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Abstract

We propose a novel framework for solving nonlinear PDEs using sparse radial basis func-
tion (RBF) networks. Sparsity-promoting regularization is employed to prevent over-
parameterization and reduce redundant features. This work is motivated by longstanding
challenges in traditional RBF collocation methods, along with the limitations of physics-
informed neural networks (PINNs) and Gaussian process (GP) approaches, aiming to blend
their respective strengths in a unified framework. The theoretical foundation of our ap-
proach lies in the function space of Reproducing Kernel Banach Spaces (RKBS) induced
by one-hidden-layer neural networks of possibly infinite width. We prove a representer
theorem showing that the sparse optimization problem in the RKBS admits a finite solu-
tion and establish error bounds that offer a foundation for generalizing classical numerical
analysis. The algorithmic framework is based on a three-phase algorithm to maintain com-
putational efficiency through adaptive feature selection, second-order optimization, and
pruning of inactive neurons. Numerical experiments demonstrate the effectiveness of our
method and highlight cases where it offers notable advantages over GP approaches. This
work opens new directions for adaptive PDE solvers grounded in rigorous analysis with
efficient, learning-inspired implementation.

Keywords: Sparse RBF networks; Nonlinear PDEs; Reproducing Kernel Banach Spaces;
Representer theorem; Adaptive feature selection; Convergence analysis; Adaptive colloca-
tion solver

1. Introduction

This work introduces a sparse neural network approach for solving nonlinear partial
differential equations (PDEs). An adaptive training process is introduced for shallow neural
networks with sparsity-promoting regularization, where neurons are gradually added to
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maintain a compact network structure. The PDEs considered in this paper are defined in
a bounded open set D C R? and subject to “boundary conditions” on 9D of the following

form:
Elul(x) =0, x€D,
{B[u](aﬁ) =0, xz€0dD. (L)
Here, E[u](z) and Bu](z) are defined as
Elu)(x) := B(z,u(x), Vu(z), Viu(z)), Blu|(z):= B(z,u(z), Vu(z)). (1.2)

where F is a real-valued function on D x R x R? x R®4 and B is a real-valued function on
ID xR xR? that determine the partial differential equation on D and the boundary condition
on 0D, respectively. We note that here B is a general boundary operator, which may lead
to boundary or initial value problems in the context of PDEs. A typical example falling
within this framework is a second-order semilinear elliptic PDE with Dirichlet boundary
conditions. Additional assumptions on the PDEs and further examples are provided in
Section 1.3.

Classical numerical methods for solving PDEs, such as finite difference methods and
finite element methods, have been extensively developed and broadly applied since the mid-
20th century. Meshless methods represent a more recent development, with origins tracing
back at least to the 1970s through the introduction of smoothed particle hydrodynamics
for astrophysical simulations (Gingold and Monaghan, 1977; Lucy, 1977). These methods
gained increasing attention in the 1990s, leading to the emergence of various approaches, in-
cluding the element-free Galerkin method, reproducing kernel particle methods, radial basis
function (RBF) methods, and others (Belytschko et al., 1994; Buhmann, 2000; Fasshauer,
1996; Franke and Schaback, 1998; Li and Liu, 2007; Liu et al., 1996; Wendland, 2004). A
notable connection exists between meshless methods and machine learning through the use
of kernel techniques, which have achieved considerable success in various machine learning
applications (Scholkopf and Smola, 2018). The link between kernel-based approaches in
machine learning and numerical solutions of PDEs was insightfully highlighted in the sur-
vey by Schaback and Wendland (2006). Kernel-based approaches are particularly effective
for linear problems, such as regression or numerical solutions of linear PDEs, where the
underlying solvers depend on techniques from numerical linear algebra. The recent popu-
larity of neural networks has shifted the focus toward inherently nonlinear techniques, even
for linear problems (E and Yu, 2018; Goodfellow et al., 2016; Raissi et al., 2019). As a
result, optimization has begun to replace traditional linear algebra as the central compu-
tational framework. However, neural network-based approaches, such as physics-informed
neural networks (PINNs) (Raissi et al., 2019), present significant challenges in training,
due to their sensitivity to hyperparameter tuning and the substantial computational cost
associated with large, often over-parameterized architectures that may include many re-
dundant features. A notable recent development is the Gaussian process (GP) approaches
(Batlle et al., 2025; Chen et al., 2021, 2025), which extend kernel-based methods to solving
nonlinear PDEs. The central idea of GP typically involves solving a linear system as an
inner step combined with an outer optimization step. However, since they are reduced to
classical kernel-based or RBF methods in linear cases, many of the limitations associated
with traditional RBF approaches still apply.
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This work is originally motivated by the aim of addressing some of the persistent limi-
tations of traditional RBF collocation methods. While RBF collocation methods are well
known for their advantages, such as being inherently meshfree and offering fast or even spec-
tral convergence in certain cases, they also face significant challenges. A central difficulty
lies in the choice of the kernel scaling parameter, which plays a critical role in the success
of the method but lacks a universal selection criterion. Choosing this parameter typically
involves a trade-off between approximation accuracy and the condition number of the re-
sulting system, and there is no clear guideline for achieving an optimal balance. For large
linear systems, RBF collocation often leads to extremely ill-conditioned systems. In their
survey, Schaback and Wendland (2006) envisioned that one important direction for devel-
opments in kernel-based approximation should focus on adaptive algorithms that solve the
problems approximately, thereby alleviating the issue of ill-conditioning in large systems.
The proposed approach, which is broadly applicable, is an actualization of their concept of
adaptivity by selecting only a small number of features through sparsity-promoting regular-
ization. Importantly, the kernel scale parameter is also determined adaptively, eliminating
the need for tuning and resolving the long-standing issue of scale selection. This repre-
sents a new development, even in the context of kernel-based linear regression or function
approximation. Our work is also motivated by the goal of addressing some of the issues
of PINNs and GP methods. In this sense, the proposed approach can be viewed as: (1)
a PINN framework trained using a shallow and sparse neural network for more efficient
optimization, and (2) an extension of GP methods that enables adaptive selection of kernel
parameters. We note that the proposed approach can be viewed as a relaxation of ker-
nel collocation methods, as the empirical loss is constructed from pointwise evaluations of
PDEs. This leads to an interpretation of the method as an “adaptive collocation solver”.
The formulation is intentionally simple, allowing us to clearly demonstrate the potential
of the idea, both in terms of theoretical foundation and practical performance. Lastly, the
adaptivity in our approach lies in the choice of trial functions. Other extensions, such as
alternative loss function formulations or adaptivity in the selection of test points, may serve
as promising directions for future research.

Structure of this section. We begin in Section 1.1 with a summary of our approach and
a highlight of the main contributions. Section 1.2 discusses related work, where we com-
pare our method with existing frameworks. In Section 1.3, we introduce the notation and
assumptions used throughout the paper and provide representative examples of the PDE
problems considered. Finally, Section 1.4 outlines the structure of the rest of the paper.

1.1 Summary of approach and contributions

A shallow neural network of N neurons is a function defined as
N
Uew(T) = Z cnp(T5wn), (1.3)
n=1

where ¢ is the feature function, ¢ = {c,}_; C R represents the outer weights, and w =
{wn}ﬁ[ﬂ C (2 denotes the inner weights, with {2 being a prescribed parameter space. N
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is also referred to as the network width. To illustrate our approach, we consider Gaussian
Radial Basis Function (RBF) networks, where the feature function ¢ is defined by

ot = — e (L)
(\/271'0)d 20
In this case, the inner weights {w, = (yn,0n) € R? x R, } represent the centers and

shapes of the Gaussian functions. We note that the feature function is the standard
Gaussian probability density function multiplied by the scale-dependent weight o°, so that
fRd o(z; y,0)dz = 0. A common approach in the RBF literature is to omit the scaling in
front of the exponential entirely, which corresponds to a choice of s = d up to a constant
pre-factor (v/27)~?. For a physics informed loss associated to a PDE it is important to
consider general s, and set s larger than d + &, where k denotes the highest order of the
differential operators evaluated in £[u] and Blu|. Together with the regularization of the
outer weights, this ensures stability and generalization properties; see Section 2.

As is customary in neural network-based PDE approximation, we define a measure vp
on D and vgp on its boundary and consider the squared residual loss function

1 A
L(u) = 5\\5[1‘]\@2(@) + §||B[U]H%2(VBD) (1.4)

where )\ is an appropriate penalty parameter. In practice, we use the empirical loss function
Lk, K, defined as

K Ko
i) = 5 3 wnEll 1) + 2 > waa(Bl (a2 (15)

where {xlk}ﬁl C D and {xgk}fil C 0D are quadrature or collocation points, and
{wlyk}f:ll C Rt and {w27k}£(:21 C RT are the associated (positive) weights used to ap-
proximate the two integrals in (1.4) and the total number of points is K = K1 + Ks. For
instance, we can consider a finite number of randomly generated points or (quasi-)uniform
grids; the precise assumptions are stated in Assumption 11. We note that the formulation
here is general and, in principle, allows nonuniform collocation points, which may be par-
ticularly advantageous when solution errors are localized. In the present work, however, all
numerical experiments use uniformly spaced collocation points, and we do not investigate
adaptive point placement in practice.

The neural network training is based on a sparse minimization problem with an /¢
regularization term:

min L, o (1) + ael (Py)

Unlike most existing approaches, we do not fix the network width N a priori; instead,

it is treated as part of the optimization problem. However, under this formulation, the
existence of a minimizer for the empirical problem (Py"") is unclear. Conceptually, with-
out a bound on the network width N, we might get a network solution of infinite width.
Hence, we generalize the discrete network representation (1.3) to a continuous formulation
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by introducing the integral neural network (Bach, 2017; Bengio et al., 2005; Pieper and
Petrosyan, 2022; Rosset et al., 2007), where u is defined by

ula) = [ el du(e), e M(®)

Here M (S2) is the space of signed Radon measures endowed with the total variation norm
| - [[ar¢2)- We also note that u,(z) is defined pointwise as a continuous function for s > d
and an appropriate function space is introduced in the following. Associated to the infinite
width networks, we consider the continuous optimization problems

in L P
ue%l?ﬂ) (up) + ol a2 (Pu)
ue%i?ﬂ) L, k6, (u) + ol el ) (P."™)

We note the above characterization degrades to the prior discrete case when p is a finite
linear combination of Dirac-deltas.

We will establish the existence of minimizers for both (P,) and (P;""). More signif-
icantly, we will show that (P;"") possesses a finite solution, reducing the problem to the
discrete formulation (Py'"). Nevertheless, solving (Py ") remains nontrivial since N can-
not be optimized through gradient-based methods. We then employ an adaptive search of
neurons, where neurons are dynamically added and removed to maintain a compact network
structure while minimizing the regularized loss, which we outline below in Section 1.2.5.

We note that functions represented by integral neural networks form a Banach space

Vo) ={ [ elawraute) | ne mie |

equipped with norm

[ully(p) = inf {IIMIIM(Q) | e M(02): /Qso(-;w) dpu(w) = u on D} :

This is a reproducing kernel Banach space (RKBS) by definition in Bartolucci et al. (2023),
and ¢ : D — Cp(2) is the associated feature map. Equivalently, (P,) and (P;"") can be
reformulated as

g}i(%) L(u) + aflully and uglji(%) Lk, i, (uw) + ofjully. (1.6)
These formulations identify the natural function space for shallow neural networks, where
regularization is imposed through the Banach norm.

The space V is also referred to as an integral RKBS in the literature (Spek et al., 2025),
and is closely related to variation spaces and Barron spaces (E et al., 2022; Parhi and Nowak,
2021; Parhi and Unser, 2025; Siegel and Xu, 2023). For the Gaussian feature function (2.3)
with scaling s, the associated RKBS is closely related to the classical Besov space Bj ;; see
Section 2.1. A precise relationship between the RKBS, the variation space, and the Besov
space for general radial basis kernels is established in Shao et al. (2026). For related studies
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on RKBS-based learning, we refer the readers to Kumar et al. (2024); Parhi and Nowak
(2022); Parhi and Unser (2025) and the references therein.

Based on the empirical problem (Py""), we propose an efficient numerical framework for
solving nonlinear PDEs in the RKBS. The main contributions of our work are summarized
as follows.

o An adaptive extension of kernel collocation methods: The proposed scheme can be inter-
preted as an adaptive collocation solver, extending classical RBF-based methods while
resolving key issues such as scale selection and large system ill-conditioning.

o A framework integrating ideas from PINNs and GP methods: Our approach can be viewed
as a PINN-type training scheme using a shallow, sparse neural network for improved
optimization and an extension of the GP mechanism with adaptive kernel parameter
selection.

o A representer theorem: We prove a representer theorem showing that the solution to the
continuous empirical problem (P,"") admits a finite linear combination of features; as a
result, the problem is practically reduced to the discrete empirical problem (Py"").

o Provable convergence guarantees: We provide a rigorous theoretical analysis of the con-
vergence of the solutions of the continuous empirical problem (P;"") to the solution of
the PDE in the limit K — oo and a — 0.

o An efficient computational framework: We design a three-phase algorithm that maintains
a compact network structure through adaptive neuron insertion (guided by dual variables),
efficient optimization via a second-order Gauss-Newton method, and pruning of inactive
neurons.

o Demonstrated numerical advantages: Through numerical examples and supporting discus-
sions, we illustrate the advantages of our method compared to GP and PINN approaches.

o Broad applicability: Although developed in the context of RBF networks, the proposed
framework is compatible with general shallow neural networks and other activation func-
tions.

To illustrate the effectiveness of our approach, we present a simple 1D example com-
paring our results with the results obtained with the GP method from Chen et al. (2021)
(using the code in the associated repository; Chen, 2024). Figure la demonstrates that our
method accurately recovers the solution using a small number of adaptively chosen kernels.
Here, the stars indicate the RBF center and shape parameter, with larger stars correspond-
ing to larger RBF bandwidths. In contrast, Figures 1b and 1c show that the GP method is
highly sensitive to the kernel shape parameter. For this example, accurate recovery using
GP is only possible within a very narrow range of o and deviations lead to significant errors.

1.2 Related studies

Let us briefly mention some related methods and their conceptual connection to the
proposed approach.
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¢, SparseRBFNet: Numerical solution. , error ~ 4.76e-4, 1,* error - 8 00¢-4 . Gaussian Process: Numerical Solutions with different kernel shape parameters o

=== o0=0.04
0
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Figure 1: Numerical experiments on a 1D semilinear Poisson equation with Sparse RBFNet
(our) and Gaussian Process. The exact solution w is set to be u(x) = tanh(10(x + 0.2)) —
tanh(10(x + 1.0)) 4+ 0.5 (tanh(30(x — 0.4)) — tanh(30(z — 0.3))). K = 100 grid collocation
points are used for both methods; L? and L™ error shown above are estimated at test grid
of size 200. (a) Sparse RBFNet solution with ¢'-regularization parameter o = 104, penalty
weight A = 100; (b) Error curves for GP solutions with different kernel shape parameters;
(c) GP solutions with different kernel shape parameters.

1.2.1 THE HILBERT SPACE SETTING

Given a probability measure p over {2, one can define a space

H(D) ={ [ laswlelw) dow) | e € 52,00}

equipped with norm
lulls = in {||c||L2m,dp> ee 2.0 [ plaw)elw) dplw) = uon D} .

Given u € H, the above infimum is attained by a unique minimizer ¢, € L?(§2,dp) using
the direct method in the calculus of variations. H is a Hilbert space equipped with inner
product

<u7 ’U>7.[ = (Clw CU)LZ(Q,dp)'

We also observe that H is a reproducing kernel Hilbert space (RKHS) associated with the
kernel (Bach, 2017)

ko, a') = /Q (s ) (e ) dp(w). (L.7)

This can be verified easily as follows. For a fixed 2’ € D, we have k(-,2') € H. If o(2/,-) €
L?(£2,dp) achieves ||k(-,2)|ly = (@', )|l 12(,dp), then it follows that

(u, k(- 2))n = (cus 9(%,°)) L2(2,dp) = /ch(w)sO(x;w) dp(w) = u(z),

which verifies the reproducing property of the kernel. In this Hilbert space framework, the
minimization problem

: - @2
cELgl(l_Qn,dp) L, K, (quP) + §HC”L2(Q,dp) (1.8)
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is equivalent to the minimization problem in the RKHS space:

. e o
min L, 1c,(0) + 5 [l (19)

ue

To compare with our approach, we observe that

(/e |dp) < [ P ast),

which naturally implies that H < V. This embedding is in fact strict, and Spek et al.
(2025) show that V coincides with the union of all such RKHS as p ranges over the set of
probability measures.

1.2.2 RANDOM FEATURE MODELS

Random feature models offer a simpler alternative to neural network training. Instead
of being trained, the internal weights in these models are sampled from a given probability
distribution p, typically uniform or Gaussian, defined over the parameter space {2. In a
random feature model, one seeks a function expressed as

N
1) =Y enplwiwn), {wa) ~p.
n=1

Here, the inner weights {w,} are sampled from p, and only the outer weights {c,} are
solved. Consequently, Equation (1.8) becomes

{m}ln LK1 Kz(u{cn,wn} + 5 Z ’cn‘Z
Cnfn—1

This essentially corresponds to applying the kernel ridge regression method to solve a PDE,
where the kernel is given by

. 1 X

ba,) = + 3 plew)e(@swn)
N

n=1

that approximates k in Equation (1.7). For a linear PDE problem, this leads to solving a
linear system, which avoids the neural network training cost. However, the random feature
model does not adapt to the solution landscape and may require a large number of features.
This can lead to prohibitive computational costs, especially in high-dimensional settings.
For related discussions, see Rahimi and Recht (2008); Zhang et al. (2024); Bach (2023);
Pieper et al. (2024).

1.2.3 THE GAUSSIAN PROCESS METHOD

There has been a recent surge in using the Gaussian process (GP) method for solving
PDEs (Batlle et al., 2025; Chen et al., 2021, 2025). The GP method proposed by Chen
et al. (2021) employs a Gaussian kernel with a fixed shape parameter and randomly chosen
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collocation points. Solving (1.9) in the limiting case o — 0 yields a variant of this GP
method with the covariance kernel given by (1.7), where the solution can be interpreted as
a maximum a posteriori estimate under a GP prior, as shown in Chen et al. (2021).

However, the kernel (1.7) is only indirectly related to the feature function, and also
depends on the density dp, we cannot directly compare the kernel used for the construction
of the feature function and the covariance kernel resulting from this method. However,
if we consider a density dp that is concentrated on a single RBF shape parameter, but
otherwise uniform over the kernel centers, we have a direct relation: Consider the case
where w = y € Br C R% is in a ball of large radius R > 0, ¢ > 0 is fixed, and p is a uniform
probability measure on Bg. Then Equation (1.7) becomes

2s

k(z,2') = = o 2 ((x — y) /o) @((2' —y) /o) dy
|Br| /B,
0.25
At o 2 o((x —y)/o)p((x' —y) /o) dy
|Br| Jra

025 . ( T — JJ/>
= ¥
(\/ia)d | BR| V20
where ¢ denotes the standard Gaussian function in R?. This yields a Gaussian kernel with
fixed scale parameter v/20.

1.2.4 PINNS AND OTHER MACHINE LEARNING METHOD FOR PDES

Our method is closely related to PINNs (Raissi et al., 2019; Shin et al., 2023; Luo and
Yang, 2024; Bonito et al., 2025), which also solve PDEs by minimizing a residual loss over
a neural network ansatz. While these works provide convergence results for linear PDEs,
they typically rely on large, fixed size neural networks without incorporating sparsity or
adaptivity, which are central to our approach. Adaptive approaches are developed by Cai
et al. (2022); Liu and Cai (2022) for linear PDEs using residual-based neuron enhancement,
while our work differs by focusing on nonlinear PDEs and promoting sparsity through
RKBS-based regularization. Radial basis function network based approaches related to
PINNs have been developed by Ramabathiran and Ramachandran (2021); Wang et al.
(2023); Bai et al. (2023). In particular, similar to our framework, Wang et al. (2023)
propose a shallow RBF network trained with a sparsity-promoting ¢; regularized residual
loss to obtain compact representation and better interpretability. However, a scaling of
the feature functions in (1.3) that allows for stable computation of second derivatives for
arbitrarily small length scale ¢ > 0 has not been employed. This is a prerequisite for the
analysis in terms of RKBS provided in our work, which enables theoretical guarantees in
terms of generalization (error estimates), and adaptive training methods that do not require
a large initial choice of the network width.

A key difference of our method compared to other approaches using (regularized) RBF
networks is the optimization strategy. Instead of updating all parameters using gradient-
based method, we employ a greedy, boosting-like approach that adaptively selects neurons
while maintaining a simple network structure. To further enhance convergence and promote
sparsity, we use a second-order optimization scheme. This helps avoid redundant neurons,
which are often seen in first-order methods. Although our theory is developed for Gaussian
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RBF, the approach still applies when we replace RBF with other activation functions com-
monly used in PINNs. Other related approaches, such as variational or weak formulation
of loss functions (Yu et al., 2018; Zang et al., 2020), may be explored in the future.

It has been widely observed that the performance of PINNs is highly sensitive to the
choice of penalty parameter A for enforcing boundary conditions (Wang et al., 2021, 2022).
As our method employs a similar loss function, it inherits this sensitivity as well. This
motivates alternative treatment of boundary conditions, which will be discussed later in
Section 3.5 and 4.1.3. Related to this, a linear elliptic problem is studied by Bonito et al.
(2025) for a class of collocation methods including PINNs formulations. Using the theory
of optimal recovery and regularity theory in Besov scales, an improved PINNs loss is pro-
vided that allows for better theoretical guarantees when minimizing the loss over a (neural
network) model class that approximates functions in Besov spaces. In our work, we directly
regularize in a variation norm, which is related to a Besov norm, see Section 2.1, and we
make similar observations on the practical and theoretical deficiency of the standard PINNs
loss.

1.2.5 ADAPTIVE METHODS AND GREEDY ALGORITHMS

Our method is closely related to a growing class of approaches that revisit shallow ar-
chitectures through adaptive basis construction, including boosting-type procedures (Fried-
man, 2001; Bengio et al., 2005), Frank—Wolfe variants (Bach, 2017; Bredies et al., 2024),
and greedy algorithms (Needell and Tropp, 2009; Klusowski and Barron, 2018; Siegel et al.,
2023). In these approaches, the network is constructed incrementally by repeatedly solving
a nonconvex subproblem over the inner weight set to select and insert new units. Our
method distinguishes itself in several important aspects. First, in contrast to pure greedy
type methods we include an ¢ sparsity-promoting regularization, which allows for prun-
ing of unneeded features, promotes compact representations and mitigates overfitting; see
Section 4. In general, for convex loss functions, classical greedy or Franke—Wolfe style
methods converge at a slow sub-linear rate, where the optimization error is proportional
to one over the number of insertions. Better resolution of the convex subproblems arising
in those strategies results in provably linear convergence (Flinth et al., 2021; Pieper and
Walter, 2021; Bredies et al., 2024). For this reason, we incorporate a semismooth New-
ton weight optimization strategy (Ulbrich, 2011; Ouyang and Milzarek, 2025) with inexact
Gauss-Newton Hessian into the algorithm, enabling faster convergence once an appropriate
parameter set has been identified. Second, we combine the inner and outer weights in a
combined update, similar to over-parametrized gradient based training methods (Chizat
and Bach, 2018; Chizat, 2022) to mitigate the weight clustering observed in accelerated
Frank—Wolfe methods that do not move the inner weights. However, in contrast to those
methods the induced sparsity throughout the iterations enables joint optimization of both
inner and outer weights with inexact second order updates. Finally, rather than relying on
an exact greedy selection step for the parameter insertion, which typically entails an expen-
sive global optimization, we employ a relaxed randomized and computationally tractable
strategy for updating the inner parameters. We outline the proposed algorithm in Section 3,
but consider a detailed convergence analysis out of scope for the current work.

10
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1.3 Notation, assumptions and examples

For the PDE problem defined by (1.1) and (1.2), we impose the following assumption
throughout this paper.

Assumption 1 Assume that the functions E and B satisfy the Carathéodory conditions:

(u, g, x,u,g,H) s continuous for almost all x € D,

H)—
(u,g) =

E(
B(z,u,g) is continuous for almost all x € 0D,
— E(z,u,g,H) is bounded and vp-measurable for all (u,g, H) € R x R? x Rd2,
B(

x,u,q) is bounded and vyp-measurable for all (u,g) € R x R%.

The assumptions stated above are sufficient to ensure the existence of minimizers for
the continuous optimization problems, which will be established in Section 2.1. We note,
however, that these assumptions do not imply the existence of solutions to the PDE (1.1),
which has to be argued for separately. To analyze the convergence of our method, we require
the PDEs in consideration to be well-posed. To formalize this, let U,, U, F, F be Banach
spaces in which smooth functions form a dense subset, with continuous embeddings U, — U
and F, — F. In addition, we assume V — Y. We define the combined PDE and boundary
operator Rlu| := (£[u], Blu]) and regard R as a mapping from U to F, with its restriction
acting from U, to F,:

R:U—F, Ry, :U, = Fp.

We think of U, and U/ as Sobolev spaces defined over the domain D where the solution is
sought. Typically, U represents the minimal regularity required for a weak solution, such
as H'(D) for second-order elliptic problems. The more regular space U,, such as H?(D),
may result from classical regularity theory under more regular data or boundary conditions.
The spaces F, and F are given as direct sums of spaces on D and dD. For example, F may
equal H='(D) x H'/2(dD), combining the duals of H'(D) and its trace space. Similarly,
F, may be a more regular variant, such as L?(D) x L?(0D), into which Ry, maps. We now
reformulate (1.1) as the problem of finding u € U, such that

Rlu] =0 in F,. (1.10)

We assume F, is chosen so that the zero element corresponds to functions that vanish
almost everywhere on D. We state the assumptions on well-posedness as follows.

Assumption 2 (Well-posedness of the PDE) We assume the following:
1. Existence and uniqueness. There exists a unique solution u € U, to the problem (1.10);

2. Continuity and boundedness. The maps R and Ry, are continuous around u and
satisfy a growth bound; that is, there exists C' > 0 such that

IRWIIF = R[u] = Rlvll7 < Cllu = vy and [|R[v]|| 7 < Cmax(1, ||vller) Yo el
R[]l 7, = IRlu] = R[v]l7, < Cllu = v, and [|R[v]l|l7, < Cmax(1,[|v]l,) Vv € Us.

11
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3. Stability of the solution. There exists C' > 0 such that
lu = vl < C|R[u] = R[v]]l7 = CIR[][7 Yoel.

Such well-posedness properties are well established in the classical theory for several
important classes of PDEs; see, for example, Brezis (2011); Caffarelli and Cabré (1995);
Dafermos (2005); Evans (2022); Gilbarg and Trudinger (1977). We note that U, and U are
Banach spaces in which smooth functions are dense. Together with the characterization of
V in Appendix C (see also Shao et al. (2026)), this implies that V is dense in both U, and U
with respect to their respective norms. Theorem 2 together with the density property allows
our method to approximate solutions to (1.1). The corresponding analysis is presented in
Section 2.3.

Since many PDEs only depend on a subset of linear partial differential operators, we
also introduce two linear operators

[Leu](z) = [ci(x)u(z) + bi(z) - Vu(z) + tr[Ai(:L‘)VQU(:L‘)]i:LwNE

(1.11)
[Lpul(z) = [di(x)u(x) + ei(x) - Vu(z)]i=1,..Np
with the property that
Elul(x) = E(x, [Lpu)(z)), Blul(z) = B(x, [Lpul(z)) (1.12)

for some nonlinear functions £: D xRVE — R and B: 9D x RVE — R. This decomposition
can be used to simplify the notation, improve the theoretical estimates below, and speed up
some algorithms. However, in general, the linear operators could be set to simply evaluate
all partial derivatives together with E = E and B = B. To formulate the first order
optimality conditions of the optimization problems in Section 2.5, we impose the following
assumptions.

Assumption 3 Let Theorem 1 hold for the residual functions E and B and let the coef-
ficient functions {c;(x),bi(x), Ai(x) }iz1,. Nyg, {di(z), ei(x) }izm1,. Ny be measurable and uni-
formly bounded. In addition, the functions (z,lg) — E(z,lg) and (z,15) — B(xz,lp) are
differentiable in their second arguments, with gradients uniformly bounded in x € D and
x € 0D, respectively.

Example Using the notation introduced above, the semilinear Poisson equation with Dirich-
let boundary conditions

—Au+4ud=fe inD, u= fg on dD.

can be expressed as
Elu] = —Au+u® — fe, Blu] =u— fz, (1.13)
where we define E(z,u,g,H) = —tr H + u® — fe(x) and B(x,u,g) = u — fg(x). For the
second description, we define the linear operators
Lg[u] = [u, Aul,
Lplu] = [u],

together with E(x,l1,lo) = —lo + I3 — fe(x) and B(x,1y) = I1 — fa(z).

12
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1.3.1 NOTATION SUMMARY

Throughout the paper, R denotes the set of real numbers, R} the set of positive real
numbers, N the set of positive integers, and Ny the set of non-negative integers. For m € N,
R™ denotes the m-dimensional Euclidean space. {2 denotes the parameter domain for the
integral neural network, while D C R? is a bounded open domain where the PDE is defined.

We summarize the main notation below.

— Function spaces on a set A C R™

(A): Continuous functions on A.

C
C(A): Continuous functions on the closure A, with the supremum norm.
(A): Functions in C(A) that vanish on A\ A.

Co
C*(A): Functions on A with continuous derivatives up to order k.

— C*7(A): Holder space of functions with & continuous derivatives whose kth deriva-
tives are Holder continuous with exponent v € (0, 1].

— H*%(A) = W*2(A): Sobolev space with smoothness index s and integrability index
2.

— B;,q(A): Besov space with smoothness index s, integrability p, and summability q.

— M({2): Space of signed Radon measures on {2, equipped with the total variation norm.
Unless otherwise stated, M ({2) is endowed with the weak-* topology induced by its
duality with Cp(£2).

— Nu(x) = uy(z): Integral neural network defined by u,(z) = [, ¢(z;w)du(w), where
@(x;w) is a Gaussian RBF with parameter w € 2.

— For two norms spaces X and Y, X — Y denote a continuous embedding of X into Y,
ie, ||lz|ly < C|x|x for all z € X.

— Fo — F,U, — U: Banach spaces of admissible input data and PDE solutions, respec-
tively, each containing smooth functions as a dense subset.

— R: The combined PDE and boundary operator (£,B) : U — F, with restriction Ry, :
Uy — Fo.

— V(D): Reproducing Kernel Banach Space (RKBS) of functions represented as Ny with
pe M($2). V(D) is a dense subset of U and is dense in U,.

— 9% Multi-index partial derivative with 8 = (31,...,84) € Ng.

We also introduce some terminology used throughout the paper. By analogy with col-
location methods, we refer to the set of quadrature points {11} U {22}, which define
the empirical loss, as collocation points, and denote their total number by K. Note, how-
ever, that the PDE is not enforced to be exactly satisfied at these points. The functions
{p(z;wn)}N_, are called feature functions, and the associated parameters {w,}Y_; are re-
ferred to as inner weights or kernel nodes, where N is the total number of feature functions.

13
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1.4 Outline of the paper

The rest of the paper is organized as follows. Section 2 develops the theoretical foun-
dation of our approach. We introduce the integral neural network representation and its
associated function space, and establish an existence result for the sparse minimization
problem. We also provide a convergence analysis for the method applied to solving PDEs,
derive a representer theorem ensuring finite representation, and present the optimality con-
ditions and dual variables that underlie the design of our optimization algorithm. Section 3
turns to the algorithmic framework. We introduce a three-phase algorithm, which includes a
gradient boosting strategy for inserting kernel nodes, a semi-smooth Gauss—Newton method
for optimizing parameters, and a node deletion step to maintain a compact network size.
Some additional implementation components are also discussed. Section 4 presents numer-
ical experiments that validate the effectiveness of the method. Finally, Section 5 concludes
with a discussion of future directions.

2. Theoretical framework

We begin with a brief overview of the main theoretical results in this section, together
with high-level proof sketches.

e Existence (Theorem 8, Section 2.1). Under Theorem 1 and the continuity of the
feature map established in Theorem 4 and Theorem 7, the continuous sparse minimization
problem (P,) and its empirical counterpart (P;"") admit global minimizers. The proof
follows the direct method in the calculus of variations, using weak-* compactness in
M (£2) and weak-* lower semicontinuity of the objective.

e Convergence and error estimates (Theorem 15 and Theorem 18, Section 2.3).
Assuming the quadrature measures converge weakly and remain uniformly bounded
(Theorem 11), and the data-space embedding/interpolation condition (Theorem 9), em-
pirical minimizers ug, (as K — o00) admit limit points wu, that satisfy an explicit
residual-based error estimate in . We further show how to choose K and « jointly to
obtain an explicit approximation bound for ug , relative to the PDE solution.

¢ Finite representation/Representer theorem (Theorem 23, Section 2.4). For the
empirical sparse problem (P,""), there exists an optimal solution supported on finitely
many atoms. The argument reduces the nonlinear objective to a constrained minimum-
norm problem in M ({2) and then applies Carathéodory-type arguments to obtain a finite
representation of solutions.

2.1 Integral neural networks and the associated function space

We begin by recalling and formalizing the definition of the integral neural network
introduced in the introduction. Specifically, we consider functions represented in the form

wale) = Niuw) i= | plaio) due), (2.1)
2

14
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where ¢ is a Gaussian RBF with variable bandwidth o

s

p(r;w) = mexp <—

|z — yll3

572 ) where w = (y,0) € R4, (2.2)
o

Introduce the standard Gaussian function on R?

o) = e (-155).

Then the scaled Gaussian can be written as

p(z;w) =0* %% <x — y) : (2.3)

2

To define the parameter space {2, fix a maximum bandwidth onax > 0 and let Dy :=
D + B,,..(0). We then set
2= D1 X (Oaamax]-

We now define the function space associated with the integral neural networks. Specif-
ically, we consider the set of functions on D that can be written as AMu for some signed
Radon measure pu. This leads to a reproducing kernel Banach space (RKBS) (Bartolucci
et al., 2023; Lin et al., 2022; Zhang et al., 2009), defined by

V(D)={Npu:D —R|pueM(2)} (2.4)
and equipped with the norm
lullvpy = inf{{lpllare) | € M(£2): N = on D}. (2.5)

Here M (£2) is the space of signed Radon measures on {2 equipped with the total variation
norm

HMHM(Q)ZSUP{/QfdM1f€C'0(Q)a \fuoogl}.

M (£2) is also identified with the the dual space of Cy(f2). Unless otherwise stated, M ({2)
is endowed with the weak-* topology induced by its duality with Cy({2).

Proposition 4 Fors > d+k-+v, with k € NU{0} and v € (0, 1], we have 85¢(x;-) € Co(£2)
uniformly for x € D for and multi-index 3 with |B| < k and p(-;w) € C*Y(Dy) uniformly
forw e (2.

Proof Equation (2.3) implies
0 p(w;w) = o* VPO p((w — y) /o).

Under the assumptions stated above, with |5| < k, this function can be shown to be
uniformly Holder continuous with index v = min{l,s — d — k}. Moreover, for w = (y,0)
with o — 0, it converges to zero at the rate o®~4~181, |
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Remark 5 1. Concerning the previous result, we note that for the integer cases of s €
{d,d+1,d+2,...} we cannot set k = s —d, due to the requirement v > 0. Indeed,
in the case s = d we only obtain that p(x;-) € L°°(£2) uniformly for x € D and
o(;w) € L®(Dy) uniformly for w € 2 but ¢ cannot be extended continuously to the
boundary o = 0.

2. We emphasize that Theorem 4 is indispensable for subsequent analysis in this section,
including the existence of the minimizers and associated error estimates. Hence, the
scale-dependent weight 0® with s > d + k + ~, in addition to the standard Gaussian
normalization, is fundamental to the theoretical framework of our method.

Proposition 6 Fors > d+k+~ with k € NU{0} and v € (0, 1] the linear neural network
operator is continuous:

N:M(2) — C*(Dy).

In particular, for s > d + 2 the required derivatives exist and are bounded in terms of the
measure

INullem) + IVeNullom) + HvachMHC(E) < Cllpllmr(e)-

The above proposition implies the continuous embedding V(D) < C*7(D). Moreover,
the RKBS V is closely related to a classical Besov space. In Appendix C, we establish the
embedding Bf’l(]Rd) < V(RY), where a detailed proof is also provided. In the context of
wavelet analysis, Meyer (1992) gives a Besov space characterization of the Gaussian “hump
algebra”, which is closely related to the RKBS for s = d considered here. In our subsequent
work Shao et al. (2026), we establish a precise Besov space characterization for a broad
class of integral RKBSs related to scaled RBF kernels including the Gaussian considered
here.  These refined characterizations together with the embedding properties of Besov
spaces also show that the in the case s = d 4+ k for integer k, we still obtain continuously
differentiable functions in the RKBS V. However, for the purposes of generalization (in
Section 2.3), we need to quantify the degree of continuity, and consider v > 0.

We assume s > d + 2 + v for v € (0,1] for the rest of this paper. Therefore V(D) —
C?7(D). By Theorem 4, we observe that if the sequence of measures u;, converges to p in
the weak-* sense, then for any = € D,

36(/\[%)(1‘)=/Q<'“)590(x;w)duk(w)%/08590(96;&)) dp(w) = O° (N p) (), (2.6)

for a multi-index § with |3| < 2. This result leads to the following lemma, which is useful
in establishing the existence theory for the minimization problems (P,) and (P,"").

Lemma 7 Assume p;, — p in M(£2), then we have

ENm](x) = ENpl(x) Vo e D,
BIN pi)(z) — BN u](x) Va € dD.

Proof The result follows directly from (2.6) and Theorem 1. |
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Theorem 8 (Existence of minimizers) Suppose Theorem 1 holds. The sparse mini-
mization problem (P,) admits at least one global minimizer. Similarly, (P;™") admits at
least one global minimizer.

Proof We use direct methods in the calculus of variations to establish the results. Specifi-
cally, we prove the existence of minimizers for (P,), with the result for (P,"") following by a
similar argument. Denote J(u) = L(uy) + al|ul[ar(o)- Let p*) € M(£2) be a minimizing se-
quence, i.e., J(pu*)) — inf,err(0) J (). Then since ||,U(k)||M(Q) is uniformly bounded, there
is a subsequence (without relabelling) that converges to i € M (2) in the weak-x sense. Now
we want to show J is weak-* lower semicontinuous such that @ is a minimizer of the prob-
lem. First of all, the lower semicontintuity of || - || 37(s;) under weak-* convergence is obvious.
Second, we observe that for any multi-index 8 € N with 8| < 2, 9%¢(x;-) € Co(£2) for a
given © € D; see Proposition 4. Therefore, by Theorem 7 we have Elu,m](x) — Elup)(z)
Vo € D, and Blu,w](z) = Bluz|(z) Va € 0D. Finally, by Fatou’s lemma

L(ug) < limkinf/D %(E[uu(k)](x))QdVD + % /(9D(B[uu(k)]($)))2d1/al) = limkinfL(uu(k)).

Therefore, J is weak-* lower semicontinuous and minimizers exist. |

2.2 Functional analytical setup and assumptions

Recall the conditions in Theorem 2 on the well-posedness of the PDEs. We first present
an example of a PDE for which these conditions are satisfied. Consider the semilinear
Poisson equation in (1.13). For simplicity and without loss of generality, we consider the
modified formulation

Elul = —Au+ dp(u) — fe, Blu] =u— fz,

where ¢y € C°(R) is monotone and equals u?® if [u®| < M and ¢y (u) = sign(u) - 2M if
|u3| > 2M. We assume M > 0 is a sufficiently large constant. This simplification is justified
by the maximum principle, which ensures that any classical solution u to (1.13) satisfies the
bound supp |u| < 2supp |u| where @ is a classical solution that solves the linear problem

—Au—fe=0 inD, u—fg=0 ondD.

A proof of this estimate can be found, for example, in (Taylor, 1996, Corollary 1.5). For the
modified equation, under minimal regularity assumptions, we may take U = H}(D) + f5
and F = H-'(D) x HY/?(dD). Indeed, it is not hard to verify that Theorem 2(2) holds
for the pair (U, F) due to the Lipschitz continuity of ¢5s, and Theorem 2(3) is satisfied by
the monotonicity of the operator —Au+ ¢y (u). More precisely, by assuming fe € H~ (D)
and fg € HY/?(OD), Theorem 2(2) follows from the estimates

—A(u—v),w
A=)l gapy = sup AT
weH (D) w1

o1 (1) = dar(0) |15y < Clldar(u) = dar (V) r2(py < Cllu = vllr2(p)

< Cllu —v|lg1(p)
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along with the trace theorems for functions in H'(D). Theorem 2(3) is justified by

I=A(u = v) + dar(u) = dar (V)| -1(p)
Al =) + du(w) — du(v), u —v)

V=0l

_ — > Cllu = vl g1(pys
Ju UHHl(D) [|w U||H1(D)

where we have used monotonicity of ¢y, and Poincaré inequality for u—v € H} (D). Now the
choice of U, and F, depends on the smoothness of the domain and the data. For example,
the classical elliptic regularity for Lipschitz domains allows us to choose U, = H?(D) NU
and F, = L*(D) x H*?(@D). Under sufficient additional smoothness assumptions on
the domain D and the data fe¢ and fz, one may also take U, = H*(D)NU with F, =
H*=2(D) x H*=1/2(9D) for any integer k > 2. Recall the embedding Bf, <V established
in Appendix C. By the embedding properties of Besov spaces (see, e.g., Triebel, 2006,
Proposition 4.6), for any k > s,

H* =B}, — B < V.

In this case, the PDE solution u € U, also lies in the RKBS V.
To reflect the definition of the loss function (1.4), we introduce the weighted product
space L2 = L?(D,vp) x L*(0D,vyp) with the norm

1
2 2 2
HeHLi = iueEHLQ(D,uD) + §”eBHL2(8D,I/3D)

for any e = (eg,ep) € L?(D,vp) x L*(0D,vsp). We make the following assumptions on JF
and F,.

Assumption 9 We assume that one of the following conditions holds:
1. Fo— L3 — F;

2. Fo — F — Li and F is an interpolation space in between Li and F,, i.e., there
erists 0 € (0,1) and C > 0 such that

0 —0
lellz < Cllellgs lel3°.

Remark 10 We note that the above assumption is made for notational simplicity. Ideally,
the function spaces on D and OD should be treated separately, and either condition (1)
or (2) may hold independently on each component. This is indeed the case for the earlier
example with F = H-1(D) x H'/?(dD).

Moreover, in certain cases, it is also beneficial to modify the form of the loss function
depending on the structure of the underlying PDE. For example, in Dirichlet boundary value
problems, incorporating derivatives of the boundary term into the loss function can enhance
performance. Such extensions are discussed in the subsequent sections. Related ideas on
improved phisics-informed loss functions can be found in (Bonito et al., 2025; Ainsworth
and Dong, 2025).
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2.3 Convergence analysis for the neural network solution

In this subsection, We establish the convergence of our method in a general setting.

Denote l/gl = k L w1 g0z, ,, and I/gDQ = ZkK:21 w2 0z, ,, Which are nonnegative mea-
sures by construction. The following assumption guarantees that the numerical quadrature
used to define the empirical loss function (1.5) provides a consistent approximation of the

continuous loss (1.4).

Assumption 11 We assume that the discrete measures I/gl and 1/5% converge (in the
weak-+ sense) to vp and vyp, respectively, i.e.,

/fdugle/fdup, / uaD%/ gdvap
D D oD C

as K1 — oo and Ky — oo for any f € C(D) and g € C(0D).

We also note that weak-x convergence in the above implies uniform boundedness of the
non-negative measures {yDl} and {ya 5} (by setting f =1 and g = 1). Recall the definition
of Lz, L, E and B in Equations (1.11) and (1.12). For the rest of this subsection, we
further strengthen Assumptions 1 and 3 as follows.

Assumption 12 Let Theorem 3 hold. In addition, the functions {A;(z),b;(x), c;(x )}
and E(x,1p) are uniformly v-Hélder continuous on D, and {di(x),e;(z)} 5 and B(z, lB)
are uniformly ~v-Hélder continuous on 0D.

Remark 13 Assumption 12 simplifies the subsequent analysis by ensuring the ~y-Holder
continuity of the PDE-residual. The arguments below remain valid under weaker assump-
tions for problems with discontinuous coefficients, such as piecewise continuity for the func-
tions on subdomains. For simplicity of exposition, we omit such discussions.

The strengthened continuity allows us to show the following useful result.

Lemma 14 Let E[u] and Blu] be defined as in (1.12). Under Theorem 12, if jup — p in
M(2) and ||pellare) < M < oo, then ENux](z) and BN ux](z) are uniformly ~-Hélder
continuous and

ENugl(z) = ENp](z)  uniformly on D;
BIN pg](x) — BN p|(z)  uniformly on 0D.

Proof First, Theorem 7 gives the pointwise convergence of E[N pug|(z) — E[Nu|(z) for
x € D, and BNu](z) — BNp|(z) for x € D. Further, supy [|urllp) < M < oo
and Theorem 6 imply that supy [|N tikll o2y < o0. By the definition of & and B in
(1.12), and Theorem 12, we know that E[N ] and B[N py] are uniformly bounded and
equicontinuous on D and 0D, respectively. In fact, a straightforward estimate shows that
IEWN bkl co ) + IBIN ]l conapy < C(1+ [N pigl|c2++). The uniform convergence then
follows from the Arzela—Ascoli theorem. |
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By Theorem 2(1), we denote the unique solution to (1.1) by w € U,. Let u* = Nu* €
VNU, be an approximation of v in U,. By the continuity of R|y, in Theorem 2(2), it follows
that

IRz, = IR[u] = Rlw]|lF, < Cillu—uu,.
The right-hand side in the above can be made arbitrarily small by density of V in U,. In
the following, we derive an error estimate for the neural network solution.

Theorem 15 Let u € U, denote the unique solution to (1.1) and u* = Nu* € VNU, be an
approrimate solution. For a given reqularization parameter o > 0 and collocation number
K=K +Ky >0, letugo =Npug.a be a global minimizer of the empirical problem (P;"").
Let Assumptions 9, 11 and 12 hold and denote by

* * * 1/2
(s ) = (Ju—u* I, + olln* )"

the combined approximation and reqularization error. As Ky, Ko — oo, any limit point i,
of .o in M(£2) defines a function uq = N pqo that satisfies

[ta — ullyr < Cn(p”, a),
if Theorem 9(1) holds, or

ttey — utlfgg < C max (a‘(l‘a)n(u*, a) 2=+ a)e) ,

if Theorem 9(2) holds, where C > 0 is a generic constant independent of o, u*, u and u*.
Moreover, the convergence uk. o — Ua (up to a subsequence) holds in C*(D).

Remark 16 Theorem 15 yields the following implications.

(1) The above estimate indicates that the approximation error arises from two sources.
The first term reflects the error due to approximating the exact solution u € U, using
elements from a norm ball in the space V, while the second term characterizes the error
due to the regularization.

(2) Using the above estimate, one can select the appropriate o such that u, converges
to the true solution u in U. In the first case, by density of V in Uy, one can select
u* =u’ € VNU, such that ||u — u5||22/10 = 0. Let a = min(6/||u®||y,d), we observe that
a— 0 asd — 0. Then, by applying the estimate from Theorem 15.

lua —ully < C(26)"/2,

which implies uo, — uw in U as o — 0. The second case is more delicate. Without
additional assumptions on the function spaces, selecting « that guarantees convergence
is challenging. As a simple illustration, we consider a setting where the spaceV contains
the solution u € U,. This inclusion can be justified in certain cases, such as the example
provided in Section 2.2. In this simple case, let u = Np*. Then

% —0)+60/2 o
te — ullyr < Ca?’? max (HM ’\5\14(9))+ / Nl Hf\ﬁﬂ)) ’

which implies uq — u in U as o — 0.
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(3) In the cases where F does not contain Li and V NU, is strictly smaller than U,, one
possible remedy is to design an appropriate loss function such that the corresponding
data space is continuously embedded in F. Revisiting the example with F = H~ (D) x
HY2(D), it suffices to define the loss function as

1 2 A 2
L(u) = Sl z2wp) + S IBUllE vy p)»
with the corresponding empirical loss function. In this case, we can establish similar
error estimates. In Section 4, we present numerical experiments comparing the effects

of using an L? boundary loss versus an H' boundary loss.

Proof We now prove Theorem 15. Denote L = L, g, and J(u) = L(N ) + ol pllar0)-
Since ug o = Nk o is a global minimizer of (P;""), it satisfies

allpralie) < J(nra) < J(W5) = Lw*) + allp*||a)  for all K >0,

where L(u*) = L, x,(u*) is given by

L) =5 [ El@@ak + 5 [ blele)? ang,

This term converges to L(u*) as Kj, Ko — 00, and is therefore uniformly bounded in K.
This implies that the sequence {puro}x C M(f2) is bounded. By the Banach-Alaoglu

theorem, there exists a subsequence (not relabeled) and a 1, € M(£2) such that pirco — fo
as K — oo. By Theorem 14 ug , converges to u, = N, in C?(D) as K — .
Now we show the estimate for u,. Notice that

Eurca) = Do) = [ (Eluma)? = €lual?) awfs + [ (Bluscal? = (Blua)) dvf

L+ /D(g[ua])Q (dygl _ dyD) + /aD(l’j’[ua])2 (dl/é% - dl/aD) .

The first two terms in the above converge to zero by the uniform convergence established
in Theorem 14 and a uniform bound on the total variation norm of the empirical measures
implied by weak-* convergence from Assumption 11 and the last two terms converge to

~

zero. Therefore limg o L(ug o) = L(uy). Finally, by the lower semicontinuity of the
norm || - ||a7¢) under weak- convergence, we conclude

L(ug) < J(uq) < liminf J(ug o) < liminf J(p*) = L(u*) + a1 (-
K—o0 K—o0
The estimate above gives us
IR[uall7z < IRz + allwllara)- (2.7)

We now utilize Equation (2.7) to show the final result. First, we assume Theorem 9(1)
holds. Then, combining this with with Theorem 2(3), we have

e — ulles < Col| RlualllF < Cal|Rua] 75
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On the other hand, we use Theorem 9(1) and Theorem 2(2) to obtain
IR T, + alle ) < CIRE, + alln*llae) < COu —ullz, + allwlm)-

Together, these inequalities yield the desired result. Now we assume Theorem 9(2) holds,
then the right-hand side of (2.7) is estimated in the same way. For the left-hand side, we
use the interpolation equality and Theorem 2(2),

0)/ 0)/6
IRl < CIRMallF2 IR ez < ClIR[ualll}z max(L, llually ")

Note that

1 * * 1 * *
[tall, < lually = llnallare) < — L) + |1 ) = IRz + 14 s

Q

Together, we have
2/0 2/0
e = ullF/” < IRfua)|
< max (o200 (|R Y + ol

< C'max <a72(179)/9 (Hu — u*Ha + allp laro)

2(1-6) /041 . i
RETIE; + all Lo

2(1-6)/6+1 * *
) =+ el e )

which leads to the desired result. [ |

The above theorem describes the limiting behavior of the neural network solution as the
number of collocation points K tends to infinity. In practice, however, we are also interested
in the behavior of the solution for finite K. More importantly, given a regularization
parameter «, we aim to identify a suitable range of K that prevents overfitting. For a
neural network solution wu,, we interpret generalization as the property that the true loss
L(u,,) is close to the empirical loss IA/(uM) computed from a finite set of collocation points,
particularly when the network is trained to achieve a small empirical loss. This can be
analyzed as follows. We first define a discrete version of the weighted norm || - || L

1 & pRE:
||€H%,,\,K = ) ; 1111,k(€E(901,k))2 + b ; wz,k(63($2,k))2

Now, we leverage that the discrete measures VD1 and Va 1 associated to this norm converge

according to Theorem 11. This convergence can be quantified for any residual associated
to a trained approximate solution ug o = N (ik,o) by leveraging the norm bound and the
improved continuity from Theorem 14.

Lemma 17 Given 0, M > 0, there exists K = K(§, M) € N, such that for any v € V with
lolly < M

L(v) - L(v)‘ <4

where L = ﬁKhKQ and K = K1 + Ks.
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Proof We first claim that

lvp = vp lconpy =  sup -0 (2.8)

f:”fHCO»’Y(ﬁ)Sl

/DfdyD—/Dfdygl

for K1 — oo and similarly for vgp. Given this, define e = R[v], we have

/DeQ(w)dVD—/DeQ(m)dygl

K
< llellco @y v = vp*llco(py-

K
< CHeH%O,'y(ﬁ)HVD —vp' HCO»“/(E)*'

and the same holds for vgp. The above estimate together with the fact that |le|co, =
|IR[v]||cor < Cllv||y imply the desired result.

To prove the convergence (2.8), we argue by contradiction. If it fails, then there exists
€ > 0 and a sequence fg, in the unit ball of C*7 for all K such that

/ledVD—/ledVg1
D D

for all K7. By Arzela-Ascoli, up to a subsequence, fx, — f uniformly on D. We now test
the convergence of 1/51 to vp against f:

Aﬁ®§jéﬂw=LMﬂ%%Aﬁamm§—Lhﬁw—éfﬁhwu

The second and fourth term converge to zero, but the remaining two terms are always e
apart, and thus l/gl does not converge to vp in the weak-* sense, which contradicts Theo-
rem 11. |

>e>0

Theorem 18 Let u and uk . denote the functions given in Theorem 15. For any § > 0,
there exist u® € V and parameters a = a(8) — 0 and K = K(§) — 00 as § — 0 such that

lusca = ully < C8V2,
if Theorem 9(1) holds, or
lure.a = ulle < 82 max(1, [[u’[}),
if Theorem 9(2) holds, where C' > 0 is a generic constant.

Remark 19 As noted in Theorem 16, without further assumptions on the function spaces,
the second case guarantees convergence if we know that V contains the exact solution u €
U,, which ensures that the |[u’|ly remains uniformly bounded. Once again, an alternative
remedy is to design a loss function that ensures the corresponding data space is continuously
embedded in F. Under such construction, convergence can be established in a similar way
without additional assumptions.
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Proof First, by density of V in U,, for any § > 0, there exists u’ € V NU, such that
Lu’) = [Rlu’]72 < Cllu— |y, = 6.

Using the above lemma, there exists K = K (4, 3||u’||y) such that

L(v) - L(v)‘ <4

for all v € V satisfying ||v|y < 3||u’||y. Letting a = §/||u’||, and noting that u o is a
global minimizer of (P,""), we obtain

allurally + Lluk.a) < afu’llv + L(®) < aflu’ [y + L(u®) + 6 = 3.
This implies ||uf o|ly < 3[u’|ly, and thus
Llug.a) < L(ugq) + 6 < 4.
Under Theorem 9(1), it follows that
lurca = ullu < CIRlukallF < ClRuklllzz < C (Lluka)'? < C5'/2.
On the other hand, if Theorem 9(2) holds, then
IRlurcalllZ” < ClRukallfs IRl 17" < CL(uk ) max(L, fugcally, ")
Moreover, since

lurall, < lukalv < 3)’llv,

we obtain

luka —ulp/’ < Comax(1, |[ul ][5~/

I

which leads to the desired result. [ |

Remark 20 The estimates in Theorem 17 and Theorem 18 can be made more specific
when considering a specific quadrature Tule. For example, suppose the quadrature points are
quasi-uniform, with fill distances hp and hgp for the points on D and 0D, respectively.
The quadrature weights can then be chosen as the measures of the corresponding Voronot
cells. In this setting, one can show that

lel2 = el | < C (b + A3p) lellconplellopy < € (0 + M) el

where C' is a generic constant. For e = R[v] and quasi-uniform quadrature points, this
implies

L) = L) < € (K77 65740 o)},
The constant K = K (6, 3||u’||y) in the proof of Theorem 18 can also be chosen explicitly in
this case. Indeed, by the above estimate, one can take K;V/d R )\K;W(dfl) to balance the
errors from the interior and the boundary. Then it suffices to choose K; ~ (Hu‘SH]Q,/(S)d/7
and Ky ~ (Jus|2/(A6)) D7,
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2.4 Representer theorem

To further simplify the notation, we introduce the combined collocation set for the
residual {z;x} U {2ax} € D = D U D, and the combined set of quadrature weights
{w1 1} U {Awz}. Then we introduce a new global index k = 1,..., Ky + Ko = K, such
that z = x1 and wp = wyy for £ < Ky, while for £ > Kj, we set z3, = 29—, and
Wy = Awg K, - With this, we introduce the combined linear operator evaluations as

alu,] = [Lruu)(xy) for k < Ky,
a [,CBU,J(‘T]C) for k > K;j.

Moreover we define the k-th residual function as

E(zp,ly) fork <K
Tk(lk;) :{ (l’k, k’) or — 17 (29)

E(mk,lk) for k > K.

This allows us to rewrite the regularized discrete residual minimization problem (P;"?) as

K
1 )
Mgg\l}{l(zﬂ;wk(rk(lk[uum + ol a2 (2.10)

We proceed to prove the representer theorem, which fundamentally relies on variants of
the Carathéodory theorem (Dubins, 1962; Klee, 1963). A key ingredient in the argument is
the characterization of the extreme points of certain sets arising in the sparse minimization
problem. Recall that an extreme point of a convex set is a point that cannot be expressed
as a nontrivial convex combination of two distinct elements in the set. To that end, we first
summarize some standard properties of closed balls in M (2) in the following lemma.

Lemma 21 Define By := {jn € M(82): ||l a2y < t}. The following statements hold.
1. By is compact in the weak-x topology on M({2).
2. The extreme points of By are given by £td,, for w € {2.

The first statement in the above comes from the Banach-Alaoglu theorem and the lower
semicontinuity under the weak-* convergence. The second statement is also well-known, see
e.g., Bartolucci et al. (2023); Bredies and Carioni (2020).

Let N = N, K1+ NpKs. Using the notation introduced above, we view the collection
luy,] == (Ie[uu))_, as a vector in RY. Given a vector '€ RN, we consider the following
minimization problem:

' biect to  1[u,] = I. 2.11
#g?}?g)"ﬂ”M(Q) subject to  I[uy,] (2.11)

Lemma 22 Assume that the solution set S of (2.11) is nonempty. Then S is a compact

convex subset of M (£2) equipped with the weak-* topology. As a consequence, S contains at
least one extreme point.
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Proof First of all, by the linearity of the constraint, it is straightforward that S is convex.
By the lower semicontinuity of the total variation norm and Theorem 7, S is also closed.
Finally, since the optimization problem minimizes the total variation norm subject to a
constraint, any solution must lie in a norm sublevel set B, for some ¢t > 0. Hence, S C B;
is a closed subset of a compact set and is therefore compact. Lastly, by the Krein-Milman
theorem (Conway, 1994), S contains at least one extreme point. |

The representer theorem can now be proved with known arguments (cf., e.g., Boyer
et al., 2019, Section 3.3.2).

Theorem 23 (Representer theorem (finite representation)) The problem (P,"") pos-
sesses a finite solution

N N
B= cnlu, NE=D capl(;wn)
n=1 n=1

where the number of atoms satisfies N < N = NgKi + NgKs, with Ng and Ng denoting
the numbers of components of Lr and Lp, respectively, as defined in (1.11).

Proof According to Theorem 8, a (not necessarily finite) solution exists. However, standard
representer theorems derived for convex problems are not immediately applicable (see, e.g.,
Bartolucci et al., 2023, Theorem 3.9), due to the nonlinearity (2.9). We argue by showing
that any solution of (2.10) also solves a simpler convex problem. For that we define the
optimal linear operator vector as [ = lug) € RN It is easy to see that [i is also a minimizer
of problem (2.11) with data ['=1 and conversely, any solution to this problem is also a
solution of (P,™). This problem is convex and, by applying (Boyer et al., 2019, Theorem
3.1), together with Theorems 21 and 22, we conclude that there exists a solution expressible
as a convex combination of at most N extreme points of the norm ball B+, where t* is the
optimal value of (P,"). This yields the desired expression for i by Theorem 21(2). [ |

We remark that the representer theorem provides an upper bound N on the number of
atoms, whereas the RKHS formulation in (1.9) typically yields a representation with exactly
N terms. However, this upper bound is often overly pessimistic and practical solutions
usually admit much sparser representations; see Section 4. The main significance of the
theorem is therefore that it justifies working directly with the discrete empirical problem
rather than the infinite-dimensional continuous problem.

2.5 Optimality conditions and dual variables

First order optimality conditions for this problem can be derived.

Proposition 24 Any solution u with 4 = ug to the problem (2.10) fulfills the following
first order necessary conditions:

K
> wrr () (Verk (@) 0N (0 = )] + allill o) = Alae) = 0,
k=1

26



SOLVING NONLINEAR PDES wiTH SPARSE RBF NETWORKS

for all p € M(£2). Equivalently, it fulfills the conditions

K
Zwkrk(lk[m)(Vlrk(lk[ﬂ]))le[u — ] + a(llullypy = llallypy) >0,
=1

for allu € V(D).

To further interpret these conditions, we use the well-known characterization of the sub-
differential

ANalla(ey ={v e Co(2) | lulm) — IElm) = (v — B,v) for all p e M(£2)}
— {v€ Co(®) | [v]lce) < 1o =sgnfi on supp i}
to write the optimality conditions as
—p € ad||illar o)

for some appropriate dual variable p € Cy({2), such that

K
(o — 1) = > wirk (W [a)) (Virg (@) 1IN (1 — )]
=1

To characterize p, we require the dual operator of N/ and the linear PDE operator in an
appropriate sense. However, this can get very technical due to the fact that this dual
operator would have to take inputs from the dual space of C%(D), which is a space of
distributions (cf. Wachsmuth and Walter, 2024, section 5.2). To simplify the presentation,
we identify C2(D) with a subspace of C(D,R x R? x ]Rd2), using the embedding

1: C2(D) = C(D,R xR x RT),  w(x) = (v(z), Vo(z), V2u(z)) for all z € D.

Combining the neural network and this embedding yields

N () = / (p(@30), Vg, ), V20l )) dia(w).

N

Then, we realize that I[N ] corresponds to an evaluation of this integral operator together
with an inner product in the vector space R x R? x RY = RI+d+d. For any x € D we
have for the i-th entry i = 1,..., Ng of I[N u] we have

e ilNpl = (ci(zr), bi(wr), Ai(wr)) : LN pl(zr)

= /ch'(ﬂﬁk)w(wk;w) + i) - Vaep(p, w) + tr(Ai(zp) Vap(zr, w)) du(w),

and similarly for xy € 0D. Define the function under the integral as

Pri(w) =

ci(mr)p(rr;w) + bi(wr) - Vep(rg, w) + tr(A;(zp) Vip(zg, w))  for k < K
di(zi)p(wp; w) + ei(zk) - Vap(wg, w) for k > Kj.
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With this notation, it is easy to see that

K
plw) = wire (b [a) (Virk (k[a]) " Pr(w) (2.12)
k=1

defines the dual variable for the optimality conditions.
With this preparation, we can derive the first order necessary conditions in the form of
a support condition on the dual variable.

Proposition 25 The first order necessary conditions derived in Proposition 24 can be ex-
pressed with the dual variable (2.12) as the subdifferential inclusion —p € ad||fil|pr() or the
support conditions

[p(w)] <a p=—asgnji on supp fi.

The main practical use of the dual variable is that it can be computed for any given v and
provides a way to check for non-optimality. If a node is found that violates the bound on
the dual, this provides a descent direction to further decrese the regularized loss.

Proposition 26 (Boosting step) Define the dual variable p[u] associated to the variable
u=Npu as

K
plul(w) = wirk (W [u]) (Vire (i [u]) " @k (). (2.13)
=1

Let & be a coefficient with |plu](©&)| > a. Then, the Dirac delta function at & with negative
sign of p[u](w) associated solution perturbation

@ := N (= sgn(|plu](®)])ds) = —sgn(|p[u](@))p(-; @)
is a descent direction for (2.10) at u = Np.

Remark 27 By direct calculation, the dual variable plu](w) admits the alternative expres-
sion

phil@) = = [Llutretw)]| . wen (2.14)

=0

This characterizes plu](w) as the directional derivative of the loss along the candidate feature
function ¢(-;w), quantifying the potential decrease in the loss if the node w were added. This
expression provides an intuitive explanation for Proposition 26: the directional derivative
must be large enough (in absolute value) to outweigh the corresponding increase in the
reqularization penalty. This observation forms the cornerstone of our optimization strategy,
where kernel nodes are inserted and deleted dynamically.

3. Algorithmic framework

We now present the algorithmic framework for solving PDEs by optimizing the empirical
problem (Py""). Using the notation introduced earlier, we rewrite the optimization problem
in the simplified form:

min L(uc,,) + all¢/i = minf(c,w) + aflc| (3.1)
c,w c,w
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where the reduced loss is defined as
~ 1 T
le,w) = iR(c,w) WR(c,w).

Here the residue vector R(c,w) € R¥ is defined componentwise by [R(c,w)]r = 7% (Ik(Uew))-
The weight matrix W = diag(wi,1,- -+ , w1 Kk, Awa 1, -+ , A\ k,) € REXK g determined by
chosen quadrature rule and the penalty parameter A and is fixed during optimization. To
incorporate the network width IV into the optimization process, we introduce insertion and
deletion steps for kernel nodes, applied respectively before and after optimizing (¢, w) with
fixed N. We therefore propose a three-phase algorithm that is executed consecutively and
iteratively:

e Phase I inserts kernel nodes based on the gradient boosting strategy;
e Phase IT optimizes (¢,w) with fixed N using a semi-smooth Gauss-Newton algorithm;
e Phase III removes kernel nodes whose associated outer weights are zero.

The full procedure is presented in Algorithm 1, with additional implementation details
provided in Appendix A.

In the following subsections, we present the details of the kernel node insertion step,
the semi-smooth Gauss—Newton algorithm, and other practical components of the proposed
framework.

3.1 Kernel nodes insertion via gradient boosting

In this subsection, we describe Phase I in the three-phase algorithm, which inserts new
kernel nodes to enhance the approximation capacity of the model. While adding more kernel
nodes can improve the model’s approximation capability, it also increases the computational
cost of the optimization in Phase II. In the worst case, newly inserted nodes may be pruned
in Phase III, rendering the added computational cost wasted. Therefore, new nodes should
only be introduced when they are expected to yield the steepest descent in the loss function,
and when further optimization over existing nodes is no longer effective.

According to Theorem 26 and Theorem 27, the dual variable p[u](w) provides a good
estimate of the potential reduction in the objective function if a new kernel node is added
at location w. In practice, we uniformly sample candidate locations from {2 and select the
one with the largest |p[u](w)| that also satisfies |p[u](w)| > . We then compare it with the
dual variables of existing kernel nodes. The selected node, denoted wp 41, is inserted into
the model u = Zf\il cne(-wy) if

plal(nsn)] > max [pful(wn)] (32)
The newly added node is initialized with coefficient cy1 = 0.

We note that this insertion strategy is inherently greedy, as it targets the direction of
steepest local descent in the objective. It is therefore reasonable to incorporate heuristic
modifications to improve performance of the algorithm in practice. Those are discussed in
detail in Appendix A.
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Algorithm 1: Main Algorithm
Input: Initial network u(?)(defined by ¢(©, w(®)) with width N©)
Output: Trained network.

while t < T do
Phase I: Kernel nodes insertion.

Sample (uniformly) {&, }M_, C 2, let p = maxy,, |p(@m)[u?]| and
Wit 41 = arg maxg,, |p(@m)[ul]]
Compute py = max, <<y [p(wh)[u]
if p > max{a,po} then
[N N 1, D ) U {0}, w2 — o0 U iy, }
end
else
| NEY2) = NO) o0+1/2) = o(0) ) (t+1/2) = ()

end

Phase II: Optimize ¢(+1/2) w(t+1/2) simultaneously with a semi-smooth
Gauss-Newton algorithm
Obtain Jgr and then G, DG based on (3.5), (3.6), (3.7).
Compute search direction (2, z,) = 2z = —DG~'G.
Perform a line search of optimal step size and update ¢(t+1/2) ) (t+1/2)
Phase III: Kernel nodes deletion.
Remove nodes with ¢\ /% = 0 (resulting in c**+1, w1 with width
N(t+1))
t=t+1
end

3.2 Semi-smooth Gauss-Newton

The backbone of the three-phase algorithm is the optimization of (¢, w) € RV xRN (d+1) —
RN(4+2) in Phase II. The first order optimality condition yields

—Vi(e,w) = —Jp(c,w)TWR(c,w) € ad. el (3.3)

where Jr(c,w) 1= (V.R(c,w), V,R(c,w)) € REXN(@+2) i5 the Jacobian and de||c|l; =

delcll1 x {0, € RN(@+DY is the extended subdifferential. Instead of using a standard (prox-

imal) gradient descent method, we apply a second order semismooth Newton-type method.
To this end, we utilize the proximal operator of «||c||1, defined as

. 1
Pro,.,(¢) = axgmin, | 5l — gl + eyl -

= (sign(z;) max{|z;| — o, 0})7; .

For notational simplicity, we denote Prox := Prox,.|, in remainder of the text. Using the
proximal operator, the subdifferential inclusion (3.3) is equivalent a root-finding problem:
find (¢, w) such that ¢ = Prox(q) and

G(q,w) = (g — Prox(q), 0) + Vi(Prox(q),w) = 0. (3.5)
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G is referred to as the Robinson normal map, introduced by Robinson (1992). To address
the non-differentiability introduced by the proximal operator, the generalized derivative of
G is calculated in a semismooth context (Pieper, 2015), given by

DG(q,w) = (Id — DP(q,w)) + VZ{(Prox(q),w)DP(q,w) (3.6)

where DP = (D Prox, Id) is the semismooth derivative of the map (¢,w) — (Prox(q),w).
The root-finding problem (3.5) is then solved via descent direction z = —DG~!G, and a
line search strategy is applied to determine the step size. In practice, we approximate the
Hessian of the loss by

VZ(e,w) ~ Jr(e,w) W Jg(c,w), (3.7)

which is standard in Gauss-Newton type methods (Wright, 2006).

Note that, due to the introduction of Robinson variables, we need to set gy for a
newly inserted point in the greedy/boosting step. To obtain cyi1 = 0 and a guarantee
that the variable can be immediately activated with a small stepsize, g1 is set to be
—asign(plu](wn+1)). Moreover, we adopt the convention that DProx(+a) = 1.

We remark that the optimization problem is in general nonconvex, which results both
from when 7 is nonlinear in I, as is the case with nonlinear PDEs, and also the opti-
mization in the inner weights. Moreover, the second order optimization algorithm exhibits
better efficiency than first order methods. We refer readers to Pieper (2015) for a com-
plete discussion of semi-smooth calculus involved here, and additional technical details are
discussed in Appendix A.

3.3 Computational cost

The computational cost of our method primarily arises from evaluating the Jacobian Jgr
as well as dual variables p for sampled weights w. At each iteration, the computational cost
for computing these scales as O(NK) and O(M K) respectively. Given the dependencies
on number of collocation points K, this cost can be effectively reduced by subsampling a
minibatch of collocation points at each iteration, which is widely adopted in the training of
data-driven models.

We note that the computational cost is well controlled by our adaptive kernel node
insertion and deletion strategy, where the network width N is increased only when necessary.
However, N may still become undesirably large when approximating complex solutions (e.g.
high-dimensional solutions without localized features or low effective dimensions). This
issue becomes more obvious in high-dimensional problems as the number of parameters to
optimize also scales with the dimension d. To mitigate this, one may choose, based on their
dual variables, only a subset of {wn}ﬁyzl during each iteration to update.

In this work, however, we do not employ such acceleration techniques and instead use
the most basic version of the algorithm.

3.4 Choice of hyperparameters: penalty weight A\ and regularization
parameter «

In practice, the hyperparameters a and A have a significant impact on solution qual-
ity. The parameter « controls the strength of the ¢; regularization and thus influences
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the compactness of the learned representation. Larger values of a promote sparser kernel
representations, whereas smaller values allow more kernels and may improve accuracy at
the risk of overfitting. For this reason, we often adopt a continuation strategy in a: we
first train with a moderately large value to obtain a stable sparse representation, and then
gradually decrease o while initializing from the previous solution (see Section 4).

The penalty weight A balances enforcement of boundary conditions against the interior
PDE residual. If X is too small, boundary constraints may be under-enforced, resulting in
noticeable boundary errors. Conversely, overly large A may bias the optimization toward
boundary fitting, slowing convergence and potentially degrading overall accuracy. In prac-
tice, we choose A so that the boundary penalty term and the interior residual term remain
comparable in magnitude during training. Additional treatments of boundary conditions
are discussed in the next subsection.

We also note that both parameters are inherently related to the number of collocation
points K. As K increases, the empirical approximations of both the interior residual and
boundary penalty terms become more accurate, and the sensitivity to the precise choice
of o and A is typically reduced. While the analysis in Section 2 clarifies the roles of these
parameters, we do not claim a universal scaling law with respect to K. Designing automated
strategies for tuning o and A remains an interesting direction for future work. A variety
of approaches have been proposed in other settings, including cross-validation, square-root
LASSO, information-theoretic criteria, and heuristic methods such as the L-curve. Their
applicability to the present PDE-solving setting, however, remains to be established.

3.5 Treatment of boundary conditions

We note that our method does not strictly enforce the boundary condition but includes
it as a penalty term in the objective, which is empirical estimation of ||B[uc7w]‘ aDH%Q(aD)‘
While widely adopted, the choice of L?-norm is largely heuristic and not always theoretically
appropriate. In particular, for problems with Dirichlet boundary conditions, it is more
natural to consider a boundary norm consistent with the regularity of the exact solution. For
example, if Dirichlet data u’aD € HY? C L*(0D), as is the case when u € H'(D), merely
penalizing boundary misfit via L?(0D) may be insufficient to enforce the boundary condition
with the appropriate level of regularity. A stricter penalty term such as ||u| P DHJQLIl(a p) can
better incorporate theoretical requirements of the problem and lead to improved numerical
performance.

Even with an appropriate choice of norm, the penalty-based approach remains sub-
optimal. Since it relaxes the boundary condition rather than enforcing it exactly, tuning
the penalty parameter A becomes as mentioned in the above subsection.  Considering
this, alternative approaches to enforcing Dirichlet boundary conditions beyond the penalty
method are of great interest (Lagaris et al., 1998; Sukumar and Srivastava, 2022). For the
homogeneous Dirichlet case, the solution can be parameterized as

N
u(x) = (@) Y entp(w;wn) (3.8)

n=1

where v € C3(D) with v(z) > 0 for € D is a twice continuously differentiable function
that vanishes on the boundary dD. This formulation preserves the theoretical guarantees
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discussed earlier, provided that u(z)/v(x) satisfies the required regularity. More generally,
the method works for any Dirichlet boundary function f : @D — R under the assumption
that f admits an extension f : D — R, f ‘ ap = J that is twice continuously differentiable.
Since such an extension may only exist for smooth domains with f at least twice continuously
differentiable, this limits this approach in practice to functions f where such an extension
can be easily constructed. We may then set u(z) = f(x) + v(z)N(x). The extension
function f and the vanishing function ~ can often be constructed in low-dimensional domains
with simple geometry. However, for complex or high-dimensional geometries, finding such
functions becomes significantly more challenging. While there are interesting data-driven
approaches, their investigation lies beyond the scope of this work and is left for future
research.

3.6 Additional implementation components

We discuss a few additional components for practical convenience here.

3.6.1 CONSTRAINING w

During each Gauss—Newton step, the parameter w = (y,0) may fall outside the pre-
scribed parameter space {2. To ensure that o remains within {2, = (0, omax], we introduce
a parameterization

U(S) = Omin t+ (Umax - Umin)T(s)a (3.9)

where 7 is any increasing bijection from R to (0, 1), typically chosen as the sigmoid function
7(s) = 1/(1 + exp(—s)). The lower bound o,y is usually set to a small positive value (e.g.
1073) rather than 0 to safeguard against numerical instability caused by excessively small
o, though in practice o remains well above this lower bound during training. Occasional
out-of-bounds y is not problematic and rarely observed in practice.

3.6.2 STOPPING CRITERION

The iteration in Algorithm 1 may be terminated when neither the optimization of ex-
isting kernel nodes nor the insertion of new nodes results in a significant descent of the loss
function. Please see Appendix A for more details.

4. Numerical experiments

In this section, we conduct numerical experiments to demonstrate the effectiveness and
versatility of the proposed method. We begin with a semilinear Poisson equation (example
in Section 1.3) as a simple testbed of the proposed method, including exploratory studies on
higher-dimensional PDEs and treatment of boundary constraints. Next, we use our method
to solve a regularized Eikonal equation, where we also investigate the convergence behavior
of numerical solutions to the unique viscosity solution. Finally, we consider a spatial-
temporal viscous Burgers’ equation, where our method is coupled with a time discretization
scheme.

We begin by outlining some common settings and evaluation metrics used across all
experiments.

33



SHAO, PIEPER, AND TIAN

Table 1: Evaluation Metrics

Metric Definition

L? error  L? error between numerical and exact solutions estimated on test grid.
L error Maximum absolute error between numerical and exact solutions on test grid.

N

L (Train) Empirical loss evaluated on training collocation points.

A

L (Test) Empirical loss evaluated on test grid.
#Kernels Number of kernels/feature functions used in the numerical solution.

Settings and evaluation metrics

In all numerical experiments, we use the following generic settings:

o Weset s =d+ 24 0.01 in the feature function, i.e.,

( ) 02.01 < Hx — yH%)
olr;w)=—exp| ————=|.
(\/27r)d 20°

This fulfills the requirement for theory developed in Section 2.

e We set 7(s) = 1/(1 + exp(—s)) and (0min, Omax) = (1073,1) in all experiments in the
parameterization of o given by (3.9).

e M = 10* candidates feature functions will be sampled from (2 in Phase I of each
iteration.

e We use an empty network as the initialization of Algorithm 1 unless otherwise speci-
fied.

In addition, all algorithmic components are implemented in Python using JAX!, executed on
a 2023 Macbook Pro with Apple M2 Pro chip (16GB memory) using CPU-only computation.
Training times typically range from 30 seconds to several minutes. In all the following
experiments, double-precision (float64) arithmetic is used. However, the method is, in
general, compatible with single-precision (float32) computations as well.

We evaluate the numerical solution 4 using several metrics (see Table 1). These include
the L? and L> errors with respect to the true solution w, both estimated on a finer test
grid. To assess the impact of the regularization term in preventing overfitting, we also
report the empirical loss L, computed on both the training collocation points and the test
grid. In addition, we record the number of kernels used in the solution to indicate the level
of sparsity.

The Python codes associated with the examples tested in this section can be accessed
from the GitHub repository https://github.com/EddyShao/SparseKernelPDE

1. JAX is used here mainly for auto-differentiation, yet all derivatives can also be directly implemented
from their analytical forms.
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4.1 Semilinear Poisson equation

We use a semilinear Poisson equation in (1.13) as a simple testbed for our method. We
begin with a 2D equation where the exact solution features two steep bumps. We then
test our approach in a 4-dimensional problem to explore its capability in handling higher-
dimensional equations. Finally, we discuss treatment of boundary conditions, including the
mask function technique introduced in the Section 3.5. In all following numerical experi-
ments, we prescribe D = [—1,1]¢ C [~2,2]¢ = 2, where d is 2 or 4.

4.1.1 2D EQUATION

We prescribe the exact solution v : D C R? - R as
u(z) = v(x;cr, ki, R1) + v(x; 2, ko, Ra), (4.1)
where

v(x;e, k, R) = tanh (k (Rp — |z — ¢|)) + 1,

¢ = (0.3, 0.3),
C2 = —Cy,
(k1, ko) = (4, 12),
(R1, Rs) = (0.30, 0.15)

The source terms fe and fz in the formulation of the example in Section 2 are then com-
puted accordingly. Here v is constructed as a bump with center at ¢ € R? and steepness
parameterized jointly by R and k. The exact solution u then possesses two bumps with
distinct steepness (see Figure 2a). In particular, the multi-scale steepness poses difficul-
ties for the GP method, where the position of the RBF kernel is prescribed with a fixed
shape parameter. To see this, we tested GP method with different shape parameter (o in
k(z,x') = exp(—%)) and observed significant volatility in the results (see Figure 2b).
Moreover, different kernel widths might attain maximum absolute error at the center of
2 steepness bumps, respectively, indicating that the single fixed kernel shape parameter o
faces the challenges of handling distinct steepness simultaneously.

We then solve the PDE using proposed method with penalty parameter A = 103 in
the formula of L to enforce the boundary condition and regularization parameter o« =
1072,1073. Convergence of loss and growth of the number of kernels are shown in Fig-
ure 2c. In practice, we solve case with a = 1073 using the solution obtained with ov = 1072
as initialization. This strategy largely saves computational time and results in better per-
formance occasionally (see Appendix A.4 for more details). The error contours are shown in
Figure 2d. We also visualized the positions and shape parameters of learned kernel nodes
{wn}, observing that most of the kernels cluster at the location of the sharp transition.
This shows our algorithm can capture localized structure and sharp transitions around the
bumps.

We further test the proposed method with a wider range of & and number of collocation
grid points K. We compare the results with the GP method with a range of kernel shape
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G ian Process: Error vs. Kernel Shape Parameter o
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Figure 2: Numerical results using Sparse RBFNet (our) and Gaussian Process (GP) on
solving a semilinear Poisson equation: (a) Exact solution; (b) Error of solutions obtained
by the GP method with different kernel shape parameters; (c) Convergence of loss and
growth of number of kernels (regularization parameter a = 1072); (d) Error contours of
our method. Each x represents the location parameter y,, of a learned kernel node, and the
dotted circle around has radius o, (very few kernel nodes outside of D are omitted).

parameter o, evaluated with metrics listed in Table 1. Results are shown in Table 2. We see
that our method effectively finds a sparse and accurate solution without searching optimal
o as necessary in Gaussian Process method. Meanwhile, decreasing o does not always lead
to improved solution accuracy, especially when collocation points are relatively sparse in
the domain. In such cases, the empirical loss L on the test grid is drastically larger than
its estimate on the collocation points, suggesting overfitting. This shows the significant
role of the regularization term in preventing overfitting, in addition to obtaining a sparse
representation of solutions.

We remark that grid collocation points are used in the above experiments. Using ran-
dom collocation points negatively affect the performance of both methods (See Table 6 in
Appendix B). In general, the performance of our method is unfortunately sensitive to the
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Table 2: Errors, residual loss, and number of kernels for Sparse RBFNet and GP using
grid collocation points. Case with a = 1073(107%) is solved with solution obtained by
a = 1072(1073) as initialization. Test results are evaluated on a 100 x 100 grid in D. All
results are averaged over 10 runs.

Sparse RBFNet Gaussian Process

K
(Kq, K>) Metric a=1e—-2 a=1le-3 a=1le—-4 =005 0=0.10 0=0.15

L? error  1.05e—1 8.94e—2 8.42e—2 5.29¢e—1 3.89¢—2 3.62e—2
L% error 2.52e—1 2.23e—1 2.24e—1 2.02e+0 2.64e—1 2.4le—1

~

20 L(train) 4.78¢+0 7.18e—2 1.69¢—3 - - -
(324,76) 7 _ _ -
L(test)  6.56e+1 5.89e+1  5.82e+1
#Kernels 46 65 86 400 400 400

L? error  4.99e—2 1.98¢—2 1.77e—2 4.89e—1 1.32e—2 nan
L error 9.04e—2 5.35e—2 4.87e—2 1.96e+0 1.14e—1 nan

30 L(train) 1.50e+1 2.4le—1 6.00e—3 - - -
(784,116)  F(test) 1.77e+1 6.81e+0  6.88e+0 - - -
#Kernels 68 83 102 900 900 900

L? error  4.37e—2 1.22e—2 1.08e—2 6.40e—3  nan  6.53e—1
L™ error 8.47e—2 4.51le—2 4.52¢—2 7.07e—2 nan 1.81e+0

50 L(train) 1.82e4+1 5.57e—1 3.73e—2 - -
(2304,196)  [(test) 1.75e+1 2.15e+0  1.59e+0 ~ — ~
#Kernels 72 104 125 2500 2500 2500

uniformity of the collocation points. This negative impact is attributed to the increased
gap between I/gl, ué% and vp, vgp, which further corrupts the empirical residual loss.

4.1.2 4D EQUATION

We now consider the same equation in 4D as an exploratory example of solving higher-
dimensional problems with the proposed method. We set D = [—1,1]* C [~2,2]* and exact
solution u be prescribed as

4
u(x) = [[ sin(raq) (4.2)
d=1

with source term and boundary conditions computed accordingly.

We fix A = 3000 use grid collocation points K = 6%, 8% with o = 1073, 10~ respectively.
The results are shown in Table 3. While obtaining sparse and accurate solutions, our method
effectively prevents overfitting. When there is not a sufficient number of collocation points
(e.g., K = 1296), decreasing regularization parameter o might lead to severe overfitting
(I:test > ﬁtrain). This results in degraded accuracy even though significantly more kernel
nodes are inserted compared to the case with a larger a.

We highlight several key advantages of our method for solving equations in high-di-
mensional spaces compared with other methods. First, by employing a shallow network
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Table 3: Errors and residual loss of numerical solutions to a 4D semilinear Poisson equation
using grid collocation points. Test results are evaluated on a grid of 20* in D C R*. All
results are averaged over 10 runs.

K (K1, Ky) 1296 (256,1040) 4096 (1296,2800)
a 1073 1074 1073 1074

L? error  1.75e—1 2.31e—1 1.45e—1 5.71e—2
L error 2.39e—1 4.55e—1 1.90e—1 7.69¢—2

L(train)  3.93e4+0 3.60e—1 7.06e+0 9.19e—1

L(test) 1.03e+1 1.78e+1 6.27e+0 1.30e+0
#Kernels 173 239 204 365

with smooth feature functions instead of a multi-layer perception (MLP) as is often used in
other PINN-based methods, all required derivatives can be computed analytically. This is
especially beneficial when computing higher-order derivatives, as it eliminates the need to
construct large computational graphs for automatic differentiation or to rely on Monte
Carlo-based estimations, thereby reducing both memory usage and computational cost
(Sirignano and Spiliopoulos, 2018). Second, our method offers greater flexibility compared
to GP methods. In a GP formulation, the number of trainable/optimizable parameters
scales as O(K), resulting in substantial computational cost for operations such as Cholesky
factorization of a matrix of size O(K) x O(K). Since a large number of collocation points
K is typically required to learn complex solutions in high-dimensional spaces, this poses a
significant computational bottleneck and requires the use of mini-batch techniques (Yang
and Owhadi, 2023; Tran-Dinh et al., 2020). In contrast, our method inserts new kernel
nodes/feature functions only when necessary, thereby keeping the number of trainable (op-
timizable) parameters manageable, usually much fewer than collocation points. Lastly, the
regularization term in our method effectively prevents overfitting, which is particularly im-
portant when collocation points are relatively sparse in the domain, as this is often the case
in high-dimensional problems. We emphasize that, however, these advantages are most
pronounced where the solution admits additional low-complexity structure (e.g., localized
features or low effective dimensionality), so that accurate approximations can be achieved
with relatively few active kernels. As with other kernel-based methods, we do not claim to
overcome the curse of dimensionality in fully generic unstructured settings.

4.1.3 BOUNDARY CONDITIONS TREATMENTS

We now offer a numerical experiment on the discussion of the treatment of boundary
conditions in Section 3.5. We now consider the same equation in 2D but with exact solution
prescribed as

u(x1,xe) = sin(mxy) sin(mwe) + 2 sin(27wz ) sin(27ws).

This function was selected for its nontrivial boundary behavior (see Figure 3a), making it
a suitable testbed for various boundary condition treatments. We set o = 1073, K = 400
grid points and solve the equation with A = 107!, 10% 10',102%,103,10*. We use both
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Figure 3: Numerical results of different treatments of boundary conditions. (a) Exact
solution u(z1,z2); (b) Error and convergence speed — penalty coefficient A (results are
averaged from 10 runs); (c) Error contour of solutions with L2-type loss, H!-type loss, and
“mask” function for boundary conditions. Each *x represents the location parameter g, of
a learned kernel node, and the dotted circle around has radius o,. The contour plots are
taken from a single run, while the reported number of iterations, L? error and L> error are
averaged over 10 runs.

the L2(0D)-type loss and H'(9D)-type loss mentioned in Section 3.5 to enforce boundary
conditions. As is shown in Figure 3b, increasing A leads to higher-quality solutions. Notably,
solutions trained with H'-type loss achieve comparable accuracy to L?-type loss with a
much smaller A, which is of practical significance since a larger A requires substantially
more iterations for convergence.

We remark that a larger A does not always lead to improved solutions in practice,
even when sufficient iterations are allowed for convergence. A key contributing factor is the
potential overfitting to boundary data, as the regularization effect of the a|c||; term may be
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Table 4: Errors and residual loss of numerical solutions to the regularized Eikonal equation
(e = 0.10) using grid collocation points with spatial mask vy(x) = (1 — 2%)(1 — 23). Test
results are evaluated on a 100 x 100 grid in D. All results are averaged over 10 runs.

K =400 (324,76) K =900 (784,116) K = 2500 (2304, 196)
Metric 10~4 10— 10~8 104 10-6 10~8 10~¢4 10— 10~8

L? error 1.94e—2 2.97e—3 3.99e—3 1.94e—2 1.43e—3 8.7le—4 1.95e—2 1.20e—3 1.9le—4
L*> error 3.04e—2 6.50e—3 7.43e—3 2.98e—2 5.7le—3 1.90e—3 2.97e—2 5.28e—3 1.28e—3

L(train) 9.40e—3 2.66e—4 1.30e—6 1.10e—2 5.13e—4 1.35e—5 1.24e—2 7.85e—4 6.0le—b

L(test) 1.39e—2 3.07e—3 3.91e—3 1.36e—2 1.67e—3 5.70e—4 1.36e—2 1.23e—3 1.94e—4
#Kernels 15 61 81 14 71 89 13 88 115

diminished when A becomes excessively large. This suggests that the number of boundary
collocation points K2 may need to be increased in proportion to A to maintain a proper
balance between boundary data fitting and regularization. To address this challenge, the
“mask” function trick introduced in Section 3.5 can solve this difficulty as it avoids using a
penalty method at all. With v in (3.8) set to be v(z) = (22 — 1)(2% — 1), we obtain a more
sparse and more accurate solutions within much fewer iterations (see Figure 3c).

4.2 Eikonal equation

We consider the regularized Eikonal equation with homogeneous Dirichlet boundary
condition

IVu(z)|? + eAu(z) = f2(x) Ve € D
u(z) =0 Vx € 0D

where D = [~1,1]2 C [-2,2]2 = 2, f =1, and € € R, In this case, [u] = |Vu|+ eAu — f?
and Blu] = u. We first set ¢ = 0.1 and use K = 30% (K; = 784, Ky = 116) grid collocation
points, with a = 107 and a = 1075 respectively. Resulting error contours? are shown in
Figure 4b. Our method obtains a highly sparse representation of the solution, with kernel
nodes concentrated along the diagonals and the center where the solution undergoes sharp

transitions. Results with a wider range of K and « are shown in Table 4.

We then check the convergence towards the unique viscosity solution as ¢ — 0. The
unique viscosity solution in this case is uyisc = dist(z,0D) = min(1 — |z1|,1 — |z2|). We
solve the Eikonal equation with ¢ = 0.5,0.1,0.05,0.01 respectively with K = 30% grid
collocation points with mask function v(z) = (1 — 22)(1 — #3) and o = 1075. We observe
that our method shows excellent convergence behavior as e approaches 0 (see Figure 5). As
the solution becomes increasingly non-smooth near the diagonals, kernel nodes adaptively
cluster in these regions, capturing the sharp transition of the solution.

2. Exact solution is obtained using finite difference method with transformation v = —elogv (Same as
Chen et al., 2021) with 2000 uniform grids in each dimension of D.
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Figure 4: Numerical results of regularized Eikonal equation (e = 0.10). (a) Exact solution
u(z1,z2), € = 0.10; (b) Error contour of numerical solutions with regularization parameter
a =10"%,10"%. Each % represents the location parameters v, of learned kernel nodes, and
the dotted circle around are of radius o,,.

4.3 Viscous Burgers’ equation

We now consider the viscous Burgers’ equation

Opu 4 udpu — 0.020%u = 0, Y(t,z) € (0,1] x (=1,1)
u(0,x) = —sin(mz)

u(t,—1) =wu(t,1) =0

Instead of using a spatial-temporal formulation as in Chen et al. (2021); Raissi et al.
(2019), we employ a simple (fully) implicit backward Euler method for time discretization,
which not only reduces the dimension of the problem but also alleviates the difficulty of
selecting appropriate penalty parameter A that simultaneously balances initial and bound-
ary conditions. The resulting algorithm solves an array of one-dimensional equations for
{u}_, (N = [4;]) sequentially starting from u® = u(0, ). To specify, we use Algorithm 1
at each time step n with the residuals

n__ ,n—1
EMu"] = % + u"Opu" — vd*u"

B"[u"] == u".

We set At = 0.01, o = 107* and fix K = 40 grid collocation points in space domain
D, =[-1,1] C [-2,2] = 2, for each solve of u™. The mask function technique introduced
in Section 3.5 is used to enforce u"(£1) = 0 (with v(z) = (z + 1)(x — 1)). {u™} is then
solved sequentially, with 4" initialized as u™~! for n > 2 3. Convergence plots of u" for
n = 1,20,50,80 are shown in Figure 6a. We remark that our sequential solving of u"
benefits tremendously from transfer learning: since the solution is continuous in time, it

3. In practice, we solve scaled equation i.e. u™ — u™ "' 4+ At(u"du"™ — vdZu™) = 0 for some implementation
convenience, in which a needs to be scaled as At2q.
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Figure 5: Convergence of numerical solution to viscosity solution uyisc(z) = dist(x,dD) =
1 — max(|z1], |x2|) as € — 0. (a) Solution surfaces (shadow in the background represents
viscosity solution); (b) Error contours with shrinking e. Each x represents the location
parameters y, of learned kernel nodes, and the dotted circle around are of radius o,. The
contour plots are taken from a single run, while the reported L? and L™ errors are averaged
over 10 runs.

is natural to initialize u™ as «™ ! trained in the last iteration, which effectively reduces
number of iterations required for convergence. After obtaining {u, }, the numerical solution
is extended to the entire domain D via linear interpolation. The error contour, together
with three slices of exact and numerical solution, is shown in Figure 6b and Figure 6d. We
also observe a rapid increase in the number of kernel nodes between ¢ = 0.2 and ¢ = 0.5,
corresponding to the formation of a shock wave. During this period, the network faces
increased difficulty in approximating the steepening solution, prompting the insertion of
more kernel nodes. This behavior further highlights the adaptivity of our method.

We then test with regularization coefficient o« = 1073,107% and time stepsize At =
0.1,0.01 (see Table 5). As is typical in backward Euler type methods, a smaller regular-
ization parameter « is preferred to obtain a more accurate solve of each u", preventing
significant error accumulation between time steps.
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Figure 6: Viscous Burgers equation solved by Sparse RBFNet coupled with fully implicit
time discretization. (a) Convergence of loss for selected u" (regularization parameter o =
10~%); (b) Error contour (regularization parameter o = 107%); (c¢) Growth of number of
kernels in the network during time steps (At = 0.01) for regularization parameter o =
1073,107* (results averaged from 10 runs); (d) Time slices of exact and true solution at
time ¢ = 0.15,0.50,0.85 (regularization parameter a = 10~*). The size of  is proportional
to the bandwidth of an individual kernel.

We briefly discuss the expected behavior in the small-viscosity regime. As the viscosity
(set to 0.02 in the above experiment) decreases, the solution develops a sharper shock wave,
which requires more kernels to resolve the steep transition. The increased number of kernels
typically leads to a more ill-conditioned Gauss—Newton system and a more challenging
optimization, resulting in degraded performance. Moreover, since we employ a classical
time discretization, smaller viscosity generally necessitates a finer time step, as is common
in convection-dominated problems. In this regime, refined time discretization schemes (e.g.,
higher-order backward differentiation or adaptive stepping) could also be incorporated to
further improve accuracy (Chen et al., 2025). Moreover, we observe that the small-viscosity
regime requires a substantially larger number of collocation points (K) to resolve the sharper
shock, analogous to the reduced mesh size requirement in classical numerical methods (see
Appendix D). These observations suggest that, despite being mesh-free, the method still
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Table 5: Errors and number of kernels for the viscous Burgers’ equation with different
combinations of time step At and regularization parameter «. Numerical solution {u"} is
extended to the entire D by linear interpolation. Test results are evaluated on a grid of
120 x 120 in D. The empirical residual loss L is not accessible because some test points
do not lie on the discretized time steps. The number of kernels shown in the table is first
averaged between time steps. All results are averaged over 10 runs.

At 0.10 0.01
a 1073 1074 1073 10~4

L2 error  9.79¢e—2 5.42—2 1.16e—2 6.03e—3
L*>® error 3.39e—1 1.73e—1 5.55e—2 1.93e—2
#Kernels 9 17 15 16

exhibits a resolution constraint when approximating highly singular solutions. While valid,
these points are beyond the scope of the present work and are left for future investigation.

5. Conclusion and discussion

We have developed a sparse kernel/RBF network method for solving PDEs, in which
the number of kernels, centers, and the kernel shape parameter are not prescribed but are
instead treated as part of the optimization. Sparsity is promoted via a regularization term,
added to the customary weighted quadratic L? loss on both interior and boundary. Theo-
retically, we extend the discrete network structure to a continuous integral neural network
formulation, which constitutes a Reproducing Kernel Banach Space (RKBS). We establish
the existence of a minimizer in the RKBS for the regularized optimization problem. Under
additional assumptions, the minimizer has proven convergence properties towards the true
PDE solution when the number of collocation points K — oo and the regularization pa-
rameter @ — 0. Notably, we prove a representer theorem that guarantees the existence of a
minimizer expressible as a finite combination of feature functions (i.e., Gaussian RBFs) with
a bounded number of terms. Computationally, we develop Algorithm 1 which effectively in-
tegrates the network width N into the optimization process through an iterative three-phase
framework that alternates between optimization w = (y, o) via a Gauss-Newton method and
nodes insertion/deletion. Here, the insertion is guided by the dual variable derived from the
first-order optimality condition. This dual variable, defined for each candidate kernel node
w, serves as an effective estimate of potential reduction in the loss function upon insertion
into the network. We validate the proposed algorithm on a semilinear equation, an Eikonal
equation, and a viscous Burgers’ equation, demonstrating its ability to produce sparse yet
accurate solutions across a range of problem settings. Furthermore, the regularization term
not only promotes sparsity in the learned solution but also plays a crucial role in preventing
overfitting. Overall, our method lays a promising foundation for the development of flexible,
scalable, efficient, and theoretically grounded neural network solvers capable of handling a
wide range of PDEs with complex solution behaviors.
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We note that the analysis of existence and the representer theorem for minimizers is
conducted within the RKBS V associated to the kernel/feature function, and therefore
depends critically on its characterization. In the subsequent work Shao et al. (2026), we
obtained a precise characterization of V as Besov space By ;. This characterization applies
to a broad class of kernels beyond Gaussian RBFs (e.g., Matérn kernels). In addition,
anisotropic kernels, where the shape parameter is given by a matrix rather than a scalar,
offer more degrees of freedom to capture directional features in PDE solutions, making them
a promising choice for achieving sparser representations. Moreover, current convergence
analysis is based on the interplay between solution space U, source function space F, and
L? space induced from the loss/objective function. To better reflect the underlying problem
structure and thereby improve error analysis, it would be beneficial to develop PDE-specific
loss functions that align more closely with the regularity or other properties of U/ and F.
Additionally, our theoretical estimate on the number of terms in the representer theorem
is likely pessimistic; in practice, the sparse minimization yields significantly fewer active
feature functions. Understanding this gap theoretically is an interesting direction.

Further improvement of the computational algorithm can be achieved as well through
the usage of kernels and loss functions that better capture features and regularity of both
the solution and source function data. For instance, the effectiveness of a well-chosen loss
function is exemplified in Section 4.1.3 in which H'(9D) is used in place of the usual L?(9D)
for boundary constraints. Additionally, as the computational cost of our method scales with
the number of collocation points K, number of kernel functions N, and problem dimension
d, it is natural to consider a doubly adaptive sub-sampling framework, where only a subset
of the kernel parameters is updated with only a mini-batch of the collocation points at each
iteration. While the use of mini-batches of training data is standard in the machine learning
literature, incorporating it with partial kernel weights update (usually known as block
coordinate descent method (Wright, 2015; Xu and Yin, 2013)) requires further theoretical
justification and algorithmic design. Nevertheless, this strategy can significantly improve
the computational efficiency of the algorithm, particularly in cases where large K and N
are required to capture complex solution geometries, which is common in high-dimensional
PDE problems. In Shao et al. (2026), we have also extended the framework to equations
involving the fractional Laplacian, providing a preliminary demonstration of its applicability
to nonlocal problems (Burkardt et al., 2021; D’Elia et al., 2020; Guo et al., 2022). Several
components of that extension, including sampling strategies and accurate implementation
of boundary conditions, remain to be further developed. Extensions to inverse problems and
to broader classes of nonlocal and fractional equations therefore continue to be promising
directions.
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Appendix A. Optimization Algorithm

We provide additional implementation details for Algorithm 1.

A.1 Phasel

As mentioned earlier, we introduce several optional heuristic modifications to the inser-
tion step.

A.1.1 INSERTION THRESHOLD

While the threshold for insertion, which is the dual variable, only characterizes the
descent magnitude by optimizing ¢, we couple it with V,, L. The threshold of insertion
(right-hand side of (3.2)) is then

 max {[plul(wn)] +nllVy, L)}
The additional term is based on the fact that we also gain descent by updating y, of
preexisting nodes. In practice, this largely alleviates the possibility of having a cluster of
nodes at a certain location (since the candidate nodes neighboring to preexisting ones are
very likely to be inserted since their dual variables are high due to the algorithm). The choice
of 1 is not critical and is typically fixed to be 0.01. For the Burgers’ equation experiment
in Section , however, we set n = 0.1 as we observed clustering of nodes otherwise.

A.1.2 LOOSENING INSERTION CRITERION

As mentioned earlier, the scheme of inserting new feature functions is essentially greedy.
To accelerate convergence, we may need to relax the criteria for nodes insertion, especially
during early iterations in which the learned solution is not close to the true solution. One
option is to add a shrinking coefficient to the threshold, but tuning this coefficient is often
nontrivial. We adopt a Metropolis-Hasting style criterion, in which a candidate node wy 1
is accepted with probability

(,max_|plul(wn)| = |plul(wn+1)])} (A1)

b — inl1 -
r(wy+1) = min{l, exp( T - Rlu] 1<n<N

where 7' is a positive constant and R[u] is the relative error serving as an annealing term.
This scheme admits more plausible points when the current approximation is far from the
solution. In practice, we choose T' x —log v as a smaller « usually leads to more nodes in
the end.

A.2 Phase II

A.2.1 LEVENBERG-MARQUARDT TYPE CORRECTION TERM FOR INVERTABILITY

To ensure invertability DG, we add the following correction term to approximated Hes-
sian V2/.

Cor = 01XHWRH1dla'g{€7 sy 6y ‘Cl‘a SRR |Cl|7 |02|7 EERE) ‘02’7 SRR ‘CN|7 T ’CN’} S RN(dJrZ)XN(dJrQ)
~—— ——

N d+1 d+1 d+1
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Figure 7: Convergence of residual loss for a = 103 with/without pretraining.

and
V20 ~ JpW Jg + Cor

A.2.2 LINE SEARCH

As is customary in Gauss-Newton algorithm, we do a line search of optimal step size.
We shrink step size 6, by 2/3 each time, starting from # = 1, until the actual descent is
within trust-region, which is set to be

Actual Descent < h x Estimated Descent = hG” (DP z).

where h € [1/5,1/3]. In all numerical experiments in Section 4, we set h = 1/5.

A.3 Stopping Criterion
We stop the iterations if

Estimated Descent < € and [p[u](wuy,, )| — a <,

which represent both insertion of new nodes and optimization of existing nodes cannot incur
obvious descent to the loss function. e is usually taken between [1075,1073].

A.4 Pretraining

As mentioned earlier, we may initialize training using solutions obtained with a larger
regularization parameter . This strategy often reduces computational cost and can occa-
sionally yield higher-quality numerical solutions. For example, when solving the semilinear
Poisson equation in Section 4.1 with K = 300 and o = 1073, we initialize the network using
the solution computed with o = 1072, In this case, such pretraining significantly reduces
the overall computational cost (even when accounting for the training effort at a = 1072)
and achieves a smaller residual (see Figure 7). This pretraining technique is of considerable
practical importance and warrants further theoretical justification and algorithm develop-
ment.
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Table 6: Errors, residual loss, and number of kernels for Sparse RBFNet and GP using ran-
domly generated collocation points (in comparison to Table 6). Case with o = 1073(107%)
is solved with solution obtained by o = 1072(1073) as initialization. Test results are eval-
uated on a 100 x 100 grid in D. All results are averaged over 10 runs. For the Gaussian
Process method, we retain the data even if some runs diverge due to random sampling.

Sparse RBFNet Gaussian Process

K
(Ki,K3) Metric a=1le—2 a=1e-3 a=1le—4 0¢=0.05 ¢=0.10 ¢ =0.15
L? ertror  7.16e—1  7.30e—1  7.30e—1 5.20e—1 4.79e—1 7.62e—1
L% error 1.51le+0  1.55e+0  1.54e+40 2.03e+0 2.11e+0 3.96e+0
400 L(train)  4.75¢+0  9.65¢—2  2.80c—3 - - -
(324,76)  F(test) 2.63e+2 2.56e+2  2.55e+2 - - -

#Kernels 46 75 87 400 400 400

L? error 2.9le—1 2.90e—1 2.78e—1 5.27e—1 3.63e—1 &.15e—1

L error 6.77e—1 6.84e—1 6.6le—1 2.08e+0 1.55e4+0 5.42e+0
900 L(train) 1.16e4+1 2.64e—1 7.25e—3 - - -
(784,116)  [(test)  9.65e+1 7.84etl  7.52e+1 - - -

#Kernels 58 108 135 900 900 900

L? error  8.89e—2 4.73e—2  3.88e—2 4.97e—1 3.54e—1 4.02e—2

L*>® error 2.30e—1 1.34e—1 1.17e—1 2.34e+0 4.76e+0 8.73e—1
2500 L(train)  1.82e4+1 6.82e—1  3.49¢—2 - - -
(2304,196) [ (test) 3.48e41 T.13e4+0  3.93e4+0 - - -

#Kernels 68 117 155 2500 2500 2500

Appendix B. Choice of collocation points

We observe that when randomly generated collocation points are used, the performance
of our method degrades. Here we include the results for the semilinear Poisson equation in
Section 4.1, also with comparison with the Gaussian Process method (see Table 6).

There are several possible reasons for this decay in accuracy

1. In this particular case, both our method and the Gaussian Process method have a
significant drop in performance. This is likely due to the sampled collocation points
failing to adequately capture the sharp transitions in the exact solution.

2. With random points that cluster, overfitting might occur more rapidly at different
parts of the domain, which may lead to non-useful kernel points being added in the
insertion process.

In practice, it is crucial for a method to perform reliably when using randomly selected
collocation points. However, achieving comparable coverage to uniform or quasi-uniform
grids typically requires a substantially larger number of random points as observed in var-
ious numerical contexts. This underscores an important direction for future research on
improving robustness and efficiency under random sampling.
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Appendix C. Besov space characterization
In this section, we characterize the RKBS norm in terms of a classical function space
norm.

Theorem 28 Consider the unrestricted dictionary 2 = R? x (0, Omax] With omax = 1.
Then, for the corresponding space

V—V(Rd)—{u(x)—/go(xw dp(w ‘NEM(Q)}
(9}
there is a continuous embedding of the Besov space Bil(Rd) (as defined in, e.g., Sawano,

2018, Section 2.1.1) into V.
Proof Let u € Bil(Rd). Thus, it can be decomposed as

[o.¢] o
w=uo+ Y uj with ug = $(2)u, uj = ¢;(Z)u and || fl|p;, = luollr+Y_ 2 *|lujllzr < oo;
j=1 j=1

see Sawano, 2018, Section 2.1.1). Here, ¢: R — [0,1] is a function in C°(R%) with
(4

XB1(0)(§) < (&) < XBy(0)(E)

and ¢; = ¥; — j_1, where 1;(§) = (277¢). Moreover, for any such function ¢ (or ¢;)
the symbol ¥(2) denotes the multiplication in Fourier space ¢(2)u = F~1[¢) - F[u]], where
(¥ - Flu])(§) = »(§)F[u](£)

Next, we show that every u; can be represented as a convolution with a Gaussian
¢;(z) = 2995(2/x) with scale oj = 277 in the form

uj = ¢; % p;  with pu; € L'(RY). (C.1)

We argue this by defining the Fourier transform of ¢; as g; = F@; with g;(&) = go(277€)
and

g = [hj+1/9i1(2)u;
The multiplier ¢;1/g; is C* and compactly supported, and thus its inverse Fourier trans-
form gp}l = F 1 (¢¥j+1/g;) is in L}(R?). Due to 90;1(3:) = 2jd¢;1(2jx) the L' norm is
independent of j and equal to a constant ¢, which implies
Il = N1/ 90 P)ujllpr = ;% ugllr < ellugllpr

Moreover, due to g;1j4+1/gj * ¢; = ¢; and gow1/go * 1 = 1), we have (C.1) as claimed. Now,
we define the measure

0) = 07580, ()i (y) dy = > 2956, (o)1 () dy.
j=0 Jj=0

We can directly verify that u = Ny and

o o
[ullymay < lullare) = ZQJSHMHU < CZ2JSHMJ'HL1 = cllullg; , ra)-
=0 =0
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(c) (d)

Figure 8: Small-viscosity Burgers equation (¥ = 0.002): comparison of solution slices with
different numbers of collocation points (K). All results are obtained using time step At =
0.01 and regularization parameter o = 107%. (a) K = 40; (b) K = 80; (c) K = 200; (d)
K = 400. The size of each x indicates the bandwidth of the corresponding kernel.

Appendix D. Burgers equation with small viscosity

We briefly discuss the behavior of the proposed method for the viscous Burgers equation
in a more challenging small-viscosity regime. We consider the same problem as in Section 4.3
with a general viscosity parameter v:

Opu 4 udpu — vd*u = 0, Y(t,x) € (0,1] x (=1,1)
u(0,2) = —sin(mwz)
u(t,—1) =wu(t,1) =0.

In Section 4.3, the viscosity is set to v = 0.02. As v decreases, the solution develops a much
steeper shock, making the approximation significantly more challenging. We solve the
equation with v = 0.002 using the same time step At = 0.01 and regularization parameter
a = 107%. All other settings remain the same as in Section 4.3. Figure 8 compares results
with different numbers of collocation points K = 40, 80, 200,400. We observe that, as the
viscosity decreases, substantially more collocation points are required to resolve the sharper
shock. In particular, the solution improves significantly when increasing K from 40 to 200,
while the additional gain from K = 200 to K = 400 is relatively modest, indicating that a
sufficient spatial “resolution” has already been reached.
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