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Abstract

We initiate the study of locally differentially private (LDP) learning with public features.
We define semi-feature LDP, where some features are publicly available while the remaining
ones, along with the label, require protection under local differential privacy. Under semi-
feature LDP, we consider three fundamental estimation problems: non-parametric density
estimation, classification, and regression. Given the smoothness assumption, we show that
the minimax convergence rate is significantly improved compared to classical LDP. Then,
we propose HistOfTree, an estimator that fully leverages the information contained in
both public and private features. Theoretically, HistOfTree reaches the minimax optimal
convergence rate. FEmpirically, Hist0fTree achieves superior performance on both syn-
thetic and real data. We also explore scenarios where users have the flexibility to select
features for protection manually. In such cases, we propose an estimator and a data-driven
parameter tuning strategy, leading to analogous theoretical and empirical results.
Keywords: local differential privacy, public features, non-parametric estimation, regres-
sion, classification, density estimation

1. Introduction

Data privacy regulations such as Europe’s General Data Protection Regulation (GDPR)
(European Parliament and Council of the European Union, 2016) have led to a notable rise
in the significance of privacy-preserving machine learning (Cummings and Desai, 2018).
As a golden standard, local differential privacy (LDP) (Kairouz et al., 2014; Duchi et al.,
2018), a variant of differential privacy (DP) (Dwork et al., 2006), has gained considerable
attention in recent years, especially among industry experts (Erlingsson et al., 2014; Apple,
2017). LDP assumes that each sample is possessed by a data holder, who privatizes their
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data before it is collected by the curator. Offering a stronger sense of privacy protection
compared to central DP; LDP often encounters much more sophisticated challenges (Duchi
et al., 2018), which obstruct both the theoretical analysis and practical implementation of
LDP learning.

Fortunately, in some scenarios, a protocol with weakened protection can be adopted
to privatize only the sensitive part of each sample. For instance, label differential privacy
(Ghazi et al., 2021; Malek Esmaeili et al., 2021; Badanidiyuru Varadaraja et al., 2024)
assumes only the labels contain sensitive information, while the features are freely accessible
to the data users. Moreover, clear theoretical advantages have been established (Wang and
Xu, 2019; Xu et al., 2023) for label LDP over classical LDP. In the context of central DP,
recent works demonstrate the effectiveness of partially protecting a small portion of features
(Curmei et al., 2023; Shen et al., 2023; Krichene et al., 2023; Chua et al., 2024), mostly
from a methodological perspective. Yet, no theoretical framework has been established
under this setting, which is the primary aim of this work.

As is addressed by GDPR, a properly functioning consent management process should
provide granular consent options regarding the specific types of data being collected and
the purposes for which it will be processed (Nouwens et al., 2020). In our case, to meet
the requirements, users must be able to choose which parts of their data are collected
under privacy protections and which are not. This necessitates the design of estimators
with personalized privacy preferences, i.e., the private and public features for each user are
manually selected rather than preset.

Given this context, we study the problem of statistical estimation under local differen-
tial privacy with user-personalized public features. We start with the most basic task of
non-parametric distribution density estimation. Under the same heuristic, we solve non-
parametric regression and classification, the two most common supervised learning prob-
lems. Our contributions are summarized as follows:

e We formalize the problem of LDP learning with public features. Specifically, we
define semi-feature LDP, where a portion of the features is publicly available, while
the remaining ones, along with the label (if there is any), require protection. We
develop both a simplified aligned case (where the position of public features for all
users is identical) and a general personalized case (where users select their own public
features).

e Under semi-feature LDP, we provide theoretical minimax lower bounds for each con-
sidered problem, namely, density estimation, regression, and classification.

e We propose the Hist0fTree estimator. Theoretically, we provide an excess risk upper
bound for personalized privacy preferences. Together with the lower bound, we estab-
lish a minimax optimal convergence rate, up to logarithmic factors, for both aligned
and personalized privacy preferences. We also provide a data-driven parameter selec-
tion rule to avoid tuning sensitive hyper-parameters.

e We demonstrate the superiority of Hist0fTree through comparison of each task on
both synthetic and real data sets. Hist0fTree not only outperforms naive competitors
but is also shown to be free of tuning hyper-parameters.
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Section or result AISTAT'S version

This version

Section 4 None Adds density lower and upper bounds and a
weighted estimator for aligned and
personalized preferences.

Section 5 An aligned lower bound Extends the regression lower bound to

Theorems 5 and 6 and an unmatched

personalized upper bound.

personalized preferences and introduces
inverse-variance weighting, yielding matching
personalized lower and upper bounds up to
logarithmic factors.

Section 5 None Adds classification results parallel to

Theorems 7 and 8 regression, with matching lower and upper
bounds for aligned and personalized
preferences under the margin condition.

Sections 6.2.2; None Adds density simulations and regression

Figures 3, 2(e),
and 2(f)

experiments on the robustness of s and
public—private feature correlation.

Table 1: Major changes between the conference version and the journal version.

In the following sections, we first introduce related work in Section 2. Next, we define
the concept of semi-feature LDP in Section 3. For the unsupervised problem of density
estimation, we present theoretical results and our proposed algorithm in Section 4. Similarly,
we provide a parallel set of results for the supervised problems of classification and regression

in Section 5. Experimental results are detailed in Section 6. Section 7 concludes the paper.
All proofs and data set details are included in Appendices A and B, respectively.

A preliminary version of this paper was presented at the 28th International Conference

on Artificial Intelligence and Statistics (Ma et al., 2025). Significant extensions have been
made to the conference version, including the following key contributions:

e By introducing an inverse-variance weighted aggregation rule, we close the gap be-

tween the original personalized minimax lower bound and the high-probability upper

bound left open in Ma et al. (2025).

e Under semi-feature LDP, we significantly broaden the problem scope, extending from

non-parametric regression, a showcase example, to general non-parametric problems,

including classification and density estimation. We provide parallel results comprising
a minimax lower bound, an estimator, and the corresponding upper bound for the

algorithm.

e We present new experimental results with a focus on density estimation.

2. Related Work

Public data and features

There has been a long line of work on the benefits of public

data (Papernot et al., 2017, 2018; Liu et al., 2021a,b; Yu et al., 2021, 2022; Nasr et al.,
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2023; Gu et al., 2025; Fuentes et al., 2024). Public features, by contrast, have received
less attention. Recently, several works have considered settings in which only a subset of
features is sensitive (Curmei et al., 2023; Shen et al., 2023; Krichene et al., 2023; Chua et al.,
2024). In recommendation and personalization, public item-side features are combined with
private user information (Curmei et al., 2023; Krichene et al., 2023), whereas other works
explicitly partition each record into sensitive and non-sensitive features (Shen et al., 2023;
Chua et al., 2024; Ghazi et al., 2024; Mahloujifar et al., 2025; Jiang et al., 2026). Our
setting is closely related to this line of work, but differs in that privacy is local and the set
of private coordinates may vary across users.

An even more extreme setting is label differential privacy (Chaudhuri and Hsu, 2011;
Busa-Fekete et al., 2021; Ghazi et al., 2021; Malek Esmaeili et al., 2021; Cunningham et al.,
2022; Ghazi et al., 2022; Badanidiyuru Varadaraja et al., 2024; Zhao et al., 2025), where
all features are treated as public. Under central DP, this relaxation has been shown to
improve generalization error, with the privacy budget affecting only the constant factor
(Badanidiyuru Varadaraja et al., 2024). Under LDP, however, the advantage of label LDP
over standard LDP is more pronounced. Such a generalization gap has been established in
both parametric (Wang and Xu, 2019) and non-parametric (Xu et al., 2023) settings.

Personalized privacy Our personalized privacy preferences exhibit heterogeneity w.r.t.
both users and attributes, i.e., different attributes of the same user can be either private or
public, and different users have different choices of which features to protect. Various works
have studied the problem of learning under heterogeneous privacy preference w.r.t. users.
Wang et al. (2015); Yang et al. (2021); Li et al. (2022) considered locally private learning,
with each data holder possessing their own privacy budget. Sun et al. (2014); Song et al.
(2019); Zhang et al. (2022a, 2024) assume that the privacy budget of each sample is related
to its value. These studies neither provide theoretical guarantees nor cover our problem
setting since there is no heterogeneity w.r.t. different features in their case.

Some related notions provide privacy guarantees at the attribute level. Ghazi et al.
(2023) study partial DP in the central model, allowing individual attributes to receive
stronger privacy guarantees than the complete record. Zhang et al. (2022b) propose at-
tribute privacy, which protects sensitive global properties of a data set or of its underlying
distribution. These notions differ from our local, individual-level constraint, which protects
each user’s selected private coordinates and label while treating the remaining coordinates
as public features. Similar to our aligned setting, Amorino and Gloter (2025) proposed
Componentwise LDP, where each attribute is released through independent private chan-
nels with different budgets. This is a more restrictive case than ours, as we require private
features to be jointly protected. They also do not consider heterogeneous privacy w.r.t.
users. Lu et al. (2026) also considered protecting different features separately. Moreover,
their analysis does not allow for public features, i.e., features with infinitely large budgets.
More recently, Aliakbarpour et al. (2025) proposed a Bayesian Coordinate LDP framework,
which is more general than ours. This framework also presents a promising approach to ad-
dressing potential risks arising from inner correlations between features, a topic not covered
in this paper.
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3. Semi-Feature Local Differential Privacy
3.1 Notation

Throughout this paper, we use the notation a,, < b, and a,, 2 b, to denote that there exist
positive constant n1, ¢ and ¢’ such that a,, < ¢b, and a, > b, for all n > n;. In addition,
we denote a, = by, if a, < b, and b, < a,. Let [n] = {1,...,n}. Let a Vb = max(a,b)
and a A b = min(a,b). For any vector z, let 2' denote the i-th element of . Recall that for
1 < T < oo, the Lynorm of = = (z!,...,2%) is defined by ||z, := (|2 P + - - + [7[P)1/P.
Let z;.; = (@, -+ ,x;) be the slicing view of z in the i, - - - , j position. For any set A C RY,
the diameter of A is defined by diam(A) := sup, e[| —2'||2. Let o denote the generation
of a sigma algebra. Let A x B be the Cartesian product of sets where A € X} and B € X5.
For measure P on X; and Q on A5, define the product measure P ® Q on X} x Xy as
P ® Q(A x B) = P(A) - Q(B). For an integer k, denote the k-fold product measure on A
as Pk,

3.2 Definition

We formally set up private learning with public features. Definitions are made assuming
there is a label Y and a feature X, while unsupervised learning (there is no Y’) can be
indicated by simply ignoring Y. For each (X;,Y;), the label Y; and a subset of features
of X; require privacy protection, while the remaining features can be released freely. Let
W! € {0,1} be the indicator of whether the /-th feature of X; should be protected. We
assume that the privacy mask W is independent of the data (X,Y); the indicators W/
need not be protected and are publicly known. The potential risk and solutions for such an
assumption are discussed in Section 7. We consider the aligned (resp. personalized) case,
where the private features are identical (resp. different) for each sample. The corresponding
W are illustrated in Figure 1. Denote the number of private features of X; by s;.

With a slight abuse of notation, we write (X;,Y;) = (Xfriv,Xfub, Y;), where szriv and
XZP b are the collection of private and public features for X;, respectively. Let Xipriv and
Xipub be their corresponding domain space. Note that Xip " and Xip b are not necessarily
ordered. For instance, we allow XipriV = (X}, X}) and XZPUb = (X2, X}). Given the
notations, we rigorously define our privacy constraint.

Definition 1 (Semi feature local differential privacy) Foreachi=1,...,n, a priva-
tized report Z; is released based on (X;,Y;) and the previous reports Z1, ..., Z;—1. The report
is a random variable on S. Let o(S) be the o-field on S. Z; is drawn conditional on (X;,Y;)

and Zy14_1 via the distribution R (S | XP XP Y, ZM_1> for S € o(S). Then the mech-
anism R = {R;}_, is e-semi feature local differential privacy (e-semi feature LDP) if for
all1 <i<n,S € oa(S), all xP™ 2P ¢ Xfm, P Xipub, v,y €Y, and 211 € S,
there holds

Ri (S| 2P, a?",y, 21,5 1)
Ri (S ’ :L.priv/’ xPUbv y/7 zl:i—l)

<eé (1)
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Moreover, if for all 1 < i < n,S € o(S), all zP™ xP™ € Xipm’, P ¢ Xipw, v,y €,
there holds

R; (S | :cp”'”?‘rpubjy) _ . )
Ri (S ‘ l.priv/7$pub7y/) €, ( )

then R is non-interactive e-semi feature LDP. Here, we let 0/0 = 1.

Similar definitions are proposed under central DP setting (Shen et al., 2023; Krichene
et al., 2023; Chua et al., 2024). Semi-feature LDP requires individuals to guarantee their
own privacy by considering the likelihood ratio of each (X"",Y;) as in (1) and (2). The
value of X7 b is regarded as known.

If s7 = d,i € [n], i.e. all features are private, our definition reduces to the classical
LDP (Kairouz et al., 2014; Duchi et al., 2018), where non-parametric estimations have been
well-explored (Berrett and Butucea, 2019; Berrett et al., 2021; Gyorfi and Kroll, 2025; Sart,
2023). If s¥ = 0,4 € [n], i.e. only the labels are private, the definition reduces to label local
differential privacy (Busa-Fekete et al., 2021; Cunningham et al., 2022), which is shown to
be an easier problem than pure LDP (Wang and Xu, 2019; Xu et al., 2023; Zhao et al., 2024).
Our definition explores the intermediate phase, which is practically meaningful (Krichene
et al., 2023; Shen et al., 2023; Chua et al., 2024).

We clarify the conditional nature of the semi-feature LDP guarantee under public—
private feature correlations. Semi-feature LDP protects U = (X", Y;) conditional on the
disclosed public coordinates V' = X "> Equivalently, for any prior distribution on (U,V),
including arbitrarily correlated distributions, the privatized report changes posterior odds
between two candidate private values by at most a multiplicative factor e® once V' is known.
In the non-interactive case, for any event S € o(S) and any values for which the following
ratios are well-defined, (2) implies

e_5<P(U:u\V:U,ZES)/P(U:u']V:v,ZES)<e€
- PU=u|V=0v)/PU=1u|V=0) -

Thus, the guarantee controls only the additional Bayesian evidence contributed by Z after
XP b iy already known. It does not control the information conveyed by X7 ub itself, namely
the update from P(U) to P(U | V' = v). Therefore, public coordinates should be interpreted
as coordinates already available to the analyst or explicitly authorized for exact disclosure,
rather than as coordinates that are necessarily uninformative about private coordinates.
If inference through correlations with public coordinates must also be protected, those
correlated coordinates should be included in the protected set, or a prior-aware privacy
definition such as Bayesian coordinate LDP (Aliakbarpour et al., 2025) should be adopted.

A further caveat is that the privacy mask W may be correlated with the realized data.
Since our semi-feature LDP guarantee conditions on W, it does not cover information
revealed by the mask choice itself. For example, choosing to hide a coordinate associated
with a medical condition may already signal evidence about that condition. We discuss in
Section 7 how such leakage can be mitigated methodologically in our setting, but a general
privacy principle for value-dependent masks remains unexplored.



LoCALLY PRIVATE ESTIMATION WITH PUBLIC FEATURES

Variable1 e e Variabled Variable1 e e Variabled Variable1 e e  Variable d

User 1 User 1 User 1

User n Usern Usern

(a) Aligned (b) Concentrated (c) Heavy tailed

Figure 1: Tllustration of different T, where blue means W} = 1. In the aligned case (a), all
users protect the first two features. In the personalized case, users specify different
features, with the protected features being concentrated in (b) and spread in (c).
The yellow boundaries represent the s selected private features.

3.3 Privacy Preference: Aligned and Personalized

The previous literature (Shen et al., 2023; Krichene et al., 2023; Chua et al., 2024) assumes
that features needing protection are aligned, i.e. Wf = VVfi for 4,4 € [n]. This pattern is
illustrated in Figure 1(a). This assumption is natural because these studies consider central
differential privacy, where all data are already collected. For the curator, the decision to
protect or not protect a feature should be based on its potential benefits, regardless of
the actual value of the data itself. Public features are typically pre-determined, such as
those already known by adversaries or those with no clear privacy risks (e.g., properties of
purchased items in recommendation systems). In this work, we consider the aligned case a
useful special case and investigate it under LDP.

In practice, it is unlikely that all users share the same preferences regarding which fea-
tures’ privacy to prioritize. For instance, while most people may consider their favorite
sports as insensitive information, some individuals feel uneasy about releasing such details
due to concerns about targeted advertising, particularly from e-commerce platforms. We
consider W; to be different for each i. We assume the privacy budget € is identical across
users. This pattern is illustrated in Figure 1(b) and 1(c). To capture such privacy prefer-
ences, one can design simple surveys before collecting the actual data, for example, using
hierarchical buttons similar to those in cookie consent prompts.

Although we assume that W is independent and publicly known, its distribution is worth
investigating. Figures 1(b) and 1(c) illustrate two different patterns of W, respectively. In
Figure 1(b), most users prioritize protecting the first feature, with the others being chosen
less frequently. A W with this concentrated behavior will resemble the aligned case. In
Figure 1(c), different users have varying preferences, although there is a small group of
features that cover most of the masked positions. In this case, directly applying methods
from the aligned case would likely result in poor performance.
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4. A First Start: Distribution Density Estimation

In this section, we start with the task of distribution density estimation. In Section 4.1,
we formulate the problem and establish minimax lower and upper bounds that match,
up to logarithmic factors, under both aligned and personalized privacy preferences. In
Section 4.2, we give our estimator for the aligned privacy preference. In Section 4.3, we
give our estimator for the personalized privacy preference. In Section 4.4, we show how to
automatically tune the hyper-parameters.

4.1 A Minimax Lower Bound

Let px be the density function of some probability measure Px. The goal of density
estimation is to estimate the true density function p% (z) at some point = based on a group
of D := {X;}", consisting of n i.i.d. observations drawn from the unknown probability
measure P% on X = [0, 1]%. We evaluate L1 loss function which is ||p% —px ||z, = [, [Pk (z)—
Px (z)|dP% (x) for estimates px. We first present a necessary assumption on the distribution
P%, which is a standard condition widely used in non-parametric statistics.

Assumption 1 Let a € (0,1]. Assume p% : X — R is a-Holder continuous, i.e. there
exists cr, > 0 s.t. for all x1,x0 € X, |pk (z1) — p (22)] < cpllz1 — z2f|*.

We present the following theorem that specifies the minimax lower bound with semi-
feature LDP under the above assumptions. The proof is based on first constructing a finite
class of hypotheses and then applying information inequalities for local privacy (Duchi et al.,
2018) and Assouad’s Lemma (Tsybakov, 2009).

Theorem 2 Denote the function class satisfying Assumption 1 by F. Define the quantity
E* by

n

20+d+39_, W 1
g* = argmaxe <ZE O/ ! S (65—1)2> . (3)

i=1
Then for any estimator px that is sequentially-interactive e-semi-feature LDP, there holds

inf sup Epy [lpx —pxlle,] 2 €V n= 2. (4)
PX p%eF

This implies that when privacy preference is aligned, i.e. I/Vf =14l < s* and Wf =0
otherwise, there holds

inf sup Epy [lpk — pxllz,] 2 (n(e® — 1)%) 7 2545 v p~ 2o, (5)
Px pyeF

Both lower bounds (4) and (5) each comprise two terms. The second term, n”
corresponds to the classical minimax lower bound for non-private learners under Assump-
tion 1. See e.g. Tsybakov (2009). Turning to the first term, (4) captures the personalized
privacy preference and contains (5) as a special instance. We focus our discussion on (5)
and postpone the comparison of (4) with the upper bound. When ¢ is large enough that
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(ef—1) 2 nat2 | the first term in (5) is negligible compared to the second term. This sce-
nario arises when the privacy level does not substantially impair the estimator. For constant
level €, the first term approaches the second term as s* becomes smaller, as the learning
essentially becomes non-private for s* = 0. If s* = d, our findings reduce to the LDP non-
parametric density estimation setup that uses only private data. Previous work (Butucea
et al., 2020) has constructed estimators achieving the minimax optimal convergence rate.
Our results reveal the optimal behavior in the intermediate range. The advantage provided
by public features grows at the rate W(d_s*), which becomes increasingly substantial
for larger d — s*.

Technically, the above difference comes from the information inequality used in the
Assouad argument. In the classical non-private lower bound, the distinguishability of two
neighboring hypotheses is controlled directly by their raw KL divergence. For a bump
construction with resolution k~', the bump height is of order k=, while the mass of an
active d-dimensional cell is of order k~¢. Thus, the KL divergence contributed by one raw
sample is of order k2%, leading to the usual balance nk=2*~¢ < 1, and hence the non-
private rate n~%+d. Under semi-feature LDP, the proof applies the information contraction
inequality for locally private channels (Duchi et al., 2018). Conditional on the public features
X? "> the released variable Z; is e-LDP only with respect to the protected features X7 v,
Consequently, for two neighboring hypotheses P! and P72, the KL divergence between the
privatized conditional experiments is bounded by the squared conditional total variation
distance,

KL ((RZ-P‘“) (R:P72)

e __ 1\27,2 o1priv. poapriv
Zi‘X,LPUb ZZ‘Xf)ub) 5 (6 1) V (P 7:P ) B

where V' denotes total variation distance. This inequality is the source of the distinction
between the ambient dimension and the private dimension. For user ¢, the conditional total
variation over the s; protected coordinates is of order k=5 whose square gives k20257,
This conditional quantity is then averaged over the public coordinates, whose active cell
mass is of order k~(@57). Therefore, the KL contribution of user i after privatization is of
order
(65 _ 1)2 k_72a72s;‘ k;f(dfs;-‘) — (65 _ 1)2 kf2afdfs:-"

Hence the ambient dimension d still appears through the non-parametric cell mass, while
only the private dimension s} appears in the additional privacy contraction. In the aligned
case, s; = s* for all 4, and the Assouad balance becomes n (e — 1)2 k—20=d=s" — 1 which
yields the first term in (5). In the personalized case, the same calculation is summed over
users with heterogeneous s, leading to the quantity £* in (3).

Theorem 3 Let Assumption 1 hold. Suppose 0 < e <1. Let s} := Zgzl W and define

7

— "L 20tdtsl  logn
E = arg max {25 <50 (6)
1=

3

Then there exists a non-interactive e-semi-feature LDP estimator px such that, with prob-
ability at least 1 — 2/n?,

logn Tard
) | ™)

I = pils SE° v (2
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If the privacy preference is aligned, i.e., Wf =1 for £ < s* and Wf = 0 otherwise, then

N logn TaTdFa® logn Tatd
— p3 < \% .
HpX pXHLl ~ ( ne2 ) < n >

The upper bound in Theorem 3 has the same two-term structure as the lower bound
in Theorem 2. The non-private terms match up to a logarithmic factor. For the privacy-
dependent terms, (6) and (3) involve the same positive moment of the heterogeneous privacy
counts s¥. Their thresholds differ only by the factor logn and by replacing (e — 1)? with
€2. Since e —1 < ¢ for 0 < e < 1, the personalized upper and lower bounds therefore match
up to logarithmic factors. The same conclusion holds in the aligned case, where s} = s* for
every user. Moreover, the upper bound is attained by a non-interactive estimator, whereas
the lower bound allows the larger class of sequentially interactive mechanisms. Finally, in
the aligned setting the aggregation weights introduced below are uniform, so the weighted
estimator reduces to the original aligned construction.

4.2 Methodology for Aligned Privacy Preference

In this section, we introduce the Hist0fTree density estimator under the aligned private
features.

4.2.1 PrIvACY MECHANISM

We adopt a partition-based estimator, which creates disjoint partitions and estimates den-
sity based on empirical density in each grid. Specifically, let 7P"Y = {A,} be a partition of
APV je. UA; = AP and Aj, N Aj, =0, j1 # jo. Similarly, 7P"" = {By} on AP, The
partition-based estimator (which is non-private) of x in A; x By, is

) = 1t L, (XP)15, (XP)
P p(Aj < By) ’

where p(-) is the Lebesgue measure. The numerator represents the empirical probability
mass in A; x By, while the denominator is the volume of A; x By. Thus, their division esti-
mates the density. To perform such an estimation, two pieces of information are necessary
from each data holder: 14,(X}™") and 1p, (X} "P) The first one requires protection, while
the second is regarded as publicly available. We use the randomized response mechanism
(Warner, 1965) and let

priv 1 /2
i CE 1Aj (Xz ) T 14es/2 W.p. 14ec/2? (8)
i priv 1 1
CE 1A§ (Xz ) - 1+6€/2 W.p. 1+€5/27

where C; = e/241 Here, A; denotes the complement of A;. Note that Egr [Uf } =

es/2-1"

1g,(X? ") and thus we have an unbiased estimator of 1 A, (X7 )

4.2.2 PARTITION

To formalize the private estimator, we also need to formalize the partitions 7P and 7PuP.
The choice of 7P™ is restrictive due to privacy constraints. We adopt the histogram

10
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partition, a classical technique in LDP learning (Berrett et al., 2021; Gyorfi and Kroll,
2025). Specifically, consider 0 = ap < a; < --- < a; = 1, an equal length partition of
[0,1]. Then a histogram partition of XP" = [0,1]*" is {®;_; [ty , dep11)|0 < o < t}. For
7P we can fully utilize the information contained in the data set. Given the public
feature vectors X Ub, various candidate methods are available depending on the sample
size, computational power, and prior information. We choose a decision tree partition for
its merit of interpretability, efficiency, stability, extensiveness to multiple feature types,
and resistance to the curse of dimensionality. A decision tree partition is obtained by re-
cursively splitting grids into subgrids using criteria such as variance reduction. Since it
can be challenging to use the original CART rule (Breiman, 1984) for theoretical analysis,
we adopt the maz-edge rule following Ma et al. (2023); Ma and Yang (2024); Ma et al.
(2026). This rule is amenable to theoretical analysis and can also achieve satisfactory prac-
tical performance. For each grid, the partition rule selects the midpoint of the longest
edges that achieves the largest entropy reduction (Gyorfi et al., 2022). This is defined by
¢"(B,D) = —1 >.x;ep 1(Xi € B)log (L > x,ep 1(X; € B)) for cell B and data set D.
This procedure continues until the depth of the tree reaches its predetermined limit. The
detailed algorithm is in Algorithm 1. Together, the Hist0fTree estimator is

> Ly 01, (XP"™)
ﬁl' _ 14 ) i=1 "1 k i ) 9
( ) i A]XBk( ) ,Uf(A] % Bk) ( )

Estimator (9) differs from classical non-parametric LDP histogram and tree-based es-
timators in two essential aspects (Gyorfi and Kroll, 2025; Ma et al., 2023). Classical LDP
histogram estimators treat all coordinates as private, and therefore the full cell membership
information must be reported through a local privacy channel. In contrast, (9) only pri-
vatizes the histogram membership of the protected features, namely 14,(X;™"), while the

public-cell membership 15, (X7 "P) is observed exactly. Thus, the public features route each
sample to the corresponding public cell without injecting privacy noise. This separation
reduces the variance of the privatized cell-count estimator and is the main source of the
rate improvement of semi-feature LDP over classical LDP, as formalized in Theorem 2.

The second distinction is that public features make it possible to construct an infor-
mative, data-dependent partition without consuming privacy budget. In classical LDP
tree-based estimators, split decisions involving private coordinates must either be predeter-
mined or learned from privatized and hence noisy summaries. By contrast, (9) uses a fixed
histogram partition on APV, where privacy constraints are restrictive, and builds a tree
partition on AP, where the raw feature information is available. This hybrid “histogram-
of-tree” structure is fundamentally enabled by the public features: the private part controls
the amount of injected noise, while the public tree refines the partition according to the ob-
served geometry of the data. Although the public-tree refinement does not further improve
the minimax rate under our current analysis, it produces a more informative partition and
is important for empirical performance (Ma et al., 2023).

Our estimator also implies a novel non-parametric LDP density estimator. When s* = d,
HistOfTree becomes an LDP density estimator. Previously, the problem has been studied
by Butucea et al. (2020) using wavelets, while it requires the existence of such wavelet basis.
Other methods either allow only a single predetermined test point (Kroll, 2021; Sart, 2023)
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Algorithm 1 Max-edge partition rule
Input: Public data {XP""}7 . depth T, (optional) privatized labels (Vi ,.

% =1
Initialization: By = [0,1]%, Do = {XP™, Y}, mp =0 for 1 < k < T.
for kel,....T do
for j€0,...,21 -1 do ‘
Suppose Bj_1; = ngl[a@, be), let M) ={i||by — ag| = maxy= ... 4|bp —asl}. #
Longest edges.

Let 32_1,]'(5) = {x |z € By_1j,2° < ‘”T”Lbe} and B,i_l’j(é) = Bk,Lj/Bg_Lj(ﬁ).

Let Dy_1,;(¢) = {(XFUb,fQ) € D1 | W= 0}. # Identify available samples
along each axis.
Select ¢ as

arg minzeMLl g(Bgfl,j (€), Dg—1,5(£)) + g(Blifl,j (0); Di—1,5(0)). (10)

Byaj-1 = Bj_y ;(0), Braj = By ;(0), 7 = 7k U{Bg 21, Br2;}-
Digj1 = {(X}"",Yi) € Dy () | XP™ < “5%), Dyoj = Dyo1,5(0)/Dyajr. #
Allocate samples.
end for
end for
Output: Partition mp

or leverage kernel approximation (Zhou et al., 2024), whereas Hist0fTree accommodates
arbitrarily many test points and avoids additional approximation error.

4.3 Methodology for Personalized Privacy Preference

Following the last section, we adapt the partition as well as the privacy mechanism to
accommodate the personalized privacy preference case.

4.3.1 PARTITION

The first step is to manually select the features to be treated as private. Suppose Y ", Wf
is ranked in decreasing order, i.e., the first feature is the most protected. We select the
first s features with the largest > ., Wf, i.e. 1,---,s. The amount of public entries in
these dimensions is not sufficient to guide the partition and thus is ignored. See the yellow
boxes in Figure 1(b) and 1(c) for an illustration. The selection of parameter s is discussed
in Section 4.4. We create a histogram partition 7P"" on these dimensions. On the rest of
the dimensions, we use all public items to create a decision tree partition 7P"". Specifically,
when splitting each grid, the entropy reduction along the ¢-th dimension (10) is calculated
by samples with Wf = 0. We give the detailed algorithm for such a partition rule in
Algorithm 1.

12
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4.3.2 PRIVACY MECHANISM

Injecting noise into the grid indices is trickier. We first define the potential grids for a
sample. For X, let

V; = {A xBemV o |IX c Ax B st. X=X if W= 0}. (11)
Intuitively, V; is the collection of grids where X; could potentially be located, given no

information about its private features. For simplicity, let j be the index of A x B in the
combined partition 7P"V ® 7P"P. We then define the privacy mechanism:

. e/2
V;J — CS ]-A><B(XZ'> — Hc%m) else w.p. 1iéig/g, (12)

CE 1(A><B)c (XZ) - 14‘6%/2) else w.p. ]-_’_c%/z

In this case, the indices of potential grids are estimated analogously to UZJ , while the indices
for the remaining grids, which are already known without private features, are zeroed out.

Furthermore, we have Ep g [f/l]] = Ep [1axp(X;)]. For a candidate pair (s,T") with s < d,
let

d n
Wm S WL hp O s S
l=s5+1 k=1

We assign user ¢ the deterministic weight

h(Ii(S) n
wils,T) =g D wils,T) =1, (13)
s i=1

and define the personalized estimator

) = 3 a2 (1)

Here j is the index of A x B.
The weights have a direct inverse-variance interpretation. By Lemma 24, user 7 is com-

patible with at most order tsh;%i ©) cells. Tf arbitrary coefficients a; > 0 with ), a; = 1 are
used, the user-dependent part of the privatization variance is proportional to > " ; a?h;%(s).

Minimizing this expression over the simplex gives a; hgiéf ), which yields exactly (13). In
particular,

i —a(s 1
Zwi(s,T)% gp’( ) = . (15)
i=1 ; Ss.1

)

Thus Ss7 acts as an effective information size at resolution hg7. Each additional pri-
vate tree coordinate enlarges the set of cells compatible with a user by a factor hs_ilp and,
correspondingly, reduces that user’s aggregation weight by a factor h, 7.
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The weights depend only on the publicly known privacy masks and on (s,7), so their
use is post-processing and incurs no additional privacy loss. Moreover, because W is inde-
pendent of the observations and the weights sum to one,

E Y wi(s,T)1axp(Xi)| = Px(Ax B).
=1

The weighted estimator therefore preserves the same population target while downweighting
reports with larger privacy-induced variance. = The following proposition establishes the
privacy guarantee of (12).

Proposition 4 Let 1 = {A x B | A € 7P™ B € 7"} be any partition of X. Then the
privacy mechanism (12) satisfies non-interactive e-semi-feature LDP.

In the aligned case where the public features are shared across users, i.e. Y ", Wf =n
for 1 < ¢ < sand Y.! |, Wf = 0 otherwise, mechanism (12) reduces to that in (8). The
privacy guarantees of these mechanisms are thus implied by Proposition 4. In the aligned
case, gi(s) is constant over 7, so w;(s,T) = 1/n. Hence the estimator (14) also recovers (9).

4.4 Selection of s

In this section, we explore the selection of the parameter s within the context of person-
alized privacy preferences. Unlike scenarios with aligned preferences, where an intrinsic
value s = s* is implied, the personalized case requires the explicit specification of s as
a hyper-parameter. From the proof of Theorem 3, the quantity in brackets below is a
high-probability upper bound on the estimation error. We therefore choose (s,T") by

T (d+s)/(d—s)
sT,TT = arg min { 2 logn s+ 2_T/(d—5)} 7 (16)

% 25 9-a()T/(ds

where the unknown « is replaced by 1, i.e. the Lipschitz continuous case. Since there are
at most [dlogn] possible candidates for (s, 7"), this can be done via a brute force search.
The choice s = 0 gives the matched minimax rate. Allowing s > 0 can nevertheless be
useful in finite samples because it changes which coordinates are assigned to the histogram
part and which public observations are available for constructing the tree partition.

5. Supervised Learning: Regression and Classification

In this section, we extend the weighted personalized construction to regression and classi-
fication. In Section 5.1, we formulate the two problems and establish minimax lower and
upper bounds that match, up to logarithmic factors, under both aligned and personalized
privacy preferences. In Section 5.2, we present the corresponding estimators and comment
on hyper-parameter tuning.

5.1 Theoretical Results

The goal of regression is to predict the value of an unobserved label of a given input X,
based on a data set D := {(X;,Y;)}? ; consisting of n i.i.d. observations drawn from an

14
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unknown probability measure P on X x Y = [0, 1] x [-M, M]. Tt is legitimate to consider
the least square loss L : X x Y x ) — [0,00) defined by L(z,y, f(z)) := (y — f(z))? for
our target of regression. Then, for a measurable decision function f : X — ), the risk is
defined by Rp(f) = fXxy L(z,y, f(z)) dP(x,y). The Bayes risk is the smallest possible
risk with respect to P and L. The function that achieves the Bayes risk is called Bayes
function, namely, f*(z) := E(Y|X = z). For classification, the label ¥ belongs to {0,1}.
The conditional relationship becomes f*(z) = P(Y = 1|X = ) and the loss should be the
misclassification error L(z,y, f(x)) =1(y # 1 (f(z) > 1/2)).

5.1.1 REGRESSION

We first investigate the theory of non-parametric regression, which requires the following
assumption.

Assumption 2 Assume that the marginal density function is upper and lower bounded,
i.e. ¢ < pi(x) <€ for somee>c>0. Let a € (0,1]. Assume f*: X — R is a-Hélder
continuous, i.e. there exists cp, > 0 s.t. for all x1,x9 € X, |f*(x1) — f*(x2)| < cp||lx1 — 22|

The assumption is the most basic and well adopted in the literature of non-parametric
regression. See Cai et al. (2023); Berrett et al. (2021); Cai and Pu (2024). We present the
following theorem that specifies the minimax lower bound with semi-feature LDP under the
above assumptions.

Theorem 5 Denote the function class of P satisfying Assumption 2 by F. Define the
quantity E* by

n

2a4d+ 0, wf 1
§* = argmaxe <Z€ 20[ . S (65—1)2> . (17)

i=1
Then for any estimator f that is sequentially-interactive e-semi feature LDP, there holds

irf;f Sup Ep [Rp(f) - RE} > €5 vnTmt, (18)

This implies that when privacy preference is aligned, i.e. VVf =11l < s* and Wf =0
otherwise, there holds

2a 20

lnf sup EP [RP(f) - RI*):| Z (n(es — 1)2)7m V' n Zatd .
f F

The findings brought by this theorem are similar to those by Theorem 2 since the rates
are merely squared. If s* = d, our results reduce to the special case of LDP non-parametric
regression with only private data. Previous studies (Berrett et al., 2021; Gyorfi and Kroll,
2025) have provided estimators that achieve the minimax optimal convergence rate. The
following result establishes corresponding upper bounds.
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Theorem 6 Let Assumption 2 hold. Suppose 0 < e < 1. Let s} := 2?21 W and define

7

n

—x 20¢+d+s;~k logn
E = E 2a < . 19
argmgx{z el o } (19)

i=1

Then there exists a non-interactive e-semi-feature LDP weighted HistOfTree estimator f
such that, with probability at least 1 — 8/n?,

2
10g n 2a+4-d
n .

Re(f) = Rp SE V <
If the privacy preference is aligned, i.e., Wf =1 for £ < s* and Wf = 0 otherwise, then

2 2a
~ log n \ 2a+d+s* log n \ 2a+d
R —Rp < \% . 20

Comparing (19) with (17), the personalized upper and lower bounds are governed by
the same positive moment of s;. Therefore, for 0 < € < 1, they match up to the logarithmic
factor introduced by the high-probability analysis. In the aligned case, the positive moment
reduces to the common count s*, yielding the rate in (20). These rates are the squared
counterparts of the density-estimation rates. In the next part, we present the theoretical
results for classification.

5.1.2 CLASSIFICATION

Besides smoothness, classification needs an additional assumption on the hardness of the
decision boundary, which is commonly used in the statistical learning literature (Audibert
and Tsybakov, 2007; Samworth, 2012; Chaudhuri and Dasgupta, 2014).

Assumption 3 Let 8> 0,05 > 0. Assume

1
Px <0< [ (X) 2’ §7> < Cgv”

fory > 0.

Under such conditions, we establish the following lower bound.
Theorem 7 Denote the function class of P satisfying Assumption 2 and 3 by F. Define
the quantity £* by

n

* sraesd Wt 1
EF = argmaxe (ZE o § (65—1)2> . (21)

i=1
Then for any estimator f that is sequentially-interactive e-semi feature LDP, there holds

a(1+p)

infsup Bp |Rp(f) = Rp| 2 (€)1 v~ 2 (22)
f F
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This implies that when privacy preference is aligned, i.e. Wf =114l < s* and Wf =0
otherwise, there holds

~

] . o\ — a(1+8) _a(1+8)
infsupEp |Rp(f) — RI’S] 2 (n(e® —1)%) 2eFd7 v~ 2atd
f F

Theorem 8 Let Assumptions 2 and 3 hold. Suppose 0 < e < 1. Let s} := Z?:l Wf and
define

— "L 20tdtsl logn
& = argmgax{zg o < —0. (23)

; €
=1
Then there exists a non-interactive e-semi-feature LDP weighted HistOfTree estimator f
such that, with probability at least 1 — 8/n?,

a(148)

log n) 2a+d

- s\ 148
Re(f) - R 5 (£) v (2
If the privacy preference is aligned, i.e., Wf =1 for £ < s* and Wf = 0 otherwise, then

a(148)

~ log n % log n 2a+d
Re(f) - Ry < ()T v (R T

ne? n

Together, Theorems 5, 6, 7, and 8 give matching minimax rates, up to logarithmic fac-
tors, for both supervised tasks and for both privacy-preference regimes. Under personalized
preferences, the regression risk is governed by the positive moment in (19), while the point-
wise classification scale is governed by (23) and is converted into excess classification risk
through the margin exponent 1+ 8. Under aligned preferences, both expressions reduce to
the common privacy count s*. We remark that the corresponding rates for classical LDP
were established for regression (Berrett et al., 2021; Gyorfi and Kroll, 2025) and classifica-
tion (Berrett and Butucea, 2019; Berrett et al., 2021). Our estimator recovers these rates if
s* = d. Similarly, we include the rate in Xu et al. (2023) for label LDP regression if s* = 0.

5.2 Methodology

In this section, we follow the strategy in Section 4 to describe the estimator used for re-
gression and classification. Note that given the developed density estimation tool, we have
two options. One is to conduct two density estimations for both Px and Pxy, and then
use their ratio as the estimation of the conditional relationship. Another one is to mask Y
separately. Both approaches are able to achieve the established theoretical rate. However,
the first approach does not allow the utilization of information in Y to create the partition,
and thus is practically unfavorable. We take the second approach. Recall that in Section 4,
the personalized estimator contains the aligned one as a special case. Thus, in this section,
we develop only the personalized estimator for regression and classification.
The weighted partition-based estimator (which is non-private) of x is

Ty — - > wi(s, T)Yi - Laxp(Xy)
fw(m) - ngleB( ) 2?21 wz‘(S,T)].AxB(XZ')

(24)
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In each grid A x B that x belongs to, the denominator represents the weighted sample
marginal distribution in A x B, while the numerator corresponds to the weighted first
moment. Thus, their division estimates their conditional relationship.

To perform such an estimation, two pieces of information are necessary from each data
holder: Y; and 14 5(X;). We employ the standard Laplace mechanism (Dwork et al., 2006)
to protect Y;, specifically:

~ 4M

where the variables &; are i.i.d. standard Laplace random variables. Note that we can take
M = 1/2 for classification. For indicator functions, we recall the definition in (11) and have

0 if Ax B¢V,
o . e/
vi={C. 1axp(X;) — ﬁ) else w.p. ﬁ;ﬂ, (26)

1

Cg I(AXB)C(XZ) — 1“%/4) else W.p. W

Note that (25) and (26) take half of the privacy budget, respectively. Consequently, using
the weights in (13), we define the personalized estimator:

5 > wi(s, 1) Vi ~ij
T) = laxp(x —.
f)= 2 bl S e

(27)

Here j is the index of A x B. For regression, the predicted value at x is f (x). For classifi-

cation, the prediction is 1(f(x) > 1/2).
The following proposition establishes the privacy guarantee of (27).

Proposition 9 Let 7 = {A x B | A € 7P™ B € 7"} be any partition of X. Then the
privacy mechanisms (25) and (26) jointly satisfy non-interactive e-semi-feature LDP.

As for the partition process, we adopt exactly the same algorithm as in Algorithm 1,
while we leverage both released private labels and public features. Moreover, we use different
information criteria for classification and regression. For both tasks, the criterion g is taken
to be the sample variance, i.e. ¢"*" (B, D) = Zﬁ-ep(ffi =2 ¥.ep Y;)2. For classification, we
need to design a private substitute for classification criteria such as gini impurity, since Y
is not necessarily an integer. This can be resolved by truncation p = (0 V ﬁ > V.eD V) Al
and g""P"ri%(B, D) = —plog(p) — (1 — p) log(1 — p).

For supervised tasks, we use the same weighted optimization objective (16) to search
over s and 7. The density, regression, and classification bounds have the same pointwise
bias—variance balance; regression squares this pointwise rate, while classification converts it
through the margin exponent 1 + 5.

5.3 Complexity Analysis

We analyze the complexity of HistOfTree from perspectives of computation, memory, and
communication. The overall communication rounds for the personalized estimator (27) are
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two. Each user first sends its privatized label Y; and public features le Ub, which costs
communication capacity of at most d + 1 real numbers. Based on the created partition,
each user then sends the binary encodings VZ-J , totaling t*27 Boolean values.

The computation complexity of HistOfTree consists of two parts, creating the par-
tition and computing the node values. The partition procedure takes O(pnd) time and
the computation of (27) takes O(n) time. Thus the training stage complexity is at most
O(n + ndlogne?), which is linear in n. Since each prediction of the decision tree takes
O(T) time, the test time for each test instance is O(logne?). As for storage complex-
ity, since Hist0fTree only requires storage of the tree structure and the node values, the
space complexity is also O(t*2T). In short, Hist0fTree is an efficient method in terms of
computation, memory, and communication.

6. Experiments

To demonstrate the superiority of proposed methods and to validate our theoretical find-
ings, we conduct experiments on both synthetic and real data sets in Section 6.2 and 6.3,
respectively.

For supervised problems, the tested methods include: (i) HistOfTree is the proposed
estimator. In addition to the partition rule proposed in Algorithm 1, we boost the perfor-
mance by incorporating the criterion reduction scheme from the original CART (Breiman,
1984), similar to Ma et al. (2023); Ma and Yang (2024); (ii) AdHist0fTree is identical to
HistOfTree except that the values of s, T, and t are selected according to Sections 4.4
and 5.2. (iii) Hist is the locally private histogram estimation (Berrett et al., 2021; Gyorfi
and Kroll, 2025) which treats all features and the label as private; (iv) KRR is the obfusca-
tion approach that directly perturbs Xf using k-generalized randomized response if Wf =1.
It then fits a decision tree. (v) ParDT estimates by adding Laplace noise to labels and then
fitting a decision tree based on the noisy label and the public part of the samples. (vi)
LabelDT estimates by adding Laplace noise to labels and then using a decision tree. It serves
as the label LDP benchmark. (vii) DT is the non-private decision tree and serves as the
non-private benchmark. For unsupervised problems, we compare (i) the basic Hist0fTree
and AdHist0fTree density estimators and (ii) Hist, a locally private histogram estimator
based on the mechanisms in Gyorfi and Kroll (2025). Implementation details are in Section
6.1.

For each model, we report the best result over its parameter grids, with the best result
determined based on the average of at least 50 replications. The size of the parameter grids
is selected based on running time to ensure that each method incurs an equal amount of
computation. All experiments are conducted on a machine with 72-core Intel Xeon 2.60GHz
and 128GB of main memory.

6.1 Implementation Details

For Hist0fTree, we adopt the generalized randomized response mechanism introduced in
Section 6.1.1. We add one more parameter adjusting the allocation of the privacy budget
on the numerator and denominator. Specifically, let the mechanism for Y; and U; be re-
spectively pe-LDP and (1 — p)e-semi-feature LDP for p € [0, 1]. By composition, the hybrid
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mechanism is still e-LDP. We select p € {0.5,0.7,0.9}. For other parameters, we select
pe€{1,2,4,6} and t € {1,2,3}.

For AdHist0fTree, we also adopt the generalized randomized response mechanism. For
better empirical performance, the second term of the objective function is multiplied with a
constant selected in {0.01,0.1,1}. Also, we allow the selection ¢ € {t* — 1,¢*,¢t* + 1}, where
t* is the default value derived in Section 5.2.

For Hist, we implement the private histogram proposed by Berrett et al. (2021); Gyorfi
and Kroll (2025) in Python. Hist applies the Laplacian mechanism to privatize the esti-
mation of marginal and joint probabilities for a cubic histogram partition with the number
of bins ¢t. In cells with a private marginal probability estimation less than (, estimation is
truncated to 0. We let ¢t € {1,2,3,4}. We set the truncation parameter ¢ € {0.01,0.05}.

For ParDT and LabelDT, we add Laplace noise with scale {/e where £ is the range of
the label. For ParDT, LabelDT, KRR and DT, we use the implementation by Scikit-Learn
(Pedregosa et al., 2011). We select max_depth in {1,2,4,6,8} and min_sample_leaf in
{1,10,100}. For KRR, we select k in {2,3,4,5}.

6.1.1 GENERALIZED RANDOMIZED RESPONSE MECHANISM

In this section, we introduce the generalized randomized response mechanism (Warner,
1965; Kairouz et al., 2016; Ghazi et al., 2022) (or direct encoding (Wang et al., 2017)).
Specifically, for the aligned privacy preference case, the mechanism calculates (26) by

ec/2 if 1Aj (XZPI‘iV) _ 1’

PI' [U’L — ]] — 65/2+|7;priv|_17

m s ot herWlSG .

65/2+|ﬂ.priv|71
es/2—1

It then uses Ulj = <1Ui:j - m> as an estimator of 14, (Xl-priv), since
Epr [[7{ ] = Ep [1 A, (lem)}. The estimator (27) remains identical. For the personalized

case, the mechanism computes (26) by

0 if Ax B¢V,

7 4M . 85/2 .

sz:}/z“‘?gla PI'[V;:]] = m if IAXB(Xi): 1, (28)
WTV'I—P otherwise.

To estimate indicator function 14 p5(X;), we use

€/2 .
> - e + ’V1| — ]. o ]. )
Vi=—ap_y W~ amgpyo ) axeen

In this case, the indices of potential grids are estimated analogously to UZJ , while the remain-
ing grids are free of privacy concern and zeroed out. The following proposition establishes
the privacy guarantee of (28).

Proposition 10 Let 7 = {A x B | A € #P"™ B € P} be any partition of X. Then the
privacy mechanism (28) satisfies e-semi-feature LDP.
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The reason we introduce this mechanism is due to the fact that when |V;| is small, it has
been shown to be quite efficient (Wang et al., 2017; Kairouz et al., 2016; Xiong et al., 2020).
In experiments where sample sizes n ~ 1e3 and |V;| ~ lel, we find that the generalized
randomized response mechanism performs slightly better than the randomized responses
introduced in the main text. However, the variance of such a mechanism grows linearly
with |V;|, which can be troublesome in theoretical analysis where |V;| is n raised to some
power. Consequently, in such cases, the convergence rate fails to attain optimality.

6.2 Simulation

We conduct two parallel sets of simulation for regression (Section 6.2.1) and density esti-
mation (Section 6.2.2).

6.2.1 REGRESSION

In the simulation, we consider the following distribution P. The marginal distribution Px is
uniform on X = [0, 1]°. The label is generated via Y = sin(X!)+sin(X?)+sin(X®)+0, where
o is a standard Gaussian random variable. It can be easily verified that the distribution
above satisfies Assumption 2. For mask matrix W, we always let >, Wf >3 Wf, if
¢ < {'. In this case, useful information is contained in both public and private features, which
necessitates our method. The evaluation metric in all experiments is the mean squared error

(MSE).

Privacy utility trade-off We analyze how privacy budget e influences the prediction
quality under different numbers of public features. For 1 < s* < 4, we consider n = 10000
and vary €. The results are displayed in Figure 2(a). When ¢ increases, all MSEs decrease,
while the performance steadily improves as the number of public features increases. This
observation is compatible with both Theorem 6 and the notion that semi-feature LDP serves
as the intermediate stage of LDP and label LDP.

Consistency We analyze the consistency of (27) as n grows. We take £ = 4. The results
are displayed in Figure 2(b), showing that the MSE is diminishing as n grows, while the
rate is faster for small s.

Parameter analysis We conduct experiments to investigate the influence of key param-
eters T and t. We consider n = 10000, € = 4, and s* = 2. As shown in Figure 2(c), for each
t, as T increases, MSE exhibits a U-shaped curve. Also, the best performance is achieved
with ¢ = 2, indicating such a phenomenon is also true for ¢. This further emphasizes the
importance of choosing correct hyper-parameters as outlined in Theorem 6. Moreover, the
depth 1" at which the test error is minimized increases as t increases. This is compatible
with theory since t =< 27/(d=s")

Selection of s under different behaviors of W  We investigate how the behavior of W
affects the selection of s. Specifically, we use W, parameterized by v, where Wfi =1ifi <
n/¢7. A smaller v implies a thicker tail of W. We compare the performance of Hist0fTree
with different choices of s, as well as AdHist0fTree whose s is selected automatically. In
Figure 2(d), the observations are two-fold. First, MSE decreases w.r.t. -y, which aligns with
Theorem 6 that a thicker tail of W leads to a larger upper bound. On the other hand, one
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Regression results on synthetic data. LabelDT and Hist are captioned as label

LDP and LDP, respectively. HistOfTree is captioned with specific choice of
parameters s and ¢. In 2(d), AdHist0fTree is captioned as adaptive.

s does not consistently outperform another under different thicknesses of the tail, which
necessitates the discussions about W in Section 4.4. The best s lies between 1 and 2, while
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AdHistOfTree always achieves approximately the best performance. This illustrates the
effectiveness of the selection rule in (16).

Robustness of s Figure 2(e) gives a complementary view of Figure 2(d) by examining
the robustness of the choice of s for HistOfTree under selected values of 7. For heavy-
tailed W, although the best fixed s changes with ~, the loss surface remains relatively flat
around its minimizer. For example, when v = 0.125, the choices s = 1 and s = 2 are
nearly indistinguishable, with s = 2 performing slightly better. For moderate or thin tails,
choosing s = 1 is consistently near-optimal, and its advantage becomes more pronounced
as the tail becomes thinner, since unnecessary privatization increases the variance. This
supports the adaptive rule in (16): the procedure does not rely on a single universally
optimal s, but tracks the local bias—variance trade-off induced by W.

Public—private correlation We explore how the correlation between private and public
features affects the performance of HistOfTree. We keep the same experimental setting
while varying the latent Gaussian-copula correlation p between (X!, X3) and (X2, X4). In
Figure 2(f), we observe that this correlation yields some performance improvement when ¢ is
small. This can be explained by the shared information between private and public features.
When the privacy constraint is strong, Hist0fTree can implicitly exploit this information
through public features, thereby improving performance. When ¢ is very large, the curves
become close because the privacy noise on private coordinates is already negligible.

6.2.2 DENSITY ESTIMATION

We consider the distribution Px to be a 5-dimensional marginally independent distribution
with each feature being Beta(2,2). It can be easily verified that the constructed distributions
above satisfy Assumption 1. For mask matrix W, we always let >0, W/ > S0 W/ if
¢ < {'. Similar settings (sample sizes, hyper-parameters) are chosen as in regression, except
that the evaluation metric in all experiments is the L; distance. Observing Figure 3, we
arrive at similar conclusions as in regression.

6.3 Real Data

In the real data experiments, we focus on regression. We conduct experiments on 10 real-
world data sets that are available online. These data sets cover a wide range of sample
sizes and feature dimensions commonly encountered in real-world scenarios. Some of these
data sets contain both sensitive and insensitive features, making them suitable for our
case. Privacy preferences follow two paradigms. For both paradigms, we rank the features
subjectively according to their level of sensitivity, from sensitive to non-sensitive. In the
aligned case, we select the first s* = [log\/d] features. In the personalized case, we set
VVf =1ifi<n/ 10l4/5") and 0 otherwise. A summary of key information for these data
sets and pre-processing details is in Appendix B.

We first compute the mean squared error over at least 50 random train-test splits for
e = 1,2,4. To standardize the scale across data sets, we report the ratio of each MSE to that
of a non-private decision tree fitted on the full training set. The results are displayed in Ta-
ble 2. For all privacy budgets, the proposed methods significantly outperform competitors
in terms of both average performance (rank sum) and the number of best results achieved.
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e=1

| Aligned | Personalized

HistOfTree . Hist0fTree AdHist0fTree
ME CARr FParDT Hist KRR | yip CART ME  CART

ABA | 2.04 1.80* 2.04 2.02 274 | 205 205 2.01*  2.01* 2.26 202 271
AQU | 1.71* 1.71* 286 1.80 335 | 1.72 1.74 1.70* 1.70*  3.03 1.80  3.35
BUI 1.59* 1.59* 3.18 5ed 6.70 | 1.64 1.64 1.61* 1.61* 3.28 5eb 6.57
DAK | 6.69 6.65*  8.03 8.43 226 | 795 7.95 7.47 7.47 19.0 8.43 226
FIS 2.22% 232 3.22 245 460 | 2.32 232 2.26* 2.26* 3.49 245  4.59
MUS | 1.17 1.17 1.89 9ed 2.72 | 1.17  1.17 1.16* 1.16* 1.99 9ed 2.74
POR | 4.15* 4.15*% 4.67 722 7.89 | 4.04 4.04 3.69*% 3.69*% 4.72 722 7.70
PYR | 2.31* 2.31* 298 led 5.61 | 233 233 1.76* 1.76* 3.18 led 5.64
RED | 1.48*% 1.48*% 2.02 1.81 253 | 149 1.53 1.48% 1.48* 2.08 1.81 253
WHI | 1.46* 1.46* 1.61 1.61 1.85 | 1.47 1.47 1.46* 1.46* 1.70 1.61 1.84

Rank

ParDT Hist KRR

Sum 21 18 35 38 47 33 33 13 13 56 55 67
e=2
| Aligned | Personalized
HistO0fTree HistO0fTree AdHist0fTree

ParDT Hist KRR ParDT Hist KRR

ME CART ME CART ME CART
ABA | 1.85 1.65 1.63 1.98 1.81 | 1.70 1.77 1.71 1.77 1.65 1.98 1.77
AQU | 1.55 1.47* 1.71 1.63 2.05 | 1.60 1.60 1.60* 1.60%* 1.75 1.63 2.05
BUI 1.48 1.27* 1.51 led 243 | 1.41% 147 1.47 1.47 1.59 led 2.41
DAK | 6.69 6.65*  8.03 8.34 9.57 | 6.73 6.73 6.58 6.58 8.85 8.34 9.57
FIS 1.88*% 2,01 2.14 2.16 2.35 | 2.05*% 216 2.08 2.14 2.23 2.16 2.42
MUS | 1.13*% 1.13%* 1.26 2eb 144 | 1.12* 113 1.13 1.13 1.26 2eb 1.45
POR | 3.15 3.04*%  3.32 4.23 4.02 | 3.08 3.08 2.98%  2.98%  3.35 4.23 3.92
PYR | 1.48*% 1.48%* 1.65 3e3 2.29 | 1.49 1.49 1.34*%  1.34%* 1.77 3e3 2.30
RED | 1.44 1.37* 1.45 1.55 1.67 | 1.44 1.43 1.44 1.44 1.46 1.55 1.67
WHI | 1.42 1.41 1.41 1.53 1.50 | 1.39 1.39 1.44 1.44 1.42 1.53 1.49

Rank

22 15 28 45 43 22 33 21 26 47 63 62
Sum
e=4
| Aligned | Personalized
HistOfTree . HistOfTree AdHistO0fTree .
ME CART ParDT Hist KRR ME CART ME CART ParDT Hist KRR

ABA | 1.72 159 1.58 1.97 164 | 1.63 1.56 1.71 1.66 1.61 1.97  1.97
AQU | 145 1.35% 1.56 1.58 1.64 | 1.50 1.44 1.54 1.49 1.68 1.58  1.65
BUI 1.23  1.16* 1.32 3e4 1.30 | 12.8 124 14.3 14.3 1.36 3ed 1.29
DAK | 4.67 4.48*% 8.03 6.32 6.57 | 4.63 4.51* 6.14 6.34 6.01 6.32  6.58
FIS 1.66 1.64 1.65 212 1.82 | 1.63 1.63 1.86 1.98 1.68 212 1.77
MUS | 1.12 1.12 1.15 6e3 1.36 | 1.10 1.12 1.12 1.12 1.22 6e3 1.14
POR | 2.89 2.40* 2.98 321 3.09 | 2.73 277 2.77 2.78 2.97 3.31  3.02
PYR | 1.26 1.16* 1.33 Te2 149 | 1.29 1.29 1.26* 1.26* 143 Te2 1.50
RED | 1.27 147 1.29 149 1.44 | 1.27 1.28 1.43 1.32 1.28 149 144
WHI | 1.24 1.24 1.26 1.51 142 | 1.25 1.23* 1.29 1.23 1.30 1.51 142

Rank
Sum

22 16 29 47 38 22 20 38 37 41 65 53

Table 2: Real data performance for ¢ = 1,2, and 4. We employ the Wilcoxon signed-
rank test (Wilcoxon, 1992) at significance level 0.05. Within the aligned and
personalized blocks separately, the best results are bolded; a * marks a best
result that is significant against the compared methods in the same block, except
that in the personalized block a best HistOfTree/AdHistOfTree result is marked
if it is significant against the external competitors. ME and CART stand for max-
edge and the classical CART rule, respectively.
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Figure 3: Density estimation results on synthetic data. We use Hist as the LDP bench-
mark, captioned as LDP. We use Hist0fTree with ¢ = 1024 as the non-private
benchmark, captioned as non-private. Other HistOfTree results are captioned
with the specific choices of parameters s and ¢. In 3(d), AdHist0fTree is cap-
tioned as adaptive.

The data-driven selected parameters achieve comparable performance to the best parame-
ter, indicating the effectiveness of the selection rule. In some cases, AdHist0fTree performs
slightly better, largely due to the incompleteness of parameter grids of Hist0fTree. More-
over, the relative performance of the ME and CART rules depends on the privacy-preference
regime and privacy budget; CART is strong in the aligned setting, while the personalized
setting does not exhibit a uniform dominance pattern between the two rules.

7. Conclusion and Discussion

In this work, we for the first time investigate the problem of LDP learning with pub-
lic features. We provide a comprehensive understanding of this problem within the non-
parametric framework, specifically addressing density estimation, regression, and classifica-
tion tasks. For each of these three problems, we establish minimax lower bounds and propose
Hist0fTree, a unified algorithmic framework that achieves near-tight upper bounds. Our
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analysis reveals that this problem represents an intermediate stage between standard local
differential privacy and label local differential privacy, requiring specialized techniques for
effective estimation.

A remaining practical correlation issue concerns the privacy mask: the current results
rely on the assumption that W and (X,y) are independent. In some cases, the two are
dependent, which brings additional privacy leakage. For instance, AIDS carriers may choose
to conceal their status if they are diagnosed with the condition. If the carriers are aware
of the mechanism and believe it could leak information, they may provide incorrect results
(choose not to protect this feature and claim no AIDS). We propose two solutions. (i) If the
curator wishes to prevent such wrong data collection, it should classify highly correlated
features as private beforehand, including these features among the first s* private features.
This approach requires certain prior knowledge and does not completely resolve the privacy
accounting issue. (ii) Observing the estimator in (27), there is no need to release W to
the server. The server only needs to receive a binary vector of V. To maintain the utility
of the proposed methodology, the only remaining issue is the tree partition, which could
be mitigated by using random selection instead of information criterion assisted selection
(10). Although this reduces the effectiveness of the partition, it entirely eliminates the risk
associated with W.
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Appendix A. Proofs
A.1 Proof of Proposition 4 and 9

Proof of Propositions 4 and 9. We first prove Proposition 9. Since our mechanism
(25) and (26) do not rely on previous private information Zi,--- , Z;_1 when drawing Z;, it
is a non-interactive mechanism. Each user reveals only two pieces of private information,

namely Y; and V;. Note that they are conditionally independent, thus for each conditional
distribution R; <§~/Z, Vi, | XPTY = 2P XP ub fob, Y, = y), we can compute the density ra-
tio as

YT priv __ _priv pub _ _pub o

sup
; : YR T i v/ b b
zfrlvx?rlvl’zfub,y7y/ Rz (}/7;7 ‘/Z.’X/LPI'IV — m/LpI'lV 7)(;Ju — x?u ’}/Z-. — y/>
¥ priv __ _priv pub _ _pub Y o
Ri(VilXi " =27~ Xj " =27 ) R;(Yi|Yi = y)
< sup - su

- . } ) riv riv/ ub ub ¥ _ :
.’L'Eer.CBZPer,,.’L'?ub RZ(‘/”X’F e .’,1:',1; ,XF = xf ) y,y/ Rl(Y1|YZ = y/)

(29)
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(i) The first part corresponds to the randomized response mechanism. Since the conditional
density is identical if 2P" and zP" belongs to a same Aj, we have

Ri(‘z’Xfriv _ l’?riv, Xipub _ x?ub) B Hj Ri(Vij‘XZPriv _ l‘?riv’ Xipub _ l‘?ub)

RZ(‘;”XZprlv _ xfriv/’ Xipub _ :E};ub) o Hj Rz(f/z]’XZprw _ xErivl’ szub _ $§Ub)

By definition, for two distinct values of z, only two indicators 1 4« p(x) differ over all A x B.
Without loss of generality, assume they differ on the first two elements. Then we have

(7 ri ri ub ub

sup Ri(Vi| XP™ = D™ XPU2 = 2P

) ; (Y7 |priv __ _priv/ pub _ pub
x$r1vm§r1vl7x$ub R‘Z(%’Xl = :L'i ’Xi = ‘Tz' )

(Y7J| yPriv __ _ priv pub __ _pub
Hj:1,2 RZ(V; |Xz = Z; in = Z; ) < 65/4_'_5/4 _ 65/2. (30)

- ) Sllp 77| v priv priv/ pub pub
Prlvmprlvl Z‘?ub H]=1,2 R’Z(‘/; ‘Xl = xi 7Xi = xi )

wl 7 ”

(i1) For the second part, there holds

R(Yi=y) _  dR(Fyi=y) o (~airlV - vl)
SUP~—/ S Sup — p :Sup —
vy’ Rz(YzH/z = y) Y,y dRz<Yz’Y; = y) vy exp <*ﬁ|m B y/|)
g
<spesp (gl —vl) <% 6D

Bringing (30) and (31) into (29) yields the desired conclusion. Note that (30) yields (12) is
/2 semi-feature LDP. Substituting /2 to ¢ yields Proposition 4. [ |

Proof of Proposition 10. We only need to modify (i) of the previous proof, which is now
characterized by the generalized randomized response mechanism. For each grid A x B with
index j, we consider the three cases in (26). The first case is Ax B ¢ V;. The definition of V;
yields that, for any X/ = (a:?riw, fob), its set of potential grids V/ is exactly the same as V.
Thus, we have R;(V; = k|XP™ = 2PV XP™ = gP"P) — R,(V; = k|XP™Y = 2P PP —
2P"P) = 0. And thus the likelihood ratio is bounded by /2 as we define 0/0 = 1. The
second case is A x B € V; and X; € A x B. In this case, any X| = (:):?riw,x?ub
Ax B eV.. As aresult,

) will have

priv priv pub pub es/?
Ri(Vi =k X" =27 X7 =) < &Vl — £/?

) . priv __ _priv/ pub __ _puby — 1
Ri(Vi=k|X; " =a; 7, X7 =a7) es/24|V; -1

The third case is the symmetric situation of the second case. Three cases together, we have

7 ? ?

priv priv/ pub pub <
Ri(VilX;" " =27, X7 =27 )

riv riv ub ub
Ri (Vi XP™ = 2™, XP™ =aP™)
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A.2 Proof of Theorem 2

Proof of Theorem 2. It suffices to prove (4). The lower bound contains two terms. The
second term n~Z+d is the classical minimax lower bound for non-private learners under
Assumption 1. See Tsybakov (2009) for a comprehensive discussion. In the following, we
prove the conclusion for the first term. The overall proof strategy mimics that of Butucea
et al. (2020), while the utilization of information inequality is different. We first construct
a finite set of hypotheses. We then combine the information inequality under privacy
constraint (Duchi et al., 2018) and Assouad’s Lemma (Tsybakov, 2009).
For each user, write

d
Si={teld:Wf=1},  si=|S|=> W
/=1

The assumption in Theorem 2 ensures that 5; is nonempty for every 1.
Let 99 : R — R be an a-Holder continuous function supported on (0, 1) such that

1 1
/ Yo(u)du =0, / Wo(wldu >0, oo < oo,
0 0

For u = (u',...,u?) € R define
d
v(w) = ] ] vo(u).
/=1

Then ¢ is supported on (0,1)? and integrates to zero over every nonempty subset of coor-
dinates. Let

Te =10, k=1, =T [/"/kG + /K], e
/=1

For x € C}, define
Vi) =k~ “p(kz — j),
and set ¥;(x) = 0 for z ¢ C;. For 0 = (6;);e7, € {—1,+1}7*, define

pi(@) =1+p ) 055(x),

JE€ETk

where p > 0 is a sufficiently small constant. Since the supports of the 1);’s are disjoint and
each v; has zero integral, p?x integrates to one. For p sufficiently small and k sufficiently
large, pgg is nonnegative and satisfies Assumption 1. Moreover, pgg is bounded from below
and above by positive numerical constants.

Let us now assume that the raw data have been anonymized by means of an arbitrary
privacy mechanism R that is sequentially-interactive e-semi feature LDP. R maps each X;
to Z; based on Zq,--- ,Z;_1. Let T; = (Xfub7 Z;) be the information available from user
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i, and let RP?" denote the joint distribution of Ti.,. Let px be any estimator measurable
with respect to T7.,. For each fixed px, define

~ . 9 ~
0 € argminge g 4y [Ipx — PxllL (ax)-
Since pgf is uniformly bounded from below, the density-estimation loss satisfies
0 =~ 0 =~
IPx —PXHLl(Pg{) 2 IPx — x|z, (dn)-

By the triangular decomposition and the definition of 5,

1 —~
o -~ o 9
lPx = Dxllzi(ar) 2 5IPx = Pl an)-

Because the bumps have disjoint supports,

1% — Pl acamy =0 310 — 93] /C () e
J

J1€ETk
= 20k~ ||yp|1 Ham(6, 9),

where Ham denotes the hamming distance between vectors. Therefore,
supBrpon (9% — xll o] 2 inf sup Ergpon | Ham(@,9)] - (32)

It remains to control the KL divergence between neighboring hypotheses. For j € Js,
let 99 be the vector obtained by flipping the j-th coordinate of 6. Let H;_1 = T7.;_1.
For every history h in the support of H;_1, let Mi’?@ denote the conditional law of T; given
H;_1 = h under P?. By the chain rule for KL divergence,

6,pub | p0) pub
KL(Mgl| M) =KL (PP P77 0 (33)

7
(Mo o) - (34)

Since s; > 1, the first term is zero. Indeed, by the product construction of 1, integrating
1; over the nonempty collection of private coordinates of user ¢ gives zero, and hence the
public marginal distributions under 6 and 0\ coincide. Conditional on H; 1 = h and
XZPUb = 2P Definition 1 implies that Z; is e-LDP with respect to X™". Thus, the
symmetrized information contraction inequality for locally private channels (Duchi et al.,
2018) implies the following directional bound:

h
+ EleubNPf,pubKL ((M,L’G)leleub

KL (M) 5 oty | (ML) 7, xco00 o (35)
0 :16))
S C(es _ 1)2V2 (PXfriv|Xfub:xpub7 PXZPriV|XZPub:Ipub> . (36)

For zP" outside the public projection of C};, this conditional total variation distance is zero.
On the public projection of C}, the conditional densities differ only through the j-th bump.
Since p?X is uniformly bounded above and below,

1% <P9 poY ) < Ok,

szriv ‘leub:xpmﬂ X»LP“VIXipub —gpub
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The public projection of C; has Lebesgue measure of order f—(d—si)

with (33) and (35) yields

. Combining this display

KL MYy)) < C(ef = 1) 25,

The bound is uniform in h. Applying the KL chain rule to the interactive transcript gives

n
) H;_ H;_
KLRP™|[RP™) = " Egpon KL (Miﬁ 1 Mz‘ﬁ(ﬂ')l) (37)
i—1
n
< Cz(eg _ 1)2k72a7d75¢. (38)
i—1

Choose k such that the right-hand side of (37) is bounded by a sufficiently small constant.
Assouad’s Lemma then yields

inf sup Egpon [Ham(g, 0)} > k4,
o 0
Bringing this result into (32) leads to
sup Egpon {Hp,ax - ﬁXHLl(P%)} 2k

Letting £ = k7%, up to the constant change caused by rounding k to an integer, the KL
condition becomes
n

2a+d+s;
(-1 <e

=1

The exponents in this display range over a fixed compact interval depending only on « and
d. Consequently, multiplying the supremum in (3) by a sufficiently small constant makes
this condition hold. This proves the first term in (4) up to the constants hidden by 2. The
aligned result (5) follows by setting s; = s* for all i. [ |

A.3 Proof of Theorem 5

Proof of Theorem 5. The lower bound contains two terms. The second term n_#id
is the classical minimax lower bound for non-private learners under Assumption 2. See
Tsybakov (2009) for a comprehensive discussion. In the following, we prove the conclusion
for the first term. The overall proof strategy mimics that of Gyorfi and Kroll (2025),
while the utilization of information inequality is different. We first construct a finite set of
hypotheses. We then combine the information inequality under privacy constraint (Duchi
et al., 2018) and Assouad’s Lemma (Tsybakov, 2009).
For each user, write

d
Si={teld:Wf=1},  s=|S|=> W
/=1
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Let K : [0,1]% — [0,00) be an a-Hdlder continuous function supported on (0, 1)¢ such that
1Ko < 1, / K?%(u)du > 0.
[0,1)¢

Let

Te={0 k=1, G =T[[i"k G + Dk, e

(=1

For x € C}, define
Ki(z) = ph™ K (kz — ),

and set K7(z) = 0 for z ¢ Cj, where p > 0 is sufficiently small. For § = (6;)eq, €
{—1,+1}7*, define

fla) =) 0K ().

JETk

We consider the following class of distributions P?. The marginal distribution Pg( is uniform
on [0,1]4, and Y | X = x is the uniform distribution on [f?(z) — M/2, f(x) + M/2]. Then
f(x) =Eg(Y | X = z). For p sufficiently small, |f%(x)| < M/2, so the conditional support
of Y is contained in [~ M, M]. The same choice ensures that f¢ satisfies Assumption 2; the
marginal density is also bounded above and below. Thus, all PYs belong to F.

Let us now assume that the raw data have been anonymized by means of an arbitrary
privacy mechanism R that is sequentially-interactive e-semi feature LDP. R maps each
(X;,Y;) to Z; based on Zy,--- ,Z;—1. Let T; = (XlPUb,ZZ-), and let RP" denote the joint
distribution of T7i.,. Let f be any estimator measurable with respect to 717.,. Since the
marginal distribution of X is uniform, the excess risk under the square loss satisfies

Rpo(f) —Rpo = /[0,1]d (f(a:) — fe(x)>2daz.

For each fixed f, define

2

f(z) = f'(x)) da.
<

0c i
argminge g 417 /[0,1]4

By the triangular decomposition in Lo([0, 1]9),

/[0,1}01 (f(x) - fa(w))g dx > jl/[oﬂd (fg(x) B fe(w)>2da:.

Because the bumps have disjoint supports,

/[o,l]d (fﬂ(x) —fe(z:)>2dx = Z 19; _0]"2/0, (Kj(x))2dx

J€Tk J
= 4p’k 72| K |3 Ham(9, 0).

31



MA, YANG, AND JIA

Therefore,

~

sup Egpon [RPG(f) —Ribo| 2 k™2 %inf sup Egpon [Ham(é\, 9)} . (39)
0 o 6

It remains to control the KL divergence between neighboring hypotheses. For j € Js,
let ) be the vector obtained by flipping the j-th coordinate of . Let H;_ 1y = T1._1.
For every history h in the support of H;_1, let Mihe denote the conditional law of T; given

H;_1 = h under PY. By the chain rule for KL divergence,
KL(My|[Mly) =KL (PEP {7 0) (40)

1,00
h h
+ ]EXZPubNP?’pubKL <(Mi79)Z¢|X,LPUb (Miﬂ(j))zi'XZpub) . (41)

The first term is zero because the marginal distribution of X is uniform for every 6. Con-
ditional on H;_y = h and X ub — 2Pub Definition 1 implies that Z; is e-LDP with respect
to (X? riv, Y;). Thus, the symmetrized information contraction inequality for locally private
channels (Duchi et al., 2018) implies the following directional bound:

h h
KL (M) gm0 [ (ML) . o) (42)
27,2 0 o)
é 0(65 - 1) V <PXPriV,Y—i|XPub:1EDUb’ PX-priv,YHXPUb::Ep“b> . (43)

For 2P"" outside the public projection of C}, the total variation distance is zero. On the
public projection of C;, the two conditional laws differ only through the conditional distri-
bution of Y on the j-th private slice. The total variation distance between two length-M
uniform distributions whose centers differ by A is at most |A|/M. Hence
0 9@ —a—s;
V (PXfriv,n\Xfub:xpub’ PXfriv7n|X%oub:xpub) S Ck a—s .
The public projection of C; has Lebesgue measure of order k—(d=si)  Combining this display
with (40) and (42) gives
h h 27.—2a—d—s;
KL(Mjp|| M) < Cle” = 1)7km= 77

1y

The bound is uniform in h. Applying the KL chain rule to the interactive transcript gives

n
(9) H;_ H;_
KL®RP™[RP'") = 3 Egpon KL (Mw t|as! W;) (44)
=1
n
<O (¢ =17kt (45)
i=1

Choose k such that the right-hand side of (44) is bounded by a sufficiently small constant.
Assouad’s Lemma then yields

inf sup Egpon [Ham(é\, 0)} > k4.
0 0
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Combined with (39), this gives
Sl;p ERPGn |:RP6 (']/C\) - 1*39] z k72a.

Letting £& = k=2, up to the constant change caused by rounding k to an integer, the KL
condition becomes

n
2a+d+s;
S -1 <

i=1

The exponents in this display range over a fixed compact interval depending only on « and
d. Consequently, multiplying the supremum in (17) by a sufficiently small constant makes
this condition hold. This proves the first term in (18) up to the constants hidden by 2.
The aligned result follows by setting s; = s* for all 3. |

A.4 Proof of Theorem 7

_a(l+8)
Proof of Theorem 7. The lower bound contains two terms. The second term n~ 2a+d

is the classical minimax lower bound for non-private learners under Assumption 2 and 3.
See Audibert and Tsybakov (2007); Samworth (2012); Chaudhuri and Dasgupta (2014) for
a comprehensive discussion. In the following, we prove the conclusion for the first term.
The overall proof strategy mimics that of Berrett and Butucea (2019), while the utilization
of information inequality is different. We first construct a finite set of hypotheses. We
then combine the information inequality under privacy constraint (Duchi et al., 2018) and
Assouad’s Lemma (Tsybakov, 2009).
For each user, write

d
Si={teld:Wf=1},  si=|S|=> W
/=1

We use an Assouad construction adapted to the strong density assumption. The assumption
af <1 ensures that the Holder boundary layers of the bumps satisfy the margin condition.
Let m = max{1, [¢,,k9=%?]} for a sufficiently small constant ¢, > 0. Choose m disjoint
cells indexed by o(1),...,00m) € {0,...,k — 1}4. Let 6 € {—1,+1}™. For u € R?, define

Ky(u) = ck dist (u, ((0, l)d)c)a ,

where cx > 0 is sufficiently small. The function Kj is nonnegative, vanishes outside (0, 1)d,
and is a-Hoélder. Moreover, for 0 < t < || Ko||co,

A0 < Ko(u) <t) < Ctt/> < otP,
where the last inequality uses a8 < 1. For z in the cell indexed by o(g), define

K@ (z) = pk™“Ko(kz — 0(4)),
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and set K7 (x) = 0 outside that cell, where p > 0 is a sufficiently small constant. The
bumps have disjoint supports and satisfy

0 < K% (z) < Ck™°, / K@ (z)dx < k=4,

as well as

B
A0 < K°@(z) < 7) < Ck ™ (;%) . 0<y<CkTe

For # € {—1,+1}", define the regression function
fl(z) = L. zm: 0, K@ (z).
2 2 ot

We consider the class of distributions P where P% is the uniform distribution on [0, 1]%
and Y | X = z is binary with
PlY =1| X =2) = f ().

For sufficiently small constants in the construction, f? is a-Holder and takes values in [0, 1].
For 0 < v < Ck™?, the level-set bound and mk~? < k=7 give

PY% <0<

Fx) - ;‘ Sv) < Cp”.

For larger v, the same inequality follows because the probability of the union of the active
cells is of order k=% < 8. Thus, all P%s belong to F.

Let us now assume that the raw data have been anonymized by means of an arbitrary
privacy mechanism R that is sequentially-interactive e-semi feature LDP. R maps each
(X;,Y;) to Z; based on Zy,--- ,Z;—1. Let T; = (Xbe,Zi), and let RP?" denote the joint
distribution of Tj.,. Let f be any estimator measurable with respect to Ti.,, and let
g(z) = 1{f(x) > 1/2} be the induced classifier. For each a € [m], define the weighted
decoder

~

0o € argmin,er_; 1y [ K7@(z)[g(x) — 1{v = +1}|dz.

If §a # 0,, the weighted disagreement of g with the Bayes classifier on the a-th cell is at
least one half of [ K@ (z)dz. Since the excess classification risk equals

oo

the reduction to hamming loss gives

2'(a) ~1[1{a(e) #1 {f%c) > ;}} i,

Sl;pERpen [Rpe(f) — ;g:| 2 kfafdi%fs%pERpen {Ham(é\, 9)} . (46)
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Here we used [ K@ (z)dz < k=®~% for every active cell.

It remains to control the KL divergence between neighboring hypotheses. For a € [m],
let (@ be the vector obtained by flipping the a-th coordinate of . Let H;_1 = T1.;_1.
For every history h in the support of H;_1, let MZ}G denote the conditional law of T; given

H;_1 = h under PY. By the chain rule for KL divergence,
KL(My|| M) =KL (PIPPYP) (47)

179(5")
(M;?e(a) )ZiIXipub> . (48)

The first term is zero because the marginal distribution of X is uniform for every 6. Con-
ditional on H; 1 = h and X, ub — 2Pub Definition 1 implies that Z; is e-LDP with respect
to (X} "VY;). Thus, the symmetrized information contraction inequality for locally private
channels (Duchi et al., 2018) implies the following directional bound:

h
+ ]EXipubNPf,pubKL <(Mi76)Z¢|X,LPUb

h h
KL ((Mi,e)zilePub:xpub (Mi’g(a) )ZZ.|XZPub:xpub> (49)
2772 0 g(a)
<Ol -1V (Pxpfi“,mx.pub:xpub’ PXPY‘",n\X*’“":xP“b) ’ (50)

For xP" outside the public projection of the a-th active cell, the total variation distance
is zero. On the public projection of the active cell, the two conditional laws differ only
through the Bernoulli label probability on a private slice of volume of order k™%, Since the
two Bernoulli probabilities differ by at most Ck~%, we have

v (P po) ) < cnem

X’Lpriv71/i ‘Xipub —gpub’ Xfrivy}/ﬂXflIb:xPUb
The public projection of the active cell has Lebesgue measure of order k(4=
this display with (47) and (49) gives

. Combining

KM M) < (e — 1) 2051,

The bound is uniform in h. Applying the KL chain rule to the interactive transcript gives

n
(@) Hi1 | pHi
KLRP™|[RP™™) =3 " Egpon KL (Mw 1 Mz‘ﬁ(a;) (5D
i=1
n
<C Z(eg _ 1)2k72a7d78i. (52)
=1

Choose k such that the right-hand side of (51) is bounded by a sufficiently small constant.
Assouad’s Lemma gives

inf sup Egpen [Ham(é\, 0)} > m.
6 0

Combined with (46) and m =< k9=°# this leads to

Sl;p ERPBn |:RP9 (f) - 1*39:| Z kiaidm = kia(1+ﬁ).
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Letting £ = k™%, up to the constant change caused by rounding k to an integer, the KL
condition becomes
n 2 d+s;

Z(eE - 1)25%“1 <e.

i=1
The exponents in this display range over a fixed compact interval depending only on « and
d. Consequently, multiplying the supremum in (21) by a sufficiently small constant makes
this condition hold. This proves the first term in (22) up to the constants hidden by 2.
The aligned result follows by setting s; = s* for all 3. |

A.5 Proof of Theorem 3
We first define the intermediate quantity

s, PP (@)
Px(z) = Azl;k 1Aj><Bk (z) fA/:(jJ . ;(k) . (53)

For the same partition and the weights in (13), define the weighted non-private estimator

_ S wi(s, TV
Pxw(x) = 14.xB, (2)== i 54
(z) Az;gk ixB;,(7) (A % By) (54)

where Vij k.1 A;xB;, (X;). We rely on the following decomposition.

IPx = pxllz, < IPx = Pxwllo, +Pxw —Pxlle, +  [Px —pxll, - (55)
~ —_———
Privatized Error Sample Error Approximation Error

where the Hist0fTree density estimator px, the weighted non-private partition-based den-
sity estimator px ., and the population partition-based density estimator py are defined
in (14), (54), and (53), respectively. Loosely speaking, the first error term quantifies the
degradation brought by adding privacy noises to the estimator, which we call the priva-
tized error. The second term corresponds to the expected estimation error brought by the
randomness of the data, which we call the sample error. The last term is called approxi-
mation error, which arises due to the limited approximation capacity of piecewise constant
functions. The following three lemmas provide bounds for each of the three errors.

Lemma 11 (Bounding privatised error) Let px be the HistOfTree estimator defined
in (14). Let px. be the weighted non-private partition-based estimator defined in (54).
For m = 7wP™ @ gPu0_ let 7P™ be q histogram partition with t bins and wP* be generated
by Algorithm 1 with depth T. Let Assumption 1 hold. Write h = 27T/(4=9)  qi(s) =
ZLSH W, and Ssr =3, h%() . Suppose 527 logn < Ss 1. Then, there holds

I S ullL < t252T logn
pX pX,w L1 ~ €ZSS7T

with probability P" @ R™ at least 1 —1/n?.
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Lemma 12 (Bounding sample error) Let the weighted non-private partition-based es-
timator px., and the population partition-based estimator px be defined in (54) and (53),
respectively. For m = mP™ @ wP  let 7P™™ be q histogram partition with t bins and 7"° be
generated by Algorithm 1 with depth T. Let Assumption 1 hold. Suppose t°2T logn < S.r.

Then, there holds
. _ 52T logn
IPxw = Dxlley S/ —5
s, T

with probability P @ R™ at least 1 — 1/n?.

Lemma 13 (Bounding approximation error) Let the population partition-based esti-
mator Dy be defined in (53). For m = 7P™ @ 7P let 7™ be a histogram partition with
t bins and TP be generated by Algorithm 1 with depth T. Let Assumption 1 hold. Then
there holds

IPx — Pille, S ¢ +27 7/,
Proof of Theorem 3.
The privacy of px follows from Proposition 4, since the deterministic weights are post-

processing. We then focus on the excess risk upper bound. Bringing Proposition 11, 12,
and 13 into the decomposition (55), we have

_ . 2527 logn ts2Tlogn  _ _ _

EQSS,T SS,T

holds with probability P* @ R™ at least 1 — 2/n?. We first consider the case where the
first term dominates the second term. This is always the relevant case for 0 < ¢ < 1, since
t5 > 1. We take t < 2T/(d=s) n this case, we have

9T(d+s)/(d=3) log 1
25 2 aT/(d)

15x — Pilles < + 27 oT/ld=s),

which recovers equation (7). To show the matched personalized rate, we further take s = 0
and t =< 27/, Then, (56) becomes

logn

—————— +h%, h=27T/4
e2hd Y iy b

Ix —pxlle, S
The minimum is attained, up to constants, when the two terms are of the same order. Thus,
writing £ * < he, some algebra yields

2a+d+s:;

- 1
Z?* p — ogn
= 82 s
=1
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which is (6) and has the same positive-moment structure as the lower bound. In the aligned
case, we take s = s* and the weights reduce to 1/n. The bound becomes

2T(d+8)/(d—8) . log n

—aT/(d—s
i L+ 9-aT/(ds)

I~ piles 5/

)
ne

d—s
where taking 27 = (ne?)@+s+2e yields

logn\ Zardrs®

~ *

I ol 5 (255) 7
: T/(d T e -

If the sample term dominates, we take t =< 27/(4=%) and 27 =< (n/logn)2a+d, as in the

original proof. This yields

B lonﬁ
wywyhs(g) -

This leads to the non-private bound in both aligned and personalized cases. |

A.6 Proof of Theorem 6
We first define the intermediate quantity

S, [ (@)dPx (2")

flx) = 14,x8, 57
= 3 s 52 T o
We rely on the following decomposition.
Forl < |72l + -7+ F-rl. - o9
00 o] oC, N——

. A imation E
Privatized Error Sample Error pproximation Error

where the HistOfTree estimator f, the weighted non-private partition-based estimator
f., and the population partition-based estimator f are defined in (27), (24), and (57),
respectively. Loosely speaking, the first error term quantifies the degradation brought by
adding privacy noises to the estimator, which we call the privatized error. The second term
corresponds to the expected estimation error brought by the randomness of the data, which
we call the sample error. The last term is called approximation error, which arises due to
the limited approximation capacity of piecewise constant functions. The following three
lemmas provide bounds for each of the three errors.

Lemma 14 (Bounding privatised error) Let f be the HistOfTree estimator defined in
(27). Let f, be the weighted non-private partition-based estimator defined in (24). For
T = wP" @ P let wP™™ be a histogram partition with t bins and 7P be generated by
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Algorithm 1 with depth T. Let Assumption 2 hold. Suppose t**27 logn < £QSS7T. Then,
there holds

t252T logn
6255 T

)

1 = Folloo S

with probability P* @ R™ at least 1 — 4/n?.

Lemma 15 (Bounding sample error) Let the weighted non-private partition-based es-
timator fw and the population partition-based estimator f be defined in (24) and (57),
respectively. For m = mP™ @ P let ©P™™ be q histogram partition with t bins and 7"° be
generated by Algorithm 1 with depth T. Let Assumption 2 hold. Suppose t°27 logn < SsT-
Then, there holds

ts2T logn

fr— Tl <
||fUJ f||00 ~ SS’T

with probability P @ R™ at least 1 — 4/n?.

Lemma 16 (Bounding approximation error) Let the population partition-based esti-
mator f be defined in (57). For m = wP™ @ P let ©P™ be a histogram partition with
t bins and TP be generated by Algorithm 1 with depth T. Let Assumption 2 hold. Then
there holds

IF = flloo S 70 42707/ (A=),

Proof of Theorem 6. The privacy of f follows from Proposition 9, since the deterministic
weights are post-processing. We then focus on the excess risk upper bound. Bringing
Proposition 14, 15, and 16 into the decomposition (58), we have

Rp<f>—7zp—/ (@) — F(@)2dPx ()
<|f-f* ||§o
<8 (IF = ol + 1o = TI% + 17 - £11%)
<t252Tlogn t*27 log n

t—2a 2—2aT/(d—s) 59
52SS,T SS,T * * ( )

holds with probability P* ® R™ at least 1 — 8/n?. We first consider when the first term
dominates the second term. For 0 < ¢ < 1, this follows from ¢* > 1. We take ¢ < oT/(d~s)
Thus we have t~2¢ < 2-207/(d=5) and ¢2s . 2T =< 2T(d+5)/(d=5)  Therefore, (59) becomes

9T (d+s)/(d—s) log n
Re(f) = Rp 5 25 3 T/

9-2aT/(d~s)
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This is the oracle upper bound for a general candidate pair (s,7'). For the matched per-
sonalized rate, take s = 0, write h = 277/ and balance the two terms. If & = h2,
then

n 2a+d+5,’[

()

=1

which gives (19). In the aligned case, we take s = s*, and the weights are uniform. The
bound becomes

~ " 2T(d+5)/(d_5) . 10g n
RP(f) - RP 5 2

+ 272aT/(dfs)
ne ’

d—s
where taking 27 = (ne?)@+s+2e yields

2a
~ " logn 2a+d+s*
Rp(f) = Rp S ( - ) .

If the sample term dominates, the same choice as in the original proof gives

2a
~ 1 2a+d
Re(f) - Rp < ( Og”) :

n

This leads to the non-private bound in both aligned and personalized cases. |

A.7 Proof of Theorem 8

Proof of Theorem 8. The privacy of f follows from Proposition 9. We then focus on the
excess risk upper bound. Denote the region

Qs ={z e X |[|f*(x) —1/2| > d}.
and
O = {z e X[ 1(f*(x) > 1/2) = 1(f(2) > 1/2)}.

Bringing Proposition 14, 15, and 16 into the decomposition (58), we have

1 = F*lloo <IF = Folloo + [l fio = Flloo + 1T = f*lloo

t252T logn ts27 logn
< e 05 22 el L pmay 9—aT/(d=s) 60
<c <\/ 5., + \/ Sor +t7% + (60)

for some constant c. Thus, if f*(z) > 1/2, for any = € Q),

flx) =1/2 = f(z) = f*(z) + f*(z) — 1/2 > —(60) + (60) = 0.
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The opposite conclusion for f*(x) < 1/2 holds analogously. Thus, we know Q) C Q Iz
Turning to the risk, we have

RMﬂ—R$=A}@#1U@02U%MN%@—A}@#lﬁWMZUmMH%w
= [ 2#@) - 1/2ldPx()

Q5

< /Q 217 (x) — 1/2/dPx (2)

(60)

<2(60)/ dP x (z) < 2(60)'+7.
0

(60)
The first and second equalities are by definition. The third inequality is by g9y C Q I
The fourth inequality is by the definition of ©(gp). The last inequality is by Assumption 3.

Observing the form of (60)1+5 , we first consider when the first term dominates the second
term. We take ¢ =< 27/(4=%) Thus we have ¢t72¢ < 2720T/(d=5) apd 25 . 9T = 9T(d+s)/(d=s)
Therefore, we have

(1+8)/2
B 9T (d+s)/(d—s) logn
_RE —2aT/(d—s)
Re(f) —Rp S (52 Z?:l 9—qi(s)T/(d—s) +2 ’

This is the oracle upper bound for a general candidate pair (s, T"). For s = 0, write h = 2~ T/d
and balance the pointwise private and approximation terms. Writing & Y= pe gives

n 204«1»114»5;-K
—x o logn
> (€ <
g

=1

—\ 148
The margin argument above then yields the matched personalized rate <5 ) . In the

aligned case, we take s = s*, and the weights are uniform. The bound becomes

s (1+8)/2
. <2T(d+ )/(d=5) ogn n 2_2aT/(d—8)) ,

RP(f) - R;’ SJ ne2

d—s
where taking 27 = (ne?)@+st2a yields

R ~ . ]Og n 2§$§+63>*
P(f)—RP§<n62> :
If the sample term dominates, the same calculation as in the original proof yields
~ logn\ #atd
Re(f) - Ry < (1) T
This leads to the non-private bound in both aligned and personalized cases. |
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A.8 Proofs of Results in Sections A.5 and A.6

To prove lemmas in Section A.5 and A.6, we first present several technical results.

Lemma 17 Suppose (;,i =1,--- ,n are independent random variables such that a; < § <
b;. Then there holds
]P !

1 & 1 &
EZQ—E;ZQ
i=1 =1

2,2
— sty
Z t S 26 Zzzl(bz a;)

for any t > 0.

Proof of Lemma 17. The conclusion follows from Example 2.4 and Proposition 2.5 in
Wainwright (2019). [ |
Lemma 18 Suppose &,i=1,--- ,n are independent sub-exponential random variables with

parameters (v;, ;) (Wainwright, 2019, Definition 2.9). Then there holds
P23 6-E13 e
i Z i Z

for any 0 < t < v2/(nBs), where v, = />0, v? and B, = maxi=1,.. , Bi. Moreover, a

_nt?
>t < 2e i,

standard Laplace random variable is sub-exponential with parameters (v/2,1), and a&; has
(avi,aB;) for any positive a.

Proof of Lemma 18. The conclusion follows from (2.18) in Wainwright (2019). |

Lemma 19 Let A be the collection of all cells xle[ai, b in R?. The VC index ofA equals
2d 4+ 1. Moreover, for all 0 < € < 1, there exists a universal constant C such that

NAL @) e) < C2d +1)(4e)* 1 (1/2)*.

Proof of Lemma 19. The first result of the VC index follows from Example 2.6.1 in
van der Vaart and Wellner (1996). The second result of covering number follows directly
from Theorem 9.2 in Kosorok (2008). [ ]

Lemma 20 For m = 7™ @ 7P let 7™ be a histogram partition with t bins and 7P
be generated by Algorithm 1 with depth T. Suppose Assumption 1 holds. Let wy,...,wy
be nonnegative weights that are independent of the observations and satisfy > -, w; = 1.
Then, for any {(X1,Y1),...,(Xn,Yn)} drawn independently from P and any A € 7, there
holds

(61)

Zwil{Xi €A} - /A dPx (z')

2(4d + 5)

4
< \/2et7527T(4d + 5) |3 logn + oo log 7 + =,
n
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with probability P™ at least 1 — 1/n?, where |[w||3 := >, w? and ||wl|oo := max; w;. Here we
use A instead of A x B for notational simplicity.

Proof of Lemma 20. Condition on the privacy masks Wi, ..., W), so that the weights
are deterministic. In the subsequent proof, we define the weighted empirical measure

Dy = Y wid(x,v:)
=1

given the samples {(X1,Y1),...,(Xn,Yn)}, where & is the Dirac measure. Let A be the
collection of all cells xle[ai,bi] in R?. Applying Lemma 19 with Q := (Dy.x +Px)/2,
there exists an n-net {Ax}X | C A with

K < C(2d + 1)(4e)*@t 1 (1/n)* (62)
such that, for any A € 7, there exists some k € {1,..., K} satisfying

[1(z € A) —1(z € Zk)HLl((Dw,XjLPX)/Q) <.

Since
11(z € A) — 1(z € A1, (Do x+Px)/2)
=5l € 4) ~ 1z € AllLyp. ) + 511l € )~ 1w € AL,y
we get
Iz € A) = 1(z € AL, oy) <20 |1z € A) — 1w € AL, py) < 20 (63)

Consequently, by the definition of the covering number and the triangle inequality, for any
Aem,

Zn:wil(Xi S A) — Px(A)
=1

Zwil(Xi € Ay) — Px(A)

i=1

<D wil(Xi € Ay) — Px(Ay)
=1

IN

F11a =15 [y, x) +11a =15 llL,py)

+ 4n.

Therefore,

sup Zwil(Xi € A)—Px(4) (64)
Aerm |\
< sup sz‘l(Xz‘ € Ay) — Px(Ay)| +4n.
1<k<K |
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For any fixed 1 < k < K, let & = 1(X; € Ay) — Px(Ay). Then E& = 0, |&| < 1,
and E€? < Px(Ag). According to Assumption 1, E¢? < ¢¢t7°27T. Applying Bernstein’s
inequality to the independent variables w;&;, we obtain

" ~ ~ 2
Zwil(Xi S Ak) — Px(Ak) < \/ZEt_SQ_THwH%T + gHWHOOT

i=1

with probability at least 1 — 2e™7. The union bound together with the covering-number
estimate (62) implies that

Zwil(Xi S Zk) — Px(gk)
=1

sup
1<k<K

2
< \/2575‘32‘TIIWH%(T +10g(2K)) + gllwlleo (7 + log(2K)

T

with probability at least 1 — e~ . Let 7 = 2logn and n = 1/n. As in the original proof,
T+1og(2K) < (4d+5)logn for all sufficiently large n. Combining this fact with (64) proves
(61). ]

Lemma 21 Under the conditions of Lemma 20, for any A € T,

(65)

;inil{XieA}—/Af*(a: )dP x ()

2M (4d + 5)

< My/2et-52- (4d + 5)|w|3log n + ;

4M
lw]loo log n 4+ —,
n
with probability P™ at least 1 — 1/n?.
Proof of Lemma 21. Let A be the collection of all cells x&_[ai,b] in RY. As in the
proof of Lemma 20, there exists an n-net {Ax}~_; C A with K bounded by (62) such that

(63) holds for every A € m and some k € {1,..., K}. Consequently, by the definition of the
covering number and the triangle inequality,

;%1()@- € A)Y; - /Af*(x VAP x (a)

< ;wz-l(Xi €AY — /Zk F*(a")dPx (2)

+ max [Vifl[1a =173 [l 0,00 + Ml1a =15l ex0)

< iwil(Xi S Zk)Y; — /~ f*(x’)dPX(w’) + 4Mn. (66)
i=1 Ak
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For any fixed 1 < k < K, let

&= Yi1(X; € Ap) — . f(a")dP x ().

Then E& = 0, |&] < 2M, and EE2 < M2Px(A;) < M%ct=527T. Applying Bernstein’s
inequality to w;&; gives

> wil(X; € A)Yi— [ f*(a)dPx(2)
i=1 Ap

2M
< My/2et= 2T ol + Z- oo

with probability at least 1 —2e~7. The same covering-number and union-bound calculation
as in Lemma 20, with 7 = 2logn and n = 1/n, together with (66), proves (65). [ |

Lemma 22 Let h = 2-1/(d=5)  4.(s) = ZEIZSH WY, Ssr =3, h%), and w; = h%() /S, 7.
For a cell Cj € 7, define

Vj 1= Zw?l{Cj € Vit
=1

If S’SvThd*s 2 logn, then, uniformly over the cells of the possibly data-dependent partition,

hdfs

<
o~ SST (67)

with probability at least 1 — 1/n?.

Proof of Lemma 22. Condition on the privacy masks. For a fixed mask, the event
C; € V; is the event that the public coordinates of X; lie in the corresponding coordinate
projection of C;. These projected cells form a VC class of axis-aligned cylinder rectangles,
so the weighted empirical- process argument of Lemma 20 applies uniformly, even though
the tree partition is data-dependent. A cell constrains d — s — ¢;(s) public tree coordinates
and therefore

Px(Cj € V;) S hi=s4(),
Consequently,

d—s
Buj $ - 3w prat) = 1
STZ 1 )

For completeness, apply Bernstein s inequality to w?{1(C; € V;) — Px(C; € V)}. Its
variance proxy is at most S_, Ev] » and its envelope is at most S 2 . The same VC covering
and union-bound calculatlon as in Lemma 20 therefore gives, umformly in 7,

hd—s hi=slogn logn
ij SJ + 3 & + % .
SS»T SS,T SS,T
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Under Ss7h?% 2> logn, the last two terms are absorbed by the first, which proves (67). B

Lemma 23 For m = 7™ @ 7P let 7P™ be a histogram partition with t bins and TP be
generated by Algorithm 1 with depth T. Then for any A x B := x%_[a;,b;] € 7, there holds

9-2 (\/d .27 T/ 4 /5 t’l) < diam(A x B) < 2 (\/d 5.2 T/ 4 /5 t’l) .

Proof of Lemma 23. For each A x B, s edges of A have length t~'. The rest d — s
edges of B are decided by the max-edge partition rule. When the depth of the tree T is a
multiple of dimension d — s, each cell of the tree partition is a high-dimensional cube with
a side length 2-T/(d=5)  On the other hand, when the depth of the tree T is not a multiple
of dimension d — s, we consider the max-edge tree partition with depth |7'/(d — s)| and
[T/(d — s)], whose corresponding side length of the higher dimensional cube is 2~ 7/(d=s)]
and 27 7/(d=9)1 Note that in the splitting procedure of max-edge partition, the side length
of each sub-rectangle decreases monotonically with the increase of T', so the side length of
a random tree partition cell is between 27 [7/(d=5)1 and 2-17/(d=)]  This implies that

Since T/(d — s) — 1 < |T/(d—s)] < [T/(d—s)] < T/(d— s)+ 1, we immediately get
27 1/d—s-27T/d=5) < diam(B) < 2v/d—s - 27P/(4=5) Together, we have diam(A x
B) < diam(A) + diam(B) < /st~ + 2/d — s - 27P/(@=%) and diam(A x B) > (diam(A) +
diam(B))/2 > (Vd — s - 27 T/(d=9) 1\ /st=1) /4. |

Lemma 24 For m = 7™ @ P let 7P™ be a histogram partition with t bins and TP be
generated by Algorithm 1 with depth T'. For each i, the number of non-zero elements among
Vil, e ,VZ-tS'QT 18 at most

5 oT=T/(d=s)]-(d=s=520_ 1, WE)

Proof of Lemma 24. The number of non-zero elements is the cardinality of potential
grids |V;|. For A x B, since the first s dimensions are all private, all ¢* possibilities for A
appear in V;. For B, consider the process of Algorithm 1 that gradually grows 27 grids.
At any step k = 1,---,T, the algorithm splits along the £;-th dimension. If VVf’“ is 1,
i.e. the feature is private, the number of potential grids will double. Otherwise, it re-
mains the same. Each feature is split at least |7/(d — s)| times, i.e. there are at most

p—|T/(d-ys)]- (d —5— Z?=s+1 Wf) splits that cause the number of potential grids to

double. This quantity is upper bounded by Z‘Zz sr1 P W{/(d — s) +d — s. Multiplying
d

potential possibilities of A and B leads to t° - 9% i=st1 PWi/(d=s)+d—s [ |

Proof of Lemma 11. We intend to bound

I = Pty = [ 1) = Pl dPx(a) £ 3 (63)

=1
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where j is the index of A x B and Vij = 14xp(X;i). The last inequality follows from
Assumption 1. For each cell, let

Vjw = wal{A x B € V;}.
i=1

Applying Lemma 17 with the deterministic coefficients w; and taking a union bound over
the cells yields

< [Yiw logn

S (V- Vi) 2 (69)
=1

2

with probability at least 1 — 1/n?. Thus, by the Cauchy-Schwarz inequality and Lemma
24,

J Jj =

> VUiw < Vis2T Zzn:wzh{A x B €V}
1

n
= V52T Zwﬂw
=1

9
SST

)

n
SJ tsoT tSZwth—Qi(s):
=1

where the last equality follows from (15). Bringing this bound into (68) and (69) gives the
desired conclusion. |

Proof of Lemma 12. We intend to bound

> wiV - / dPx (z)
i=1 A

xB

P — Pyl <3
J

By Lemma 20, uniformly over the cells,

dPx(z') =) w;V/
/A><B ) ;

1
S V2T wlBlogn + [wllo logn + -

Therefore,

N _ 52T
Px0 = Pxlle, Sy/t527 w3 logn + 227 [lwl|oo log n + -
T soT
< t52 logn+t2 logn7

Ss,T SS,T
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where we used [lw[|2 < S_ 7, [[w]le < S 1, and Ss7 < n. Under t°27logn < S, 7, the
second term is bounded by the first, Wthh proves the claim. |

Proof of Lemma 13. Let A x B(z) be the grid of which x belongs to. We intend to
bound

Ipx vl = | Sty P () da’
X — PXxIlL1 — -
b Jaex foB(z) da’

For each z, if Assumption 1 holds, the point-wise error can be bounded by

px (x)|dPx (z).

Jax @) Pk (@')da’ » ($)<IA><B y [PX (@) = p (2)|da’
~pi() <
Jaxp@) 4’ Jax () 4@’
foB crla’ — xzf|*da’

< f T < ¢pdiam(A x B(x))”
AxB(z)

Then we can bound the excess risk using Lemma 23,

IPx — iz, < diam(A x B(z))® < 27Te/(d=s) 4 —e

~

Proof of Lemma 14. We intend to bound

i Wii/if/ij _ > WiY;Vz‘j
2wV WiV

Here j is the index of A x B, Vij = 14x5(X;), and, throughout this proof, w; := w;(s,T).

For each term, we have the same triangular decomposition as in the unweighted proof,

Niw ViV 3y eV
> wiVy > wiVy

17 = Fulloe = max

< >ic1 wi(V; — Y)V]
N Yo 1leJ
()
. ‘ (i wi¥iV)) (i wi (V] = V7)) ( |
(i wiV) (i wiV?)

(I1) (II1)

Zz 1szV Zz 1szV
z lwl‘/z]

We bound the three parts separately. Define the weighted potential-cell variance proxy

=> w{Ax BeV;}.

i=1
(i) For the numerator of (I), the same sub-exponential calculation as in the original
proof, with the deterministic coefficient 1/n replaced by w;, and Lemma 18 yield

n A 2,

Zw‘(f/‘ vl < M?v;,logn (70)
i\ 14 W)Vl S 52

i=1
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with probability at least 1 — 1/n%. For the denominator, applying the same Hoeffding
argument with coefficients w; gives

n
~ ; vjwlogn
A‘/;] _ sz‘/ﬁ] S J UJ€2 (71)
=1
with probability at least 1 — 2/n?.
Moreover, by Lemma 20,
n .
> wiVf 2/ dPx (z) — / dPx (x szvf
i—1 AxB AxB
>1 B logn _logn> 1’
~soT tSQTS&T SS,T ~ ¢s2T
where the last inequality follows from ¢*27 logn < Ssr. In addition, Lemma 22 gives
hd—s
Vi S : 72
W~ Ss ( )
Combining (71) and (72), the condition 227 logn < €29, 1 guarantees that
hd—s1 1
22— (73)
t82T e2Ss 1 ts2T

This together with (70) yields

M32v; ,logn
T,/ o
I)<t%2 = .

(i) For (IT), we apply the weighted Hoeffding inequality and obtain

> wYi(V - V)
=1

with probability at least 1 — 2/n?, since |Y;| < M. Combining this with (73), we get

Ar2.,,.
(I[)gtSQT M vjvbélogn'
€

(ii1) For (IIT), since Vij € {0,1} and |Y;| < M, we have lzzszzVﬂ < MZZ%VZJ
Thus,

<M Vjw logn’

£2

(IT1) < M‘Z% 1“"1V i *1‘”‘

z 1(")z

M?2v; logn
T,/ M Vjwl0gn
< %2 — 2
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where the last inequality follows from (71) and (73).
Combining the bounds for (I)—~(IIT), using (72), and recalling that 27 = h=(@=%) we
obtain, uniformly over the cells,

S~ hd=slogn
T
1f = fullo S 7274 =T
_ [t¥2Tlogn
N E2SS’T '
This is the desired conclusion. [ |

Proof of Lemma 15. We intend to bound

Y wiYiVi [agp £7(@)dPx(a)
E?:l WiV'J foB dPx (:C)

[ fo = flloo < mex

< (Z?:lwiy%vj Jaxp [*(@)dPx (z )foBdPX( )‘
- (Zz’:lwivij) foBdPX( x)
(1)
N Jasep I (@)dPx (2) ([, p dPx (2") — Z?1Wivij)"
(i wiV; )foBdPX()

(1)

We bound the two terms separately. For (I), Lemma 20 and the condition t2T logn < Ss.T
yield

(ZwiW) / dPx (x) > t725272T (74)
i—1 AxB

with probability at least 1 — 1/n2. For the numerator, Lemma 21 gives
YV — [ fra)dPx(a)

/ 4P x ()
AxB AxB
< t_SZ_Tlogn+logn p—

Ss,T SS,T

Together with (74), this yields

T soT T
t52 1ogn+t2 logn< t52 logn.

N <
( ) ~ Ss,T SS,T ~ Ss,T
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Analogously, by Lemma 20,
n .
[ ey = Y| | [ phips ()
AxB i—1 AxB

t=52=Tlogn logn
<M + t=527T,
( SS,T SS,T )

ts27 logn
1IN < ———.
1 5/

The bounds for (I) and (1) together give the desired conclusion. [ |

This together with (74) yields

Proof of Lemma 16. Let A x B(z) be the grid of which x belongs to. We intend to
bound

Jax B f(@)dPx(2)
fAXB(x) dPx (z')

For each z, if Assumption 2 holds, the point-wise error can be bounded by

foB(z) f(a")dPx(z') _ < fAXB(x) |f(z') — f(z)|dPx (2')
Jaxpe) ®x(@) a Jax () Px ()
Jaxp@ clle’ — z|*dPx (2')
<
a Jaxp(z) @Px ()

Then we can bound the excess risk using Lemma 23,

IF = " loe = max

— f(@)|.

()

< c¢pdiam(A x B(z))®

17 = *loo S diam(A x B(z))* < 27 Te/(d=s) e

Appendix B. Data Set Details

For all data sets, each feature is min-max scaled to the range [0, 1] individually.

ABA: The Abalone data set originally comes from biological research (Nash et al., 1994)
and now it is accessible on UCI Machine Learning Repository (Dua and Graff, 2017). ABA
contains 4177 observations of one target variable and 8 attributes related to the physical
measurements of abalone.

AQU: The QSAR aquatic tozicity data set contains 546 chemicals, each represented by
8 molecular descriptors, and a response measuring acute aquatic toxicity toward Daphnia
magna.
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BUI: The Residential Building data set on UCI Machine Learning Repository includes
construction cost, sale prices, project variables, and economic variables corresponding to
real estate single-family residential apartments in Tehran, Iran. It contains 372 instances
with 103 input attributes and 2 output attributes.

DAK: The Istanbul Stock Exchange data set includes returns of the Istanbul stock ex-
change with seven other international indexes. It has 536 instances with 10 features.

FIS: The QSAR fish tozicity data set on UCI Machine Learning Repository was used to
develop quantitative regression QSAR models to predict acute aquatic toxicity toward the
fish Pimephales promelas (fathead minnow). It contains 908 instances with 6 input features
and 1 output variable.

MUS: The The Geographical Original of Music data set was built from a personal
collection of 1059 tracks covering 33 countries/areas. The program MARSYAS (Zhou et al.,
2014) was used to extract audio features from the wave files. We used the default MARSYAS
settings in single vector format (68 features) to estimate the performance with basic timbal
information covering the entire length of each track.

POR: The Stock Portfolio Performance data set of performances of weighted scoring
stock portfolios are obtained with mixture design from the US stock market historical
database (Liu and Yeh, 2017). It has 315 samples with 12 features.

PYR: The Pyrimidines data set is a subset of the Qualitative Structure Activity Re-
lationships data set on UCI data sets. This sub-data set has 74 instances of dimension
27.

RED: This data set contains the information on red wine of the Wine Quality data set
(Cortez et al., 2009) on UCI Machine Learning Repository. There are 11 input variables to
predict the output variable wine quality. The data set contains 1599 instances.

WHI: This data set also originates from the Wine Quality data set (Cortez et al., 2009)
on the UCI Machine Learning Repository. It contains 4898 white-wine instances with 11
input features and wine quality as the output variable.
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