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Abstract

We study the problem of learning multivariate dependencies in nonparametric and high-
dimensional settings. This includes but is not limited to graphical models. Our approach
effectively combines several features that are missing from previous work on this problem:
We show how the entire dependence structure can be learned nonparametrically while si-
multaneously evading the curse of dimensionality and relaxing common assumptions such
as faithfulness. To this end, we introduce and study the neighbourhood lattice decompo-
sition of a distribution, which is a compact, non-graphical representation of conditional
independence (CI) that is valid in the absence of a faithful graphical representation. We
show that the neighbourhood lattice decomposition exists in any graphical model and can
be computed efficiently, nonparametrically, and consistently in high-dimensions without
paying the usual curse of dimensionality. This gives a way to learn all of the indepen-
dence relations implied by any graphical model, without requiring a priori knowledge of
the graph or even the graph type. As a special case, our results provide a general solution
to the problem of nonparametric estimation of high-dimensional CI structures over any
graphical model.

Keywords: conditional independence, graphical models, neighbourhood regression, Markov
boundaries and blankets, compositional graphoids

1. Introduction

We consider the problem of learning general dependence structures in high-dimensional and
nonparametric models. Classical special cases of this problem include support recovery
in regression (i.e. learning a Markov boundary), structure learning in graphical models,
and estimating causal effects from observational studies. Knowledge of the (in)dependence
structure of a system can be leveraged to perform efficient inference, to represent and
manipulate distributions in memory, to express causal relationships, to design experiments
and select interventions, among many other fundamental tasks (Wainwright and Jordan,
2008; Pearl, 2009; Spirtes et al., 2000; Koller and Friedman, 2009; Lauritzen, 1996).
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Representing independence structures via graphical models has been exploited with
great success: Graphical models such as Markov random fields (MRFs) and Bayesian net-
works (BNs) allow for tractable inference and structure learning in special cases. However,
these models face inherent limitations. It is well-known that even arbitrarily complex graph-
ical models cannot represent all possible independence structures (Studeny, 2006; Sadeghi,
2017). As a consequence, graphical models suffer from an intrinsic model misspecification
issue: We must know in advance the type of graphical model to use (e.g., BNs, MRFs, or
more exotic variants), and even then, the chosen type might not be capable of faithfully
representing the true underlying dependencies.

Motivated by these limitations, this paper introduces the neighbourhood lattice, a novel
approach to learn dependence structures that simultaneously addresses several challenges.
Our framework allows us to learn the CI structure of any graphical model (e.g., MRFs,
BNs, chain graphs, etc.) without suffering the curse of dimensionality and without prior
knowledge of its specific type or assuming faithfulness. More powerfully, it extends to CI
structures that cannot be represented by any graph at all. The key to this generality is a non-
graphical representation of CI that, as we will demonstrate, remains computationally and
statistically tractable even in high-dimensional, nonparametric settings. To build intuition
for this general concept, let us first explore its core idea in a familiar context.

1.1 The Neighbourhood Lattice: An Intuitive Introduction via Regression

To grasp the core idea behind our approach, consider a familiar setting: Understanding
which covariates explain a response variable in linear regression. Let X = (X1,..., Xy) be
a random vector. Our goal is to understand the dependencies between the components of X.
To this end, identify X; as Y (the response) and X_j as Z = (Z1,..., Z4—1) (the covariates).
If we regress Y on all covariates Z, we obtain a set of coefficients, some of which may be
zero. The non-zero coefficients identify an active set m; C Z, meaning Y 1l Z; | Z,,, for
any i ¢ m1.> This my is the Markov boundary of Y relative to Z. The remaining Markov
blankets of Y satisfy Y 1L Z; | Zy for any i ¢ U, and there is always a largest Markov
blanket Mj, i.e. the largest superset of m; within Z such that Y 1L Z; | Zyy, for i ¢ U.

A typical regression analysis assesses this local CI relation. However, what if we vary
the set of covariates? For example, what if we exclude a variable from mq or even the entire
set my and try to explain Y with the remaining variables? Or, is there another subset of
Z, perhaps of similar size to m1, that also renders the rest of Z irrelevant for explaining
Y? Each time we do this, we learn more about the CI structure, however, answering
these questions typically requires re-running the regression for each new candidate subset
of covariates Sy C Z, yielding new active sets m, and maximal sets M.

Our key insight is that one does not need to perform all these regressions. There is
significant overlap. Using set interval notation,

[me, My) :={U C X_j: my CU C M},

any subset U in this interval will have the same explanatory power for Y as m,. Remark-
ably, the collection of distinct intervals [my, My forms a partition of the power set 2%,

1. This is always true when X is Gaussian with nonsingular covariance, however, our main results apply
to general, non-Gaussian distributions. Extending this beyond regression and Gaussianity is a key
motivation, discussed in the next subsection.
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This partition, which we call the neighbourhood lattice decomposition for node j, directly
represents all local CI relations of the form Y 1l B | C for all choices of B,C C Z. As we
will show, this simple idea, when generalized beyond regression and Gaussianity, provides
a powerful, non-graphical way to represent and learn all conditional independencies in a
distribution, even those that cannot be captured by any graphical model.

1.2 A Key Implication: Circumventing the Curse of Dimensionality

One powerful consequence of this neighbourhood lattice approach is the ability to learn
these complex CI structures nonparametrically in high dimensions without succumbing to
the curse of dimensionality. To illustrate, consider the challenge of evaluating a CI rela-
tion like X7 1l X5 | X34 in a general d-dimensional distribution. This is comparable to
estimating the regression function E[X; | Xs.4], a task notoriously hampered by the curse
of dimensionality: For an s-smooth regression function, the minimax Lo estimation rate is
n~5/(2s+d) which degrades rapidly with d.

The neighbourhood lattice offers a path to overcome this. Instead of suffering the curse
of dimensionality, the effective dimension for nonparametric estimation of the CI structure
is a sparsity parameter t instead of the ambient dimension d. We will establish results of
the following informal nature:

Theorem 1 (Informal) Lett € [d] and a,s > 0. Assume that (X1,...,X4) has a distri-
bution v > 0 supported on a bounded set, with a CI structure that is (a) a compositional
graphoid (a general property satisfied by any graphical model, see Section 2, Lemma 2), (b)
a-separated of order t (a signal strength condition), and (c) t-sparse (meaning its Markov
boundaries are of size at most t). Moreover, for any |S| < t assume that the regression
functions E[X; | Xg| are s-Hélder smooth. Then, assuming (2 —€)s >t for some positive

e, if

Q2 > 7,L—2s/(2s+1t)_'_ﬂogd7 (1)
n
then all the CI relationships in v can be correctly identified from a sample of size n, with

high probability.

This result (formalized in Theorem 16) demonstrates that the effective dimension for non-
parametric estimation becomes a sparsity parameter ¢, not the ambient dimension d. This
allows consistent CI discovery even when d >> n, including for CI relations with condi-
tioning sets much larger than ¢, paying only a logarithmic factor in d and the curse of
dimensionality in ¢. Thus, the neighbourhood lattice provides a general solution to non-
parametric estimation of high-dimensional CI structures, opening fruitful avenues for future
investigation.

1.3 Our Contributions
To achieve these goals, this paper develops the following:

1. Representing CI structures via the neighbourhood lattice (Section 3). We detail the
construction and elementary properties of the neighbourhood lattice (Theorem 5) and
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the resulting neighbourhood lattice decomposition (Definition 9). This decomposition
represents the entire CI structure of any distribution v that satisfies certain general
axioms (specifically, the composition and intersection axioms of graphoids, which
encompasses graphical models like MRF's and BNs, as well as non-graphical structures,
often without requiring faithfulness assumptions; see Section 2). Any CI relation
implied by v can be easily checked using the neighbourhood lattice (Corollaries 7-8).

2. Estimation and computation (Section 4). We propose practical algorithms to learn the
neighbourhood lattice (Algorithms 1-2)—and hence the entire CI structure—and an-
alyze their computational complexity (Theorem 12). Open-source code implementing
the main algorithms is available at https://github.com/aaamini/nblat/.

3. Consistency and finite-sample properties (Section 5). We prove the consistency of our
algorithms and study the sample complexity of estimating the neighbourhood lattice
decomposition for general classes of distributions in high-dimensions (Theorem 16).
Our results indicate that the curse of dimensionality can be circumvented even when
we seek to learn every CI relation, including those with large conditioning sets.

4. Connection to graphical models and regression (Sections 6-7). We show by example
how the neighbourhood lattice can be interpreted through well-known properties of
graphical models, and also bears a close relationship with commonly studied regression
models in statistics, especially the concept of neighbourhood regression in graphical
models. This illustrates how our framework subsumes graphical models as a special
case.

For clarity and generality, although our main interest will be applications to probabilistic
conditional independence, we will present our results in the setting of an abstract com-
positional graphoid (see Section 2 for definitions). The rich algebraic structure of the
neighbourhood lattice allows derivation of new CI relations “for free” from a subset of
known relations, significantly reducing the statistical and computational burden compared
to brute-force approaches.

1.4 Related Work

The problem of representing and learning probabilistic CI structures has a long history; we
refer the reader to textbooks such as Pearl (1988); Lauritzen (1996); Studeny (2006) for
additional background. Among the several representations of CI structures are graphical
models (Geiger and Pearl, 1993; Lauritzen and Spiegelhalter, 1988), graphoids (Pear]l and
Paz, 1985; Pearl and Verma, 1987), separoids (Dawid, 2001), and imsets (Studeny, 1995).
Chain graphs (Lauritzen and Wermuth, 1989; Levitz et al., 2001), maximal ancestral graphs
(Richardson and Spirtes, 2002), and nested Markov models (Richardson et al., 2023) repre-
sent efforts to generalize graphical models for richer CI structures and causal applications.
Lauritzen and Sadeghi (2018) provided a conceptual unification, proving that all such mod-
els are compositional graphoids, as studied here. Sadeghi (2017) established conditions for
faithfulness to specific graphs. Generalizing beyond graphical models, the literature has
introduced matroids, separoids, and imsets. However, learning and inference with these
models is difficult, and there is no finite complete characterization of conditional indepen-
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dence (Studeny, 1990), even for restrictive families such as Gaussians (Sullivant, 2009). Our
neighbourhood lattice approach targets a middle ground, offering greater generality than
graphical models while retaining computational and statistical tractability.

Lattice theory has been applied to CI relations before (e.g., Dawid, 2001; Niepert et al.,
2013; van der Gaag et al., 2018; Andersson and Perlman, 1993; Studeny, 2006), but the
specific neighbourhood lattice we introduce and its decomposition appears to be novel. Our
work builds upon known facts about CI and structure learning, including Markov boundary
learning. Constraint-based methods like the PC algorithm (Spirtes and Glymour, 1991;
Kalisch and Biihlmann, 2007) are related, but rely on faithfulness assumptions. The GES
algorithm works under compositionality, returning a minimal I-map (Chickering and Meek,
2002), but this may not represent all CI relations. See also Meek (1997); Chickering (2002).
Recent work on the hardness of CI testing (Azadkia and Chatterjee, 2019; Canonne et al.,
2018; Neykov et al., 2021; Shah and Peters, 2020) highlights the challenges, particularly in
multivariate settings, which our work addresses by leveraging the lattice structure. Finally,
nonparametric approaches for specific graphical models like the nonparanormal (Liu et al.,
2009) or subgaussian inverse covariance models (Ravikumar et al., 2011) exist, but our
framework is substantially more general, subsuming these as special cases by applying to
all compositional graphoids under only smoothness assumptions.

1.5 Notation

For any index set V, A C V, and a random vector (X;),cy, we denote X4 = {X; : i € A}.
For any integer m let [m] := {1,...,m}; we will often take d := |V| and V = [d]. We also
use the shorthand notations: {i} =i and {i,j} = ij, AU{i} = Ai, AUB = AB and so
on. In addition, we let V_g = V' \ S. Common uses of these notational conventions are:
V_; =V \{j}and V_;; =V \ij = V\{4,j}. For a matrix & € R%*¢ and subsets 4, B C V,
we use X4 p for the submatrix on rows and columns indexed by A and B, respectively.
Single index notation is used for principal submatrices, so that ¥4 = ¥ 4, 4. Finally, we use
AW B to indicate the union of two disjoint sets A, B C V. We write X4 1, Xp | X¢ for
CI under distribution v, or A 1L B | C for an abstract independence model.

2. Background

To formally develop the neighbourhood lattice and prove its properties for a wide range of
dependence structures—including all standard graphical models and beyond, often without
assumptions like faithfulness—we employ the framework of abstract independence models
(Lauritzen and Sadeghi, 2018; Sadeghi, 2017; Studeny, 2006). Although our results can be
specialized to arbitrary graphical models, this more abstract setting is necessary to apply our
results to non-graphical models and situations where faithfulness does not hold. We will use
the established framework of abstract (semi-)graphoids, of which probabilistic conditional
independence and graphical models are special cases. This section collects the necessary
background and definitions as well as several examples for motivation. Readers less familiar
with this abstraction can, on a first reading, ignore this abstraction and instead substitute
their preferred graphical model (e.g., MRFs, BNs) and its associated CI properties without
any modification to the main thrust of our results. Lemma 2 later in this section confirms
these are indeed special cases.
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First, some preliminaries: Recall that a complete lattice is a partially ordered set (poset)
in which all subsets have both a supremum (join) and an infimum (meet) (Stanley, 1997,
Section 3.3). We also need the following definition: Let (P, <) be a poset and C a subposet
of P. We say that C is convez (in P) if z € C whenever z < z < y with z,y € C. An
interval [z,y] := {2z € P: = < z <y} is an example of a convex subposet (Stanley, 1997,
Section 3.1). Given a set (2, we are mostly interested in the poset B(€2), the set of all
subsets of 2, ordered by inclusion, i.e., B(Q) = (22, C). An interval [4, B] in B(Q) consists
of all subsets S C Q such that A C S C B. It is easy to verify that B(Q2) is a complete
lattice with the join and meet given by the set union and set intersection, respectively, and
any interval in B(Q2) is a convex sublattice of B(£2).

2.1 Graphoids and independence models

Let X be a random vector; we make no distributional or parametric assumptions on this
vector such as Gaussianity, linearity, etc. Let V' = [d] be the index set, so X = (X;)jev.
As with graphical models, we abuse notation by identifying V' = X = [d]. A (formal)
independence model over V is a ternary relation A 1L B | C over disjoint subsets A, B, C' C
V. A graphoid over V is an independence model that satisfies the following axioms:

G1) (Triviality) A 1L 0 | C;

G2) (Symmetry) AL B |C = Bl A | C;

(

(
(G3) (Decomposition) A 1l BD |C = A1 B|Cand A1 D | C,
(

(

G5

) (
) (
G4) (Weak union) A Il BD | C = A1 B | CD;
) (Contraction) A1l B | Cand A1 D | BC = A1l BD | C;
) (

(G6) (Intersection) A1l B | CDand A1 C | BD = Al BC | D.

The following additional axiom will be important in our discussion:
(G7) (Composition) AL B |Cand AL D |C = A1 BD|C.

A graphoid that additionally satisfies (G7) is called a compositional graphoid. If only (G1)-
(Gb) are satisfied, then it is called a semi-graphoid. A complete treatment of formal inde-
pendence models and related concepts can be found in Studeny (2006).

Common structures that give rise to graphoids include probabilistic conditional inde-
pendence, graphical separation, gaussoids, and partial correlation. We will be interested in
each of these structures in the sequel.

Conditional independence. Let v be a probability measure over the random vector X =
(Xj)jev and let A, B,C be disjoint subsets of V. We write X4 1, Xp | X¢ to indicate
that X 4 is conditionally independent of Xp given X under the probability measure v.
Denote the collection of all such conditional independence relations by Z(r). Then it is
known that Z(v) is always a semi-graphoid, and if v is a (strictly) positive measure then
Z(v) is a graphoid.? These (semi-)graphoids are called probabilistic (semi-)graphoids, or

2. A probability measure is called strictly positive if it has a density ¢ with respect to a product measure
such that g > 0; see e.g. Proposition 3.1 in Lauritzen (1996).
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simply probabilistic for short. In many cases (e.g. Gaussian or symmetric binary), Z(v) is
compositional, however, in general Z(v) need not be compositional (Studeny, 2006; Sadeghi,
2017). Each of the structures below furnishes examples of compositional graphoids.

Graph separation. Let G = (V, E) be an undirected graph (UG) and write A 1Lg B | C
if and only if A and B are separated by C. Denote the collection of all such separation
statements by Z(G). Then Z(G) is a compositional graphoid, called the separation graphoid.
Similarly, separation graphoids may be defined for more general graphs including directed
acyclic graphs (DAGs, via d-separation), chain graphs, mixed graphs, etc. (cf. Lauritzen
and Sadeghi, 2018). In each case, the resulting separation graphoid is compositional (e.g.
Theorem 1 in Lauritzen and Sadeghi, 2018). This has the important consequence that
all results presented in the sequel apply to these general classes of graphical models. If
Z(v) = Z(G), v is called faithful to G, and G a perfect map of v. In such cases, Z(v) is
compositional.

Gaussoids. Gaussoids are an abstraction of Gaussian independence models, introduced
in Lnénicka and Matus (2007). A gaussoid is a compositional graphoid that satisfies the
additional axiom:

(G8) (Weak transitivity) ¢ 1L j | Candill j | Ck = il k| Corjl k| C.

Every regular Gaussian distribution A(0,3Y) gives rise to a gaussoid. However, not all
gaussoids are representable by a Gaussian CI structure (Lnénicka and Matus, 2007; Boege
and Kahle, 2019), providing examples of compositional graphoids that are not necessarily
(Gaussian) probabilistic or graphical.

Partial correlation. Partial correlation, or second-order independence, also gives rise to
a compositional graphoid (in fact, a gaussoid). This concept can be extended to general
Hilbert spaces, leading to what we refer to as the projection graphoid, discussed in detail
in Section 7.

It is a basic fact that not all graphoids are probabilistic, not all probabilistic graphoids
are graphical, and not all compositional graphoids are graphical (see e.g. Studeny, 2006,
Section 3.6). This motivates the need for a framework, like the one developed here, that
can handle such general structures.

2.2 Examples

To further motivate our results and illustrate the scope of compositional graphoids, we
provide several explicit examples.

Example 1 (Graphical models) Consider the graph G shown in Figure 1 with d = 15
nodes. We can associate to G its separation graphoid Z(G). If v is a Gaussian N(0,3)
faithful to G (such a Gaussian always exists; see Lnénicka and Matis, 2007; Amini et al.,
2022), then Z(v) = Z(Q) is a compositional graphoid. This graph will serve as a recurring
example. More generally, our framework applies to other graphical model types (DAGs,
chain graphs, etc.) as their separation properties also yield compositional graphoids.
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Figure 1: Graph for Examples 1 and 6-13 with j = 3 and S = {8,9, 11,12, 14} highlighted.

The previous example can be substantially generalized:

Lemma 2 If v belongs to either of the following families of distributions, then Z(v) (the
CI structure of v) gives rise to a compositional graphoid:

1. Distributions faithful to some (not-necessarily-parametric) graphical model G (e.g.,
UG, DAG, chain graph, mized graph, etc.).

2. Regular Gaussian distributions, even those that are not faithful to any graph.

The first part follows from Lauritzen and Sadeghi (2018, Theorem 1). The second is a
known property of Gaussian distributions (e.g., Corollary 2.4 in Studeny, 2006). Other
examples of compositional graphoids include symmetric binary distributions, max-linear
Bayesian networks, discrete determinantal point processes, and MTP2 distributions. Our
framework applies to all such families without requiring a priori knowledge of the specific
model type or structure.

The following examples further motivate our work by illustrating the existence of non-
graphical compositional graphoids. This demonstrates that, in addition to (a) subsuming
existing graphical approaches and (b) removing the need to fix a particular graph type in
advance, the neighbourhood lattice can model structures that cannot be represented by a
graph.

Example 2 (A compositional graphoid that is not probabilistically representable)
Studeny (1989) provided an example of a compositional graphoid on V = {a,b, c,d} defined
by relations a 1. b | {c,d}, ¢ IL d | a, ¢ 1L d | b, a 1 b, their symmetric versions,
and trivial independencies, which cannot be represented by any probability distribution (cf.
Proposition 5 therein,).

Example 3 (Gaussoids that are not UGs) Lnénicka and Matis (2007) constructed gaus-
soids that are not representable by any Gaussian distribution. If such a gaussoid T were
representable by an undirected graph (UG) G, then by Lnénicka and Matis (2007, Corol-
lary 3), there would exist a Gaussian v such that Z(v) = Z(G) = I, a contradiction. Thus,
gaussoids can furnish examples of non-graphical, compositional graphoids.
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) Chain graph in Example 4. ) Hidden variable model in Example 5.

Figure 2: Examples of CI structures motivating general frameworks.

Other rich sources of examples are graphoids representable by one type of graphical
structure but not others. While technically graphical, the practical challenge of knowing in
advance which graph type to use motivates a more general approach.

Example 4 (A chain graph that is not a DAG or UG) The chain graph in Figure 2a
(a v-structure combined with an undirected diamond) has a CI structure that cannot be rep-
resented by any single UG or DAG. Since Gaussian models of this form exist (Lnénicka and
Matuas, 2007), this example is typical, not pathological (see also Example 15 for more).

Example 5 (A mixed graph that is not a DAG or UG) Marginalizing a hidden vari-
able H from the DAG in Figure 2b results in a distribution Qg over (X1, Xo, X3, X4) whose
CI structure Z(Qp) cannot be perfectly mapped by any DAG or UG, though it can be rep-
resented by a mized graph.

3. Neighbourhood lattices and conditional independence

Having introduced the intuitive concept of partitioning subsets based on shared explanatory
properties (Section 1.1) and established the formal framework of compositional graphoids
(Section 2), we now rigorously define the neighbourhood lattice and explore its fundamental
connection to conditional independence. This section lays the groundwork for understanding
how these lattices provide a complete representation of the CI structure. Throughout this
section, we assume given a random vector X with fixed index set V' whose CI relations
induce a compositional graphoid Z over V. In deliberate analogy with the usual convention
for graphical models, we write j € V' <= X, € X, which will henceforth be referred to as
nodes. Everything in the sequel applies to general compositional graphoids over any finite
ground set V.

3.1 Relative Markov boundaries and blankets

A cornerstone of understanding local dependencies is the concept of a Markov boundary.
The Markov boundary of an element j € V is typically defined as the smallest subset
U CV_jsuchthat j AL V_;\U | U (Pearl and Paz, 1985; Pearl, 1988). We generalize this
by considering an arbitrary subset S C V_; as the current scope of interest. The relative
Markov boundary of j in (or with respect to) S is then

S)y=({Ucs: jLsS\U|U}. (2)
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In the sequel, we will frequently drop the qualifier “relative” when the context is clear,
and use “Markov boundary” or simply “boundary” for brevity. The boundary m(yj;S) is
well-defined for any S over any graphoid, due to the intersection axiom (G6). This follows
more generally from the properties of the set of relative Markov blankets. For any subset
S - ij, let

4(S)={UCS: jUS\U| U} (3)

be the collection of relative Markov blankets of X; with respect to S. The following lemma,
whose proof is in Appendix D.1, shows that t;(.S) has a desirable structure.

Lemma 3 Let T be a graphoid over V, j € V, and S C V_;. Then t;(S) is an interval in
B(V_;), and hence in particular a convex lattice.

It follows that t;(.S) has a well-defined infimum, which is precisely m(j; S) = inf t;(.5), and
a supremum, which is S itself. Thus, t;(S) = [m(j;5), S].

Example 6 Consider the graph G from Example 1 (Figure 1). For j = 3, we can compute
various relative Markov boundaries in the graphoid Z(G):

Sy =V m(j;51) = {2,6,12},
So = {2,6,12} m(j;S2) = {2,6,12},
S = {4,6,12,14} m(j; S3) = {6, 12},
Sy ={7,10} m(j;S1) = 0,
S5 = {8,9,11,12, 14} m(j; S5) = {9,12, 14}.

In each case, m(j;S) is the smallest set m C S separating j from S\ m in the graph G.

3.2 The neighbourhood lattice

The concept of a relative Markov boundary m(j;.S) captures the essential variables within
S needed to shield j from the rest of S. We now define a collection of sets U that all share
the same relative Markov boundary with respect to j. This collection forms the core of our
construction.

Definition 4 Given a compositional graphoid Z, a node j € V, and S C V_;, define the
neighbourhood lattice of j relative to S as

T(9) ={U CV_j: m(j;U) = m(j;5)}. (4)

In words, T;(S) is the collection of all subsets U C V_; for which the relative Markov
boundary of j within U is identical to the relative Markov boundary of j within S. When
we wish to emphasize the underlying graphoid I, we will write T;(S;T).

It follows from Lemma 3 (specifically, the well-definedness of m(j;S) and m(j;U))
that T;(5) is well-defined. Our first main result establishes the crucial properties of this
collection, most notably that it indeed forms a lattice.

10
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Theorem 5 Let T be a compositional graphoid over V and j € V., S C V_; be fized. Then:
(a) T;(S) is an interval in B(V_;), and in particular a convex sublattice of it.
(b) inf T, (S) = m(j: 5).
(¢c) sup%;(S)=SUE, where E={keV_;j\S: k1 j | m(j9)}

(d) The distinct neighbourhood lattices T;(S') (where S' varies over 2V=3) partition the
subset lattice B(V_;). More precisely, if mg = m(j;S), then T;(S) = T;(msg), and

V=i = L—Ij {Z;(m) : m is minimal for j}. (5)

The statement “m is minimal for j” is a shorthand for “m = m(j;T) for some T' C V_;”.
Since T;(.5) is an interval (and thus a lattice), it has a well-defined infimum and supremum.
Theorem 5(b) characterizes the infimum as m(j;.S), the common relative Markov boundary
defining the lattice. The supremum, which we denote by

M(j; S) := sup T;(S5), (6)

also plays an important role. Theorem 5(c) characterizes this supremum by starting with
m = m(j;S) and adding all other nodes k£ € V_; that are conditionally independent of j
given m. Thus, each neighbourhood lattice T;(.9) is precisely the interval [m(j; S), M (j;5)].

Example 7 Continuing Ezample 6 with j =3 (see Figure 1),

S1=V_;: M(j;5)=V_.
S, =1{2,6,12}: M
S3={4,6,12,14} : M

Sy ={7,10} :  M(y;
S5 ={8,9,11,12,14} : M

<
2

Il

—~a

ﬂ
-
(e}
—

Consequently, for instance, T;(S1) = [{2,6,12},V_;] and
Ti(S5) = [{9,12, 14}, {4,5,7,8,9,10,11,12, 13, 14, 15}].

The suprema M (j; S) are determined according to Theorem &(c). Note that T;(S1) = T;(S2)
since m(j; S1) = m(j;S2), illustrating that distinct S can define the same neighbourhood
lattice. The lattice T;(S1) contains 21M G5)I=ImSUl = 214=3 = 211 distinct subsets of V_;.
For any of these 211 sets U, m(j;U) = {2,6,12}. Similarly, |T;(S5)| = 21173 = 28 = 256.

Remark 6 Inspection of the proof of Theorem 5 (Appendix C.1) shows that if the graphoid
T is not compositional (i.e., fails axiom (G7)), T;(S) is still closed under set intersections
and possesses convexity. Composition is primarily needed for closure under set unions.
Thus, in any graphoid, T;(S) is at least a meet semi-sublattice of B(V_;).

11
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3.3 Implications for conditional independence

The structure of the neighbourhood lattices, as established by Theorem 5, has direct and
powerful implications for determining CI relations. Specifically, knowing the interval [m, M|
that defines a neighbourhood lattice T;(.S) allows us to read off many CI statements involv-
ing node j.

Our first result relates elementary CI relations of the form j 1 ¢ | C to the neighbour-
hood lattice structure.

Corollary 7 Let T be a compositional graphoid over V, C C V_j;, and i,j € V with
i # j. The following are equivalent: (a) j 1L i | C; (b) There is a neighbourhood lattice
T;i(So) = [m, M] (for some Sy, where m = m(j;Sy)) such thati € M\m and C € [m, M\i];
(c) C'e T(Ci); (4) m(j; Ci) € C.

The proof is an application of the definitions and Theorem 5. Condition (d) is particularly
useful: j is independent of ¢ given C' if and only if ¢ is not part of the Markov boundary of
j relative to the set Ci.

To check general CI relations A I B | C, we leverage the decomposition (G3) and
composition (G7) axioms, which imply that A I B | C if and only if a 1L b | C for all
a € A,b € B. This leads to:

Corollary 8 Let Z be a compositional graphoid over V, and A, B,C disjoint subsets of V.
Then, A 1L B | C if and only if C € (yenNper Ta(Ch), or equivalently,

U U m(a; Ch) (7)

acAbeB

These corollaries demonstrate a fundamental link: the neighbourhood lattice structure en-
codes the CI relations. Given the lattices, CI queries are reduced to checking set inclusions
and memberships. For an elementary CI j 1L i | C, (7) simplifies to m(j;Ci) C C,
matching Corollary 7(d). Conversely, given a lattice T;(S) = [m, M|, we immediately infer
jAi| Ctorallie M\ mandall Ce[m,M\i.

Example 8 Reading off the graph in Example 1 (Figure 1), we can see that X3 1 Xg |
(X1,X5) and (X1,X2) 1L (Xs,X13) | Xg. To check these via the corresponding neigh-
bourhood lattice properties, we apply the conditions from Corollaries 7 and 8. For the first
relation (j =3,i=9,C ={1,2}), Corollary i(d) requires m(j;Ci) C C. Indeed,

m(3;{1,2,9}) = {1,2) C C = {1,2},

confirming the independence. For the second relation (A = {1,2}, B = {8,13},C = {9} ),
Corollary 8 requires J,c 4 Upeg m(a; Cb) € C. We have:

U U mla{9b}) ={9ru{9}u{9u{e} cCc={9},

ac{1,2} be{8,13}

confirming the independence. The individual m(-;-) terms are readily determined from the
graph structure (e.g., m(1;{9,8}) = {9} because Xo separates X from Xg).

12
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Total
Number of sets covered 4 8 16 32 64 128 256 512 1024 204%8 | 16384
Number of lattices 112 40 60 34 38 19 8 5 2 1 319

Table 1: The distribution of the number of sets covered by each lattice T = [m, M], i.e. 2/MI=Iml
for the setup of Example 9.

sizeof m 0 1 2 3 4 5
number of lattices 1 12 60 134 91 21

Table 2: The distribution of the size of the minimal element of the lattice T = [m, M], i.e. set m,
for the setup of Example 9.

3.4 The neighbourhood lattice decomposition

Theorem 5(d) states that the distinct neighbourhood lattices partition the power set 2V-.
This partition is central to our approach.

Definition 9 (Decomposition and sparsity) The (full) neighbourhood lattice decom-
position ®D; of j € V is the partition of B(V_;) given by Theorem &(d):

D; = {%,;(m) : m is minimal for j}. (8)
The t-sparse lattice decomposition of j, denoted D ;(t), is
D;(t) = {T;(m) : m is minimal for j with |m| < t}. 9)

We say that node j € V' has a t-sparse CI structure if all its minimal sets have size at most
t, ?;.6., @j = @j(t).

In this section, we focus on the full decomposition D;; the consequences of sparsity are
explored in subsequent sections, particularly Section 5. When node j is clear, we may write
. By (5), 2"~ = UD.

The neighbourhood lattice decomposition ®; provides a compact encoding of all CI
statements involving node j. As per Corollary 7, for each lattice T¢ = [mf, M?] in Dj, we
have

jAi| C forall ie M\ mand forall C e [m’, M\, (10)
and consequently:

Corollary 10 Let ®; = {[m’ M*|}s_,. Then, the total number of distinct elementary CI

statements involving j is E?Zl(\Me\ — |mf|) 2M*I=Imf =1

This number can be significantly less than enumerating all (d — 1)2%2 potential CI state-
ments involving j. Thus, the decomposition offers a parsimonious representation, alternative
to graphs, especially when a faithful graphical model is unknown or non-existent.

Example 9 Continuing Examples 6 and 7 (Figure 1), for node j = 3, the full neighbourhood
lattice decomposition D3 consists of 319 distinct lattices. Tables 1 and 2 provide statistics.
For instance, Table 1 shows 5 lattices each covering 512 subsets of V_3. Table 2 shows that
the largest relative Markov boundary size found for j = 3 is 5 (occurring for 21 lattices).
Thus, node j = 3 has a 5-sparse CI structure according to Definition 9.

13
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4. Estimation and computation

The theoretical results of Section 3, particularly the structure of neighbourhood lattices
(Theorem 5) and their role in characterizing conditional independence (Corollaries 7-8),
motivate the development of efficient estimation procedures. This section addresses two
key computational questions:

(Q1) How can we efficiently determine the specific neighbourhood lattice T;(S) for a given
node j and subset S7

(Q2) How can we efficiently compute the entire neighbourhood lattice decomposition D;
for a node 357

We present algorithms for these tasks. To clearly separate the algorithmic logic from sta-
tistical estimation issues, throughout this section, we assume access to a “CI oracle” that
can answer queries of the form “A I B | C'?” for the given compositional graphoid Z. In
Section 5, we will discuss how to replace this oracle with statistical tests based on finite
samples.

4.1 Estimating Markov boundaries

A foundational step in our algorithms is the computation of the relative Markov boundary
m(j;S) (defined in (2)). Many algorithms exist for learning Markov boundaries from data.
For the general compositional graphoid setting here, a suitable procedure is an adaptation
of the Grow-Shrink (GS) algorithm (Margaritis and Thrun, 1999). Algorithm 3 (detailed in
Appendix B) outlines such a procedure, COMPUTEMB (4, S, Z), which correctly finds m(j; 5).
Its correctness relies only on the graphoid axioms (G1)-(G7) (cf. Theorem 8, Statnikov et al.,
2013). coMPUTEMB requires at most O(]S|?) CI queries. While we use GS for complexity
analysis, our framework can incorporate other correct MB learning algorithms.

4.2 Estimating a neighbourhood lattice

The neighbourhood lattice ¥;(S) is the interval [m(j;S), M (j;S5)]. Once the infimum
m(j;S) is known, Theorem 5(c) provides a direct way to find its supremum M (j;S). This
suggests Algorithm 1 for computing T;(S). First, it calls COMPUTEMB to find m = m(j; S).
Then, it initilizes the supremum as M <« S, and for each k € V_; \ 5, adds k to M if
j AL k | m. The algorithm returns the interval [m, M].

The COMPUTELATTICE function involves one call to COMPUTEMB (O(|S|?) queries) and
then O(d) additional CI queries to find the supremum. Thus, we have:

Proposition 11 The neighbourhood lattice T;(S) can be computed with O(d + |S[*) CI
queries.

In particular, computing a single neighbourhood lattice is polynomial in d.

4.3 Computing lattice decompositions

We now consider computing the entire neighbourhood lattice decomposition ®; (Defini-
tion 9), or its t-sparse version D ;(t).

14
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Algorithm 1 Compute the lattice T;(.S) for Algorithm 2 Compute the sparse lattice

a given j and § C V_;. decomposition D;(t) for a given j and t.
1: function COMPUTELATTICE(j, S, Z) 1: ¥ < COMPUTELATTICE(j, 0, Z)
2 m < COMPUTEMB(j, S, 7) 2: Initialize ®; « {T}.
3 M+ S 3: C < the collection of all subsets of V_;
4 A~ V\(SU{j}) of size at most t.
5: for all kK € A do 4: for s=1,...,t do
6 if j L k| mthen M «+ MU{k} 5 for |S| = s do
7 end if 6: ¥ <~ COMPUTELATTICE(j, S, T).
8 end for T Dj+ ;U {‘3}
9: return [m, M| 8: end for
10: end function 9: end for

Full Decomposition. The full decomposition ©; consists of all distinct lattices T;(m),
where m ranges over all possible relative Markov boundaries for node j. Algorithm 4
(detailed in Appendix C.2) provides a method to compute this full decomposition. It
iteratively finds a subset S C V_; not yet covered by any discovered lattice, computes
T;(S) using COMPUTELATTICE, adds this unique lattice to the collection, and repeats until
all of 2V-J is covered. The efficiency of finding an uncovered set relies on the disjointness
of the lattices (Lemma 32).

Theorem 12 The full lattice decomposition ®; can be computed with O(d®k?) CI queries,
where k = |D;| is the total number of distinct lattices in D;.

This result implies that if the number of distinct lattices k is relatively small, the entire CI
structure around node j can be learned efficiently.

t-Sparse Decomposition. Computing the full decomposition might be too costly if & is
large. An alternative is to compute the t-sparse lattice decomposition @ ;(t), which includes
only those lattices T;(m) where the minimal element m has size |m| < ¢. Algorithm 2
outlines this approach. It simply iterates through all subsets S C V_; of size at most ¢,
computes T;(5) and add it to the running set ©;. The use of a set data structure for D;
ensures that only distinct lattices are stored. This is similar to how the PC algorithm learns
the skeleton of a (faithful) DAG model (Spirtes et al., 2000; Kalisch and Biihlmann, 2007).
In our case, of course, the faithfulness assumption is not necessary, and is replaced instead
by the weaker composition axiom (G7).

The computational complexity of Algorithm 2 is determined by iterating over all can-
didate subsets S C V_; with |[S| = s for s = 0,...,¢, and calling COMPUTELATTICE for
each. Since there are (dgl) such subsets of size s, and each call to COMPUTELATTICE costs

O(d+ s?) CI queries (Proposition 11), the total complexity is O (Zi:o (dgl) (d+ 82)>. For
fixed t < d, this sum is dominated by terms where s = ¢, leading to an overall complexity of
O(d!(d+1?)), which can be further simplified to O(d'™!) if d > t?. This complexity is inde-

pendent of k (the total number of lattices in the full decomposition) but is exponential in ¢.
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If 7 has a tg-sparse CI structure (i.e., all its relative MBs are of size < ty), then running Al-
gorithm 2 with ¢ = o will recover the full decomposition D, and k < 3% (dgl) ~ O(d™);
this bound could be too conservative as the next example shows. For the interested reader,
R code implementing the algorithms is available at https://github.com/aaamini/nblat/.

Remark 13 The presented Algorithm 2 iterates through all subsets S up to size t. More
efficient implementations for computing the sparse decomposition ©;(t) are possible by more
carefully selecting candidate sets. For instance: 1) One can maintain a record of regions
in 2V=i already covered by found lattices. When considering a new candidate set S, if it
falls within an already computed lattice, it can be skipped. 2) If candidate sets S are chosen
strategically (i.e., by always picking an uncovered set S of minimal possible cardinality), then
S itself would be the infimum m(j;S) for the new lattice T;(S) to be discovered. In such
a case, the call to COMPUTEMB(j, S,Z) within the subsequent COMPUTELATTICE(j, S,7)
procedure (i.e., Line 2 of Algorithm 1) becomes redundant and can be optimized by directly
setting m « S. These optimizations can significantly reduce the number of CI queries,
especially if many distinct S values lead to previously discovered minimal boundaries m.

Example 10 Continuing Example 9 (Figure 1), node j = 3 has a 5-sparse CI structure
(to = 5). The full decomposition has k = 319 lattices. The naive bound k < Z?:O (134) =
3,473 is conservative. Computing the full lattice decomposition via Algorithm 4 (from Ap-
pendiz) for j = 3 involved 2,208 CI queries. This should be contrasted with the total number
of true CI statements involving j = 3, as given by Corollary 10, which is 62,592 (out of
14 - 213 = 114,688 possibilities). Thus, to deduce all 62,592 CI relations for j = 3, only
2,208 CI queries and storing 319 lattice intervals are required, a substantial saving. If one
were to use Algorithm 2 with t = 5, it would also recover the full decomposition.

5. High-dimensional consistency

Let us now turn to estimating a CI structure (via the neighbourhood lattice decomposition)
from a finite sample using the algorithms introduced in the previous section. The idea will
be to use the same algorithms, but with the CI oracle replaced with a finite-sample test
based on thresholding the generalized partial correlation, defined below. Given the general
nonparametric setting we are considering, testing even a single CI relation is known to be
nontrivial (Shah and Peters, 2020; Neykov et al., 2021). Our goal in this section is to go far
beyond a single such relation, and instead infer every CI relation in v, or equivalently, the
neighbourhood lattice decomposition which allows any CI relation to be efficiently checked
(cf. Corollaries 7-8). Since there are exponentially many such relations, it is nontrivial to
control the errors over all such tests, and this is where the lattice construction proves valu-
able. If v is Gaussian, the problem can be reduced to a collection of linear neighbourhood
regressions (cf. Section 7.2) and techniques from sparse linear models applied. Without
Gaussianity, however, linear regression techniques are not directly applicable. We show
how ideas developed so far, coupled with a measure of CI for three scalar variables that
concentrates well in high-dimensions, allows us to obtain results that parallel the Gaussian
case, for a fairly general class of distributions. Moreover, as in sparse linear regression,
our results will depend on a sparsity parameter ¢, thereby avoiding the well-known curse of
dimensionality in nonparametric estimation.
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First, we recall some definitions. To characterize conditional independence, we consider
the generalized covariance measure introduced in Shah and Peters (2020), although our
results extend to any other measure for which a similar exponential concentration inequality
holds. Consider a pair of random variables X7, Xo € R and random vector Z € RP. The
generalized covariance measure of X; and Xy, given Z, is

Ox1,x, |z = E[cov(X1, X2 | 2)]. (11)

It is clear that if [px, x, ‘ 7| > 0, then X7 A Xo | Z, although the converse is not necessarily
true. For 7 = 1,2, let X]- = E[X; | Z] be the regression function for predicting X; given
Z, and let X;-S = X, — X be the corresponding residual. It is not hard to show that

@Xl,X2|Z = COV(Xi;7X§) = <Xf7Xg>L27

where (X9, X9)2 = E[X?XJ] is the usual L? inner product of two random variables. We
can now define the corresponding generalized correlation as

<Xf7 X3>L2

il i T (12)
X0 22l X3 2

PX1,X2|Z =

We refer to this quantity as generalized partial correlation (GPC) coefficient. The sample
version of (12) can be defined by using nonparametric regression to estimate E[X; | Z]
and then replacing population expectations in (12) with the empirical ones. More precisely,
assume that we observe an i.i.d. sample (z;1, %2, 2) ~ (X1, X9,7Z), @ € [n], and consider
estimates of the regression functions:

. ) 1 —

fj = argmin;er— > (@i — f(=)° (13)
i=1

for j = 1,2, where F is some function class. An estimate of vy, x,|z7 is

n

Bxixaiz = - D — i) — falz1), (14)

i=1
and the corresponding estimate of the generalized correlation is

¥PX1,X2|2

ﬁXl,X2|Z == = 72"
(@Xl,xqz : <PX2,X2|Z) /

We are now ready to define the class of distributions we consider:

Definition 14 The class of distributions v such that (a) v is supported on [—1,1]? and
(b) Z(v) is a compositional graphoid, is denoted as BCG(d), and referred to as d-dimensional
bounded compositional graphoids.

Definition 15 Let a,0 >0, t € N and F be a class of functions from R to R. A random
vector X = (X1,...,Xq) has a GPCy(a, 0, F) distribution v if for anyi,j € [d], and S C [d]
with |S| < t, the following hold:
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(c) either X; 1L, X; | Xs or|px, x;|xs| > a,
(@) f1 5= BIX: | Xs] € F,

(e) 1% = £ g2 = o

Condition (c) will also be referred to as “a-separated by generalized partial correlation,
of order t.” For the remainder of this section, we assume that X = (Xi,...,Xy) has a
distribution which is both BCG(d) and GPCy(a, o, F). Let us write

Z)\TL(Z7]|S) :ﬁX17X2|XS (]‘6)

for the corresponding sample GPC based on an i.i.d. sample X* = (X%,... ,Xfl), i € [n]
from the distribution. Similarly, we write p(i, j|.S) = px, x,| x4 for the population version.

Let ©;(t) be the population-level sparse lattice decomposition of order ¢ (cf. Defini-
tion 9). One can obtain D (t) by replacing every query of the form i AL j | S in Algorithm 2
by checking whether or not p(,j|S) = 0. Using the sample GPCs (16), given a threshold
7 > 0, we can instead replace each such query with the test |p,(7,j]|S)| < 7. We refer to
this version as the data-driven Algorithm 2 and denote its output as ”)Sj (t,7).

The following result establishes the sample complexity needed so that with a data-driven
choice of the threshold 7 =< \/e2 + tlogd/n (see (17) for the definition of £,), 35]-(75, T) is a
consistent estimate of D;(¢). For a function class F of functions from R to R, we write
Noo (e, F) for its e-covering number in the sup (a.k.a. uniform) norm and let F — F =
{f—g:f,g€F} Wesay that a function class F is star-shaped if whenever f € F, then
af € F for all a € [0,1].

Theorem 16 Fiz a,0 >0, t € N and let F be some function class. Suppose that ’)5]- (t,7)
is computed based on an i.i.d. sample of size n from a distribution on R? which is both
BCG(d) and GPCy(c,0,F). Let F be a star-shaped function class containing F — F, and

let €5, be a solution of
3
C \/log Noo (1, F) drr < v/ne? (17)

e2/4

where C' > 0 is an absolute constant. There are absolute constants Cq,Csy,Cs,c > 0 such

that if
logd

n

Cl<ei+(t+4) ) < a? < Cymin{l,0?), (18)
then, for any T € [a/4,3a /4],

P(D;(t,7) = Dj(t)) >1— Cye ",
The proof of Theorem 16 can be found in Appendix C.3. The interval [« /4,3c/4] can be
replaced with [c1a, coa] for any pair of constants ¢; and ¢y such that 0 < ¢1 < g < 1,

by modifying the other constants in the statement of the theorem. Since GPCy(a, 0, F) C
GPC(d/,0,F) whenever o < a, if 0 = (1), the upper bound in (18) can always be
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satisfied by choosing a smaller a. We assume o = €2(1) in the sequel and ignore the upper
bound.

To explore the consequences of Theorem 16, below we consider two examples: The
nonparametric Holder class and parametric Gaussian models. These examples illustrate two
important aspects of this result: The Holder class shows how the curse of dimensionality in
nonparametric estimation can be avoided, and the Gaussian model provides an example of
an unbounded function class for which Theorem 16 nonetheless still holds with the usual
parametric rate.

Example 11 (Holder classes) Let us consider a concrete function class, namely, let F
be the set of functions from [—1,1]' to R that belong to the unit ball of the Hdlder space
of order s. This is a standard example of a nonparametric function class that arises in
statistics. Then, we can take F to be the ball of radius 2 in the same space. Then, by
Corollary 3 of Nickl and Pétscher (2007) (with B chosen to be > s, which is valid since the
domain is bounded), we have log Nuo(r, F) < r=t/s.

Assume for simplicity that 1.9s > t. Then, [;(log Noo(r, F)Y2dr < %51_(t/25) <
201 (t/2%)  and we can take e2 < n=25/2sH) [t follows that as long as
a? > <n72$/(2$+t) 4 tlogd)’ (19)
n

we can recover the t-sparse lattice decomposition of j, with high probability. As a result, we
are able to infer not only all CI statements of the form (i, j,S) with |S| < t, but also many
CI statements with |S| >t as well (e.g. consider any lattice T;(S) such that |m;(S)| =t
and |M;(S)| > t). If it happens that j has a t-sparse CI structure, then (19) is enough to
recover “all” CI statements involving j.

As discussed earlier, the L?-norm-squared rate of estimating an s-smooth function in
RY is n~28/(25+d) (Stone, 1982; Bickel and Li, 2007; Yang and Tokdar, 2015) which gets
extremely slow in high dimensions. The significance of the result obtained in (19) is that
instead of paying the price of full-dimensional curse of dimensionality n=2%/2s+4d)  we are
paying the potentially much lower price of n=25/(25¥1) In particular, if j has a t-sparse CI
structure with ¢ = O(1), we can recover all CI statements involving j in the high-dimensional
regime d > n by only paying a logd price in dimension. Without leveraging the lattice
decomposition, recovering even a single CI statement in the high-dimensional regime is
hopeless, for the general distribution we consider here. For a more nuanced discussion of
variable selection in nonparametric models, see Comminges and Dalalyan (2012); Giordano
et al. (2020).

Example 12 (Gaussian models) Unsurprisingly, a simplified version of Theorem 16 holds
in the Gaussian case as well. GPC in this case reduces to the partial correlation coefficient
(PCC). The same proof goes through with the concentration inequality for GPC (Eqn. (26)
in Appendiz C) replaced by a similar result for PCC, available in Kalisch and Bihlmann
(2007). In the Gaussian case, the function class F can be taken to be the set of linear func-
tions, leading to the parametric rate €2 < 10% in (18). That is, for a Gaussian distribution,
a-separated by PCC, it is enough to have

logn logd

+(t+1) < o < min{l,0?%}.

n
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This suggests that the general gap condition (18) has an optimal dependence on €2 (that is,
one that can recover the Gaussian rate). For brevity, we have omitted a formal statement
in the Gaussian case; it is straightforward to supply one, if needed, based on the above
discussion.

6. Graphical interpretation

The neighbourhood lattice and its corresponding minimal and maximal elements have in-
tuitive interpretations in a graphical model; i.e. when Z is the separation graphoid of a
graph G. Throughout this section we consider a fixed undirected graph G = (V, F') and its
separation relations Z(G). Then:

(B1) The relative boundary m(j;.S) := S* of a node j is the smallest subset of S that
separates j and S\ S*;

(B2) The maximal set M(j;.5) is obtained by adding to S* every node k € V_; that is
separated from j by S*;

(B3) A subset T is in the neighbourhood lattice ¥;(S) if (and only if) S* C T and every
k € T is separated from j by S*.

These interpretations are direct translations of earlier definitions and results to the special
case of graphical separation, and recover familiar notions from the literature on graphical
models. For example, when S = V_;, (B1) implies that the Markov boundary is just the set
of neighbours to j in G. More generally, m(j; S) can be interpreted as a generalization of
the concept of neighbourhood to arbitrary sets S C V_;, i.e. m(j;S) is the set of neighbours
to 7 in S, in the sense that m(j;S) blocks j from every node in S. Moreover, Corollary 8
simply says that A and B are separated by C' in G if and only if every vertex in A is
separated from B by C, which is precisely the definition of separation in an undirected
graph.

We can further characterize the minimal and maximal sets of the neighbourhood lattice
of 7 via connected components of the graph resulting from the removal of j:

Theorem 17 Suppose that removing node j and the edges connected to it breaks G into K
connected components given by the vertex subsets G1,Ga,...,Gxg C V_;. Let S, = S N Gj.
Then,

(a) m(j; S) =W, m(j; Sk),
(b) M(j;S) = Uy M(j; Sk) = Wy, M (j; Sk, Gk),
where M (j; Sk, G) is the largest element of T;(Si; Gy) :={T C Gy : m(j;T) = m(j; Sk)}.

The proof of Theorem 17 can be found in Appendix C.4. Note that T;(Sk;Gy) is the
lattice restricted to the ground set G U {j} (i.e. instead of V'). The original lattice given
in Definition 18 can be thought of as T;(Sk; V_;). For illustrative purposes, some simple
consequences of Theorem 17 are as follows:

(B4) m(j;S) = 0 iff there is no path between j and S. (Separation by the empty set.)
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Figure 3: The graphical computation in Example 13 of the neighbourhood lattice ¥;(.S) for j = 3
and S = {9,8,11,12,14}. (a) Original graph G with j and S specified with different colors. From
this figure, it is easy to see that S* = {9,12,14} is the smallest subset of S that separates j from
S\ S*, hence m;(S) = S*. (b) Illustration of the three connected components which result after
removing node j = 3. As a result of Theorem 17, we can work in each component separately. For
example, restricted to the left component G = {1,2,8,9, 13}, the minimal subset of SNG; = {8,9}
that separates j = 3 from the rest of SN Gy is ST = {9}. Within G;, S} separates {8,13} from
j = 3. Hence, the restricted lattice T;(S N G1;G1) = [{9}, {9, 8,13}].

(B5) If G decomposes into two disjoint components, say G and Gg, then M (j;.S) contains
G, for any j € G and any S.

Example 13 Continuing the previous examples, let j = 3 and S = {9,8,11,12,14}. It is
clear from Figure 3(a) that the smallest subset S* of S separating j from S\ S* is {9,12,14}.
Hence, m;j(S) = S*. Similarly, F;(S*) = {4,5,7,8,10,11,13,15} and M;(S) = S*UE;(S*).
To verify Theorem 17, note that removing j breaks G into three connected components G1 =
{1,2,8,9,13}, Go = {7,10} and G3 = {4,5,6,11,12,14,15}, as illustrated in Figure 3(b).
Then we can compute the restricted lattices T;(S N Gy; G), k = 1,2,3. Using the notation
[m, M] to represent a lattice with minimum and mazimum elements m and M, respectively,
the three lattices are:

[{9},{8,9,13}], [{12, 14}, {4,5,11,12,14,15}], and [0, {7, 10}].

It is clear that the minimal and maximal elements of the original lattice are the disjoint
union of the corresponding elements of these three lattices.

Example 14 Consider a Markov chain X1 — Xo — -+ — X4 with V = [d]. Define j. :=
sup{f € S: ¢ < j} and j* :=inf{ € S: ¢ > j}. Then we have for any j and S C V_j,

(s}, {teS:t>j1=0
m(j;S) =S {j*h, {teS:t<jt=0

{j*,J«}, otherwise,

{teVy:t<i}, {tes:>j}=10
M(j;8) = q{teV_j: > j}, {(teS:t<j}=0

eV >4 U{teV;:L<j"}, otherwise.
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To verify Theorem 17, there are three cases: (i) j =1, (ii) j =d, and (i1i) 1 < j < d. In
(i) and (ii), removing j results in a single connected component, corresponding to the first
two cases above. In (iii), removing j leaves two connected components, corresponding to the
third case.

Example 15 Recall Example 4, which describes a graphoid that is probabilistically repre-
sentable but not representable as the separation graphoid of any undirected graph or directed
acyclic graph. We can explicitly construct an example by considering v = N(0, %) where &
1s defined by:

3110 0 0 0
1301 0 0 0
1031 0 0 0

> '!'=]l0o0113 0 0 0
0000 4 3 -1
0000 3 5 -3
0000 -3 -3 3

Consider the undirected graph G = (V, E) given by the nonzero entries of X1, It is easy
to verify that X5 1, X¢ but are not separated by the empty set (i.e. (5,6) € E). That is,
(5,6,0) € Z(v) but (5,6,0) ¢ Z(G). Thus Z(G) # Z(v). Indeed, as described in Example 4,
no undirected graph satisfies T(G) = Z(v). Nonetheless, the lattice construction still applies
since Z(v) is a gaussoid. For example, suppose we wish to check the CI relation X5 1, X,
which can be done via (7) with j =5, 1 =6, and C = ():

m(j;Ci) =m(5;{6}) =0 C C = 0.

Since v is a Gaussian, it is easy to verify that indeed X5 1L, Xg.

7. Projection and regression interpretation

An alternative perspective on the neighbourhood lattice arises in the context of regression
models in statistical applications. In particular, the notion of neighbourhood regression has
played a prominent role in learning graphical models (e.g. Meinshausen and Biihlmann
(2006); Ravikumar et al. (2010); Yang et al. (2015)). This in turn bears a natural relation
to orthogonal projections, which suggests a possible connection between the lattice of pro-
jections on a Hilbert space and the neighbourhood lattice. This connection gives rise to the
concept of partial orthogonality, closely related to partial regression and second-order inde-
pendence, which we will define before illustrating its close connection with neighbourhood
regression. We then explore these connections and illustrate the utility of the projection
interpretation by providing an independent proof (based on abstract projection lattices)
that partial orthogonality gives rise to a neighbourhood lattice.

7.1 Partial orthogonality

Let H be a Hilbert space and let Proj(#) denote its projection lattice, i.e., the set of
(bounded) projection operators acting on #H. Section 7.4.1 contains more background on
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the projection lattice for interested readers. We write Sp(I') for the closed linear span of
any subset I' of . Note that Sp(I") can be viewed as a Hilbert space with the inner product
inherited from H. We write Proj(I") := Proj(Sp(T)) for the projection lattice of Sp(T').

Let T' be a finite subset of linearly independent vectors in H. For any S C I, let
Ps € Proj(#H) denote the projection onto Sp(S) and Pz := I — Pg denote the orthogonal
complement of Pg. We note that {Pg: S C I'} is exactly Proj(I'). For any disjoint triple
of subsets A, B,C C T', we say that A is partially orthogonal to B given C' if

PyPgPp =0, (20)

in which case we also write P4 L Pg | Pc or (A L B | C). We can view (20) as a ternary
relation among projection operators and say that “P4 is partially orthogonal to Pp given
Pc”. When H is an L? space of square-integrable random variables on some probability
space and T is a finite set of random variables (i.e. a random vector), (20) is equivalent to
partial uncorrelatedness of A and B given C, also equivalent to second-order independence
(Example 2.26 in Lauritzen (2020)). This relation is also closely related to the orthogonal
meet found in prior work; our choice of terminology is intended to reflect the well-known
relationship with partial regression and partial correlation. Equivalently, we can view partial
orthogonality as a ternary relation on families of closed subspaces of H; e.g. as in Dawid
(2001). The resulting relation defines a gaussoid (see Appendix D.5 for a proof) which we
call the projection graphoid and denote by Z(Proj(I')). Since Z(Proj(I")) is a gaussoid, it is
in particular a compositional graphoid over V =T

7.2 The regression lattice

Let X = (Xj),ev be a square-integrable random vector with covariance matrix ¥ = cov(X)
and joint distribution v. We view each X as an element of the L? space of random variables.
For any S C V, let Ps denote the L? projection onto the span of Xg = {X;, i € S}.
For simplicity, we write P; = Pj;; to denote projection on the span of {X;}, ie., we
drop the brackets for singleton sets. With some abuse of notation, let us also view X
as a set X = {Xj,j € V} and recall the graphoid Z(Proj(X)) defined by the partial
orthogonality relation (20). Relative to Z(Proj(X)), we have Markov boundaries m(j; S)
and the neighbourhood lattices ¥;(.S) defined via (2) and (4), respectively. Throughout this
section, in order to avoid ambiguity, we always explicitly reference the underlying graphoid,
i.e. by writing T;(S;v) := T;(S;Z(v)) for the probabilistic graphoid induced by conditional
independence and ¥;(S; Proj(X)) := T;(S; Z(Proj(X))) for the projection graphoid induced
by partial orthogonality (cf. (20)). Note that these are in general distinct.

The following, which we call the regression lattice, is closely related to the neighbourhood
lattice T;(S;Proj(X)):

Definition 18 (Regression lattice) For any S C V_;, define a collection of subsets by
Tj(S) ={U € V_j: PyPj = PsFj}. (21)

In other words, for any j, 7;(.9) is the collection of subsets U C V_; such that the projection
of X; onto {Xj, i € U} is invariant. Note that 7;(S) is well-defined even when ¥ is rank-
deficient.
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The name “regression lattice” may seem peculiar by inspection of the definition alone.
That 7;(S) is indeed a lattice will be established in Theorem 19 below. Let us first explain
our use of the adjective “regression”: Let [;(S) be the coefficient vector obtained after
regressing X; onto Xg, that is

B;(S) := argming c ga, supp(8) csE(X; — BTX)Q, (22)

where supp(a) = {i : a; # 0} denotes the support of a vector a. Equivalently, 3;(5)T X is
the orthogonal projection of X; onto Xg in the space of square-integrable random variables.
The coefficients in 3;(.S) are also known as the partial regression coefficients for the variable
7 regressed on the variables S. We will often refer to them simply as regression coefficients.
Then, assuming > > 0, we have (cf. Lemma 38 in Appendix D.5):

Ti(S) ={U CV_;: B;(U) = B;(5)}
= {U CV_;: supp(6;(U)) = supp(B;(9))}-

By definition, supp(3;(S)) € S.

The next result shows that 7;(S) is in fact the same as the neighbourhood lattice
induced by partial orthogonality with respect to the random vector X. As an immediate
consequence, this also proves that 7;(5) is indeed a lattice.

(23)

Theorem 19 Assume that ¥ := cov(X) > 0. Then, we have
Tj(5) = ;(5; Proj(X)) (24)
forallj €V and S C V_;.

The proof of Theorem 19 can be found in Appendix C.5. Combined with (23), Theorem 19
explains the name regression lattice. In the remainder of this section, we explore the prop-
erties of this lattice and its connection to the previously defined neighbourhood lattice.

Remark 20 By definition, the regression lattice T;(S) depends only on the random vector
X, and is not defined relative to any underlying graphoid. Contrast this with the definition
of the neighbourhood lattice, which explicitly requires an underlying compositional graphoid
Z that may not be generated by the distribution of some random vector X. In particular,
we stress that T;(S) is not the same as T;(S;v), where v is the distribution of X. See also
the discussion after Lemma 21 below.

7.3 Comparison of lattices

We have now defined two objects: The neighbourhood lattice and the regression lattice.
Theorem 19 showed that the regression lattice is in fact the same as the neighbourhood
lattice T;(S;Proj(X)) that arises from partial orthogonality, as defined in (20). In this
section, we explore the relationship between the regression lattice and the neighbourhood
lattice T;(S;v) that arises from conditional independence.

Consider the setting in which we have a random vector X € L?, so that both T;(S;v)
and 7;(S) are well-defined lattices. It turns out that T;(S;v) is always a subset of T;(5),
and equality holds if X is Gaussian.
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Lemma 21 Let X = (X;)jev € L? be a random vector and v be the distribution of X.
Then:

(a) Without additional assumptions, T;(S;v) C T;(S).
(b) If X ~N(0,%) for some ¥ > 0, then T;(S;v) = T;(S).
Thus, when X ~ N(0,Y) := v, we have
T,(8:7) = TH(S) = (8 Proj (X)), (25)

This is not true in general, however, since partial orthogonality is weaker than conditional
independence. Thus, Lemma 21 simply captures the well-known relationships between
independence, uncorrelatedness, and Gaussianity.

7.4 Projection lattice approach

We now give an independent proof that 7;(5) is a convex lattice, using only the algebraic
properties of projections. The proof reveals where the lattice structure of 7;(S) comes from:
It is inherited from the natural lattice structure possessed by projections on a Hilbert space.
We will assume that the reader is familiar with the basic theory of Hilbert spaces and their
associated projection lattices; a detailed introduction to these topics can be found in Farah
and Wofsey (2010); Blackadar (2006). We provide a short review in Section 7.4.1 below.

7.4.1 BACKGROUND ON PROJECTION LATTICES

For a (separable) Hilbert space H, let B(H) be the space of bounded linear operators on
H. For an operator P € B(H), let ran(P) := PH := {Px : x € H} denote its range and
P* its adjoint, defined via the relation (z, P*y) = (Px,y) for all x,y € H. An operator
P € B(H) is an orthogonal projection if and only if it is self-adjoint and idempotent:
P* = P = P2. The set of orthogonal projections in B(H) is denoted as Proj(#). The range
of any orthogonal projection is a closed linear subspace of H. In fact, there is a bijection
between Proj(#) and closed linear subspaces of H. The latter can be ordered by inclusion,
which induces a natural (partial) order on Proj(#) via the bijection. This order can be
characterized as follows:

Lemma 22 For P,Q € Proj(H), the following are equivalent:
() P=PQ. () P=QP, (c)ran(P) < ran(Q).

When any of these conditions hold we write P < Q.

The equivalence of (a) and (b) follows from self-adjointness of orthogonal projections.
Note that PQ in Lemma 22 is not necessarily a projection (unless P and ) commute). One
can show that the above order turns Proj(#) into a complete lattice. The meet and join of
two elements P, Q € Proj(#) can be expressed as follows:

P A @ = the projection onto ran(P) Nran(Q)
P Vv @ = the projection onto the closed linear span of ran(P) Uran(Q).
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We also let P+ := I — P, the orthogonal complement of P. Note that PV P+ =T (the
identity operator) and P A P+ = {0}. Also, P < Q iff Q+ < P*. See for example Farah
and Wofsey (2010) (Section 5, p. 24) or Blackadar (2006) (Section I1.3.2, p. 78) and the
references therein.

7.4.2 ABSTRACT LATTICE THEOREM

We now show that 7;(S) is a lattice isomorphic to an interval of the subset lattice, by
combining two abstract results. Consider a Hilbert space H and a collection of vectors
X ={x;}jcs C H, not necessarily finite. The next result and its proof (except the convexity
assertion) are due to Bice (2016):

Theorem 23 For an operator A € B(H) and projection P € Proj(H), define
Q(A, P) := {Q € Proj(H) : PA=QA).
Then Q(A, P) is a complete convex sublattice of Proj(H).

The proof of Theorem 23 can be found in Appendix C.5.

For any finite S C X, let Ps € Proj(H) be the projection onto the (closed) linear span
of S. Recall that B(X) is the complete lattice of all subsets of X’ ordered by inclusion. We
also write Bg, (X) for the lattice of all finite subsets of X.

Proposition 24 Assume that X C H is a linearly independent set. Then,
II(X) :={Ps: Sis a finite subset of X'}
is a sublattice of Proj(H) isomorphic to B g, (X).

The proposition implies that for any S, T C X, we have PsAPr = Psnr and PsV Pr = Psyr.
Combining these two results, and noting that 7;(S) = I({ X, }iev_;) N Q(Px;, Ps), we have
the following corollary:

Corollary 25 T;(S) is lattice-isomorphic to an interval of the subset lattice.

Remark 26 Proposition 24 and Theorem 23 apply to an infinite-dimensional Hilbert space
H and infinitely many variables {X1, Xo,...}. They also hold when the variables are de-
pendent (i.e., X is rank-deficient) if we remain at the level of projections (i.e., not map
projections onto sets of variables).

8. Discussion

We have introduced the neighbourhood lattice for general compositional graphoids and its
application to learning CI structures. Notably, the neighbourhood lattice obviates the need
for a graphical representation of a distribution. We have shown that these lattices are effi-
ciently computable, and have meaningful interpretations in special cases such as graphs and
regression. We also established a high-dimensional consistency result that applies to gen-
eral models, including various nonparametric models as well as more conventional Gaussian
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models. In both cases, the lattice structure significantly reduces the statistical complexity
of the estimation problem.

We conclude with some additional open questions. In Remark 6, we observed that many
of the properties carry over even for non-compositional graphoids, however, a complete study
of this more general case remains open. It would also be interesting to derive sharper upper
bounds on the number of lattices in the lattice decomposition (Definition 9), as this has
important computational implications (Section 4). It would also be interesting to explore
consequences of the neighbourhood lattice for learning graphical models, e.g. as in Aragam
et al. (2019). In particular, since our results apply to any graphical model, this opens the
door for learning more general (e.g. chain, mixed, etc.) graphical models without requiring
faithfulness.
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Appendix A. Alternative characterizations

The following result lists several different equivalent characterizations of the neighbourhood
lattice:

Theorem 27 The following definitions of T;(S) are equivalent:
(A1) T;(S) ={U C V_; :m(j;U) = m(j; S)} = {U C V_; : inf t;(U) = inf t;(S)};

(A2) T;(S) = U{(U) : inf t;(U) = inf t;(S5)}, i.e. T;(S) is mazimal amongst the lattices
t;(S) with the same minimal element;

(A3) T,(S)={UCS:jILS—U|UU{UDS:jLU-S|S}
(A4) () =4(S)U{AUB: ANB =0, Act,(S),j 1L B | A};

(A5) T;(S) = [m, M], where m C V is the smallest subset such that j 1L .S —m | m and
M CV is the largest subset such that 5 1L M — S | S.

(A6) T,(S) ={T CVoj 1 j LT —m(5 ) | m(j: S)}.

Furthermore, we have the following property:

(A7) Z;(S) =%;(T) for all T € T;(S) = [m, M] as in (A5).

The proof of these equivalences is a straightforward manipulation of the definitions, com-

bined with Theorem 5.

Appendix B. Algorithm for estimating Markov boundaries

Algorithm 3 below gives the pseudocode for the Grow-Shrink algorithm (Margaritis and
Thrun, 1999) for estimating Markov boundaries, adapted to the graphoid setting we have
adopted.

Algorithm 3 Compute the Markov boundary m(j;S) for a given j and S C V_;.

1: function coMPUTEMB(j, S, 7)

2 m <« 0

3 w«{ieS—m:j)Li]| m}

4 while w# 0 do > Forward phase
5: m<—mUw

6 w{ieS—m:jJ)Li| m}

7 end while

8 for all i € m do > Backward phase
9: if j 1L | m_; then
10: m < m—;
11: end if
12: end for
13: return m

14: end function
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Appendix C. Proofs of main results
C.1 Proof of Theorem 5

We now prove Theorem 5. First, we establish several simple lemmas that will prove useful.
As a guide to the reader, Lemmas 28 and 30 below are intermediate, whereas Lemmas 29
and 31 are key lemmas that will be invoked in the main proof.

The following is an immediate consequence of decomposition (G3):

Lemma 28 Let m = inf t;(S). Then j LU —m | m for all U € t;(S).
We will also need the following key technical lemma regarding t;(.5):
Lemma 29 For any U € t;(S), we have inf t;(U) = inf t;(.5).

Proof

Let mp = inft;(U) and m = inft;(S). By Lemma 28, j 1L U —m | m, whence
m € t;(U) by definition. Thus mo € m C U. Since we have established m C U, by
decomposition (G3), j 1L U —mgy | mg implies j 1L m —mgy | mo. Combine this with
jAL.S—m | (m—mg)Umyg, using contraction (G5), to deduce j 1L .S —myg | mg. Here, we
have used (S —m)U(m—mg) = S —mg which follows from my C m C 5. Thus mg € t;(.5),
and hence m C mg. We conclude that m = my, as desired. |

In the previous lemma, the condition U € t;(S) cannot be removed, as the following example
shows.

Example 16 In general, if U C S, we will not even have inf t;(U) C inf t;(S). To see this,
consider the set S = {4,6,12,14} and j = 3 from Example 6, so that inf t;(S3) = {6, 12}.
Take U = {4,6,14} C S3 and note that U ¢ t;(S3) = [{6,12},{4,6,12,14}]. We have
inf t;(U) = {4,6} which is incomparable to inf t;(S3).

The next two lemmas, which are useful in their own right, illustrate how elements of
T;(S) can be partitioned via knowledge of separation in the underlying graphoid. These
results are crucial to property (c) in Theorem 5.

Lemma 30 T € T;(5) = T;(S5) =%;(T).
Proof Since T' € T;(S5), we have m(j;S) = m(j;T). Now for any A € T;(S) we have

m(j; A) = m(j;S) = m(j;T), whence A € T;(T). Thus T;(S) € F,;(T), and similarly
T5(T) € %;(9). m

Lemma 31 Fiz S CV_; and let A C V_; and B € T;(S) be disjoint. Then j IL A | B if
and only if AU B € F;(95).

Proof Since B € T;(S5), we have T;(B) = T;(5) by Lemma 30. Hence AUB € F;(5) <
AU B € T;(B), which is equivalent to B € T;(AU B). But by definition this means

jU(AUB)—B | B < jl A|B.
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Finally, we proceed with the proof of Theorem 5.

Proof [Proof of Theorem 5| We break the proof of (a) into three parts: (i) Existence of
meets, (ii) Existence of joins, and (iii) Convexity. Throughout, we assume that T, R €
T;(S). Then, by the definition of F;(5), we have inf t;(T) = inf t;(R) = m for some set
m C T, R. It follows that t;(7") = [m,T] and t;(R) = [m, R]; see the discussion following
Lemma 3.

(i) We wish to show that TN R € %;(S). Since m C T and m C R, it follows that
m CTNR CT,whence TNR € t;(T). Now apply Lemma 29 to deduce that inf t;(TNR) =
inf t;(T) = m. Thus TN R € T;(9).

(ii) We wish to show that TR € T;(S). Since T' € t;(T") and m = inf t;(T"), Lemma 28
implies 7 1L T'—m | m. Similarly, j 1. R—m | m. By composition (G7), j 1L (TR)—m |
m, whence m € t;(T'R). Since both m and TR belong to t;(T'R), and m C T C TR, it
follows from the convexity of t;(T'R) (Lemma 3) that T' € t;(T'R). Applying Lemma 29, we
have inf t;(T') = inf t;(T'R), the desired result.

(iii) Suppose T' C R and let U satisfy T C U C R. Since m C T we have U € [m, R] =
t;(R). Then Lemma 29 implies inf t;(U) = inf t;(R), i.e., U € T;(95).

To prove (b), let m’ = inf T;(S) and note that the definition of the neighbourhood lat-
tice implies that m’ C m(j;S). Now suppose that m’ is a proper subset of m(j;S). Then
since m' € T;(S), we have m(j;S) = m(j;m') € m' C m(j;S), which is a contradiction.
The claim (c) follows immediately from Lemma 31. Finally, to prove (d), it is enough to
observe that S ~ T <= m(j;S) = m(j; T) defines an equivalence relation on 2"-i. [ ]

C.2 Proof of Theorem 12

To reduce notational burden, let us drop the index j and write ® = ®; through the
remainder of this section. We furthermore write k := |®| for the number of lattices in
the lattice decomposition ®. The lattice decomposition ® can be computed recursively,
as detailed in Algorithm 4. The key in this algorithm is step 3 where given a partial
decomposition, say, ©’, one needs to find a set S that is not covered by @', i.e., S ¢ [JD'.
If no such set exists, we conclude that ©’ covers the power set (i.e., [JD' = 2V-4), hence
it is in fact the full lattice decomposition and the algorithm terminates. For a general set
system @’ performing step 3 is NP-hard. However, since in our case the underlying lattices
are mutually disjoint, it is possible to produce an uncovered set in polynomial time:

Lemma 32 (findUncoveredSet Algorithm) Given a set system ®' = {T', ..., T*} where
T=[mt, M) C 2V foralll=1,....k and TENTY =0 for £ # 0, there is a polynomial-
time algorithm to produce a set not covered by D', when such a set exists. The algorithm
requires at most O(|V|?|D'|) set operations, and hence runs in O(|V[}|D'|) time. More-

over, there is a variant of the algorithm that can find all uncovered subsets of size < s with
O(2%|V]|D’]) set operations.

Although it is trivial to check whether or not ®’ covers 2V-i (e.g. simply by comparing
cardinalities), Lemma 32 goes a step further to produce a certifying set. There are multiple
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Algorithm 4 Compute the lattice decomposition D; for a given j .
1: Set ¥ - COMPUTELATTICE(j, V_;,Z).
2: Initialize ®; < {T} and powerSetNotCovered < True.
3: while powerSetNotCovered do
4: S < FINDUNCOVEREDSET(®D;, V_;).
5 if Step 4 is successful then
6: ¥ <~ COMPUTELATTICE(j, S, T).
T: @j — @j U {‘3}
8
9

else
: powerSetNotCovered < False.
10: end if
11: end while

polynomial-time algorithms that can produce a subset of V_; uncovered by set-system D,
as described by Lemma 32. We refer to a generic such algorithm as FINDUNCOVERED-
SET(®’,V_;). A particular instance is given in the proof of the lemma.

A set operation in the statement of Lemma 32 involves the computation of the size of
at most two set differences. We refer to the proof in Section D.3 for more details. Since the
total number of neighbourhood lattices found by Algorithm 4 could potentially be much
smaller than 297! where we recall d := |V|, the overall procedure could result in substantial
savings relative to the naive approach of checking all the 29~ possible subsets. In general,
by combining Proposition 11 and Lemma 32, we conclude that Algorithm 4 achieves the
claimed complexity bound in Theorem 12.

C.3 Proof of Theorem 16

Let a A b := min{a,b}. By a result of Amini et al. (2026), under the conditions of the
theorem, for any ¢, j € [d] and S C [d] with |S| < ¢, we have

P(|pn (i, 1) — p(i, §1S)| > 7) < Cre=2a™”, (26)

for any v € [en, ca(1 A 0?)]. Let W be the collection of all triples (i,j,S) that appear
during the run of the population version of Algorithm 2 for calculating ©;(t). We have
W| < t3d'T!. By union bound, and using ¢ < d,

P((i e 1Pn(,41S) = p(,j]S)| > 7) < Crd"™ exp(—2c1my?).

Take v = /4. Assuming that c;ny? > log(di™), with probability at least 1 — Cje—1"7"
for all (i,j,S) € W, we have

(i, J1S)] < /4, if p(i, j|S) =0,
(i, §1S)] > 3a/4, i p(i, j|.S) # 0.

Let us refer to the above event as A. Then, as long as 7 € [a/4,3a/4], on event A, testing
based on |p(i,7,5)| > 7 produces the same result as testing based on p(i, j, S) # 0 for all
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(a) (b)

Figure 4: Illustration of the reduction property. We break the cases respecting A — C; W Cy — B into
two groups, depending on whether there is a path between Cy and Cs (a), or not (b). The dashed
lines are possible paths. In none of the cases there could be a path between Cs and B because of
the assumption Cy; — A — B. The same assumption precludes a path between C; and B in cases in
(a), because of the existence of a path from Cs to Cy. As seen from this figure, in all possible cases,
A and B are separated by Cf.

triples (4,7,.5) € W. This shows that on event A, the data-driven Algorithm 2 encounters
the exact sequence of triples encountered by population-level Algorithm 2, hence producing
the exact same output.

Condition ¢;ny? > log(d!*4) holds if na? > (16/c;)(t + 4) log d. Similarly, condition v €
[en, c2(1 Ao?)] holds if 4e,, < a < 4e1 (1 Ao?). Putting the pieces together, all the conditions

are satisfied if 16 oo d
(42
c1

+ 1662 < a? < 4dea(1 A 0?),

which gives the desired result.

C.4 Proof of Theorem 17

We now prove Theorem 17. First, we introduce some new notation and a lemma. Write
A — C — B for disjoint sets A, B and C when C separates A and B. This means that any
path from a node i € A to node j € B should pass through a node k € C. This includes
the case where there is no path from A to B.

Lemma 33 Separation has these properties:
e Additive property: A —Ci — By and A — Cy — By implies A — (C1 UC2) — (B1 U By).
e Reduction property: A —Ci W Cy — B and Cy — A — B implies A — Cy — B.

Proof We only show the reduction property, for which it is enough to show that there
is no path from A to B that passes through C5 and not Cy. If so, a portion of it gives a
path from C5 to B that does not pass through C1, and clearly not A since the paths do not
self-cross. But then A does not separate Cy and B, a contradiction. Figure 4 illustrates the
argument. |

Proof [Proof of Theorem 17| By induction, we can reduce to the case where the nodes are
partitioned into two disjoint components G and Ga, after the removal of j. This implies
G1 — j — Go. For any set A, let A := ANGg, k=1,2. We have

J—A=(S\4) <= j-A—(S\A) and j—Ay—(52\ Ar). (27)
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To see this, note that the RHS implies j — A — (S1\ A1) U (S2\ A2) by the additive property
(Lemma 33). But (S1 \ A1) U (S2\ A2) = S\ A since G; and G are disjoint. Now assume
the LHS. Then, clearly j — A — (S1 \ A1). But we also have Ay — j — (S1 \ A1). Applying
the reduction property (Lemma 33), we get j — A; — (51 \ A1). The other implication is
similar, hence we get the RHS.

Equipped with (27), we can prove part (a). Let S* be the smallest subset of S separating
jand S\ S* and let ST and S5 be its components (i.e, S; = S* NGy, k =1,2). Then,
by (27) Si separates j and Sy \ S}, for k = 1,2. It remains to show that S} is the smallest
such set (for each k). Suppose that there is a proper subset S| of S} that separates j and
S\ S]. Then, applying (27) with A; = 5] and A2 = S5 and A = 5" := S| US55, we conclude
that S’ separates j and S\ S’. But S’ is a proper subset of S*, violating the assumption
that S* is the minimal set with such property. It follows that we should have m;(S1) = St
and m;(S2) = S5 which proves part (a).

For part (b), let S} = m;(Sk),k = 1,2 and S* = m;(S). From part (a), we have
S* = 57US;5. Fixr € V;. We claim that

r—S*—j < r—-S8—jorr—=5—j (28)

The < implication is clear. For the other direction, assume that r is separated from j by
S*, i.e., all the paths from r to j pass through S*. WLOG, assume that r € G (the case
r € (g is similar). Suppose that there is a path from r to j that passes through S5. A
portion of this path gives a path from r to S5, hence to G2, that does not pass through j,
contradicting G1 — j — G2. Hence all the paths from r to j should pass through S7, i.e.,
r— S} —j, proving (28). From (28), we conclude that E;(S*) = E;(S7)UE;(S5). Combined
with characterization of M;(S) in (B2), this proves the first equality in part(b).

To see the second equality in (b), recall that 7;(Sk; Gi) is the lattice with ground set
restricted to Gy U {j}. First, the minimal element of 7;(Sk; Gi) is the same as that of
T;(Sk). This is true since a subset A of S}, separates j and S; \ A in G U {j} iff it does
so in G. (If the separation happens in Gy U {j} but not in G, there will be a path from
Sk \ A to j passing through some G,., r # k contradicting disjointness of G and G,.) Even
more directly, a minimal subset of T;(S) is a subset of Sy, hence Gy, and the restriction
in 7;(Sk; Gi) is automatically satisfied. Knowing that the minimal element of 7;(Sk; Gy) is
Sy, we invoke (B2) restricted to G, U {j} to conclude that M;(Sk;Gi) = S; U E;(S;: Gr)
where E;(S;; Gi) = {i € Gy = S}, separates i and j}. Going through the argument leading
to (28), it is clear that we can replace (28) with

r—S"—j < [r—=S—jandre Gy or [r—5;—jandr e Gy (29)

showing that £;(S*) = E;(S7; G1) U E;(S5; G2). Combined with the expression for M;(Sy; Gy),
the desired result follows. |

C.5 Proofs for Section 7

This section contains the proofs of Theorems 19 and 23.
Proof [Proof of Theorem 19|
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For L € B(H), let [L] be the range projection of L, i.e., projection onto the closure of
the range of L. For any @ € Proj(#) and A € B(H), we have [QA] < @, since the range of
QA is included in the range of @), and the range of @) is closed. We also have the identity
B = [B]B for all B € B(H).

Recall that ker(A*) = ran(A)* where A* is the adjoint of A. Since z € ran(A)* if and
only if [A]z = 0, we have

ker(A*) = ker([A]), VA€ B(H). (30)
This in turn is equivalent to
A*B=0 < [A|B=0 VB e B(H). (31)
We also need the following result.
Lemma 34 In a finite-dimensional H, we have PV Q = P+ [P+Q)] for all P,Q € Proj(H).

We will use the equivalent characterization (A3) from Theorem 27. Assume that U C S.
Let P = Py, Q = Ps_y and R = Pg and note that

R=PvQ=P+[PLQ] (32)

where the second equality is by Lemma 34. We have that U € T;(S) iff PP; = RP;.
Using (32), this is equivalent to [P-Q]P; = 0. Applying (31), we equivalently have
(PLQ)*Pj = 0 which is equivalent to QPle = 0, since projections are self-adjoint. Note
that this latter statement is just j 1L S —U | U which is the characterization in (A3), that
is, U € F;(9).

Now consider U D S and redefine P = Pg, () = Py_g and R = Py. The exact same
argument as above goes through leading to j 1L U — S | S which is the characterization
in (A3). This completes the proof. [ |

Proof [Proof of Lemma 34| Since every x € H can be decomposed into a component in
ran(PVQ) and a component in ran(PVQ)*, it is enough to show that the operator equality
holds only over these two subspaces.

We first make a couple of observations: We have ran(P+Q) C ran(P V Q), that is,
[PLQ] < PV Q. To see this, let x € ran(P+Q). Then,

t=PQz=(I-P)Qz=Qz— PQzcran(PV Q)

since it is a linear combination of a component in ran(Q) and component in ran(P).

Now assume that x € H satisfies (P V Q)x = 0. Multiplying both sides by P and noting
that P < PV @, we have Pr = 0. Similarly, multiplying both sides by [P+Q] and using
[PLQ] < PV Q, we get [PQ]x = 0. Thus, (P + [P1Q])z = 0 as desired.

Next, assume that z € H is such that (P V Q)x = z. We have z = x1 + x2 where
r1 € ran(P) and 2o € ran(Q). Let x3 = 21 + Pao € ran(P). Then, z = 23 + Pta,. We
can write z2 = Qz for some z € H. Let R = [P1Q)] and note that R and P are orthogonal
projections, i.e., PR = 0. We have

(P+ R)x = (P + R)(z3 + PTQ2)
= Prs+ RP Qz = 23+ PLQz = =,
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which is the desired result. The last equality uses [A]A = A which holds for any A € B(H).
The proof is complete. |

Proof [Proof of Theorem 23| To simplify, let @ = Q(A, P). We will also continue with the
notation introduced in the proof of Theorem 19. Now consider a subset R C Q. For all
Q € R, we have

[PA] = [QA] < @, (33)

hence [PA] is a lower bound on R. Let R := AR, that is, the infimum of the elements of
R as projections in Proj(H). By the definition of infimum, [PA] < R < @ for all Q € R.
Then,

[QA]<R<Q (34)
for all Q@ € R. By Lemma 22, we equivalently have R = RQ and [QA] = R[QA]. Hence,
RA = RQA = R[QA]QA = [QA]QA = QA = PA, (35)

where the second and fourth equality are by B = [B]|B. Equation (35) shows that R € Q,
hence Q is closed under infima.

Since PA = QA is equivalent to P-A = Q1 A, it follows that Q+ := {Q+: Q € Q} is
also closed under infima. But since Q+ < P+ iff P < @, we have that Q is closed under
suprema, showing that Q is a complete sublattice.

For the convexity, assume that P,Q € Q and U € Proj(#) such that P < U < Q. We
have PA=UPA=UQA =UA, hence U € Q. The proof is complete. |

Appendix D. Additional proofs
D.1 Proof of Lemma 3

The result follows from two auxiliary lemmas.

Lemma 35 Assume that the independence model has the weak union property (G4). Then,
t;(S) is closed under unions and is convex. More precisely, if U € t;(S) and U CT C S,
then T € t;(S).

Proof By assumption j 1L S—U | U. Taking B=S—-T and D = T — U, we have

j AL BD | U. By weak union, j 1. B | DU. But DU = T showing that T" € t;(5) as
desired. |

That t;(S) is closed under set intersection follows from the following lemma.

Lemma 36 In any graphoid, the following extended intersection property holds:

ALRV|RW, ALRV|RW = AL RRV|W (36)
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We note that the intersection property (G6) corresponds to V = () in (36).

Proof By decomposition (G3), we can drop V from both assumptions to get A 1L R’ | RW
and A 1L R | R'W. By intersection (G6), A 1L RR' | W. By decomposition (G3), we
further have A 1L R | W. Combining this with the assumption A I R'V | RW and
applying contraction (G5) gives the desired result. [ |

To verify that t;(.S) is closed under intersections, let U, U’ € t;(S) and set W = U NU’,
R=U-W,R=U—-WandV =S — (UU’). Thus, {W, R, R',V} forms a partition of
S. Note that U € t;(S) means j 1L S — U | U which is equivalent to j 1L R'V | RW.
Similarly, U’ € ;(S) is equivalent to j AL RV | R'W. The extended intersection property
then gives A 1L RR'V | W, that is, A 1L .S — W | W. This shows that W € ;(5), as
desired. This finishes the proof of Lemma 3.

D.2 Proof of Lemma 21

To prove Lemma 21, we recall some basic facts given a subset S C V_;:
(A1) The regression coefficients are given by (;(S) = 257132 .55

(A2) The projection lattice can be written as T;(S) = {U C V_; : supp(B;(U)) =
supp(3;(S)) } (cf. (23));

(A3) If X ~ N(0,%) for some ¥ > 0 then X; AL S —m | m for m = supp(5;(5)).

Proof [Proof of Lemma 21]

(a) This follows by direct calculation using (A1) and (A2).

(b) Suppose X ~ N (0,%). Let T;(S) = [m, M]and U € T;(S). Since m = supp(5;(S)) =
supp(B;(U)), (A3) implies X; AL S—m | m, so that m € T;(S;v). Similarly, m € T;(U;v).
Since these lattices are disjoint, it follows that T;(S;v) = T;(U;v). But then U € T;(S;v),
as desired. [

D.3 Proof of Lemma 32

Proof [Proof of Lemma 32] There are multiple algorithms to solve this problem. Here
we describe one due to Brendan McKay. To simplify notation let r := d — 1 = |[d];| and
identify [d]; with [r] by relabeling if need be. Given disjoint lattices T¢ = [m*, M*] €
ol ¢ =1,... K, and any set S C [r], let

K
Q(S) =D Qu(S), QuS)=KTeg": SCT}|
/=1

Computing Q(S) is easy and we consider it an atomic set operation. In particular, if
S ¢ M* then Q,(S) = 0; otherwise, Q¢(S) = 2l(MNmNS| - Then computing Q(S) can be
done by at most O(K) set operations. Note that for any set S C [r] we have Q(S) < 271
with equality if and only if all possible subsets of [r] containing S are present in ® := UleTg .

Now, if Q() = 27, then power set 2" is covered. Otherwise, there is i; € [r] such that
Q({i1}) < 2"~ which can be found by trying all the r elements of [r]. Then, one can find
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{i1,i2} such that Q({i1,i2}) < 2772 by trying all r possible cases for i5. Continuing in this
manner, we have either of the following two:

1. After at most r — 1 rounds, we have S C [d]; such that Q(S) = 0. This S has the
desired property and the algorithm terminates.

2. We have S = {i1,...,i,—1}, with Q(S) < 2. Since we are not in Case 1, we should
have Q(S) = 1. This means that either (a) S € © in which case the ground set [r]
cannot belong to ©, hence we output [r], or (b) the ground set [r] € ® in which case
the original S cannot belong to ® and we output S.

In either case, the overall complexity is at most O(r?K) set operations.

For the “moreover” part of the claim, first let us call a set S eligible if Q(S) < 2"~ I5I.
We can keep track of all eligible sets in each round of the algorithm. Let & be the collec-
tion of all eligible sets .S of size ¢, which is available at round ¢ of the algorithm. Then,
we can compute &1 by considering S U {i;41} for all S € & and all possible 4441, and
verifying eligibility. This requires O(|&|rK) operations. Hence, running the algorithm for
t=0,1,...,s, requires O( > ;_,2'rK) = O(2°rK) as claimed. [ |

D.4 Proof of Proposition 24

Proof [Proof of Proposition 24| This proposition follows from a more general result: In a
geometric lattice, the sublattice generated by an independent set X is isomorphic to the
lattice of all finite subsets of X’ (see Exercise 7 in Chapter 11 of Nation (1998)). We give a
more direct proof here. Throughout, S and T" will be finite subsets of X. First, we note that
S +— Pg is one-to-one: Assume that Pg = Pp, and let x € S. Then, x = Psx = Prx, hence,
x can be written as a linear combination of the elements of 7. By linear independence, this
is only possible if x € T. Similarly, we conclude that T'C S, hence T' = S.

Next, fix some finite S,7 C X. Let & := span(S) and T := span(7’). We recall that
Ps A\ Pr projects onto SNT. We claim that SN'T = span(SNT'). Take x € SNT. By writing
x once as a linear combination of the elements of S and once as that of the elements of T,
equating the two, and using linear independence, one concludes that x has a representation
as a linear combination of only the elements of SN7T. Hence, SNT C span(SNT). The
other direction is trivial. Hence, Ps A Pr = Pgnr.

Finally, we need to show that span(S U 7T) = span(S UT). This is always true (even
without independence) and can be verified by considering linear combinations. This shows
that Pg VvV Pr = Psyr, finishing the proof. [ |

D.5 Miscellaneous results

Lemma 37 (G8) holds for Proj(H).

Proof Let P, = za”, P; = yy? and P, = zz! where z,y and z are linearly independent
unit norm vectors. Here zy! denotes the tensor product z ® y and for simplicity write
(z,y) = 2Ty. By the non-degeneracy assumption, PAz # 0. Let Z = PfFz/||P#z|. Note
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that PoV P, = Po+22". Hence (PoVE,)*: = Pé—EET. The assumption PZ'(PCVP;C)LP]- =0
then implies PP+ P; = P27 P;. Tt follows that

0= P2z P; = wy” (27 22Ty)

implying that 272 = 0 or 27y = 0. The former assertion is equivalent to a:TPC%z =0
which in turn is equivalent to PiPéPk = 0. The second assertion is similarly equivalent to
PjPé;Pk = 0, finishing the proof. |

Lemma 38 Representations (21) and (23) are equivalent.

Proof Let T;(S) be as defined in (21). To see the first equality in (23), note that 3;(S)T X =
PsX;. Since the covariance matrix of X is positive definite, 5;(S) = B;(T) is equivalent
to B;(S)TX = B;(T)TX, and hence to PsX; = PrX;. The result follows since for any
operator L, LX; = 0 is equivalent to LP; = 0. (We have LPjy = (X;,y)LX; for all y, as-
suming || X;|l3y = 1.) The second equality in (23) follows from the first equality and positive
definiteness of the covariance matrix. [ |
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