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Abstract

We prove that all ‘gradient span algorithms’ have asymptotically deterministic behavior on
scaled Gaussian random functions as the dimension tends to infinity. This is a functional
generalization of similar results for random quadratic functions and spin glasses. They
explain the counterintuitive phenomenon that different training runs of many large machine
learning models result in approximately equal cost curves despite random initialization on
a complicated non-convex landscape. This ‘predictable progress’ phenomenon is exploited
by the AutoML community: Since the optimization progress of a single run is already
representative, multiple retries with the same hyperparameters are not necessary.
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gradient span algorithm, AutoML
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1. Introduction

We present a theoretical explanation for a remarkable empirical phenomenon that occurs
during the training of (large) machine learning models. ‘Training’ is the process of min-
imizing a cost (also known as error or risk) function f: RY — R over parameter vectors
x € RN by selecting successive parameter vectors z,, € R based on noisy gradients at
the previous parameter vectors zg,...x,_1. The parameters are typically the weights of a
neural network and N is very large. The phenomenon is that over multiple initializations
a:(()l),a:(()Q), ... € RN the progress a particular optimizer makes during the optimization is
approximately equal over different optimization runs:

(Fas), f@) ) = (Fa§), fa?), ).

Figure 1 shows this ‘predictable progress’ in practice. Using a relatively high batch size
(1000) to approximate the underlying noise-less cost, we demonstrate predictable progress
ourselves for the training on the MNIST dataset using a standard convolutional neural net-
work (cf. Figure 1a). The key to predictable progress is high dimensionality of parameters
(e.g. the neural network of Figure 1a has roughly N = 2.3 million parameters, which is still
small in comparison to neural networks used for tasks beyond the “toy-problem” MNIST).
Figure 1b (Klein et al., 2017) demonstrates that this phenomenon is well known and more-
over relied upon for training heuristics. In Figure 2 we demonstrate this phenomenon on
synthetic random functions.

The predictable progress phenomenon is certainly surprising since there is no reason
to believe that function values along an optimization path should be approximately equal
for different initializations. And, in view of handcrafted deterministic counterexamples,
predictable progress is obviously not provable for arbitrary high-dimensional functions.

But this phenomenon clearly exists empirically, and recently predictable progress has
been proven for random quadratic functions generated from the mean squared error
applied to linear models (Paquette et al., 2022; Paquette and Trogdon, 2022; Deift and
Trogdon, 2021; Pedregosa and Scieur, 2020; Scieur and Pedregosa, 2020). While quadratic
functions are a simplified convex setting, these contributions offered a first explanation
for the observed phenomenon of predictable behavior in high dimensions. We will extend
these results to the much more general, non-convex setting of Gaussian random functions.
This setting was already used in the machine learning literature for instance by Pascanu
et al. (2014) and Dauphin et al. (2014) to explain why the overwhelming share of critical



PREDICTABLE PROGRESS

—— Adam(n = 0.001, B::Tuple = (0.9, 0.999))
25k Descent(n = 0.1)
.............. Descent(n — 3)
20F
1.5F
1.0
0.5
0.0 & I I L L

(a) The plot shows an empirical approxi-
mation of the cost sequence resulting from
the training of a standard convolutional
neural network on the MNIST dataset
(LeCun et al., 2010). We plot the values
of f(m((f)), ey f(xggo) against the steps
0,...,120 on the x-axis. The minimiza-
tion is performed with three optimization
algorithms: Adam (Kingma and Ba, 2015)
(with learning rate n and momentum )
in blue and two version of gradient de-
scent (learning rate n = 0.1 and n = 3)
in red and green. Each optimizer was run
10 times from randomly selected initializa-
tions méz) using the (random) default ini-
tialization procedure.

Validation accuracy

Number of epochs

(b) In the plot, taken from Klein et al. (2017,
Figure 3), optimization runs are grouped into 5
categories of hyperparameter settings represented
by color. Each category contains 10 optimization
runs using the same hyperparameter configura-
tion. The predictable progress of the validation
accuracy per configuration is used in Klein et al.
(2017) to argue that it is sufficient to try a con-
figuration once. The overall goal of Klein et al.
(2017) is furthermore to fit a parametric models
to the ‘learning curves’ in order to stop training
early and switch to a different configuration if the
progression does not seem promising.

The training heuristics that aspire to be ‘AutoML’
(i.e. automatically fit data without human inter-
vention) are therefore built on this phenomenon.
And the fact that these training heuristics are
so successful demonstrates how ubiquitous pre-
dictable progress is in practice.

Figure 1: Predictable progress in machine learning practice

points are saddle points in high dimension, whereas the critical points of low dimensional
GRFs are dominated by minima and maxima (Rasmussen and Williams, 2006). To lighten
the technical difficulty that arises from this generalization, we do not consider stochastic
gradients of sample losses. Instead we assume the algorithms operate with full gradients of
the cost.

The specific modelling assumption of Pascanu et al. (2014) and Dauphin et al. (2014)
were stationary isotropic GRFs, which we will extend to (non-stationary) isotropic GRF's to
include the setting of random quadratic functions and more generally dot product kernels
(i.e. spin glasses) which are both non-stationary (see Section A).

Similar to the convention of capital letters for random variables, we use bold font to
denote random functions f. Since our results are limit theorems in the dimension N, we
mark this important dependency in the index. While the parameter sequences would also
have to be indexed by the dimension N we omit this index for notational clarity. In simplified
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terms we will prove the following theorem for predictable optimization in high dimension,
precise theorems are given in Section 2:
If fr is a (non-stationary) isotropic GRF on a high-dimensional domain
RY, then the (random) sequence fy(Xy), fx(X1),... along the (random) pa-
rameter sequence X, X1, ... selected by a standard first order optimization
algorithm are close to a deterministic sequence fy,f;,... with high proba-
bility.

To be a bit more precise, we will prove the following in Theorem 12: Suppose Xg, X1, ...
is the (random) sequence of parameter points obtained by running an optimizer on the
(random) function fy: RY — R initialized at an independent, possibly random point Xg.
For ‘gradient span algorithms’ & (e.g. gradient descent) and a sequence of (non-stationary)
isotropic GRFs (fx)nen we construct a sequence of deterministic real numbers fo, f1, ... such
that, for n € N,

lim ]P’(]fN(Xn) > e) =0, Ve>0.
N—o0

The proof is completely constructive (Remark 15) and the limiting values f,, may be com-
puted with complexity O(n%) given an algorithm &, the mean and covariance kernel of
the random functions fy and the length of the initialization vector Xy (Remark 16). In
Figure 2 we demonstrate convergence empirically by applying gradient descent to simula-
tions of a GRF in various dimensions. In Corollary 13 we will show that an application
of the stochastic triangle inequality yields approximately equal optimization progress given
different initialization points (as can be seen in Figure 1 and 2).

Related work Beyond the work on random quadratic functions, our article is closely
related in spirit to work from statistical mechanics where similar high dimensional limits
are considered (referred to as the ‘thermodynamic limit’). Specifically, isotropic random
functions restricted to the sphere coincide with the “spherical spin-glasses” from statistical
mechanics. This fact is not obvious, as p-spin glasses are defined explicitly as random
homogeneous p-th order multivariate polynomials, i.e.!

Y 1
Z Ji1,...,ipxi1 Ly, = 7<J’ x®p>’ (1)

1
fnp(z) = ﬁ JN

i1yeenip=1
with all entries of the tensor J = (Jz‘l,...,z‘p)il,...,ip iid standard normal distributed. However
it is straightforward to calculate their covariance function Cov(fy(z), fnp(y)) = + (2, y)P,
which fully characterizes a centered Gaussian random function. And it turns out that the
mixtures of independent p-spin glasses

fn(z) = Zaprp(a:), an € R,
p=0

1. Spin glasses were historically defined on the domain {—1, +1}N . Their spherical counterpart was there-
fore defined on the the sphere of radius v/N which contains this set. However, with the definition of a
rescaled inner product (the “overlap”), they are effectively mapped to the unit sphere. Also note that the
canonical “Hamiltonian” Hy , is of the form Hy p,(z) = Nfx,(v/Nz). The outer scaling is compatible
with ours, since results in statistical mechanics are proven about Hy p(x)/N.
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Figure 2: For each learning rate hyperparameter we simulated 100 gradient descent trajec-
tories on a centered Gaussian random function with covariance C¢(z,y) = + exp(—w).
Plotted are the trajectories, their empirical mean and ribbons representing twice the em-
pirical standard deviation. In the lower right we show how the variance of the trajectories

decrease with the dimension. See Remark 16 for more details.

have the covariance Cry (7,y) = > 2, aZ(z,y)?, which exhaust all continuous isotropic

covariance kernels on the sphere that are valid in all dimensions (Schoenberg, 1942).

Results about ‘spin glasses’, such as the celebrated Parisi-formula are therefore general
results about isotropic random functions on the sphere. A recent review of results relevant
for optimization can be found in (Auffinger et al., 2023). The Parisi-formula (Parisi, 1980;
Talagrand, 2006; Panchenko, 2013; Huang and Sellke, 2024) provides the limiting value of the
global maximum /minimum of spin glasses in the high dimensional limit. Beyond this static
analysis, optimization algorithms have recently been analyzed as well. In particular, there
is a hardness result (Huang and Sellke, 2022), which establishes an algorithmic barrier that
does not necessarily coincide with the global minimum. Even more recently, Sellke (2024)
showed for pure p-spin glasses that this algorithmic barrier may be reached by ‘Langevin-
dynamics’, i.e. a continuous time model of stochastic gradient descent.

The tensor form of spin glasses allows for the use of message passing algorithms, specif-
ically ‘Approximate Message Passing’ (AMP) (Donoho et al., 2009). AMP was originally
developed to understand programs that repeatedly multiply the same random matrix to
non-linear functions of the iterate. Since the same random matrix is used repeatedly, the
iterate becomes correlated with the matrix and it becomes necessary to control this ‘self-
interaction’ by conditioning. This approach has been generalized to multiple matrices in
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the ‘Tensor Program’ series (e.g. Yang, 2021) and it has also been generalized to spin glasses
made up of Tensors (Alaoui et al., 2021). By translating first order algorithms into AMP
(Celentano et al., 2020), ‘predictable-progress’ on spin glasses may be recoverable from the
general concept of ‘state-evolution’ (Bayati and Montanari, 2011; Javanmard and Monta-
nari, 2013; Alaoui et al., 2021). ‘State-evolution’, referred to as the ‘Master theorem’ in
(Yang, 2021) provides very general asymptotic statements about AMP algorithms. How-
ever, the random function requires a tensor representation to be expressed as AMP, which
is currently unavailable for general isotropic random functions on RY. AMP is therefore not
applicable. This may change in the future as the recent characterization of (non-stationary)
isotropic covariance kernels (Benning and Schoélpple, 2025) represents significant progress
towards a tensor representation of general isotropic random functions.

In contrast to AMP, our proof technique does not rely on a Tensor representation and is
entirely functional in nature. We have to use a similar conditioning technique to control the
self-interaction, but our conditioning is closer in spirit to the one that is used in Bayesian
optimization (BO) (e.g. Kushner, 1964; Frazier, 2018). This suggests that it may be easier
to analyze Bayesian optimization algorithms using our approach. And the intuitiveness of
our approach would only be obfuscated by a translation of first order algorithms into AMP.

Our proof relies on two new techniques: custom coordinate systems and a functional
conditioning technique formalized by Benning (2026). These could be combined with tech-
niques from the AMP literature to significantly strengthen our results in future work. For
example, it should be possible to strengthen convergence in probability to almost sure con-
vergence.

Organisation of the article In Section 2 we formalize the setting (gradient span opti-
mization algorithms and (non-stationary) isotropic GRFs) and state the main result. Our
asymptotic formulation of the original problem requires a dimensional scaling of the ran-
dom functions that is also standard in statistical mechanics. This scaling, crucial to our
approach, is discussed in Section 3. The proof of our main result is given in Section 4,
first as a sketch assuming stationary isotropy and then in detail. In Appendix A we show
random quadratic functions to be a special case of isotropic Gaussian random functions, in
Appendix B we provide a refresher on conditional Gaussian distributions, as we rely heavily
upon them, and in Appendix C we prove results that allow the strict positive definiteness
assumption to be dropped in the case of stationary isotropy.

2. Setting and main results

To enable our asymptotic analysis, a careful setting of the scene is required. Both, the
optimization algorithms considered and the distribution of fy need a representation inde-
pendent of the dimension N to allow for an analysis of N — oc.

2.1 The class of optimization algorithms &

Given a sufficiently smooth function f : RY — R, a naive optimization algorithm is given
by gradient descent, whose evaluation points are recursively defined as

Ty = Tp—1 —aV f(rp_1)
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preconditioning
Example | gradient momentum conjugate adaptive Adam Shampoo
descent methods  gradient scalar learn-
descent  ing rate
is GSA? v v v 4 X X

Table 1: What algorithms are gradient span algorithms (GSA)?

with some initialization o € RY and a learning rate o. The reader might want to keep
gradient descent in mind as a toy example, but everything we prove holds for a much
larger class of first order algorithms that contains many standard optimizers. Gradient
span algorithms (GSA) are a very general class of first order algorithms which pick the n-th
point x,, from the previous span of gradients

Tn € Spaﬂ{ﬂ?m Vf(x()), cee 7vf(xn—l)}' (2)

GSAs contain classic gradient descent, momentum methods such as heavy-ball momentum
(Polyak, 1964) and Nesterov’s momentum (e.g. Nesterov, 2018), and also the conjugate
gradient method (Hestenes and Stiefel, 1952). GSAs do not only encompass minimizers but
also maximizers and all sorts of other algorithms. While the initial point xg is typically
not included in the span, we admit this generalization to allow for concepts such as ‘weight
normalization’ (Salimans and Kingma, 2016), which project points back to the sphere (see
Remark 5 for further details). Since the defining property (2) of gradient span algorithms
is not sufficient to identify a particular GSA, we define a very general parametric family of
GSAs in Definition 1. This family includes all the algorithms mentioned above. Importantly,
the parametrization chosen does not use dimension specific information and a fixed gradient
span algorithm (such as gradient descent) can therefore be used for all dimensions. In
Table 1 we use a non-exhaustive list of popular algorithms to illustrate the generality of
gradient span algorithms. The main limitation are preconditioning methods, which are
further discussed in Remark 4.

Definition 1 (General gradient span algorithm) For a starting point xo € RN and a
function f: RN — R, a gradient span algorithm & selects

n—1
£ 1= O(f,m0,m) = hwo + 3 WOV f(a), ®)
k=0

where we assume the prefactors hy, = (hgf)) U (hf@g;g)k:ow’n,l, using the union U to indicate
a concatenation of tuples, to be functions hy, = hp(In—1) of the previous dimensionless
information I,_1 available at time n, that is

I, := (f(a:k) k< n) U ((v,w) tv,w € (z0) UGn> with Gy := (Vf(z): k <n).

The algorithm & is called xg-agnostic, if

e it remains in the gradient span shifted by xg, i.e.

h® =1  vneN.



BENNING AND DORING

o The prefactors h, do not use the inner products with xg, that is they are functions of
the reduced information

10 = (F(X0), (V f @), Vf (@) : ol < ).

As mentioned above the reader might just think about ordinary gradient descent, which is
also xg-agnostic. We introduce the ‘zg-agnostic’ property, to allow for arbitrary initialization
distributions in the stationary isotropic case. Without this property, the algorithm could,
for example, use the length || X(|| as an indicator to switch between optimizers and therefore
cause non-deterministic behavior.

Remark 2 (Initial point is not special) It should perhaps be noted, that the initial point
xqg ts not the only point that may be used by gradient span algorithms, since we have

span{zo, V f(x0), ...,V f(xn_1)} = span{zo, ..., 2n—1,Vf(20),..., Vf(xn-1)}
by induction over n as x, is selected from this span.

Remark 3 (The same algorithm for all dimensions) Since the main objective of this
article is a dimensional limit statement for fixed algorithms (i.e. fized choice of prefactors
h) it is important to note that every fized gradient span algorithm & is well-defined in all
dimensions because the scalar product (-,-) is well defined for every dimension N € N.

Remark 4 (No preconditioning) Gradient span algorithms notably exclude precondi-
tioning methods such as Adam (Kingma and Ba, 2015) and Shampoo (Gupta et al., 2018),
which apply a preconditioning matrix P, to the gradients and thereby leave the span of gra-
dients. The reason is related to the previous remark: We want “the same algorithm in every
dimension” and the GSA family only uses dimensionless information which can be shown
to converge as the dimension tends to infinity. In contrast, preconditioning methods collect
information about each coordinate separately and treat them differently accordingly. This
makes it much more challenging to analyze their limiting behavior in the dimension as the
limiting behavior can no longer be captured by a simple number. Since Adam still seems
to behave predictably in high dimension (Figure 1), it is likely possible, albeit much more
challenging to analyze its limiting behavior (see also Section 5, A4).

Remark 5 (Projection) We claimed that the inclusion of the initial point xo into the
span, or equivalently the prefactor h,(f), would allow for algorithms projecting back to the
sphere or ball. In the following, we show that our general gradient span algorithms also
contain gradient span algorithms with spherical projections.

Assume that the point x,, is defined by

T, = Px, with Z,= x +Zh mek

where P is either a projection to the sphere or the ball. Note that this implies either a
division by ||Z,|| in case of the sphere, or a division by max{||Z,|,1} in case of the ball.
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But the norm

|a]|? = <h<w>>2||:cou2+2h<x>2h (VF(xr),z0) + > hORE) (Vf(21),V f(1)) .
e =0 \—/—/

el, el, el,

s a function of the information in I,_1 and can therefore be used to define

- i (9)
h(x) — h}w) h g) — hjlg,lc
n lZ n,k [EA]

in the case of the projection to the sphere and similarly for the projection to the ball.

2.2 The class of random function distributions

For a random function? fy : RY — R on some probability space (£, 4,P) we denote the
mean and covariance functions by

pey () == Elfy(z)] and Cgy (z,y) := Cov(fn(x), fn(v)), z,y € RY,

As we want to prove a limit theorem for N — oo to make predictions about the high
dimensional cost functions found in practice, the mean ug, and covariance C¢, needs to
be defined for every dimension. They should also remain constant in some sense to avoid
arbitrary sequences. As the domain RY changes over N this requires a parametric form
provided by covariance kernels. To obtain non-trivial results, some scaling is also required
(discussed in Section 3).

Definition 6 (Scaled sequence of isotropic Gaussian random functions (GRF))
A scaled sequence (fx)nen of GRFs fy : RN — R s called

(i) (non-stationary) isotropic, if

Hf N (.’IJ) = M(@) and CfN (l’ y) (”552“ |y2” ) <.%', y>)7 T,y € RNv (4)

for continuous functions pu: R — R and k: D — R with D = {\ € R% So X R:|Ag] <
2v/ 1A} C R3. In that case we write £y ~ N (i, k).

(ii) stationary isotropic, if
—_ull2 INa
pey (z) =p eR and Cey (z,y) = ﬁC(M), z,y € RY,
for a continuous C': R>g — R. In that case we write fy ~ N (p, C).

Remark 7 (Motivation for isotropy) While we define isotropy as a functional form of
the covariance function, isotropy is best understood axiomatically as an invariance to rota-
tion and reflection (e.g. Benning and Scholpple, 2025). To motivate this invariance in the
context of predictability let us highlight a case that must be avoided.

2. Recall that ‘random process’, ‘stochastic process’ and ‘random field’ are used synonymously for ‘ran-
dom function’ in the literature, that their law is characterized by all finite dimensional marginals (e.g.
Klenke, 2014, Thm. 14.36) and that Gaussian random functions are fully determined by their mean and
covariance.
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Think about some one-dimensional function f1: R' — R where the values along the
optimization path (say of gradient descent) strongly depend on the initialization. Lift this
one dimensional function into RN by

fn(@) = fi((v,2))

for some direction vector v. Then fn certainly does not share the features of high dimen-
sional cost functions encountered in machine learning, since the cost along the optimization
path depends heavily on the initialization again. To explain the phenomenon of predictable
cost sequences (cf. Figure 1) the model for cost functions therefore should not be reliant
on particular directions v. Thus, we assume that directions should be exchangeable, which
suggests at least rotation and reflection invariant random functions as a model.

Non-stationary isotropy as a distributional assumption for cost functions was introduced
by Benning and Déring (2024) as a generalization of the common stationary isotropy as-
sumption (e.g. Dauphin et al., 2014). This was motivated by the fact that simple linear
models already break the stationary isotropy assumptions. Linear models equipped with a
mean squared loss can also be used to derive random quadratic functions (Section A), which
have been analyzed before and are isotropic.

Before getting to the main results, we have to define one more concept. For a given
mean function p and covariance kernel x we are interested in a sequence of (non-stationary)
isotropic random functions fy ~ N (u, ) over the dimension N. But it is not clear that a
function x (resp. C) corresponds to a random function for every dimension, as it may not
always define a positive definite kernel. If it does, we speak of validity in all dimensions.

Definition 8 (Valid in all dimensions) We say x (resp. C) is valid in all dimensions if
for any dimension N there exists a (non-stationary) isotropic random function fn ~ N (u, k)
(respectively stationary isotropic fxy ~ N (u, C)).

Since one can always restrict the domain of a random function fy to a lower dimensional
subspace it should be clear that the only possible type of restriction is an upper bound on
the dimension. We refer the reader to Sasvari (2013, Section 3.8) for the “Schoenberg”
characterization of stationary isotropic covariance kernels that are valid up to dimension
N (Schoenberg, 1938). The stationary isotropic covariance functions which are valid in all
dimensions are given exactly by the kernels of the form

= ex — 27" 1% T
() = /[O’OO) p(—Eryw(dl),  r>0, (5)

for some finite measure v on [0,00) (Sasvari, 2013, Theorem 3.8.5). The (non-stationary)
isotropic kernels have only very recently been classified (Benning and Schélpple, 2025). The
continuous isotropic kernels valid in all dimensions are of the form

r(ll I () =S an 2], D (2 2™
n=0

where the «,, are continuous positive definite kernels on [0, 00). With a,(z,y) = an|lz||™||y||™
for a,, € R, dot product kernels represent a wide class of (non-stationary) isotropic random
functions that are not stationary isotropic on RY but also valid in all dimensions. Restricted
to the sphere, dot product kernels are known as spin glasses in statistical mechanics.

10
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2.3 Main result: predictable progress in high dimensions

Our main result proves that the optimization path fxn(Xp),fn(X1),... is asymptotically
deterministic for large dimension N. In addition, we prove a similar statement about
the gradient norms ||[Vfy(X,)||* and more generally about their scalar products. As we
assume continuity of the prefactors h,, for the gradient span algorithm &, they are also
asymptotically deterministic due to continuous mapping. To reduce the initial complexity,
we first state the simplified corollary for the stationary isotropic case. In this case some of
the technical assumptions can be removed which should allow the reader to focus on the
core message.

Corollary 9 (Predictable progress, isotropic case) Let C define a stationary isotropic
kernel valid in all dimensions (Definition 8) and let fy ~ N (u,C) be a sequence of scaled
isotropic Gaussian random functions in N (Definition 6). Let & be a general gradient span
algorithm (Definition 1), where we assume that its prefactors hy, = hp(In—1) are contin-
uwous in the information I,_1, and utilize the most recent gradients, i.e. hig}l_l #£ 0 for
all n € N. Let the algorithm & be applied to fn with independent, possibly random start-
ing point Xg € RN and denote by X,, the points resulting from &. Finally, assume that
| Xoll = A almost surely. Then there exist characteristic real numbers

fn="Tn(®, 1,5, A) €ER and g = gn k(B 1,6, A) €R,
such that, for all e > 0, n, k € N,
A}gnoo]P’(]fN(Xn) —ful >€) =0 and

lim P(WfN(Xn),VfN(Xk)) — gk > e) ~0.
N—o0

If furthermore the algorithm is xo-agnostic (e.g. gradient descent), then the limiting values
do not depend on A and the starting point Xy can have arbitrary distribution independent

Of fN.

Since most algorithms are xg-agnostic, this result explains the approximately determin-
istic behavior in high dimension for stationary isotropic GRFs. The general case is covered
by the following remark.

Remark 10 (Initialization on the Sphere) Initialization procedures like Glorot initial-
ization (Glorot and Bengio, 2010) select the entries of Xo independent, essentially iden-
tically distributed, and scaled in such a way that the norm does not diverge. The norm
therefore obeys a law of large numbers and is thus plausibly deterministic in high dimen-
sion. The assumption, ||Xo|| = X almost surely, is therefore realistic. This explains the
phenomenon of (approximately) predictable progress of optimizers started in a randomly
selected initial point using Glorot initialization, as observed in Figure 1.

The following proof of Corollary 9 should also serve as a reading aid for Theorem 12,
which states the same result in greater generality. The proof shows how the general state-
ments of Theorem 12 simplify to the more digestible statement for stationary isotropic
GRFs.

11
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Proof Observe that fy(Xy) and (VEn(Xy), VEn(X;)) for k,I < n are members of the
random information vector I,, defined in Theorem 12. Their convergence therefore follows
immediately from the convergence of the information vector I,, proven in Theorem 12.
Since all stationary isotropic random functions are (non-stationary) isotropic, this Corollary
follows immediately from Theorem 12 once we verified the additional required assumptions.

The first assumption is the smoothness assumption on the covariance function (As-
sumption 11). It follows from the fact that all stationary isotropic random function, which
are valid in all dimensions, are infinitely differentiable by the Schoenberg characterization
(Sasvari, 2013, Theorem 3.8.5), see also (5). The second assumption is the strict positive
definiteness of (fn, Vy ), which also holds for all stationary isotropic random functions valid
in all dimensions by Corollary 42 below. Note that Corollary 42 requires that the random
function fy is not almost surely constant. But if fy were almost surely constant, then
we get asymptotically deterministic behavior from the fact that fy(zg) ~ N (i, +C(0)),
i.e. fx(xo) — p. Since fy is almost surely constant, we thus obtain fy — p uniformly in
probability. The xg-agnostic case follows from the stationary case of Proposition 24. |

We now come to the main theorem of the paper, predictable progress of gradient span algo-
rithms on (non-stationary) isotropic random functions in high dimensions. While kernels of
stationary isotropic GRF's that are valid in all dimensions are always smooth, and the mean
function is always constant, the same may not be the case for the more general situation of
(non-stationary) isotropy. We will therefore assume the following smoothness properties:

Assumption 11 (Sufficiently smooth) With r;(A1, A2, A3) = di/\i/i()\l,/\g,)\g), we as-
sume the partial derivatives

Ki2, K13, K23 and K33 (6)

of the kernel Kk exist and are continuous. Furthermore, we assume the derivative of the
mean p exists and is continuous.

In Equation (10) we can see that the covariance of derivatives is directly related to the
derivatives of the covariance function. For Vfy to exist, it is therefore natural that Cg,
has to be differentiable. The covariance has to be two times differentiable in a sense, as we
require the following to be well defined

COV(aifN (SU), a]fN(y)) = 81‘1856J CfN (CC, y)

In the case of (non-stationary) isotropic functions, this requires the existence of (6) by
Lemma 20. And the existence of the terms in (6) is in fact necessary and sufficient for
Vfy to exist in an L?-sense (e.g. Gihman and Skorokhod, 1974, Ch. IV, §3, Thm. 4). Our
additional assumption of continuity is slightly weaker than typical sufficient conditions for
a point-wise defined, continuous version of Vfy to exist (e.g. Adler and Taylor, 2007).
Intuitively, we therefore simply assume Vfy to be continuous almost surely.

Here is our main result:

Theorem 12 (Predictable progress, general case) Assume k defines a kernel valid in
all dimensions (Definition 8) and let fy ~ N (p, k) be a sequence of scaled (non-stationary)

12
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isotropic Gaussian random functions (Definition 6) in N. Assume that p and k are suf-
ficiently smooth (Assumption 11) and that the covariance of (fn,VEx) is strictly positive
definite (Definition 40). Let & be a general gradient span algorithm (Definition 1), where
we assume that its prefactors h, = hy, ( n 1) are continuous in the information I,_1, and
utilize the most recent gradients, i.e. nn 1 # 0 for all n € N. Let the algorithm & be
applied to fn with independent, possibly random starting point Xo € RY and denote by X,
the points resulting from &. Finally, assume that | Xo|| = X almost surely. Then, for any
n € N, the random information vector

I, := (fN(Xk) ik < n) U ((v,w> tv,w € (To) U Gn) with Gy = (VEn(Xy) : k < n).

converges, as the dimension increases (N — o0), in probability against a deterministic
information vector Sy, = Ip (&, u, Kk, \).

An application of the stochastic triangle inequality yields the following corollary, which
perfectly describes Figure 1.

Corollary 13 (Asymptotically identical progress over initializations) Assume the
setting of Theorem 12 and let X(()l), X(2) be random initialization points selected indepen-
dently from fx. In the non-stationary case, we additionally assume that we we have almost
surely HX(I)H HX H = X € R. Let the sequences (Xq(z))neN be generated from the initial-

1zation Xé) by the same general gradient span algorithm &. Then we have, for alln € N

and all € > 0,
lim P(max‘fN X( )) fN(XE))‘ > E) = 0.

N—oo

Proof The proof is essentially an application of the stochastic triangle inequality
{|X—Z\ >e} - {\X—Y\ > %}U{\Y—Z\ > %}
which yields by Theorem 12
lim P (max|ty (X(") — £ (X)) > €)
N FURE v () — (D] > €

< tim SO[P(|ev(x) | > 5) + P(|en (D) 1| > 5))]

N—o0
k<n

=0.

Similar to Paquette et al. (2022), we obtain so-called asymptotically deterministic halt-
ing times as a corollary. The e-halting is defined as

L= inf{n > 0: | VEn(X,)|? < €}
We are going to prove it is asymptotically equal to the asymptotic e-halting time

=inf{n >0:g, <€} €N,

13
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where gy, := gpn, is the stochastic limit of || Vfx(X,)||? in the dimension. In practical terms
this means that optimization always stops at roughly the same time in high dimension.

Corollary 14 (Asymptotically deterministic halting times) Ife ¢ (g,)nen, then the
halting time is asymptotically deterministic

lim P(T, =1.) = 1.

N—o0

If e = g, for some n, then

lim P(T. € [r.,7f]) =1 with 7 :=inf{n>0:g, <e}.

€
N—oo

Proof The proof is identical to the proof of Theorem 4 of Paquette et al. (2022). [

Remark 15 (Explicit evolution formula) In the proof of Theorem 12 we construct ex-
plicit formulas for the conditional distribution of (f5(X,), VEN(X,)). This remark sum-
marizes these formulas. Due to its terse nature as a summary it may be difficult to read
without the context of the proof and may be more helpful as an overview after the reader
has familiarized themselves with the proof. In this summary we also ignore mathematical
conditioning challenges.

Let £ ~ N (u, k), let the filtration be given by

F = a(Xo,fN(Xk),VfN(Xk) k< n)
and let Vio.q,) = (Vo,---,Vd,—1) (notation defined in (12)) be the orthonormal basis of
V,, = span{:po,VfN(Xk) k< n}

obtained using the Gram-Schmidt process and wiq,.n) any orthonormal basis of VL. Then
for Yy, ..., Yy i N(0,1) independent of F—1 the following equality holds in distribution:
—0  (dn<n<N)

fN(Xn) YVO i
DVOfN( n) 1 Yl
. my, + ﬁ[cn] 2 )
d
Dvdn_lfN(Xn) Fn-1| = Ya, (7)
Dwdn f.N (Xn) de
: % :
Dy En(X5) Yn_1

The terms m,, and C,, and o2 all converge as N — oco. Since there are only finitely many
(Yo,...,Yq,), the term around C,, becomes asymptotically irrelevant due to scaling. On the
contrary o, remains important because there are N —d,, many Y; left such that their squared
sum is of constant order. By (51) we have that this ‘residual variance’ is given by

2 . w N \Tryw,Nij—15w, N
On = B (E{U:n\).n) [E[O:n,)] Zj{():n\)‘n <R,

14
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with Km (A1, A2, A3) := o= k(A1 Ao, Ag) and

Xol? [ Xnl?
li3(” 20|| ,|| ;H ,<X0,Xn>)
w, N . .
E[():H)J/ ’_ :
2 2
g (Pt IR 0x, 0, X))
X 2 X, 2 X, 2 X, _ 2
H3(” 5*” . 20” , 1%011%) "93(“ SH A n21” (X0, Xn-1))
Ew,N L
0:n) : ’ ’
X 2 X, 2 X, _ 2 X, _ 2
pog (It B X0 0, 0 X)) e g (et Xl e, 2

Note that all the (X;, X;) terms converge (Ind-III) as they are made up of components
from the information vector. Consequently all the terms above converge in N such that o2
converges in N. Moreover

2
n(50)
X 2

Iu/ <X'n,7 V v.N v, — v,
m, = &3 ) g + Ejt’):>z).,,,T[E[O:JX)] HZ(vipians Xjom) = ”EO:?]%\)]))'

nl

| 2

H/(IIXZnI )(vadn—1>

where the following row-major matrices are flattened into column vectors

fn (Xo) e v (Xn—1)
Ly Kom) = vec DVOf]?/(XO) DvOfN:(Xn_l) .
Dy, Ex(Xo) - Dy, Ex(Xao1)
e S e
pigin) = vee W ?<X0’V0> N(z):<Xn—17Vo>
(B0 (5, v ) oo () (X, v, )

With Dgfn = fn observe that the matrices above may be reindexed by {0,vo,...,v4, -1}
and {Xo, ..., Xn-1} instead of {0,...,d,} and {0,...,n—1}. This makes it easier to state
the corresponding covariance matrices

[EE)()Z)](U,:C,w,y) = COV(vaN(x)y Dwa(y)) v, w € {(Z)v Vo, .-, Vdn*l}? T,y € X[O:n)
v, N -~
[E:(,):n).u](v@,w) = COV(DUfN(:C)? Dwa(XTL))
where Cov treats v; and X; like deterministic variables (formal details in the proof of The-
orem 12). These are flattened to match the flattened vectors above. Finally,

_ s N _ 50N TN =150, N
C, = [0:n),n [ [0:71,)] [0:n),n?

15
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where > is the “covariance” matriz of (f5(Xp), Dy fn(Xy), - - - , Dy, _fn(Xy)) treating
v; and X,, like deterministic variables, i.e.

Cov(fn(Xn), En(Xp)) -+ Cov(fn(Xn), Dv,, ,fn(X)

Cov(Dy, ,fn(Xy),fx(Xn)) -+ Cov(Dy, fn(Xn),Dv, fn(Xy))

Remark 16 (Computationally tracking the evolution) Observe that the state space
is essentially given by (8), which contains n(d, + 1) ~ n? random variables. Its covariance
matrix 21[)0]:][) consequently has O(n*) entries and may be decomposed and inverted in O(n®)
time. Since Eﬁ)’ﬁ) contains the entries of the previous covariance matrices, the Cholesky
decomposition can be updated such that the total complexity over all iterations up to n
remains at O(n%) instead of growing to O(n"). To avoid the complexity of O(n® + Nn?)
when N 1is really large it is important to never compute the basis vectors v;. They are simply
an orthonormal basis and it suffices to compute the gradients and X; in this coordinate

system. Observe that by definition of vq,

Dwdn fN (Xn)
DVdan(Xn) = H

‘DWN—I fN (Xn)
where X is the chi distribution with k degrees of freedom. The remaining components of
Vin(X,) are already expressed in terms of the basis v;.

The implementation used to generate Figure 2 can be found at https: // github. com/
FelixzBenning/ pyGRF and we plan to publish a detailed explanation separately.

3. A discussion of the dimensional scaling

Readers unfamiliar with the % scaling of the covariance in (4) might hypothesize that this
reduction of the variance simply collapses the random function fx to the mean u in the
asymptotic limit. Since asymptotically deterministic behavior would then follow trivially,
it is important to understand why this is not the case.

To simplify the argument consider a stationary isotropic GRF, i.e. fy ~ N (u,C), the
arguments work similarly for any (non-stationary) isotropic GRF. For any fized parameter
z we have fy(z) ~ N'(i, C(0)), so the function value fy (z) indeed collapses exponentially
fast to the mean by a standard Chernoff-bound

B(lgx () — 1] > ) < 2exp(~Ngekey). (9)

While the function value fy(x) collapses to the mean, we will proceed to show that the
gradient Vfy(z) does not. And if the gradient does not collapse, it is sufficient to follow
the gradient to find points where fy stays away from p. So the function fy does not
uniformly collapse to the mean.

First, let us sketch how the the derivatives of random functions are related to the
derivatives of the covariance, see for instance Adler and Taylor (2007, Sec. 1.4.2) for a
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formal derivation. Assuming the mean to be zero, without loss of generality, we move the
derivatives outside of the integral to obtain

Cov(aﬁvz‘ fn (‘/E)v fN(y)) = amE[fN (a:)fN (y)] = 82?1‘ch (xv y)

Iterating on this idea yields the covariance of derivatives
Cov(0y,fn (), 0y, EN (y)) = Ox, 0y, ElfN (2)EN (y)] = Ox,0,,Cry (7, ). (10)

—_ 2 . . .
In the case of a stationary isotropic covariance Cg, (x,y) = %C(%) this implies

8$i8ijfN (.%', y) = % [C//(M)(xz - yz>(y] - xj) - Cl( Hx_zynz)éw} 5
@ (II)

where 0;; is the Kronecker delta. Part (I) is zero if z = y. The Kronecker delta in part (II)
then implies that the entries of Vf(z) are uncorrelated and therefore independent by the
Gaussian assumption. Specifically, we have

Br. v (z) X N (0, —£C"(0)).

The gradient norm therefore experiences a law of large numbers

N
IVEN @) =D (Onfn(2))® = —C'(0). (11)
i=1

Thus, while the function value fi () collapses to the mean exponentially fast (9), the slope
of the function (counterintuitively) does not. Any other type of scaling would result in
vanishing or exploding gradients. Since the supremum over gradient norms is exactly the
Lipschitz constant of f, this scaling is therefore necessary to stay in a class of Lipschitz
functions, as is often assumed in optimization theory. And the Parisi formula (Parisi, 1980;
Talagrand, 2006; Panchenko, 2013) shows in the case of spin glasses, that this scaling also
stabilizes the global maximum/minimum.

Remark 17 (Isoperimetry) In view of the counterintuitive observations above, one might
ask whether the assumption of isotropy results in very peculiar Lipschitz functions. To un-
derstand why that is not the case, consider the concept of isoperimetry (e.g. Bubeck and
Sellke, 2021). A random variable X on RN is said to satisfy c-isoperimetry, if for any
L-Lipschitz function f : RN — R and any t > 0 an exponential concentration bound holds

P(1£(X) — EIf(X)]| > t) < 2exp(—N 7).

Observe that this concentration bound is the mirror image of (9). While we consider ran-
dom functions, isoperimetry is concerned with random input X to deterministic L-Lipschitz
functions. In particular Gaussian or uniform input satisfies isoperimetry (Bubeck and Sel-
lke, 2021). Intuitively, this paints the following picture of very high dimensional Lipschitz
functions: Most of the function is equal to the mean except for a few peculiar points. In
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the case of a deterministic functions this requires the exclusion of specific deterministic
points. In the case of random functions this implies any deterministic point is allowed but
not the use of gradient information. In either case the point we pick must be ‘independent’
of the function. And we show in Theorem 12 that if both function and input is random,
independence is essentially a sufficient condition.

Finally, note that our definition of scaled sequences of random functions can be reframed
in terms of a single random function defined on R*°, which is externally scaled.

Remark 18 (External scaling) One could define a a (non-stationary) isotropic GRF f
with covariance
i 71

Ce(z,y) = w125 1WE (2 ), 2,y e R®

on the space of eventually-zero sequences R, which can also be viewed as the union of RN

R® .— U RY  with RY := {(2;)jen CR:2; =0 Vi> N}.
NeN

Since the scaling ﬁ would scale away any mean the function £ might possess, we assume
f to be centered and define

&

fv(z) = u(”é )+ \/Lﬁf(sv), zeRY,

The distribution of fy is then equivalent to the one in Definition 6.

4. Proof of Theorem 12

We now present the proofs of our main result. First, we provide a sketch to motivate
the overall picture (Section 4.1). After we explain how the covariance of derivatives are
determined (Section 4.2), we reforge Theorem 12 into an even more general Theorem 22.
This theorem is more natural to prove but requires the definition of a special orthonormal
coordinate system (Definition 21). Finally, we give the main proof of Theorem 22. Proofs
for some instrumental results are deferred to the appendix.

4.1 Sketch of the proof of Theorem 12

To better guide the reader, we first sketch the idea behind the proof. For simplicity, we will
assume the random function to be centered and stationary isotropic fy ~ N (0,C).

IDEA 1: INDUCTION OVER GAUSSIAN CONDITIONALS

We interpret the objects of interest g = (fi, Vy) (the heights joined with the gradients,
sometimes called the ‘jet’) as an auxiliary discrete-time stochastic process (g(Xy))nen, and
prove the claimed convergence in N by induction over the steps n. Please pretend for now
that the inputs X,, were deterministic x,,. We will address this problem in Idea 3 of the
sketch. The process (g(n))nen, is then a Gaussian process and

g(‘r[On]) = (g(CE()), s 7g(xn))

18
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is therefore a multivariate Gaussian vector. Here g is applied entry-wise, i.e. g(zy) =
(g(zi))ier with 7 = (x;)icr, and we use the following notation for discrete ranges:

[n:m] := [n,m|NZ, [n:m) := [n,m)NZ, etc. (12)

The reader is encourage to remember them, as we will make use of them throughout the
following sections. It is well known that the conditional distribution g(zx) | g(z(o.p)) is then
also normal distributed (cf. Theorem 38). By the induction hypothesis g(Tn)) is already
converging in probability to something deterministic, so it is perhaps natural to decompose
g(xy,) into

Yo

g(xn) = Elg(zn) | 8(z(0m))] + \/COV[g(ﬂ«“n) | g(zpm))] | (13)
Yy

for independent standard normal distributed Y; independent of g(x.,)). The conditional
expectation is then given (cf. Theorem 38) by

E[g(m'IZ) ’ g(x[On))] = Cov<g<417:():17))7 g('l‘n))T[Cov(g(x[o:n)))]_1g($[0:n))

and conditional variance by

Covig(zn) | g(z(0:n))]
_ — Cov(g (w0, 8(n)) T [Cov(g w0 )]~ Covlg (w0, &)

The vector g(x[():n)) already converges by induction as the dimension /N increases. What is
therefore left to study are the covariance matrices.

IDEA 2: FINDING SPARSITY IN THE COVARIANCE MATRICES WITH A CUSTOM
COORDINATE SYSTEM

The covariance matrices which make up the conditional expectation and variance are in-
creasing in size as the dimension N grows, because the gradient Vfy contained in g increases
in size. Additionally we somehow need to group the independent Y; into something which
converges. It turns out that the standard coordinate system is ill suited to achieve these
goals. To get sufficiently sparse (and therefore manageable) matrices we will now phrase
everything in terms of directional derivatives.

In Lemma 19 we show how the covariances of the directional derivatives of an isotropic
fny ~ N(0,C) can be calculated explicitly. In particular we have for vectors v, w € RY and
points z,y € RY with distance A =z —y

Cov(Dyfx (), Dufn(y)) = —% [C”(“g“z)m,m@,vz + c’(”AQ"Q)(w,v)]. (14)

) (1)

We begin by explaining how an orthogonal basis keeps (II) sparse before we explain where
the use of the standard basis breaks down for (I). For simplicity, let us forget the height fy
for now and pretend g consists only of the gradient, i.e. g = Vfy. Consider the covariance
matrix at a fixed point Vfy(zp) only. Since we only consider the derivatives at a single
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point we always have x = y = z¢ so the distance A vanishes. This completely removes the
first part (I) (which will later require a special basis). The second part (II) is zero if v and
w are orthogonal. Assuming we use an orthonormal coordinate system (e.g. the standard
basis), we therefore get

el
_c _ L o . _ =)
= OV[VfN(iL'o)] = N .. = N I.
—C'(0)

As g(z.0)) is the empty set we therefore have in the first step of the induction in n
(cf. Equation (13))

Yo
g(x0) = Elg(x0) | 8(z(p0))] + /Covlg(wo) | (zo))
Yy
Yo
= Elg(w0)] +/ ; (15)
=0 YN
Yo
_Jew |
N .
Yy

In particular, we have by the law of large numbers,

(VEn(20), VEN(20)) =

/(O)iw L —c'0)
N 1 ' Nooo ’

For the induction start and (II) there is therefore no need to change the coordinate system.
But for the induction step with n > 1 the situation in (I) becomes more delicate.

We now want to understand where the issues in (I) with the standard coordinate system
come form. Recall that we also want to determine limiting values of (VExn(zo), Vin(21)).

Problem: Since x; will be xg plus a gradient step, A = x1 —xg is therefore a multiple of
the gradient. If we continue to use the standard coordinate system, (I) causes the covariance
matrix to be dense. This is because the entries of A are proportional to 0;fx(zp), which
are multiples of the Y; and therefore almost surely never zero.

Solution: We use an adapted coordinate system. For this we select v := Vin(x0)
and normalize this vector vy = %. Again, we are going to pretend that this vector was
deterministic and mark this fact with the notation vg. We then extend it by wy;.y) to an
orthonormal basis. Since the w; are orthogonal to the gradient span, they are orthogonal to
the distances zo—x1, i.e. (A, w;) = 0 and therefore (I) is zero for almost all directions (except
for vg). As the coordinate system is orthonormal, (II) is sparse again. More generally, we
chose a coordinate system v|g.,,) capturing the span of the first n gradients VfN(x[Ozn)) and
therefore also the span of the first n parameters and extend this coordinate system by wp,. )
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to an orthonormal coordinate system such that we have essentially

DvofN(wo) s DyOfN(wn—l)
B B Dy, fn(z0) -+ Dy, fn(zn-1) T
g(@om) = (Vv (o), Vin(za-)) =U | 5" 0V 0 Do tw(any) | U
DwalfN(xo) T DwNAfN(mn—l)

Here U is a basis change matrix which we are going to suppress for simplicity in the following.
Note that the covariance matrix is dense for the vectors v|g.,) because they span the subspace
of the evaluation points xj and therefore cause (I) to be non-zero. But (I) remains zero
for the vectors w; and the covariance matrix is therefore sparse there. We want to group
the chaos together (i.e. group the directional derivatives of Vlo:n)), SO We view g(m[Om)) as a
row-major matrix, i.e. whenever we treat g(az[o:n)) as a vector we concatenate the rows. It
then turns out that the covariance matrix is of the form

Cov [Dv[()m) fn (w[O:n))]

COV[g(w[O:n) )] = Zin )

4‘ .

YN-1

where ¥; = Cov[Duy, fN (Z[0:n))] are n x n matrices and Cov[Djg.n)fn (T[0:n))] i a dense n?xn?
block matrix. We can assume N —1 > n without loss of generality as we let N — oo. In the
proof we will make the observation that all the ¥; are in fact equal. Note that the mixed
covariance matrix Cov(g(x.,)), g(x,)) used in the conditional expectation and covariance
have similar block form and is always diagonal. The key is now to understand
that as N grows to infinity, the scaling % keeps the n? x n? chaos in check while we get
a similar law of large numbers as in the first step (cf. (15)) by grouping the identical ¥;
to get the length of the new gradient Vfy(x,) projected to the subspace of Wiy vy which
is the orthogonal space of v|g.,). This projection makes up the new coordinate v, and the
induction continues.

IDEA 3: TREATING THE RANDOM INPUT WITH CARE

At the beginning of the sketch we asked the reader to ignore the fact that the evaluation
points (X, )nen, are random themselves. Moreover, we ignored that the adapted orthogonal
basis v{o.,) was constructed from random gradients Vfy (X},) which implies it is random as
well. Instead we denoted it by v|g.,) and pretended it was deterministic. In the following,
we sketch how to get rid of the randomness of X, and the randomness of the coordinate
system vig.,). It is perhaps most obvious for the random coordinate system, that

Dy, fn(z0) = (vo, VEn(20)) = [[VEN (20|
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is certainly not Gaussian by construction (recall vo = Vfy(zp)). Similarly, the random
points X, will typically change the distribution of fx(X,,) and taking (conditional) expec-
tations and covariances becomes quite delicate.

Intuitively, the key to solve this issue is to condition on all the previously seen infor-
mation (e.g. gradients), such that the evaluation location do become ‘deterministic’. While
this is already common practice in Bayesian optimization, measure theoretically this is very
delicate. But for the canonical conditional Gaussian distribution (Theorem 38), this has
recently been proven to work (Benning, 2026, Corollary 2.12). Essentially, if (X, )nen, is
previsible, i.e. X,y is measurable with regard to the filtration F,, = o(g(X%) : £ < n) the
following is true

ElA(@(Xn)) | Fa-1] = ((@oem)) = Elb(g(2n)) | &(i0m)]) (Xiom):

Applying this lemma to the evaluations points X, is relatively straightforward. But it is
not obvious how to treat the random coordinate system. The key is to turn the coordinate
system into an input. The definition

Z(v;x) := Dyfn(x)

allows us to apply Corollary 2.12 from Benning (2026) to both coordinate system and
points. The delicate part is that the input must be previsible with respect to the filtration
Fn. This implies the coordinate system must also be previsible! We therefore cannot use
future gradients for our coordinate system. This forces us to define a custom coordinate
system for every step. That means after n steps we have n different coordinate systems.
We will carefully reduce this to just one coordinate system per iteration in the formal proof.
Turning this strategy into a rigorous proof is a bit tedious and requires a careful induction
including a few additional technical induction hypothesis.

4.2 Covariances of derivatives of (smooth) random functions

It should be clear from the sketch given in Section 4.1 that we will have to deal with
covariances of derivatives of the random functions under consideration. In this section we
use known results to calculate the covariance of derivatives. Swapping integration and
differentiation, we have for a centered random function fy

Cov (e fn (2), N (y)) = E[0, fn ()N (y)] = Oz, Elfn (2)fn ()]
— 8$1CfN (ZU, y)
so the covariance of a derivative of fy with fy is equal to a partial derivative of the covariance
function. For the formal details consult Scheurer (2009, chapter 5), Gihman and Skorokhod

(1974, Ch. 1V, §3, Def. 3 and following) or Adler and Taylor (2007, Sec. 1.4.2). Similarly,
other covariances can be calculated, e.g.

Cov(0y, fn (), Oy, fn(y)) = Ou; 0y Cy (2, 1),

and similarly the expectation of the derivative of uncentered random function can be calcu-
lated E[0,fn(x)] = 05, E[fy(x)]. For this reason the derivatives of the covariance function
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are interesting as they represent the covariance of derivatives. Due to bilinearity of the
covariance it is also possible to move directional derivatives out of the covariance.

As a warm-up, let us calculate the covariance of derivatives for isotropic random func-

T2
tions f, which have covariance functions of the form Cg, (z,y) = %C(W%”)

Lemma 19 (Covariance of derivatives, stationary isotropy) Let fy ~ N(u,C) be
an isotropic random function and let A = x —y, then

Cov fn(y) Dyfn(y)

tn@) | xo(155) —%C'(15E) (A, w)

Duin(x) | $C'(15E) a0 —& e (BE) A, w)ia, o) + ¢ (15E) (w, v)]
(1) (1)

Proof Straightforward application of chain and product rules with the considerations above.
|

Recall that we split the covariance of derivatives up into two parts (I) and (II) in the
proof sketch. We will now outline how the same can be done for (non-stationary) isotropic
kernels. Since the (non-stationary) isotropic kernel x have multiple inputs, we further define
the notation

Ri(A1, A2, A3) i= ga-R(A1, A2, A3)

Lemma 20 (Covariance of derivatives, non-stationary isotropy) Let fy ~ N (u, k)
be (non-stationary) isotropic (Definition 6). Then the expectation of a directional derivative
s given by

2
E[D,fy(z)] = ' (15) (2, v), (16)
whereas, using the notation k = /@("372”2, ”y2”2, <x,y)) to omit inputs, the covariance of di-

rectional derivatives is given by

Cov((Dufiy (2), B (y) = - 1 (2, ) + sy )] (17)
Cov(Dyfn (), Dyin(y)) = %[/ﬁu(x,v)(y,w) + kig{z,v)(x,w) + K3(v,w)|. (18)
+ K32 <ya U> <y7 w> + K33 <y7 ’U> <y7 ’LU> (1)
(1)

In particular, if the directions v,w are orthogonal to the points x,y then (17) and (I) of
(18) are zero. (II) in turn is zero, if the directions v,w are orthogonal.

Proof Straightforward application of chain and product rules. |
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4.3 Proof of Theorem 12

After the preparations of the previous sections we can now give the details of the proof
sketched in Section 4.1. In the sketch of the proof, we highlighted the importance of an
adapted coordinate system in order to keep the covariance matrices sparse. In particular,
part (I) of (14) requires orthogonality to the walking directions. We also needed the coordi-
nate system to be orthogonal to keep (II) as sparse as possible. In Idea 3, we sketched why
the coordinate system had to be previsible. That is, why we needed a different coordinate
system in every step. We therefore begin the proof by building these coordinate systems.

Let us start by defining the natural filtration
fn = O'(fN(Xk), VfN(Xk) :0 S k S n)
The following previsible vector space of evaluation points

Vi, = span({xo} U{VEn(Xk):0<Ek < n}), dy, := dim(V,,), (19)

contains X[g.,) by definition of the generalized gradient span algorithm (Definition 1) and is
similarly measurable with respect to F,,_1, i.e. previsible. Also recall that [0:n] is notation
for a discrete ranges

[n:m] := [n,m]NZ, [n:m) :=[n,m)NZ, ete. (20)

We will now use this chain of vector spaces to define previsible coordinate systems for every
step n.

Definition 21 (Previsible orthonormal coordinate systems) We inductively define
an Fpn—1-measurable orthonormal basis vio.q,) of Vi such that vio.q,) is a basis of the space

Vi
Induction start Assuming xg # 0 and thus dyg = 1, we define

Lo
Vo = .
loll

In any case this results in a basis V.q,) of Vo since [0:dg) =0 if do = 0.

Induction step (Gram-Schmidt) Assuming we have a basis Vo.q,) of Vn, let us con-
struct a basis for V1. For this we define the following Gram-Schmidt procedure candidate

Vi = VfN(Xn) — PVanN(Xn) = VfN(XTL) - Z <va(Xn)7vi>Vi7 (21)
i<dn

where Py, is the projection to V,. If v,, = 0, then VEn(X,) € V,, and we thus have
Vi1 = Vi, by definition (19). In that case we already have a basis for V,11.
For any n where the dimension increases such that dp+1 = d,, + 1, we define

Vn
Vd, = - 22
Ful (22)

Vdpy1—-1 =

We thus have obtained an orthonormal basis V(.q,., ) 0f Vant1 which is F,, measurable.
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Basis extensions  With this construction of basis elements of V,, done, we F,,—1-measurably
select an arbitrary orthonormal basis w[(;;):N) of V.- to obtain an F,_1-measurable orthonor-

mal basis
By, = (V[O:dn)7w[(:i2:N))

for every n € N. The coordinate systems B, are thus previsible.

Using this specialized coordinate system we state an extension of Theorem 12. This
extension looks less friendly but is more natural to prove. It implies Theorem 12, proves
three additional claims and relaxes the assumptions on the prefactors of the gradient span
algorithm. The additional claims cannot be stated separately as they are all proved in one
laborious induction. And to prove the claim we are most interested in, i.e. (Ind-I), we also
require the other claims in the induction step. Finally, with the help of Proposition 24, we
can (and will) assume deterministic starting points in Theorem 22 without loss of generality.

Theorem 22 (Predictable progress [Extension of Theorem 12]) Let k be a kernel
valid in all dimensions (Definition 8) and fn ~ N(u,k) be a sequence of scaled (non-
stationary) isotropic Gaussian random functions (Definition 6) in N. Assume that p and K
are sufficiently smooth (Assumption 11) and assume the covariance of (fn, VEN) is strictly
positive definite. Let & be a general gradient span algorithm (Definition 1), which is asymp-
totically continuous and uses the most recent gradient asymptotically (cf. Assumption 23).

Let & be applied to £y with starting points xo € RN such that X,, = &(fx,zg,n). We
assume that the deterministic initialization point o € RY is of constant length |zo| = A
over the dimension N. Using G, := (VfN(Xk) k< n), we further define the modified
random information vector

I,:= (fN(Xk) k< n) U ((v,w> V€ V[0, ), W E Gn).

The following inductive claims hold for all n € N, where (Ind-1I) implies that the vector I,
is almost surely of constant length.

(Ind-1) Information convergence: There exists some deterministic limiting information
vector S, = I (6, u, k), such that

I, % 7,
N—oo
The limiting information is split into I = (., ’y,gi))k,i, where the limiting elements fy
of fn(Xk) were already defined in Theorem 12. We further define the limiting inner
products of gradients by '
A= Tlim (VEN(XR), vi). (23)
N—o0
(Ind-1I) (Asymptotic) Full rank: If the most recent gradient is always used (and not just
asymptotically), then the previsible vector space of evaluation points Vi1 has almost
surely full rank (assuming xo # 0). Specifically, for all m < n + 1 we have almost
surely

dm =m—+ 110750.
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This always holds in the limit (even when the most recent gradient is only used asymp-
totically), which means that for all k < n the Gram-Schmidt candidate vy, defined in
(22) is not zero in the limit

(dg)

0 (VEN(XL), V) = Jim [[94]] 0. (24)

= lim
N—o0
(Ind-III) Representation: For all k < m < mn+ 1 there exist limiting representation vectors
. 0 _
e = (6, k) with gy = (0, ...y D) € R

of Xy, such that for all i < d,, we have

dm—1
P (@) 2 _ 2 P 2
Kovh B o ond 1607 = 50 v B el (25)

The asymptotic distances are then given for all k,l < m by

dm—1
X, — X|12 = X, — X, vi2 B 02 =y — il 26
| Xk 1l ;( k 1, Vi) Nt PH lyr — will (26)

(Ind-1V) The evaluation points are asymptotically different, i.e.

;>0 forall kl<n+1 with k#L

Before we prove that Theorem 12 follows from Theorem 22 let us state the ‘asymptotic
continuity’ and ‘use of the most recent gradient’ assumptions on the prefactors.

Assumption 23 (Assumptions on prefactors) Recall, that we defined the prefactors
hyn of a GSA to be functions of the information 1,1 (Definition 1). We assume that

e h, is continuous in the point 7, 1 for all n, and

e the most recent gradients are used at least in the asymptotic limit, i.e.
Wy i= Ay (Faen) (= Jim A (L)) £ 0.

By Lemma 27 it is apparent, that we can equivalently assume the prefactors hy to be func-
tions in I,_1 continuous in Z,_1, which use the most recent gradient in the asymptotic
limat hn,n—l = hn,n—l(‘ﬂn—l)'

At first it might seem circular to make use of limiting elements in an assumption which
is necessary to prove the limiting elements exist. But a closer inspection reveals that h,, is
only used for the convergence of Iy to & for times k > n. We can therefore interleave this
assumption on h, with the inductive existence proof of %, 1.

The proof of Theorem 12 now follows readily from Theorem 22 via a couple of prelimi-
nary results:
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Proposition 24 We can assume without loss of generality that the independent initializa-
tion Xg is a deterministic xo € RN of length ||xo|| = \ over all dimensions N.
Stationary case: Assume the random functions £y are furthermore stationary isotropic
and the algorithm xg-agnostic (Definition 1). Then the limiting information is independent
of X\ and the random initialization Xy does not need to satisfy || Xo|| = A almost surely.

The proof of this Proposition is accomplished via two lemmas:

Lemma 25 (The ‘information’ is invariant to linear isometries) Let f be some func-
tion and (xg, ..., x,) evaluation points. We further define a change in coordinates

g(y) = fod and yei=¢ M) for ke{0,...,n}
via a linear isometry ¢(x) = Uz for some orthonormal matriz U. Then the information
I, := <f(:ck) k< n) U ((U,UJ) tv,w € (z0) UG’n) with Gy := (Vf(zy) : k <n)
1s exactly equal to the information
Ip 1= (g(yk) 1k < n) U ((v,w) tv,w € (yo) U én> with G = (Vg(yg) : k < n).

If ¢ is a general isometry of the form ¢(x) = Ux + b, then we still have equality for the the
reduced information, i.e.
I\ = J\Wo,

Proof We have by definition

flae) = fod(o (an) = g(yr)-

Let us therefore turn to the inner products. Since ¢(x) = Uz or ¢(z) = Ux + b, we have
for the gradient

Va(y) = UV f(6(y)). (27)
this implies all the inner products are equal
(V(y), Vgly)) = (UTV f(ax), UV f(21)) =(Vf(zr), Vf(z1)).
In the linear isometry case, where ¢(z) = Uz, we have y, = U z,, and thus
{90, Va(u)) = (U 2o, UTV f (1)) =(zo, V f(z1))
(Yo, y0) = (UT 2o, UTx0) =(%0, Z0)-
|

Lemma 26 (Linear isometry invariance of general gradient span algorithms) Let
& be a general gradient span algorithm (Definition 1), let f be a function, xq¢ a starting point.
We define a change of basis

9(y)=fod and yo:=¢ " (zo).
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via a linear isometry ¢(x) = Uz with orthonormal matriz U. Then the optimization paths

Ty 1= @(f7 {I,‘O,’]’L) and Yn ‘= (’5(97907”‘)

are invartant, i.e. the simple basis change

Yn = ¢_1(xn)

is retained for all n € N. The same holds true for all isometries ¢, if the algorithm is
To-agnostic.

Proof We proceed by induction over n, where the induction start is obvious.

For the induction step (n — 1) — n we use the induction claim y, = ¢~!(x}) for all
k < n —1 to obtain that the information I,,_; is invariant (by Lemma 25). This implies by
definition of the gradient span algorithm and (27)

y+§jh (V) = U7 (1 x+§jh WV () = 67 (),

where the invariance of the information was used implicitly as the h,, are functions of I,,_;.

In the zg-agnostic case, the induction step is almost the same except we have for isome-
tries ¢(z) = Ux + b that y, = ¢~ (zx) = UL (zx — b) and thus

n—1
= Yo + Z W Vg(yr) = UT <9€o b+ > h,(f,;gvf(l‘kw = ¢~ (wn),

k=0

using the fact that hgf) = 1. We similarly use that the reduced information I \®o 1 is retained
for the prefactors. |

We are now ready to prove that we can assume without loss of generality that the
initialization is deterministic.
Proof [Proof of Proposition 24] Since we have

P(I, € 4) =E[P(L, € 4| Xo)],

it is sufficient to show that P(I, € A | Xo = x0) is only dependent on ||zo| = A, which is
constant over the distribution of Xj.
For any xo, yo with ||zo]| = ||yo]| = A, there exists a linear isometry ¢ such that xy =

¢~ (yo)-

Let I, = L,(fn, yo) be the information vector generated from running the gradient span

d
algorithm on fy with starting point yo for n steps. Since fi ) fx o ¢ in distribution, due
to (non-stationary) isotropy (cf. Definition 6), we have

d
L.(fn, yo) @ L,(fx o ¢,90) = L (fn, z0)
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where we have used Lemma 25 and Lemma 26 for the last equation. With the note that I,
is a deterministic map of I, as it only requires Gram-Schmidt orthogonalization as outlined
in Definition 21 we can conclude this proof

P(in(fN,Xo) €Al Xo= yo) = P<in(fN7y0) € A)
P(in(fN,azo) € A)
P

- (in(fN,Xo) €Al Xo= 330).

In the stationary case with zg-agnostic algorithm, we can make use of arbitrary isome-
tries ¢. In particular we can chose ¢(x) = x — ¢ that maps g to zero. With the same
arguments as above (using the zgp-agnostic version of Lemma 25 and Lemma 26) we get

P(in(fN,Xg) cA| Xy = :co) - P(in(fN,Xo) Al Xo= 0).

The distribution is thus completely independent of xg. In particular, this forces the limiting
values to be independent of xy and therefore also independent of A. |

Lemma 27 For any fized xg, L, is a continuous function of I, for alln € N.

Proof Let us first recall the definition of I,, and in With G,, == (VfN(Xk) k< n) we
have in a direct comparison:

I,:= (fN(Xk) k< n) U <<v,w> cv,w € (xg) U Gn>

I,:= (fN(Xk) k< n) U ((v,w> 1V E V(0 ), W E Gn).

As the identity is a continuous map, we simply map the function values fy(X}j) from I,
to itself in I,,. We therefore only need to find a way to continuously construct the inner
products of I,, from in Since Vfy(X%) is contained in V,,41 by its definition (19) and
V(0:d,4,) 18 @ basis of V;, 11 by construction (Definition 21), we have for all k,1 <n

dnt1—1 dnt1—1
(Vv (Xe), VEN (X)) = (D7 (VEn(X),vivi, S (Vi (X0), v;)v;)
i=1 —1
dny1—1 ’
= > (VEN(XR),vi) (VEN (X)), vi) (28)
=0 4 %
el, €l,

Since d,, 11 is almost surely constant by (Ind-11)3, this covers most of the inner products of
L,. What is left are the inner products using xg. If zg = 0, then all those inner products
are zero and the zero map does the job.

3. (Ind-II) and (Ind-IV) have to be sacrificed if one wanted to get rid of the strict positive definiteness
assumption in future work. This argument then has to be replaced using an upper bound on the d,+1
and Lemma 30.

29



BENNING AND DORING

In the following we therefore assume xy # 0. Because xg is deterministic, we do not
need to construct ||zg||?> = A? from I, as a constant map does the job. Since zy # 0 implies

vy = ”’;—8” by construction (Definition 21), we have for all k < n
(w0, VEN (X)) = [lzol| (vo, VEN (X)) .
—_——
el,
We have thus continuously constructed all inner products in I,, form L,. |

Here is how the main theorem of the paper follows from Theorem 22.
Proof [Proof of Theorem 12| By Proposition 24, we can assume without loss of generality
that the initial point is deterministic. Since the other assumptions of Theorem 22 are the
same (or even more general), we only need to prove that for every n € N there exists some
A, such that

L, & 7,
nN%oo "

As I, is a continuous function of I,, by Lemma, 27 this follows immediately from continuous
mapping by the inductive claim (Ind-I) of Theorem 22. [ |

The rest of the section is an inductive proof of Theorem 22.

4.4 Proof of Theorem 22

The heart of the proof will be a lengthy induction. Before, we want to address the additional
assumptions of

1. representable limit points (Ind-IIT) and
2. the claim that these points are different (Ind-IV),

which we introduced in Theorem 22 but did not use in the proof of Theorem 12. Together
with the strictly positive definite covariance of (fy, Vfy) these assumptions will allow us
to argue for converging entries of covariance matrices and invertible limiting covariance
matrices, which are used in the conditional expectation and conditional variance.

4.4.1 COMPLEXITY REDUCTION
Before we start the induction, we will perform some complexity reductions.

1. We show that (Ind-III) follows from (Ind-I) in Lemma 28.
2. We show that (Ind-IV) follows from (Ind-II) and (Ind-I) in Lemma 29.
3. We reduce the work necessary to prove (Ind-I).

In the actual induction we will therefore be able to focus on the claims (Ind-I) and
(Ind-II).

Lemma 28 For all fived n € N, the convergence of information (Ind-I) implies the repre-
sentation (Ind-III).
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Proof Assuming (Ind-I) we have that 1, — .7, By Lemma 27 this also implies I, — .%,.
Since the prefactors h,, are functions of I,,_1 continuous in %, 1, this implies for all
m < n + 1 that the prefactors converge

P = hm(Im—l) N%oo hm(fm—l) = ilm

Recall that by (23) of (Ind-I) we have for all £k <n and all i < dj, 41

) p (4)
(VEN(Xk), Vi) Njoo Tk

for some ’y,(:) € R. For all m < n+ 1 we therefore have by definition of X,, (Definition 1)

m—1
(X vi) = W (o, vi) + Y W) (VEN(XR), Vo)
k=0
P Q) (9) 9
B = D ol +Zh . (29)

where §;; denotes the Kronecker delta. Since X}, is contained in the vector space of evalu-
ation points V,,, for all k& < m by definition (19), its norms converges

dm—1 dm—1
. |
IXull” = 3 (Xeva)® B3 ) = Nl
i=0 1=0

and likewise their distances for all k,1 <m

dm—1
P
1%k =Xl = D7 (= Xeva)® B phyi= i — will>
=0
This proves the limiting representation (Ind-III). [ ]

In the following we will prove, assuming (Ind-I) and (Ind-IT), that the limiting distances
pri are greater zero, i.e. (Ind-IV). The main ingredients are (Ind-II) and the assumed
asymptotic use of the last gradient.

Lemma 29 For all fired n € N, the convergence of information (Ind-I) together with the
asymptotic full rank (Ind-I1I) imply asymptotically different evaluation points (Ind-1V).

Proof We will proceed by induction over m, where we assume the claim to be shown for
all k,1 < m < n+ 1. The induction start m = 0 is trivial since a single point is always
distinct. For the induction step we assume to have the statement for m, that is

pp >0 forall kl<m with k#L

To show the statement for m + 1 < n + 1, we only need to check the distances to the point
Ym+1 as we have the others by induction.
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To show that y,,11 is distinct from any y; with k& < m, we use the fact that the most
recent gradient is used asymptotically by assumption of the Theorem 22 (cf. Assumption 23),
i.e.

W, = (Fn) # 0. (30)

The claim (Ind-IT) ensures that V1 has a larger dimension than V,,,, that is d;,+1 = dp,+1.
The last basis element of Vi, 1 is thus given by vg,, ., 1 = vg,,. By (21) this element is
produced from the last gradient Vfy(X,,), which cannot be used for X} with & < m but
must be used for X,,11 asymptotically by (30). Therefore X,,,+1 asymptotically contains a
component of vy, that no other X, has, which translates to the inequality of the asymptotic
representations 4,41 and y.

Formally, since Xo, ... X, is contained in V,;, spanned by v(g.q,,), we have for all K <m

(dm) (29)
ye = lim (X, va,) = 0. (31)

For the asymptotic representation of the last evaluation point X,,+1 on the other hand, we
have

dm (2 dm
ylm) = mﬂuxouaodwzhmﬂkmi V= R e, (32)
5 k=0

The last equation is due to (33). This follows from the fact that for all & < m the gradient
VEn(X}) is contained in V;,, spanned by v(g.q,,). By definition of ’y,gz) (23) we therefore have

2
A E) tim (Ey(X4), va,) = 0. (33)

N—oo

Putting (31) and (32) together we have

dm
) _yldn)yz _ (30

p%m+1)k = [|Yym+1 — yk” (3/m+ m+1, m’Yﬁgm))Q >0,

where the last inequality is due to the asymptotic use of the most recent gradient (30) and
the limiting full rank claim (24) of (Ind-II). [ |

In (Ind-I) we claim convergence of I,,, where I,, contains inner products of the form
(vi, VN (X))
for K < n and i < dyp4+1. The following lemma essentially implies that the restriction on ¢

was unnecessary. So when we increase n — 1 to n in the induction step, we do not have to
revisit the inner products of old gradients and can focus solely on Viy(X,,).

Lemma 30 For all k € N and ¢ > di1 we have
N P _
<VfN(Xk), Vz> Njoo 0 Vi
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Proof For all i > dj; the basis vector v; is constructed to be orthogonal to Vi (X%)
contained in Vi1 spanned by vig.q, ). This implies

(VEN (X), vi) =0 = %(f)

lim
N—o0

where the last equation is simply the definition of ’y,(f) of (23). [ |

Remark 31 (Gamma are triangular) Lemma 30 can be visualized using a triangular
matriz as follows. With the definition

R™ = {(zi)igfo:o0) 1 2: =0 Vi >},
we can view R™ as a subspace of R™ for m <n. The vector
Ve = (,YIS;Z))iG[Ode+1) € de+17

is then (by Lemma 30) also a member of R™ for m > dpi1. Concatenating the vectors

0 0 0
0 © 7(%1; %E‘f;l 7%1;
Yo e Tn Yo Tn-1 Tn
Vom) = : : =0
,y(gdnJrl—l) o %(Ldnﬂ—l) . :
0 ... 0 AfdnD

therefore results in a upper triangular matrix above an offset diagonal, since we always have
di < k+1 due to the definition of V}, (19).

Note that, for visualization purposes, we assumed dp+1 = d,, + 1 in the second represen-
tation. If the dimension stays constant at some times k, then the zeros encroach above this
diagonal.

4.4.2 INDUCTION START WITH n =0

We start the induction by proving the claim for n = 0. We have structured the induction
start similar to the induction step. We therefore suggest the reader to familiarize themselves
with this strategy here, as it is easier to get lost in the details of the induction step.

By Lemma 28 and Lemma 29 we only need to prove (Ind-I) and (Ind-II). For (Ind-I) we
need to prove that

Ip = (fn(20)) U ((VEn(20),v) 1 v € Vig.ay)) = (En(20), (VEN (20), Vio.ar)))

converges to a limiting .7, = (fo,y(()o), e ,yédlfl)) in probability. Note that d; < 2 as the
vector space of evaluation points is defined in (19) to be previsible, that is

Vi = span{xzg, Vin(z0)}.
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So we have d; — 1 < 1 depending on whether the starting point zq is zero. The vector

70 = (1 )icar = (7, 26")

might therefore collapse to a single entry 7(()0). The approach we will now take mirrors the

approach in the induction step. Beyond the pedagogical benefit, this order is also quite
natural for the induction start when using the notation we introduced.

Step 1 First we prove that

(fN(xO)) U (<VfN(5U0)v v) v € V[0=d0))

converges. We highlight that the limit dy is purposefully different from the range of
Io.

Step 2 We will then prove (Ind-II), which ensures the dimension actually increases

di = do + 1.

Step 8 Finally we prove that (VEx(zo),v4,) = (VEn(20),Va,—1) converges. This adds the
missing index from the first step.

While we could prove (Ind-1I) before (Ind-I) in the induction start, we will require the
results of Step 1 for (Ind-II) in the induction step. The element v, is not only different
from vig.q,) in the sense that the dimension increase needs to be shown, it is also the first
truly random basis element here. In the induction step the difference will be between the
previsible basis elements and the last non-previsible element, which needs to be treated
differently.

Step 1 Since our random function is (non-stationary) isotropic with fy ~ N (u, k), we
have

x 1 x x
fN($0) NN(M(%)?N’%(H 8”27 I 8“27 ||$0||2))

this immediately implies convergence of the first component

fn (o) N%OO M(M) = M(%z) =:fo.

Let us now turn to the convergence of the inner products. We consider two cases.
Case (zp # 0): In this case we have vy = Hi—& by Definition 21. Therefore vq is
deterministic and by an application of Lemma 20 we have

2 1
Dy, fn(z0) ~ N(M/(llxgu )||:COH, N [(512 + K13 + K39 + K/33)||Qj0H2 + 53]),

using the notation

2 2 2 2
K= ,Q(ngl : IIISII Haol?) = k(22,2 52)

to omit inputs to the kernel x. But this immediately implies
2 0
<VfN(x0),V0> = DvofN(JUO) N%oo M’(@)ony‘ = fy[() )

As dyp = dim(Vp) = dim(span(zg)) = 1, we have covered all elements in v{g.q,)-
Case (7o = 0): In this case, dy = dim(Vp) = 0 and vjy.q,) is empty. We therefore do
not have to do anything.
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Step 2 To prove the dimension increases, we consider the Gram-Schmidt candidate

\70 = VfN(.CI}O) — PVOfN(xo) = VfN(iL‘o) - Z<VfN(XO)7Vi>Vz‘
i<dop
N-1
= >~ (Vin(Xo). w")w (",
i=do

where W[(ggz ) is the basis defined to be orthogonal to Vo (Definition 21). Since Vj is
deterministic, this orthogonal basis is also deterministic. In the induction step, both will
only be previsible. Note that in the case zg = 0, v is simply the entire gradient by definition
of do.

Since the WEO) are deterministic, and orthogonal to xg in either case, we can apply
Lemma 20 to obtain

D, wf(w0) ¥ N(o, %)

This implies that there exist Y; KN (0,1) such that

K
Dwgo)fN (1‘0) = N?’Y;

But since dg < 1 and in particular dy is finite, this implies with the law of large numbers

N-1 N-1
1
~ 12 _ § : N2 _ L 2 : 2 D
HV()H = 2 <VfN(HJ0),'LU1> = K3 N 2 Y; Njoo R3. (34)
i=dop i=dp

Since we have k3 > 0 by Lemma 45, ||Vo]|? is almost surely strictly greater than zero, which
implies dim(V7) > dim(Vj) almost surely. Additionally, the dimension also increases in the
limit, i.e. limy_o0 || Vo|| = k3 > 0. We have therefore shown all of (Ind-II).

Step 3 We have by definition of vg4, in (22) and the definition of vg

v ~ d
(VEn (w0, Vao) = (Ve (o), ji2p) = [¥oll B Vg = ™.

This finishes the last step and therefore the induction start.

4.4.3 INDUCTION STEP (n —1) = n

We now get to the main body of the proof. Before we start, let us recapitulate the lemmas
we proved for complexity reduction. By Lemma 28 and Lemma 29 it is sufficient to prove
the statements (Ind-I) and (Ind-II), as the others follow.

With G, := (VfN(X k) k< n) the modified information I,, of the information conver-
gence (Ind-T) was given by

I, := (fN(Xk) k< n) U <<v,w> V€ Vigd, ), W E Gn).
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By induction we already have I, 1 — .%, 1. And due to our discussion of (vi, VN (Xk))
for ¢ > dp41 > diy1 in Lemma 30 we therefore only need to prove

fN(Xn)
fN(Xn) B DVOfN(Xn) D fn
(<V[O:dn+1)’VfN(Xn)>) a : Nt < ) ’ (35)
Dvdn+1—1fN(Xn)

where we used the definition v, = (77(1i))ie[0:dn ) from Remark 31. In this remark we have
also explained how 7, € R%+1 can be viewed as a member of R%+1 and laid out the
concatenated vectors 7., in triangular matrix form. In the following we will arrange the
random information into a matching matrix form by the definition of an auxiliary function
Z.

This function has multiple purposes: First, it turns the direction vectors of the direc-
tional derivatives into inputs for an application of the previsible sampling result (Benning,
2026, Corollary 2.12), which we explained in Idea 3 of the proof sketch (Section 4.1). Sec-
ond, it structures the information vector in into a better readable matrix form for human
digestion. Third, it allows us to rearrange the elements of the column vectors we concate-
nate into row vectors. This effectively rearranges the covariance matrix of Z into a more
sparse block form.

With some abuse of notation we define Z for a varying number of direction vectors

Wi, ..., wm € RY and evaluation points z1, ...,z € RN form < N and k < n
fn(zo) ... (k)
lefN(.CL‘()) ce le fN(xk)
Z(Wy ooy Wi TQy - ey Tfp) 2= . .
Dy, fn(w0) -+ Duw,In(z)

The number of inputs is therefore not variable and we separate their type by a semicolon.
Formally one would have to consider slices of Z, but since projections are measurable this
is not an issue. Note that we are not interested in this matrix as an operator. The two
dimensional layout is only used for better readability and we will generally view it as a
vector. For this purpose we treat the matrix as ‘row-major’, i.e. whenever we treat it like
a vector, we concatenate the rows. This grouping is purposefully different from the column
layout of the ~; as it will enable a block matrix sparsity in the covariance matrices later on.

By induction we have information convergence (Ind-I) for n — 1, which can be expressed
using Z as

fn (Xo) e fn(Xn-1)
Dy, £ (Xo) Dy, fn (Xn-1) P fro:n
Z(Vio:dy); X[om)) = : : e <7[[0':n))> . (36)
Dvdn—lfN(XO) Dvdn_1fN(X7l—1)

Observe that the induction step simply adds the additional column given in (35) to the
right of the matrix, where we use Lemma 30 to argue that we can arbitrarily extend the
number of rows.

We will now follow the same strategy as in the induction start:
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Step 1 First, we prove the convergence of the ‘new column’

. _ fN(Xn) p fn
Z(Vioa) Xn) = <<V[O:dn)7VfN(Xn)>> Njoo (yﬂozd"))

Step 2 We prove (Ind-IT), which ensures asymptotically

dn+1 == dn + 1.

Step 3 We finally prove convergence of the ‘new corner element’

Z(Vi,; Xn) = (Vd,, VEN(Xn)) N£> e,

—00

The reason for this split are twofold. First, we have that vjy.q4,) is previsible, that is F,—1-
measurable, while v, is not. v,, must therefore be treated differently. Second, we need to
construct vg, from v,,, which will naturally prove (Ind-II) before we get to the convergence
of the inner product in Step 3.

This strategy can get a bit lost, as we will spend the majority of our time with Step
1 before wrapping up Step 2 and Step 3 fairly quickly. An additional reason for this
strategy to get lost is, that we will not just consider (f5 (), (V(0.4,), VEN(Xn))), but instead
consider the conditional distribution of (fy(zy,), (Bn, VEn(X,,))) for the entire previsible
basis B,, = (v[o:dn),w[%: N)). Later, we will aggregate the directional derivatives in the
directions w}' into v,,, which means that we work towards Step 1 and Step 2 simultaneously.
The first objective will be, to apply the previsible sampling result (Benning, 2026, Corollary
2.12) such that we can treat the previsible inputs as deterministic.

Getting rid of the random input In the proof sketch we outlined how we needed to
treat the random input with care (cf. 4.1, Idea 3). In particular we need to consider the
(basis; point) pairs

. ) o 0 . (n) |
(B(), X0)7 cee (B,,“ Xn) = <V[0:d0)7 W[do:N)"XO) S (V[O:dn)J W[dn:N)’ Xn) .

Recall that we defined the basis By in Definition 21 to be previsible just like Xy, i.e. mea-
surable with regard Fj_1. Moreover, since all basis changes are previsible and invertible it
is straightforward to check inductively that there exists a measurable bijective map between
different basis representations of the derivative information up to n

(fN(Xk)’ va(Xk))k<n o (Z(Bk’ Xk))k<n
This implies that their generated sigma algebras are the same
Fat @ o ((En(X0), VEN (X)) k<0 = 1) = 0 (Z(Bis Xp), k <= 1),

By Corollary 2.12 from Benning (2026) we then have, for the canonical conditional Gaussian
distribution (Theorem 38) and all bounded measurable h,

E[h(Z(Bn;Xn)) | fnfl] = F(Bjo:n); X[0:n])5
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for the function F' defined using the canonical conditional Gaussian distribution (Theorem
38) with deterministic evaluation points xj and basis by as

F(b[O,n];x[O:n}) =E [h(Z(bn, 1'”)) ‘ Z(bo; 5[50), ce Z<bn—1§ xn—l)] .

The above is abuse of notation: We explicitly need the canonical conditional Gaussian
distribution for Corollary 2.12 from Benning (2026) to be applicable. This notation for the
conditional expectation is however only defined up to zero sets. As we have no interest in
any other conditional distribution than the canonical one, we hope that this notation is
more helpful than confusing.

In other words, Corollary 2.12 from Benning (2026) justifies treating the inputs (By; Xx)
as deterministic when calculating the conditional distribution. But keeping track of n + 1
different basis By for every evaluation point X}, is very inconvenient. So our next goal is to
reduce the number of basis to one. For this we optimistically define for a single basis b

G(b; 2m)) = E|h(Z(B500)) | Z(B520), ., Z(B5 1),
We are now going to observe that F'is constant in all but the most recent basis b, i.e.

F(b[O:n}; x[O:n]) = G(bn> x[On}) (37)

That is because the sigma algebras generated by different basis representations are identical
as they can be bijectively translated into each other, i.e. for any b

U(Z(bO; .Z'(]), ceey Z(bnfla xnfl)) = U(Z(b7 JI(]), RN Z(b7 .Tn,l))-
In particular this is true for b = b,, and thus we have (37), i.e.
E [h(Z(bn; ) | Z(bo;20), - -, Z(bn_1: xn,l)]
= E[h(Z(bn; 20)) | Z(buiz0), - Z(bui wn1)|.

Since we only need to consider the most recent basis from now on, we drop the index and

(n)
k

write wi := w, ’ and summarize our result as

E[h(Z(V[O:dn)aW[dn:N);Xn)) | ]:nfl} = G(V[0:dy)» W(dn:N); X0s - -+ s Xn)- (38)

Recall that we use the semicolon to separate the basis elements from the evaluation points,
which should be treated as concatenated vectors respectively.

In essence, by definition of G we can now treat our evaluation points Xj.,; and co-
ordinate system B, = (V[O:dn),w[dn: N)) as deterministic when calculating the conditional
distribution.

The conditional distribution is known in the Gaussian case Since Z is a Gaussian
random function, we have for non-random input (b, z) that its conditional distribution is
also Gaussian (cf. Theorem 38). Equation (38) translates this result to the random input
and we can therefore conclude that

Z(Bu: Xn) | For ~N(E[Z(Bn;Xn) | Fo1], Cov[Z(Bn; Xn) | fn,l]).
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In particular there exist independent Y7,..., Yy ~ N(0,1) independent of F,,_1 such that
we have in distribution

Yo
Z(Bp; X)) = E[Z(Bn; Xn) | Fu1] + V/Cov[Z(Bn; Xn) | Fual | ¢ |, (39)
Yn

where we denote the cholesky decomposition of a matrix A by the squareroot v/A.

Remark 32 As we only wish to prove convergence in probability to deterministic numbers,
this distributional equality will be enough for our purposes, but if the covariance was invert-
ible one could get a almost sure equality (cf. Remark 39). Later, we will also see that the
covariance is at least asymptotically invertible due to strict positive definiteness of Z and
asymptotically different evaluation points (Ind-1V).

Calculating the conditional expectation and covariance Since the first two mo-
ments can be calculated by treating the inputs as deterministic (cf. Equation (38)), we
can calculate the conditional expectation and variance using the well known formulas for
Gaussian conditionals (cf. Theorem 38)

E[Z(Bn7 Xn) | ]:bel] = MnN + E[(\IV:II:)J)T[Efg:n,)]_l(Z(Bn; X[On)) - :U’fgn)) (40)
COV[Z(B’rHXn) ’ ]:n—l] = % B E[})v:n) nT[EA[‘?)‘T:n)]ilzl[(\Jv:n)

where we define the mixed covariance by
%2‘[}{:”)_” = CZ(BR; X[O:n)a Xn) CZ(b; L10:n)> xn) = COV(Z(b; w[O:n))a Z(b7 l'n)),
the autocovariance matrices by

N 200y = C2(Bu; X{oum)) Cz(b; x(0.n)) 1= Cov[Z(b; x[p.1))]
+2 = Cz(Bn; X») Cz(b;zy) := Cov[Z(b; xy,)]

and the expectations by

pn = p17(Bn; X) pz(b;ay) = E[Z(b;x,)]
$lomy = 1z (Bn; Xn) 1z (b; Tjo:ny) = E[Z(; 7[0.) )]

The detour over the functions Cz and uz was necessary to define the unconditional covari-
ance matrices properly, because inputs may only be treated as deterministic in conditional
distributions. So in general, since B,, and X,, are random variables, we have for the uncon-
ditional covariance

Cz(Bn; Xpn) # Cov[Z(Bn; Xn)].

To ensure the inputs are treated as deterministic as Equation (38) demands, we therefore
had to make sure the expectation was already applied before we plugged in our random
input.
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Note that we have moved the dimensional scaling + of the covariances (cf. Lemma 20)

outside of our definition of E[U ) E[[\;:,]>_7] and , as we are now going to prove their

entries, and the entries of “[o;n) and Y, converge. This will eventually allow us to prove
that the conditional expectation and covariance will converge, which leads to the stochastic
convergence of Z we want to obtain for (Ind-I). Moving the dimensional scaling out also
made the dimensional scaling of the conditional covariance in (41) much more visible.

Covariance matrix entries converge Recall that Z is made up of evaluations of f and
D,fx for directions v. Thus the entries of its covariance matrices are given by Lemma 20,
which we restate here for your convenience.

Lemma 33 (Covariance of derivatives, non-stationary isotropy) Let fy ~ N (u, k)
be (non-stationary) isotropic (Definition 6). Then the expectation of a directional derivative
E[Dyfn(z)] =

s given by
# (155 (@, 0), (16)
H:L"II2 |||

whereas, using the notation k = /@( 3 (:U,y)) to omit inputs, the covariance of di-
rectional derivatives is given by

2

Cov(Dufn (), Ey (1)) = %[m(x, ) + Ry, o) (17)
Cov(Dufn (), Dufr (1)) = % [ris e )y w) + it v (ew) 4 rslow)]. ()
+ 532<y7 U> <y7w> + /<;33<y,v> <y7w> (11)
0

In particular, if the directions v,w are orthogonal to the points x,y then (17) and (I) of
(18) are zero. (II) in turn is zero, if the directions v,w are orthogonal.

Recall that we have (25) of (Ind-III) for n — 1 by induction assumption, i.e. we have for
all k <nandall 7 <d,

dn—1
P (@) 2 _ 2 P 2
Kevy B and Xl = 3 (o Bl
i—

Since the X}, for k < n are contained in V}, orthogonal to wg, .x) we also have for all ¢ > d,,
<Xk, Wz> =0. (42)

Put together, we have that all the inner products (X, v) for k < n and v € B,, converge.
The entries of Zf§:77,)’ ET(\;:“;)_”, , Mfg:n) and p2 calculated with Lemma 20 therefore all
converge in probability by the continuous mapping theorem, since x and p are sufficiently
smooth by Assumption 11 used in Theorem 22. Observe that it was very important to

remove the dimensional scaling % of (17) and (18) from the covariance matrices 2[0 )

E{\] ) and , as their entries would otherwise all converge to zero. As we want to invert
ng:n) this would have been very inconvenient.

We further note that the sizes of these covariance matrices change with the dimension,
because the number of directional derivatives increases with IV which increases the size of
Z(V(0:dyn)» Wdn:N); X[o:m)) and therefore the size of its covariance matrix. The convergence
of their entries is therefore not yet sufficient for a limiting object to be well defined.
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Splitting the increasing matrices into block matrices of constant size This
is the heart of the proof, which relies heavily on our custom coordinate system B, =
(v[o:dn),w[dn: N)). To understand this, let us focus on the covariance of derivatives given in
(18) of Lemma 20, i.e.

Cov(Dyfn(z), Dwin(y)) = %[1‘612<$ v)(y, w) + kig(z,v)(r,w) +K3(v,w)|. (18)
+ K32 <ya U> <y7 w> + K33 <y7 1}> <yv w> (1)
@

Notice that for the w; the part (I) is always zero by (42). This is why we defined wyg, ., to
be orthogonal to V;, in Definition 21. Since we also defined our basis to be an orthonormal
basis, (II) is only non-zero when covariances of the directional derivatives in the same
direction are taken.

As we treat our Z matrix (36) as row-major, the directional derivatives are grouped by
direction w; in Z, which therefore results in the following block matrix structure.

N0 = C2(Vo:dn)s Widnen)s X(om))

Cz(V(0:dn); X[o:n))
Chuw,, tx (X[0m))

CDWN,lfN (X[O:n))

v, N
[0:n)

I
2| =
M
=k
2
~
N/

For 2[0
since (I) is zero and (w;, w;) = 1 we have by (18) of Lemma 20

) " to be well defined, we require the blocks C D, f £y (X [O:n)) to not depend on 7. But

Chw,ty (X[0m))
5 2
A ) (5310, e, (X0, X))
5 Cio 2 2
I€3(||Xn2_1” 7”X20” 7<Xn—1aX0>) K’3(HX712_1” ’IIXn2—1|| 7<Xn—17Xn—1>)
. 1210,;\*"

— N“omn)
In particular there is no dependence on w; so E[ ;; is well defined. Since these block

matrices are of constant size, they converge if all their finitely many entries converge. But
we already argued that the entries converge (in the previous paragraph) and we therefore
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have?

v,N v,00 n(dn+1)xn(dn+1) w,N P, nxn.
Z[(J n) Nj Z[O n) €R and E[O n) N—> [O n) cR

For the mixed covariance we similarly have
%E‘[B;,,),,,, = Cz(V[0:dp)> Widy:N); X[0m)> Xn)

Cz(Viom); Xjom)» Xn)
CDwdn fn (X[O:n) ) Xn)

CDwN_l fn (X[O:n)7 XTL)

v, N
[0:n),n

I
2]~

\g]

SE&
<
=
N
S~—

w, N
[0:n),n

with a similar argument why > ., is well defined as for 27[“” N) And again by the discussion
of the previous paragraph estathhlng convergence of the entries, we have that these block
matrices of constant size converge

v,N n(dn+1)x (dn+1) w,N P w,00 nx1
[0:n),n N:)oo Z[() n),n €R and Z[(]:n)m, N:)oo 2“]27)),77 eR :
We can also split up the autocovariance in a similar fashion with

v £> Voo o R(dn+l)><(dn+l) and w £> oo o RIX1
N—o00 N—o00

Finally, the expectation functions can also be split into a block containing the directional
derivatives v(y.4,) spanning V,, and the expectations of directional derivatives in the w;
directions. More specifically we have

P, N P
MZ’N = ,UZ(V[O:dn)S Xn) Njoo iy € R™*! and 'U“FO:n) Nj ,U[o m) € R +1) (45)

4. The increasing number of identical 3}’ 0 ) will drive the law of large numbers of
N—1
1Py.1 VEn (@o)[|* = > (Dw, v (20))?
i=dp

similar to the first step (cf. Equation (34)). At the moment they are still matrices but this will change

when combined with the mixed covariances > 0. ”) _ finally resulting in (53).

42



PREDICTABLE PROGRESS

which converge since the inner products and norms used in (16) converge. Since the direc-
tions w; are selected orthogonal to all evaluation points X,, € V,,, the inner product in the
expectation of the directional derivative (16) is always zero and we therefore have
w,N __ . _ w,N __ n

e = pz(Wig,.n); Xn) =0 € R and Hiom) = 0 € R™. (46)
Convergence of the conditional expectation Let us take a step back and review what
we have done and want to do. We have argued that Z(By; X|o.,)) is conditionally Gaussian
and that it is therefore enough to understand the conditional expectation and covariance
(cf. (39)). We have then applied a well known result about the conditional distribution of
Gaussian random variables to obtain explicit formulas for the conditional expectation (40)
and covariance (41) made up of unconditional covariance matrices. We proved that their
entries converged and split these covariance matrices into block form, such that these blocks
of constant size converge in probability. What is left to do, is to put these results together
to prove convergence results about Z(B,; X[g.,)). We start with the conditional expectation
and then get to Z(Bp; X [O:n)) itself by a consideration of the conditional covariance.

So let us take a look at the conditional expectation. Since the w; are by defini-
tion orthonormal to the previsible running span of evaluation points V,, (19), we have
Dy, fn(X[o:n)) = 0. By applying the block matrix structure (43), (44) to the the represen-
tation of the conditional expectation (40) we therefore get using (46)

ElDw, y(X) | Fuoa] = 2N + 287 T8N 11 Dy By (X)) — ) = 0. (47)
The only interesting part of the vector E[Z(V{o.q,), W(4,.:N); Xn) | Fn—1] are therefore the
first d,, entries E[Z(V(g,.n); Xn) | Fn-1]. For this we use the formula for the conditional
expectation (40) and our block matrix decompositions (43), (44) again to obtain

v v,N v,N 1— N
E[Z(V[O;dn); X”) | fnfl] = IUJ'EI N) + 2[‘):1\1).11T[2[(j::1)] 1(Z(V[05dn); X[On)) o ’u[(é)n))) (48)

Since Z(V(o.4,,); X[o:n)) converges in probability by the induction assumptions (Ind-I) sum-
marized in (36), and since we have spent the previous paragraphs proving that the covari-
ance matrices and expectations converge, it almost seems like we are done. But while the
conditional expectation (40) can handle non-invertible matrices with a generalized inverse
(Theorem 38), an application of continuous mapping requires continuity and the matrix
inverse is only continuous at invertible matrices.

Lemma 34 Zﬁif) is strictly positive definite and therefore invertible.

Proof The essential ingredients are that (fi7, V) is strictly positive definite by assumption
of Theorem 22 and that the evaluation points are asymptotically different p;; > 0 by (Ind-

IV). The technical complications are that quof) is only defined as the limit of covariance

matrices (which are themselves not necessarily strictly positive definite themselves) and
that this limit involves changing the domain of (fi;, Vfy) as we increase its dimension.
Let us first address the problem of the changing domain. Since we are only interested
in the block matrix of the derivatives in the directions contained in V;, and the evaluation
points Xjg.,) are also contained in Vj,, we can map them via an isometry to R% which
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retains all distances and inner products and therefore retains the covariance matrices Efd,n)

(cf. Lemma 20). Note that the dimensional scaling % is not an issue here, as we have already

. N N . .
removed the scaling from Eﬁ)_n). Therefore Eﬁ)’,n can be viewed as a sequence of covariance

matrices of (fy, Vfy) with fy : R% — R. This solves the problem of the changing domain.
Finally, we need that the limiting matrix Zﬁ)o:) is in fact a covariance matrix of (fi, VEiy)
and not just a limit of covariance matrices. For this we apply (Ind-III), which ensures that

the limiting scalar products (25) and distances (26) which make up Zv"x) (cf. Lemma 20) are

[0:n

realizable by points 4o, ..., yn_1 € R%. %™ is therefore a covariance matrix of (fy, VEy)

[0:n)
viewed as a random function with domain R% . Since the distances pi; are positive by
(Ind-1V), the asymptotic representations yj are distinct and their covariance matrix EFUOZ)
is therefore strictly positive definite by the strict positive definiteness of (fy, VEy). [ ]

The matrix inverse is therefore continuous in EFOO:) and by the convergence of the matrices
in probability and the convergence of Z (V[O:dn);X [O:n)) by induction assumptions (Ind-I) for

n — 1 restated in (36), the conditional expectation (48) converges in probability

E[Z<V[O:dn)?Xn) | Fn—1]
D v,00 v,00 T 0,00 1—1 fO:n v,00 \ __. f"
Njoo K+ 2[():1/}7/71 [E[O:n)] <<7[[On))> - M[O:n)) _' <77(L[0dn))> : (49)

Together with the conditional expectation of the directional derivatives in the directions w;
in (47), we have now fully determined the conditional expectation.
An analysis of the conditional variance will immediately give us an understanding of the

distribution and we can therefore put these considerations together to obtain convergence
of Z itself.

Step 1: Convergence of Z(vy.q,); Xn) Recall, we outlined at the start of the induction
that we would first prove convergence of Z(v(g.q,); Xn) (i-e. Step 1) before proving V;,11
to asymptotically have full rank (Step 2) and the convergence of the new corner element
Dy, £3(Xa) (Step 3).

In (49) we have found the limit of the conditional expectation of Z(v(.q,); Xy). This
limit is also going to be the limit of the new column Z (V[O:dn)§Xn) itself. To prove this
we only need to control the variance. For this purpose we recall that the unconditional
variance is given by

Xall? | Xnll? .
( s (251 7”2”7”XnH2)H(Ndn)><(Ndn)>

The conditional covariance matrix is therefore given by

COV[Z(V[O:dn)a Wid,:N)> Xn) ‘ fnfl]

v v, N Trev,N 1—1swv, NV
1 ! _E[U:n).n [2[0:71)] [0:n),n

- N ’ (50)

oo dl(N=dy) x(N—dnJ
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where the conditional variance in the direction of the w; is given by

9 N N N
Ow,N = B Eﬁ}J:n) n [21[1()] VL)] 23?1{)):/1).71' <51)

We will need 0120’ y for Step 2 and Step 3, but for now it is not important. Due to the
diagonal structure we have for our new column Z(v(g.q,); X») by (39)

Z(V[O:d,,,) ) Xn)

Yo
= EIZ(Vigudn)s Xn) | Fact] +/COVIZ (Viga) Xn) | Fat]
Yy,
1 Yo
:E[Z(@[Od ) "Fn 1] \/N\/ n = Eﬁ)i) [EFO ?1)] IEEJA))N .
Yy,
— ol (52)

This is exactly the convergence of the ‘new column’ required for Step 1.

Step 2: The rank of V,,;; The last two steps follow fairly quickly. Recall that V41
is the previsible running span of evaluation points defined in (19). Since it is previsible,
it only includes gradients up to time n and the Gram-Schmidt candidate (21) of its most
recent addition is therefore given by

—1 N-1
Vi i= VEN(X,) — Py, Vin(X,) = Z (wi, VEn (X Dy, 5 ( X)Wy,
k= n k:dn

where Py, is the projection onto V,,.
Now we naturally want to analyze the directional derivatives Dy, fx (X)) which make
up v,. By representation (39) and our formula for the conditional covariance (50) we have

in distribution
DwaN(Xn) = E[lefN(Xn) ‘ fn—l] + \/ %Uw,NYi—I—l-

(47
0

We now already see where our law of large numbers is going to come from. But we first
need to take a closer look at the residual variance U%v, ~ defined in (51). We get convergence
in probability of the residual variance to a value strictly greater zero
2 _ w,N Trew,Nij—1w-w,N
Ow,N = ( o E[l,):n).n [2[0:77,)] 2[(,):11,).11,) (53)
p ~wW,00 T rew,007—1 v w,00
( - (o)1

Njoo [0:n),n 0:n) “0:n

.2
).n) = Ow,00 > O’

using the convergence of the block matrices and the following lemma.

Lemma 35 "[Lgx) is strictly positive definite and o, ., > 0.
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Proof We are going to show with a similar argument as in Lemma 34 that the matrix

w,00 w,00
W00 L _ 2[(J:n,) Z'l):n\).n
[0:n] " Zwr)@ T

[0:n),n

is strictly positive definite. Before we do so, let us quickly argue w is finishes the proof.
is strictly positive definite. Bef d let ickly arg hy this finishes th f
Since EES:;]’ is then strictly positive definite, it has a cholesky decomposition L such that

T
S0 = LLT = [f# 0} [L" l} :

[0:n] o l o
which implies that L,, is the cholesky decomposition of Z%;ZC), =1L, 12%;? , and
o=/ - TSI = ouee

Since we have
det(L) = oy,00 det(Ly,),

strict positive definiteness of 21[8’5;]) and therefore 0 # det(E%f;f) = det(L)? implies

0r oo >0 and det(Ly) # 0.

But det(L,) # 0 also implies that ZE’(’)ZC) has to be strictly positive definite, since L, is its
cholesky decomposition.

WO For this note

What is therefore left to prove is the strict positive definiteness of Z[O:n}

that

w, N w, N
Ew,N L Z:[Ozn) 2)'l):n).n
[0:n] " Ew..\' T

[0:n),n

is the plug-in covariance matrix of Dy, fi (X [O:n])' Where we use the term ”plug-in” covari-
ance to say that we treat the evaluation points X|g.,) and the direction w; as deterministic.
Since Xg., are contained in V,,, we again map them isometrically to R% . But this time
we view R% as a subspace of R%*1 and map the additional vector w; to €d,+1 such that
27[8’:25 is a covariance matrix of Vfy in R+l

Now we finish the proof with the same limiting argument as in Lemma 34. Since Vfy
is strictly positive definite by assumption, we get that ZESZ? is strictly positive definite
as the covariance matrix of (Jg,+1fn) at the points yo.,) = (Yo,---,Yn) C Rén+1 of (Ind-
III). These are the limiting representations and non of the points y; are equal by (Ind-IV). B

Using the convergence of the residual variance ‘712,1 N o2, _ allows us to finally make

w,00
our law of large numbers argument

N—-1 2 N

- Ow,N P

[oal? = 3 (D) = 75 3 92 2 ol >0 (54)
1=0an 1=0an
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This implies that V;, has full rank asymptotically (Ind-II).

Assuming the last gradient is always used (and not just in the asymptotic limit), we can
get dp+1 = dp, + 1 almost surely, since 07_21)7 ~ > 0 almost surely is sufficient for ||v,,[|? > 0
almost surely. The use of the most recent gradient ensures the points X are different
by an inductive argument similar to Lemma 29. This in turn ensures, using the strict
positive definiteness of (fy, VEy), that 0121} ~ > 0 almost surely with a similar argument as
in Lemma 35. 7

Step 3: Convergence of the new corner element The last step follows immediately
by definition of v4, = 1227 in Definition 21 and (54)

[[vall

‘DVdan(Xn) = <VfN(Xn) Ya > = |[Vall N%oo Ow,c0 = fy7(ld") > 0.

> [vall

5. Discussion and Outlook

In this section we want to discuss limitations, possible generalizations and extensions of our
results. Let us begin by with the only structural assumption:

S1. Isotropy. This assumption is the key argument to get independent, identically dis-
tributed partial derivatives and thereby a law of large numbers of the gradient norm.
Isotropic kernels are characterized by the property C(z,y) = C(Uz,Uy) for any or-
thogonal matrix U (Benning and Schélpple, 2025). It is natural to ask how small
the set of transformations U may be before our results break down. In place of ro-
tation invariance, one might consider exchangeable directions for example (which is
captured by the set of dimension permutations). In the first step this would likely
yield exchangeable partial derivatives and and thereby a law of large numbers. How-
ever our proof approach would already break down in the second step as we are using
an adapted coordinate system and not the standard basis. We are doubtful whether
these results even hold in a more general setting.

Next we want to discuss the assumptions that may be removed or relaxed. We sort
them by our current perception of their difficulty in increasing order:

Al. Strict positive definiteness and use of the most recent gradient. The strict
positive definiteness was used in the proof of Theorem 22 to show that the limiting
covariance matrices are invertible. Without this assumption one would either have to
work with generalized matrix inverses and prove that these are still continuous in their
entries or use an approach that avoids matrix inverses altogether such as describing
the conditional distribution using characteristic functions.

Note that we needed the evaluation points to be different (Ind-IV) for strict positive
definiteness to apply and we used the assumption that the most gradient was used for
this purpose. This also ensured that the span of gradients V,, had full rank (Ind-II).
Removing the strict positive definiteness and the use of the most recent gradient by
the algorithm would therefore also remove these corollary implications.
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Finite time horizon. We only show convergence of the iterates up to a fixed time
horizon n. This is structural to our qualitative approach as we need convergence of
the previous step to show convergence of the next step. There are two potential ways
to allow n — oo jointly with the dimension N:

(a) Quantitative convergence and stability results. The proof would be sim-
ilar to proving convergence of an ODE discretization. In every step errors are
accumulated and passed through continuous functions (which would need to be
Lipschitz or similar in a quantitative setting). This error accumulation would
need to happen slowly enough that the overall error still converges even if the
number of error accumulation steps grows to infinity. One can observe empiri-
cally that the variance does not increase with the number of steps n (cf. Figure 2),
which means that this is likely possible.

(b) Big n handover. Since the iterates converge for every finite but possible very
large time horizon n, it is perhaps possible to prove that for very large n it is
overwhelmingly likely that the iterates are captured by a local minimum and
are therefore constant anyway. This approach is likely significantly harder: One
would first need to prove that the optimizer reaches a certain level at time n,
which requires explicit bounds on the f, and then combine this with topo-
logical results about GRFs to show that at a certain level the function only
has convex regions close to minima. These topological results are only partially
available for the special case of spin glasses (e.g. Auffinger and Zeng, 2023).

Gaussian random function. Our argument is based on a law of large numbers
applied to the norm of gradients. For this we needed that the squared directional
derivatives are uncorrelated. We obtained this result from the fact that the direc-
tional derivatives themselves are uncorrelated. In the Gaussian case they are thereby
independent and their squares are therefore also uncorrelated. To remove the Gaus-
sian assumption one would therefore have to obtain uncorrelated squares directly from
isotropy. The difficulty then lies in pushing this argument through the steps, which
may turn out to be straightforward or very difficult.

Gradient Span Algorithms. In practice many algorithms leave the linear span of
gradients with the use of preconditioning matrices. Example include Shampoo (Gupta
et al., 2018) or Adam (Kingma and Ba, 2015), which uses a diagonal preconditioning
matrix of entry-wise learning rates. While it is likely that similar results hold for
these type of algorithms based on their empirical behavior (cf. Figure 1), it will be
very difficult to prove this theoretically. Observe that a key step in our proof is to show
that the ‘learning rates’ converge. More specifically we show that the coefficients of
the evaluation locations with respect to the adapted span converge. This is necessary
to ensure a deterministic behavior of the optimizer in the limit. For algorithms using
preconditioners a similar result would need to be proven. However it is unclear in
what sense a preconditioning matrix of increasing size may converge. Random matrix
theory answers this question by stating that the distribution of eigenvalues converges.
This approach loses the order of eigenvalues however, which is a problem here since
they are highly correlated to the gradient realizations of the random function. Only

48



PREDICTABLE PROGRESS

after a sense in which preconditioning matrices may converge is established one can
hope to extend our results to this generality.

Perhaps the key lies in the fact that we are not considering arbitrary precondition-
ing matrices. Specifically, the authors conjecture in a different paper (Benning and
Déring, 2024, Appendix E.1) that the purpose of the preconditioning matrix is to
turn an anisotropic Random Function into an isotropic one and that preconditioning
is unnecessary on isotropic functions.

Perhaps even more interesting than the relaxation of assumptions would be the following
extensions:

E1. An analysis of stochastic gradient descent and similar stochastic algorithms which
do not have access to the true cost but rather noisy evaluations of fy. It is again un-
clear in what sense one would obtain convergence, since we cannot expect convergence
of the coordinates in the adapted span. Perhaps it is possible to prove convergence
against a distribution of coordinates in the adapted span and thereby obtain conver-
gence against a distribution of function values. Maybe ideas from Langevin dynamics
can be reused here.

E2. Bounds on the limiting function values f, for a given optimizer and random
function distribution would be extremely useful for comparing optimizers. Perhaps it
is even possible to find the ‘best optimizer’ by optimizing over these limiting function
values. This would be the most useful extension but also the most difficult. The
optimizer that is one-step optimal is ‘Random Function Descent’ (Benning and Déring,
2024), but even the two-step optimal optimizer is very difficult to find as one has to
find structure in in increasingly large covariance matrices.
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Appendix A. Random quadratic functions are isotropic

The goal of this section is twofold: First, we want to motivate that the cost functions
found in machine learning should be expected to be non-stationary. Second, we want to
demonstrate how random linear models result in (isotropic) random quadratic functions.
This suggests that the isotropy assumption may be plausible.

Subject to strong simplifying assumptions, p-layer neural networks may also be related
to p-spin glasses (1) (Choromanska et al., 2015), i.e. isotropic random functions on the
sphere. Much more realistic assumptions are sufficient to relate linear models to random
quadratic functions. More specifically, the random functions considered by Paquette et al.
(2022), etc. are of the form

n n

1 - 2 1 - 2 1 .
fy(2) = — A — %)+l = =Y (A (z— %) +m)? == > £ (2),
2n 2n P n =

where A € R™*V is a random data matrix, X € RY is a random vector representing the true
signal and 7 is noise. The last equation shows how fx can be decomposed into n stochastic
losses f ](\7,’), where n is the amount of data.

Lemma 36 (Quadratic function representation) Assume A, X and n to be indepen-
dent, where the noise n itself is a vector of iid variables with zero mean and variance 03].
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Further assume the isotropic feature model of Paquette et al. (2022), i.e. the entries of A

are iid with zero mean and variance Ui. Then fn can be represented as

0o 1 - % o . 00 o ~ o2
Pn(@) = £ (0) + — Y (I (0) —fR(2)  with £ (2) = Bl %> + T,
i=1

=:¢;(x)

where £3° is the ‘infinite data limit’ and €; is the stochastic noise, which s identically
distributed. Conditional on the true signal X, the €; are also independent with zero mean.
The noise €; is then also unconditionally uncorrelated and has zero mean.

Proof Before confirming it has the desired properties, we simply define the infinite data
limit to be

£57(2) = BlEY (@) | X] = E|§(2 — R)TALAG (v = %) + Ay (2 = )i + bn? | %

= 3z -0 E[AT Az - %) + L E[n]
——— N~

2 2
oal on

[\

o2 o o2

= e - %* + %,
By the independence of A, X, and n and the independence of the entries of A, conditionally
on X, the f](\;) (x) are independent. Since fy° is deterministic, conditional on X by defini-
tion, the ¢; are therefore independent, conditionally on X. That the conditional mean is
zero follows from our definition of f37. The unconditional statements follow from the tower

property of the conditional expectation. |

Since we do not consider stochastic optimization algorithms (like stochastic gradient
descent) but full gradient optimization in this paper, a comparison requires a comparison
with the underlying infinite data limit f3°, which can be rewritten as

o2 2 _ ) 2 2/ = A (1212 =112
£ (2) = 5 + 3 (BRI + l|2]*) +o4 (@, %) + 3 (I%]* — E[IX]])

Vv Vv
deterministic random constant

We are now going to assume that the signal X is centered (which represents a translation
of the coordinate system such that E[X] is the origin). Let us assume assume, like Paquette
et al. (2022, Assumption 1), that the entries % are independent with variance RWZ. The

law of large numbers then implies

2

oA ~12 ~12 b,

A (x]1F = El||x — 0.

AI=I? - E[RI) B
Hence, the random constant disappears in the high-dimensional limit. Since constants are
also irrelevant for optimization there are two good reasons why this random constant can be
dropped without loss of generality when analyzing optimization on f3°. But then, assuming
X to be Gaussian, the infinite data limit

2

P 0'2 02 ~
£0(2) == p(IZ0) + od (e, %), with p(B0) .= 2 4 Ta (E[IR)] + [l2]?),
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is a (non-stationary) isotropic GRF with covariance

N

Cov(E¥ (), £ (v) = oA & (2, ) = §w

2 92 ,(x,y)).

Random quadratic functions with isotropic features are therefore covered by the (non-
stationary) isotropy assumption of the present article. The additional assumption we re-
quired over Paquette et al. (2022) was that the mean of X had to be zero. By a change of
coordinate system this essentially implies the origin of the space necessarily has to be the
expectation of x.

Remark 37 The ‘correlated feature model’ of Paquette et al. (2022) is essentially a change
of space. That is, (non-stationary) isotropy with respect to the Hilbertspace RY equipped
with the inner product

<x7y>2 = <$, Ey>
results in the correlated feature model. This geometric modification of (non-stationary)
1sotropy is well known in the stationary isotropic case under the term ‘geometric anisotropy’
(e.g. Stein, 1999, p. 17).
Appendix B. Conditional Gaussian distributions

Theorem 38 about conditional Gaussian distributions is well known (e.g. Eaton, 2007,
Prop. 3.13.), but for your convenience we wrote down our favorite proof of this theorem
capturing the intuition behind the statement.

Theorem 38 (Conditional Gaussian distribution) Let X ~ N(u,X) be a multivari-
ate Gaussian vector where the covariance matriz is a block matrix of the form

1 Y11 X2
= d 3= ,
: L‘J o [221 E22]

then the conditional distribution of Xo given Xy is
Xo | X1~ N (g1, Zap),
with conditional mean and variance

fio == p2 + S X7 (X1 — 1)
Yo 1= Y2 — DITPIED NP

where Eil may be a generalized inverse (cf. Eaton, 2007).
Proof For the general statement we point to the standard literature (e.g. Eaton, 2007).
For this proof we will assume for simplicity that X is invertible.

Let X := X — u be the centered version of X. Then there exists a unique lower
triangular matrix L such that ¥ = LLT (i.e. the Cholesky Decomposition). This results in
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the following representation®
Xl L1 0 :| |:Y1:|
X—u=:|3|= =LY
H |:X2:| [L21 Loz | Y2
with independent standard normal Y;, i.e. Y ~ AN(0,I). Lj; is invertible since ¥1; and

therefore the map from Y7 to X; is bijective. Conditioning on X is therefore equivalent to
conditioning on Y. But we have

Xo =g+ Xo = o + Lo Y3 + LooYs (55)
———— ——

conditional expectation  conditional distribution

So it follows that
Xo | X1~ N (g, 2on)

with
pop = E[Xy | Xi] =p2 + L1 Y1
o = Cov[Xa | X1] = E [(X2 ~E[Xy | X1])? | Xl} —LpLT.

What is left to do, is to find a representation for the L;; using the block matrices of ¥. For
this we observe

Y 212] T [LHL}; L1 L, ]
==Ll = . 56
[221 Yoo Lot LY, LooLL, + Loy LT (56)

Using Y] = Lﬁle and the insertion of an identity matrix this implies

_ —1v y (56 —
LnY) = L21(L1T1L11T)(L111X1) 2 2212111()(1 — ).
resulting in the desired conditional expectation py1. The conditional variance follows alike

(56)
Sopp = LaaLyy = Sop — L1 L3

=Yg — L21(L1T1 Ll_lT)(Ll_ll Lll)L;‘Fl .
N e e N

(56) 56) (56)
="Y21 (():)2111 ="Y19

5. Tt is straightforward to check that Y := L™'(X — u) is a multivariate Gaussian vector of centered,
uncorrelated entries with variance 1. They are therefore iid standard normal since uncorrelated multi-
variate Gaussian random variables are independent. Sometimes this representation is even taken as the
definition of a multivariate normal distribution. This is the only real place we use the invertibility of ¥
in its entirety, the invertibility of £7;' is used later on because we do not want to get into the business
of generalized inverses here.
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Remark 39 (Decomposition) X | X1 ~ N (g1, o)1) always implies that there exists
there exists Yo ~ N(0,1) independent of X1 such that the following equality is true in
distribution

Xo = poj1 + 1/ o1 Y2, (57)

where /S denotes the cholesky decomposition of ¥. If the covariance matriz is moreover
invertible, then Ys can be determined constructively as in the proof of Theorem 3§ such
that equation holds always and not just in distribution (cf. (55)). This might be true in the
non-invertible case as well but would require deeper insights about singular matrices.

Appendix C. Strict positive definite derivatives

While covariance matrices are always positive definite, they are not always strict positive
definite (i.e. invertible). Recall, that a random function f and its covariance function Cy are
strict positive definite if the matrix (C¢(2g, 21))k,1=1,... » is strict positive definite for any finite
T1,...,Tn. It is already known that, whenever f is stationary isotropic and non-constant,
f is strict positive definite if the dimension satisfies N > 2 (Sasvari, 2013, Theorem 3.1.5).
But since we require the ‘jet’ J'f = (f, Vf) to be strict positive definite in Theorem 12,
we prove a generalization of Theorem 3.1.6 in Sasvari (2013). This generalization will be
sufficient to prove that all stationary isotropic covariance functions which are valid in all
dimensions (cf. Definition 8) are covered as we will see in Corollary 42. This result will be
used to remove the strict positive definiteness assumption in Corollary 9.

If g is a random function with multivariate output, then Cg(z, ;) is already a matrix
for fixed k,j and the collection over k, j is really a tensor. To avoid introducing this ma-
chinery and explaining positive definiteness for tensors, we will take the following equivalent
statement for positive definiteness of random functions as definition.

Definition 40 (Strict positive definite random function) The covariance Cg of a ran-
dom function g : RN — R™ and the random function itself is called strict positive definite
if for all w, € R™ and distinct x1, ..., z, € RN the equality

n (58) n
0= Var[z wgg(xk)] = Z w%Cg(xk, xp)wy
k=1 kl=1
implies wy, = 0 for all k.

Note, that the second equality marked with (58) is always true and only represents an
equivalent formulation, because after centering g (without loss of generality, using g =
g — E[g]), we have

z": w}ng(:Uk,xl)wl = E[i: wgg(xk)g(xl)Twl] = Var[zn: wgg(:nk)} (58)

k=1 k=1 k=1

Theorem 41 (Strict positive definite derivatives) Let f: RY — R be a stationary
random function, i.e. its covariance has the form Cg¢(x,y) = C(x — y). Assume the pos-
itive definite function C' is continuous such that the support of its spectral measure contains
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a non-empty open set. Then up to any order k up to which £ is almost surely differentiable,
the jet
JRE = (£, VE, (0if)i<jy - s (Oiyip )iy <ziy,)

is strict positive definite.

Theorem 41 is not more general than Sasvari (2013, Theorem 3.1.6) in the sense that
conditions are weakend, but it is more general in its implication. That is, g is strict positive
definite and not just f.

The following corollary shows that this fully covers the stationary isotropic covariance
functions valid in all dimensions (cf. Definition 8). We use this result about stationary
isotropic random functions in Corollary 9 to omit the assumption that (f, Vf) has to be
strict positive definite, which is needed for our general result (Theorem 12).

Corollary 42 Assume that C' is a continuous stationary isotropic covariance kernel valid
in all dimensions, i.e. defined on the space of square summable sequences £ by Lemma 2.3
in Benning and Scholpple (2025). Let £ ~ N (u,C) be a Gaussian random function, which
18 not almost surely constant. Then the jet

JEE = (£, VE, (0i58)i<js - s (Oiyoiy £)in<oo<iy)
is strict positive definite for any k € N.

Proof [Proof of Theorem 41| For any n finite and distinct @1, ..., 2, € RY we need that

0 = Var [z”: ijka(:z:j)]

j=1
implies w; = 0 for all i = 1,...,n. Without loss of generality we assume f (and thus J*f)
to be centered. We can then rewrite this as

n

n k
Var[Zw;prkf(xj)} :Var[zz Z wj(-l’il""’il)ail,..ilf(xj),

j=1 G=1 1=0 i1 <--<iq;

with appropriate indexing of the w;. Note that [ ranges over the order of differentiation
contained in g before we sum over all the partial derivatives in the inner sum. For k =1
this is for example

n N n
Var [Z w§0)f(xj) + Z w](l’l)@if(xj)} = Var [Z w](.o)f(xj) + ij(_l,.>f(xj)] =0.
j=1 i=1 j=1
We now consider the linear differential operator

n k
7= 3 )N, .

j=11=0 i1 <<y
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where §,(f) = f(x) is the dirac delta function and 0;0,(f) = —0;f(z) is its derivative in
the sense of distributions. Recall this means for test functions ¢, that we have

(0i0z, ) = —(6z,0i0) = —0ip(x).

The higher order derivatives in the sense of distributions are similarly defined. Using this
operator we now obtain more succinctly

n k
0= Var[zz 3 wj(-l’il""’il)ailmilf(xj)] — Var[Tf].

J=11=0i1<---<i;

While T'f is well defined, we now want to move this operator outside. For this we want to
use the bilinearity of the covariance. But the covariance has two inputs and TCs is then
not well defined because the differential operator 1" might be applied to the first or second
input of C¢. To avoid this issue, we define with some abuse of notation Tt f(t) := T f such
that we can write T%Cg(t,s) when we mean TC(-,s). Note that T is a linear combination
of basis elements J;, _;,d,. So by bilinearity of the covariance it is sufficient to check, that
we can move these basis elements out of the covariance, i.e.
Cov(ail...il(sva 8j1...jl/ 5yf) = COV(ailmilf(iU), 8]1]l/f(y))
= (0i1..i102)" (Djy..j,0y)°Cr (t, 5).

Since T is a linear combinations of these, we get by the bilinearity of the covariance
0 = Var[Tf] = T*TYC¢(z,y).

In the remainder of the proof we will essentially show, that this variance can be represented

as an integral over the absolute value of the fourier transform of 7" with respect to the

spectral measure of C¢. This forces the fourier transform of T and therefore T' to be zero.
Using the spectral representation of C¢ (e.g. Sasvéri, 2013, Theorem 1.7.4) given by

we move the operator into the integral (by moving sums and derivatives into the integral)
0=T*TYCe(z,y) = / T @YX o (dt) = / T o(dt),

where we use T'f = T f for the last equation, which follows from

o 0u(f) = 0.(f)
e D,6.(f) = Dyf(x) = D, f(z) = Dyd.(f) because from |z| = |z| follows

iy @t t0) = f@) = Dof(2)t] _
t—0 t ’

e induction for higher order derivatives.
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So we have that P(t) := TeY) must be zero o-almost everywhere. Since

n k
P(t) = ZZ Z wj(l’il""’il)ail...il€i<xj’t>

j=1 1=0 i1 <-<iy

is continuous in ¢, it can only be zero o-almost everywhere if it is zero on the support of o.
Since the support of the spectral measure o contains an open subset by assumption of the
theorem, P must be zero on this open subset. But then P must be zero everywhere as an
analytic function. As P(t) is the fourier transform of 7" in the sense of distributions, i.e.

P(t) = /(zn:zk: Z wj(»l’ih“"il)ail...il5xj)($)€i<m’t>dx = FIT)(t),

J=11=0 01 <--<q,

this requires T' to be zero by linearity and invertibility of the Fourier transform. But since
the 81-1_.“590]. are linear independent® for distinct x; the only way 1" can be zero is, if all the
w; are zero. This finishes the proof. |

The general requirement, the existence of a non-empty open sets in the support of
the spectral measure, is satisfied for the stationary isotropic random functions valid in
all dimensions (Corollary 42). To prove this result we require the following lemma. It
proves that stationary isotropic random function in ¢? is either almost surely constant or
the ‘Schoenberg measure’ has positive measure on (0,00). Where the Schoenberg measure
v refers to the measure in Schoenberg’s characterization of stationary isotropic covariance
kernels on ¢? given by

o) = o(lz=ul?y _ excn( g2 le=ul?
Cr(z,y) = (L2l /[0 e (59)

Lemma 43 (Constant random functions) Let C' be a stationary isotropic covariance
kernel walid in all dimensions and let £ ~ N(u,C) be a continuous stationary isotropic
random function.

If the Schoenberg measure v of C' has no mass on (0,00), i.e. v((0,00)) =0, then f is
almost surely constant.

6. To see the linear independence of ail‘,,ilézj, consider that the finite x, are distinct, so they have a
minimal distance. Rescale a bump function with zero slope at the top, e.g.

1
¢(ZL‘) _ eXp<_17Hz|\2) HxH <1
0 [zl =1
such that it is centered on some z; and it is zero at all other z;, (and zero at all derivatives). This implies
0=(T,¢) = w”é(;)

and thus w]@) = 0. Then construct similar test functions to ensure the other prefactors have to be zero,

by placing a non-zero slope at x; while ensuring it is zero at all other xj.
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Proof By Schoenberg’s characterization (59) we have
C(r)= / exp(—t2r)v(dt) v((0,20)=0) v({0}).
[0,00)

This implies a constant covariance

Cov(f(z),f(y)) = v({0}).

Assuming f to be centered (without loss of generality) by switching to fy =f — w, this
implies

E[(f(z) - £(y))*] = E[f(2)’] — 2E[f(2)f(y)] + E[f(y)?] = 0.
Thus f(x) = f(y) almost surely for all x,y. Via the union over a dense countable subset of
RY and a.s. continuity of f we get

P(f a.s. constant) = P(f(x) =f(y) Vx,ye RN) - 1.

Using this lemma, we can prove that all stationary isotropic covariance kernels on ¢2
have strictly positive definite derivatives.

Corollary 44 Assume that C is a continuous stationary isotropic covariance kernel valid
in all dimensions, i.e. defined on the space of square summable sequences £* by Lemma 2.3
in Benning and Schélpple (2025). Let £ ~ N (u,C) be a Gaussian random function, which
1s not almost surely constant. Then the jet

I = (£, VE, (0if)i<jy - - - (Oiip £)is<ooziy))
18 strict positive definite for any k € N.
x 2t2
Proof [Proof of Corollary 42| Since ¢(x) = e~ is the characteristic function of Y ~

N(0,tInx ), Schoenbergs characterization (59) of the covariance implies up to scaling

2 =2
lz—2|

= e~ 2z v(dt
) /[Om) (dt)
- / E[c*= 5]y (dt)

lly

. _ 2
:/e“"”z’y)/ e’Tﬂy(dt) dy + v({0})
(0,00)

5112

Cf(x,:f?) — C(||9E— I

with spectral measure
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Since v((0,00)) # 0 because f is not almost surely constant (Corollary 43), its density ¢,
is continuous and positive ¢, (y) > 0 for all y € RY and thus supp(c) = RV. In particular
Theorem 41 is applicable and finishes the proof. |

Appendix D. Technical results

Recall that k3 > 0 was used in (34) to prove that the gradient has positive length. This
fact follows from strict positive definiteness, which we are now going to prove.

Lemma 45 Let k be a (non-stationary) isotropic covariance kernel valid in all dimensions.
Let £ ~ N (u, k) and assume (£, Vf) to be strict positive definite, then for any x € RN

|2 z||? 2
/13(” 2\\ ’ I 2|| lz]?) > 0.
Proof Since the norm | - ||? is rotation invariant, we can assume without loss of generality
x = Xej for the standard basis vector e; € RY. Since 0f is strict positive definite, we know
that

0 < Var(dyf(z)) = Cov(af (Aer), af (Ner)) = L (122 122 )1212),

where we have used (18) of Lemma 20 and [[Ae1|| = ||z|| in the last equation. [ |

In the stationary isotropic case, we can say more. We do not only have k3 = —C’(0) > 0,
but we have C’(r) < 0 for all » > 0.

Lemma 46 Let C be a stationary isotropic covariance kernel valid in all dimensions. If
f ~ N(u,C) is not almost surely constant, then C'(r) <0 for all r > 0.

Proof By Corollary 43 we have v((0,00)) > 0 for the Schoenberg measure v in Schoenbergs’s
characterization (59). Thus by the continuity of measures there exists a,b > 0 such that
v([a,b]) > 0. Then by (59) we have

—C'(r) = 2 exp(—t2r)v
C'(r) /[Om)t p(— 2w (dt)

2/ t2 exp(—t2r)v(dt)
[a.b]

> v([a, b]) Seir[;fb] s% exp(—sr) > 0.
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