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Abstract

Despite their empirical success across a wide range of generative tasks, the fundamental
principles underlying the ability of diffusion models to learn data distributions are poorly
understood. In this work, we develop a new mathematical framework that explains how
diffusion models can effectively learn low-dimensional distributions from a finite number of
training samples without suffering from the curse of dimensionality. Specifically, motivated
by the intrinsic low-dimensional structure of image data, we theoretically analyze a setting
in which the data distribution is modeled as a mixture of low-rank Gaussians. Under
a suitable network parameterization, we show that optimizing the training objective of
diffusion models is equivalent to solving the canonical subspace clustering problem over
the training samples, where each subspace basis corresponds to the low-rank covariance of
a Gaussian component. This equivalence allows us to show that the sample complexity
for learning the underlying distribution scales linearly with the intrinsic dimension of the
data, rather than exponentially with the ambient dimension. Our theoretical findings are
further supported by empirical evidence that demonstrates phase transition phenomena in
generalization on both synthetic and real-world image datasets. Moreover, we establish a
correspondence between the learned subspace bases and semantic attributes of image data,
providing a principled foundation for controllable image generation.

Keywords: diffusion models, mixture of low-rank Gaussians, principal component anal-
ysis, subspace clustering, curse of dimensionality

1. Introduction

Generative modeling is a fundamental task in deep learning that seeks to learn the under-
lying data distribution from training samples to generate new and realistic data. Among
recent advances, diffusion models have emerged as a powerful class of generative models,
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achieving remarkable performance across a wide range of domains, including image gen-
eration (Ho et al., 2020; Wang et al., 2023b), video synthesis (Bar-Tal et al., 2024; Xing
et al., 2024), speech and audio generation (Kong et al., 2020, 2021), and solving inverse
problems (Fabian et al., 2024; Chung et al., 2023). In general, diffusion models learn a
data distribution from training samples through a process that imitates the nonequilibrium
thermodynamic diffusion process (Ho et al., 2020; Sohl-Dickstein et al., 2015; Song et al.,
2021a). Specifically, a diffusion model operates in two stages: (i) a forward process, in
which Gaussian noise is gradually added to the training data over a sequence of time steps;
and (ii) a reverse process, in which the noise is progressively removed by a neural network
trained to approximate the score function, i.e., the gradient of the log probability density
function (pdf) of the data, at each time step.

Despite the great empirical success of diffusion models and recent advances in under-
standing their sampling convergence (Benton et al., 2024; Lee et al., 2022; Li and Cai, 2026;
Li et al., 2024a, 2025b), distribution approximation (Chen et al., 2023b; Oko et al., 2023;
Wang and Vastola, 2024), memorization (Gu et al., 2025; Somepalli et al., 2023a; Wen et al.,
2023), and generalization (Han et al., 2024; Kadkhodaie et al., 2024; Zhang et al., 2024),
the mechanisms underlying their performance remain poorly understood. This is primarily
due to the black-box nature of neural networks and the inaccessibility of real-world data
distributions. In particular, a fundamental question arises: Can diffusion models truly learn
the underlying data distribution? If so, how many samples are required to achieve this?
Recent theoretical studies (Oko et al., 2023; Wibisono et al., 2024) have shown that learn-
ing an arbitrary probability distribution using diffusion models inevitably suffers from the
curse of dimensionality. Specifically, if the underlying density belongs to a generic class of
probability distributions, obtaining an e-accurate estimate of the corresponding score func-
tion requires the number of training samples that scales as O(e™™), where n is the ambient
data dimension. However, recent empirical studies (Zhang et al., 2024; Kadkhodaie et al.,
2024) have shown that diffusion models can effectively learn image data distributions and
generate novel and semantically meaningful samples distinct from the training data, even
when trained on far fewer samples than those suggested by the existing theoretical bounds.
As such, the gap between theory and practice raises a key question:

When and why can diffusion models learn data distributions
without suffering from the curse of dimensionality?

1.1 Our Contributions

In this work, we address the above question by investigating how diffusion models learn data
distributions with intrinsic low-dimensional structures. Unlike previous studies (Oko et al.,
2023; Wibisono et al., 2024), which considered arbitrary distributions, our study focuses
on low-dimensional distributions, motivated by the observation that real-world image data
often lie on a union of low-dimensional manifolds despite their high ambient dimensions
(Brown et al., 2023; Kamkari et al., 2024; Loaiza-Ganem et al., 2024). These structures
arise from underlying symmetries, repetitive patterns, and local regularities in natural im-
ages, which reduce the degrees of freedom in the data (Gong et al., 2019; Pope et al., 2020).
To effectively capture the low-dimensional structure of real-world image data while offering
analytical tractability, we focus on a mixture of low-rank Gaussians (MoLRG; see Defini-
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Figure 1: Comparison of images generated from the Gaussian, MoLRG, and the
distribution learned by diffusion models across different datasets. Each row dis-
plays images generated from different distributions using the reverse-time ODE sampler,
including the Gaussian, MoLRG, and the distribution learned by U-Net. The columns repre-
sent images generated from the same initial noise. The results are shown for four datasets:
FashionMNIST (top left), MNIST (top right), CIFAR-10 (bottom left), and FFHQ (bottom
right).

tion 1). Notably, our focus is further supported by empirical evidence in Figure 1, which
demonstrates that samples generated via the diffusion reverse sampling process—using our
theoretically constructed model—closely resemble those produced by U-Net (Ronneberger
et al., 2015) trained on the same dataset and initialized with the same noise.

Theoretically, we show that diffusion models can learn the MoLRG distribution, provided
that the minimum number of training samples scales linearly with the intrinsic dimension
of the data, thereby overcoming the curse of dimensionality. Our result is established
by demonstrating the equivalence between the training loss of diffusion models and the
canonical subspace clustering problem (Vidal, 2011; Wang et al., 2022) (see Theorem 7)
under an appropriate parameterization for the denoising autoencoder. Suppose that each
component in the MoLRG distribution has zero mean and covariance matrix UkUg , where
each low-rank matrix Uy has orthonormal columns and the subspaces spanned by {Uj}
are mutually orthogonal. Notably, these assumptions imply that the data are distributed
around a union of low-dimensional linear subspaces, with isotropic variation within each
subspace and no cross-subspace correlations. Here, the orthogonality assumption serves as
an idealized yet analytically tractable abstraction that captures well-separated components
in high-dimensional spaces. Under these assumptions, our theory demonstrates a phase
transition in the ability of diffusion models to learn the underlying distributions, which
occurs when the number of training samples exceeds the intrinsic dimension of the data-
generating subspaces (see Theorem 8). Moreover, our theoretical analysis offers valuable
practical insights, as highlighted below.

e The phase transition of generalization on image datasets. As shown in Section 5.1, when
training diffusion models on real-world image datasets, we observe a similar phase tran-
sition from failure to success in generalization, where the model begins to generate new
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and sensible images distinct from the training data once the number of training samples
exceeds a threshold that scales linearly with the intrinsic dimension of the data. Our
study of MoLRG offers key insights into understanding this phenomenon.

o Correspondence between subspace bases and semantic task vectors. We find that the basis
vectors of the subspaces identified through our theoretical analysis align with semantically
meaningful directions, that is, task vectors, in diffusion models pretrained on real-world
image datasets. These semantic task vectors enable control over attributes such as gender,
hairstyle, and color in the generated images (see Figure 5). This insight has inspired new
training-free image editing methods on pretrained diffusion models (Chen et al., 2024).

Our study of distribution learning is closely related to recent studies on the general-
ization of diffusion models. It is well understood that when generative models successfully
learn the true underlying data distribution, they exhibit strong generalization capabilities,
enabling them to generate new samples that differ from the training data (Arora et al., 2017;
Li et al., 2024b; Kadkhodaie et al., 2024). Moreover, recent empirical studies (Zhang et al.,
2024; Kadkhodaie et al., 2024) have shown that strong generalization in diffusion models
often corresponds to an accurate approximation of the underlying distribution, as evidenced
by reproducibility. Specifically, these studies observed that different diffusion models can re-
produce each other’s outputs while generating new samples distinct from the training data,
even when trained with different architectures, loss functions, and non-overlapping subsets
of the training data. Motivated by these discussions, this work considers generalization in
diffusion models as their ability to accurately capture the underlying data distribution. In
this sense, our work also contributes to the theoretical understanding of generalization by
characterizing the sample complexity required for diffusion models to learn the underlying
distribution.

1.2 Notation and Organization

Notation. We write matrices in bold capital letters, such as A, vectors in bold lower-case
letters, such as a, and scalars in plain letters, such as a. Given a matrix A, we use ||A[| to
denote its largest singular value (i.e., spectral norm), o;(A) its i-th largest singular value,
a;j its (i,j)-th entry, rank(A) its rank, and || A||z its Frobenius norm. Given a vector a,
we use |la|| to denote its Euclidean norm and a; to denote its i-th entry. Let O™*¢ denote
the set of all n x d matrices that have orthogonal columns. We simply write the score
function Vg logp(x) of a distribution with pdf p(x) as Vlog p(x). We denote by N (u, X)
a multivariate Gaussian distribution with mean g and covariance 3 > 0.

Organization. In Section 2, we introduce the preliminaries of diffusion models and state
our assumptions regarding the data and model. In Section 3, we present the main results
of this study. In Section 4, we discuss how our results relate to the existing literature. In
Section 5, we conduct numerical experiments to support our theory and demonstrate its
practical implications. Finally, in Section 6, we summarize our work and discuss potential
directions for future research. All proofs are presented in the appendices.

1. A semantic task vector is a direction in the latent or intermediate feature space such that traversing
along it causes a controlled and interpretable change in the output.



DiIFFUSION MODELS LEARN LOW-DIMENSIONAL DISTRIBUTIONS

2. Problem Setup

In this section, we introduce preliminaries on diffusion models and state our assumptions
on the data and model. We consider a training dataset {x(®}Y C R” where the data
points are independently and identically distributed (i.i.d.) samples from the underlying

data distribution pqata(); that is, ORI Ddata(T).

2.1 Preliminaries on Score-Based Diffusion Models

Forward and reverse processes of diffusion models. In general, diffusion models
aim to learn a data distribution and generate new samples through forward and reverse
processes indexed by a continuous time variable ¢ € [0, 1]. Specifically, the forward process
progressively injects noise into the data, which can be described by the following stochastic
differential equation (SDE):

day = f(t)x,dt + g(t)dwy, (1)

where @y ~ pqata(), scalar functions f(t),g(t) : [0,1] — R denote the drift and diffusion
coefficients, respectively, and {wt}te[o,l] is the standard Wiener process. For ease of exposi-
tion, let py(x) denote the pdf of x; and p;(x; | o) be the transition kernel from xy to x;.2
According to (1), one can verify that

pe(ze | T0) = N (24 8120, 5707 1) (2)

where s; := exp <f0t f(f)dﬁ) and oy = \/fot g%(&)/s2(&)de3
The reverse process gradually removes the noise from x; using the following probability-
flow ordinary differential equation (ODE) backward in time:

1
dzi = (o), 40T logm(a) ) dt 0
If &1 ~ p; and the score function V log p;(x;) is known for all ¢ € [0, 1], then this reverse-time
ODE has the same marginal distribution p; as the forward process at each time ¢ € [0, 1]
(Song et al., 2021b).

Training loss of diffusion models. Unfortunately, the score function Vlogp, at each
t € [0,1] is typically unknown, as the marginal distribution p; is induced by the unknown
data distribution pgata- To enable data generation via the reverse-time ODE in (3), we train
a neural network to approximate the score function from the training data. In addition,
Tweedie’s formula (Efron, 2011) relates the score function V log p;(x;) to the posterior mean
E[xo | ;] as follows:

siE [xo | 2] = @ + 5707V log py(xy), Vi € (0,1]. (4)

This allows us to estimate the posterior mean E [xg | x¢] as an alternative approach for
estimating the score function V logp:(x;). Leveraging the strong function approximation

2. Note that po := pdata-
3. With a slight abuse of notation, we denote s; := s(t) and ot := o(t).
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capabilities of neural networks (Hornik et al., 1989), recent studies (Chen et al., 2025d;
Kadkhodaie et al., 2024; Karras et al., 2022; Wang et al., 2023a; Vincent, 2011) have explored
training a time-dependent neural network xg(-,¢) : R” x [0,1] — R™ with parameters 6,
referred to as the denoising autoencoder (DAE), to estimate the posterior mean E [xq | x¢].
To learn the network parameters 8, we minimize the following empirical loss over the training
samples {x}Y

N o1
. 1 Z i |?
Irlgln 6(9) = N - /0 )\tEeNN(O,In) [ng(stw( ) + ’YtE,t) — 113( ) :| dt, (5)

where 7 := stop and A : [0,1] — R* is the weighting function.

2.2 Mixture of Low-Rank Gaussians

In this work, we consider learning a mixture of low-rank Gaussians (MoLRG), which effec-
tively captures the intrinsic low-dimensional structure of real-world image datasets while
maintaining analytical tractability. Specifically, the MoLRG distribution is defined as follows.

Definition 1 (Mixture of Low-Rank Gaussians) We say that a random vector xy €
R"™ follows a mizture of K low-rank Gaussian distributions with mizing proportions {Wk}le,
means {piHS | CR™, and covariance matrices {3} | CR™™ if its distribution is given
by

K
2o ~ 3 mN (7, 57), (6)

k=1

where T, > 0 is the mixing proportion of the k-th component satisfying Zli{:l m, =1, and
wj. and X3 = 0 denote the mean and covariance matriz of the k-th component, respectively.
In particular, the covariance matriz 37, is low-rank with rank(3}) = dj, < n.

Remarks. Intuitively, data drawn from a MoLRG distribution lie on a union of low-dimensional
linear subspaces, where the k-th subspace is characterized by the mean pj and low-rank
covariance matrix 37. We now discuss the motivation for studying this model and its
connections to other distributions that have been theoretically analyzed.

e MoLRG captures the low-dimensional structure of real-world image datasets. Recent studies
(Brown et al., 2023; Kamkari et al., 2024) conducted extensive numerical experiments
and demonstrated that image datasets, such as MNIST (LeCun et al., 1998), CIFAR-
10 (Krizhevsky et al., 2009), and ImageNet (Russakovsky et al., 2015), approximately
reside on a union of low-dimensional manifolds. Locally, each nonlinear manifold can be
effectively approximated using its tangent space (i.e., a linear subspace). Consequently,
the MoLRG model, which represents the data as a union of linear subspaces, provides
a suitable local approximation for real-world image data distributions. This claim is
supported by the empirical studies in Section 2.4. In addition, the latent distribution
of real-world data can be well approximated by a Gaussian, as modern diffusion models
typically employ autoencoders with KL regularization to encourage alignment with a
standard Gaussian prior (Kingma and Welling, 2014; Rombach et al., 2022). This latent
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Gaussian structure, as adopted in the MoLRG model, also facilitates theoretical analysis,
allowing us to derive the closed-form expression for the posterior estimator at each time
step, as shown in Lemma 10. Therefore, studying the MoLRG model is a valuable starting
point for theoretical studies on the distribution learning capability of diffusion models.

e Comparison with recent studies on a mizxture of Gaussians. Many recent studies have
investigated how diffusion models learn a mixture of isotropic Gaussians (MoG), that is,
3 = I, in (6); see, e.g., Chen et al. (2025b); Cole and Lu (2024); Gatmiry et al. (2025);
Shah et al. (2023); Wu et al. (2024). These studies mainly focus on learning the means of
the Gaussian components, provided that each covariance matrix is fixed as the identity.
In contrast, our work considers a mixture of low-rank Gaussians, where the key challenge
lies in learning the low-rank covariance matrices instead of the means. The low-rankness
captures the inherent low-dimensionality of image datasets (Gong et al., 2019; Pope et al.,
2020; Stanczuk et al., 2024) and offers deeper insight into why diffusion models learn data
distributions in practice without suffering from the curse of dimensionality. In addition,
several studies have investigated the reverse sampling process of diffusion models based
on a mixture of Gaussians. For example, Biroli et al. (2024) analyzed a mixture of two
Gaussians with distinct means and identical variance, revealing that the reverse diffusion
process exhibits distinct dynamical regimes. In addition, Li et al. (2025a) demonstrated
that diffusion models can efficiently sample from high-dimensional distributions that are
well approximated by a mixture of Gaussians. In comparison, our work focuses on the
training process of diffusion models rather than the sampling process.

Additionally, a single Gaussian, as a special case of a mixture of Gaussians, has been ex-
tensively studied owing to its analytical tractability, despite its limited expressive power.
For example, Wang and Vastola (2023, 2024); Li et al. (2024c) empirically demonstrated
that the score function of a well-trained diffusion model at a high-noise scale is well ap-
proximated by the score of a single Gaussian. In addition, Chen et al. (2025c¢) uses a single
Gaussian model to show that denoising score distillation can identify the eigenspace of
the covariance matrix of a Gaussian.

2.3 Network Parameterization Inspired by MoLRG

To analyze the distribution learning behavior of diffusion models, one natural approach is
to study the training loss in (5). This approach critically depends on a suitable parame-
terization of the DAE xg(-,t). In practice, xg(:,t) is typically parameterized by a U-Net
architecture (Ronneberger et al., 2015), which consists of deep nonlinear encoder and de-
coder networks with skip connections. However, the highly nonlinear structure of U-Net
poses significant challenges for theoretical analysis.

To enable analytical tractability while retaining structural similarity to U-Net, we con-
sider a network architecture for @xg(-,t) that is a combination of multiple one-layer linear
encoders and decoders, weighted by a softmax-like function, as follows:

xg(xy,t) = iwk,t(wt) (.Uk + U, Dy, UL (ft - Nk)) ; (7)

k=1 t
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where 0 = {(mg, pr, Uk, Ap) H | denotes the network parameters, Uy € O™ has or-
thonormal columns, and Ay, = diag(Ag 1, ..., A4, ) is a diagonal matrix. Additionally, Dy,
and wy, +(x;) are defined as follows:

SNk 1 SE Nk dy ) Kt () N (@5 sepe, stURMUY + 97 1,)

Dk7t:diag( Yo = ,
’yt2 + S?)\k’l ’}/152 + S%/\kdk Zl[il 7Tl./\/ (212; St S%UlAlUlT + 7,?[”)

where o, and ; are defined in Section 2.1. Our network architecture in (7) can be viewed as a
mixture-of-experts architecture (Shazeer et al., 2017), where each expert network consists of
a linear encoder UkT and decoder Uj. These experts are then combined through a learnable
weighted summation, allowing the model to adaptively assign weights among components.
In addition to the resemblance to U-Net, the parameterization in (7) is well motivated from
the following perspectives:

o Inspired by the posterior mean of MoLRG. As the DAE serves as an estimator of the
posterior mean (i.e., xg(x,t) ~ Elxg|x]), our network parameterization is inspired by
the analytical form of the posterior mean E[x|x;] of MOLRG; see Lemma 10 in Appendix
A. Note that the network parameters @ in (7) are learnable instead of being the ground-
truth of the means and covariances of the MoLRG. In Section 3, we will investigate how to
learn the network parameters in simplified settings.

o Meaningful image generation through the parameterization. When the network parame-
ters @ are directly estimated from training data, the experimental results in Section 2.4
demonstrate that our parameterization (7) generates images that are coarsely similar to
those produced by a standard U-Net. This demonstrates the practical effectiveness of
the proposed parameterization on real-world datasets and supports its ability to capture
coarse image structure. Further details are provided below.

2.4 Experimental Support for Data and Model Assumptions

As illustrated in Figure 1 and Table 1, we empirically validate the MoLRG assumption and
the corresponding network parameterization introduced in (7) for approximating real-world
data distributions. In our experiments, we used the distribution learned by U-Net as a
benchmark. To quantify the similarity between the images generated by (7) and those
produced by U-Net, we computed the following metric:

1 M . .
LS o -t
i=1
(4) (4)

where M denotes the number of generated samples, and y;’ and y,’ denote the i-th sam-
ples generated from the distributions learned by U-Net and the parameterization in (7),
respectively. Here, both sets of samples are generated using the reverse-time ODE in (3),
initialized with the same noise. Detailed experimental setups are provided in Appendix C.

Based on the above experimental setup, we conducted experiments on real-world image
datasets, including MNIST (Deng, 2012), FashionMNIST (Xiao et al., 2017), CIFAR-10
(Krizhevsky et al., 2009), and FFHQ (Kazemi and Sullivan, 2014). Our proposed model
and network architecture were then compared against existing approaches.

, (8)
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FashionMNIST MNIST CIFAR-10 FFHQ
Gaussian 72.62 69.12 33.55 36.75
MoLRG 57.56 62.53 31.29 35.78

Table 1: Distance (defined in (8)) between samples generated from the theoretical network
parameterization (based on MoLRG or Gaussian) and those generated by U-Net.

e Comparison between our model and U-Net. First, we compare images generated by U-Net
trained on the real-world dataset {w(i) fil with those generated by our parameterized
network in (7), which uses the means and covariances estimated from the same dataset.
As illustrated in Figure 1, images generated by the two network parameterizations using
the same sampling procedure exhibit substantial visual similarity, especially on simpler
datasets such as FashionMNIST and MNIST. This observation supports the validity of
our data assumptions and confirms the effectiveness of our network parameterization
in approximating real-world distributions. On more complex datasets, such as CIFAR-
10 and FFHQ, although our parameterized network cannot capture fine-grained image
details, it preserves the overall structural characteristics of the images generated by U-
Net. The loss of fine details indicates a limitation of our model assumptions, which merits

further investigation.

Comparison between our model and the single full-rank Gaussian parameterization. In
addition, we compared our model with a network parameterized according to a single
full-rank Gaussian model, as explored in prior studies (Wang and Vastola, 2024; Li et al.,
2024c). As illustrated in Figure 1, single Gaussian parameterization often results in
high intra-class variance and blurred images, particularly on simpler datasets such as
FashionMNIST and MNIST (second row of the figure). In contrast, our model based on
MoLRG significantly improves generation quality (third row) by leveraging multiple mixture
components to mitigate intra-class variance and employing low-rank covariance structures
to suppress high-frequency noise. Moreover, as shown in Table 1, despite employing fewer
parameters, our model consistently outperforms the single Gaussian model in terms of
the distance to images generated by U-Net.

3. Sample Complexity Analysis for Learning MoLRG

Building upon the setup introduced in Section 2, we theoretically analyze the sample com-
plexity of learning the MoLRG distribution via diffusion models. Specifically, we show that

e The training loss of diffusion models in (5) under our parameterization is equivalent
to the canonical subspace clustering problem.

e The minimum number of samples required for learning MoLRG via diffusion models
scales linearly with the intrinsic data dimension.

Because real-world images often contain noise owing to sensor imperfections or environ-

mental conditions, we additionally incorporate an additive noise term into the MoLRG model.
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Consequently, we formalize the noisy data generation process under the MoLRG model as fol-
lows:

Assumption 2 For eachi € [N], let z; € [K] be a latent component label with P(z; = k) =
7. Conditional on z; = k, the training sample is generated according to

where a; ~ N(0,1,) denotes the latent coefficient vector, Uy € R™ % has orthonormal
columns, and e; € R™ denotes an additive noise vector.*

Notably, because the MoLRG distribution is fully characterized by the first- and second-
order moments of each degenerate Gaussian component, learning this distribution reduces
to estimating the bases {U} }szl according to our setup. In the following, we demonstrate
that this estimation can be achieved by minimizing the DAE training loss in Problem (5)
with respect to optimization variables {Ug}X_.

3.1 A Warm-Up Study: Learning a Single Low-Rank Gaussian

To build intuition, we begin by introducing our result in a simple setting, where the under-
lying distribution pgata is a single low-rank Gaussian, i.e., K = 1 in (9). Specifically, the
training samples {w(’)}ij\il are generated according to

2 = U*a; + e, (10)

where U* € O™*? denotes an orthonormal basis, a; YN (0, I,;) is the coefficient for each
i € [N], and e; € R" is noise for all ¢ € [N]. According to (7), the parameterization of the
DAE in this case reduces to

St

xo(xs,t) = W

UU Tz, (11)

where 8 = U € O™ <. Equipped with the above setup, we obtain the following results.

Theorem 3 Suppose that the DAE xg(-,t) in Problem (5) is parameterized into (11) for
eacht € [0,1]. Then, Problem (5) is equivalent to the following principal component analysis

(PCA) problem:

2
st. UTU =1, (12)

N
T 1 (4)
B L
We defer the proof to Appendix B.1. In this case, Theorem 3 shows that training diffu-
sion models with the network parameterization (11) is equivalent to performing PCA on
the training samples. Note that PCA is a classical and well-studied method for learning
low-dimensional subspaces, whose optimal solution can be computed via singular value de-
composition (SVD). This closed-form solution allows us to leverage existing results, such
as Wedin’s Theorem (Wedin, 1972), to facilitate our analysis. Consequently, we can apply
classical tools to analyze the sample complexity of learning the underlying distribution with
diffusion models as follows.

4. The signal component satisfies Definition 1, since Uja; ~ N(0, U UET).

10
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Figure 2: Phase transition of learning the MoLRG distribution with K = 1. The
r-axis is the number of training samples and y-axis is the dimension of subspaces. Darker
pixels represent a lower empirical probability of success. We apply SVD and stochastic
gradient descent to solve Problems (12) and (5), visualizing the results in (a) and (b),
respectively.

Theorem 4 Under the same setting as Theorem 3, suppose that Assumption 2 holds. The
following statements hold:

(i) If N > d, it holds with probability at least 1 —1/2N~91 —exp (—coN) that any optimal
solution U satisfies

N 2
C - €;
‘ < 1 szl || l” (13)

ﬁUT - U*U*T 7
H F~ VN-Vd-1

where c1,co > 0 are constants.
(ii) If N < d, there exists an optimal solution U € 0" such that with probability at least
1 —1/29"N+1 _exp (—chd),
N
iy 2z lleill?

> o — ,
‘F‘ Vd—+/N -1

where o := \/2min{d — N,n — d} and ¢}, cs > 0 are constants.

U*ﬁ'T _ U* U*T

(14)

We defer the proof to Appendix B.2. Next, we discuss the implications of our results.

o Phase transition in learning the underlying distribution. Building on the equivalence in
Theorem 3 and the data model in (10), Theorem 4 clearly demonstrates a phase transition
from failure to success of learning the underlying distribution via diffusion models as
the number of training samples increases. More precisely, when the number of training
samples is larger than the intrinsic dimension of the subspace, i.e., N > d, any optimal
solution U recovers the underlying subspace up to an approximation error determined by
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the noise level. Conversely, when N < d, the training loss admits an optimal solution that
fails to recover the underlying subspace. This phase transition is further corroborated
by our experiments in Figure 2. Finally, because a Gaussian distribution can be fully
characterized by its first two moments, our result rigorously shows that diffusion models
can recover the underlying distribution when N > d, with the covariance estimation error
bounded by the noise level.

e The connection between PCA and semantic task vectors. The correspondence between
principal components and semantic meaning has been well studied in the machine learning
literature. For example, early work (Turk and Pentland, 1991) demonstrated that PCA
can reveal meaningful components of variation in natural image datasets, such as facial
expression, lighting, and pose, suggesting a connection between directions of maximal
variance and human-perceived semantics. Inspired by this insight, our empirical results in
Section 5.2 reveal a similar phenomenon in diffusion models: task vectors can be identified
through the leading singular vectors of the Jacobian of the DAE, which effectively capture
distinct semantic features of natural images and enable controllable image generation.

3.2 Learning a Mixture of Low-Rank Gaussians

In this subsection, we extend the above study to the MoLRG distribution with K > 1. For
ease of analysis, we impose the following additional assumption on Assumption 2:

Assumption 5 Under Assumption 2, the subspace bases satisfy U,:TUZ* =0 for all k # 1,
the subspace dimensions are equal, i.e., dy = -+ = dg = d, and the mizing weights satisfy
m=-=7ng =1/K.

This assumption enforces a symmetric and well-separated multi-subspace structure, which
simplifies the analysis while preserving the essential geometric characteristics of the model.
Moreover, we consider a hardmax counterpart of (7) for the DAE parameterization as
follows:

Assumption 6 The DAE is parameterized as

K

S -
xo(xy,t) = s%Ttﬁ Zwk((?; wO)UkUgiBt, (15)
k=1

where O = {U}_ |, U = [Uy,..., U] € O and {1(60;20)}5_, are defined as

L if k= ko,

. (16)
0, otherwise,

Wy (0; o) = {

where kg = min {j € [K] : j € argmaxe (g | Ul o]l } -

This assumption replaces the softmax weights in (7) with hardmax weights based on the
clean training sample xg. This simplification facilitates the analysis while capturing the
dominant-component behavior of the softmax weights. We refer the reader to Appendix
B.3 for a discussion of how these hardmax weights approximate the softmax weights in (7).
Now, we are ready to present the following theorem.

12



DiIFFUSION MODELS LEARN LOW-DIMENSIONAL DISTRIBUTIONS

©
(-]

~
~

o
o

IS
IS

(3]
ambient dimension d
3]

w

ambient dimension d

w

2 0 2 0
2 4 6 8 10 12 14 2 4 6 8 10 12 14
number of samples Ny, number of samples Ny,
(a) Subspace Clustering (b) Diffusion Model

Figure 3: Phase transition of learning the MoLRG distribution with K = 2. The
r-axis is the number of training samples and y-axis is the dimension of subspaces. Darker
pixels represent a lower empirical probability of success. We apply a subspace clustering
method and stochastic gradient descent to solve Problems (17) and (5), visualizing the
results in (a) and (b), respectively. Additional experiments for the case when K = 3 are
presented in Figure 6.

Theorem 7 Suppose that Assumption 6 holds. Then, Problem (5) is equivalent to the
following subspace clustering problem.:

K
1 OTE nxdK
max < > | > UFaD)? st [Uy,..., U] € O™K, (17)
k=14€C)(6)

where

C(0) := {z € [N] : k = min {j € (K] j € arg pax HU,T:N)
(S

}} vk e [K].  (18)

We defer the proof of this theorem to Appendix B.4. In this theorem, the set C (@) contains
the data points assigned to the k-th learned subspace, where each data point is assigned to
the subspace with the largest projection norm; in the case of ties, it is assigned to the one
with the smallest index. Problem (17) seeks to maximize the sum of squared projection
norms of data points onto their assigned subspaces. With the network parameterization in
(15), Theorem 7 shows that optimizing the training loss of diffusion models is equivalent to
solving the subspace clustering problem (Vidal, 2011; Wang et al., 2022). Notably, subspace
clustering is a fundamental problem in unsupervised learning, which aims to identify and
group data points that lie in a union of low-dimensional subspaces in a high-dimensional
space (Vidal, 2011; Lerman and Maunu, 2018). By showing an equivalence between training
diffusion models and subspace clustering in Theorem 7, we can characterize the minimum
number of samples required for learning the underlying MoLRG distribution, similar to The-
orem 4.

13
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Before proceeding, we clarify the transition from mixing weights to component sample
sizes. Each sample has a latent label z; € [K] with P(z; = k) = m,. We define

Cr:={i€[N]:zi =k}, N:=|C{l

Thus, 7 denotes the population-level mixing proportion, whereas Ny is the realized num-
ber of samples from the k-th component. Under Assumption 5, (Ny,..., Ng) follows a
multinomial distribution with equal probabilities 1/ K, and Ny := mingc (g Nk is of order
N/K with high probability. Therefore, the theorem below states the recovery guarantees
in terms of the realized counts Ng, which determine the recoverability of each subspace.

Theorem 8 Suppose that Assumptions 2, 5, and 6 hold, d 2 log N, and

Nmin \/&
max ||e;|| < csmin § ————=, — ¢, 19
i€[N] leill < cs {K?’N\/& N} (19)

where csg > 0 is a sufficiently small absolute constant. Then the following statements hold:

(i) Suppose in addition that Ny, = K° (d log K + log N). Then, with probability at least
1 — N2 for any optimal solution {ﬁk}le of Problem (5), there exists a permu-
tation 11 : [K] — [K] such that, for all k € [K],

c1y/2iccy ll€ill?

| < N

Uniey Uty — URURT

(20)

where ¢; > 0 is a constant.

(i1) If Nk, < d for some ko € [K], then with probability at least 1—2_(d_N‘“0+1)—~exp(—c’2d),
the PCA problem over the true cluster C} —admits an optimal solution Uy, € onxd
such that

0,1 Zz‘ec;go ||‘3z'||2
Vd— /Ny, —1°

where B := \/2min{d — Ny,,n — d} and ¢}, cy > 0 are constants.

o7l * pr*xT
H UkO Uk‘o - Uko Uko

=Y 21)

We defer the proof to Appendix B.5. This result extends Theorem 4 from a single low-rank
Gaussian component to the multi-component MoLRG setting. When each component has
sufficiently many samples, the global optimizer recovers the true mixture assignments up to
a permutation, after which the problem decomposes into K component-wise PCA problems.
Conversely, Theorem 8(ii) shows that if one component has fewer than d samples, then even
oracle PCA with true assignments cannot uniquely recover its subspace. Together, these
results identify a sample-complexity threshold for learning the underlying subspaces, which
we empirically validate in Figure 3. We now discuss the implications of our results.
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e Understanding diffusion models via subspace clustering. To the best of our knowledge,
our work is the first to establish the equivalence between training diffusion models and
subspace clustering under a tractable MoLRG-inspired parameterization. This equivalence,
together with the MoLRG model, allows us to show that the minimal number of samples
for diffusion models to learn the underlying distribution scales linearly with the intrinsic
dimension. This finding stands in sharp contrast to existing results (Oko et al., 2023;
Wibisono et al., 2024) in the literature, which show that diffusion models suffer from the
curse of dimensionality when learning general classes of high-dimensional distributions.
Our results provide a more optimistic and practical perspective by demonstrating that
diffusion models can effectively learn data distributions with intrinsic low-dimensional
structures, thereby avoiding the curse of dimensionality.

e Connections to the phase transition from memorization to gemeralization. Kadkhodaie
et al. (2024); Zhang et al. (2024) have empirically revealed that diffusion models learn
the score function across two distinct regimes—memorization (i.e., learning the empirical
distribution of the training data) and generalization (i.e., learning the underlying distri-
bution of the data). Our work partially explains this intriguing experimental observation
based on the MoLRG model in terms of generalization. We demonstrate that diffusion
models learn the underlying data distribution, thereby enabling generalization, when the
number of training samples scales linearly with the intrinsic dimension of the data dis-
tribution.® Our theory reveals a phase transition from failure to success in learning the
underlying distribution as the number of training samples increases, shedding light on
the phase transition from memorization to generalization.

A recent work by Merger and Goldt (2025) also investigated the phase transition phe-
nomenon by analyzing the gradient dynamics of linear models. Their findings are closely
related to ours, highlighting how sample complexity governs the generalization behavior
of diffusion models. However, there are key differences between our results and theirs.
First, their analysis is limited to data drawn from a single Gaussian distribution, whereas
our framework extends to a mixture of Gaussians. Second, their study focused on a linear
neural network, whereas our model involves a mixture of two-layer neural networks, as

defined in (15).

o Future directions based on our theory. Several promising directions for future research
are based on our theoretical framework. First, our current analysis assumes that the data
lies on a union of mutually orthogonal subspaces. This facilitates theoretical tractabil-
ity but does not fully capture the complexity of real-world data, which often resides on
overlapping or nonlinear manifolds. Extending our framework to capture these compli-
cated structures would be a meaningful extension of our results. Second, our analysis
focuses on a simplified network parameterization for learning MoLRG. In contrast, practi-
cal diffusion models typically rely on complex and over-parameterized architectures, such
as U-Net and Transformers. A compelling direction for future research is to study the
generalization behavior of diffusion models under over-parameterized nonlinear network
architectures.

5. As discussed in Section 4, we consider generalization in diffusion models as their ability to accurately
capture the underlying data distribution.
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3.3 Empirical Validation of Theoretical Findings

Now, we conclude this section by providing phase transition experiments for K = 1,2, 3,
shown in Figure 2, Figure 3, and Figure 6. Our experimental results show that training
diffusion models consistently exhibits a phase transition from failure to success in learning
the MoLRG distribution (or the subspaces) as the number of training samples increases,
supporting our theoretical findings in Theorems 4 and 8.

Specifically, our experimental setup is as follows. For each plot, we fix the ambient
dimension of the data to be n = 48 and vary the subspace dimension d from 2 to 8 in incre-
ments of 1. Similarly, we vary the number of training samples N from 2 to 15 in steps of 1.
For each pair of (n,d), we generate all training samples according to the MoLRG distribution
in (9) with e; = 0 for different K = 1,2,3, independently repeating the experiment for
20 times to empirically estimate the success probability of subspace recovery. For the case
K =1, we apply SVD to solve the PCA problem in (12). To solve the subspace clustering
problem in (17) when K > 1, we apply the K-subspace method with spectral initialization
as described in Wang et al. (2022). To train the DAE with the theoretical parameteri-
zation (11) or (15), we optimize the training loss (5) via stochastic gradient descent (see
Algorithm 1 for more details).

4. Discussion on Related Results

In this section, we discuss the relationship between our results and closely related works on
diffusion models and subspace clustering.

Memorization and generalization in diffusion models. Many interesting studies
have been conducted to investigate memorization and generalization of diffusion models.
Zhang et al. (2024); Kadkhodaie et al. (2024) demonstrated that diffusion models tend to
memorize the training data in the memorization regime and generate new samples in the
generalization regime. Gu et al. (2025); Zhang et al. (2024) showed that diffusion models
learn the empirical optimal score function in the memorization regime. Yoon et al. (2023)
argued that diffusion models tend to generalize when they fail to memorize. Recently, Lyu
et al. (2025) showed that the memorization problem can be resolved by a simple inertia
update step. In the generalization regime, a popular line of research (Chen et al., 2023c,a;
Bortoli, 2022; Dupuis et al., 2026; Lee et al., 2022, 2023) has established error bounds on
the distance between the true data distribution and the learned data distribution under
different metrics, including KL divergence and Wasserstein distance.

Diffusion models for learning low-dimensional distributions. Recently, a grow-
ing body of work has studied how diffusion models learn distributions with different low-
dimensional structures. An important line of research focuses on data supported on low-
dimensional subspaces. For example, a seminal work by Chen et al. (2023b) theoretically
studied score approximation, estimation, and distribution recovery of diffusion models for
learning from data supported on a low-dimensional linear subspace, with general latent
variables beyond Gaussian distributions. Recently, Chen et al. (2025a) proposed a diffusion
factor model to exploit the low-dimensional structure in asset returns and established an
error bound for score estimation. In contrast to these studies, our work focuses on a union
of subspaces simultaneously instead of a single subspace. In addition, while the analysis

16



DiIFFUSION MODELS LEARN LOW-DIMENSIONAL DISTRIBUTIONS

in Chen et al. (2023b, 2025a) establishes a polynomial sample complexity bound in terms
of the intrinsic dimension, our results yield a sharper bound that scales linearly with the
intrinsic dimension under the MoLRG model. In addition, Chen (2026) assumed that the data
lie in a one-dimensional linear subspace and demonstrated that the generalization ability of
diffusion models stems from a smoothing-induced interpolation effect.

Another important line of research investigates more general low-dimensional manifold
structures. For example, Yakovlev and Puchkin (2025) studied generalization and approx-
imation errors of the score matching estimator under a nonparametric Gaussian mixture.
Gottwald et al. (2025) studied locality structure, a form of low-dimensional structure char-
acterized by sparse dependencies among components of the data distribution, to reduce
sample complexity for training diffusion models. Cui et al. (2025) studied the training dy-
namics of diffusion models when the underlying distribution is an infinite Gaussian mixture
supported on a latent low-dimensional manifold. A promising direction inspired by these
works is to extend the MoLRG model to mixtures of low-dimensional manifolds and analyze
the training loss of diffusion models.

Sampling rate of diffusion models with low-dimensional structures. In a com-
plementary direction, recent works leverage low-dimensional structures in data to improve
the sampling convergence analysis in diffusion models. For example, Huang et al. (2026);
Li and Yan (2024); Liang et al. (2025) showed that the sampling rate of denoising diffusion
probabilistic models scales with the intrinsic dimension of the data distribution. Azangulov
et al. (2024); Tang and Yang (2024); Bortoli (2022) established sharp convergence rates
for score-based diffusion models when the data distribution lies on or near low-dimensional
manifolds.

Subspace clustering. Subspace clustering is a fundamental problem in unsupervised
learning, which aims to identify and group data points that lie in a union of low-dimensional
subspaces in a high-dimensional space (Agarwal and Mustafa, 2004; Vidal, 2011; Lerman
and Maunu, 2018). Over the past years, a substantial body of literature has explored
various approaches to the algorithmic development and theoretical analysis of subspace
clustering. These include techniques such as sparse representation (Elhamifar and Vidal,
2013; Wang and Xu, 2013; Soltanolkotabi and Candes, 2012; Soltanolkotabi et al., 2014),
low-rank representation (Wang et al., 2022; Liu et al., 2013, 2017; Maunu et al., 2019;
Lerman et al., 2025), and spectral clustering (Li and Gu, 2021; Vidal et al., 2005). In this
work, we present a new interpretation of diffusion models from the perspective of subspace
clustering. This is the first time that diffusion models have been analyzed through this lens,
offering new insights into how these models can effectively learn complex data distributions
by leveraging the intrinsic low-dimensional subspaces within the data.

5. Practical Implications of Our Theoretical Results

Building on the results in Section 3, we study the practical value of our theoretical inves-
tigation by showing that: (i) our study of low-dimensional distribution learning offers key
insights into the generalization behavior of real-world diffusion models (see Section 5.1),
and (ii) the basis vectors of the identified low-dimensional subspaces correspond to different
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semantic task vectors in practice, enabling controlled editing of specific attributes in content
generation (see Section 5.2).

5.1 Phase Transition of Generalization in Real-World Diffusion Models

In this subsection, we conduct experiments on both synthetic MoLRG data and real image
datasets to train U-Net-based diffusion models. Consistent with the predictions of Theo-
rems 4 and 8, we observe a similar phase transition in generalization from failure to success,
on both synthetic datasets and real image datasets. More specifically, we empirically show
that the minimum number of training samples, denoted by Ny, required for generaliza-
tion scales linearly with the intrinsic dimension, denoted by ID, on both synthetic and real
datasets,

Nuin =~ ¢+ 1D, (22)

where ¢ > 0 is a constant. As discussed at the end of Section 1.1, achieving good gen-
eralization is closely tied to accurately learning the underlying distribution in diffusion
models. Therefore, our theoretical framework not only explains distribution learning in the
MoLRG model but also offers valuable insights into the generalization of real-world diffusion
models. Now, we introduce the experimental setup.

Measuring generalization in diffusion models. Recent studies (Zhang et al., 2024;
Kadkhodaie et al., 2024) have shown that diffusion models trained under different set-
tings can reproduce each other’s outputs. This reproducibility provides strong evidence
of generalization (Kadkhodaie et al., 2024). Furthermore, Zhang et al. (2024) empirically
demonstrates that this phenomenon co-emerges with the models’ ability to generate novel
samples distinct from their training data. Together, these findings suggest that the ability
of diffusion models to generate new samples can serve as an indicator of good generaliza-
tion. Let {y(j )} =1 denote M samples generated by a diffusion model trained on the dataset

{m(i)}i]\il. Then, we adopt a variant of the generalization (GL) score proposed in Zhang
et al. (2024), defined as follows:

QL = % in <ré1[1Nn] | (@) - @ (y9) = 6) . (23)

Jj=1

Here, ¢ is a pre-defined threshold, ¥(x) denotes a descriptor function applied to @, and
I(-) is the indicator function, where I(x > §) = 1 if z > § and 0 otherwise. For the MoLRG
distribution, we set W(x) as the identity function and § is defined in (56) in Appendix
E.1. For real-world datasets, we set ¥(x) as the self-supervised copy detection descriptor
introduced in Pizzi et al. (2022), a neural feature extractor tailored for copy detection tasks,
and set 6 = 0.8 according to Pizzi et al. (2022); Somepalli et al. (2023b). Additional details
are provided in Appendix E.

Intuitively, the GL score measures the dissimilarity between the generated samples
{y(j)}j:1 and the training samples {x(®}Y  in the feature space. A higher GL score
indicates that the generated samples are less similar to the training data, reflecting bet-
ter generalization. In this work, we consider a diffusion model to generalize well when
GL > 0.95, i.e., at least 95% of the generated samples are distinct from the training set.
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Figure 4: Phase transition of generalization using U-Net. Diffusion models with
a U-Net architecture are trained on synthetic data sampled from the MoLRG distribution
(left column; K = 2, n = 48, varying intrinsic dimensions) and on real image datasets:
CIFAR-10, CelebA, FFHQ, and AFHQ (right column). The GL score is plotted against
the ratio of training samples to the intrinsic dimension (top row) and to the square of
the intrinsic dimension (bottom row). A black dashed line fits the data across different
intrinsic dimensions (datasets) for each figure. A GL score above 0.95 (within the dark grey
region) indicates good generalization, while a score below 0.95 (within the light grey region)
indicates poor generalization.

Experiments on synthetic data. First, we demonstrate a phase transition in general-
ization when training U-Net on synthetic data generated from the MoLRG distribution. We
use the MoLRG distribution defined in (9) and set the data dimension n = 48, the number
of components K = 2, the noise level e; = 0, and mixing proportion m; = 1/2. Then, we
set each cluster to contain an equal number of samples and the total number is N. The
intrinsic dimension of each subspace is set to d, identical across clusters. Because the sub-
space bases are orthogonal, the total intrinsic dimension of the distribution ID = Kd. We
optimize the training loss in (5) using a DAE xg(:,t), parameterized by U-Net. The same
U-Net architecture is used across all experiments. The detailed experimental settings are
provided in Appendix E.1.

In Figure 4 (top-left), we plot the GL scores against the ratio logy (N/ID) by varying
both N and ID. Here, different scatter colors correspond to different choices of ID =
8,10,12. The GL scores plotted against log, (N/ID) consistently exhibit a sigmoid-shaped
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CIFAR-10 CelebA FFHQ AFHQ
D 10.8 115 158  16.7

Table 2: Intrinsic dimensions ID for different real-world datasets.

curve across different ID values. This suggests that, for a fixed model architecture, the
generalization ability depends primarily on the ratio N/ID rather than on the values of
N or ID individually. Specifically, we fit all points using a sigmoid function (the black
dashed curve shown in Figure 4 top-left), denoted by fuorre (N/ID), with details provided
in Appendix E.1. For comparison, we plot the GL scores against logy (N / ID2) in Figure 4
(bottom-left) and fit them with a sigmoid function. The data points deviate more from the
fitted curve than the curve in the top plot. The stronger alignment between the data points
and the fitted curve in the top plot confirms that N/ID is a better indicator for GL score.

Recall that GL > 0.95 indicates successful generalization. To identify Npyi,, we solve
CL(Nuin/ID) = fuorac (Nmin/ID) = 0.95, which implies ¢ = fugipe(0.95) in (22).5 This
demonstrates that achieving successful generalization requires Ny, to scale linearly with
ID, thereby corroborating our theoretical findings in Theorem 8.

Experiments on real image datasets. Next, our results in Figure 4 (top-right) reveal a
similar phase transition in generalization across several real-world image datasets, including
CIFAR-10 (Krizhevsky et al., 2009), CelebA (Liu et al., 2015), FFHQ (Kazemi and Sullivan,
2014), and AFHQ (Choi et al., 2020). Following a similar experimental setup for MoLRG,
we use the same U-Net architecture for different datasets with extra experimental details
provided in Appendix E.2. Then, we respectively plot the GL score against logy(N/ID) and
log,(N/ID?) by varying the number of training samples N. However, because the intrinsic
dimension of image datasets here is not known, we estimate it using the method described
in Appendix E.3, with the resulting estimates summarized in Table 2.

Our results across different real image distributions also suggest that the GL score is
primarily determined by the ratio N/ID. As shown in Figure 4 (top-right), the plot of the
GL score against logy (N/ID) yields nearly identical sigmoid-shaped curves across different
datasets. This behavior is consistent with our observations for the MoLRG distribution. In
contrast, Figure 4 (bottom-right) shows the GL scores plotted against N/ID?, where data
points cannot be captured by a single function across datasets. This comparison further
supports that N/ID is a more appropriate indicator for GL score.

Accordingly, we fit all the points of GL scores using the same function frea1 (N/ID) (the
black dashed curve shown in Figure 4 top-right), with more details provided in Appendix
E.2. In this case, training diffusion models on real image datasets requires at least Ny, =

L. (0.95) ID number of training samples to achieve good generalization. This aligns with

the linear relationship in (22) with constant ¢ = f1; (0.95).

real

6. It is worth noting that the linear relationship between Npyin and ID holds as long as the data points
(plotting GL score against N/ID) can be well-fitted by a function. Changing the threshold for successful
generalization affects only the slope c of the linear relationship.
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5.2 Correspondence between Basis Vectors of Low-Dimensional Subspaces and
Semantic Attributes

In this subsection, we demonstrate that our theoretical insights provide valuable guidance
for improving the controllability of image generation. We begin by outlining a method for
identifying low-rank subspaces in diffusion models trained on real-world image datasets.
Next, we demonstrate how to verify that the orthogonal basis vectors of the identified sub-
spaces are semantic task vectors. As illustrated in Figure 5, these vectors can be leveraged
to steer diffusion models to edit image attributes, such as gender, hairstyle, and color. While
previous studies (Manor and Michaeli, 2024a,b; Tinaz et al., 2026) have explored similar
methods for image editing, our study offers a new perspective for understanding the method
through the lens of a low-dimensional subspace. Building on this study, our concurrent work
(Chen et al., 2024) proposes a training-free method that enables controllable image editing.

Identifying low-rank subspaces in diffusion models. Although the DAE x¢(-,t) of
real-world diffusion models cannot be exactly written as the theoretical parameterization
introduced in (15), it is still possible to locally identify a low-rank subspace. Recent studies
(Li et al., 2024c; Chen et al., 2024) have shown that xg(-,t) can be well approximated using
a first-order Taylor expansion:

xo(Ti + 01, t) = xo(x4, 1) + J164, (24)

where §; is the steering direction and J; = Vg, xg(x,t) denotes the Jacobian of the DAE
xg(-,t) at ;. As we empirically verify in Appendix E.3, J; is often a low-rank matrix
at certain timesteps ¢, indicating that its range spans a low-dimensional subspace around
x¢. To identify an orthonormal basis for this subspace, we apply an SVD to J; and obtain
J; = PXQT, where r := rank(J}), P = [p1,--- ,p,] € O™, Q =[q1,--- ,q;] € O"*", and
¥ = diag(oq,...,0.) with 01 > -+ > 0, > 0. Each p; serves as an orthogonal basis vector
for the subspace.

As such, if we choose §; = agq; to be one of the singular vectors i € [r], then we obtain

T
zo(zi + 0qi,t) = To(xi, t) + Y 0jpi{Q), aqi) = To(w1,t) + aoipi.
j=1

Given that xg(xy,t) ~ E[xg | o] serves as an estimate of the clean image, applying a
perturbation § = aqg; modifies the original image xy along the direction of the corresponding
orthogonal basis vector p; with a strength of ao;. In the following, we empirically show
that each p; is often associated with semantic attributes.

Experimental implementation and results. We use a pre-trained diffusion denoising
probabilistic model (DDPM) (Ho et al., 2020) on the MetFaces dataset (Karras et al.,
2020). We randomly select an image xy from the dataset and use DDIM (Song et al.,
2020) inversion to obtain the corresponding latent x; at ¢ = 0.7. We choose the steering
direction as the leading right singular vectors qy, ..., g5 and use ; = x; + aq; to generate
new images with editing strength o € [—6,6]. Figure 5 shows that these singular vectors
enable different semantic edits in terms of gender, hairstyle, and color of the image. For
comparison, steering the image along a direction s drawn uniformly at random from the
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Figure 5: Correspondence between the singular vectors of the Jacobian of the
DAE and semantic image attributes. We use a pre-trained DDPM with U-Net on the
MetFaces dataset (Karras et al., 2020). We edit the original image oo by changing x; into
x; + aq;, where g; is a singular vector of the Jacobian of the DAE xg(x¢,t).

unit sphere results in almost no perceptible change in the edited images. This implies that
the low-dimensional subspace spanned by P is nontrivial, with its leading basis vectors
corresponding to semantic task vectors. The experimental results for more images and
ablation studies for £ = 0.1 and 0.9 are shown in Figure 8.

6. Conclusion & Future Directions

In this work, we studied the training loss of diffusion models to investigate when and why
they can learn the underlying distribution without suffering from the curse of dimension-
ality. Assuming that the data follow a MoLRG distribution—an assumption supported by
extensive empirical evidence—we showed that, under an appropriate network parameteri-
zation, minimizing the training loss of diffusion models is equivalent to solving a subspace
clustering problem. Based on this equivalence, we further showed that the optimal solu-
tions to the training loss can recover the underlying subspaces when the minimum number of
samples scales linearly with the intrinsic dimensionality of the data distribution. Moreover,
we established a correspondence between the subspace basis and the semantic attributes of
image data.

Our work opens several new directions for advancing the theoretical understanding of
diffusion models. First, as noted in the remarks of Theorem 8, while our work explains the
generalization ability of diffusion models, it does not fully address the phenomenon of mem-
orization or the phase transition from memorization to generalization. Future work should
extend the current analysis to consider over-parameterized models and explore how these
models contribute to memorization and generalization. Second, our study focuses on lever-
aging low-dimensional structures to understand the training process of diffusion models.
However, the sampling process is also critical in diffusion models, as it influences the effi-
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ciency of generated samples. Third, our current analysis relies on simplifying assumptions,
including the orthogonality and symmetry of subspaces as well as the hardmax parameter-
ization; see Assumptions 5 and 6. An important direction for future work is to relax these
assumptions by considering more general subspace configurations (e.g., non-orthogonal or
heterogeneous subspaces) and softmax parameterizations, and to understand how these
more realistic settings affect the optimization landscape and generalization behavior of dif-
fusion models. As discussed in Section 4, many studies have exploited low-dimensional
structures to improve the sampling rate. A key direction for future research is to analyze
the sampling behavior of diffusion models in the MoLRG model.
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In the appendix, the organization is as follows. We first provide proof details for the
results in Sections 2 and 3 in Appendices A and B, respectively. Then, we present our
experimental setups for Section 2 in Appendix C, for Section 3 in Appendix D, and for
Section 5 in Appendix E. Finally, additional auxiliary results for proving the main theorems
are provided in Appendix F. For ease of exposition, we introduce additional notations. Given
a Gaussian random vector © ~ N (u, X), if ¥ > 0, with abuse of notation, we write its pdf
as

1

Nl 2 = e P ()

oo (<pe-w'= e w). @)

Appendix A. Proofs in Section 2

When the data point @ is drawn from the MoLRG distribution (see Definition 1), the simplic-
ity of Gaussian components allows us to derive a closed-form expression for the ground-truth
posterior mean E [z | x;] for all ¢ € (0,1] as follows. To proceed, for each X7, we write its
eigen-decomposition as follows:

k= UiAUT (26)

where A} = diag(A\} ;,..., A} dk) is a diagonal matrix with Ay ; > --- > Af ;> 0 being
its positive eigenvalues and U} € O™ is an orthonormal matrix whose columns are the
corresponding eigenvectors.

Proposition 9 Suppose that the underlying data distribution paata is a mizture of low-rank
Gaussian distributions in Definition 1. In the forward process of diffusion models, the pdf
of xy for each t >0 is

K
pe(@) =Y mN (@5 sepi, ;2% + 17 L) (27)
k=1

where v 1= sior. Moreover, the score function of pi(x) is

| S N (@i sont, 5855+ 97L) (Lo — UR DR UL ) (sumy — )

Viogpi(z) = , (28)
% Sy TN (5 sepf, 5755 +1210)
2\ % 2)\*
* 3 5t Ak St \k,d
where Dk,t = diag (WQJFS?)\ZJ e 7z2+3z2/\2-k,dk )
Proof Let Y € {1,...,K} be a discrete random variable that denotes the value of com-

ponents of the mixture model. Note that v; = s;0¢. It follows from Definition 1 that
P(Y = k) = my, for each k € [K]. Conditioned on Y = k, we have xg ~ N (pu}, 37). This,
together with (2), implies x; ~ N (stuz, SIZY + ’yfIn). Therefore, we have

K

K
pe(x) = Zpt(w Y =kP(Y =k) = Zwk./\/ (cc; ERTHIN TS n) )
k=1 k=1
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Next, we directly compute

1
Vpr(®) Sy MmN (s sem, i85+ 2L (535 + 92 1,)  (sepf, — )

Vlog p(x) = _
pt(m) Zi(zl ﬂ'kN (w’ Stl"‘k) 8?2* + PYtI )

Using (26) and the matrix inversion lemma, we compute

1 -1 1
(i + i) = (SSURAUET +471,) = v (I, - Uy D} U (29)
t
. EN SR . . . .
where D;» , = diag (Vf Ji ka;\% PRRRREE Htk/\fgcdk > This, together with the above equation, im-

plies (28). [

Using the above result and (4), we compute E [zg | ;] when @ is drawn from the
MoLRG distribution as follows:

Lemma 10 Suppose xg is drawn from the MoLRG distribution with parameters {Wk}le,
{wi MK, and {Z3}E . For each time t € (0,1], it holds that

E [xg | ] Zwkt xy) (HE‘FUI:D*::U (St —HZ>> ) (30)

where

D?, — diag 8? k1 2 kzdk wl (@) = N (az; StMZ,SfE* + %I )
k,t — g e ey 3 k,t — .
vZ+ 3%)‘2,1 Vi + 8?/\2 dy, Z{; mN (CBS StH], St 21* + 71?1”)

Proof According to (4) and (28) in Proposition 9, we compute

K

T + ,YZV Ingt(mt) * * * TY* * Tt *

Elzo | @] = : 5 = wh (=) ( i+ UL D} URT K
k=1

This lemma implies that the ground-truth posterior mean is a convex combination of the
terms py + U Dy UrT (zi/s, — pf), where the weights are w} ,(z;) for each k € [K].

Appendix B. Proofs in Section 3

When p; = 0 and A} = I, for each k € [K], we focus on a special instance of the
MoLRG distribution in Definition 1 as follows:

K
zo ~ Y mN (0, U;U;T) . (31)

k=1
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This, together with Lemma 10, yields that the optimal parameterization for the DAE to
learn the above distribution is

K
xg(xi,t) = ?Z 1(8;2) U Ul zy, (32)
k=

where Uy, € O™*% for each k € [K] and

WkN(mt,O StUkUk +7t I)
Elzl mN (z¢; 0, s7 UlUlT +721)

wk,t(0§ wt) =

B.1 Proof of Theorem 3
Proof Plugging (11) and x; = s,z + ~€ into the integrand of (5) yields

2
EeNN(O,In) ’ 5 3 T ’}/t UU <3tw(l) 4 ’Yte) —2® ]
2 2
5 T .(¢ i (St%) T
- s?—{frygUU zl) — z(0) +WE€NNOITL [”UU €|l ]
S? (St’)/t)2d

(s7 +7)*

where the first equality follows from E¢[(x, €)] = 0 for any given € R™ due to € ~ N(0, I,,),
and the second equality uses E [[|[UUT€|?] = E¢ [|[U”€|?] = Zf-l:l Ee [||luf€l|?] = d due
to U € O™4 and € ~ N(0, I,,). This, together with +; = s;0; and (5), yields

N 1 2
1 , 1+ 207 ; ord
= — A ()12 t UT (@) 12 t dt
N Zi:l /0 t (”x R s 2)2 1071+ 7 2)2

Therefore, minimizing the above function in terms of U amounts to

14202\, 1
min _/ wdeHW |12,
viu=1, Jo (1+0?)

which is equivalent to Problem (12). |

B.2 Proof of Theorem 4

Proof For ease of exposition, let
X=[z0 ... 2™ eR™N A=[a; ... ay] eR"N E=Je; ... en] eR”V
Using this and (10), we obtain

X =U"A+E. (34)
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Let r4 := rank(A) < min{d, N} and A = UAZAVAT be a singular value decomposition
(SVD) of A, where Uy € O%ma, Vy € ON*"4 and B4 € R™*74, It follows from
Theorem 3 that Problem (5) with the parameterization (11) is equivalent to Problem (12).

(i) Suppose that N > d. Applying Lemma 13 with ¢ = 1/(2¢1) to A € RN _ it holds
with probability at least 1 — 1/2V=%+1 —exp (—caN) that

VR VAT

Omin(A) = 04(A) Ser

(35)
where c¢1, co > 0 are constants depending polynomially only on the Gaussian moment. This
implies 74 = d and Uy € O%. Since Problem (12) is a PCA problem, the columns of any

optimal solution U € 0" consist of left singular vectors associated with the top d singular
values of X . This, together with Wedin’s Theorem (Wedin, 1972) and (34), yields

DA 2||E 4ct || E

vu' - uvrurT .
H F O—min(A)_\/N—\/d—l

‘F_

This, together with absorbing 4 into ¢y, yields (13).
(ii) Suppose that N < d. According to Lemma 13 with ¢ = 1/(2¢1), it holds with
probability at least 1 — 1/29"N+1 —exp (—cad) that

- Vd—+vN=1

Omin(A) = on(A) 50

(36)

where c1, co > 0 are constants depending polynomially only on the Gaussian moment. This
implies r4 = N and Uy € OIXN | This, together with the fact that A = UAEAV} is an
SVD of A, yields that U*A = (U*U4) X4V} is an SVD of U*A with U*U, € O™V,
Note that rank(X) < N. Let Ux € O™¥ be an orthonormal basis containing the left
singular vectors of X associated with its nonzero singular values. This, together with
Wedin’s Theorem (Wedin, 1972) and (36), yields

2|Ellr __ 4allElr
O—min(A)_\/g— vN —1

Let § = U*(I — UaUY). Then rank(S) = d — N, and rank([Ux, S]) < d. Since N < d,
one can verify that for any feasible Uy € O"*(4=N) gatisfying U)T(ﬁX = 0, the matrix

UxUL —v U, ulu 7|, <
F

(37)

ﬁ = [UX ﬁx] € OnXd

is an optimal solution of Problem (12).
We choose Ux as an optimal solution of the following optimization problem:

Ux € ' VTS|7. 38
xCarg M U§V:OH I (38)

e If n > 2d — N, then the orthogonal complement of span([Ux, S]) has dimension at least
n—d > d— N. Therefore, there exists a feasible V such that V7§ = 0, and the optimal
value is 0.
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e If n < 2d— N, the orthogonal complement of span([Ux, S]) has dimension at least n — d.
Thus, we can choose Vi € R™("~4) guch that VI[Ux,S] = 0, and complete it with
Vy € R*X(2d=N=1) o5 that V = [V1, V2] is feasible. Then

IVTS|3 = |VS|3 < 24— N —n.
These, together with S := U*(I — U,UY) and (38), yield
|TEU(I - UAUT)||% < max{0,2d — N —n}. (39)
Then, we obtain that

H U[A]'T _ U*U*T

‘F = HUXU)7; + 0XU—§ — U*UAUXU*T — U*(I _ UAUZ;)U*THF
> |[Ox0% - U - UUHUT - [UxUF ~ U UAUEU |

der||E|p
> V2d = N) = 2max {0,2d ~ (n+ N)} ~ - mes
- wewcwor e e N 1 1.2) VN
= /2min{d — N,n — d} Vi VN -1

where the second inequality follows from (37), (39), and the identity

|0x0% - U (1 - UAURUT |}, = 2(d — N) — 2| OFU* (1 - UUD) .-

|
B.3 Theoretical Justification of the DAE in (15)
Substituting 7 = - - - = wx into (33) yields

Ul'a,|?
‘  N(z;0, S%UkUg +~2I) B exp (d)t H k th )
wk,t(eth) - K 2 T 2 - K 2\’
Yima N(@ 0, 50U +971) K exp (¢>t ULz || )

where the second equality follows from (25), (29), dy = --- = dk, and ¢; := s7/(2v2(s? +

7?)). Noting x; = s;xo + Y€, we compute
Ee [|U; (sso + ) |?] = s7(1U;; zol” + 7 Ee[| U €l’] = s7[|U ao||* + i,

where the first equality is due to € ~ N(0,I,,) and E. (Ul o, U] €)] = 0 for each k € [K].
This implies that when the random fluctuation of [|[U] (s;zo + yz€)||* is small compared to
its mean, we can approximate wy,+(0; ;) in (32) well by

exp (¢ (57| Uy mol|* +17d))
Sty exp (6 (571U o2 +17d))

This softmax function can be further approximated by the hardmax function. Therefore,
we obtain the parameterization (16).

W (0; ) =~

28



DiIFFUSION MODELS LEARN LOW-DIMENSIONAL DISTRIBUTIONS

B.4 Proof of Theorem 7
Proof Plugging (15) into the integrand of (5) yields

K 2
k( UkU szc”—l—’ye —z®
Fe 57 +’Yt ]; k( ' t€)
R T ) S :
| D (0 @ T (1) _ (%) N\t 4 (0 @ T
wk(B,m )UkU xr xr + EE wk(a,.’b‘ )UkU €
T : o ||| :

K
- 0;:13() — 2wy (0; 2l ) ULlz®)2 & 2 24 St%
5t+%22<8t +2" ) (6;2D) ) [UF 2D |* + [ + e Z

where the first equality follows from E¢[(x, €)] = 0 for any fixed € R™ due to € ~ /\/(O, In),
and the last equality uses Uj, € O™*¢ and Ul'U, = 0 for all k # I. This, together with (5)
and v, = sy0¢, yields

ZZ/ o2 (HJ @7(0: ) — 24,(6; 2 >)dtHUk D)2+

=1 k=1

1 Lg2) d L E
— E (4|2 _ Tt il E E 200 ()
N/o At =1 =1+ (/0 (1+ 02)2dt> N 4 00 ).

t

According to (16), we partition [N] into {Cy(0)} | defined in (18). Then, by the definition
of the hardmax weights in (16), we have

Wy (0;2(")) = {1’ Z © C+(0);
0, 7 ¢ Ck(e)
Then, we obtain
N K K
ZZ (02 =>" Y 1=N
i=1 k=1 k=14eCy(0)

Using this partition in the above loss function, minimizing ¢(0) is equivalent to minimizing

1 At 1 5 ;

— 02 (0; 29 — 2 Gx’))dtU:U 2

V2 [ i (et~ 2in(0sa) ) anufa

1
5 ( : ) > d 2
- 2)a) Ly LA
2 2
o 1+o5 \1+4o0; =1 icon(
Since 7 J)r";Q (ﬁ — 2) < 0 for all ¢ € [0, 1], minimizing the above function is equivalent to

t t

max*z Z HUT (3) H2 s.t. [Ul UK] EOnXdK'
k= lzec’k )

29



WANG, ZHANG, ZHANG, CHEN, MA, QU

B.5 Proof of Theorem 8

We first establish two basic consequences of the hard assignment rule. The first shows
that the ground-truth subspace bases recover the true mixture assignments. The second
compares the objective value at a global optimizer with that at the ground-truth subspaces.
For ease of exposition, let

0 = (U, Cf:={ie[N]:z =k}
where z; denotes the latent component label in Assumption 2.

Proposition 11 Suppose that Assumptions 2, 5, and 6 hold, d 2 log N, and
Vd —2y/logN — 2
2

lle]| < , Vie[N]. (40)

Then, with probability at least 1 — 2N, the following statements hold:
(i) It holds that

Cx(0%) =C}, Vke€ [K]. (41)
(ii) For any optimal solution 6 := {Uk}le of Problem (17), we have
N K K
Dollail>=>2%" > IUIUfail® <6NVd+ N&, (42)
=1 =1 k=1iecy(9)nCy

where § := max;cn ||e;|-

Proof Suppose that (63) holds for all i € [N], which happens with probability at least
1 —2N~! according to Lemma 15. Then, for all i € [N],

Vd — (2y/log N +2) < |la;|| < Vd+ (2y/log N +2). (43)
We first prove part (i). For any i € C}, Assumption 2 gives x® = Uja;+e;. Therefore,

U2 = lla: + U eill = llaall - llesl], (44)
U 2| = [Uf el < lleill, VI # K, (45)

where the second line uses U1 U} = 0 for [ # k. These, together with (40) and (43), yield
(U= > oD, ik

Hence, k is the unique maximizer in the definition of Cy(6*), and thus ¢ € Cy(6*). This
implies C} C Cy(0*) for all k € [K]. Since both {C{}E | and {Cy(6*)}£_, form partitions
of [N], we obtain (41).

We next prove part (ii). For ease of exposition, let

K
F0):=>" Y |[uf=@).

k=14i€C}(0)
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By part (i), we have Cy(0*) = C}; for all k € [K]. Hence,

K K
=Y YU =30 Y e+ UiTeil?

k=1ieCy} k=1ieC}

—ZHazH2+2Z > (ai,Ui'e; +Z D U el (46)

k=1ieC}, k=1i€C},

On the other hand,

K K
Z OEzD1P =% > Ul (Ulai+e)l?

k=1 ;e (6) =1 k=1 iecy,()nCy

K K
X Y (Ivial? + 2a. U T e)
=1 k=1 jecy(9)nCy

K
+Y 0> U el (47)

k=1icC,(6)

Since 6 is an optimal solution of Problem (17), we have f(6) > f(6*). Combining this with
(46) and (47) gives

K K
Znazn? Y Y var<ayy Y (@, UFTOO i)

=1 k=1 jecy(9)nCy =1 k=liecy(9)nCy

K K
+) [OFel* +23 "3 [ai, UL”

k=1 'LEC’;C(H k=1ieCy,

Using |e;|| < 8 and U}, Uy € O™?, we obtain

N
Z lai]|* ~ ZZ Y IUIUral® <46y ||ail| + N&2.
=1 k=1 ey, ()nCy =1
Finally, by (43) and d > log N, we have ||a;|| < v/d 4+ 2v/Tog N + 2 < 3+/d/2, and hence

N
46 " |laill + N6 < 66NVd + N&°.
=1

This proves (42). [ |

We now show that, under a sufficiently small noise level, any global solution of the
subspace clustering problem recovers the true assignments up to a permutation. The key
challenge is that the overlaps C’T(é) N O} are data-dependent subsets. To address this, we
use Lemma 16, which holds uniformly over arbitrary subsets.
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Proposition 12 Suppose that Assumptions 2, 5, and 6 hold. Let 0 = {ﬁk}le be an
optimal solution of Problem (17) and Nuyin := minge (g Ni. Suppose that d 2 log N and

Ny d
lleill < es min{ win_ Vd

aanr /30 AT ) vE]\/v7
K3NVd N} Pe ]

where cg > 0 is a sufficiently small absolute constant. Then, with probability at least

_ Nrnin
1-2N"!' — CKexp <C’dlog(CK) — 7% > :

there exists a permutation I1 : [K] — [K] such that
CH(k:) (é) = 01:7 Vk € [KL

where ¢, C > 0 are absolute constants.

(48)

Proof Recall that ¢ := max;c|y) [|e;. By (48), d 2 log N, and a sufficiently small choice of
¢s > 0, the noise condition in Proposition 11 holds. Therefore, according to Proposition 11,

it holds with probability at least 1 — 2N ! that

N K K
SlladP =YY" > |UUail’ < B:=65NVd+ N5,
=1

=1 r=lec,()nCy

Using (48), we obtain for sufficiently small ¢5 > 0 that

Nmin
B<c—g, 8B<d,

where ¢y > 0 is a sufficiently small absolute constant. For ease of exposition, let
Ny == |C.(0)NCY|, Vr ke [K].
For each k € [K], choose TI(k) € arg max,c(x] Nyx. Since Zfil Ny, = Ni, we have

Ny
N, > —.
(k) = o
Fix any k € [K]. From (49), and using ||U Uy a;|| < ||a;|, we obtain

B> > (llal? - 107, Utail?)
iGCH(k)(é)ﬂC]:

iECH(k) (G)QCI:

(49)

(50)

(51)

(52)

Conditioning on the latent labels, the vectors {a; : i € C}} are i.i.d. standard Gaussian
vectors. We apply Lemma 16 with n =1/4, k = 1/K, M = Nj, and m = d. In this case,

1 3
o (4 =
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and a Taylor expansion of ® around zero gives

3 2 2 2
e =K7Y opg o= -— — il e exp <—72K> = K3
7T

Therefore, with probability at least 1 — C7 exp (Cldlog(ClK) - clNk/K6) , the following
bound holds simultaneously for every subset Q C C} satisfying [Q] > N /K:

N,
)\min <Z aiazr> > CZKilga
1€Q

where ¢y, co, C1 > 0 are absolute constants. By (51), Cn(k)(é) NC} is such a subset. Hence,

N
Amin Z a;al | > CQ%.
i€Cri(y (0)NC}
This, together with Lemma 17 and (52), yields
A K*B
*T' T *

Since [Uy, ..., Uy] € O™ 4K it follows that

3 * ¥ * 7xT 1" K3B
> I0Fw U I < T (1 =0 Ui Ui Ongy ) <~ < 5 (53)

T ~ Ny,

N

where the last inequality follows from (50) by taking c¢g > 0 sufficiently small.
Next, again by (49),

Bz Y (lal? - 10fUrail?).
I#k ieCryy (0)NCF

For each [ # k, (53) gives Hﬁf{(k)Ul*HQ < ||l7§(k)Ul*H% < 1/2. Thus, for every i € C’H(k)(é)ﬂ
Ct with | # k,

. 1 1
sl = 108 Uraill® > 3 lail* > 5 (V- 2y/log N - 2)* >

|

9

where the last inequality follows from d 2 log N. Hence,
B>2% N
Z 3 TI(k)l-
I£k

Using 8B < d, we obtain Zlik Ny < 1. Since the left-hand side is an integer, Nngy =0
for all | # k. Therefore, R

33



WANG, ZHANG, ZHANG, CHEN, MA, QU

It remains to show that IT is a permutation. If TI(k) = II() for some k # [, then
Criry(0) = Cuy(0) € CE N CF = &,

which contradicts Ny, > Nk/K > 0. Hence II is injective and therefore a permutation
of [K]. Since both {C’H(k.)(é)}le and {C;}E | are partitions of [N], we conclude that

Criwy (0) = Cf,  Vk € [K].

Finally, applying a union bound over k € [K] for the covariance events and combining
it with the event in Proposition 11 gives probability at least

_ Nmin
1—2N"'—Ci K exp (Cldlog(ClK) —c1 76 ) .

This proves the desired result. |

Proof of Theorem 8. By Theorem 7, Problem (5) is equivalent to the subspace clus-
tering problem in (17). Hence, for part (i), it suffices to analyze the optimal solutions of
Problem (17).

We first prove part (i). Let £ denote the event in Proposition 12. Under the assumptions
in part (i), Proposition 12 implies that £ holds with probability at least 1 — N~ On this
event, for any optimal solution § = {ﬁk}ﬁil of Problem (17), there exists a permutation
IT: [K] — [K] such that

Cnw(0) = C;, k€ [K]. (54)

After relabeling the estimated subspaces according to II, the objective over the recovered
clusters decomposes into the component-wise PCA problems

1 .

— Uz, ke [K]. 55

X LN, GZO | | (K] (55)
k

For each k € [K], the samples in C}; satisfy () = Uja; + e; for all i € C, where a; b-id.
N(0,1;). Since the additional sample-size condition in part (i) implies Ny > d + Q(log N)
for all k € [K], applying Theorem 4 to (55) yields that, with probability at least 1 — N (1),
for all k € [K],

‘ C1 Ziec,; e

~ T * 7xT
A e e

Combining this event with £ proves part (i).
We next prove part (ii). This part follows directly from Theorem 4(ii) applied to the
PCA problem over C’,:O, since for i € C’,:O, Assumption 2 gives () = U,:Oai + e; for all

a; "% N(0, ). This proves part (ii). |
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Figure 6: Phase transition of learning the MoLRG distribution when K = 3. The
z-axis is the number of training samples and y-axis is the dimension of subspaces. We apply
a subspace clustering method and train diffusion models for solving Problems (17) and (5),
visualizing the results in (a) and (b), respectively.

Appendix C. Experimental Setups in Section 2

In this section, we provide the detailed experimental setup for Section 2.4. Given a real-
world dataset {w(i)}ij\il with K classes, we outline the procedure to estimate a MoLRG dis-
tribution from the data. First, we set 7 = 1/K and compute py as the mean of all images
in class k. We then estimate the U and A by computing a rank-dj truncated SVD of the
covariance matrix for the samples in class k. We plug these parameters into E[xzq | ;] in
(7) and compute the score function V logp; () using (4). Finally, we use the estimated
score function to generate images by numerically solving (3).

For the CIFAR-10 Low-Frequency and FFHQ Low-Frequency datasets, we apply Gaus-
sian blurring with a kernel size of 13 and a variance of 2.0 to extract the low-frequency
components from CIFAR-10 and FFHQ.

We set K = 10, dj, = 20 for MNIST and FashionMNIST, K = 10, d; = 200 for CIFAR-
10, and K = 5, dp = 500 for FFHQ. Since FFHQ lacks annotated labels, we apply the
expectation-maximization algorithm for clustering and label generation. For comparison,
we use a Gaussian distribution with its mean and covariance set to the mean and covariance
of all training samples. In addition, we train an EDM-based diffusion model (Karras et al.,
2022) on each dataset as a comparison. We employ the second-order Heun Solver (Karras
et al., 2022) with 35 steps as the diffusion sampler to numerically solve (3) and generate
samples from learned distributions. For qualitative evaluation, we visualize samples from 12
initial noise inputs per dataset for both theoretical (MoLRG and Gaussian) and real diffusion
models. For quantitative evaluation, we generate 10K noise samples and compute the
Euclidean distance between the theoretical and real model outputs (defined in (8)).
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Algorithm 1 SGD for optimizing the training loss (5)

Input: Training samples {®}Y

for j=0,1,2,...,J do

1. Randomly select { (i, tm)}Y_,, where i,, € [N] and t,, € (0,1) and a noise € ~ N (0, I)
2. Take a gradient step

. . , T
6’ — 07 — % Z Ve H:cgj(stmm(“") + Ve € tm) — m(’m)H
me[M]

end for

Appendix D. Experimental Setups in Section 3

In this section, we provide detailed setups for the experiment in Section 3.3. This experiment
aims to validate Theorems 4 and 8. Here, we present the stochastic gradient descent (SGD)
algorithm for solving Problem (5) in Algorithm 1.

Now, we specify how to choose the parameters of the SGD in our implementation. We
divide the time interval [0, 1] into 64 time steps. When K = 1, we set the learning rate n =
10~%, batch size M = 128N}, and number of iterations J = 10*. When K = 2, we set the
learning rate n = 2x107°, batch size M = 1024, number of iterations J = 10°. In particular,
when K = 2, we use the inner-product based spectral method (TIPS) initialization (Wang
et al., 2022) to improve the convergence of SGD. Specifically, TIPS generates the initial
clusters based on the pairwise similarities of {m(i)}i]\il and then estimates the initialization
0" = {U?} according to the clustering results. Further details can be found in Section 2.3
of (Wang et al., 2022). We calculate the success rate as follows. If the returned subspace
basis matrices {Uy}< | satisfy

K

1 *

e > HUH(k)UHT(k) - ULUi"
k=1

‘§0.5

for some permutation IT : [K] — [K], it is considered successful.

Appendix E. Experimental Setups in Section 5

In this section, we provide detailed setups for the experiments in Section 5. Specifically, we
describe the settings for using a U-Net-based diffusion model to (1) learn MoLRG distribution
(Appendix E.1), (2) learn real-world image distribution (Appendix E.2), and (3) estimate
the intrinsic dimension of real-world image distribution (Appendix E.3).

E.1 Learning the MoLRG distribution with U-Net
In our implementation, we set ID € {8,10,12}.
e When ID = 8, N € {20, 50,70, 100, 200, 300, 1000};

e When ID = 10, N;, € {100, 150, 200, 250, 300, 1000};
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e When ID = 12, N}, € {100, 150, 200, 250, 300, 350, 400, 1000}.

To train U-Net, we use the stochastic gradient descent in Algorithm 1. We use DDPM++
architecture (Song et al., 2021a) for the U-Net and EDM (Karras et al., 2022) noise sched-
uler. We set the learning rate 1073, batch size 64, and number of iterations J = 10%.

For a specific MoLRG distribution pgata with IV pre-selected training samples 2 ~ Pdatas
the threshold ¢ is chosen such that the following inequality holds:

M,

]\2 ZH (ZIQ[INH} @ <m(i)) _w (z(j)) = 5) =0.95. (56)
=

Intuitively, this definition ensures that with 95% probability, a newly drawn sample z() ~
Pdata Will be at least 6 away (in the W-transformation space) from its nearest neighbor among
the training samples (Y. While (56) has a theoretical analytical solution, we approximate
§ numerically in practice. Specifically, we set M, = 103, compute the minimum distance
min;e(n (| W (m(i)) - (z(j)) | for each j, and set § as the 5th percentile (i.e., the 0.05-
quantile) of the resulting distance distribution. To empirically estimate (23), we set M =
103.

To quantitatively estimate the transition in Figure 4 (top-left), we fit the curve using
the following sigmoid-parameterized function:

L (Ijl\;) ~ Juovre (I]]V)> " Itexp (—a(lo; (N/ID) — b))’ (57)

where the fitted parameters are a = 6.22 and b = 5.20. Solving this equation numerically
gives fM_ciRG (0.95) = 50.2, indicating that U-Net architectures trained on the MoLRG distri-
bution generalize when Ny > 50.2dj. We use the same parameterized function (57) for the
fitted curve in Figure 4 (bottom-left), by changing the input variable to N/ID?.

E.2 Learning real-world image data distributions with U-Net

To train diffusion models for real-world image datasets, we use the DDPM++ architecture
(Song et al., 2021a) for U-Net and variance preserving (VP) (Song et al., 2021a) noise
scheduler. The U-Net is trained using the Adam optimizer (Kingma and Ba, 2015), a
variant of SGD in Algorithm 1. We set the learning rate n = 1073, batch size M = 512,
and the total number of iterations 10°. To empirically estimate (23), we set M = 10%.

The curve frea1 is parameterized the same way as fuorre in (57), with @ = 1.88 and
b = 7.74. Then, we numerically solve for i1, (0.95) = 630.3, indicating that U-Net archi-
tectures trained on real data distribution generalize when N > 630.3ID. We use the same
parameterized function (57) for the fitted curve in Figure 4 (bottom-right), by changing the

input variable to N/ID?.
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E.3 Estimating the intrinsic dimension of real-world dataset

In this subsection, we conduct numerical experiments to estimate the intrinsic dimension
of real-world image data distribution. By Lemma 10, as t — 1, we have

K
1
Ve Elwo | @] ~ = > UiD; U7, (58)
k=1

given w;y ,(x¢) ~ 1 and Vg, wj ,(x;) ~ 0. This relationship allows us to estimate the intrinsic
dimension ID of a MoLRG distribution as:

K

ID := rank (Z Uy ;7tU,:T) ~ rank (Vg E[zo | 2]) (59)
k=1

as t — 1. Note that the DAE xg(-,t) of the trained diffusion models satisfies xg(x¢,t) ~
E[xo | «:]. Combining this with the observation in Section 2.4 that real-world image
distributions can be well approximated by MoLRG distributions, we conclude that the intrinsic
dimension can be estimated by:

ID ~ rank (Vg xo(xt, 1)) . (60)

We evaluate the intrinsic dimension ID over four different datasets: CIFAR-10, CelebA,
FFHQ, and AFHQ. We resize images from FFHQ and AFHQ such that n = 3072 for all
datasets. We calculate the numerical rank of the Jacobian Vg, xg(x:,t) through

Z::l g; (thmg(mh t))
Z?:l g; (thibg (mh t))

with 7 = 0.99 and recall o; (A) denotes the i-th singular value of matrix A.

To select a timestep t to estimate the intrinsic dimension, we evaluate rank (V g, xg (¢, 1))
at different timesteps across multiple datasets, as shown in Figure 7. Specifically, given a
random initial noise ; ~ N (0, I,,), we use the diffusion model to generate a sequence of
images {x;} according to the reverse ODE in (3). Along the sampling trajectory {x;}, we es-
timate rank (V g, xg(x:, 1)) at each timestep. For the experiments, we utilize the Elucidating
Diffusion Model (EDM) with the EDM noise scheduler (Karras et al., 2022) and DDPM++
architecture (Song et al., 2020). Moreover, we employ an 18-step Heun’s solver for sam-
pling and present the results for 12 of these steps (¢ = 0,0.001,0.003,0.027,0.171,0.277,
0.494,0.650,0.712,0.815,0.858,0.934). For each dataset, we randomly sample 15 initial
noise 1, calculate the mean of rank(Vg, xg(xs,t)) along the trajectory {x;}.

As shown in Figure 7, the plot of rank against ¢ exhibits a U-shaped curve, with the
lowest rank consistently occurring around ¢ = 0.815 across all datasets. Timesteps too close
tot =0 or t =1 are unsuitable for estimating the intrinsic dimension: when ¢ approaches
1, xg(x¢,t) becomes less accurate because the training loss (5) assigns a small weight A\,
to such timesteps; when ¢ approaches 0, Karras et al. (2022) parameterize xg(x,t) to be
x¢, causing rank (Vg,xg(xs,t)) = n to be naturally very high. Thus, we select ¢t = 0.815,
the timestep that achieves the lowest rank, to estimate the intrinsic dimension of real-world
datasets. The estimated ID is shown in Table 2.

[\

SIS

rank (Vg xg(x¢,t)) := argmin {r €l,n]: > 772} , (61)

~
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Figure 7: Low-rank property of the denoising autoencoder of trained diffusion
models. We plot the numerical rank of the Jacobian of the denoising autoencoder, i.e.,
Va,xo(xt,t), against the timestep ¢ by training diffusion models on different datasets. We
train diffusion models on image datasets CIFAR-10, CelebA, FFHQ, and AFHQ. The ex-
perimental details are provided in Appendix E.3.

Appendix F. Auxiliary Results

First, we present a probabilistic result to prove Theorem 4, which provides an optimal
estimate of the small singular values of a matrix with i.i.d. Gaussian entries. This lemma is
proved in (Rudelson and Vershynin, 2009, Theorem 1.1) for subgaussian random variables.
Note that a random variable £ is called subgaussian if there exists ¢ > 0 such that for all
t>0,

t2
P (€] > 1) < 2exp (—2) .

We say that the minimal ¢ in this inequality is the subgaussian moment of &.

Lemma 13 Let A be an m X n random matriz, where m > n, whose elements are inde-
pendent copies of a subgaussian random variable with mean zero and unit variance. It holds
for every e > 0 that

P (0min(A) > e(v/m —Vn —1)) > 1 — (c16)™ """ — exp (—cam)
where c1,co > 0 are constants depending polynomially only on the subgaussian moment.

Next, we present a probabilistic bound on the deviation of the norm of a Gaussian random
vector from its mean. This is a direct extension of (Vershynin, 2018, Theorem 5.2.2).

Lemma 14 Letx ~ N (0, 1) be a Gaussian random vector and A1, ..., \qg > 0 be constants.
It holds for any t > 0 that

d d 2
t
PSS 022 — |30 A2) > ¢+ 22 §2exp<—2A2 ) (62)

=1 i=1 max
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Figure 8: Correspondence between the singular vectors of the Jacobian of the
DAE and semantic image attributes. (a,c) Additional examples when ¢ = 0.7. (b)

Ablation studies when ¢t = 0.1 and 0.9.

where Amax = max{\; : i € [d]}.

Based on the above lemma, we can further show the following concentration inequalities to

estimate the norm of the standard normal Gaussian random vector.
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Lemma 15 Suppose that a; i N(0,1,) is a Gaussian random vector for each i € [N].
It holds for all i € [N] with probability at least 1 — 2N ~! that

‘Hai” - \/&( <2\/log N +2. (63)

Proof Applying Lemma 14 to a; ~ N(0,1;), together with setting ¢t = 2y/log N and
Aj =1 for all j € [d], yields

P (’Haill - \/&‘ >2y/log N +2) <2N 72

This, together with the union bound, yields that (63) holds with probability 1 —2N~!. R

Next, we present a spectral concentration bound for sample covariance matrices formed
from arbitrary subsets of Gaussian random vectors; see Liu et al. (2026, Theorem 1).

Lemma 16 Let {a;}}, C R? be i.i.d. standard Gaussian random vectors. Fiz r € (0,1]
and n € (0,1/2), and define

vi=07! (14—(12—7])/€> ;o= =)k - ﬁexp (—722) :

Then there exists an absolute constant ¢ > 0 such that, with probability at least

22 d n2kM
1-2——+ 1) (exp (— ) + exp (—en?p® M ) — 2exp(—2M),
(7 : (~erPi21) ) — 2exp(-201)

it holds for every subset Q C [M] satisfying |2 > M that

)\min (Z CLZ‘CL,LT> > (1 - n)QIU,M

1€Q

Lemma 17 Let A, B € R™*" be positive semi-definite matrices. Then, it holds that

Proof Let UAUT = A be an eigenvalue decomposition of A, where U € O™ and A =
diag(A1, ..., Ay) is a diagonal matrix with diagonal entries Ay > --- > X, > 0 being the
eigenvalues. Then, we compute

(A,B) = (UAUT ,B) = (A,UBU?") > \yin(A)Tr(UBU?T) = \in(A)Tx(B),

where the inequality follows from A; > 0 for all ¢ € [n| and B is a positive semidefinite
matrix. |
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