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Abstract

Contrastive learning leverages data augmentation to develop feature representation without
relying on large labeled data sets. However, despite its empirical success, the theoretical
foundations of contrastive learning remain incomplete, with many essential guarantees left
unaddressed, particularly the realizability assumption concerning neural approximability
of an optimal spectral contrastive loss solution. In this work, we overcome these limitations
by analyzing pointwise and spectral consistency of the augmentation graph Laplacian. We
establish that, under specific conditions for data generation and graph connectivity, as
the augmented data set size increases, the augmentation graph Laplacian converges to a
weighted Laplace-Beltrami operator on the natural data manifold. These consistency re-
sults ensure that the graph Laplacian spectrum effectively captures the manifold geometry.
Consequently, they give way to a robust framework for establishing neural approximability,
directly resolving the realizability assumption in a current paradigm.

Key words: contrastive learning, manifold learning, augmentation graph, spectral con-
vergence, pointwise consistency, approximation theory

1. Introduction

A major challenge in machine learning is the high cost of collecting large, labeled image
data sets, which are essential for the success of many algorithms. To address this, data aug-
mentation techniques have been widely utilized, as noted in (Mumuni and Mumuni, 2022;
Shorten et al., 2021). In computer vision, for example, these techniques include transfor-
mations such as rotations, flips, and alterations in lighting or color. As a result, augmented
data not only diversify the training set but also significantly improve the representational
power of neural networks, enabling robust generalization from otherwise limited data sets.

In self-supervised learning, augmentation plays a pivotal role by generating multiple
views of the same image, thus providing the essential self-supervision signals that drive
effective learning. Recent advances have significantly benefited from contrastive learning,
a paradigm that harnesses data augmentation to drive feature representation development
without the need for extensive labeled data sets. In computer vision, contrastive meth-
ods aim to maximize the similarity between positive pairs, such as augmented versions
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of the same image, while minimizing the similarity between negative pairs, such as ran-
domly sampled images. In text-image representation learning, contrastive methods exploit
semantically aligned text-image pairs, using an objective function to capture the underly-
ing semantic relationships. While empirically successful, a robust theoretical foundation
for contrastive learning remains incomplete. Existing theoretical frameworks, including the
original work (Saunshi et al., 2019), and (Tosh et al., 2021a,b), often assume conditional
independence between positive pairs given the class label. However, this assumption is
frequently violated in practice, particularly when highly correlated positive pairs, such as
image augmentations, are employed. As observed by (HaoChen et al., 2021), the two views
of the same natural image exhibit strong correlations that cannot be fully mitigated through
conditioning on the label. As a result, these frameworks tend to fall short of explaining the
practical success of contrastive learning.

(HaoChen et al., 2021) proposed a framework for (spectral) contrastive learning that
does not rely on the conditional independence of positive pairs. They introduced the notion
of an augmentation graph, in which edges between augmented data points are weighted
according to the likelihood that those points originate from the same underlying natural
data point (e.g., through Gaussian noise augmentation). For an illustration, see Figure 1
below. The central insight of their framework is that the leading eigenvectors of this graph
encode its latent geometric and semantic structure. Consequently, the goal is to learn neural
representations that approximate a spectral embedding of the augmentation graph. To
achieve this, (HaoChen et al., 2021) introduced a spectral contrastive loss whose population
minimizers correspond to a spectral embedding of the augmentation graph (see, e.g. (3.20)).
In this way, contrastive learning is reformulated as (1) performing spectral embedding on
the population-level augmentation graph, and the resulting embedding task can then be
expressed directly as (2) an optimization problem over neural network representations.
Both are equivalent interpretations of the same learning objective.

Despite its utility in various applications, the theoretical framework introduced by
(HaoChen et al., 2021) relies on several assumptions that may be restrictive. First, it
implicitly assumes (e.g., (HaoChen et al., 2021, Example 3.8)) that different classes or se-
mantic categories are supported on disconnected geometric structures. For example, images
of dogs are assumed to lie on one manifold, while images of cats lie on another. We refer to
this as the separability assumption. Such an assumption underlies the derivation of down-
stream generalization error bounds within their spectral contrastive framework. However,
this perspective can be limiting in practice. For example, visually similar dog breeds such
as Huskies and Alaskan Malamutes may lie on the same overarching dog manifold. In such
situations, the distinction between these subclasses arises from finer geometric features,
such as class boundaries, rather than from manifold-level separation.

Second, the framework requires a recoverability assumption (HaoChen et al., 2021, As-
sumption 3.6). Informally, this means that the spectral embedding of the augmentation
graph reliably reveals the underlying clustering structure of the data, so that distinct clus-
ters can be identified from the leading eigenvectors of the graph. Yet distinct clusters may
naturally share a common manifold, which highlights the tension between the recoverability
assumption and the (strict) separability assumption discussed above.

Finally, the framework relies on a realizability assumption (HaoChen et al., 2021, As-
sumption 3.7), which can be paraphrased as
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Figure 1: Ilustration of the augmentation graph constructed from augmented data points
generated by applying Gaussian perturbations to natural data points, shown here
using a conceptual dog-image manifold containing two dog breeds. The left
cloud contains augmentation points corresponding to Huskies. The right cloud
contains augmentation points corresponding to Beagles. Orange cdges represent
strongly connected positive pairs arising from nearby augmentations of similar
dog breeds (between two Huskies or two Beagles). Green edges represent weakly
connected negative pairs between augmentation points corresponding to different
dog breeds (between a Husky and a Beagle). The figure is intended only as a
conceptual illustration of the augmentation graph and its connectivity structure.

“There exists a deep neural network capable of achieving a global minimum of the spectral
contrastive loss on population data.”

In other words, the solution to the resulting spectral embedding is assumed to be repre-
sentable by the chosen neural network architecture. However, establishing such a result
implicitly requires knowledge of the regularity of the target solution function. Since this
regularity has not been rigorously established, it remains difficult to determine the network
capacity necessary to realize the target embedding, thus limiting the scope and strength of
the theoretical guarantees.

To address these limitations, we propose a detailed study of pointwise and spectral
consistency of the augmentation graph Laplacian. We show that the augmentation graph
Laplacian can be leveraged to unveil the geometry of the underlying natural data manifold.
Specifically, within a range of data generation and graph connectivity parameters (see e.g.
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(2.1), (2.4) below respectively), the graph Laplacian converges to a continuum (weighted)
Laplace-Beltrami operator on the manifold—i.e. the natural generalization of the Euclidean
Laplacian, see (3.8)—thereby revealing its underlying structure. We give a meaning to this
“passage to the continuum” next. We assume that the original natural data set consists
of i.i.d. N samples drawn from an m-dimensional smooth, connected, compact manifold
embedded in R%. From these natural data points, an augmented data set of size n > N
is generated. Each pair of augmented data points is connected by an edge whose weight
is determined by their average shared similarity, up to a graph connectivity parameter €.
As n tends to infinity and e approaches zero sufficiently slowly (compared to n), the aug-
mentation graph Laplacian, when applied to a smooth test function within a sufficiently
small neighborhood of the manifold, converges with high probability to the continuum op-
erator acting on the test function evaluated over the projections of the augmented data.
Then, we demonstrate spectral consistency by showing that the graph Laplacian eigenvec-
tors converge to the corresponding weighted Laplace-Beltrami eigenfunctions, measured in
an L’-type distance.

The eigenfunctions of a weighted Laplace-Beltrami operator are known to be regular
(see, e.g., (Gilbarg and Trudinger, 1977, Section 6.3)). Consequently, an immediate impli-
cation of our consistency results is the effective relaxation of the recoverability assumption.
This is because weak (strong) energetic connections between distinct (identical) augmented
subgroups can be mapped to observable variations in the eigenfunctions. More significantly,
our results also facilitate a relaxation of the realizability assumption. The regularity of the
eigenfunctions ensures their approximation by a neural network with bounded complexity,
and their proximity to the graph Laplacian eigenvectors further enables the same network
to approximate these eigenvectors with high accuracy. This offers a concrete estimate of the
neural network capacity necessary to replicate an optimal spectral contrastive loss solution
and thus concludes the validity of the realizability assumption. Finally, our analysis char-
acterizes a precise regime of data generation and graph connectivity parameters in which
the spectral proximity necessary for neural approximability holds with high probability.
By relating the graph Laplacian to the Laplace-Beltrami operator, this specification also
pinpoints the conditions that enable the graph structure to faithfully capture the geometry
of the underlying data manifold. Such detailed guarantees are absent in (HaoChen et al.,
2021), as we illustrate empirically in Section 1.1.

We now outline our novel theoretical contributions, which are twofold. The primary
contribution lies in the field of manifold learning, while the secondary, an application of the
first, pertains to approximation theory.

Manifold Learning. In one aspect, our work falls within the domain of manifold learn-
ing, where the underlying geometry of the graphical data set, and its subsequent impact
on the performance of machine learning algorithms, are explored through the consistency
analysis of the corresponding graph Laplacians in the non-asymptotic, large-sample regime.
However, a central assumption in the classical setting is that graphical data are i.i.d. sam-
ples drawn from a distribution u supported on a low-dimensional manifold (see a wealth of
works such as (Burago et al., 2014; Garcia Trillos et al., 2020; Calder and Garcia Trillos,
2022; Dunson et al., 2021; Wormell and Reich, 2021; Garcia Trillos et al., 2023; Calder
et al., 2022)). In (Garcia Trillos et al., 2025), the authors established minimax rates for
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approximating eigenfunctions of the weighted Laplace-Beltrami operator under this data-
generation model, and demonstrated that graph-Laplacian-based methods achieve nearly
minimax-optimal convergence rates. In (Chaubet and Divol, 2025), under the additional
assumption that the manifold is known, the authors considered a weaker metric for measur-
ing the approximation of PDE eigenfunctions and obtained corresponding minimax rates.
In contrast, augmented graphical data points may deviate from the natural data manifold
(e.g. through a Gaussian perturbation), preventing the direct application of traditional
manifold learning techniques to analyze the augmentation graph Laplacian. Moreover, the
augmented data points may exhibit dependencies. Therefore, ensuring a ratio of augmented
to natural data points (N < n < C'N) that guarantees sufficient independence for the de-
sired concentration effects is crucial to the validity of our analysis. Additionally, existing
research on graph Laplacian consistency has predominantly focused on specific graph con-
structions, often relying on primary similarity measures (e.g., the e-proximity graph). Our
augmentation graph, however, is based on the theoretical principles in (HaoChen et al.,
2021), which employs a concept akin to a secondary similarity measure (see, e.g., the no-
tion of shared nearest neighbors graph in (Ayad and Kamel, 2003)). Namely, given a
natural data point x, we assume that the augmented data points Z follow a distribution
P(z|x). Two augmented data points are considered similar if both are likely, on average,
to be generated from the same natural data point. Accordingly, the weight between two
augmented data points is determined by Eg~, [P(Z|2)P(Z'|z)], which reflects a second-order
(secondary) similarity derived from the first-order similarities P(Z|z) and P(zZ'|z). Thus, in
this regard, our work makes a significant theoretical contribution to manifold learning by
introducing novel methods to address data augmentation graphs. These methods, to the
best of our knowledge, have not been previously presented. Our consistency results achieve
the most optimal convergence rates available in the current literature. Explicitly, if the
graph connectivity parameter ¢ scales like!

1 L
C( Og”) ook, (1.1)
n

then with high probability, both the pointwise and spectral convergence rates scale linearly
1
in the graph connectivity parameter €. Moreover, if ¢ = C(lo%) mt+4 " then we obtain the

1
convergence rate of O(n~ m+1), up to a log factor. Since N < n < CN, all these estimates
can be expressed in terms of the natural data set size N in place of the augmented data set
size n.

Approximation Theory. Another, more application-oriented contribution of our work
is a network approximation result for the target classifier function. This connects to the
emerging approximation theory of spectral neural networks (see (Li et al., 2026)), which
seeks to apply manifold learning to graph analysis. Building on the framework in (HaoChen
et al., 2021), contrastive learning can be interpreted as a parametric variant of the spectral
embedding algorithm applied to augmented graphical data sets. Consequently, the eigenvec-
tors of the augmentation graph Laplacian encapsulate the spectral embedding information
of a spectral contrastive loss solution, which corresponds to the target classifier function.

1. The constant C' in (1.1) may be chosen to depend only on the geometry of the natural data manifold
and the natural data sampling density; see Theorems 11, 12.
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Figure 2: (a) When choosing ¢y, ey, en according to Table 1 with 7 = 2, n = 1, the first
non-trivial eigenvectors of the augmentation graph Laplacian detects the bottle-
neck. (b) When choosing ¢, = ey = ¢, the first non-trivial eigenvectors of the
augmentation graph Laplacian cannot detect the bottleneck.

This perspective enables us to deduce neural approximability of the classifier by leverag-
ing the spectral convergence of the augmentation graph Laplacian to the Laplace-Beltrami
operator on the natural data manifold and the regularity of the Laplace-Beltrami eigen-
functions. Specifically, the regularity of the eigenfunctions allows them to be approximated
by a neural network with bounded complexity, and their proximity to the corresponding
graph Laplacian eigenvectors further guarantees that the neural network can similarly ap-
proximate the latter with high fidelity. We demonstrate that, in the scale (1.1), with high
probability (only due to the randomness of data) the required network architecture has a
bounded complexity outlined in (4.7), with a depth of O(log(¢™!) + logd) and a width of

O(e=™ +d). Thus, if ¢ = C(lo%)ﬁ, then the network depth scales at most logarithmi-
cally with the data size n (or N'), while the network width scales sublinearly. This result is
different from standard approximation theory (e.g., (Chen et al., 2022)) and memorization
frameworks (e.g., (Yun et al., 2019)), as it requires a network to replicate the eigenvec-
tors while also generalizing to the true eigenfunctions of the (weighted) Laplace-Beltrami
operator.

1.1 Simulation

In this simulation, the natural data z; are uniformly sampled from the dumbbell. We
expect the first nontrivial eigenvectors of the augmentation graph Laplacian to reveal the
bottleneck, enabling geometric recovery via k-means clustering when projected onto the
dumbbell. This expectation follows from the fact that the first nontrivial eigenfunctions of
the limit Laplace-Beltrami operator of a dumbbell capture its shape (see (3.8) and Remark 9



CONSISTENCY OF AUGMENTATION GRAPH AND NETWORK APPROXIMABILITY

afterward). Specifically, we first generate 4000 samples i.i.d. uniformly from a 2-dimensional
dumbbell. Our generation scheme for augmentation graph requires three parameters: a
graph connectivity parameter € = n_ﬁ, and different choices of, an edge weight parameter
ew and a data generation parameter €,. A detailed introduction of the latter parameters is
given in Section 2; see also as summary in Table 1. We note that the connectivity parameter

1
€ =n 2+1 corresponds to the optimal rate for the manifold learning problem discovered in

(Calder and Garcia Trillos, 2022)—which is € = n” e with m = 2—up to a logarithmic
factor. When ¢, = ey = ¢, the setting reduces to that in (HaoChen et al., 2021), causing
the manifold’s geometry to become ambiguous; see Figure 2b. In contrast, selecting the
parameters as suggested in Table 1, the manifold geometry is recovered; see Figure 2a.

1.2 Outline

Our paper is organized as follows. In Section 2, we provide an overview of data augmentation
(Section 2.1) as well as essential preliminaries, conventions, and assumptions (Section 2.2)
that will be consistently employed throughout the paper. Section 3 is dedicated to describing
the framework for each of the main results. Section 3.1 focuses on establishing prerequisites
for pointwise convergence, and Section 3.2 on the framework for spectral convergence. In
Section 3.3, we provide the setup for spectral contrastive learning. The main results are
formally stated in Section 4. Section 5 presents numerical experiments to validate the
choice of parameters that work for contrastive learning. Section 6 is devoted to the proof of
Theorem 11, with the main proof given in Section 6.3. Section 7 is devoted to the proof of
Theorem 12, with the main proof given in Section 7.2. Finally, Section 8 presents the proof
of Theorem 13, a consequence of Theorem 12. The Appendix contains all supplementary
results, including relevant concentration results and helpful geometry, as well as detailed
calculations to support the main text.

2. Preliminary
2.1 Augmented Data and Augmentation Graph Laplacian

Let M C R% be an m-dimensional smooth, closed (compact), connected, orientable manifold
without boundary. Let u be a distribution on M, and let z1,...,zxy ~ @ be i.i.d. samples,
referred to as natural data points. Let X := {z1,...,znx}. The specific ordering z; is
immaterial; thus we refer to a sample as x € X. From &', we generate an augmented data
set X', where each element # € X is an augmented datum. For each x € M, let P(-|z)
denote the conditional distribution that z € X follows. We specify that P(:|x) takes the

form
1 > — ||
P(z|z) = 7. (Z|r) := ——F———ex (—7), 2.1
(#he) = e, (ale) = =g e (= g 21
for some €, > 0 to be chosen later. Here, | - || denotes the usual Euclidean vector norm in

RY. Intuitively, P(Z|z) gives the likelihood of Z being generated from = € X. Note that,

/Rd P(y|z)dy = /Rd Te, (ylz)dy = 1.
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Therefore, we can write, X' := {Z : Z is sampled from the density e, (+|z) for some x € X'}.
The law (2.1) indicates that the majority of the generated data is not far from M. Precisely,
there exists 0 < r < oo such that the event

dist(z, M) < r (2.2)

holds with a high probability, where dist(z, M) := inf{||z — z|| : = € M}. This essential
fact is the content of Lemma 2 below.

Let #X = n > N. Note that X itself is not an independent set of random variables but
only partially so. To ensure sufficient independence from the augmented data cloud for our
analysis, we impose the following assumption, which is reasonably aligned with practical
settings.

Assumption 1 Let Cy € N be predetermined. We assume either of the following holds:

1. for each augmented data point T, there exist at most Cy other points T’ dependent on
Z;

2. for any natural data point x, at most Cy augmented data points T are generated from
x.

Note that point (2) above, which is easier to implement in practice, implies point (1).
Under Assumption 1, N < n < CoN2. We construct an augmentation graph Gy from X
as follows. For T # 7' € X, let

w(E,T) = (e V21) 2y, [Trgw (z|2)me, (F|2)], (2.3)

for some ¢, related to e, in (2.1), to be specified shortly. Let ¢ > 0. With w(z,z") € (0,1)
representing the connection strength between  and z’, we define the augmentation graph
G v to consist of a vertex set in A and the edge set

{(z,7) e XxX:0<||z—-7|| <e}.

To the graph G 5, we associate an unnormalized graph Laplacian operator La,g as follows?.
For f: X — R, we let

Lol (@)= ———— Y w@d) (@) - 1), (2.4)

2
neMem+2 £
T'eX:0< ||z’ —z||<e

For the derivation of the associated graph-theoretic formulation of the graph Laplacian, see
Section 3.3. It is evident from (2.4) that ¢ acts as a graph connectivity parameter. We now
dictate the relationship among the parameters ¢,y and €. Let 7 > 0, n > 0. Set

T

Ew:=¢ and ¢gp:= 5T+1n1/d.

The choice of ¢, < ey is made to ensure consistency for La,g, as we shall see. In addition,
it directly supports the validity of the claim (2.2), whose proof occupies the remainder of
this section.

2. The condition n > N reflects practical considerations, while n < CyN ensures sufficient independence
in the augmented data cloud.
3. The subscript “aug” stands for “augmentation.”
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Lemma 2 Lete >0 and0 < r < oo. Then with probability at least 1—2dn exp(—r?/(2de2)),
dist(z, M) < r, for all & € X. In particular, letting e, := "1, the event

dist(z, M) < &y, VT € X, (2.5)
with probability at least 1 — 2dn exp(—n~2/4/(2d)).

Proof [Proof of Lemma 2| Conditioning on » € M, we let £ ~ 7 (-|z). Then it follows
from (2.1) that (z); ~ N((a:)l,eg) iid, for every [ = 1,...,d. By Hoeflding’s inequality
(Hoeffding, 1994),

t2

P(I() — (onf? 2 ) = P(|(2) - (24l 2 1) < 2ex0 (- 55), (2.6)
p

for every t > 0. If r? < ||z —2||? = Zle |(Z); — (z);]?, then there must exist one [ such that
(2.6) holds with t = r/+/d. Consequently,

2

B — ol > %) = B(J7 — a2 1) < 2dexp (~ 75).
p

Given that ||z — x| > dist(z, M), and the continuity of the distance functions, we conclude

2

P(dist(z, M) > r) < 2d (——)

( ist(z, M) > 7“) < 2dexp 2d5%

By performing a union bound over n points of # € X', we obtain uniformly for all such z,
dist(z, M) < r with probability at least 1 —2dn exp(—r?/(2de2)). Then (2.5) automatically
follows from the selection r = ¢, = 71, [ ]

Remark 3 The edge weight w(Z, %) = (ewV2m)? By [me, (Z|2) 7o, (2'|2)], is an idealized
population-level quantity modeling the average likelihood that the augmented data points T, T’
arise from the same underlying natural data point. In practice, since the sampling distri-
bution p is unknown, the expectation may be approrimated empirically using the observed
i.9.d. natural data points X1, ..., Xy ~ pu, namely through the Monte Carlo approximation

N

1

o D e (3 X, (31X,
=1

Because ., is a Gaussian density with variance €2, the dominant contributions to such
averages arise from natural data points lying simultaneously mnear both z, ', within dis-
tances on the order of eyw,. Thus, the construction may be viewed heuristically as measuring
the degree of shared local natural data between the two augmented data points, in a man-
ner reminiscent of shared nearest neighbor constructions, see e.g. (Neuman, 2023). From
a statistical perspective, there are therefore two levels of approximation. First, standard
concentration results for empirical averages of i.i.d. random variables (e.g. Hoeffding-type
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inequalities (Boucheron et al., 2013, Theorem 2.8), (Vershynin, 2018, Theorem 2.6.2)) jus-
tify replacing the population expectation by its empirical Monte Carlo approximation when
N is sufficiently large. Second, known quantitative Gaussian tail estimates yield sharp ex-
ponential decay of contributions from sufficiently distant natural data points and may be
used to control the additional approximation error from Gaussian localization. A detailed
quantitative analysis of such estimation errors, however, lies beyond the scope of the present
theoretical work.

Remark 4 While in this paper we specifically focus on the Gaussian augmentation graph,
the framework is intended to model local perturbative augmentations more broadly. In par-
ticular, sufficiently small transformations, including translations x — x + v with ||v]] < 1
and rotations x — Rx with R =~ I, may be viewed as local perturbations of the underlying
data cloud of small magnitude in the ambient space. From the viewpoint of our analysis,
isotropic Gaussian perturbations may therefore be interpreted as a mathematically tractable
generic local perturbation model probing the local geometry of the manifold in all directions
stmultaneously. Thus, isotropic noise augmentation does not primarily enforce invariance
to a particular global transformation, but rather promotes local geometric stability around
the data manifold. In this sense, the role of isotropic augmentation is less about imposing a
specific symmetry and more about enriching the data cloud without substantially distorting
the intrinsic geometry relevant to downstream tasks.

2.2 Basic Assumptions and Convention

Basic Notation. We write R>p and R to denote the sets of nonnegative and positive
real numbers, respectively. We write 0 to denote either the scalar zero, the zero vector, or
the zero function, with the distinction made clear from context. For a vector x, we write
2% to refer to its ith component. We use || - || to represent either the Euclidean vector norm
(with the dimension also inferred from context) or the Frobenius matrix norm, and | - | to
represent the absolute value of a scalar. Additionally, we use || -|| with a subscript to specify
a functional norm, such as || - || e (aq)- In the case of a vector or a matrix, we also use | - ||o
to specify the nuclear norm, counting the number of nonzero entries, and || - || to specify
the £°°-norm. These last two notations are used exclusively in Section 3.3, the statement
of Theorem 13, and its proof in Section 8.

Basic Manifold Geometry Assumptions. We endow M the Riemannian structure
induced by the ambient space R? and let dV be the volume form of M with respect to the
induced metric tensor. We assume that all the sectional curvatures of the closed manifold
M are bounded above in absolute value by some K < oo, the manifold reach R < oo,
and further, the manifold injectivity radius is bounded below by some ig > 0. We regard
K, R,ig to be intrinsic* values of the manifold learning problem.

We use B™(0,r) and B%(0,7) to denote an m-dimensional and d-dimensional centered
Euclidean ball, respectively, and B(z,r) to denote a geodesic ball centered at x on M, all
with radius r. We write d(z,y) to indicate the geodesic distance on M. Note that, from

4. unrelated to the notions of “intrinsic” and “extrinsic” in differential geometry

10
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(Garcia Trillos et al., 2020, Proposition 2),

8
o =yl < d(z,y) < [lz -y +ﬁH»"3—yH3, (2.7)

whenever ||z — y|| < R/2, with the first inequality holding universally.

At x € M, the affine tangent plane to M is a translated isomorphic copy of R™. We
distinguish between such physical plane T, M, which sits in R%, and its isomorphic copy, the
tangent space Ty M, which can be embedded in R™. Similarly, we distinguish between the
affine normal plane NyM of M at 2 in R? and its translated isomorphic copy, the normal
space NyM =2 R4™™ . See Figure 3 below for an illustration.

(a) A two-dimensional sphere in R? and one of its tangent (b) The Euclidean space R? as the
planes colored in pink tangent space

Figure 3: A two-dimensional sphere, one of its tangent planes, and an isomorphic copy of
the latter as the Euclidean space R?

We will further elaborate on these relationships in Appendix B, as they will then be
necessary for our analysis.
fo<r< min{K*1/2, io}, and z € M, then the exponential map

Exp, : T, M D B™(0,r) = B(z,r) C M, (2.8)

where T, M denotes the tangent plane of M at x, is a diffeomorphism. Likewise, its inverse,
which is the logarithm map

Log, : M D B(xz,r) — B™(0,r) C T, M, (2.9)

is also a diffeomorphism.

Let J;(v) denote the Jacobian of Exp, at v € B™(0,r) C T,M. Then it follows
as a consequence of the Rauch comparison theorem that (do Carmo, 1992, Chapter 10,
Theorem 2.3) (see also (Burago et al., 2014, Equation (2.5)))

(1+CmK|v|*)™' < J.(v) <14+ CmK|v|?, (2.10)

11



L1 AND NEUMAN

which implies
V(B(z,7)) — amr™| < CmKr™T2, (2.11)

where V(5) := [¢dV(z), for S C M, and a, is the volume of the m-dimensional unit ball.

From Manifold to Tangent Plane. The exponential and logarithm maps, (2.8) and
(2.9) respectively, offer a framework for translating calculus from the manifold M to its
tangent planes. We introduce a system of changing variables and modified notations aligned
with this translation, which will be employed throughout.

Let © € M, and let y € B(z,r) for some 0 < 7 < min{K~'/24iy}. Let g : R>¢g — R, and
let f: M — R be measurable. Then according to (2.8), there exists a unique v € B™(0,r)
such that y = Exp_(v), whence

gld(z,y)) = g(|lv])-

Further, we write

f(v) :== f oExp,(v). (2.12)
In this case, f : B™(0,r) — R, and particularly, f(0) = f(x).
Smooth Functions on M. Note that (2.12) allows a function f on M to be expressed
locally as a function f on B™(0,r). We say that f € CHM) if at every z € M its local
version satisfies f € C'(B"(0,7)). We write || f]lci(v) = > =0 HD(j)fHLoo(M), where DU)
is the jth-differentiation operator. Then by expressing the covariant derivatives DU f in

normal coordinates around z (Hebey, 1996, Chapter 2), and applying standard expansions
for the Christoffel symbols and metric tensor in these coordinates, we can establish that

cll fllesamo.ry < 1fleisry < Cllifllessmo.), (2.13)
for some universal constants C > ¢ > 0.

Basic Density Assumption. We have assumed at the beginning of Section 2.1 that
the natural data z; ~ u i.i.d. for some distribution p supported on M. We posit further
that du = pdV, where dV denotes the Riemannian volume form associated with M, and
p: M — R, is a density function such that p € C2(M) and that for every z € M,

0 < pmin < p(x) < Pmax < 00. (2.14)
Basic Assumptions on . We assume the following regarding the graph connectivity

parameter ¢ in (2.4):

< min{l,K—l/Q,z'o, %} (2.15)

The requirement ¢ < min{K ~'/2 iy} is justified by the considerations (2.8), (2.9). Further,
that ¢ < & implies (2.7), along with

IP’( U {dist(z, M) < R}) > ]P’( U {dist(z, M) < an}) >1—2dnexp (— n*Q/d/(2d)),

zeX zTEX
according to Lemma 2. Throughout, we maintain the option to rescale € to Ce, for some
universal constant C' > 0, and assume that Ce continues to satisfy (2.15) in place of €.

12
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Analytic Constants and Their Dependence. We adhere to the convention that ana-
lytic majorant constants, denoted by C or ¢, may vary between occurrences, with C' > 1 and
0 < ¢ <1, implicitly. All constants are permitted to depend on at most p and the manifold
M. The former includes dependencies on pmin, Pmax, [|pllc2(m), for instances, while the
latter involves the intrinsic values K, R, g, the dimension m, as well as the quantity

D:= sup |z—2. (2.16)
z,z'eM

For clarity, the dependencies of constants are always stated in result statements. When
necessary, the constants are further distinguished in these statements. Specific dependen-
cies, such as on 7 or a function, will be declared by a subscript. For instance, for the latter,
Cy > 0 denotes a constant depending on f, in addition to M, p at most, and the nature
of such dependence will be announced. While most parametric dependencies can be made
explicit, we do not pursue this.

The Notation O. Let a > 0. We write A = O(a) to mean |A| < Ca or ||A| < Ca,
depending on the nature of A, where C' > 0 is either a universal constant or dependent on M,
p at most. For instance, if A, B are scalars, then A = B+ O(a) means |A — B| < Ca. Since
the non-asymptotic settings we consider involve small € > 0, this notation convention does
not introduce significant ambiguity. Further, a subscript will indicate a special dependence.
For instance, A = Of(a) means |A| < Cra, where Cy > 0 depends on f.

3. Setup

In the following discussions, the basic assumptions from Section 2.2 concerning the geometry
of M, the regularity of the density p of the natural data, and, in particular, the microscopic
range (2.15) of the parameter €, will be understood throughout.

3.1 Setting for Pointwise Consistency
Recall that e, = ™!, with 7 > 0. Recall further from Section 2.2 that Nx./\/l denotes the
affine normal plane of M at z in R?. We define

Ney M) :={x+h:z2e M, he NyM—z, and |h|| < en}

to be an ey-tubular neighborhood of M. For z € X N N, (M), we denote by Qz the
closest point on M to . l.e., @z is the orthogonal projection point of z onto M, and
|z — Qz|| = dist(z, M). By (2.15) and the definition of manifold reach, @z exists uniquely
for every such z. Further, recall from Lemma 2 that X = X NN, (M) with probability at
least 1 — 2dn exp(—n~%/?/(2d)). Hence, from this point onward, we assume the following.

Assumption 5 X C A, (M).

Moreover, we demonstrate that there exists a one-to-one correspondence between a point
Z and its projection Qz.

Lemma 6 Let 2,7 € X be such that & # &'. Let Qz, Qz denote the orthogonal projections
of T, T onto M, respectively. Then with probability 1, Qz # Qz .

13
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Proof [Proof of Lemma 6] The event E; that Qz = Qg is equivalent to the event Es that
both Z, Z belong to Ny M for some z € M. However, as N, M is of dimension d — m, and
not of full dimension d, P(E3) = 0. Integrating this probability over x ~ u, we obtain that
P(E;1) =0 as well. [ |

A summary of the relevant parameters and hyperparameters is given in Table 1.

Symbol Meaning
n, T hyperparameters
€ graph connectivity parameter
Ew =€ edge weight parameter
= pl/dgTt1 variance parameter of the data-generating probability
gn = ™1 neighborhood parameter of the augmented data

Table 1: Parameters/hyperparameters and their meanings. Note that 7,77 > 0 are treated
as hyperparameters, i.e. given a priori and not subject to variation.

Under Assumption 5, an augmented point Z € X can be expressed as z + h, where
ze Mand h € NoMNAN,, (M) — z. Here, z is unique and represents the projected point
Qz. Such points z are identically distributed according to a measure v, which is supported
on M and has a density

o o (R =Py
1O = el fvesmrn o S (g )PPV 3

Furthermore, the regularity of ¢ can be established for a suitable range of ¢.

Proposition 7 Let 7 >0, € > 0, and e, = ™1, Let € > 0 be further sufficiently small, so
that

exp ( — %) < emt2, (3.2)
€n
Let q be given in (3.1). Then under Assumption 5, for any z € M, we have
la(2) — p(2)| < Cyell®. (3.3)
Moreover, we have q¢ € C%(M), which means, specifically, for any z € M,
0<ec;<q(z) <Cy < o0, (3.4)
and for any unit vectors @, w € ToM,

|81~LQ(Z)| < Ona (35)
10503q(2)| < Cy, (3.6)
and finally, all the relevant partial derivatives are continuous in a neighborhood of z in M.

The constant Cp > 0 in (3.3) depends on n and M. Then constants Cy,c, > 0 in (3.4),
(3.5), (3.6) depend on n and at most M, p.

14
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A detailed proof of Proposition 7 can be found in Appendix D. We briefly remark that
(3.2) serves as a crucial condition to ensure the boundedness of the first and second deriva-
tives of ¢ in our proof, which relies heavily on a divide-and-conquer technique. However, in
order to further guarantee the pointwise consistency of L., it will be necessary for us to
enforce an additional condition, that is

664/3 m._2
exp ( — W) S EwE - (37)

It is also evident that 7 > 2 for (3.7) to hold. We summarize the key requirements for 7, 7,
¢ as follows.

Assumption 8 (Parameter Assumption) LetT > 2,1 > 0, and let £ > 0 be sufficiently
small as to satisfy (2.15), (3.2), (3.7).

We are now ready to formulate the setting for our first main result.

Setting I Let n,7 > 0 and ¢ > 0. Let ey, €p, €n be given in Table 1. Let M C R? be
a closed manifold of dimension m, satisfying the fundamental geometry outlined in Sec-
tion 2.2. Let X = {x1,...,xNn} be the set of natural data, where x; ~ p, whose density
p € C?(M) satisfies (2.14). Let X = {Z1,...,ZT,} be the set of augmented data generated
from X according to the law (2.1). Let Assumption 1 hold. Let G5 be the augmentation
graph on X as described in Section 2.1, and let the associated augmentation graph Laplacian
Lang be given in (2.4). Let Assumptions 5, 8 hold. Let ¢ € C*(M) be the density (3.1) of the
measure v to which the projections of the augmented data are distributed on M. Finally,
let Aayg be a Laplace-Beltrami operator defined as follows:

Basef(x) = —5div(V ) ), (3.8)
for every f € C3(M) and x € M.

Remark 9 It can be shown, by extending the techniques from the proof of Proposition 7,
that q and p are also close in C*(M) sense, i.e.

lg = pllez(ary = Onle). (3.9)

We choose to omit this due to the already extensive technical details involved. However,
once (3.9) holds, then we can further rewrite the limit in (3.8) to —3div(p*V f)(z), making
the natural data sampling density explicit in the expression.

3.2 Setting for Spectral Consistency

In this section, we demonstrate that the eigenvalues and eigenvectors of L., converge to
the corresponding eigenvalues and eigenfunctions of the continuum operator A,,s. To lay
the groundwork, we review the fundamental properties of a graph Laplacian and Laplace-
Beltrami operator, with a specific focus on the respective examples of La,s and Agyyg.
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Define on X = {Z1,...,Z,} a discrete probability measure ¥,,, that is

1 n
- — Tis 1
n;& (3.10)

where & denotes the Dirac delta measure. We then endow L%n (X) with an inner product

<f7 foz

It is known that La,g is a positive semi-definite and self-adjoint operator on Lgn(z‘? ) (von
Luxburg, 2007). Particularly, we can list its eigenvalues in non-decreasing order (repeated
according to multiplicity) as follows:

0= A8 < \5U8 < ... < B, (3.11)

An orthonormal basis for L3 (A_,’ ) can be constructed from their associated eigenvectors,

denoted faug,. . f298 where Lag f; paug )\aug fl‘erug Furthermore, the eigenvalues in (3.11)
can also be characterlzed Varlatlonally accordlng to the Courant-Fisher min-max principle:
. E
A8 = min  max ﬁ (3.12)
secly fes\0} IF 1172 ()

Here, G denotes the Grassmannian manifold of all linear subspaces of L3 (X)) of dimension
[, and E ¢ represents a graph-based Dirichlet energy, defined such that for fe L2 (X ):

1 n
Ex(f) = et Z w(Zi, 25) Vo< a2, | <e} (F (Z) = F(2)))? = 2(Lang f ez ()
=1
e (3.13)

with 1 being the indicator function. Thus, for each orthonormal eigenvector fl, its graph-
based Dirichlet energy E3(f;) is given by

R 1 R R
E;?(fl) W Z x27xj>]l{0<||xl—xJH<£}(f<_ ) - fl(«fj))z-

1,j=1

Continuing, we endow L?(M) with an inner product

9 e ny = /M F(@)g()dV ().

Next, recall the Laplace-Beltrami operator A,yue defined in (3.8). Then the operator Agyyg
is a positive semi-definite and self-adjoint operator on L?(M). Consequently, it has a well-
defined point spectrum, allowing its eigenvalues to be listed in increasing order (repeated
according to multiplicity) as

0< <A<, (3.14)
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such that lim, ., A, = 00. Moreover, we can build an orthonormal basis for LQ(M)
comprising eigenfunctions f; of Aaug, where Aaug fi = Af;. Denote by H'(M) the Sobolev
space of functions possessing a weak gradient in L?(M). Alternatively, H'(M) is a subspace
of L?(M) consisting of functions with a finite continuum Dirichlet energy, which is expressed
for f € L>(M), as

S IV (@) P (@)dV (@) = 2(Daugf, f)r2(m) if f € H'(M),

+00 otherwise.

Em(f) = { (3.15)

Similarly as before, the eigenvalues in (3.14) of A, can be written variationally in terms
of Dirichlet energy; that is

Al = min Eﬂgi(f)’ (3.16)
SeGh,, fes\{0} ”fHL2(M)

where G!, denotes the Grassmannian manifold of all linear subspaces of L?(M) of dimension
.
Inspired by (Calder and Garcia Trillos, 2022), our spectral convergence result hinges on
a crucial interpolation between the graph-based and continuum energies. In our context,
this interpolation is achieved through an optimal transport that, roughly speaking, connects
the sampling probability measure j on M with the discrete probability measure ¥J,, on X,
mediated by a suitable discrete probability measure v, on M, as will be specified later in
Proposition 20. To facilitate the construction of such a map, and to assess the error in our
subsequent analysis of discrete-to-continuum approximation, we introduce two additional
key parameters: i1, to. The first measures the proximity of v,, to 9, in an optimal transport
sense, and the second reflects the uniform closeness of v, to p. Furthermore, a stricter
condition on € must be imposed, requiring it to lie within a narrower range than specified
in (3.7), that is
4/3
exp ( — ?;;?J < emed, (3.17)

The following summarizes the technical smallness assumptions on all the involved param-
eters and hyperparameters, ensuring we operate in the appropriate regime for the validity
of our theorems.

Assumption 10 (Parameter Assumption) Let 7 > 2, n > 0, and let ¢ > 0 be suffi-
ciently small as to satisfy (2.15), (3.2), (3.17). Further, let v1,12 > 0 satisfy:

1. max{nil/m,Ca‘?’/Q} <12 < §, where C > 0 depends on M;
2. 11+ 12 < ¢, where ¢ >0 depends on M, p.

Observe that t1, 1o respectively correspond to 5, 0 in (Calder and Garcia Trillos,
2022). The additional lower bound Ce®? < 15 in Assumption 10, compared to (Calder
and Garcia Trillos, 2022, Assumption 2.3), reflects an extra step necessary in our proof of
Theorem 12, specifically in Lemma 24.

We present the setting for our second main result.
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Setting II Let n,7 > 0 and €,t1,t2 > 0. Let ey, €p, en be given in Table 1. Let M C
R? be a closed manifold of dimension m, satisfying the fundamental geometry outlined in
Section 2.2. Let X = {x1,...,xN} be the set of natural data, where x; ~ u, whose density
p € CH(M) satisfies (2.14). Let X = {Z1,...,%n} be the set of augmented data generated
from X according to the law (2.1). Let Assumption 1 hold. Let G5 be the augmentation
graph on X as described in Section 2.1. Let the augmentation graph Laplacian Lang be
given in (2.4), possessing the spectrum (3.11) with the corresponding eigenvectors flaug,
l=1,...,n. Let Assumptions 5, 10 hold. Finally, let Aqg be the Laplace-Beltrami operator

defined in (3.8), possessing the spectrum (3.14) with the corresponding eigenfunctions fi,
leN.

3.3 Setting for Realizability in Contrastive Learning

We begin by providing a matrix form for La,g (2.4). Let Ayug € R™™" denote the symmetric
adjacency matrix of the graph G having the entries

1 - -
(Aaug)ij = Ww(l'i, xj)]l{0<Hifi*in§€} for 1,] = 1, ooy n. (318)
w

Let Dayg € R™ ™ be the corresponding diagonal degree matrix. Then (Daug)ij = 0 if 7 # j,

and
n n

1
(Daug)ii :== Z(Aaug) = e Z w(Zi, Tj) Lo<|zi—z, | <e}- (3.19)
) =1

For f: X — R, we identify f with the column vector f = (f(%1),..., f(#,))" € R™ Then
under such identification, we verify that

1
Eaugf = E[Daug - Aaug]f-

Indeed, adapted from definition (2.4), at Z;, we have

Lol @)=z Y w(Eem) (@)~ £@)

Z;EXN0<||ZT;— ;|| <e

= %(f(fiz)(Daug)n — Z(Aaug)ijf(‘fj)>
j=1
= (Z(Sz] aug Z] j) - Z(Aaug)ijf(fz'j)>
j=1 j=1
= % Z aug aug)lj)f('fj) = %[Daug - AaUg]f7

Jj=1

where the second equality follows from definitions (3.18), (3.19), and the fourth equality
uses the fact that D,y is diagonal. Therefore, we will refer to the graph Laplacian operator
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Laug as the matrix %[Daug — Aaug| € R™™ whenever appropriate®. Recall from Section 2.2
that ||-]| denotes the Euclidean vector norm or the Frobenius matrix norm. Let & € N, which
acts as a parameter determining the spectral embedding dimension. Let a > max{(Daug)ii }-
It follows that al,,xn — Laug, Where |,,,, is the n x n identity matrix, is positive semidefinite.
Then by Eckart-Young-Minsky theorem (Eckart and Young, 1936), any minimizer Y* €
R™¥k of the optimization objectiveS

,min 1YY" — alysn + Laugl?, (3.20)
contains, as its columns, the scaled versions of the last k& normalized (in the Euclidean
norm) eigenvectors of aly,xy, — Laug (corresponding to the largest k eigenvalues), up to
multiplication on the right by an k& x k orthogonal matrix. These eigenvectors are in turn,
the first £ normalized (in the Euclidean norm) eigenvectors of L, (corresponding to the
smallest k eigenvalues). In other words, solving (3.20) is equivalent to performing spectral
embedding of G5 using La,s. We aim to learn a minimizer of (3.20) over a hypothesis
set of neural networks (NNs) with parameterizable architectures. Specifically, we solve the
following optimization problem:

min 1YYy — alpsen + Lang|?, (3.21)

where @ denotes the parameter vector of a NN fy : R? — R, and © denotes the space of
all admissible parameter vectors. Moreover, Yy € R™* contains rows that are the outputs
fo(%;), representing the embeddings of Z; € R? into R¥. Thus, the mapping realized by
the NN7 fy can be interpreted as a feature or representation map for the input data cloud
X. We specify the NNs fp as multi-layer ReLU neural networks (ReLU NNs), with the
architectures given as follows. Let M,L,p € N and m > 0. The NNs fy are functions of the
form:

Rz — WL(ReLUW__1---ReLUWyz +by)---+b._1)) + b € R (3.22)

Here, W; € RP*P b; e RP for i = 2,...,L—1, W; € RP*% b, € RP, and W € RF*P b € R*.
It follows that each network architecture described in (3.22) is characterized by a parameter
vector

0 := (Wh,by,...,W,b). (3.23)

It can be seen from (3.22) that L corresponds to the network depth L(fy) of fp, and p
corresponds to the network width p(fp). We say a parameter 6 is admissible if, additionally,
the following two conditions on network complexity hold:

IWilloo <m and ||bil]joc <m for ¢=1,...,L, (3.24)

5. The choice to keep the factor 1/n explicit is intended to emphasize the underlying empirical Monte-Carlo
averaging process, which is natural from the manifold-learning perspective. If instead one rescales A «+
A/n and D < D/n then one recovers the standard graph-theoretic definition of the unnormalized graph
Laplacian Lauwg =D — A.

6. Note that (3.20) can be rewritten as miny cpnxx £(Y) in terms of the loss function £(Y) := [|[YY T —
alnxn 4 Laugl|?>. Then by the reasoning given in (HaoChen et al., 2021), this optimization problem,
involving matrix factorization, corresponds to an optimization problem based on their population spectral
contrastive loss.

7. In this paper, we will not differentiate between a network architecture and its realization.
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and
L

> IWillo + [Ibillo < M. (3.25)
i=1
Condition (3.24) imposes a bound on the magnitude m(fy) of the network weights, whereas
condition (3.25) restricts the number M(fy) of nonzero weights. Equivalently, the space ©

is defined as
© := {0 given in (3.23) : 0 satisfies (3.24), (3.25)}. (3.26)

We conclude the subsection by introducing the setting for our third main result.

Setting III Let Setting II hold. For k € N, consider the optimization problem (3.21),
where

Yy = (fo(z1), .., fo(Zn)) | € R™F, (3.27)

and fo : RY — R¥ is a ReLU NN of the form (3.22) for some L,p € N. Moreover, 6 given in
(3.23) is a network parameter vector, and the space © of admissible parameters is defined
in (3.26) for some M € N, m > 0.

4. Main Results

Our main results are framed as probabilistic statements, expressed in terms of all relevant
parameters and hyperparameters.

A Pointwise Consistency Result. Let

= / exp(—ly|2)dy (4.1)
Rm

and

B = ' |2 dy (42)
B™(0,1)

where,® recall that y' denotes the first coordinate of y € R™. Our first result demonstrates
that, with high probability, L., behaves pointwise in close approximation to an afA,y,.
A proof is given in Section 6.3.

Theorem 11 Assume Setting I. Let f € C3(M). Then fore < 6§ <e71,
P(rjnga)%( ‘/Jaugf(i') — afAang f(Qz)| > Cn(SHfHCS(NEn(M))) < 8nexp(—c,6°ne™t?),
for some C,;, ¢, > 0 depending on 1 and M, p at most.
We briefly remark that included in Setting I is Assumption 5. By Lemma 2, the event

specified in the assumption holds with probability at least 1 — 2dn exp(—n~2/?/(2d)). This
probability can also be incorporated into the statement of Theorem 11.

8. A simple computation shows that § = on/(m + 2), with o, being the volume of the m-dimensional
Euclidean unit ball.
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A Spectral Consistency Result. We introduce the concept of the eigengap. Let A\; be
the [th eigenvalue of A,ug. Let ); denote the ijth distinct eigenvalue of Ayyg, listed in an
increasing order, that corresponds to A;, i.e. Ay = A;. Then the eigengap associated with
A, is defined to be

1 .
T = §mln{@il —Az‘l—1|, |Ail - Az‘l+1\}- (4.3)
Our second result establishes the spectral convergence of La,g to oA, with high proba-

bility. A proof is given in Section 7.2.

Theorem 12 Assume Setting II. Let | € N. Let A, S\?Hg denote the lth eigenvalue of Aqug,
Laug, respectively. Suppose it holds that

1
Ve +Clu +19) < o (4.4)
and that
(VN +1) +e+ )N <, (4.5)

where 7y, is given in (4.3).

Then with probability at least 1 — nexp(—cniif') — 10n exp(—c,ne™™™), for the lth
normalized eigenvector fl M8 (with respect to L3 (.)E)) of L® associated with X?ug, there
exists a normalized eigenfunction f; (with respect to L*(M)) of Aaug associated with Ay,
such that

1750) = f(@)llez, () < Cuse, (4.6)

where Q. denotes the orthogonal projection of a point in X onto M. Here, all the constants
C,c > 0 depend on M, p at most; the constant ¢, > 0 additionally depends on n, and the
constant Cy ;> 0 further depends on [.

The additional dependence on [ of the constant € ; can be explained via Theorem 11 as
follows. Since f; € C3(M), we can extend f; to a function f; in the neighborhood Az, (M),
ensuring that fj(z) = fi(x + h) whenever z + h € N., (M) N N, M (as per the notation
in Section 3.1). Note that this extension is well-defined, because a nonempty intersection
between Nz, (M) N NyM and N, (M) N NyM for & # 2/ on M would imply e, > R,
contradicting (2.15). Thus, the dependence on [ manifests as a factor of Hﬁ”c«“ﬁ(Nan(M))’
which equals || filcs

Note that, under Assumptlon 10, if ¢ scales like C (1°g”)m+4 < e < 1, and we set
11 = Ce? and 15 = ce for some C' > 0 and ¢ € (0, 1/4], then with high probability the spectral
convergence rate obtained from (4.6) scales linearly in . Particularly, if ¢ = C’(lo%) m+4,

1
the convergence rate obtained is of O, ((lo%)m) For sufficiently large n, such parameter
selection also ensures that (4.4), (4.5) are automatically satisfied.

A Realizability Result. Lastly, we provide an approximation guarantee for neural net-
works in spectral contrastive learning tasks. This result relaxes the realizability assumption
(HaoChen et al., 2021, Assumption 3.7) in the spectral contrastive learning framework by
asserting the existence of a neural network with bounded complexity capable of learning a
minimizer of (3.20). A proof is given in Section 8.
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Theorem 13 Assume Setting II1. Suppose (4.4), (4.5) hold for alll =1,... k. Then with
probability at least 1 — knexp(—cnu$i5") — k10n exp(—c,yne™ ™), the following holds. For
every 0 € (0,1) and every minimizer Y* € R™** of the problem (3.20), there exists a ReLU
NN fy such that for Yy in (3.27),

IY* ~Yglloo < Cole +8)  and  [|[Y* — Yy|| < Cyale +5).

Moreowver,
1 -
L(fo) < C(tog (g) +logd) and  p(fy) < O™ +d),

and 6 € ©, for M € N, m > 0, such that
~ 1
m<C and M< k<(57m +d) log <g> + dlog d). (4.7)

Here, all the constants C,c > 0 depend only on M; the constant ¢, > 0 additionally depends
on n, and the constants Cy j, > 0 further depend on k.

The dependence of the constants Cj, ; on k arises partly from a similar dependence in
(4.6). Additionally, these constants include at most an extra factor of vk maxj—1 1 1/ X?ug.

Similarly as above, if € scales as C’(IO%)’"#+4 < e < 1, and we set 11 = C1€2, 19 = o6,
and & = Cse for some constants Cy,Cs > 0 and ¢s € (0,1/4], then with high probability,
the required network depth scales logarithmically with respect to the inverse of €, while
the network width and the number of neurons scale sublinearly. Specifically, when ¢ =

1
C (10%) m+4 the network depth is of (’)( log ( 1 )), and the network width and the number

logn
of neurons are of O((&)m), up to an extra log factor. Note that these rates depend
solely on the embedded dimension m and not on the ambient dimension d, effectively

mitigating the curse of dimensionality.

5. Numerical Experiments

In this section, we implement the spectral contrastive learning algorithm? using parameter
choices informed by our theoretical analysis'’. We follow the same setup as in (HaoChen
et al., 2021) and test on benchmark vision data sets. We minimize the empirical spectral
contrastive loss with an encoder network f and generate augmentation in each iteration.

Encoder. The encoder function f contains a backbone network, a projection MLP, and
a projection function. The backbone network is a standard ResNet architecture. The
projection MLP is a fully connected network with the backbone network applied to each
layer, and ReLU activation applied to each except for the last layer. The projection function
takes a vector and projects it onto a sphere with radius /r, where » > 0 is a tunable
hyperparameter. Additionally, we specify the relationship between the graph connectivity
and data generation parameters according to our theory (see (2.4) and Table 1): we use

9. The original implementation is available at https://github.com/jhaochenz96/spectral_contrastive_
learning.
10. Our implementation is in https://github.com/chl1781/Augmented_spectral_contrastive_learning.
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ENN to determine the connectivity parameter (for algorithm stability) and use quantile
heuristic to compute € which is used to generate Gaussian noise for the augmented data
set.

Linear Evaluation Protocol. Given the pre-trained encoder network, we follow the
standard linear evaluation protocol (Chen and He, 2021) and train a supervised linear
classifier on frozen representations.

Results. We present the accuracy results on CIFAR-10/100 (Krizhevsky, 2009) in Table
2. Our empirical findings show that our spectral contrastive learning approach either out-
performs or performs comparably to two widely used baseline algorithms, SimCLR (Chen
et al., 2020b) and SimSiam (Chen et al., 2020a). Notably, our algorithm builds upon
(HaoChen et al., 2021) by incorporating an explicit, theoretically motivated choice of the
noise parameter. It therefore avoids exhaustive hyperparameter tuning, while exhibiting
similar empirical behavior to that of (HaoChen et al., 2021).

Data sets CIFAR-10 CIFAR-100
Epochs 200 400 800 200 400 800
SimCLR 83.73 87.72 90.60 | 54.74 61.05 63.88
SimSiam 87.54 90.31 91.40 | 61.56 64.96 65.87
(HaoChen et al., 2021) | 88.66 90.17 92.07 | 62.45 65.82 66.18
Ours 87.80 89.79 91.70 | 58.64 63.81 66.36

Table 2: Top-1 accuracy under linear evaluation protocol. SimCLR and SimSiam results
are reported in (HaoChen et al., 2021).

6. Pointwise Consistency of Augmentation Graph Laplacian

6.1 From Augmentation Graph to Projected Graph

We maintain Assumption 5. For z # # € X and each z € M, we define the random
variable

X =X(z;2,7) = (6.1)

1 ) .

{le—Qzll<ei*IA{le—Qu I <e/*}’
where QQz, Qz are the respective projections onto M of Z, /. For each such pair, we equip
with a connection strength

=1Qe —ol? ~ @z = sl

<(Qa: Q) = Eamys | X exp ( = (6.2)

EW
Let Qp denote the set of all Qz from z € X. Let Gg, be a graph on the vertex set Qp,
where each edge (Qz, Qz ) corresponds to an edge (Z,7’) in X, i.e. 0 < [|Z—7|| < ¢, and vice

versa. Construct a projected graph Laplacian operator!! Lproj such that for f: Oy — R,

Looif (@) = ———— S Qe Q) (f(Q:) — f(@r)-  (63)

n€m€m+2
w Q:0<||Z—7||<e

11. The subscript “proj” stands for “projection.”
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The augmentation graph Laplacian L,ys serves as an approximation to the graph Laplacian
Lproj- This is formally stated in the following proposition, whose proof can be found at the
end of this subsection.

Proposition 14 Let 7 > 2, ¢ > 0, and ey = €7, e, = "1, Let Assumption 5 hold. Let
Lang and Lo be respectively defined as in (2.4) and in (6.3). Let f € CL(N., (M)). Then
for e sufficiently small satisfying (3.7), and € < § < 1, we have

(st | Cane (@) = Looi (@3)] > Cuellfllerx a1+ 6)) < B exp(—cane™),
xr
where ¢ > 0 depends on M, p at most, and C;, > 0 further depends on 7.
In preparation, we introduce a key prerequisite result. Using (6.2), we define an inter-
mediate connection between Z,Z’ that simultaneously approximates w(z,z’) and ¢(Qz, Q)

up to a factor related to the distance of X' to the manifold M; that is

—17 - Qal* — |12’ — Q|

2e2,

&(z,7') = exp ( )C(Q:B, Qa)- (6.4)
The relationship between w, £ is clarified by the following proposition, whose technical proof
can be found in Appendix C.

Proposition 15 Let 7> 0, e > 0. Let w, £ be as in (2.3), (6.4), respectively. Then under
Assumption 5, the following holds,

664/3
exp ( — 052)5(:?, 7) <w(z,7) <exp (0’52)5(5:, 7') +exp ( — W>’ (6.5)

for some universal ¢ > 0, and C,C’ > 0 depending on M.

Proposition 15 provides an approximate Pythagorean decomposition. Indeed, this is
encoded in the definition (6.4) of £(Z, #'), which separates the contributions ||z — Qz||? and
|z — Qz]|*> from the contributions ||Z — Qz||* and ||z’ — Qu||* to the ambient Euclidean
distances ||z — Z||? and ||z — Z'||?, respectively, appearing in w(Z,z’). Since the manifold is
curved, such an approximate decomposition holds up to small curvature-induced additive
error terms given in (6.5). These terms are controlled via the choice of range €121/ ? in
definition (6.1) of X. In turn, they ensure that the resulting error contributions remain
sufficiently lower order in the subsequent estimates. Next, we present the final lemma before
moving on to the proof of Proposition 14. This lemma explains the additional scaling factor
€W in definition (2.4).

Lemma 16 Let 7 >0, >0, andey =€". Then

max ¢(Qz, Q) < Cel and  max (z,7') < Cel
z,7'€X z,3'eX

for some C' > 0 depending on M, p.
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Proof [Proof of Lemma 16] From definition (6.4), it suffices to prove [[s|lcc < Cel'. By
utilizing (2.7) and definition (6.2), we get

1Qz — x|
S\ez, x/é/ exp (= 182 Z 27N oy (e
(@ Qo) {z:]|a—Qz < * M p( 2e2 )p( )dV(z)
Cd(Qi7x)2
= exp ( — ———— | p(z)dV(x), 6.6
/{x;d(QM)@ng}mM ( 2 )P( )dV(z) (6.6)

for some ¢ > 0 depending on M. Since ¢ is sufficiently small (2.15), the map Expg, :
Bm(O,csﬁ/ 3) — B(Qf,ceﬁ/ 3) is a diffeomorphism. Hence, recalling the change of variables
and notation system given in Section 2.2, for x € B(Qz, 05121/ 3), there exists a unique y €
(Bm(()), 0(5,21/3)) such that Expg_(y) = z. Writing p(y) = p(Expg, (y)), we obtain from (2.14),
2.10), (6.6

2
clly 5
@nen< [ e (=)0,
B™(0,cen’ ") CToz M Ew
<Comuctt [ exp(=clylP)dy
Bm(0,ceq ' "e2/3)
< Cell,
and the desired conclusion follows. [ |

Proof [Proof of Proposition 14] We define two auxiliary operators. For f: X — R, let
_ L7 — 1 — _ _/
Lyf(z) T pememi? Z_ {(z,2)(f(z) — f(27)),
70<]||z—7'||<e
and for f: QO — R, let
1 o
LoolQ)i= s 2. E@FN(Qa) = 1(Qw)).
w z:0<||z—7'||<e

Recall that f € CY(N;, (M)). We make the following claims:

_ _ Cellfller (v, (m
Longf(T) — Lpf(7)| < e 3 1, (6.7)
QQ—:/:U<HQE*Q5/HS2E
_ Ce™ M fller v, (m
Lo (@)~ Log f(@Q2)] < D S S (5

nem
Qz:0<]|Qz—Q 4[| <2¢

C 1
£0,£(@s) ~ Loy (@) < EMNC G5y (6.9

nem
QE/:0<HQ5C*Q£/ [[<2e

We will validate (6.7), (6.8), (6.9) sequentially. First, note that if ||z — #'|| < e, then

1Qz — Q| < |12 —Z'|| + |Qz — Z|| + |17 — Q|| < e + 2en < 2e. (6.10)

25



L1 AND NEUMAN

Proof of (6.7). Recall from Proposition 15 that

4/3

[exp (- 052) - 1]5(:?,3?') <w(z,7)-£z,7) < [exp (052) - 1}5(@,53') + exp < — ZZTB)’
(6.11)
which, together with Lemma 16 and that 7 > 2, delivers
w(z,7) — €(z,7)] < CeTe?, (6.12)
for sufficiently small ¢ satisfying (3.7). Using (6.10), (6.12), we conclude for 7 € X,
_ _ 1 _ o _ _
Langf(Z) — Lz f(2)| < nemgm+2 Z w(@, @) — &z, 7)|| f(Z) - f(@)]

T0<||z—7'||<e

Celflopeon 5

1

nem ~ —
z0<]||z—7'||<e
Cell fller(a, (M)
< nem Z 1’

Qe :0<]|Qz —Qa [|<2e

which completes the proof for (6.7).
Proof of (6.8). We note that Assumption 5 implies

1f(@) = f(Qa)] < anllfllerve, vy and  [f(2) = f(Qa)l < enllfllerne, (my)-  (6:13)
Hence, from (6.10), (6.13) and Lemma 16 again, we can finish (6.8):

Lef@) ~ Logf@] < — S @ d) (@) - 1@+ 15@) - 1(@Qw)))

z0<||lz—7'||<e

2en |l fller (e, (M) 3 1
-~ m-+2
ne Qz:0<]|Qz —Q4 || <2¢
26" fller v, ()
< nem Z -

Qz:0<Qz— Q|| <2e

This completes the proof for (6.8).
Proof of (6.9). Assumption 5 gives

—11Z - Qa|l* — |12’ — Q= | 2
> _
exp ( 222 ) > exp(—Ce?),
whence, from definition (6.4), it follows that
(7, 7') — <(Qz, Qa)| < 5(Qz, Qu) (1 — exp(=Ce?)) < Celpe®. (6.14)

Subsequently, from (6.14), and (6.10) once more,

Lopf @~ Lot (@) S ——s Y 16E.7) ~ 5(@n, Q0IIf(Q5) — £(Qa)]

z0<||z—7'||<e

< Cell fller e, (m)) >

nem

1.
Qj/:O<HQE;_Qil ||§28
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This completes the proof for (6.9).

We now estimate the right-hand sides of (6.7), (6.8), (6.9). Recall from Section 3.1 that
the projection points )z ~ v on M, with the probability density ¢q. By Proposition 7,
q € C*(M) and q(z) < C), for all z € M. By rescaling, we can assume 2¢ satisfies (2.15) in
place of €. Let €2 < § < 1. We note that the points @z are not independent, as they are
projections of the augmented data points. However, under Lemma 6 and Assumption 1,
we can assert that with probability 1, each @z has at most Cy other Yz dependent on Q3.
Therefore, an application of Lemma 28 gives

1 1
— Z 1< m/ q(:z)dV(a:) +C6 6.15
P 0 0<l|Qn -0 | <26 € JB(Qz29) (6.15)

with probability at least 1 — 2exp(—cé?ne™). Using the fact that Expg, : B(Qz,2¢) —
B™(0,2¢) is a diffeomorphism, we acquire

/ q(z)dV(x) = / q(v)Jg, (v)dv < Cpe™ (6.16)
B(Qz,2¢) B™(0,26)CTg, M

where, as outlined in Section 2.2, we apply the change of variables z = Expg_ (v) and write
q(v) = q(Expgz(v)). Putting (6.16) back in (6.15), we conclude

1
o > 1<C,+ 06, (6.17)
Qz:0<1Qz—Qyr ||I<2e

with probability at least 1 — 2 exp(—cd?ne™). By combining (6.17) with (6.7), (6.8), (6.9),
and recalling that = > 2, we arrive at

|Laugf(Z) = Lproj f(Qz)]|
< |£augf('i') - E/\?f(j)‘ + ’E/'?f('i') - £Q;2f('f)| + “CQ;zf(j) - ‘Cprojf(jﬂ
< Cuellfller v, (my) (1 +0),

with probability at least 1 — 6 exp(—cd?ne™). The proposition can now be concluded by
another application of union bound over = € X. |

6.2 From Discrete to Nonlocal

We extend definition (6.2) to a function ¢ on M x M, that is

|z — z||? Iz =yl
¢(z,y) = / exp ( - 7) exp ( - 7>p(2)dV(z).
{le—zl<e2/*}nllz—yll <=2/} 2% 2e
(6.18)
Observe that the conclusion of Lemma 16 remains valid for this extension; namely
sup ¢(z,y) < Cey. (6.19)

z,yeM
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Define a nonlocal operator L, such that for f € L?(M),

Ll ()= g [, ()~ F0)a@)av ) (6.20)

The augmentation graph Laplacian La,s provides, with high probability, a pointwise
approximation of the nonlocal operator L, as detailed below.

Lemma 17 Let 7 >2,¢ >0, and e, = ™. Let Lang and Liag be respectively defined as
in (2.4) and in (6.20). Let f € C*(N;,(M)). Then fore <5 <e !,

IF’(I}la% Lavg f(Z) — Lpm f(Qz)| > C775Hf||(,’1(Nsn(M))> < 8nexp(—cy0°ne™*?),

S

for some C,,, ¢, > 0 depending on n and M, p at most.

Proof [Proof of Lemma 17] We resume from the conclusion of the proof of Proposition 14.
Let Z € X. At this stage, we require a concentration result provided by Lemma 27, a
variant of Lemma 28. We apply the concentration result of Lemma 27 to Lpwif(Qz),
with the bounded open set €2 in the lemma corresponding to the orthogonal projection of
B(z,¢) NN, (M) onto M. Let y € N, (M) be such that ||y — Z|| = ¢, and let Q,, denote
the orthogonal projection of y onto M. Then similar to the calculation in (6.10),

1Qz — Qyll < e+ 2en =e(1+ 2ey), (6.21)
and moreover,
1Qz = Qyll = 7 —yll = 1Qz — ZI — lly = Qyll = & — 260 = (1 — 2ey,). (6.22)

It follows from (6.21), (6.22) that ©, as the orthogonal projection of B%(z,e) N AL, (M)
onto M, satisfies

BY(Qz,e(1 —2e4)) N M C QC BYQz,e(1 +2e4)) N M, (6.23)
and thus, by considering (2.7), (2.11),
ce™ <Y(Q) < Ce™. (6.24)

We now apply Lemma 27 to Ly f(Qz), taking into account Proposition 7 and (6.19),
(6.24), which gives us, for 0 < 6 <1,

m 1 me —
" Lproi f(Q2) — Zs /QOM (Qz,y)(f(Qa) — f(y))Q(y)dV(y)’ < Cyllfller vy aape™de ™
(6.25)
with probability at least 1 — 2exp(—c,6*ne™). Similarly, from (2.7), (2.10), as well as
Proposition 7, (6.19), (6.23) again, we get

5"352 ‘ /M(Bd(Q )HM)G(Q:an)(f(Qi) - f(y))Q(y)dV(y)‘

< Gl / av(y)|
- € QA(BY(Qz,e)NM)

3 Crewe™ (| fller v, (ary)

9
= Cyll fllerae, )™ €™ (6.26)
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Above, we use A to denote the set symmetric difference. Therefore, combining (6.25),
(6.26), yields

1
emem2 /Bd(vaa)mM $(Qz,y)(f(Qz) — f(y))a(y)dV(y)

< Cyllfller v, vy max{de 1, g™}, (6.27)

Lproi f(Qz) =

with probability at least 1 — 2exp(—cn52n€m). Furthermore, as part of the conclusion of
Lemma 28 (or Lemma 26) and (6.19),

nMm

1
5| [0S0 (@0) = SaaV)

/B(Q )g(Qfayﬂf(Q:z)—f(y))Q(y)dV(y) < Clfller e, (e (6.28)

Now recall from the proof of Proposition 14 that for €2 < § < 1,

|Lang f(Z) = Lproi f(Qz)| < Cel[ flleravr, (my) (1 +6) (6.29)

with probability at least 1 — 6 exp(—cé?ne™). Recall that 7 > 2. Then by setting ¢’ = §/e
for €2 < 6 < 1, and using (6.27), (6.28), (6.29), along with the definition (6.20), we obtain

| Lang f (%) — L f (Qa)] < Cyll fller v, (1)

for ¢ < ¢’ <e7!, with probability at least 1 — 8 exp(—c;(6')?ne™*2). Finally, we conclude
the proof with an application of union bound over z € X. [ |

6.3 Proof of Theorem 11

Proof Lemma 17 establishes that, with high probability L.,s behaves pointwise in close
approximation of L. Therefore, to prove Theorem 11, it is enough to show that L4 is
approximately aB8A,,g, with a small additive error. In the ensuing proof, we will employ
the equivalence demonstrated in (2.13).

We define, for z,y € M,

o (-G e (- v

2
w w

ES
(x,y) = / ,
{zERd:d(:p,z)<€,2]/3/\d(y,z)<€,2]/5

the version of ¢(z, y) in (6.18) based exclusively on geodesic distances. The following lemma,
whose proof is given in Appendix E, applies.

Lemma 18 Let ¢, ¢* be defined as above. Then for x,y € M,
s(z,y) =" (2,y) + Oee).
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Leveraging Lemma 18, we can substitute ¢(x,y) with ¢*(z,y) in the expression (6.20)
for Ly f(x). More specifically, since

| [ 60 =S @) - S0V

Cerme?

< o [ V@ = S0l
Collfller (B(z,e))€ 4

< TSRt [ av)

< Collfller (Ba,e))Es (6.30)

we get .
Luf(©) = g [, <))~ )@V + O e).

For y € B(z,¢), we write ¢} (y) := ¢"(z,y). Following the change of variables and notation
modification introduced in Section 2.2, we let y € B(z,e) correspond uniquely to v €
B™(0,¢) such that Exp,(v) = y, and so Exp,(0) = . We further write ¢(v) = ¢;(y),
f(v) = f(y), 4(v) = q(y). Thus

- 1 . - o
L F(0) = ~ s | S 0)(F(0) = FO)I0)Ta(w)do + Opye).  (631)
w Bm(0,6)CTe M
From Taylor’s expansion, we obtain the following result, with a proof provided in Ap-
pendix F.
Lemma 19 Let v € B™(0,e). Then
& (0) = el (ap(x) + O(g)). (6.32)

Moreover,
V&G (0) =0 and ||D2§8‘(0)|| = 0(ey)), (6.33)
and in particular,
S (0) = G(0) + O(elye?).

Utilizing Lemma 19, along with (2.13), we see that, as per the computations presented
in (6.30),

1 ~% ~k r r ~
et /Bm(o’e)cTzM(Co (v) =G (0)(f(v) = £(0))d(v)Ju(v)dv
C 3 _
< 0 |f(v) = f(O)|dv < C|[ fller(B(z.e))E- (6.34)
Consequently, from (6.31), (6.34),
Lo f(0) = _;0 0 /| s a0 = FOMM () + O )
0 / (F(ev) — F(0))d(ev) To(ev)dv + O e). (6.35)
Ew€” JB™(0,1)
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Using Taylor’s expansion once again, and considering Proposition 7, we acquire

F(0) + (T F(0), 0) + S (D2F(0)0,0) + Oy (%)

Jlev) = 2 (6.36)
G(ev) = G(0) +e(Vq(0),v) + Oy(e?).
Moreover, from (2.10),
Jo(ev) = 14 O(£?). (6.37)
Then putting (6.36) in (6.35), together with simple calculations, delivers
; % (0)
Lumf(v) = o (L1 + La + L3) + Oy y(e), (6.38)
where
=0 )
L, = —q()/ (V£(0),v)Jy(ev)dv
3 B™(0,1)
Ly = — / (V£(0),0)(V§(0), v)J,(cv)dv
B"”(O,l)
=0 )
Ls = —Q()/ (D?£(0)v, v)Jy(ev)dw.
2 Jpmo,))
Observe, due to the symmetry of odd function,
[ vi0.d =0
B™(0,1)
which, combined with (6.37), subsequently gives us
Ly = Ogy(e). (6.39)

Regarding Lg, L3, we also get from (6.37) and a standard computation,
Lo = —/B o 1)<Vf(0), v)(V§(0), v)J,(ev)dv = —B(V.f(0), V§(0)) + O (e?), (6.40)

and

L=-T0 [ ot = - aufo) r o).
2 Jpmo,) 2

By combining (6.38), (6.39), (6.40), (6.41), and applying Lemma 19, we arrive at

LaF0) = S0 (970), 93(0) + W a0 f(0) + 05,

= ~aBp(@)((77(0), Vi) + TV A f(0) + 0y (0)
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which simplifies to

Laef(a) = Laaf(0) = = S r LA T )(0) + O ),
or equivalently,
Laf(2) = ~ S (V) + 01 (6), (6.42)

Recall from Proposition 7 that ||p — qpec(ar) < Cnei/g. Thus, we have, subsequently from
(6.42),

Latf() =~ APV @) + Opnfc) = ~0BBugf () + Opale). (643)

Finally, to complete the proof, it remains to integrate (6.43) with Lemma 17. [ |

7. Spectral Consistency of Augmentation Graph Laplacian
7.1 Outline for the Proof of Theorem 12

With Theorem 11 established, the proof of Theorem 12 is primarily influenced by and
aligned with the strategy in (Calder and Garcia Trillos, 2022). Before proceeding with
further discussion, however, it is necessary to delineate two key differences between our
setting and that in the aforementioned work. For the first difference, the augmentation
graph G % is not built from points sampled directly on the manifold M, meaning that, for
example, ¥, in (3.10) is not a measure on M. Nevertheless, the groundwork in Section 3.1
ensures the construction of a unique projection point Qz € M for each Z € X. This bijective
correspondence, guaranteed with probability 1 by Lemma 6, provides a matching between
X = {Z1,...,%,} and the set Qp = {Qz,,...,Qz,}, thus enabling the transfer between
functions on the graph Gy and those on the graph Gg,, as defined at the beginning of
Section 6.1, and vice versa. In particular, Proposition 14 establishes, with high probability,
the pointwise proximity between the augmentation graph Laplacian La,s (2.4) and the
projected graph Laplacian Lpyr; (6.3). For the second difference, the projection points

z ~ v, which is not a probability measure on M; see (3.1). However, as shown in
Proposition 7, ¢ closely approximates the sampling density p of u, which is a probability
measure. Therefore, with Lp.; serving as a substitute for L,.e, and p replacing ¢, the
theory developed in (Calder and Garcia Trillos, 2022) can be directly applied, with some
additional considerations. We outline the application of this theory next.

Define a discrete probability measure J,, to be

o 1 <&
Wy 1= — 00,. »
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which is a measure on M with support on Q. Further, we define a graph-based Dirichlet
energy, on the graph Gg, such that for f € L12§ (Q%),

1

Eoo(f) = [azmomrs 5 6(Qan Qo) Lo, sy120) (@) — (@5,
1,5=1
= 2<£pr0jfa f>L12§n(Q/\7)’ (7'1)
where
<f7 g)L%n Z f sz

is an inner product on Lf; (Qz). Then Ly is a positive semi-definite and self-adjoint

operator on Lg (Q), whose eigenvalues are given by

c oo B
A= min ma L(f), (7.2)

SEGL, feS\{O} ||f|| Q4)

where G . denotes the Grassmannian manifold of all linear subspaces of L2 (Q ) of di-

mension l and [ = 1,...,n. An orthonormal basis of L2 (QX) can be formed by the

associated eigenvectors fp °J of Lyroj- Establishing a quantltatlve interpolation between
the graph-based Dirichlet energy Fg, and the continuum energy Exq (3.15) is critical for
our spectral convergence analysis. Such interpolation can be realized through two maps
P:L*(M) — L% (Qp) and T : Lf§ (Q%) — L*(M), which act as near-isometries when
restricted to functions with finite Dirichlet energy (in the discrete and continuum settings).
Precisely, these maps further satisfy estimates of the form

Eg.(Pf) < apf(l+ small error) Erp(f), Vf € L*(M),
aBEm(Zf), < (1+ small error)Eg . (f) Vfe L%n(QX);

see Proposition 21 in the next subsection. When combined with the result of Theorem 11 and
the variational identities (7.2), (3.16), these inequalities translate to proximity between the
spectra of Lyroj and afA,yg, following the steps in (Calder and Garcia Trillos, 2022). Then
the final step of our analysis involves leveraging Proposition 14 and (3.12) to demonstrate
the spectral alignment of L, and afAug.

For the remainder of this subsection, we outline the construction of the maps P, Z, which
are constructed using an oo-optimal transport (co-OT) map between U, and a suitably
chosen probability measure on M, provided below.

Proposition 20 Let 1,12 > 0 satisfy'?

1 n7Um <y <1;

12. The proof of (Calder and Garcia Trillos, 2022, Proposition 2.12) only requires that t2 be of small, fixed
scale, greater than n=Ym,
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2. 11 + 12 < ¢, where ¢ > 0 depends on M, p.

Then with probability at least 1 — nexp(—c’m%L’Q"), there exist a probability measure v, with
density pn : M — R, such that

min_ sup d(z, S(z)) < o,
S#’Un=19n reM
and that
[Pn = pllpee ) < Cler + 12).

Here, the constant C > 0 depends on M, p, and the constant ¢ > 0 depends solely on'> M.

This proposition directly follows from (Calder and Garcia Trillos, 2022, Proposition

2.12) and its proof.
We denote by T" an co-OT map between 571 and v, given in Proposition 20. Let U; :=
~1({Qz,}). We define an adaptive contraction discretization map P : L*(M) — Lg (Q%)
by !
n Ju. 1( x)dV(z)
(Qxi)l/ 2 ’

as well as an adaptive extension map P* : L% (Q%) — L*(M), by

(7.3)

Zf p(Qz,)"*1y, (). (7.4)

Next, we describe the construction of an interpolation map Z : L?; (Qz) — HY(M) C

L?(M). Tt will be apparent below that such a map inherently possesses a smoothing prop-
erty. Let ¢ : [0,00) — [0,00) be a non-increasing function of choice with support on the
interval [0,1], whose restriction to [0,1) is Lipschitz continuous and non-vanishing. Let
¥ 1 [0,00) — [0,00) be a smooth function, given by

1 /OO
=— s)sds,
7/ ¢(s)
where we recall [ is defined in (4.2).
Lastly, for a bandwidth r > 0, let A, : L>(M) — H'(M) be a convolution operator with

kernel o) 71#(( y))

such that

= (/M Kr(x,y)du(y)>_1/M K (z,y) f(y)du(y).

We then build an interpolation map Z : Lg (Q%) — HYM) with bandwidth & — 2.9,

specifically
Tf(2) = Aeny P f (). (7.5)

13. specifically on its dimension m.
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7.2 Proof of Theorem 12

Proof The beginning of the proof follows almost the same approach as that of (Calder and
Garcia Trillos, 2022, Theorem 2.4 (i)), and, subsequently, that of (Calder and Garcia Tril-
los, 2022, Theorem 2.7 (ii)), with some modifications. To further clarify, we introduce
Propositions 21, 22 below. They correspond to (Calder and Garcia Trillos, 2022, Proposi-
tions 4.1, 4.2), respectively, which are the two main components for the proofs of (Calder
and Garcia Trillos, 2022, Theorems 2.4, 2.7). We recall the discretization map P defined in
(7.3) and the interpolation map Z defined in (7.5).

Proposition 21 Lete > 0 and t1,12 > 0 satisfy Assumption 10. Then both of the following

hold with probability at least 1 — nexp(—cni3ilY),

Boy(Pf) < aB(1+Cy(2 4+ u) ) Ex(h), Vf € L3 M), (7.6)

WBEMIS) < (14 Cy(Z+2+0))Boy(f). ¥f €L} (). (7.7)

where a and B are defined in (4.1) and (4.2), respectively; the constants Cy; > 0 depend on
n and M, p, and the constant ¢ > 0 depends solely on M.

Proposition 22 Let e > 0 and t1,t2 > 0 satisfy:
-1 .
1. nVm <y < 55

2. 11+ t2 < ¢, where ¢ > 0 depends on M, p.

Then both of the following hold with probability at least 1 — nexp(—c'ni2i5Y),

1712200~ IPF 13 (00 |<Cral Fllzoan vV Es(D+C i) If Raney VF € LAM),
(7.8)

17122 (00~ IZF 12200 | <CENflz_(@00y Bon(D+Ca+)lIfa (g VF € L3 (Qx).
(7.9)

Here, all the constants C' > 0 depend on M, p, and the constant ¢ > 0 depends solely on
M.

Note that these are the near-isometric inequalities discussed at the beginning of Sec-
tion 7.1.

The proof of Proposition 21 mirrors that of (Calder and Garcia Trillos, 2022, Proposi-
tion 4.1), and the proof of Proposition 22 mirrors that of (Calder and Garcia Trillos, 2022,
Proposition 4.2). The former, given in Section 7.3, is more involved than the latter, outlined
in Section 7.4. One modification in these proofs arises from our definition of discretization
and extension maps, (7.3) and (7.4), which explicitly incorporate a local density factor. This
definition is guided by the specific formulation (7.1) of the energy Eg, and contrasts with
the discretization and extension maps in (Calder and Garcia Trillos, 2022). For instance,
see the proof of Lemma 24 for how this difference is addressed. Another modification stems
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from the fact that an edge (Qz, Qz) in the graph G g, is designed to correspond to the edge
(z,7') in the graph G %, thus causing the Euclidean distance between Qz, @z to vary from
g(1 — 2ey) to e(1 + 2ey). This differs from the e- and kNN graphs considered in (Calder
and Garcia Trillos, 2022), where all edges have a fixed length. To handle this, we will take
advantage of the negligible difference between £(1 —2ey) = ¢ &~ (1 + 2¢y,), and refer to the
technical result in (Garcia Trillos et al., 2020, Lemma 5) for further details.

Given Propositions 21, 22, we can follow the reasoning in (Calder and Garcia Trillos,
2022, Theorem 2.4 (i)) (minmax principle) to conclude that, for the first step, if

1
Vi +Clu +12) < Ve + Clu +12) < o, (7.10)
then with probability at least 1 — nexp(—cniiJ),
I\ — aBAP] go<e(\/Xl+ 1)+5+L1)Al. (7.11)

Note that the probability derived here matches the probability that the conclusions of
Propositions 21 and 22 hold, which, in turn, is guaranteed whenever the conclusion of
Proposition 20 holds. For the second step, we suppose in addition that

Cle(V N+ 1) 4+ e+ )\ <, (7.12)

holds. We infer from the reasoning near the end of the proof in (Calder and Garcia Trillos,
2022, Theorem 2.7(ii)) (Davis-Kahan-type expansion), and the proof of Lemma 17, the
existence of an eigenfunction f; of A,ug, with probability at least 1 — nexp(—cnifi3') —
2n exp(—c,ne™*4), such that

1fi = ]?lpijLf§ 05) < Onge. (7.13)

The additional reduction in probability stems from the pointwise consistency probability,
transitioning from L.j to the nonlocal operator L (6.20) (with 6 = ¢) in the proof of
Lemma 17, and ultimately to Agyg.

With (7.13), we complete the first part of our analysis, which establishes the spectral
alignment between Lpro; and A,yg, as discussed at the beginning of Section 7.1. In order
to further extend (7.13) to a conclusion about the spectral proximity between L., and
afAaug, we define a matching map M that sends € X to Qz € Q5. By Lemma 6, this
map M establishes a bijection between X and Q $ with probability 1. Thus, if f € L%n(Q ©)s
then foM € L%n(f), and conversely, if f € L129n (X), then foM~! ¢ L% (Q4)- Analogous
to Propositions 21, 22, we have the following proposition. !

Proposition 23 Under Assumption 5, it holds with probability 1 that

1£llz, oy = 1f e MMz (0 VF € L5, (X), (7.14)
Ifllz2 (0 = If o Mllz vy, Vf €Ly (Qw): (7.15)
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Moreover, let € > 0 be sufficiently small to satisfy (3.17). Then both of the following hold

with probability at least 1 — 2n exp(—c,yne™ ™),
Bo(f) < (14 Ce)Equ (f oM™ + CoellfI25 ey, VI € L3, () (7.16)
Eg . (f) < (14 Ce)Eg(foM), Vfe L} (Qe) (7.17)

Here, the constants Cy,c, > 0 depend on n and M, p at most, while the constants C > 0
n (7.16), (7.17) depend on M.

The proof of Proposition 23 is presented in Section 7.5. By combining (7.6), (7.16), we
obtain, for f € L2(M),

Ep(PfoM) < af(l+ Ce?) (1 + 0,7(%2 bet L1)>EM(f) +Cpel[PfoM|2, 5, (7.18)
and by combining (7.7), (7.17), we get, for f € L%n (X),
-1 2 t2
WBEM(Z(f o M™1)) < (14 Ce )(1 + C”<Z et L1>>E;g(f). (7.19)
Similarly, by combining (7.8) with (7.15) and (7.9) with (7.14), (7.17), we respectively derive

1132 =I1PS o MIZs ()| <Cuall Fll2 o) VEMUD+C 0 + )| s rgys VI € LHM),

(7.20)
17125 =1 o M) 220 [<Celfllzs ) VER(D+Cla+ )15 () ¥F € L3, (D).
(7.21)

With (7.18), (7.19), (7.20), (7.21) established, we proceed similarly to before, directly adapt-
ing the remainder of the proof to the variational argument in (Calder and Garcia Trillos,
2022, Theorem 2.4 (i)), and subsequently to (Calder and Garcia Trillos, 2022, Theorem 2.7
(ii)), line by line. In particular, if (7.10) holds, we derive that in place of (7.11),

I\ — aﬂ&?‘lﬂ < C(s(\/E +1)+e+ L1>)\l,
with probability at least 1 —n exp(—cni?id') —2n exp(—c,ne™ ). The additional reduction
in probability, relative to what is obtained previously, arises from the probability that both
(7.16) and (7.17) hold. Finally, if (7.12) is also met, we are guaranteed with probability at
least 1 —nexp(—cni?if) — 10n exp(—c,ne™ ™), the existence of an eigenfunction f; of Agyg
such that

1 f aug() fil@ )”L2 05 S COne.

The further reduction in probability comes from leveraging Proposition 14. The proof is
now concluded. |
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7.3 Proof of Proposition 21
Proof Let r > 0 be sufficiently small. We define two non-local energy forms for f € L?(M),

(07

Baie() 1= 3 [ [ ateen (@) = F0)Ppa(@ina o)V @)V ),
B = 5z | [ Tt n (@) = 10)Pal@ato)dvia)aviy).

Moreover, we temporarily assume the validity of the following lemma, whose proof is given
shortly after.

Lemma 24 Let € > 0 and t1,t2 > 0 satisfy Assumption 10. Let the discretization map P,
the extension map P* be given in (7.3), (7.4), respectively. Then

Bog(Pf) < (14 C2)Busernn (), VF € I2(M), (7.2
Baee (P < (14 98By (), Ve Ll (Qu) (7.23)

Here, the constants C' > 0 depend on M, p.

The remainder of the proof now follows closely the approach in the proof of (Calder
and Garcia Trillos, 2022, Proposition 4.1). For instance, given Lemma 24, we can apply
Propositions 7, 20 to obtain

Eg (Pf) < (1 v %) (1 YO+ L2)> (1 v c,,eﬁ/S)EjMMm(f), Vf e L3(M),
(7.24)
Biveaa(P) < (14 92) (14001 +2)) (14 ) By (). ¥F e 13, Q).
(7.25)

where, both (7.24), (7.25) hold with probability at least 1—n exp(—cnt?:5*). Then, applying
the arguments from (Garcia Trillos et al., 2020, Lemmas 5, 9), we deduce, respectively for
f € L3 (M) and r > 0 sufficiently small,

B, (f) < aﬁ(l +Cr+ Cr2)EM(f), (7.26)

QBEM(f)(Arf) < (1 +Cr+ Cr2> (1 + CrQ)EM(f). (7.27)

With minor simplifications, combining (7.24), (7.26) for r = € + 29, gives us (7.6), while
combining (7.25), (7.27) for r = € — 2.2, gives us (7.7). [ |

It remains for us to prove Lemma 24.
Proof [Proof of Lemma 24] We recall from Lemma 19 and its proof, that if d(z,y) < r, for
r > 0 sufficiently small, then

D) () 200 + O, (7.28)
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Let ¢* 1= e(1 4 2ey), €+ := (1 — 2ey), and €" := &* + %(5*)3; all are small, positive
quantities comparable to €. We start with (7.22). The proof mirrors the approach outlined
in (Garcia Trillos et al., 2020, Lemma 13), albeit with a few modifications due to the adaptive
definitions of discretization and extension maps, as well as the fluctuation of edge lengths
in the graph Gg, as pointed out earlier. If f € L?(M), then by definition Pf € L% (Q%)-
Thus from (6.21) and definition (7.1), !

1
n2€m€m+2

Eg,(Pf) < Z <(Qa,, Qz;) Lo<)Qs, ~ s, 1<} (Pf(Qz,) — Pf(Qz,))%,

1,j=1

which, using (2.7), (7.28) with r = £*, simplifies to

Eg.(Pf) < E\(Pf) + C(c")'/*Ex(PY), (7.29)
where
Ey(Pf): nggmm Z D20(Qa,)"*Li0<)0s, -, I<ey (PF(Qz,) — PF(Qs,))?
i,j=1
_ 1
E2(Pf) = W Z ]l{()<HQii—Qi-jHSE*}(Pf(QO_ci) - Pf(Qi"J))Q
i,j=1

Considering E1(Pf), we directly obtain from the definition (7.3) of the discretization map
P that

EA(Pf) < n5m+2 Z/ l{d( )§6*+2L2}(f(x) - Pf(Q:ij))Qpn(:B)dV(x)

- /M /M L pa(ogy<ers20} (F(2) = F(0))2pn(@)pn(m)dV(2)dV(y).

Then from this point on, we proceed identically to the proof of (Garcia Trillos et al., 2020,
Lemma 13) (and applying the technical (Garcia Trillos et al., 2020, Lemma 5) to exchange
€ + 219 & £ 4 219) to get

_ C
Bi(Pf) < (14 =2 ) B, (F): (7.30)
Regarding F2(Pf), we observe by (2.14) that
D (Pf )

< nggmw 5 5(Qe) 20 Q2" L0<Qs, - I e (PF(Qz) = Pf(Q,))” = CE(PS);
1,j=1
thus from (7.30)
() 2Bo(Pf) < O (14 2 By (1), (7.31)
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Since Ce®/? < 15 implies that C(¢*)Y/2 < 15 /e, we combine (7.29), (7.30), (7.31) to conclude
(7.22).

For (7.23), note that if f € Lg (Qs) then P*f € L*(M). We derive from (2.7), (6.22),
(7.28) with r = €,, and definition (7.1) that

1
Eng (f) = 2emamt2 Z S(Qz;» Qa’cj)]l{0<HQ5ci—Q:zj HSS*}(f(Q@-) - f(Q:EJ))Q

! S (@) (@2~ Ca)ipcygu,~0n, <2y (F(Qa) — F(Qa,)%

— n2-m-m-+2
neey €
v Qz;,Qz;€Q%

The proof closely parallels that of (Garcia Trillos et al., 2020, Lemma 14); thus adopting a
similar approach to the one used earlier, we obtain

C
Eoe(£) = (1= =2) B, (P)),

which is (7.23). [ ]

7.4 Proof of Proposition 22

Proof The proof is nearly word-for-word identical to that of (Calder and Garcia Trillos,
2022, Proposition 4.2), with modifications similar to those encountered in the proof of
Lemma 24. One modification involves incorporating the adaptive definitions (7.3), (7.4),
which yields

IP*PAIZ, = IPHAI2; oy,

with the extra density above being the distinguishing factor from the corresponding quan-
tities in (Calder and Garcia Trillos, 2022, Proposition 4.2). Another modification appears
in the application of (Garcia Trillos et al., 2020, Lemma 8) near the end. Specifically, e
needs to be replaced by (1 + 2ey ), and this small difference is again accounted for by the
technical (Garcia Trillos et al., 2020, Lemma 5). After these modifications, every other
step in (Calder and Garcia Trillos, 2022, Proposition 4.2) remains unchanged. Lastly, we
mention that the probability 1—mn exp(—cni?/5') aligns with the probability of the existence
of v, in Proposition 20. Further details are omitted. |

7.5 Proof of Proposition 23

Proof Since (7.14), (7.15) follow directly from the definition of the matching map M, and
(7.17) is similar but less complex than (7.16), we will prove only (7.16) and briefly address
(7.17) afterward. Let f € L (X), and let f:= foM™! € L% (Q%)- Then

Ex(f) = 2Lavgfs )12 () = 2(Lavgf = (Lorojf) oM, F)rz () + 2((Lprojf) oM, 2 ()
(7.32)
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Observe, since f(Z) = f(Qz), we have

n

1

(Loroif) oM, f)pa () = — > (Loroif) o M)(Z:) f(2:)
i=1
= S Lo P)Qe)F(Qz) = 5Fop (), (733)
i=1
and moreover,
(Langf — (Lproif) oM, )12 ()
= m Z Z(w(fu zj) — <(Qz;» Qaz]-))ﬂ{0<||a:~f;zjHg}(f(@ii) - JE(Q@))J?(Q@)
w i=1 j=1

(7.34)

Now, recalling the steps in the proof of Proposition 14, particularly (6.11), (6.14), we obtain
2 S 2 cet/3
_CE C(Qip Qi‘J) S (U(Cl'fi, x]) - §(jS, Qij) S CE g(Qip Q:i]) + exXp < - W) . (735)

By applying Lemma 27 (with § = £?), combined with a union bound, and adapting the
argument leading to (6.24), we conclude that

1 n o n - 1 no

n2gmem-+2 Z Z ]l{0<||fi—i’jH§8} (f(Q@))Q = n2emem+2 Z(f(@il))Q Z 1
w i=1 j=1 w i=1 Qs :0<]|z:—3;]|<e

Cp(1+ 52)“f”%129n()2)

<
- gme?

(7.36)

holds with probability at least 1 — 2n exp(—cnn5m+4). Similarly,

1 n n - -
a2 Z Z Lio<)zi—z, )<} | f (Qz)| f(Qz;)]

i=1 j—1
Cp(1+ Ez)HfH%%n(;\?)

gme2

1 n n ~ B
< InZemem+2 Z Z ]l{o<||i‘i*fj||§€}(’f(jS)|2 + |f(Q:Ej)|2) <
w i=1 j=1
(7.37)

holds with the same probability. We now substitute the second inequality in (7.35) into
(7.34), integrating (7.36), (7.37), as well as invoking (3.17), to derive

2
) ) et/ I11Zs e
(Lasef = (Loroif) oM. f) 12 () < OB (F) + Cyexp (= S ) ——%

< Ce®Eq (f) + C’nstH%%n(X,). (7.38)

Then, combining (7.38) with (7.32), (7.33) yields (7.16). It remains to see that the proof of
(7.17) follows in the same manner, but utilizes the first inequality in (7.35). [ |
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8. Proof of Theorem 13

Proof Let ! = 1,..., k. Let flaug be the jth normalized eigenvector (with respect to
L%n(f )) of Layg, and, by Theorem 12, let f; be the jth normalized eigenfunction (with
respect to L?(M)) of A,yg that satisfies (4.6). We have

7” T80 = @)l oy < I780) = @)z () < e, (8.1)

and

7” T80 = @I < I C) = £i@) iz (#) < Ce, (8.2)

where ||+ || in (8.2) denotes the Euclidean vector norm. Based on the elliptic theory of PDEs
(Gilbarg and Trudinger, 1977, Section 6.3) and Proposition 7, f; is a Lipschitz function.
Then as a consequence of (Chen et al., 2022, Theorem 3.1), there exists a ReLU NN (f;)g :
R? — R of the form (3.22), where 6 € © given in (3.26), such that for every 6 € (0,1)

1 -
%Hfz — (felleeormy < i = (D)ol oo iy <0, (8.3)
and moreover .
%Hfz(Q-) — (Do) < 11fi = (fi)oll oo () < 0. (8.4)
Thus, we obtain, from (8.1), (8.3),
7” £ ) = (1)o@l ) < Cipae + 9, (8.5)
and from (8.2), (8.4),
TII FMC) = (F)0(Q)I| < Crae + 6, (8.6)
Further, by Eckart-Young-Minsky theorem, a solution to (3.20) takes the form
1
* — aug paug nxk
Y \/ﬁ [ A f ( 1)} i=1,...,n;1=1,....k €R ’

assuming the rotation matrix is the £ x k identity matrix. Stack the ReLLU NNs 4/ S\?Ug( e
l=1,...,k to obtain a ReLU NN f; : R? — R/, and let Yy = ﬁ(fg(;fl),...,fg(:in))T €
R™*!. We conclude respectively from (8.5), (8.6),

IY* = Yolloo < Cpale+8) and [[Y* = Yp|| < C; (e +9), (8.7)

as desired. Here, in (8.7), both C, } and C7’7k involve a factor of maxj—; ;\?ug, with

C; . further including a factor of V. With L(4/ X?ug( f1)o) denoting the network depth of
\/X?ug(fl)g, p(\/ﬁ?ug(fl)g) its width, and m(\/j\?ug(fl)g), l\/l(\/j\?ug(fl)g) the complexity
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parameters from (3.24), (3.25) respectively, we obtain in addition from (Chen et al., 2022,
Theorem 3.1),

L(\/ﬁ(ﬁ)@) < C(log ((15) —|—10gd> and p(\/ﬁ?ug(fl)g) <OG™+d), (88)

and

(50 < s, 5wt () < (G o ()

(8.9)
where all the constants C' depend only on M. Therefore, it follows from (8.8), (8.9) respec-
tively that

L(\/lﬁfg) < C’(log ((15) +1ogd) and p(\/lﬁfg) < Ck(6~™ + d),

and

1 Cmaxlzlw.’k \/ ;\?ug 1
— < <C d M (—
m( =) < NG ¢ an NG
when n is sufficiently large. Finally, we perform a union bound over the probabilities of
(4.6) occurring for all [ = 1,...,k to complete the proof. |

f@) < k((gfm—kd) log (;)—i—dlog d),
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Appendix A. Relevant Concentration Results

We present the following two known concentration lemmas.

Lemma 25 (Calder and Garcia Trillos, 2022, Lemma 3.1 and its proof) (see also (Calder,
2019, Lemma 1)) Let M satisfy the assumptions made in Section 2.2. Let 1) : R? — R be
bounded and Borel measurable with compact support in a bounded open set Q C R? such
that QO M # 0. Let x1,...,x, be a sample of i.i.d points on M following a distribution
on M with a positive continuous density p, such that p(x) < pmax < oo for all x € M. Let

1 n
V= n;w(ﬂfz)»

and let a := [, ¥(2)p(2)dV(2). Then for every 0 <6 <1,
P(|¥ — a > Cpmax|¥l| Lo @)V QN M) §) < 2exp (= cPprmaxnV (2N M) (52),

where C,c > 0 depend only on M.
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When Q = Bd(x,g) for x € M, Lemma 28 below can be seen as a special case of
Lemma 27.

Lemma 26 (Calder and Garcia Trillos, 2022, Lemma 3.1 and its proof) Let M satisfy the
assumptions made in Section 2.2. Let v : M — R be bounded and Borel measurable. Let
T1,...,Ty be a sample of i.i.d points on M following a distribution on M with a positive
continuous density p, such that p(z) < pmax < 00 for all x € M. Let e > 0. For x € M,

we define W = W(x) to be
1

||z —z||<e
Let
a::/ Y(2)p(z)dV(z) and b::/ P(2)p(z)dV(z).
Bi(z,e)NM B(w.e)

Then we have
|a — b‘ < Cpmax"¢"LN(B($,2€))8m+2'

Additionally, for any e < 6§ <1,
P(|@ — b > Cpmax“¢||L°°(B(a:,25))55m) < QGXP(_CpmaX52n5m)a
where C,c > 0 depend only on M.

Both Lemmas 25, 26 apply to i.i.d. random variables. However, in the context of
our analysis, we require concentration results for the collection Q% of projection points
Q@z. While these points can be viewed as samples from the measure v with density ¢ (3.1),
they are not independent. Nevertheless, under Assumption 1, a similar partial independence
condition holds for Q %, in that for every @)z, there exist at most Cy € N other ()77 dependent
on (Qz. We present variants of both lemmas to address this scenario, as follows.

Lemma 27 Let M satisfy the assumptions made in Section 2.2. Let ¢ : R* — R be
bounded and Borel measurable with compact support in a bounded open set Q C R such
that QO M # 0. Let x1,...,z, be a sample of i.i.d points on M following a distribution
on M with a positive continuous density p, such that p(x) < pmax < o0 for all x € M.
Suppose further that for each point x; there are at most Cy other points x; dependent on
x;. Let

V= % ; (i),
and let a := [, ¥(2)p(2)dV(2). Then for every 0 <6 <1,
P(|¥ —a| > CPmax||¥] Lo (@) V(2 N M) §) < 2exp ( — PmaxnV(Q N M) 52), (A.1)
where C,c > 0 depend only on M.

Lemma 28 Let M satisfy the assumptions made in Section 2.2. Let ¥ : M — R be
bounded and Borel measurable. Let x1,...,x, be a sample of points on M following an
identical distribution on M with a positive continuous density p, such that p(z) < pmax < 00
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for all x € M. Suppose further that for each point x; there are at most Cy other points x;
dependent on x;. Let ¢ > 0. For x € M, we define ¥ = ¥(x) to be

U= % Z P(x;).
||z —x||<e
Let
a ::/ Y(2)p(z)dV(z) and b ::/ Y(2)p(z)dV(z).
Bd(z,e)NM B(x,e)

Then we have

0 = bl < Chumal¥ll oo im0 ™2

Additionally, for any e < 6§ <1,
]P)(|\IJ - b| 2 CpmaxH¢HL°°(B(I,2€))5€m) < 2exp(_cpmaX52n5m)7 (A2)

where C,c > 0 depend only on M.

The constant ¢ in both probabilistic estimates (A.1), (A.2) implicitly includes a factor
of Cy ! which we assume to be predetermined. The proofs of Lemma 27 and Lemma 28 can
be easily adapted from those in (Calder and Garcia Trillos, 2022, Lemma 3.1) and (Janson,
2004, Theorem 2.1). We skip further details.

Appendix B. Relevant Geometric Construction for Propositions 7, 15

Let 7 > 0 be sufficiently small. Then recall from Section 2.2 that the logarithm map
Log, : M D B(z,r) — B™(0,r) C T, M,

is a diffeomorphism. Let I, : R™ — R%, where l,,(y',...,y™) = (y',...,4™,0,...,0), be a
canonical immersion map (see (Guillemin and Pollack, 2010, Chapter 3)). Let A, denote
a composition of a translation by x and an appropriate rotation R,, such that A, maps

R™ x {0} :={(y',...,4™,0,...,0) : y* € R}

onto Ty M. See Figure 4 below for an illustration. Then A, ol,, maps T, M = R™ bijectively
and isometrically to T, M C R?. Expressively,

Ay ol (TeM) = Ty M. (B.1)
By letting L, := A, o |,,, o Log,, we obtain for ' € B(z,r) a unique image Ly (z') € TyM,

such that
|Lz(2") — z|| = ||[Log, (z)|| = d(z, z"). (B.2)

Next, let s > 0. We consider the neighborhood Ny (B(z,r)) of B(z,r), defined to be

No(B(z,r)) :== {2’ + h: 2’ € B(z,r) and h € Ny M NN (M) — 2'}.
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Figure 4: A two-dimensional sphere and one of its tangent planes under rotation and trans-
lation

(a) A two-dimensional sphere in R3 and (b) The same sphere now repositioned with the
one of its tangent planes colored in pink tangent plane as the zy-plane

Note, Ny M — 2/ & Ny M = R* ™. Similarly, as before, such identification can be made
explicit, for the rotation R, also maps

{0} x RT™ .= {(0,...,0,5%,...,y0™) : 4 € R}
onto Ny M — 2. Let Jg_p, : R4™™ — R be another immersion map, where

Jd_m(yl, . ,yd_m) = (0,.. .,O,yl, . ,yd_m).

Then, through the bijective isometric map (Ry 0 Jg_m)™ ", b € Ny M N Ny(M) — 2’ is
uniquely identified with k = (Ry 0 Jg_p) " 1(h) € B4~™(0, s). Now using the diffeomorphic
map

Exp, : T, M D B™(0,r) = B(z,r) C M,

we can construct another diffeomorphic map:

Exp, : B™(0,r) x BT™(0,5) = Nu(B(z,r))
(v, k) — 2’ +h,

where 2/ = Exp,(v) and, as noted, h = Ry 0 Jg_.,, (k). It is readily checked that the volume
form of Exp, at (v, k) is Jz(v)dv x dk.

Appendix C. Proof of Proposition 15

Proof We begin by establishing the necessary groundwork. Let TQEM and TQQ,C,M be the
tangent planes of M at Qz and at QQz, respectively. It follows that

Qs —z LTg,M and Qy—7 LT, M, (C.1)
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Figure 5: Qz and Qz are the closest points to Z and Z’' on M, respectively. TQEM and
Tq., M are the tangent planes of M on Qz and Qz, respectively.

where | denotes the usual orthogonal notion in R%; see Figure 5. From (2.7), (2.15), we
obtain'4

8
(e, Qs) < 17— Qall + gl — Qal* < O3,
8
d(z,Qw) < |z = Qull + 75llz — Qu[* < Cep/?.
Hence, by applying (B.2) to the locations @z, Qz, we acquire for x, respective unique
images Lq, (), Lg_, (), such that
ILq. () — Qzll = |Logg, (2)]| = d(z,Qz) < Ce/?, and
e, (z) — Qull = |[Logq,, ()| = d(z,Qz) < Cer/*. (C.2)

We now present the following two technical lemmas that will be indispensable in our analysis.
Their proofs are provided in Appendices C.1, C.2, respectively in the order they appear.

Lemma 29 Let z, Qz, Qw, Lg,(z), Lg,, (x) be as above. Then it holds that
lz = Lo, ()| = O(|Lgs () = Qal*)  and |z —Lq,, ()l = O(|Lq, (z) — Qz[*) (C.3)
where the majorant constants depend only on M.

Lemma 30 Let x, Qz, Qz, Lo, (x), Lg_, () be as above. Then under Assumption 5, the
following hold,

lz = 2|* < |12 = Qall* + (1 + Ce/*)1Qz — Laa ()%,

’ ’ (C.4)
lz = 72 < & — Qu|* + (1+ Ce¥?)|Qx — Lo, ()],

14. Whether these inequalities are presented as strict or non-strict will not affect the subsequent analysis.
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and moreover,

lz —2|* > |z — Qa1 + (1 = O}/ Qs — Lo, ()%,

(C.5)
Iz = Z|* > |7 — Q> + (1 = C'e}?)|Qz — Lo, ()|,
where C,C" > 0 dependent on M.
Recalling the random variable
X = Lo Qul<epn{lla-Qull <)
from (6.1), we define another, related variable
Yo X = L e vlo-Qu 1262y (C.6)
By expanding upon (2.3), we attain
- —lz —z|* — ||z — &'||?
0. < By g (L=
712 =12
—|x—z||* - ||l — %
() e (B =Y
We will first prove the lower bound in (6.5). By virtue of Lemma 30, we have
M A2 e |2
(X +Y) eXp( [l — ] . [l — 2| )
2eg,
_ _ 2/3
s 3 exp (Sl 17 = Qe = (1 O/ 102 ~ Ly ) + 102 ~ L, )Py
- 2e2, '
(C.8)

Further, by Lemma 29 along with (C.2), it holds that

|Qz~Las (@) <@z 2| + 20|Qz—2llll2—Las (2)l+|l2~Las (2)I” < |Qz =2 + Ce5
1Q—Lay, (@) I*<1Qu—z|* + 21Qw ~alllle~La, (@)l + |2 -La, ()|*<|Q —al*+Cef,
(C.9)
and that
ng/?)”@i — Lo, (z)||? < Ce2

(C.10)
Cel?||Qz — Lo, (@)|* < Ce}.

Hence, combining (C.8), (C.9), (C.10) gives us the desired lower bound

2
w(Z,7') > exp ( — ng“)ﬂa’:, 7') = exp(—Ce?)¢(z, 7).

w

Now, for the upper bound in (6.5), we first consider the case when

lz = Qsll =&/ or o - Qull = &7,
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2/3

ie. when Y = 1 in (C.6). Suppose the first inequality holds. Then since &, > &,
lx — Qz| — |z — Qzl| > 2/ > 0, and consequently,
|z = 2* = (lz - Qzll — 12 = Qz]))* = cer/
Therefore,
_ _ 4/3 4/3
—llz —z|* - [l= — &'||? Cen ce
[ (B < () (-5 e
Next, suppose
Iz — Qall <2/ and |z - Qu|l < &2/,
i.e. when X =1 in (6.1). Then, due to
1Qs = Loa (2)[1* 2 Q2 — z)1* = 2/1Qz — |||z — Loa (2)]| + [l — Lo, ()
1Qz — L, (@) > |Qz — «|* = 2|Qz — |||z — Lo, (2)|| + [l — Lq,, ()|,
we get, from (C.2) and Lemma 29,
1Qz — La, (@)|1” 2 |Qz — =||* — Ce} (C.12)
1Qz — Lo, (@)|* > |Qz — z|* - Ce}.
Further, by virtue of Lemma 30,
—[|z — z|* < =12 = Qal* — (1 = C=/*)l|Qz — L, (@)
—[7’ — 2> < =[|7’ — Qu|* = (1 = C=/*)| Qs — L, (@)%,
we get from another application of (C.2)
—|l7 —2]* < —|17 - Qal* ~ [|Qz — La, ()| + C<; (C.13)
17 — o < — )7 — Qul — |1Qw — Loy, (2)]2 + Ce2.
Altogether, (C.12), (C.13) demonstrate
_ =12 &2 C 2
Eznp [Xexp( L x||2 5 e = 2| )} < exp( gn)g(:ﬁ,f ) = exp(Ce?)¢(z, 7). (C.14)
8W EVV
Combining (C.7), (C.11), (C.14), we conclude
] 2\ (= cet/3
w(@.#) < exp(CEN(E.T) +oxp (- S5).
which is the desired upper bound. |
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C.1 Proof of Lemma 29

Proof We will only prove the first inequality in (C.3); the second inequality is handled
similarly. Let 7 > 0. Let y € B4(Qz,r) N TQEM, where TQ:EM denotes the affine plane
tangent to M at Qz. Recalling further that (Ag, o l,,) ™ (T, M) = T, M (see (B.1)), we
define Eq, := Expg, o (Ag, o ln) ™" and write

Ea.(4) = Qs + Ia, () + 5 Pa, () + . (C.15)

where I, Pp, are linear and quadratic forms on TQEM, respectively, with values in R
Consider the plane P determined by the points x, Qz, Lo, (z), and let v be the geodesic
curve connecting Qz, = that lies in the intersection P N B(Qz, 7). Let v be the unit vector
in the positive direction of Lo, () — Qz. We can suppose that 7 is parametrized by its arc
length s, such that

d
¥(0)=Qz and  —9(0) =v.

Now, setting y = vs in (C.15) leads to
1
v(s) = Eg, (vs) = Qz + Ig.(v)s + iPQf (v)s* + ... (C.16)

where Ig, (v) =v = d%v(O) and Py, (v) = %7(0). Furthermore, since + is a geodesic curve

on M, we have
2

d 5 3
@’Y(O) 1 Ty(O)M =T, M,

and since 7 is a plane curve on P, we can write (Struik, 2012, Section 1-4)

d2

@’Y(O) =ARn

where n is the unit normal vector of v in P at s = 0, and & is the curvature of v at s = 0.
By the assumptions made on M in Section 2.2, || < K. Hence, if we let s = s* > 0 be
such that Eg_(vs*) = z in (C.16), we can conclude that

lz — Qz — vs"|| = O((s")?), (C.17)

and the majorant constant is bounded by a multiple of K. Since Qz + vs* = Lg, (z), we
obtain from (C.17),

|2 = La, (2)| = O(|Lq, (x) — Qz|1%),
and the proof is completed. |

C.2 Proof of Lemma 30

Proof We will only prove the first inequalities in (C.4) and in (C.5). We prepare two facts.
First, it follows from the orthogonality in (C.1) that

17 = Lo, (@)|I* = 12 - Qz* + 1Qz — La. ()1, (C.18)
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and second, from Lemma 29,
lz = Lo, (2)]| < CllQz — Lo, (2)]1*. (C.19)
For the first inequality in (C.4), we have,
lz = 2[|* < (Lo (2) — 2 + [[Los (z) — 2[))?
= |[Lq. () — &|* + |Lq. () — z]|* + 2| Lo, (=) — 2[|[Lo, (z) — =].

Observe that

ILQs () — Z||Lgs (x) — 2]l < ClQz — Lo, (LU)HQ\/Hf = Qz* + [|Qz — Lo, (#)|]?

< 0e/?||Qz — Loa (2)|%,

(C.20)

(C.21)

where the first inequality is due to (C.18), (C.19) and the second to (C.2). Putting (C.21)
back in (C.20), and invoking all (C.2), (C.18), (C.19) again, allows us to obtain

lz = 2[* < [1Qz — Z|* + |ILq. (2) — Qal® + ILq. (z) — 2|* + Cex/*[|Qz — Lo, ()1
< Qz — 2|* + |ILq. (2) — Qzl* + Cea/?(1Qz — Lo, (@)[* + C<2?||Qz — L, (=)
<1Qz — 2|* + (1 + Ce2/*)[|Qz — L, ()|
Similarly, to handle the first inequality in (C.5), we note
lz = 2| > ([Los (2) — 2|l — Lo, (z) — [|)?
= |Lq, () = 2|* + Lo, () — | - 2|[Lo, (z) — 2||Lq, (z) — ||
> |[Lq. () — 2||* - 2|Lq; () — 2l||Lq, (z) — |
> ||z = Qz® + 1Qz — Lo, (2)|* — Cex/?[1Qz — Lo, ()1
= |1z = Qz |1 + (1 - C&3/*)|Qz — Lo, ()|,

where the last inequality is an application of (C.18), (C.21). [ |

Appendix D. Proof of Proposition 7

Proof In Appendix D.1, we express the relevant partial derivatives of ¢q as path derivatives
and address their continuity. We prove (3.5), (3.6) in Appendices D.2, D.4, respectively.
The proof of (3.4) and (3.3) relies on arguments similar to those in Appendix D.2 and is
presented in Appendix D.3. [ |

D.1 First and Second Partial Derivatives of ¢ as Path Derivatives

Let z € M. Consider the diffeomorphic map

Exp, : B™(0,e4) x B¥™(0,e,) = Nz, (B(z,¢n))
(v,k) =2 +h
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constructed in Appendix B, with » = s = ¢,. Here, 2’ = Exp,(v) and h = R,/ o J4_ m(k)
Under this map, a straight line I : [0,1] — B™(0,¢&y,), such that ['(t) = tu, with u € S™~!
is mapped to a geodesic curve v : [0, 1] — B(z,&y), such that v(0) = z and

d

@’Y(t”tzo =u= <VEXPZ(O)7 ’LL> € TZM -z

is a unit vector. Letting 2z’ denote a generic point on ~, and following definition (3.1), we
express ¢(2') as

Exp, (tu) + Ry © Ja—m (k) — z||?
g(v(1)) = (8pvi) !/;d mlosn)/£4exp (—-H p.(fu) ”;;% am(k) ~ o] )pla)aV ().

Hence,

(v(t))lt 0

0 (ELE) oy 0 Jan )

(apxlﬁ) /Bd m(0,en) J M dat " 22 >‘t:0p(x)d1}(x)dk

(D.1)
provides us with the directional derivative d;z¢(z). Observe, since R, (1) 1s a rotation, we get

d

<%R7(t)yv R,y) =0, (D.2)

for all y € R%. Then, from (D.1) and a straightforward calculation,

9aq(2) = —a(Y())|t=0 = E + Z, (D-3)

at?
where, due to the orthogonality h L u,

1 / / (z+h—x,u) |z +h — z|?
EFE=—— " texp| — ——— ) p(x)dV(x)dh
(epV2m)? Jhtze N, MANL, (M) I M €2 < 2¢2 ) (@) dV()

1 / / (z —z,u) lz+h—z|?
= ~——"Lexp| — ————)p(x)dV(z)dh,
(epV2m)e Jhtzemmone, M) I ER ( 2e2 )
and due to (D.2),

1 (z — x,Ah) |z +h — x|
Z:——/ /exp _ET RN S )av(z)dn,
(epV2m)e Jhtze N MON-, (M) S M e2 ( 2¢e2 ) (z)dV(z)

where A := %R'y(t)h:o'

Let w € S™~! and w = VExp, (0)w € T.M — z. Repeating this process for d;¢ in place
of ¢, and w, W in place of u, @, we interpret the second partial derivative 030zq as the time
derivative of 05q(((t)) at t = 0, where C : [0, 1] — B(z,&y,) is a geodesic curve on M starting
at z with velocity @. Thus, from (D.3)

4 (¢l = D+ V + F + S (D.4)

003q(2) = 7
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where!®
PR [ i Al A
 (epV2m)e Jhyze N Mon, (M) I %
Iz + b — |2
xexp( 262 ) (z)dV(z)dh,
and
1 (@, @) |2+ h—a?
V::—/ /exp — —————)p(x)dV(x)dh
(epV2m)% JhgzeN. MmN, (M) IM € ( 2 ) e
) 2
1 (w, Ah) M)M@dv(@dh

- exp ( —
(epV/2m)d /fL+zeNzMﬂNgn (M) /M & 25
1 / (z —x,Bh) ( Iz + h — ||
- ——exp| - ———
(Ep\/%)d ht2EN. MNNe, (M) J M 812’ 2512)

)o(@)av(z)an,

where B := %Rv(t)‘tZO'
We conclude by observing from (D.3), (D.4) that 0zq, 030zq are both continuous in
terms of z.

D.2 Proof of (3.5) in Proposition 7
Proof From (D.3), let E = E; + E», where
1 —x, 1 h—z||?
e [ [ e g (et
(epV2m)e JhtzeNo M-, (M) JB(z2?) € 2e;

1 / / (z—x, u) ( | z4+h—z]?
—_— ———exp|———5—
(epV27) % St ze Ko MO, (M) JA\B(22%) €3 2e3

Starting with Es, we note from (2.7) that, d(z,z) > 5121/3 implies ||z — z| > 05121/3. Further,
from the fact that ||h|| < e,, we also acquire

)o(@)av(z)dn,

Eyim— )p(m)dV(m)dh.

ec2® < cd(z,2) < Iz — 2| < (= — x| — |Al) < &}z + h - ]| (D.5)

Recall the quantity © = sup{||lx — /|| : z,2’ € M} in (2.16). Since M is a closed manifold,
® < 0o. Then gathering all in (D.5), we deduce,

1 / / |z — = exp(_ Iz 4+ h —z|?
(epV2m)4 Jhpze N Moo, (M) JM\B(22?) € 2¢2
) 1

C
ST oo —exp (—— N p(z)aV(z)dh. D.6
(epV/2m)d /h+zeNZMnNgn(M) /M\B(z,gﬁ/S) e2 < 772/d8121/3) (z)dV(z) (D.6)

By taking e sufficiently small satisfying (3.2), we acquire from (D.6),
Chen' /

15. The letters E, Z,D,V,F, S are chosen correspondingly to the German words for “first, second, third,
fourth, fifth, sixth” which are “Erster, Zweiter, Dritter, Vierter, Fiinfter, Sechster” respectively.

|Ba|< )p(@)av(z)dh

IB| < dh < €, (D.7)
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2/3)

Moving on to Ej, recall that we can associate for each x € B(z,ey' "), a unique L,(z) — z €
T.M — z such that Lemma 29 holds. To simplify the notation, we will write v, := L,(z) — z
from here onward. Then

lvall = d(z,2) and [z = (vz +2)|| = [l = L.(2)|| < C||Lo(2) - 2||* = Cd(z,2)*, (D.8)
and hence, due to the orthogonality v, L h,
lz+h—z|? = ||z —z||> + |h]|* + 2(z — z,h) = ||z — z||> + |h||* + 2(z + vy — z, h).

The following straightforward lemma holds.

Lemma 31 Forz € B(z,s?l/g), it holds that
|z —2|? | d(z,2)° Clla — 2||* Cllz — 2|
— < — | < .
P ( 2¢2 2¢2 ) =P ( 2 ) =1+ €2 ’ (D-9)
and that
Cd(z,x)?||h| (z 4+ vy —x, h) Cd(z,x)?|hl|
exp ( - 5—2) < exp < - 5—2> < exp (5—2) (D.10)

p p P

Furthermore, if h+ z € N.M NN, (M), then

(z4+ve—x,h)\ (z4+vy—z,h) (z4+v,—2,h)? (2+v,—x,h)
€s €5 2e; 3ley
(z+v, —z, )t (z+wv, —ax,h)] 5
- +0O,(2).  (D.11)
413 5leld n

Proof [Proof of Lemma 31] Observe that (D.9) follows from a combination of (2.7) and
Taylor’s expansion, (D.10) from (D.8), and (D.11) from Taylor’s expansion again. [ ]

Coming back to F4, we split Fh = E11 + E12, where

1 (@, z+vg—x) |z+h—x|?
Bri—— / / (20 =) o (TN av(a)an,
(epV21)? Jhy2e N Mz, (M) JB(22?) €2 ( 2¢2 )

1 (T, vg) |z+h—z]?
E122:/ / - exp | — ——=—— ) p(z)dV(x)dh.
(epV2m)e JnszeN mone, (M) B2 &3 ( 22 )

Guided by Lemma 31, we let

e 1 / / (8,2 + vy — 2)
- (5p\/ﬂ)d ht2E N MAN=, (M) JB(z,62/3) 51%
hlJ? — z|f?
X oxp ( i ) exp ( _ M)p(x)d)}(x)dh,

2 2
25p 25p
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and

_<u,va;>

ol /.
(epV2m)e Jhtze MmN, (M) JB(22/%) €3

I1A]? = — 2|
X exp ( - 22 ) exp ( — 222 >p(x)dV(ac)dh.

[

Then another lemma applies.
Lemma 32 Let E; be defined as above, fori=1,2. Then |E};,| < C.

Proof [Proof of Lemma 32] It is straightforward from (2.7), (D.8) and a familiar calculation
that

|ET1|<C/ / d(z,x)Q
" (epV21) Jhgze N Mo, (M) JB(2e23) €2

X exp (—H2h81|2)2> exp (—W)p(z)d)f(m)dh

d—m
_ s / exp (- W)dh / lylI?
(epV2m) Jiog-1/ag1/djiom 2 Brofcrm G

cllyl?y -
XeXp( &2 )p(y)Jz(y)dy

<C.

We next focus on a version of Ej,, which is

o p(2) / / (U, vz) IR d(z, z)*
= , exp [ — exp | — dV(z)dh.
P (epV2m) Jhsem mone, ) JBa2%) €2 ( 25f>> ( 2e3 ) )

Note, for a fixed h + z € NoM NN, (M), if z,2' € M are such that v, = —v,, then
d(z,z) = d(z,2), and conversely. Therefore

(1, vz) d(z,z)* B
B /B a3 exp<—7)dV(1:) —0,

2
€5 2€p

and we conclude that Ej5 = 0. Thus, by virtue of Lemma 31, particularly (D.9), the
Lipschitz continuity of p, and (D.8),

C R d(z,z)?
— ) exp (—72 ) g
(epV2m)? Jhyze N, MAN., (M) 2e5 /B2 &p

d 2
X exp (—C(;x))d])(gc)dh
P

|ET,—Ef3|<

<C.

Henceforth, |E},| < C. [ |
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In view of Lemma 31, particularly (D.11),

_Cen /
(epV2m)d JntzeN. Mo, (M)

lyll® / d(z,z)* cd(z r)?
- 7 -~ 7 <
X exp ( > o2 exp < = )dV( )dh < Cey,

|En — By | <

252 4 2
(D.12)
and
c ly|I? d(z, x)*
PR P EY
12 (7]1/d€p\/ 27T)d h—i—ze]\?z/\/(ﬂ./\/'a (M) 25% B(z,aﬁ/?’) E%
d
X exp ( @)dwx)dh <,
p
Thus, in view of Lemma 32, |Ey;| < C,,. Consequently,
|Er| = |En + Ere| < Oy (D.13)
Combining (D.7), (D.13), we arrive at
|E| = |E1 + E»| < G, (D.14)

Finally, regarding Z in (D.3), we note that Z can also be split into

1 (z—x, Ah) | z4+h—z]|?
Z::—/ / —~———Lexp|(———=5—)p(x)dV(z)dh
' (epV2m) Jhgze Mo MANz, (M) JB(2,62/%) 62 < 2¢2 ) (z)dV(x)

S [, oA
(Epv2 )d h+2zeN, MNN¢, (M zeﬁ/g 51%

& + h—x|?
X exp ( 26%)p(x)dV(x)dh,
and
1 (z—x, Ah) | z+h—x|?
ZQ:__/ / ETBAN oop (= EEVEEN ()dv (z)dh.
(epV2m)? Jhtze N MANG, (M) JM\B(z2%) €5 ( 23 ) (

Since |(z — z, Ah)| < C||z — z||en, following a similar calculation to that in (D.6), (D.7), we
get, for ¢ sufficiently small

C,® 1 c
7 <n/ / —exp| — ———= ) p(x)dV(x)dh
122] < (epV2m)e Jhize N, MM, (M) S M\B(z,62/%) Ep p< n2/d5§/3)p( JdV()
<, (D.15)

For Z;, we draw an observation from the expression of Z; and the treatment of F1, partic-
ularly from the proof of Lemma 32 that

21| < Cren. (D.16)
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Then (D.15), (D.16) imply
2 =2+ 2] < Gy, (D.17)

Altogether, (D.3), (D.14), (D.17) conclude |03¢(2)| < |E| + |Z| < Cy, as desired. ]

D.3 Proof of (3.3) and (3.4) in Proposition 7

Proof To establish the boundedness of ¢ in (3.1), we reuse the arguments presented in
Appendix D.2. Specifically, we observe from the integral expression (3.1) that ¢(z) can be
approximated by

exp ( - W) exp ( - H;Jf)p(fv)dl)(w)dh.
’ ’ (D.18)

Indeed, using reasoning akin to that employed for estimating Fy in Appendix D.2, we find
that |g(z) — A| to be bounded by a universal constant multiple of By + Bg, where

€n lyl? / d(z, )’ d(z,2)?
—_— exp (— exp (— dV(z)dh
(Ep\/ﬂ)d /h-f-zeNzMﬁNgn(M) ( 25% ) B(ze2/?) 812) ( 6P )

ox (_||z—|—h—x||2
) 2e3

1
A= / /
(epV27)% s ze R MANz, (M) JB(2,22%)

Bliz
B 1 / / ) (x)dV(z)dh
= X x .
g (epV2m)? Jhtze N, MANL, (M) S M\B(2,e2/? ’

To derive By, we use (D.9), (D.11), and a similar approach to the one yielding (D.12). We
skip further details. Then, By < ey, and by referencing the calculations used to bound |Es|
n (D.6), albeit with a simpler argument, we can show

1 / / ( |z +h —z|?
_r exp (= 12—l
(epV21)® St ze N, MANL, (M) S M\B(2,62/3) 2¢2

Back to A in (D.18), we write

By = )p(x)dV(:n)dh < Cpel.

et | e (-2
- - ex
(epV2m)e Jhsze N Mo, (M) JB(=2%)

2e2
p(2) / / 172
4+ —_— exXp | — dha
(Ep\/ﬁ)d ht2E N MON=, (M) J B(z,62/) ( 1% ) ( > )
(D.19)

) p(~ HhH2)<p<) —p(2))dV(z)dh

where J, is the Jacobian matrix. Using a now-standard argument and the Lipschitz conti-
nuity of p, we find that the absolute value of the first integral in (D.19) is bounded above

by C’nsi/ 3, while the second simplifies to

he) ) [ ol
— —5 )dh — J(x)d
(epV2m)e J_cp en]d-—m P ( 2¢32 ) m(0,62/%) P ( 2e ) (z)da

2
p

2 2
:(;75;3/2 (/[_n_l/dm_l/d]dm exp (—H];”)d /Bm(o R exp (—H:EQH)da:) <1+O(eﬁ/3)>

=p(2) + Oy(cl/?).
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Combining all the derivations, we conclude that ¢(z) = p(z) + (’),7(5121/3), which is (3.3).
Then (3.4) follows as a consequence of (3.3). [ |

D.4 Proof of (3.6) in Proposition 7

Proof Recall the expression (D.4) in Appendix D.1 that describes 0;03¢(z). We proceed
to establish that all quantities D,V, F,S in (D.4) are bounded. As usual, we split each
quantity into two parts, a local part, and a tail part. Specifically, we let

1 (z —x,u+ Ah)(z — x,W + Ah)
Dy = YRNG=Y] ~ 4
(epV2m)? Jhize N.MANL, (M) JB(2,2/?) €p

|z +h— xH2
X exp ( - ) p(z)dV(z)dh,
and
1 (w0, ) llz 4+ h — x|
Ve - ETE I p(@)av(a)dh
' (epV2m)d /thzENzMﬂNan(M) /B(z,sﬁ/3) €2 b ( 2¢32 >p(x) (=)

1 (w, Ah) |z + h — z||?
F1::—/ / exp (= T2 TN (2)dV(z)dh
(epV2) Jhtze N MANG, (M) JB(2/%)  Ep ( 23 ) D

1 (z — x,Bh) |z +h— |
Sy = / / ————exp | — ——=— ) p(x)dV(x)dh,
(epV2m)% Jhyze N MAN-, (M) JB(2,2/3) €12> ( 25% )

n

andD2 Z:D—Dl,VQ ::V—‘/l,FQ Z:F—Fl,SQ IZS—Sl.
Bounding F. Let

* 1 UN)’Ah h ’
(] o (<))
(epV/2r) ht+z€N.MMN-y (M) Ep 2%

Y ( /B (@ﬁ/g)exp(— ””“2_65”2) p(x)dV(x)).

Due to symmetry, we have F;* = 0. Then applying (D.8) and Lemma 31, we obtain

P - o (- ULy [ de
~ (epV2m)? Jhze N MANG, (M) 268 7 s e
d 2
X exp ( - Ciﬁ)p(m)d\)(w)dh < Cnsi/g’.

p
Thus, |F1| < Cnsi/?’. Moreover, by employing a similar argument as in (D.6), (D.7)

C / | Al / c
— —exp | — == |plx)dV(z)dh < C,.
(epV27)% Jngze N Mmoo, (M) 17 %ep Ja\B(z,e2/%) €p ( sﬁ/?’) (z)dV() !

Gathering all this, we conclude |F| < C),.

|Fo| <
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Bounding S. We note that the expression of S is analogous to that of Z in (D.3). There-
fore, by applying a similar argument to deduce (D.17) previously, we obtain |S| < C,.

Bounding D and V. We write Dy = D11 4+ D12 + D13 + D14, where

Do 1 / / (z —z,0) (z — x, W)
11= ———
(ep\/ﬂ)d h+2EN. MNN=, (M) JB(z,e2?) 61% gg
|z + h — x|?
_ = d dh
x exp ( 22 )p(@)av(z)dh,
Do - 1 / / <Z—.’E,1~L> <Z—$,Ah>
12 1= —F——
(ap\/ﬂ)d h+2EN. MNN=, (M) JB(z,e2?) 6%) 6123
2+ h—z|?
X exp(— H 522 | ) (x)dV(x)dh,
P

D 1 / / (z —x,Ah) (z — x,W)
131= T =——
(epV2m)? Jhpze Mmoo, (M) JB(2) & €

25}2)
5 1 / / (z — x,Ah) (z — x,Ah)
4= ——F——
(epV 27r)d ht2E N MON:, (M) JB(z,62/3) 5r2> {5%
|z +h —z|?
B ot e | d dh.
xexp ( 7 )p(@)av(z)

We will now bound D12, D13, D14, D11 + Vi, sequentially. Starting with D1s, we consider

o 1/ / (z —x,u) (z — x,Ah)
12 (Ep\/ﬂ)d ht2E N MANz, (M) JB(z,62/3) 5% E%’
[h]? Iz — z|]?
xexp| — =5 )exp | — —==— ) p(x)dV(z)dh.
( 2512) ) ( 2512) )

Then by integrating in terms of h first, we get D], = 0. Moreover, by Lemma 31

. C d(z,z)*
|D12 - D12| < 77d/ . / ( 4 )
(epV2m)? Jhtze N MANG, (M) JB(ze2/)  Ep

L L R S A, <

and we get |Di2| < C,. Due to the analogous expressions, it follows that |D;3] < C, as
well. As for D14, we see simply that

c lz—2|?[|2]I? [z+h—z|?
Diy g/ / 2 exp (= p(z)dV(z)dh
[Dial (epV2m)e Jhtze N Mo, (M) JB(22?) & ( 2e3 ) ( )

<Gy

To facilitate the upcoming calculations for Di; 4+ Vi, we use a translation by —z to
temporarily set z = 0, and use the rotation Ay 1 as discussed in Appendix B, to align To M
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with R™ x {0} € R%. Then D17 + Vi becomes

1 / 172> / (z,0) (z,w) (G, w)
exp ( — o —
(Ep’/ ) heNoy MNN,, (M) ( 26% ) 3(0783/3) ( 8% E% E% )

2
xexp (- 2 )iz Wp(@)dv(z)dn,
where, from Lemma 31,
vy —x,h —1)%v, —x,h)*
o) o= exp (222 143 e 40,60 = 14y CI 2B g )
p i=1 i=1 P
(D.20)
Note that, if ¢ is odd, then f;(x,h) is odd in terms of h, and if i is even, then
C||l=||%||||?
[fi(2, h)| < ClzlZliA I QQiH ” , (D.21)
p

due to (D.8). Let

1 / |]|? /
I:= exp | —
(Ep\/ )% Jhe NoMANL, (M) ( 28%) B(0,e2/3

Then using the given observation, and particularly (D.20), (D.21), we can dominate |Dq1 +
— I| with a C,, multiple of I; + I + I3, where

I 1 / exp(_ ||h||2)/ H=’70||44i<||$H2 +1)
(epvV2m)% JheRomons, (M) 2¢2 / Jpoe2/3) ept \ €2

]|
- —F dV(x)dh
<exp (= Gy )o@V @),
fori=1,2, and
1 172> / [EdlR [EdlR
I3i=————— exp [ — +1)exp|— z)dV(x)dh.
3 (gp\/27r)d /hENoMﬂNgn(M) p( 261% ) B(O 52/3) ( 61% ) p( 251% >p( ) ( )

It is straightforward to see that I; < C),. To calculate I, we note that v, € R™ x {0} is
Logy(z) € R™ canonically embedded in RY. Moreover, since @,% € R™ x {0}, they are
canonically embedded images of some u,w € R™. Therefore, using Lemma 31, particularly
(D.9), we can bound |I| by a sum of the integral

1 [n]? ] llzlt | [l
P~ 52 a3, 22 1 T2
(epV2m)? Jnefio M, (M) &/ JBoe?) & N & b
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and another integral, expressed in local coordinates as

1 / | A2 / (y,u) (y,w)  (u,w)
[ exp | — -
(epV2m)¢ JheRoMANL, (M) ( 25%) m(016§/3)< & = )
e (WY 5.1ty
2612)

Let I* be the inner integral above; that is,

rom [ (R Ly e (W

p p p

For y € B™(0, 5?1/ 3)7 we rely on Taylor’s expansion to get

() = 5(0) + (V3(0),) + 5(D*3(0)y, ) + Oy(cD), (D.22)

and on (2.10) to get
[ Jo(y) — 1| < Cllyll. (D.23)

Applying (D.22), (D.23), and a standard argument that uses linear symmetry for cancella-
tion, we obtain

. _ .m (yu)(y,w)  (u,w) lyl1? ~ m
= /Bm(OJI_l/de;l/?’)( 2 & )eXp(_ 2 )p(o)dy+0"(€P)‘ (D.24)

We now introduce a basic estimate for the m-dimensional Gaussian distribution on Eu-
clidean spaces.

Lemma 33 Let 0 > 0. Let X € R™ be a centered Gaussian distributed random variable

such that )
1 x
fx(x):iexp<_ [ )

(ov/2m)™ 202

Then for any v,w € R™ we have

/m (<U,296> (w,2x> B <u0’;U>)fx(x)dx Y

g g

Proof [Proof of Lemma 33] We first show the result for the case m = 1.

2

[ (e ) a2 ) s = - 2 0

g o

as it becomes a computation of the second moment of Gaussian distribution. For the
case m > 1, since we can decompose the high-dimensional Gaussian distribution X into

(X1,...,X™) where X* are i.i.d. one-dimensional centered Gaussian distributed random
variable, and the problem reduces to one-dimensional problem. The proof is now complete.
|
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Applying Lemma 33 (with 0 = 1) to (D.24) gives us

. _ _.m {y, u)(y,w) — (u,w) IR m
I o E:p /I:Qm_Bm(o’n—l/de_l/S) ( 512) 5123 ) eXp ( 2 >p(0)dy + OT](sp ),

n

which, due to the rapid Gaussian tail decay, implies that |I*| < Cpep'. Thus, we conclude
that |I| < Cy). In addition, by recalling |Dy1 + Vi — I| < || + |I2] + |13] < €y, we conclude
|D11 + V1| < Cy,. Finally, since

Dy=D— D,
B 1 / / (z —x,u+ Ah)(z — x,w + Ah)
(epV2m)% Jhize N MAN:, (M) S M\B(2,2/3) 3
|z 4+ h — x|
X exp ( - 22 )p(m)dV(m)dh,
and
Vo=V -W

1 o
(.5)

(epV2m)d /h+zeNZMrw5n (M) /M\B(z,sﬁ/3) 2

(_ |z 4+ h — x|

s ) pla)dV(a)dh,

employing the rapid Gaussian tail decay, as in (D.6), (D.7), yields, | D2, |Va2| < C,,. Putting
altogether, we get |D + V| < |Dy + V1| + | D2| 4 |V2| < C,), and moreover,

10005q(2)| < |D+V +F+8| <D+ V| +|F|+|5] < Cp,

as desired. n

Appendix E. Proof of Lemma 18
Proof Define

s < == ZIIZ) exp ( Cy - z||2)p(z)cw(z)

1 -
N (:C’y> '_/ 2/3 2/3
{zeR%d(z,2)<en’ “A||ly—=z||<en

2 2 — 2? ly — 2|
s (z,y ::/ ] exp<—7>exp<—7)pzd]/z.
( ) {zERd:d(x,z)<sﬁ/3/\d(y,z)<€r21/3}ﬂ./\/l 25%\7 28\2N ( ) ( )

Then, we observe

ls(z,y) — ' (z,9)| < / exp < 3 ‘x_;”Q)p(z)dV(z)
(Bd(z.ex/*)\B(z,er/*)nm 2e2
cd(x, z)*
< e —
B /13’(35,25,2,/3)\3(%5?1/3) oxp ( 2 )p(z)dv(z),
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as a consequence of (2.7). Therefore,

. < B CHUHQ)ﬁ(u)Jx(u)du

£%

S(@,y) — Xz y)] < /

(B™(0,2e5/*)\B™(0,62/%))

<cey | L ep(—clul?)du
R™\B™ (0,e5 / £2/3)

< Ceme?, (E.1)

once ¢ is sufficiently small. Applying the same approach for [¢!(x,y) — ¢%(z,y)|, we also
have

[¢H(z,y) — Pz, )| < Celye. (E.2)
Together, (E.1), (E.2) yield

S(z,y) = Pz, y) + Oleye?). (E.3)
Continuing, we define

d(z, 2)? ly — 2|17

3 )

*(x,y) = exp| ——=—)exp| — ——— ) p(2)dV(z
( ) AzERd:d(m,z)<6§/3/\d(y,z)<62/3}ﬁM < 253&/ ) ( 25%\7 )p( ) ( )

exp ( - d(2x€,g)2> exp ( — d(g;g)2>p(z)d)/(z).

4
S (J")y) ::/ 2/3 2/3
{z€R%:d(z,2)<en’ " Ad(y,2)<en’° }NM

Note that ¢*(z,y) = ¢*(x,y). Then it can be readily checked from (2.7) that ¢*(x,y) <

¢2(z,y). Moreover, for ||z — z|| < 5?/3,

exp <7 Iz — Z|2> < exp (7d(fc, Z)2> exp <Cllff - ZII“) < exp (7 d(z, Z)2> <H053V/3€s/3>,

2e2, 2e2, €2, 2e2
(E.4)

where Taylor expansion has been applied to the last inequality, akin to the derivation of
(D.9). Hence, from (E.4), together with (6.19),

*(2,y) < P a,y) + Cey(e3 %)), (E.5)
By a similar argument, we can show that
Gz,y) = Hayy) + Oen (3°%7)). (E.6)
Combining (E.3), (E.5), (E.6), we get
<(z,y) = Ma,y) + O(efe?) = *(a,y) + O(eye?),

which is what we want. [ |
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Appendix F. Proof of Lemma 19

Proof We first demonstrate (6.32). Express ¢}, via a change of variables using the expo-
nential map Exp, (2.8), as

& (v) = /~ exp ( - H;::HQ) exp ( - ||u_UHQ)ﬁ(u)Jx(u)du, (F.1)

2 2
Uo,v w 26W

where Uy, == {u : ||Ju]| < 23 A lu —v| < 8?1/3} N M, and Exp,(v) = y. For instance,

22070 = B™(0, ei/ 3). Then by an application of Taylor’s expansion and a change in variables,

0 [
& (0) = /B m(07€2/3)exp<— 5 )p(u)Jx(u)du

n w

= 52?/ s exp(=[ul?)(p(0) + O(e/*))(1 4 O(e/?))du., (F.2)
B™m (0,64 /72/3)

It is readily apparent that
Lo exp(= (0
m(oﬁw 82/3)

— 4(0) /R exp(~[julP)du ~ p(0) / exp(—[lul®)du

Rm\Bm(O,EV_Vl/:SEQ/?’)
= ap(z) + O(e) (F.3)

due to the rapid Gaussian decay, once ¢ is sufficiently small. The claim (6.32) now follows
from a combination of (F.2), (F.3).

We demonstrate (6.33) next. For v € B™(0, 5121/3), we write v = Z?Zl vie;, where v € R,
and e; is the standard ith basis vector. Let 0; denote the partial derivative along the ith
axis. By the Reynold’s transport equation (Evans, 2010, Appendix C, Theorem 6), the
partial derivative 0;¢ of & (F.1) at v is

o) = ( [ e (- BBy e (1=t s ) oo = 11+ 22

Z/{O,v+sei ‘ZN
(F.4)
where
ul — ot u— vl ul]?y -
Ly = / ——5—exp ( — M) exp ( — %)p(u)t]x(u)du,
Uo. Ew 2ez, 2¢ez,

| Jul? e — ol ()

Ly = /a 5, P (- E> exp (- M)ﬁ(um(uxei,mda

Here, 7 denotes the outward pointing unit normal, while 81;{071, denote the surface of Z;{O,v‘
Moreover, it can be seen from (F.5) that both L;, Ly are continuous in terms of v. Thus,
we conclude that Vi (0) exists. To show that

V& (0) =0, (F.6)

64



CONSISTENCY OF AUGMENTATION GRAPH AND NETWORK APPROXIMABILITY

we make an observation from (F.1) that &(v) < {§(0), for any v € Bm((),a?l/g). Hence in
particular 0 is a global maximum of ¢ along the ith axis. Therefore, 9;55(0) = 0, and (F.6)
must hold.

Continuing, we prove that
D25 (0)] = O(ey)- (F.7)

From (F.4), (F.5), and the Gauss-Green theorem (Evans, 2010, Appendix C, Theorem 1),

N u' =0’ lu — vl lull?y -
0iS (v) = /~ 5— exp ( - W) exp ( " 52 )p(u)Jx(u)du

Uow Ew
+ /u oi(exp (-~ sz;H?)exp(—W)ﬁ(um(u))du. (F.8)

2
W

Then, with a small simplification, repeating the previous process with v + te; replacing v
in (F.8), we obtain

oy d lu—v —tej[I*y lull?y -
0;0;5 (v) = dt</€{0 . exp ( — 26%‘,)82(6}{1) ( " o2 )p(u)Jx(u)>du |t=0-
wtte;
(F.9)

The existence of 0;0;5;(v) now follows from the Reynolds transport equation, and its con-
tinuous dependence on v is straightforward. It remains to calculate individual 0;0;;(0),
which is, from (F.9),

8]8168(0) =K1+ Ko+ Kj3 (F.l())
where
_ W ul|? 3ij lull?y -
Kl‘_/Bm(O,e?,/S) 22 exp <fg)p(u)<]w(u)duf / 0,215 2 exp (f?>p(u)t}x(u)du

Ko:=— /Bm( u exp ( — Hu2‘|2>8j(ﬁ(U)Jm(u))du

0,5?,/3) % Cw
and
_ 4 lu — v — tej]|? lull®y 5
K3 := dt(/do . exp ( — T) exp ( - E)@(p(u)Jm(u))du lt=0-
’ J

Using a nearly identical argument as in Appendix D.4 to address |Dy; + V|, particularly
Lemma 33, we get

[ E e (M sy pn [ B (- ’j”z)ﬁwwx(u)du\

2 22 2 2 2
0,5?,/3) Cw Ew w Bm(O,eﬁ/S) Ew w

|K1|=

= O(ew)-

Another similarly straightforward argument, combined with Taylor’s expansion, also leads

to
o’ a2y .
/JBW(O,eE/S) €2 P ( T2 )31‘ (p(u)Jo(u))du

|Ka| =

= O(el).

W
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Lastly, we observe that the expression for K3 mirrors that in (F.4). Therefore, by the
same reasoning used to derive the boundedness of the first derivative, we can express K3
as a sum of two terms analogous to L1, Lo, and, through Taylor’s expansion, deduce that
|K3| = O(e}). Then putting all the obtained facts that |K;| = O(e}}) in (F.10), we arrive

at (F.7), as wanted. [ |
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