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Abstract

Transformer models have achieved exceptional performance in various domains, including
computer vision and time-series analysis. Their core attention mechanism is widely used to
interpret model decisions by assigning importance weights to input regions, such as image
patches or time series intervals. However, the reliability of these interpretations remains
a major concern. High-attention weights do not necessarily indicate genuinely significant
features; they may instead be artifacts of the model’s computation, undermining their relia-
bilities in high-stakes applications such as medical diagnostics. To address this, we propose
a novel statistical framework designed to quantify the significance of high-attention regions
in Transformer models. Our framework is built on selective inference (SI) to correct for
the inherent selection bias that arises from testing regions chosen through the complex
attention computation of the Transformer models. A key contribution of this work is a
novel computational method that extends SI to the complex non-linearity of self-attention,
enabling the computation of valid p-values for high-attention regions. These p-values serve
as a reliable measure of significance, strengthening the interpretability of Transformer deci-
sions. The validity and effectiveness of our approach are demonstrated through numerical
experiments and applications to brain image diagnosis and electroencephalography (EEG)
data analysis.
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cal data analysis

(©2026 Tomohiro Shiraishi, Daiki Miwa, Teruyuki Katsuoka, Vo Nguyen Le Duy, Shuichi Nishino, Kouichi Taji, and
Ichiro Takeuchi.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v27/25-1631.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v27/25-1631.html

SHIRAISHI, MIwA, KATSUOKA, DUy, NISHINO, TAJI, AND TAKEUCHI

1. Introduction

Transformer architectures have achieved remarkable success across a wide range of domains,
including natural language processing, computer vision, and time-series modeling (Lin et al.,
2022). While early research primarily focused on language models (Vaswani et al., 2017;
Devlin et al., 2019), recent developments have shown that Transformers are also highly
effective for modeling structured, continuous data such as images (Dosovitskiy et al., 2020;
Liu et al., 2021; Khan et al., 2022) and time-series signals (Lim et al., 2021; Zhou et al.,
2021; Wen et al., 2023). In this study, we focus on Transformers applied to these continuous
data modalities—specifically in the vision and signal domains—with a particular emphasis
on high-stakes fields such as medical applications, where interpretability and reliability are
of paramount importance.

A central component of the Transformer is the attention mechanism, which dynami-
cally weights the importance of input elements. In addition to improving performance,
attention offers insight into the model’s decision-making process (Xu et al., 2015; Choi
et al., 2016). In vision and signal applications, attention maps—derived from attention
weights—are commonly used to identify which spatial or temporal regions the model con-
siders important (Dosovitskiy et al., 2020; Lim et al., 2021). For example, attention maps
can highlight diagnostically relevant areas in medical images (Ferdous et al., 2023; Hong
et al., 2024), or anomalous segments in physiological signals such as EEG or ECG (Xie
et al., 2022; Hu et al., 2023). This interpretability is particularly valuable in healthcare,
where understanding the model’s rationale is critical for trust and clinical adoption (Tonek-
aboni et al., 2019). Consequently, attention visualization techniques are now widely used
in medical image diagnosis and physiological signal analysis.

Despite their intuitive appeal, attention maps should be interpreted with caution. Sev-
eral studies have shown that high attention weights do not necessarily correspond to causally
important features, and that attention can be influenced by noise or spurious correla-
tions (Jain and Wallace, 2019; Bibal et al., 2022). These observations raise concerns about
the reliability of attention-based interpretations—particularly whether high-attention re-
gions genuinely reflect meaningful signals or merely result from internal artifacts of the
model. To answer this question, we consider a statistical framework for evaluating attention
reliability, aiming to support more trustworthy interpretability of Transformer decisions.
Specifically, we propose a method to assess the statistical significance of attention in the
form of p-values that can be used to test whether high-attention regions differ significantly
from the rest of the input.

Unfortunately, classical hypothesis testing methods are not directly applicable in this
setting. At first glance, these regions often appear different from the rest but this is ex-
pected, as the Transformer model selects them based on the input itself. This introduces
a selection bias: we are testing regions that have already been chosen precisely because
they appear distinctive. As a result, simply observing differences does not guarantee that
those regions are genuinely important—they may merely reflect noise or artifacts induced
by the model. To address this issue, we propose a statistical test that explicitly accounts for
this selection bias, enabling us to evaluate whether the observed differences are statistically
significant or simply a byproduct of the attention mechanism.
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To this end, we adopt the framework of selective inference (SI) (Lee et al., 2016; Taylor
and Tibshirani, 2015), a statistical methodology for valid inference following data-driven
hypothesis selection. SI is well suited to our setting, where high-attention regions are chosen
based on the model’s internal computations. By conditioning on the fact that attention
values are model-derived, we enable valid statistical testing even in finite-sample regimes.
A key technical contribution of this work is a new computational method for applying SI
to Transformer models. Unlike prior SI methods that assume the selection event is defined
by linear or quadratic constraints, Transformer self-attention involves complex nonlinear
operations. To address this, we develop an approximation strategy that extends SI to this
setting. Our approach broadens the applicability of SI to modern neural architectures and
offers a principled way to evaluate the interpretability of Transformer attention mechanisms.

Related Works. It is widely believed that attention mechanisms provide interpretable
explanations for model outputs (Xu et al., 2015; Choi et al., 2016; Martins and Astudillo,
2016; Xie et al., 2017; Mullenbach et al., 2018), based on the implicit assumption that tokens
receiving higher attention weights play a more substantial role in the final prediction. How-
ever, Jain and Wallace (2019) raised concerns about this assumption, pointing out its lack of
formal evaluation. They argued that for attention weights to serve as faithful explanations,
they must correlate with established feature importance metrics and that counterfactual
modifications of these weights should lead to different outcomes. Their experiments em-
pirically demonstrated that neither of these conditions consistently holds, leading them to
conclude that attention is not a faithful explanation for model predictions. On the other
hand, Wiegreffe and Pinter (2019) argued that these criteria might be overly stringent,
proposing alternative evaluation protocols and reasserting the utility of attention for ex-
planation. This debate on the faithfulness of attention has spurred a significant body of
subsequent research, including theoretical studies on factors that impair faithfulness (Bai
et al., 2021; Brunner et al., 2020; Sun and Lu, 2020; Tutek and Snajder, 2020) and ex-
tensive work on quantitative evaluation metrics (Liu et al., 2020; Ju et al., 2022; Madsen
et al., 2022). Furthermore, various approaches have been proposed to enhance attention
faithfulness by intervening in the training process or model architecture, such as improving
hidden state representations (Chrysostomou and Aletras, 2021; Mohankumar et al., 2020),
incorporating regularization terms into the objective function (Tutek and Snajder, 2020;
Moradi et al., 2021), and enforcing sparsity (Zhang et al., 2021; Meister et al., 2021). While
all these studies primarily investigate the relationship between the model’s final output
and its attention mechanism, a definitive gold-standard evaluation metric has yet to be
established. In this work, we introduce a new approach to quantifying the reliability of
attention in terms of statistical significance, focusing specifically on whether high-attention
components (e.g., patches in images, intervals in time series) genuinely contain meaningful
and distinctive signals.

Selective Inference (SI), also known as post-selection inference, provides a framework
for valid statistical inference on data-driven hypotheses. The central idea is to correct for
selection bias by conditioning on the event that a particular hypothesis was selected based
on the data. This approach allows for the calculation of p-values and confidence intervals
that maintain the nominal significance level, thereby ensuring the reliability of statistical
conclusions even when the same data is used for both hypothesis selection and testing. SI
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initially attracted substantial interest as a method for inference after feature selection in
linear regression models. A seminal work by Lee et al. (2016) introduced an exact (non-
asymptotic) inference procedure for the regression coefficients of features selected by the
Lasso. Building on this foundation, the scope of SI has been extended to various other
feature selection methods, such as marginal screening (Lee and Taylor, 2014), stepwise
feature selection (Tibshirani et al., 2016), generalized linear models (Taylor and Tibshirani,
2018), among many others (Loftus and Taylor, 2015; Loftus, 2015; Yang et al., 2016; Charkhi
and Claeskens, 2018; Hyun et al., 2018; Sugiyama et al., 2021; Riigamer and Greven, 2020;
Zhao et al., 2022; Nguyen et al., 2025).

Concurrently, substantial theoretical and computational advancements have been made
to improve its statistical power (Fithian et al., 2014; Tian and Taylor, 2018; Panigrahi
et al., 2021, 2023; Terada and Shimodaira, 2017; Liu et al., 2018; Duy and Takeuchi, 2022;
Hyun et al., 2021; Jewell et al., 2022; Carrington and Fearnhead, 2025). The application
of SI has also been broadened beyond feature selection to encompass a diverse range of
machine learning domains. These include clustering (Lee et al., 2015; Gao et al., 2022;
Chen and Witten, 2023; Yun and Foygel Barber, 2023), principal component analysis (Choi
et al., 2017; Perry et al., 2025), change-point detection (Hyun et al., 2018, 2021; Duy et al.,
2020; Jewell et al., 2022), decision trees (Neufeld et al., 2022; Bakshi et al., 2024), deep
neural networks (Duy et al., 2022; Miwa et al., 2023), among many others (Suzumura et al.,
2017; Das et al., 2022; Yamada et al., 2018; Chen and Bien, 2020; Tsukurimichi et al., 2022;
Riigamer et al., 2022; Duy and Takeuchi, 2025). In the context of deep learning, the work of
Duy et al. (2022) and Miwa et al. (2023) pioneered the application of SI to neural networks.
They observed that a class of models, such as Convolutional Neural Networks (CNNs), can
be characterized as piecewise linear functions. This property allows the selection event in
neural networks to be described by a set of linear constraints. Subsequent research has
built upon their algorithm to extend SI to a variety of other deep learning models (Shiraishi
et al., 2024b; Miwa et al., 2024; Katsuoka et al., 2024; Nishino et al., 2025). However, due
to the non-linearity of the self-attention mechanism (e.g., the inner product of queries and
keys, and a smooth activation function such as GELU), Transformer-based architectures
cannot be represented as piecewise-linear functions, which makes the above specific existing
algorithmic approach inapplicable. While similar challenges arise in adaptive regularized
estimation approaches, for which selective inference methods have been proposed by Pirenne
and Claeskens (2024), these methods are akin to fixed-width grid searches. Such approaches
can be computationally prohibitive or limited in approximation accuracy when applied to
the complex architecture of attention mechanisms. Therefore, a more efficient strategy
is required. In this study, we introduce a new computational approach to develop SI for
attention in Transformers.

Demonstration. Figure 1 illustrates the problem setup considered in this study, where
we applied a naive statistical test, which does not consider selection bias, and our proposed
statistical test to a brain image diagnosis task. The upper panel shows a brain image with a
tumor region, where attention on the tumor region is expected to be declared as statistically
significant (with a small p-value). Here, both the naive test and the proposed test conclude
that the identified attention is statistically significant with p-values nearly 0. In contrast,
the lower panel displays a brain image without a tumor region, where attention is expected
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(b) Brain image without tumor. The naive p-value is 0.000 (false positive) and the selective p-value
is 0.875 (true negative).

Figure 1: Schematic illustration of the problem setup and the proposed method on a brain
image data set. By inputting a brain image into the trained Transformer classifier,
the attention map is obtained, which indicates the area on which the attention
mechanism focuses. Our objective is to provide the statistical significance of the
attention map using the p-value. To achieve this objective, we consider testing the
attention region, which consists of pixels with high attention levels by thresholding
the attention map. The results suggest that the naive p-value (see Section 4)
cannot be used to properly control the false positive (type I error) rate. Instead,
the selective p-value (introduced in Section 2) can be used to detect true positives
while controlling the false positive rate at the specified level.

to be determined as statistically non-significant (with a large p-value). In this case, the
naive test falsely detects significance (false positive) with an almost zero p-value, while the
proposed method yields a p-value of 0.875, concluding that it is not statistically significant
(true negative).

Contributions. This paper significantly extends our preliminary work presented at In-
ternational Conference on Machine Learning (ICML) 2024 (Shiraishi et al., 2024a). While
the conference version was limited to a one-sample test for Vision Transformers, this work
generalizes the framework to arbitrary continuous-valued inputs (including time series),
introduces new hypothesis testing variants (e.g., two-sample tests), and provides a more
applicable and optimized implementation as a Python package to facilitate practical use.
Specifically, our main contributions are summarized as follows:

e We introduce a theoretically guaranteed framework to quantify the statistical signif-
icance of attention in Transformers, with a specific focus on image and time series
data (see Section 2).
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e We develop a selective inference method for attention in Transformers, introducing
a novel computational approach to compute p-values without selection bias (see Sec-
tion 3).

e We demonstrate the effectiveness of our proposed method through applications to
synthetic data simulations, as well as real-world tasks such as brain image diagnosis
using MRI data and electroencephalography (EEG) data analysis (see Section 4).

An implementation of our method for PyTorch-defined Transformer models is available as
the Python package sid4attention at https://pypi.org/project/sidattention/. For
reproducibility, the experimental code is available at https://github.com/shiraral016/
statistical_test_for_attention_in_transformers.

2. Statistical Test for Attention in Transformers

This study focuses on evaluating the statistical significance of attention in Transformers
applied to image and time-series data. We consider the setting where a Transformer model
has already been trained on a labeled data set—such as brain images for diagnosis or EEG
signals for neurological assessment. Given a trained Transformer model, our goal is to assess
the attention maps generated when a new test input is provided—for example, a brain scan
or EEG recording from a new patient. Specifically, we test whether the regions highlighted
by the attention truly contain meaningful and distinctive information. This is important
because while attention values may appear focused, it remains unclear whether they corre-
spond to informative patterns or are influenced by noise or model artifacts. Our statistical
framework allows this question to be tested rigorously, providing trustworthy insights into
the interpretability of Transformers applied to real-world applications. The details of the
architecture of the Transformer model employed in our experiments are provided in Ap-
pendix A.1.

2.1 Assumptions and Notations

Let us denote the input image with n pixels or the input time series with n time points as
x € R". We assume that the input data x is a realization of the following random vector

X=(X1,...Xn) =p+e e~N(0,%),

where p € R" is the true underlying value vector, which corresponds to the pixel intensities
for image data or signal intensities for time series data, and € € R" is the noise vector
with covariance matrix ¥ € R™*™. We do not pose any assumption on the true value
vector p, while we assume that the noise vector € follows the Gaussian distribution with
the covariance matrix ¥ known or estimable from external independent data.!

We define the computation of the attention map as a mapping A: R" 3 & — A(x) €
[0,1]™, which takes an image or a times-series x as input and outputs attention scores
A;(x) € [0,1] for each pixel or each time point i € [n]. The details of its computation are
provided in Appendix A.2. We then define the attention region M, of an input data x as

1. We discuss the robustness of our proposed method when the covariance matrix is unknown and the noise
deviates from the Gaussian distribution in Appendix F.
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the set of its constituent elements (pixels for image data or time points for time series data)
that have attention scores greater than a pre-specified? threshold value 7 € (0,1), i.e

My ={i€n]| Ai(x) > 1}. (1)

2.2 Formulation of Statistical Test

Hypotheses and Test Statistic. To quantify the statistical significance of the attention
region M, of an input data x, we propose the following statistical hypothesis test problem:

1
Z wi vs. Hi: ‘Mwlzg\;mm ’MC Z pi, (2

rM | Z“"\Mc

where Hg is the null hypothesis that the mean true value inside and outside the attention
region are equal, while H; is the alternative hypothesis that they are not equal. To conduct
the statistical test in (2), a natural choice for the test statistic is the difference in the mean
values between inside and outside the attention region7 ie.,

1
-
anX:‘M | Z i ’Mc Z Xy
ZlieMy
where nr, = \le 1. — \/Vllél M, is a vector that depends on the attention region Mg,

and 17 € R" is an n-dimensional indicator vector whose elements are set to 1 if they belong
to the set C C [n], and 0 otherwise. In this paper, for simplicity, we employ the following
standardized test statistic without loss of generality:

My, X
\/ A, SN

The p-value for the statistical test in (2) can be used to quantify the statistical significance
of the attention region M. Given a significance level a € (0, 1), e.g., 0.05, we reject the
null hypothesis Hy if the p-value is less than «, indicating that the attention region M, is
significantly different from the outside of the attention region. Otherwise, we fail to state
that the attention region Mg is statistically significant.

In the statistical test in (2), the statistical significance of the attention region is quan-
tified by evaluating whether the elements (pixels for image data or time points for time
series data) in the attention region selected by the Transformer model differ significantly
from those that were not selected. While the above formulation focuses on the difference
in mean true values for simplicity, similar approaches can be applied to other features de-
rived using appropriate filters. Other formulations are also possible (e.g., significance can
be evaluated using reference data), and these are discussed in detail in Appendix B. In
cases where multiple features are tested simultaneously (e.g., testing both mean intensity
and another feature), the family-wise error rate (FWER) can be controlled by applying
standard multiple testing corrections, such as the Bonferroni method, after performing the
valid hypothesis tests proposed in this work for each feature.

T(X)= 3)

2. The choice of 7 can be determined based on domain knowledge or specific application requirements. We
provide an extended discussion on a data-driven approach for selecting 7 in Appendix C.
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Conditional Distribution. To compute the p-value, we need to identify the sampling
distribution of the test statistic 7'(X) defined in (3). However, as the vector na,, depends
on the attention region M, (i.e., depends on x through a complicated computation in
the Transformer model), it is necessary to consider how the data influenced the attention
region through the complicated process of the Transformer model to derive the sampling
distribution of the test statistic 7'(X). To overcome this issue, we consider the conditional
sampling distribution of the test statistic T'(X) given the event {Mx = My}, i.e.,

T(X) [{Mx = Mz} (4)

This conditioning means that we consider the rarity of the observation (input data) x
only in the case where the same attention region Mx as observed M, is obtained. The
advantage of considering the conditional sampling distribution in (4) is that, by conditioning
on the attention region, the vector na, can be treated as a constant vector, and the test
statistic T'(X) becomes a linear function of X, which allows us to characterize the sampling
distribution of the test statistic T'(X).

Selective p-value. Statistical hypothesis testing based on conditional sampling distribu-
tions has been studied within the framework of SI, also known as post-selection inference.
In this study, we utilize the SI framework to perform the statistical hypothesis test defined
in (2), based on the conditional sampling distribution specified in (4). For the tractable
computation of the conditional sampling distribution in (4), we introduce an additional
condition on the sufficient statistic for the nuisance parameter Qx, defined as

SNMa 1A
Ox = (In— == | X.
Mg, 21MM.,

This additional conditioning on Qx is a standard practice in the SI literature required for
computational tractability.® The selective p-value is then defined as

Dselective = PH0(|T(X)| > ‘T($)| ’ Mx = M$7 Ox = Q:L') (5)
Theorem 1 The selective p-value in (5) satisfies the following property of a valid p-value:
IP)Ho (pselective < 04) = Q, Vo € (0, 1)'

The proof of Theorem 1 is provided in Appendix G.1. This theorem guarantees that the
selective p-value is uniformly distributed under the null hypothesis Hy, which is the defining
property of a valid measure of statistical significance. This uniformity allows for valid statis-
tical inference on the attention region M. Furthermore, this framework supports interval
estimation of the parameter of interest (e.g., the difference in mean values) by inverting the
proposed statistical test. We provide the detailed formulation and experimental evaluation
of these confidence intervals in Appendix D.

3. Computation of Selective p-values

In this section, we propose a novel computational procedure for the selective p-values in (5).

3. The nuisance component Qx corresponds to the component z in the seminal paper by Lee et al. (2016)
(see Sec. 5, Eq. (5.2), and Theorem 5.2) and is used in nearly all SI-related works cited in this paper.
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3.1 Characterization of Conditional Distribution

To compute the selective p-values in (5), we need to characterize the following conditional
distribution of the test statistic:

T(X) [ {Mx = Mg, Qx = Qa}. (6)

Due to conditioning on the sufficient statistic for the nuisance parameter Qx, the event
{X € R" | Mx = Mg, Qx = Qg} is restricted to a one-dimensional line within R”.
Consequently, the conditional distribution of the test statistic T'(X) given this event is a
truncated normal distribution defined on this one-dimensional event.

Theorem 2 Under the null hypothesis Hy defined in (2), the conditional distribution of the
test statistic defined in (6) is a truncated standard normal distribution, with the truncated
region Z defined as

Z={2€R [ Mgtb: =Mz}, a=0Qy, b= (n;\rAwEan)_l/anMm-

The proof of Theorem 2 is provided in Appendix G.2. Note that, from the definition of
the vectors a and b, the observed value of the test statistic T'(x) satisfies x = a + bT(x)
and thus belongs to the truncated region Z. According to Theorem 2, once the truncated
region Z is identified, the selective p-value in (5) can be immediately computed based on
the tail probability of the truncated standard normal distribution, i.e.,

Dselective = IP)(|Z| > |T(m)| | S Z)a where Z NN(O, 1)'

Thus, the remaining task is reduced to the characterization of Z. Based on the definition
of the attention region in (1), the condition part of the truncated region Z defined in
Theorem 2 can be reformulated as

Maib: = Mg <{i€[n] | Ai(a+bz) >7} =M,
{Al-(a +bz)>71, Vie Mg
Ai(a+bz) <1, Vi g Mg
& fi(z) <0, Vi€ [n],

where f;: R — R, i € [n] is defined as

f2) = {T—Ai(a-i-bz) (i€ Ma) o

Aila+bz)—7 (i ¢ My)

Therefore, we can finally reformulate truncated region Z as

Z=(V{zeR]| fi(z) <0} (8)

1€[n]
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3.2 Adaptive Grid Search for Selective p-value Computation

The problem of finding Z in (8) is reduced to the problem of enumerating all solutions to
the nonlinear equations f;(z) = 0 for each ¢ € [n] in (7). The difficulty of this problem
depends on the complexity and nonlinearity of these functions f;, i € [n|. Fortunately,
since each function f; is part of the attention map computation in Transformer models,
it is continuous, (sub)differentiable, and possesses a certain level of smoothness (except in
pathological cases). Assuming a certain degree of smoothness for these functions f;, by
adaptively generating grid points in the one-dimensional space z € R and computing the
values of f;(z) at each grid point, it is possible to identify Z in (8) with sufficient accuracy.
This further means that the selective p-value in (5) can be computed with sufficient accuracy
(as stated in Theorem 3 later).

The overall procedure for estimating the selective p-value by an adaptive grid search
method is summarized in Algorithm 1. Here, S defines the grid search interval [—S, 5],
while ey, and epax denote the minimum and maximum grid widths, respectively. Note
that, in line 9 of Algorithm 1, the interval J is included for computational simplicity. The
key concept of Algorithm 1 lies in how to determine the adaptive grid width d(z;).

Algorithm 1: Selective p-value Computation by Adaptive Grid Search
Input: S, emin, Emaxs {fi}ie[n] and T'(x)
j 0,29 =5
while z; < S do
compute the adaptive grid width d(z;)
Zj4+1 4 2j + min(emax, max(d(2;), Emin))
j—j+1
d' + min(emax, d(T(x)))
J+— [T(x)—d,T(x)+d]
284 Uy ezlzg, 2| U T
Perid < P(|Z] > |T(x)| | Z € Zgia), where Z ~ N(0,1)
Output: pgiq

[SLUNN' N UR VR

© 0w N o

The following theorem states that, by utilizing the Lipschitz constant of f;, it is possible
to appropriately determine the adaptive grid width d(z;) and compute the selective p-value
with sufficient accuracy.

Theorem 3 Assume that f; is differentiable and Lipschitz continuous for all i € [n]. As-
sume further that f; has at most a finite number of zeros, and that for any zero z* of f;, its
derivative f!(z*) is non-zero, for all i € [n]. Define the grid width d(z;) as

izl
d(z) _ ZG["‘]Iv?il(r?«’lj)<0 Li(zj) (ZJ S Z),
v 52

(2 ¢ 2),

max
i€n], fi(z)>0 Li(25)
where L;(z;j) is the Lipschitz constant of f; in the emax-neighborhood of zj. Then, we have

‘pselective - pgrid| = O(Emin + eXp(—SZ/Q)); where emin — 07 S — oo.

10
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FEWEG) ™)

Figure 2: Schematic illustration of the relationship between grid width and Lipschitz con-
stant. Let L;(z;) be the Lipschitz constant of f; in the epax-neighborhood of
zj. Then, due to Lipschitz continuity, f; maintains the same sign on the interval
(25,25 + | fi(2j)|/Li(2;)]. Note that this figure considers the case where epax is
sufficiently large.

The proof of Theorem 3 is provided in Appendix G.3. The following lemma suggests why
it is reasonable to define the grid width as d(z;) in Theorem 3.

Lemma 4 For the grid width d(z;) defined in Theorem 5, we have

zj € Z = [2j,2; + min(emax, d(z;))] C Z,
zj ¢ Z = [2j,2; + min(emax, d(2;))] C R\ Z.

The proof of Lemma 4 is provided in Appendix G.4. The central idea of the proof is that f;
maintains the same sign on the interval [z;, z; + min(emax, | fi(2j)|/Li(2;))] from Lipschitz
continuity (as illustrated in Figure 2). In Algorithm 1, the max operation (in line 4) is
employed to prevent the grid width from becoming so small that the search process gets
stuck within either Z or R\ Z.

3.3 Implementation of Adaptive Grid Search

Heuristics for Practical Implementation. To compute the grid width d(z;) in The-
orem 3, it is necessary to know the Lipschitz constant L;(z;) of the attention score A;
(from which f; is derived) in the vicinity of z;. In this paper, for practical computation,
d(z;) is determined by conservatively estimating the Lipschitz constant L;(z;) using some
heuristics. Specifically, we introduce two types of heuristics based on the relative positions
of the current grid point z; and the observed test statistic 7'(x). In the case where z; is
far from T'(x) (i.e., |z; — T'(x)| > 0.1), we assume that f; can be approximated by a linear
function in the emax-neighborhood of z;. Then, we conservatively set L;(z;) = 10|f/(z;)|.
Here, we can also assume that the sign of f; does not change on the interval [z}, 2j + €max]
for an index i where f;(z;) and f/(z;) have the same sign, because f; is assumed to be
approximated by a linear function. This can be implemented by performing the min or
max operation (from the definition of d(z;)) only for indices ¢ such that f;(z;)f/(z;) < 0.
In contrast, in the case where z; is close to T'(x) (i.e., |z; — T'(x)| < 0.1), f; may exhibit
a flat shape or micro oscillations and tends to take values close to zero. Note that careful
consideration is required when any f; is close to zero, as this implies that the grid point
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close to T'(x)
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Figure 3: Schematic illustration of the heuristics we have employed in this paper. The left
and central parts of the figure illustrate the case where a grid point is far from
T'(x), while the right part illustrates the case where a grid point is close to T'(x).
In the left part (representing z; far from T'(x)), the function f; is approximated
by a linear function, and its Lipschitz constant L;(z;) is conservatively set to
10| f/(zj)|. In the central part (representing zj, far from T'(x) and f; approximated
linearly), the sign of f; does not change as long as f;(zx)f/(zx) is positive. In the
right part (representing z; close to T'(x)), the function f; may exhibit a flat shape
or micro-oscillations and tends to take values close to zero.

zj is near the boundary of Z. Therefore, it may not be reasonable to utilize the derivative
of f; in the same manner as above, so we set L;(z;) = 1 by assumption. This assumption
is highly conservative, given that the range of the attention score A; is [0,1]. A schematic
illustration of these heuristics is presented in Figure 3.

Derivative of Attention Maps. We considered utilizing the derivative of each f; to
compute the grid width d(z;). This necessitates computing the derivative of the attention
map A (from which all f; are derived), an output of the Transformer model. Automatic
differentiation (AD), a technique implemented in many deep learning frameworks (e.g.,
TensorFlow and PyTorch), can be used to compute this derivative. It should be noted
that the task involves differentiating an n-dimensional attention map with respect to a
scalar input z;. For differentiating a function with a scalar input and a high-dimensional
vector output, reverse-mode AD (also known as backpropagation) is generally inefficient.
Therefore, forward-mode AD (which computes Jacobian-vector products, or JVPs) is a
more suitable option for this scenario, and we employ the forward-mode AD capabilities
provided by PyTorch in our implementation. For details, see our implementation code.

Python Library. We implemented si4attention, a Python library based on PyTorch,
to compute selective p-values for attention regions in Transformer models using our proposed
Adaptive Grid Search. This library provides a primary function, test_attention. Its only
mandatory arguments are the data to be tested and the Transformer model; it returns an
attention map and its corresponding selective p-value. The input data is accepted as a
torch.Tensor. The requirements for the Transformer model are minimal: it must be an
instance of an nn.Module subclass and must possess a method to extract raw attention
weights from each layer. These requirements align with standard practices in attention
analysis for Transformers. For more details, please refer to our library repository.

12
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4. Numerical Experiments

4.1 Methods for Comparison

We compared our proposed method (adaptive) with naive test (naive), permutation test
(permutation), and Bonferroni correction (bonferroni), in terms of type I error rate and
statistical power. Then, we compared our proposed method with other grid search options
(fixed and combination) in terms of computation time. See Appendix E.1 for more details.

4.2 Synthetic Data Experiments

Setup. In our experiments, we employed an identical setup for both image and time series
data. First, we trained Transformer classifier models on synthetic data sets. For each data
type (image and time series), a synthetic data set with 1,000 negative samples (drawn from
N(0,1)) and 1,000 positive samples (drawn from N (u,I)) was generated. The true value
vector p was set to u; = A for i € S and p; = 0 for i € [n] \ S, where A was uniformly
sampled from [1,4] and S was a randomly located region of interest.

After training, we conducted experiments using the trained Transformer models on test
data sets. A test sample (either an image or a time series) was input into the respective
trained model to obtain an attention map, which was then used to perform a statistical test.
In all experiments, we set the threshold value 7 = 0.6, the grid search interval [—S,S] with
S = 10 + |T(z)|, the minimum grid width i, = 1074, the maximum grid width ey =
10!, and the significance level a = 0.05. We considered two types of covariance matrices
3 € R™™ for generating the test data. The first represented independence: ¥ = I, € R™*™,
The second represented correlation, structured as follows: for image data, ¥ = ¥/ @ ¥ €
R™ " where ¥/ = (0.5171);; € RV™V7; for time series data, ¥ = (0.5771);; € R,

To evaluate the type I error rate, we varied two primary factors: data size (i.e., the
number of pixels n for images or the number of time points n for time series) and model
architecture configuration. For data sizes, we varied the image size n € {64, 256, 1024, 4096}
for image data and the time series length n € {128,256,512,1024} for time series data.
For model architecture configurations, we varied the architecture size in {small, base, large,
huge} (details are in Appendix E.2). Unless otherwise specified, the default data size was 256
and the default architecture was base. For each experimental configuration, we generated
10,000 null test samples drawn from N(0,Y). The first 1,000 of these null samples also
served for comparing computation times. To investigate the power, we fixed the data size
to 256 and the architecture to base, then generated 1,000 test samples drawn from N (p, 32).
For these power experiments, the true value vector p was set to u; = Afori € Sand pu; =0
for i € [n] \ S, where S is a randomly located region of interest and A € {1.0,2.0,3.0,4.0}.

Results. The results for type I error rate are presented in Figures 4 and 5. The adaptive
and bonferroni methods successfully controlled the type I error rate below the significance
level across all configurations and for both image and time series data, whereas the other two
methods, naive and permutation, could not. Because the naive and permutation methods
failed to control the type I error rate, we did not evaluate their statistical power. The results
for statistical power are presented in Figure 6. We confirmed that the adaptive method
exhibited much higher power than the bonferroni method across all configurations and for
both image and time series data. The results for computation time are presented in Figures 7
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and 8. Across all configurations and for both image and time series data, the adaptive
method outperformed the other compared grid strategies, fixed and combination, despite
utilizing the smallest minimum grid width.

Discussion. Our experiments confirmed that the approximation approach, using the
heuristics considered in Section 3, works well for attention maps in Transformer models. We
further assess the reasonableness of these heuristics by presenting several examples of our
target function f;, defined in (7), in Figure 9. The plots demonstrate that the behavior of
fi is generally consistent with our heuristics: its shape can be approximated linearly when
z is far from T'(x), and it tends to take values close to zero when z is close to T'(x). This
observed behavior can be understood by considering the input to the Transformer model,
which can be expressed as a + bz = x + b(z — T'(x)), where b is, by definition, parallel to
Nm, by definition. When z is far from T'(x), the input « + b(z — T'(x)) results in data
(an image or time series) where elements within the attention region M, (i.e., pixels or
time points) are distinctively highlighted. Consequently, each attention score A; (and thus
fi) often exhibits a gradual, near-linear trend. Conversely, when z is close to T'(x), the
definition and continuity of f; lead to the expectation that some f; values will be close to
zero. However, it remains an open question whether these heuristics are universally valid
across all, especially more complex, Transformer architectures. In some instances, accu-
rately modeling highly nonlinear functions might necessitate a significant reduction in grid
size, which would, in turn, incur increased computational costs.

4.3 Real-World Data Experiments

Setup. We conducted experiments on real-world data sets to demonstrate the effectiveness
of our proposed method. For the image data, we utilized the T2-FLAIR MRI brain scans
from the Brain Tumor Segmentation (BraTS) 2023 data set Karargyris et al. (2023); LaBella
et al. (2023). We preprocessed this data set to obtain 402 positive images (with tumors) and
532 negative images (without tumors). From these images, 300 positive and 300 negative
images were used to train the Transformer classifier model. The remaining images were
used for testing, i.e., to conduct the statistical test. For the time series data, we utilized
electroencephalography (EEG) signals recorded during the RSVP task (reaction to visual
stimuli presentation) from the data set provided by Won et al. (2022). We preprocessed
this data set to obtain 550 positive time series (identified by a stimulus-induced potential
shift) and 7,700 negative time series (lacking such a shift). From these time series, 400
positive and 400 negative time series were used to train the Transformer classifier model.
The remaining time series were used for testing, i.e., to conduct the statistical test. Further
details on the data sets and preprocessing steps are provided in Appendix E.3.

Results. The results for the adaptive and naive methods are presented in Figure 10
for the MRI data set and Figure 11 for the EEG data set. The naive p-values remained
small even for negative samples, indicating that they cannot be reliably used to quantify the
statistical significance of the attention regions. In contrast, the selective p-values (computed
from our adaptive method) were appropriately large for negative samples and small for
positive samples. These results indicate that the adaptive method can effectively detect
true positive cases while avoiding false positive detections.

14



STATISTICAL TEST FOR ATTENTION IN TRANSFORMERS

—— adaptive bonferroni —— permutation —— naive

1.0 1.0 1.0 1.0 —
£0.8 £0.8 — £0.8 £os //\
o o o o
§0.6 EO.G §0.6 §O.6
Y04 Y04 Y04 Y04
g g 8 g
|Z‘0'2 lzo.Z |Z‘0'2 |2,0.2

0.0 64 256 1024 4096 0'%mall base large huge 0.0 64 256 1024 4096 O'%mall base large huge

Image Size Architecture Image Size Architecture
(a) Independence (b) Correlation

Figure 4: Type I Error Rate for synthetic image data set. Only our proposed method
and Bonferroni correction are able to control the type I error rate across all
configurations.
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Figure 5: Type I Error Rate for synthetic time series data set. Only our proposed method
and Bonferroni correction are able to control the type I error rate across all

configurations.
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Figure 6: Statistical Power for synthetic data sets. Our proposed method has much higher
power than Bonferroni correction across all configurations.

15



SHIRAISHI, MIwA, KATSUOKA, DUy, NISHINO, TAJI, AND TAKEUCHI

—— adaptive combination —— fixed

% 10* ©10% % 10* ©10%
g g g g

3 3 3 3
= 10 = 10 = 10 = 10
S100———| § S10.— | 51
=102 =102 =102 = 10
8 S 8 S
aipllm— | 210t 310ll—————| 210t
€ € € €
o o o (e}
© 100 © 100 © 100 © 100

64 256 1024 4096 small base large huge 64 256 1024 4096 small base large huge
Image Size Architecture Image Size Architecture
(a) Independence (b) Correlation

Figure 7: Computation Time for synthetic image data set. Our proposed method outper-
forms the other two grid strategies across all configurations.
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Figure 8: Computation Time for synthetic time series data set. Our proposed method
outperforms the other two grid strategies across all configurations.
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Figure 9: Demonstration of our target function f;. For this demonstration, we generated a
null image x from N(0,I) with image size 256. We then input this image into a
trained Transformer model with a base architecture to obtain the attention map.
The vertical red line indicates the observed value of the test statistic, T'(x), and
the horizontal red line represents zero. The blue plots display f; values for 10
randomly selected indices ¢ from the attention region Mg, while the orange plots
display f; values for 40 randomly selected indices 4 from its complement, M.
Note that the region where all f; values fall below zero (i.e., below the horizontal
red line) corresponds to the truncated region Z.
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Figure 10: Demonstration on the MRI data set. Our proposed method conclude that atten-
tions are statistically significant for positive images with tumors, while avoiding
falsely detection of significance for negative images without tumors.
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Figure 11: Demonstration on the EEG data set. Our proposed method conclude that at-
tentions are statistically significant for positive time series with potential shift,
while avoiding falsely detection of significance for negative time series without
potential shift.
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5. Conclusion

In this study, we introduced a novel framework for quantifying the statistical significance
of attention in Transformer, based on the concept of selective inference. We developed
an innovative computational method for computing p-values, which serve as indicators of
this statistical significance. One current limitation of our proposed method is its computa-
tional cost, which can make application to high-resolution data or very large architectures
challenging. Introducing more efficient and robust heuristics is a key direction for future
improvement, potentially broadening the applicability of our proposed method. We be-
lieve that this study opens an important avenue for ensuring the reliability of attention
mechanisms in Transformer models.
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Appendix A. Details of Transformer Models

A.1 Structure of Transformer Models

The overall structure of the Transformer model employed in our experiments is illustrated
in Figure 12. Within the Multi-Layer Perceptron (MLP) components, we use two fully-
connected layers and set the hidden dimension to four times the embedding dimension
(#emb_dim). The Multi-Head Self-Attention mechanism utilizes a specified number of
attention heads (#heads). Regarding patch embedding, the approach differs by data type:
for image data, we set the patch size to min(2, |\/n/8]) and the padding size equal to this
patch size; while for time series data, we set the patch size to |[n/32] and the padding size
to half of this patch size. For our default model configuration, we set the number of layers
(#layers) to 8, the embedding dimension (#emb_dim) to 64, and the number of attention
heads (#heads) to 4.

A.2 Computation of Attention Maps

Let N denote the number of patches (#patched), L the number of layers (#layers), and
H the number of attention heads (#heads). We also define D as the dimension per head,
calculated as the embedding dimension (#emb_dim) divided by the number of attention
heads (#heads). In our experiments, we employed the Attention Rollout method, proposed
by Abnar and Zuidema (2020), to compute the attention map. We now describe the formu-
lation of attention weights and their aggregation, which ultimately produce the attention
map A(x) € [0,1]" from an input € R™.

Formulation of Attention Weights. Within the [-th layer (for [ € [L]) and its h-th
attention head (for h € [H]), let Q; € RWADXD and K € RWHDXD denote the query
and key matrices, respectively. The dimension (N + 1) accounts for N input patches plus
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Figure 12: Structure of Transformer models.
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an additional class token. The attention weights A;; € R are then computed

as
KT
Ay = softmax (%) , (L,h) € [L] x [H],

where the softmax operation is applied row-wise to the input matrix. Note that the rows
of Ay, correspond to queries and the columns correspond to keys.

Aggregating Attention Weights. First, we compute layer-wise attention weights 4; €
ROVADX(N+1) by averaging the head-specific attention weights A, across all H attention
heads for each layer [ € [L]:

Z Aip, L€ L

he[H

Then, to aggregate these layer-wise attentions into a single weights matrix A € RW+DxNV+1),
we form terms by adding the identity matrix I € RINTDX(N+1) 5 each A;, and then com-
pute the matrix product of these resulting terms across all layers:

A=TTA+D),

le[L]

where the addition of the identity matrix accounts for the skip connections within the
Encoder Blocks, as depicted in Figure 12. Finally, we extract an N-dimensional attention
vector A € RV from A by selecting the attentions from the class token to the N patches:

A=A 2.N11,

which represents the aggregated attention from the class token (query) to each of the NV
patches (keys).
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Post-Processing. We upscale the N-dimensional vector A to an n-dimensional vector
A’, whose size matches that of the original input data @, using bilinear interpolation. Then,
we obtain the final attention map A(x) € [0,1]" by applying min-max normalization to A’.

Appendix B. Other Statistical Tests for Attentions in Transformers

In §2, to quantify the statistical significance of the attention region, we defined the null and
alternative hypotheses in (2), thereby evaluating the attention region based on its entire
exterior. However, other null and alternative hypotheses can also be considered for this
purpose. For instance, we describe two such options below: one evaluating the attention
region against its neighboring regions, and another evaluating it against reference data.

B.1 Difference from Neighborhood Region

For a given attention region My, we define its neighborhood region, /\/l , as the set of
indices located within a certain distance from M, but not in M, itself:

MY ={i e n]\ My | 3j € Mq,p(i,5) < R},

where p(i,7) is a distance metric between indices ¢ and j, and R is a threshold distance.
In this paper, we employed the Chebyshev distance as the distance for p(i,7) and set R
to max(1, |\/n/16]) for the image data and |n/16] for the time series data. Based on this
neighborhood region, to quantify the statistical significance of the attention region, we can
define the null and alternative hypotheses as:

1 1
o D A T e v e 3 g Do O

ieMy iemMy

To conduct the statistical test in (9), a natural choice for the test statistic is the difference
in the mean values between the attention region and its neighborhood region, i.e.,

1
T - § . §
MM X = M| X ./\/IN\ X,
1EMg 1EM N

where N, = ﬁly\@ — WI%N is a vector that depends on the attention region M.
For this statistical test, the theoretical framework discussed in Section 2 and Section 3 can
be applied in exactly the same manner, thereby allowing the statistical test to be performed
validly.

B.2 Difference from Reference Data

To quantify the statistical significance of the attention region, we can also utilize inde-

pendent null reference data ' € R™. Let us assume that this reference data x™f is a

realization of the random vector

Xref (Xref 7‘valef) _ “ref + 6ref re NN(O,Eref),
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where p*®! is the true underlying value vector and €™ is a Gaussian noise vector with a
known or estimable covariance matrix X', Based on this, we define the null and alternative
hypotheses as:

‘M|Zuz—

To conduct the statistical test in (10), a natural choice for the test statistic is the difference in
the mean values between the attention region and the corresponding region in the reference

data, i.e.,
e (s ) = g 2 % >
T AXT !M i \M »

where my, = ﬁ((l%m)—r, —(17/(/11') )T e RQ” is a vector that depends on the attention
region M. For this statistical test, by considering the augmented random vector

() = () + () (he) =2 (0.6 52)).

the framework discussed in Section 2 and Section 3 can again be applied in exactly the same
manner, thereby allowing the statistical test to be performed validly.

Z /'Lieli VS. |Mm’ Z /’LZ Z ref’

m‘ iEMg ZEM

B.3 Experimental Results

To evaluate the statistical tests defined in (9) and (10), we conducted experiments for type
I error rate and statistical power, following the methodology described in Section 4. The
results for the type I error rate are presented in Figures 13, 14, 16, and 17. The results for
statistical power are presented in Figures 15 and 18. These figures show results similar to
those in Section 4, indicating that our adaptive method also outperforms the comparator
methods for these statistical tests.

Appendix C. Data-Driven Approach for Selecting Threshold Value

In Section 2, we defined the attention region M, by thresholding the attention map A(x)
with a pre-specified threshold 7. To extend our method to practical scenarios where an
appropriate threshold is unknown a priori, we present a data-driven approach for selecting
7. A practical strategy is to select 7 based on the empirical distribution of the attention
scores {A;(x) | i € [n]}. For instance, we can set 7 to the k-th largest attention score
A(xy(x) for a pre-specified integer k € [n]. Crucially, the theoretical framework discussed
in Section 2 and Section 3 remains valid under this selection strategy, necessitating only a
modification to the reformulation of the truncated region in (8).

C.1 Modified Reformulation of Truncated Region

We consider the scenario where the threshold 7 is set to the k-th largest attention score
A(ry(z). In this case, the attention region My is defined as

Mg ={i € [n] | Ai(z) > Ap)(x)},
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Figure 13: Type I Error Rate of statistical test in (9) for synthetic image data set.
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Figure 14: Type I Error Rate of statistical test in (9) for synthetic time series data set.
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Figure 15: Statistical Power of statistical test in (9) for synthetic data sets.
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Figure 16: Type I Error Rate of statistical test in (10) for synthetic image data set.
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Figure 17: Type I Error Rate of statistical test in (10) for synthetic time series data set.
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Figure 18: Statistical Power of statistical test in (10) for synthetic data sets.
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which implies that the top & — 1 elements with the highest attention scores are included in
M. Using the fact that A () = max;cpm\ m, Aj(x), the condition part of the truncated
region Z defined in Theorem 2 can be reformulated as

Marb: = Mg &{i € [n] | Ai(a + bz) > Ayy(a +b2)} = My
{Ai(a + bz) > max;ecmp\ m, Aj(a +b2), Vi M,
Ai(a + bz) < maxjcmp\ m, Ajla +bz), Vi € [n]\ Mg
eAi(a+bz) > Aj(a+bz), Vie Mg, Vjen]\ Mg
S fii(2) <0, Vi€ Mg,Vj € [n]\ Mg,

where f; j(z) = Aj(a + bz) — Ai(a + bz). Therefore, we can finally reformulate truncated
region Z as

z= () [) {zeR]fi;(z) <0}

iEMz jE[n)\ Mg

Based on this reformulation, the computation of the selective p-value can be performed anal-
ogously to the procedure described in Section 3. Note that the total number of inequalities
defining the truncated region Z is |[Mg| - |[n] \ M|, reaching a maximum of [n?/4|. While
this number exceeds that of the fixed threshold case (where the number of inequalities is
n), these inequalities are derived from the same n-dimensional attention map A(a + bz),
ensuring that the overall computational complexity remains feasible.

C.2 Experimental Results

To evaluate the data-driven threshold selection strategy, we set the threshold 7 to the k-th
largest attention score, with & = [0.1n]. Using this thresholding approach, we conducted
experiments for type I error rate and statistical power, following the methodology described
in Section 4. The results for the type I error rate are presented in Figures 19 and 20. The
results for statistical power are presented in Figure 21. These figures show results similar to
those in Section 4, indicating that our adaptive method also outperforms the comparator
methods even under this data-driven threshold selection strategy.
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Figure 19: Type I Error Rate for synthetic image data set with data-driven threshold.
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Figure 20: Type I Error Rate for synthetic time series data set with data-driven threshold.

—— adaptive bonferroni

1.0 1.0 1.0 1.0
©0.8 ©0.8 ©0.8 ©0.8
z z z z
o [e] [e] [e]
<06 0.6 <06 0.6
© © © ©
S S S S
0.4 504 0.4 0.4
® ® ® ®
&0.2 &0.2 / &0.2 & 0.2 /

0015 20 30 40 %%T0 20 30 a0 %%0 20 30 a0 %10 20 30 40

Signal Strength Signal Strength Signal Strength Signal Strength
(a) Image (Independence and Correlation) (b) Time Series (Independence and Correlation)

Figure 21: Statistical Power for synthetic data sets with data-driven threshold.

Appendix D. Confidence Intervals

In Section 2, we mainly focused on statistical hypothesis testing for evaluating the difference
in mean values between the attention region and its complement. In addition to hypothesis
testing, our framework can be utilized to construct confidence intervals for the parameter
of interest. We define the scalar parameter ¢ as the standardized difference in mean values
between the attention region M, and its complement:

-

Mpg, M 1 1 1

0= T - T |M|Zui_WZM
\/anEan \/anEan zliem z! g M

Note that the test statistic T'(X) acts as an estimator for this parameter §.

D.1 Construction of Confidence Intervals

The construction of confidence intervals for § can be achieved by inverting the hypothesis
test described in Section 3. From Theorem 2 and its proof, under the condition {Mx =
Mg, Qx = Q}, the test statistic T'(X) follows a truncated normal distribution with mean
0, variance 1, and truncated region Z. We denote the cumulative distribution function of
this truncated normal distribution as

Fs(2)=P(Z<z|Z € 2), where Z ~ N(4,1).
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Since F3(T'(x)) is a pivot quantity that follows a uniform distribution, we can construct a
(1 — «) confidence interval [dr,, 0y] for any significance level « € (0, 1) by finding the values
of § that satisfy

a «

9 F5U(T(w)) =5

Since Fs(z) is strictly decreasing with respect to 4, these endpoints d;, and dy are uniquely
determined and can be computed efficiently using numerical root-finding methods (e.g., the
bisection method).

Fop (T(x)) =1 -

D.2 Experimental Results

To evaluate the validity of the proposed confidence intervals, we conducted experiments
following the experimental setup for type I error rate evaluation described in Section 4, with
the covariance matrix set to ¥ = I,,. We computed 95% confidence intervals (o = 0.05)
for the parameter § and evaluated the coverage rate, defined as the proportion of trials
where the constructed interval contains the true parameter 6. The results are presented
in Figure 22. These results demonstrate that our adaptive method achieves coverage rates
close to the nominal level of 95% across all configurations, confirming the validity of the
proposed confidence intervals.

Appendix E. Experimental Details
E.1 Methods for Comparison

We compared our proposed method (adaptive) with the following methods:

e naive: The method uses a classical z-test without conditioning, i.e., the naive p-value
is computed as ppaive = P(|Z] > |T'(x)|), where Z ~ N(0,1).

e permutation: This method uses a permutation test. The procedure is as follows:
first, we compute the observed test statistic T'(x) by inputting the observed data
x € R” into the Transformer model. Then, we generate B permuted data (we set
B =1,000), denoted M . xB) € R” by permuting the elements of @. For each
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Figure 22: Coverage Rate for synthetic data sets. Our proposed method achieves coverage
rates close to the nominal level across all configurations.
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permuted data x(®), we compute its test statistic 7() by inputting it into the same
Transformer model. The permutation p-value is then computed as ppermutation =
% > belB] 1{|T®| > |T(x)|}, where 1{-} is the indicator function.

e bonferroni: This is a method to control the type I error rate by using the Bonferroni
correction, a simple yet widely used method for multiple testing correction. The
number of all possible attention regions is 2", then the Bonferroni corrected p-value
is computed as pponferroni = min(L VA pnaive)-

e fixed: This is a grid search method with a fixed grid width ¢ = 1073,

e combination: This is a grid search method with a fixed grid width € = 10~ for grid
points z; satisfying |2; — T'(z)| < 0.1 and a with € = 1072 for all other grid points.

Note that, in implementing the grid search methods (adaptive, fixed, and combination), a
binary search is performed to find the boundary of the truncated region Z between adjacent
grid points where one belongs to Z and the other does not.

E.2 Architectures to Compare

The architectures to compare in our experiments are presented in Table 1.

E.3 Details on Real-World Data Sets and Preprocessing

MRI Data Set. We utilized the T2-weighted Fluid-Attenuated Inversion Recovery (T2-
FLAIR) MRI brain scans from the Brain Tumor Segmentation (BraTS) 2023 data set (Karar-
gyris et al., 2023; LaBella et al., 2023). This data set comprises 934 3D T2-FLAIR scans,
each with dimensions of 240 x 240 x 155 voxels, presented without prior skull stripping.

As a preprocessing step, we first extracted a single 2D axial slice (240 x 240 pixels) from
the 95th slice position of each 3D scan. Subsequently, we cropped each slice to remove the
background outside the skull and then resized the cropped image to 64 x 64 pixels. Finally,
based on the provided tumor annotations, these processed 2D images were categorized
into 532 negative images (without tumors) and 402 positive images (with tumors). For
standardization, we first estimated the mean and standard deviation of pixel intensities
for each 2D image. These statistics were calculated using only pixel values from the brain
region, excluding the background outside the skull and the tumor region identified in the
ground truth. Each image was then standardized by subtracting its estimated mean and
dividing by its estimated standard deviation.

Architecture #layers #hidden_dim #heads #parameters

small 4 32 2 53.2K
base 8 64 4 405K
large 12 128 8 2.39M
huge 16 256 16 12.7M

Table 1: Architectures to compare.
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EEG Data Set. We utilized the electroencephalography (EEG) signals recorded during
the Rapid Serial Visual Presentation (RSVP) task (focusing on the period following visual
stimuli presentation) from the data set provided by Won et al. (2022). This data set
comprises EEG recordings from 55 participants. For each participant, there are 40 positive
samples (target stimuli) and 560 negative samples (non-target stimuli). Each raw sample
consists of a 32-channel, 614 time-point signal, acquired from 32 electrodes at a sampling
rate of 512 Hz. The epoch for these recordings spanned from —200ms to 1000 ms relative
to stimulus onset. In this paper, our analysis specifically targeted the post-stimulus period
(Oms to 1000ms) to investigate the P300 response, a well-established neural marker of
target detection in RSVP paradigms.

As a preprocessing step, we first applied a band-pass filter to the raw samples, following
the methodology described by Won et al. (2022). Subsequently, to transform the multi-
channel samples into univariate time series, we averaged the signals from three central
electrodes: Fz, Cz, and Pz. Finally, we averaged sets of four samples from the same
participant that shared the same label, resulting in 550 positive samples and 7,700 negative
time series. For standardization, we first estimated the mean and standard deviation of
signal values from a dedicated set of 100 negative samples that were not utilized in either
model training or statistical testing. Each time series was then standardized by subtracting
this estimated mean and dividing by this estimated standard deviation.

Appendix F. Robustness of Type I Error Rate Control

We confirmed the robustness of our proposed method in controlling the type I error rate
by evaluating its performance in two scenarios: when the covariance matrix is estimated
from the test data itself, and when the noise follows one of five non-Gaussian distribution
families.

F.1 Estimated Covariance Matrix.

For the case where the covariance matrix is estimated from the test data, we conducted
experiments to evaluate type I error rate. These experiments followed the same methodology
as in Section 4 with the covariance matrix > = I,,. For each configuration, we generated
10,000 null test samples and performed a statistical test using an estimated covariance
matrix 21, where 62 was the sample variance computed from each respective test sample.
For these experiments, we considered three significance levels a € {0.05,0.01,0.10}. The
results, presented in Figure 23, show that our proposed method robustly controlled the type
I error rate across all configurations, even when the covariance matrix was estimated from
the test data.

F.2 Non-Gaussian Noise.

For the case where the noise follows one of five non-Gaussian distribution families, we con-
ducted experiments to evaluate type I error rate. We fixed the data size to 256 and the ar-
chitecture to base, and considered the following five distribution families for the noise: skew
normal distribution family (skewnorm), exponentially modified normal distribution family
(exponnorm), generalized normal distribution family with a shape parameter § < 2 that is
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Figure 23: Type I Error Rate for synthetic data sets with estimated covariance matrix. Our
proposed method robustly controlled the type I error rate across all configura-

tions.
—— skewnorm exponnorm —f— gennormsteep —f— gennormflat —— t
0.20 0.04 0.20 0.04
] ] ] 2
S80.15 &£0.03 &0.15 &£0.03
s s s s
50.10 50.02 50.10 50.02
8 0.05 | E==——F=—sa—=% 80.01 = | £0.05{F—8——g——= $0.01 @{
= = = =
O'000.01 0.02 0.03 0.04 0'000.01 0.02 0.03 0.04 0'000.01 0.02 0.03 0.04 0'000.01 0.02 0.03 0.04
Wasserstein Distance Wasserstein Distance Wasserstein Distance Wasserstein Distance

(a) Image (Significance Level 0.05 and 0.01)  (b) Time Series (Significance Level 0.05 and 0.01)

Figure 24: Type I Error Rate for synthetic data sets with non-Gaussian noise. Our proposed
method robustly controlled the type I error rate across all configurations.

steeper than the normal distribution (gennormsteep), generalized normal distribution fam-
ily with a shape parameter 8 > 2 that is flatter than the normal distribution (gennormflat),
and Student’s t distribution family (t). For each family, we first identified specific distribu-
tions such that the 1-Wasserstein distance from N(0,1) is [, for [ € {0.01,0.02,0.03,0.04}.
We then generated 10,000 null test samples from each distribution and performed a statisti-
cal test. For these experiments, we considered two significance levels o = {0.05,0.01}. The
results, presented in Figure 24, show that our proposed method robustly controlled the type
I error rate across all configurations, even when the noise followed one of five non-Gaussian
distribution families.
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Appendix G. Proofs
G.1 Proof of Theorem 1

We proof this theorem based on the Theorem 2. Then, by probability integral transforma-
tion, under the null hypothesis, we have

Dselective ‘ {MX = Mm; QX - Qm} ~ Umf(O, 1)7
which leads to
]P)Ho(pselective <« | Mx =Mz, Qx = Qz) =a, YVa e (07 1)~

For any a € (0,1), we firstly marginalize over all the values of the sufficient statistic for the
nuisance parameter and then over all possible attention regions. Regarding the marginal-
ization of the sufficient statistic for the nuisance parameter, we have

IP)H() (pselective <« ‘ MX - Mm)

:/ ]P)Ho (pselective <« | Mx = Mg, Qx = Q:c)PHO(QX =0 | Mx = Mm)de
—a [ Pu(@x = Qa | Mx = Ma)dQs = o
Rn

Regarding the marginalization of the attention region, we have

IP)Ho (pselective < (X)

= > Phy(Psclective < @ | Mx = Mg)Py,(Mx = My)
Ma €2\ {0,[n]}

=a > Py,(Mx = Mg) = a. |
Ma€20M\{0,[n]}
G.2 Proof of Theorem 2
According to the conditioning on Qx = 9, we have

SNMa A,

QX = Q:c = In -
( M, ZMM,

>X:Qw<:>X:a+bz,

where z = T'(X) € R. Then, we have

X ={X eR" | Mx = Mg, Qx = Qa}
={X eR" | Mx =Mz, X =a+bz,zecR}
={a+bzeR" | Mgip, = Mg,z € R}
={a+bzeR"|z€ Z}.

Therefore, we have that the following conditional distribution of the test statistic is the
truncated standard normal distribution with the truncated region Z:

31



SHIRAISHI, MIwA, KATSUOKA, DUy, NISHINO, TAJI, AND TAKEUCHI

G.3 Proof of Theorem 3

We note that the eax is not necessarily to evaluate the error bound because it is introduced
for implementation convenience. Let us define the indicator function I(z;) as

I(Z) _ 1 (Emin < d(zj))
! 0 (Emin > d(25))

First, we divide R into the four unions of intervals such that any two of them have no
intersection with length as

Rl=  |J [hagalud B2= | 24l
jI(z5)=1,z,€Z I (z5)=1,2;¢ 2
RS = U [Z]" Zj+l] \ ‘]a R4 = (_OO’ _S] U [S’ OO)
Jl(z;)=0

Here, R' c 28"d and R? C R \ Zend are obvious from the definition of them, and from the
Lemma 4, we have R C Z and R?> C R\ Z. Then, we have following subset relationships:

Rlcz z¥dcRIRURPUR! (11)

Let us denote the probability density function of the standard normal distribution as ¢
and the cumulative distribution function of that as ®, and introduce the integrate function
T: B(R) > R — [, ¢(z)dz € [0,1], where B(R) is the Borel set of R. Additionally, for any
R € B(R), we define the two sets Rin, Rout € B(R) as

Rin = RN [=|T(2),|T(z)]], Row =R\ [=[T(2)],|T(a)]].

Then, using the standard normal distribution Z ~ A(0,1), we have pselective and Dgrid as

I(Zout)
selec ive:IP Z T ZeZ)= y 12
Patcive = P21 > [T(&)|| Z € 2) = 228 (12)

. I(Zgrid)

= gridy _ Z\“out /
peia = Pra(2] > [T(e)]| | Z € 26°) = 220, (13)

respectively. Therefore, by considering the subset relationships in (11), our goal of evaluat-
ing the error is casted into the evaluating the Z(R'), Z(R?), and Z(R*). To do so, we start
to evaluate the length of R3.

We denote the Lipschitz constant of f; as L; > 0 and the number of zeros of f; as K; € N.
We define the L > 0 and K € N as L = max;c,) L; and K = max;c[,) K;, respectively.
Then, for any z; € Z, we have

1 fi(z))] 1 fi(z))]
d(z;) > min > min
(25) 2 ieln] Li(zj) ~ieln] L

Furthermore, regarding the condition of R, we have e, > mingep,) | fi(z5)|/L from I(z;) =
0 < emin > d(zj). Therefore, we have the following subset relationship:

Rc | [ggnl= | [zg2+emlC U (2, 2 + Emin)- (14)
Jl(z;)=0 JH(z;)=0 JlLEmin>min;e[n) | fi(25)|
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Continuously, we evaluate the length of R? by show that the set in (14) is restricted to the
neighborhood of the zeros of f;. For i € [n], we denote the k-th zeros of f; as qir(k € [K;]),
and the minimum value of |f]| at the zeros of f; as h; > 0 (i.e., h; = minge (g, [ (qir)])- Let
us denote the h > 0 as h = min;p, h;. Here, by using these zeros, we define the set D(r)
for any r > 0, which is the union of the r-neighborhood of the zeros,

U U qik — T, 4k + T]

i€[n] ke[K;]

Then, for any i € [n] and k € [K;], from the definition of derivative function, there exists
dir > 0 such that, for any s satisfying 0 < |s| < 0,

fi(qix + 5) — filair)

S

— filair)| <

h
2

holds. Therefore, from the triangle inequality and the definition of h, we have

h

fi(qir + 5)
S

fi(qir + s)
S

fi(qik + s)
==

> (' (qix) — > | f'(qik)| — >h—

To summarize, we have | f;(qx+s)| > h|s|/2 including the case of s = 0. Thus, let us denote
the § > 0 as § = min;ep, minge(x,) dix, then, for any s satisfying [s| < §, we have

1\ >* 15
fg[lﬁkrg[g]\f(qu)! |sl. (15)

Next, we consider the set [—S5,S5]\ D(J), which is assumed to have its boundary points
added. Then, this set is a compact set, and thus the minimum value of min;c,, [f| in this
set is attained and we denote it as [ > 0 (because [ = 0 violates the assumption of zeros of
fi and the definition of D(¢)).

As follows, we consider the asymptotic case of ey, — 0 and then only consider the case
of emin < min(ho/2L,1/L). In this case, we have 0 < 2Lenyin/h < §, thus, from (15), the
infimum of min,e, [fi| in D(3)/D(2Lemin/h) is greater than or equal to h(2Lemin/h)/2 =
Lemin. By combmmg this with the definition of [, for any z € [-S,S] \ D(2Lemin/h), we
have

mﬁ | fi(2)| = min(Lémin, 1) = Lémin,
€n

where we used the assumption of i, < I/L. Therefore, we have

R3 C U [Zj7 zj + Emin]

JILEmin>min, ¢ [n] [ fi(25)]

2L
C U [Zj,Zj + Emin] cD ((h + 1> 5min> .

j‘zj eD(2L€min/h)
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Based on these results, we return to the evaluation of the Z(R'), Z(R?), and Z(R*).
Regarding the Z(R?), we have

sty < (( (2 1) )
5 3 (o (1)) e (20) )

i€[n] ke[K

T ol () ) oo ()

1€[n] ke[K

By using the mean value theorem and the fact that ¢ has the maximum value at 0, then
we have

Z Z (Z) < + 2) Emin < HK(Z)(O) <4}‘LL + 2) Emin = M1Emin, <16)

1€[n] ke[K;]

where M; = nK¢(0) (4L/h + 2) is a positive constant independent of enyi, and S. Next,
regarding the Z(R'), from the mean value theorem, the symmetry of ¢ and the decreasing
property of ¢ on [0,00), we have

I(RY) 2 Z(J) 2 I([T(x) — d', T(x) + d] N [-|T(@)],|T(@)]]) > ¢(T(x))d' = Mz,  (17)

where My = ¢(T(x))d’ is a positive constant independent of eni, and S. Finally, regarding
the Z(R*), we have
T(R") = 20(-5) (18)

Finally, we evaluate the error bound. From (11), (12) and (13), we have

(Rout) < ) < I((Rl @] R3 U R4)0ut)
I(Rl UR3U R4) = Pselective; Pgrid = I(Rl)

Therefore, by using (16), (17) and (18), we have the following error bound:

|pselective - pgrid’ SI((Rl - R3 Y R4)Out) _ (Réut)
Z(R') I(R'URSURY)
Z((R'UR* U Row)Z(R' U R*U R') — T(Rby)T(R')
- Z(RY)Z(R' U R3 U R%)
_I(Rau)Z(R*U RY) + I((R* U R*)ou)Z(R' U R* U RY)
T(RY)Z(R' U R3U R%)
Z(RPURY) + Z((R* U R*)out)
- Z(R1)?
%;221(33 UR') < A%(Mlemin +28(-9)). (19)

Here, based on the three equations lim,_, ¢(2)/2¢(2) =0, ®'(—2) = (1 — ®(2)) = —¢(2)
and ¢'(z) = —z¢(z), we have the lim, o ®(—2)/¢(z) = 0 from the 'Hopital’s rule. We
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consider the asymptotic case of S — 0o and then only consider the case of S sufficiently large
such that ®(—S) < exp(—S5?/2) holds (we can take such S because lim, o, ®(—2)/d(2) =
0). By combining this with (19), we have

2 2M; + 4
‘pselective - pgrid’ S 72(M15min + 2€Xp<—52/2)) S

2
min - 2 )

where the coefficient (2M; +4) /M2 is positive constant independent of e, and S. Thus, we
have successfully showed that the error is bounded by O(emin +exp(—52/2)) in asymptotic
case of epin — 0 and S — oo, which was what we wanted. [ |

G.4 Proof of Lemma 4

In case of z; € Z, we have

. : \fi(zy-)!]
Zi, %2 + min(emax, d(2; = |24, 2§ + €max ﬁ[z-,z'—i— min
(25,25 + min(Euma, d(2)))] = [ &S] 0 | 7575+ min S
|fi(z5)]
= ﬂ [Zj,Zj + Emax| N |:Zj,2’j + Li(Zj)

iE[n},fi(Zj)<0

= [ZjaZjerin <€max, L;(Zj:) )] cz.

i€[n], fi(z;)<0

Similarly, in case of z; ¢ Z, we have

Zi, 2z + min(emax, d(2; :z~,z-+€mxﬂ[z-,z'+ max
[J J ( a (J))] [] J a] 7] i€l fi(z;)>0 Li(zj)

= U [Zj, zj + 5max] N |:Zj, zj + : " :|
i€ fi(z;)0 Li(zj)
| fi(25)]

- U {ijzj + min <6max, Li(z,) )} CR\Z. H

i€[n], fi(2;) =0
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