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Abstract

The z-transform of a sequence is a classical tool used in signal processing, control the-
ory, computer science, and electrical engineering. It allows one to study sequences from
their generating functions, with many operations that can be equivalently defined on the
original sequence and its z-transform. In particular, the z-transform method focuses on
asymptotic behaviors and allows the use of Taylor expansions. We present a sequence
of results of increasing significance and difficulty for linear models and optimization al-
gorithms, demonstrating the effectiveness and versatility of the z-transform method in
deriving new asymptotic results. Starting from the simplest gradient descent iterations in
an infinite-dimensional Hilbert space, we show how the spectral dimension characterizes
the convergence behavior. We then extend the analysis to Nesterov acceleration, averaging
techniques, and stochastic gradient descent.

1. Introduction

Characterizing the convergence of real-valued or vector-valued sequences is a key theoretical
problem in data science, where the sequence index typically corresponds to the number of
iterations of an iterative algorithm (such as in optimization and signal processing) or the
number of observations (as in statistics and machine learning). This characterization can be
done mainly in two ways, asymptotically or non-asymptotically. In an asymptotic analysis,
an asymptotic equivalent of the sequence is identified, which readily allows comparisons
with other algorithms; however, without further analysis, the behavior at any finite time
cannot be controlled. This is exactly what non-asymptotic analysis aims to achieve, by
providing bounds that are valid even for a finite index, but then only providing bounds that
cannot always be compared. While the two approaches have their own merits, in this paper,
we focus on asymptotic analysis and sequences that tend to their limit at a sub-exponential
rate that is a power of the sequence index.

The main goal of this paper is to show how a classical tool from signal processing, control
theory, and electrical engineering (Oppenheim et al., 1996), the z-transform method (Jury,
1964), can be used in this context with striking efficiency in obtaining asymptotic equiva-
lents for the class of algorithms that can be seen as iterations of potentially random linear
operators in a Hilbert space. This includes gradient descent for quadratic optimization
problems as well as its accelerated and stochastic variants (Nesterov, 2018), Landweber
iterations in inverse problems (Benning and Burger, 2018; Hanke, 1991), or gossip algo-
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rithms in distributed computing (Boyd et al., 2006). Since we consider iterations of linear
operators, we will obtain performance criteria, denoted ak below after k iterations, that are
linear combinations of powers of the form λk, with λ potentially arbitrarily close to 1. This
leads to convergence behavior of various types (mostly in the form k−ω for ω > 0).

In a nutshell, the asymptotic behavior of the real-valued sequence (ak)k⩾0 when k tends
to +∞ can be characterized by the asymptotic behavior of the z-transform (a.k.a. generating
function)

A(z) =
+∞∑
k=0

akz
k

when z tends to 1 from below, with formal equivalences of the form

lim
k→+∞

ak = lim
z→1−

(1− z)A(z),

a result which is often referred to as the “final value theorem.” What makes the z-transform
method particularly versatile in the analysis of sequences is (1) the possibility of characteriz-
ing the asymptotic behavior ak beyond its limit (such as convergence in 1/kω) using the fine
asymptotic behavior of A and its derivatives around 1, and (2) the translation of common
transformations of discrete-time sequences into simple transformations of the continuous-
parameter z-transform (such as differentiation or multiplication). Thus, the z-transform
allows one to benefit from differential calculus without resorting to limiting continuous-
time approximations, which are common in optimization (Su et al., 2016; Wibisono et al.,
2016; Scieur et al., 2017).

In data science, numerical sequences are often obtained as squared norms of vector-
valued sequences (e.g., the distance to the optimum in optimization). We will, therefore,
need to consider the squared norms of sequences in Hilbert spaces, where the associated
compact linear operator will have a discrete but infinite spectrum, i.e., a sequence of eigen-
values that go to zero; this will lead to a specific spectral measure, which is accessed through
its Stieltjes transform (Widder, 1941). A key quantity is then the spectral dimension, as
outlined by Berthier et al. (2020a) in the context of gossip algorithms (Boyd et al., 2006),
which characterizes the rate of convergence of the sequence for a wide variety of situations.

Contributions and paper outline. We present a sequence of results of increasing sig-
nificance, novelty, and difficulty for linear models and optimization algorithms, showing
the effectiveness of the z-transform in deriving existing and new asymptotic results. These
results hold asymptotically as the number of iterations tends to infinity, but provide more
precise scaling laws compared to worst-case bounds.

• In Section 2, we review the classical properties of z-transforms of discrete sequences
and the conditions under which final value theorems are valid, so-called Tauberian
conditions (Korevaar, 2004).

• In Section 3, we study the simplest linear recursion that corresponds to gradient
descent for a quadratic optimization problem, highlighting that, following Berthier
et al. (2020a), the spectral dimension (denoted ω) characterizes the convergence be-
havior, through a specific Stieltjes transform, with a rate proportional to 1/kω after
k iterations.
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• In Section 4, we show how Nesterov acceleration (Nesterov, 1983, 2018) with a par-
ticular momentum term proposed by Flammarion and Bach (2015) can improve the
rate for gradient descent by a simple extrapolation technique, leading to an improved
rate proportional to 1/kmin{2ω,ω+1}, which provides scaling laws complementing the
upper bounds derived by Flammarion and Bach (2015). We show in Section 4.1 that
the related heavy-ball acceleration technique is a counterexample for the z-transform
method, as oscillating behaviors prevent simple asymptotic equivalents. The study of
acceleration is completed in Section 4.2, where we extend the acceleration technique
developed in Section 4 with a more general extrapolation step, parameterized by some
integer ρ, where the convergence rate is proportional to 1/kmin{2ω,ω+ρ}, with explicit
constants, and only a partial proof.

• In Section 5, we show how the z-transform method can be easily used to handle
additive homoscedastic noise in linear iterations, while in Section 6, we study averaging
techniques, where again the z-transform method can be applied efficiently to derive
asymptotic results.

• In Section 7, we review how stochastic gradient descent for least-squares regression
can be analyzed with a recursion on the covariance matrix. We show that, under
extra assumptions on the data that include Gaussian inputs, this leads to simple
asymptotic results in expectation, with a similar convergence rate proportional to
1/kω, but with a smaller stepsize than the deterministic counterpart. This recov-
ers results from Velikanov and Yarotsky (2024) with a more direct argument. The
z-transform has already been used in the context of stochastic gradient descent for sta-
bility analysis (Feuer and Weinstein, 1985; Horowitz and Senne, 1981) and for deriving
convergence rates with constant momentum (Velikanov et al., 2023) (we explore the
use of z-transform in a more systematic way, in particular for time-varying recursions
and directly for performance measures rather than their cumulative sums).

2. Review of the z-transform method

Given a real-valued sequence (bk)k⩾0, we define its z-transform as

B(z) =

+∞∑
k=0

bkz
k.

Note the non-standard convention of using zk instead of z−k, chosen to preserve the link
with power series and generating functions (Wilf, 2005). In this paper, we will use z ∈ C
when relating to Fourier series and when taking derivatives, but all asymptotic equivalents
will be taken for z ∈ R. Throughout this paper, we will assume that the series is absolutely
convergent for |z| < 1 (a sufficient condition is that kα|bk| is bounded for some α ∈ R).
The z-transform is a standard tool in applied mathematics (see, e.g. Jury, 1964; Kelley and
Peterson, 2001).
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2.1 Sufficient conditions for the final value theorem

The z-transform method and the final value theorem are intimately related to Abel’s theo-
rem, which we state below. See Korevaar (2004) for more details.

Theorem 1 (Abel) If (bk)k⩾0 is a real-valued sequence such that the series defined as
B(z) =

∑+∞
k=0 bkz

k is convergent on the interval [0, 1), then, if
∑+∞

k=0 bk is convergent, we
have limz→1− B(z) =

∑+∞
k=0 bk.

This shows that under certain conditions (convergence of the series), the limiting be-
havior of (bk)k⩾0 when k tends to infinity is linked to the behavior of B(z) for z tending to
1−. There are several converses, with additional conditions (since oscillating sequences such
as bk = (−1)k provide a classical counterexample), which are often referred to as Taube-
rian theorems, including the following classical one from Hardy and Littlewood (Hardy and
Littlewood, 1920).

Theorem 2 (Korevaar, 2004, Theorem 7.2, Part I) If (bk)k⩾0 is a real-valued sequence
such that the series B(z) =

∑+∞
k=0 bkz

k is defined on the interval [0, 1), then, if there exists a
constant c ∈ R such that ∀k ⩾ 0, kbk ⩽ c, and limz→1− B(z) exists, then the series

∑+∞
k=0 bk

is convergent and
∑+∞

k=0 bk = limz→1− B(z).

Note that the extra condition ∀k ⩾ 0, kbk ⩽ c can be replaced by ∀k ⩾ 0, kbk ⩾ −c. In
particular, bk ⩾ 0 is a sufficient condition.

By considering bk = ak − ak−1 for k ⩾ 1, and b0 = a0, then with A(z) =
∑+∞

k=0 akz
k, we

have B(z) = (1 − z)A(z) for all z ∈ [0, 1), and the equality of the two limits leads to the
“final value theorem:”

lim
z→1−

(1− z)A(z) = lim
k→+∞

ak,

where the existence of the right limit implies the existence of the left one (by Abel’s theo-
rem), and the opposite direction if we have in addition ∀k ⩾ 0, k(ak − ak−1) ⩽ c for some
constant c ∈ R.

The two theorems can in fact be strengthened significantly to account for more general
behaviors where powers need not be integers, and we provide here the equivalent versions
with the sequence (ak)k⩾0 rather than (bk)k⩾0

1.

Theorem 3 (Adapted from Korevaar (2004, Theorem I.7.4 and following re-
marks)) Let α > 0. If (ak)k⩾0 is a real-valued sequence such that the series A(z) =∑+∞

k=0 akz
k is defined on the interval [0, 1), then, if limk→+∞ k1−αak exists, we have

lim
z→1−

(1− z)αA(z) = Γ(α) · lim
k→+∞

k1−αak,

where Γ is the Gamma function.

1. For α ⩾ 1, Theorem 4 exactly follows from Theorem I.7.4 from Korevaar (2004), applied to bk = ak−ak−1,
while Theorem 3 follows from the remark immediately after. For 0 < α < 1, it follows from the
negative-index companion immediately following Theorem I.7.4, after subtracting the canonical sequence

Γ(k+α)
Γ(α)Γ(k+1)

.
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Theorem 4 (Adapted from Korevaar (2004, Theorem I.7.4 and following re-
marks)) Let α > 0. If (ak)k⩾0 is a real-valued sequence such that the series A(z) =∑+∞

k=0 akz
k is defined on the interval [0, 1), then, if there exists a constant c ∈ R such that

∀k ⩾ 1, k2−α(ak − ak−1) ⩽ c, and limz→1−(1− z)αA(z) exists, then

lim
k→+∞

k1−αak =
1

Γ(α)
· lim
z→1−

(1− z)αA(z).

The last two theorems show that the behavior of A(z) when it explodes at 1− as (1−z)−α,
for α > 0, gives an asymptotic equivalent for the sequence (ak)k⩾0. A classical example is

ak = 1
k!α(α+ 1) · · · (α+ k − 1) = Γ(k+α)

Γ(α)Γ(k+1) ∼
kα−1

Γ(α) , for which A(z) = (1− z)−α.
In our linear-recursion setup, most of the sequences will satisfy the equality of Abel’s

summability (existence of a limit of B(z) when z → 1−) and classical summability, but this
will not apply to sequences with non-vanishing oscillations such as those obtained from the
heavy-ball methods in Section 4.1 (Nesterov acceleration will lead to vanishing oscillations
in Section 4 and Section 4.2).

Derivatives of the z-transform. The results above are limited to speeds of convergence
of (ak)k⩾0 strictly slower than 1/k. To go further, we need to consider the non-exploding
behavior of A(z) around z = 1, for which the situation is a bit more complicated. Indeed,
considering A(z) = (1− z)µ for an integer µ, we see that the sequence here is equal to zero
for k > µ (and thus with no monomial equivalent). Moreover, ak = 1/k for k > 1, leads to
A(z) = − log(1− z), which does not have a behavior in a power of 1− z.

To get equivalents, we can apply the theorems above to derivatives of A(z), noticing
that for µ ∈ N,

A(µ)(z) =
+∞∑
k=µ

k(k − 1) · · · (k − µ+ 1)akz
k−µ=

+∞∑
k=0

(k + µ)(k + µ− 1) · · · (k + 1)ak+µz
k

=
+∞∑
k=0

Γ(k + 1 + µ)

Γ(k + 1)
ak+µz

k,

which implies that the µ-th order derivative A(µ)(z) corresponds to the sequence ((k +
1) · · · (k + µ)ak+µ)k⩾0 which is asymptotically equivalent to (kµak)k⩾0. Thus, if the two
limits exist, we get for any α > 0:

lim
z→1−

(1− z)αA(µ)(z) = Γ(α) · lim
k→+∞

k1+µ−αak. (1)

Thus, to obtain an equivalent of the form ak ∼ ck−ω for some c ∈ R∗, we need to obtain
equivalents of the µ-th derivative of A, with µ > ω − 1 and α = 1 + µ − ω > 0, and

consider c =
1

Γ(α)
lim

z→1−
(1− z)αA(µ)(z). A good candidate is µ = ⌈ω⌉ − 1, but any greater

integer µ suffices. In other words, the µ-th derivative can recover asymptotic equivalents
of the form ak ∼ ck−ω for any 0 < ω < µ + 1; the boundary case ω = µ + 1 requires
the logarithmic treatment below. A sufficient condition for equivalence can be obtained by

applying the earlier result: the corresponding Tauberian condition is k2−α
[
Γ(k+µ+1)
Γ(k+1) ak+µ −

5



Bach

Γ(k+µ)
Γ(k) ak+µ−1

]
⩽ c. When ak ⩾ 0 (like in our situation), the lower-sign version of this

condition is implied by k2+µ−α(ak − ak−1) ⩾ −c′, and hence by k2+µ−α|ak − ak−1| = O(1).
In summary, the z-transform method consists in computing derivatives of A and looking

at their limits when z tends to one. It will always be used in two steps: (1) show that
Tauberian conditions hold, and (2) perform an asymptotic expansion of the z-transform.

Logarithmic behavior. We will also need the z-transform of the harmonic series hk =∑k
i=1

1
i (with value 0 at k = 0), for which we have, for |z| < 1 (Knuth, 1997, Section 1.2.9):

+∞∑
k=1

hkz
k =

+∞∑
k=1

k∑
i=1

1

i
zk =

+∞∑
i=1

1

i

+∞∑
k=i

zk =

+∞∑
i=1

1

i

zi

1− z
= − log(1− z)

1− z
. (2)

Since hk = log(k)+ c+ o(1), where c is the Euler constant, if (1− z)A(z) = −c′ log(1− z)+
c′′ + o(1) for some constants c′ ∈ R∗, c′′ ∈ R, then the sequence bk = ak − c′hk − c′′ is such
that its z-transform B satisfies (1 − z)B(z) = o(1), which implies that bk = o(1), that is,
ak = c′ log(k) + c′c+ c′′ + o(1) ∼ c′ log(k).

More generally, when the two limits exist, we have:

lim
z→1−

(1− z)αA(z)

− log(1− z)
= Γ(α) lim

k→+∞

k1−αak
log k

.

Beyond Tauberian theorems. In this paper, we consider sufficient conditions for the
final value theorem based on conditions on the sequence (ak)k⩾0. Alternative frameworks
could also be considered using complex analysis, which only depends on properties of the
z-transform A(z) for complex z (Bender, 1974; Flajolet and Odlyzko, 1990).

2.2 Classical properties

Inversion. As soon as the sequence (ak)k⩾0 does not grow faster than a polynomial, the
z-transform A is holomorphic on the open complex unit disc, and from any holomorphic
function A defined on the open unit disk, we can obtain the sequence using derivatives
ak = 1

k!A
(k)(0). Alternatively, we can use Cauchy residue formula (see, e.g., Lang, 1999)

ak =
1

2iπ

∮
C

A(z−1)zk−1dz, (3)

for any counter-clockwise contour C around the origin lying outside the closed unit disk.
This is related to Fourier series, as when the series (ak)k⩾0 is absolutely convergent, the
Fourier series is defined as A(e−iω) =

∑+∞
k=0 ake

−ikω, with inverse Fourier transform ak =
1

2iπ

∫ 2π
0 A(e−iω)(eiω)k−1ieiωdω, which is exactly Eq. (3) (in all cases, we can take for C the

circle of radius r > 1).

Linear difference equations. If A(z) is the z-transform of the sequence (ak)k⩾0, then
zA(z) is the z-transform of the sequence (0, a0, a1, . . . ), that is, shifted by 1. Thus, if the
sequence satisfies a difference equation of the form ∀k ⩾ 0,

∑s
i=0 λiak+i = 0, then we have

for all |z| < 1,

0 =
+∞∑
k=0

zk
s∑

i=0

λiak+i =
s∑

i=0

λiz
−i

+∞∑
k=0

ak+iz
k+i =

s∑
i=0

λiz
−i
[
A(z)−

i−1∑
j=0

ajz
j
]
= 0.
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This implies that A(z) is a rational function with denominator
∑s

i=0 λiz
s−i. Using a partial-

fraction decomposition, this implies the classical result regarding the solution of such linear
difference equation: assuming that the roots of the denominator are all simple, then we
have A(z) =

∑s
i=1

di
1−ciz

for some complex numbers ci, di, leading to ak =
∑s

i=1 dic
k
i for all

k ⩾ 0.

Derivative. If A is the z-transform of (ak)k⩾0, then z 7→ zA′(z) is the z-transform of
(kak)k⩾0. Thus, when we have a difference equation with rational coefficients (in k), this
leads to an ordinary differential equation on the z-transform (see Section 4 and Section 4.2
for more details and applications to Nesterov acceleration).

Link with Laplace transform. The z-transform is essentially the Laplace transform,
transposed from continuous to discrete time. For a function f : R → C, its Laplace trans-
form is F (s) =

∫ +∞
0 e−stf(t)dt. When approximating the integral by a Riemann sum

T
∑+∞

k=0 e
−skT f(kT ) = T

∑+∞
k=0(e

−sT )kf(kT ), we obtain the z-transform of the sequence
(Tf(kT ))k⩾0 taken at z = e−sT . This analogy is classical in control theory and signal
processing, and many of the results and techniques for Laplace transforms have their dis-
crete counterparts with the z-transform, such as the final value theorem limt→+∞ f(t) =
lims→0+ sF (s) (see, e.g., Korevaar, 2004, Section 1.13).

Exponentially converging sequences. If the sequence (ak)k⩾0 converges exponentially
fast to zero, then the z-transform A has a radius of convergence strictly greater than 1, let
us say 1/c for c < 1. Then, the sequence (c−kak)k⩾0, with z-transform z 7→ A(z/c) can be
studied instead with the tools described above to obtain asymptotic behaviors in the form
ck/kω, as will happen at the end of Section 3 for strongly-convex problems such as when
using regularization.

2.3 Convolutions of z-transforms

A classical property of z-transforms is the following time-domain convolution property re-
lating the product of z-transforms of (ak)k⩾0 and (bk)k⩾0, with the z-transform of their
convolution defined as

(a ∗ b)k =

k∑
i=0

aibk−i.

(This is also the classical multiplication theorem for power series.)
In this paper, we will need to understand the z-transform of (akbk)k⩾0 from the z-

transforms A(z) and B(z) of the sequences (ak)k⩾0 and (bk)k⩾0, in particular for A = B.
This z-transform will be the convolution between A and B, defined when we know the
z-transforms for all complex numbers z such that |z| < 1. We can then write the Cauchy
residue formula in Eq. (3), for r < 1, as

ak =
1

2π

∫ π

−π
r−kA(re−iω)eiω(k−1)eiωdω =

1

2π

∫ π

−π
r−kA(re−iω)eiωkdω.

Following Jury (1964), the convolution of z-transforms is defined so that (A ∗ B)(e−iω) is
the classical 2π-periodic convolution on [−π, π] of A(e−iω) and B(e−iω):

(A ∗B)(z) =
1

2iπ

∮
C

A(y−1)B(zy)y−1dy,
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and this is the z-transform of (akbk)k⩾0.

Properties of convolutions. The convolution is a bilinear transform and has some nice
algebraic properties that are useful when analyzing algorithms that lead to rational func-
tions. The convolution equality that leads to all the ones that we will need is

1

a− uz
∗ 1

b− vz
=

1

ab− uvz
,

for all u and v with modulus strictly less than 1. As shown in Appendix A, using partial-
fraction decompositions, all convolutions of rational functions can be obtained. This allows
ones to obtain simple formulas for equivalents and for proving Tauberian sufficient condi-
tions.

2.4 Convergence of oscillating sequences

In the analysis of accelerated methods, we will look at two related z-transforms, namely
A(z) = 1

(1−z)2+λ
for Nesterov acceleration in Section 4, and B(z) = 1

(1−z)2+λz
for the heavy-

ball method in Section 4.1, as well as their squared convolutions A ∗ A(z) and B ∗ B(z).
Around z = 1, they seem equivalent, but their poles (zeros of their denominators as functions
of z) are different. For λ ∈ (0, 4), they both have complex conjugate roots, but their square
modulus is 1 + λ for A, while it is 1 for B. Thus, oscillations are converging to zero for the
corresponding sequence (ak)k⩾0 (and then Abel’s theorem holds), while they do not for B
(Abel’s theorem does not hold).

3. Gradient descent

We consider a compact positive semidefinite operator H : H → H on a separable Hilbert
space of infinite dimension. Gradient descent for the minimization of F (η) = 1

2⟨η−η∗, H(η−
η∗)⟩ is equivalent to the following linear iteration

ηk = ηk−1 − γF ′(ηk−1),

where γ > 0 is a stepsize which we choose so that the operator norm of γH is less than one.
With θk = ηk − η∗, this leads to the following iteration

θk = (I − γH)θk−1 = (I − γH)kδ, (4)

where δ is equal to θ0 = η0 − η∗. The performance guarantee is often taken to be the
difference in function values

ak = F (ηk)− F (η∗) =
1

2
⟨θk, Hθk⟩ =

1

2γ
⟨δ, (I − γH)2kγHδ⟩.

In order to define function values, we do not necessarily need that δ = θ0 belongs to H

(in fact we will consider situations where the norm is infinite), but only that H1/2δ0 is
well-defined in H. For this paper, as done below, we will simply assume that δ has a
decomposition in the basis of eigenvectors of H, that may or may not be square-integrable.
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Thus, given a spectral decomposition γH =
∑+∞

i=1 λiui⊗ui with eigenvalues (λi)i⩾1 in [0, 1]
and eigenvectors (ui)i⩾1 in H (which exist since H is compact), we get

ak =
1

2γ

+∞∑
i=1

λibk(λi)
2⟨ui, δ⟩2 =

∫
R+

bk(λ)
2dσ(λ),

where

dσ(λ) =
1

2γ

+∞∑
i=1

λi⟨ui, δ⟩2Dirac(λ|λi) (5)

is a weighted spectral measure, as defined by Berthier et al. (2020a), and bk(λ) = (1− λ)k,
with a z-transform equal to

A(z) =

∫ 1

0
B(z, λ) ∗B(z, λ)dσ(λ),

with a convolution with respect to the first variable (as defined in Section 2.3).

Interpretation with z-transform of vector-valued sequences. We have a sequence
(θk)k⩾0 in a Hilbert space H, and we can also define its z-transform as

Θ(z) =
+∞∑
k=0

zkθk ∈ H.

We are here interested in quadratic forms in θk, that is, in the z-transform of ak = 1
2⟨θk, Hθk⟩

for some positive semidefinite compact self-adjoint operator H, and our method works
because θk is equal to bk(H) for some spectral function bk.

Asymptotic convergence. In the particular case of gradient descent with a stepsize that
is less than one over the largest eigenvalue of the Hessian operator H, the sequence (ak)k⩾0

is non-increasing, so all Tauberian theorems from Section 2.1 apply.
We then have, explicitly, using partial-fraction decompositions (seen as a function of λ):

A(z) =
+∞∑
k=0

zk
∫ 1

0
(1− λ)2kdσ(λ) =

∫ 1

0

1

1− z(1− λ)2
dσ(λ) (6)

=
1

2

∫ 1

0

(
1

1−
√
z(1− λ)

+
1

1 +
√
z(1− λ)

)
dσ(λ)

=
1

2
√
z

∫ 1

0

dσ(λ)

λ+ z−1/2 − 1
− 1

2
√
z

∫ 1

0

dσ(λ)

λ− z−1/2 − 1
.

We thus get

A(z) =
1

2
√
z
S(z−1/2 − 1)− 1

2
√
z
S(−z−1/2 − 1), (7)

where S(u) =

∫ 1

0

dσ(λ)

λ+ u
is the Stieltjes transform of the measure σ (see Widder, 1941,

Chapter 8). Thus, the behavior of A(z) and its derivatives for z tending to 1− can be
obtained from the behavior of S(u) and its derivatives when u tends to 0+ and −2.

9
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Since we have assumed that the support of σ is included in [0, 1], all derivatives of S
at u = −2 are finite. We thus need to use a characterization of the exploding asymptotic
behavior of S(u) and its derivatives (since we require derivatives of A to characterize fast
decays) around u = 0+.

We will make the following assumption:

(A1) The spectral measure σ is assumed to be supported within [0, 1), and there exist ω > 0
and c > 0 such that for any integer k strictly larger than ω, around u = 0+:

S(k−1)(u) ∼ c · (−1)k−1Γ(k − ω)Γ(ω)uω−k. (8)

The real number ω > 0 is referred to as the spectral dimension.

The following lemmas give examples of such spectral measures (see Berthier et al., 2020a,
for other examples, in particular in distributed optimization). Note that Berthier et al.
(2020a) consider a weaker version of spectral dimension, that is, σ((0, u)) ∼u→0+

c
ωu

ω,
which is implied by Assumption (A1) (see Appendix D).

Lemma 5 (Continuous spectral measure) If dσ(λ) = c1[0,µ]λ
ω−1dλ for µ ∈ (0, 1), for

ω > 0, then σ satisfies assumption (A1).

Proof We have, using a change of variable,

S(k−1)(u) = c(k − 1)!(−1)k−1

∫ µ

0

λω−1

(λ+ u)k
dλ = c(k − 1)!(−1)k−1uω−k

∫ µ/u

0

λω−1

(λ+ 1)k
dλ.

Since
∫ +∞
0

λω−1

(λ+1)k
dλ =

∫ +∞
0

(
λ

λ+1

)ω−1( 1
λ+1

)k−ω−1 dλ
(1+λ)2

=
∫ 1
0 (1 − u)ω−1uk−ω−1du is equal

to Γ(k−ω)Γ(ω)
Γ(k) , we get the desired equivalent.

Lemma 6 (Discrete spectral measure) If σ(λ) =
∑+∞

i=1
1

iα+βDirac(λ|µi−α), for α, β >

0 such that β > 1 − α, then σ satisfies assumption (A1) with ω = β−1
α + 1 > 0 and

c = 1

αµ
β−1
α +1

.

Proof We have, using an integral-series comparison (which is here an asymptotic equivalent
because we have rational functions), around u = 0+:

S(k−1)(u) = (−1)k−1(k−1)!

+∞∑
i=1

1

iα+β

1

(u+ µi−α)k
∼ (−1)k−1(k−1)!

∫ +∞

1

1

tα+β

1

(u+ µt−α)k
dt.

With the change of variable λ = µt−α, we get the desired result from Lemma 5.

With the lemma above, for gradient descent, the following lemma shows that Assumption
(A1) is satisfied.

Lemma 7 (Spectral dimension for gradient descent) Assume ⟨δ, ui⟩ = ∆
iβ/2

and λi =
γL
iα , with α > 0, β > 1 − α and γL ∈ (0, 1), then, for the measure σ defined in Eq. (5),

Assumption (A1) is satisfied for ω = β−1
α + 1 and c = L∆2

2α(γL)
β−1
α +1

.

10
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We can now prove the asymptotic convergence rate for gradient descent.

Proposition 8 (Asymptotics for gradient descent) For the sequence (ak)k⩾0 defined
through its z-transform A in Eq. (7), assuming (A1), we have, when k → +∞,

ak ∼ c
Γ(ω)

(2k)ω
.

Proof When ω ∈ (0, 1), Assumption (A1) leads to, when z → 1−,

A(z) ∼ c

2ω
(1− z)ω−1Γ(ω)Γ(1− ω),

which leads to the equivalent ak ∼ c Γ(ω)
(2k)ω from Theorem 4 (which applies since the sequence

(ak)k⩾0 is non-increasing).
In order to obtain the equivalent for all ω > 0, we need to consider the derivative of A

defined in Eq. (6):

A(µ)(z) = µ!

∫ 1

0

(1− λ)2µ

(1− z(1− λ)2)1+µ
dσ(λ).

In the partial fraction decomposition (as a function of λ), the term that will contribute the
most to the asymptotics in z → 1− is

µ!

21+µ

∫ 1

0

(1− λ)2µ

(1−
√
z(1− λ))1+µ

dσ(λ) =
µ!

(2
√
z)1+µ

∫ 1

0

(1− λ)2µ

(λ+ z−1/2 − 1)1+µ
dσ(λ).

We then use the equivalent S(µ)(u) ∼ c(−1)µuω−µ−1Γ(ω + 1− µ)Γ(ω), and thus, since the
term (1− λ)2µ can be replaced by 1 when λ → 0,

A(µ)(z) ∼ c

2ω
(1− z)ω−µ−1Γ(−ω + 1 + µ)Γ(ω),

which is valid for ω ∈ (0, µ + 1). From the derivative extension of Theorem 4 derived in
Eq. (1), this leads to the desired equivalent for all ω > 0, as

lim
k→+∞

kωak =
limz→1− A(µ)(z)(1− z)µ+1−ω

Γ(1 + µ− ω)
.

When applied to gradient descent, that is, with ω = β−1
α + 1 and c = L∆2

2α(γL)
β−1
α +1

from

Lemma 7, we can make the following observations:

• For the simple case of gradient descent, the expression of the z-transform in Eq. (7)
was obtained through a closed-form expression of the performance (ak)k⩾0. We will
see in subsequent sections that, owing to the properties outlined in Section 2.2 and
Section 2.3, such closed forms are not necessary to study the asymptotics of the z-
transform.

11
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• The same result can also be obtained from applying Laplace’s method directly on the
sequence (ak)k⩾0 (see https://francisbach.com/scaling-laws-of-optimization/); this
will not be the case for subsequent results.

• The asymptotic result should be compared with the traditional worst-case result which
leads to an upper bound proportional to L∥δ∥2/k (see, e.g., Nesterov, 2018). These
two results are not contradictory, as the worst-case rate in 1/k relies on ∥δ∥2 being
finite, which is only true when β > 1, which implies ω > 1 and thus a rate faster than
1/k. The result from Proposition 8 is thus an (asymptotic) improvement that relies
on a finer characterization of the spectrum of the Hessian and the coordinates of the
initial deviation to the optimum.

• The decays characterized by α and β are naturally achieved in statistics and machine
learning with square loss and predictors that are linear functions of some feature
vectors φ(x), where the Hessian is the empirical second-order moment of φ(x), which
tends to the second-order moment by the law of large numbers when the number
of observations goes to infinity. These decays correspond to “source” and “capacity”
conditions (Nemirovsky, 1992; Caponnetto and De Vito, 2007; Dieuleveut et al., 2017).
For example, when predicting a function defined on Rd belonging to a Sobolev space
of order t > 0 on a compact regular set with a model corresponding to functions that
are in a Sobolev space of order s > d/2, we have α = 2s/d > 1 and β = 2t/d (see
Caponnetto and De Vito, 2007; Velikanov and Yarotsky, 2024; Bach, 2024b, for more
details on the relevance of such assumptions). See also Berthier et al. (2020a) for
characterizations of the spectral dimension in gossip algorithms.

Randomized initial condition. We may consider a random vector δ ∈ H characterizing
initial conditions, where we assume that ⟨δ, ui⟩ = ∆

iβ/2
ri, where each ri for i ⩾ 1 is an

independent random variable with E[r2i ] = 1 and E[r4i ] equal to a constant κ + 3, where
κ ⩾ −2 is the excess kurtosis (Proposition 8 corresponds to ri almost surely equal to 1). We
can then show same asymptotic equivalent for E[ak] (as this is exactly the previous result
in Proposition 8), and we have:

ak − E[ak] =
+∞∑
i=1

L∆2

2

(
1− γL

iα

)2k 1

iα+β
(r2i − 1)

var(ak) =
+∞∑
i=1

L2∆4

4

(
1− γL

iα

)4k 1

i2α+2β
(κ+ 2).

Thus,

+∞∑
k=0

var(ak)z
k =

+∞∑
i=1

L2∆4

4

1

1− z
(
1− γL

iα

)4 1

i2α+2β
(κ+ 2) =

∫ 1

0

1

1− z(1− λ)4
dσ′(λ),

with σ′ a spectral measure satisfying Assumption (A1) with c′ = L2∆4

4α(γL)ω′ (κ + 2) and

ω′ = 2ω + 1
α . Thus, E[ak] ∼ c Γ(ω)

(2k)ω , and var(ak) ∼ c′ Γ(ω
′)

(4k)ω′ . Since ω′ > 2ω, we have√
var(ak) = o(E[ak]), and we obtain the same equivalent as deterministic sequences, but

now in probability (see Van der Vaart, 2000, Section 2.2).

12
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Alternative criterion. We may measure performance in terms of distance to optimum
in Hilbert norm, that is, ∥θk∥2. A simple extension to Proposition 8 leads to the equivalent

∥θk∥2 ∼ ∆2

α(2γL)
β−1
α

Γ(β−1
α

)

k
β−1
α

, which is, as expected, slower.

Strongly-convex problems. In this paper, we primarily focus on sublinear convergence
rates of the form 1/kω, but the z-transform can treat equally well the presence of exponential
behavior, which essentially shifts the spectral measure of eigenvalues away from 0, let us say
by ν > 0 (for example, when adding the regularizing term ν

2∥θ∥
2 to a quadratic objective

function). This shifts the pole of the Stieltjes transform from 0 to −ν. Thus, from Eq. (7),
the pole of the z-transform A occurs at 1/c such that c1/2 − 1 = −ν, that is, c = (1− ν)2,
leading to, as seen at the end of Section 2.2, a convergence of the form (1−ν)2k times a term
in 1/kω that can be computed with the same tools as for non-strongly-convex problems.

4. Nesterov acceleration

A classical way to accelerate the convergence of the gradient iteration is to use an extrap-
olation step due to Nesterov (1983). This can be formulated with two sequences (and a
first-order recursion) as:

ηk+1 = ζk − γF ′(ζk)

ζk+1 = ηk+1 + (1− τk+1)(ηk+1 − ηk),

and with a single sequence (and a second-order recursion) as

ηk+1 = ηk + (1− τk)(ηk − ηk−1)− γF ′[ηk + (1− τk)(ηk − ηk−1)
]
.

In the original formulation with convex functions, τk is chosen asymptotically proportional
to 3/(k + 1). For quadratic functions, Flammarion and Bach (2015) argue that the choice
2/(k+1) is more natural, which we choose in this section (see Section 4.2 for a more general
situation). As in Section 3, we consider the function F (η) = 1

2⟨η − η∗, H(η − η∗)⟩, leading
to, with θk = ηk − η∗, the iteration studied by Flammarion and Bach (2015):

θk+1 = (I − γH)
[
θk +

(
1− 2

k + 1

)
(θk − θk−1)

]
(9)

= (I − γH)
[
2

k

k + 1
θk −

k − 1

k + 1
θk−1

]
,

initialized with θ1 = θ0. Following Flammarion and Bach (2015), the equivalent iteration
for ξk = kθk is

ξk+1 = (I − γH)(2ξk − ξk−1),

with ξ0 = 0 and ξ1 = θ0. Instead of considering a recursion for the vector
(

ξk
ξk−1

)
(as

performed by Flammarion and Bach, 2015), we use properties of the z-transform. Indeed,
we have, for Ξ the associated z-transform of the vector-valued sequence (ξk)k⩾0, using that
shifts correspond to multiplication by z:

Ξ(z)− zξ1 = (I − γH)(2z − z2)Ξ(z),

13
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leading to, by solving the linear system:

Ξ(z) = z
(
I − (2z − z2)(I − γH)

)−1
θ0.

We consider the performance criterion F (ηk) − F (η∗) = 1
2⟨θk, Hθk⟩ = 1

2k2
⟨ξk, Hξk⟩ =

ak−1/k
2, if we define ak as

ak =
1

2
ξ⊤k+1Hξk+1 =

∫ 1

0
bk(λ)

2dσ(λ), (10)

with the sequence bk(λ) with z-transform:

B(z, λ) =
1

1− (2z − z2)(1− λ)
=

1

(1− λ)(1− z)2 + λ
. (11)

There are now two results to prove: (1) what is the equivalent of the z-transform A(z) of
ak, and (2) is the oscillatory behavior of (ak)k⩾0 compatible with the use of the z-transform
method?

We can now use properties of convolutions of z-transforms presented in Section 2.3:
B(z, λ) ∗ B(z, λ) will be a rational function of λ and can thus be expressed as sums of

terms of the form b(z)
(λ+a(z))k

with a and b rational functions in
√
z, thus leading to sum of

Stieltjes transforms and derivatives taken at rational functions of
√
z. We can then use

equivalents from Assumption (A1) to get the behavior of the z-transform around z = 1.
The following proposition provides the precise equivalent (see detailed proof in Appendix B,
with accompanying Mathematica notebooks to check algebraic calculations).

Proposition 9 (Nesterov acceleration) Assume the power-law spectral model of Lemma 7,
with 0 < γL < 1. Then, for the sequence defined in Eq. (9) and in Eq. (10), we have:

ak
k2

∼


c
Γ(1− ω)Γ(ω)

Γ(3− 2ω)

1

2

1

4ω−1
· 1

k2ω
if ω ∈ (0, 1)

c

2

log k

k2
if ω = 1

c

2
Γ(ω − 1)

1

kω+1
if ω > 1.

With the constants ω = β−1
α + 1 and c = L∆2

2α(γL)
β−1
α +1

from Lemma 7, we can make the

following observations:

• We indeed see a strict acceleration compared to gradient descent, with a rate that is
essentially proportional to 1/kmin{ω+1,2ω} instead of 1/kω. This rate will be improved
in Section 4.2 when ω > 1.

• Worst-case bounds are proportional to L∥δ∥22/k2, and correspond to the situation
when β > 1 and ω > 1, so our asymptotic result is an asymptotic improvement that
provides a finer scaling law under additional assumptions.

• We could also look at the convergence in iterate norm.

14
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Figure 1: Nesterov acceleration (corresponding to Eq. (9)) for various spectral dimensions
ω, for ω < 1, where the convergence rate is proportional to 1/k2ω and for ω >
1, where the convergence rate is proportional to 1/kω+1 (it is proportional to
log(k)/k2 for ω = 1).
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Experiments. We provide in Figure 1 an experimental illustration for various spectral
dimensions ω, showing the oscillatory behavior of Nesterov acceleration for ω > 1 (but still
with convergence as oscillations vanish for large numbers of iterations).

4.1 Heavy-ball

An alternative to Nesterov acceleration is the heavy-ball method, with an iteration of the
form

ηk+1 = ηk − γF ′(ηk) + (1− τk+1)(ηk − ηk−1).

As done by Flammarion and Bach (2015)2 for least-squares regression, we consider the
iteration:

θk+1 =
(
I − k

k + 1
γH

)
θk +

(
1− 2

k + 1

)
(θk − θk−1), (12)

with θ1 = θ0 = η0 − η∗. With ξk = kθk, this leads to an iteration with constant coefficients:

ξk+1 = −γHξk + (2ξk − ξk−1) = (2I − γH)ξk − ξk−1.

As for Nesterov acceleration in Eq. (9), we can get an equation for the z-transform Ξ of the
vector sequence (ξk)k⩾0 as [

I − z(2I − γH) + z2I
]
Ξ(z) = zθ1.

Thus, the criterion is 1
2θ

⊤
k+1Hθk+1 =

1
2(k+1)2

ξ⊤k+1Hξk+1, with

ak =
1

2
ξ⊤k+1Hξk+1 =

∫ 1

0
bk(λ)

2dσ(λ) where B(z, λ) =
1

(1− z)2 + λz
.

This leads to3

B(z, λ) ∗B(z, λ) =
1

2 (
√
z − 1) (

√
z + 1) (λ

√
z − z − 2

√
z − 1)

− 1

2 (
√
z − 1) (

√
z + 1) (λ

√
z + z − 2

√
z + 1)

+
2−

√
z

4 (
√
z − 1) (λ (z − 2

√
z)− z + 2

√
z − 1)

,

and thus (with equivalents when z tends to 1):

A(z) =
S
(
− (

√
z+1)

2

√
z

)
2(z − 1)

√
z

+
S
(√

z + 1√
z
− 2

)
(2− 2z)

√
z

∼ S(−4)

2(z − 1)
−

S
(
1
4(z − 1)2

)
2(z − 1)

.

For the z-transform, this leads to the same equivalent as for Nesterov acceleration for
ω ∈ (0, 1). For ω > 1, then we get an equivalent of S(0)−S(−4)

2
1

1−z suggesting convergence to

2. This corresponds to Eq. (5) by Flammarion and Bach (2015) with α = γ and β = 0, with a missing term
n

n+1
in the latter formula on page 4 of their paper.

3. See Mathematica notebook https://www.di.ens.fr/~fbach/ztf/heavyball.nb.
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Figure 2: Heavy-ball acceleration: true performance ak vs. potential asymptotic equivalent
āk (top); ratio (bottom), for several values of the spectral dimension ω.

a constant times S(0)−S(−4)
2 . For ω = 1, we obtain the equivalent c log k

k2
. However, contrary to

Nesterov acceleration, oscillations do not vanish when ω ⩾ 1, as illustrated in Figure 2 (right
plots). It would be useful to investigate the link with the lack of accelerated convergence
guarantees of the heavy-ball method for convex functions (see Goujaud et al., 2025, and
references therein), in particular in terms of convergence of Cesàro means (Ghadimi et al.,
2015), which is common within the Tauberian theory (Korevaar, 2004, Section I.6).

Note that in some particular setups, it is possible to obtain bounds or equivalents for
iterations of a similar nature obtained from orthogonal polynomials (Pagliana and Rosasco,
2019; Berthier et al., 2020a; Berthier and Li, 2022; Velikanov and Yarotsky, 2024). Obtain-
ing conditions under which we can derive general, finer results is left for future work.

4.2 Extended analysis

As studied by Chambolle and Dossal (2015); Aujol et al. (2024) for upper bounds on the
convergence rates for convex functions, we consider the same recursion as in Eq. (9), but
now with τk = 2ρ/(k + 2ρ− 1), leading to for k ⩾ 1,

θk+1 = (I − γH)

[
θk +

(
1− 2ρ

k + 2ρ− 1

)
(θk − θk−1)

]
(13)

= (I − γH)

[
2
k + ρ− 1

k + 2ρ− 1
θk −

k − 1

k + 2ρ− 1
θk−1

]
.
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This exactly extends the case ρ = 1 treated earlier. We now have for any k ⩾ 1:

(k + 2ρ− 1)θk+1 = (I − γH)
[
2(k + ρ− 1)θk − (k − 1)θk−1

]
(k + 1)θk+1 + 2(ρ− 1)θk+1 = (I − γH)

[
2kθk − (k − 1)θk−1 + 2(ρ− 1)θk

]
.

Multiplying by zk and summing for k ⩾ 1, this leads to the following ODE, since
Θ′(z) =

∑+∞
k=1 kz

k−1θk,

Θ′(z)− θ1 + 2(ρ− 1)
1

z

[
Θ(z)− θ0 − zθ1

]
= (I − γH)

[
(2z − z2)Θ′(z) + 2(ρ− 1)(Θ(z)− θ0)

]
,

that is, since θ1 = θ0,[
I − (2z − z2)(I − γH)

]
Θ′(z) + 2(ρ− 1)

[
Θ(z)− θ0

][1
z
I − (I − γH)

]
= (2ρ− 1)θ1.

With B(0, λ) = 1 and

ak =
1

2
θ⊤k Hθk =

∫ 1

0
bk(λ)

2dσ(λ), (14)

we get an ordinary differential equation for B(z, λ):[
1− (2z − z2)(1− λ)

]
B′(z, λ) + 2(ρ− 1)[B(z, λ)− 1] ·

[1
z
− (1− λ)

]
= (2ρ− 1). (15)

Although Eq. (15) admits an elementary integral-based solution, the resulting expression
is cumbersome and not convenient for the subsequent coefficientwise-product calculation.
The following lemma instead yields a simple expression for the derivative needed below (see
proof in Appendix C).

Lemma 10 If B satisfies Eq. (15) and ρ ⩾ 1, then D(z, λ) = z2ρ−2(B(z, λ)− 1) satisfies

D(2ρ−1)(z, λ) =
(2ρ− 1)!

((1− z)2(1− λ) + λ)ρ
.

Our goal is thus to compute an equivalent of

C(z) =
1

((1− z)2(1− λ) + λ)ρ
∗ 1

((1− z)2(1− λ) + λ)ρ
,

and then multiply the obtained equivalent of the associated sequence (ck)k⩾0 by [(2ρ −
1)!]2k2−4ρ. In order to obtain a formula for C, we rely on the following identities:

1

((1− z)2(1− λ) + λ)ρ
=

(−1)ρ−1

(ρ− 1)!

∂ρ−1

∂αρ−1

( 1

(1− z)2(1− λ) + λ+ α

)∣∣∣
α=0

leading to, using the bilinearity of convolutions,

1

((1− z)2(1− λ) + λ)ρ
∗ 1

((1− z)2(1− λ) + λ)ρ

=
1

(ρ− 1)!2
∂2ρ−2

∂αρ−1∂βρ−1

( 1

(1− z)2(1− λ) + λ+ α
∗ 1

(1− z)2(1− λ) + λ+ β

)∣∣∣
α,β=0

.

Moreover, using explicit calculations for rational functions described in Appendix A, this
allows us to get a rational function in z and λ. We can then perform asymptotic calculations
of the z-transform around z = 1. This leads to the following conjecture.
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Figure 3: Nesterov acceleration with multiple value of ρ with ω = 3: true performance ak
vs. potential asymptotic equivalent āk.

Conjecture 11 (Nesterov acceleration, ρ ∈ N) Assume (A1) obtained from Lemma 7.
Then for the sequence defined in Eq. (13) and in Eq. (14), we have:

ak ∼ c
Γ(2ρ)2

Γ(ρ)2
·



Γ(ρ− ω)Γ(ω)

Γ(4ρ− 1− 2ω)

Γ(2ρ− 1/2− ω)

Γ(ρ+ 1/2− ω)

22ρ−1

4ω
· 1

k2ω
if ω ∈ (0, ρ)

1

22ρ−1

log k

k2ρ
if ω = ρ

1

22ρ−1
Γ(ω − ρ)

1

kω+ρ
if ω > ρ.

As a partial proof, we do not provide a proof of the Tauberian conditions and only focus
on the asymptotic expansion of the z-transform. With Mathematica4, we checked the
conjecture with symbolic computations for all integers ρ less than 8 (where the z-transform
C(z) already has 45 terms), for ω = ρ (logarithmic behavior), for ω ∈ (ρ − 1, ρ), and
ω ∈ (ρ, ρ+1) to check the three behaviors. We also conjecture (and checked empirically by
running simulations) that Conjecture 11 is true for all ρ > 0 (not necessarily integer). See
Figure 3.

Heavy-ball recursion. The corresponding heavy-ball recursion for general ρ can be taken
to be

θk+1 =
(
I − k

k + 2ρ− 1
γH

)
θk +

(
1− 2ρ

k + 2ρ− 1

)
(θk − θk−1),

with a recursion that is asymptotically equivalent to that of Berthier et al. (2020a), as
outlined by Berthier and Li (2022), who show, in the context of gossip algorithms, an
asymptotic equivalence with a partial differential equation. Using similar derivations as for
Nesterov acceleration, we can get an equation for Θ as

c(z)Θ′(z) + 2(ρ− 1)
[c(z)

z
− c′(z)

2

]
·
[
Θ(z)− θ0

]
= (2ρ− 1)θ0,

with c(z) = I−(2I−γH)z+z2I, instead of c(z) = I−(2z−z2)(I−γH). Similar developments
could then be carried out, with a similar potential lack of Tauberian conditions (and not
full equivalence).

4. See Mathematica notebook https://www.di.ens.fr/~fbach/ztf/nesterov_rho.nb.
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5. Additive noise

The z-transform method can also be used efficiently in the presence of additive noise in
the recursion. We consider in this section two examples: gradient descent and Nesterov
acceleration from Section 4.

5.1 Gradient descent

The recursion in Eq. (4) now becomes

θk = (I − γH)θk−1 + εk,

with εk a random vector with zero mean and covariance matrix Σ. For simplicity, we
assume that all noise vectors are independent with the same covariance matrix, but the
same technique could be applied with a time-varying covariance matrix, leading to ordinary
differential equations (if the time variation is rational).

Unrolling the recursion leads to

θk = (I − γH)kθ0 +
k∑

i=1

(I − γH)k−iεi,

with the performance being in expectation equal to

1

2
E
[
⟨θk, Hθk⟩

]
=

1

2
⟨θ0, (I − γH)2kHθ0⟩+

1

2

k∑
i=1

tr
(
H(I − γH)2k−2iE[εiε⊤i ]

)
.

With a constant covariance matrix Σ, we get

ak =
1

2
E
[
⟨θk, Hθk⟩

]
=

1

2
⟨θ0, (I − γH)2kHθ0⟩+

1

2

k−1∑
i=0

tr
(
ΣH(I − γH)2i

)
. (16)

We can compute the z-transform of (ak)k⩾0 as follows:

+∞∑
k=0

akz
k =

1

2

+∞∑
k=0

⟨θ0, (I − γH)2kHθ0⟩zk +
1

2

+∞∑
k=1

k−1∑
i=0

zk tr
(
ΣH(I − γH)2i

)
=

1

2

+∞∑
k=0

⟨θ0, (I − γH)2kHθ0⟩zk +
1

2

+∞∑
i=0

+∞∑
k=i+1

zk tr
(
ΣH(I − γH)2i

)
=

1

2

+∞∑
k=0

⟨θ0, (I − γH)2kHθ0⟩zk +
1

2

z

1− z

+∞∑
i=0

zi tr
(
ΣH(I − γH)2i

)
.

This can be decomposed into the eigenvectors ui ∈ H of H, that is,

A(z) =
1

2

+∞∑
i=1

+∞∑
k=0

(1− λi)
2kλi

γ
zk
[
⟨θ0, ui⟩2 +

z

1− z
⟨ui,Σui⟩

]
.

Classically in stochastic quadratic optimization, the performance decomposes into two
terms, one that corresponds to the deterministic recursion, which we will call the “bias”
term, and one that corresponds to the noise, which we will call the “variance” term (see
Dieuleveut et al., 2017, and references therein).
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Bias term. This is exactly the term from Section 3 with an equivalent obtained in Propo-
sition 8, and is proportional to 1/kω where ω > 0, with constants obtained from Lemma 7.

Variance term. For this term, we make an assumption on the noise covariance matrix
Σ of a similar form as in Lemma 7, to obtain the variance term (together with assumptions
on H).

Proposition 12 (Variance term for noisy gradient descent) Assume λi =
γL
iα for α >

1, and ⟨ui,Σui⟩ = ς2

iβ′
where (λi, ui)i⩾1 are eigenvalues and eigenvectors of γH. When

θ0 = 0, the sequence (ak)k⩾0 defined in Eq. (16), satisfies, with ω′ = β′−1
α + 1 and

c′ = Lς2

2α(γL)ω′ :

ak ∼


c′

2ω′
Γ(ω′)Γ(1− ω′)

Γ(2− ω′)
k1−ω′

if ω′ ∈ (0, 1),

1

2γ
tr
(
Σ(2− γH)−1

)
=

ς2

2γ

∑
i⩾1

1

2− γλi
if ω′ > 1.

Proof We can apply Lemma 6, and get the constants ω′ and c′, and then the desired equiv-
alents by using Assumption (A1). When ω′ ∈ (0, 1), we obtain a z-transform proportional
to (1− z)ω

′−2 and thus the equivalent proportional to 1
kω′−1 . When ω′ > 1, then we obtain

a z-transform proportional to 1/(1− z), and a limit for ak.

Two possible values of β′ correspond to two classical cases in optimization:

• Isotropic noise (β′ = 0): this leads to an equivalent proportional to k1/α. We thus see
that isotropic noise will lead to a blow-up of the performance in infinite dimensions;
note that this does not contradict non-asymptotic bounds (Bach and Moulines, 2013,
Lemma 2), which typically have the term tr(Σ).

• Least-squares regression (β′ = α): this corresponds to the noise covariance matrix
Σ being proportional to H (see Dieuleveut et al., 2017, for an in-depth discussion).
Then ω′ = 2 − 1/α ∈ (1, 2) if α > 1 (as is standard when H has finite trace). Then,
the variance term tends to a constant.

5.2 Nesterov acceleration

We consider the Nesterov-type iteration, as done by Flammarion and Bach (2015), with
extra additive noise, leading to the following recursion instead of Eq. (9):

θk+1 = (I − γH)
[
θk +

(
1− 2

k + 1

)
(θk − θk−1)

]
+ εk+1, (17)

initialized with θ1 = θ0, with i.i.d. noise with zero mean and covariance matrix Σ.
Following Flammarion and Bach (2015), we extend the computations from Section 4:

the equivalent iteration for ξk = kθk is

ξk+1 = (I − γH)(2ξk − ξk−1) + (k + 1)εk+1,
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with ξ0 = 0, ξ1 = θ0, and now a noise variable which is amplified by the factor k+1. Using
the same reasoning as in Section 4, we get

Ξ(z)− zθ0 = (2z − z2)(I − γH)Ξ(z) +

+∞∑
k=1

zk+1(k + 1)εk+1,

leading to

Ξ(z) = z
[
I−(2z−z2)(I−γH)

]−1
[
θ0+

+∞∑
k=1

zk(k+1)εk+1

]
= zc(z)−1

[
θ0+

+∞∑
k=1

zk(k+1)εk+1

]
,

with c(z) = I − (2z − z2)(I − γH). We thus get, for any eigenvector ui of H, and ci(z) =
1− (2z − z2)(1− γhi),

E
[
⟨Ξ(z), ui⟩ ∗ ⟨Ξ(z), ui⟩

]
= ⟨ui, θ0⟩2

( z

ci(z)
∗ z

ci(z)

)
+ z

+∞∑
k=1

(k + 1)2E[⟨εk+1, ui⟩2
]( zk

ci(z)
∗ zk

ci(z)

)
= ⟨ui, θ0⟩2

( z

ci(z)
∗ z

ci(z)

)
+

+∞∑
k=1

(k + 1)2zkE[⟨εk+1, ui⟩2
]( z

ci(z)
∗ z

ci(z)

)
=

[
⟨ui, θ0⟩2 + ⟨ui,Σui⟩

+∞∑
k=1

(k + 1)2zk
]( z

ci(z)
∗ z

ci(z)

)
.

Here, we have used that (zkA(z)) ∗ (zkB(z)) = zk · (A ∗ B)(z). The final z-transform of
the performance of ξk+1 can then be derived with two terms. As for gradient descent, we
have a bias term (which corresponds to the absence of noise, that is, Proposition 9) and a
variance term corresponding to the z-transform

[
⟨ui,Σui⟩

+∞∑
k=1

(k + 1)2zk
]( z

ci(z)
∗ z

ci(z)
) ∼ 2

(1− z)3
⟨ui,Σui⟩

( z

ci(z)
∗ z

ci(z)

)
.

This leads to the following proposition.

Proposition 13 (Variance term for noisy Nesterov acceleration) Assume λi =
γL
iα

for α > 1, and ⟨ui,Σui⟩ = ς2

iβ′
where (λi, ui)i⩾1 are eigenvalues and eigenvectors of γH.

When θ0 = 0, for the sequence (θk)k⩾0 defined in Eq. (17), we have, with ω′ = β′−1
α +1 and

c′ = Lς2

2α(γL)ω′ :

1

2
⟨θk, Hθk⟩ ∼ c′ ·


Γ(1− ω′)Γ(ω′)

Γ(6− 2ω′)
41−ω′

k3−2ω′
if ω′ ∈ (0, 1),

Γ(2− ω′)

Γ(5− ω′)

Γ(ω′)

ω′ − 1
k2−ω′

if ω′ ∈ (1, 2).
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Figure 4: Variance term for Nesterov acceleration with additive noise: β = 0 (left) and
β = α (right).

Proof When ω′ ∈ (0, 1), we obtain from Eq. (30) in the proof of Proposition 9, that∑
i⩾1⟨ui,Σui⟩

(
z

ci(z)
∗ z

ci(z)

)
has an equivalent proportional to (1 − z)2ω

′−3, leading to the

impact on the noise of 1
k2

× k3 × k3−2ω′−1 ∼ k3−2ω′
.

When ω′ > 1, we obtain from Eq. (31) in the proof of Proposition 9, that
∑+∞

i=1 ⟨ui,Σui⟩
(

z
ci(z)

∗
z

ci(z)

)
has an equivalent proportional to (1 − z)ω

′−2, leading to the impact on the noise of
1
k2

× k3 × k2−ω′−1 ∼ k2−ω′
.

Using the same cases as in Section 5.1, we get asymptotic versions of results from
Flammarion and Bach (2015); see experiments in Fig. 4:

• Isotropic noise (β′ = 0): this corresponds to ω′ = 1 − 1/α ∈ (0, 1). We then obtain
an impact on the noise proportional to k1+2/α (so diverging even more than gradient
descent).

• Noise corresponding to least-squares regression (β′ = 1): this corresponds to ω′ =
2 − 1/α ∈ (1, 2). We then obtained the equivalent k1/α, which is still exploding, but
more slowly.

6. Averaging

In particular, in stochastic settings, various forms of averaging are used (Polyak and Judit-
sky, 1992; Dieuleveut et al., 2017). The z-transform again provides an algebraically simple
way to see its effect. Given the z-transform Θ of some vector-valued sequence, we have, for
the z-transform Θ̄ of the sequence (θ̄k)k⩾0 with θ̄k = 1

k+1

∑k
i=0 θi;

Θ̄(z) =
+∞∑
k=0

zk
1

k + 1

k∑
i=0

θi =

+∞∑
i=0

θi

+∞∑
k=i

zk

k + 1
,
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leading to

d

dz

[
zΘ̄(z)

]
=

+∞∑
i=0

θi

+∞∑
k=i

zk =
Θ(z)

1− z
.

Calling D the operator defined as DA(z) = d
dz [zA(z)], this is simply the z-transform of

((k + 1)ak)k⩾0. Thus, since D(A ∗B) = A ∗DB = DA ∗B. We can thus consider, for Θ(z)
the z-transform of the gradient descent sequence in Eq. (4),

⟨Θ(z), ui⟩
1− z

∗ ⟨Θ(z), ui⟩
1− z

= ⟨θ0, ui⟩2
( 1

1− z

1

1− z(1− γhi)

)
∗
( 1

1− z

1

1− z(1− γhi)

)
, (18)

and obtain equivalents with the same technique as for Nesterov acceleration, which is not
surprising given their similarity (Flammarion and Bach, 2015); see proof in Appendix E.

Proposition 14 (Averaged gradient descent) Assume (A1) obtained from Lemma 7.
For averaged gradient descent, we have

1

2
⟨θ̄k, Hθ̄k⟩ ∼ c ·


2c

Γ(ω)2

Γ(3− ω)

21−ω − 1

1− ω

1

kω
if ω ∈ (0, 2),

1

2γ2k2
⟨θ0, H−1θ0⟩ if ω > 2.

Extensions. We could also consider a mix of averaging and acceleration, as proposed

by Flammarion and Bach (2015), as well as non-uniform averaging such as θ̄k =
∑k

i=0 iθi
k(k+1)/2 .

7. Stochastic gradient descent

In Section 5, we considered the gradient descent recursion with additive noise. This is not,
however, applicable to the type of stochasticity in machine learning. We consider instead the
“least-mean-squares” (LMS) recursion (Bershad, 1986; Feuer and Weinstein, 1985; Macchi,
1995; Bach and Moulines, 2013; Défossez and Bach, 2015; Dieuleveut et al., 2017; Berthier
et al., 2020b; Varre et al., 2021):

ηk = ηk−1 − γxk
[
⟨xk, ηk−1⟩ − yk

]
,

where (xk, yk) ∈ H × R is sampled i.i.d. This is exactly single-pass stochastic gradient
descent on a quadratic cost. The results in this section are special cases of the work
of Velikanov and Yarotsky (2024) with a similar use of the z-transform (they consider the
more general case of heavy-ball with constant stepsize, and thus with a more complex proof;
moreover, they go through an equivalent for the cumulative sums rather than directly on
the original sequence).

7.1 Bias-variance decomposition

We consider the model yk = ⟨xk, η∗⟩ + εk, with εk independent of xk with zero mean and
variance ς2, thus leading to

ηk − η∗ =
[
I − γxk ⊗ xk

]
(ηk−1 − η∗) + γεkxk.
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With H = E[x⊗ x] an operator from H to H, we can write the recursion as:

ηk − η∗ =
[
I − γH

]
(ηk−1 − η∗) + γ

[
H − xk ⊗ xk

]
(ηk−1 − η∗) + γεkxk,

and we can see it as a noisy gradient descent recursion, but the difference with Section 5
is the presence of the multiplicative noise γ

[
H − xk ⊗ xk

]
(ηk−1 − η∗) on top of the additive

noise γεkxk (see Dieuleveut et al., 2017, for further discussions on noise types).

It is classical to separate the iterate θk = ηk − η∗ into two terms, each satisfying its own
recursion

θbiask =
[
I − γxk ⊗ xk

]
θbiask−1 with θbias0 = θ0

θvark =
[
I − γxk ⊗ xk

]
θvark−1 + γεkxk with θvar0 = 0.

Denoting Θk = θk ⊗ θk = (ηk − η∗)⊗ (ηk − η∗) an operator from H to H, we have:

E
[
Θk] =

(
I − γH ⊗ I − I ⊗ γH + γ2E[xk ⊗ xk ⊗ xk ⊗ xk]

)
E
[
Θk−1

]
+ γ2ς2H.

Following Bershad (1986); Feuer and Weinstein (1985); Défossez and Bach (2015), we denote
T the operator on self-adjoint operators equal to (when applied to self-adjoint operators)

T = H ⊗ I + I ⊗H − γE[x⊗ x⊗ x⊗ x], (19)

leading to

E
[
Θk] =

(
I − γT

)
E
[
Θk−1

]
+ γ2σ2H.

Thus, we can compute in closed form:

E
[
Θk] =

(
I − γT

)k
Θ0 + γς2

[
I −

(
I − γT

)k]
T−1H,

with the usual criterion ak = 1
2⟨E

[
Θk], H⟩, where ⟨M,N⟩ = tr(MN) denotes the usual

dot-product between self-adjoint operators. We have two terms:

E
[
Θbias

k ] =
(
I − γT

)k
Θ0 (20)

E
[
Θvar

k ] = γς2
[
I −

(
I − γT

)k]
T−1H, (21)

that can be studied separately.

Maximal stepsize. Following Défossez and Bach (2015), we define γmax as the largest
γ > 0 such that the operator T is positive semi-definite, that is,

2

γmax
= sup

A:H→H

E[⟨x,Ax⟩2]
tr[A∗HA]

(22)

(with A reduced to self-adjoint operators). We then know from Défossez and Bach (2015)
that γ ∈ [0, γmax] implies that −I ≼ I − γT ≼ I. Moreover, we have γmax ⩽ 2

tr[H] and

E[⟨x, x⟩x ⊗ x] ⩽ 2
γmax

H, which implies that if ∥x∥2 is constant almost surely, we have

γmax = 2
tr[H] (see Défossez and Bach, 2015, Section 2.1).
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7.2 Simplified model

In order to obtain asymptotic equivalents, we consider the following model for the input x

x =

+∞∑
i=1

h
1/2
i ziui, (23)

where H =
∑+∞

i=1 hiui⊗ui is an eigendecomposition of H, and the random variables (zi)i⩾1

are independent and satisfy:

E[zizj ] = 1i=j , E[zi] = 0, and E[z4i ] = 3 + κ,

for all i, j ⩾ 1. This implies E[z ⊗ z] = I and E[x ⊗ x] = H, since from Eq. (23) we have
x = H1/2Uz, where U is the matrix of eigenvectors of H. The constant κ is the common
marginal excess kurtosis of the variables zi, i ⩾ 1 (equal to 0 for a Gaussian distribution).

This is a classical “high-dimensional” setup (see, e.g., Bach, 2024a, and references
therein), that includes x Gaussian with mean zero and covariance H (which corresponds
to κ = 0), which has been already studied in this context for the last 40 years (Bershad,
1986; Feuer and Weinstein, 1985; Paquette et al., 2024; Meterez et al., 2025), and z a vector
of Rademacher random variables (which corresponds to κ = −2, and for which we have
∥x∥2 = tr(H) almost surely). Note that we always have κ ⩾ −2. An alternative, simpler
model could also be considered (Slock, 1993), and more general models have been considered
to incorporate positive-definite kernel methods (Velikanov et al., 2023, Section 3).

We now consider, for i ⩽ j, the infinite-dimensional basis vij = 1
2ui ⊗ uj +

1
2uj ⊗ ui

of the set of self-adjoint operators on H. The following lemma is standard in the analysis
of the LMS algorithm with Gaussian inputs; see Feuer and Weinstein (1985, Eqs. (14-17))
and Horowitz and Senne (1981, Section III). It is here shown for the slightly more general
model from Eq. (23).

Lemma 15 For the model defined in Eq. (23), and T defined in Eq. (19), we have, for any
i ⩽ j,

Tvij =
[
hi + hj − 2γhihj − γκ1i=jh

2
i ]vij − γ1i=jhi

∑
k⩾1

hkvkk.

Proof We compute for k ⩽ ℓ and i ⩽ j, ⟨vkℓ, T vij⟩, first when i = j, and then i < j. We
have for i = j,

⟨vkℓ,E[x⊗ x⊗ x⊗ x]vii⟩ = E[⟨x, ui⟩2⟨x, uk⟩⟨x, uℓ⟩],

which is equal to h2iE[z4i ] = h2i (κ+3) if k = ℓ = i, to hihk if k = ℓ ̸= i, and to zero otherwise.
This leads to

Tvii = 2hivii − γhi
∑
k⩾1

hkvkk − γ(κ+ 2) h2i vii.

Moreover, for i < j, we have ⟨vkℓ,E[x ⊗ x ⊗ x ⊗ x]vij⟩ = E[⟨x, ui⟩⟨x, uj⟩⟨x, uk⟩⟨x, uℓ⟩],
which is equal to zero if (k, ℓ) ̸= (i, j), and hihj otherwise; thus, since ⟨vij , vij⟩ = 1

2 ,
Tvij = [hi + hj ]vij − 2γhihjvij . These two cases can be combined into the desired result.

The previous lemma shows that the operator T is block-diagonal, with one-dimensional
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blocks for each i < j, with eigenvalue hi + hj − 2γhihj , and a block for all vectors vkk,
k ⩾ 1, equal to

V = 2Diag(h)− γ(κ+ 2)Diag(h)2 − γh⊗ h = Diag(2h− γ(κ+ 2)h ◦ h)− γh⊗ h.

This implies that, in the basis of eigenvectors, off-diagonal elements of E
[
Θk] evolve inde-

pendently (and converge to zero linearly), while the diagonal elements that are needed to
compute the performance measure evolve according to a linear iteration with a matrix that
is the sum of a diagonal and a rank-one matrix.

The maximal stepsize such that T ≽ 0 is then the largest γ such that Diag(2h− γ(κ+
2)h ◦ h) ≽ γh ⊗ h, which is equivalent, through Schur complements (Horn and Johnson,
2012), to γ⟨h,Diag(2h− γ(κ+ 2)h ◦ h)−1h⟩ ⩽ 1, that is,5

υ =
∑
i⩾1

γhi
2− (κ+ 2)γhi

⩽ 1. (24)

If Eq. (24) is satisfied, then −I ≼ I − γT ≼ I (Défossez and Bach, 2015). If κ = −2
(constant feature norm), then this is simply γmax = 2/ tr[H] (note that we could also go
through Eq. (22)). Note that υ can be expressed from another spectral measure only related
to H. We introduce dτ(λ) =

∑
i⩾1 γhiDirac(λ|γhi), with its Stieltjes transform T , that

satisfies Assumption (A1) with ω = 1 − 1
α , and c = 1

α(γL)
1/α, leading to the equivalents

T (u) ∼ (γL)1/α

α Γ( 1α)Γ(1−
1
α)u

− 1
α and T ′(u) ∼ − (γL)1/α

α2 Γ( 1α)Γ(1−
1
α)u

− 1
α
−1.

Computation of performance. We can now compute an asymptotic equivalent of the
performance of stochastic gradient descent. In order to study convergence, we could look
at an eigenvalue decomposition of the matrix V using “secular” equations (Golub, 1973).
Instead, we will use the z-transform method, which avoids explicit computations of eigen-
values.

Proposition 16 (Least-mean-squares) Assume ⟨δ, ui⟩ = ∆
iβ/2

and λi = γL
iα , with ω =

β−1
α + 1 and α > 1, c = L∆2

2α(γL)
β−1
α +1

, and τ = 1
2

∑
i⩾1

δ2i
2−(κ+2)γhi

. Then, with the model

defined in Eq. (23), and the performance measure abiask = 1
2⟨E

[
Θbias

k ], H⟩ and avark =
1
2⟨E

[
Θvar

k ], H⟩ defined from Eq. (20) and Eq. (21), we have, if γ < γmax from Eq. (22),

avark ∼ 1

2

ς2υ

1− υ

abiask ∼


c

1− υ

Γ(ω)

(2k)ω
if ω ∈ (0, 2− 1

α),

τ

(1− υ)2
(2γL)1/αΓ

(
1− 1

α

)1
4

(
1− 1

α

) 1

k2−
1
α

if ω > 2− 1
α .

5. Note that the limiting stepsize defined in Eq. (24) was already obtained by Horowitz and Senne (1981)
using a z-transform technique (but no asymptotic equivalents were derived).
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Proof We consider

ak =
1

2
E[⟨θk, Hθk⟩] =

1

2
tr(HE[Θk]) =

1

2

∑
i⩾1

hi⟨E[Θk], vii⟩

=
1

2

∑
i⩾1

hi⟨
(
I − γT

)k
Θ0, vii⟩+

1

2

∑
i⩾1

hiγς
2
〈[
I −

(
I − γT

)k]
T−1H, vii

〉
.

With δi = ⟨θ0− θ∗, ui⟩, we get only a contribution from the block-diagonal part (that is V ):

ak =
1

2
⟨δ ◦ δ,

(
I − γV

)k
h⟩+ 1

2
γς2

〈
h,

[
I −

(
I − γV

)k]
V −1h

〉
=

1

2
⟨δ ◦ δ − γς2V −1h,

(
I − γV

)k
h⟩+ 1

2
γς2⟨h, V −1h⟩.

We can use the matrix inversion lemma (Horn and Johnson, 2012), that is,(
D + λu⊗ u

)−1
u = D−1/2

(
I + λD−1/2u⊗ uD−1/2

)−1
D−1/2u = (1 + λ⟨u,D−1u⟩)−1D−1u,

leading to (for the constant term):

1

2
γς2⟨h, U−1h⟩ =

1

2
ς2⟨γh,

(
Diag(2γh− (κ+ 2)γ2hh ◦ h)− γh⊗ γh

)−1
γh⟩

=
1

2

ς2⟨γh,Diag(2γh− (κ+ 2)γ2h ◦ h)−1γh⟩
1− ⟨γh,Diag(2γh− (κ+ 2)γ2h ◦ h)−1γh⟩

=
1

2

ς2υ

1− υ
,

where υ is defined in Eq. (24) (and is strictly less than 1, for γ < γmax). This takes care of
the variance term (since the other term involving ς2 will be negligible).

The z-transform of the other term is

A(z) =
+∞∑
k=0

zk
1

2
⟨h,

([
I −Diag(2γh− (κ+ 2)γ2h ◦ h)

]
+ γh⊗ γh

)k
(δ ◦ δ − γς2V −1h)⟩

=
1

2γ

〈
δ ◦ δ − γς2V −1h,

(
I − z

([
I −Diag(2γh− (κ+ 2)γ2h ◦ h)

]
+ γh⊗ γh

))−1
γh

〉
=

1

2γ

〈
δ ◦ δ − γς2V −1h,

(
Diag(1− z + zγh(2− (κ+ 2)γh))− zγh⊗ γh

))−1
γh

〉
=

1

2γ

〈
δ ◦ δ − γς2V −1h,Diag(1− z + zγh(2− (κ+ 2)γh))

)−1
γh

〉
1− z⟨γh,Diag(1− z + zγh(2− (κ+ 2)γh))

)−1
γh⟩

by the matrix inversion lemma,

=
C(z)−D(z)

1−B(z)
.

The denominator B(z) of the expression above converges to 1− υ > 0 when z tends to one,
so, to get an equivalent, we only need to study the numerator C(z) −D(z). We have, for
the bias term,

C(z)

=
1

2

〈
δ ◦ δ,Diag(1− z + zγh(2− (κ+ 2)γh))

)−1
γh

〉
=

1

2

∑
i⩾1

γhiδ
2
i

1− z + zγhi(2− (κ+ 2)γhi)

=

∫ 1

0

dσ(λ)

1− z + zλ(2− (κ+ 2)λ)
,
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with dσ defined in Lemma 7. We have

C(1) =
1

2

∑
i⩾1

δ2i
2− (κ+ 2)γhi

.

When κ = −2, we exactly get the same expression as for gradient descent, and one can
show that the term κ+2 has no effect in the asymptotic equivalent (except for the maximal
stepsize), so we only consider the case κ = −2.

Thus, we have:

C(z) =

∫ 1

0

dσ(λ)

1− z + 2zλ
=

1

2z
S
(1− z

2z

)
B(z) =

∫ 1

0

λzdτ(λ)

1− z + 2zλ
=

∫ 1

0

[λz + 1−z
2 − 1−z

2 ]dτ(λ)

1− z + 2zλ
= υ − 1− z

4z
T
(1− z

2z

)
.

Case ω ∈ (0, 1). When ω ∈ (0, 1), we have, from Lemma 7:

C(z)

1−B(z)
∼ 1

1− υ

cΓ(ω)Γ(1− ω)

2ω
(1− z)ω−1,

leading to the equivalent ak ∼ c
1−υ

Γ(ω)
(2k)ω , which is the same as for gradient descent in

Section 3, but with a smaller stepsize γ (which leads to larger constant c).

Case ω ∈ (1, 2). When ω ∈ (1, 2), from Lemma 7, we have C ′(z) ∼ cΓ(ω)Γ(2−ω)
2ω (1− z)ω−2,

and thus the derivative of C/(1−B) is

C ′(z)

1−B(z)
+

C(z)B′(z)

(1−B(z))2
∼ 1

1− υ

cΓ(ω)Γ(2− ω)

2ω
(1− z)ω−2

+
C(1)

(1− υ)2

[1
4
T
(1− z

2

)
+

1− z

8
T ′(1− z

2

)]
∼ 1

1− υ

cΓ(ω)Γ(2− ω)

2ω
(1− z)ω−2 +

C(1)

(1− υ)2
c′′(1− z)−

1
α ,

with c′′ = (2γL)1/αΓ
(
1
α

)
Γ
(
1 − 1

α

)
1
4

(
1 − 1

α

)
. Thus, if ω < 2 − 1

α , the term in (1 − z)ω−2

dominates and we obtain the same equivalent as for ω ∈ (0, 1). Otherwise, the term (1−z)−
1
α

dominates, and we obtain a rate in 1

k2−
1
α
, equal to

C(1)

(1− υ)2
(2γL)1/αΓ

(
1− 1

α

)1
4

(
1− 1

α

) 1

k2−
1
α

.

When ω = 2 − 1
α , we get the sum of two terms. For ω > 2, we get the same equivalent as

ω > 2− 1
α above. Note that α > 1 (so that we have a finite trace), so 2− 1

α ∈ (1, 2).
For the second term of the variance equivalent (corresponding to D(z)), the term〈

γς2V −1h,Diag(1− z + zγh(2− (κ+ 2)γh))
)−1

γh
〉
can be shown to be negligible.

These rates are illustrated in Figure 5. We can make the following observations:
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Figure 5: Least-mean-square algorithm for various spectral dimensions ω (with α = 2 and
ς = 0 in all experiments, averaged over 20 replications), for ω < 2− 1

α , where the
convergence rate is proportional to 1/kω and for ω > 2− 1

α , where the convergence

rate is proportional to 1/k2−
1
α .

• We recover the results from Velikanov et al. (2023) with a simpler, more direct proof,
thus obtaining asymptotic results that complement the non-asymptotic results from
Berthier et al. (2020b). This is also a subcase of results from Paquette et al. (2024)
with a simpler proof.

• We could also use averaging, which is commonly used to improve the variance term
(Polyak and Juditsky, 1992; Bach and Moulines, 2013; Défossez and Bach, 2015) (this
could be done using the tools of Section 6). Moreover, the standard deviation of the
performance around its mean empirically has an asymptotic equivalent that could be
characterized (see a few results in Appendix F).

8. Conclusion

In this paper, we have shown how the z-transform can be used to derive asymptotic equiva-
lents of sequences that naturally appear in the optimization of quadratic forms, with classical
tools such as acceleration, averaging, or various notions of stochastic gradient descent. In all
cases, the z-transform method allows simple computations of asymptotic equivalents (e.g.,
scaling laws). Several extensions are worth considering:

• We could consider asymptotic expansions (Erdélyi, 1956) beyond the first term, as is
commonly done for Laplace approximations of integrals (Bleistein and Handelsman,
1986). Obtaining non-asymptotic bounds using similar tools could also be interesting,
in particular using complex analysis tools from Flajolet and Odlyzko (1990).
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• We could extend the results in this paper to study Richardson extrapolation (see
Bach, 2021, and references therein) and potentially other acceleration mechanisms
(Brezinski and Zaglia, 1991). For example, when the sequence (ak)k⩾0 satisfies ak =

ℓ+ c
kα + O( 1

kα+1 ), then with bk =
2αak−a⌊k/2⌋

2α−1 , we have bk = ℓ+ O( 1
kα+1 ) and B(z) =

2αA(z)−(1+z)A(z2)
2α−1 , and asymptotic expansions can thus be obtained.

• The z-transform method is particularly adapted to linear iterations. It would be inter-
esting to consider extensions to nonlinear recursions for convex optimization (e.g., op-
timization of convex functions) using tools to obtain tight worst-case bounds (Lessard
et al., 2016; Taylor et al., 2017).

• The z-transform method is adapted to linear recursions with time-varying coefficients
that are rational functions of the sequence index, as it leads to ordinary differential
equations. Extensions to more general time-varying coefficients, e.g., proportional to
1/
√
k, or more generally 1/kα for α not an integer, would lead to more general results,

in particular in the context of stochastic gradient descent (Bach and Moulines, 2011),
but are not directly obtainable using the z-transform technique.

• Scaling laws that are not of the form 1/kω for some ω > 0 have been derived by Kun-
stner and Bach (2026) in contexts where α ⩽ 1 in Lemma 7. The z-transform could
also lead there to simpler proofs.

• While momentum techniques (such as heavy-ball or Nesterov acceleration) are often
used in practice, their convergence properties for stochastic gradient descent remain
an active area of research. We could consider Nesterov single-pass SGD from Section 4
with the same analysis as Section 7. We could also consider other recursions, such as
Jain et al. (2018), Varre and Flammarion (2022) or Even et al. (2021), along the lines
of what has been proposed by Yarotsky and Velikanov (2025); Ferbach et al. (2026).
The analysis of Aybat et al. (2019) could also be strengthened. Recently introduced
random stepsizes that lead to acceleration (Altschuler and Parrilo, 2024) could also
be studied within our tools to obtain scaling laws.

• Multiple-pass stochastic gradient descent (Pillaud-Vivien et al., 2018) on the model
from Eq. (23) with a finite dataset could be considered, potentially adding features
within (S)GD to get a model close to the one of Paquette et al. (2024) but with a
simpler analysis. Plain gradient descent could also be studied to obtain an asymp-
totic version of the near-equivalence between computational regularization and ℓ2-
regularization in least-squares regression (Ali et al., 2019).

• Primal-dual algorithms (e.g., extragradient vs. optimistic gradient ascent/descent
or proximal point method), as analyzed by Mokhtari et al. (2020), could also be
considered to compare their relative scaling behavior.

• Variance reduction techniques such as SAG or SAGA (see Gower et al., 2020, and
references therein), could also be considered using similar tools, in particular in the
non-strongly convex regime where convergence is sublinear.
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• Beyond optimization, scaling laws for sampling algorithms can naturally be obtained
with Gaussian distributions, for Langevin (unadjusted Langevin algorithm) and its
accelerated versions (underdamped Langevin dynamics) (see Chewi, 2026, and refer-
ences therein). Note here that we need to make assumptions about the decay of the
eigenvalues of the precision matrix (the inverse of the covariance matrix). This could
also be done for Gibbs sampling, or for more general Markov chains.

• Algorithm design: Can we use the z-transform interpretation to design algorithms
with favorable convergence guarantees?
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Appendix A. Convolutions of rational functions

In this section, we compute convolutions A ∗B(z) for rational functions A and B, starting
from

1

a− uz
∗ 1

b− vz
=

1

ab− uvz
,

which is a direct consequence of the z-transform of the sequence (a−1(ua−1)k)k⩾0 being
z 7→ 1

a−uz .

Unique multiple roots. Since convolutions are bilinear operations, we can differentiate
with respect to a k times and to b ℓ times to get, using the Leibniz formula:6

(−1)kk!

(a− uz)k+1
∗ (−1)ℓℓ!

(b− vz)ℓ+1

=
dk+ℓ

dakdbℓ

( 1

ab− uvz

)
=

dk

dak

( (−1)ℓℓ!aℓ

(ab− uvz)ℓ+1

)
= (−1)ℓℓ!

min{k,ℓ}∑
i=0

k!

i!(k − i)!

[ ℓ!

(ℓ− i)!
aℓ−i

]
·
[(k + ℓ− i)!bk−i

ℓ!

(−1)k−i

(ab− uvz)ℓ+k+1−i

]
,

leading to
1

(a− uz)k+1
∗ 1

(b− vz)ℓ+1
=

min{k,ℓ}∑
i=0

(−1)i
(k + ℓ− i)!

i!(k − i)!(ℓ− i)!

aℓ−ibk−i

(ab− uvz)ℓ+k+1−i
.

6. See https://en.wikipedia.org/wiki/General_Leibniz_rule.
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Quadratic denominators. We will also need convolutions of rational functions with
quadratic denominators, that is, by using complex conjugate roots and bilinearity,

1

(1− z)2 + λ
∗ 1

(1− z)2 + µ

=
−1

4
√
λµ

( 1

1− z − i
√
λ
− 1

1− z + i
√
λ

)
∗
( 1

1− z − i
√
µ
− 1

1− z + i
√
µ

)
=

1

4
√
λµ

( 1

(1− i
√
λ)(1 + i

√
µ)− z

+
1

(1 + i
√
λ)(1− i

√
µ)− z

)
− 1

4
√
λµ

( 1

(1− i
√
λ)(1− i

√
µ)− z

+
1

(1 + i
√
λ)(1 + i

√
µ)− z

)
=

1

2
√
λµ

(
1 +

√
λµ− z

(1 +
√
λµ− z)2 + (

√
λ−√

µ)2
− 1−

√
λµ− z

(1−
√
λµ− z)2 + (

√
λ+

√
µ)2

)
=

(λ+ 1)(µ+ 1)− z2

((1− z)2 + λµ+ λ+ µ)2 − 4λµz2
. (25)

Appendix B. Proof of Proposition 9

We use convolution formulas obtained from Eq. (25) in Appendix A, with B(z, λ) =
1

(1−λ)(1−z)2+λ
defined in Eq. (11). We obtain several expressions depending on the choice of

partial-fraction decomposition for the convolution A(z) = B(z, λ) ∗B(z, λ):7

A(z) =
1

(1− λ)(1− z)2 + λ
∗ 1

(1− λ)(1− z)2 + λ

=
−λz + z + 1

((λ− 1)z + 1) ((λ− 1)2z2 + (−4λ2 + 6λ− 2) z + 1)
(no expansion)

=
1

2(−1 + λ)λ
(
− 1 + z − λ

1−λ

) +
1

4(1− λ)λ
(
− 1 + z + λ

1−λ − 2i
√

λ
1−λ

) (26)

+
1

4(1− λ)λ
(
− 1 + z + λ

1−λ + 2i
√

λ
1−λ

) (expansion in z).

=
z

2 (
√
z − 1) (

√
z + 1) (λz − z + 1)

+
−
√
z − 2

4 (
√
z + 1) (λ (z + 2

√
z)− z − 2

√
z − 1)

(27)

+
2−

√
z

4 (
√
z − 1) (λ (z − 2

√
z)− z + 2

√
z − 1)

(expansion in λ).

Starting with Eq. (27) (partial-fraction expansion in λ), we obtain directly an expression
in terms of the Stieltjes transform, as

A(z) =
S
(
1
z − 1

)
2(z − 1)

−
S
(
− (

√
z−1)

2

z−2
√
z

)
4 (z −

√
z)

−
S
(
− (

√
z+1)

2

z+2
√
z

)
4 (z +

√
z)

, (28)

7. See Mathematica notebook https://www.di.ens.fr/~fbach/ztf/nesterov.nb.
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with the following equivalent when z → 1:

A(z) ∼ S(1− z)

2(z − 1)
−

S
(
1
4(z − 1)2

)
2(z − 1)

− 1

8
S
(
− 4

3

)
. (29)

Eq. (29) will lead to expansions of the z-transform A(z) and its derivatives, thus character-
izing the asymptotic equivalent if it exists. If the spectral measure has a density around 0,
then Tauberian conditions from Section 2 could be used. However, we want to apply to a
discrete measure, and the direct asymptotic proof below shows that such equivalents exist.
We then consider the z-transform to obtain the same equivalents directly.

Direct equivalents. For the power-law spectral model assumed in Proposition 9, let
ϕi = arcsin

(√
γL i−α/2

)
. The coefficient of zk in B(z, γLi−α) is

(1− γLi−α)k/2
sin((k + 1)ϕi)√

γL i−α/2
,

and the definition of the spectral measure gives the exact identity

ak =
∆2

2γ

+∞∑
i=1

i−β(1− γLi−α)k sin2((k + 1)ϕi).

(a) If 0 < ω < 1, then β < 1. With the mapping i ∼ k2/αx, dominated Riemann-sum
convergence gives, with c defined in Lemma 7,

k2ω−2ak −→ ∆2

2γ

∫ +∞

0
x−β sin2

(√
γLx−α/2

)
dx = c 21−2ωΓ(ω)Γ(1− ω)

Γ(3− 2ω)
,

where the last equality is obtained by the change of variable t =
√
γLx−α/2 and the identity∫ +∞

0
t2ω−3 sin2(t)dt = 2−2ωΓ(ω)Γ(1− ω)

Γ(3− 2ω)
.

(b) If ω > 1, then β > 1. Using sin2(t) = (1 − cos(2t))/2, the non-oscillatory part
satisfies

∆2

4γ

+∞∑
i=1

i−β(1− γLi−α)k ∼ c

2
Γ(ω − 1)k1−ω,

while the oscillatory part is o(k1−ω), leading to ak ∼ c
2Γ(ω − 1)k1−ω.

To justify the estimate for the oscillatory part, we use the van der Corput method
(Graham and Kolesnik, 1991). Set n = k1/α, and (with i2 = −1)

fk(x) =
k + 1

π
arcsin

(√
γLx−α/2

)
, e(t) = exp(2πit),

so that e(fk(i)) = exp(2i(k + 1)ϕi). On a dyadic interval N < i ⩽ 2N , set FN = kN−α/2.

For every fixed integer r ⩾ 1, differentiation of the preceding expression gives that |f (r)
k (x)|

is of order FNN−r when N ⩽ x ⩽ 2N , uniformly as N tends to infinity. Choose an integer
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ℓ ⩾ 0 such that ℓ+ 2 > α/2. The higher-derivative van der Corput estimate (Graham and
Kolesnik, 1991, Theorem 2.9) then gives, uniformly for N ⩽ y ⩽ 2N ,∣∣∣∣ ∑

N<i⩽y

e(fk(i))

∣∣∣∣ = o

(
N
[( FN

N ℓ+2

)1/(4·2ℓ−2)
+ F−1

N

])
.

For εn ⩽ N ⩽ Mn, the right-hand side is o(N), uniformly in N . Since x−β(1− γLx−α)k is
unimodal, partial summation on the finitely many dyadic intervals covering [εn,Mn] shows
that the oscillatory sum over this range is o(n1−β). The two remaining ranges satisfy

nβ−1
∑
i⩽εn

i−β(1− γLi−α)k ⩽
1

n

∑
i⩽εn

(i/n)−βe−γL(i/n)−α −→
∫ ε

0
x−βe−γLx−α

dx,

and nβ−1
∑

i>Mn i
−β = o(M1−β). Letting first k tend to infinity, then ε tend to zero and

M tend to infinity, proves that the oscillatory part is o(n1−β) = o(k1−ω).
(c) When ω = 1, we have β = 1 and again write n = k1/α. The ranges i ⩽ n and i ⩾ n2

contribute only O(1): for the first range, use (1− γLi−α)k ⩽ exp(−γL(n/i)α), and for the
second use ϕi = o(i−α/2), whence sin2((k + 1)ϕi) = o(k2i−α). Moreover,∑

n<i<n2

(1− γLi−α)k

i
= log n+O(1),

since 1− (1− u)k ⩽ ku. It remains to show that the corresponding cosine sum is o(log n).
Fix δ ∈ (0, 1). On every dyadic block N < i ⩽ 2N contained in [n, n2−δ], the preceding van
der Corput estimate applies, with FN ⩾ nαδ/2, and FN

Nℓ+2 ⩽ nα/2−(ℓ+2). Partial summation
therefore shows that the contribution of each such block is o(1), uniformly in N ; summing
over the O(log n) blocks gives o(log n). The remaining interval [n2−δ, n2] has absolute
contribution at most δ log n+O(1). Letting δ tend to zero proves that the full cosine sum is

o(log n). Consequently, ak = ∆2

2γ

(
1
2 log n+ o(log n)

)
= ∆2

4αγ log k+o(log k) ∼ c
2 log k, because

c = ∆2/(2αγ) when ω = 1.
Dividing these three equivalents by k2 proves Proposition 9. We now recover the corre-

sponding singular expansions of A(z).

Use of z-transform. When ω ∈ (0, 1), we have the equivalent for the Stieltjes transform
from Eq. (8)

S(u) ∼ cΓ(1− ω)Γ(ω)uω−1,

and thus we get the equivalent from Eq. (29)

A(z) ∼ cΓ(1− ω)Γ(ω)
[
− 1

2
(1− z)ω−2 +

1

2

1

4ω−1
(1− z)2ω−3

]
,

which is equivalent to (since the second term dominates)

A(z) ∼ cΓ(1− ω)Γ(ω)
1

2

1

4ω−1
(1− z)2ω−3. (30)

This singular expansion is consistent with the coefficient equivalent established directly
above.
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When ω ∈ (1, 2), we have from Eq. (8) an equivalent for the derivative of the Stieltjes
transform:

S′(u) ∼ −cΓ(2− ω)Γ(ω)uω−2,

leading by integration to

S(u) = S(0)− cΓ(2− ω)Γ(ω)
uω−1

ω − 1
+ o(uω−1).

Thus, only the first two terms in Eq. (29) dominate, with the value S(0) cancelling out,
leading to

A(z) ∼ −c
Γ(2− ω)Γ(ω)

ω − 1

[
− 1

2
(1−z)ω−2+

1

2

1

4ω−1
(1−z)2ω−3

]
∼ c

Γ(2− ω)Γ(ω)

ω − 1

1

2
(1−z)ω−2.

(31)
This singular expansion is consistent with the coefficient equivalent established directly
above.

When ω > 2, we simply have to obtain the same equivalent as above, and take deriva-
tives with respect to z of Eq. (28). It can be easily checked that the dominant term still

corresponds to the term
S( 1

z
−1)

2(z−1) ; this is consistent with the coefficient equivalent established
directly above.

Finally, for ω = 1, we have from Eq. (8) S′(u) ∼ −cu−1, leading to by integration
S(u) ∼ c log 1

u around u = 0. The first two terms of Eq. (29) then both contribute and
lead to A(z) ∼ c

2(1−z) log
1

1−z , in agreement with the direct coefficient equivalent established
above.

Appendix C. Proof of Lemma 10

Multiplying by z2ρ−2, Eq. (15) is equivalent to

z2ρ−2
[
1−(2z−z2)(1−λ)

]
B′(z, λ)+2(ρ−1)z2ρ−3[B(z, λ)−1] · [1−z(1−λ)] = (2ρ−1)z2ρ−2.

Denoting D(z, λ) = z2ρ−2(B(z, λ) − 1), and c(z) = 1 − (2z − z2)(1 − λ), we get c′(z) =
−2(1− z)(1− λ) and:

c(z)D′(z, λ)− (ρ− 1)c′(z)D(z, λ) = (2ρ− 1)z2ρ−2.

Taking 2ρ− 1 derivatives, and using Leibniz formula, we get:

c(z)D(2ρ)(z, λ) + (2ρ− 1)c′(z)D(2ρ−1)(z, λ) + (2ρ− 1)(ρ− 1)c′′(z)D(2ρ−2)(z, λ)

−(ρ− 1)c′(z)D(2ρ−1)(z, λ)− (ρ− 1)(2ρ− 1)c′′(z)D(2ρ−2)(z, λ) = 0.

Thus

c(z)D(2ρ)(z, λ) + ρc′(z)D(2ρ−1)(z, λ) = 0,

leading to c(z)ρD(2ρ−1)(z, λ) = α(λ), for some function α. Looking at z = 0, we have
c(0) = 1, and D(2ρ−1)(0, λ) = (2ρ− 1)!, leading to the desired result.
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Appendix D. Link with spectral dimension condition from Berthier et al.
(2020a)

In this section, we provide a short proof, that Assumption (A1) implies that σ((0, u)) ∼u→0
c
ωu

ω (which is the condition from Berthier et al. (2020a)).

Let m be an integer such that m > ω. By Assumption (A1), we have∫ 1

0

dσ(λ)

(u+ λ)m
=

(−1)m−1

(m− 1)!
S(m−1)(u) ∼ c

Γ(ω)Γ(m− ω)

Γ(m)
uω−m,

which matches the expression for the measure d [λω] = c
ωωλ

ω−1dλ instead of dσ, as we

have c
ω

∫ +∞
0

ωλω−1dλ
(u+λ)m = c Γ(ω)Γ(m−ω)

Γ(m) uω−m. Following the reciprocal-variable reduction of

Langer and Woracek (2025, proof of Theorem A.7), we apply the corresponding generalized
Stieltjes-transform form of Karamata’s theorem (Bingham et al., 1987, Theorem 1.7.4), to
get, when u tends to 0+, σ((0, u)) ∼ c

ωu
ω.

Appendix E. Proof of Proposition 14

We have, following Eq. (18)

1

2

∑
i⩾1

hi
⟨Θ(z), ui⟩
1− z

∗ ⟨Θ(z), ui⟩
1− z

=
1

2γ

∑
i⩾1

γhi⟨θ0, ui⟩2
( 1

1− z

1

1− z(1− γhi)

)
∗
( 1

1− z

1

1− z(1− γhi)

)
=

1

2γ

∫ 1

0

( 1

1− z

1

1− z(1− λ)

)
∗
( 1

1− z

1

1− z(1− λ)

)
dσ(λ)

=

∫ 1

0

1

λ2

( 1

1− z
+

(1− λ)2

1− z(1− λ)2
− 2(1− λ)

1− z(1− λ)

)
dσ(λ)

=

∫ 1

0

(
− 2z

(z − 1)2(λz − z + 1)
− 1

2 (
√
z + 1)

2
(λ
√
z −

√
z − 1)

+
1

2 (
√
z − 1)

2
(λ
√
z −

√
z + 1)

)
dσ(λ)

= −
2S

(
1
z − 1

)
(z − 1)2

+
S
(

1√
z
− 1

)
2 (

√
z − 1)

2√
z
−

S
(
− 1√

z
− 1

)
2 (

√
z + 1)

2√
z
.

Thus, when z tends to one, we get the equivalent

−2S (1− z)

(1− z)2
+

2S
(
1−z
2

)
(1− z)2

− S (−2)

8

When ω > 2, we see that we obtain an equivalent of −S′(0)
1−z , which leads to an overall rate

of ∝ 1
k2
, which is compatible with existing results (Défossez and Bach, 2015) with a rate

proportional to 1
2k2

⟨θ0, H−1θ0⟩.
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When ω ∈ (0, 1), we get the equivalent

cΓ(1− ω)Γ(ω)
[
22−ω − 2

]
(1− z)ω−3 = 2cΓ(ω)2

21−ω − 1

1− ω
(1− z)ω−3,

which is valid for all ω ∈ (0, 2) (with the limit log 2 instead of 21−ω−1
1−ω for ω = 1). This leads

to the equivalent for averaged gradient descent 2c Γ(ω)2

Γ(3−ω)
21−ω−1
1−ω

1
kω .

Appendix F. Variance estimates for SGD

In this appendix, we outline how to obtain an asymptotic equivalent for the variance term
of the performance 1

2⟨Θk, H⟩ using notations from Section 7 (in finite dimension for sim-
plicity). We consider the simplest case where ς = 0 and the normalized random variables
are Rademacher random variables. Then, a short calculation shows that

E
[
vec

(
(θk ◦ θk)(θk ◦ θk)⊤

)]
= Ukvec

(
(θ0 ◦ θ0)(θ0 ◦ θ0)⊤

)
,

where U is an operator defined as

U = I ⊗ I − 2γ
[
Diag(h)⊗ I + I ⊗Diag(h)

]
+ 8γ2Diag(h)⊗Diag(h)

+γ2
[
I ⊗ hh⊤ + hh⊤ ⊗ I

]
− 6γ3

[
Diag(h)⊗ hh⊤ + hh⊤ ⊗Diag(h)

]
+ 3γ4hh⊤ ⊗ hh⊤.

In order to obtain the variance term of the performance, the criterion we look at is

bk = E
[(
(θk ◦ θk)⊤h

)2]
= h⊤E

[
(θk ◦ θk)(θk ◦ θk)⊤

]
h

= vec(hh⊤)⊤vec
(
(θk ◦ θk)(θk ◦ θk)⊤

)
= vec(hh⊤)⊤Ukvec

(
(θ0 ◦ θ0)(θ0 ◦ θ0)⊤

)
.

This leads to the z-transform

B(z) = vec(hh⊤)⊤(I − zU)−1vec
(
(θ0 ◦ θ0)(θ0 ◦ θ0)⊤

)
.

If we take the equivalent when γ → 0, then we only have

B(z) =
d∑

i,j=1

δ2i δ
2
j

1

1− z + 2zγ(hi + hj)
=

∫ +∞

0

d∑
i,j=1

δ2i δ
2
j exp(−y(1− z + 2zγ(hi + hj)))dy

for which an equivalent can be found to be exactly the square of the expectation.
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Hadrien Hendrikx, Laurent Massoulié, and Adrien Taylor. A continuized view on Nes-
terov acceleration for stochastic gradient descent and randomized gossip. In Advances in
Neural Information Processing Systems, 2021.

Damien Ferbach, Katie Everett, Gauthier Gidel, Elliot Paquette, and Courtney Paquette.
Dimension-adapted momentum outscales SGD. Advances in Neural Information Process-
ing Systems, 2026.

Arie Feuer and Ehud Weinstein. Convergence analysis of LMS filters with uncorrelated
Gaussian data. IEEE Transactions on Acoustics, Speech, and Signal Processing, 33(1):
222–230, 1985.

Philippe Flajolet and Andrew Odlyzko. Singularity analysis of generating functions. SIAM
Journal on Discrete Mathematics, 3(2):216–240, 1990.

Nicolas Flammarion and Francis Bach. From averaging to acceleration, there is only a
step-size. In Conference on Learning Theory, 2015.

Euhanna Ghadimi, Hamid Reza Feyzmahdavian, and Mikael Johansson. Global convergence
of the heavy-ball method for convex optimization. In European Control Conference, 2015.

Gene H. Golub. Some modified matrix eigenvalue problems. SIAM Review, 15(2):318–334,
1973.

Baptiste Goujaud, Adrien Taylor, and Aymeric Dieuleveut. Provable non-accelerations of
the heavy-ball method. Mathematical Programming, pages 1–59, 2025.

40

https://chewisinho.github.io/
https://chewisinho.github.io/


On the Effectiveness of the z-Transform Method in Quadratic Optimization

Robert M. Gower, Mark Schmidt, Francis Bach, and Peter Richtárik. Variance-reduced
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