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Abstract

In two-time-scale stochastic approximation (SA), two iterates are updated at varying speeds
using different step sizes, with each update influencing the other. Previous studies on linear
two-time-scale SA have shown that the convergence rates of the mean-square errors for
these updates depend solely on their respective step sizes, a phenomenon termed decoupled
convergence. However, achieving decoupled convergence in nonlinear SA remains less
understood. Our research investigates the potential for finite-time decoupled convergence in
nonlinear two-time-scale SA. We demonstrate that, under a nested local linearity assumption,
finite-time decoupled convergence rates can be achieved with suitable step size selection.
To derive this result, we conduct a convergence analysis of the matrix cross term between
the iterates and leverage fourth-order moment convergence rates to control the higher-order
error terms induced by local linearity. To further investigate the necessity of local linearity
for decoupled convergence, we also construct an example showing that, even when the
fast-time-scale update is linear, the nonlinearity of the slow-time-scale update alone can
destroy decoupled convergence.

Keywords: two-time-scale stochastic approximation, finite-time convergence, decoupled
convergence

1. Introduction

Stochastic approximation (SA), initially introduced by Robbins and Monro (1951), is an
iterative method for finding the root of an unknown operator based on noisy observations.
This method has gained substantial attention over the past few decades, finding applications
in stochastic optimization and reinforcement learning (Kushner and Yin, 2003; Borkar,
2009; Mou et al., 2020, 2022, 2023; Li et al., 2023b,a). However, certain scenarios require
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managing two iterates updated at different time scales using varying step sizes. Examples
include stochastic bilevel optimization (Ghadimi and Wang, 2018; Chen et al., 2021; Hong
et al., 2023), temporal difference learning (Sutton et al., 2009; Xu et al., 2019; Xu and Liang,
2021; Wang et al., 2021) and actor-critic methods (Borkar and Konda, 1997; Konda and
Tsitsiklis, 2003; Wu et al., 2020; Xu et al., 2020). These cases highlight the limitations of
traditional SA and underscore the need for a two-time-scale SA approach to better capture
the complexities involved.

In this paper, we study the two-time-scale SA (Borkar, 1997), a variant of the classical
SA algorithm, designed to identify the roots of systems comprising two coupled, potentially
nonlinear equations. We focus on two unknown Lipschitz operators, F : R% x R% — R%
and G : R% x R% — R%, with the aim of finding the root pair (z*,y*) satisfying

{F(x*,y*) =0,

G(l‘*, y*) =0. (1)

Given that F and G are unknown, we assume access to a stochastic oracle that provides
noisy evaluations of F(z,y) and G(z,y) at any input pair (z,y). Specifically, for any x
and y, the oracle returns F(z,y) + & and G(z,y) + ¥ where £ and v represent noise
components. Utilizing this stochastic oracle, we apply the nonlinear two-time-scale SA to
solve the problem defined in (1) by iteratively updating estimates x; and y; for * and y*,
respectively, as follows

g1 =2 — oy (B, 90) + &) (2a)
Yir1 = Yt — Be (G(ze,ye) + 1) (2b)

where zo and o are initialized arbitrarily in R% and R%. The noise components & and 1
are modeled as martingale difference sequences. The step sizes ay and f; are chosen such
that 8 < oy, making y; “quasi-static” relative to x;. This difference in step sizes simulates
a setting where y; remains nearly fixed while z; undergoes rapid updates, as discussed in
Konda and Tsitsiklis (2004).

Assuming that for a given y, the equation F'(x,y) = 0 has a unique solution H(y), where
H is a Lipschitz operator. Under this assumption, we can regard two-time-scale SA as a
single-loop approximation of the following double-loop process

Inner loop: compute z = H(y), or equivalently, solve F(z,y) = 0 for a fixed y,
Outer loop: iteratively find the root of G(H(y),y) = 0.

(3)

This formulation ensures that the solution to (1) satisfies * = H(y*); in other words, for
y = y*, x* is precisely the root of the inner loop. We designate the update of x; as the
“fast-time-scale” update and that of y; as the “slow-time-scale” update, referring x; and y; as
the fast iterate and slow iterate, respectively.

Our primary interest lies in the behavior of the slow iterate y;, a focus we illustrate
through a classic example. Consider the case of stochastic gradient descent (SGD) with
Polyak-Ruppert averaging, which is an instance of two-time-scale SA. To minimize a strongly
convex objective f, the SGD with Polyak-Ruppert averaging updates are defined as follows

a0

L1 = 2 — (V) + &) with oy = (t+1)

0<a<1), (4a)
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= — - ith )
Yt+1 = ZSET = Bi(yr — @) with B = Tl

t+1 (4)

where (4a) is the classic SGD update rule (Robbins and Monro, 1951) and (4b) is the
Polyak-Ruppert averaging step (Polyak and Juditsky, 1992; Ruppert, 1988). This setup
aligns with the formulation (3), where we have F(x,y) = Vf(z) and G(z,y) = y — =z,
resulting in 2* = y* = argmin, f(x) and H(y) = z*. As shown in Moulines and Bach (2011),
the convergence rate for E||z; — 2*||? is O(cy), achieving the optimal rate O(1/t) only when
the step size parameter a = 1 and the initial step size «g is sufficiently large. In contrast,
with two-time-scale SA, the slow-time-scale update satisfies E|jy; — y*||> = O(1/t) as long
as a > 0.5. This result implies that using the slow-time-scale update (4b) enables optimal
convergence rates with greater flexibility in choosing step sizes for the fast-time-scale update
n (4a). Since the convergence rate of y; is the desired result, the behavior of x;, which
serves as an auxiliary iterate, becomes secondary.

In the above example, each iterate’s convergence rate depends only on its own step size.
Similar results were achieved by Kaledin et al. (2020) for linear operators F' and G, yielding

Elye—y*|? =0(8:) and  Ellz; — H(yo)|I> = O(aw). (5)

Here y;—y* and z;— H (y;) represent the errors of the outer and inner loops in (3), respectively.
We refer to the phenomenon where each iterate’s convergence rate depends solely on its own
step size as decoupled convergence.

However, when F and G are nonlinear operators, the interactions between the two
iterates become more complex, making the path to (5) less straightforward. The asymptotic
analysis in Mokkadem and Pelletier (2006), under an additional local linearity assumption,
provides evidence supporting decoupled convergence for sufficiently large . Nevertheless,
there is no corresponding non-asymptotic guarantee for any finite . Consequently, our
research goal is to

Establish the finite-time decoupled convergence in (5) for nonlinear two-time-scale SA.

The significance of decoupled convergence rates is twofold. First, as analyzed for the
SGD example in (4), decoupled convergence allows greater flexibility in selecting step sizes
for the fast iterate without affecting the convergence behavior of the main focus, the slow
iterate. Additionally, decoupled convergence rates offer a more refined analysis than previous
work (Doan, 2022; Shen and Chen, 2022), especially in strict two-time-scale scenarios. Such
refined rates are valuable for further asymptotic trajectory analysis (Liang et al., 2023)
and online statistical inference (Li et al., 2022, 2023a). Moreover, we emphasize that our
main objective is not merely to show that the rate E|ly; — y*||> = ©(¢~1) can be attained
under some particular choice of step sizes. Rather, our goal is to show that, over a broad
regime of step-size choices, the convergence rate of the slow iterate can be made essentially
independent of the step size on the fast time scale.

Contributions. In this paper, we focus on nonlinear two-time-scale SA under the
assumptions of strong monotonicity and martingale difference noise, as specified in Assump-
tions 3 and 6. Our contributions are summarized as follows.

o Theoretical contribution: Under the nested local linearity assumption (Assump-
tion 5), we derive detailed convergence rates for E|z; — H(y)||?, Elly: — v*||* and
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|E(2s — H(y¢))(ye —y*) || in Theorem 3, establishing finite-time decoupled convergence
in Corollary 4 with appropriate step size selection. We further investigate the necessity
of local linearity for decoupled convergence. In particular, we construct an example
and prove in Proposition 5 that, even when F' and H are linear, the nonlinearity of G
alone can already slow down the convergence rate of the slow iterate. Taken together,
these upper and lower bounds provide a relatively complete characterization of when
decoupled convergence can be achieved in the nonlinear setting. Moreover, this lower
bound also complements the approximation perspective in (3): although two-time-scale
SA can be viewed as solving F'(x,y) = 0 (for fixed y) and G(H (y),y) = 0, the original
form of G(x,y) may still influence the convergence rates.

e Technical contribution: We develop a systematic proof framework for establishing
decoupled convergence in the nonlinear setting. A key ingredient is the treatment
of the matrix cross term ||E(z; — H(y;))(y: — y*) ||, which is crucial for obtaining a
sharp convergence characterization of the interacting sequences {z;}$2, and {y:}22,.
While the use of such a cross term is related to the linear-case analysis in Kaledin et al.
(2020), the nonlinear setting requires several additional ingredients: an initial coarse
convergence-rate analysis, in the spirit of Doan (2022); local linear approximations of
F, G, and H; control of the resulting higher-order error terms; a convergence analysis
of fourth-order moments; and a final integration of these ingredients to derive the
decoupled rates. This proof framework could provide a useful foundation for future
finite-time analyses of nonlinear interacting stochastic approximation schemes with
multiple time scales and variable step sizes.

1.1 Related Work

Our research investigates the finite-time convergence rate of nonlinear two-time-scale SA and
endeavors to establish the decoupled convergence. To contextualize our results, we provide
more background of two-time-scale SA.

Decoupled convergence for the linear case. When both F' and G are linear, H is
also linear. Leveraging this linear structure, Konda and Tsitsiklis (2004) focused on a linearly
transformed error z; = x; — H(y¢) + Li(y: — y*), demonstrating that its update does not
depend on y;. Here {L;} is a matrix sequence converging to zero. Based on this insight, they

prove that 3, 1 2(yt —y*) converges in distribution to a normal distribution under martingale

difference noise. It can be extrapolated from their analysis that the «, ' “(z; — 2*) and
o Y 2(xt — H(y;)) also converge in distribution to a normal distribution. Drawing inspiration
from this technique, Kaledin et al. (2020) derived finite-time convergence rates, establishing
that E|ly, — y*||*> = O(3) and E|jz; — H(y;)||> = O(ay) hold for both martingale difference
and Markovian noise. Concurrent to our work, Haque et al. (2023) achieved the same
rates with asymptotically optimal leading terms; Kwon et al. (2025) examined constant
stepsize schemes and provided a refined characterization of the bias and variance terms.
For a variant of two-time-scale SA with sparse projection, Dalal et al. (2020) derived that
lye — y*|| = O(B;) and ||z — 2*|| = O(ay) hold with high probability.

Decoupled convergence for the nonlinear case. When either F' or G is nonlinear,
the coupling between x; and y; is in a more complex nonlinear form, complicating the
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analysis of nonlinear two-time-scale SA. Decoupled convergence analysis remains largely in
the domain of asymptotic results. Under local linearity condition of F' and G around (x*, y*)

—1/2 *
and assuming stability, Mokkadem and Pelletier (2006) demonstrated that (Zt 1/2233 - x*))>
Y —Y
converges weakly to a normal distribution. Recently, this central limit thegrem has been
extended to settings with Markovian noise by Hu et al. (2024) and to continuous-time
dynamics by Sharrock (2022). To the best of our knowledge, our work provides the first
finite-time (non-asymptotic) decoupled convergence rate for the nonlinear case.

Other convergence rates for the nonlinear case. Under the strongly monotone
and Lipschitz conditions, Doan (2022) and Doan (2021) achieved the O(t~2/3) and O(t~2/3)
convergence rates for the slow iterate with martingale difference noise and Markovian noise,
respectively. Further assuming the Lipschitz continuity of VH, Shen and Chen (2022)
improved this rate to O(1/t). Huang et al. (2025) and Chandak (2025a) obtained the same
rate without this additional condition by introducing auxiliary sequences. An alternative
approach to achieve the O(1/t) rate without relying on the Lipschitz condition of VH is to
leverage an averaging step to improve the estimates of the operators (Zeng and Doan, 2024;
Doan, 2025). Related developments include convergence rates for state- and time-dependent
noises (Chen et al., 2025), concentration bounds (Borkar and Pattathil, 2018), functional
central limit theorems (Faizal and Borkar, 2023; Han et al., 2024), and finite-time analysis
under arbitrary norms with Markovian noise (Chandak et al., 2025). In the absence of the
strong monotonicity in the outer loop of (3), two-time-scale SA has been studied within the
framework of bilevel optimization (Hong et al., 2023; Zeng et al., 2024) or non-expansive
mappings (Chandak, 2025b).

Notation. For a vector z, ||z| denotes the Euclidean norm; for a matrix A, ||A| to
denote the spectral norm. We use o(-), O(+), Q(-), and O(-) to hide universal constants and
(5() to hide both universal constants and log factors. We denote max{a,b} as a Vb and
min{a, b} as a Ab. The ceiling function [-] denotes the smallest integer greater than or equal
to the input number. For two non-negative numbers a and b, a < b (a « b) indicates the
existence of a positive number C' such that a < Cb (a = Cb) with C' depending on parameters
of no interest. For two positive sequence {a,} and {by,}, a,, ~ b, signifies lim,,_,c a, /b, = 1.
By %3 we denote almost sure convergence; by % we denote the convergence in distribution.
We abbreviate {1,2,...,n} as [n].

Organization. The remainder of this paper is organized as follows. Section 2 introduces
several motivating examples, and Section 3 states the basic assumptions. The main theoretical
results are presented in Section 4, with the proof framework outlined in Section 5. Section 6
illustrates some numerical results, and Section 7 concludes the paper. Detailed proofs are
provided in the appendices.

2. Motivating Examples

In this section, we present several examples of two-time-scale SA. In most of these examples,
our primary focus is on evaluating the performance of the slow iterate y;, with the fast
iterate x; playing a secondary role as an auxiliary sequence.

In the next three examples, we assume f(-): R% — R is a strongly convex function and
the unique minimizer is z} = arg min cpa, f(z).
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Example 1 (SGD with Polyak-Ruppert averaging) SGD with Polyak-Ruppert aver-
aging has been introduced in Section 1. Suppose that we want to minimize a function f with
access only to the noisy observations of the true gradients. To find the true minimizer, the
stochastic gradient method (SGD) (Robbins and Monro, 1951) iteratively updates the iterate
x¢ by (4a). In order to improve the convergence of SGD, an additional averaging step (4b)
is often used (Polyak and Juditsky, 1992; Ruppert, 1988). Obviously, these two updates are a
special case of the nonlinear two-time-scale SA in (2) with F(z,y) = Vf(z),G(x,y) =y —=x
and H(y) = z*. It follows that G(H(y),y) =y — 2* and y* = z* = x.

Now we contextualize this example within the framework of (3). In the inner loop, our
goal is to reduce the norm of V f(x), while in the outer loop, we strive to approach x}. For
a strongly convex objective, the two objectives coincide. Moulines and Bach (2011) have
demonstrated that ||z — 2*]|? = O(ay) and Eljy —y*||* = O(1/t) as long as a > 1/2. Given
the improved convergence rate of the averaged sequence, our primary interest lies in the slow
iterate .

Example 2 (SGD with momentum) Stochastic heavy ball (SHB) is a variant of SGD
based on momentum and adaptive step sizes and has been shown to be effective (Gadat et al.,
2018). A “normalized” version of SHB (Gupal and Bazhenov, 1972; Gitman et al., 2019)
iteratively runs

Tep1 = ot — oz — Vf(ye) + &),

Yir1 = Yt — Bras.

(6)

Here one should interpret xy as a (stochastic) search direction that is defined to be a
combination of the current stochastic gradient V f(y;) + & and past search direction x;.!
These two updates are a special case of the nonlinear two-time-scale SA in (2) with F(x,y) =
x—Vfly),G(z,y) =x and H(y) = Vf(y). It follows that G(H(y),y) = Vf(y), y* = x}
and z* = 0.

Now, we integrate this example into the framework of (3). In the inner loop, our objective
is to approximate the gradient of a fized y, while in the outer loop, we aim to locate the
stationary point (also the minimizer) x, Thus, our primary focus lies in the slow iterate y;.

Example 3 (Constrained optimization with Lagrangian multipliers) Consider the
linearly constrained optimization mingcpa, f(z), s.t. Az = b. This problem can be solved
by introducing Lagrange function L(x,y) = f(x) +y' (Az —b) and applying the following
primal-dual method (Platt and Barr, 1987)

21 =2 — (V) + ATy + &),

_ (7)
Yir1 = Y + Be(Axy — b),

where y; denotes the Lagrange multiplier. This update scheme can be viewed as an approxi-
mation to dual ascent (Boyd et al., 2011) and is a special case of the nonlinear two-time-scale
SA in (2) with F(x,y) = Vf(x)+ ATy, G(z,y) = —Az+b and H(y) = [Vf]~H(—=ATy). The
equations F(xz,y) =0 and G(z,y) = 0 correspond precisely to the KKT conditions. There-
fore, * and y*, satisfying x* = H(y*), are the solutions to the primal and dual problems,
respectively.

1. Here we employ a slightly different update rule for y: to be consistent with Doan (2022).
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We now integrate this example into the framework of (3). In the inner loop, for a fized
y, the goal is to solve min pa, L(x,y), where H(y) specifies the corresponding solution. In
the outer loop, the aim is to solve the dual problem max, cpa, Min,cga, L(x,y).

The final example is bilevel optimization, a topic with a long history in the optimization
literature (Bracken and McGill, 1973; Colson et al., 2007). With some abuse of notation, we
examine the following (unconstrained) bilevel optimization problem

min ((y) := g(Z*(y),y) st T(y):=arg min f(z,y), (8)
yER zeR
where f(x,y) is the inner objective function and £(y) is the outer objective function. We refer
to min,ega. f(2,y) as the inner problem and min, cpa, £(y) as the outer problem. Under
some regularization conditions (Ghadimi and Wang, 2018; Chen et al., 2021; Shen and Chen,
2022), we have

VU(y) = Vyg(@# (1), y) — Vi f (@ @), ) [Vaef (@F W), )] Vag (@ (y),y)

and the solution of the inner problem is unique for any y. Thus #*(y) is well-defined.

Example 4 (Stochastic bilevel optimization) Suppose that we want to solve the prob-
lem (8) with access only to the noisy observations of the true gradients and Hessians. To
employ two-time-scale SA (2), we first give the definitions of F(x,y) and G(x,y)

F(z,y) = Vaf(2,y), G(z,y) = Vyg(,y) — Vi, f(2,9) Vi, f(2,9)] ' Vag(z,y), (9)

where G(x,y) is a surrogate of VL(y) by replacing T*(y) with x. It follows that H(y) = 2*(y)
and G(H(y),y) = VL(y). One can apply the following approximation method (Shen and
Chen, 2022)
Tyl = T — ophlp = 3 — o (Fz, 1) + &)
Yir1 = Yt — Behg = ye — Be (G(we, 1) + ¥y)

where bl and hi, are estimations of F(zy,y) and G(z¢,yi), respectively. For their explicit
forms, please refer to Hong et al. (2023). Given the two-level structure inherent in bilevel
optimization, it is convenient to contextualize this example within the framework of (3), with
the outer problem being the ultimate goal.

(10)

3. Assumptions
In this section, we present the main assumptions required for our analysis.
Assumption 1 (Lipschitz conditions of F and H) For any fized y € R%, there exists

an operator H : R% — R% such that x = H(y) is the unique solution of F(x,y) = 0. H
and F satisfy that for Vo € R% y, 1y, € R%,

|H (y1) — H(y2)ll < Lullyr — vz, (11)
[ F'(x,y1) — F(H(y1),y1)ll < Lrlle — H(y)|- (12)
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Condition (12) introduces a star-type Lipschitz condition, which is less restrictive and
allows for greater flexibility in modeling and analysis.

Assumption 2 (Nested Lipschitz condition of G) The operator G satisfies that ¥V x €
R% 4 € R,

1G(z,y) — G(H(y),y)|| < Lgallz — Hy)l, (13)
IG(H (y),y) — GHY), y")|| < Laylly — y*]- (14)

Here y* is the unique solution to G(H (y),y) = 0.

The nested structure within Assumption 2 aligns with the conceptual framework that
views a two-time-scale SA as an approximation of the formulation presented in (3). This
type of nested Lipschitz condition is also adopted in Shen and Chen (2022).

Assumption 3 (Star-type strong monotonicity) For any fized y € R%, F(-,y) is
strongly monotone at H(y), i.e., there exists a constant pup > 0 such that

(= H(y), Fz,y) = F(H(y),y)) = nrle - Hy)|?, VeeR™. (15)
G(H(-),-) is strongly monotone at y*, i.e., there exists a constant ug > 0 such that
(y—y" G(H(y),y) = GHY"),y") = nelly —y*|°, ¥y eRY. (16)

The star-type strong monotonicity assumption of F' and G also appears in previous
work (Doan, 2022; Shen and Chen, 2022). A direct consequence of the above assumptions is
Lr > pp and Lgy > pg.

Assumption 4 (Uniform local linearity of H) Assume that H is differentiable and
there exist constants Sy > 0 and 6y € [0.5,1] such that Vyy,yo € R%,

I1H(y1) — H(y2) = VH(y2) (1 — v2) | < Sallyr — gl 0.
An assumption closely related to Assumption 4 is the Holder continuity of VH.

Assumption 41 (6y-Holder continuity of VH) We assume that H is differentiable and
there exists constants S > 0 and 5g € [0.5,1] such that Yy1,ys € R%,

IVH(y1) — VH(y2)|| < Sullyr — 2| °F. (17)

Assumption 47 relaxes the requirement of Lipschitz continuity for VH used in Shen and
Chen (2022). Assumptions 4 and 4t are equivalent, as shown in Proposition 1. Therefore, in
this paper, we do not distinguish between these two assumptions. Proposition 1 extends
Berger et al. (2020, Theorem 4.1, Euclidean case) from scalar-valued functions to vector-
valued functions. The proof is provided in Appendix A.1.
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Proposition 1 Under Assumption 4T, Assumption 4 holds with Sg = 15_—’5’1{; under Assump-
é

_ 73
tion 4, Assumption 4t holds with Sy = 2'7%0 /T + 6 (%) > Sy .2 For this equivalence,
we do not require g > 0.5.

A direct conclusion of Assumptions 4 and 1 is that Yyi,90 € R%, with Ry = 25@—:’,

IVH(y1)|| < Ly and

|H () = H(yz) = VH(y2) (1 — y2)|| < Sullyn — el - min {lyr = vl Rur} . (18)

Although a finite-time decoupled convergence rate for nonlinear two-time-scale SA is not
established in the literature, asymptotic decoupled convergence has been explored under
a local linearity assumption (Mokkadem and Pelletier, 2006). Inspired by this work, we
consider the following nested local linearity assumption.

Assumption 5 (Nested local linearity up to order (1+0p,1+ dg)) There exist ma-
trices By, By, Bs with compatible dimensions, constants Sp r,Sp,c > 0 and 0r,dg € (0,1]
such that

|P(@,y) = Bi(e — HW))|| < Spr (2 = HGIF +lly = y*II+7) . (19)

|G (@, y) = Baw — H(y)) = Bs(y — )| < S (Iz = H)IIe + ly — y*]'+) . (20)

This assumption follows the spirit that two-time-scale SA can be viewed as an approx-
imation of the two-loop procedure (3). The parameters 0 and dg quantify the order of
errors in this linear approximation condition. To demonstrate how Assumption 5 can be
guaranteed, we introduce the following standard local linearity assumption.

Assumption 5f (Standard local linearity up to order (1+ d0p, 1+ dg)) There exists
matrices Ai1, A1, Aa1, Aag with compatible dimensions, constants Sar,Sac > 0 and
dr,0c € (0,1] such that

1P (@,y) = An(z = 2*) = Aoy — )| < Sar (lz =277 + ly = g* ), (21)

|G (a.y) — As(x — ) — Ay — v < S (Il — 22 + Jy — " H) . (22)

Assumption 51 implies both F' and G are differentiable at (z*,3*), leading to A7 =
Vo F(z*,y*), A2 = Vy F(2*,y"), Ao = V.G (2*,y*), Az = V,G(z*,y*). Notably, Assump-
tion 57 with ép = dg = 1 is the local linearity assumption in Mokkadem and Pelletier
(2006). The following proposition provides some properties of the existing assumptions. In
particular, it shows that if the operators F' and G can be locally approximated around the
root (x*,y*) by linear functions of x — z* and y — y*, up to a higher-order error, then the
nested local linearity condition follows naturally—assuming certain prior assumptions are
satisfied. The proof is provided in Appendix A.2.

Proposition 2 Suppose that Assumptions 1—4 hold.

SH

2. We make the contention that (%) 2 =1ifdg =0.
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(1) If Assumption 51 holds, then ||A11|| < Lp, ||A2|| < L, Al%AlTl = prl, and
VH(y*) = —A' Ao If we further assume 0y > 0 V 0g, then Assumption 5 holds
with parameters

By = Ay, By = Az, Bs= Ay — AnAjlAm,
SB,F = SA,F + LF(SH V 2LH), SB,G = SA,G + LG,z(SH \ 2LH)~

.
(ii) If Assumption 5 holds, then |Bi|| < L, ||B2|| < Las, |Bs|l < Loy, 2550 = ppl,
T
and % = ugl.

The inclusion of the condition 0 > dr V d¢ in Proposition 2 (i) stems from the nested
structure in Assumption 5. This structure is introduced to capture the nested nature of
the two-loop procedure in (3), where H is a crucial link between the inner and outer loops.
Transforming Assumption 51 into a nested form necessitates a more refined smoothness
condition on H to preserve local linearity. Additionally, B3 equals the Schur complement of
A1p in the matrix (A117 Aq9; Ao, Agg).

Moreover, if we allow H to be non-smooth or non-differentiable, Assumption 5 can cover
a broader class of problems in which the nonlinearity is “absorbed” into the solution map H,
whereas Assumption 57 cannot. Typical examples include cases where H is a projection-type
map (e.g., under simplex or box constraints) or a proximal map (e.g., soft-thresholding for
{1 regularization). Although these scenarios are beyond the scope of this paper, we believe
that our nested local linearity condition is more consistent with the perspective in (3) and
may inspire future research.

For the examples in Section 2, Assumptions 1-5 can be verified under standard regularity
conditions, such as the strong convexity of the objective function and the Lipschitz continuity
of the Hessian. Details on the verification of the local linearity conditions are deferred to
Appendix A.3.

Next, we focus on noise models. We denote by F; the filtration containing all the history

generated by (2) before time ¢, i.e., F; = o{x0, y0, &0, Y0, &1, V1, -+, -1, Ve—1}-

Assumption 6 (Conditions on the noise) The sequences of random variables {£:}72,
and {1 }52, are martingale difference sequences satisfying

El&|F] =0, Ele|F] =0, E[&|F]<T, Ellvd*|l 7] < T3,

23
B[S | R < S11, B[R] | Fl < Sa2, |E[&ey | Fl| < Sio %)

In Assumption 6, the boundedness of the fourth-order moments is imposed to control the
higher-order error terms introduced by Assumption 5.
The final assumption is the requirements for the step sizes.

Assumption 7 (Conditions on step sizes) With the constants pur, ug, 0p and ég de-
fined in Assumptions 3 and 5, the step sizes {a:}2, and {5}, satisfy the following
conditions:

2
(i) Constant bounds: oy < 11,5 < 12, % < K, i—tt < p, where 11, L2, k and p are problem-
dependent constants with specific forms defined in (49) in Appendix A.

10
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(i) Growth conditions: 1 < O‘;—;l <1+ (‘sﬂ#at) A (5*‘1‘6‘Gﬁt) A (6G§LG&) and 1 < % <
1+ &5 B for any t > 1.

(ii3) % is mon-increasing in t, and [[-_, (1 — %) = O(a?).
Conditions (i) and (ii) are similar to Kaledin et al. (2020, Assumption A2), though our
conditions are more intricate to handle non-linearity. Condition (iii) is a technical requirement
introduced to simplify the proof. Notably, these conditions are naturally satisfied as long as
both a; and B; decrease with ¢, with §; decreasing faster than a;. Additionally, our setup
includes single-time-scale SA as a special case if a constant ratio 8;/a; = &’ < k that satisfies
Assumption 7 is adopted.

Remark 1 (Discussion on Assumption 7) We make the following remarks on Assump-
tion 7.

e The growth conditions imply that oy and [y are mon-increasing. Moreover, a;l <
ozt__ll + 5F1‘6‘Fozt/at_1 < oat__ll + 5F1‘6‘F = O(t) and hence oy = Q(t71). Similarly,
Be = O(t™1). Consequently, 37y = oo and 372, Bt = oo, which is a standard
condition in the study of SA to ensure convergence (Borkar, 2009).

e This assumption is formulated for a broad class of operators so as to cover all examples
satisfying our operator assumptions. As a consequence, the assoctated step-size condi-
tions are intentionally conservative, and the constants appearing therein (e.g., 1/64)
are chosen mainly for technical convenience in the proofs. If one restricts attention
to a narrower problem class or to a specific example, these constants can often be
significantly improved.

o As indicated by Kaledin et al. (2020), this assumption encompasses diminishing, piece-
wise constant, and constant step size schedules. Here we focus on diminishing step sizes,
which are a standard and widely used choice. A typical example is oy = O(t~%) and
By = Ot with 0 < a <b< 1. In practice, it is sufficient to impose Assumption 7
only for t > to, where tg is a prescribed integer, since the early stage of optimization is
usually dominated by transient behavior. For the purpose of establishing finite-time
convergence rates, it is therefore not necessary to require the assumption to hold from
the start. In particular, when a < b, corresponding to the strict two-time-scale regime,
all the constant bounds in (i) are of order o(1) as ty — oo. Treating these terms as
o(1) can greatly simplify the analysis of the constants; see Remark 4.

4. Theoretical Analysis

In Section 4.1, we establish upper bounds for E|jy; — y*||? and E||z; — H(y;)||?, and prove
finite-time decoupled convergence under the local linearity condition. To demonstrate the
necessity of local linearity for decoupled convergence, we also construct an example in which

local linearity fails and derive a corresponding lower bound in Section 4.2.

11
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4.1 Upper bounds and Decoupled Convergence

To analyze the convergence rate of (z4,y;) to (z*,y*), it is common to examine the mean
square errors E[||z; —2*||?] and E[||y; — y*||?]. Recall that two-time-scale SA can be viewed as
an approximation of the two-loop procedure in (3). It is thus more fundamental to consider
the following residual variables (Doan, 2022):

=z — H(y), Ge=wy—y" (24)

Here, &; and §; represent the errors of the inner and outer loops in (3), respectively.
Furthermore, given the Lipschitz continuity of H in Assumption 1, we can bound ||z; — x*||
as [|z¢ — x*|| < ||Z¢]| + Lel|ge]]. Thus, it suffices to focus on (&, ).

Our main results, based on the assumptions in Section 3, are stated as follows.

Theorem 3 Suppose that Assumptions 1-7 hold. Then we have for all t > 0,

E|| 241 < Cp (25)
2
"Ext—l—ly;l" < Cacy,l 575 + Cwy,Q at/@t <ﬂt) g ) (26)
[
2 1
R o S o S
B||§ir1]* < Cya B+ Cya cufr <5Z) "y Cy3 s <5:) “. (27)

The ezact constants are given in (86) in Appendiz C.

In Theorem 3, observe that the step size a; of the fast iterate also influences the
convergence rate of the slow iterate through terms involving the parameters dr and dg. In
the following discussion, we focus on polynomially diminishing step sizes and examine the
conditions required for achieving decoupled convergence.

Corollary 4 (Decoupled convergence rates) Under the same setting of Theorem 3, if

we use polynomially diminishing step sizes ay = (tfﬁ and By = (tfiToo)b with a,b € (0,1],

1< g <1+ %F A dg and properly chosen ag, By and Ty, then we have
El|#|* = O(on),  [Earg/ || = O(Br),  and Elgl* = O(B).
For an example choice of the constants, please refer to (87) in Appendiz C.
Remark 2 (Comparison with previous work) Note that x; —x* = &+ H(y;) — H(y*).
Theorem 4 and the Lipschitz continuity of H, we have E||z; — 2*||> = O(ay) and |E(z; —

o) (ys —y*) || = O(By). This result is consistent with the central limit theorem established
in Mokkadem and Pelletier (2006):

—-1/2 N
— by
By 'y —y*) v
Moreover, our analysis provides a more refined characterization of the matriz cross term, as
(28) only implies (x; — x*)(ys — y*) | = o(\/auB;) in probability.

12
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To establish the convergence rate in (27), the convergence rate of the matrix cross term
in (26) is an essential intermediate result. Neither decoupled convergence for the strict
two-time-scale case nor an analysis of the matriz cross term is present in prior work on
general nonlinear cases (Shen and Chen, 2022; Doan, 2022).

Remark 3 (Step size selection for the optimal convergence rate) 7o achieve the op-
timal convergence rate of the slow iterate E||j:]|> = O(1/t), we could choose By ~ Bot™" and
ay ~ oot~ with (14 %F Nog)~! < a < 1. In particular, when 6 = dg = 1, the feasible range
fora in oy ~ agt™® is 2/3 < a < 1. Our results ensure that achieving O(1/t) convergence
for the slow iterate allows greater flexibility in the step size selection for the fast iterate,
extending beyond the single-time-scale case considered in Shen and Chen (2022).

Remark 4 (Leading terms in the constants) The complete expressions of the constants
in (86) are fairly complicated and difficult to analyze directly. To simplify the analysis and
isolate the most essential parameter dependence, we focus on diminishing step sizes of the
form oy = ©(t~%) and By = O(t~?), where a,b € (0,1] and 1 < g <1+ %F A dg. Compared
with the requirement in Corollary 4, we additionally require the inequality to be strict. The
condition g <1+ %F N0 ensures that the leading terms in (25)—(27) are all given by the
first terms

El|Zes1l]®> < Coasy  |EZg1901]l < Caya Be +0(Be),  Ellfes1l* < Cya Be + 0(Br).

Consequently we only need to focus on the constants Cy, Cyy1, and Cy1. We also require
b > a, corresponding to the “strict” two-time-scale case, in order to highlight the role of
decoupled convergence, since decoupled convergence is trivial when a = b.

As discussed in Remark 1, it suffices to focus on t > ty for a prescribed tg. Under strict
two-time-scale diminishing step sizes, the constants i1,t2, Kk, p in Assumption 7 are all of
order o(1) as tyg — oco. Therefore, in the expressions of Cy, Cpy1, and Cy 1 in (86), all terms
involving these constants can be treated as higher-order infinitesimals. In particular, the
leading terms in Cy, Cpy1, and Cy1 can be summarized as
ol +o(1), Cay1 I =12 + %;H +o(1),

KE KE HE
@ T dyLG,mEH + dyLQ%},xFll +0(1)
Tt JTate HEHG

Cr S

~

Cy,l 5

For the detailed derivation, see Appendiz C.10.

Meanwhile, from the CLT in (28), we can obtain limy o a; 'Eljz¢|? = tr(3,) and
lim¢ o0 B "Ellye||? = tr(Zy) under additional reqular conditions. By analyzing the detailed
expression of ¥, and X, we obtain

' 1 LG,x LG,:L‘ 2
tr(X,) < QM—F, tr(3,) < MiG [Fm + 2d, s Y12+ ( s ) FH] . (30)
Moreover, let ¥y, = limy o0 B "El2gy,]. Then limy—soo B B2y, || = | Zeyll. Konda and

Tsitsiklis (2004, Theorem 2.6) provide a characterization of ¥, in the linear case, from
which we obtain
LG,:):FH)

. (31)

1
[z yl < i <212 +
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The detailed derivations of (30) and (31) are also deferred to Appendiz C.10.

We now compare the above results. The upper bounds in (29) come from the non-
asymptotic analysis. Accordingly, we omit parameter-independent constants, since the
primary goal of the non-asymptotic analysis is to establish the convergence rates rather than
to optimize the constants. By contrast, the upper bounds in (30) and (31) are derived from
the asymptotic analysis and may be viewed as nearly tight upper bounds. We find that all
parameter dependencies match except for the third term in the expression of Cy 1.

Dimension dependence. In (29), the third term involving I'11 in the upper bound of
Cy,1 depends on the dimension, whereas in (30), the third term involving I'1; in the upper
bound of tr(X,) does not exhibit such dimensional dependence. By contrast, the dimensional
dependence in the term involving 319 is unavoidable. Recall that Assumption 6 implies
E[||& 12| F:] < T11, E[|wel|?|Fi] < Doz, and ||[E[&xp | Fi]l| < L12. This discrepancy comes
from the fact that 315 is an upper bound on the operator norm of the cross-covariance matriz,
whereas E[||&||*|F] < T2, implies tr(E[&&] | Fi]) = B[||& 1% F] < T11, so that Ty serves as
an upper bound on the trace of the covariance matrix. Clearly, an upper bound on the trace
s also an upper bound on the operator norm; however, there may be a dimensional gap
between the trace and the operator norm.

2

We believe that the third term of Cy 1 in (29) can be improved to %
out a more refined analysis of B2, , rather than E||#||%, under a tighter upper bound
IE[&E] | Fill < $11. However, the dimensional dependence may still be unavoidable under
the current proof framework. To illustrate this point, consider the special case in which
all eigenvalues of B[&&, | Fi] are equal and d, = dy. In this case, we have I'1y = d;¥11 =
dyX11. Such dimensional dependence also appears in the finite-time analysis of the linear
case (Kaledin et al., 2020).

Inverse dependence on the strong monotonicity parameters. Recall that pp
and pg are the strong monotonicity parameters of the inner operator F(-,y) and the outer
operator G(H(-),-), respectively. The leading term in the upper bound for E||2||? scales as
ppt, and the leading term in the upper bound for E||§,||? scales as ugl. This is consistent with
the classical behavior of SGD for strongly convexr optimization, where the leading constant is
proportional to the inverse of the strong convexity parameter; see, for example, Moulines
and Bach (2011, Theorem 1).

Amplification factor Lg,/pr. In addition to the fact that the convergence rates for
E||#¢||? and E||§:||* depend only on their respective step sizes, the leading constant term for
E||#¢||? is also almost unaffected by the noise in the slow-time-scale update. By contrast, the
leading constant term for E||§¢||? is affected by both the fast- and slow-time-scale updates. The
effect of the cross-covariance between the fast- and slow-time-scale noises, denoted by X9,
is amplified by a factor of Lg »/ur, and the effect of the covariance of the fast-time-scale
noise, denoted by T'11, is amplified by a factor of (Lg.x/ur)?.

by carrying

This amplification can be understood from the asymptotic viewpoint in Han et al. (2024,
Remark 4.1): the slow iterate behaves asymptotically like a standard SA iterate for the
operator G(H(-),-) with a modified noise term o = Py — BgBl_lét. By Proposition 2,
the ratio Lg 5 /1p upper bounds |B2ByY||. The amplification effect therefore comes from
controlling the covariance of 1[1t.

14
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Behavior of the matrix cross term. The leading constant term in the bound for
|Ez¢g," || s proportional to ,u}l. This suggests that the behavior of 243, is governed primarily
by the strong monotonicity of the inner operator F(-,y), rather than that of the outer operator
G(H(-),-). The key reason is the separation of step sizes, namely oy > ;. Moreover, the
leading term depends on both 1o and I'11, with the effect of I'11 amplified by a factor
of Lgo/pr. Under the definition of the modified noise term 15,5 = Py — BgBl_lft, this

amplification arises from controlling the cross-covariance between & and ;.

4.2 A Lower Bound without Local Linearity

As shown in the previous subsection, decoupled convergence can be achieved under the local
linearity condition with appropriately chosen step sizes. This naturally raises the following
question: Is local linearity essential for decoupled convergence? In this subsection, we answer
this question in the affirmative and show that the local linearity condition in Assumption 5
is necessary for decoupled convergence.

To this end, we construct the following example in which the local linearity condition
fails.

Example 5 Consider the following nonlinear SA problem with the operators F,G: RxR —
R given by

F(z,y) =z -y, Gz,y) = —|z —y|-sign(y) +y, (32)
where sign(z) = 150 — la<o is the sign function.

In this example, G(z, y) involves both the sign and absolute value functions, and therefore
does not satisfy the local linearity condition in Assumption 5. However, since F(z,y) = z—y
is linear, the induced solution map H(y) = y is also linear. Consequently, the reduced
operator G(H(y),y) = y is linear as well. That is, the nonlinearity appears only in G(x,y)
before substituting * = H(y). Meanwhile, this example satisfies Assumptions 1-3 with all
corresponding parameters equal to 1, as well as Assumption 4 with Sy = 0. The unique
root is (z*,y*) = (0,0). Applying the two-time-scale SA algorithm (2) to this example, we
obtain the following lower bound, whose proof is deferred to Appendix D.

Proposition 5 (Lower bound for Example 5) Suppose that: (a) the noise terms satisfy
Yy = 0, and the & are i.4.d. with B¢ = 0 and EE? = X1 > 0; (b) the step sizes satisfy
Bi/ar — 0 and Assumption 7 with the parameters 5p and g in (ii) replaced by 1;3 (c) the
initialization satisfies yo # y*. Then we have E|2¢|? = Q(ay) and E|§:|> = Q(ay).

The condition on the noise is imposed to simplify the analysis. The requirement ;/a; — 0
on the step sizes restricts attention to the strict two-time-scale regime, since in the single-
time-scale regime, where 3; = O(ay), decoupled convergence is trivial.

Proposition 5 shows that, without local linearity of G(x,y), the convergence rate on the
slow time scale is indeed degraded by the larger step size associated with the fast-time-scale
update, even though F'(z,y), H(y), and G(H(y),y) are all linear. This complements the
approximation perspective in (3):

3. For d, = dy = 1, after this replacement, Assumption 7 reduces to the weaker version, Assumption 77,
introduced in Section 5.3.
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Although the two iterates in two-time-scale SA can be interpreted as solving F'(x,y) = 0
(for fixed y) and G(H (y),y) = 0, the detailed form of G(z,y) before substituting x = H (y)
still affects the convergence rates.

Moreover, in Proposition 5, the slow-time-scale update is deterministic. This indicates that
the main obstacle to decoupled convergence on the slow time scale is the interdependence
between the two time scales, rather than the noise in the slow-time-scale update.

This observation also has a possible algorithmic implication. Consider éa(m,y) =
oz —y) +y for a € R. Then Go(H(y),y) = G(H(y),y). In other words, the linear operator
Gol(z,y) yields the same outer operator Go(H (y),y) as in Example 5. This suggests that,
when there are multiple possible choices of the operators F' and G leading to the same
reduced operator G(H(-),-), it is preferable to choose linear or nearly linear operators in
order to ensure a faster convergence rate.

5. Proof Framework for Our Main Theorem

In this section, we outline the framework of our proof for Theorem 3. We first present the
high-level idea and comparison with prior works, with the detailed procedure developed in
Sections 5.1-5.4.

High-level idea. Our main technical contribution is a systematic framework for handling
the cross term ||[EZ;¢, || in the nonlinear setting. It’s crucial for the sharp convergence
characterization of the interacting sequences {z:}7°, and {y;:};2,. While similar analysis
exists for the linear case (e.g., Kaledin et al. 2020), the nonlinear case is harder due to the
nonlinearity of F', GG, and H. We approximate these mappings by their linear parts, which
introduces residual errors. The key challenge is that the cross term’s dynamics intertwine
with these (higher-order) residuals. Our framework systematically tracks this interaction
and controls the error accumulation via a fourth-moment analysis, showing the residuals are
indeed higher-order.

The whole proof is organized into the following four steps:

Step 1: Derive Convergence Rates without Local Linearity of F' and G

Step 2: Introduce the Matrix Cross Term and Derive Refined One-Step Descent Lemmas
Step 3: Analyze the Convergence Rates of Fourth-Order Moments

Step 4: Integrate the Above Ingredients and Derive Decoupled Convergence Rates

Comparison with prior works. Overall, the nonlinear setting requires several addi-
tional components beyond those in Doan (2022) and Kaledin et al. (2020), even though a few
individual steps are similar in spirit to these earlier analyses. The first step is close in spirit
to Doan (2022), but it only provides a preliminary convergence rate and serves as a starting
point for our later analysis. The second step is partly inspired by Kaledin et al. (2020),
where we introduce the matrix cross term ||E#:%, || to refine the one-step descent analysis
for the slow iterate; however, in the nonlinear setting, the local linear approximations of F,
G, and H also produce higher-order error terms, which require additional control arguments.
The third step, namely the convergence analysis of fourth-order moments, does not appear in
either Doan (2022) or Kaledin et al. (2020), and is needed to handle the higher-order terms
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caused by nonlinearity. Finally, the last step integrates all these ingredients to establish
decoupled convergence, while simultaneously handling the nonlinear remainder terms and
the matrix cross term.

5.1 Step 1: Derive Convergence Rates without Local Linearity of F' and G.

We first establish a coarse convergence rate without local linearity as a starting point. To
this end, we first present the one-step descent lemmas for the squared errors The analysis
in this step does not require the local linearity of F' and G in Assumption 5, nor does it
require the bounded fourth-order moments in Assumption 6. The requirement on the step
sizes in Assumption 7 can also be weakened. Thus, the results in this step is based on the
weaker version of Assumptions 6 and 7, denoted as Assumptions 8 and 9, with the details
deferred to Appendix B.

Lemma 6 (One-step descent of the fast iterate &) Suppose that Assumptions 14 and
8-9 hold. For any t > 0, we have

E [[|21 ]2 | Fe] < (1= pra) 3 + con 81312 + 2T 110d
2426 (33)
+ o 2B/ 1T — agpupl|Ee|||19e]| + co3BF + Caa—t

where {cz,i}ica) are problem-dependent constants defined in (59).

)
Qi

Lemma 7 (One-step descent of the slow iterate 7;) Suppose that Assumptions 1-4
and 8-9 hold. For anyt > 0, we have

E [[lGe1]1% | F2] < (1= naB) |15l + LE .67 12
+2LG 2BV — peBell ||| 9el) + Ta282.

By combining Lemmas 6 and 7 and using carefully designed Lyapunov functions, we can
achieve the following convergence results.

(34)

Theorem 8 (Convergence rates without local linearity of F' and G) Suppose that
Assumptions 1-4 and 8-9 hold. Then we have

t .19
N apB . TLyLg,E 8T
El#l® < ] (1 -k T) <3EH$0H2 aLayElgoll U,
=0

4 LG7I 123
52 2426
+ 61,5/815 + Cz,Git + Cz,7 t 3
Qi Qg
~ 2 ! MG/BT ~ 112 2LG,xEH£O”2 128L%¥,1F11
Bl < IT (1257 ) (Bllol® + S22 00 ) + == 08 o,
24265

t
+ Cy,lﬁt + Cy,2 P} 3
Qy

where {cziticp\a) and {cy,i}icz) are problem-dependent constants defined in (75) and (76).
In particular, when ég > 0.5,

Ellée ]2 + Ellgis |2 = O(ar). (35)
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The details proofs of Lemmas 6, 7 and Theorem 8 are given in Appendix B. Although the
results in this subsection follow Doan (2022) at a high level, our analysis imposes refined
conditions (e.g., Assumption 2.4), leading to explicit dependence on dz, whereas Doan’s
result corresponds to the special case dg = 0. As a result, the proof must be reworked
despite the similar overall idea.

5.2 Step 2: Introduce the Matrix Cross Term and Derive Refined One-Step
Descent Lemmas

With Assumption 5, we could replace E||Z;||/||g:]| in Lemma 6 and 7 with the matrix cross
term ||E2,9, || at the cost of introducing the higher-order residual terms. We also need
to derive the one-step descent lemma of the matrix cross term ||EZ;¢, ||. To simplify the
notation, we define

Zi5 = B[ &)’ + E1g:]|°.

Lemma 9 (Refined one-step descent of the fast iterate ;) Suppose Assumptions 1-
7 hold. We have for any t > 0,

El¢es1]? < (1 — ppoe) Bll2el|* + ¢35 B7ENGel|* + 228 B2y || + 201107

2426y (36)

de 2 de 't
+ Cx,3 t + cx,4 ay + Aw,t'

where Ay ¢ is a higher-order residual given in the following
Ayt = c e Bi 21916y + 2 60tbBtZi 215 + Cx % Bt Ziav2sg + 2 @H 1 2942655 (37)
and {cfclfz»}ie[s] are problem-dependent constants defined in (88).

Lemma 10 (Refined one-step descent of the slow iterate §;) Suppose that Assump-
tions 2-8 and 5-7 hold. We have for any t > 0,

X 2pch N R -
Bl < (1 € ) Blgl? + 2L Bl + 24, LooPil e |

(38)
+ T2 + Ay,
where Ay ¢ is a higher-order residual given in the following
Ays = St 6B (1543 e + 3 + 84yBr) 221256 (39)

Lemma 11 (One-step descent of the matrix cross term ||Ez;3,||) Suppose that As-
sumptions 1-7 hold. We have that for any t > 0,

A oA 2% P
[Benglal < (1- ymwM+@@@£mm+%mmmU

(40)
+ Elgatﬁt + ny Q/Bt + ny 3 +25H + Aa:y ty
where Agy ¢ is a higher-order residual given in the followmg
Apyt = 2005 F Ze 245, + BiSB,a(1 +2L1) 2t 245, (41)

d
+ BiCuy aZt2voy +204BtSB FSB.G 224 6p+66

and {cxy i Yie[a] are problem-dependent constants defined in (99).
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The proof of these lemmas can be found in Appendices C.1, C.2 and C.3.

We conclude this step by briefly outlining the proof idea. Upon incorporating the update
rules of #4411 and @41 into our desired error metrics (e.g., E||2;11]|%), we decompose the
errors into primary components and higher-order terms. For each component, we determine
individual upper bounds and then aggregate them accordingly. Specifically, we summarize
the higher-order terms into single quantities, Ay ¢, Ay, and Agy ;.

5.3 Step 3: Analyze the Convergence Rates of Fourth-Order Moments

To analyze the residual terms A; s, Ay and Ay ¢, we focus on a single quantity Z; 4 due
to the observation from Jensen’s inequality: Z;s < (Zt74)5/4 if 6 < 4.* It motivates us
to analyze fourth-order moments of errors, i.e., E||;11|* and E||§;+1/*. To that end, we
derive one-step recursions for the conditional fourth-order moments. The derivation process
closely parallels that of Lemmas 9 and 10. Moreover, we emphasize that the analysis of
fourth-order moments does not require the local linearity of F' and G in Assumption 5.
Because Assumption 7 involves the parameter dr and dg in Assumption 5. The analysis
relies on the following weaker version of Assumption 7 instead.

Assumption 7{ (Conditions on step sizes) The conditions in Assumption 7 holds with
pr = pg = dy = dy =1, where d,, and d, appear in in (49).

Lemma 12 (One-step descent of the fourth-order moment of the fast iterate ;)
Suppose that Assumptions 14, 6, and 7t hold. We have for any t > 0,

E [lel|* | 7] < (1= prar) 2" + e Bullzel 190 + s 287 14l12 el

+ Cifn,35§”??t||4 + 3204 TY) + 22413 BT,

2428
+ (20r11a§+20L§,r225,?+cgg4 — >||i"t]2,
t

where {Czz,i}ic|5) are problem-dependent constants defined in (107).

Lemma 13 (One-step descent of the fourth-order moment of the slow iterate g,)
Suppose that Assumptions 2, 3, 6, and 75 hold. We have for any t > 0,

N 3ua Bt N A N N N
E gl 1 7] < (1= 27 ) Il + ALl + 152206724 el

+20L¢ B 2|t + 18T2282]15: )12 + 28B/T3,.

(43)

The proof of these lemmas can be found in Appendices C.4 and C.5.

By integrating Lemmas 12 and 13 and using a carefully designed Lyapunov function
Vi = Q3%||§3t”4 + ||9¢||* for a properly specified g3, we can apply the results of Theorem 8 to
determine the convergence rates for the fourth-order moments.

4. Here we choose the fourth-order for simplicity. It is feasible and natural to use an order smaller than 4,
which, however, would increase the complexity of the proof.
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Fourth-order N Control A, 4, Coarse Recursions Recursion
moments (44) Ay and Agy rate (35) (36) and (40) (38)

Rate of
El|9:]I* (27)

Rate of
IEZ:9, || (26)

Rate of
El|2:]* (25)

Figure 1: Illustration for Step 4 of the proof sketch.

Lemma 14 (Convergence rates of the fourth-order moments) Suppose that Assump-
tions 1-4, 6, and 7t hold. Then we have for allt > 0,

i 4 A4 4cde de A+48
A ,U‘GBT ~ 1% EHyo” 7 3@ 8
Efldesl* < H( ) <2E||5U0||4+ sl e :; of + St
=0 -
L 3 #oll* d de  oA+48
E|ge|* < 11 ( MG@) Lz EllZoll Rl ) + %OP N 10cys 5 B 4H
! ; =0 4 3M2G’LHLG,y na t ua Oé? )

where {C:m:z}le 78 and {nyz}ZG[Q] are problem-dependent constants defined in (139) and
(142). Moreover, when oy > 0.5, then

ElZerll* + E[ges1]* = O(af). (44)

The proof can be found in Appendix C.6.

5.4 Step 4: Integrate the Above Ingredients and Derive Decoupled
Convergence Rates

With the aforementioned lemmas, we could integrate them to derive the convergence rates
in Theorem 3. Figure 1 provides a visual representation of the process. The integration
follows the following procedure.

o Black arrow: The convergence rate of E||44]|? in (82) directly follows from the coarse
rate (35).

o Brown arrow: Using the fourth-order convergence rates in (44) we could manage the
higher-order residual terms A, ;, Ay ;, and Ay, ;. For the detailed upper bounds, refer
o (146), (150) and (152).

o Blue arrows: Combining the recursions (36) and (40) with a properly chosen Lyapunov
function and applying the coarse rate in (35), we derive the convergence rate of
B3 || in (26).

+ Red arrows: Substituting the convergence rates of E|Z||? and ||EZ;, | into the
recursion (38) yields the convergence rate of E||§:[? in (27).

The details of proof can be found in Appendix C.7.
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Figure 2: The convergence results within Example 5. We calculate the line slopes using
data from the 2 x 10° to 10° iteration range.

6. Numerical Experiments

This section presents the numerical experiments. In Section 6.1, we report the results
for Example 5 and its locally linear variant, illustrating the necessity of local linearity for
decoupled convergence. In Sections 6.2 and 6.3, we consider one-dimensional toy examples
and logistic regression, respectively, to illustrate the decoupled convergence rates established
in Section 4.1.

6.1 Example 5 and Its Locally Linear Variant

In Section 4.2, we have devised Example 5 to show that local linearity is necessary for
decoupled convergence. To illustrate this necessity, we start from (xg,yo) = (2,1), consider
noise terms & - N(0,1) and vy = 0, and step sizes oy = ag(t +1)"% and B = Bo(t +1)7°.
To find the optimal values of (aq, By), we perform a grid search on {10,3,1,0.3,0.1} for
each pair, running 10° iterations. For each (a,b) € {0.7,0.6} x {1.0,0.9}, we run 10° steps
of (2) across 10 repetitions.

Figure 2 presents results on a log-log scale, plotting the averaged values of |#;|? and |
against the number of iterations for different (a,b) pairs. The slope of each line in the log-log
plot reflects the convergence rate, as a relationship of the form y = r ™% corresponds to
logy = —slogx +logr. Despite using distinctly different time scales, the slope of the orange
line (representing the slow iterate y;) nearly matches that of the blue line (representing
the fast iterate x;). This indicates that the nonlinear interaction in Example 5 hinders the
convergence of the slow iterate y;, preventing decoupled convergence, consistent with the
theoretical results in Proposition 5.

Next, we consider a local linear variant of Example 5. Define the auxiliary function

sign(z)|z|° z
%(m):{_guu/a, o<1,
sign(z)(|z| — 1+ 1/0), |z| > 1.

| 2

(45)

One can check that when 6 > 1, iLg is 1-Lipschitz continuous.
A local linear variant of Example 5. Consider the following variant of Example 5

F(z,y) =z —y, G(z,y) = —hi15(jx — y|) - sign(y) + y. (46)
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Figure 3: The convergence results for the example in (46). We calculate the line slopes using
data from the 3 x 10° to 10° iteration range.
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Figure 4: The convergence results for SGD with Polyak-Ruppert averaging (4). We calculate
the line slopes using data from the 10 to 10° iteration range.

Assumption 5 holds with Sp p = 0 (allowing 0r to be set to 1) and 6 = 0.5. We start
from (zo,y0) = (2,2), consider noise terms & vi- (0,1) and ¢ s (0,0.01). Other
settings are the same as Figure 2. The results are shown in Figure 3. Based on Corollary 4,
decoupled convergence is expected within the range 1 < b/a < 1.5. Interestingly, as Figure 3

demonstrates, decoupled convergence is observed even when b/a = 1/0.6 > 1.5.

6.2 Toy Examples

In this subsection, we illustrate the decoupled convergence in Section 4 through numerical
results on one-dimensional toy examples. To reduce fluctuation, all experiments are repeated
1000 times. The errors |#;|* and |f;|? are averaged over these 1000 repetitions.

SGD with Polyak-Ruppert averaging. We employ SGD with Polyak-Ruppert
averaging (4) to minimize f(x) = 22 + sinx with (xo,30) = (2,2), v = ap(t +1)79,
B = (t+ 1)L & iid- (0,1) and a € {0.6,0.7,0.8,0.9}. For each a, a grid search is
performed on {10,3,1,0.3,0.1} to find the optimal choice for oy and each grid search is
conducted with 10 iterations. The results are depicted in Figure 4. The value of a does not

affect the convergence rate of |§j;|?, which is roughly ©(1/¢).
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Figure 5: The convergence results for SHB (6). We calculate the line slopes using data from
the 10* to 10° iteration range.
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Figure 6: The convergence results for two-time-scale SA to solve (47). We calculate the line
slopes using data from the 3 x 10° to 10° iteration range.

SGD with momentum. We employ SHB (6) to minimize f(x) = 22 + sinz with
(w0, 0) = (2,2), ap = ap(t +1)7%, By = Bo(t +1)7°, & v N(0,1) and (a,b) € {0.7,0.6} x
{1.0,0.9}. For each (a,b), a grid search is performed on {10, 3, 1,0.3,0.1}? to find the optimal
choices for (ag, o) and each grid search is conducted with 10* iterations. The results are
depicted in Figure 5. Decoupled convergence is achieved.

Stochastic bilevel optimization. Consider the following problem with f(z,y) =

(24 ha(y))? +sin(z + ha(y)) and g(x,y) = (x4 ha(y))? +y? +sin(y), with hy defined in (45):

min(7* (y) + ha(y))? + y* + sin(y),

- : I . (47)
s.t. & (y) := arg Imnelﬁ(l‘ + ha(y))* + sin(x + ha(y)).

We apply two-time-scale SA, with F' and G defined in (9) to solve this problem, with (z, yo) =
(2,2), ay = ap(t+1)7% B = Bo(t+1)7°, &, " N(0,1) and (a,b) € {0.7,0.6} x {1.0,0.9}.
For each (a,b), a grid search is performed on {10,3,1,0.3,0.1}? to find the optimal choices
for (o, Bo) and each grid search is conducted with 10° iterations. The results, depicted in

Figure 6, illustrate decoupled convergence for different (a, b) pairs.
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Figure 7: The convergence results for SGD with Polyak-Ruppert averaging (4) to solve (48).
We calculate the line slopes using data from the 10° to 5 x 10° iteration range.

6.3 Logistic Regression

In this subsection, we consider the following fo-regularized logistic regression problem:

) 1L T Al
min f(z) = — glog(l +exp(=bia; z)) + Iz, (48)

where a; € R? is the covariate and b; € {—1,1} is the label. We set the regularization
parameter to A = 0.01, so that the objective is strongly convex and therefore admits a unique

minimizer.
Data generation. We use a synthetic logistic regression model with dimension d = 20
and sample size n = 1000. To generate the dataset, we first sample a ground-truth

parameter wiyue € R?? from a standard Gaussian distribution. Then we generate covariates
a; ~ N(0,I5) independently, and produce binary labels according to the logistic model
P, =1 | a;) = J(a;wtrue), o(z) = 1+}z—2' Equivalently, b; € {—1,1} is sampled with
P, =1]a;) = a(al—-rwtrue), Pb;=-1]a;)=1- a(az—wtme). After generation, the dataset
is fixed throughout the whole experiment.

SGD with Polyak-Ruppert averaging. We employ SGD with Polyak-Ruppert
averaging (4) to minimize (48), with (zo,y0) = (0,0), oy = ap(t +1)7%, B = (t +1)7},
and a € {0.6, 0.7, 0.8, 0.9}. For each a, we perform a grid search over {10,3,1,0.3,0.1} to
determine the optimal choice of ag, and each grid search is conducted for 5 x 10* iterations.
The noise for the fast iterate comes from minibatch sampling with batch size 32. The
results are shown in Figure 7. The y-axis represents the average of ||4¢||? or ||§¢||? over 100
repetitions. The figure shows that decoupled convergence can be achieved.

SGD with momentum. We employ SHB (6) to minimize (48), with (z¢, yo) = (0,0),
o = ag(t +1)7, B = Po(t +100)~°, and (a,b) € {0.7,0.6} x {1.0,0.9}. For each (a,b),
we perform a grid search over {10, 3,1,0.3,0.1} x {1000, 300, 100, 30,10} to determine the
optimal choices of (ayg, 30), and each grid search is conducted for 5 x 10* iterations. The
noise for the fast iterate again comes from minibatch sampling with batch size 32. The
results are shown in Figure 8. Unlike Figure 7, the y-axis here represents the average of
|zt — 2*||? or ||§]|? over 100 repetitions. We plot ||z; — 2*||? instead of ||#||> to reduce the
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Figure 8: The convergence results for SHB (6) to solve (48). We calculate the line slopes
using data from the 10° to 5 x 10° iteration range.

computational cost, because computing H(y) = V f(y) requires passing through the entire
dataset, whereas x* = H(y*) = 0. As discussed in Remark 2, E|z; — 2*||? is also of order
O(ay). Figure 8 again shows that decoupled convergence can be achieved.

7. Concluding Remarks

In this paper, we have investigated the potential for finite-time decoupled convergence in
nonlinear two-time-scale SA under the strongly monotone condition, wherein the mean-
square errors of different iterates depend solely on their respective step sizes. Viewing the
two-time-scale SA as an approximation of a two-loop procedure, our primary focus is on the
outer-loop iterate, i.e., the slow iterate y;.

Under a nested local linearity assumption, we have established the first finite-time
decoupled convergence for nonlinear two-time-scale SA with appropriate step size selection.
This decoupled convergence offers greater flexibility in choosing the step size for the fast
iterate xy, without impacting the convergence rate of the main focus, the slow iterate y;. Our
analytical framework advances the approach for the linear operators in Kaledin et al. (2020)
to adapt complexities introduced by non-linearity. In particular, we have derived a refined
characterization of the matrix cross term, surpassing previous asymptotic results (Mokkadem
and Pelletier, 2006), and applied fourth-order moment convergence rates to manage higher-
order error terms induced by local linearity. In addition, we provide an example showing that
decoupled convergence may fail even when the fast-time-scale update is linear, as long as the
slow-time-scale update remains nonlinear. Together with our upper bound, this lower-bound
result helps clarify when decoupled convergence should be expected in the nonlinear setting.
It also sheds further light on the approximation perspective in (3): even if two-time-scale SA
can be viewed as solving F(z,y) = 0 (for fixed y) and G(H(y),y) = 0, the original form of
G(x,y) may still affect the convergence behavior. We hope that this observation may also
be useful in inspiring future algorithm design.

Despite the progress made in our paper, several avenues for future research remain. First,
our results could be extended to include scenarios with Markovian noise or non-strongly
monotone operators, broadening the applicability of our approach. Second, investigating
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the asymptotic trajectory behavior and developing online statistical inference methods for
two-time-scale SA based on our non-asymptotic convergence results would be interesting
future directions. Finally, another natural direction is to generalize our framework to more
complex algorithms, such as those involving multiple iterates or multiple time scales.
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Appendix A. Omitted Details in Section 3

In this section, we present the omitted details in Section 3.
First, we give the detailed definition of the constants in Assumption 7.

_ MF 1 e 1 _ BEIG s
Tz M 1oue T I M ape T (284, v 200Lg ) Ly L e’
fa WF G e (28d, Vv ay)luLay.  Spa
HF (49)
P~ (t6d, v200) L3, 12,

As long as B;/a; = o(1) and B¢ = o(1), e.g., ay ~ apt~® and B¢ ~ By ~ t~, Assumption 7
will hold for sufficiently large ¢, regardless of the initial values ag and By. However, if 8;/ay
remains constant, ag and Sy must be appropriately chosen to satisfy Assumption 7. This
comparison highlights the advantage of using different time scales over the single-time-scale
case in terms of flexible parameter selection.

In the remaining part, the proofs of Propositions 1 and 2 are given in Appendices A.1
and A.2, respectively. The verification of Assumptions 4 and 5 is provided in Appendix A.3.

A.1 Proof of Proposition 1

Proof [Proof of Proposition 1] The proof is divided into two parts. The first part is
straightforward while the second part follows a similar procedure as the proof of Berger
et al. (2020, Theorem 4.1)

Assumption 4f = Assumption 4 . For any unit vector e € R%, we define
f(y) = (e, H(y)). Then we have f'(y) = VH(y)"e and

Flyr) = Fy2) = (F'(g2), 1 — y2) = /Ol(f’(m + 1ty —v2)) = f(y2), 01 — y2)dt

1
<l = vell | IV H o+t = 92)) = VH (w2) |

17 - 1 S
< Sy — el [ et < T2 — el
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From the definition of f, we have (e, H(y1)— H (y2) —VH (y2)(y1 —y2)) < 1+5H lly1 —ya|*F0H.
Sy
T+ "
Assumption 4 =— Assumption 4} . Under Assumption 4, we have for any
y1,y2 € R% and any unit vector e € R% it holds that

Since e is an arbitrary unit vector, Assumption 4 holds with Sy =

—Sullyr — yo|*T°H < (e, H(y1) — H(y2) — VH(y2)(y1 — y2)) < Sullyr — v2l[' 707, (50)

Now we fix two arbitrary points 41 and 7o € R% with 4; # 7j». Without loss of generality,
we assume H(y1) = 0 and VH(y1) = 0. Otherwise, we could replace H(y) by H(y) =
H(y) — H(g1) — VH(51)(y — 41) in (50). For any z1, 22 € R%, setting (y1,y2) = (21,%1) and
(21,%2) in (50) yields

=Spllz =gl < (e, H(z1)) < (e, H(g2) + VH(G2) (21 — §2)) + Smllz1 — g2 0. (51)
Similarly, setting (y1,v2) = (22,91) and (22,¥2) in (50) yields

Sllz2 — g0 > (e, H(22)) = (e, H(y2) + VH(52) (22 — §2)) — Sz — 52l (52)
Subtracting the rightmost and leftmost sides of (51) from (52), we obtain

(e, VH(52) (22 — 1)) < S (lz1=au )" + [lza=gu |42 + (|21 g0 + || 25— +2%)

with « a positive

1+6H
) . (53)
148y

Since the function h(x) =z~ 2 is concave, Jensen’s inequality together with the parallelo-
gram identity implies

Plugging (54) into (53), dividing both sides by a and setting o = k ||y2 — 91|, we obtain

1+6 7
(e, VH(p2) &) < 21700 5 T 201, — gy o,
If 67 = 0, letting k — oo yields (e, VH (7o) &) < 2~ 5HSH||y2 — 1 ||%7 . If 57 > 0, setting

k= 1/\/8y yields (e, VH (32) &) < 2191 S/ + 0 (1+5H) 2 — 1)) . Since e and &

are two arbitrary unit vectors and VH(y;) = 0, summarizing the two cases shows that
6

H
Assumption 41 holds with Sy = 21-91/T ¥ 6 (1+5H> SH. [ |

= 7@’”922_“ and 2o

Let é € R% be an arbitrary unit vector, z; = W

constant determined later. Then we have

Y2 — Y1 + e
2

Y2 — Y1 — e

1+5H
=5

ale, VH(y2) €) < 25y (

5 1465
- = ~ 146y -5 = =12 2\ 2
Y2 — Y1 + € <ot <||y2 Uil + « ) ’ (54)

2

Y2 — Y1 — @€
2

1+(5H
’ 2
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A.2 Proof of Proposition 2

Proof [Proof of Proposition 2] We prove the results step by step.

Proof of Part (i). We first prove ||A11]] < Lp and ||Ag21|| < Lgg. Setting y = y*
in (21) yields ||F(z,y*) — A11(z — 2*)|| < Sa r|lz — 2*||'+F. Then by Condition (12), we
have Lp|lz — H(y)[| = [|F(z, y)I| = [[An(z — 2%)|| = [[F(z,5*) — An(z — 27)|. Recall that
x* = H(y*). It follows that

1A (z — ") < Lplle — 2™ + Saple — ||

Let & — 2* = te; where e; € R% is an arbitrary unit vector and ¢ > 0. Dividing both sides
by ¢ and letting ¢t — 0 yields ||A11e1|| < Lp. Since e is arbitrary, we obtain [|A11]| < Lp.
Setting y = y* in (22) and applying Condition (13), we can obtain ||Az(z — 2*)| <
*|| + Sacllz — x*||! 9. Similarly, we can obtain ||As1 | < Lg .-

Next, we prove A11VH (y*) + A2 = 0. Recall that the first inequality of Assumption 5}
is [|F(2,y) = Az — @%) = Aia(y = y)|| < Sar (o =498 + |ly = y*|[1+97 ) . Since
F(H(y),y) =0, setting z = H(y) yields

1A (H(y) = H(y")) + Asa(y =yl < Sap(L+ L)y — v

By Assumption 4 and the triangle inequality, we have
(A H (y") + Awz)(y =yl < Sar(L+ L")y = y* 707 + LeSplly -y 0.

Setting y — y* = tey for an arbitrary unit vector es € R% and letting ¢t — 0 yields
I(A11H (y*) + A12)ea|| = 0. Since eq is arbitrary, we have A1 VH (y*) + A2 = 0.

In the following, we prove that the first inequality of Assumption 5 holds. Since
HAHH < LF and HA21H S LG@. we have

1F(x,y) — An(z — H(y))|
<1 F(z,y) = An(z — 2%) = Ay =y + [[An (H(y) — H(y") = VH( ) (y —y") |
(a)
< Sar (lz = 21 + ly = y*"7%) + LeSully — y*|| - min { |y - v*|1**, Rir },
where (a) also uses (18) and Ry = 222 If ||y — y*|| < 1, then we have

SH
1B @, y) = Az = H)| < Sar (o =27 + ly = y* 7)) + LoSully - y*| 7
< Saple —a* |07 + (Sap + LeSu)|ly — y* 7.
Otherwise, we have
I1F(2,y) = Au(e = H))| < Sae (lz =% + ly = g% ) + 2L Liglly — 7]
< Sarlle = a*|"7°F 4+ (Sar +2LrLa)lly — y*|'TOF.

Combining the two cases yields

|F(z,y) = An(e — H@)| < Sarlle — 21" + (Sar + Lpmax{Su, 2Lu}) |y — y*|"+7

(55)
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Before proving the second inequality in Assumption 5}, we first check the lower bound

.
Antdy By Assumption 3 and (55), it follows that

for 3 .

prlle —a*|? < (x —a*, F(e,y") < (@ —a*, Au(z — 2%)) + Sp,pllz — 2>

Ay + AT,
= <:n — %, % (z — l‘*)> + Sp e —a*|PHr.

Dividing ||z — 2*||? on the both sides of the last inequality and letting  converge to z* along

-
the direction v, we then have that up < UT%U for any unit one vector v, which implies

.
that % > ppl. This condition also implies Aj; is non-singular and consequently

H(y*) = A Am.
Finally, we prove the second inequality in Assumption 5t. We have
|G (2, y) — Az (z — H(y)) — (A22 — An A7y Ai2)(y — v
< |Gz, y) = Ani(2 — 2*) = Ana(y — y*)) | + | Ao (H(y) — 2" + A7 Asa(y — ) |
< Sac (lle =217 4 ly =" I1"%¢ ) + Lo wSully = v*|| - mindlly — " |, Rar}.

Similar to the proof of (55), we can obtain

|G (2,y) — Ao (z — H(y)) — (A2 — Ast A A12) (y — )|
< Saclle — |16 + (Saq + Laemax{Sy, 2Ly })|ly — y*||* .

Hence, the near linearity conditions in Assumption 5 follow with By = A1, By = Aoy,
Bs = Agg — Ay A A1a, Spr = Sar+ Lr(SyV2Ly) and Spg = Sac + La.(Sa VvV 2Ly).
Proof of Part (ii). Setting y = y* in (19) and applying Condition (12), we obtain

1B1(z — H(y")|| < Lrllz — H(y")| + Sp,rllz — H(y")|*F.

Similar to the proof in Part (i), we can obtain ||B;|| < Lp. Setting y = y* in (20) and
applying Condition (13), we can obtain ||Bz|| < Lg 4. Setting x = H(y) in (20) and applying

P

Condition (14), we can obtain ||B3|| < Lg,,. The proof of the lower bounds for 731231 and
BT -

% is also similar ot that of the lower bound for % in Part (i). [ ]

A.3 Verification of Local Linearity Conditions on Examples

In this subsection, we present the verification of local linearity conditions in Assumptions 4
and 5 on the examples in Section 2.

First, we would like to emphasize an important simplification in verifying Assumption 5.
Under the Lipschitz continuity of F'; G, and H in Assumptions 1 and 2, together with
the uniform local linearity of H in Assumption 4, if either (19)—(20) or (21)—(22) holds in
a neighborhood of the solution (z*,y*), then these inequalities automatically extends to
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all (z,y), thereby yielding Assumption 5; see Han et al. (2024, Propositions A.2 and A.3).
Therefore, for the examples, it is sufficient to verify (19)-(20) or (21)-(22) only locally
around (x*,y*).

For Examples 1-3, we assume that f: R% — R is strongly convex, with unique minimizer
xh = argmingcpa, f(z).

Example 1: SGD with Polyak-Ruppert averaging. SGD with Polyak-Ruppert
averaging in (4) an example of two-time-scale SA (2) with F(z,y) = Vf(z), G(z,y) =y — z,
and H(y) = z*. It follows that G(H(y),y) =y — «*, and hence y* = 2* = z}. If Vf(z) is
Lipschitz continuous, then F', G, and H are all Lipschitz continuous. It therefore remains
only to verify (19) and (20) locally. Since H is constant, Assumption 4 holds trivially with
Sy = 0and 0y = 1. If V() is differentiable in a neighborhood of %5 and V2 f(z) is d-Hélder
continuous there, then ||F(x,y) — V2f(2*)(x — H(y))| = [Vf(x) — V2f(2*)(z — 23)|| =
O(||z — =*||**%) in that neighborhood, while ||G(z,y) + (z — H(y)) — (y — v*)|| = 0. Thus,
Assumption 5 holds with By = V2f(z%), Bo = —1I, B3 =1, 6p =6, S =0, and d¢ = 1.

Example 2: SGD with momentum. SGD with momentum in (6) is an example of
two-time-scale SA (2) with F(z,y) =z —V f(y), G(z,y) = z, and H(y) = Vf(y). It follows
that G(H(y),y) = Vf(y), y* =z}, and 2* = 0. If Vf(x) is Lipschitz continuous, then F,
G, and H are all Lipschitz continuous. It therefore remains only to verify (19) and (20)
locally. If V2f(z) is §-Hélder continuous, then Assumption 4 holds with dy = J. Moreover,
|F(z,y) = (z = H(y)|| = 0, and [|G(z,y) — (x — H(y)) = V2 f(z})(y —y)| = Oly —*[I'*).
Therefore, Assumption 5 holds with By = I, By = I, By = V2f(2%), Spr =0, dp = 1, and
dg = 0.

Example 3: Constrained optimization with Lagrange multipliers. The algorithm
in (7) is an example of two-time-scale SA (2) with F(z,y) = Vf(z)+ A"y, G(z,y) = —Az+b,
and H(y) = [Vf]71(—=ATy). If Vf(z) and [V f]~!(x) are Lipschitz continuous, then F, G,
and H are all Lipschitz continuous. For this example, it is more convenient to first verify
(21) and (22) locally. If V2f(z) is 6-Holder continuous, then (21) and (22) hold locally
with A11 = V2f(l’*), A12 = AT, A21 = —A, A22 = 0, SA,G = 0, and 6F = 5@ = 9. Since
H(y) = [Vf]"Y(~ATy), we have VH(y) = —[V2f(H(y))] *AT. We now show that VH (y)
is also 9-Holder continuous.

Because f is strongly convex, there exists m > 0 such that V2f(z) =
hence |[V2f(2)] 1| < 1/m. Therefore, [VH(y) — VH()ll < IAI IV (H(y1))
[V2f(H(y2))] Y. Using the matrix inverse identity M1 — N=1 = M~1(
we obtain ||[M~t — N7 < ||M7Y||N7Y|M — N|. Taking M = V2f(H(y1)) an
N = V2f(H(y2)) yields

V2 FCH )™ = [V2F(H ()] 7 < m72 V2 (H () = VEFH )l (56)

Combining the 6-Holder continuity of V2 f with the Lipschitz continuity of H, we obtain
IVH (y1) — VH(y2)|| < |y — »2]|°. By Proposition 1, Assumption 4 holds with §g = 6.
Therefore, by Proposition 2 and Han et al. (2024, Proposition A.3), Assumption 5 holds
with By = A1 = v2f($*), By = Ayy = —A, By = Ayy — AQlAilAlg = A[VQf(x*)]_lAT,
and dp = dg = d. For the verification of the strong monotonicity condition, please refer to
Chandak (2025b).

Example 4: Stochastic bilevel optimization. With a slight abuse of notation,
consider the unconstrained bilevel optimization problem in (8). Suppose that ¢(y) is strongly

(oW
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convex and that f(x,y) is strongly convex in z for each fixed y. To apply two-time-scale
SA, F(x,y) and G(z,y) are of the following form

F(.’L’,y) = vl‘f(x7y)7
G(z,y) = Vyg(x,y) — Vi f (@, 9)[Va f(2,9)] ' Vag(z,y).

Then H(y) = *(y) and the solution (2*,y*) satisfies y* = argmin, cpa, £(y) and 2* =
Z*(y*). Shen and Chen (2022, Lemma 1) provide conditions under which F, G, H, and
VH are Lipschitz continuous. For simplicity, we impose the slightly stronger assumption
that V2f(x,y), Vf(z,y), Vg(z,y), and g(z,y) are all Lipschitz continuous. Then, by
Proposition 1, Assumption 4 holds with dz = 1. Under these conditions, F'(z,y) satisfies
(21) with A1y = Ve f(2*,y"), A12 = Vg f(2*,y*), and 6p = 1.

For G, we further assume that V2g(x,y) is Lipschitz continuous in a neighborhood of
(z*,y*). For convenience, define

A(z,y) == Vyg(z,y), Blz,y) = Vi, f(z,y), Cla,y) = Vi, f(z,y), D(x,y) = Vug(z,y),

so that G(z,y) = A(z,y) — B(x,y)C(x,y) 1 D(x,y). Since f(z,y) is strongly convex in x,
there exists 4 > 0 such that C(z,y) = ul, and hence ||C(z,y) || < p~ ! Let z := (z,y).
Arguing as in the derivation of (56), we obtain ||C/(21) ™1 —C(22) || < u72||C(22)—C(21)]| <
|21 — 22||, which shows that C'~! is Lipschitz continuous. For the gradient of G, the product
rule together with the derivative of the inverse gives

Z,

VG =VA-(VB)C™'D+ BC ' (VC)C™'D - BO7'VD. (57)

Here, VA, VB, VC, and VD denote derivatives with respect to the full variable z = (x,y).
Under our regularity conditions, VA, VB, VC, and VD are all Lipschitz continuous
in a neighborhood of (x*,3*), while B, C~!, and D are bounded there. Hence VG is
Lipschitz continuous in a neighborhood of (z*,y*). This implies that (22) holds with Ay =
V.G(x*,y*), Az = V,G(z*,y*), and d¢ = 1. Therefore, by Proposition 2, Assumption 5
holds with Bl = AH = me(:c*,y*), B2 = A21 = VIG(.Z‘*,y*), Bg == A22 — A21AI11A12 =
V,G(a*,y*) — VoG (@*, y*) [Vao f (2%, y*)] " Vay f(2*,9y*), and dp = ¢ = 1, where VG is
given by (57).

Appendix B. Convergence Rates without Local Linearity

In this section, we focus on the convergence rates of nonlinear two-time-scale SA without
imposing local linearity on F' and G, i.e., without Assumption 5. For Assumption 4, we
consider the more general case dg € [0,1]. Moreover, we only need the following weaker
version of Assumptions 6 and 7 throughout this section.

Assumption 8 (Martingale difference noise with bounded variance) The sequences
of random variables {£:}:2, and {}72, are martingale difference sequences satisfying

El&|F] =0, E[|F]=0, E[|&I?|F]<Tu, E[lwl®|F] <To.  (58)

Assumption 9 (Conditions on step sizes) The step sizes {a}i2, and {B:}72, satisfy
the following conditions that for Vt > 1:
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2
o Constant bounds: oy < 11,5 < 19, % <k, i—tt < p with

pF ke BFUG ABE_ bF

NTA BT IE T WIpLe.(VIay)  ne U 16L51E,

o Growth conditions: 1 < “4=t <1+ (Efag) A (B¢ Sy) and 1 < %—;1 <1+ 555

. % is mon-increasing in t, and [[-_, (1 - “i67> = O(a)

B.1 Proof of Lemma 6

Proof [Proof of Lemma 6] We first present the specific forms of the constants.

2 12 2 165%{F§;5H
Cx1 = 4LHLG,ya Cz2=TLyLGy, cz3 =207, cpu= T (59)
Recall that 2y = x4 — H(y;). We then consider
g1 = 21 — H(ys1) = 0 — oo F (v, ye) — e + H(ye) — H(ye41), (60)

which implies

&1 ]1? = 120 — wF (e, yo) 1> + |1 H (ye) — H(yes1) — atft”2
+2(2¢ — o F (e, ye), H(ye) — H(yer1)) — 200(2t — a F (24, yt), &) (61)

We then analyze each term on the right-hand side of (61).
For the first term, noting that F(H (y;),y:) = 0, we have

12 — P (s, y0)|”
= | &:]1* = 206(2s, F 1, 90) — F(H (ye), 9)) + G F (4, 90) — F(H (ye), 90)1”
X N . Tupo R
< NarlP = 2urafan? + Lyad el < (1 5 )2 (62)

where the inequality uses strong monotone and Lispchitz continuity of F' in (15) and (12)
respectively.

For the second term, recall that F, = o{z0, y0, &0, ®0,&1, Y1, - -+, &—1,Ui—1}. We then
take the conditional expectation of the second term on the right-hand side of (61) w.r.t. F;
and using Assumption 8 to have

E [”H(yt) — H(y+1) — as&]? |~7'—t}
<213 821G o, ) |” + 2L B7E [[lnl|? | Fi] + 207 [||&]* | 7]
<ALHLE 0|2 + ALY LY 82119012 + 26213 Tan + 202T 1, (63)

where the last inequality uses the following inequality that depends on the fact G(H (y*),y*) =
0 and Assumption 2

1G (@, yo) | < NG (e, ye) = GUH (ye), yo)ll + |G (H (ye), ye) — GH (y™), y7)
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< Laall@ell + Loyl 9, (64)

and thus [|G(w, )| < 2L, 12” + 2L |19 ]1*.
For the last term, we have that

(Bt — (2, ye), H(yt) — H(ye41)) = (Bt — oo F (e, 1), VH (ye) (Y41 — yt))

LI
) (65)
+ (Bt — o (24, ye), VH (ye) (Y — ye1) + H(p) — H(yes1)) -
LY
For one thing, Assumptions 1 and 4 imply that [|[VH (y)|| < Ly. Then we have
E [#:]|F] = B2t — (24, y1), VH (y) G (24, Y1)
(62)
< BiLi||Ze — cnF (e, y) [[|G@e, ye) | < Bev/1 — cupp L[| 24| || G (e, ye) |-

For another thing, by Assumption 4, it follows that

IVH (ye)(ye — yes1) + H(ye) — H(yes1)[| < Sullye — 4] - min {Hyt — g [, RH}

(a)

< S (G e yo)ll + 1el) - min {7 (11G e, yo) 17+ 46e]*) . R}

(®)

< SiuBr (|G (e, yo)l| + lall) - (min {87 |G e, yo) 1™, R |+ min { 877 |[4|°%, R })
(<)S 28,11 R +6H 146y , OH ) o1 1o su_ g 1;21{

i 281G ot o) | Raa s B il 49042 i { 307G e 1) |7, P
+ B0 |l ||1+5H>
24 30 2401 j146 145 )
< H +om
< i (S B G lan ) [Rir + gt B a1 ). (66)

where (a) uses (a + b)°# < a%# + b%# for any a,b > 0 and §g € [0,1], (b) uses the inequality

that min{a + b, ¢} < min {a, ¢} + min {b, ¢} for any non-negative a, b, ¢, and (c) follows from

Young’s inequality ab < % + % for any a,b p,q > 0 and l + l = 1. Note that Jensen’s
1+(sH

146y
inequality implies E[||¢||**0# | F;] < (E[|| ¢/ |.7-'t]) 2 <T,,2 . Hence,
146 1+0g
E[|\VH (ye)(yt — ye+1) + H(ye) — H(yep1)|||Fe] < 6LuS)|G(ze,ye)|| +4SuB, " Tye?

and E [#g|F] < th — o' (e, o) || - E[|VH (ye) (ye — yer1) + H(ye) — H(yes1) || F]

146
< Tl (SLufl Gyl +45uB Ty )
Combing these two inequalities, we then obtain the preceding relation

E (2 — e F'(2e, y¢), H(ye) — H(ys1))|F]
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146y
< TLuBivV1 — cpur || 2 ||| G (e, ye)|| + 4SH /1 — OétMFrBtH(SHHft||F22

(64) 146

< TLufy (Lowv/T=onpr i+ Loy T—aur |21 +4S 1 T=aum B |7 To?

165HF1+5H ﬂ2+25H

at

,UFOét
1241 + 7L La.yBen/T — aupr || & |1 2 ]| +

where the last inequality uses the relation obtained from the choices of step sizes TLy Lg 8¢ <
EEZL and Cauchy-Schwarz inequality.
Combing the three bounds in (62), (63), and (67), we obtain that

(67)

A Tppoy A A N
E ||&]” | 7] < (1 = JEell? AR L L7 &l 4 AL3 L o 57 |4])* + 23T 257

16SHF1+5H /62+26H

+T7L g LG yBiv/ 1= pr || Ze ||| Ge |+ o
t

< (1 - pray) thll + e B 119e)% + co2Biv/T — awpir | 2416 + 207T 1
2428

2 t
+ Cm,35t + Cx. 4 ,
8%

where the second inequality uses the fact that 4L%1L2G,xﬁt2 < EEEL and the constants are
defined as the last inequality uses the notations in (59). |

B.2 Proof of Lemma 7
Proof [Proof of Lemma 7] Recall that § = y — y*. Using (2) we consider

Jt+1 = Gt — BeG(H (yt), ye) + Be (G(H (yt), y) — Gz, yt)) — Bir, (68)

which implies that

Ge41l1® = [19e — BeG(H (ye), yo)|* + 1B (G(H (ye), ye) — Glae, ye)) — Bede)?
+ 289t — BeG(H (y), ye), GH (ye), yt) — G (e, ye)) — 2860 — BeG(H (ye), ye ), Pe)- (69)

We next analyze each term on the right-hand side of (69).
For the first term, we have that

(16)
19 = BG(H (ye), y)I? < 119ell® = 2uaBull6cl® + BN G(H (wr), i) — GH (), y)|1?
< (1= 2paB) |9:)1* + L2G,y5t2||yt||2 (1= pcBe) 14e)1%, (70)

where the first inequality also uses G(H (y*),y*) = 0 and the last inequality uses the relation

L%;,yﬁtz < puapPt-
For the second term, taking the conditional expectation on its both sides w.r.t F; and
using Assumptions 8 and 2, we have

E (16 (G(H (w), 90) — Glows ) — Butell® | Fi] < L2 681 + B0 (T1)
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For the third term, it follows that
2Be(e — BeG(H (ye), y), G(H (ye), ye) — G(@e, )
(13) R R (70) R .
< 28ull9e — BeG(H (ye), yo)|l - Laall@ell < 2LGaBev/'1 — paBell @]9l (72)
Finally, taking the conditional expectation of (69) w.r.t F; and using (70)—(72) yields
P SN2 T2 A20a 112 4 A2 TN
E (0121 7o) < (1= B0 190l + L o202 + B2 + 2L aBin/T— Bl

which concludes our proof. |

B.3 Proof of Theorem 8

Before proving Theorem 8, we first present a refined one-step descent lemma by applying
Cauchy-Schwarz inequality to the cross term O(SB||Z|||9:l])-

Lemma 15 (One-step descent lemma) Under Assumptions 1 — 4, 8 and 9, it follows
that

2 j15le 9 2y B2 9 2 2 t2+26H
Ell#e |7 < (1— )HM + G2 Oy 12 49T 02 4 g8+ con D, (73)
2 2up oy Qi
2
~ pa B N 2LG, A
Ellgisa 173 < (1= 292 ) Nl + =22l + T, (74)

where ¢y 2 and cg 3 are defined in Lemma 6.

Proof [Proof of Lemma 15| By Lemma 6, using the Cauchy-Schwarz inequality, we have

2 2
) pra B (L= praw)\
E [||2i4]? | F] < ( t) 12> + <Cx,15t2 + 151 + 2T'1107

2upay
2426
2 t
+ Cx,?)ﬁt + Cza

Qi
2420y

FQ 26
g( : t)” P G2 RN + 2000 + ] + eaa ™
2up o “

where the last inequality uses the fact that 2c, 1 — 092672 < 0. Similarly, by Lemma 7, using
the Cauchy-Schwarz inequality, we have

2
X HGBE | - 2L . (1 — pabBr) B
Il 7] < (1= 25°) ol + (Lé,zﬁf g el + To?

2
abe\ - 2LGq
< (1= 292l + =5 Bl + Toa?

2

We then complete the proof. [ |
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Lemma 15 is akin to Doan (2022, Lemmas 1 and 2). While there are minor differences,
the key distinction lies in the incorporation of éx in the term O(8272% /o), which is
O(2/a;) in Doan (2022). Combining (73) and (74) through the careful construction of
Lyapunov functions, we can establish both almost sure convergence and Ls-convergence.
Proof [Proof of Theorem 8] We first present the specific forms of the constants:

é

o 8U9(2LnLeqs+3Lay) L 1280L% , 53Ty 75)
Y, S/J/GLG,y > Y, ,UfF,UfG ’

1120L HLG +La yPH 2lpucLyLeycyn  8L% T
Czp = Cz,6 = + ;

1 IG dpp LG . WF

702 G2 Tl+0u (76)
oo g = Mooy 48 HF
T, T — .

2L%§,x MF

We characterize the Lg—convergence rates by introducing the Lyapunov function U, =
2
015 &)1 + [|gel|? with o1 = < it = EEB > 912” ’Bt . Since

= 4cg oLy
giﬁ < & it follows that

_ 5 o 6 2420y
Bl < o2 | (12 2200 gy 2 4 S22 CBIGIP + (20007 + eesB + s —
Ot 2 MF (677

212
G N G N
+(1-2 5t) BN + 22 G| + Taa6?

2
34+20y
BGBE ce3lae \ oo }
<(1- EU; + 20T r —e 77
< ( 1 > ¢+ 2011048 + < 22 + 3LHLG,y> B + 01Cz 4 oz (77)
where the last inequality uses % < g < Z—G For ease of notation, we set aj; =
[Ti—; (1 —#52=) and 8, = (1 — £6Br ) Then iterating (77) yields
~ ~ ¢ cs3La i
EUsy1 < Bo04BUy + 2017110 Y BriniorBr + | Doz + o725 | =Y Bri1iB?
=0 3LHLG73/ =0
63-5-2(51-[
+ 01¢z.4° Zﬁrﬂt
7=0 T
~ 160 8T29(2L 1L w + 3L 1001¢y.4 B2T20H
< Bo BT + oln 2(2Lg LG . G,y)ﬁt 01Cz 4 3y ()
Ha 3ucLay Ha eh

where the last inequality follows from Lemma 16, whose proof is deferred to Appendix B.4.

Lemma 16 (Step sizes inequalities) Under Assumption 9, it follows that

(Z) ZT 0 BT-‘rl tﬁz

Sﬁi 4oy
= ue and ZT oaT+1t047 < Lr

t 2
(ii) > 001,67 < MF% and 37— Qri140:r—1 < u%%
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(“’7’) Ei:o 67—‘,—1,15057'67 S % and Zfr:O a7+1,t67'047'—1 S %Bt

(iv) Sh_gari1B-Bor—1 < u%ﬁo,t-

+25H 2426
10 B,
(v) S Brare S @
‘ 2426 3 2426 . 1428 A 2426
y t —1 t
(vi) =0 Qrilt—or = pr o and 3 r—o Q741,65 ;Tq = pr a?

As a result of (78), it follows that

2 ~ ~  1601'11 t2+25H
El[gt+1 /1" < EUpt1 < BoEU + e + cy1 Bt + 2= 5 (79)
t
where ¢, 1 and ¢y 2 are defined in (75). Recall that
2. 32 2420
A WF O Cu2 Bi ) n
El#41]* < ( ) 12:]1% + o L0912+ 2T 1108 + co 387 + ot .
2uF oy Qi
Iterating this inequality yields that
c2 t 2 2426y
N N 8F11 4c 3 B 3¢ 4
Ellde1 [ < o, Elldoll” + 22 O, BrElgr )2 + ———ap + —2 SO
mr HE Oy 125 (6%
o), cririBr [ BowEOp+ 2000 B el
r Z 11,8 (ﬁo 1EUg e 1+ cy1fBro1+cye o2
) 8T 4c 3,4 B0
+ ag B Eol? + oy + —22 B, Beeaf 5
122 HE O HE (8%
_ TLiLa, 8T, 2 2+20m

~ . Bi
< Liﬁ(),tEUO + ag +E|| o] + a +cp 5B +cp S + ot ——5—, (80)
G,x HF (o'

] 1 57'
where the first and last inequality use Lemma 16, 5 < &, k < % and the
constants are defined in (76).
Note that
2 A 112
~ L .Po 8LGah . R 2L 2 E| 2ol X
EUy = #EH ol *+Edoll* < —=E|ol]* +E[oll* = == +Ell9ol*. (81)
BFPGQ BF UG TLyLay
Using (81), we then simplify (80) into
TLyLc 8T 32 2+ 20u
Ell#e11]* < (o + 280.) El 2ol +L7"1/50t 9012+ +cs, 55t+0x6 +C:v7 ! ;
G,z HUF Oét
which together with ag; < By completes the proof. [ |
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B.4 Proof of Lemma 16
Proof [Proof of Lemma 16]

(i) This mainly follows from (i) in Lemma 17.

(1+55 t)Q < (1+ 32,;@)2 <1+ EEB;. where the second inequality uses & < Z—g and
the last inequality uses §; < 1o < ?;4—5 and /% = 2. Then the first inequality follows

9 2
(ii) We first show that (Bt L) <14 £EB;. This is easy to prove by using (%) <

from (iii) in Lemma 17. For the second inequality, note that Zizo ry14070r—1 <
(1+258) Sty arndl < (14 ) A2 < £ 2

BF 0t — HF Ot

(i) Note that Bocwr g —wman <t < (1-LE6)% and 1 — H28, > 1 — iy >

1— 5 = 2. It follows that

t t t
8050,
Z art1tBrBor—1 < Z B72—+1,t6’r50;r—1 < 200, Z Br+1tBr < =
7=0 7=0 7=0 G
The proof of remaining parts follows a similar pattern. |

Lemma 17 Let {cy, 5} be nonincreasing positive numbers.

(i) szﬁt < é and ﬁfg—;l < 1+35B forallt > 1 and some a > 0, 22:05]2' Htr:j-ﬁ-l (1 —ap;) <
=Bk
a

2
(i) If By < rag,ap < L, and (Bt’l) < 1+ 58 for all t > 1 and some a > 0,

a’
im0 87 [limjr (1 — aar) < 27E

(iii) ]fﬁt 2 and “= <1486, forallt > 1 and some a > 0, Y5 Bja; [Timjyy (1 —aBr) <
2.

Proof [Proof of Lemma 17] See the proof of Kaledin et al. (2020, Lemma 14). [

Appendix C. Omitted Proofs in Section 4

In this section, we give the detailed proof of Theorem 3. For generality, with ég define in
Assumption 4, we assume oy € (0, 1] instead of dy € [0.5,1] throughout this section. We
first present the formal version of Theorem 3.

Theorem 18 (Formal version of Theorem 3) Suppose that Assumptions 1-7 hold. In
particular, we assume dg € (0,1] instead of 0 € [0.5,1] in Assumption 4. Then we have
for allt >0,

2 paB de d ;r2om
A T
Elliuia ” < %H( HOP) + Ol o+ €l (52)

t
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PN ~T de :U'GBT de 1?1+26H
IEZt+19: 411l < Cayo H 1- 1 + Coy1 B+ C »
5446y 2
ar\ 3
<Cd63atﬁt+ Coya toz5 > <»5’Z> g (83)
t

1426y
d, d t
> + Cyq Bt + Cy% o

t
N cP
Bl < o5 T (1 - 29~
7=0
5446 2
Ot \ op
Crde at6t+0de t ()
( y,3 Y4 ag By

t5+46H o773 %
— 84
+< Cl% oy + CY op )(ﬁ) ; (84)

where {C% % Yiepjuiots {cd e Yiclu{oy and {Cji}ie[G]u{o} are problem-dependent constants
defined in (143) (161) and (166).

Under Assumption 7 (iii), we have

t 0 (1 _ MiBT)
T=
Cprod = 21;(})) - < 00. (85)
> t

With §z > 0.5 and the constants bounds in Assumption 7 (i), the constants in (25), (26)
and (27) can be defined as

20 1
Co = C% Cproatr + CIG + CI5 137712,

Coy1 = Cg;l n Cde P LgéH L, Coyz = nyo Cprod m e Cde Cde4 L4215H 2,8, o)
Cyt = C 4 Ol BN €y = O Clpg 177 O 4 €l 4172 8,
Cys = Cl + C% 13" kS,
Next, we give an example choice of the step sizes in Corollary 4.
128 128
= Gr raomant + Do T G Adane T Top (87

128
pa(ker Ata A 2)

witha,be(o,u,1g§g1+5§mg,ﬂ= and Ty > | 7,/%].

We emphasize that in the proof, our primary focus is on the order of the mean squared
error, rather than optimizing the constants. The constants in (86) serve only to provide an
upper bound that ensures Theorem 18 holds, and may be quite loose in certain cases, such
as SGD with averaging in (4). The step size choice in (87) is thus presented as a feasible
example for general cases. For specific examples, however, the optimal values of «g, Sy and
Ty, can vary significantly. For example, in (4), 8y and Ty can both be set as 1.

Before present the detailed proof, we first give an operator decomposition lemma, which
states that with Assumption 5, we could decompose the nonlinear operators I’ and G as the
linear parts plus higher-order error terms.
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Lemma 19 (Operator decomposition) Suppose that Assumption 5 holds. With &; and
Ot defined in (24), we have the following results.

(i) F(zy,y)) = Bidy + RE with |RE|| < Sp.r(||2]*°F + ||g:)|1T9F). It follows that
& — ayF(x,y) = (I — uB1)3y — awRE. We further have ||I — oy B1| < 1 — ppoy if

< qp < BE
(ii) G(H(y:),y:) = Bsyr + R with ||RtGHH < SB,GngtHH‘SG. It follows that §; —
BiG(H(ye),ye) = (I — BiBa)je — BeREM . We further have ||I — BiBs|| < 1 — pap;
if0< B < A<

G,y

(iti) G(xe,y0) = Baiy + Baje + Rf with ||RF|| < Sp.a (|26 + [|7:]" ).

C.1 Proof of Lemma 9

Proof [Proof of Lemma 9] We first present the specific forms of constants:

96d,, ST a3
cgel — 412 LGy, =2d,LyLcy, cgfg = 2L% Ty, cgf4 = ;f—F

I5 =4d SH(LGz /\LGy) x Sy, Ca:6 = 4d,Sp FLH(LGgC /\LGy) x Spg F, (88)

2426 2426
e _ dLuShe ., e  8duSH(LEP ALG ) g
7= 7 B,G» Cz8 = H-
@ L “, Ly onLgon

The decomposition in (61) implies that

A (62)+(63) 3upa R R
Bloval® < (1= L5 ) Eadl® + caaSFENGHI + 28 LYoz + 20T

+ 2E (T — e F(x,y), H(ye) — H(ye+1)),
e

(89)

where we have also used the fact that 4L%{L%7x@? < BEZL. The proof is almost identical to
that of Lemma 6 except that we take additional care on the cross term Ed.

By Lemma 19, we have & —a; F(z4, ) = (1—ayB1) 23—y RE with | RF || < Sp (||| 07+
19]I*7°F ) and ye—ye1 = Ge—Dir1 = Be(Bodi+Bsf+ R +1by) with | RE (| < Spa([|2]]* 06 +
9¢|1T9¢). By Assumption 4, it follows that

H(yer1) — H(y) = VH(y) (er1 —ye) + R = VH(y") (e — ye) + B + RY!

where HRt | < Sellyi+1 — yt\|1+5H and RVH (VH(y:) — VH(y*))(yt+1 — yt). Therefore,
we have

Ed = Etr(#) = —tr (E(H(ytH) — H(y))(Z¢ — o F (x4, yt))T)
E(VH(y") (yerr —yo) + BT + RE((I = arBy)ay — arRE)T||
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<d,- [ |VH@HE@ = y)a] (1= arBO)T | +EIRE |20 — arF (e, i)

L} LD

+ o ||VH () Eesr — ) (BD) ||+ [ERYY (2 — P (2, 0)) |

LE »
We then analyze the four terms {#;};c(4) on the right-hand side of the last inequality.

Proposition 20 For any random variable X > 0 and real number a > 0, it follows that
1
2EX? < aEX? + -EX*.
a
o For the term #y, using || — a;Bi1|| <1 — ppoy <1 and [|[VH(y")|| < Ly, we have

1= B |[EVH(y) (Bode + Bagi + BO)2, (I — ouB) |
< BiLu (LaaBllal? + Loy [Bge! || + B RE ||

2
e <2LGQEIEJIthH2 + Ly |Eged || + 25L (Ellad*2 + El|g, ||2+25G)> :
(91)
Here the last inequality uses the following result which could be obtained by Proposi-
tion 20,
2

G|l 4 A 2 S
B ] < LooBlad]? + 52

= (2200 + Bl ). (92)
« For the term #2, it follows that

& < Sy -Ellyrr1 — ytHHaHHi”t — o F(ze,u1)||
(62)+(64)

1455
258 (LB 1 LR 2+ T )

4SH/61+5H

2125 Sar 1 724205 A (1242
W( S TR [T 4 LG TR g H20m)
Gz

S2L}1+6HLET§HB151+6HEH£7€||2+
Broug .o | 48d, SH T3S0 g2 120
z
12d, " p a

1+0y 11+
LH LG,:C

MFOét

Bl + (L3 B 200 4 L5 2B g 200

N 48de%{F§;‘SH BE+20u

, 93
HnE o7 (93)

where the second inequality also use (a + b)'9 < 2(a!™ + b'*+9) for any a,b > 0 and
d € [0,1], the third inequality uses Cauchy—Schwarz inequality, and the last inequality

uses (LiLa,of) F% < LiLaafh < 459 < 1.
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o For the term &3, it follows that

3 < 3L Sp || Glae, yo)| - (10 + g7 )

(64) R R ~ A
< BiLuSprE (Laalltil + Loy lel) - (12l F + 131407
< 28881 Lu (Lo A Lay) (B2 +Ellg]2) (94)

o For the term #y, by the definition of RY | it follows that

an+e2) )
O < BSHE[G|" |G (e, ye) |2

(6<4) § )y Ell4 205 10" L Ello 1465 (| 2
< B:Su (Lol 19617 + Loy Bllgel ™ 12
< 28:Su(Laa A Lay) (Bl + Ellgl 7)), (95)

where the last step uses Young’s inequality.
Plugging (91), (93), (94), and (95) into (90), we have that

6 o Cde 2+26H A
:1:2 tHE ty;|—H+ APt 7a:,t7
2 O 2

84 )Mpat

E|2:]|* + (96)

where the inequality also uses Ly Lg.0: < BE% and we use the constants c 5 to c g defined
y ) 24dy

in (88) to hide the problem- dependent coefficients to yield the expresmon of A, +in (37).
Moreover, by Proposition 2, we have c?% oc Si. Then plugging (96) into (89) gives

~ (89) 3ura
Bl < (1- 25 t>EH 7 + ¢t BB + 262 L3 s + 27T + 25
(88)+(96)
< (1= ) Bl + e 57E| ] + o5 Eaig] | + 2l

2+25H
d,
+Cx3 t +Cxe4 o +Azt7

which is the desired result. |

C.2 Proof of Lemma 10
Proof [Proof of Lemma 10] The decomposition in (69) implies that

(70)+(71) 0 ) . ar
Elgea)? S (= #GPOBIGIE + L6 oS EI2|" + 5T o)

+ 28:E(G — BeG(H (yt), ye), G(H (ye), yt) — G (21, y1))

The proof is almost identical to that of Lemma 7 except that we take additional care on the
last term.
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By Lemma 19, we have

— BiG(H(yt),yt) = (I — BiB3)gr — BRSH
G(H(y),yt) = B + REH
G(xt,ys) = Body + Bafi + RC

with |[RFH || < Spallgel|'t0¢ and ||RE|| < Spa(l2*T0¢ + [|9:]'T°¢). Therefore, we
have

E(g: — B:G(H (ye), y), G(H (ye), ye) — G(xt, yt))
< dy [B((T = BiBs)gn — BRE™) (— Body + REY — RE)T |
< dy [(1 — ueB) IB2IEge ] || + (1 — na BB 9 (IREY | + 1IRE )

+ Bil| BolIB REH |22 + BENREH| (| REH )| + | RE)]

2
- AG o Lz, .
< dyLco B2, || + 7Ellytll2 +— = BE|24 2

2 15d§ di A 1124+26¢ ~ 112425
Sh (e + 5 B+ Aduf | (BIa]*200 + B0

(98)

where the second inequality uses ||[I — B¢Bs|| < 1 — ugf: and the last inequality uses
Cauchy—Schwarz inequality. Plugging (98) into (97) yields

(97)
Ellges1l” < (1= paBOEGl1> + LE o BLE|| 241> + B7T22
+ 26E(G: — BeG(H (ye), ye), G(H (ye), ye) — G, ye))

(98)
2 (1 e

VEII? + 208 B0 + 24, Lo BB, |+ T2l + Ay

where we use A, ¢ defined in (39) to collect the remaining terms. [ |

C.3 Proof of Lemma 11

Proof [Proof of Lemma 11] We first present the specific forms of the constants:

143y 5 24857 1+
xy | = LuLgatTy® Su+6uLuly,, ¢y = (24 L) Se+457Ty% , cle g = SuTy® |
e ) =28k (Laa A Lay) + 8057 Sp(Lea™ ALG ™) + 160 1 Sy (LT + Lg7)™) o Sy
(99)

Using the update rules (60) and (68), we have

E [@H@LJ =E (2 — s F (x4, 1)) (9 — BiG(H (ye), v1)) " +uBiE [&%Dﬂ

¢

43



HAN, L1, AND ZHANG

+ E Bt (8¢ — canF'(w,yr)) (G(H (), yt) — G (1, yt))T +E (H(yt) — H(yt+1))T Ut+1 -

L D) *

It then follows that
IEZ 1570 ) < IESL] + [[Ed2 + [E®]| + 0651, (100)

We then analyze {||E4;| }ic[3) in the following respectively.
To analyze 41, we make use of Lemma 19 and obtain that

1= (1— B (1 5uBs) " — Bl — auBr)a, (RF)
— ouREG (1 8.B3) " + auhRE (REY)
Taking expectation and then the spectrum norm on both sides, we have
IE®: ]| < (1= praw) (1 = neB)IEEG, | + Be(l — prar)Sp.cEll2l|g '+
+ (1 = e B) Sm,rEIG| (126177 + 1ge]+7)
+ 01B:Sp,rSp.GE (3% + 1ol +% ) [1gel) 0
< (1— ppa) (1 — uaB)lIE2g] | + AL, (101)

Here we use A;ly)’t to denote the higher-order residual collecting all the remaining terms for

simplicity. More specifically, it follows that

1 N N N A A~
AL, = Bi(1 — upan)Sp GEIRIGIE + n(1 — paB)Sp pEal (13 + 3] +r)

+ 1S, p S GBI ([l + ] +r)
Now we can apply Young’s inequality to decouple the cross terms and obtain

AW

ot < BiSp.a(El2:17T00 + El|5:]2°¢) + 204, (El|2¢||*TOF + El|g[|*T°F)

+204315p,1Sp,6 (B[ 2|7 T0F 00 + E|ge||H0F+09). (102)

To analyze 42, we have

62)

( (13)
¥l < Biv/T=pradl|@dl - |GH (), ye) — Glan yo)|| < Biv/T-prar - Lag|&*. (103)

To analyze 43, we will use the near linearity in Assumption 5 again. By Assumption 4, we
have that

H(yer1) — H(ye) = VH(y) o1 — ve) + R = VHY) (yers —ye) + BY 7 + R,
where Rff and RY! are defined by

R{":= H(yip1) — H(ye) — VH(ye) (1 — ve),
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RYM = (VH(y) — VH(y")) (Ye41 — y)-

with Rfl satisfies HR{IH < Sullyt+1 — yt]]1+5H. Note that yi1 — y¢ = Be(G(xe, yt) + Vi)
Then

IE®s]| < Bl VH (v )EG (e, yn)d] || + BEIIVH (y*)EG (x4, ye) G (e, r) |
+ BRIV H (g B ||+ [ERY 5 1|+ SHE [[lyesr — vell 7 |
< BiLu|[EGlow, y)g] ||+ 57 Lt (B |G lae, )2 +52)
N———— N————

01 Q2
FIERYT G | + SHE [[yes1 — el 07 [|Gesa | -
%
O3 4

To proceed with the proof, we then analyze {0;};c4 respectively in the following.

e For the term {1, we use Lemma 19 and obtain

IEOLI| < LawlB2edy || + Loy Elgel* + Sp.cElEel 613l + El|g]* ).

o For the term (s, the inequality (64) implies that

EQ2 = E||G(e, yo)I* < 2L LE|12e]1” + 2L , Ellge . (104)

« For the term O3, (11) and (17) imply ||VH (y:) — VH(y*)|| < min{Sz||9:)|%%, 2L}, it
follows

IEOs|| < BE (VH (y) — VH(y*)) G, y)d) | + BEIE (VH (ye) — VH(yY)) vt/ |
+ ﬁt2||E(VH(yt) — VH(y")) G(zt,y.)G (fﬁt,yt) |
< BSHE(G (e, yo) [19e]" 0% + 2L B (BI|G (e, o) > + S22)

64
< BiSu(LaoBl|2ell|ge " + LayEl| 91> ) + 2L B oo

+ 482 Ly (L3 Bl|3® + LE ,El13:]1?)
o For the term 4, it follows
5 . 5
EQs < Bt ME (|G (e, yo) | + 116 ) 07 1[Gl + B E (|G (e, o) || + lel])* 0

1+38py

19 ~
< 28] E| G a1, o) |77 1] + 207 B
+ 4571 E (\\G(mt,ytm?”ffﬂwtu?“ff)

+op

( 1
< 451+5H(L1+5HEII$1:H1+5HHy L&, "Ellgel* )+ T 0" (BEI|gil|*+5,7)

2+5
+452+5H < L2+5HEH$ ||2+5H +4L2+5HEHy H2+5H +F > ,
where we have used (a +b)? < 277!(a” +b7) for any non-negative a,b and v > 1.
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Putting these pieces together and noting 8; < 1o, we have that

43| < BtLHLG ol B2 | + 657 LirLE LBl 2e]® + By 1 Bllgell® + ey 257

de o0 A (105)

d o @ . (2) . . .
where gy 1, ¢gy 9, $Z3 are constants defined in (99) and A, ; is a higher-order residual

covering all the remaining terms in (105). By Young’s inequality, we can derive the following

(2)

upper bound for A/,
25tLHSB G(E||$t”2+6c + EHyt”Q—HSc) + 165§+6HSHL2+6HE||1%t||2+§H
+ Be(Si L. + 48,7 SpLgl, ™) (B2 |77 + Elge|*+0r)
+ 81 (SuLay + 48" SHLE!™ + 168101 Sy L2 ) B g |2+0#

< 26, Ly Sp.c(E|E]*70 + Ellgl**0¢) + Becty 4 (B2 + Ellg[>**™),  (106)

A® o

zy,t —

where chA is defined in (99).

Now, we are ready to establish this lemma. Plugging (101), (103) and (105) into (100),
we have that

PN HFC PN N
Eeraglal < (1 25 2o+ 61 (LaaBlnl? + 5 EIaul?) + Sracu
+ Cmy Qﬁt + C:Ey 3 +26H + Axy ty

where the inequality uses the following facts

* Since % <k <spiter (M—prae)(l—pah) + filuLlea <1 —prai+ BiluLlaa <

_ Hro
1 broe,

o Since £ <k < Trsire s VI PG + 66 LrLee < 1— Mt + 66, LyLes < 1.
o Combining (102) and (106), we have

+ A%

xy,t

AL,
A 2+5F ~ 2+5F A 2+5G ~ 2+5G
< 2045, r (Bl &[] + E[[9¢[77°F) + BeSB,a(1 + 2L ) (E[[ 2|77 + E[[g¢]7°¢)
+ ey a |27 +E| 9] )+ 2005 5, r S, (El|2:] |07 H00 + || o |00 F00)

= A:cy,t-

We complete the proof. [ ]

C.4 Proof of Lemma 12

Proof [Proof of Lemma 12] We first present the specific forms of the constants:

64,52 5301
¢ =24LyLay, ¢k, =40L}LE,, ¢y =1280LyLE,, cie, = ZiF (107)
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From the proof of Lemma 6, we have

. (61)
[Zes1]? = |2 — P (e, yo) I + | H (ye) — H(yer) — cuel|”
Cl Cz
+ 2(2 — u F (e, ye), H(ye) — H(Yeg1)) + 200 (T — o F (e, y¢), =) -
C3 C4

Taking the square of both sides yields
41| < CF 4 4C3 + 4C2 + 4C3 + 2C1(Ca + C3 + Cy), (108)

where the last inequality is due to (a + b+ ¢)? < 3(a? + b% + ¢?) for any a,b € R. We then
analyze these terms respectively in the following.

o For C?, we have

(62) Turcy — 49p%a?
e L (109)

« For C2, taking the expectation w.r.t. F;, we have

(11)
E[G317] 'S 8 (LB |Gl — vl | F] + aiTh)
(lél) 4 4 4 4 pdp2 472
—= 8(5LHﬁtHG($tayt)H +7LHﬁtr22+atF11>’ (110)

where the first inequality also uses (a + b)* < 8(a* + b*) for any a,b € R and the last
inequality uses (111) below

E [[|G (@i, y) — will*] < 5]Glar, )| + 703, (111)
To derive (111), we first notice that

|G (e, ye) — el|* < NG (@ ye) | + 611G (e, y) |21 0el)® + NG (e, yo) ||| ]P + |2
— 4)|G (e, yo) |G (e, ye), 1be)
< 5G (e, ye) |1+ Tt = 4G (e, ye) (G (e, ye), e,

where the last inequality follows from Young’s inequality. Taking the conditional
expectation gives (111).

Then we plug (64) into (110) and obtain

E |C3| Fi| < 320L3 LE B! 1a||* + 820L3 LE 51 u])* + 56 5{T3, + 8afTH,,
(112)

where the inequality also uses (a + b)* < 8(a* + b*) for any a,b € R.
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o For C3, taking the expectation w.r.t. F;, we have

(11)+(62)
EGIFR] < ALL@IPE [y - vl | 7]
(64) 2 22114 112 2 A 112 2 ~ 112
< AL} BR|a (2L o170 + 2L, 15012 + T2
= 8Ly L2 o 57 12| + 8LE L 87 |24[1 |96 )1” + ALE T2 57|24, (113)
« For C?, taking the expectation w.r.t. F;, we have

(62)
E |C}1F] < 4a?llé: — auF (@ y)IPE [II6IP | 7] < 40fTufa  (114)

e For C1Cs, taking the expectation w.r.t. F;, we have

E[CiCo | F] = CiE [Co | F]
(62)+(63)
< lal® (AL3LE B2 30l P+ALY LE, 87131l P28 LE T a0 +203 T )
< ALY LY o7 0o +4L3 L o 87 34|19 |P+2 L3 Doz 8| ] P+20 110} .
(115)

e For C1C3, taking the expectation w.r.t. F;, we have

E[CiCs| Fi]) = CIE[C3 | Fi]

(62)+(67) 9 12 ~ R
< [T { el +14L 1 Ly Bel| 2|19 +

3253 Tys B
F Qi

g2y T

< ppan|2 | + 14La Ly Bl 2 P[9]] + 1242 (116)
e For C1Cy4, taking the expectation w.r.t. F;, we have
E[CiCy | Fi] = CLE[Cy | Fe] = 0. (117)

Moreover, since oy < 25 and o < 0012, 1Z > we have

~ Bupay 49u%a?

1
2 16

+40LE L B + 1280L3 L .8 < 1 — ppay.

Taking the expectation on both sides of (108) w.r.t. F; and plugging (109), (112) to (117)
into it, together with the above inequality and the definition of {c4.i}ic4) in (107), we

obtain (42).
|

48



FINITE-TIME DECOUPLED CONVERGENCE IN NONLINEAR TwO-TIME-SCALE SA

C.5 Proof of Lemma 13

Proof [Proof of Lemma 13| From the proof of Lemma 7, we have

19e112 L 190 — BGH (), ) 17 + 18 (GUEH (), 1) — Gl ) — Bein|?
Dy Do

+ 260 —BG(H (ye), ye), GH (ye), ye)—G (x4, yr)) + 281 (Ge— Bt G (H (ye), ye ) s —r) -
D3 Dy

Taking the square of both sides yields
|9e+1]* < DY + 4D3 + 4D3 + 4D7 + 2D1(D; + D3 + Da), (118)

where the last inequality is due to (a + b+ c)? < 3(a? + b% + ¢?) for any a,b € R. We then
analyze these terms respectively in the following.

« For D?, we have

(79) N 3ucB | -
D} < (1 26+ i)l < (1= ) i), (119)

where the last inequality is due to §; < 2;%@

« For D3, taking the expectation w.r.t. 3, we have
E (D3| 7] = BB [IG(H (), ) — Glaew) -l *| 7]
Similar to the derivation of (111), we can obtain
E [|G(H (y1), ye) — Glat,ye) — vill"| < 511G s, m) = GH o),y | + 703,

It follows that

(13) R
E [D3| Fi| < 581G (@ u) — GUH ), w)ll* + 7813 < 5L& 8|7 + 78T,

(120)

o For D, we have
2 205 2 o W0 o oo o
Dy < 4B 19— BiG(H (yo) y ) IPNGH (), ye) =G,y IF < ALG B 10712
(121)

« For D3, taking the expectation w.r.t. 3, we have
2 2014 2 2 (79) 2014112
E |D}| Fi| < 467190 — BG(H (yo), w)|E [[0el® | B < 4T lgel®. (122)
e For DDy, taking the expectation w.r.t. F;, we have
MO o o 1210112 2014112
EDiDy | A =DiE[D2| K] < Lg Bl 2l7N9e]” + To2 5 1] (123)
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e For D;Ds, taking the expectation w.r.t. F;, we have
(70)+(72) i3
EDiD3| Al =DiE[Ds| F] < 2LaaBllZll9:]°. (124)

e For DDy, taking the expectation w.r.t. F;, we have

E[D1Dy| F] = D1E[D4| F] = 0. (125)

Taking the expectation on both sides of (118) w.r.t. F; and plugging (119) to (125) into it
yields (43). [ |

C.6 Proof of Lemma 14

Proof [Proof of Lemma 14] To characterize the Ls-convergence rate, we define the Lyapunov
54L%
||4 Gz

BE R,
Derive the one-step descent. We first employ Lemmas 12 and 13 to derive the

one-step descent of V;. Since g—’; < k, we have

function V; = ant Z¢)|* + ||9¢]|* with o3 =

201—‘11&% + 20L F226t < Cxa: 5at27 3205?F 11+ 224L% 5;1F Coz, Ga?' (126)
with

e o = 2011 + 20LpTaak?, ¢S o = 32T'F, + 224LHT3,k%,

As a result of 21 < Bt we have

o1 — ag’
E Vi1 | F]
(42)+(43) . MGﬁt
< Vi— osprBilldd* - 1961 + 4LG o Bell |1 9e]|* + 03¢5, 1*||th 19
—_———
&o &1 &
+ 18L?;,xﬁfllﬁ?t|!2llz?tll2+Q36m2 i ||90t|| 2|19]I* + 20L¢; . B ||$tH4+936m3 i Hytll4
o) &4 Es Ee
34265
+ 036554 ta 12[1” + o3¢S scuBelle]|® + 18T 2257 [19:11” + o3¢k 6l B + 287555,
t
(127)
We then analyze & to & respectively in the following.
e For &, we have % < 5’L—FG It follows that
19 031G B 1 14
& 14 : 128
0> el + £4O 2] (128)
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o For &, by Young’s inequality, we have

L, .51
51 < /\4@3
1

031F Pt | .
It < T [Enls
G

A~ 4/3 ~ ~
2] + 301" e Be | s +ucBladlt,  (129)

where the last inequality is by setting )\111/ | /3.

e For &, by Young’s inequality, we have

35/% 033,
4

03(cs5 1) B

3/4 N —1,35/4 —11~ A ~
& = 03 (B Dell#)®) (canady 87 0 iell) < el + =5 gl
20

4 4
; B < [l e B _ adalile: 54-24*u% pe
Since o < a00r,LaaLa, We have o = 200°LE LL [ LL = 200%gs(c? )T

Then setting
)\3/3 = pp/4 yields

Bosprfr o4 454 240u6B, g Bospry
e 21l 9] < —=——

& < 7]t +0.18 e ||
2S — ¢ 5004 16 Bl + 0.18uc Bl
(130)
1 1 o3 ﬂ s (14 881Lé I'Btg ~ 14
e For &, by Cauchy-Schwarz inequality, we have & < SEER||Z, |7 + — 2= |G|,
Since f3; < ﬁ, we have 37 < : 421#%; = 1=k fgz It follows that

031F Pt | . 8- 8lugp Qzupﬁ
&3 < Al 7t|| gellt < SR 121t + 0.06206 B 9]t (131)

8 142.
For &, by AM-GM inequali have £ < 28|z, ||+ 4 22 @ 45
« For &4, by - inequality, we have & < ZLECL|| 3|4 4 S |9¢]|*. Since
2 4
1 Bt HEPG B alae) 54-402pppc
< 2up and o < 200LyLcalcy’ 0 have a? < 122.200° L}, L, ,Lg, , — 122:200%05(c%s ,)?°

It follows that

O31FPt | . 108 - 40%uc By, 031F Bt . N
£1 < PO g o g 1SRG g1t < SR 14 4 0 0018l . (132)

8 1222004

we have 3} < : 431% <3 43%55‘5 . Tt follows that

. 1
e For &5, since §; < Thig

Es < 000103705 Be |2 *. (133)
i g Bt BE g
o For &, since ay < W and ¢t < m, we have ¢t < o5 2004L}§g‘ézLéy <
54-1280u¢ jig
T35 2008 gscle 5 = 0.00lg et . It follows that
€ < 0.001pGB:]1ge )" (134)
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Plugging (128) to (134) into (127) and taking the expectation yields

3420y
G A N
BV < (1- 262 ) Bri+ <g3cz§,4 L aacl sauf + 18F22ﬁ3> (Bl +Elg:)?)
t
+ 03¢ 0} By + 2875, 8. (135)

Since we assume [[%_, (1 — “%f’) = O(oy), then Theorem 8 with the definitions of ¢, 7 in
(76) and ¢, 2 in (75) implies

2420y
E||2||% + El|g¢]|? < coap + c— ta with c_ o< SHT 4307 . (136)

2
t

Also note that % < k. Then we have
3428y

(930%,4 taz + 03¢t s + 18F225t2> (EH@H2 + EHZQtHQ)
t

2420y

2+25H
< B [ggcgiﬁl’:«? + (03¢l 5 + 18F22ﬁ)at] <c+ozt +c_ ta2 ) : (137)
i i

Plugging (137) into (135) and using oy < t1, B < 19, % < k and (c1a + c2b)(cza + c4b) <
c1eza® + cacyb? + (cacs + cieq)(a® + b2)/2 for a, b, c1, ¢, c3,c4 > 0, we obtain

5440y
) EV; + CZZJ oZ B + 05272 to/l , (138)
t

EViy < <1 - Miﬁt

where the constants ng,l and 035’2 are defined as

03¢ yci + (03¢ 5 + 18T 2k

2
03¢% 4ci + (03¢ 5 + 18T 9k)c
2

d 2 2
+ 03¢5 gt1 + 28159k 12,

ng,l = (93055[3,5 + 18T9k)ct +

= SHTL0H  hy (S, Tas)

= QgCgiAC_ +
(139)

de in

for some function hi(:,-). Here the last inequality follows from the definitions of ¢gf 4

(107) and c— in (136).

Establish the convergence rates. With the one-step descent inequality (138), we
could establish the convergence rates of E|2¢|* and E||9||*. For simplicity, we introduce
(as we did in the proof of Theorem 8) ;s = [Toe; (1 — £5*%) and B;, = [Ti—; (1 — %) .
Iterating (138) and applying Lemma 21 (i) yields

SCde 1 Ocde 44+46
EVii1 < oy EVp + —2ta2 4 — 920t
| %% j¥%€; e

The proof of Lemma 21 is similar to that of Lemma 16 and is omitted.
Lemma 21 (Step sizes inequalities) We define the product as oy = [[5—; (1 — E527)

and Bji = HtT:j (1 — %) Under Assumption 7, it holds that
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(i) Z] 0 Bjr1 i < < Saf and St

e

j= Oﬁj-‘rlt ! <
J

.. 402
(i) g jyrd < 22

A+40 4445
t 880, t B; 368, H
5 S s X0 Qe afo—1 < S and 3oj_g o1ty — < e
Then we obtain the convergence rate of E||g|* as shown in the following
% del 10¢ de 4446
EHytH4 < EW < 6015 1 E‘/O + yy7 Oét2_1 + itf (140)
G |27l (o%:

LFBG
Since xk < %00Ln Lo Loy e have

B0 A . fe . .
EVy = Q3OTOEH9CO||4 +E|lgol|* < IE||900H4 +E[|goll* < ¢ Kl Zol|* + El|go]*,
o

LS
de
where ¢y o = 2L o - . As a result,

YY,
4
27e; a;y

. 8cd€ 1 1ocde ) 444551
Ellgel|* < Bos1 (cfe oEllzol* + Ellgoll*) + P R

Plugging (130), (132), (134) and (126) into (42) and taking the expectation, we obtain

e LGow 2420y
Ell4 4 < (1= E 4 Ll aady o) 4 de t de
s < (1= 252 ) Bl + EECtR g0+ ( el P

Coxa + Crp 5at> ]EHJ"tHZ + Cxx 6a§
(136)+(140) Fa R ucEVo A+46
< (- g+ A kel B

t
where the last inequality also uses oy < 11, 8¢ < 1o, O‘;—;l <14 BER <1 4 BEA B <

— 8 9 Bt —
a
1+ “Gﬁt <1+ B2 % < ('Btﬁ—;l) for any a,b > 0, and the constants are defined as
t

8Cde 2 cde C_-i-Cde c 4
d 1 HFEl1 d ,5 45+ HELL 2 7el%) d
cxex,7 = 523; <1+ 3 > + (Cmevj&l,_—f— i 9 e 1+ ] + <1+ 64 ) +c:m€UGL17
1OCde 8 d@ c_ +Cd€ c 4
d ,2 2 7el%] d )5 AC+ brty 2 7e1%]
a8 = uycy (H 64 > " ( st = > gt (H 64 )
< SHT3 " - ha (S, Tan)

(142)
for some function ha(-, - ) Here the last inequality follows from the definitions of c%¢ 4 in
(107), c— in (136) and cyyg in (139). Iterating (141) yields

. A ] c 4¢ de 7 3Cde 3 44+46
Bl < ao/Elldoll* + 5o EVy + —af + =8
O3MF HF HF
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where the inequality also applies Lemma 21 (ii). Since Z Gg L < Zi Kk < 1 for any j, it holds

54L%
that ag; < Bo¢. Recall the definition of Vj and g3 = Ffj Z . Then we can obtain
G
4¢ de de B4+4§H
E||2s1||* < 2B80.4E|Z0]|* + E||go||t + —xnT 42 4 SCres
[Ze41]]" < 280Kl 20]” + 27L4 BoEllgoll” + ur T ol
This completes the proof. |

C.7 Proof of Theorem 18
Proof [Proof of Theorem 18 | Since the conditions of Theorem 18 are stronger than those

of Theorem 8. The first inequality follows from Theorem 8 with

8F11
Ccle = —i—cw5f£+cx6&2 cle —cx7o<S FH‘SH,
x,1 L x,2 H

(143)

iy = 3B g2 + T LGoENIT
G,z
where the constants {cz i }ic[7)\(4) are defined in (76).
The proof of the other two inequalities is divided into three parts. We first use Lemma 14
to analyze the high-order terms defined in Lemmas 9 to 11, then derive the convergence
rate of |E2;9, || and finally use this to establish the rate of B[ g||%.

Analyze the high-order terms. Since we assume [[%_, (1 - “%,:BT) = O(a?), then
Lemma 14 with the definitions of C{¢ ¢ in (142) and C;j;Q in (139) implies

At46p
E||.@'t||4 + E||Qt||4 < Ct2 OétQ +c_2 ta4 with c_ 2= SHFéJréH hg(SH,FQQ) (144)
t

for some function h3(-,-). Note that the terms in A, 4, A, ; and A,y ; all have their exponents
lying between 2 and 4. Then we could apply Jensen’s inequality to control them by the fourth-
order terms or apply Young’s inequality to bound them by second-order and fourth-order
terms.

We first focus on A, 4, which is defined in (37). By Jensen’s inequality and Assumption 7,
for z = ||Z¢|| or ||9:]] and v € [0, 2], we have

24265 \ 173 24255
2+~ i 142 24y 2+v .
Bz < (B2) T <ceyhay ? 4 h (ﬂt 2 ) Sy o ot Y L3H757t72.
o o
(145)
Substituting (145) into (37), we obtain
3+20y

Ay < c%auBy + tag ; (146)

t
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where the constants are defined as

2+5H Si 2+5F g 146 146y P
2 2 H , OH
= 2¢%¢ 5Cho U + 2c% 6Cio U + 2c 7C 5 L1 + 2 8Cr5 1,
2485 245 1454
de T 8% OH —4 , 0HOF KOF 2 20pdc .26¢
Cal0 = 2cx 5C_3 Lo +2cl, 6C_2 lilg +2cx 7C_5 Ly K (147)
1+25H 25%}_’_5}[ 2%
—1—26:5 8C_5
1455
2

for some function hy(-,-). Here the last inequality follows from the definitions of c%% to c% S
in (88) and c_ o in (144).

For A, ; defined in (39), we have
de 5 (12420 - 112428 L1 de 2 15dy
B < i BBl P25 + B IPH5) with ¢y = Sho (b + dBia + Sdyia | . (149
By Young’s inequality with p = ﬁ and ¢ = % , for z = ||Z¢|| or ||g||, we have

ALpL 2 =
de 1Bt L2206 < THHEGEPL 2 Gl s 2+ cgezﬁ—t (at) C 24 with c 5 X SEGG, (149)
1 ale% e ’

where we use c 5 to hide the problem-dependent coefficients. Plugging this inequality and
(144) into (148) and noting that ’Bt < # we obtain

oy Bt

) 1
ap AL LGB o) AW EAY
Ay S EGHBIGIP + ISR P+ { o204} + e 5 )" (0)
t t

Finally, we concentrate on Ay, ¢, which is defined in (41). We first tackle the first term.

By Young’s inequality with p = ﬁ and ¢ = %, for z = ||&|| or ||7:]|, we have
Lq .f: 5 5
204 Sp p2?TOF < Tx 22+ xy 5 Bt 5 24 and cxy 5 X ngF, (151)

where we use cxy 5 to hide the problem-dependent coefficients. Other terms can be controlled

by (145). Recall that oy < ¢1 and % < k. Plugging the above inequality and (145) into (41)
yields

3420y

Apyt < LaoBe(Bl|2® + El|9:1%) + ¢l 6 e + e 7=

54405 oy %
+<zygatﬁt+c,ﬂy’ ta4 )(@) : (152)

t
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where the constants are defined as

246 dc 245y oy 2+5F+JG 1+5F+5G
xy6—2SBG(1+2LH)c+2 L12 +2czy4c+2 1’ +4SprSpaceiat y ,

2+5 2485 <o

Jude o 0% .6
7—253(;(1+2LH) 5 G+20xy4c 5 TR
2+5F+5G
O (0p+0
+4SprSpGgc_o*! LngH( FH6) br oG (153)

146y
= (Sp,g+ S+ SB,FrSB,G)Sul'y” - hs(SH,T'22),
Z Z 148y
ng,s = ng,str,Q X SBI,JF’ Ci;e/,g czly 56—2 = SB S99  he(Su,Ta2)
for some functions hs(+,-) and hg(-,-). Here the inequalities follows from the definitions of
%4 in (88), ¢ xy5 in (151) and c_ 5 in (144).

Derive the upper bound of ||[E#;7, ||. With the upper bounds of the higher-order
terms, we could derive the upper bound of ||EZ;¢, ||. Substituting (146), (150) and (152)
into (36), (38) and (40) respectively yields

Ell¢ei1 > < (1 - ppae) Elldl? + 2 57Elgel> + 26, [E2ed] || +2T1107
+C§cl?3 t2+0g?47+0 Oétﬁt-l-cx “o——5—, (154)
o at

G . ALpLg .0}
- M2ﬁt> El9:l|* + (H L
HFOi

Elges]* < (1 2L2G,556152> E||&]* + o237

T d G+aom Qt %
+ QdyLG,mﬁtHEft@t | + Cy,ez <C+,2 atﬁf +c_p2 ta5 ) () , (155)

AV
o N FQ PN N
[Eds1dT | < (1 — B0 B0, |+ 2L BB + (el + Loa)SEIHIP + Erzaify
+2§ 3426
t
xy 257& + ny 3 7+ Ca:y 6 O‘tﬁt + ny 7

5+46 2

Ot \ OF
+ < xy 8 CYt/Bt + Ca:y7 ta4 ) (/8t> . (156)

t

Define the Lyapunov function W; = 4% EthHQ + |E&¢g, || with o4 = LG gince % <k<

m AEE and ¢4 = 2d, LHLGy, one can check

2d,LgLa L
94%4& 7 HoGabGy 2 HFQt _ fFQt 9Ly — fFO4 (157)
s 12 6 6 ! 3
Combining (154), (156), (157) and 2% < £t we can obtain
HEFQy 2 1426
Wi < <1 - ) Wi+ Ca:y 10BE[|e]| + Cmy,llatﬁt + Cmy,12 [

5+46 g =

d t Oy \ OF
+ ( xz 8O /Bt + ny7 Oé;l ) (ﬂt) 3 (158)
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. 6L
where we also use Assumption 7 and g4 = —<

qu’ and the constants are defined as

leZw = xyl + LGz + 94%10,
Cczly,ll = 20411 + X212 + Q4Cm 3"'€ + 94027 9"‘i + ny 2k + Cmy 63 (159)
1465
de

Coya2 = cg;?, + Q4C /1 + Q4Cx 0/4 + cxy 7n = Sul9? - h7(SH,T22)

for some function he(, ), and the last step follows from the definitions of cmy 3 in (99), ¢
n (88), %, in (147) and ¢ o7 in (153).

For simplicity, we let &;; = f_:j (1—EE), Bjr = b _j (1 - “GTﬁf) and B, =
tT:j (1 — %) . Note that under our assumptions, (136) holds, i.e.,
2420y

E||Z¢]|* + Bl 9> < crap + e < cyay + e k2B with c_ S?{F%;(SH. (160)

t
Plugging (160) into (158) and iterating, we obtain
1+2§H

5446y o %
de de de t de de t
Wt+1 S C’ajy,(] Bo,t + ny,l /Bt + ny,Q a C Y,3 O[tﬁt my 4 065 </B> 9
t t t

where the inequality applies (i) and (ii) in Lemma 22, whose proof is deferred to Appendix C.9,
and also uses & < fo,¢, and the constants are defined as

A 6(ce 1gcy + )
Ce o = 0arE||Zol|” + | Edogg ||, Coe, = —2 s

KF
A(cgs 10c- K + 5 19) 4
Ciya = - ur 5 = SuTo)” - hay2(Su, Ta2), (161)
12cde 2 gcde 2 148y
ngiﬁ = M;y’S x SB s Cg;, = :; = SB FSHF22 ~h$y,4(SH,F22)

for some functions {hxm( ,+) yi=2.4. Here we have used the definitions of c_ in (136), ¢
cf¢ o in (153) and cf¢ |, in (159).

xy 89
a:y 1

Lemma 22 (Step sizes inequalities) We define the product as éj; = [[- = (1— ke,

Bit = HtT:j (1 - '@) and Bj = It _j (1 - *ﬁi) Under Assumption 7, it holds that

1428

6 1426 4 BT
(Z) Z] Oa]-Flta]Bj = Mit; E] 004]+1t5 < or o

5446
B H

2 546 2

.. t ~ 20. (% \or 120408 (s 5F aj 96 at | oF

(i) >0 A1t 5 P; (,[3j> <= & 72 0 Qj+1t ~or— | 3 STra \B .
242657

3 880,¢ t A _ 35
(iii) Y— Bjp1.48? < u%’ Si—0 Bi+1eBiBoj—1 < o2t Siog B g =

rGot

(5 < ()

1428

6446
IB H

(i) Y5o Bj1 ] ( >%§6%ﬂt (%ﬁ)éF >0 Bjrae
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1 6446
B H

(0) Sho BrsraaB? (52)7 <82t ()76, 50 Fray,

As aresult, |E2419, || < Wiy implies

» 1425 . - SHOHN o\ 5
t t
|EBée19/ 11 < C yOﬁOt +C ylﬁt +Coyo o <C y.3 i+ ‘”;4a5> (@) '

t (162)

. ~ 112 o A .
Since k < m we have Cd° 2.0 < mEHxOH + ||EZo7y |- Thus we obtain the
second inequality.

Derive the upper bound of E||#||?>. Now we are prepared to establish the convergence

rate of E||¢|/?>. From (162) we can obtain

1+25H
1E2:07 || < C2e o oy + C26 | By + C22 435

5+45H %

0%

where ¢ = 1 + HEt + E&2. Plugging (163) and (160) into (155) and applying the upper
ALpLGs

ur T 2LG LU1, we have

bounds in Assumptlon 7 Wlth cy 3 1=

N cB
Ellfe1 | < (1 - ,u2 t> E||ge||* + 2dy L 2Bt Bo—1 + ( CysCy +2dy L . C. zy 5,16 +T22> 87

2+25H

+ (e k2 + 2y Lo o Ol 5¢F) “— .
t

6440 2
+2 +9 By AN
+2dyLg » <Cd6 3C5F B+ Cg§,4C5 70%5 ) (5;:) "

6-+4305 o %
+ 5 (cﬁgatﬁf +c_g toﬁ ) (Bt) . (164)
t

Iterating (164) and applying (iii), (iv) and (v) in Lemma 22 yields

1426 5+40 o %
A2 d d de Pt d de Pt
El|ge1" < Cy% Boe + Cyq B + Cy% o + <Cyf§, B + Cy o5 ) <5>
t t t

. y 54455 o %
+ (C'y% B + Cy tas ) (@e) ; (165)
t
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where the constants are defined as

d d
Cd = E||jo|| % cde _ 4 (Cy?3c+ +2dyLGaCry € + F”)
y,0 — yOH y,l — 5
e
3 (c%e_k? + 2dy L ,CL 53 1oy
Cyi = ( - e - ) = Suly”  +hy2(Su, T'22),
+2
cic _ SCh IOl i 166)
v, X g F
e ’
9
6(2dy L CL gsﬁ ) 2 Loy
C?jl,e - ’ CCNG - = Sg" S %" - hya(SH,Ta2),
6ci%ey o 6cde e Z 145y
Czjl’e — 4@},2 e SB [eX] Cyﬁ - L = S GSHFQQ hy,6(SH»F22)
e Ve
for some functions {hy i(+,-) i=2,4.6. Here we have used the definitions of c_ in (136), ny 9
to CgZA in (161), ¢ y2 in (149) and c_ 5 in (144). ]

C.8 Proof of Corollary 4

Proof [Proof of Corollay 4] Define 5y r = HtT:() (1 — “GTﬁt> Clearly, % is non-increasing

and upper bounded by . By setting ay, 3, Tp as in (87), we have ay <11 A2 A %2 for all
t >0, so the constant bounds in Assumption 7 hold. Since (1 + z)Y <1+ ~x for z > 0 and
€ (0, 1], then for any ¢ > 1, we have

1 (at_l B 1) o1 1 a 5Fu(;/<;a (t + Tp)” < el 1 Oplp

P <
ar \ oy Oy t—1+Tg 128 t—1+Ty 64 (t+Tp)l—e = 16

Similarly, we can obtain é (O‘(Zl — 1) < % and é ([3::3:1 B 1) < G Thus the

growth condition in Assumption 7 holds.
. T2
For Bor,if b = 1, we have By < H?:o (1—“3—?) < HtT:o (1 - t+2T0) < (T+To)(T+To Iy =
b 1-b
O(a2). If b < 1, we have o < exp (—32 Ztho(t + To)_b> < exp (—(T+To+1)l —1o ) =

(1-0)/32
1+26H

o(a#). Then the conditions in Theorem 18 hold. Note that §g > 0.5 implies “—— = O(;)

5445

Bt

and

1) g Vsl
= O(asfy); & < 14 % Adg < 2 implies (ﬁ) rG O(ai) and By =

O(a T) = O(fr). It follows that HE:):TQTH = O(Br) and E||9r||?> = O(Br) The upper bound
of E||27||? is from Theorem 3. [ |

C.9 Proof of Lemma 22

Proof [Proof of Lemma 22] The overall proof is similar to that of Lemma 16 and Kaledin
et al. (2020, Lemma 14). We only provide a detailed proof for one slightly different case, the
first inequality in (ii).
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Define ¢, = 4=. Then we have % < 2=t For z € (0.0.2), one can check exp(r) <

1+ 1.2z. Since 5F <1, g: < S’LZ and prar < ppep < 1, the growth condition implies

2 3
Q1 Br1 <C7'1) °F (1 . /LFO(T> < <1 + ,UGBT) (1 + 6FMF057'> °F (1 . MFaT>
ar B Cr 3 64 16 3
HECQr 3upor HECr HECr 3-6,UIFOZT> ( ,uFaT>
<1 1-— 1 1+ —— 1——
—<+80>6Xp< 16 )( 3) <+80)(+ 16 3

<1+:UJF057'> <1/1F047—> Sl*lUJFaT. (167)

4 3 12

Following the derivation of Kaledin et al. (2020, Lemma 14), we can obtain the desired
result. [ |

C.10 Analysis of Constants in Leading Terms

In this subsection, we provide the details for Remark 4.

C.10.1 DERIVATION FOR (29)

we first analyze the constants C;, Czy,1 and Cy 1 appearing in Theorem 3, with their detailed
expression in (86). As mentioned in Remark 4, we focus on the diminishing step sizes
=0 and B = O(t%) with 0 < a < b <1 and 2 <1+ %F A dF to capture the most
essential dependence on the parameters. Moreover, as analyzed in Remark 1, we can focus
on t > ty with a prescribed tg, then the constants ¢1, t9, K, p in Assumption 7 are of the order
o(1) as tg — co. Then, in the expression of the C, Cyy,1 and Cy 1, all terms involving these
constants can be viewed as higher-order infinitesimal (as tg — 00), as shown below

Co=Cga+o(1), Cayr =Cigy+o(l), Cyi=Cyi+o(1),
With C defined in (143), we have

8T
Co=— +o0(1). (168)
ur
Next, we analyze Cyy 1 = C9° ey T o(1). Although ny 1= MF( g‘;’loq + ng,n) as defined
n (161), we can improve the constant ¢4 to o(1) by applying the results in Theorem 3. Note
that with 1 < g <1+ %F A S, we have E||§¢||? = o(a;) from the proof of Corollary 4. If we
plug this upper bound into (158) instead of plugging (160) into (158) as we did in the proof
of Theorem 18, we can obtain

de 6 de de 6622,11
Ca:y,l = E ( a:y 10 ° 0(1) + Ca:y,ll) = ,UT + 0(1)

Then with cgcy 11 defined in (159) and czy ¢ defined in (153), we have

Gede 6 [12Lg T

Coui =C% . +0o(1) =
Y, zy,1 ( ) Lr LE

+ 212> Fo(l).  (169)
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Finally, we analyze C, 1 = Cgﬁ—i—o(l). Although C G ( Cy3ct +2dy L. C. zy °.C+ I‘gg)
as defined in (166), we can also improve the Constant c+. To that end, the expression of
C. in (168) implies E||@||? = 851104,5 1+o(ag_1) = 8};;1 ay + o(ay), where we have used
1< %L <14 bEayp =14 0(1). If we plug (163) and this upper bound into (155) when we

derlvmg (164) in the proof of Theorem 18, we can obtain

4 8T'11
de __ - -l de
Cy,l - LG |: y3( L + 0( )) + 2dyLGa$ny,lC + F22:|
Moreover, with ¢ = 14452 4 #622 — 14-0(1) defined below (163), ¢l = %+2LG L=

% + o(1) defined above (164), and the expression of C’g;l in (169), we have

4
Cya = CI% +0(1) = —

+o(1).

32LuLasTn | 12y La, (12LG@P11

5 + Zu) + I
Weg HF KU

C.10.2 DERIVATION FOR (30) AND (31)

We first give the explicit expressions for ¥, ¥, and ¥, ,. Mokkadem and Pelletier (2006)
assume that a,, = O(n™?), B, = O(n~?) with 1/2 < a <b <1 and

& &y as [ Ze Tey
E Fe| =
Kwtsi vl ) |7 D
For brevity, we omit other regular conditions. Then the asymptotic covariance matrices >,
and X, in (28) have the following expressions

Yy = /OO exp(—Bis)X¢ exp(—B s)ds (170)
0
Xy = /OOO exp (— (Bg - f)s) iw exp <— (B;— - 621)5> ds. (171)

Here § = lim,_yo0 ﬁgil — 3.1 and B>0 only when b = 1. f]w is the asymptotic covariance
of the modified noise 1/} =Yy — BaB{ ¢, mentioned in Remark 4 and has the following
expression

Sy =Sy — BaB[ 'S¢y — XL By ' By + BoBy 'S¢ By "By (172)

Since z* = H(y*), Bt = o(ay), and H is Ly-Lipschitz continuous, we have || H (y;) — H (y*)]| <
Lyl|lye—y*|| = op(ai/Q) and consequently at_l/vat = a;1/2(ajt—x*)—at_l/Q(H(yt)—H(y*)) =
a;1/2(xt —2*) = 0p(1). Then a[l/zﬁjt has the same asymptotic distribution as a{l/Q(xt —a*)
in (28). If we further assume that {o; ||2¢]2}52, and {B; 1||9:]|2}52, are asymptotically uni-
formly integrable, then we can obtain lim;_,e o "El|z||> = tr(X,) and limy_,o 7 'Eljye]|? =
tr(2,) (Van der Vaart, 2000, Theorem 2.20). For ¥, , = lim; o 8; 'E[z:y/ |, Konda and
Tsitsiklis (2004, Theorem 2.6) show that for the linear case, 3, , satisfies the following
equation

BiYyy +Y:By =Yy (173)
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Under the aforementioned uniform integrability condition, we have lim; o 8; | Ezsy, || =
|Xeyll. Next, we derive the upper bounds for tr(X,), tr(3,) and [|2; ||

The upper bound for tr(X;). For ¥, define in (170), we first derive an exponential
B/s I

_Bis _ . B+B]
upper bound for |[e”"1%]| and ||e . By Proposition 2, we have —5— = pupI. For any

v € R4, define w(s) := e~ Bl sy. Then we have

d d
()] = ol P Plow = —uTe P19(By + Bl )e 1 o0 < 2 |u(s)|”
S S

By Gronwall’s inequality, we obtain ||w(s)||? < ||v]|?e~2#F*. Since v is arbitrary, this implies
|e=Bis|| < em#rs, ¥s > 0. Similarly, we have ||e=B1%|| < e #r% Vs > 0. Next, we bound the
trace of the integrand. Using the fact that tr(AB) < ||A| tr(B) when B > 0, we obtain

e P1* e T) = e 2o irg) < e B e (5
< Jlem B0 e B tr(Se) < €77 ().
By Assumption 6, we have tr(X¢) < I'1;. Then integrating over s € [0, 00) yields

tr(zg) T

oo o0
tr(2,) = /0 tr(e_Blszge_BlTs) ds < tr(Ef)/O e HFS s =

The upper bound for tr(X,). Recall that ¥, is defined in (171). Under Assumption 7,

~ T_73
we have § < ug/2 and thus w

obtain tr(¥X,) < tr(zl"). It remains to bound tr(X,). Recall that ¥, is defined in (172).

Letting A := B231 , then we have Zw =Xy —AX¢y — Z AT —|—AZ§A—r By Assumption 6,
we have tr(3¢) < T'iq, tr(Ey) < T and ||E¢ 4| < 2. Then we have

> EZ 1. Similar to the former derivation, we can

tr(Xy) = tr(Sy) — tr(AS¢ ) — tr(SL A7) + tr(ANeAT)
= tr(2¢) — 2’61"(1425’1;,) + tI‘(AEEAT) <T9o + 2|t1"(AE£’¢)| + tI‘(AEgAT).

For the last term, since ¥¢ = 0, we have
tr(ASeAT) = tr(ATAS,) < ||AT Al tr(Se) = ||A[|” tr(Z¢) < | A|PT1a.

For the second term, using [tr(X)| < d, || X|| for X € R%* we obtain

Combining the above yields

tr(y) < Tz +2d, | Al| Tz + [|A[PT11.

.

Finally, we bound ||A|| = || B2By *||. By Proposition 2, we have || Bz|| < Lg.s, BIJ;Bl = nrl,
T

and B3+B3 = pugl. For any r#£0, pr|z)? <2’ B”;Bl r =g Bz < ||Biz| ||z|. It follows

that ||B1 'Biz| = ||z|| < - ||Biz||. Because Bj is invertible and z is arbitrary, we have

— MF
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|BT Y| < L%F Therefore, ||A|| = ||B2By || < || Bal ||B7Y| < % Combining the above
analysis yields

1 L
tr(3y) < — {Fzz + 2d,,
e

The upper bound for ||%, ,||. Because ¥, , satisfies (173), we have ¥, , = By ' (Z¢.p —

Y.Bj ). We have established ||By!|| < % and tr(3;) < erfp By Assumption 6 and
Proposition 2, ||X¢ || < ¥12 and || By|| < Lgz. With ||X,] < tr(X,), we have

2up '

1 - 1
1Pl < = (IBeull + 2B 1) < = (B +

Appendix D. Proof for the Lower Bound

In this section, we present the proof of Proposition 5. This proof also relies on the convergence
rates for the MSE and fourth-order moments without local linearity in Theorem 8 and
Lemma 14. Under the conditions in Proposition 5, one can check that the conditions
of Theorem 8 and Lemma 14, especially Assumptions 71 and 9, are satisfied. Moreover,
Proposition 5 together with Theorem 8 implies both E|4¢|? and E|§;|? are of the order ©(ay).
Proof [Proof of Proposition 5] Under the conditions of Proposition 5, the update rule of
two-time-scale SA becomes

Tip1 =T — o (T — Yy + &)

Yer1 = Y — Be (e — |ze — | sign(ye)) -

Note that for this example, z* = y* =0 € R, ; = x; — y; and §j; = y;. Correspondingly, the
update for the errors term becomes

i1 = (1 — )@y — s + Yt — Yet1
= (1 - Oét)i’t — s + Bele — /Bt’«%t| Sign@t% (174)
Or1 = (1 — Be)Ge + Be|Z4e| sign(ge). (175)

Because this example satisfies Assumptions 1-4 and 6 with Ly = Lr = Lg, = Lgy = pr =
pc =1, Sy =0 and 6y = 1, then by Theorem 8 and Lemma 14, we have E|#;|? + E|j;|? =
O(ay) and E|#:[* = O(a?). By Assumption 7f, we have oy < 1/12 and 8; < 1/14. We also
have /oy < 1/200.

The remaining proof proceeds in three steps. First, we show that E|2;|? = Q(cy). Second,
we establish that E|2;| = Q(y/a¢). Finally, we prove that E|g| = Q(y/5;), and consequently
Elge* > (Elg:])? = Q(8e)-

Step 1: Prove E|#:|? = Q(a;). Squaring both sides of (174) and taking the expectation
yields

Elger1]* = (1 — a0)’E|2:|* + of Sy + B7E[G:* + B7E|24] + 28:(1 — ) E243e
— 2515(1 — Oét)E.CLA'tL'it‘ sign(;ﬁt) — 2,8?E|i’tgt|
> (1= 20y — 280)E|&e|* + a7 $1 — 28;(1 + Be)El &40
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By the AM-GM inequality, we have 26;(1 + B)E|#.di| < atEl2,[2 + 222V, 12. Recall
that 8 <1/14 and 5;/ay < 1/200. It follows that

26¢ 1 -
E|Zi1]? > (1 — day)El2g)? + 2% — LR g2
Qg

Recall that E|j|?> = O(ay) and 3¢/a; — 0. Then there exists tg such that V¢ > to, we have

2, ai%y
El2e1]? > (1 - day)Elde* +

t

t t
> Elag,|* TT (1 — daq) + 712 H1—4a]

i=to

Assumption 71 implies «a; is non-increasing and o < oz[_ll + pup/16. Then we can obtain

oy = O(t) and consequently ay = Q(t!). By telescoping, we have

Za? H (1—40@')20&20@ H (1—404]-):% [1— H(1—4aj)]

i=tg  j=it+1 i=tog  j=i+1 j=to
Ot !
> — |1 —ex ( —4 o ) .
> p ];to j

Since oy = Q(t71), then there exists ¢, such that Vt > t1, >>i_, o H] i1 (I —4ay) > ay/8.
Thus, E|£i‘t|2 = (Oét).

Step 2: Prove E|#;| = Q( /a;). Combining the results of Theorem 8 and Step 1 yields
E|#:|?> = ©(ay). Moreover, combining the result of Lemma 14 and E|2;|* > (E|4;]?)? also
yields E|24|* = ©(a?). Thus, there exists 41 > 0 such that V¢, (E|#|?)2/E|#:|* > v1. To
apply this result to give a lower bound for E|Z;|, we need the following inequality.

Proposition 23 (Paley—Zygmund inequality) If Z > 0 is a random variable with finite
variance and 0 € [0,1], then P(Z > 0EZ) > (1 — 0)*(EZ)?/EZ>.

Let Z = |44]? and 6 € (0,1). Then

P (:zt| > ,/0E|§cty2) — P (|&f > 0B|& %) = (1-6)%.

Thus,

Blir| 2 \OBal P (Jo1] 2 0B&[2) 2 (1 - 0)VEn[Blarf = (v,

Step 3: Prove E|j;| = Q(v/B;). Since E|#;| = Q(\/az), there exists v2 > 0 such that
Vt, E|&¢| > y2/az. Now we apply this result to derive the lower bound for E|g;|. First,
we note that the two terms on the right-hand side of (175) have the same sign, leading
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to sign(gi4+1) = sign(g:). Because yo # y*, we have sign(go) # 0. Using f; < 1/14, which
follows from Assumption 71, we obtain that sign(g;) # 0 for all ¢t > 0. Thus, we have

E[gt+1] = Egey1sign(ge) = (1 — B)E|Ge| + BiE[2:| > (1 — B)E[G| + v2Bev/cu
t t t
>Eljol [T - 8) + 72> Bivar [] (1-5y).
i=0 i=0 j=it1
Similar to the analysis in Step 1, for the second term, we have

t t t t t
S B [[ 0-8)=var S 6 [[ 0-8)> var {1 exp(Zﬁj)]
i=0 j=i+1 i=0  j=i+1 j=0
Since B; = Q(t~1), then there exists ¢ such that V¢ > to, ZE:O B¢@H§:i+l(1—ﬁi) > Jay/2.

Thus, E|g:| = Q(/a¢) and E[ge|* > E(|7:])* = Q(a).
m
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