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Abstract

The problem of sampling a target probability distribution on a constrained domain arises in
many applications including machine learning. For constrained sampling, various Langevin
algorithms such as projected Langevin Monte Carlo (PLMC), based on the discretization
of reflected Langevin dynamics (RLD) and more generally skew-reflected non-reversible
Langevin Monte Carlo (SRNLMC), based on the discretization of skew-reflected non-
reversible Langevin dynamics (SRNLD), have been proposed and studied in the literature.
This work focuses on the long-time behavior of SRNLD, where a skew-symmetric matrix is
added to RLD. Although acceleration for SRNLD has been studied, it is not clear how one
should design the skew-symmetric matrix in the dynamics to achieve good performance
in practice. We establish a large deviation principle (LDP) for the empirical measure of
SRNLD when the skew-symmetric matrix is chosen such that its product with the outward
unit normal vector field on the boundary is zero. By explicitly characterizing the rate func-
tions, we show that this choice of the skew-symmetric matrix accelerates the convergence to
the target distribution compared to RLD and reduces the asymptotic variance. Numerical
experiments for SRNLMC based on the proposed skew-symmetric matrix show superior
performance, which validate the theoretical findings from the large deviations theory.
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1. Introduction

We consider the problem of sampling a distribution µ on a constrained domain K ⊂ Rd
with probability density function

µ(x) ∝ exp(−f(x)), x ∈ K, (1.1)

for a function f : Rd → R. The sampling problem for both constrained domain K ⊂ Rd
and unconstrained domain K = Rd is fundamental in many applications, such as Bayesian
statistical inference, Bayesian formulations of inverse problems, and Bayesian classification
and regression tasks in machine learning (Gelman et al., 1995; Stuart, 2010; Andrieu et al.,
2003; Teh et al., 2016; Gürbüzbalaban et al., 2021; Gürbüzbalaban et al., 2024a,b).

In the literature, Bubeck et al. (2015, 2018) proposed and studied the projected Langevin
Monte Carlo (PLMC) algorithm for constrained sampling, which projects each uncon-
strained Langevin step back to the constraint set K:

xk+1 = PK
(
xk − η∇f(xk) +

√
2η ξk+1

)
, (1.2)

where η > 0 is the stepsize and {ξk}k≥1 are i.i.d. Gaussian random vectors with ξk ∼
N (0, Id), and the mapping PK denotes the (Euclidean) metric projection onto K, defined
for any x ∈ Rd by

PK(x) := argmin
y∈K

∥x− y∥2. (1.3)

In particular, when K is nonempty, closed, and convex, PK(x) is well-defined and single-
valued.

The dynamics (1.2) is motivated by the reflected Langevin dynamics (RLD), i.e. the
continuous-time overdamped Langevin SDE with reflection at the boundary:

dXt = −∇f(Xt) dt+
√
2 dWt − n(Xt)Z(dt), (1.4)

where Wt is a standard d-dimensional Brownian motion, n(x) is the outward unit normal
vector for x ∈ ∂K (and can be chosen arbitrarily off ∂K), and

∫ t
0 n(Xs)Z(ds) is a bounded-

variation reflection term that enforces the constraint Xt ∈ K for all t ≥ 0 whenever X0 ∈
K. The measure Z(dt) is nonnegative with Z([0, t]) < ∞ for each t, and it charges only
boundary times, i.e. supp(Z) ⊆ {t ≥ 0 : Xt ∈ ∂K}.

The reflected Langevin dynamics (1.4) can be viewed as a Skorokhod problem on K:
one first follows the unconstrained Langevin increment, and whenever the trajectory hits
the boundary, a bounded-variation correction is added so that Xt ∈ K for all t ≥ 0. Geo-
metrically, this correction acts only at boundary times (i.e., the measure Z(dt) is supported
on {t : Xt ∈ ∂K}) and pushes the trajectory inward along −n. In smooth domains, the re-
flection term is the minimal correction that prevents leaving K, in contrast to discrete-time
schemes that reproject the iterate after each time step.

Since the seminal works (Bubeck et al., 2015, 2018) where the density µ is assumed to be
log-concave, there have been many studies proposing various Langevin algorithms for con-
strained sampling. Lamperski (2021) considers the projected stochastic gradient Langevin
dynamics in the setting of non-convex smooth Lipschitz f on a convex body where the
gradient noise is assumed to have finite variance with a uniform sub-Gaussian structure;
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see also Zheng and Lamperski (2022). Proximal Langevin Monte Carlo is proposed in
Brosse et al. (2017) for constrained sampling; see also Salim and Richtárik (2020) for a
study on the proximal stochastic gradient Langevin algorithm from a primal-dual perspec-
tive. Mirror descent-based Langevin algorithms (see e.g. Hsieh et al. (2018); Chewi et al.
(2020); Zhang et al. (2020); Li et al. (2022); Ahn and Chewi (2021)) can also be used for
constrained sampling, that was first proposed in Hsieh et al. (2018), inspired by the clas-
sical mirror descent in optimization. More recently, inspired by the penalty method in the
optimization literature, penalized Langevin Monte Carlo algorithms are proposed and stud-
ied in Gürbüzbalaban et al. (2024a), where the objective f can be non-convex in general.
In addition, constrained non-convex exploration combined with replica-exchange Langevin
dynamics was proposed and studied in Zheng et al. (2024).

In the literature, it is known that in the setting of unconstrained sampling, by breaking
reversibility, a non-reversible Langevin dynamics, where an skew-symmetric matrix is added,
can converge to the target distribution faster on the Euclidean space Rd. This phenomenon
is well understood through non-asymptotic convergence analysis; see e.g. Hwang et al. (1993,
2005); Rey-Bellet and Spiliopoulos (2015); Hu et al. (2020); Gao et al. (2020). Motivated by
this, in the setting of constrained sampling, non-reversible Langevin algorithms with skew-
reflected boundary was proposed and studied in Du et al. (2025), that can accelerate the
convergence of the (reversible) projected Langevin Monte Carlo, based on the discretization
of the skew-reflected non-reversible Langevin dynamics (SRNLD):

dXt = −(I + J(Xt))∇f(Xt)dt+
√
2dWt − nJ(Xt)L(dt), (1.5)

where Wt is a standard d-dimensional Brownian motion; for every x, J(x) is a skew-
symmetric matrix, i.e. J(x) = −(J(x))⊤, and moreover, ∥J∥∞ := supx∈K ∥J(x)∥ < ∞
and ∇ · J = 0. The term nJ(Xt)L(dt) ensures that Xt ∈ K for every t given that X0 ∈ K.
In particular,

∫ t
0 n

J(Xs)L(ds) is a bounded variation skew-reflection process and the mea-
sure L(dt) is such that L([0, t]) is finite, L(dt) is supported on {t : Xt ∈ ∂K}, where the
skew-reflection is defined through the following skew unit normal vector :

nJ(Xt) :=
(I + J(Xt))n(Xt)√

∥n(Xt)∥22 + ∥J(Xt)n(Xt)∥22
, (1.6)

where n(x) is the outward unit normal vector for x ∈ ∂K (and can be chosen arbitrarily off
∂K), and NK(x) denotes the (Euclidean) normal cone of K at x, defined by

NK(x) :=
{
v ∈ Rd : ⟨v, y − x⟩ ≤ 0, for any y ∈ K

}
, x ∈ K.

(For x ∈ int(K), NK(x) := {0}.)
We assume the skew-matrix J satisfies the condition that ⟨nJ ,n⟩ ≥ δ0 > 0 for some

positive constant δ0. To implement SRNLD (1.5), skew-reflected non-reversible Langevin
Monte Carlo (SRNLMC) algorithm was proposed and studied in Du et al. (2025) that is
based on the discretization of (1.5):

xk+1 = PJ
K

(
xk − η(I + J(xk))∇f(xk) +

√
2ηξk+1

)
, (1.7)
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where ξk are i.i.d. Gaussian random vectors N (0, Id), and PJ
K is the skew-projection:

PJ
K(x) := argmax

y∈K̄

〈
y − x,nJ(PK(x))

〉
, (1.8)

where PK is the Euclidean projection defined in (1.3). The mapping PJ
K in (1.8) is an

oblique (or skew) projection associated with the skew-reflection direction nJ . Unlike the
Euclidean metric projection PK in (1.3), which returns the closest point in K to a given x,
the skew-projection corrects infeasible points by moving them back toK along the prescribed
direction nJ (computed at the Euclidean projection point PK(x)). In two dimensions, one
may visualize PJ

K(x) as the boundary point obtained by transporting x in the direction
−nJ(PK(x)) until it re-enters the feasible set. When J(x)n(x) = 0 for all x ∈ ∂K, we have
nJ(x) = n(x) on ∂K. Consequently, the skew-projection correction reduces to the standard
normal one (and PJ

K coincides with the usual projection/reflection correction).

(a) Reflection vs
skew-reflection

K

xτ

n

nJ

J-drift

(b) Euclidean projection
vs skew-projection

K
xk

n
nJ

x̃k+1

PK(x̃k+1)

PJ
K(x̃k+1)

Euclidean projection
Skew-projection

Figure 1: Geometric interpretation of the dynamics. (a) At a boundary point xτ ∈ ∂K,
standard reflection pushes along the normal direction n, whereas skew-reflection pushes
along nJ ; when J(x)n(x) = 0 on ∂K, nJ = n on ∂K. Otherwise, nJ generally introduces
an additional tangential component (red) induced by the skew field. (b) Starting from xk,
the algorithm proposes an unconstrained step to x̃k+1 and then maps it back to K via either
the Euclidean projection PK (solid) or an oblique correction in the direction −nJ leading
to the skew-projection PJ

K (dashed).

Although non-asymptotic convergence analysis for SRNLD and SRNLMC are obtained
in Du et al. (2025) and it is shown that by adding the skew-symmetric matrix J , acceleration
can be achieved in the context of constrained sampling, the analysis in Du et al. (2025) does
not shed any light on how to design and construct the skew-symmetric matrix J to achieve
good performance in practice. Indeed, even in the unconstrained setting, how to choose the
skew-symmetric matrix is a challenging problem with very limited understanding. In the
unconstrained setting, when the objective f is quadratic, Xt becomes a Gaussian process.
Using the rate of convergence of the covariance of Xt as the criterion, Hwang et al. (1993)
showed that J ≡ 0 is the worst choice. Lelievre et al. (2013) proved the existence of the
optimal skew-symmetric matrix J to accelerate the convergence to equilibrium via maxi-
mizing spectral gaps. Wu et al. (2014) proposed two approaches to designing J for optimal
convergence of Gaussian diffusion and they also compared their algorithms with the one
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in Lelievre et al. (2013). See also Guillin and Monmarché (2016) for related results. For
non-quadratic objectives, the literature is sparse but reveals consistent acceleration benefits.
Gao et al. (2020) demonstrated reduced recurrence times in non-convex optimization via
non-reversible Langevin dynamics, by investigating the metastability behavior. Le Peutrec
and Michel (2020) derived sharp spectral asymptotics for non-reversible metastable diffu-
sions, and confirmed faster transitions via Eyring-Kramers formulas. Furthermore, Lee and
Seo (2022) proved accelerated Eyring-Kramers formulas for non-reversible Gibbs-sampled
diffusions using novel capacity estimation. Collectively, these works validate that breaking
reversibility enhances convergence, yet the optimal J for general non-quadratic objectives
remains an open challenge. To the best of our knowledge, we are the first to study how
to choose and design the skew-symmetric matrix J in the context of constrained sampling.
We adopt a different approach than Du et al. (2025) to study SRNLD through the lens of
large deviations theory that can help us better understand how to design and construct the
skew-symmetric matrix J effectively.

In this paper, we focus on the study of large deviations of the empirical measure for
SRNLD (Xt)t≥0 in (1.5):

Lt :=
1

t

∫ t

0
δXsds, (1.9)

such that Lt ∈ P(K), where P(K) denotes the space of probability measures on K. Since
(1.5) admits µ as a unique invariant distribution, by ergodic theorem, Lt → µ as t → ∞
a.s. Informally speaking, the large deviations theory concerns the small probability of the
rare events P(Lt ≃ ν) where ν ̸= µ. Typically, this probability is exponentially small, i.e.
P(Lt ≃ ν) = e−tI(ν)+o(t) as t → ∞, where I(ν) ≥ 0 is known as the rate function with
I(ν) = 0 if and only if ν = µ. More formally speaking, the empirical measures (Lt)t≥0

satisfy a large deviation principle (LDP) in P(K) (equipped with the weak topology) with
speed t and rate function I : P(K) → [0,∞] if I is non-negative, lower semicontinuous and
for any measurable set A, we have

− inf
ν∈A◦

I(ν) ≤ lim inf
t→∞

1

t
logP(Lt ∈ A) ≤ lim sup

t→∞

1

t
logP(Lt ∈ A) ≤ − inf

ν∈Ā
I(ν) , (1.10)

where A◦ denotes the interior of A and Ā its closure, and the rate function I(ν) is said to
be good if it has compact level sets. We refer to Varadhan (1984); Dembo and Zeitouni
(1998) for a more general definition of large deviation principle, as well as its theory and
applications.

Large deviations theory can help us better understand the convergence to the target
distribution. When we have variants of Langevin dynamics that target the same Gibbs
distribution µ, they might lead to different rate functions, and if we can show the rate
function for SRNLD Xt given in (1.5) is greater than that for the RLD (1.4), then as
t → ∞, SRNLD is more concentrated around the target distribution µ, which indicates
acceleration.

The Donsker-Varadhan theory (Donsker and Varadhan, 1975a,b, 1976, 1983) establishes
a large deviation principle with a rate function I(ν) for the empirical measure Lt when the
underlying processXt is a Markov process under suitable conditions. However, the Donsker-
Varadhan theory does not apply to Langevin SDEs directly because overdamped Langevin
SDEs and its variants on Rd live on a non-compact set that requires redesign and rethinking
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(Ferré and Stoltz, 2020; Yao et al., 2025). Since reflected Langevin dynamics is reversible
and on a compact domain, its large deviation principle follows from the literature. This
leads to the natural question whether one can establish large deviations for skew-reflected
non-reversible Langevin dynamics. It turns out that it is a much harder problem for the
following technical reasons:

(i) General Boundary Conditions: For an arbitrary skew-symmetric matrix field
J(x), the domain D(LJ) of the infinitesimal generator LJu(x) = ∆u(x) − ⟨(I +
J(x))∇f(x),∇u(x)⟩ consists of functions u ∈ C2(K) satisfying the boundary con-
dition ⟨∇u(x), (I + J(x))n(x)⟩ = 0 on ∂K. This is a generalized oblique derivative
condition, which can be significantly more complex to analyze than standard bound-
ary conditions such as Neumann or Dirichlet conditions. In contrast, the classical
framework of Donsker and Varadhan (1975a) applies only to the case J ≡ 0, where
the Markov process is reversible, whereas our setting with a non-zero J(x) introduces
a non-reversible reflected process that falls outside their framework.

(ii) Operator Decomposition and Adjoints: The standard approach to decompose LJ
into a symmetric part LS = 1

2(LJ +L∗
J) and a skew-symmetric part LA = 1

2(LJ −L∗
J)

(where L∗
J is the adjoint in L2(K, dµ) with respect to the invariant measure µ) requires

a well-defined adjoint L∗
J . The calculation of L∗

J via integration by parts involves
boundary terms. The nature of these boundary terms, and consequently the precise
form and domain of L∗

J , are dictated by the original oblique boundary condition.

(iii) Properties of Decomposed Operators: For the LDP rate function decomposition
methods (e.g., as in Ferré and Stoltz (2020)) to be applicable, it is highly desirable
that LS is self-adjoint and LA is anti-self-adjoint, ideally on the same domain D(LJ)
or at least on a common core. If the boundary conditions for D(LJ) and D(L∗

J)
(which arises from the oblique condition) do not align simply, establishing these self-
adjointness and anti-self-adjointness properties for LS and LA becomes a non-trivial
task. The resulting LS and LA might not have domains that are easy to work with
for subsequent spectral analysis or variational arguments.

In this paper, we will overcome these technical challenges. The key insight is the condi-
tion J(x)n(x) = 0 on ∂K we impose (Assumption 2 in this work) which is crucial because
it simplifies the oblique boundary condition ⟨∇u, (I + J)n⟩ = 0 to the standard Neumann
condition ⟨∇u,n⟩ = 0. For operators with Neumann boundary conditions, the theory of
adjoints, self-adjoint extensions, and spectral properties is much better developed and more
tractable. This simplification ensures that L∗

J can be cleanly characterized, leading to well-
behaved LS and LA that are indeed self-adjoint and anti-self-adjoint respectively on D(LJ).
This, in turn, allows for a more direct application and adaptation of the LDP framework
and rate function decomposition techniques found in the literature such as Ferré and Stoltz
(2020). Without this simplification, one might need to delve into more advanced partial
differential equation (PDE) theory for oblique boundary value problems or find alternative
approaches for the LDP analysis. As a by-product, this simplification also provides us a
natural choice for the skew-symmetric matrix, which will be discussed for the examples
including the ball constraint, and more generally the constrained domains characterized by
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sublevel sets that include special cases such as the smoothed ℓp ball constraint in Section 2
which turns out to work well empirically (Section 3).

With this insight, in Section 2, we will establish a large deviation principle for the
empirical measures of SRNLD for a class of skew-symmetric matrices J by adopting the
Gärtner-Ellis framework (Theorem 7). Moreover, we show that the acceleration can be
achieved by comparing the rate function in the presence of the skew-symmetric matrix J
and that of RLD without the skew-symmetric matrix (Proposition 11). In addition, we
rigorously prove that these non-reversible dynamics lead to a reduction in the asymptotic
variance for time-average estimators (Theorem 15). The class of skew-symmetric matrices
J can be constructed depending on the compact domain K (Assumptions 2 and 3). As a
by-product, it provides us a guidance how to design and construct the skew-symmetric ma-
trix J to achieve better performance in the context of constrained sampling, which bridges
a gap between theory and practice (Section 3). In particular, we conduct numerical exper-
iments including a toy example on truncated multivariate normal distribution, constrained
Bayesian linear regression and constrained Bayesian logistic regression for both the ball
constraint and the smoothed ℓp constraint using both synthetic data and real data. Our
numerical experiments demonstrate the efficiency of the algorithmic design, and show supe-
rior performance. Finally, we conclude in Section 4. We provide a summary of notations in
Appendix A. The proofs of technical lemmas will be provided in Appendix B and additional
technical derivations will be presented in Appendix C.

2. Main Results

We consider a skew-reflected non-reversible Langevin dynamics (SRNLD) on a compact,
connected domain K ⊂ Rd with boundary ∂K ∈ C2,α for some α ∈ (0, 1):

dXt = −(I + J(Xt))∇f(Xt)dt+
√
2dWt, Xt ∈ K, (2.1)

subject to reflecting boundary conditions. The infinitesimal generator is

LJu(x) = ∆u(x)− ⟨(I + J(x))∇f(x),∇u(x)⟩ , (2.2)

with the domain

D(LJ) =
{
u ∈ C2,α(K) : ⟨∇u(x), (I + J(x))n(x)⟩ = 0 on ∂K

}
.

The empirical measure is Lt =
1
t

∫ t
0 δXsds ∈ P(K), the space of probability measures on

K. We seek an LDP for (Lt)t≥0 in the weak topology on P(K). We introduce the following
assumptions that will be used throughout the rest of the paper.

Assumption 1 (Regularity) The domain K ⊂ Rd is compact and connected, and its
boundary satisfies ∂K ∈ C2,α for some α ∈ (0, 1). The potential satisfies f ∈ C2,α(K). The
matrix field satisfies J ∈ C1,α(K) ∩ L∞(K) and J⊤ = −J on K.

Assumption 2 (Simplified Boundary Interaction) On the boundary ∂K, J(x)n(x) =
0, where n(x) is the outward unit normal vector.
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Degeneracy under Assumption 2 Under Assumption 2, we have J(x)n(x) = 0 for all
x ∈ ∂K. Consequently, on ∂K the modified reflection direction nJ(x) coincides with the
outward normal n(x), so the skew-reflection reduces to the standard (normal) reflection.
We keep the notation nJ for consistency with the general SRNLD/SRNLMC formulation.
In particular, ⟨nJ(x),n(x)⟩ = 1 on ∂K.

Assumption 3 In the interior K◦, the matrix field is divergence-free in the sense that
∇· J = 0 on K◦.

The assumptions introduced above serve distinct roles in establishing the theoretical
framework:

• Invariance of µ (Lemma 1): The result that µ(dx) ∝ e−f(x)dx is the invariant mea-
sure relies primarily on the skew-symmetry of J (Assumption 1) and the divergence-
free condition ∇ · J = 0 (Assumption 3). These conditions ensure that the additional
drift term vanishes in the interior.

• Existence of LDP (Theorem 7): The establishment of the LDP via the Gärtner-
Ellis theorem relies heavily on the compactness of K and the regularity of the co-
efficients (Assumption 1). Furthermore, Assumption 2 simplifies the domain of the
generator to standard Neumann boundary conditions, which facilitates the use of stan-
dard spectral theory for elliptic operators on compact domains to prove the existence
and differentiability of the scaled cumulant generating function (SCGF) λ(g).

• Rate Function Decomposition and Variance Reduction (Proposition 11 &
Theorem 15): The algebraic decomposition of the rate function and the variance
reduction result depend on the specific structure of the adjoint operator L∗

J . This cal-
culation requires the full bundle of assumptions: Assumption 3 (∇ · J = 0) eliminates
interior terms in the integration by parts, while Assumption 2 (Jn = 0) eliminates
the boundary terms, ensuring that LS is self-adjoint and LA is anti-self-adjoint on the
domain D(LJ).

Next, we discuss how to construct J(x) to satisfy these assumptions and their implica-
tions.

2.1 Construction of J(x) and Implications of Assumptions

The skew-symmetric matrix field J(x) is chosen to satisfy three key assumptions:

(i) Regularity (Assumption 1): J ∈ C1,α(K) ∩ L∞(K) and J(x) = − (J(x))⊤.

(ii) Simplified Boundary Interaction (Assumption 2): J(x)n(x) = 0 on ∂K.

(iii) Divergence-Free Condition (Assumption 3): ∇ · J(x) = 0 for x ∈ K◦.

Constructing J(x) to satisfy all three conditions simultaneously is non-trivial.
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2.1.1 In 3D Space

A common way to ensure J(x) is skew-symmetric (fulfilling part of Assumption 1) is to
define its action via an axial vector field k(x): J(x)w = k(x)×w.

To satisfy Assumption 3 (∇ · J = 0), we require the axial vector field k(x) to be
irrotational (curl-free) in K◦, i.e., ∇ × k(x) = 0. This implies k(x) can be expressed
as the gradient of a scalar potential ϕ(x), i.e., k(x) = ∇ϕ(x). To satisfy Assumption 2
(J(x)n(x) = 0) on ∂K, we require k(x) × n(x) = 0 on ∂K, which means k(x) must be
parallel to n(x) on the boundary. Therefore, in three dimensions, it suffices to find a scalar
potential ϕ such that

k(x) := ∇ϕ(x)
has the required Hölder regularity (so that the resulting matrix field J(x) satisfies Assump-
tion 1). Moreover, on the boundary ∂K we require ∇ϕ(x) to be parallel to the outward
normal n(x), i.e.

∇ϕ(x)× n(x) = 0, x ∈ ∂K.

For instance, choosing k(x) = sx (with s ∈ R) yields ∇× k(x) = 0. If K is a ball centered
at the origin, then n(x) is parallel to x on ∂K, hence k(x) ∥ n(x) holds. Consequently, the
corresponding J(x) (analogous to Js(x) in Section 3) satisfies the required assumptions.

2.1.2 In a Higher-Dimensional Ball (d > 3)

For our high-dimensional numerical experiments in Section 3, we additionally employ a
simple block-diagonal construction on a ball, which yields a more structured nonreversible
drift and is easy to implement.

Let K be a ball in Rd centered at the origin, which corresponds to the ℓ2-norm con-
straints, that are frequently encountered in machine learning applications, such as Bayesian
ridge regression (Brosse et al., 2017; Gürbüzbalaban et al., 2024a). The outward unit normal
vector on the boundary ∂K is n(x) = x/∥x∥2. The boundary condition in Assumption 2,
J(x)n(x) = 0, thus simplifies to J(x)x = 0 for x ∈ ∂K. We can construct a J(x) that meets
all requirements using a block-diagonal structure.

Specifically, when the dimension d is a multiple of 3, say d = 3m, we construct J(x) in
the following matrix form:

J(x) =


J (1)(x1:3) 0 · · · 0

0 J (2)(x4:6) · · · 0
...

...
. . .

...

0 0 · · · J (m)(x3m−2:3m)

 ,

where x3i−2:3i = (x3i−2, x3i−1, x3i)
⊤ and 0 represents a 3 × 3 zero matrix. Each 3D block

J (i) is constructed analogously to the 3D case. Specifically, the local axial vector k(i) plays
the role of the vector field k restricted to the coordinates of the i-th block. For example,
we may choose k(i)(x) = si · x3i−2:3i, where si is a scalar constant. The action of such a
block is J (i)w = (si · x3i−2:3i)×w.

This construction rigorously satisfies all three assumptions for a spherical domain:

1. Skew-symmetry: Since each block J (i) is skew-symmetric, the full block-diagonal
matrix J(x) is also skew-symmetric.
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2. Boundary condition (J(x)x = 0): For any vector x =
(
x⊤1:3, . . . , x

⊤
3m−2:3m

)⊤
, the

action J(x)x results in a vector where each 3-dimensional component is J (i)x3i−2:3i =
(six3i−2:3i) × x3i−2:3i = 0. Thus, J(x)x = 0 for all x, which satisfies the boundary
condition.

3. Divergence-free (∇·J = 0): The divergence of each 3D block with respect to its own
coordinates is zero. Due to the block-diagonal structure with no cross-dependencies
between blocks, the divergence of the full matrix J(x) is also zero.

This block-diagonal construction is what we will employ in our high-dimensional numer-
ical experiments (see Section 3.3 with d = 9). Finally, if the dimension d is not a multiple
of 3, one can combine 3D blocks with zero blocks for the remaining dimensions, which still
satisfies all the assumptions.

2.1.3 Constrained Domain Characterized by Sublevel Sets in Rd

We now present a constructive procedure to design the skew-symmetric matrix field J(x) for
a general class of constrained domains defined by sublevel sets. Constraints characterized
by sublevel sets (or equivalently, functional inequalities) are ubiquitous in the sampling
and optimization literature, encompassing standard convex bodies, polyhedra, and ℓp-balls
(Schmidt, 2005; Kook et al., 2022; Gürbüzbalaban et al., 2024a). This generalizes the
explicit construction provided for the ℓ2-ball example.

Let g ∈ C2,α(Rd) be a confining potential. Fix a level λ > infx∈Rd g(x) and let

K := {x ∈ Rd : g(x) ≤ λ}.

We assume that K is bounded and that ∇g(x) ̸= 0 for all x ∈ ∂K = {g = λ}. Under
these conditions, ∂K is a C2,α hypersurface, and the outward unit normal vector is given
by n(x) = ∇g(x)/∥∇g(x)∥.

The key to satisfying the boundary condition J(x)n(x) = 0 is to construct an auxiliary
potential ψ whose gradient aligns with the normal vector on the boundary. Choose an
arbitrary function h ∈ C2,α(Rd) such that h(x) ̸= 0 on ∂K (e.g., h(x) ≡ 1 or h(x) =
1 + ∥x∥2). Define the potential ψ : K → R by:

ψ(x) := (λ− g(x))h(x). (2.3)

On the boundary ∂K, where g(x) = λ, the gradient of ψ satisfies:

∇ψ(x) = −∇g(x)h(x) + (λ− g(x))∇h(x) = −h(x)∇g(x).

Crucially, this implies that ∇ψ(x) is parallel to the normal vector n(x) everywhere on ∂K.
We define J(x) by decomposing the d-dimensional space into independent 3-dimensional

subspaces (with potentially one or two dimensions left over if d is not a multiple of 3). Let
m = ⌊d/3⌋. For each ℓ = 1, . . . ,m, consider the coordinate triplet (aℓ, bℓ, cℓ) = (3ℓ− 2, 3ℓ−
1, 3ℓ). Define the block-specific axial vector k(ℓ)(x) ∈ R3 by the partial derivatives of ψ:

k(ℓ)(x) :=

∂aℓψ(x)∂bℓψ(x)
∂cℓψ(x)

 .
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Construct the d × d matrix J (ℓ)(x) such that its only non-zero entries form a 3 × 3 skew-
symmetric block on the indices (aℓ, bℓ, cℓ). By denoting the components of the local axial

vector as k(ℓ)(x) =
(
k
(ℓ)
1 , k

(ℓ)
2 , k

(ℓ)
3

)⊤
, this block is given by:

(
J (ℓ)

)
{aℓ,bℓ,cℓ}×{aℓ,bℓ,cℓ}

=

 0 −k(ℓ)3 k
(ℓ)
2

k
(ℓ)
3 0 −k(ℓ)1

−k(ℓ)2 k
(ℓ)
1 0

 .

Finally, set the full matrix field as the sum:

J(x) :=

m∑
ℓ=1

J (ℓ)(x). (2.4)

This construction satisfies all required assumptions:

1. Regularity: Since g, h ∈ C2,α, ψ ∈ C2,α and J ∈ C1,α. J is skew-symmetric by
construction.

2. Boundary Condition: For any x ∈ ∂K, we showed ∇ψ(x) ∥ n(x). This implies
that for each block ℓ, the local vector k(ℓ) is parallel to the projection of n onto those
coordinates. The cross-product structure ensures that J (ℓ)(x)n(x) = 0. Summing
these gives J(x)n(x) = 0.

3. Divergence-Free: The divergence of a curl field is identically zero. Since each block
is constructed as the curl of a gradient field (∇ψ), we have ∇ · J = 0 in K◦.

2.1.4 Smoothed ℓp Ball Constraint

Next, we apply the discussions in the previous section to the example of a smoothed ℓp
ball sublevel-set constraint in Rd. Constraints of this type are widely encountered in high-
dimensional statistics and machine learning for regularization, such as in Bayesian Lasso
(p = 1) and ridge (p = 2) regression (Schmidt, 2005; Gürbüzbalaban et al., 2024a). Fix
d ≥ 3, p ≥ 1 and ε > 0, and define the smooth convex potential

g(x) :=

d∑
i=1

(
x2i + ε2

) p
2 , x = (x1, . . . , xd)

⊤ ∈ Rd. (2.5)

Then minx∈Rd g(x) = d εp (attained at x = 0). For any λ > d εp, we consider the sublevel-set
domain

K := {x ∈ Rd : g(x) ≤ λ}. (2.6)

We have ∂K = {g = λ} and ∇g(x) ̸= 0 on ∂K since ∇g(x) = 0 if and only if x = 0, while
0 ∈ K◦ because g(0) = dεp < λ. The outward unit normal vector on ∂K is

n(x) =
∇g(x)

∥∇g(x)∥
, x ∈ ∂K, (2.7)

where, for i = 1, . . . , d,

∂ig(x) = p xi
(
x2i + ε2

) p
2
−1
. (2.8)

11
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Define

ψ(x) := λ− g(x). (2.9)

For each triple of indices (a, b, c) with 1 ≤ a < b < c ≤ d, define the associated 3-vector

k(a,b,c)(x) :=

∂aψ(x)∂bψ(x)
∂cψ(x)

 . (2.10)

Equivalently, for any r ∈ {a, b, c},

∂rψ(x) = − ∂rg(x). (2.11)

For the choice (2.5), we have for each r ∈ {1, . . . , d},

∂rψ(x) = − ∂rg(x) = − p xr
(
x2r + ε2

) p
2
−1
. (2.12)

Hence, for any triple (a, b, c), we have:

k(a,b,c)(x) :=

k
(a,b,c)
1 (x)

k
(a,b,c)
2 (x)

k
(a,b,c)
3 (x)

 = −p


xa
(
x2a + ε2

) p
2
−1

xb
(
x2b + ε2

) p
2
−1

xc
(
x2c + ε2

) p
2
−1

 . (2.13)

In particular, the components satisfy k
(a,b,c)
j (x) = ∂ιjψ(x), where (ι1, ι2, ι3) = (a, b, c).

We now select a family of disjoint coordinate triples that cover as many coordinates as
possible. Let

m :=

⌊
d

3

⌋
, (aℓ, bℓ, cℓ) := (3ℓ− 2, 3ℓ− 1, 3ℓ), ℓ = 1, . . . ,m.

(If d ̸≡ 0 (mod 3), the remaining 1 or 2 coordinates will be left without a swirl block.)
For each ℓ = 1, . . . ,m, define a d× d matrix field J (ℓ)(x) supported on the coordinates

(aℓ, bℓ, cℓ) by inserting the 3× 3 cross-product matrix generated by k(aℓ,bℓ,cℓ)(x) into those
rows and columns:

[
J (ℓ)(x)

]
{aℓ,bℓ,cℓ}×{aℓ,bℓ,cℓ}

=

 0 −k(aℓ,bℓ,cℓ)3 (x) k
(aℓ,bℓ,cℓ)
2 (x)

k
(aℓ,bℓ,cℓ)
3 (x) 0 −k(aℓ,bℓ,cℓ)1 (x)

−k(aℓ,bℓ,cℓ)2 (x) k
(aℓ,bℓ,cℓ)
1 (x) 0

 , (2.14)

and set all other entries of J (ℓ)(x) equal to 0. In particular, by (2.12)–(2.13), for the
smoothed ℓp ball example,

k
(aℓ,bℓ,cℓ)
1 (x) = − p xaℓ

(
x2aℓ + ε2

) p
2
−1
,

k
(aℓ,bℓ,cℓ)
2 (x) = − p xbℓ

(
x2bℓ + ε2

) p
2
−1
,

k
(aℓ,bℓ,cℓ)
3 (x) = − p xcℓ

(
x2cℓ + ε2

) p
2
−1
.

12
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We define

J(x) :=

m∑
ℓ=1

J (ℓ)(x), (2.15)

where J (ℓ)(x) is defined in (2.14). By construction, the matrix field J(x) in (2.15) satisfies
the required theoretical conditions. First, for ε > 0, the function g is smooth, hence
ψ = λ− g is smooth as well; therefore each component ∂rψ is C1 on K, and so J ∈ C1(K)
(Assumption 1).

Second, on ∂K = {g = λ} = {ψ = 0} we have ∇ψ = −∇g, so ∇ψ(x) is colinear
with the outward unit normal n(x) = ∇g(x)/∥∇g(x)∥ (indeed anti-parallel). Since each
local axial vector k(aℓ,bℓ,cℓ)(x) is defined by selecting components of ∇ψ(x), it follows that
the restricted vectors (naℓ , nbℓ , ncℓ)

⊤ and k(aℓ,bℓ,cℓ)(x) are colinear on ∂K. Consequently,
on ∂K the 3 × 3 cross-product block generated by k(aℓ,bℓ,cℓ)(x) annihilates n(x) in those
coordinates, and hence

J(x)n(x) = 0, x ∈ ∂K

(Assumption 2).
Finally, each block J (ℓ) is divergence-free. Writing (a, b, c) = (aℓ, bℓ, cℓ) and k =

(k1, k2, k3)
⊤ = (∂aψ, ∂bψ, ∂cψ)

⊤, the nonzero entries are Jab = −k3, Jac = k2, Jbc = −k1
(and skew-symmetry). Thus, for example, since Jaj = 0 for all j /∈ {b, c},(

∇ · J (ℓ)
)
a
=

d∑
j=1

∂jJaj = ∂bJab + ∂cJac = −∂bk3 + ∂ck2 = −(∂b∂cψ) + (∂c∂bψ) = 0,

and similarly
(
∇ · J (ℓ)

)
b
=
(
∇ · J (ℓ)

)
c
= 0, while all other components vanish trivially.

Therefore ∇ · J (ℓ) = 0 for each ℓ, and summing over ℓ yields ∇ · J = 0 (Assumption 3).

Standard ℓp-ball constraint It is worth noting the conditions under which one can set
the smoothing parameter ε = 0 to recover the standard ℓp-ball constraint. In the limit
ε→ 0, the components kj(x) become proportional to x|x|p−2 (interpreted as sgn(x)|x|p−1).

• If p ≥ 2, the function x 7→ x|x|p−2 belongs to C1(R) (and C2(R) if p ≥ 3). In this case,
the resulting matrix field J(x) satisfies the C1,α regularity required by Assumption 1,
and thus we can set ε = 0.

• If 1 ≤ p < 2, the derivative of x|x|p−2 behaves like |x|p−2, which becomes singular at
x = 0. Therefore, for 1 ≤ p < 2, a strictly positive smoothing parameter ε > 0 is
necessary to ensure the validity of our theoretical framework.

2.2 Preliminaries: Ergodicity and Invariant Measure

We first introduce the following lemma from Du et al. (2025) which guarantees that µ is
the unique invariant distribution for (Xt)t≥0 in (2.1).

Lemma 1 (Existence and Uniqueness of Invariant Measure) Under Assumptions 1,
2 and 3, the process (Xt)t≥0 defined by Eq. (2.1) with Neumann boundary conditions has
a unique invariant probability measure µ ∈ P(K). This measure has a density with respect
to Lebesgue measure dx on K, given by dµ(x) = 1

Z e
−f(x)dx, where Z :=

∫
K e

−f(x)dx. The
process (Xt)t≥0 is ergodic with respect to µ.

13



Wang, Tu, Wang, Zhu

2.3 The Gärtner-Ellis Framework

We will establish LDP using the Gärtner-Ellis theorem. In the Gärtner-Ellis framework,
the key object is the scaled cumulant generating function (SCGF).

Definition 2 (Scaled Cumulant Generating Function) For g ∈ C(K) (the space of
continuous functions on K), the SCGF is defined as:

λ(g) = lim
t→∞

1

t
logEx

[
exp

(∫ t

0
g(Xs)ds

)]
,

whenever the limit exists. We need to show that λ(g) exists, is finite, convex, Gateaux-
differentiable, and does not depend on the starting point x ∈ K. These properties are not
merely technical: existence and finiteness ensure that λ(g) is a well-defined long-time growth
rate for the exponential moment; convexity and Gateaux differentiability are needed to
identify the associated rate function via the Legendre–Fenchel transform and to characterize
the unique “tilted” invariant measure through the gradient ∇λ(g); finally, independence of
the initial condition guarantees that λ(g) describes an intrinsic asymptotic quantity of the
dynamics rather than a transient effect. This naturally leads to the study of the Feynman–
Kac semigroup and its spectral properties.

2.3.1 Feynman-Kac Semigroup and Spectral Properties

Define the Feynman-Kac semigroup P gt : C(K) → C(K) by

(P gt ϕ)(x) = Ex
[
ϕ(Xt) exp

(∫ t

0
g(Xs)ds

)]
.

The SCGF λ(g) is related to the principal eigenvalue of the operator LJ + g. We will prove
for any g ∈ C(K):

1. λ(g) exists, is finite, and is independent of x ∈ K.

2. λ(g) is the principal eigenvalue of the operator LJ + g (acting on functions satisfying
the boundary condition). That is, there exists a unique positive eigenfunction hg ∈
C(K) (unique up to scaling) such that (LJ + g)hg = λ(g)hg.

3. The function λ : C(K) → R is convex and continuous.

4. The function λ : C(K) → R is Gateaux-differentiable. More precisely, for any g, ψ ∈
C(K) the limit

Dλ(g)[ψ] = lim
ε→0

λ(g + εψ)− λ(g)

ε

exists and is given by

Dλ(g)[ψ] =

∫
K
ψ(x) νg(dx),

where νg is the probability measure built from the principal right/left eigenfunctions.
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Eigenfunction representation of the derivative and the tilted measure Let us
provide a more specific explanation of the 4th paragraph above. Let hg > 0 and h∗g > 0 be
the principal right and left eigenfunctions of LJ + g and (LJ + g)∗, respectively, normalized
by
∫
K hg(x)h

∗
g(x) dx = 1. Equivalently, in terms of the Feynman–Kac semigroup and its

L2(K, dx)-adjoint,
P gt hg = eλ(g)thg, P g,∗t h∗g = eλ(g)th∗g,

and therefore for every φ ∈ C(K),∫
K
(P gt φ)(x)h

∗
g(x) dx = eλ(g)t

∫
K
φ(x)h∗g(x) dx.

Define
νg(dx) := hg(x)h

∗
g(x) dx (so that νg(K) = 1) .

Then Dλ(g)[ψ] =
∫
K ψ dνg as claimed. Moreover, νg is the invariant probability measure of

the Doob h-transform of the Feynman–Kac semigroup:

P̃ gt φ(x) := e−λ(g)t
1

hg(x)
P gt (hgφ)(x), φ ∈ C(K).

Indeed, using P gt hg = eλ(g)thg and
∫
K(P gt ϕ)h

∗
gdx = eλ(g)t

∫
K ϕh

∗
gdx, one can check that∫

K
P̃ gt φdνg =

∫
K
φdνg,

so that νg is the unique invariant measure associated with the tilted dynamics.

Lemma 3 (Existence of λ(g) and a principal eigenfunction) For any g ∈ C(K), the
Feynman–Kac semigroup P gt defined by

(P gt ϕ)(x) = Ex
[
ϕ(Xt) exp

(∫ t

0
g(Xs) ds

)]
acts on C(K) and has the following properties:

1. P gt is a compact and strongly positive operator on C(K) for each t > 0.

2. For each fixed t > 0, the spectral radius r(P gt ) > 0 is a simple eigenvalue of P gt . There
exists an eigenfunction ht,g ∈ C(K) such that ht,g > 0 on K and

P gt ht,g = r(P gt )ht,g.

Writing r(P gt ) = etλt(g) defines λt(g) ∈ R.

3. There exist λ(g) ∈ R and a strictly positive function hg ∈ C(K) such that

P gt hg = etλ(g)hg, for any t ≥ 0.

Moreover, hg ∈ D(LJ + g) and

(LJ + g)hg = λ(g)hg.

In particular, for every t > 0 the principal eigenfunction of P gt is unique up to nor-
malization, so that ht,g coincides with hg after rescaling and λt(g) = λ(g).
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4. Consequently, the limit in Definition 2 exists and equals λ(g):

λ(g) = lim
t→∞

1

t
logEx

[
exp

(∫ t

0
g(Xs) ds

)]
,

and it is finite and independent of the starting point x ∈ K.

Proof The proof will be provided in Appendix B.1.

Lemma 4 The function λ : C(K) → R is convex.

Proof The proof will be provided in Appendix B.2.

Lemma 5 The function λ : C(K) → R is continuous and Gateaux-differentiable.

Proof The proof will be provided in Appendix B.3.

2.3.2 Exponential Tightness

A key technical condition for establishing a large deviation principle (LDP) is exponential
tightness of the family of probability measures. Exponential tightness ensures that the
probability mass does not escape to regions of the space that are not compact, which is
essential for the LDP to hold and for the rate function to have desirable properties such
as being a good rate function (i.e., having compact level sets). We refer to (Dembo and
Zeitouni, 1998, Section 1.2) for a detailed discussion. By definition (see, e.g., (Dembo and
Zeitouni, 1998, Definition 1.2.18)), a family of probability measures (Qt)t≥0 on a Polish
space X is exponentially tight if for every A <∞, there exists a compact set ΓA ⊂ X such
that lim supt→∞

1
t logQt(Γ

c
A) ≤ −A. In our context, X = P(K), and Qt(·) = P(Lt ∈ ·). We

establish exponential tightness in the next following lemma.

Lemma 6 (Exponential Tightness) The family of probability measures (P(Lt ∈ ·))t≥0

is exponentially tight in P(K) equipped with the weak topology.

Proof The proof will be provided in Appendix B.4.

2.4 Large Deviation Principle

Now, we are ready to state the main result of the paper.

Theorem 7 (LDP for Empirical Measures) Assume K is a compact metric space. Let
(Xt)t≥0 be the skew-reflected non-reversible Langevin dynamics on K in (2.1) with unique
invariant probability measure µ ∈ P(K). Suppose the scaled cumulant generating function
λ(g) defined for g ∈ C(K) exists, is finite, convex, and Gateaux-differentiable on C(K).
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Further, assume the family of empirical measures (Lt)t≥0 is exponentially tight in P(K)
equipped with the weak topology.

Then, the empirical measures (Lt)t≥0 satisfy a large deviation principle in P(K) (equipped
with the weak topology) with speed t and good rate function I : P(K) → [0,∞] given by

I(ν) = sup
g∈C(K)

{∫
K
g(y)dν − λ(g)

}
.

The rate function I(ν) has the following properties:

(a) I(ν) is convex and lower semi-continuous.

(b) I(ν) ≥ 0 for all ν ∈ P(K).

(c) I(ν) = 0 if and only if ν = µ.

(d) If I(ν) <∞, then ν is absolutely continuous with respect to µ (ν ≪ µ).

Proof The main statement of the LDP follows directly from the Gärtner-Ellis Theorem
(e.g., (Dembo and Zeitouni, 1998, Theorem 2.3.6)).

1. The existence, finiteness, convexity, and Gateaux-differentiability of λ(g) on C(K)
have been guaranteed in Lemmas 3, 4, 5.

2. Exponential tightness of (Lt)t≥0 in P(K) is proved in Lemma 6.

3. The Gärtner-Ellis theorem then states that an LDP holds for (Lt)t≥0 with speed t
and rate function I(ν) = λ∗(ν), where λ∗ is the Legendre-Fenchel transform of λ(g),
as given in the theorem statement.

4. Property (a): The rate function I(ν), being the supremum of affine (and thus convex
and lower semi-continuous) functions, is itself convex and lower semi-continuous. Since
K is compact, P(K) is also compact in the weak topology. For a lower semi-continuous
function on a compact space, all its level sets {ν ∈ P(K) : I(ν) ≤ α} are closed, and
thus compact. Hence, I(ν) is a good rate function.

5. Property (b): I(ν) ≥ 0: By definition, I(ν) = supg∈C(K){
∫
K gdν − λ(g)}. Choose

g ≡ 0 ∈ C(K). Then the SCGF for g ≡ 0 is λ(0) = 0. Therefore, I(ν) ≥ 0.

6. Property (c): I(ν) = 0 ⇐⇒ ν = µ: We know I(µ) ≥ 0. For any g ∈ C(K), by
Jensen’s inequality and the stationarity of µ:

λ(g) = lim
t→∞

1

t
logEx

[
exp

(∫ t

0
g(Xs)ds

)]
≥ lim

t→∞

1

t
Ex
[∫ t

0
g(Xs)ds

]
=

∫
K
gdµ,

where, by ergodicity, the limit is independent of x and equals expectation w.r.t. µ.
This implies

∫
K gdµ− λ(g) ≤ 0 for all g ∈ C(K). Therefore,

I(µ) = sup
g∈C(K)

{∫
K
gdµ− λ(g)

}
≤ 0.
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Combined with I(µ) ≥ 0, we have I(µ) = 0.

For the reverse implication, we use the variational characterization of the rate function
established in (Donsker and Varadhan, 1975b, Section 2). Specifically, if I(ν) = 0,
then by Proposition 9, we must have

∫
K

LJu
u dν ≥ 0 for all positive test functions u.

Considering perturbations of the form u = 1+ ϵϕ for small ϵ and arbitrary smooth ϕ,
this condition implies

∫
K LJϕdν = 0, which is precisely the definition of an invariant

measure. Since µ is the unique invariant measure (Lemma 1), it follows that ν = µ.

7. Property (d): I(ν) <∞ =⇒ ν ≪ µ: This property is established using the spectral
characterization of λ(g) combined with elliptic regularity estimates. We proceed by
contradiction.

Suppose ν is not absolutely continuous with respect to µ. Then there exists a Borel
set A ⊂ K such that µ(A) = 0 but ν(A) > 0. By the regularity of measures on the
compact metric space K, there exists a closed set F ⊂ A such that ν(F ) =: δ > 0.
Note that µ(F ) = 0.

Fix an arbitrary constant M > 0. We construct a sequence of continuous approx-
imations. Let d(x, F ) be the distance from x to F . For k ∈ N, define gk ∈ C(K)
by:

gk(x) =M ·max (0, 1− k · d(x, F )) .

Then 0 ≤ gk ≤M on K, and gk(x) →M1F (x) pointwise.

We now control the principal eigenvalue λ(gk). First, by the variational representation
and 0 ≤ gk ≤M , we have 0 ≤ λ(gk) ≤ ∥gk∥∞ ≤M for all k.

Let hk ∈ C2(K) be the strictly positive principal eigenfunction of LJ + gk subject to
the (Neumann) boundary condition, normalized by

∫
K hk dµ = 1. Since µ is invari-

ant,
∫
K LJϕdµ = 0 for any sufficiently regular ϕ satisfying the boundary condition.

Applying this with ϕ = hk in (LJ + gk)hk = λ(gk)hk yields

λ(gk) =

∫
K
gk hk dµ.

It remains to show λ(gk) → 0. For this we derive a uniform L∞ bound for hk. Rewrite
the eigenvalue equation as

LJhk + ck(x)hk = 0, ck(x) := gk(x)− λ(gk),

with the Neumann boundary condition. Since 0 ≤ gk ≤ M and 0 ≤ λ(gk) ≤ M , we
have the uniform bound ∥ck∥∞ ≤ 2M .

Local Harnack inequality (interior and boundary). If B2r(x) ⊂ K◦, then by the interior
Harnack inequality (Gilbarg and Trudinger, 2001, Theorem 8.20) applied to hk ≥ 0
applied to hk ≥ 0 solving a uniformly elliptic equation with bounded (in fact Cα)
coefficients and zero-order term bounded by 2M , there exists Cint > 1 (independent
of k) such that

sup
y∈Br(x)

hk(y) ≤ Cint inf
y∈Br(x)

hk(y).
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If x ∈ ∂K, then the Neumann condition is a special case of the oblique derivative
boundary condition (with obliqueness bounded below), and the boundary Harnack
inequality for nonnegative solutions yields constants rbd > 0 and Cbd > 1 (depending
only on the ellipticity constants (here aij = δij), the drift bound ∥b∥L∞(K) with
b = (I + J)∇f , the zeroth-order bound ∥ck∥∞ ≤ 2M , and the C2,α-geometry of K,
but independent of k) such that for all 0 < r ≤ rbd,

sup
y∈Br(x)∩K

hk(y) ≤ Cbd inf
y∈Br(x)∩K

hk(y).

(See (Lieberman, 1987, Corollary 3.5).)

Set r0 := min{rbd, 1} and C0 := max{Cint, Cbd}. Then for every x ∈ K and 0 < r ≤
r0, we have the uniform (in k) estimate

sup
y∈Br(x)∩K

hk(y) ≤ C0 inf
y∈Br(x)∩K

hk(y). (2.16)

Global Harnack inequality via a finite chain. Fix x+, x− ∈ K such that hk(x
+) =

supx∈K hk(x) and hk(x
−) = infx∈K hk(x). Since K is compact and connected, there

exists a finite sequence x0 = x−, x1, . . . , xN = x+ such that(
Br0/2(xi) ∩K

)
∩
(
Br0/2(xi+1) ∩K

)
̸= ∅, i = 0, . . . , N − 1,

where N depends only on K and r0. Applying (2.16) successively along the chain
yields hk(xi+1) ≤ C0 hk(xi). Hence,

sup
x∈K

hk(x) = hk(x
+) ≤ CN0 hk(x

−) = CN0 inf
x∈K

hk(x).

Denoting CH := CN0 , we obtain the global estimate supx∈K hk(x) ≤ CH infx∈K hk(x)
with CH independent of k.

Using
∫
K hk dµ = 1 and µ(K) = 1, we have

1 =

∫
K
hk dµ ≥ inf

x∈K
hk(x),

and thus ∥hk∥∞ = supx∈K hk(x) ≤ CH for all k.

Substituting this into λ(gk) =
∫
K gkhk dµ gives

0 ≤ λ(gk) ≤ ∥hk∥∞
∫
K
gk dµ ≤ CH

∫
K
gk dµ.

Since 0 ≤ gk ≤ M and gk → M1F pointwise with µ(F ) = 0, dominated convergence
yields

∫
K gk dµ→ 0, and hence λ(gk) → 0.

Finally, by definition of the rate function,

I(ν) ≥
∫
K
gk dν − λ(gk).

Since gk ≥ M1F and ν(F ) = δ, we have
∫
K gk dν ≥ Mδ, and letting k → ∞ gives

I(ν) ≥ Mδ. As M > 0 is arbitrary and δ > 0, we conclude I(ν) = ∞. Therefore
I(ν) <∞ implies ν ≪ µ.

19



Wang, Tu, Wang, Zhu

This completes the proof.

2.5 Donsker-Varadhan Variational Formula and Decomposition of the Rate
Function

This part is inspired by Ferré and Stoltz (2020), Section 3, and we adopt their framework
to the setting of a compact domain.

2.5.1 Donsker-Varadhan Formula for I(ν)

Definition 8 (Space D+(LJ)) Let1

D+(LJ) =
{
u ∈ D(LJ) ∩ C(K) : u(x) > 0 for all x ∈ K, and

LJu
u

∈ Cb(K)

}
.

Proposition 9 (Donsker-Varadhan Variational Formula) For any ν ∈ P(K):

1. If ν ̸≪ µ, then I(ν) = ∞. In this case,

sup
u∈D+(LJ )

{
−
∫
K

LJu
u
dν

}
= ∞.

2. If ν ≪ µ, then the rate function I(ν) can be expressed as:

I(ν) = sup
u∈D+(LJ )

{
−
∫
K

LJu
u
dν

}
.

Proof The proof strategy for showing the equivalence of the Legendre-Fenchel transform

I(ν) and the variational form IV (ν) := supu∈D+(LJ )

{
−
∫
K

LJu
u dν

}
largely follows the ap-

proach in (Ferré and Stoltz, 2020, Section 6.2.2), adapted to our compact setting.
Part 1: The case when ν ̸≪ µ.
As established in Property (d) of Theorem 7 (LDP for Empirical Measures), if ν ̸≪ µ,

then

I(ν) = sup
g∈C(K)

{∫
K
gdν − λ(g)

}
= ∞.

In Step 1 of Part 2 below, we show that for any ν ∈ P(K), it holds that IV (ν) ≥ I(ν),

where IV (ν) := supu∈D+(LJ )

{
−
∫
K

LJu
u dν

}
. Specifically, for any g ∈ C(K), by choosing

u = hg (the principal eigenfunction of LJ + g), we have u ∈ D+(LJ) and

−
∫
K

LJu
u
dν =

∫
K
gdν − λ(g).

Since this holds for all g, taking the supremum over g yields IV (ν) ≥ I(ν).

1. Since K is compact, if u ∈ C(K), u > 0, and LJu ∈ C(K), then LJu
u

∈ C(K), which implies LJu
u

∈
Cb(K).
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Accelerating Constrained Sampling: A Large Deviations Approach

Therefore, if ν ̸≪ µ, we have IV (ν) ≥ I(ν) = ∞. This implies IV (ν) = ∞.

Part 2: The case when ν ≪ µ.

Let

IV (ν) = sup
u∈D+(LJ )

{
−
∫
K

LJu
u

dν

}
.

We aim to show I(ν) = IV (ν).

Step 1 : Proof of IV (ν) ≥ I(ν). Let g ∈ C(K) and let hg > 0 be the principal eigenfunc-
tion of LJ + g, i.e.

(LJ + g)hg = λ(g)hg.

Dividing by hg gives

−LJhg
hg

= g − λ(g).

Since hg ∈ D(LJ) ∩ C(K) and g − λ(g) ∈ C(K) is bounded on K, we have hg ∈ D+(LJ).
Therefore,

IV (ν) ≥ −
∫
K

LJhg
hg

dν =

∫
K
(g − λ(g)) dν =

∫
K
g dν − λ(g),

where we used ν(K) = 1. Taking the supremum over g ∈ C(K) yields IV (ν) ≥ I(ν).

Step 2 : Proof of I(ν) ≥ IV (ν). Fix u ∈ D+(LJ) and define

fu := −LJu
u

∈ C(K).

Choosing g = fu in the variational formula for I(ν) gives

I(ν) ≥
∫
K
fu dν − λ(fu) = −

∫
K

LJu
u

dν − λ(fu).

It remains to show that λ(fu) ≤ 0 for all u ∈ D+(LJ). Note that

(LJ + fu)u = LJu+

(
−LJu

u

)
u = 0.

For t ≥ 0, the Feynman–Kac formula gives

P fut u(x) = Ex
[
u(Xt) exp

(∫ t

0
fu(Xs) ds

)]
.

Applying Itô’s formula to e
∫ t
0 fu(Xs) dsu(Xt) yields

d
(
e
∫ t
0 fu(Xs) dsu(Xt)

)
= e

∫ t
0 fu(Xs) ds

(
(fuu+ LJu)(Xt) dt+

√
2∇u(Xt) · dWt

)
.

Since (fuu+ LJu) = 0, the drift vanishes, hence

Mt := e
∫ t
0 fu(Xs) dsu(Xt)
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is a local martingale. Because u is continuous and strictly positive on compact K, 0 <
minK u ≤ u ≤ maxK u < ∞, and fu is bounded; thus Mt is in fact a martingale and
Ex[Mt] =M0 = u(x). Consequently,

u(x) = Ex
[
e
∫ t
0 fu(Xs) dsu(Xt)

]
≥
(
min
y∈K

u(y)

)
Ex
[
e
∫ t
0 fu(Xs) ds

]
.

Therefore,
1

t
logEx

[
e
∫ t
0 fu(Xs) ds

]
≤ 1

t
log

(
u(x)

miny∈K u(y)

)
−−−→
t→∞

0,

which implies λ(fu) ≤ 0. Hence

I(ν) ≥ −
∫
K

LJu
u

dν for all u ∈ D+(LJ),

and taking the supremum over u yields I(ν) ≥ IV (ν).
Therefore, for any fixed u ∈ D+(LJ) and g = fu = −LJu

u ,

I(ν) = sup
g∈C(K)

{∫
K
g dν − λ(g)

}
≥
∫
K
fu dν − λ(fu) ≥ −

∫
K

LJu
u

dν,

where the last inequality uses λ(fu) ≤ 0. Taking the supremum over u ∈ D+(LJ) yields
I(ν) ≥ IV (ν). Together with Step 1, we conclude I(ν) = IV (ν).

Remark 10 The definition of D+(LJ) requiring LJu
u ∈ Cb(K) is crucial for fu = −LJu

u to
be in Cb(K), so that λ(fu) is well-defined within the established framework for λ(g) where
g ∈ C(K) (or Cb(K)). On a compact domain K, if u ∈ C(K) and u > 0, and LJu ∈ C(K),
then LJu

u is automatically continuous, and hence bounded, so that the condition simplifies
slightly. The core requirement is that u is sufficiently regular for LJu to be well-defined and
continuous, and u itself is continuous and strictly positive.

2.5.2 Decomposition of I(ν) into Symmetric and Skew-Symmetric Parts

Let µ(dx) = 1
Z e

−f(x)dx be the unique invariant probability measure for the process (Xt)t≥0

in (2.1) under Assumptions 1, 2, and 3, as established in Lemma 1. The infinitesimal
generator of (Xt)t≥0 is given by LJu(x) = ∆u(x)− ⟨∇f(x),∇u(x)⟩ − ⟨J(x)∇f(x),∇u(x)⟩,
where the domainD(LJ) = {u ∈ C2(K) : ⟨∇u(x), (I + J(x))n(x)⟩ = 0 on ∂K} (where n(x)
is the outward unit normal vector) simplifies to functions satisfying Neumann boundary
conditions, i.e., ⟨∇u(x),n(x)⟩ = 0 on ∂K, due to Assumption 2.

To analyze the structure of the rate function I(ν), we decompose the infinitesimal gen-
erator LJ with respect to the invariant measure µ. Let L∗

J denote the adjoint of LJ in the
Hilbert space L2(K, dµ). The symmetric part LS and the skew-symmetric part LA of LJ
are defined as:

LS =
1

2
(LJ + L∗

J), LA =
1

2
(LJ − L∗

J). (2.17)
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Under Assumptions 1 and 2, and using in addition Assumption 3 (the divergence-free
condition ∇ · J = 0; in particular, since J is skew-symmetric and f ∈ C2, this im-
plies ∇· (J∇f) = 0), the generator admits the symmetric/antisymmetric decomposition
LJ = LS + LA in L2(µ): LS is self-adjoint and LA is anti-self-adjoint. Moreover, LS is
self-adjoint, LA is anti-self-adjoint with respect to µ, and they have the explicit expressions
(see Appendix C for derivation):

LSu(x) = ∆u(x)− ⟨∇f(x),∇u(x)⟩ , LAu(x) = −⟨J(x)∇f(x),∇u(x)⟩ . (2.18)

Note that LS is the infinitesimal generator of the reversible reflected Langevin dynamics
(RLD) (1.4). The following proposition details the decomposition of I(ν) based on these
operators.

In the following, we will use the notation ∥ · ∥H1
S(ν)

for the Sobolev H1-type semi-norm

with respect to the measure ν, defined by ∥φ∥2H1
S(ν)

:=
∫
K ∥∇φ∥22dν for a sufficiently regular

function φ. The corresponding dual semi-norm, denoted ∥ · ∥H−1
S (ν), for an element φ is

implicitly defined via a variational problem. Specifically,

∥φ∥2H−1
S (ν)

= sup
ψ∈D+(LJ )

{
2

∫
K
ψφdν − ∥ψ∥2H1

S(ν)

}
, (2.19)

which is consistent with usage in literature such as Ferré and Stoltz (2020). The proposition
below details the decomposition of I(ν) using these concepts.

Proposition 11 (Decomposition of the Rate Function) Suppose Assumptions 1, 2,
and 3 hold. For any ν ∈ P(K) with ν ≪ µ and v = log(dν/dµ) satisfying Remark 12,
the rate function I(ν) given by Proposition 9 can be decomposed as: I(ν) = IS(ν) + IA(ν),
where

(a) IS(ν) =
1
4

∫
K ∥∇v∥22dν =: 1

4∥v∥
2
H1
S(ν)

. This term corresponds to the rate function for

the reversible reflected Langevin dynamics (RLD) (1.4) governed by LS.

(b) IA(ν) =
1
4∥LAv∥

2
H−1
S (ν)

, where ∥ · ∥H−1
S (ν) is defined in (2.19).

(c) The term IA(ν) is non-negative, i.e., IA(ν) ≥ 0.

If ν is not absolutely continuous with respect to µ, then I(ν) = ∞. In the absolutely
continuous case, the decomposition holds whenever the admissibility conditions in Remark 12
hold; otherwise we set I(ν) = ∞.

Remark 12 (Admissibility and regularity of v) In Proposition 11, recall that we write
v = log(dν/dµ). We assume that “v is sufficiently regular”, that is:

(i) v belongs to the Sobolev space associated with the symmetric part, i.e.

v ∈ H1
S(ν) if and only if

∫
K
∥∇v(x)∥22 ν(dx) <∞,

so that IS(ν) =
1
4

∫
K ∥∇v∥22 dν is well-defined.
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(ii) LAv belongs to the dual space H−1
S (ν), i.e.

LAv ∈ H−1
S (ν) if and only if ∥LAv∥H−1

S (ν) <∞,

where ∥ · ∥H−1
S (ν) is defined in (2.19). In particular, LAv is understood in the weak

sense when v is only in H1
S(ν).

If either (i) or (ii) fails (or if ν ̸≪ µ), we set I(ν) = ∞.

Proof of Proposition 11 The proof is inspired from the framework from (Ferré and
Stoltz, 2020, Theorem 3.3) for the unconstrained setting. From Proposition 9, the rate

function is I(ν) = supu∈D+(LJ )

{
−
∫
K

(LJu)
u dν

}
. Assume dν = evdµ, where v = log(dν/dµ).

Following Ferré and Stoltz (2020), we choose the test function u = eω, where ω = v/2+ψ/2,
and ψ is another test function (assumed to be in D(LJ) and sufficiently regular). Then,
using the fact that the diffusion matrix is the identity,

−(LJu)(x)
u(x)

= −(LJeω)(x)
eω(x)

= −
(
(LJω)(x) + ∥∇ω(x)∥22

)
.

Substituting LJ = LS + LA and ω = v/2 + ψ/2, I(ν) is the supremum over ψ of:

−
∫
K

(
LS
(
v + ψ

2

)
+ LA

(
v + ψ

2

)
+

∥∥∥∥∇(v + ψ

2

)∥∥∥∥2
2

)
dν

= −1

2

∫
K
(LSv + LAv)dν −

1

2

∫
K
(LSψ + LAψ)dν

− 1

4

∫
K
∥∇v∥22dν −

1

2

∫
K
∇v · ∇ψdν − 1

4

∫
K
∥∇ψ∥22dν. (2.20)

We use the divergence theorem (integration by parts): for a vector field F and scalar function
g,
∫
K(∇ · F)g dx = −

∫
K F · ∇g dx +

∫
∂K g(F · n) dS, where n is the outward unit normal

vector. To simplify terms involving LS : LSu = ef∇ · (e−f∇u). The term −1
2

∫
K(LSψ)dν

becomes:

−1

2

∫
K
(LSψ)evdµ = −1

2

∫
K

(
ef(x)∇ · (e−f(x)∇ψ(x))

)
ev(x)

1

Z
e−f(x)dx

= − 1

2Z

∫
K

(
∇ · (e−f(x)∇ψ(x))

)
ev(x)dx

= − 1

2Z

(
−
∫
K

(
e−f(x)∇ψ(x)

)
· (ev(x)∇v(x))dx

+

∫
∂K

ev(x)
(
e−f(x)∇ψ(x) · n(x)

)
dS

)

=
1

2Z

∫
K
e−f(x)ev(x)(∇ψ(x) · ∇v(x))dx (since ∇ψ · n = 0 on ∂K)

=
1

2

∫
K
(∇ψ · ∇v)dν.
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Similarly, −1
2

∫
K(LSv)dν = 1

2

∫
K ∥∇v∥22dν.

For the term
∫
K(LAv)dν: Since LA1 = −⟨J∇f,∇1⟩ = 0, and LA is anti-self-adjoint

with respect to µ (L∗
A = −LA), we obtain

∫
K(LAv)dν =

∫
K(LAv)evdµ. Use the anti-self-

adjointness of LA, we can show the above term is zero:∫
K
(LAv)evdµ =

∫
K
(LAev) · 1 dµ =

∫
K
ev(L∗

A1)dµ = −
∫
K
ev(LA1)dµ = 0.

Substituting these simplifications into (2.20), the expression becomes:

1

4

∫
K
∥∇v∥22dν −

1

2

∫
K
LAψdν −

1

4

∫
K
∥∇ψ∥22dν.

Using the anti-self-adjointness of LA with respect to µ and LA(ev) = ev(LAv):

−1

2

∫
K
(LAψ)dν = −1

2

∫
K
(LAψ)evdµ =

1

2

∫
K
ψ(LAev)dµ

=
1

2

∫
K
ψev(LAv)dµ =

1

2

∫
K
(LAv)ψdν.

Thus, the expression to maximize over ψ is:

1

4

∫
K
∥∇v∥22dν +

1

2

∫
K
(LAv)ψdν −

1

4

∫
K
∥∇ψ∥22dν.

Therefore, the rate function I(ν) is

I(ν) = sup
ψ∈D+(LJ )

{
1

4

∫
K
∥∇v∥22dν +

1

2

∫
K
(LAv)ψdν −

1

4

∫
K
∥∇ψ∥22dν

}
=

1

4

∫
K
∥∇v∥22dν +

1

4
∥LAv∥2H−1

S (ν)

=
1

4
∥v∥2H1

S(ν)
+

1

4
∥LAv∥2H−1

S (ν)
=: IS(ν) + IA(ν).

Finally, by the variational representation

IA(ν) = sup
ψ∈D+(LJ )

{
1

2

∫
K
(LAv)ψ dν −

1

4

∫
K
∥∇ψ∥22 dν

}
,

we immediately have IA(ν) ≥ 0 by choosing ψ ≡ 0 (which yields value 0 inside the supre-
mum). This completes the proof. ■

Let us discuss the implications for acceleration and structural dependence on J . Propo-
sition 11 shows that the rate function I(ν) for the SRNLD is the sum of the rate function
IS(ν) for the RLD and a non-negative term IA(ν) due to the skew-symmetric part of the
dynamics. Thus, I(ν) ≥ IS(ν). A larger rate function implies that the probability of
observing an empirical measure ν ̸= µ decays faster as t → ∞. This indicates that the
SRNLD process concentrates more sharply around the target invariant measure µ than the
RLD process, thereby providing a theoretical justification for the acceleration observed with
non-reversible dynamics.
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The term IA(ν) = 1
4∥LAv∥

2
H−1
S (ν)

, where LAv(x) = −⟨J(x)∇f(x),∇v(x)⟩ and v =

log(dν/dµ), quantifies this improvement. To understand the intricate structural dependence
of IA(ν) on J(x) beyond its overall magnitude, we first define the operator (−∆ν)

−1. This
operator acts on functions φ ∈ L2(K, dν) that have zero mean with respect to the measure
ν (i.e.,

∫
K φdν = 0). For such a φ, the function u = (−∆ν)

−1φ is defined as the unique
solution in H1(K, dν) that also has zero mean with respect to ν (i.e.,

∫
K u dν = 0) and

satisfies the weak formulation of the Neumann problem:∫
K
∇u(x) · ∇χ(x) ν(dx) =

∫
K
φ(x)χ(x) ν(dx), for all χ ∈ H1(K, dν).

As established in the derivation of Proposition 11 (specifically, that
∫
K(LAv)dν = 0), the

term LAv meets the zero-mean condition required for (−∆ν)
−1 to be well-defined. The rate

function component IA(ν) can then be expressed using this operator as:

IA(ν) =
1

4

∫
K
(LAv)(x)

(
(−∆ν)

−1(LAv)
)
(x) ν(dx).

If Gν(x, y) denotes the Green’s function (integral kernel) of the operator (−∆ν)
−1, this can

be written as a quadratic form:

IA(ν) =
1

4

∫∫
K×K

(−⟨J(x)∇f(x),∇v(x)⟩)Gν(x, y) (−⟨J(y)∇f(y),∇v(y)⟩) ν(dx) ν(dy).

2.6 Variance Reduction in Skew-Reflected Non-Reversible Langevin Dynamics

In this section, we demonstrate that the non-reversible structure can also lead to a re-
duction in the asymptotic variance. In the unconstrained setting, it is well-documented
that breaking reversibility by adding a suitable skew-symmetric drift can significantly im-
prove sampling efficiency in terms of reducing the asymptotic variance (see e.g. Duncan
et al. (2017); Rey-Bellet and Spiliopoulos (2015)). In this section, we will show that this
phenomenon also holds in the constrained setting.

Let g ∈ C2(K) be an observable, and consider its time-average estimator

ĝt =
1

t

∫ t

0
g(Xs)ds

for the true mean ḡ =
∫
K gdµ. The long-term statistical properties of this estimator are

governed by a Central Limit Theorem (CLT). The validity of the CLT for the SRNLD
process (2.1) is guaranteed by its strong ergodic properties, which we briefly outline.

The generator LJ of the SRNLD process (2.1) is a uniformly elliptic operator on a com-
pact, connected domain K with ∂K ∈ C2,α and reflecting (Neumann) boundary conditions.
These conditions imply that the associated Markov semigroup admits a strictly positive
and continuous heat kernel (see, e.g., (Davies, 1989, Theorem. 3.3.5)), which ensures that
the semigroup is strongly Feller and irreducible on K. Consequently, the process admits a
unique invariant probability measure µ (Lemma 1) and is ergodic.

Moreover, the reversible part LS (the generator of the reflected Langevin dynamics)
has a spectral gap on the mean-zero subspace L2

0(µ): there exists λP > 0 (the Poincaré
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constant) such that for all u ∈ D(LS) ∩ L2
0(µ),

⟨u, (−LS)u⟩µ =

∫
K
∥∇u∥22 dµ ≥ λP ∥u∥2L2(µ). (2.21)

Since Assumptions 2 and 3 ensure LA is anti-self-adjoint in L2(µ), we have for all u ∈
D(LJ) ∩ L2

0(µ),

Re ⟨u, (−LJ)u⟩µ = Re ⟨u, (−LS − LA)u⟩µ = ⟨u, (−LS)u⟩µ ≥ λP ∥u∥2L2(µ). (2.22)

In particular, 0 is a simple eigenvalue of LJ (constants), and −LJ is injective and coercive
on L2

0(µ); hence the Poisson equation

−LJϕ = g,

∫
K
ϕdµ = 0, (2.23)

has a unique solution ϕ ∈ D(LJ) ∩ L2
0(µ) for each g ∈ L2

0(µ), and the inverse (−LJ)−1 is a
bounded operator on L2

0(µ) with

∥(−LJ)−1g∥L2(µ) ≤ λ−1
P ∥g∥L2(µ). (2.24)

Therefore, as t→ ∞, the estimator ĝt satisfies a CLT:

√
t (ĝt − ḡ) ⇒ N (0, σ2g,J). (2.25)

The term σ2g,J is known as the asymptotic variance, which quantifies the magnitude
of the estimator’s statistical fluctuations around the mean. It is formally defined by the
time-integrated auto-correlation function:

σ2g,J = 2

∫ ∞

0
Eµ [(g(X0)− ḡ)(g(Xt)− ḡ)] dt. (2.26)

Next lemma is important and its analogous version for the unconstrained setting can be
found in Duncan et al. (2016). We conduct our analysis in the Hilbert space of mean-zero
functions with respect to the invariant measure µ, defined as:

L2
0(µ) :=

{
g ∈ L2(K,µ) :

∫
K
g(x)dµ(x) = 0

}
,

equipped with the standard L2(K, dµ) inner product ⟨g, h⟩ =
∫
K g(x)h(x)dµ(x).

Lemma 13 (Characterizations of Asymptotic Variance) Let (Xt)t≥0 be the ergodic
process defined by Eq. (2.1) with generator LJ and invariant measure µ. For any mean-zero
observable g ∈ L2

0(µ), the asymptotic variance σ2g,J in the Central Limit Theorem can be
characterized by the following equivalent expressions:

(a) The Green-Kubo Formula:

σ2g,J = 2

∫ ∞

0
Eµ[g(X0)g(Xt)]dt. (2.27)

27



Wang, Tu, Wang, Zhu

(b) The Operator-Theoretic Formula:

σ2g,J = 2
〈
g, (−LJ)−1g

〉
µ
. (2.28)

Proof The proof will be provided in Appendix B.5.

Remark 14 (PDE Formulation for the Asymptotic Variance) The asymptotic vari-
ance, σ2g,J can be characterized through the solution of a partial differential equation (PDE).
The variance is given by the operator-theoretic formula:

σ2g,J = 2⟨g, (−LJ)−1g⟩µ. (2.29)

To compute this quantity, one can first find an auxiliary function, ψ(x), by solving for the
action of the resolvent operator (−LJ)−1 on the observable g(x):

ψ(x) = (−LJ)−1g(x). (2.30)

This is equivalent to solving the following second-order, linear, elliptic partial differential
equation for ψ(x):

−LJψ(x) = g(x), x ∈ K. (2.31)

By substituting the explicit form of the infinitesimal generator LJ as defined in the manuscript,
we obtain the full PDE:

− (∆ψ(x)− ⟨(I + J(x))∇f(x),∇ψ(x)⟩) = g(x). (2.32)

This equation is subject to the boundary conditions imposed by the domain of the opera-
tor, D(LJ). Under Assumption 2 (J(x)n(x) = 0 on ∂K), this simplifies to the standard
Neumann boundary condition:

⟨∇ψ(x),n(x)⟩ = 0, for every x ∈ ∂K, (2.33)

where n(x) is the outward unit normal vector on the boundary of the domain K.
Once the solution ψ(x) to this boundary value problem is found, the asymptotic variance

is obtained by computing the inner product with respect to the invariant measure µ:

σ2g,J = 2

∫
K
g(x)ψ(x)dµ(x). (2.34)

2.6.1 Quantitative Variance Reduction via Spectral Analysis

We now establish that the SRNLD strictly reduces the asymptotic variance compared to
the RLD and quantify this reduction explicitly. While the general inequality σ2g,J ≤ σ2g,0
can be inferred from abstract operator inequalities, a spectral analysis provides a precise
characterization of the efficiency gain.

We work in the Hilbert space H1(µ), defined as the completion of D(LJ) with respect
to the inner product ⟨u, v⟩1 := ⟨u, (−LS)v⟩µ =

∫
K ∇u · ∇v dµ. Let G := (−LS)−1LA be the

operator characterizing the non-reversible perturbation.
It is important to emphasize that the validity of the following spectral analysis rests

fundamentally on Assumption 2 (J(x)n(x) = 0 on ∂K). This condition serves two critical
purposes:
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1. Domain Compatibility: It ensures that the non-reversible generator LJ shares the
same domain (functions satisfying Neumann boundary conditions) as the reversible
generator LS . This allows for the well-defined operator decomposition LJ = LS+LA.

2. Skew-Adjointness: It eliminates the boundary terms arising from integration by
parts (as detailed in Appendix C). Consequently, LA becomes anti-self-adjoint on
L2(µ), which implies that G is a compact, skew-adjoint operator on H1(µ) (i.e., G∗ =
−G).

Due to this skew-adjointness, the spectrum of G consists of purely imaginary eigenvalues
{±iλn}n≥1 with λn > 0, and a possible kernel. Let {en}n≥1 be the corresponding orthonor-
mal eigenfunctions in H1(µ). Let ϕg = (−LS)−1g be the solution to the Poisson equation
for the reversible dynamics, decomposed as ϕg = ϕ0 +

∑∞
n=1 cnen, where ϕ0 ∈ ker(G) and

cn = ⟨ϕg, en⟩1.

Theorem 15 (Quantitative Variance Reduction) Under Assumptions 1, 2, and 3, let
σ2g,0 and σ2g,J be the asymptotic variances for the reversible RLD and non-reversible SRNLD,
respectively. The asymptotic variance of SRNLD is explicitly given by:

σ2g,J = 2∥ϕ0∥21 + 2
∞∑
n=1

|cn|2

1 + λ2n
. (2.35)

This implies a strict asymptotic variance reduction relative to the reversible case:

σ2g,0 − σ2g,J = 2
∞∑
n=1

|cn|2
λ2n

1 + λ2n
≥ 0. (2.36)

The inequality is strict (σ2g,J < σ2g,0) unless the observable g is uncorrelated with the non-
reversible part of the dynamics (i.e., cn = 0 for all n).

Proof Recall from Lemma 13 that σ2g,J = 2⟨g, (−LJ)−1g⟩µ. Using the decomposition

LJ = LS + LA and the definition of G, we can factorize the resolvent as (−LJ)−1 =
(I + G)−1(−LS)−1. Substituting g = (−LS)ϕg, we obtain:

σ2g,J = 2
〈
(−LS)ϕg, (I + G)−1ϕg

〉
µ
= 2

〈
ϕg, (I + G)−1ϕg

〉
1
.

Since the asymptotic variance is a real scalar, it is determined by the symmetric part of
the resolvent operator in H1(µ). Crucially, because Assumption 2 guarantees G∗ = −G, the
symmetric part of (I + G)−1 is simply (I − G2)−1. Applying the spectral decomposition of
ϕg to the operator (I − G2)−1, where Gen = iλnen, yields:〈

ϕg, (I − G2)−1ϕg
〉
1
= ∥ϕ0∥21 +

∞∑
n=1

1

1− (iλn)2
|cn|2 = ∥ϕ0∥21 +

∞∑
n=1

|cn|2

1 + λ2n
.

Multiplying by 2 gives Eq. (2.35). For the reversible case (J ≡ 0), we have G = 0 (implying
λn = 0), which yields σ2g,0 = 2∥ϕg∥21 = 2∥ϕ0∥21 + 2

∑∞
n=1 |cn|2. Subtracting the two expres-

sions directly yields Eq. (2.36). Since λ2n > 0, the difference is non-negative, proving the
reduction. The proof is complete.
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2.6.2 Connection to Large Deviations Theory

We have established a Large Deviation Principle for the empirical measure LT = 1
T

∫ T
0 δXtdt

with a good rate function I(ν) (Theorem 7). The decomposition I(ν) = IS(ν) + IA(ν)
immediately suggests that convergence is accelerated, as I(ν) ≥ IS(ν). We now show how
this LDP structure directly translates to the quantitative variance reduction results obtained
in the previous section.

A fundamental result from LDP theory connects the asymptotic variance to the curva-
ture of the rate function for a specific observable. Let

Ig,J(l) := inf
ν∈P(K):

∫
K gdν=l

I(ν)

be the rate function for large deviations of the time-average ĝt, obtained via the Contraction
Principle (see, e.g., (Dembo and Zeitouni, 1998, Theorem 4.2.1)).

Theorem 16 (LDP Formulations for Asymptotic Variance) Let σ2g,J be the asymp-

totic variance of the time-average estimator for a mean-zero observable g ∈ L2
0(µ) under

the SRNLD process. The following two characterizations of the variance are equivalent:

(a) The operator-theoretic formula:

σ2g,J = 2
〈
g, (−LJ)−1g

〉
µ
. (2.37)

(b) The LDP formulation via the curvature of the rate function at the mean (ḡ = 0):

σ2g,J =
1

I ′′g,J(0)
. (2.38)

Proof The proof proceeds by demonstrating that both formulations are equivalent to a
third quantity: the second derivative of the Scaled Cumulant Generating Function (SCGF)
at the origin.

The connection between the rate function Ig,J(l) and the SCGF is established by the
Gärtner-Ellis theorem, which provides a variational representation for the rate function.
The theorem states that under suitable conditions (finiteness and differentiability of the
SCGF, and exponential tightness, which are satisfied on our compact domain K), the rate
function is the Legendre-Fenchel transform of the SCGF (see, e.g., (Dembo and Zeitouni,
1998, Theorem 2.3.6)):

Ig,J(l) = sup
β∈R

{βl − λJ(β)}. (2.39)

The SCGF λJ(β) itself is defined via the long-time limit of moment generating functions:

λJ(β) = lim
T→∞

1

T
logE

[
exp

(
β

∫ T

0
g(Xt)dt

)]
. (2.40)

By the Feynman-Kac formula, this limit corresponds to the principal eigenvalue of the
perturbed operator Lβ := LJ + βg. The existence and properties of this eigenvalue for
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elliptic operators on compact domains are well-established results in spectral theory, see for
example (Evans, 2022, Section 6.5, Theorem 3).

A fundamental property of the Legendre transform is that the second derivatives of a
function and its dual are reciprocals at corresponding points. We are interested in the point
l = ḡ = 0. The corresponding dual point is β = 0, since the derivative of the SCGF at zero
is the expectation of the observable:

λ′J(0) = lim
T→∞

E
[
1

T

∫ T

0
g(Xt)dt

]
= Eµ[g] = ḡ = 0.

A key property of the Legendre-Fenchel transform is the duality of derivatives. Let β(l)
be the value of β that achieves the supremum in the definition of Ig,J(l). The first-order
optimality conditions imply the dual relations: I ′g,J(l) = β(l) and l = λ′J(β(l)). Differ-
entiating the second identity, l = λ′J(β(l)), with respect to l using the chain rule gives

1 = λ′′J(β(l)) ·
dβ
dl . Since dβ

dl = I ′′g,J(l) from the first identity, we establish the reciprocal
relationship between the second derivatives, I ′′g,J(l) · λ′′J(β(l)) = 1. We are interested in the
curvature at the mean value, l = ḡ = 0. The corresponding dual point is β(0) = 0, since
λ′J(0) = Eµ[g] = 0. Evaluating at this point yields the desired relation: I ′′g,J(0) = 1

λ′′J (0)
.

This shows that the LDP formulation of variance, Eq. (2.38), is equivalent to the statement
σ2g,J = λ′′J(0). Now, we show that the operator-theoretic formulation, Eq. (2.37), is also

equivalent to σ2g,J = λ′′J(0). The quantity λ′′J(0) is the second derivative of the principal
eigenvalue of the perturbed operator Lβ = LJ + βg at β = 0. This can be computed
using perturbation theory for linear operators. Let λ(β), uβ, and vβ be the principal eigen-
value, right eigenfunction, and left eigenfunction of Lβ, respectively, with normalizations
⟨uβ, vβ⟩µ = 1 and ⟨1, vβ⟩µ = 1.

The first derivative is given by λ′(0) = ⟨gu0, v0⟩µ = ⟨g, 1⟩µ = ḡ = 0, where u0 = v0 = 1.
The second derivative formula, derived from the perturbation series (see, e.g., (Kato, 2013,
Chapter II, Equation 2.33)), is given by:

λ′′J(0) =
〈
gu′0, v0

〉
µ
+
〈
gu0, v

′
0

〉
µ
, (2.41)

where u′0 and v′0 are the first-order corrections to the right and left eigenfunctions, respec-
tively. Solving the first-order equations yields u′0 = (−LJ)−1g and v′0 = (−L∗

J)
−1g. Due to

the duality in L2(µ), the two terms in (2.41) are equal:〈
gu0, v

′
0

〉
µ
=
〈
g, (−L∗

J)
−1g
〉
µ
=
〈
(−LJ)−1g, g

〉
µ
=
〈
u′0, gu0

〉
µ
.

Thus, the expression simplifies to the dominant term:

λ′′J(0) = 2
〈
gu′0, v0

〉
µ
= 2

〈
g(−LJ)−1g, 1

〉
µ
= 2

〈
g, (−LJ)−1g

〉
µ
.

This formula thus arises fundamentally from solving for the first-order perturbation of
the eigenfunction, which necessitates inverting the generator LJ on the space of mean-zero
functions. For a full treatment of perturbation theory, (Kato, 2013, Chapter II) is the
standard reference.

By comparing (2.41) with the operator-theoretic variance formula (2.37), we immedi-
ately see that, σ2g,J = λ′′J(0). Since we have σ2g,J = 1/I ′′g,J(0) ⇐⇒ σ2g,J = λ′′J(0) and

σ2g,J = 2
〈
g, (−LJ)−1g

〉
µ

⇐⇒ σ2g,J = λ′′J(0), this establishes the theorem.
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Derivation of Quantitative Variance Reduction via LDP. We can now utilize the
equivalence σ2g,J = 1/I ′′g,J(0) to recover the quantitative spectral formula (2.35) directly
from the local geometry of the rate function I(ν). This confirms that the acceleration
phenomenon is encoded in the “steepness” of the LDP rate function.

Consider the tangent space of P(K) at µ, which can be identified with the space of
mean-zero functions L2

0(µ). For any direction v ∈ L2
0(µ), let (νϵ)ϵ≥0 be a smooth path

of probability measures starting at µ with initial velocity v (e.g., defined by the density
dνϵ ∝ eϵvdµ). We define the second variation of the rate function along this direction as:

Q(v) := lim
ϵ→0

1

ϵ2
I(νϵ).

For the symmetric part, a direct calculation using the definition of IS yields the Dirichlet
energy:

QS(v) =
1

4

∫
K
∥∇v∥22dµ =

1

4
∥v∥21.

For the skew-symmetric part, using the operator G = (−LS)−1LA and the identity LA =
−LSG, the second variation corresponds to the squared dual norm in H1(µ):

QA(v) =
1

4
∥LAv∥2H−1

S (µ)
=

1

4
⟨LAv, (−LS)−1LAv⟩µ =

1

4
∥Gv∥21.

Thus, the total second variation is strictly equal to the following quadratic form:

Q(v) =
1

4

(
∥v∥21 + ∥Gv∥21

)
=

1

4
⟨v, (I + G∗G)v⟩1 =

1

4

〈
v, (I − G2)v

〉
1
,

where we used the skew-adjointness G∗ = −G in H1(µ).
To find the variance, we compute the curvature of the observable’s rate function. This

amounts to minimizing the quadratic formQ(v) over all directions v compatible with a small
deviation in the observable mean, i.e., subject to the linearized constraint ⟨ϕg, v⟩1 = l:

1

2
I ′′g,J(0)l

2 = inf
v∈L2

0(µ)

{
1

4
⟨v,
(
I − G2

)
v⟩1

∣∣∣∣ ⟨ϕg, v⟩1 = l

}
.

The exact solution to this quadratic programming problem is v∗ = λ(I − G2)−1ϕg for a
Lagrange multiplier λ. Substituting this back yields the minimum value:

1

2
I ′′g,J(0)l

2 =
l2

4⟨ϕg, (I − G2)−1ϕg⟩1
.

Using the relation σ2g,J = 1/I ′′g,J(0), we immediately recover the operator-theoretic variance
formula:

σ2g,J = 2⟨ϕg,
(
I − G2

)−1
ϕg⟩1.

Applying the spectral decomposition of the skew-adjoint operator G (with eigenvalues iλn)
to the term (I − G2)−1 yields the quantitative series expansion derived in Theorem 15:

σ2g,J = 2∥ϕ0∥21 + 2

∞∑
n=1

|cn|2

1 + λ2n
.
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This derivation demonstrates that the variance reduction (σ2g,J < σ2g,0) is a direct conse-

quence of the additional positive term ∥Gv∥21 in the LDP rate function, which increases the
curvature I ′′g,J(0) and thus decreases the variance.

Remark 17 (Connection to the Cramér-Rao Lower Bound) Note that the identity
σ2g,J = 1/I ′′g,J(0) in Eq. (2.38) identifies the asymptotic variance with the inverse curvature
of the rate function. In the theory of large deviations for estimators, Bahadur (1967) estab-
lished that this quantity corresponds to the “asymptotic effective variance,” which coincides
with the Cramér-Rao lower bound (the inverse Fisher information) for efficient estimators.
Thus, I ′′g,J(0) can be interpreted as the dynamical Fisher information. This suggests that an
optimal design of J should aim to maximize the curvature I ′′g,J(0) to minimize the variance
bound.

3. Numerical Experiments

We present numerical results to validate our theoretical findings, specifically to demon-
strate the impact of choosing different skew-symmetric matrices J(x) on the sampling ef-
ficiency of skew-reflected non-reversible Langevin Monte Carlo (SRNLMC). We compare
the performance of standard projected Langevin Monte Carlo (PLMC), corresponding to
J(x) ≡ 0, against SRNLMC employing various forms of J(x). These forms include a con-
stant skew-symmetric matrix and state-dependent skew-symmetric matrices designed such
that J(x)n(x) = 0 on the boundary of the unit ball (where n(x) is the normal vector).
Experiments are conducted on a toy problem of sampling a truncated Gaussian, a con-
strained Bayesian linear regression task, and constrained Bayesian logistic regressions using
both synthetic and real data sets. In this work, to make fair comparison, we adopt similar
experimental setup as in Du et al. (2025). Our goal is to demonstrate that by using an
appropriately chosen state-dependent skew-symmetric matrix Js(x), SRNLMC can achieve
better acceleration performance than simply using a constant skew-symmetric matrix Ja.
In particular, consider the constraint set to be a 3-dimensional centered ℓ2 unit ball such
that K = {x ∈ R3 : ∥x∥22 ≤ r}, and smoothed ℓp ball constraint such that the sublevel

domain is K = {x ∈ R3 : g(x) ≤ λ}, with g(x) :=
∑d

i=1

(
x2i + ε2

) p
2 as given in (2.5), we will

conduct a toy example of truncated multivariate normal distribution, constrained Bayesian
linear regression and constrained Bayesian logistic regression using synthetic data. And
then we will provide constrained Bayesian logistic regression using real data as an exam-
ple in high-dimension. In the 3-dimensional examples, we choose the following constant
skew-symmetric matrix Ja as a nonstate-dependent skew-symmetric matrix.

Ja =

 0 a 0
−a 0 a
0 −a 0

 , (3.1)

where a ̸= 0 is a self-chosen constant parameter. In general, we will consider two state-
dependent skew-symmetric matrices. For the ℓ2 unit ball constraint set, the state-dependent
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skew-symmetric matrix Js(x) is defined as the following,

Js(x) =

 0 −sx3 sx2
sx3 0 −sx1
−sx2 sx1 0

 , (3.2)

where s ̸= 0 is a self-chosen constant parameter. For the smoothed ℓp ball constraint with

the sublevel-set {x ∈ Rd : g(x) ≤ λ}, with g(x) :=
∑d

i=1

(
x2i + ε2

) p
2 as given in (2.5), the

skew-symmetric matrix Jg(x) is defined as:

Jg(x) =

 0 −k(aℓ,bℓ,cℓ)3 (x) k
(aℓ,bℓ,cℓ)
2 (x)

k
(aℓ,bℓ,cℓ)
3 (x) 0 −k(aℓ,bℓ,cℓ)1 (x)

−k(aℓ,bℓ,cℓ)2 (x) k
(aℓ,bℓ,cℓ)
1 (x) 0

 , (3.3)

with the coefficients given in (2.13).

In Section 3.1, we will first compare the iteration complexity of SRNLMC (Ja) using
constant skew-symmetric matrix Ja to the one of SRNLMC (Js(x)), the one of SRNLMC
(Jg(x)) and the one of projected Langevin Monte Carlo (PLMC) in W1 distance by using
synthetic data in a toy example of the truncated standard multivariate normal distribution.
By introducing stochastic gradients, we will propose skew-reflected non-reversible stochastic
gradient Langevin dynamics (SRNSGLD) and projected stochastic gradient Langevin dy-
namics (PSGLD). In Section 3.2, we will compare SRNSGLD to PSGLD in terms of mean
squared error by using synthetic data in the example of constrained Bayesian linear regres-
sion. Furthermore, we will consider the example of constrained Bayesian logistic regression
and we compare the accuracy, which is defined as the ratio of the correctly predicted la-
bels over the whole dataset in deep learning experiments, of the algorithms by using either
synthetic or real data in Section 3.3.

3.1 Toy Example: Truncated Multivariate Normal Distribution

µ(x) =
1

Z
exp

{
−x

⊤Σ−1x

2

}
1K , Σ =

0.25 0 0
0 1 0
0 0 4

 , (3.4)

where 1K denotes the indicator function on K and Z :=
∫
K e

−x⊤Σ−1x
2 dx is the normalizing

constant.

In our first set of experiments, we take the convex constraint sets to be ball K in R3:

K = {x ∈ R3 : ∥x∥22 ≤ 1}, (3.5)

we choose the skew-symmetric matrix Ja with a = 1 in (3.1) and the state-dependent
skew-symmetric matrix Js with s = 5 in (3.2).

In our second set of experiments, we consider the sublevel-set constraint:

K = {x ∈ R3 : g(x) ≤ λ}, g(x) :=
3∑
i=1

(
x2i + ε2

)p/2
. (3.6)
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that follows from the definition in (2.5). To allow fine-tuning, we incorporate a scaling
parameter to the skew-symmetric matrix in (3.3) to obtain:

Jg(x) =

 0 −sk(aℓ,bℓ,cℓ)3 (x) sk
(aℓ,bℓ,cℓ)
2 (x)

sk
(aℓ,bℓ,cℓ)
3 (x) 0 −sk(aℓ,bℓ,cℓ)1 (x)

−sk(aℓ,bℓ,cℓ)2 (x) sk
(aℓ,bℓ,cℓ)
1 (x) 0

 , s ̸= 0. (3.7)

In this toy example, we will take p = 4, ε = 0.2 and λ = 1.0 in (3.6) and take the scaling
parameter s = 8 in (3.7).

In the proceeding, we simulate 5000 samples and take 2000 iterates starting from the
initial point x0 = [0.2, 0.3, 0.5]⊤ with step size η = 5 × 10−4, and we first derive a skew-
projection formula explicitly by computing the skew unit normal vector direction on the
convex set K, and then we approximate the Gibbs distribution by doing rejecting and
accepting sampling, i.e. we take i.i.d. samples from the 3-dimensional standard normal
distribution and discard the samples that are out of the constraint set until obtaining the
required number of sample points. Finally, we compare W1 distance between the target
distribution and the sampling stationary distributions driven by SRNLMC (Ja), SRNLMC
(Js(x)), SRNLMC (Jg(x)) and PLMC in each dimension.

In Figure 2, we show the first 2 dimensions of the target distribution and the ones of
the sampling stationary distributions by SRNLMC (Ja), SRNLMC (Js(x)) and PLMC se-
quentially. In the same way, we visulize the target distribution and sampling distribution in
first 2 dimensions by SRNLMC (Ja), SRNLMC (Jg(x)) and PLMC sequentially in Figure 4.
These results show that SRNLMC (Ja), SRNLMC (Js(x)), SRNLMC (Jg(x)) and PLMC
can successfully converge to the truncated standard normal distribution under our setting.

Then we compare the convergence speed of SRNLMC (Js(x)) to either SRNLMC (Ja)
or PLMC by computing the W1 distance between the target distribution and the sampled
stationary distributions in each dimension, and then we do the similar comparison for
SRNLMC (Jg(x)). We obtain the plots in Figure 3 and Figure 5 where the blue line
represents SRNLMC (Ja), the orange line represents SRNLMC (Js(x)) or SRNLMC (Jg(x))
and the green line represents PLMC in each subfigure.

Figure 3 and Figure 5 demonstrates that both SRNLMC variants achieve superior iter-
ation complexity compared to PLMC under fixed step sizes, corroborating the theoretical
results in Du et al. (2025). Notably, when employing the skew-symmetric matrix Js(x) (de-
fined in (3.2)) and Jg(x) (defined in (3.3)), both SRNLMC (Js(x)) and SRNLMC (Jg(x))
can attain a lower iteration complexity than SRNLMC (Ja) for equivalent W1 distance
targets.

This empirical finding validates our main result, confirming the theoretical advantage
of SRNLMC over PLMC. The enhanced performance stems from the ability of the state-
dependent skew-symmetric matrix to provide more effective acceleration in the constrained
sampling scenarios compared to its skew-symmetric counterpart Ja. The state-dependent
nature of SRNLMC (Js(x)) and SRNLMC (Jg(x)) demonstrates robustness improvements
over SRNLMC (Ja), where we can observe the orange line leads to better performance.
Although constant matrices enforce fixed projection angles, it may fail for skew-projection
of the sample points beyond the constraint boundary, the adaptive projection in SRNLMC
(Js(x)) and SRNLMC (Jg(x)) dynamically adjusts based on the systematical state. This
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(a) Target distribution (b) PLMC (J = 0)

(c) SRNLMC (Ja=1) (d) SRNLMC (Js=5)

Figure 2: Visualized density plots for the first 2 dimensions with a centered ball constraint.

(a) Dimension 1 (b) Dimension 2 (c) Dimension 3

Figure 3: W1 distance in each dimension of PLMC and SRNLMC with a centered ball
constraint.
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Figure 4: Visualized density plots for the first 2 dimensions with a smoothed ℓp ball con-
straint with a sublevel-set.
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(b) Dimension 2
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(c) Dimension 3

Figure 5: W1 distance in each dimension of PLMC and SRNLMC with a smoothed ℓp ball
constraint with a sublevel-set.
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state awareness prevents excessive projection angles to handle extreme sample points and
gives room to apply larger step sizes while maintaining equivalent error tolerance levels.

3.2 Constrained Bayesian Linear Regression

In our next set of experiments, we evaluate our algorithms in the context of constrained
Bayesian linear regression models. We first consider the example with the ball constraint set,
a 3-dimensional centered ℓ2 unit ball such thatK =

{
x ∈ R3 : ∥x∥22 ≤ 1

}
, which corresponds

to the ridge Bayesian linear regression. We consider the linear regression model as the
following.

δj ∼ N (0, 0.25), aj ∼ N
(
2 ∗ 1, 1

2
I3

)
, yj = x⊤∗ aj + δj , x∗ = [1,−0.7,−0.5]⊤, (3.8)

where 1 denotes the all-one vector. The prior distribution is a uniform distribution, in
which case the constraints are satisfied. Our goal is to generate the posterior distribution
given by

µ(x) ∝ exp

−1

2

n∑
j=1

(
yj − x⊤aj

)21K ,

where 1K is the indicator function for the constraint set K and n is the total number of
data points in the training set.

To further illustrate the efficiency of our algorithms, we will introduce a stochastic
gradient setting, and we will show that our algorithms work well in the presence of stochas-
tic gradients. Du et al. (2025) proposed skew-reflected non-reversible stochastic gradient
Langevin dynamics (SRNSGLD):

xk+1 = PJ
K

(
xk − η(I + J(xk))∇f(xk,Ωk+1) +

√
2ηξk+1

)
, (3.9)

where PJ
K is the skew-projection onto K, ξk are i.i.d. Gaussian random vectors N (0, Id)

and ∇f(xk,Ωk+1) is a conditionally unbiased estimator of ∇f(xk) over the dataset Ωk+1.
For example, a common choice is the mini-batch setting, in which the full gradient is
of the form ∇f(x) = 1

n

∑n
i=1∇fi(x), where n is the number of data points and fi(x)

associates with the i-th data point, and the stochastic gradient is given by ∇f(xk,Ωk+1) :=
1
m

∑
i∈Ωk+1

∇fi(xk) with m < n being the batch-size and Ω
(j)
k+1 are uniformly sampled

random subsets of {1, 2, . . . , n} with |Ωk+1| = m and i.i.d. over k. In particular, if J ≡ 0,
we obtain projected stochastic gradient Langevin dynamics (PSGLD).

Under the stochastic gradient setting, we choose the batch size m = 50 and generate
n = 105 data points (aj , yj) by SRNSGLD, where we take the skew-symmetric matrix Ja
with a = 1 defined by (3.1) and skew-symmetric matrix Js(x) with s = 5 defined by (3.2).
By setting the red starred point as the first 2 dimensions of x∗ defined in (3.8) and taking
300 iterates with the step size η = 10−4, we get Figure 6 and Figure 7 as the following.

Under the same setting, we consider this constrained Bayesian linear regression problem
by using a smoothed ℓp ball constraint with a sublevel-set defined by K = {x ∈ R3 : g(x) ≤
λ} with g(x) :=

∑d
i=1(x

2
i +ε

2)p/2 from the definition of (2.5), where we take p = 4, ε = 0.2,
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(a) Prior (b) SRNSGLD (Ja=1)

(c) SRNSGLD (Js=5) (d) PSGLD (J = 0)

Figure 6: Prior and posterior distributions plots with a centered ball constraint.

Figure 7: MSE results of SRNSGLD (Ja=1), SRNSGLD (Js=5) and PSGLD (J = 0) for the
constrained Bayesian linear regression.

39



Wang, Tu, Wang, Zhu

1 0 11.5

1.0

0.5

0.0

0.5

1.0

1.5

(a) Prior

1 0 11.5

1.0

0.5

0.0

0.5

1.0

1.5

(b) SRNSGLD (Ja=1)

1 0 11.5

1.0

0.5

0.0

0.5

1.0

1.5

(c) SRNSGLD (Jg)

1 0 11.5

1.0

0.5

0.0

0.5

1.0

1.5

(d) PSGLD (J = 0)

Figure 8: Prior and posterior distributions plots with a smoothed ℓp ball constraint with a
sublevel-set.
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Figure 9: MSE results of SRNSGLD (Ja=1), SRNSGLD (Jg) and PSGLD (J = 0) for the
constrained Bayesian linear regression with a smoothed ℓp ball constraint with a sublevel-
set.
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λ = 1.0 and the scaling parameter s = 8 for Jg(x) defined in (3.7). We summarize the
results in Figure 8 and Figure 9.

In Figure 6 and Figure 8, the prior uniform distribution is shown in panel (a). In panels
(b), (c), (d), our simulation shows that SRNSGLD (Ja), SRNSGLD (Js(x) in Figure 6),
SRNSGLD (Jg(x) in Figure 8) and PSGLD can converge to the samples whose distribution
concentrates around the closest position to the target value, which are the red stars shown
outside the constraints. By computing the MSE at the k-th run using the formula

MSEk :=
1

n

n∑
j=1

(
yj − (xk)

⊤ aj

)2
,

we get Figure 7 and Figure 9. The blue line represents the mean squared error (MSE)
of SRNSGLD (Ja), the orange line corresponds to SRNSGLD (Js(x)) in Figure 7 and
SRNSGLD (Jg(x)) in Figure 9, and the green line represents PSGLD. Although we do
not provide theoretical guarantees for acceleration with respect to MSE, our numerical
results show that either SRNSGLD (Js(x)) or SRNSGLD (Jg(x)) achieves significantly
better acceleration performance than either SRNSGLD (Ja) or PSGLD.

3.3 Constrained Bayesian Logistic Regression

To test the performance of our algorithm in binary classification problems, we implement
the constrained Bayesian linear regression models on both synthetic and real data, where
the constraint set is the ball of radius r centered at 0 ∈ Rd given by

Kr =
{
x ∈ Rd : ∥x∥22 ≤ r

}
. (3.10)

Suppose we can access a dataset Z = {zj}nj=1 where zj = (Xj , yj) , Xj ∈ Rd are the
features and yj ∈ {0, 1} are the labels with the assumption that Xj are independent and
the probability distribution of yj given Xj and the regression coefficients β ∈ Rd are given
by

P (yj = 1 | Xj , β) =
1

1 + e−β
⊤Xj

.

In our experiments, we choose the prior distribution of β to be the uniform distribution
in the ball constraint. Then the goal of the constrained Bayesian logistic regression is to
sample from µ(β) ∝ e−f(β)1K where:

f(β) := −
n∑
j=1

log p (yj | Xj , β)− log p(β) =

n∑
j=1

log
(
1 + e−β

⊤Xj
)
+ log Vd, (3.11)

and Vd :=
πd/2

Γ( d
2
+1)

is the volume of the unit ball in Rd.
We will conduct two sets of experiments by using either synthetic data or real data,

where one considers the constrained set to be a centered ball defined in (3.10), and another
considers the constrained set to be the smoothed ℓp ball constraint with a sublevel-set
defined by

K = {x ∈ R3 : g(x) ≤ λ}, g(x) :=

3∑
i=1

(x2i + ε2)p/2. (3.12)

from the definition of (2.5). We will specify the parameters for this contraint set later.
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Synthetic Data Consider the following example of d = 3. We first generate n = 2000
synthetic data by the following model

Xj ∼ N (0, 2I3) , pj ∼ U(0, 1), yj =

{
1 if pj ≤ 1

1+e−β
⊤Xj

0 otherwise
, (3.13)

where U(0, 1) stands for the uniform distribution on [0, 1] and the prior distribution of
β = [β1, β2, β3]

⊤ ∈ R3 is a uniform distribution on the centered ball Kr=1 in R3 defined
in (3.10). Then we implement them with 1000 iterates by choosing the step size η = 10−4

with the batch size m = 50. For the constrained Bayesian logistic regression, it is not
practical for us to compute the W1 distance between the approximated Gibbs distribution
and the empirical distribution. Hence, for such a binary classification problem, we can use
the accuracy over the training set and test set to measure the goodness of the convergence
performance.

In the experiment with the ball constraint set in (3.10) with r = 1, we choose the skew-
symmetric matrix Ja in (3.1) with a = 1 for SRNSGLD (Ja) shown by the blue line and
the skew-symmetric matrix Js(x) in (3.2) with s = 10 for SRNSGLD (Js(x)) shown by the
green dash line. We use 20% of the whole dataset as the test set. The mean and standard
deviation of the accuracy distribution are shown in Figure 10.

(a) Accuracy over the training set with a cen-
tered ball constraint.

(b) Accuracy over the test set with a centered
ball constraint.

Figure 10: Accuracy over the training set and the test set for the synthetic data. The blue
part (solid line) denotes the mean and standard deviation of SRNSGLD (Ja), the green
part (dash-dot line) denotes the mean and standard deviation of SRNSGLD (Js(x)) and
the orange part (dashed line) denotes the mean and standard deviation of PSGLD (J ≡ 0).

Under the same setting, we consider the smoothed ℓp ball constraint with a sublevel-set
in (3.12) with p = 4 in this synthetic data example, ε = 0.2, λ = 1.0 and the scaling
parameter s = 10 for Jg(x) defined in (3.7). We obtain Figure 11.

We observe that, both SRNSGLD (Js(x)) in green line in Figure 10 and SRNSGLD
(Jg(x)) in orange line in Figure 11 requires fewer iterations to achieve the same level of
accuracy on the test set and exhibits more stable sampling behavior comparing to PSGLD in
green dash line. Moreover, both SRNSGLD (Js(x)) in green line in Figure 10 and SRNSGLD
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Figure 11: Accuracy over the training set and the test set for the synthetic data. The blue
part (solid line) denotes the mean and standard deviation of SRNSGLD (Ja), the green
part (dash-dot line) denotes the mean and standard deviation of SRNSGLD (Jg(x)) and
the orange part (dashed line) denotes the mean and standard deviation of PSGLD (J ≡ 0).

(Jg(x)) in orange line in Figure 11 demonstrate suprior performance to SRNSGLD (Ja) with
constant skew-symmetric matrix and PSGLD (J = 0).

Real Data In this section, we consider the constrained Bayesian logistic regression prob-
lem on the MAGIC Gamma Telescope dataset2 and the Titanic dataset3. The Telescope
dataset contains n = 19020 samples with dimension d = 9, describing the registration of
high energy gamma particles in a ground-based atmospheric Cherenkov gamma telescope
using the imaging technique. The Titanic dataset contains 891 samples with 10 features
representing information about the passengers. And the goal is to predict whether a pas-
senger survived or not based on these features. However, some of the features are irrelevant
to our goal, such as the ID number. Therefore, after a pre-proceeding on the raw dataset,
we obtained a dataset containing n = 891 labeled samples with d = 9 features.

For both real data sets, we initialize SRNSGLD and PSGLD with the uniform dis-
tribution on the centered unit ball in the respective dimensions. To fit the dimension,
we need to adjust the constant skew-symmetric matrix Ja to fit the 9-dimensional setting
with the whole superdiagonal set to be a and the subdiagonal set to be −a. We let the
state-dependent skew-symmetric matrix Js(x) be a 9 × 9 skew-symmetric matrix defined
for x ∈ Kr ⊂ R9. We construct Js(x) as a block-diagonal matrix:

Js(x) =

 J (1) (x1, x2, x3) 03×3 03×3

03×3 J (2) (x4, x5, x6) 03×3

03×3 03×3 J (3) (x7, x8, x9)

 ,

2. The Telescope dataset is publicly available from:
https://archive.ics.uci.edu/ml/datasets/magic+gamma+telescope.

3. The Titanic dataset is publicly available from:
https://www.kaggle.com/c/titanic.
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where 0m×n denotes an m× n zero matrix and we define the blocks by

J (1) (x1, x2, x3) =

 0 −s1x3 s1x2
s1x3 0 −s1x1
−s1x2 s1x1 0

 ,

J (2) (x4, x5, x6) =

 0 −s2x6 s2x5
s2x6 0 −s2x4
−s2x5 s2x4 0

 ,

J (3) (x7, x8, x9) =

 0 −s3x9 s3x8
s3x9 0 −s3x7
−s3x8 s3x7 0

 .

The 3-dimensional constant s = [s1, s2, s3] can be chosen independently (e.g., s1, s2, s3 ̸= 0).
Based on the formula of the smoothed ℓp ball constraint with a sublevel-set in (3.3), we

can also construct the skew-symmetric matrix Jg(x) as a block-diagonal matrix. Moreover,
we incorporate a scaling factor s = [s1, s2, s3] ∈ R3 into Jg(x) that allows fine-tuning such
that

Jg(x) =

 s1J
(1)
g (x1, x2, x3) 03×3 03×3

03×3 s2J
(2)
g (x4, x5, x6) 03×3

03×3 03×3 s3J
(3)
g (x7, x8, x9)

 , (3.14)

where 0m×n denotes an m× n zero matrix and we denote

J (k1,k2,k3)(x) =

 0 −k(aℓ,bℓ,cℓ)3 (x) k
(aℓ,bℓ,cℓ)
2 (x)

k
(aℓ,bℓ,cℓ)
3 (x) 0 −k(aℓ,bℓ,cℓ)1 (x)

−k(aℓ,bℓ,cℓ)2 (x) k
(aℓ,bℓ,cℓ)
1 (x) 0

 ,

and define

J (1)
g (x1, x2, x3) = J (k1,k2,k3)(x), x = [x1 x2 x3]

⊤,

J (2)
g (x4, x5, x6) = J (k1,k2,k3)(x), x = [x4 x5 x6]

⊤,

J (3)
g (x7, x8, x9) = J (k1,k2,k3)(x), x = [x7 x8 x9]

⊤.

In the experiment of using Telescope dataset with a centered ball constraint set, we take
the constraint set as the centered ball Kr=2 ⊂ R9 defined in (3.10), and we set the step
size η = 10−4 and batch size m = 30 and implement SRNSGLD and PSGLD 1000 iterates
with 100 samples over the training set, where we choose the skew-symmetric matrix as
Ja defined in (3.1) with a = 2 for SRNSGLD (Ja) shown by the blue line and the skew-
symmetric matrix as Js(x) defined in (3.2) with s = [5, 5, 5] for SRNSGLD (Js(x)) shown
by the orange dash line. Figure 12 reports the accuracy of two algorithms over the training
set and the test set where the test set accounts for 20% of the whole dataset.

In the experiment of using Telescope dataset with a smoothed ℓp ball constraint with
a sublevel-set defined in (3.12) with p = 2.4 in this Telescope dataset example, ε = 0.2,
λ = 4.0 and the scaling factor of Jg(x) is s = [5, 5, 5] in the definition (3.14). then we
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(a) Accuracy over the training set with a cen-
tered ball constraint.

(b) Accuracy over the test set with a centered
ball constraint.

Figure 12: Accuracy over the training set and the test set for the Telescope dataset. The
blue part (solid line) denotes the mean and standard deviation of SRNSGLD (Ja), the
orange part (solid line) denotes the mean and standard deviation of SRNSGLD (Js(x)) and
the green part (dashed line) denotes the mean and standard deviation of PSGLD (J ≡ 0).
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(a) Accuracy over the training set with a
smoothed ℓp ball constraint with a sublevel-
set.
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Figure 13: Accuracy over the training set and the test set for the Telescope dataset. The
blue part (solid line) denotes the mean and standard deviation of SRNSGLD (Ja), the
orange part (solid line) denotes the mean and standard deviation of SRNSGLD (Jg(x)) and
the green part (dashed line) denotes the mean and standard deviation of PSGLD (J ≡ 0).
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implement algorithms with the same implementation parameters as the one used in the
example with the centered ball constraint set to obtain Figure 13.

For the Titanic data, we first consider the constraint set as the centered ball Kr=2 ⊂ R9,
and we set the step size η = 10−4 and batch size m = 30 and implement SRNSGLD and
PSGLD 1500 iterates over the training set with 100 samples, we choose the skew-symmetric
matrix as Ja defined in (3.1) with a = 3 for SRNSGLD (Ja) shown by the green line and
the skew-symmetric matrix as Js(x) defined in (3.2) with s = [2, 7, 2] for SRNSGLD (Js(x))
shown by the orange dash line. Figure 14 reports the accuracy level of algorithms over the
training and test sets, where the test set accounts for 20% of the whole dataset.

(a) Accuracy over the training set with a cen-
tered ball constraint.

(b) Accuracy over the test set with a centered
ball constraint.

Figure 14: Accuracy over the training set and the test set for the Titanic dataset. The
green part (dash line) denotes the mean and standard deviation of SRNSGLD (Ja), the
orange part (dash-dot line) denotes the mean and standard deviation of SRNSGLD (Js(x))
and the blue part (solid line) denotes the mean and standard deviation of PSGLD (J ≡ 0).

Taking the constraint set as the smoothed ℓp ball constraint with a sublevel-set defined
in (3.12) with p = 2.4 in this Telescope dataset example, ε = 0.18, λ = 4.0 and the scaling
factor of Jg(x) is s = [2, 7, 2] in the definition (3.14), then we use the same implementation
parameters with 2000 steps as for the centered ball constraint set and obtain Figure 15.

From Figure 12 and Figure 13 for Telescope dataset, Figure 14 and Figure 15 for Titanic
dataset, we can conclude that both SRNSGLD (Js(x)) and SRNSGLD (Jg(x)) consistently
outperforms SRNSGLD (Ja) in terms of classification accuracy in the Telescope and Titanic
datasets, and the performance of both SRNSGLD (Js(x)) and SRNSGLD (Jg(x)) is slightly
better than the performance of PSGLD. In particular, SRNSGLD (Js(x)) and SRNSGLD
(Jg(x)) attain higher accuracy with fewer iterates, which indicates a faster convergence rate.
This improvement can be attributed to the adaptive nature and better acceleration rate of
the state-dependent skew-symmetric matrix Js(x) and Jg(x), as it enables more effective
exploration of the parameter space compared to the fixed skew-symmetric matrix Ja. In
particular, we can observe from Figure 13 and Figure 15 the performance of SRNSGLD
(Ja) degrades substantially with the smoothed ℓp ball constraint with the sublevel-set.
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(a) Accuracy over the training set with a
smoothed ℓp ball constraint with a sublevel-
set.
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Figure 15: Accuracy over the training set and the test set for the Titanic dataset. The
green part (dash line) denotes the mean and standard deviation of SRNSGLD (Ja), the
orange part (dash-dot line) denotes the mean and standard deviation of SRNSGLD (Jg(x))
and the blue part (solid line) denotes the mean and standard deviation of PSGLD (J ≡ 0).

In summary, these results demonstrate that incorporating a well-chosen state-dependent
matrix into the SRNSGLD framework not only leads to theoretical benefits, but also trans-
lates into practical efficiency and better empirical performance across different datasets.

4. Concluding Remarks

We established a large deviation principle for empirical measures of skew-reflected non-
reversible Langevin dynamics (SRNLD), where a skew-symmetric matrix J with ∇· J = 0
is added to the (reversible) reflected Langevin dynamics (RLD), that samples a target
distribution on a constrained domain K. We choose J such that its product with the
outward unit normal vector field on the boundary is zero (J(x)n(x) = 0 on ∂K). This
simplifies the oblique boundary condition to the standard Neumann condition, which helps
overcome the technical challenges that arise from the large deviations theory.

As a by-product, this simplification also provides us a natural choice for the skew-
symmetric matrix, that is constructed explicitly for examples including the ball constraint,
and more generally the constrained domains characterized by sublevel sets that include
special cases such as the smoothed ℓp ball constraint. The compactness of K also simplifies
several technical aspects, particularly related to the existence of λ(g), properties of the
Feynman-Kac semigroup, and exponential tightness. The core results on the variational
representation and decomposition of the rate function I(ν) hold, providing valuable insight
into the contributions of the reversible (LS) and non-reversible (LA) parts of the dynamics
to the likelihood of fluctuations. The explicit forms for IS(ν) and IA(ν) depend on the
precise definitions of the Sobolev (semi)norms and the properties of LA under the invariant
measure µ.

By explicitly characterizing the rate functions, we show that SRNLD accelerates the
convergence to the target distribution when compared with RLD. Furthermore, we provide
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an operator-theoretic proof that these dynamics also reduce the asymptotic variance of
time-average estimators, solidifying the advantages of the non-reversible approach.

Numerical experiments based on our choice of the skew-symmetric matrix, that is con-
structed to satisfy all assumptions in our theory for the ball constraint and the smoothed
ℓp ball constraint applying to a toy example of truncated multivariate normal distribution,
constrained Bayesian linear regression and constrained Bayesian logistic regression using
synthetic and real data, show superior performance compared to the existing literature,
that validate the theoretical findings from large deviations theory.

There are several promising directions for future research. First, while Theorem 15
provides a spectral characterization of the variance reduction, deriving an explicit quanti-
tative lower bound depending solely on the geometry of K and the potential f remains a
challenging open problem. Second, building on the connection to the Cramér-Rao lower
bound established in Section 2.6.1, future work could focus on the theoretical optimization
of the matrix field J(x) to maximize the rate function curvature, thereby minimizing the
asymptotic variance. These will be left for future studies.
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Appendix A. Summary of Notations

A.1 Definitions and Terminologies

Term Description

Ck(K) The space of functions defined on K that are k times continuously
differentiable.

Ck,α(K) The Hölder space consisting of functions u ∈ Ck(K) whose k-th order
partial derivatives are Hölder continuous with exponent α ∈ (0, 1].
The associated norm is

∥u∥Ck,α(K) :=
∑
|β|≤k

sup
x∈K

|Dβu(x)|+
∑
|β|=k

sup
x,y∈K,x ̸=y

|Dβu(x)−Dβu(y)|
|x− y|α .

∂K ∈ Ck,α The boundary ∂K is of class Ck,α if locally it is the graph of a Ck,α

function. Specifically, for every x0 ∈ ∂K, there exists a neighborhood
U and a bijective map ψ : U → B1(0) such that ψ,ψ−1 ∈ Ck,α, with
ψ(U ∩K) = {y ∈ B1(0) : yd ≥ 0}.

Gateaux-
differentiable

For a function λ, means that for any g, h ∈ C(K), the limit

Dλ(g)[h] := lim
ε→0

λ(g + εh)− λ(g)

ε

exists.

H1(K, dν) Sobolev space consisting of functions u defined on domain K such
that both u and its first-order weak derivatives are square-integrable
with respect to measure ν. More formally, u ∈ H1(K, dν) if u ∈
L2(K, dν) and its gradient ∇u (where derivatives are understood in
the weak sense) satisfies ∇u ∈ (L2(K, dν))d. The squared norm is

∥u∥2H1(K,dν) =

∫
K

|u(x)|2ν(dx) +
∫
K

∥∇u(x)∥22ν(dx).

Weak derivatives generalize derivatives to functions that may not
be continuously differentiable but still exhibit regularity.

H1
S(ν) A Sobolev H1-type semi-norm with respect to measure ν, defined for

a sufficiently regular function φ as

∥φ∥2H1
S
(ν) :=

∫
K

∥∇φ∥22dν.

This semi-norm is associated with the symmetric part of the in-
finitesimal generator LS .

H−1
S (ν) The dual Sobolev semi-norm corresponding to ∥ · ∥H1

S(ν)
. For an

element φ ∈ L2(K, dν) that has zero mean with respect to ν (i.e.,∫
K φdν = 0), it is defined via a variational problem:

∥φ∥2H−1
S

(ν)
= sup
ψ∈D+(LJ )

{
2

∫
K

ψφdν − ∥ψ∥2H1
S
(ν)

}
.
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A.2 Sets and Spaces

Notation Description

Rd d-dimensional Euclidean space
K Compact, connected domain with smooth boundary ∂K
C(K) Space of continuous functions on K
Cb(K) Space of bounded continuous functions on K
L∞(K) Space of measurable functions on K that are essentially bounded.
P(K) Space of probability measures on K
D(LJ) Domain of LJ , which is {u ∈ C2(K) : ⟨∇u(x), (I + J(x))n(x)⟩ = 0 on ∂K}
D+(LJ) Space of positive functions u in D(LJ) ∩ C(K) with LJu

u ∈ Cb(K)

A.3 Operators and Functions

Notation Description

LJ Infinitesimal generator of SRNLD
LS Symmetric part of LJ
LA Skew-symmetric part of LJ
∇ Gradient operator
∇· Divergence operator
∆ Laplacian operator
f Potential function
J Skew-symmetric matrix field
n outward unit normal vector on ∂K

A.4 Measures and Norms

Notation Description

µ Invariant measure of SRNLD
ν A realization of the empirical measure of Xt

∥ · ∥2 Euclidean 2-norm
∥ · ∥∞ Supremum norm
∥ · ∥H1

S(ν)
Sobolev semi-norm with respect to ν

∥ · ∥H−1
S (ν) Dual Sobolev semi-norm

W1 1-Wasserstein distance

A.5 Other Notations

Notation Description

⟨·, ·⟩ Inner product in the Euclidean space Rd
⟨·, ·⟩µ Inner product in L2(K, dµ)
L∗
J Adjoint of operator LJ

I(ν) Rate function of the empirical measure ν
λ(g) Scaled cumulant generating function
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Appendix B. Proofs of Technical Lemmas

B.1 Proof of Lemma 3

1. Properties of the operator LJ+g and the semigroup P gt : Since K is a compact
domain in Rd and g ∈ C(K), g is bounded onK. Let gmax = maxx∈K |g(x)|. The oper-
ator LJ of (Xt)t≥0 in (2.1) is given by: LJu(x) = ∆u(x)− ⟨(I + J(x))∇f(x),∇u(x)⟩.
The term ∆u(x) is uniformly elliptic. Assume ∂K ∈ C2,α, f ∈ C2,α(K) and J ∈
C1,α(K). Then the drift coefficients (I + J(x))∇f(x) belong to C1,α(K), and hence
are Hölder continuous. Therefore LJ is a second-order linear uniformly elliptic op-
erator on K with C1,α coefficients. Moreover, multiplication by g(x) is a bounded
(zeroth-order) perturbation (e.g. g ∈ L∞(K)). The domain D(LJ + g) is specified by
functions in C2(K) satisfying Neumann boundary conditions ⟨∇u(x),n(x)⟩ = 0 on
∂K.

a) Compactness of P gt : The semigroup P gt is generated by LJ + g. For an elliptic
operator on a compact manifold with boundary conditions such as Neumann,
the resolvent (ζI − (LJ + g))−1 is compact for ζ in the resolvent set. This
implies that the semigroup P gt = et(LJ+g) is compact for all t > 0 (see, e.g.,
(Pazy, 1983, Chapter 2, Corollary 3.5)). Alternatively, P gt can be represented
via the fundamental solution (Green’s function) pg(t, x, y) of the parabolic PDE
∂tu = (LJ + g)u. For elliptic operators, this fundamental solution is smooth
for t > 0 (see, e.g., (Stroock, 2008, Chapter 3.3, Theorem 3.3.11)). Since K is
compact, (P gt ϕ)(x) =

∫
K p

g(t, x, y)ϕ(y) dy is an integral operator with a smooth
kernel, which implies that P gt is compact on C(K) (also on Lp(K)).

b) Strong positivity of P gt .

Recall that an operator T on C(K) is strongly positive if for any ϕ ∈ C(K)
with ϕ ≥ 0 and ϕ ̸≡ 0, one has Tϕ(x) > 0 for all x ∈ K. Let (Pt)t≥0 be the
Markov semigroup associated with the reflected diffusion generated by LJ on
the bounded connected domain K. Since the diffusion matrix is the identity, LJ
is uniformly elliptic; in particular the Neumann heat kernel p(t, x, y) exists, is
jointly continuous on (0,∞)×K ×K, and is strictly positive for every t > 0 and
x, y ∈ K (see, e.g., (Davies, 1989, p. 98)). Consequently, for any ϕ ≥ 0, ϕ ̸≡ 0,

(Ptϕ)(x) =

∫
K
p(t, x, y)ϕ(y) dy > 0, x ∈ K,

so Pt is positivity improving; equivalently, the semigroup is irreducible in the
sense of (Davies, 1989, Theorem 3.3.5).

Now let g ∈ L∞(K) and define the Feynman–Kac semigroup

(P gt ϕ)(x) := Ex
[
ϕ(Xt) exp

(∫ t

0
g(Xs) ds

)]
.

The exponential weight is strictly positive and satisfies

e−t∥g∥∞ ≤ exp

(∫ t

0
g(Xs) ds

)
≤ et∥g∥∞ .
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Hence, for ϕ ≥ 0,

(P gt ϕ)(x) ≥ e−t∥g∥∞ Ex[ϕ(Xt)] = e−t∥g∥∞(Ptϕ)(x) > 0, x ∈ K,

which proves that P gt is strongly positive for every t > 0.

2. Existence of a principal eigenvalue/eigenfunction and t-consistency:

Fix some t0 > 0. Since P gt0 is compact and strongly positive on the Banach lat-
tice C(K), the Krein–Rutman theorem (see, e.g., (Deimling, 2013, Chapter 6, Theo-
rem 19.2)) yields that the spectral radius r(P gt0) > 0 is a simple eigenvalue of P gt0 and
there exists hg ∈ C(K) with hg > 0 on K such that

P gt0hg = r(P gt0)hg.

Write r(P gt0) = et0λ(g) and define λ(g) := 1
t0
log r(P gt0).

Step 1: the same hg works for all t ≥ 0. For any t ≥ 0, by the semigroup property,

P gt0 (P
g
t hg) = P gt

(
P gt0hg

)
= r(P gt0)P

g
t hg.

Thus P gt hg is a (strictly positive) eigenfunction of P gt0 associated with the simple
eigenvalue r(P gt0). By uniqueness up to scaling, there exists a scalar c(t) > 0 such that

P gt hg = c(t)hg (t ≥ 0).

Again by the semigroup property, c(t + s) = c(t)c(s) and c(0) = 1. Since (P gt )t≥0 is
strongly continuous on C(K) (as Xt is Feller and g is bounded), t 7→ P gt hg is contin-
uous in C(K). Hence c(t) is continuous, and c(t) = etλ(g) for all t ≥ 0. Therefore,

P gt hg = etλ(g)hg, for any t ≥ 0.

In particular, for every fixed t > 0, the principal eigenfunction of P gt is unique up to
normalization; thus it coincides with hg after rescaling and the corresponding exponent
satisfies λt(g) = λ(g).

Step 2: eigenvalue problem for the generator. Since t0 > 0 and LJ+g is uniformly ellip-
tic with smooth coefficients and Neumann boundary condition, the kernel pg(t0, x, y)
is smooth in (x, y). Hence P gt0 is smoothing, and in particular P gt0hg ∈ D(LJ + g)

(see, e.g., (Stroock, 2008, Chapter 3.3, Theorem 3.3.11)). From P gt0hg = et0λ(g)hg we

deduce hg ∈ D(LJ + g). From P gt hg = etλ(g)hg and the definition of the generator,

(LJ + g)hg = lim
t↓0

P gt hg − hg
t

= lim
t↓0

etλ(g) − 1

t
hg = λ(g)hg,

so that hg is a (strictly positive) eigenfunction of LJ + g with eigenvalue λ(g).

3. Existence of the limit and independence of x: From the definition of the
principal eigenvalue, for the strictly positive eigenfunction hg, we have (P gt hg)(x) =

eλ(g)thg(x). This can be written as Ex
[
hg(Xt) exp

(∫ t
0 g(Xs)ds

)]
= eλ(g)thg(x). Thus,
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1
t logE

x
[
hg(Xt)
hg(x)

exp
(∫ t

0 g(Xs)ds
)]

= λ(g). Since K is compact and hg ∈ C(K) with

hg(x) > 0, there exist 0 < c1 ≤ c2 < ∞ such that c1 ≤ hg(x) ≤ c2 for all x ∈ K.

Therefore, c1c2 ≤ hg(Xt)
hg(x)

≤ c2
c1
. Then,

λ(g) +
1

t
log

(
c1
c2

)
≤ 1

t
logEx

[
exp

(∫ t

0
g(Xs)ds

)]
≤ λ(g) +

1

t
log

(
c2
c1

)
. (B.1)

Taking the limit as t→ ∞ in (B.1), we get limt→∞
1
t logE

x
[
exp

(∫ t
0 g(Xs)ds

)]
= λ(g).

This limit exists, is equal to the principal eigenvalue of LJ + g, and is independent
of the initial state x ∈ K. The finiteness of λ(g) follows because g is bounded on the
compact set K. If gmin ≤ g(x) ≤ gmax, then

gmin = lim
t→∞

1

t
logEx

[
exp

(∫ t

0
gminds

)]
≤ λ(g) ≤ lim

t→∞

1

t
logEx

[
exp

(∫ t

0
gmaxds

)]
= gmax.

Thus, λ(g) is finite.

The results cited (e.g., Krein-Rutman theorem (Deimling, 2013, Chapter 6, Theorem 19.2),
(Pazy, 1983, Chapter 2, Corollary 3.5)) are standard tools for analyzing such semigroups on
compact domains. Donsker and Varadhan’s original work on LDPs for Markov processes on
compact spaces also establishes the existence of λ(g) as the principal eigenvalue (Donsker
and Varadhan, 1975a). This completes the proof.

B.2 Proof of Lemma 4

This is a standard consequence of Hölder’s inequality. For any α ∈ [0, 1], g1, g2 ∈ C(K),

E
[
e
∫ t
0 (αg1(Xs)+(1−α)g2(Xs))ds

]
= E

[(
e
∫ t
0 g1(Xs)ds

)α (
e
∫ t
0 g2(Xs)ds

)1−α]
≤
(
E
[
e
∫ t
0 g1(Xs)ds

])α (
E
[
e
∫ t
0 g2(Xs)ds

])1−α
. (B.2)

Taking 1
t log and letting t→ ∞ in (B.2) yields: λ(αg1+(1−α)g2) ≤ αλ(g1)+ (1−α)λ(g2).

This completes the proof.

B.3 Proof of Lemma 5

The proof relies on perturbation theory for linear operators, specifically for isolated simple
eigenvalues. Let T (g) = LJ +Mg, where Mg is the multiplication operator by g. From
the previous proposition (existence of λ(g)), we know that for each g ∈ C(K), λ(g) is
a simple, isolated eigenvalue of T (g) with the largest real part. Let hg ∈ C(K) be a
corresponding strictly positive eigenfunction, and let h∗g be a corresponding strictly positive
eigenfunction of the adjoint operator T (g)∗ = L∗

J+Mg (adjoint with respect to the L2(K, dx)
inner product, assuming appropriate domains). Since hg and h∗g are unique up to positive
multiplicative constants, we can normalize them such that their L2(K, dx) inner product
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is
〈
hg, h

∗
g

〉
L2(K,dx)

=
∫
K hg(x)h

∗
g(x)dx = 1. Note that since K is compact and hg ∈ C(K)

with hg(x) > 0, hg is bounded from above and below by positive constants on K.
1. Continuity of λ(g): We have already established in Proposition 4 that λ(g) is

convex. A convex function on a Banach space (such as C(K)) is continuous if it is bounded
on some open set (see, e.g., (Ekeland and Temam, 1999, Chapter 1, Lemma 2.1)). Since
gmin ≤ λ(g) ≤ gmax (where gmin = infK g(x) and gmax = supK g(x)), if g is in an open ball
of radius R around 0 in C(K), then ∥g∥∞ ≤ R, which implies −R ≤ λ(g) ≤ R. Thus λ(g)
is bounded on open sets. Being convex and bounded on open sets, λ(g) is continuous.

2. Gateaux-Differentiability of λ(g): We want to show that for any g, h ∈ C(K),

the limit Dλ(g)[h] = limε→0
λ(g+εh)−λ(g)

ε exists. Since λ(g) is a simple eigenvalue of T (g) =
LJ +Mg, its first-order variation with respect to a linear perturbation T (g) + εMh is given
by standard perturbation theory (see, e.g., (Kato, 2013, Chapter II, Equation (2.33)) for the
coefficient of the first-order term in the eigenvalue series expansion). Let T (ε) = T (g+ εh).
The eigenvalue is λ(ε) = λ(g + εh) and the corresponding eigenfunction is h(ε) = hg+εh.
The differentiability of λ(ε) and h(ε) with respect to ε at ε = 0 is assured for such analytic
perturbations (see (Kato, 2013, Chapter VII, Theorem 2.6, Theorem 3.6)).

The first-order correction to λ(g), denoted λ′(0) = dλ(ε)
dε

∣∣∣
ε=0

, can be found by differen-

tiating the eigenvalue equation T (ε)h(ε) = λ(ε)h(ε) with respect to ε at ε = 0:

Mhhg + T (g)h′(0) = λ′(0)hg + λ(g)h′(0),

where hg = h(0) is the eigenfunction for T (g). Taking the inner product with the eigenfunc-
tion h∗g of the adjoint T (g)

∗ (normalized so that
〈
hg, h

∗
g

〉
L2(K,dx)

= 1), and using T (g)∗h∗g =

λ(g)h∗g, we obtain:
〈
Mhhg, h

∗
g

〉
L2(K,dx)

= λ′(0). Thus, λ′(0) =
∫
K h(x)hg(x)h

∗
g(x)dx. This

shows that the Gateaux derivativeDλ(g)[h] exists and is given byDλ(g)[h] =
∫
K h(y)νg(dy),

where the measure νg is defined by

νg(dy) = hg(y)h
∗
g(y) dy, with

∫
K
hg(y)h

∗
g(y) dy = 1.

In particular, νg is a probability measure, consistent with the eigenfunction representation
used in the main text.

The differentiability of λ(g + εh) with respect to ε (and in fact, its analyticity for real
ε) is a deep result from the perturbation theory of operators. The family of operators
T (g) = LJ + Mg is an affine (and thus analytic) family of operators of type (A) in the
sense of (Kato, 2013, Chapter VII, Section 2.1), when considered as operators from, say,
H2(K) ∩ {BCs} to L2(K). Since λ(g) is a simple isolated eigenvalue, it is an analytic
function of g (if C(K) is considered as a real Banach space, λ(g) is real-analytic). Real
analyticity implies Fréchet differentiability, which in turn implies Gateaux differentiability.
The proof is complete.

B.4 Proof of Lemma 6

By definition (see, e.g., (Dembo and Zeitouni, 1998, Definition 1.2.18)), a family of proba-
bility measures (Qt)t≥0 on a Polish space X is exponentially tight if for every A <∞, there
exists a compact set ΓA ⊂ X such that lim supt→∞

1
t logQt(Γ

c
A) ≤ −A. In our case, the
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Polish space is X = P(K), the space of probability measures on K, equipped with the weak
topology. The measures are Qt(·) = P(Lt ∈ ·).

Since K is a compact metric space, by Prokhorov’s theorem (see, e.g., (Billingsley, 2013,
Theorem 5.1 and Theorem 5.2)), the space P(K) itself is compact in the weak topology.
Now, to demonstrate exponential tightness, for any given A <∞, we can choose the compact
set ΓA = P(K). Since Lt is, by its definition as an empirical measure, always an element of
P(K) (it is a probability measure on K), the event Lt /∈ ΓA = P(K) is an impossible event.
Therefore, Lt /∈ P(K) implies Lt ∈ ∅. Thus, P(Lt /∈ ΓA) = P(Lt /∈ P(K)) = P(Lt ∈ ∅) = 0.
Then, for any t > 0, 1

t logP(Lt /∈ ΓA) =
1
t log 0. The logarithm of zero is formally −∞. So,

lim supt→∞
1
t logP(Lt /∈ ΓA) = lim supt→∞(−∞) = −∞. Since for any A < ∞, we have

−∞ ≤ −A, the condition for exponential tightness is satisfied.

This argument is significantly simpler than the one required for non-compact state spaces
(such as (Ferré and Stoltz, 2020, Lemma 6.9)), where one typically needs to construct a
family of precompact sets using a Lyapunov function Ψ and show that the probability of
the empirical measure lying outside these precompact sets decays sufficiently fast. The
compactness of the entire space P(K) makes this step trivial. The proof is complete.

B.5 Proof of Lemma 13

The two formulas are classical and equivalent characterizations of the asymptotic variance
for an ergodic Markov process.

(a) The first formula, σ2g,J = 2
∫∞
0 Eµ[g(X0)g(Xt)]dt, is known as the Green-Kubo for-

mula. It is obtained by expanding the definition of the variance of the time-average estima-

tor, limT→∞ T ·Varµ
[
1
T

∫ T
0 g(Xt)dt

]
, and applying the stationarity of the process (Xt)t≥0.

The integrability of the auto-correlation function is guaranteed by the exponential decay
of correlations, a consequence of the spectral gap of the process. For a detailed derivation,
see, e.g., (Pavliotis, 2014, Chapter 4).

(b) The equivalence to the second formula: σ2g,J = 2
〈
g, (−LJ)−1g

〉
, is established

via the operator semigroup theory. The auto-correlation function can be expressed as
Eµ[g(X0)g(Xt)] =

〈
g, P Jt g

〉
, where P Jt = etLJ is the Markov semigroup generated by LJ .

The Green-Kubo formula then becomes: σ2g,J = 2
∫∞
0

〈
g, P Jt g

〉
dt = 2

〈
g,
(∫∞

0 P Jt dt
)
g
〉
. The

exchange of the inner product and the integral is justified by Fubini’s theorem. The integral
of the semigroup is the resolvent of the generator at zero, i.e.,

∫∞
0 P Jt dt = (−LJ)−1. This

identity is fundamental in semigroup theory and connects the integrated time-evolution of
the process to the inverse of its generator. The existence and boundedness of (−LJ)−1 on
L2
0(µ) is ensured by the spectral gap of LJ on the compact domain K. This establishes the

equivalence.

Appendix C. Derivation of Adjoint and Operator Decompositions under
Assumption 3

In this appendix, we derive the explicit expressions for the adjoint operator L∗
J and the

symmetric and skew-symmetric parts, LS and LA, of the infinitesimal generator LJ with
respect to the invariant measure µ(dx) = Z−1e−f(x)dx. These derivations are performed
under Assumptions 1, 2, and crucially, Assumption 3. The infinitesimal generator of (Xt)t≥0
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in (2.1) is given by LJu(x) = ∆u(x)− ⟨∇f(x),∇u(x)⟩ − ⟨J(x)∇f(x),∇u(x)⟩, and acts on
functions u ∈ D(LJ), which satisfy Neumann boundary conditions ⟨∇u(x),n(x)⟩ = 0 on
∂K due to Assumption 2 (where n(x) is the outward unit normal vector).

Let O1u := ∆u− ⟨∇f,∇u⟩ and O2u := −⟨J∇f,∇u⟩, so that LJ = O1 +O2.

C.1 Adjoint of O1

The operator O1u = ∆u− ⟨∇f,∇u⟩ can be written as O1u = ef(x)∇ · (e−f(x)∇u(x)). This
is the infinitesimal generator of a reversible Langevin dynamics with invariant measure µ.
For u, v ∈ D(LJ) (hence satisfying Neumann boundary conditions), O1 is self-adjoint with
respect to µ:

⟨O1u, v⟩µ =
1

Z

∫
K

(
ef∇ ·

(
e−f∇u

))
ve−fdx =

1

Z

∫
K

(
∇ ·
(
e−f∇u

))
vdx

=
1

Z

[
−
∫
K

(
e−f∇u

)
· ∇vdx+

∫
∂K

v
(
e−f∇u

)
· noutdS

]
= − 1

Z

∫
K
e−f (∇u · ∇v) dx (since ⟨∇u,nout⟩ = 0).

This expression is symmetric in u and v, so that ⟨O1u, v⟩µ = ⟨u,O1v⟩µ. Thus, O∗
1 = O1.

C.2 Adjoint of O2 under Assumption 3

The operator O2u = −⟨J∇f,∇u⟩. We seek O∗
2 such that ⟨O2u, v⟩µ = ⟨u,O∗

2v⟩µ.

⟨O2u, v⟩µ = − 1

Z

∫
K
⟨J(x)∇f(x),∇u(x)⟩v(x)e−f(x)dx

= − 1

Z

∫
K

(
v(x)J(x)∇f(x)e−f(x)

)
· ∇u(x)dx.

Using integration by parts (divergence theorem,
∫
K F ·∇u dx = −

∫
K u(∇·F) dx+

∫
∂K u(F ·

nout) dS, with F(x) = v(x)J(x)∇f(x)e−f(x)):

⟨O2u, v⟩µ = − 1

Z

[
−
∫
K
u(x)∇ ·

(
v(x)J(x)∇f(x)e−f(x)

)
dx

+

∫
∂K

u(x)v(x)
(
J(x)∇f(x)e−f(x)

)
· nout(x)dS

]
.

The boundary term is
∫
∂K uve

−f (J∇f · nout)dS. Since nout = −nin and by Assumption 2
(Jnin = 0), we have

J∇f · nout = − (J∇f · nin) = −
(
∇f · J⊤nin

)
= − (∇f · (−Jnin))

= (∇f · Jnin) = (∇f · 0) = 0.

Thus, the boundary term vanishes. Therefore,

⟨O2u, v⟩µ =
1

Z

∫
K
u(x)∇ ·

(
v(x)J(x)∇f(x)e−f(x)

)
dx.
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The adjoint operator O∗
2 acting on a function v is thus:

O∗
2v(x) = ef(x)∇ ·

(
v(x)J(x)∇f(x)e−f(x)

)
= ef(x)

[
(∇v(x)) ·

(
J(x)∇f(x)e−f(x)

)
+ v(x)∇ ·

(
J(x)∇f(x)e−f(x)

)]
= ⟨J(x)∇f(x),∇v(x)⟩+ v(x)ef(x)

(
∇ ·
(
J(x)∇f(x)e−f(x)

))
.

By chain rule and product rule, we can compute that

∇ ·
(
J(x)∇f(x)e−f(x)

)
= −∇ ·

(
J(x)∇

(
e−f(x)

))
= −

∑
i

∂

∂xi

(∑
k
Jik(x)

(
∂

∂xk
e−f(x)

))
= −

∑
i

(
∂

∂xi

∑
k
Jik(x)

)(
∂

∂xk
e−f(x)

)
−
∑

i

∑
k
Jik(x)

∂2e−f(x)

∂xi∂xk
.

Under Assumption 3, we have ∇ · J(x) = 0. Consequently,

∑
i

(
∂

∂xi

∑
k

Jik(x)

)(
∂

∂xk
e−f(x)

)
= 0.

Moreover, J(x) is skew-symmetric, and
(
∂2e−f(x)

∂xi∂xk

)
i,k

is a symmetric matrix, which implies

that
∑

i

∑
k Jik(x)

∂2e−f(x)

∂xi∂xk
= 0. Hence, we conclude that ∇ ·

(
J(x)∇f(x)e−f(x)

)
= 0, and

the expression for O∗
2v(x) simplifies to:

O∗
2v(x) = ⟨J(x)∇f(x),∇v(x)⟩.

C.3 Decomposition of LJ under Assumption 3

Now we can compute LS and LA using the simplified O∗
2.

The Symmetric Part LS:

LSu =
1

2
(LJu+ L∗

Ju) =
1

2
((O1u+O2u) + (O∗

1u+O∗
2u))

=
1

2
(O1u+O2u+O1u+O∗

2u) = O1u+
1

2
(O2u+O∗

2u). (since O∗
1 = O1)

Substituting the expressions for O1u, O2u = −⟨J∇f,∇u⟩, and the simplified O∗
2u =

⟨J∇f,∇u⟩:

O2u+O∗
2u = −⟨J(x)∇f(x),∇u(x)⟩+ ⟨J(x)∇f(x),∇u(x)⟩ = 0.

Thus, the symmetric part is:

LSu(x) = O1u(x) = ∆u(x)− ⟨∇f(x),∇u(x)⟩.

57



Wang, Tu, Wang, Zhu

The Skew-Symmetric Part LA:

LAu =
1

2
(LJu− L∗

Ju) =
1

2
((O1u+O2u)− (O1u+O∗

2u)) =
1

2
(O2u−O∗

2u).

Substituting O2u = −⟨J∇f,∇u⟩ and the simplified O∗
2u = ⟨J∇f,∇u⟩:

O2u−O∗
2u = −⟨J(x)∇f(x),∇u(x)⟩ − ⟨J(x)∇f(x),∇u(x)⟩ = −2⟨J(x)∇f(x),∇u(x)⟩.

Thus, the skew-symmetric part is: LAu(x) = −⟨J(x)∇f(x),∇u(x)⟩. Under Assumption 3,
LA is anti-self-adjoint with respect to µ.
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Mert Gürbüzbalaban, Yuanhan Hu, and Lingjiong Zhu. Penalized overdamped and under-
damped Langevin Monte Carlo algorithms for constrained sampling. Journal of Machine
Learning Research, 25(263):1–67, 2024a.
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