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Abstract

Gaussian processes are flexible, probabilistic, non-parametric models widely used in ma-
chine learning and statistics. However, their scalability to large data sets is limited by com-
putational constraints. To overcome these challenges, we propose Vecchia-inducing-points
full-scale (VIF) approximations combining the strengths of global inducing points and local
Vecchia approximations. Vecchia approximations excel in settings with low-dimensional in-
puts and moderately smooth covariance functions, while inducing point methods are better
suited to high-dimensional inputs and smoother covariance functions. Our VIF approach
bridges these two regimes by using an efficient correlation-based neighbor-finding strategy
for the Vecchia approximation of the residual process, implemented via a modified cover tree
algorithm. We further extend our framework to non-Gaussian likelihoods by introducing
iterative methods that substantially reduce computational costs for training and prediction
by several orders of magnitude compared to Cholesky-based computations when using a
Laplace approximation. In particular, we propose and compare novel preconditioners and
provide theoretical convergence results. Extensive numerical experiments on simulated and
real-world data sets show that VIF approximations are both computationally efficient as
well as more accurate and numerically stable than state-of-the-art alternatives. All meth-
ods are implemented in the open-source C++ library GPBoost with high-level Python and
R interfaces.

Keywords: Probabilistic modeling, uncertainty quantification, large data, iterative meth-
ods, Laplace approximation

1. Introduction

Gaussian process (GP) models are probabilistic non-parametric models which are used
across various disciplines including machine learning (Rasmussen and Williams, 2006) and
geostatistics (Cressie, 1993). However, their applicability to large data sets is limited by
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computational costs, with O(n?) time and O(n?) memory complexity, where n is the number
of observations. Various strategies have been proposed to mitigate this computational
burden; see Liu et al. (2020) and Heaton et al. (2019) for reviews. Low-rank inducing-points
approximations such as the fully independent training conditional (FITC) approximation
(Quinonero-Candela and Rasmussen, 2005), predictive process models (Banerjee et al., 2008;
Finley et al., 2009), and variational approximations (Titsias, 2009; Hensman et al., 2013,
2015) are global approximations that focus on capturing the large-scale structures of GPs.
Such inducing point methods are widely used in machine learning and are considered state-
of-the-art methods. An alternative approach to improving computational efficiency is to
leverage sparse linear algebra methods by enforcing sparsity in a Cholesky factor of precision
matrices (Vecchia, 1988; Datta et al., 2016; Katzfuss and Guinness, 2021; Schéfer et al.,
2021a; Cao et al., 2023). These local Vecchia approximations are considered as a “leader
among the sea of approximation” (Guinness, 2021) in spatial statistics as they often yield
superior approximation accuracy (Rambelli and Sigrist, 2026).

In this work, we propose an approach that integrates inducing point methods with Vec-
chia approximations and denote this as Vecchia-inducing-points full-scale (VIF) approxi-
mations. This method combines the advantages of global inducing points and local Vecchia
approximations. Vecchia approximations excel in settings with low-dimensional inputs and
moderately smooth covariance functions. The latter can be explained by the screening effect
(Schéfer et al., 2021a, Section 3.3.3). Vecchia approximations are expected to work less well
for high-dimensional data as they depend on the selection of neighbors, and this is more
difficult in higher dimensions. Low-rank inducing point methods, on the other hand, are
expected to work well for smoother covariance functions (Schéfer et al., 2021b, Section 2.4)
and are better suited to high-dimensional inputs (see our experimental results in Section
7.1). VIF approximations bridge these two types of approximations. In addition, we pro-
pose a novel, efficient correlation-distance-based method for selecting conditioning sets for
Vecchia approximations on the residual process using a modified cover tree algorithm.

We further extend our framework to non-Gaussian likelihoods to include, e.g., classifica-
tion and count data regression tasks, by using a Laplace approximation. Although, depend-
ing on the likelihood, Laplace approximations can be inaccurate for small data sets, they
are computationally very efficient (Nickisch and Rasmussen, 2008) and converge asymptot-
ically to the correct quantity and are thus accurate for large data sets. To support this
argument, Figure 1 shows the estimated marginal variance parameter obtained with a VIF-
Laplace approximation for varying sample sizes n, based on simulated data with a Bernoulli
likelihood as described in Section 7. Estimation is performed using the iterative methods
introduced in this paper and repeated across 100 simulated data sets for each n. The results
demonstrate that the downward bias in the variance parameter diminishes as n increases.
However, standard Cholesky-based calculations do not scale well despite the use of VIF
and Laplace approximations for non-Gaussian likelihoods since this requires computing the
Cholesky factorization of a sparse n x n matrix (see Section 3) whose computational com-
plexity is not linear in n and depends on the graph structure as well as the effectiveness of
the fill-reducing ordering (Davis, 2006). For two-dimensional spatial data, this complexity
is approximately O(n3/2), while in higher dimensions, it is at least O(n?) (Lipton et al.,
1979). To remedy this, we introduce iterative methods (Saad, 2003; Trefethen and Bau,
2022; Aune et al., 2014; Gardner et al., 2018a) that substantially reduce computational
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Figure 1: Violin plots of the estimated variance parameter o2 for different sample sizes n
for binary data. Red dots indicate the mean estimates, and the dashed line marks
the true parameter value o7 = 1.

costs for likelihood evaluations, gradient computations, and the calculation of predictive
distributions when using a Laplace approximation. In contrast to the Cholesky decompo-
sition, iterative methods require only matrix-vector multiplications which can be trivially
parallelized. We propose and compare novel preconditioners, derive new convergence guar-
antees, introduce two simulation-based approaches to compute predictive variances, and
provide both theoretical insights and empirical evaluations. Furthermore, we compare the
prediction accuracy and runtime of our methods against existing state-of-the-art approaches
on a large set of simulated and real-world data sets and find that VIF approximations are
both computationally efficient and more accurate than state-of-the-art alternatives.

Full-scale approximations were first introduced in Sang et al. (2011) and Sang and
Huang (2012), which combined inducing points with covariance tapering (Furrer et al.,
2006) approximations. Zhang et al. (2019) extended this by partitioning the data into
blocks and deriving a block-wise sparse precision matrix for the residual process. While
this can also be interpreted as a special form of a Vecchia approximation, Zhang et al.
(2019) do not explicitly consider the case when using single points as conditioning sets,
they do not address the question of efficiently selecting neighbors, as this might be less of
an issue when using blocks, and they do not cover non-Gaussian likelihoods, which entail
additional computational challenges.

The remainder of the paper is structured as follows. Sections 2 and 3 present the VIF
framework for Gaussian and non-Gaussian likelihoods, respectively. In Section 4, we intro-
duce iterative methods for inference within the VIF framework, and in Section 5, we present
convergence results for the preconditioned conjugate gradient (CG) methods. In Section 6,
we propose efficient algorithms based on cover trees to identify the nearest Vecchia neigh-
bors with respect to the correlation distance. In Section 7, we conduct simulation studies
to analyze computational and statistical properties of VIF approximations. Finally, in Sec-
tion 8, we apply our methodology to various real-world data sets, comparing runtime and
prediction accuracy with several state-of-the-art methods. Additionally, we extend these
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experiments by estimating the smoothness parameter of automatic relevance determination
(ARD) Matérn kernels, contributing to the challenge of model selection - at least within
the family of Matérn kernels.

1.1 Software implementation

The methods presented in this article are implemented in the GPBoost library written in
C++ with Python and R interface packages, see https://github.com/fabsig/GPBoost.!
In addition, to facilitate the practical use of the proposed methodology, we provide a
self-contained generic Python example in the GitHub repository https://github.com/
TimGyger/VIF that demonstrates how to fit a VIF GP model and obtain predictions using
the GPBoost Python interface.

2. VIF approximations for Gaussian process regression

We consider the following GP model:
y = F(x)+b(s) + €(s), (1)

where y € R is the response variable, b(s) is a zero-mean GP with inputs s € R?, specified
by a parametric covariance function cg (-,-) with parameters 8 € R?, F() : RP — R is a
fixed effects prior mean function with predictor variables @ € RP, and €(s) is a zero-mean
independent Gaussian white noise process with variance o2. Note that the GP inputs s
and the fixed effects predictor variables & may or may not be overlapping. For instance,
in spatial statistics, s often consists of spatial and/or temporal coordinates whereas x
contains additional predictor variables. But in machine learning applications, the GP and
fixed effects inputs can also be equal; see, e.g., Sigrist (2022a) for an example. For notational
simplicity, we will assume F(x) = 0 in the following, but F(-) can be easily extended to
a linear mean function F(x) = '3, 8 € RP, and to machine learning methods such as
tree-boosting (Sigrist, 2022a,b) and neural networks (Simchoni and Rosset, 2023).

If n samples y = (y(s1),. .. ,y(sn))T € R™ are observed at inputs S = {s1,...,8,}, ¥y
has a multivariate distribution with mean zero and covariance matrix

Y =3%+01,, (2)

where ¥ € R™™ is the covariance matrix of b = (b(s1),...,b(s,))" € R™ with entries
Sij = Cov (b(si),b(s;)) = co(si,8;),8i,8; € S. Concerning the notation in this article,
we use the symbol ™ to distinguish matrices including the error variance 0?1, from those
without this diagonal error variance matrix. E.g., ¥ contains the error variance o’I,
whereas 3 does not. For maximum likelihood estimation, we minimize the negative log-
likelihood function

1 1
,C(O,y) = glog(Qﬂ') + 5 log det (2) + 7yT271y'

2
1. The VIF approximation can be enabled via the parameter gp_approx = "vif", iterative methods can be
enabled via the parameter matrix_inversion method = "iterative" (=default), and the preconditioner

is chosen via the parameter cg_preconditioner_type.
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Evaluation of the log-likelihood and its derivatives involves the calculation of linear solves
with the n x n matrix 3 and calculating its determinant, which has O (n3) complexity when
using a Cholesky decomposition.

For prediction at n, new locations 8? = {sf, ..., sﬁp}, the predictive distribution y”|y is

given by N (uP,3P), where puP = Egnpfl_ly, 3P =3, +O’2Inp -xT 2_12nnp € R ",

nnp

Son, = [09 (si, s?)} A A is a cross-covariance matrix, and X,,, = [ce (sf, s?)} N .
i=1mn,j=1:n, i,j=1mny

For large n,, it is usually infeasible to store the complete predictive covariance matrix %7,
and the primary focus is solely on the predictive variances, i.e., the diagonal elements of
3P, Nevertheless, Cholesky-based computation of these variances still entails a substantial
computational burden involving O(n? - n,) operations even when a Cholesky factor of %
has been precomputed.

2.1 Vecchia-inducing-points full-scale (VIF) approximation

The idea of the Vecchia-inducing-points full-scale (VIF) approximation is to decompose
b(s) + €(s) into two parts b(s) + €(s) = bi(s) + bs(s), where bi(s) is a low-rank predictive
process modeling large-scale dependence and bs(s) = b(s) +¢€(s) —bi(s) is a residual process
capturing the residual variation that is unexplained by bj(s). Specifically, for a given set
S* ={sj,..., s}, } of m inducing points, or knots, the predictive process is given by

bi(s) = c(s,8) ' = 1b", (3)

where b* = (b(s}), ...,b(s%,))T. Its covariance is

Cov (bl(si), bl(sj)) = c(s;, S*)TE;fc (85,8%),
where ¢(s;, S*) = (co(si, $7), ..., co(si, sfn))T and %, = [co(s], s;‘-)]i:hm im1im € R™*™ is a
covariance matrix of the inducing points. The covariance matrix of by = (bi(s1), ..., bi(sp))"
is thus given by

sl =Cov(b) =2 =15, .,

mn=—m

where X,,, = [C9(3?75j)]i:1:m,j:1:n € R™M*X" is a cross-covariance matrix between the

inducing and data points. Concerning the residual process bs(s), Cov(bs) is given by

COV(bS) = i - ET Eilzmrw

mn—m

where bs = (bs(s1),...,bs(s,))T. In a VIF approximation, this residual covariance matrix
is approximated using a Vecchia approximation, which represents the full joint density
p(bs | 8) through a product of low-dimensional conditional densities,

p(bs | 8) ~ [ p(bs(si) | by, 6),
=1

where N (i) C {1,...,i—1} are sets of conditioning points, often called neighbors in Vecchia
approximations (Katzfuss and Guinness, 2021; Datta et al., 2016). This leads to a sparse
approximate Cholesky factorization of the precision matrix Cov(bs)~!:

(2%)"! = B"D'B ~ Cov(b,) ",
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where D = diag(D;) and B is a sparse lower triangular matrix with 1’s on the diagonal
and non-zero off-diagonal entries By = —A; € RINOI and D; and A; are defined as

Di =% — X035, - (Ai(E;FN(i) - EgzN(i)E%lzmi))’

_ B (4)
Ai = (Zing) — S Sanv) (Bng) — E;FnN(i)Er_nlEmN(i)) g

where 3., n) = [ce(sz‘, SkNi)]l:lzm,k:1:|N(z‘)| e RmxINGI, s]kv" are the Vecchia neighbor in-
puts of s;, and X,,; = [ce(s;‘,si)]l:hm € R™. As is commonly done, we choose N(i)
as the indices of the m, nearest (in a sense to be defined below) neighbors of s; among
81,...,8i—1 ifi >m,+ 1, and N(i) = {1,...,i — 1} if i < m, + 1. Calculating a Vecchia
approximation for the residual process has (’)(n S (m3 +m?2 - m)) computational cost and
requires O(n - (my + m)) memory storage.

In summary, a VIF approximation for the covariance matrix S in (2) is given by
ET =Y 433
and the corresponding negative log-likelihood is
Li(0;y) = glog(%r) + %log det (ET) + %yTiT_ly.

Note that if the number of Vecchia neighbors is zero, the VIF approximation reduces to
the FITC approximation as a special case, and if there are no inducing points, the VIF
approximation coincides with a classical Vecchia approximation. In addition, the VIF ap-
proximation can be interpreted as a general Vecchia approximation (Katzfuss and Guinness,
2021), in which each conditional distribution conditions on all inducing points in addition to
the local Vecchia neighbors. However, the inverse Cholesky factor of the VIF approximation
is, in general, not sparse. Sparsity would only arise in the special case where the inducing
points coincide with observation locations.

2.2 Computational complexity and calculation of gradients

For computational efficiency, we can apply the Sherman-Woodbury-Morrison formula:

ifl _ (is + ET E—IEmn)—l

t mn<‘m

=B'D'B-B"D'BX! (%, +3%,,.,B'D'Bx! )'s,,.B'D'B,

where we denote

M=%,+%,,B'D'Bx! (5)

Moreover, by Sylvester’s determinant theorem, the determinant of iT can be calculated as

mn—m

= det (S + By BTD'BSY ) - det (£,,) " - det (D).

det (X4) = det (2° + X} 515,
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If a first- or second-order method for convex optimization, such as the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm (Fletcher, 2000) is used, gradients of the negative log-
likelihood function are required. For the VIF approximation, the gradient with respect to
0 is given by

B, 1 JS)> 1 e 0%~
i . - Ty 2—14 - TE—IJE—l
g~1(0:y) = 5 ( t o0 ) 2 =t o Tt Y
where % = %% + %—% with
) oD OB oBT
=B '—BT"-B'—B'DBT-B'DBT—BT"
00 00 00 Bl ’
ox!l  oxt ) )
L0 St YNRINED SENND St utnu LIRS SENE > ubmiill) 5 st SN

In Appendix A, we derive the gradients of B and D.

The computational complexity associated with the computation of the negative log-
likelihood and its derivatives is of the order (’)(n c(m3+m2-om+ m2)) and the required
storage of order O(n - (m + my)).

2.3 Prediction with VIF approximations

We propose to do predictions for the response y? at n, prediction inputs SP = {s/, ..., sﬁp}
with VIF approximations using the following result.

Proposition 1 A VIF-approzimated posterior predictive distribution for p(yP|y, @), yP =
(y(sh),...,y(sh, )T € R™, is given by N(MITJ, 2?), where

uy = =B, By + 2, £ 5 BT D' By

- E;r@npzr_nlzmnBTD_lerTnnM_lzmnBTD_lBy (6)
+B,'B,X,, M 'S,,B"D 'By
X =B,'D,B," + B,'By(B'D'B) 'B,,B," + %, B, 'S0, (7)

— (2%, 50 Zmn — B, 'Byo(BTD'B) )5
(2 Zn B, — (BTDT'B)'B) BT,

mnT—m

D
J)] i=1m,j=1:n,

D;l € R™*" qre defined below in (8).

where X, = [ce(sf,s € R™* "™ and By, € Rgpm, B, € RZ”X"”, and

Proof [Proof of Proposition 1] First, note that (yT,y?T)" = (b, bllvT)T + (T, 6PT)", where
bf and b denote the low-rank and residual processes, respectively, at the prediction points
SP.  Following common practice for predictions with Vecchia approximations (Katzfuss
et al., 2020), we apply a Vecchia approximation to the joint distribution of the residual
process (bST, bSpT)T at the training and prediction inputs whose covariance matrix is

) > T -1y 5T s-1x
C ( bT,pr T) = nnp _ mnm =mn mn<im Zmn; '
ov (s s ) ggnp gp ganpgmlgmn Ezmpzm12mnp
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This gives
T _
-1 B o0 D! o B o0
Cov ( (6T, 62T)" z( ) ( _)( ) 8
<( ) ) po By 0 D! po By ®

It follows that
Cov ((67,62™)") =

(B'D'B)™! —-(B'™D'B)"'B,,B,"
_B;'B,,(B'D'B)"' (B'D;'B,)"! + B;'B,,(B"D-\B) 'BLB;"
p po( ) ( p—p p) + p po( ) po—p

and thus
st v-1% DI ) ¥
COV( T7 pT T) ~ ( mn~m_~mn mn~tm ~mny >
(y y ) ;mpzmlzmn ErTnnpzmlzm”p
(B*D'B)~! —(B*D'B)"'BY BT
+ -1 T =1 1py—1 T-11p y—1 -1 Tt o1 T T
—Bp B,,(B"D'B) (Bpr B,) +Bp B,,(B"D 'B) Bpon

By standard arguments for conditional probabilities of multivariate Gaussian distributions,
we obtain y? | y ~ N (u?, 2?) in Proposition 1. [ |

In Appendix C, we additionally derive an alternative and equivalent expression for X%,
which allows for a more efficient calculation and is used in our software implementation.
The predictive distribution b”|y of the latent GP b is obtained analogously by subtracting
oI n, from 2? in (7). The computational costs for the predictive means u‘? and variances
diag(X¥) are O(ny- (m+mg-m)+n-(m,+m)) and O (ny- (my+m-my)+n-(m-m,+m?)),
respectively.

3. VIF-Laplace approximations for latent Gaussian process models

In the following, we assume that the response variable y = (y(s1), ..., y(sn))" € R" follows
a parametric distribution with a density of p(y | p, &) = [}, p(vilus, &) with respect to a
sigma finite product measure conditional on g = F'(X)+b. This density has, potentially link
function-transformed, parameters p € R™ and additional auxiliary parameters & € = C R".
For instance, p; and £ can be the mean and variance of a Gaussian distribution, the log-
mean and the shape parameter of a gamma likelihood, or p; can be the logit-transformed
success probability of a Bernoulli distribution for which there is no additional parameter &.
Similarly as in (1), the parameter p is modeled as the sum of fixed effects F'(X) and a finite-
dimensional version of a GP b, u = F'(X)+b, where X € R"*P contains predictor variables
and b ~ N(0,X). We again assume for simplicity that F/(X) = 0, but this assumption can
be easily relaxed. Estimation of the covariance 8 € R? and auxiliary parameters £ is done
by minimizing the negative log-marginal likelihood

—log (p(y | 0,€)) = —log (/p(y | b,&)p(b | 0)db>. (9)
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For non-Gaussian likelihoods, there is typically no analytic expression for p(y | b,&)
and an approximation has to be used. In this article, we use the Laplace approximation
(Tierney and Kadane, 1986), additionally assuming that p(y | p, &) is log-concave in p.
The Laplace approximation for (9) is given by

. 1- -1

LM (y,0,¢) = —logp (y | b,£> n 5sz:—lb + 5 logdet (SW + I,), (10)

where b = argmaxylogp(y | b, &) — %bTE_lb is the mode of p(y | b,&)p(b | 6), and
W € R™™ is diagonal with

_ 9*logp (y(si) | b(si), §)

Wi = .
Ob(s;)? b—b

(11)

The mode b is usually found with Newton’s method (Rasmussen and Williams, 2006).
Gradients of LLA(y, 0,¢&) for parameter estimation can be found, e.g., in Rasmussen and
Williams (2006) and Sigrist (2022b). We apply a VIF approximation to the latent process
b by again decomposing it into a low-rank and a residual process, b = b} + bs, where b
and by are defined as in Section 2.1 except that the residual process by does not contain
any error variance. Specifically, the precision matrix Cov(bs) ™' = (X — 2T 1%, )1 is
approximated as

(%)™ = BTD7'B ~ Cov(bs) !,

where B and D are defined analogously as in Section 2.1, but f)u and X N(i) are replaced
by ¥;; and X y(; not including the error variance in (4). A VIF-Laplace approximation
(VIFLA) is then given by combining the VIF and Laplace approximations to obtain the
following approximate negative log-marginal likelihood — log (p(y | b, 5))

. ;7 g5, 1
LVIFLA(y 9.¢) = —logp <y | b,E) n §bT2T—1b + 5 logdet (BW + L), (12)

where b = argmaxy log p(y | b, S)—%bTET_lb is the mode of p(y | b, &)p;+(b | @) with p;(b | )
being the density of A (0, X;) and

>!'=B'DBT+x! »l» y!'=B"D'B-B'D'Bx! M~'%,,.B'D'B,

T mn<!m

where we have applied the Sherman-Woodbury-Morrison formula, and we recall that M
is defined in (5). By properties of the determinant of matrix products and Sylvester’s
determinant theorem, we have

log det(Z4W + I,,) = —log det(Z,,) — logdet(D ') + log det(W + B*D~'B)
+logdet (M - %£,,,BTD'B(W + B'D'B)"'B"D'Bx] ),

see Appendix B for the detailed derivation. Furthermore, one iteration of Newton’s method
is given by

Bt+1 _ (W n ET_I>—1 W n dlogp SZ| Btv&)

t=0,1,... (13)
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Applying the Sherman-Woodbury-Morrison formula, we can do linear solves with W + ET_ !
using the following relationship:

W+ ) '=w {(B"D'BW+B"D'B)"'W-B"D'BW+B"D'B)"!
w2l (2, +2,..B"D'B(W + BTD'B)"'wx! 7!
-3 B'D'B(W + B'D'B)"'W) 3,

(14)
see Appendix B for a detailed derivation. The gradients of LV LA(y, 0,&), with respect
to @ and & are also derived in Appendix B. As the above results show, the computational
complexity of evaluating the negative log-marginal likelihood and its derivatives is primar-
ily determined by the Cholesky factorization of the matrix W + BT D™'B. Despite that
BT D™ !B is sparse, this is computationally expensive for large n as mentioned in the intro-
duction. For two-dimensional spatial data, the Cholesky decomposition for W + BT D~ 'B

has complexity of approximately @(n%/?), while in higher dimensions, it can be O(n?) or
larger (Lipton et al., 1979).

3.1 Prediction with VIF-Laplace approximations

The goal is to predict either the latent GP b € R™ or the response variable y? € R™ at
np new inputs SP = {sY,..., sh_} using the posterior predictive distributions p (b* | y, 8, )
and p (y? | y, 0, &), respectively. For the former, we have the following result.

Proposition 2 A VIF-Laplace-approximated posterior predictive distribution for
p(b” | y,0,€), ¥ = (b(sh),...,b(sh,))" € R™, is given by N (wp, ), where
wp=—-B,'Bpb+ %, %,'S,,B" D' Bb
-s! $.1%,,B"D'BSY, M~'%,,,BTD"'Bb
+B,'B,3,, M 'S,,B"D"'Bb
Q,=B,'D,B," +B,'B,(B'"D"'B)"'B,,B," + X, 5.'S, (15)
— (2, B0 Zmn — B, 'Byo(B'DT'B) ) (B - 2N (W + B IR
(2 En S, — (BTD'B)'B, B, 1),

mn m
and B, € Rszn, B, c RZ”X"”, and D;l € R™*™ qre defined analogously as in (8).

Proof [Proof of Proposition 2]

This can be derived as follows. As in Section 2.3, a Vecchia approximation is applied
to the joint distribution of the residual GP at the training and prediction inputs, and we
obtain b” | b ~ N (v,, Ep) with

v, =—B,'Byb+ X}, %.'%,,,B"'D"'Bb
— 3, Z T BT D' B, M 'S, BT D™ Bb
+ B, 'By.%,, M 'S,,,B"D"'Bb
E,=B,'D,B," +B,'B,(B'"D'B)"'B},B,T + X, .S,

10
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By the law of total probability, we have

p(b’]y,0.€) =/p(b” | b,0)p(b|y,0,&)db.

The Laplace approximation p(b | y,0,€) ~ ./\/(l~), (W + 2;1)*1) and b | b ~ N (vp, B)p)
then give the result in (15). |

See Appendix C for an alternative and equivalent expression for €2,, which allows for a
more efficient calculation and is used in our software implementation. For predicting the
response variable, the integral p (y? | y,0,&) = [p(y? | b7, &) p (V" | y,0,&) dbP is analyti-
cally intractable for most likelihoods and must be approximated using numerical integration
or by simulating from p (b” | y,0,&) = N (w,, 2p).

4. Tterative methods for VIF-Laplace approximations

While VIF-Laplace approximations improve scalability, a sparse Cholesky factorization
of the matrix W + BTD !B remains computationally expensive as mentioned above.
To address this, we next show how iterative methods and stochastic approximations can
be used for fast computations. Parameter estimation and prediction with VIF-Laplace
approximations involve several computationally expensive operations outlined in the fol-
lowing. First, calculating linear solves (W + Z;l)u = v, v € R", (i) in Newton’s
method for finding the mode, see (13), (ii) for implicit derivatives of the log-marginal

VIFLA T
(M)T%, see Appendix B, and (iii) for predictive distribu-

likelihood such as
tions in (15). The latter is particularly challenging as the number of prediction points
ny, is typically large, and the linear systems thus contain many right-hand sides, see Sec-
tion 4.2 for more information. Second, calculating log-determinants log det (ETW + In)
in the log-marginal likelihood given in (12). And third, calculating trace terms such as

ow+x! dlogdet (W+x "
Tr((W —i—ET_l)*l ( (;; t )) — e 8(0 +=) for the derivatives of log-determinants, see
k k

Appendix B.

4.1 Likelihood evaluation and gradient calculation

To compute linear solves (W + ZJF 1)u = v, we apply the preconditioned conjugate gra-
dient (CG) method (Saad, 2003). Preconditioning increases the convergence speed of the
CG method, and it also reduces the variance of stochastic log-determinant and gradient
approximations. Below in Section 4.3, we propose two preconditioners. Preconditioning
means that we solve the equivalent system

P 3(W+ X )P 5 Ptu= P v, (16)

where P is a symmetric positive definite preconditioner matrix. Alternatively, since W +
ET_I = 2171(W_1 + X)W, we can equivalently solve

S N _T T "
P (W '+Z)P 2P:Wu= P %0, (17)

The version in (16) is used for the VIFDU preconditioner defined in Section 4.3.1, while
(17) is used for the FITC preconditioner defined in Section 4.3.2. In each iteration of the

11
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preconditioned CG method for (16) and (17), we calculate matrix-vector products of the
form (W + BT D'B - B"D'BX! M~'%,,B'D'B)wand (W !+ B 'DB~ " +
Egmﬁmlﬁmn)w respectively, w € R™, which require O( - (m + mv)) operations. The
computational complexity for computing and inverting the matrix M is (’)(n- (m2+m‘mv)).

To calculate log det (ETW + In), we employ the stochastic Lanczos quadrature (SLQ)
method (Ubaru et al., 2017) which combines a quadrature technique based on the Lanczos
algorithm (Lanczos, 1950) with Hutchinson’s stochastic trace estimator (Hutchinson, 1989).
Dong et al. (2017) analyzed different approaches to estimate log-determinants and found
that the SLQ method is superior to other methods. The preconditioned SLQ method gives
the following approximation:

logdet (X4W +1,,) =~ logdet (2;) + Z e log i)e1 + log det(P), (18)

~ ~ ~ ~T
where T; € R¥** is the tridiagonal matrix of the Lanczos tridiagonalization Q,T;Q; ~
P_%(W + ET_ 1)P_% obtained by running the Lanczos algorithm for k steps with the ma-

trix P_%(W + flT_l)P_% and initial vector P_%zi/\/ﬁ, where z; ~ N (0, P) and /n ap-

proximates the normalization factor HP_%z,-HQ. See Appendix D for a detailed derivation.
Alternatively, we can obtain the following SL.Q approximation:

)4
logdet (XtW +1,,) ~ log det (W) % Z el log (T )e1 + log det(P), (19)

where now Ti € RF*k is the tridiagonal matrix of the partial Lanczos tridiagonalization

éliﬁézT ~ Pfé(Wfl + ET)Pfé obtained by running the Lanczos algorithm for k steps
with the matrix P_%(W_1 + ET)P_% and initial vector P_%ZZ‘/HP_%Z@‘HQ, zi ~N(0, P).
The version in (18) is used for the VIFDU preconditioner defined in Section 4.3.1, whereas
(19) is used for the FITC preconditioner defined in Section 4.3.2.

As in Gardner et al. (2018a), we use a technique from Saad (2003) to calculate the
partial Lanczos tridiagonal matrices Tl, ..., Ty from the coefﬁcients of the preconditioned
CG algorithm when solving (W + X D1z, o0 W+ 2¢)712;, i = 1,...,1. In doing
so, we avoid running the Lanczos algorlthry which brings multiple advantages. Numerical
instabilities are not an issue and storing Q; is not necessary. In addition to the ¢ partial
Lanczos tridiagonal matrices, the modified CG method computes the ¢ linear solves (W +
ET_I) 1z, or (WL 4 i)'z, respectively, for the probe vectors z;. This brings the
advantage that once the log-determinant is calculated, its gradients can be calculated with
minimal computational overhead. Specifically, the trace terms for calculating derivatives of
log-determinants given in Appendix B can be computed using stochastic trace estimation

12
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(STE) as follows:

oW +x7h LW +37h)
—1y—1 T _ T -1, 7T
Tr (W + =77 o) ) =T (W+zh)! S (e Eevion) [P z27] )
J4
1 N, W .
~ ZZ( fW 4z 1)(%*(S')P L2:) i=1,...,p,
i=1 v
oW + 31 ¢ ox;t
Tr ((W + 211)_1(39T)> ~ %Z (zf (W + 2;1)—1)(#13—14) k=1,...,q,
k i—1 k
W+ 1< oW
—1\—1 T L T —1y—1 -1 _
T (W + 371) 5 )~ eE(Z (W27 (G P m) I=1r,

see Appendix D for a detailed derivation. We additionally apply variance reduction by using
the preconditioner P to construct a control variate (Lemieux, 2014), see Appendix D for
more information. We choose the Lanczos rank k adaptively by running the preconditioned
CG algorithm until it has converged.

In each iteration of the preconditioned CG method, we calculate matrix-vector prod-
ucts, which involve (’)(n < (m+ mv)) operations. In total, we have computational cost for
calculating the negative log-marginal likelihood and its derivatives of (’)(n c(m3+m*+m-
t+my-t+m- mg)), where t is the number of iterations of the CG algorithm.

4.2 Predictive variances

Calculating predictive (co-)variances given in (15) is computationally expensive when n and
n, are large, even with iterative methods due to n, right-hand sides. In the following, we
propose two computationally efficient simulation-based approaches both relying on iterative
methods to compute diag(€2,). For this, we split €2, given in (15) into two parts:

B,'D,B," + B,'B,,(B'"D'B)"'B,,B," + X, %, 'S,

— (2, =0 Zomn — B, 'Byo(B'D'B) )2t (20)
(' S, — (BTD'B)'B) B, ")

and
(Zn, T Bmn — B, 'Bpo(B' D' B) ) ST (W + 5 T s
(2T 0 S, — (B"D'B)"'B) B, "),

mn=—m

(21)

where the diagonal of the first part in (20) can be computed efficiently in a deterministic
manner without using iterative methods, because the term Bngpo(BTD_lB)_lBEOB;T
cancels out.

In Algorithm 1, the second term in (21) is approximated stochastically by sampling
from a normal distribution with the matrix in (21) as its covariance matrix. This algorithm
provides an unbiased and consistent approximation for €,; see Appendix C for the proof
of Proposition 3. It can also be adapted to compute only the predictive variances diag(£2,)

®) 5 3

by summing z,’ o z; in Line 9 and extracting the diagonal of each term in Line 11. To
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compute the linear solve (2;1 + W)*lzz(ﬁ), or W + W_l)*12:fz§6), in Line 7, we use
the preconditioned CG method.

Algorithm 1 Simulation-based Predictive (Co-)Variance Estimator (SBPV)

Require: Matrices Byo, Dy, D™', B, B,', Sy, Ty Ty, M, W
Ensure: Approximated predictive covariances 2,

1: Initialize: Z < 0 € R™*"»

2: fori=1to ¢ do

3: Let z(l) (2 ~ N(0,1,,) and z NN(O I,)

1

4: ()<—2T 2 4 B 1D2z() > 2 ~ N0, 21)

5: z§5) (BTD 'B-B'D BT M's,,BTD'B)z\Y >z(5 ~ N (0,27

6: §G)<—z§)+sz() > 2 ~ N (0,27 + W)
2 wW 1 (6)

7 20 (5 + W) (©) D N0, (27 + W)Y
orW (ET—i—W D12

s 2« (21, . S0 — B, By(BTD'B) )52
(®) \ T w1 ~1 Tp-1g)-1)y—1(x-1 —lg—1
2~ N (0, (38, Z0t S — B, Bpo(BTD T B) )= (27 + W) T
TpH-1 — T p—-T
(25,55 B, — (B"D 7' B)"'BL,B, "))

9 Z+ Z+20EOT
10: end for
1: @, B,'D,B," + %] > %, -5 S5, B'DT'BY], SIS,
+ B, 1B zﬁnzmlzmnp 2, B T BT D BY] M 'S, B, B, "
(B 1B o Zm B, )T = (B, it B BTD ' BEL, M 'S, B, B, )T

+Bp1Bp027TrmM 12mnBEOB;T
+EEFL”P2;112mnBTD_1BE7TnnM_1EmnBTD 1BET 3N 12mnp %Z

mn—m

Proposition 3 Algorithm 1 produces an unbiased and consistent estimator for the predic-
tive covariance matriz 2.

In Algorithm 2, we estimate the diagonal of matrix in (21) using the stochastic approach
proposed by Bekas et al. (2007), which approximates the diagonal of a matrix A € R"*" as
diag(A) ~ Zf.:l z; o Az;, where z; are Rademacher random vectors with entries in {£1}.
To compute the linear solves involving (X" L4 W)= or (31 + W 1)~ respectively, in line
3, we again apply the preconditioned CG method. ThlS algorithm also results in an unbiased
and consistent approximation for diag(£2,), see Appendix C for a proof of Proposition 4.

Proposition 4 Algorithm 2 produces an unbiased and consistent estimator of the predictive
variance diag($2p).

Both Algorithms 1 and 2 have a computational complexity of O((n +np) - (€-m + £ -
My +m - mv)) for the calculation of predictive variances.
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Algorithm 2 Stochastic Predictive Variance Estimator (SPV)

Require: Matrices Byo, Dy, D™', B, B)!, S, Ziny Ty, M, W
Ensure: Approximated predictive variances diag(€2,)
1: Initialize: Z < 0 € R"»
2: fori=1to ¢ do - . .
(b, 2515 By B (BT D B )5 (W 3
@ ) = (Z555 S, — (B'D BB}, B, "))

mn=—m

3: )
Zi or (21, S!S, — B, 'Buo(B"D'B) ) S W
_ _ _ _ _ _ 1
(Wl sy (=L, 218, — (BTD'B)'BL B, )zl
where zl(»l) ~ Rademacher
4 Z«Z+2Mo2?
5. end for

6: diag(Qp) < diag(B, ' D,B;, ") + diag(=7,,, 5! S, )
— diag(27,, ' S BT DT BET SIS, ) 4 2 - diag(By, ' BpoXn, En S, )

mn m
-2 diag(X}, 2.'2.,,B"D'BZ] M~'%,,.B,,B;,")

+ diag(B, ' BpoXy, M ' %,,, B, B, ")
+diag(27,,, =0 Smn BT D' BE], M7'S,,, B' D' BY] 51 8,0,,) +

mn=—m

1
Z

Alternatively, Pleiss et al. (2018) propose to use the Lanczos algorithm to approximate
predictive variances. However, recent research (Kiindig and Sigrist, 2025; Gyger et al.,
2026) has found that this Lanczos tridiagonalization-based approach is considerably more
inaccurate compared to simulation-based methods. Intuitively, the Lanczos algorithm can
work relatively well for approximating covariance matrices since their eigenvalue distribution
often consists of a few large and many small eigenvalues, making them amenable to low-
rank approximations. However, when applied to invert a covariance matrix, as required for
computing predictive covariances, the eigenvalue distribution is reversed, resulting in many
large eigenvalues and necessitating a very high rank for moderate accuracy.

4.3 Preconditioners

In the following, we present two preconditioners for iterative methods with VIF-Laplace
approximations.

4.3.1 THE VIF wIiTH DIAGONAL UPDATE PRECONDITIONER

The “VIF with diagonal update” (VIFDU) preconditioner is inspired by the “Vecchia
approximation with diagonal update” (VADU) preconditioner introduced by Kiindig and
Sigrist (2025) and exploits the structure of the Vecchia approximation to approximate
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B'D'B+W ~ BT (D! + W)B. Specifically, the VIFDU preconditioner Pis given by

P=BYD'-pD'Bx! M~'%,,B"D'+W)B
~B'™D'B-B"™D'Bx! M~'s,,.BTD'B+W
(ZS + Esﬁ,nzmlzmn) ! + W

:E; +W.

This VIFDU preconditioner is applied when using the versions in (16) and (18) for the
CG and SLQ methods, respectively. Linear solves with P the log-determinant log det ( )
and its derivatives are computed in O(n - (m, - m + m?)) time. Sampling from N(0, P)
is not straightforward since we can not apply the reparameterization trick used by Gard-
ner et al. (2018a, Appendix C.1). If ¢4 € R™ and €3 € R" are standard normal vec-
tors, then (BT(W + D_l)%eg — BTD_lBEEmM_%el), is a sample from the distribu-
tion N'(0,BY(W + D' + D™'BX] M~'%,,,B"D™")B) and not from N'(0, BT (W +
D' - D 'Bx! M~'s,,B"D')B), where M is the Cholesky factor of M and
(W + D_l)% is the elementwise square-root of (W + D™!). However, sampling from
N(O0, 13) can be done as follows. First, for sampling from N (O, Doy 1), we compute a sam-

_1 1
ple from N(0,X;) as B 'Dze, + 1. En?€e1, where 32, is the Cholesky factor of X,
Then we multiply by 3 ! to obtain a sample from N(0, ) ) and add BTW%E:;, where

_1
€3 € R" is a standard normal vector, such that BTW%G?) —i—Z;l (Ble%eg +31 3% €) ~
N(©,B"W + D' - D'B} M~'S,,,B"D"")B) = N(0,P). The computational
overhead for this procedure is O(n - (m, -+m)). For further information on the VIFDU pre-
conditioner including how to do linear solves, calculate log-determinants and their deriva-
tives, see Appendix E.1.

4.3.2 THE FITC PRECONDITIONER

The FITC preconditioner is given by
P =3 %1%, + diag(T — SF 2018, + W
=1k etk € RF¥E and B, = [ce(§i,sj)]i:1:k7j:1:n € RF*™ are
(cross-) covariance matrices with respect to a set of inducing points S = {81,...,8%}.
This preconditioner is applied when using the versions in (17) and (19) for the CG and
SLQ methods, respectively. Note that the FITC preconditioner can use a different set of
inducing points than those used in the VIF approximation. For example, using a larger
number of inducing points can lead to a more effective preconditioner compared to relying
solely on the inducing points used by the VIF approximation. The construction of the
FITC preconditioner, linear solves involving 13, the computation of the log-determinant
log det (13), and its derivatives all require O(n - k?) operations. Sampling from N(0, 13)
requires O(n - k) operations. For additional details, see Appendix E.2.
An alternative low-rank preconditioner for Gaussian processes is the pivoted Cholesky
decomposition (Harbrecht et al., 2012; Gardner et al., 2018a). However, the construction

where X = [Ce(éz‘,gj)]
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of the pivoted Cholesky preconditioner is computationally more expensive than the FITC
preconditioner. This means that the FITC preconditioner can use a higher rank for the
same computational budget compared to the pivoted Cholesky preconditioner. Previous
research (Gyger et al., 2026) has shown that the FITC preconditioner is more accurate
than the pivoted Cholesky preconditioner, also for GP models that do not use inducing
points.

5. Convergence analysis

In the following, we analyze the convergence properties of the preconditioned CG method
with the VIFDU and FITC preconditioners. We show that the convergence speed is influ-
enced by the VIF approximation tuning parameters, the number of inducing points m and
the number of Vecchia neighbors m,,, and the eigenvalue structure of the covariance matrix
3. We denote the Frobenius and the 2-norm (spectral norm) by || - || and || - ||2, respec-
tively, and define the vector norm ||v||4 = VvT Av for v € R and a positive semi-definite
matrix A € R™ ™. In the subsequent theorems, we make the following assumptions:

Assumption 1 n>2 and m € {1,2,...,n}.

Assumption 2 The covariance matriz X is of the form %;; = o} - r(s;, 8;), where r(-,)
is positive and continuous, and r(s;,s;) = 1. Additionally, the matrix ¥ has eigenvalues
A > o> A, > 0.

Assumption 3 The response variable y € {0,1}" is binary, following a Bernoulli likelihood
with a logit link function.

Assumption 3 implies that the diagonal entries of W, defined in equation (11), satisfy
0<W; <l1forie{l,2,..,n}

First, we analyze the convergence speed of the preconditioned CG method for linear
solves with ET_ ! 4+ W using the VIFDU preconditioner.

Theorem 5 Convergence of the CG method with the VIFDU preconditioner

Let 3y € R™ ™ be the VIF approzimation of a covariance matriz 3 € R™ "™ with m
inducing points and m, Vecchia neighbors. Consider the linear system (ET_I +Wiu* =v,
where v € R™. Let uy be the approximation in the k-th iteration of the preconditioned CG
method with the VIFDU preconditioner P e R, Under Assumptions 1-3, the following
holds for the relative error:

[u* — ungT—l.;_W 1

=)
14 (am - (A + Qnst =)™ - (V- my +1))

Hll* — uO||2T—1+W

where o > 1 is a constant.

For the proof, see Appendix F. Theorem 5 shows that selecting less Vecchia neighbors m,,
leads to faster convergence of the CG method. However, the relationship is more compli-
cated regarding the number of inducing points m. While the term A, 1 decreases with
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larger m leading to faster convergence, we bound ||EX 3-133,..[|2 in the proof of Theorem

5 by ||2]|2 = A1 (see Appendix F), and ||EL, 215, . ||o grows with m. Additionally, we
observe that the convergence is slower with increasing values of A\; and A,,41.
Next, we analyze the convergence speed of the preconditioned CG method for linear

solves with 3 + W ! using the FITC preconditioner.

Theorem 6 Convergence of the CG method with the FITC preconditioner

Let Xy € R™ ™ be the VIF approzimation of a covariance matriz 3 € R™"™ with m
inducing points and m, Vecchia neighbors. Consider the linear system (3; + W hHu* = v,
where v € R™. Let uy be the approximation in the k-th iteration of the preconditioned CG
method with the FITC preconditioner P € R™ ", The preconditioner is constructed with
the same set of inducing points as those used for X;. Under Assumptions 1-35, the following
holds for the relative error:

It = il ewt ( ! )k
lu* — u0H2T+W*1 - T4+ (a0 A1 -my)™ )

where o > 1 is a constant.

For the proof, see Appendix F. Theorem 6 shows that selecting fewer Vecchia neighbors m,,
and a higher number of inducing points m leads to faster convergence of the preconditioned
CG method. In contrast to the results in Theorem 5, the convergence rate of the CG method
with the FITC preconditioner does not depend on the largest eigenvalue \;. Consequently,
using the FITC preconditioner exhibits less sensitivity to the specific covariance matrix, the
sample size, and the parametric covariance function.

6. Selecting inducing points and Vecchia neighbors

There are various ways of choosing inducing points. We use the kMeans++ algorithm
(Arthur and Vassilvitskii, 2007) since Gyger et al. (2026) have found that it is an effective
method for selecting inducing points for Gaussian processes with full-scale and FITC ap-
proximations. Its computational complexity is O(n-m). If the covariance function is of the
form

co (si»s5) = cp (llan(si) — aa(sy)1) (22)

where gx(-) is a transformation and cg(-) is an isotropic covariance function such as the
Matérn kernel, then the distance ||gx(s;) — ga(s;)|| depends on scaled inputs s* = gx(s).
Automatic relevance determination (ARD) kernels with input dimension-specific length
scales A = (A1,..., ), ga(8) = (s1/A1,...,54/Ag), are examples of such covariance func-
tions. Since distances are computed in a transformed space, we also determine the in-
ducing points using the transformed input locations gx(s). Intuitively, if a dimension s;
has a relatively large length scale A\; for an ARD kernel, it is less relevant for the covari-
ance function and should thus also have less impact on choosing inducing points. This is
what is accomplished when choosing the inducing points using the transformed locations
ax(s) = (s1/A1, ..., 84/ a). However, since the inducing points depend on A, the inducing
points must be updated dynamically during the parameter optimization. An advantage of
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the kMeans++ algorithm in terms of computational efficiency is that it can use the inducing
points from a previous optimization iteration as initialization.

For selecting Vecchia neighbors, a common approach is to choose the m, nearest input
points that appear earlier in a given ordering of the data points. Usually, the Euclidean
distance is used as a metric. However, previous research (Kang and Katzfuss, 2023) has
shown that a correlation-based selection of neighbors can lead to more accurate approxima-
tions. For ARD covariance functions, for example, the intuitive argument why this choice
of neighbors is generally beneficial is analogous to the one made above for choosing the
inducing points in the transformed space: less relevant input dimensions should have less
impact on the choice of neighbors. Often, correlation-based selection of neighbors is equiv-
alent to simply using the Euclidean distance in a transformed space (Kang and Katzfuss,
2023). In our case, though, simply using the Euclidean metric in a transformed space is not
applicable as we compute a Vecchia approximation for the residual process with covariance
> -3l 313, which corresponds to a non-stationary covariance function that cannot
be written in the form of (22). In the following, we present a computationally efficient
method for the correlation-based selection of Vecchia neighbors for VIF approximations.

We define the following correlation-based distance d. (-, -) to determine the nearest neigh-
bors for the residual Vecchia approximation:

cr(siys _
d (SZ,S] ’ AN J) s CT(Si,S]') = [E]U — Egu-Zmlilmj,
\/cr (si,si) - cr(sj,85)
where X,,; = [ce(s s])] —m € R™*1. There are efficient algorithms for finding the m,

nearest neighbors for the Euchdean distance, such as k-d trees and ball trees, enabling
fast searches even in high-dimensional spaces. However, when employing an arbitrary
metric, such as the proposed correlation-based metric, nearest neighbor search becomes
significantly more challenging. Unlike the Euclidean distance, these specialized metrics
often lack geometric properties that facilitate efficient search algorithms, leading to in-
creased computational complexity. To address this, we utilize cover trees (Beygelzimer
et al., 2006) which enable m,-nearest neighbor search for a set of n points with a com-
plexity of O(Cy - n - log(my) - (my + log(n ))), where Cy > 0 is a hidden dimensionality
factor according to Beygelzimer et al. (2006).? For computational efficiency in our setting,
we modify both the cover tree construction and the nearest neighbor search algorithm as
follows. For the tree construction, instead of randomly selecting knots from the remaining
data, we systematically insert the point with the smallest index into the cover tree. The full
algorithm is given in Algorithm 3. This adaptation simplifies the nearest neighbor search
by restricting potential neighbors to those with smaller indices, see Algorithm 4, resulting

2. Elkin and Kurlin (2023) identified potential issues in the original computational complexity analysis
of Beygelzimer et al. (2006) and introduced new algorithms for constructing compressed cover trees
and performing neighbor searches, which provably achieve the stated time complexity. Despite these
refinements, the original and simpler algorithms proposed by Beygelzimer et al. (2006) have been shown
to outperform other nearest neighbor search methods (Beygelzimer et al., 2006), and they are expected
to achieve the claimed time complexity on well-behaved data sets in practice (Curtin, 2016). We use
the original version of the cover tree algorithm throughout this paper, including for our computational
complexity analysis. We conjecture that our adaptations could also be applied to the compressed versions,
and we leave this as future work.
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in improved runtime performance. Furthermore, we propose partitioning the data set into
equally sized, sequentially ordered subsets, allowing for the parallel application of the cover
tree algorithm, further reducing the effective runtime.

Algorithm 3 Construction of cover tree for correlation-based Vecchia neighbor search

Require: Set of data points S = {s1,...,sp}
Ensure: Cover tree T
1: Initialize: Maximal distance: Rp.x = 1
Empty tree: T
Knot set of 7: V « {}
Number of levels in 7: [ < 0
Covered data points per level and knot: Cog < S

2: Set root in T: 7'1,1 — sy, V< {Sl}, I+ 1, Cl751 — C(],o \ {Sl}

3: while size(V) < n do

4: Ry ¢ Rmay/2! > New maximal distance between new knots in tree 7 and
descendants

5: K<+T. > Set of knots of tree T in level [

6: for k£ € K do

T: ind < 0 > Index of knot in tree 7 at level [ + 1

8: while Cl,k 7& {} do

9: ind < ind + 1

10: Ti41,nd < {si € Qi | i =min{j | s; € C;x}} > Point with smallest index in
Cik

11: V+—Vu {ﬁ—&-l,ind}

12: Cik < Cri \ {Ti41,ind}

13: Cl1,Ti1ma < 18i € Cuk | de(Si, Tiv1,ina) < R}

14: Cl,k — Cl,k \CZJFLTHLM

15: end while

16: end for

17: [+ 1l+1
18: end while

Similarly as we re-determine the inducing points during parameter estimation, we also
update the correlation-based Vecchia neighbors. In our subsequent experiments, we re-
determine both the inducing points and the Vecchia neighbors in every optimization it-
eration that is a power of two. Additionally, we update the inducing points and Vecchia
neighbors when the optimization has converged and restart the optimization if the log-
marginal likelihood changes after this update, and repeat this process until convergence is
achieved.

7. Simulated experiments

We first analyze our methods through experiments on simulated data. We generate sam-
ples from zero-mean Gaussian processes with d-dimensional inputs and automatic relevance
determination (ARD) covariance functions, a marginal variance of 1, and length scale pa-
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Algorithm 4 Find m, nearest Vecchia neighbors with respect to the metric d,

Require: Query point s; € S, cover tree 7, number of neighbors m,,
Ensure: N, set of m, nearest Vecchia neighbors of s;
1: Initialize: Maximal distance: Rpyax = 1
Number of levels in tree T: [ < depth(7)
Set of potential nearest neighbors: Q <— {771}

Distance to m,, closest point in Q: D,,, «+ 1 > Set to 1 if |Q] < my,
2: for j=1tol do
3: C < {s € Children(s) |[s€ 9Nk <ifUQ > Children of Q with index < 4
4: D, < my,-th smallest distance d.(s,s;) for s € C > Set to 1 if |C| < my,
5 Q<+ {s€C|d.s,s;) < Dy, +1/2771}
6: end for

7. N, < Find m, nearest points to s; in Q by brute-force search

rameters A € R?. See the following subsections for the specific choices of X and the sample
size n. Sample locations are drawn uniformly from the unit hypercube [0, 1]¢. We simulate
data for both Gaussian and non-Gaussian likelihoods. For the Gaussian likelihood, we use
a variance of 0.001 for the error term, and in the non-Gaussian case, the response variable
y € {0,1}"™ follows a Bernoulli likelihood with a logit link function. Unless stated other-
wise, we use m = 200 inducing points and m, = 30 Vecchia neighbors for VIF, Vecchia, and
FITC approximations, but other choices are also considered below. Except as otherwise
indicated, Vecchia neighbors for VIF and Vecchia approximations are selected using the
correlation-based distance described in Section 6, and inducing points for VIF and FITC
approximations are selected in the transformed space as outlined in Section 6. Furthermore,
unless specified otherwise, we use the FITC preconditioner with £ = 200 inducing points for
the iterative methods for VIF approximations, Algorithm 1 (SBPV) with ¢ = 100 sample
vectors for predictive variances, 50 sample vectors for the SLQ method, and a convergence
tolerance of § = 0.01 for the CG method. Estimation is done by minimizing the negative
log-marginal likelihood using the limited-memory BFGS algorithm. All calculations are
performed on an AMD EPYC 7742 processor with 64 CPU cores and 512 GB of RAM, us-
ing the GPBoost library version 1.5.8 compiled with GCC 11.2.0. To ensure reproducibility,
the code for the experiments is available at https://github.com/TimGyger/VIF.

7.1 Accuracy for varying input dimensions and smoothness of covariance
functions

We begin by comparing the accuracy of VIF approximations with FITC and Vecchia stan-
dalone approximations for varying input dimensions and covariance functions with different
smoothness parameters. Specifically, we consider input dimensions d € {2, 5, 10, 20, 50, 100}
and the following ARD covariance functions: 1/2-Matérn, 3/2-Matérn, 5/2-Matérn, and
Gaussian (co-Matérn). Since these covariance functions have different effective ranges and
the average distance among two randomly chosen points changes with the dimension d,
we adapt the data-generating length scale parameters for different input dimensions d and
covariance functions for better comparability. See Table 5 in Appendix 7 for the specific
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length scale parameters. Standalone Vecchia approximations are applied to the observable
response variable. We have also run the experiments applying a Vecchia approximation to
the latent GP and obtained almost equal prediction accuracy measures (results not shown).
For each setting, we generate 10 independent data sets consisting of 20,000 samples using a
Gaussian likelihood. To assess prediction accuracy, we randomly select 10,000 samples from
each data set to serve as test data Prediction accuracy is measured using the RMSE, the log-

score (LS), —ip S log (¢( TNLT )), and the continuous ranked probability score (CRPS)

n

b S o (e — 2 o) - e 2 () - 1), where 6(e) = A e (— %)
and ®(x) are the densrcy and cumulative distribution functions, respectively, of a standard
normal distribution, y* is the test response, and “T,i and JM are the predictive means and
variances, respectively.

Figure 2 compares the VIF, FITC, and Vecchia approximations and an exact GP model
without an approximation for varying input dimensions d for a 3/2-Matérn kernel. We
observe that the VIF approximation consistently outperforms both the Vecchia and FITC
approximations across all input dimensions. As expected, for low-dimensional inputs, the
Vecchia approximation is very accurate, and the FITC approximation is substantially less
accurate. However, the accuracy of the Vecchia approximation declines relatively quickly
with increasing dimension d, and the FITC approximation is considerably more accurate
for large dimensions. Moreover, for higher dimensions d > 10, none of the approximations
achieves the accuracy of an exact GP model, highlighting that modeling high-dimensional
functions is challenging. We also repeat these experiments for a different choice of parame-
ters. Specifically, in Figure 14 in Appendix 7, we present the results for a 3/2-Matérn kernel
using a larger error variance of o2 = 0.01, and the length scale parameters are chosen such
that the covariance remains approximately equal at the average distance for all d (to the
one of a Gaussian kernel with length scales A = (0.35,0.4,0.45,0.5,0.55)™). The results are
similar to those shown in Figure 2.

In Table 4 in Appendix 7, we additionally report the corresponding average runtimes
for training and prediction for each method. As expected, the training runtimes for ARD
kernels increase with the input dimension d across all methods as the corresponding opti-
mization problems become more high-dimensional. Overall, VIF and FITC approximations
have similar runtimes for estimation, and Vecchia approximations are faster. All three
methods have similar prediction runtimes. As mentioned above, we use m = 200 inducing
points and m, = 30 Vecchia neighbors for VIF, Vecchia, and FITC approximations. In
Figure 10 in Appendix 7, we additionally show results obtained by increasing the number
of Vecchia neighbors to m, = 60 for the Vecchia approximation to ensure that the com-
putational time for estimation is approximately equal for all three methods. Although the
Vecchia approximation slightly benefits from the increased approximation complexity, the
results are qualitatively very similar. Moreover, Figures 11 and 12 in Appendix 7 compare
the prediction accuracy versus the total training and prediction runtime for the three ap-
proximations across varying numbers of inducing points and Vecchia neighbors, for input
dimensions d = 10 and d = 100. For d = 100, the VIF approximation achieves the best
accuracy-runtime trade-off, while for d = 10, Vecchia and VIF approximations exhibit sim-
ilar accuracy-runtime trade-offs. Furthermore, we also compare the VIF approximation for
two inducing-point-to-neighbor ratios m/m, in Figures 11 and 12 in Appendix 7. In line
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Figure 2: Comparison of the VIF, FITC, and Vecchia approximations and an exact GP
model (without an approximation) for varying dimensions d using an ARD 3/2-
Matérn kernel. The plots show the RMSE (log-scale), log-score (LS), and CRPS
(log-scale) (mean + 2 standard errors).

with the above findings, these results indicate that in high dimensions, it is beneficial for
the VIF approximations to rather increase the number of inducing points than the number
of Vecchia neighbors.

The results when comparing VIF, FITC, and Vecchia approximations and an exact GP
model without an approximation for the different covariance functions with varying smooth-
ness and d = 10 are shown in Figure 3. The VIF approximation is again consistently more
accurate compared to both FITC and Vecchia approximations. All approximations are more
accurate for smoother covariance functions. However, the relative difference in accuracy be-
tween the Vecchia and both the VIF and FITC approximations increases with increasing
smoothness levels. This is in line with the prior expectation that Vecchia approximations
are more accurate for moderately smooth covariance functions, whereas FITC approxima-
tions become more accurate for smoother covariance functions. In Figure 13 in Appendix
7, we additionally report the results for varying smoothness when d = 2, i.e., for spatial
data. As expected, the VIF approximation outperforms the Vecchia approximation only
marginally in this low-dimensional setting. For the Gaussian kernel, all approximations are
almost equally accurate.

7.2 Comparison of preconditioners

For all subsequent experiments and unless stated otherwise, we generate 100,000 samples
from a zero-mean Gaussian process with five-dimensional inputs and an ARD Gaussian
covariance function with length scale parameters A = (0.15,0.30,0.45, 0.60,0.75).

In the following, we analyze the accuracy and runtimes of the iterative methods for
non-Gaussian likelihoods introduced in Section 4. First, we compare the VIFDU and FITC
preconditioners introduced in Section 4.3 with respect to the runtime and accuracy of log-
likelihood approximations for a binary likelihood. In Figure 4, we report the wall-clock
times and the RMSE between log-marginal likelihoods computed using iterative methods
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Figure 3: Comparison of the VIF, FITC, and Vecchia approximations and an exact GP
model (without an approximation) for varying smoothness parameters of an ARD
Matérn kernel for d = 10 (1/2-Matérn, 3/2-Matérn, 5/2-Matérn, and co-Matérn
= Gaussian kernel). The plots show the RMSE (log-scale), log-score (LS), and
CRPS (log-scale) (mean + 2 standard errors).

and those computed using a Cholesky decomposition for three different VIF approximations
with different numbers of inducing points m and Vecchia neighbors m,. The figure also
shows the runtime for the calculations based on a Cholesky decomposition. The marginal
likelihood is evaluated at the data-generating parameters and repeated 100 times. Overall,
both preconditioners lead to very accurate approximations. For instance, a log-marginal
likelihood difference in 10 corresponds to a relative error of approximately 10~%. However,
we find that the FITC preconditioner consistently outperforms the VIFDU preconditioner,
having both faster runtimes and more accurate log-marginal likelihood approximations.
Moreover, the iterative methods are substantially faster than traditional Cholesky-based
computations with a speed-up of approximately three orders of magnitude for both precon-
ditioners. Note that both preconditioners yield unbiased stochastic log-likelihood approxi-
mations (results not shown).

The accuracy and runtimes of the iterative methods depend on the CG convergence
tolerance § and the number of sample vectors ¢ for the SLQ method. Table 6 in Appendix 7
reports the accuracy and runtimes for different tolerances § € {0.0001,0.001,0.01,0.1,1}
and numbers of sample vectors ¢ € {10,50,100}. The results show that decreasing § be-
low 0.01 yields negligible improvements in accuracy while increasing computational cost,
indicating that § = 0.01 provides a good balance between accuracy and efficiency. In con-
trast, the number of sample vectors ¢ has a more pronounced impact on the accuracy of
SLQ-approximated log-determinants than the CG tolerance.

The FITC preconditioner has one tuning parameter, the number of inducing points,
which governs a trade-off between computational efficiency and the accuracy of the SLQ
approximation. To analyze this parameter, we compute the log-marginal likelihood using
varying numbers of inducing points, k& € {10, 50, 100, 200, 300, 400, 500}. In Figure 15 in
Appendix 7, we report the runtime and the log-marginal likelihood compared to exact
Cholesky-based calculations for three different VIF approximations. Our analysis shows
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Figure 4: Accuracy-runtime comparison of preconditioners: RMSE between log-marginal
likelihoods computed using iterative methods and those computed using a
Cholesky decomposition versus runtime for the VIFDU and FITC preconditioners
and varying numbers of sample vectors ¢ (annotated in the plot). A binary like-
lihood, n = 100,000 samples, and three different VIF approximations are used.

that the FITC preconditioner overall yields the fastest runtime for k& = 200. Note that
the experiments in this and the next section are conducted on only one simulated data set,
since we do not want to mix sampling variability and randomness of the methods that are
analyzed. However, the results do not change when using other samples (results not shown).

7.3 Predictive variances

Next, we compare the two simulation- and iterative-methods-based approaches introduced
in Section 4.2 for calculating predictive variances, namely Algorithm 1 (SBPV) and Algo-
rithm 2 (SPV). Both algorithms are run twice with the VIFDU and the FITC precondi-
tioners. We use simulated data with n = n, = 100,000 training and test points, a binary
likelihood for the response variable, and predictive distributions are calculated using the
true data-generating covariance parameters. To measure the accuracy of the methods, we
compute the RMSE of the simulation-based predictive variances relative to the “exact”
Cholesky-based results. In addition, we measure the total runtime, which includes comput-
ing the mode, the latent predictive means, and the latent predictive variances. Figure 5
shows the RMSE as a function of the wall-clock time for varying numbers of random vec-
tors £. We find that all algorithms yield very accurate predictive variances already for small
runtimes. Furthermore, the results show that the SBPV algorithm is more accurate than
the SPV algorithm, and that the FITC preconditioner consistently leads to lower runtimes
compared to the VIFDU preconditioner.

7.4 Runtime analysis of VIF approximations

In the following, we analyze how the runtime of a VIF approximation scales with the sample
size, and how it depends on the two tuning parameters of a VIF approximation: the number
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Figure 5: Accuracy-runtime comparison of simulation- and iterative-methods-based predic-
tive variances (SBPV and SPV algorithms with the FITC and VIFDU precondi-
tioners): RMSE between predictive variances computed using simulation-based
methods and those computed using a Cholesky decomposition versus runtime for
a binary likelihood. The number of random vectors ¢ is annotated in the plot.

of inducing points m and the number of Vecchia neighbors m,. Specifically, we vary each
of the three quantities m, m,, and n in turn while keeping the others fixed at m = 200,
m, = 30, and n = 100,000. We consider both a Gaussian and a Bernoulli likelihood, and
we additionally compare VIF approximations to the FITC and Vecchia approximations.
For the Bernoulli likelihood, we apply the VIF approximations using our proposed iterative
methods with the FITC and VIFDU preconditioners. Similarly, the standalone Vecchia
approximation uses iterative methods with the Vecchia approximation with diagonal update
(VADU) preconditioner (Kiindig and Sigrist, 2025). Figure 6 illustrates the runtime for
evaluating the log-marginal likelihood for Gaussian and Bernoulli likelihoods for different
approximation parameter values m € {10, 20, 50, 100, 200, 500}, m,, € {5, 10, 15,20, 30,50},
and sample sizes n € {10,000, 20,000, 30,000, 50,000, 80,000, 100,000}. As expected, the
runtime increases with the sample size n, the number of inducing points m, and the number
of Vecchia neighbors m, for both likelihoods. For the non-Gaussian likelihood, we find
that the FITC preconditioner consistently outperforms the VIFDU preconditioner across
all parameter settings. Notably, the VIF approximation with the FITC preconditioner has
similar runtimes as the Vecchia approximation.
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Figure 6: Time (s) for computing the marginal likelihood with VIF, FITC, and Vecchia
approximations for varying sample sizes n, numbers of inducing points m, and
numbers of Vecchia neighbors m, for both a Gaussian (top row) and a non-
Gaussian likelihood (bottom row).

For the experiments presented in Figure 6, we exclude the time required to determine
the m, Vecchia neighbors, as these are not necessarily recomputed for each log-likelihood
evaluation in the optimization process. Figure 7 illustrates the runtime for constructing the
cover tree and identifying the m, nearest neighbors with respect to the correlation distance
for varying sample sizes, feature dimensions d € {2, 5, 10, 20, 50, 100}, numbers of inducing
points, and number of Vecchia neighbors. We again vary each of these quantities in turn
while keeping the others fixed at m = 200, m, = 30, n = 100,000, and d = 5. These results
show that the runtime primarily depends on the sample size n and the input dimension
d. The runtime scales approximately linearly with the number of inducing points, which is
expected, as computing the correlation distance requires O(m) operations. The number of
Vecchia neighbors m, has only a minor impact on the overall runtime.

In Figure 16 in Appendix 7, we additionally analyze the runtime required to compute the
predictive means and variances for Gaussian and Bernoulli likelihoods, respectively, for dif-
ferent approximation parameters, sample sizes, number of prediction points, and comparing
VIF, FITC, and Vecchia approximations. For the VIF approximation and the non-Gaussian
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Figure 7: Time (s) for constructing the cover tree and finding the m, nearest neighbors with
respect to the correlation distance for varying sample sizes n, input dimensions
d, numbers of inducing points m, and numbers of Vecchia neighbors m,,.

likelihood, iterative methods are employed with the FITC and VIFDU preconditioners. As
the results show, the FITC preconditioner consistently outperforms the VIFDU precondi-
tioner across all parameter settings and even surpasses the Vecchia approximation with the
VADU preconditioner in terms of runtime.

8. Real-world data experiments

In the following, we apply our proposed methods to multiple real-world data sets comparing
the VIF approximation to the following state-of-the-art GP approximations: sparse Gaus-
sian process regression (SGPR) (Titsias, 2009), stochastic variational Gaussian processes
(SVGP) (Hensman et al., 2013, 2015), scalable kernel interpolation for product kernels
(SKIP) (Gardner et al., 2018b), and double-Kullback-Leibler-optimal Gaussian process ap-
proximation (DKLGP) (Cao et al., 2023). SGPR and SVGP are both variational low-rank
inducing-point approximations which differ in the way the evidence lower bound (ELBO)
is maximized. SKIP, an extension of structured kernel interpolation (SKI) (Wilson and
Nickisch, 2015), is an inducing points-based approximation that relies on local kernel inter-
polation, the fast Fourier transform (FFT), and iterative methods. DKLGP uses a sparse
inverse Cholesky factor approximation whose parameters are trained in a variational frame-
work. In other words, DKLGP is a variational form of a Vecchia approximation.

We use GPyTorch (Gardner et al., 2018a) version 1.13, for SKIP, SGPR, and SVGP.
For DKLGP, we use the implementation of Cao et al. (2023) available in the repository
https://github.com /katzfuss-group/DKL-GP. Furthermore, for SKIP, SGPR, SVGP, and
DKLGP, training is done using the ADAM optimizer, following the recommendations of
Gardner et al. (2018a) and Cao et al. (2023). For SVGP, the inducing points are optimized
jointly with the variational parameters, and for SGPR, the inducing points are chosen
by random subsampling from the training data. Unless otherwise specified, a 3/2-Matérn
ARD kernel is used. For the non-Gaussian data sets, we employ the VIF approximation with
iterative methods and the same settings as in the simulated experiments; see the beginning of
Section 7. We use 5-fold cross-validation to assess the prediction accuracy. All data sets and
code to reproduce our experiments are available on https://github.com/TimGyger/VIF.
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8.1 Data sets

We consider a variety of data sets from the UCI and OpenML repositories, which are widely
used for benchmarking GP approximations in the machine learning literature, as well as
additional spatial data sets. Appropriate likelihoods are selected based on the characteristics
of each data set; see below for the specific choices. We follow Cao et al. (2023) and apply
the following pre-processing steps. First, the input features are transformed to the interval
[0,1] based on the training data. Second, input features with a standard deviation below
0.01 after standardization are excluded from the analysis to prevent numerical issues for
some of the methods. For the same reason, input features with a standard deviation below
0.1 are additionally excluded for the binary classification data sets. Third, the data sets are
filtered to ensure a minimum Euclidean distance |[s; — s;|| of 0.001 between any two data
points, retaining only the first point in cases where multiple points are too close, to prevent
numerical singularities for some methods. With the exception of the 3dRoad data set, this
procedure has a negligible impact on the sample size. For the data sets modeled using a
Gaussian likelihood, the response variable is normalized based on the training data sets to
have zero mean and unit variance for better comparability across different data sets.

8.2 Results

We first present the results for the Gaussian likelihood in Table 1. Entries marked as
NA indicate numerical problems (SKIP did not converge and yields predictions that are
very inaccurate). Additionally, we illustrate the log-score (LS) results in Figure 8 (left
plot). We find that the VIF approximation consistently outperforms all other methods
in terms of all accuracy measures across all data sets. Furthermore, for data sets with
low input dimensions (‘3dRoad’, ‘Protein’, ‘Kin40K’), we observe that the inducing point
methods SKIP, SGPR, and SVGP are very inaccurate, and the variational Vecchia approx-
imation DKLGP is more accurate compared to these inducing point-based methods. The
situation is reversed for the higher-dimensional data sets (‘(KEGGU’, ‘KEGG’, ‘Elevators’,
‘Ailerons’), where the best inducing-points approximation, SVGP, is more accurate than
the variational Vecchia approximation DKLGP. These findings are in line with the results
from the simulated experiments in Section 7.1, where we found that Vecchia approximations
are accurate for low-dimensional inputs but less accurate for higher dimensions. The VIF
approximation achieves the highest prediction accuracy for all data sets with both low and
higher-dimensional inputs as it combines low-rank inducing points and residual process Vec-
chia approximations. Concerning computational time, we find that the VIF approximation
is, overall, faster than all other approximations.

Next, we present the results for the binary data sets in Table 2 reporting the area under
the receiver operating characteristic curve (AUC), the root mean squared error (RMSE),
which in this case corresponds to the square root of the Brier score, the accuracy (ACC),
and the log-score (LS). Figure 8 (right plot) additionally visualizes the log-score (LS) for all
data sets modeled using non-Gaussian likelihoods. The differences in prediction accuracy
among all approximations are very small for the binary classification data sets. The likely
explanation for this is that binary response variable data provide less information compared
to continuous and count data response variables. Furthermore, the VIF approximation has
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Data Accuracy mVI:FSO SKIP SGPR SVGP DKLGP
measure N m = 1000 m = 1000 m = 1000 p=15
m = 200
3dRoad RMSE 0.145 £ 0.002 [0.603 4 0.010| 0.734 4 0.014 | 0.550 & 0.008 |0.255 + 0.004
n — 434.874 CRPS 0.068 £ 0.002 [0.294 4 0.014|0.402 &£ 0.008 | 0.297 £ 0.004 |0.121 4 0.002
d— ?’) LS -0.625 + 0.010 |2.371 + 0.022|1.114 + 0.020 | 0.825 =+ 0.006 |0.009 £ 0.004
Time 376 s 1861 s 759 s 966 s 890 s
KEGGU RMSE 0.094 £ 0.008 NA 0.117 4 0.024 |0.094 + 0.004|0.146 £ 0.014
n — 63.608 CRPS 0.030 £ 0.002 convergence 0.068 £ 0.008 | 0.034 £ 0.002 |0.054 £ 0.002
d— 2’6 LS -1.081 + 0.072 (oS -0.441 + 0.081| -0.955 + 0.042 |-0.845 + 0.038
Time 738 s 502 s 617 s 1362 s
KEGG RMSE 0.100 £ 0.010 [0.672 4 0.166| 0.699 & 0.170|0.103 & 0.004|0.142 + 0.008
n — 48.827 CRPS 0.041 £ 0.004 [0.407 4 0.086|0.450 £ 0.088 | 0.048 £ 0.002 |0.067 & 0.002
d— 1’8 LS -1.082 + 0.070 |1.158 + 0.134|1.194 + 0.144 | -0.893 + 0.024 |-0.593 + 0.040
Time 383 s 1202 s 863 s 951 s 1858 s
Elevators RMSE 0.355 £+ 0.004 NA 0.692 £+ 0.224 | 0.373 £ 0.008 |0.418 £ 0.006
" — 16.599 CRPS 0.196 £ 0.004 convergence 0.458 £ 0.202 | 0.205 £ 0.004 |0.230 =+ 0.004
d— 1’7 LS 0.388 & 0.012 SsUes 2.045 £ 1.534 | 0.435 £ 0.020 |0.907 £ 0.054
Time 711 s 520 s 1195 s 2583 s
Protein RMSE 0.516 £ 0.006 [0.831 4 0.008| 0.822 4 0.048 | 0.729 + 0.006 |0.621 + 0.006
" — 45.730 CRPS 0.259 £ 0.002 [0.610 4 0.008|0.467 & 0.028 | 0.411 £ 0.004 |0.327 4 0.006
d :,8 LS 0.667 £+ 0.016 [6.310 &+ 0.216|1.234 £ 0.058 | 1.105 £ 0.008 | 0.900 =+ 0.052
Time 547 s 1807 s 676 s 1309 s 1531 s
Kind0K RMSE 0.114 £ 0.002 [1.401 4 0.024|0.321 &£ 0.008 | 0.175 £ 0.004 | 0.284 4 0.002
n — 40.000 CRPS 0.059 £ 0.002 [0.862 4 0.020| 0.271 4+ 0.010| 0.099 + 0.002 |0.151 + 0.002
d :78 LS -0.808 + 0.012 [3.192 & 0.034|0.131 & 0.008 | -0.230 4= 0.012 | 0.082 & 0.008
Time 333 s 1328 s 947 s 1179 s 2732 s
Ailerons RMSE 0.399 + 0.019 NA 0.428 4+ 0.062 |0.386 £ 0.015|0.424 4+ 0.028
n = 13.750 CRPS 0.208 £ 0.008 convergence 0.238 4 0.043 |0.208 + 0.003|0.230 £ 0.009
d— ?’)3 LS 0.436 £+ 0.030 issues 0.676 &+ 0.251 |0.459 + 0.017|0.642 £ 0.068
Time 528 s 209 s 510 s 1918 s

Table 1: RMSE, CRPS, log-score (LS) (mean =+ 2 standard errors), and runtime in seconds
(s) for the regression data sets modeled using a Gaussian likelihood. The score of
the best-performing method is shown in bold. If the mean score of another method
lies within two standard errors of the best mean, it is also in bold.

a faster runtime than the most accurate inducing points method (SVGP) and the variational
Vecchia approximation DKLGP.

In Table 3, we present the results for data sets modeled using Poisson, Student-t, and
Gamma likelihoods. Specifically, the House data set is modeled with a Student-t likelihood,
the Bike data set with a Poisson likelihood, and the Power and WaterVapor (WV) data
sets with a Gamma likelihood. The current implementation of DKLGP by Cao et al.
(2023) available on https://github.com /katzfuss-group/DKL-GP/ does not support Poisson
or Gamma likelihoods. The NA entry indicates that SGPR crashed. We find that the VIF
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Figure 8: Log-score (LS) with error bars (mean + 2 standard errors) for the data sets
modeled with a Gaussian (left plot) and non-Gaussian likelihoods (right plot).

approximation consistently outperforms all other methods in prediction accuracy across
all data sets. The strong performance of the VIF-Laplace approximation compared to the
variational benchmark methods is likely due to its more accurate covariance approximation.
Concerning computational time, the VIF approximation has a similar runtime as SVGP for
two data sets (‘Power’, ‘WaterVapor’), but it is slower on the two other data sets (‘Bike’,
‘House’).

In Tables 8 and 9 in Appendix 7, we additionally report results comparing the VIF
approximation to classical Vecchia and FITC approximations. Overall, the VIF approxi-
mation is more accurate than both Vecchia and FITC approximations. The Vecchia ap-
proximation also yields competitive prediction accuracy, often approaching that of the VIF
approximation. However, the VIF approximation achieves higher accuracy than the Vecchia
approximations on multiple data sets such as the ‘Kind0K’, ‘Elevators’, and ‘Ailerons’ data
sets.

8.3 Matérn kernel smoothness selection and non-zero mean functions

Assuming a fixed value for the smoothness parameter v of the Matérn covariance function
and a zero prior mean function F(-) = 0 might result in misspecified models. In the follow-
ing, we analyze these two issues. We first extend our comparison of VIF approximations
for the regression tasks with Gaussian and non-Gaussian likelihoods from the previous sec-
tion by additionally estimating the shape (or smoothness) parameter v of the Matérn ARD
kernel, rather than assuming a fixed v = 3/2 Matérn ARD kernel. This approach enables
model selection within the Matérn kernel family. Note that estimating the smoothness pa-
rameter is possible for VIF approximations implemented in the GPBoost library but not
for the other approximations implemented in GPyTorch. The results are shown in Figure
9 (left plot) for the log-score and in more detail in Table 7 in Appendix 7. We find that
estimating v improves the prediction accuracy across nearly all data sets, but the differences
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Accuracy VIF SGPR SVGP DKLGP
Data m, = 30
measure m = 1000 m = 1000 p=15
m = 200
AUC |0.806 + 0.008|0.800 =+ 0.006 | 0.804 =+ 0.008 [0.789 4 0.006
Bank RMSE [0.284 + 0.004|0.286 £ 0.004 | 0.284 + 0.002 |0.292 =+ 0.004
n=45211| ACC |0.895 + 0.002|0.896 + 0.002|0.896 + 0.002 |0.892 £ 0.004
d=16 LS 0.035 £ 0.016| 0.048 & 0.012 | 0.040 £ 0.014 |0.754 4 0.094
Time 1643 s 1270 s 2603 s 5012 s
AUC |0.880 + 0.008|0.887 + 0.007 | 0.883 + 0.006 [0.869 £ 0.004
Adult RMSE [0.336 + 0.006|0.332 £ 0.004 | 0.335 + 0.004 |0.342 £ 0.004
n = 48,842 ACC |0.838 + 0.006|0.840 + 0.007 | 0.835 + 0.006 |0.833 £ 0.004
d=14 LS 0.003 + 0.012{-0.023 £ 0.104(-0.040 + 0.062(0.844 + 0.048
Time 2854 s 1561 s 5661 s 2815 s
AUC 0.768 4 0.006 | 0.767 4+ 0.006 |0.773 £ 0.004 [0.752 4+ 0.004
Credit RMSE [0.378 &+ 0.004|0.379 =+ 0.004 | 0.377 + 0.004 |0.385 £ 0.004
n = 30,0000 ACC |0.808 *+ 0.006|0.808 + 0.006 | 0.809 + 0.006 |0.799 =+ 0.006
d=22 LS 0.407 £ 0.012|0.413 £ 0.012|0.402 + 0.012 [0.996 £ 0.070
Time 1161 s 1235 s 2786 s 2816 s
AUC |0.920 £ 0.004| 0.902 £ 0.006 | 0.915 £ 0.004 [0.900 4 0.004
MAGIC | RMSE |0.316 &+ 0.004| 0.334 + 0.004 | 0.321 4 0.004 |0.340 + 0.004
n =19,020) ACC |0.866 = 0.006| 0.850 & 0.006 |0.860 + 0.006 |0.842 + 0.004
d=9 LS 0.006 + 0.022| 0.144 4+ 0.072 0.166 £ 0.352 [0.374 £ 0.030
Time 236 s 437 s 663 s 459 s

Table 2: AUC, RMSE (Brier score), ACC, LS (mean + 2 standard errors), and runtime in
seconds (s) for the binary classification data sets. Bold indicates the best mean;
other means are in bold if within two standard errors.

are relatively small for most data sets except for the ‘3dRoad’, ‘Kin40K’, ‘House’, ‘Power’,
and ‘Ailerons’ data sets, for which estimated v’s yield substantially higher accuracy. In
addition, estimating the smoothness parameter increases the runtime due to the additional
evaluations of Bessel functions.

Next, we extend the GP model (1) by allowing for non-zero prior mean (fixed effects)
functions F(-). Specifically, we consider a linear regression function F(z) = T3 as well
as a function that is modeled using tree-boosting (Sigrist, 2022a,b). The latter is denoted
as ‘GPBoost model’ in the following. In both cases, we use the GP input variables s as
covariates ® for the mean function, i.e., s = x. In addition, we use a VIF approximation
and a 3/2-Matérn kernel. The results are shown in Figure 9 (right plot) for the log-score
and in more detail in Table 10 in Appendix 7. We find that while the GPBoost model yields
slightly more accurate predictions in terms of the log-score for some data sets (‘Elevators’,
‘Protein’, ‘Kind0K’), all three models have overall similar prediction accuracy measures
except for the linear model on the ‘KEGGU’ data set.
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Accuracy VIF SGPR SVGP DKLGP
Data my = 30
measure m = 1000 m = 1000 p=15
m = 200
Bike RMSE |38.904 + 1.332 42.256 + 0.850
n =17,379 CRPS |17.162 + 0.454 NA 20.746 £ 0.194 not
d=12 LS 4.676 + 0.030 crashed 7.130 £ 0.208 | implemented
(Poisson) Time 1534 s 817 s
House RMSE | 0.214 £+ 0.008 |0.271 + 0.004| 0.258 + 0.002 |0.267 + 0.004
n = 20,640 CRPS | 0.103 + 0.002 |0.259 + 0.002| 0.137 + 0.002 |0.144 + 0.002
d=38 LS 0.092 £ 0.076 |0.942 + 0.002|0.067 £ 0.012|0.523 £ 0.058
(Student-t) Time 1932 s 349 s 568 s 525 s
Power RMSE | 0.218 £ 0.002 [0.826 + 0.456| 0.567 + 0.030
n = 52417 CRPS | 0.121 + 0.001 |0.837 4+ 0.090| 0.787 £ 0.006 not
d=5 LS -0.084 + 0.010(2.142 + 0.088| 2.096 & 0.004 |implemented
(Gamma) Time 5035 s 1597 s 4063 s
WaterVapor| RMSE | 0.102 4 0.001 [0.423 + 0.002| 0.424 + 0.004
n = 100,000 CRPS | 0.056 &+ 0.001 [0.293 4 0.001| 0.294 =+ 0.002 not
d=2 LS -0.728 £ 0.022(0.941 + 0.001| 0.943 + 0.004 | implemented
(Gamma) Time 3975 s 2027 s 4747 s

Table 3: RMSE, CRPS, log-score (LS) (mean + 2 standard errors), and runtime in seconds
(s) for the regression data sets modeled using non-Gaussian likelihoods. Bold
indicates the best mean; other means are in bold if within two standard errors.

Smoothness estimated Non-zero mean function
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Figure 9: Log-score (LS) with error bars (mean + 2 standard errors) when estimating the
smoothness parameter for the regression data sets (left plot) and when using non-
zero prior mean functions (right plot).
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9. Conclusion

In this work, we introduce Vecchia-inducing-points full-scale (VIF) approximations, a novel
approach that leverages the complementary strengths of global inducing points and local
Vecchia approximations to enhance the scalability and accuracy of Gaussian processes. We
develop an efficient correlation-based neighbor selection strategy for the residual process us-
ing a modified cover tree algorithm, and we introduce iterative methods and preconditioners
for VIF-Laplace approximation for non-Gaussian likelihoods, significantly reducing compu-
tational costs by several orders of magnitude compared to Cholesky-based computations.
Our theoretical analysis provides insights into the convergence properties of the precon-
ditioned conjugate gradient method. We systematically evaluate our methods concerning
both runtime and accuracy through extensive numerical experiments on simulated and real-
world data sets. We find that VIF approximations consistently outperform state-of-the-art
alternatives in both accuracy and computational efficiency across various real-world data
sets. Future research can analyze alternative methods for choosing both inducing points
and Vecchia neighbors in VIF approximations, e.g., using a variational framework.
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Appendix
Appendix A. Gradients of the residual process Vecchia approximation

The gradients of B and D defined in Section 2.1 with respect to the covariance parameters
0 are given by

0B OXiN () T wo19%mNG) az;rm‘ -1
<89>iN(i)__< 9o TmTm g T g m mNO

+ (Zint) — ZmiZn Zav) (Ene) — Zmv B Zmva)

' (az;];(i) = v T 8255 Q- 625? 9 2 SN
+ ZﬁN(nE%laasz Zfszv(i)) (Eve) = Zmn s Zm Smv)
887{0) = 3(;21 SR a?ém - 8?}@ D) YR Erfmﬁgfa{%m D S
- 68121' (Zi = 2= i)
~ A (aa%- - S a?g‘" - a?gﬂ S S + 23“»2”116;;"2;2,”2-)

and cost also O(n - (m3 +m2 - m)).

Appendix B. VIF and Laplace Approximation
Log-determinant:
log det(X;W + I,,) = log det(X;) + log det(W + ET_I)
= log det(M) — log det(%,,) — logdet(BT D' B) + log det(W + E]Tl)
= log det(M) — log det(X,,) — logdet(D™1)
+logdet(W + BTD'B-B'D'Bx! M~'s,,B"D'B)
= log det(M) — log det(X,,) — logdet(D™1)
+log det(W + BT*D™'B) — log det(M) + log det (M)
= —logdet(X,,) — logdet(D™!) + logdet(W + BT D! B)
+ log det (Ml),
where M1 = M - %,,,B"D'B(W + B'"D"'B)"'B"D'B3] .
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Linear solves:
W+ ) =Wl W +s) 'S, =W ' (W '+ B'DB T +%,,%.1%,,)"'%;
=wH{(w'+B'DBT)!
- w1+ B 'DB )2l M;'®,,, W'+ B 'DB ")),
=W YB'D'B(W +B'D'B)"'W
-B'"D'BWW+B'D'B)"'wx! M:;'s,.B"D'B
-(W+B'D'B)"'W)x;,
where My = %, + X, (W + B'DBT)"'2T and M3 =%,,+%,,,BT D 'B(W +
BTD'B)"'wx! .

Gradients:
The gradients with respect to 8 and £ are given by
OLVIFLA(y, 0, €) ZEBT(?ZT_IB N 10logdet (X4W + I,)
00y, 27 00y 2 90y,
. <8LV1FLA(y,0,£)>T 075
db 0y’
ALVIFLA(y 0, €) _ Ologp(y | b",§) N 10logdet (W + 1)

8& 8& 2 afl
. (aLLA<y,e,s>>T 0b

k=1,...,q,

—, 1=1,...,r
ob 7]
where
OLVIFLA(y 0,€) 10logdet (Z:W +1,,) 1
S = =Ty B'D'B
8[)*(8@) 2 Bb*(sz) 2 ((W + )

n % Tr (M;lzmnBTD*B(W +B™D B!
FYl%
(s W BTD’lB)*lBTD’lBZE,J,

R,
1ab*‘gi)>

ob
OF;

—1
. (W + 2;1) W.=-W(B'D'B(W + B'D'B)"'W
-B'"D'BW+B"D'B)"'wx!
-M3;'S,,,B"D'B(W + B"D'B)"'W)%; W,

ot

—1 ~
- (W + 2;1) aeT b=-w ' (B"D'B(W + B"D"'B)"'W
k

-B'D'B(W+B'D'B)"'wx!l

o _
06,

82;1
=00y,

-M3'%,,,B"D'B(W + B'D'B)"'W)x b,
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ob

_1 92 *
& d&,0b
=w ' (B"D'BW +B"D'B)"'W -B"D'B(W +B'D'B)"'wWx]
2 *
- M3'%,.BTD'B(W + BTD_lB)_lw)ETa logp(y | b,€)
0¢,0b
dlogdet (W +1,,)  9(logdet(Sy) +logdet(W + 7)) 9(logdet(W + =)
ob* (s;) - ob*(s;) B ob*(s;)
oW
=T B™D'B)!
(W ) 8b*(si))
+Tr (Ml—lzmnBTDﬂB(W +B™D'B)!
oW
: B'D'B)"'B"D'Bx! i=1,...
8()*(81) (W + ) mn) ¢ ? Py
Ologdet (3:W + 1) _10%,, _10M, _,0D
= —Tr (2122 4+ T (M Tr (D 1=
00, (maek)+ (M aek)+ ' aek)
TpH—1
+Tr ((W + BTpleﬂM) k=1,....q,
0y

Ologdet (3:W +1I,)
9

191%%
_ —1\—-1 _
_Tr<(W+ZT ) agl) I=1,...,r

Appendix C. Predictive (co-)variances
C.1 Gaussian
¥ =B,'D,B," + B,'B,(B"D'B) 'B} B, + £, %,.' S,
— (B, Bn — By ' Byo(B' D' B) ) I (B, 5, S,
- (B'D'B)'B,,B,")
=B,'D,B;" +%}, ¥, -2}, sls,,B'"D7 B! vUs,,,
+ 30, 20 By, B, T+ B, BpoX,, 5, T, + B, ' BpoX), M S,,B B, "
- B,'B,x,, M 'S,,,B"D'Bx} 515,
-3, 20 2B D' B, M 'S, B}, B, "
+30,, 50 S B D' B, M~'S,,,B"D !B 315,
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C.2 Non-Gaussian
Q,=B,'D,B," + B,'B,(B"D"'B)"'B,,B, " + %, %, S,
— (B, B Znn — B, 'Bpo(B'D'B) ) (B - = (W + =D s
(Zhn ) S, — (B'D'B)'B},B, ")
Y B,'D,B," +B,'B,(B'D'B)'BLB, " + 3], ¥.'S,.,,
— (2, Zn Zmn — B, 'Byo(B'D'B) ) (W + 2 (21,5, Sn,
- (B'D'B)'B),B,")
=B,'D,B," + B,'B,(B'D"'B) 'B,,B," +%,,, %, S/,
— (Zpn, Zn Zmn — B, ' Byo(BTD'B) 1)
(wt+B'DBT)™!
-wl'+B'DB ") 's! M'S,, W+ B 'DB 1))
(2 S, — (BTD'B)'B), B, ")

=B,'D,B," + B,'B,(B'"D"'B) 'B,,B, " + %, %, S,

- (231”?2;”12”1" - szlBPO(BTDilB)il)(Wfl + BilDBfT)i1

_ PN _ (23)
(ZhnZn B, — (B'D'B)'B, B, ")
+ (B, Zmn — By, 'Bypo(B'D'B) )
wt+B'DB ) 'yl M;'S,,. W '+B'DBT)™! (24)
(Zhn ' B, — (B'D'B)'B, B, 1),

where in (1) we used the Sherman-Woodbury-Morrison formula. We compute the terms in
(23) and (24) separately:
(20, Zm Zmn — B, 'Byo(B"D'B) ) (W' + B"'DB ")
(58,55, - (BTDB)BLE,T)
(_—) (ErTnnprnlxmn _ B;pro(BTD’lB)*l)
-(BTD_lB _ BTD_lB(W + BTD—IB)—IBTD—lB)
.(ggmz%lzmnp _ (BTD_IB)_IBEOBI;T)
= B,'B,(B'D"'B)"'B,,B," +%,, %,'%,,B'D"'B%,, % 'S,
—B,'BpoX .50 T, — 2 T B By, By
-B,,B,"(W+B"D'B)"'B,,B,"
-2 2B D' B(W + B'D™'B)"'B'D™'BY, %, 1%,
+2), 2 S B"D'B(W + B'D'B)'B,,B, "
+B,,B,"W+B"D'B)"'B"D'BX], % 'S,

mn=—m
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where in (1) we used again the Sherman-Woodbury-Morrison formula.
(Zhn, B Zmn — B, 'Bpo(B'D'B) ™)
(W lyB DB 12T M;'s,,. W l'+B DB T)!
(2 S, — (B'D'B)'B} B, ")
2 (2L, 5,18 — B, 'Byo(B"D'B)Y)
B"D'B(W +BTD'B)"'w-'x!l My, Wl (W+B"D'B)"'B"D'B
(2 En S, — (B'D'B)'B} B, ")
=B,'B,(W+B'D'B)"'W's] M;'S,,,W ' (W+B'D'B)"'B, ,B,"
30, B S
B'D'B(wW +B'D'B)"'w~!s! M'®,,.,W W4+ B'D'B)"'B'"D'B
DL e SN
—-B,'B,(W+B'D'B)"'W 'y} M;'S,, W
(W+B'"D'B)'B"D'Bx] » 1%,
-2, . 2B D' BW + B'D'B)"'W 'y M'S,, W
(W+B'"D'B)"'B},B, ",
where in (2) we used that (W' 4+ B DB )" =W (W +B'D'B)"'B'D'B =
BTD'B(W + B'D!B)"'W ™. Finally, we obtain:
Q,=B,'D,B," +%,, 5%, -, 5.'%,,B' DB, 5%,
+ B, ' BpoX ), 0 B, + Z B0 B By, By
+B,,B,"(W+B'D'B)"'B,,B,"
+30, 5. 2 B' D' BW + B'D'B)"'B'D'B%,,, %, 'S,
-3, En S B'DT'B(W + B'D'B)"'B, B, "
-B,,B,"(W+B"D'B)'B"D'B%] %, 'S,

—~

mn m
+B,'B,(W+B'D'B)"'W's! M;'S,,,W ' (W+B"D'B)"'B,,B,"
+ 32 S0 T

-B'D'B(W +B'D'B)"'w sl M;'s,,Ww!
-W+BTD'B)"'B"D'B

LN Y) >

—B,'B,(W+B"D'B)"'W's] M;'®,,,W!
-(W+B'D'B)"'B"D'Bx] ¥ 1%,

-3, E0n ZmB' D' B(W + B'D'B) "W s M 'S, W
T -1 —1pRT pRp-T
-(W+B'D'B)"'B},B,".
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While Algorithms 1 and 2 produce estimators based on sampled realizations, the fol-
lowing proofs are formulated in terms of the underlying random vectors z;.

Proof [Proof of Proposition 3| By standard results, in Algorithm 1, the only non-deterministic
term 1/¢ Zle zl@)(zl@))T is an unbiased and consistent estimator for (23%27_”127% -
B,'B,(BTD'B) )5 (27 + W) 'S (2], 2, S, — (BTDTIB)'BL B, ),
and the claim in Proposition 3 thus follows. |

Proof [Proof of Proposition 4] By standard results, in Algorithm 2, the only non-deterministic
term 1/¢3°0 2 o (ST 55,15, — B, 'Byo(BTD'B) ") S (W + =71 71w
(ZE ) Emn, — (BTDle)_lBgoB;T)zm is an unbiased and consistent estimate of

1

diag (27, B! Zmn — B, 'Bpo(B'D'B) )= (W + oY) isct (21 8008, -

mn—m

(BTD_lB)’lB;FOBgT), and the claim in Proposition 4 thus follows. |

Appendix D. Derivations of SLQ-approximated log-determinants and
stochastic trace estimation for gradients

The stochastic Lanczos quadrature (SLQ) method can be derived as follows:
logdet (W +1,,) = logdet (X) + logdet (W + X )

= logdet (X}) + log det (P_%(W + i_l)P_%) + log det(P)

~ logdet (2;) + KZzTP 2Q log( )QiTP_%zi—Hogdet(P)

~ logdet (2;) + Z el log i)e1 + log det(P),

where éz € R™* has orthonormal columns, T; € RF*k s the tridiagonal matrix of the
partial Lanczos tridiagonalization éz’_ﬁéf ~ P2 (W—i—i; 1)P_% obtained by running the
Lanczos algorithm for k steps with P_%(W + ’EVIT_I)P_% and initial vector P_%zi/\f ~
P_%ZZ'/HP_%ZiHQ, and z; ~ N (0, P). Alternatively, we have
log det (ETW + In) = log det (W) + log det (W_1 + ZNJT) = log det (W)
+ log det (W_1 + f]T)

~ log det ( g Zel log i)e1 + log det(P),

~ ~ ~ ~T
where T; € R¥*F is the tridiagonal matrix of the partial Lanczos tridiagonalization Q,T;Q; ~
P (W_l—i—ET)P_% obtained by running the Lanczos algorithm for k steps with P (W—y
ET)P_% and initial vector P_%Zi/HP_%ZZ’”Q, and z; ~ N (0, P).

40



VECCHIA-INDUCING-POINTS FULL-SCALE APPROXIMATIONS FOR GAUSSIAN PROCESSES

Furthermore, the stochastic trace estimation for gradients can be computed as follows:

oW + =71 oW +x:h
—1y-1 T _ —1y-1 ] -1, T
T (W + 7)== = T (V4 577 = e v (P22 )
l
1 e, W
%ZZ(z?(W—FET 1) 1)(86*(8') ' 1)
i=1 v
= feb*(si) 1=1,...,p,
oW +3hHy 1 oW +3x:h
—1y—1 T ~ T —1y—1 -1
Tr (W + =77 5 >N€;(zl(w+zf) ) (g P =)
:Tfek k:]‘J 7Q7
W+ )\ 1<, ¢ L OW
((W+2 ) 5 ) giZI(zl(WjLzT) ) (g, P'=)
—ffl l=1,...,r
or e.g.
. LW 4 3y) oW '+3y)
Tr (W 4 37 R i ) ~ ez W+ =) (F—5 =)

:Tfk k=1,...,q
Further, we can reduce the variance of this stochastic estimate by using the preconditioner
P to build a control variate, e.g.,

Tr((w+2;1) W) zi( (W +3:)" )(Wp—lzi)
- é;,t (X P7Y) (:;ZP_lzz)) 4 eopy - T (P—lg;Z),
B s (R ) < T) () (8P 5) -1 (P 5E)
o = |
” £ (e ) (o)
Or,
(ot 2B S () (A B
—eopt'(zfpl)(g';:P 125)) + o - T (P 125;)
S () (AR ) 1) (TP (82 P - T (P 22))
o =

3 |:(ziTP71) (%P’lzi) —Tr (PilgTP;)r

i=1
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Appendix E. Additional information on the preconditioners
E.1 VIF with diagonal update (VIFDU) preconditioner

The “VIF with diagonal update” (VIFDU) preconditioner is given by
P=B"WB+3;'=B"(W+D'-D'Bx] ,M's,,B"D)B.

Linear solves with P

~—1

P w=

B (W+D Y '+wW+D Y 'D!'BE! M;'S,,B"D (W +D ') )B Tw,
where w € R” and M3 = M — %,,,B'D Y (W + D )"'D !BXT = are computed in
O(n - (my 4+ m)) when Msj is precomputed in O(n - (m, - m +m?)). We can compute the
log-determinant and its derivatives using Sylvester’s determinant theorem

log et (P) = logdet (B"(W + D™' - D™'B¥], , M~'%,,,B'D™")B)
=logdet( W+ D' -D'B] M '%,,BTD™")
= log det (W + D_l) — log det (M) + log det (Mg)

L0
1 ab*Zﬁ )

Tr (ﬁ_lab{iii)> =Tr ((W + D™

] 4Ty (MglzmnBTD—l(W + D 1)? 85*‘?;) (W + D—l)—lp—legn)
Tr (ﬁ_lgé:;) =Tr ((W + D1)1W> —Tr (Mlaa]‘;f> + Tr (Mgla(;\;j)
Tr (13“32) —Tv ((W + D—l)—la({g>
Ty (Mglz:mnBTD—l(W + D 1)! %?;(W + D—l)—lp—leﬁ,J

in O(n - (my-m+m?)).

E.2 FITC preconditioner

The FITC preconditioner is given by
P =diag(X - 2L, 218 + Wl L 3oy, = Dy + 35 20y,

where Dy = diag(2 — Z,2,18y,) + W1 € R, By = [e(3:,8))],_4 1y € RPF
is a covariance matrix and X, = [co(éi, sj)]izlzkd.:lm € RF*" a cross-covariance matrix
with respect to the set of inducing points S = {81,...,8x}. This formulation allows for

flexibility in selecting inducing points, enabling the use of a different or larger set of inducing
points than those employed in the VIF. Such flexibility can lead to a more effective precon-
ditioner compared to relying solely on the inducing points defined by the VIF structure.
The construction of the FITC preconditioner requires O(n - k%) operations and linear solves
P 'w = Dj'w — Dy'ST, My Sy, Dy lw, where w € R™ and My = 5y + 54, Dy 'ST
are computed in O(n - k) when My is precomputed in O(n - k?). We can compute the
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log-determinant and its derivatives using Sylvester’s determinant theorem
log det (13) = log det (DV) — log det (Ek) + log det (Mv)

T (P %ﬁg @-)) " <DV1%) +Tr (lezknpvlmpvlzgn)
Ty (1312;2) = Tr (D! 8;;:) ~ Ty (2;1%?:) +Tr (M aggkv)
T (ﬁ‘“éZ) —Tr (D;la‘(;vgll) +Tr (M;lzknD;lagV&lD;lz;fn)

in O(n - k?). Sampling from a normal distribution with mean 0 and covariance P can be
done by using the reparameterization trick described in Gardner et al. (2018a, Appendix
C.1). If €; is a standard normal vector in R and €, is a standard normal vector in R"”,

1 _1
then the expression (D‘2/€2 + ZEnEk 261) is a sample from N (0, Dy + EEREEIZM). The
computational complexity of this procedure is O(n - k).

Appendix F. Convergence analysis of the preconditioned CG method

Lemma 7 Error bound for Vecchia approximation of X — E%RE;LIEmn
Under Assumptions 1-5, let (BTD_lB)_1 be a Vecchia approximation with m, neigh-
bors for -1 -1 where SE SCLS L ds the rank-m approzimation of a covariance

matrixz 3 with eigenvalues A1 > ... > Ay, > 0 as described in Section 2.1. Then, the following
inequality holds

I(B"D™'B) |2 < (- Ay1 - )",
where o > 1 is a constant.

Proof
Since BT D! B is symmetric positive definite, its singular values coincide with its eigen-

values. Therefore, for the spectral norm,

1 1
BTD B! — _ ’
H( ) HQ )\min(BTDilB) Umin(BTDilB)
where Apin and oy denote the smallest eigenvalue and smallest singular value, respectively.
Furthermore, we apply the lower bound for the smallest singular value of a matrix

A € R™" as established by Shun (2021); Yi-Sheng and Dun-He (1997)
"1 > (n—1)/2

A% 7

where || - || is the Frobenius-norm. Applying this bound, we obtain

n—1)/2
HBTD‘lB!%>( !/

Tmin(A) > |det A - (

1
omin(BTD™B)

n—1

< |det(BTD™'B)7|. (

_ (n=1)/2
|IB"D"'B|3,
n—1 '

~ |det(D)| - (
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By Katzfuss and Guinness (2021), we know that, for some constant ag > 1, the matrix

BTD™!'B contains at most ag - n - m2 non-zero elements and therefore, we obtain

(n—1)/2 _
Tp-11R(2 2 (R1)/2
det(DD)]- (\BD_lBIIF> < |4et(D) - <W>

n n

1 \(n—1)/2
n— 1)
< af -|det(D)|-m™ el =af - |det(D)| - m”

v

<o - |det(D)| - m" 1. (1+

where a1 = o - (max; j—1,..n [BTDle]Z.J.)2 and ag = a1 - e1/™. Furthermore, we have by
Sun et al. (2015)
|det(D)| < (max;=1, _n |Di|)™ < (maxiz1,.n [Zi — Dy o Somi|)”
< (s~ 20,20 000))" < 08 - Asa(Z — S < 0f - Al

mn m
where a3 > 1 is a constant, $m ¢ R™" ig the best rank-m approximation of 3 given
by the m-truncated eigenvalue decomposition (see the Eckart-Young-Mirsky theorem for
the spectral norm (Eckart and Young, 1936)), and Apyax the largest eigenvalue. Hence, we
obtain
I(BTD™'B) ||y < af - |det(D)|- m! < (@ Apt1 - m)",
where o« = ag - 3. |

Lemma 8 Bound for the Condition Number of 13_1(2;1 +W)

Let 3t € R™" be a VIF approzimation with m inducing points and m, Vecchia neigh-
bors of a covariance matriz X € R™ " where X has eigenvalues A1 > ... > A, > 0. Further-
more, let P € R™" be the VIFDU preconditioner for ET_I + W. Under Assumptions 1-3,

the condition number K(ﬁ_l(ET_l + W)) is bounded by

5(13_1(27_1 + W)) < (1 +a"- ()\1 + (M1 - mv)n) ' (\/ﬁ My + maX(W))>27

where o > 1 is a constant.
Proof We use the identity
~—1 _ ~—1 _ _ R
’i(P (Efl‘FW))ZHP (2T1+W)|‘2'||(2T1+W) IPHZa
For E = P — (' + W), we obtain

~—1 _ ~—1 _ _ 15
(P (BT W) =P (ST W) (37 + W) P2
~—1 ~ _ . _
=P (P=-B)l- [I(Z"+W) (S + W)+ E)|l2

~—1 _ _
=l =P Ell2-||In+ (Z7" + W) E||2.
Applying Cauchy-Schwarz and the triangle inequality, we have

~—1 . ~—1 — —
R(P (W) < (L+(IP - lIEl) - (L4 (ST + W) 2 - [|Ell2).
Furthermore, we obtain
_ _ 1 1 1
IS+ W) e = < < = |1%+]]2

Omin(Z5 + W) T omin(E11) + min(W) ~ omin(S1)
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and

~-1 1 1 1
1Pz =

1 T < 1 T < )
amin(ZT + B WB) O'min(ZT ) + Omin(B* W B) O’min(ET )

= [1Z]l2-
Therefore, we obtain

~—1 _ 2 2
(P (ST + W) < (1+[[Zl2- [|Bll2)" = (1+[IZt]]2- | B'WB — W|s)

—

< (1+(IZ4ll2 - (||B*W B||5 + max(W)))?
2

L+ ||Zt2 - (|| BYW B||p + max(W)))

2

< 1+||2T||2'<a1-ﬁ-mv+max<w>>)

2
14+ |1ZE 28+ (BTD'B) Y|y (g - vV -y + max(W)))

L+ (1800 5 Sanal 2 + [(B' DT B) ]2

I
TN TN N

2
ag - y/n - mv+max(W))>

(
<1 12|z + (a2 A1 - my)" ) : (al-\/ﬁ-mv+max(W))>2
<1 + >\1 + (a2 - Ay - my)" ) : (041 -V my, + max(W)))

2
< (140" (A + (o - m)") - (Vi1 my + max(W) )
where, in the fourth inequality, we again invoke the result of Katzfuss and Guinness (2021),
which guarantees the existence of a constant ag > 1 such that the matrix BTW !B con-
tains at most ag-n-m2 non-zero entries. This implies a3 = /g mMax; j—1,..n HBTWB]M‘.
Furthermore, in the sixth inequality we apply Lemma 7 with some constant as > 1. Finally,
1/n 1/n

the constant o > 1 is chosen such that o = max(«o;"", a2, 07" - a2).
|

Proof [Proof of Theorem 5] By using a well-known CG convergence result (Trefethen and
Bau, 2022), which bounds the error in terms of the conditioning number, and Lemma 8, we
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obtain

Hu* — uk”z;lJrW

Ve@ = W) - 1>k

[u* — u0‘|z;1+w

1+a™- ()\1 + (A1 - mv)”) . (\/ﬁ my, + maX(W)) -1 g
L+am- (M + Amg1 - mo)?) - (Vi - my + max(W)) + 1

o™ - (A1 + (A1 - my)"™) - (V- my + max(W)

k
=2. (a”~ (A1 + st - me)) - (/- my + max(W)) + 2)

1

1+ (Oz” . ()\1 + (A1 - mv)n) . (\/ﬁ “ My, + maX(W)))_l
|

Lemma 9 Bound for the Condition Number of 1371(2T + w1
Let 3¢ € R™™ be a VIF approximation with m inducing points and m, Vecchia neigh-
bors of a covariance matriz X € R™ "™, where X has eigenvalues \y > ... > A\, > 0.
Furthermore, let P € R™™" be the FITC preconditioner for Xy + WL with the same set
of inducing points as those used for ;. Under Assumptions 1-5, the condition number
ﬂ(IAD_l(ET + W) is bounded by
~ 2

1
(P (S + W) < (14 max(W) - (@ A1 -ma)")
where o > 1 is a constant.
Proof For E= (Z;+ W) - P, we obtain
~—1 _ ~—1 _ —Ihn—179
P (S +W ) =P (S +W )l [[(S1+ W )P
~—1 ~ T _
=[P (P+E)|}2- (B + W H (B + W) - E)|s

~—1
=|In+P Ellz [|In— (Zt + W) E||2.
Applying Cauchy-Schwarz and the triangle inequality, we have
~_1 B ~—1 -
KPP (Zi+W ) < (LH|IP [l [[Bll2) - (L+[[(Z+ W H 72 [|Ell2)-

Furthermore, we obtain
1 1 1

S+ W)l = < < = max(W
103 )7l Cin(Bi + W) = Gin(Sp) + min(W 1) ~ min(W 1) )
and

. 1 1

1P {2 = Ty SHE TS in(W~!

O‘min(DI + z:mnzm Yo+ W ) Gmin(DI + Emnzm zm”) + mln(W )
1
< —— = w )
~ min(W1) max(W)
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where D; = diag(X — 2} »-1%,

)-
R(P (S + W) < (14 max(W) - [|Bl|2)" = (1 + max(W) - [|(BTD™'B) ™" — Dy|a)*
)-1IB" D7 B) 7 ),)?

Therefore, we obtain

< (1 + max(W

< (1 + max(W) - (o Adppg1 - mv)n)27

where we used Lemma 7 with a constant v > 1. [ |

Proof [Proof of Theorem 6] By proceeding analogue to the proof of Theorem 5 and by
using Lemma 9, we obtain

k
o el (RPTE W) -
o —al[g, Ly \/ (P (ET LW+
<9 1+ max(W) - (a- Appg1 -my)" — 1 K
- 1+ max(W) - (a- Apg1 - my)? + 1
g, max (o Apg1 - my)" g
N max( (@ A1 - my)"™ + 2
1 k
<2- .
- <1 +max(W)~1- (a- Apg1 - my) ™ ")

7. Additional results

Vecchia|FITC |VIF Vecchia|FITC |VIF
d=2 |[4 13 24 Ja=2 106 {07 0.9
ofd =5 |8 38 39 Sld=5 |07 |08 |12
‘Eld =10 |[16 91 86 Bd=10 (0.7 |09 |14
'Bld =20 |35 272|244 Bld=20 10 1.3 |16
Bla—50 (120 |1081 |11 gld=50 1.3 [1.8 |20
d=100/(396  |3179 |2840 d=100/1.6 |22 |24

Table 4: Average runtimes in seconds for the experiments reported in Figure 2 in Section
7.1
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Figure 10: RMSE, log-score (LS), and CRPS (mean =+ 2 standard errors) for VIF (m, = 30
& m = 200), FITC (m = 200), and Vecchia (m, = 60) approximation for varying
dimensions d using a 3/2-Matérn kernel.
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10 ']
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+ VIF (m/m,=5) « VIF (m/m,=10) « FITC * Vecchia

Figure 11: RMSE, log-score (LS), and CRPS (mean) versus runtime (training + predic-
tion) in seconds (s) for VIF, FITC, and Vecchia approximations across varying
numbers of inducing points m € {50, 100, 150, 200, 250, 300, 500, 1000} and Vec-
chia neighbors m, € {10,20,30,50,100}. For VIF, two parameter ratios are
illustrated: *t =5 (solid) and ;7= = 10 (dashed). Experiments are conducted
with input dimension d = 10 using a Matérn-3/2 kernel, and the corresponding

values of m and m, are annotated in the figure.
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Figure 12: RMSE, log-score (LS), and CRPS (mean) versus runtime (training + predic-
tion) in seconds (s) for VIF, FITC, and Vecchia approximations across varying
numbers of inducing points m € {50, 100, 150, 200, 250, 300, 500, 1000} and Vec-
chia neighbors m, € {10,20,30,50,100}. For VIF, two parameter ratios are
illustrated: 7t =5 (solid) and ;7= = 10 (dashed). Experiments are conducted
with input dimension d = 100 using a Matérn-3/2 kernel, and the corresponding
values of m and m, are annotated in the figure.
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Figure 13: RMSE (log-scale), log-score (LS), and CRPS (log-scale) (mean + 2 standard
errors) for VIF (m, = 30 & m = 200), FITC (m = 200), and Vecchia (m, = 30)
approximations for 1/2-Matérn, 3/2-Matérn, 5/2-Matérn, and Gaussian (oo-
Matérn) ARD kernels when d = 2.
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Figures 2, 3, and 13 Figure 14

Kernel: ||1/2-Matern 3/2-Matern 5/2-Matern Gaussian 3/2-Matern

d=2 (0.07,0.30)T (0.10,0.22)T (0.12,0.21)T (0.13,0.19)T (0.20,0.36)T
d=5 (0.13,0.473, ..., 1.5)" (0.23,0.41, ...,0.96)T
d =10 1(0.15,0.389,...,2.3)T((0.25,0.467, ...,2.2)T|(0.27,0.473, ...,2.1)T|(0.28,0.471, ..., 2.0)T || (0.24,0.43,...,1.96)T
d=20 (0.50,0.763, ...,5.5)" (0.25,0.45, ...,4.00)T
d =50 (0.55,0.661, ...,6.0)T (0.25,0.45, ...,10.16) T
d =100 (0.60,0.665, ...,7.0)T (0.25,0.46, ...,20.45)™

Table 5: Length scale parameters A used in Figures 2, 3, 13, and 14 for various dimensions

d and kernels (“...” means linearly interpolated).
0.13 1 I t { ‘ i
N 1 {I ¥ g oor 1 {I
0 0.12- | ¢ -0.7 . Y .
= E 4 : x 1
x ; ; x
0.11- 08
. . 0061
i g g
0.10-
2 5 10 20 50 100 2 5 10 20 50 100 2 5 10 20 50 100

Dimensions (d)
VIF = FITC - Vecchia

Figure 14: RMSE, log-score (LS), and CRPS (mean =+ 2 standard errors) for VIF (m, = 30
& m = 200), FITC (m = 200), and Vecchia (m, = 30) approximations for
various dimensions d using an error variance of 0.01 and length scale parameters
chosen such that the covariance remains approximately equal (to the one of a
Gaussian kernel with length scales A = (0.35, 0.4, 0.45,0.5,0.55)T) at the average
distance among two randomly chosen points.
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m = 200 & m, = 30 m =50 & m, = 50 m =500 & m, = 10

[ TTTTHRY T RNy TTTERS

40 Cholesky: 18765 s Cholesky: 19278 s Cholesky: 18977 s

Difference to Cholesky
°

Time (s)

10 50 100 200 300 400 500 10 50 100 200 300 400 500 10 50 100 200 300 400 500
Number of inducing points (k)

Figure 15: Log-marginal likelihood differences relative to Cholesky-based computations and
runtime of the FITC preconditioner for varying numbers of inducing points k
for three different VIF approximations using £ = 50 sample vectors.

Preconditioner CG convergence £ =10 £ =50 £ =100
tolerance (4)

=1 8.813 (10 s) 3.456 (16 s) 2.626 (20 s)

6=0.1 8.792 (16 s) 3.410 (20 s) 2.610 (23 s)

FITC |5 =0.01 8.723 (19 s) 3.380 (23 s) 2.602 (26 s)
§ = 0.001 8.723 (33 s) 3.389 (38 s) 2.600 (41 s)

6 = 0.0001 8.723 (40 s) 3.389 (46 s) 2.600 (49 s)

=1 12.295 (22 s) 5.301 (40 s) 4.887 (72 s)

6=0.1 12.269 (24 s) 5.263 (45 s) 4.849 (76 s)

VIFDU |5 =0.01 12.234 (27 s) 5.218 (48 s) 4.804 (80 s)
§ = 0.001 12.234 (31 s) 5.217 (52 s) 4.803 (85 s)

6 = 0.0001 12.233 (35 s) 5.217 (56 s) 4.803 (89 s)

Table 6: Accuracy-runtime comparison of preconditioners: RMSE between log-marginal
likelihoods computed using iterative methods and those computed using a
Cholesky decomposition and runtime for the VIFDU and FITC preconditioners
and varying numbers of sample vectors ¢ € {10, 50, 100} and CG convergence tol-
erances d € {0.0001,0.001,0.01,0.1,1}. We used a binary likelihood, n = 100,000
samples, and a VIF approximation with m = 200 & m, = 30.
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Accuracy VIF Accuracy VIF
Data measure My = 30 Data measure My = 30
m = 200 m = 200
RMSE |0.145 + 0.002|0.143 & 0.002 RMSE 0.114 4+ 0.002 | 0.111 £ 0.002
3dRoad CRPS |0.068 + 0.002|0.067 4 0.002 Kin40K CRPS 0.059 £ 0.002 | 0.055 4 0.002
n = 434,874 LS -0.625 4 0.010 |-0.746 £ 0.006|| n = 40,000 LS -0.808 4 0.012 |-0.885 + 0.024
d=3 v 1.5 0.696 £+ 0.004 d=28 v 1.5 7.426 + 0.842
Time 376 s 865 s Time 333 s 1009 s
RMSE |0.094 + 0.008|0.097 4+ 0.002 Bike RMSE |38.904 + 1.332(|39.065 + 1.346
KEGGU CRPS |0.030 + 0.002|0.028 & 0.002 —17.379 CRPS |17.162 & 0.454|17.477 + 0.381
n = 63,608 LS -1.081 + 0.072}-1.113 4 0.056 " ;_ 1’2 LS 4.676 + 0.030 | 4.672 £+ 0.030
d =26 v 1.5 2.137 + 0.950 (Poi_sson) v 1.5 0.959 + 0.026
Time 738 s 1214 s Time 1534 s 2017 s
RMSE |0.100 + 0.010|0.104 & 0.012 House RMSE 0.214 £ 0.008 | 0.203 + 0.006
KEGG CRPS |0.041 + 0.004 |0.040 & 0.002 — 20.640 CRPS 0.103 4+ 0.002 | 0.099 + 0.003
n = 48,827 LS -1.082 + 0.070/-1.106 + 0.034 " _d _’8 LS 0.092 4+ 0.076 |-0.184 =+ 0.009
d=18 v 1.5 2.769 £ 0.622 (Stud_ent—t) v 1.5 0.469 4+ 0.023
Time 383 s 687 s Time 1932 s 3021 s
RMSE |0.355 + 0.004|0.351 4 0.004 Power RMSE 0.218 £ 0.002 | 0.201 4 0.002
Elevators CRPS |0.196 + 0.004|0.194 4 0.002 — 59417 CRPS 0.121 4 0.001 | 0.111 £ 0.001
n = 16,599 LS 0.388 + 0.012|0.389 + 0.006 " d5*75 LS -0.084 £+ 0.010 |-0.140 & 0.008
d=17 v 1.5 0.912 £+ 0.218 (Gar:lma) v 1.5 0.240 + 0.018
Time 711's 935 s Time 5035 s 4452 s
RMSE 0.516 4+ 0.006 |0.499 + 0.006 Water- RMSE | 0.102 &+ 0.001 | 0.101 + 0.001
Protein CRPS 0.259 £ 0.002 |0.250 + 0.002 Vapor CRPS | 0.056 & 0.001 | 0.055 + 0.001
n = 45,730 LS 0.667 4+ 0.016 [0.627 £ 0.014| n = 100,000 LS -0.728 + 0.022| -0.699 + 0.020
d=238 v 1.5 0.567 £ 0.022 d=2 v 1.5 0.383 £ 0.005
Time 547 s 835 s (Gamma) Time 3975 s 5084 s
RMSE | 0.399 &+ 0.019 |0.377 = 0.007
Ailerons CRPS 0.208 4+ 0.008 |0.200 + 0.003
n = 13,750 LS 0.436 £+ 0.030 |0.375 + 0.014
d=33 v 1.5 0.674 £+ 0.033
Time 528 s 602 s

Table 7: RMSE, CRPS, log-score (LS), v (mean + 2 standard errors) and runtime in sec-
onds (s) for a fixed 3/2-Matérn kernel (left columns) and Matérn kernel with the
smoothness parameter estimated (right columns). Bold indicates the best mean;
other means are in bold if within two standard errors.
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Performance VIF Vecchia FITC
Data my = 30
Measure my = 30 m = 200
m = 200
3dRoad RMSE 0.145 + 0.002 0.145 + 0.001 0.554 + 0.006
n — 434,874 CRPS 0.068 + 0.002 0.068 + 0.002 0.300 £ 0.003
d :é LS -0.625 £+ 0.010 -0.625 + 0.010 0.831 £+ 0.011
Time 376 s 45 s 144 s
KEGGU RMSE 0.094 + 0.008 0.093 + 0.006 0.120 + 0.023
n — 63.608 CRPS 0.030 + 0.002 0.030 + 0.001 0.046 + 0.019
d— éG LS -1.081 £ 0.072 -1.060 *+ 0.063 -1.052 £ 0.123
Time 738 s 233 s 628 s
RMSE 0.100 + 0.010 0.102 + 0.005
nIiF;ng? CRPS 0.041 + 0.004 0.042 + 0.001 Convljrzence
d— 1’8 LS -1.082 4+ 0.070 -1.050 + 0.021 issues
Time 383 s 60 s
Elevators RMSE 0.355 + 0.004 0.382 + 0.009 0.453 £+ 0.011
n = 16.599 CRPS 0.196 + 0.004 0.215 + 0.004 0.248 + 0.012
d— 1’7 LS 0.388 + 0.012 0.431 £+ 0.017 0.542 + 0.028
Time 711 s 37 s 347 s
Protein RMSE 0.516 + 0.006 0.517 £ 0.006 0.720 £+ 0.004
n = 45.730 CRPS 0.259 + 0.002 0.259 + 0.003 0.402 + 0.002
d :’8 LS 0.667 + 0.016 0.670 + 0.017 1.085 £ 0.005
Time 547 s 64 s 392 s
Kind0K RMSE 0.114 + 0.002 0.140 +£ 0.002 0.422 + 0.004
n — 40.000 CRPS 0.059 + 0.002 0.076 £+ 0.001 0.232 + 0.002
d :’8 LS -0.808 £+ 0.012 -0.552 £ 0.011 0.523 £+ 0.010
Time 333 s 153 s 852 s
Ailerons RMSE 0.399 + 0.019 0.429 + 0.016 0.879 + 0.240
n = 13.750 CRPS 0.208 + 0.008 0.218 £+ 0.004 0.478 £+ 0.131
d— :;3 LS 0.436 + 0.030 0.472 + 0.026 1.228 £+ 0.381
Time 528 s 108 s 259 s
Bike RMSE 38.904 + 1.332 38.768 + 1.096 NA
n = 17,379 CRPS 17.162 £+ 0.454 17.073 £+ 0.390
d=12 LS 4.676 % 0.030 4.686 + 0.029 convergence
(Poisson) Time 1534 s 1296 s 1ssues
House RMSE 0.214 + 0.008 0.213 + 0.007 0.292 + 0.014
n = 20,640 CRPS 0.103 + 0.002 0.102 + 0.002 0.159 £ 0.008
d=38 LS 0.092 + 0.076 0.081 + 0.074 0.395 + 0.124
(Student-t) Time 1932 s 2205 s 1052 s
Power RMSE 0.218 + 0.002 0.218 + 0.003 NA
n = 52,417 CRPS 0.121 + 0.001 0.122 + 0.002
d=5 LS -0.084 + 0.010 -0.086 + 0.009 convergence
(Gamma) Time 5035 s 4806 s 1ssues
‘WaterVapor RMSE 0.102 + 0.001 0.102 + 0.001 0.636 £+ 0.011
n = 100,000 CRPS 0.056 + 0.001 0.056 + 0.001 0.525 + 0.009
d=2 LS -0.728 4+ 0.022 -0.728 £+ 0.021 0.123 £ 0.007
(Gamma) Time 3975 s 2696 s 716 s

Table 8: RMSE, CRPS, log-score (LS) (mean + 2 standard errors), and runtime in seconds
(s) for the regression data sets. Bold indicates the best mean; other means are in

bold if within two standard errors.
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Performance VIF Vecchia FITC
Data m, = 30
Measure my, = 30 m = 200
m = 200
AUC 0.806 £ 0.008 | 0.800 & 0.007 | 0.724 + 0.010
Bank RMSE 0.284 &+ 0.004 | 0.282 £+ 0.005 0.340 £ 0.009
n = 45,211 ACC 0.895 + 0.002 | 0.898 4+ 0.003 0.801 £ 0.009
d=16 LS 0.035 £ 0.016 | 0.040 &+ 0.011 | 0.067 &+ 0.019
Time 1643 s 798 s 692 s
AUC 0.880 + 0.008 | 0.888 + 0.009
Adult RMSE 0.336 £ 0.006 | 0.329 & 0.007 NA
n = 48,842 ACC 0.838 4 0.006 | 0.843 + 0.006 convergence
d=14 LS 0.003 + 0.012 |-0.007 &+ 0.012 issues
Time 2854 s 805 s
AUC 0.768 £ 0.006 | 0.770 & 0.007 | 0.772 &+ 0.005
Credit RMSE 0.378 £ 0.004 | 0.378 &+ 0.005 | 0.378 + 0.005
n = 30,000 ACC 0.808 £ 0.006 | 0.807 & 0.006 | 0.807 + 0.007
d=22 LS 0.407 £+ 0.012 | 0.402 & 0.013 | 0.400 + 0.014
Time 1161 s 518 s 378 s
AUC 0.920 + 0.004 | 0.918 &+ 0.005 0.895 £ 0.008
MAGIC RMSE 0.316 + 0.004 | 0.313 4 0.005 0.329 + 0.008
n = 19,020 ACC 0.866 £ 0.006 | 0.871 & 0.006 | 0.830 & 0.009
d=29 LS 0.006 £+ 0.022 | 0.012 &+ 0.025 0.092 £ 0.032
Time 236 s 170 s 113 s

Table 9: AUC, RMSE (Brier score), ACC, LS (mean + 2 standard errors), and runtime in
seconds (s) for the binary classification data sets. Bold indicates the best mean;

other means are in bold if within two standard errors.
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Accuracy Linear regression

Data meastTe Pure VIF-GP 1 VIF.GP VIF-GPBoost
3dRoad RMSE 0.145 + 0.002 | 0.145 4 0.002 | 0.145 + 0.002
n = 434,874 CRPS 0.068 + 0.002 | 0.068 + 0.001 | 0.068 & 0.001
d=3 LS -0.625 + 0.010| -0.626 + 0.010 |-0.629 4 0.011
KEGGU RMSE 0.094 + 0.008 0.131 £+ 0.009 0.098 + 0.009
n = 63,608 CRPS 0.030 + 0.002 0.041 £ 0.002 0.032 + 0.001
d=26 LS -1.081 + 0.072 1.357 + 1.138 -1.075 + 0.068
KEGG RMSE 0.100 £ 0.010 0.118 £+ 0.020 0.099 + 0.009
n = 48,827 CRPS 0.041 + 0.004 | 0.045 £+ 0.001 | 0.043 + 0.002
d=18 LS -1.082 + 0.070| -0.979 £+ 0.037 |-1.079 £ 0.068
Elevators RMSE 0.355 £+ 0.004 0.359 £ 0.005 0.347 + 0.004
n = 16,599 CRPS 0.196 + 0.004 | 0.199 4+ 0.005 | 0.196 + 0.003
d=17 LS 0.388 £+ 0.012 0.398 £+ 0.014 0.378 &+ 0.008
Protein RMSE 0.516 + 0.006 | 0.512 £ 0.007 | 0.513 £ 0.006
n = 45,730 CRPS 0.259 + 0.002 | 0.256 & 0.003 | 0.256 + 0.003
d=38 LS 0.667 + 0.016 0.649 £ 0.017 | 0.653 £+ 0.019
Kin40K RMSE 0.114 £+ 0.002 0.115 £ 0.002 0.112 4+ 0.002
n = 40,000 CRPS 0.059 £+ 0.002 0.059 £+ 0.001 0.057 4+ 0.001
d=38 LS -0.808 £+ 0.012 -0.807 £+ 0.013 -0.877 + 0.014
Ailerons RMSE 0.399 + 0.019 | 0.401 4+ 0.017 | 0.385 + 0.016
n = 13,750 CRPS 0.208 + 0.008 | 0.209 £ 0.007 | 0.205 + 0.005
d=33 LS 0.436 + 0.030 | 0.438 4+ 0.026 | 0.422 + 0.022

Table 10: RMSE, CRPS, log-score (LS) (mean £ 2 standard errors) when using non-zero
prior mean functions (linear and tree-boosting). Bold indicates the best mean;

other means are in bold if within two standard errors.
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Figure 16: Time (s) for computing predictive distributions with VIF, FITC, and Vecchia
approximations on simulated data for varying sample sizes n, numbers of induc-
ing points m, and numbers of Vecchia neighbors m,,.
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