ as

-
Ur(z) := (DF131k+1( ()) DFdBdk+1( (d))> :

Note that (Fi(-,s;), Dr.(-,s;)) has a C” variational stratification (Bolte and Pauwels, 2021,
Theorem 4), hence the mappings {U/;} are almost everywhere C! over R", denoted by
Up(x) = {ur(x)}, for a.e. x € R™. Furthermore, let

V= {:n e R™ . Dr (x; s;) # {VFi(z,s;)}, for somei € [N] and some s; € Si},

which is a zero-measure subset.

With a slight abuse of notation, we vectorize the sequence { X} by column-major or-
der, and denote as x; € R™. Then the vectorized sequence {z;} generated by Algorithm
1 satisfies

Trr1 € (W @ L)z — cijlhi (). (A1)

Set P := W ® I,, Qy := AU, and gy := fxux. The Jacobian of the mapping Px — cqy(x)
is

Joi(x) = W @ I, — ciiyDiag(V*Fy g, (x1)), - - Vi, (T@))- (A.2)
The determinant of J x () is a zero polynomial of ¢ if and only if there exists v = [v ..., v, |’
such that v € Ker(W ® I,) and v; € Ker(V?F 5, (x(;))) for any i € [d]. As each Fi(-,s;)
is a definable function, we can infer that such (x T(1), .-y (d)) constitutes a zero-measure

subset of R". We refer to I'; as the full-measure subset of R", in which Uy (x) = {ui(x)},
and det(J, x(x)) is a non-trival nd-th order polynomial of c. This indicates the set

{ceR:det(J.x(x)) =0}
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is zero-measure in R. According to Fubini’s Theorem, there exists a full-measure subset
Sk € Ry, such that for any ¢ € Sk, {x € Ty : det(J x(x)) # 0} is a full-measure subset in
R™.

Applying the inverse function theorem, we can conclude that for any ¢ € S and any
x € {x € T} :det(J.x(x)) # 0}, Px — cqr(x) is a local diffeomorphism in a neighborhood
of , denoted by B(z, §;). As a result,

{(P — cq) (B(2', 6,1)) }we {verydet(J.x(x)) £0}

is an open covering of {x € T} : det(J.x(z)) # 0}. Based on Lindelof’s lemma (Kelley,
2017), there exists countable {x'};cn, € {@ € T : det(J.x(x)) # 0}, such that

{z € Ty : det(Jx(2)) # 0} C | (P —cqr)(B(',6,1)).

i€N+

Given any zero-measure subset A C R™, since P — cg; is a diffeomorphism over
B(x',6,:), it can be deduced that the set {z € B(z',d,), Pz — cqi(z) € A} is zero-
measure. Therefore, the set U;en, {z € B(a',6,), Pz — cqi(z) € A} is a zero-measure
subset, which yields that

{zeR™: Pz—cqg(z) € A} C U {z € B(z',0,), Pz —cqi(z) € A}U{z € Ty : det(J x(2)) # 0}

ieINy

is zero-measure. That is to say, for any ¢ € S, the set {z € R™ : Pz —cqi(2) € A} is
zero-measure.

Let § 1= Mi>pSk, Ao = A = Y, Apq = {z € R™ : Pz —cq(z) € A}, and
A = Uk>0Ak. It can be inferred that & and A¢ are full-measure subsets in R and R",
respectively. For any ¢ € S, and any € A°, we have Pz — cqi(z) € A°. Employing
Fubini’s theorem, the set {c € R,z € R™, Ui>o{ Pz — cqr(z)} C A} is full-measure in
R x R™, and thus, there exists a full-measure subset S x K, whenever (c,xg) € SxK,it
follows that Uy>o{ Pz — cqx(x)} C AS, thatis, {zx} € Y.

Furthermore, the update scheme of vectorized sequence {x;} can be reformulated as

.
{gk = <VP1,BL,C+1 (1), -, VFd,Bd,Hl(wd,k)) ,
Ti1 € (W @ Iy)xy — gy

Therefore, by applying Theorem 4.4 with D¢ = df, we can choose § = SN (0,&) and
K = K N X, such that the claim in Theorem 4.5 holds.

A.2 Proof of Theorem 4.8
Let the set-valued mappings U  : R?" — R™, Uy : R?"d — R2" be defined as

Ur(,y) = (9§(y),0),

-
Upy(z,y) := <Or T(Wel)y—T1 (DFLBLH] (:12(1)), <+ DE By (w(d))) ) !
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where ¢(y) == (p(ya)), .-, ¢(y@m)) ', ¢ : R" = Ris convex and admits a unique min-
imizer at 0. Notice that (F(-,s;), Dp,.s,)) has a C" variational stratification (Bolte and

Pauwels, 2021, Theorem 4), and gf) is differentiable on a full-measure subset of R, thus the
mappings {Uj},j = 1,2 are almost everywhere C! over R?", the corresponding almost-
everywhere-C! mappings are denoted by ujx(z),j = 1,2. Furthermore, let

V= {(:L',y) € R?>" : ¢(y) is not differentiable ,Dp,(x) # {VFi(x,s)}, for somei € [N]
and s; € S;},
which is a zero-measure subset in R?*.
With the same notations in Section A.1, the vectorized sequence {(xk, yx)} generated
by Algorithm 2 satisfies
(i1 Y1) € (W @ Ly X Lug) (@, i) — el i (20, yi), (A3
(@1, Yer1) € (Tna X W In) (2 1,y 1) — Clilhoj (T 1, Ui 1)- '

Set P, := W®I, xI,; P, := I,; x W ® I, then the update scheme of vectorized

sequence {(xk, yi) } is

(ks1, Y1) = Pa(Pr(xg, yi)) — cPo(ildy j(2x, yi)) — o i (Pr(x, yi) — ey k(xk, yi))
= P(xy, yi) — cQu(xk, Yr),

where Qy is almost everywhere C! over R>".
The Jacobian of mapping P (x,y) — cixuic(x,y) is

2
() = (WS@In If;) ey (8 v fg(y)>,

where V2¢(y) is well-defined over a full-measure set. And the Jacobian of the mapping

Py(z,y) — ciizx(z, y) is

J(azy)z(Ind 0 >—cﬁ< . 0 0 )
A5y 0 W®I, k ’L'I)lag(VZFLBM_H (:]3(1)), ceey szd/Bd,k+1 (Q’J(d))> —TW I,

Henceforth, the Jacobian of P(x,y) — cQk(x, y) is Jac(x, y) J1c (2, y).

When W is invertible, then the determinant of J(x,y)Ji(x,y) is a non-trivial poly-
nomial of ¢ for almost everywhere (x,y) € R?>*. Leveraging similar proof techniques in
Section A.1, we can derive that there exists a full-measure subset S C R, such that for
any ¢ € S , there exists a full-measure subset K of R™ x R"™ with the property that, when-
ever we choose (o, yo) € K, it satisfies that {(x, yx)} N = . Consequently, the update
scheme of vectorized sequence (xy, yx) can be reformulated as

Tr1 € (W R L) ay — chieVo(yr),
ki1 = <VP1,BLH1 (®1411), -+ VEiB s (wd,kJrl)) : ,
Y1 € (1 —cth) (W @ In)yx + cThkGrr1-
Therefore, by applying Theorem 4.7 with Dy = 9f, we can choose S = $ 1 (0,ac),j = 1,2
and K = K N (& x R™), such that the assertion in Theorem 4.8 holds.
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Figure 9: Numerical results of Algorithm 2 on a toy example.

Appendix B. Synthetic Numerical Examples on Avoiding Spurious Critical
Points

In this part, we present numerical experiments on a synthetic example to illustrate that,
under random initialization, Algorithm 2 converges to a Clarke-critical point with proba-
bility 1.

We consider a four-node ring network with a non-singular mixing matrix

110 1
111 110
W_§0111
101 1

Moreover, the local objective functions are defined as

= ReLU(x) + ReLU(y),
ReLU(x) +ReLU(y),
(—x) +ReLU(—y),
(=x—=1) 4+ (x+1) —ReLU(x +1) + ReLU(—x — 2) + (x +2) — ReLU(x + 2)

+ReLU(—y—1)+ (y+1) —ReLU(y +1),
respectively.

Note that f4(x, y) is identically zero. However, by following the same theoretical analy-
sis in Bolte et al. (2022b), automatic differentiation (AD) yields 0 fa(—1,y) =1, 0xfa(—2,y) =

1,and 9, f4(x, —1) = 1forany x € R. As aresult, AD introduces spurious stationary points
for f = f1 + fo + f3 + f4, which are

(=1,0), (0,-1), (=2,0), (—-1,-1), (—2,-1).

In our experiments, we randomly initialize (xo, o) ~ N ((0, 0), Iz) in Algorithm 2, and
in each epoch we compute only one full-batch local gradient using AD. Figure 9 reports a
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randomly sampled iterate trajectory and the percentages over 100 independent runs that
converge to different critical points. A run is declared to converge to a critical point if the
squared distance from its final iterate to that point is below 10~%. As shown in Figure 9,
almost all runs generated by Algorithm 2 converge to the true Clarke-critical point (0,0),
which is consistent with Theorem 4.8.

Appendix C. Developing Decentralized Generalized ADAM Methods with
Convergence Guarantees

Algorithm 4 DGAdam for solving (DOP).

Input: Initial point ¢y € R”, initial momentum terms myo, vop € R”, momentum parame-
ters 71, T2 > 0, an auxiliary function ¢ : R” — R, and a mixing matrix W.
1: foralli € [d] in parallel do
Set k + 0. Initialize Tix = To, M) — My,
while not terminated do
Choose the step-size #y;
Communicate and update the local variable

. 1
w1 € Y, W, j)xjx— 1k ® (M + pdig);

iy VVikte
1 .
Compute d; 11 € Bl ZsleB,-,kH D Fy (mi,k+1),

Randomly select a mini-batch B;x C S;;
8: Communicate and update momentum

mig1 = (L—nume) Y, W, j)mj + tnedipi1;
JEN:
9: Communicate and update second-moment estimate by one of the formats
Viky1 € (1— Tzﬂk) Z W(i,j)’l)j,k + nidi k11 © di 415 <4 Adam
JEN;
117 117
bin " bis

Vikr1 € (1 - T277k> 2 W(i,j)vj,k + TzﬂkDiag( )di,kJrl ©d;ki1,< Adam-mini

JEN;
10: Setk + k+1;
11: end while

12: end for
13: return X := [Tk, ..., k]

Adam (Kingma and Ba, 2014) uses a momentum term and an exponential moving av-
erage of squared gradients as an adaptive scaling factor, thereby applying coordinate-wise
adaptive step sizes and updating parameters with bias correction. After this work, a num-
ber of efficient variants are developed, such as AdaBelief (Zhuang et al., 2020), AMSGrad
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(Reddi et al., 2019), decentralized AMSGrad (Chen et al., 2023b), etc. In the single-agent
setting, (Xiao et al., 2024; Ding et al., 2023) investigate the global convergence properties
of Adam-family methods for nonsmooth objectives via a delicately constructed Lyapunov
function.

In this part, we present a decentralized generalized Adam method in Algorithm 4,
which fits into (DSM). Notice b; 1, ..., b;s in Line 9 represent the block sizes in Adam-mini
atnode i.

Let My := [myy, ..., myk], Vi := [v14, ..., vik]. We have the following theorem illus-
trating the convergence properties of Algorithm 4.

Theorem C.1 Suppose Assumption 4.1 holds. { Xy} is generated by Algorithm 4.

(1) When Assumption 4.2 holds, there exists a. > 0, for any ¢ € (0, ), it holds that almost
surely, any cluster point of { Xy} is a Dy-critical point of (DOP) and {f(x;x) : k € N}
converges for any i € [d].

(2) When Assumption 4.3 holds, for any € > 0, there exists o, > 0, for any ¢ € (0, a.),
P (klim dist( X, {X e R : X =x1',0 ¢ Df(x)}) = 0) >1—c¢
—00

and
P(f () converges ) > 1 —¢, Vi € [d].

Proof The compact format of Algorithm 4 with Adam update can be written as

1
X e XiW —jj—— M, Dy),
k+1 k Mk \/m © ( k + Y k)
D1 = [dijs1,-- -, dapyl], (C.1)

M1 = (1 — 1) MW + 1 Dy,
Vit1 € (1 — ) iW + a1 Dy © Dyay.
X
However, if we directly define Zj := [ MI; ] , we cannot find a function ®; that satisfies As-

Vi
sumption 3.1. To address this issue, we introduce an auxiliary update scheme to Algorithm

4 parameterized by K > 0.

X1 € XGW —1x © (Mj + pDy),

Vi+el
D1 = [dijs1,- -, dapyl, (C2)
M1 = (1 — i) MW + 11 Dy 44,

1 1 1
EVkHldl;zr €(1- TZ”]k)a‘/k—Hldl;—W + TzﬂkaDk—&-l ® Dy 11141 1k (Vi),

where 1 denotes the indication function of the subset {V : ||V| < K}. Denote the
filtration Fy := o ({X : 1 < k}), Drg_ (iks1) = 157 Leyebiye s Dry (Tige1), and let

1 vN-1
Vi(z) == N Lk—0 DFBi,k+l () ® DFBi,k+1 (z) for case (1),
IE[DFBi,k+1 () © DFB,,k+1 (x)|Fi] for case (2),

44



CONVERGENCE OF DSM FOR NONSMOOTH NONCONVEX FUNCTIONS

and
1
X W@(Mk‘*‘PDk)
Zy = Vl\fle ,H:=E T MW —11 Dy 4 |]:k g
aVktdtd T Vilgl] =T § D 1O Dyyr 141 1k (Vi)
1
_ W@(Mk‘*‘PDk)
) T MW —11 Dy 41 — H.
B3 Vilgl] — T3 DO Dg 141 1k (V3)

Then (C.2) can be reshaped as Z. 11 € ZyW — yjx(Hj + Ex1), which aligns with the update
format of (DSM).

From the local boundedness of Dy, we can conclude that { Dy} is uniformly bounded
almost surely whenever { Z; } is bounded, which further leads to the local boundedness of
Hj and 54, that is, Assumption 3.1(2) holds. Moreover, we set

@Z(K) (x,m,’U) = Tlm—TlDfi(a:)

[ (|v\+e)*1/2®(m+pri(m)) ]
Tv—1Vi(x)lk(v)

(1.5) holds vacuously for case (1) with a sufficiently large nonnegative J;. Notice that

E[1Dy1 © Dy 14| Fi] € 124, VJ'mi’k_wi’k“” (zi k). We set & to be an exponential moving
average

| M +pDy|| | = k-1-j [IMj+pDjf
5 :;7,(\/; w2y A o
=0
! (C.3)
t= g +1
+ k-1 | Dk © Dil| + Y (IT_y (1 — Tatk—1-i)) AL otz Dk—1-j © Dr_jl,
=0

for case (2). Then, we attain that

(|o|+€)"V20(m+pDf(x))
@(K) (a‘;, m,'v) — [ T1""'1'_-L—1Df(a:) ]
Tv—Tpconv (% Y Vi(w))ﬂl((”)

Since set-valued mapping conv (% >4, Vi(:c)) is a nonnegative, convex compact valued,

and graph-closed, by Proposition 5.3 in Xiao et al. (2023a), we have ¢K) (z, m,v) = f(x) +
%(m, (Jv| +€)7V2 ® m) + Kmax{0, ||v|| — K} is a coercive Lyapunov function of dif-
ferential inclusion (‘fj—f, dd—T, %) € —<I>(K)(:c, m,v), with stable set Ax = {(x,m,v) €
R" x R" x R" : 0 € Dg(x),m = 0, ||v|| < K}, which verifies Assumption 3.1-(3). More-
over, Assumption 3.1-(4) directly follows from the definability of f and Ax = {(z, m,v) :
0c DIIJ(K) (:12, m,v)}.

(lol+e)~/20(m+pDgy, (=)

For case (1), we setU; j(x, m, v) := Tlm*ﬁDFB,.l/ (z)) ,where B; ;,0 < j <
Tzv—TzDFBI,,],Jrl (iB)QDFBiJ,+1 (2)1k(v)

N — 1 are subsets of equal size. We also set py similar to J; in (C.3). Then (C.2) is a special

form of (DSM) with (3.8). Assumption 4.2 togather with the fact % Zili _01 Ui j(x,m,v) =
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CIDEK) (z, m,v) implies that Assumption 3.9 is satisfied for case (1). For case (2), we choose

Cix = {Draw out B from agent i}, and

(‘U|+€)71/2@(PDF3i,k (z)—pDy,(x)

xi(z,m,v, &) € uDy;(@)-1Dg, (@)
i UL Vi) Ik (v)-n ) T, Drg, (€)©Drg  (2)1k(v)

(C.2) is a particular form of (DSM) with (3.18), and Assumption 3.13 is satisfied for case
(2). Plugging Lemma 3.7 and Theorem 3.15, we can prove that d;, pxy — 0, as k — oo with
arbitrary high probability.

Applying Theorem 3.11 and 3.15, we derive that (C.2) is restricted in some bounded set
for case (1) and high-probability bounded for case (2) for any K > 0, which implies that
Algorithm 4 coincides with (C.2) for some sufficiently large K. Employing Theorem 3.12
and 3.16, we get the desired results in Theorem C.1.

For decentralized Adam-mini, we denote %; := Diag(%, e, lbf ), and replace the

update schemes of %V}(H 141, and V;(x) by

1 1 1
HV%H 1,1 € (1— Tzﬁk)EWHldl,;er + TZUkE[Zldl,kJrl Odiji1 - Zadajer1 © daga]1aly 1 (V),

and
ey o (RIS ED, @0 D1, (@) forcase )
i ]E[ZZ-DFBM(+1 () ® Dy, (x)|Fx] for case (2).
Correspondingly, we add X; before the term Dp, | (x) ® Dr (x) in the expression of U/, ;

and x;. Then, using the same approach as in the above prodf of decentralized Adam, we

can obtain the desired results.
[ |
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