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Abstract

We study nonparametric regression using an over-parameterized two-layer neural network
trained with algorithmic guarantees in this paper. We consider the setting where the
training features are drawn uniformly from the unit sphere in R¢, and the target func-
tion lies in an interpolation space commonly studied in statistical learning theory. We
demonstrate that training the neural network with a novel Preconditioned Gradient De-
scent (PGD) algorithm, equipped with early stopping, achieves a sharp regression rate of

O(n~ Tas/ 1 ), where « parametrizes the polynomial eigenvalue decay of the regular Neural
Tangent Kernel (NTK), A; < j 2%, and 2a = d/(d — 1) under the spherical uniform de-
sign considered here. The target function is assumed to belong to the interpolation space

[H K]Sl with ¢/ > 3. This rate is even sharper than the currently known nearly-optimal

2as’

rate of O(n~ 2a"+1) log®(1/6) (Li et al., 2024), where n is the size of the training data and
0 € (0,1) is a small probability. This rate is also sharper than the standard kernel regression

rate of O(TF%) obtained under the regular Neural Tangent Kernel (NTK) regime when
training the neural network with the vanilla gradient descent (GD), where 2 = d/(d — 1).
Our analysis is based on two key technical contributions. First, we present a principled
decomposition of the network output at each PGD step into a function in the reproducing
kernel Hilbert space (RKHS) of a newly induced integral kernel, and a residual function
with small L°°-norm. Second, leveraging this decomposition, we apply local Rademacher
complexity theory to tightly control the complexity of the function class comprising all
the neural network functions obtained in the PGD iterates. Our results show how PGD
changes the effective kernel in the reference training dynamics, inducing an integral kernel
with lower complexity than the regular NTK arising from vanilla GD.
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YANG AND L1

1. Introduction

The remarkable success of deep learning across numerous domains (LeCun et al., 2015) has
spurred intense interest in understanding the generalization properties of neural networks
within statistical and deep learning theory. A substantial body of work has addressed the
optimization dynamics of deep neural networks (DNNs), establishing that gradient descent
(GD) and stochastic gradient descent (SGD) can achieve vanishing training loss under
various settings (Du et al., 2019b; Allen-Zhu et al., 2019; Du et al., 2019a; Arora et al.,
2019; Zou and Gu, 2019; Su and Yang, 2019). Parallel efforts have focused on generalization
theory, aiming to provide algorithmic guarantees, that is, bounds for the generalization error
of neural networks trained with gradient-based or other optimization methods. A prominent
line of research has shown that in the over-parameterized regime, where hidden layers have a
sufficiently large number of neurons, the training dynamics of DNNs closely resemble those
of kernel methods with the Neural Tangent Kernel (NTK) (Jacot et al., 2018). Specifically,
the NTK induced by the architecture of the network characterizes this behavior. The core
insight behind NTK-based analysis is that, for highly over-parameterized networks, weights
remain close to their random initialization throughout training. This enables first-order
Taylor expansion around the initialization point, allowing for tractable approximation and
generalization analysis (Cao and Gu, 2019; Arora et al., 2019; Ghorbani et al., 2021). In
addition, certain infinite-width networks can learn features (Yang and Hu, 2021).

While NTK captures important aspects of learning in wide networks, it operates within
a linearized regime of the NTK, limiting its capacity to capture feature learning. Existing
works make efforts to learn features beyond NTK’s linear approximation. For instance, the
QuadNTK (Bai and Lee, 2020) employs higher-order approximations for improved general-
ization. Other works, such as Nichani et al. (2022), combine NTK and QuadNTK to learn
structured polynomial targets, while Damian et al. (2022) and Takakura and Suzuki (2024)
explore optimization procedures and mean-field analyses to capture the feature learning
effects in two-layer neural networks.

Although much of the generalization literature focuses on clean data, a fundamental
question in statistical learning concerns how neural networks perform in the presence of
noise, particularly for nonparametric regression. Prior work has demonstrated that various
DNN architectures achieve minimax optimal rates for both smooth (Yarotsky, 2017; Bauer
and Kohler, 2019; Schmidt-Hieber, 2020; Jiao et al., 2023; Zhang and Wang, 2023) and
non-smooth (Imaizumi and Fukumizu, 2019) target functions. However, these results often
lack algorithmic guarantees, that is, the network constructions are not generally attainable
through standard optimization procedures such as GD. Furthermore, these constructions
may assume sparse connectivity structures that are not representative of contemporary
over-parameterized architectures. Studying the generalization of neural networks with algo-
rithmic guarantees is particularly important to understand the behavior of neural networks
trained in practice, revealed by the efforts in this direction such as Hu et al. (2021); Suh
et al. (2022); Li et al. (2024); Yang and Li (2024); Yang (2025).

In this work, we study nonparametric regression using an over-parameterized two-layer
neural network with algorithmic guarantees. When the target function resides in an in-
terpolation space characterized by a spectral bias, and the distribution of the covariate
admits a polynomial eigenvalue decay rate, we show that early-stopped training by a novel
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Preconditioned Gradient Descent (PGD) algorithm achieves the minimax optimal risk rate

of O(n_%) = O(n_%) for 2 = d/(d — 1), where s > 1 is specified by the
preconditioner in PGD. This result improves upon existing bounds, as summarized in Sec-
tion 3. Every function in the interpolation space exhibits a spectral bias, that is, its energy
is predominantly concentrated on the leading eigenfunctions of the NTK of the neural
network, with low-degree polynomials as examples of such functions. The interpolation
space is widely studied in the statistics literature, and its formal definition is deferred to
Section 2.2. Although GD-based methods with preconditioning have been used in other
over-parameterized settings, such as low-rank matrix sensing (Xu et al., 2023) and non-
convex factorization (Zhang et al., 2023), this paper is among the first works to design a
PGD method achieving sharp minimax optimal rates for nonparametric regression using
over-parameterized neural networks. Furthermore, PGD induces a novel kernel, termed the
integral kernel, rather than the well-studied usual NTK induced by the vanilla GD. The inte-

_ 2a(s+2)
gral kernel has lower kernel complexity than the vanilla NTK, and our rate of O(n  2eG+2+1)

is in fact the minimax optimal rate of kernel regression with the integral kernel over the
interpolation space.

At a high level, PGD reshapes the training dynamics so that the neural network behaves
like kernel regression with a different, smoother kernel than the regular NTK induced by
vanilla GD. In particular, PGD induces an integral kernel K1) whose eigenvalues decay
faster than those of the regular NTK. This stronger spectral decay reduces the associated
kernel complexity and enables a sharper regression rate when the target function has spectral
bias. Our result provides an algorithmic route to a sharp rate under a structured target class,
and it clarifies how an optimization design changes the reference kernel in the linearized
training dynamics. The target class we study is exactly the interpolation space [HK}S,,
which is widely used in statistical learning theory, and in our setting it coincides with the
RKHS associated with the integral kernel K@) To the best of our knowledge, this is
among the first results showing that a carefully designed PGD method yields such a sharp
rate for nonparametric regression with an over-parameterized neural network under this
setting.

We organize this paper as follows. The rest of this section introduces the necessary notation.
Section 2 presents the problem setup, including the definition of the interpolation space.
Section 3 summarizes the main results. Section 4 introduces GD and PGD for the over-
parameterized two-layer neural network, and Section 5 states the main results in detail.
Section 6 presents the proof roadmap, the key technical results, the differences from existing
kernel learning theory, and the novel proof strategy. Section 7 discusses the extension of
PGD to general multi-layer neural networks. Section 8 reports the simulations, and Section 9
concludes the paper.

Notations. We use bold letters for matrices and vectors, and regular lowercase letters
for scalars throughout this paper. The bold letter with a single superscript indicates the
corresponding column of a matrix, e.g., A is the i-th column of matrix A, and bold letters
with subscripts indicate the corresponding rows or elements of a matrix or a vector. We
put an arrow on top of a letter with subscript if it denotes a vector, e.g., x; denotes the
i-th training feature. |[|-[|p and [|-||, denote the Frobenius norm and the vector ¢’-norm
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or the matrix p-norm. [m : n] denotes all the integers between m and n inclusively, and
[1 : n] is also written as [n]. Var[:] denotes the variance of a random variable. I,, is a
n x n identity matrix. gy is an indicator function which takes the value of 1 if event
E happens, or 0 otherwise. The complement of a set A is denoted by A€, and |A| is the
cardinality of the set A. vec (-) denotes the vectorization of a matrix or a set of vectors, and
tr (-) is the trace of a matrix. We denote the unit sphere in d-dimensional Euclidean space
by S1 = {x: x € R?||x||, = 1}. Let L2(S?!, 1) denote the space of square-integrable
functions on S9! with probability measure , and the inner product (-,-);» and |-[|3. are
defined as (f,g) 2 == fou s f(@)g()du() and [[f|2e == fous f2(2)dp(z) < o0. B (xi7) is
the Euclidean closed ball centered at x with radius 7. Given a function g: S~! — R, its
L*>-norm is denoted by ||g||,, = Supyega-1 |g(x)|. L> is the function class whose elements
have almost surely bounded L*-norm. (-,-),, and ||-|[;, denote the inner product and the
norm in the Hilbert space H. a = O(b) or a < b indicates that there exists a constant ¢ > 0
such that a < ¢b. O indicates there are specific requirements in the constants of the O
notation. a = o(b) and a = w(b) indicate that lim |a/b| = 0 and lim |a/b| = oo, respectively.
a =< b or a = O(b) denotes that there exist constants c1,co > 0 such that ¢1b < a < cob.
Throughout this paper we let the input space X = S, and Unif (X) denotes the uniform
distribution on X'. The constants defined throughout this paper may change from line to
line. For a Reproducing Kernel Hilbert Space (RKHS) #H, H(uo) denotes the ball centered
at the origin with radius pg in H. We use Ep [-] to denote the expectation with respect to
the distribution P.

2. Problem Setup

We first introduce the problem setup for nonparametric regression with a two-layer neural
network where the target function belongs to an interpolation space with spectral bias.

2.1 Two-Layer Neural Network

N n
We are given the training data {(xi, yl)} . where each data point is a tuple of a feature
1=

vector QZ € X and its response y; € R. We denote the training feature vectors by S =

NN n
{xi} X and denote by P, the empirical distribution over S. All the responses are stacked

1=

as a vector y = [y1,...,yn]! € R™. The response y; is given by y; = f*(x;) + w; for
i € [n], where {w;};, are ii.d. sub-Gaussian random variables representing the noise
with mean 0 and variance proxy o3 > 0, that is, E [exp(Aw;)] < exp(A203/2) for any

A € R. f* is the target function to be detailed later. We define w = [wy,... ,wn]T, and

use f*(S) = [f*(zl), e ,f*(?n)}T to denote the clean target responses. The noise is
independent of the covariates and the algorithmic randomness. The feature vectors in S
are drawn i.i.d. according to a distribution P with probability measure u. We assume
supp (u) = X, so the continuous Mercer eigenfunctions and RKHS functions are identified
pointwise on X. This population support condition permits atoms and coincident training
features.

We consider a two-layer Neural Network (NN) with the ReLU activation o: R — R,
o(z) = max{0, z}. Its mapping function is
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(W Zar (W %), (1)

RN m N
where x € X is the input, m is the number of neurons, W = {wr with w, € R? for r €
r=1
[m] denotes the weight vectors in the first layer. a = [ay, ..., a;] € R™ denotes the weights
of the second layer. Our goal is to establish a sharp convergence rate of Ep [( fW, ) — f *)2]

with f(W,) trained from the training data. We also write W as Wy to indicate that the
weight vectors, or the weights W, are trained on the training features S.

2.2 Kernel and Target Function

The statistical rate we can achieve depends on two ingredients: the spectrum of the kernel
induced by training and the regularity (or spectral bias) of the target function. We first
introduce the standard kernel K associated with the two-layer network under vanilla GD,
and then define the integral kernel K" that will arise from PGD. The key difference is
spectral: K () shares the same eigenfunctions as K but has faster-decaying eigenvalues,
which leads to lower kernel complexity under our target-class assumption.

We define the kernel function

(u,v)
27
which is in fact the NTK associated with the two-layer NN (1) (Du et al., 2019b) when
trained with the vanilla GD with fixed a. Let the gram matrix of K over the training
features S be K € R™*" K;; = K(szj) for i,j € [n], and K,, = K/n. Let the eigen-
decomposition of K,, be K,, = UXUT where U is a n x n orthogonal matrix, and X is a

K(u,v) = (m —arccos (u,v)), Vuved, (2)

o~ n
diagonal matrix with its diagonal elements {)\z} . being the eigenvalues of K,, and sorted
1=

in a non-increasing order. It can be verified that A; € (0,1/2]. Let Hx be the RKHS asso-
ciated with K. Because K is continuous on the compact set X x X, the integral operator
Tr: L*(X,p) — L2(X,p), (T f) (x) = [ K (x')du(x’) is a positive, self-adjoint,
and compact operator on range(7’ K) Q LQ(X , ,u). By the spectral theorem, there is a count-
able orthonormal basis {ej}j21 of range(Tx) = (ker Tx)* C L?(X, ) and a sequence of
positive eigenvalues {)\j}j21 with % > A1 > A2 > ... > 0 such that e; is the eigenfunc-
tion of Tk with A; being the corresponding eigenvalue. That is, Tke; = Ajej,j7 > 1.
Let {u¢},~, be the distinct eigenvalues associated with Ty, and let m, be the sum of
the multiplicities of the eigenvalues {,ug/}g,:l, so that my — my_1 is the multiplicity of p,
with mg = 0. It is well known that {v] \//\7 e]} >1 is an orthonormal basis of Hp.
For a positive constant pg, we define Hg (110) = {f € Hx: ||fll < po} as the closed ball
in Hy centered at the origin with radius py. We note that Hx (uo) is also specified by

Hic(po) = { f € 12X, p): | = 5532, Byess 520 62/ < i )

Target Function in an Interpolation Space with Spectral Bias. Extensive theoret-
ical and empirical studies find that it is easy for neural networks to learn spectrally biased
target functions or low-frequency information in the training data (Rahaman et al., 2019;
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Arora et al., 2019; Cao et al., 2021; Choraria et al., 2022). For example, the studies in Arora
et al. (2019); Cao et al. (2021) reveal that it is easier for over-parameterized neural networks
to learn target functions with spectral bias, for example, polynomials of low-degree with
spherical uniform data distribution on X', or the low-rank part of the ground truth training
class labels, or simple patterns of low-frequency. This observation motivates us to restrict
the target function f* to a smaller class than H g (uo), which is H xnt) (1t0) to be studied in
this paper.

We then define the integral kernel K" and explain why functions in A Gty (o) have
stronger spectral bias than functions in H g (10). Given the kernel K, we first define another
kernel K®) with s > 1 by

K@ (x,x) =Y Xej(x)e;(x), Vx,x € X. (3)

i>1
It can be verified that K () is positive-definite (PD), and it is shown in Theorem C.1 deferred
to Section C of the appendix that K is well-defined since the RHS of (3) converges
uniformly on X x X with s > 1, and K(*) is bounded with SUDy x/c ¥ ‘K(S) (x,x’)} < 1/2.
We define K®) € RV*N as the kernel gram matrix of K®) specified by KS) = K(s)(ai, aj)

for all 7,5 € [N], and Kg\‘;) = K®)/N. We then define the integral kernel K(") as well as

its empirical version of K ()

as

K (x, x') = K(x,v)K®) (v, v)K (v, x)du(v) @ p(v'), (4)
AxX

. 1 ~ rr R e

K0 (e,x) = 15 37 K(x @)K (@: a,)K (q;,%). (5)

,j=1

N N
An ii.d. sample Q = {qz} , such that q; ~ P for all i € [N] is used in (5). The auxiliary
1=
sample is independent of the training sample, the noise, and the initialization. For the
spherical uniform design, P = Unif (X).

Intuition for the integral kernel K (™), The integral kernel K" can be viewed as
a spectrally reweighted version of the regular NTK K. It preserves the eigenfunctions of
K but transforms the eigenvalues from \; to )\§+2 (Theorem C.2). Since \; € (0,1), this
transformation suppresses higher-frequency directions more strongly, yielding a smoother
kernel and a smaller associated kernel complexity. This is the spectral reason PGD can
achieve a sharper rate when the target function has spectral bias.

In particular, Theorem C.2 in Appendix C shows that the integral operator associ-
ated with K (), T (nty, has the same eigenfunctions {e;} j>1 88 Tk, and the eigenvalue

corresponding to e; is )\g-int) = )\§+2 € (0,1/8] for all j > 1 and s > 1. Because K"
is still a PD kernel, the RKHS associated with K" is well-defined, and H o (tt0)
indicates a subset of H )y with the RKHS-norm ||-|| @) bounded by pp. It can be
verified that H o (o) = {f € L*(X,pu): f = > Biegs D5ty B?-/)xjﬁ < pd}. It is
remarked that Hjint)(po) is also the interpolation space [Hi]® (with s’ == s + 2) of
the RKHS, which characterizes the regularity of the regression function studied in Stein-
wart and Scovel (2012); Fischer and Steinwart (2020). The interpolation space for general
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s’ > 0 is defined as [H]* (uo) = {ZJZI aj)\j//zej: Yis105 < uﬁ}. The RKHS asso-

ciated with K is exactly the interpolation space of Hx with exponent s’ = s + 2,
that is, H e (o) = [Hi]” (1o). As Aj — 0 with j — oo and )\‘;JFQ < Aj < 1, we have

H peinty (p10) € Hi(po). Compared to a function in H g (po), a function in [HK]SI (110) has the
expansion coefficients {3;} i>1 which concentrate more on the leading eigenfunctions with

smaller index j. In this sense, we say that the target function f* € H e (o) = [HK]S/ (10)
has stronger spectral bias than a function in Hx (o). Intuitively, this assumption means the
expansion coefficients of f* in the eigenbasis of K decay faster, concentrating more energy
on low-frequency or leading eigenfunctions. In summary, if f* € [HK]SI (o) € Hr(po),
then we say that f* is a target function in an interpolation space with spectral bias. The
motivation for introducing the interpolation space in Steinwart and Scovel (2012); Fischer
and Steinwart (2020) is to quantify how strongly a regression function aligns with lead-
ing kernel eigenfunctions, enabling sharper statistical learning rates and connecting RKHS
learning theory with classical smoothness spaces such as Sobolev spaces. We note that such
target functions with spectral bias have been widely studied in the deep learning literature,
and a representative example is given below.

An Example of Functions with Spectral Bias. Under the spherical uniform design,
a spherical polynomial with no component in ker Tk has a finite expansion in positive-
eigenvalue spherical harmonics. Ghorbani et al. (2021); Bai and Lee (2020); Cao et al.
(2021) study learning low-degree polynomials by linearization or higher-order approximation
of neural networks. For a polynomial in the positive spectral subspace, there is a finite index
J such that

J
f = Z 5]‘6]'.
j=1

When Z;-]ZI ,8]2/)\;-/ < 3, we have f € (M) (1o)-

The Task of Nonparametric Regression. Our goal is to construct an estimator ffrom
— n -~
the training data {(xz,yl)} , such that the risk Ep {(f — f*)z] converges to 0 at a fast
1=

~

rate, under the target-class assumption f* € [H K]sl (120). In this paper, the estimator f is
the two-layer neural network (1) trained by PGD with early stopping.

3. Summary of Main Results

This section summarizes our main result and places it in the context of prior work on non-
parametric regression with over-parameterized neural networks and algorithmic guarantees.
The key result is that, under a covariate distribution that admits a certain polynomial eigen-
value decay rate (EDR) and an interpolation-space target assumption f* € [H K]S, (10) with

s’ > 3, PGD with early stopping achieves the sharp rate O(niﬁﬁ) by inducing an integral
kernel K(m) with faster eigenvalue decay than the regular NTK.

It is remarked that all the results and discussions in this paper are for the setting with
fixed dimension d, which is a widely adopted setting in the existing works (Hu et al., 2021;
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Algorithm 1 Training the Two-Layer NN by PGD
W(T') < Training-by-PGD(T', W(0), M)
input: 7,W(0),M
fort=1,...,7 do

Perform the ¢-th step of PGD by (8)
end for
return W(T')

Table 1: Comparisons with existing results on risk rates and assumptions for nonparametric
regression by training over-parameterized neural networks with algorithmic guar-
antees. The target-function assumptions are stated separately because the rates
are class-dependent. The responses {y;};_, are corrupted by ii.d. Gaussian or
sub-Gaussian noise. Here P is the distribution of the training features and, for
the RKHS-based results, K is the kernel induced by the neural architecture and
optimization method in the corresponding work. It is the regular NTK for all
such works except ours, for which K = K@) We use ' = s+ 2 with s > 1 and
a = d/(2(d —1)). The notation for the target class in Li et al. (2024, Proposi-
tion 13) is adapted to ours. Its displayed rate is expressed under matching source
and spectral parameters. The original result uses a different, biased NTK with
EDR )\; < j~@+1/d  The row substitutes our EDR Aj < §=4(d=1) for this expo-
nent comparison and does not assert that the original theorem applies unchanged
to our architecture. The rates of that result and ours hold with probability at
least 1 — O(1/n).

Existing Works ai Distributional Assumptions Target-Function Assumption | Eigenvalue Decay Rate (EDR) | Rate of Nonparametric Regression Risk
B o T e vt At o 12

(Li et al., 2024, Prof Pis f’fi [?’Jl;t”fi’ll’;x A = jHED O(n~4s' /(s +d=1)) 1062 ()

(Yang, 2025, Corollary 5.2) P “‘1’1"’"‘:];‘1‘2/; :jﬂl’,6}1‘;)P"1V"">"‘i"l1 /€ 1y (i) N =D O/

Our Result (The P has full suppOérD ;n ;]f injdjx/i(rg:)s the polynomial | f* € 7;,:1 2";;;]“ (10) i) o jdst2)/(@-) O(n=20/20541)y (' +d-1))
Our Result (Corollary 5.4) p(x) ér(el‘;rm\lx)l\zé);i-x)/z e Hfgr (o) fz[gng]s (10) A0 o jmdo42)/(d=1) O(n=205 /(2041}y — (e[ (ds+d-1))

Suh et al., 2022; Li et al., 2024; Yang and Li, 2024; Yang, 2025), and we consider d > 5
in this paper. The main result of this paper is presented in Theorem 5.1 of Section 5.2,
which shows that training the two-layer NN (1) by a new Preconditioned Gradient De-
scent (PGD) method with early stopping, described by Algorithm 1, yields a sharper rate
for nonparametric regression risk compared to existing results, under the assumption that
the target function lies in the interpolation spaces [H K]s/ widely analyzed in the statistical
learning literature (Steinwart and Scovel, 2012; Fischer and Steinwart, 2020). The compar-
ison with relevant existing works is summarized in Table 1. Prior works such as Raskutti
et al. (2014) demonstrate that kernel regression with the kernel K, which is the NTK of the
neural network considered in each specific work in Table 1 except for this paper, achieves
2

the minimax optimal risk rate of 0(5%{ ), where e%  denotes the kernel complexity of K
b b 2a

formalized in Section 5.1. When the eigenvalues of K exhibit a polynomial EDR Aj<go
for @ > 1/2, it is well known that 5?( L= 2t (Raskutti et al., 2014, Corollary 3). More-
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over, for spherical uniform input distributions, Hu et al. (2021, Lemma 3.1) shows that
d
2a0 = d/(d — 1), leading to the minimax rate O(n" 2d-1). Consequently, nearly all existing

works in Table 1 excluding (Li et al., 2024) report the same minimax rate of (’)(n_QdL—l)
under the spherical uniformly distributed training features when the target function lies
in a bounded ball of Hz. Such a rate arises because the EDR of the kernel K satisfies

O(j %) = @(jfd%l), and the vanilla GD is used during training. Li et al. (2024) improves

2as’
upon the prior results by obtaining a nearly optimal rate O(n™ 2as’+1)log?(1/8) when the

target function belongs to the interpolation space [’HK]SI (R) for s/ >1/(d+1) and R > 0,
which holds with probability at least 1 — §. However, this rate is less sharp than the rate

derived in this paper, (’)(n_%’éﬂ) = (’)(n_#), for all s’ > 3. In particular, when our
PGD is employed to train the two-layer NN (1), the induced kernel is the integral kernel
K% instead of the regular NTK K (2). Under certain mild conditions on the covariate
distribution guaranteeing the polynomial EDR and the source condition that the target
function f* € [H K]S/ (110), the rate derived in this paper is sharper than the prior risk rates,
including those in Hu et al. (2021); Suh et al. (2022); Li et al. (2024); Yang and Li (2024);
Yang (2025).

While the rate of O(n_%%l) in Hu et al. (2021); Suh et al. (2022); Yang and Li (2024)
remains minimax optimal in the context of kernel regression with the regular NTK K when
J* € Hi(po), a faster rate is achievable if the target function lies in a stricter space. In par-

ticular, if f* € H pne) (o) = [”HK]S, (120) € Hx (o), then kernel regression using the integral

kernel K () attains the sharper rate O(n_#), which, as in Theorem 5.1, is minimax
optimal in the sense of regression by the kernel K@) over the space H jequ (o) (Stone,
1985; Yang and Barron, 1999; Yuan and Zhou, 2016). In fact, Theorem C.2 shows that
K@) has the EDR of )\g-int) = )\i/ = j7205" with s’ =s+2forall s >1and j > 1. Ac-
cordingly, the associated fixed point of the kernel complexity function associated with the

integral kernel K () is O(nfﬁ), yielding the claimed sharper risk rate of O(niﬁ).

Our findings show that PGD changes the effective kernel in the reference training dynam-
ics from the regular NTK K to K™ Under the common source and spectral conditions,
the statistical improvement over the displayed vanilla-GD bound in Li et al. (2024, Propo-
sition 13) is removal of the logarithmic factor. The polynomial exponent is unchanged. The
faster exponent relative to ordinary-RKHS results reflects the smaller target class. This
comparison does not contradict a minimax lower bound or establish that logarithmic losses
are unavoidable for regular-NTK methods. See Section 6.4.

4. Training by Gradient Descent and Preconditioned Gradient Descent

We next describe the training procedures used in this paper and highlight the key difference
between vanilla GD and the proposed PGD. Both methods optimize the same empirical
quadratic loss on the training data. The distinction lies in the preconditioner introduced
by PGD which changes the training dynamics of the vanilla GD so as to induce the integral
kernel.

In the training process, only W is optimized with a randomly initialized to +1 and then
fixed. The following quadratic loss function is minimized during the training process:
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Algorithm 2 Algorithm that generates the preconditioner M € R™mdxmd
: M € Rmdxmd « Generate-Precondition-Matrix(V)
2: input: N, W(0)
N N
3: Generate an i.i.d. sample Q = {qz} . such that q; ~ P for all i € [V].

=

4: Compute the matrix Zq(0) € R™¥*N according to (9) with S replaced by Q, using the
randomly initialized weight vectors W(0) = {vévr (O)}

—

5. Compute the preconditioner M = %ZQ(O)KE\?)ZQ(O)T € Rmdxmd,
6: return M

L(W) = % z”: (f(W,;i) - yi)2- (6)

i=1
In the (t+1)-th step of GD with ¢t > 0, the weights of the neural network, Wg, are updated
by one step of GD through

vee (Ws(t +1)) - vee (Ws(t)) = = Zs(1)(5(t) — ). (7)

When the target function lies in the interpolation space [”HK]S, (110) and the covariate
distribution on X satisfies the spectral assumptions of Section 5, we propose to use a novel
Preconditioned Gradient Descent (PGD) instead of GD to train the network, which achieves
a provably sharper generalization bound than the regular GD detailed in Section 5.2. Let
the preconditioner M € R™@*™d he generated by Algorithm 2. M is computed by the
sample Q of N ii.d. random variables with distribution P on X used in the definition of
K% in (5), and Q is independent of W(0). In the (¢ + 1)-th step of PGD with ¢ > 0, the
weights of the neural network, Wyg, are updated by one step of PGD,

vee (Ws(t +1)) — vee (Ws (1)) = — MZg(t)(3(t) - ¥), (8)

where y; = y;, ¥(t) € R" with [y(¢)], = f(W(t),;i). Compared to the vanilla GD up-
date (7), the PGD update (8) inserts the preconditioner M, which reweights the update
directions and thereby alters the effective kernel dynamics induced during training. We
also denote f(W(t),-) by fi(-) as the neural network function with weight vectors W (t)
obtained after the ¢t-th step of PGD. Zg(t) € R™4*" is defined as

1 - )
(Zs (V)] (,—1)ds1:rasi = ﬁﬂ{vﬁr(mzzo}xia“ i € [n],r € [m], (9)

where [Zs(8)],_1)d+1:r)i € R? is a vector with elements in the i-th column of Zg(t) with

indices in [(r — 1)d + 1 : rd]. We employ the following particular symmetric random ini-
tialization so that y(0) = 0, which has been used in existing works such as Chizat et al.

N /2
(2019); Zhang et al. (2020). In our two-layer NN, m is even, {WQT/(O)}Zil and {agr/}::fl

are initialized randomly and independently according to

N

wo, (0) ~ N(0, k%1y), agyr ~ umif ({~1,1}), ¥+’ € [m/2], (10)

10
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where N (p, 3) denotes a Gaussian distribution with mean g and covariance 3, unif ({—1,1})
denotes the uniform distribution over {1,—1}, k = ©(1) € (0,1) controls the magnitude
of initialization. We set wa,»_1(0) = wo,/(0) and ag,—1 = —ag for all ' € [m/2]. One
can verify that y(0) = 0, that is, the initial output of the two-layer NN is zero. Similar
to Du et al. (2019b); Yang and Li (2024); Yang (2025), once randomly initialized, a is fixed
during the training. We use W(0) to denote the set of all the random weight vectors at
— m

initialization, that is, W(0) = {Wr(O)} . We run Algorithm 1 to train the two-layer
NN by PGD, where T is the total number of steps for PGD. Early stopping is enforced in
Algorithm 1 through a bounded T

5. Main Results

We present the definition of kernel complexity in Section 5.1, and then introduce the main
results for nonparametric regression of this paper in Section 5.2 for a covariate distribution
P supported on &X. Furthermore, Section 5.4 presents an extension to a more general
covariate distribution P supported on the entire R%.

5.1 Kernel Complexity

The local kernel complexity has been studied by Bartlett et al. (2005); Koltchinskii (2006);
Mendelson (2002). For the PD kernel K, we define the empirical kernel complexity Rx and
the population kernel complexity Ry as

1 N 1 —
Rk (e) = - Zmin{)\i,az}, Rk (e) = - Zmin {\i, €2}, (11)
i=1 i=1

It can be verified that both ogRx () and ogRx (€) are sub-root functions (Bartlett et al.,
2005) in terms of €2. Sub-root functions are defined in Definition A.2. For a given noise
ratio g, the critical empirical radius €k, > 0 is the smallest positive solution to the
inequality R (c) < €2/00, where é\%(,n is also the fixed point of ogRk () as a function of

e2: aoﬁK(é\K,n) = é\%(’n. Similarly, the critical population rate e, is defined to be the

smallest positive solution to the inequality Ry (¢) < £2/0¢, where 5%711 is the fixed point of
ooRk(¢) as a function of &2 ooRKk(exn) = E%(’n. Kernel complexity can also be defined

for the integral kernel K™ leading to the empirical kernel complexity §K<int) and the
population kernel complexity Ry (n) for K (int) " \with the critical empirical radius é\K(int)Jl
and the critical population rate € () ,,, respectively. For simplicity of notation, we use &,
and &, to denote ¢ K(nt) , and gK(in@,n, respectively. In this paper we consider the kernel K
such that min{eg p,en} - n — 00 as n — oo, which covers most popular positive semi-
definite kernels including the kernel (2) and a broad range of data distributions (Yang
et al., 2017).
Let n; == nt for all ¢ > 0. We then define the stopping time T as

~

T = min {t > 1: Ry (V1)) > (aont)_l} ~1. (12)

11
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The stopping time in fact limits the number of steps T' for Algorithm 1, which enforces the
early stopping mechanism. In fact, as will be shown later in this section, we need to have
T < T when training the two-layer NN (1) by PGD with Algorithm 1. The stopping time
T is chosen so that optimization progress and statistical complexity are balanced, which is
the standard role of early stopping in localized kernel-complexity analyses.

5.2 Nonparametric Regression with Covariate Distribution Supported on X

We present in Theorem 5.1 our main result for nonparametric regression where f* €
[HK}S, (o) by training the two-layer NN (1) with PGD and early stopping using Algo-
rithm 1, when the covariate distribution P supported on X admits the polynomial EDR,
that is, \j < j72* for j > 1 with 2 = d/(d — 1). It is shown by existing works such as Hu
et al. (2021, Lemma 3.1) that such polynomial EDR holds when P is the spherical uniform
distribution, that is, P = Unif (X). We note that such an assumption about spherical
uniform distribution has been widely adopted in the theoretical analysis of neural networks
(Bai and Lee, 2020; Ghorbani et al., 2021; Hu et al., 2021).

Theorem 5.1. Suppose the covariate distribution P has full support on X' and admits a
polynomial EDR such that \; =< j72¢ for j > 1 with a = d/(2(d — 1)). Suppose f* €
H peinty (o) = [HK]S+2 (uo) for a fixed radius pg > 0. Let s > 1, er, ¢ € (0,1] be positive
constants, and erT <T<T. Suppose 0 € (0,1),

25a(s+2) _8a(s+2)

m 2 n2a(8+2>+1d2 N > n2&(3+2>+1 log(4n/9d), (13)
and the neural network f; = f (VVA(t), -) is trained by PGD in Algorithm 1 with the learning
rate n = O(1) € (0,8) with T' < T. Then for every t € [¢;T": T], with probability (w.p.) at
least 1 —exp (—O(n)) — 6 — Texp ( n2a(8+2>+1)> —2/n over w, S, Q, W(0), the stopping

2a(s+2)
time satisfies T < n?G+2+1 and sa(er)
P [~ 1) S B (1)

Remark 5.2. It follows from the integral-operator comparison in the proof of Proposi-
tion 5.3 that if the Radon-Nikodym derivative of u with respect to o, where o is the uni-
form probability measure on X, is du/do = p? for a bounded non-zero Riemann-integrable
function p, then the polynomial EDR holds. As a result, Theorem 5.1 holds with such a
probability measure p of the covariate distribution P whenever its remaining assumptions
are satisfied, which covers the spherical uniform distribution as a special case.

5.3 Significance of Theorem 5.1

ds
Statistical Significance. Theorem 5.1 establishes the sharp rate O(n~ @’+d-1) for target
functions in [HK]S/ (1) with s’ = s +2 > 3. Since Theorem C.2 shows that )\gmt) = )\jl =

j 720" this rate matches the minimax optimal rate associated with kernel regression using
Knt) oyer H einty (Stone, 1985; Yang and Barron, 1999; Yuan and Zhou, 2016). In this
sense, the theorem identifies a sharp statistical regime for the neural network under the

interpolation-space target assumption.

12
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Reason for Improved Rate. Our sharp rate in Theorem 5.1 is sharper than that in exist-
ing works with algorithm guarantees as discussed in Section 3. Our rate arises because PGD
changes the kernel induced by training. Vanilla GD leads to the regular NTK (2), whose
spectrum yields the standard rate under the usual RKHS target assumption. In contrast,
PGD induces the integral kernel K1) whose eigenvalues decay faster and therefore have
lower associated kernel complexity. In fact, the kernel induced by PGD is K () instead
of K defined in (2), whose eigenvalues satisfy )\g-mt) = )\;7/ < Aj with ' > 3. This spectral
change is the mechanism that enables the improved rate under spectral bias.

5.4 Extension to Covariate Distribution Supported on R?

In this section, we consider a covariate distribution P supported on the entire space R?
such that the distribution of the normalized covariate admits the polynomial EDR.

In order to handle data supported on R?, we introduce a normalization map ¢: R% —
X =St ¢(x) = x/||x||, for x # 0. Define ¢(0) arbitrarily. This choice has no effect for
covariate distributions with a density. We recall that the probability measure of P is still
u, and the push-forward probability measure on X, denoted as ¢*u which is induced by ¢,
is defined as (¢*u)(A) = u(¢~1(A)) for any set A C X. For simplicity of notation, we let
X = ¢(x). As a result, ¢*p is the probability measure of the normalized covariate X.

We let p;(K, X, 1) be the j-th eigenvalue of the integral operator Tk associated with
K under the distribution with probability measure u’ supported on X. Proposition 5.3
shows that when the probability density function p of the covariate distribution P satisfies
p(x) < (1+ ||x\|§)*(d“)/ 2 for all x € RY, then the distribution of the normalized covariate
admits the polynomial EDR, that is, p;(K, X, ¢*(p)) < 4=4/(d=1) holds for all j > 1.

Proposition 5.3. Suppose the covariate distribution P, supported on R?, has a bounded
probability density function p s.t. p(x) < (14 [x[3)"@1/2 for all x € R% Then the
polynomial EDR. (K, X, ¢*(1)) < 7@~ holds for all j > 1.

When the target function, as a function of the normalized covariate, still lies in the
interpolation space corresponding to the NTK (2) defined on the normalized covariates,
then under the condition on the distribution P in Proposition 5.3, it can be shown as a
direct consequence of Theorem 5.1 that the sharp regression risk bound (14) still holds by
training the two-layer NN (1) with Algorithm 1. This result is presented as the following
corollary. The algorithm is applied to the normalized training features, with the independent
auxiliary sample drawn from ¢*p.

Corollary 5.4. Suppose f* = f*(x) € [HK]SI (o) where K (u,v) = % (m — arccos (u, v))
for every u,v € R% Then under the conditions of Theorem 5.1 and Proposition 5.3, (14)
still holds with the same high probability as that claimed in Theorem 5.1.

Corollary 5.4 shows that PGD with early stopping still achieves a minimax optimal
regression risk rate under a general covariate distribution P supported on R? satisfying
Proposition 5.3. We remark that Corollary 5.4 includes the sub-Gaussian distribution con-
sidered in Li et al. (2024) as a special case. To see this, the density p of the sub-Gaussian
distribution considered in Li et al. (2024) is assumed to satisfy p(x) < (1 + ||X||§)*(d+3)/2
for all x € R?, which satisfies the condition in our Proposition 5.3. Our Corollary 5.4 holds

13
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for such a sub-Gaussian distribution whenever the remaining conditions of Theorem 5.1 are
satisfied.

5.5 Adaptivity to the Smoothness Parameter s’ of the Interpolation Space

In practice, the regularity exponent s’ such that f* € [H K]Sl (o) may be unknown, whereas
the preconditioner in Algorithm 2 depends on s. The following nesting property shows that
the validity of our guarantees does not require exact knowledge of s’, although attaining
the rate corresponding to the largest admissible value of s may require such knowledge.

Proposition 5.5. We have [Hx]** (o) C [Hk]™ (po) for all s1 > sg > 0.

Proof Every f € [Hx]™ (uo) such that f =3, Bje; satisfies >_ .-, 5]2/)\;1 < pd. Since
Aj < 1forall j > 1, we know that -, BJQ-/)\;Q < pd for s1 > s9 > 0, hence f € [Hi]*. A

Proposition 5.5 implies robustness of PGD to underspecification of the regularity expo-
nent. In particular, if f* € [Hx]® (uo) with s’ > 3, then for every 1 < s <’ — 2,

7€ Mrl* (o) € [Hr)™? (o).

Consequently, Theorem 5.1 and Corollary 5.4 remain valid with effective regularity exponent
s+ 2, yielding the risk rate O(n_%). In particular, the universal choice s = 1 is valid
for every s’ > 3 and requires no knowledge of s’. It guarantees the rate O(rf%) uniformly
over these target classes. If s’ > 3, however, this choice does not generally attain the faster
oracle rate associated with the true exponent s’. Consequently, Proposition 5.5 establishes
robustness to underspecification, rather than full rate-adaptivity to unknown smoothness.
A practical possibility is to select s from a finite grid using validation data. A theoretical
analysis of such a data-dependent selection procedure is left for future work.

6. Roadmap of Proofs

We present the roadmap of proofs for the main result, Theorem 5.1, in this section. We
first present the results about the uniform convergence to the NTK (2) during the training
process by PGD in Section 6.1, then introduce the basic definitions in Section 6.2. The
detailed roadmap and key technical results for the main result are presented in Section 6.3.
The difference between this work and the existing kernel learning theory (Caponnetto and
De Vito, 2007) is introduced in Section 6.4, and our novel proof strategy is described in
Section 6.5.

The proof of Theorem 5.1 is based on the key technical results in Section 6.3, in par-
ticular, the uniform convergence of K (. x') to K@) (. x’) for every fixed X' € X in
Theorem 6.2, the generalization result in Theorem 6.5, and the optimization results in
Lemma 6.3, Theorem 6.4, and Lemma 6.6.

14
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6.1 Uniform Convergence to the NTK and More

We define the following functions:

~ 1 <
h(w,x,y) = XTy]I{wazo}]I{wTygo}v h(W,x,y) = . Z h(wy,X,y), (15)
r=1
~ 1 =
UR<W,X> = H{|wa|§R}7 ’UR(W,X> = E Z’UR(WT,X). (16)
r=1

Then we have the following theorem stating the uniform convergence of ﬁ(W(O), -,+) to the
NTK K defined in (2) and uniform convergence of vr(W(0), x) to 0.

Theorem 6.1 (Yang (2025, Theorem 6.1),Yang and Li (2024, Theorem V1.7, VI.8)). The
following results hold with n < 1, m 2 max {nz/d, @(T%)}, and m/logm > d. Here R =
neaT’/(24/m), with ¢y defined in Section 6.2. The learning-rate condition is used to specialize

part (2) to this training-dependent radius. The underlying concentration inequality at a
fixed radius does not depend on 7.

(1) With probability at least 1 — 1/n over the random initialization W (0) = {v?r(())}"il,
~ dlogm
sup  |K(x,y) —h(W(0),x,y)| < C1(m/2,d,1/n) ; (17)
xEX,yeX m

JEEN m
(2) With probability at least 1 — 1/n over the random initialization W (0) = {WT (O)} )

r=1

=

sup [0r(W(0),x)| < + Cy(m/2,d,1/n) < Vdm 5Tz, (18)

2R
xEX V2TK

6.2 Basic Definitions

We introduce the following definitions for the proof of the main result. Let the gram matrix
of K™ over the training features S be Kt ¢ Rnxn, Kg-nt) = K(int)(gi, Qj) for 7,75 € [n],
and KS‘“) = K0 /p.  Similarly, K ¢ R™7 ig the gram matrix of Kt oyer S,
and f(,(int) = ﬁ(int)/n. Let the eigendecomposition of KS““ be ngt) = U(int)Z(im)U(int)T,
7 (int) }

where 30 is a diagonal matrix with its diagonal elements {)\i being the eigenvalues

i=1
of K,(Imt) and sorted in a non-increasing order. We have /\gmt) € (0,1/8].

We define u(t) = y(t) —y. Let 7 < 1 be a positive number. We define ¢, =
fo/min {2\@, \/26?7} +og+7+1 Fort>0and T > 1, we define

. nea I’
R = N (19)
Vi = {VER”:V=—<In—77Kgnt)>tf*<S)}7 (20)
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— —_ AN . t AN
Eiri= {e: e=e;+eycR" e; =— (In —nKSm)) w, He2H2 < \/ﬁT}, (21)

where the upper bound for Eg H2 only hides an absolute positive constant independent of .

The set V; represents the clean signal trajectory in the training dynamics of PGD. The set
&+ captures the controlled residual and noise components which are added to the clean
signal trajectory. We define

Wo == {W(0): (17), (18) hold} (22)

as the set of all the good random initializations which satisfy (17) and (18) in Theo-
rem 6.1. Theorem 6.1 shows that we have good random initialization with high proba-
bility, that is, Pr[W(0) € Wy] > 1 — 2/n. When W(0) € W, the uniform convergence
results, (17) and (18), hold, which guarantees our main result about optimization of the
neural network by PGD.

We define the set of neural network weights and the set of functions represented by the
neural network during training as follows.

t—1

W(S,Q,W(0),T) = {W: 3t € [T] s.t. vec (W) = vec(W(0)) — ) gMZs(t’)u(t’),
t'=0

u(t') e R"u(t') =v(t')+e(t),v(t') € Vv, e(t') € &, forallt’ € [0,t — 1]} . (23)

W(S,Q,W(0),T) is the set of weights of the neural network trained by PGD on the
training features S and random initialization W (0) with the preconditioner M generated
by Q and the steps of PGD not greater than 7. The set of functions represented by the
two-layer NN with weights in W(S, Q, W(0),T) is then defined as

Fan(S, Q,W(0), T) = {fi = f(W(t),): 3t € [T], W(t) e W(S,Q,W(0),T)}.  (24)
We define the function class Fext (B, w) for any B,w > 0 as
Fext(Byw) ={f: f=h+eh€Hpwn(B) e <w}. (25)

In Theorem 6.4, we will show that the neural network function at each step of PGD, f;,
belongs to the space Foxt(Bp, w) with high probability where

By, =g + 14+ V2. (26)

6.3 Detailed Roadmap and Key Technical Results

The summary of the approaches and key technical results in the proofs is presented as
follows. Our main result is built upon the following three significant technical results of
independent interest. In the following text, d € (0,1) denotes a small probability.

First, we establish the uniform convergence of the empirical integral kernel & (int) (-,x') to
the integral kernel K (") (., x) for every fixed x’ € X. Such uniform convergence is presented
in the following theorem, Theorem 6.2, which is built upon the martingale concentration
inequality in Hilbert spaces (Pinelis, 1994, Theorem 3.5).
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Theorem 6.2. For every fixed x’ € X and every § € (0,1), with probability at least 1 —§
3N
over Q = {ql} X we have

1=

< . [log(4/9) (27)

sup | K0 (x, x') — K" (x, x')| < N

xeX

Theorem 6.2 is the key tool needed to analyze the training dynamics of PGD which
involves the integral kernel K () Then, using the novel PGD algorithm and the uniform
convergence in Theorem 6.2, we have the following optimization result in Lemma 6.3.

Lemma 6.3. Suppose the network width m and N are sufficiently large and finite, and the
neural network f(W(t),-) is trained by PGD using Algorithm 1 with the learning rate n =
©(1) € (0,8) on the random initialization W(0) € Wy. Then for every ¢ € (0, 1), with high
probability over the random noise w and the random sample Q, W (t) € W(S,Q, W(0),T).
Moreover, for all ¢ € [0,T], u(t) = v(t) + e(t) where u(t) =y(t) —y, v(t) € V4, e(t) € & -,
and [[u(t) < cu/r.

Lemma 6.3 formalizes that the PGD residual dynamics u(t) can be decomposed into a
structured clean signal term v(¢) and a controlled error term e(t), which is the basis for
the function-level decomposition to be established next. Based on Lemma 6.3, we obtain
a novel and principled decomposition of the neural network function at any step of PGD
into a function in H @y with bounded RKHS-norm, and an error function with a small
L%°-norm with high probability.

Theorem 6.4. Suppose the network width m and N are sufficiently large and finite, and
the neural network f; = f(W(t),-) is trained by PGD using Algorithm 1 with the learning
rate n = O(1) € (0,8) and the random initialization W(0) € Wy. Then for every t € [T],
with high probability over w and Q, f; has the following decomposition on X: f; = hy+e; €
Fext(Bp,w), where hy € H pe(iny (Bp,) with By, defined in (26), e; € L> with sufficiently small
magnitude on X, that is, ||e:||,, < w.

Second, a new technique based on local Rademacher complexity is developed to tightly
bound the nonparametric regression risk in Theorem 6.5, which is based on the Rademacher
complexity of a localized subset of a much larger function class presented in Lemma B.7 in
the appendix. We then use Theorem 6.4 and Lemma B.7 to derive Theorem 6.5.

Theorem 6.5. Suppose w € (0,1), the network width m and N are sufficiently large and
finite, and the neural network f; = f(W(t),-) is trained by PGD using Algorithm 1 with
the learning rate n = O(1) € (0,8) on the random initialization W(0), and T < T. Then
for every ¢t € [T, with high probability over w, the random training features S, Q, and
W (0),

1/2

§ )\l(zint)
Ep [(fe — f*)?] = 2Ep, [(fi — f)?] £ min @ T +er+w, (28)

~o<Q<n | n n
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(int)

where e, = € ,, 18 the population critical radius associated with K™/, namely the

smallest positive e satisfying Ry n) (€) < €2/00.

Theorem 6.5 converts the spectral decay of K1) into a sharp population risk control
for the neural network trained by PGD via localized Rademacher complexity.

Third, we obtain the following sharp upper bound for the training loss Ep, [( fi—f *)2]
Lemma 6.6 provides the empirical loss decay needed to complement the local complexity-
based generalization bound in Theorem 6.5 and close the final rate.

Lemma 6.6. For every ¢ € [T], with high probability over w,

3 (pg 1
e [0 - 1) < 3 (B + 1+ 2). (29)

where i is the target-class radius so that f* € H e (o) = [HK]SI (po)-

Proof Sketch of Theorem 5.1. We can then prove Theorem 5.1 using the upper bound for
_ 2a(s+2) ~ 2a(s+2)
the regression risk in (28) of Theorem 6.5 where w is set to n~ 22G+2+1. With T' < n2oG+2+1

_2a(s+2)
it follows from (29) of Lemma 6.6 that Ep, [(fi — f*)?] < n” 22G++1. Then we have

2a(s+2) 1
Ep [(fi — f*)?] S n 2G4+ with Q < n2G+271 in (28). The formal proof of Theorem 5.1
is presented below.

Proof of Theorem 5.1. We apply Theorem B.8 and Lemma B.9 in the appendix to prove
this theorem, and Theorem B.8 and Lemma B.9 are the formal versions of Theorem 6.5 and
Lemma 6.6, respectively.

First, let A,, be the critical-radius comparison event used in the proof of Theorem B.8.
On this event, the stopping-time estimate below gives T' < T < p2a(s+2)/Qals+2)+1) - The
width condition implies m 2 max {n2/ d 5/ 3} and m/logm > d for all sufficiently large n.
Applying Theorem 6.1 conditionally on S gives Pr[A, N{W(0) € Wy}| < 2/n. It follows
from Theorem C.2 in Section C that )\g-int) = )\§+2 = j20(s+2) for j > 1. With n = ©(1),
it follows by Lemma B.9 that with probability at least 1 — exp (—@(n?%)) over the random
noise w,

1
Ep, [(fe — )% < ot

Plugging such bound for Ep, [(f; — f*)?] in (113) of Theorem B.8 leads to
0 . 1/2
z )\((llnt) /

1 -
Ep[(fi— )<t |92 | |12t (30)
nt n n

1
where @ < n2e(+2+1 on the RHS of (30). It can be verified that

2a(s+2)—1

0 oo
Z )\((llnt) S / x_2a(8+2)dx S 1/(2@(8 =+ 2) — 1) . n_ 2a(s+2)+1 |
q=Q+1 Q
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As a result, we have

6 /’LO 1 2a(s+2)
_ f* 21 < n 2a(+2)+1 X 31
P[(ft f)] 77t<2€+77+> n —|—€ +w ( )
Due to the definition of T’ and 22, we have
1 2
2 < < ——— <28 (32)
nT (T +1)

2a(s+2)

It is well known, such as Raskutti et al. (2014, Corollary 3), that e2 < n  2oG+2+1. [t
follows from Lemma B.14 that 2 < 2 with probability at least 1 — 4exp(—0O(ne2)) over
S. In addition, combined with the fact that 7' < T, for any ¢ € [¢,T,T], we have

1 1 1 _2a(s+2)
= X — X B2 x gl xp BGED,

nt =T T
2a(s+2)

Also, we set w =n 22GF2+1 in (31), then with n = ©(1),

2a(s+2)
p[(fe= f?] Sn e, (33)
8a(s+2)
With N 2 n2eG+2+1 log(4n/d), the requirement on N, (95) in Theorem B.6 that N 2>
25a(s+2)
max {1?log (4n/8) /w?, T*log (4n/d)} is satisfied. In addition, with m > n2aG++1d3 and

2a(s+2)
w=n ~2a(s+2)+1 | the condition (94) on m in Theorem B.6 that m 2> max{T >ds Jwd,

T%d 2} is satlsﬁed. The joint event constructed in the proof of Theorem B.8 includes the
initialization, critical-radius comparison, trajectory, and local-complexity events. On A,,
the additional noise-filter failure probability in Lemma B.9 is bounded by exp(—0(ne2)).
A union bound adds this term to the six exponential terms in Theorem B.8, while counting

the initialization failure 2/n and the failure of A4,, only once, yielding the stated probability.
|

6.4 Difference from Existing Kernel Learning Theory

In this section, we compare our PGD guarantee with existing kernel learning theory and
vanilla-GD results under matching source and spectral parameters. The comparison distin-
guishes logarithmic confidence factors from the polynomial risk exponent.

Under the source condition f* € H o (o) = [Hr]® (to) with s > 3, and certain
spectral, embedding, and noise assumptions, the spectral algorithm in Zhang et al. (2024,
Theorem 1) using the regular NTK (2), with qualification at least s’/2, achieves the re-

gression risk bound O(n~ e log?(6/6)) with probability at least 1 — &, for every fixed
§ € (0,1) and sufficiently large n > n(8). This logarithmic confidence dependence log?(6/6)
is consistent with the vanilla-GD upper bound in Li et al. (2024, Proposition 13), expressed
under the matching source and spectral parameters in Table 1. Related confidence depen-
dence appears in the finite-sample regularized least-squares upper bound of Caponnetto
and De Vito (2007, Theorem 4), which uses the multiplier 321log?(6/9).
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Furthermore, Zhang et al. (2024, Theorem 2) establishes the minimax lower bound

Q(niﬁ) over the corresponding source ball. Our Theorem 5.1 matches this minimax
lower bound without a logarithmic factor in the risk bound, under its stated assumptions
and probability guarantee.

In the comparisons above, canonical kernel regression methods (Caponnetto and De Vito,
2007; Yao et al., 2007) are applied to the regular NTK (2) with EDR \; =< j72%. They
are not applied to the PGD-induced kernel K (™) in these comparisons. The general kernel
frameworks can also be applied to K™ when their assumptions are satisfied. On the other
hand, the two-layer NN, trained by our novel PGD, approximately performs kernel regres-
sion with a completely different new kernel, the integral kernel K () with the smoother
capacity condition ()\;mt) = )\j/ =7j _2"‘5/), compared to the original capacity condition. Our
key insight is that, the interpolation space [H K]S/ is in fact the RKHS associated with the
integral kernel: [H K]S/ = H e nt). Kernel regression with the integral kernel and the target

ds’
function f* € Hyein) (po) renders the minimax optimal rate of O(n~ ds’+d-1) according to
the analytical results in Stone (1985); Yang and Barron (1999); Yuan and Zhou (2016),
which is the same rate as that in Theorem 5.1.

Learning in the Induced RKHS. Our PGD analysis decomposes the trained network
as fr = hy + e, with hy € H ey (Bp) and [le| . < w. In the matched-kernel notation of
Table 1, existing vanilla-GD methods such as Li et al. (2024, Proposition 13) approximate
kernel regression in Hy and, under the comparable source condition s’ > 3, learn target
functions in Hp. The common target class satisfies H gint)y = [H K]S/ C Hg. PGD changes
the reference kernel and controls the RKHS component of its iterates in H jnty. Under the
matching source and spectral parameters in Table 1, the existing vanilla-GD bound in Li
et al. (2024, Proposition 13) contains the logarithmic confidence factor log?(12/6), whereas
our Theorem 5.1 gives a log-free bound under its stated assumptions and probability guaran-
tee. These statements compare proved upper bounds. It is technically nontrivial to induce
such a new kernel K () when training the two-layer NN with the novel PGD algorithm,
to be detailed by our novel proof strategies in the next subsection. Our results also give a
smaller sample-size exponent in the sufficient condition for network width compared with
the cited analyses, as detailed in the next subsection. We remark that PGD is used in the
training process to change the effective kernel from K to K" and the trained two-layer
NN approximates kernel regression with this integral kernel.

6.5 Novel Proof Strategy and Insights

Our results are built upon two significantly novel proof strategies. First, uniform conver-
gence to the NTK is established during the training process by PGD, so that we can have
a novel decomposition of the neural network function at any step of PGD into a function
in the RKHS associated with the integral kernel K" and an error function with small
L*-norm with high probability in Theorem 6.4. We remark that PGD is carefully de-
signed so that the induced NTK of the two-layer NN (1) is the integral kernel K", In
a strong contrast, the vanilla GD extensively used in the existing works for the analysis of
over-parameterized neural networks, such as Suh et al. (2022); Li et al. (2024); Yang and
Li (2024); Yang (2025), induces the regular NTK such as (2). The uniform convergence of
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K(t) to K(nt) j5 established in this work, using the martingale concentration inequality
in Hilbert spaces (Pinelis, 1994, Theorem 3.5). As explained in Section 3 and Section 5,
PGD leads to a sharper rate of the nonparametric regression risk due to the lower kernel
complexity of K" than that of the regular NTK such as (2).

Second, based on such novel decomposition in Theorem 6.4, a new technique based on
local Rademacher complexity is developed to tightly bound the Rademacher complexity of
the function class comprising all the neural network functions obtained by PGD iterations,
leading to the sharp bound for the regression risk in Theorem 6.5.

PGD changes the effective kernel within the reference training dynamics: it induces
K whose complexity is lower than that of the regular NTK K. The resulting log-free
guarantee is proved under the stated source condition, without asserting that the network
must leave the linearized training regime.

Comparison of Sufficient Network Widths. Theorem 5.1 gives the sufficient condition
m > d°/2p25e(s+2)/Qa(s+2)+1) whose sample-size exponent is less than 25/2. By comparison,
Suh et al. (2022, Theorem 3.11) uses m/log3m > L*'n?*. The proof of Li et al. (2024,
Proposition 13) imposes m~1/24/logm < n~!, equivalently m/(logm)? > n?* as one of its
approximation requirements. The proposition states an unspecified polynomial condition
that also depends on the inverse smallest empirical NTK eigenvalue. Consequently, our
explicit sufficient width has a smaller sample-size exponent than these particular sufficient
requirements. This comparison does not establish a necessary width separation. PGD also
requires N > n8(s+2)/2a(s+2)+1) 169 (4n /§) auxiliary observations, so the width comparison
alone does not establish a reduction in total computational cost.

7. Discussion about Extension to General Multi-Layer Neural Networks

This section gives a conditional roadmap for extending PGD to general multi-layer neural
networks. The spectral construction parallels the two-layer argument, but a quantitative
finite-width theorem for discrete deep-network PGD or stochastic PGD is not proved here.
The main additional task is to establish kernel stability and accumulated approximation-
error bounds along the preconditioned trajectory.

We use f(+,0) to denote the neural network function and @ is the collection of all the

M parameters in the neural network, and we use 8; to denote the parameters of the neural
n

network at a continuous time point ¢ > 0. {;i,yi} are the training data. Then the

=1

gradient flow of the neural network by the vanilla GD is

% = —VeL(6:) = _%V(?f(X, 0:) (f(X,6)—y), t=0, (34)

where f(Xa et) = |:f(§170t)7 s 7f(;n>9t):| € Rn? y = [yh cee ayn] € Rn? and v@f(Xa 015) €

RM>n Tt follows that the gradient flow of the neural network function f(-,8;) is

df(.e de
f(d;ft) = Vo (005 = —%VEf(-,etWef(X, 0,) (f(X,0,) — )

= K X) (f(X,8) ~ ), (35)
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where K is the empirical kernel defined by
Ki(x,x") = Vg f(x,0,)Vof(X,0;),Vx,x € X.

Extensive existing works show the uniform convergence of K; to the NTK, denoted as K7,
of the corresponding multi-layer neural network, such as Li et al. (2024, Proposition 45).

Using PGD instead of the vanilla GD in (34), we have the gradient flow for PGD as
follows,

dg" ") 1 (PGD) (PGD)
S = - MV (X, 07 (FX, 07—y ) 120 (36)
where 9§PGD) denotes the PGD parameters and M € RM*M is fixed at initialization. Let

Q = {a]} ) be an independent auxiliary sample from the covariate distribution, and
j:

set Jo(Q) = Vof(Q,00) € RM*N_ In the PGD formulas below, use the mixed kernel
Ki(x,q) = Vo f(x, 0§PGD))TV9f(q, 0y) and its matrix K;(X, Q) € R™/N. If the limiting
NTK has Mercer expansion KNT)(x, x/) = > i1 Aj€e(x)ej(x/), define

K(NT,S) (X, x/) — Z A;e] (X)e] (X/), VX, X/ € X,
i>1

with s > 1. We also define K(NT$) ¢ RV*N a5 the normalized kernel gram matrix of K (NT:9)
specified by KZ%.\IT’S) = KNTs)(q., q;)/N for all i,j € [N]. Then the preconditioner M,
similar to Algorithm 2, is computed by

M = L QKN J(Q)T.

As a result, the gradient flow of the neural network trained by PGD is

w = Vo f(: Q(PGD))w
dt IR dt
1

If the mixed kernels converge uniformly to KNT) along the PGD trajectory, and the aux-
iliary approximation is uniformly controlled, then the effective kernel N~ K,(-, Q)K(NT’S)
K:(-,Q)" approximates the integral kernel

KNTint) (¢ &y = / KD (x, v)KNT) (v v Y KND (v x"dp(v) @ p(v'), vx,x' € X.

XXX
(38)
Writing the exact flow as the reference integral-kernel flow plus its discrepancy gives
_ (PCD) .
WO ) L x) (5%, —y) + B, (39)
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where By = —n H (KN (,X) — KT (X)) (£(X,07P)) — y) and KV =
N'K,(, QKNTSK, (-, Q). If the kernel discrepancy is at most &; uniformly, then
|Etloe < etHf(X,OIEPGD)) — ¥yll2/+/n. Controlling this error up to the stopping time re-

quires a trajectory-wise stability theorem for PGD.
If the deep NTK has positive eigenvalues \; = 472 and the target satisfies f* €

[H K(NT)]S+2 (10), the corresponding integral kernel has eigenvalues )\J”f+2. This identifies

the candidate risk rate n—20(s12)/(2a(s+2)+1) -~ Qbtaining this rate for a finite deep network
additionally requires the preceding PGD stability bounds, a function decomposition, and
statistical error control. The value 2ac = d/(d — 1) must be verified for the specific deep
NTK. The two-layer covariate corollary alone does not establish it.

Relation to finite-width deep GD and SGD. Zhou et al. (2026) provide uniform NTK
approximation and polynomial-width analysis for deep ReLLU networks trained by discrete
GD and SGD. In their source and capacity notation, 8 = (s+2)/2 and v = 1/(2«) match the
displayed exponents: their Corollary 6 bounds the excess risk by O(n=2%/(28+7) 1og(n/#)),
under its stated sample-size, width, and model assumptions. This exponent comparison
does not identify their deep NTK with our two-layer kernel. Extending their tools to PGD
requires simultaneous control of (1) layerwise movement under preconditioned updates, (2)
mixed-kernel stability on the training and auxiliary samples, (3) auxiliary-sample approxi-
mation, and (4) discrete-time error accumulation. Stochastic PGD also requires a martin-
gale analysis of its stochastic updates. A quantitative theorem with explicit dependence on
depth, width, auxiliary-sample size, and stopping time is left for future work.

8. Simulation Results

We present simulation results in this section. The simulations are designed to validate the
theoretical results in this paper: (1) improved generalization of PGD over vanilla GD with
spectrally biased target functions, and (2) the scaling behavior of the early stopping time.
We use spherical uniform inputs to match the theoretical setting, and we present results for
linear target function and quadratic target function.

8.1 Linear Target Function

JEEN

n
We randomly sample n points {Xl} distributed uniformly on the unit sphere S* in
i=1

R®?. The sample size n ranges from 100 to 1000 with a step size of 100. We set the target
function to f*(x) = s'x, where x € §* and s ~ Unif (X) is randomly sampled. The
variance of the noise is set to 03 = 1. We also uniformly and independently sample 1000
points on the unit sphere in R to serve as the test set. We train the two-layer NN (1) by
Algorithm 1 with the network width m = 10000, N = 8000, and the learning rate is set to
n=1. We also set s = 1, so that K(®) = K. The training is performed on an NVIDIA
A100 GPU, and we report the test loss in Figure 1 and Figure 2. It can be observed from
Figure 1 that PGD always demonstrates better generalization than the vanilla GD through
lower test losses across different training data sizes. Figure 2 illustrates the test loss with
respect to different numbers of PGD steps for n = 100, 300, 500, 1000. It can be observed
from Figure 2 that early stopping consistently improves generalization for neural network
training, as the test loss initially decreases and then increases due to overfitting.
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Figure 1: Left: illustration of the test losses by GD and PGD for varying n in [100, 1000]
with a step size of 100 for a linear target function. The shaded area in each plot
indicates the standard deviation across 10 random initializations of the neural
network. Right: illustration of the ratio of early stopping time.
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Figure 2: Illustration of the test losses by PGD for a linear target function, which are
averaged over 10 random initializations of the neural network.

For each n € {100, 200, ...,1000}, we identify the PGD step that achieves the minimum

test loss, denoted as t,, which serves as the empirical early stopping time. Theoretically,
—~ 2a(s+2) 3d .
the early stopping time is predicted to scale as T < n2eG+2+1 < pid-T with s = 1 and

~ 3d
20 = d/(d — 1). We compute the ratio of early stopping time, t,/n%-1, averaged over
10 random initializations of the neural network for each n and illustrated in the right plot
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of Figure 1. We observe that the ratio of early stopping time is relatively stable and it
lies within the interval [1.0736,1.6972], suggesting that the theoretically predicted early
stopping time is empirically proportional to the empirical early stopping time.

8.2 Quadratic Target Function

We present additional simulation results under the same experimental setup as that in
Section 8.1 except for the target function, where the target function is a quadratic function
specified by f*(x) = (s x)? with s ~ Unif (X). The purpose of this study is to demonstrate
the potential of PGD in learning more complex target functions than simple linear functions.
Figure 3 Illustrates the test loss by GD and PGD for varying n in [100, 1000] with a step
size of 100. Figure 4 illustrates the test loss with respect to different numbers of PGD steps
for n = 100, 300, 500, 1000. Similar to the case with the linear target function, it can be
observed from Figure 3 and Figure 4 that PGD with early stopping consistently improves
generalization for neural network training compared with the vanilla GD, and the ratio of
early stopping times is stable and lies within the interval [1.4560, 3.1001].
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Figure 3: Left: illustration of the test losses by GD and PGD for varying n in [100, 1000]
with a step size of 100 for a quadratic target function. The shaded area in each
plot indicates the standard deviation across 10 random initializations of the neural
network. Right: illustration of the ratio of early stopping time.

8.3 Memory-Efficient PGD

We now describe a memory-efficient implementation of the PGD algorithm described in
Algorithm 1. The most computationally expensive step of Algorithm 1 is the computation of
G(t) == MZs(t)(¥(t)—y) € R™ in each PGD iteration (8). A straightforward computation
of G(t) requires that a large-scale matrix M € R™¥*™md he stored in memory, resulting
in a potentially prohibitive memory requirement for PGD with large network width m.
To address this computational challenge, we propose a memory efficient PGD algorithm
described in Algorithm 3 for each iteration ¢ € [T] of Algorithm 1. Instead of updating all
the m neurons at one step, Algorithm 3 splits all the m neurons into B = m/S batches
where S is the batch size and m is divisible by S, and then updates the neurons in the
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Figure 4: Ilustration of the test losses by PGD for a quadratic target function, which are
averaged over 10 random initializations of the neural network.

Algorithm 3 Memory-Efficient PGD

1: Wg(t + 1) < Memory-Efficient-PGD(t)
2: input: t € [T]
3: forb=1,...,B do
4: Update the b-th batch of the neurons by
n ~
[vee (Ws(t + 1)) — vec (Ws ()] (p-1)sd+1:650) = _EM[(b—l)Sd—H:bSd}ZS(t)(Y(t) -y)
(40)
5. end for

6: return Wg(t + 1)

b-th batch by (40) for every b € [B]. In every batch update, only a submatrix of Zgq(0),
Zq(0)((v—1)Sd+1:bsq) formed by rows of Zgq(0) with indices in [(b — 1)Sd + 1 : bSd], is in
memory, and such memory is released before the execution of the next batch update. Such
batch updates of all the neurons significantly reduce the memory need. In particular, for
each iteration ¢ € [T, Algorithm 3 has the same time complexity, ©(mdN), under N > n
and N < md, while its memory complexity is only ©(SdN + N?), in contrast to the
significantly higher memory complexity of ©@(mdN) of a straightforward implementation of
Algorithm 1 with m > S. We note that the same idea of using neuron batches is also used in
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the computation of Zq(0) ' Zs(¢) in (40). On the NVIDIA A100 GPU, our memory-efficient
PGD algorithm only needs 1.12 GB memory with a training speed of 9.2 seconds for each
PGD iteration for the simulation results in Section 8.2. We note that the memory cost and
the training speed are the same for simulation results in Section 8.1 and Section 8.2. It is
also worthwhile to mention that, although each iteration of our PGD algorithm requires
a higher time complexity, ©(mdN), than that of the vanilla GD, ©(mdn), this increased
computational cost yields sharper and optimal regression rate, as discussed in Section 3 and
Section 5.

9. Conclusion

We study nonparametric regression using an over-parameterized two-layer neural network
when the target function lies in an interpolation space exhibiting spectral bias, that is,
[’HK}S/ (o) where s’ > 3 is the smoothness parameter and K is the Neural Tangent Ker-
nel (NTK) of the network. We show that, when the network is trained using a novel and
carefully designed Preconditioned Gradient Descent (PGD) algorithm with early stopping,
the resulting estimator achieves a sharper and minimax optimal nonparametric regression

risk rate of O(n_#). This result holds under general covariate distributions supported
either on the unit sphere S%~! or the entire R? satisfying certain mild conditions, extending
beyond the commonly assumed spherical uniform distribution. Our result improves upon
current state-of-the-art risk bounds achieved by training neural networks for nonparametric
regression. We also provide a detailed comparison with prior works and outline the key
technical ideas underlying our analysis, highlighting how the proposed PGD training dy-
namics approximate kernel regression with the integral kernel K (int) ‘rather than the regular
NTK K, and achieve the minimax optimal risk rate over H y(int) (f0)-
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We present the basic mathematical results required in our proofs in Section A, then
present proofs in the subsequent sections.

Appendix A. Mathematical Tools

We introduce the basic definitions and mathematical results as the basic tools for the
subsequent results in the next sections of this appendix.

Deﬁmtzon A.l. Let {0;}"; be n iid. random variables such that Pr[o; = 1] = Prlo; =
—1] = 5. The Rademacher complexity of a function class F is defined as

B, e (124 37 )

The empirical Rademacher complexity is defined as

R(F) = &MﬂhpE)J&r (42)
fermn
For simplicity of notation, Rademacher complexity and empirical Rademacher complexity
n N n RN
are also denoted by E [SqueJ-‘ib > aif(xi)] and E, supf€;% > oif(xi)] respectively.
=1 =1
YN
For data {X} ) and a function class F, we define the notation R,F by R,F =
1=
n N
supper 5 2 oif (x0)-
i=1
Theorem A.1 (Bartlett et al. (2005, Theorem 2.1)). Let X, P be a probability space,
N n
{xi} be independent random variables distributed according to P. Let F be a class
i=1
of functions that map X into [a,b]. Assume that there is some 7 > 0 such that for every
f € F,Var [f(;l)} < 7. Then, for every x > 0, with probability at least 1 —e™7,

2rx

wmmmw—&mmun«ﬁ<<ﬂmﬁy{mhwﬂ+

feF a>0 n

and with probability at least 1 — 2e™%,

sup (Ep[f(x)] — Ex~p,[f(x)]) < inf

2(1 2
((*O‘)E{m}n ] 4+ 42

feF a€e(0,1) 1 n
1 1 1+« x
b— -+ —F— | 44
+ a)<3+a+2a(1—a)>n> (44)
— n LN
P, is the empirical distribution over {Xz}n . with Exp, [f(x)] = £ 3 f(x;). Moreover,
i= i=1

the same results hold for sup;c r (Ex~p, [f(x)] — Ep[f(x)]).
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In addition, we have the contraction property for Rademacher complexity, which is due
to Ledoux and Talagrand (Ledoux, 1991).

Theorem A.2. Let ¢ be a contraction,that is, |¢(z) — ¢(y)| < p|xr — y| for p > 0. Then,
for every function class F,

E(oyn  [Bnp o Fl < pE(5yn  [RaF], (45)
where ¢ o F is the function class defined by ¢ o F = {¢po f: f € F}.

Definition A.2 (Sub-root function, (Bartlett et al., 2005, Definition 3.1)). A function

: [0,00) — [0,00) is sub-root if it is nonnegative, nondecreasing and if 20 i nonin-

Jr

creasing for r > 0.

Theorem A.3 (Bartlett et al. (2005, Theorem 3.3)). Let F be a class of functions with
ranges in [a,b] and assume that there are some functional T': F — R+ and some constant
B such that for every f € F , Var[f] < T(f) < BP(f). Let ¢ be a sub-root function
and let r* be the fixed point of 1. Assume that 1 satisfies, for any r > r* ¥(r) >
BR({f € F: T(f)<r}). Fix # > 0. Then for any Ky > 1, with probability at least

1—e™",

704Ky L (11(b— a) + 26 BK))
—7

ViEF, Eplfl< 0 Ep [f]+

- Kog—1 B n
Also, with probability at least 1 —e™%,
Ko+1 704Ky , x(11(b—a)+ 26BK,
VieF, Ep, [f] < (}( Ep [f] + BOT n (11( T)L 0).
0

Appendix B. Detailed Proofs

Optimization : ; Generalization

| Lemma B.2 |—> Lemma B4 |
: Theorem B.8

| Lemma B.3 |/| Lemma B.5

Theorem 5.1 |}

: Theorem B.6

Lemma B.7

Figure 5: Roadmap of Major Results Leading to Theorem 5.1.

Because Theorem 5.1 is proved by Theorem B.8 and Lemma B.9, we illustrate in Figure 5
the roadmap containing the intermediate theoretical results which lead to Theorem B.S8.
Theorem B.6 is the formal version of Theorem 6.4, Theorem B.8 is the formal version of
Theorem 6.5, and Lemma B.9 is the formal version of Lemma 6.6. Lemma B.4 is the formal
version of Lemma 6.3.
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B.1 Theorem B.8, Lemma B.9, and related theoretical results

Relation to the proof framework of Yang (2025). The high-level proof architecture
in this subsection builds on Yang (2025): first decompose a finite-width neural-network
iterate into an RKHS component and a uniformly small residual, and then control the
resulting localized function class using local Rademacher complexity. Some general-purpose
arguments are therefore inherited. Most notably, Lemma B.7 is adapted from Yang (2025,
Lemma C.9). After replacing (K, Hrc, {\j}j>1) by (K H rine, {)\g-mt)}jzl), its localized-
Rademacher-complexity calculation is unchanged.

The arguments preceding Lemma B.7 require substantial new elements and modifica-
tions. The previous work analyzes vanilla GD, whose reference dynamics are governed by
the regular NTK K. In the present paper, PGD uses a random preconditioner constructed
from an independent auxiliary sample Q, and its reference dynamics are governed by the
integral kernel K (™) Consequently, the residual recursion contains not only the finite-
width error caused by variation of the empirical NTK along the training trajectory, as in
the previous work, but also a new approximation error associated with the auxiliary sample
and its interaction with the time-dependent empirical NTK. Lemmas B.1-B.5 modify the
earlier GD analysis to control these coupled errors uniformly up to the early-stopping time.
In particular, the spectral filters, critical radii, and stopping rule must now be analyzed
using Kgm) and the spectrum of K™ rather than K,, and the spectrum of K.

The main results specific to the present setting of this paper are the uniform concentra-
tion of the empirical composite kernel around K in Theorem B.10, the PGD function
decomposition in Theorem B.6, and the K(")-based empirical-loss and population-risk
bounds in Lemma B.9 and Theorem B.8. Theorem B.6 shows that every relevant PGD
iterate can be written as a function in Hn) with controlled RKHS norm plus a resid-
ual with small L*°-norm. Lemma B.7 is then applied to this new function class. Finally,
the identity /\E.mt) = X;H converts the eigenvalue-tail term in Lemma B.7 into the smaller
local complexity associated with K () which is the key spectral input leading to the
sharp rate in Theorem 5.1. Therefore, compared to Yang (2025), the reusable component
is the general localized Rademacher-complexity calculation, whereas the PGD dynamics,
the auxiliary-sample approximation, the integral-kernel decomposition, and the resulting
sharp-rate analysis are specific to the present paper and novel.

In this subsection, we first present The signal-and-noise norm bound in Lemma B.1,
followed by the neuron-movement bound in Lemma B.2, the one-step perturbed PGD re-
cursion in Lemma B.3, and finally the inductive convergence result in Lemma B.4.

Nt LNt
Lemma B.1. Let t € [0: T], v = — (I—nK,(lmt)) 1 (S), e = — (I—anm)) w, and
n € (0,8). Then with probability at least 1 — exp (—©(n)) over w,

[vlly +llelly < ( +00+ 1) vn. (46)

Ho
min {2v2, \/2en}

Lemma B.2. Suppose that t € [0 : T — 1] for ' > 1, and ||y(¢') — y||, < v/ncy holds for
all 0 <t <t. Then

Hv?s,r(t’) - vév,ﬂ(())H2 <R, YO<U<{+1. (47)
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Lemma B.3. Let n = O(1) € (0,8), 0 <t < T — 1 for T > 1, and suppose that
|y (') — yll; < cuy/n holds for all 0 < ¢’ < ¢ and the random initialization W(0) € W.
Then

F(t+ 1)~y = (T- K™ 5() —y) + B0 §() —y) + BE+1), (48)
where
IE(E+ 1Dl S Empss (49)
and E,, , 5 is defined by

s = neav/n (2 <\/225;R + Co(m)2,d,1 /n)> +Cy(my2,d.1 /n)>

<V dnm™5T2 (50)
for § € (0,1). In addition, for every § € (0,1), with probability at least 1 — ¢ over Q,

; log(4n/d
HE(mt)(t)H2 SJ n g(N/ ) (51)
Lemma B.4. Suppose N > T?%log (4n/§)/7%, and
m > T2 ds /7. (52)

Suppose the neural network f(W(t),-) is trained by PGD using Algorithm 1 with the
learning rate n = ©(1) € (0, 8) on the random initialization W (0) € Wy. Then for every ¢ €
(0,1), with probability at least 1—exp (—©(n))—4d over w and Q, W(t) € W(S,Q, W(0),T).
Moreover, for all ¢ € [0,T], u(t) = v(t) + e(t) where u(t) =y(t) —y, v(t) € V4, e(t) € & -,
and [u(t), < cu/r.

Proof of Lemma B.4. First, when m 2> T%dg/r‘:’ with a proper constant, it can be
verified that E,, , s < 7¢/n/(2T) where E,, , 5 is defined by (50) of Lemma B.3. We then
use mathematical induction to prove the lemma.

When ¢t = 0, we have

u(0) = —y = v(0) +(0), (53)

int 0 N N N
where v(0) = —f*(S) = — (1 — K >) F5(S), e(0) = —w = e1(0) + e2(0) with e1(0) =

—(I- annt))Ow and 32(0) = 0. Therefore, v(0) € Vy and e(0) € & . Also, it follows
from the proof of Lemma B.1 that |[u(0)||, < cuy/n w.p. at least 1 —exp (—O(n)) over w.

Suppose that for all t; € [0,t] with ¢ € [0,T — 1], u(t1) = v(t1) + e(t1) where v(t1) €
Vi, and e(t1) = ei(t1) + ea(t1) with v(t1) € Vi, and e(t1) € &, and |[u(ty)ll, <
cuy/n for all t; € [0,t]. Then it follows from Lemma B.3 that the recursion u(t’ + 1) =
(I — UKSnt)> u(t') + EM)(¢Yu(t') + E(t + 1) holds for all # € [0,t]. As a result, we have

u(t 4 1) = (I . annﬂ) u(t) + EM@ yu(t) + E(t + 1)
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= (1K) g (s) - (I —K ) w

t+1 t+1

. t+1— t’ t .
+3 (I - an“t)) )+y <I nKOHt)) E@) (¢ — 1u( - 1)
=1 t'=1
—v(t+1)+e(t+1), (54)
where v(t + 1) and e(f + 1) are defined as
N\t
v(t+1) == (=K ) f7(8) € Vi, (55)
NN AS
e(t+1):=— (I — anm)) w
e1(t+1)
H1 Nt t’ 1 -t
+3 (1 - nKSnt)) Y (1 nK(mt)) E@) (¢ — Du —1).  (56)
#=1 =1
ea(t+1)
We now prove the upper bound for ;2(t+1). With n € (0,8), we have HI - nK,(lmt) ‘2 € (0,1].
It follows that
[o2te-+),
t+1 t+1
t+1— t . t+1—t'
int) int) int)
<> -] R, + Y [T x| B0 - 1| e -],
t'=1 t'=1
@ @
< T\2F+cuf T ma HEmt )H2 < /o, (57)

where (D follows from the fact that |E(t)|ly < Enps < 7¢/n/(2T) for all t € [T], (51)
in Lemma B.3, and the induction hypothesis. @ follows from N > T?log (4n/§)/7? with

maxy 7y | E (int) (4 H ny/ W by Lemma B.3 and cyn = ©(1). It follows from
(57) that e(t + 1) € Ey1,7- Also, it follows from Lemma B.1 that

lutt + Dlly < vt +Dlly + |1+ 1), + €2+ )|

Ho
< 1 <
_<m+0—0+7+ >\/ﬁ_cu\/ﬁ7

which completes the induction step and the entire proof. |

LNt
Proof of Lemma B.1. When ¢ > 1, we have v = — (I — anm)) f*(S), and

O =3 (1 3) [u0 p(s)]°

; )
=1
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rank(KSnt>)

Z 1

i—1 Qenxgint)t

AN

2
2@ Nfo

i~ 2ent’ (58)

[U(int)Tf* (S)

Here (D) follows from Lemma B.12, which shows that the signal has zero components
in the empirical null space, and Lemma B.13 applied to the positive empirical eigenvalues.
@ follows by Lemma B.12. Moreover, it follows from the concentration inequality about
quadratic forms of sub-Gaussian random variables in Wright (1973) that

Pr||wl3 —E [[wl3] > n] < exp (-0 (). (59)

and E [|w|,] < /E [||w|\§} < /noo. Therefore, Pr[|wl, — vioo > ] < exp (—O(n)).

As a result, we have

2
nu 110
IVl + llell, < /560 + fwl, < (o o0 +1) v, Ve (1)

When ¢t =0, ||[v|, = [|F*(S)|l, < 1o/(2v/2) - v/n, which completes the proof of (46). W

Proof of Lemma B.3. Because ||y (t') — y||, < v/ncy holds for all ¢’ € [0, ¢], by Lemma B.2,
we have

Hvévr(if’)—wr(O)H2 <R, VO<t'<t+1 (60)

Define two sets of indices

JEEN

Eip = {r € [m]: ‘WT(O)TXi

> R}, Eip=[m]\ Eir.

We have

1 —_ —_ AT —_—
= a, (a (WST(t—l—l)xZ) —U(WSr t)X7,>>

m TeEi,R
_p»

1 - - =T = 1 1

+ Wi Z ar (a (Wsr(t + 1)X1> —0o (wsﬂn(t)xz)) = DZ( ) 4+ El( ), (61)
TGE'L,R

=E

and DU EM e R” are vectors with their i-th elements being Dgl) and Egl) defined on the
RHS of (61). Now we derive the upper bound for Egl). For all i € [n] we have

B0 = jm S ar (o (Werlt+1)R) — o (Wen ()75

TGEZ',R
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1 — N N 1 N N
< om GZE: ‘Wsm(t%— 1) x; — ws () x| < o= EZE: st,r(wr 1) — wsm(t)HQ
T T iR
0 = 2 | 200 e K Za(0) 250 7(0) - )
r€E; R
@ Cu n }E@R‘
< ﬁ TEZEER m < NCu - om (62)

Here D, @ follow from (81) and (82) in the proof of Lemma B.2, as well as the fact that

HKE\S,) ) <1/2. Since W(0) € Wy, we have
TR(W(0), %) < — 4 Cy(m/2,d, 1/n) (63)
sup v ,x) < m/2,d,1/n),
XGE f V21K ?
where Tg(W(0),x) = L Z xl<r) 0 that Tr(W(0), x;) = |Es | /m. It follows
from (62), (63) and the ;1 ctlon hypothesm that
(1)‘ 77cu< 2R )
E | < — +C2(m/2,d,1/n 64
B < T (o + Colmy2,d,1m) (64)

It follows from (64) that HEU) H2 can be bounded by

HE(I)HQ = 770112\/75 <\/ﬂ/€

Dgl) on the RHS of (61) is expressed by

D@(l) _ \/1% Z ar (U (?V;(t + 1)2-) —0 (‘T\V—Sr,r(t);i)>

'I’EEZ‘_’R

+ Co(m/2,d, 1 /n)> . (65)

=75 2 ol grsse) (Fert D - Wes () X,
i, R

1 o~
- Um Z a”H{v?zs,,.(t)TQizo} <_% M- 1)g41:ra) Zs (1) (¥(2) — Y)> Xi

\/> Z arll {WS (t)Tx >0} (% [(r—1)d+1:rd] Zs(t) (y(t) - Y)>T)_(\Z

TEEZ R

niN
=p?
1 n R T _
* ﬁ Z arl ‘T\VS,r(t)T;iZO} (ﬁ [M] [(r—1)d+1:rd] Zs(t) (y(t) - Y)) Xy (66)
TGEZ',R

=BE%

7
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where H(t) € R™¥ is a matrix specified by

AT
Xpd
Hp(t) = : Z I[{Ws,r(t)T;pZO}H{@r(o)TanO}7 Vp € [nlq € [N]:

Let D) E® e R" be vectors with their i-th elements being DZ(-Q) and Egz) defined on the
RHS of (66). E®) can be expressed by E®?) = %E@)KE{;)H@)T (¥(t) —y) with E? ¢
R™N and

R2) _ & <o 2) |E B
Z {WST‘ TXP>O} {WT(O)Tq >0}Xp qq’ ‘E ‘ =
T'GET_,R
for all p € [n],q € [N]. The spectral norm of E®? is bounded by
. 8 E,r| @
5, <80, < vim s B L Viw (22 cmpnanm).
[B], < B, < vl max 2 Jom HCalm2di1/m) ) (6)

where (D follows from (63). Also, [[H(¢)||, < [|H(?)|lp < vVnN for all ¢ > 0. It follows from
(67) that HE(Q)H2 can be bounded by

@ < 1 |g® (s) S < neavn [ 2R
[, < B [ ol — vl < 57 (2 + Catmyz,d1m) )
(68)
DEQ) on the RHS of (66) is expressed by
n s o
D® = —CHOKJH® ' (5(1) - )
T HOKOHOT 50 — v) 4+ - (F(0) — H(0)T (5(¢) —
=~ LHOKHO)T (7(1) — y) + % (H(0) — He) KSHO)T (7(0) )
~D® —EG)
+ HOKS (H0) - H(1) (5(1) ~y) = D® + E® + EW. (69)
::E(4)

On the RHS of (69), D®) E®) E® e R™ are vectors which are analyzed as follows. In
order to bound the spectral norm of E®) and E®, we first estimate the upper bound for
|H;;(t) — H;;(0)| for all i € [n] and j € [N]. We note that

= Mworsifsn) s 0] ory

wr(0)Tx;

|
{I{?s,r(t)T?izo}ﬂ{wMo)T?izo}}
It follows from (70) that

[H,;(t) — Hy;(0)]

T m

X E
I Tm ’ ; (]I{?VS,T@)T?M}H{%(eﬁapo} - ]I{wrm)@»o}H{wT(0>Taj>o})
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SZ]I{

{WST t)Tx >O};é {WT(O)TX >O}}

<22 (W05 )+ om0,
< Tr(W(0), % )@\/Qﬁﬁ—kcz(m/ld,l/n), (71)

where (D follows from (63). It follows from (71) that HE(3) s HE(4) |, are bounded by

|9, < . VaF - Vil (j;; T Com/2.d, 1/n>) 15— vl

< "0“2\/5 < \/gﬁ + Co(m)2,d, 1/n)> , (72)
HE%@‘L < ”Ci;/” <\/2nn +—C§Qﬂ/2,d,1/n)>. (73)

[N

We now approximate D®) in terms of Kg q € R with [stQ]z‘j = K(x4,q;)
for i € [n],j € [N]. We have

D® = — LHOKHO)T (3() - y)
n s BN n s ~
=~ Ks QKK q (9(1) — y) + - (Ks,q — H0) KKS o (5(1) - v)
=D(%) =E®)
n s ~
+ SHOKY (Ksq - H(0) (5() - y). (74)
::E(G)

We now bound the spectral norm of E(®) and E©). Since W(0) € W, we have
IKs,q —H(0)[|, < [[Ks,q —H(0)[[p < VaNCi(m/2,d,1/n), (75)

Also, | Ks qll; < [Ks,qllp £ vVnN. As a result,

[B9]| < ViR - VaNCi(m/2.4.1/m)§6) ~ yl, < TV 0y (m/2,d.1/m).
(76)
HEww2§7wg¢n-CﬂnMZdJ/n) (77)
It follows from (66), (69), and (74) that
D!V =D + EP + EF + EY + EPY + E. (78)

It then follows from (61) that

yi(t+1) —y:i(t) =DV + EY =D 1+ BV + E? + EP + EY + B 4+ B

=E;
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=~ [Ksql KVKS q (7(1) =) + [B(t + 1)), = = K™ (§(t) =) + [B(t +1);.
(79)

where E(t + 1) € R™ with its i-th element being E;, and E(t + 1) = E®) + E?) 4+ EG) 4
E®W + EO) + EO). Tt follows from (65), (68), (72), (73), (76), and (77) that

IE(t + 1)]ly < neav/n (2 <\/22§ b Co(m)2,d, 1/n)> +Ci(my2,d, 1/n)> O (0)

The upper bound for ||E(t 4+ 1), in (50) follows from (80), Theorem 6.1, and noting that
ney < ©(1). Finally, we have

g+ 1)~y 2 (1= RO) (5(1) ~y) + B + 1)

= (1- 1K) (3() — ) + M) (5(1) - y) + B(t + 1),

where E(™) () = n/n - (K(int) - K(int)), and (@ follows from (79). It follows from (133) of
Theorem B.10 that
: log(4n/9)
Rt (¢ H <y [ 228L21/0)
H O], s N
holds with probability at least 1 — § over Q, which proves (51). [ |

Proof of Lemma B.2. Let [ZQ(O)][(Pl)dH:rd} denote the submatrix of Zq(0) formed by
the rows of Zq(0) with row indices in [(r — 1)d + 1 : rd]. By the PGD update rule (8), for
every t” € [0 : T — 1], we have

- = Ui s ~

we (1" + 1) = W, (t") = = [2Q(O0)] (1)1 1.0 KN Za(0) Zs(t") (F(¢") —y) . (81)

niN
Since |[[Zq (0 |, < VN/m, and ||Zq(0) Zs(1)]], <

[(r 1)d+1:rd] ‘ H ZQ [(r 1)d+1:rd]
VnN, it then follows from (81) that

HWST (" +1) — ws, (")

2

vt" € [0 t].
(82)

<

Note that (47) trivially holds for ¢ = 0. For ¢’ € [1,¢ + 1], it follows from (82) that

HZQ TZS //

_nNH Za(O)] - 1)dt1:ra) Hy ") sz— \ﬁ

- / - " " n neaT .
[wsr ) = w0, < Z_ st +1) s, (@), < WZ_O N L
which completes the proof. |
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Lemma B.5. Let € (0,8) and h(-) = Y5 h(-,t') for t € [T], T < T where
h('?t/) = U('7t/) + g('vt/)a

o(, ) = LK (x5, %)v, (),
n

J=1

e t) = 1Y KO (x;x) 5 (),

j=1
and v(t') € Vy, e(t') € &y, for all 0 < ¢’ <t — 1. Suppose that
TS 1/ (). (84)

Then with probability at least 1 — exp (—©(né2)) over w,

[hllye oy < Ba=po+1+V2, (85)
where Bj, is also defined in (26).
Proof We have'y = f*(S) +w, v(t) = — (1 - ) F5(S), e(t) = eq(t) + es(t) with

gl(t) =— (I - nKSnt)yw,

gg(t)H2 < /nt. We define

gz K0, x) [e1(0)] L @) = Z;K<‘m><xj,x> e2(0)]
=1 j=
we then have
t—1 n t—1 N
Sty = 23S (1) o) K0
t'=0 "= /
n t—1
ZZ |:U(1nt <I nz(lnt)) U(1nt)Tf*(S):| K(mt)(X],X). (86)
] 1¢/= J

We let r = rank(K (mt)) € [n]. It follows from (86) that

2

t—1
Z U('? t/)
t'=0

H e (int)
t—1 ) o /
= Zif*(S)TU(int) Z <I — ng(int)>t U(int)TK(int)U(int) Z <I _ nE(int)>t U(int)Tf*(S)
#=0 /=0
1 _ e =l A 2
= —|n Kgnt) y(int) I— nE(mt) yint) £4(S)
| (i) Tt S ) |
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. (1— 1— A t>2
s ) oo <1 .

i=1 ¢

where the last inequality follows from Lemma B.12.
Similarly, we have

2
1 2 ” <1 - <1 - nX@(}nt))t) | 2
> al.t) < % Z S [U@m)TwL . (88)
t'=0 H . (int) i=1 i

It then follows from the argument in the proof of (Raskutti et al., 2014, Lemma 9) that the
RHS of (88) is bounded with high probability. We define a diagonal matrix R € R™*" with

Ri=(1-(1- nxgint))t)Q/Xgint) for i € [r] and Rj; = 0 for i € [r + 1,n]. Then the RHS of
(88)is 1/n - tr (U(int)RU(int)Twa). It follows from (Wright, 1973) that
Pr [1/71 “tr (U(mt)RU(mt)Twa) —-E [l/n “tr (U(mt)RU(int)Twa)} > u}

< exp (—emin {nu/ Ry, n*u?/ R }) (89)

for all w > 0, and c is a positive constant. Recall that n, = nt for all ¢ > 0. We have

i (1 _ (o) t)
1/n - tr (U(int)RU(int)Twa)} . sz <1 (1 nA; )

E [ —
— )\Elnt)
D o2 & 1 ~G 21 o 1 ¢
99 . 27 (int) i . (int)
< - Z min o) ;A < n Z min ¢ —go A
i=1 i i=1 A
@
<

o3N N~ S\ TemE N [ 1 R(int) 9 2732
T z;mm {177715)\2- } = T z;mln {77t a)\i } < ogn; RK(int)(\/ 1/77t) <1
1= 1=

(90)
Here (D follows from the fact that (1 — nXSm))t > max{(), 1— tnxgint)}, and (@ follows
from min {a,b} < Vab for any nonnegative numbers a,b. Because ¢t < T' < T\, we have
R yeint) (/1/m) < 1/(o0m:), so the last inequality holds.

Moreover, we have the upper bounds for ||R||, and ||R|| as follows. First, we have

i ) 2
(1 — (1 — n)\gmt)) >
IR|l; < max

. 1 2-(int)
=7 < =, M A, < n. 91
€lr] A,glnt) - ?é?,;q}]{ i { )\Elnt) Mt Ay } Ug ( )

We also have

4

(1 3Gt
1 5 1 — (1 (1 A )) nf’ L 1 (int)\ 2
ﬁHRHF:*Z = S*me 37’)77%()\‘ )

n i=1 ()‘z(int))2 s
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3 T
7] . (in 1 ~ n
< ;me{)\g t)7 m} < ngRi(int)(m) < O——; (92)
0

=1

Combining (88)-(92) with v =1 in (89), we have
Pr {l/n - tr <U(mt)RU(mt)Twa> —-E {l/n - tr <U(mt)RU(mt)TWWT)] > 1}

< exp (—cmin {n/nt,nag/nt}) <exp (—nd /) < exp (—c’n?,%) ,
where ¢ = cmin {1,08}, and the last inequality is due to the fact that 1/n; > 2 since

~ 2
t < T < T. It follows that w.p. at least 1 — exp (—O(né2)), HZi,_:lO/e\l(-,t/) <

g (int) a
2. This event can be chosen simultaneously for ¢t € [T]: the nonnegative diagonal filter

[1—(1- nXS“t))tP / /):Z(int) is nondecreasing in ¢ on the positive spectrum, so the quadratic
form at T" dominates all earlier forms.

We now find the upper bound for ‘Zi;lo e, 1) . We have
K (int)
(.t 2 < 7772AT + K(int)A t/) < ZX(int) 2
HeQ('v )HHK(im) > nQeZ( ) 62( ~Nn A T
so that
t—1 t—1 o
&t <Y et </ <1 93
262(a ) > Z He2(a )HHK(int) ~ 1 MT =1 ( )
t'=0 HK(int) t'=0
since 7 S 1/(nT). Finally, we have
t—1 t—1 t—1
1Bll3 gy < 3 (- t) +|Y et +|[Y et
=0 M je(int) =0 M e (int) t'=0 H pe(int)
< o+ 14 V2.
|
Theorem B.6. Suppose w € (0, 1),
m 2 max {T%dg/ws,T%d%} ; (94)
N 2 max {T?log (4n/d) /w?, T*log (4n/d)} (95)

and the neural network fi(-) = f(W(t),-) is trained by PGD in Algorithm 1 with the
learning rate n = ©(1) € (0,8) and the random initialization W (0) € Wy. Then for every
t € [T] with T < T and every § € (0,1), w.p. at least 1 —exp (—O(n)) — 8 — exp (—O(ne2))
over the random noise w and the random sample Q, f; € Fnn(S, Q, W(0),T), and f; can
be decomposed by

ft = h+e € Fext(Bp,w), (96)
where h € Hpn)(Bp) with B, defined in (26), e € L> with |el|,, < w. In addition,

B
1 felloo < 575 + w-
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Proof It follows from Lemma B.4 and its proof that conditioned on an event with
probability at least 1 — exp (—0O(n)) — 6 over w and Q, f € Fnn(S,Q,W(0),T) with
N m

W(0) € Wo. Moreover, f(-) = f(W,-) with W = {w} e W(S,Q, W(0),T), and

vec (W) = vec (W) = vec(W(0)) — S0 n/n - MZg(t')u(t') for some t € [T], where
u(t’) e R", u(t') = v(t') + e(t') with v(t') € Vy and e(t') € & , for all ¢/ € [0,¢ — 1].
We note that \?V,, is expressed as

Wy = We (1) = W, (0) = Y~ (ZQ(O)]j_1yas100 KN Z@(0) Zs()u(t),  (97)

where the notation VAVS’T emphasizes that vévr depends on the training features S. We define
the event

E.(R) = {’@T(O)TX) < R} . rem.
We now approximate f(W,x) by g(x) = \/1? >y aT]I{v? (O)TX>O}\?\7:X. We have

|f(W,x) — g(x)|
> a0 <W’” X) - Zl “Tﬁ{wwxzo}wr x

ar (L) + U, ) (" (wx) - H{wrmrm}‘?vj X> ‘

—T —T
d <WT X) ~ G 00} W X

RN

o (W, x) =0 (Wal0)x) = Wy o1 (We = W (0)Tx
{w- (0720}

2R
< 7= Ty (98)

neaT
2y/m

in (98), we have

2R 1 ¢
W) = 9GOl < 72D Wiy = neaT = - Ui
r=1 r=1

— peaT - TR(W(0),x) < eaT (\/% + Co(m/2,d, 1/n)> o (99)

Using (97), we can express g(x) as

N

1 m
g(X) = ﬁ Zl aT]I{‘fVT(O)TXZO}WT(O)TX
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t—1
— Y Gyp(x), (100)
=0

&)

- Z \/1* Z ar {w szo} (% M _1)d41:rd) ZS(lf/)u(t/))T x

=G (x)

where (D) follows from the fact that ﬁ >y ar]l{v?-(o)szo}V?’”(O)TX = f(W(0),x) =0

due to the symmetric initialization of the two-layer NN. For each Gy on the RHS of (100),
T

Gr60 D =30t ot (O iy KEHO)Tu) x
r=1

IR . . N
+W ;a"ﬂ{v@r(oﬂpo} ([ZQ(O (r—1)dt1rd) K K (H() - H(O))Tu(t’)> X
Q7 iaﬂ w ([Z (0)] KK qu(t ))Tx+
nNym =" {wr)Txz0} QR —1)dt1:r S,.Q
s T
nN\ﬁZa’“ {w (O)Tx>0} ( [(r=1)d+1:rd] ng) (H(0) — KS,Q)T u(t’)) X
1y (s) T
T nN\/m TZ:; Gr {WT(O)TX>O} ( [(7‘ 1)d+1:rd] K (H(t/) - H(O)) u(t/)> X
D 1Ny (&)
g — S T 4
> > Kexay) K§ pr [KSQ]W ()
Jj=17"p=1
=D(x)
n n N )
S ’
’ nN j=1 ‘21 o [KN L'P [KS’QLU‘ u(t)
7P
=FE1(x)

n - s T
g 2= L 0o} (12O 1yas1. KS (HO) ~Ks,@) u(t)) x
r=1

=F7(x)

T

- N”\/m BT - (1200 1ytp1a K5 (BE) ~ HO) u(t))
r=1

=FE3(x)
(101)
where H(t) € R™¥ in (2 is a matrix defined by

AT

qu

Hyq(t) = Z]I{ws,r(t)@pzo}H{QT(O)TEqEO}’ vp € lnlg € IN):

Ksq € RV in @ is specified by [KS,Q]ij = K(;l,a]) for i € [n],j € [N], and ¢j =
ﬁ(W(O),aj/,x) - K(ajl,x) for all 7/ € [N] in @.
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We now analyze each term on the RHS of (101). Let A(-,t'): X — R be defined by

h(x,t) =1 ZK(”“ x, x;)u; (),
_7 1

then h(-,t') is an element in the RKHS H j(nt) for each ¢’ € [0,¢ — 1]. It follows from (132)
in Theorem B.10 that with probability at least 1 — ¢ over Q,

sup |K)(x, ;,) — Kn)(x, QZ) S W]\?/é). (102)
x€X i€[n]
As a result, we have
Ui o in _— - in -
D) = hx, )] = - sup S ORMIC x ) uy() = KT x;)u,(t)
x 1 j=1
log(4n/0)
<
We define
t—1
h() = Z h(v t,)v (104)
=0

and e(+) == f(W,:)—h(-). We now derive the L>°-norm of e. To this end, we find the upper
L bounds for Ey, Ey, E3 on the RHS of (101). Since W(0) € Wy, |q; (m/2,d,1/n)
for all j* € [N]. Moreover, [|Ks qll, < vaN, [[u(t')|y < cuy/n with high probability, and
we have

1Bl = nNZ > o K] [Kda] i)

Jj=1j"p=1

a5

o0

(m/2,d,1/n) < % - Cy(m/2,d,1/n). (105)

IN

We now bound the last term on the RHS of (101). Define X’ € R with X (- 1)dt1:ra =
%]I{@T(O)szo}x for all r € [m], then || X’||, < 1. Moreover, ||Ks.q — H(0)[|, < vnN

C1(m/2,d,1/n) by (75) in the proof of Lemma B.3, and || Zq(0), < Vv/N, so we have
n T s
1Bl < || (X 2K (1(0) ~ K@) u®)) |
(0) - Ksqll, Hu ()]l

VN - VaNCi(m)2,d,1/n) - cav/n < T8 . ¢y (m)2,d,1/n). (106)

iHX’H 1Za(0),]|KS |,

- 2n
We have |Hj;(t) — Hy(0)], < vaN ( 24 Oy (m2,d, 1/n)) (71) in the proof of
Lemma B.3. As a result, E3 can be bounded by

1Bl < | X 2K () — H(©) " u(?)

2
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IN

||, 1 Za(0) 1, |[KS | [ELE) = EO)[, [ue)]],

< ZnLN VN -v/nN <\/22£7;/<; + C2(m/2,d, 1/n)> cav/n
< % <\/22i; + Co(m/2,d, 1/n)) . (107)

Combining (101), (103), (105), (106), and (107), for any ' € [0,¢ — 1], we obtain
sup |G (x) = h(x,t)] < Sup | D(x) = h(x,t)| + | E1ll oo + | B2ll oo + B3l
Xe X€e

log(4n/6)

<new [V Cilmy2 d 1)+ % (\/% + Colm)2,d, l/n)) C(08)

It then follows from (99), (100), and (108) that ||e|| ., can be bounded by

lelloe = 1F(W, ) = bl < 1F(W,-) = glloe + llg = hlloo

t—1
t'=0

@) 2R
< oot (4 Calom/2.0,1/m) )
log(4n/6)
tneal | Y Cv(my2,d,1/n) + — <2f + Co(m)2,d 1/n)>
u cu ) ) 2 27_[_,{ ) )
log(4n/6)
<neal | YN Cimy2,d1/n) + o (2R Ly d im)) | = A
= 7)Cu Ca 1 5 Ly 2 \/ﬂﬁ 2 s Ly = Amn,Nmn-

(109)

We now give estimates for A, , ny,. Since W(0) € Wy, it follows from Theorem 6.1 that

log(4n/o
Avmin ST 0g<Nn/> +Vdm 3T,
By direct calculations, for any w > 0, when
N > T%log(4n/8)/w?, m > T2 d3/u,

we have Ay, , vy < w. It follows from Lemma B.5 that with probability at least 1 —
exp (—O(né2)) over the random noise w,

17l < By, (110)

K(int) —

where Bj, is defined in (26), and 7 is required to satisfy 7 < 1/(nT). Let 7 = ©(1/(nT)).
Lemma B.4 requires that m 2 T%d3 /7°. As a result, we have

mZT%d%.
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We note that the requirement on N, N > T?1log (4n/d)/72, in Lemma B.4 is satisfied with
N 2z T*log (4n/8). Finally, it follows from the Cauchy-Schwarz inequality that ||k <
B/ (2v/2) since supycy K@) (x,x) € (0,1/8]. Tt then follows from (109) (110) and the
above calculations that

Bp,

1F W)l < NlAlloe + llex) o < s Y

which completes the proof. |

We then have the following lemma about the Rademacher complexity of a localized
function class {f € Fext(B,w): Ep [fQ] < r}.

Lemma B.7 (Adapted from (Yang, 2025, Lemma C.9)). For every B,w > 0 and every
r >0,

R ({f € Fext(B,w): Ep [f*] <7}) < vBw(r), (111)
where
) . 1/2
Z A,(]mt)
opw(r) = Qr:ncizgo (\/7“+w)\/§+B FQ% + w. (112)

Theorem B.8. Suppose w € (0,1) and m, N satisfy (94) and (95), respectively. Suppose
also that m > n?% and m/logm > d. Suppose the neural network f; = f(W(t),-) is
trained by PGD in Algorithm 1 with the learning rate n = ©(1) € (0,8) on the random
initialization W(0), and 7' < T. Then for every t € [T] and every § € (0, 1), with probability
at least 1 —2/n —exp (—O(n)) — 6 — 6exp (—O(ne2)) over the random noise w, the random
training features S, the random sample Q, and the random initialization W (0),

1/2

i 3 (int)
BoQ =Q+1

Ep[(fe — )% = 2Ep, [(fi — f)?)] £ min | —=+ B, + &2 4w,

(113)

where By = By, /(2v/2) + 1 + 1o/ (2V/2).

Proof We first remark that the conditions on m, N are required by Lemma B.4 and
Theorem B.6. Define Zp = {W(0) € Wy}. Since T' > 1, the width assumptions imply the
conditions of Theorem 6.1, which gives Pr[Z§] < 2/n. If T is chosen from S, this bound
follows by applying that theorem conditionally on S and integrating. Let 0 < ¢_ < ¢4 be
fixed constants from Lemma B.14, and define the training-feature event

An={c_ep <& <cyel},  Pr[A;] <4dexp(—O(ne))).
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For each fixed realization of S and W(0) in Zp, Lemma B.4 and Theorem B.6 give the
trajectory and decomposition event 2 with

Pr[Q°¢| S, W(0)] < exp(—0(n)) + 6 + exp(—O(né2)).

We regard ) as the corresponding event in the joint probability space of (W(0),w, Q,S).
Both A, and Zj are measurable with respect to (S, W(0)). Since £2 > c_e2 on A, the
tower property gives

Pr[A, NZoN QT =E [T 4,7, Pr[Q° ] S, W(0)]]
< exp(—0O(n)) + 6 + exp(—O(ne?)).

On Zy N 2, we have W (t) € W(S,Q, W(0),T) and
f(W(t)a ) = ft =h+ee ]:ext(Bhaw)

with h € H ey (Bp) and |[ef| o < w.
We then derive the sharp upper bound for Ep [( fi—f *)2} by applying Theorem A.3 to
the function class

F= {F —(f-f)2:fe fext(Bh,w)} .
With By = By/(2v2) + 1+ po/(2v2) > B/ (2V2) + w + po/(2V/2), we have ||F|,, < Bj

with F € F, so that Ep [F?| < B3Ep[F]. Let T(F) = B}Ep|[F] for F € F. Then
Var [F] <Ep [F?| < T(F) = BgEp [F]. We have

RUFe F:T(F)<r}) =N <{(f — )% f € Fext(Bp,w), Ep [(f — *)?] < 1%})

2 opem ({r-r:s e Fatrmer - 17 < 25
% 4ByR ({f € Fext(Bn,w): Ep [f?] < 4;%}) ; (114)

where (D) is due to the contraction property of Rademacher complexity in Theorem A.2.
Since f* € Fext(Bh,w), [ € Fext(Bp,w), we have f;i € Fext(Bn,w) due to the fact that
Feoxt(Bhr,w) is symmetric and convex, and it follows that (2) holds.

It follows from (114) and Lemma B.7 that

BXR({F € F: T(F) <r}) < 4B¥% ({f: f € Fext(Bn,w),Ep [f?] < 4;3}>

<4B3¢p, w (4;) = (r). (115)
0

1 defined as the RHS of (115) is a sub-root function since it is nonnegative, nondecreasing

and % is nonincreasing. Let r* be the fixed point of ¢, and 0 < r < r*. It follows
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from Bartlett et al. (2005, Lemma 3.2) that 0 < r < (r) = 4Bj¢p (é). Therefore, by
0
the definition of ¢ in (112), for every 0 < @ < n, we have

i‘é (int) 12
Ag
r VT /Q 7=Q+1
— <[ == 4+ By | —— . 116
4B8_<2B0+w> n T n T (116)
Solving the quadratic inequality (116) for r, we have
00 . 1/2
Z A((]lnt)
8B -
r< 8B0Q | gps w<,/Q+1)+Bh =t . (117)
n n n
(117) holds for every 0 < @ < n, so we have
o0 ‘ 1/2
. Z )\((]mt)
r <8B3 min 0Q—|—w<\/Q+1>+Bh =t . (118)
0<Q<n | n n n

It then follows from (115) and Theorem A.3 that there is an event G,, depending only on S,
with probability at least 1 —exp(—z), on which the following inequality holds simultaneously
for every fi € Fext(Bp,w):

11B2 + 26 B2K
Ep [(f - £] - o 3Bn, [( - 1] - P (LS 2086K0) IO (1)
0
or
Ep [(fi— )7 = 2Ep, [(fi= £ S 77+ = (120)
with Ko =2 in (119). It follows from (118) and (120) that
Ep [(fi = f)?] = 2Ep, [(fi = )]
so o\ 1/2
Z )\((]mt)
< min B‘)Q+w<\/§+1>+3h =t + 2 (121)
0<QR<n n n n n

Let x = ne2. OnZoN A, NGne2 N2, (113) holds. The preceding bounds and a union bound
give

ne?

Pr[(Zo N Ay N Gz NQ)°] < Pr[Z§] + Pr[Af)] +Pr{ ¢ } + Pr[A, NZo N Q°
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< % +exp(—O(n)) + 8 + 6exp(—O(nel)).

This proves the stated joint probability bound without requiring independence among these
events.

Lemma B.9. Let n € (0,8). Suppose the neural network trained after the t-th step of

PGD, f; = f(W(t),), satisfies u(t) = f(S) —y = v(t)+e(t) with v(¢) € V; and e(t) € & -,
and t € [T] with T < T. If

122
o (122)

—ng2

Then for every ¢ € [T], with probability at least 1 —exp ( An) over the random noise w,

we have

2
Ep, [(fe — f*)?] < 77375 (gg + an + 2> . (123)

Proof
We have

Je(S) = f7(S) + w + v(t) + e(?), (124)
where v(t) € Vi, e(t) € &.r, e(t) = e1(t) + ez(t) with e, (t) = — (In . nKSnt)>tw and
Hgg(t)Hz < y/nr. Tt follows from (124) that

Ep, [~ £ = 2IA(S) ~ FS)IE = LIv(e) + w + e

- TILH_ (I B nKSHt))t fr(8)+ (In - (In - nKSnt))t> w+ es(t)

2

2

D3> iy 2t T 2 3™ NN T T 12 3 2
D28 1) o 55 (1o o)) [ e
<L (1= re)+aX A w] + 2 e,
@ 2 n . £\ 2 . 2 RETEN 2
< 3o + 3 <1 _ (1 _ nAE“‘”) ) {U(lnt)Tw} . *H ez(t)H

2ent  n pr ion 2

3 /1'(2) 1 1 - 1 (int) t 2 int T 2
<2 (B, ) 4g. 2 1—(1— A ) [U@“) } 125
ot 2€+77T>+ n?_}( e Vi (125)

::EE

Here (D follows from the Cauchy-Schwarz inequality, ) follows from (58) in the proof

of Lemma B.1. The final inequality follows from (122), with the implicit constant chosen
sufficiently small that ||e2(t)|2 < /n/(nT).
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We then derive the upper bound for E. on the RHS of (125). We define a diagonal
matrix R € R™™ with R;; = (1 — (1 — nX(”’t))t)Q for i € [n]. Then we have E. =

7

1/n-tr (U(int)RU(im)Twa). It follows from Wright (1973) that
Pr [1/n - tr (U(int)RU(int)Twa) —E [1/n - tr (U(int)RU(int)Twa)} > u}
< exp (—cmin {nu/||Rl,, n*?/| R }) (126)

holds for all u > 0, and ¢ is a positive constant. With 7, = nt for all ¢t > 0, we have

E [1/n-tr (UPRUOM 'ww )] < (;3 f: (1 - (1- nXgint>>t>2

@
<z 0'0 2 :mm{l o ()\(lnt) } 0'077752 :mln{ 777t (lnt)) }
i=1
@ o2, & ~ 1
Z o't . )\(lnt)} — 2 R2 . 1 < 127
< 7S i { LN | < e (V170 < 127)

Here (D follows from the fact that (1 — nXgi‘“))t > max {0, 1-— tﬁ?‘“’}, and @ follows

from min{a,b} < vab for any nonnegative numbers a,b. Because t < T < f, we have

EK(int) (v/1/m) < 1/(oomt), so the last inequality holds.
Moreover, we have the upper bounds for |R|, and ||R||p as follows. First, we have

2
~(int) ¢ : 1 (int)\2
< \ < < 1.
IR, Izrelﬁf]( <1 (1 nA; ) > maxmln{l (") } 1 (128)

i€[n]

We also have

1 9 1 @ ~(int)\ ¢ : UG S 1 3 2(int)\4
~ R} n§j(1 (1-m )) < o o min{ ()

i=1 i=1
Nt ~Gnt) 1 1

<= S min {)\Z(lnt)7 } = R (V1/m) < —5—. (129)
n i—1 Mt o5t

Combining (126)-(129), we have
Pr [1/71 tr (U(int)RU(int)Twa) _E [1/n tr (Uﬁnt)RU(int)Twaﬂ > u}
< exp (—cnmin {u, u2on;})
Let w = 1/(nt) in the above inequality. We have
exp (—cnmin {u, w202 }) = exp (—n/ni) < exp (—ne2)

where ¢ = cmin {1,08}, and the last inequality is due to the fact that 1/n; > 2 since
t <T <T. It follows that with probability at least 1 — exp (—@(n?%)),

1 2
E.<u+—=—. (130)
Mt Mt
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It then follows from (125), (126)-(130) that

3/ 1
EPn [(ft_f*)2] Sm(gg‘f‘ﬂ"‘Q)

with probability at least 1 — exp (—c’ m?%) The same event works for every t € [T]: apply

the noise-energy bound at 7" and use the monotonicity of [1 — (1 — nXZ(-im))t}Q, together with
1/(nT) < 1/(nt). m

B.2 Proofs for the Approximate Uniform Convergence for the Kernel K (")

In this subsection, we present the main theorem, Theorem B.10, regarding the approximate
uniform convergence of K™ (. x’) to K" (., x’) for every fixed x' € X. Theorem B.10 is
the formal version of Theorem 6.2 in Section 6.3.

Theorem B.10. For every fixed x' € X and every ¢ € (0, 1), with probability at least 1 —§
3N
over Q = {qz} X we have

1=

~. . log(4
sup | K1) (x,x") — K™ (x, x')| < M. (131)
xeX N
As a result, with probability at least 1 — § over Q,
sup | K (x, x;) — K0 (x, %,)| < M, (132)
XEX i€[n] N
~ ; [log(4n/0)
K(lnt) _ K(lnt) ‘ < —o\F P 1
H 2™ " N (133)
Proof We define
1 & SR
pla,x) =+ > K“Y(q,q;)K(q;,x), VYq,x €X. (134)
j=1

It follows from Theorem C.1 and the fact that |K(x,x’)] < 1/2 for all x,x’ € X that
Supg xrex [P(q, )| < 1/4. We now fix X' € X' in the following arguments. It follows from
(140) of Lemma B.11 that for every ¢ > 0 and every i € [N],

N
1 —\ —\ —
Pr ||+ > KU(,q)K(q;x) - KOCx)| <t] =1-2exp(-O(Nt?)), (135)

where K()(-,x') = Eq [K(s)(-,q)K(q, x')]. The following arguments are conditioned on
the event that (135) holds.

For each i € [N], we have K(s)(-,ai) € Hr, and K (-,x') € Hy. Tt follows from (135)
that, for all q € X,

p(a,x') — K¥(q,x)

~[(pe) - KO K@),
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N

1 s - - (s
< |5 X KO A)E @) = KOCK) |Gl € = (136)
Define
| N
int _ 7%
K (x, x") _N;K( )K®(q,,x), ¥x,x €X
Then it follows from the definition of K in (5) that for all x € X
1 N — — 1 N — — —
‘K(mt)(x X/) K(mt)(xvx/) = N ZK(Xa q])p(qjvxl) - N ZK(Xv q])K(S)(qjuxl)
=1 j=1
N
< o3 |K e )| o) - KOG, < (137)
— N ) ] ]7 J? — 2@’

where the last inequality follows from (136).

Given the fixed x' € X, we now approximate K@% (. x’) by K (. x/). First, it can
be verified from the definition of K(*) and Theorem C.1 that SUDg x/ex ‘K(s)(q, x')| <1/4
and supgey [p(q,x’)| < 1/4. Tt then follows from (139) of Lemma B.11 that

Pr [Hff(im)(.,x’) ~Eq [K(., Q) K9(q, x')} HHK > t] < 2exp (—O(Nt2)) (138)

and we have Eq [K(-,q)K©®)(q,x')] = KY(.,x'). It follows from (137) and (138) that
with probability at least 1 — 4 exp (—G(N t2)), for all x € X,

’[?(int) (X, X/) _ [ (int) (X, X,) ¢ (int) (X, X,) _ [ (int) (X, X/)
3t

HHK — ﬁ7

Choosing t = C'y/log(4/§)/N with C sufficiently large proves (131). Applying this bound
with failure probability d/n at each training feature and using the union bound proves (132).
The spectral-norm bound (133) follows from

< ‘R\—(int)()gxl) B K(im)(X’X/)

byt 0] e

JEEN RN

< n max ]/(‘v(int)(;i’ Xj) (lnt)(xl’ X])

HK(int) _ g (int) ’
2 1,j€[n]

Lemma B.11. Suppose that p is a measurable function defined on X and sup,cy [p(x)| <
po < co. Then for every r > 0,

>7r| <2exp (—@(Nr2)) . (139)
Hi

& DK Q) — B (K ap(a)

51



YANG AND L1

Similarly, for every r > 0,

Pr >r| <2exp (—@(er)) . (140)

Hi

N
% Z K(S)(', az)p(al) — Eq [K(S)(" q)p(q)}
i=1

Proof We work in B = H with its RKHS norm, which is used whenever the norm subscript
is omitted below. Since K is continuous on the compact space X, Hpx is separable. By
the parallelogram identity, Hx is (2,1)-smooth in the sense of Pinelis (1994). If p = 0,
the conclusion is immediate. Otherwise choose py > 0 with supycy |[p(x)| < po. We then
construct the martingale {fi},c(y)- For each k € [N], we define

1 -
fe=E [pom; (K('» q:)p(d;) —Eq [K(~,q)p(q)])

]:k] ,Vk € [N],

where {fk},ivzo is an increasing sequence of g-algebras, Fj is the o-algebra generated by

Yk
{qt} v Fo is the trivial o-algebra so that fo = 0. We note that
t=

N
fr= s > (K @0n(a) ~ Ea K a(a)])

= fi fir =~ (K a0p(a0) ~ Ba K a)p(a)]) ¥ € V]

and f* = maxyen || fi|l. For every k € [N], we have

(K(w a)p(ax) —Eq [K(, q)p(q)]) ‘

1
poV2N
Q 1

<

il = \
Hi

A (wfxtan], mEafikCal]) € e am

where (D follows from the triangle inequality and the Jensen’s inequality, and ) follows
from the fact that ) K(,ak) y <1/V/2.
K

Extend the martingale by fr = fv and Fr = Fn for k£ > N, so that d = 0 for
k > N. The deterministic bound in (141) gives } 72 esssupq ||dk|]3_[K < 1. Apply-
ing Pinelis (1994, Theorem 3.5) with smoothness constant D = 1 and b, = 1, we have

Pr [f* = maxge|N] | fell > 7“] < 2exp (—%), and it follows that for every r > 0,

r2
>r| <2exp <—2> ,

Hi

1

N
Pr pom;(K(-,qi)p(qi)—Eq [K(',q)p(q)])

and it follows that
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which completes the proof of (139) and the constant in ©(Nr?) depends on pq.
For each i € [N], we have K(¥)(-, q;) € Hx according to the definition of K(*) in (4)
and noting that {\f)\je]} is an orthonormal basis of H . Moreover,

l\')\»—*

|59 a) ZA% le(@)? = K®(q;,a;) <

because 2s—1 > 1 and Theorem C.1 applies. Repeating the proof of (139) to the martingale

(s) _ 1
L =E {pox/ﬁ

proves (140). [ |

i (K<S)(-,§¢)p(ai) —Eq [K(S)(-,q)p(q)}) ’Fk] ,Vk € [N]U {0},

B.3 More Results about Reproducing Kernel Hilbert Spaces

Lemma B.12 (In the proof of Raskutti et al. (2014, Lemma 8)). Let rx = rank(K,,) and
Tint = rank(K(mt)) For every f € Hx (o),

[UTf(S)} =0,  i>rk,

2

and
TK T
L) s - L350 Y L Lo
i=1 i

Similarly, for every f € Hyau) (100),

[U(int)Tf(s)] =0, 0> T,

and . )
Pin (int)
L) (k) s = 1) v mﬂ(s)}" < i
=1

Proof We first prove the results for the kernel K. Define the empirical kernel operator
TK,n: HK — HK by

(Ticng) () ZK (X,,)9 g€ Hr.

Recall that K, = USUT, & = diag (Xl,...,Xn>, where Ay > -+ > A > 0, Apg1 =
-+ =X, = 0. For every i € [k, let U; denote the i-th column of U, and define

n

LS Ui, K30

nA; j=1
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It can be verified that {€;};X, are the orthonormal eigenfunctions of T, K n associated with

i

~YTK

its positive eigenvalues {/\Z} . We next show that the evaluation vector of every function
i=1

in Hx has no component in the null space of K,,. For every i > rg, we have K,,U; = 0,

and hence

2
Z [Ui]j K(;ja ) = UZTKUi = nUZTKnUZ- =0.
Jj=1 M
Consequently,
[UTf(S)L:Z[Ui]j f(x5) = <f’Z[Ui]jK<Xj7')> =0, 1> K.
J=1 j=1 Hp

For every i € [rk], the reproducing property gives

Lo e (OIS

(@i = —= D MU f(x)) = ——
A/ nA; i=1 n\;
Since
K, = Udiag (A7, 3;,0,...,0) UT,
we have
2
1 1L [UTF)], &
Ef(S)TKLf(S) = Z Xiz = Z (@) < If13 < mos
i=1 i i=1
where the first inequality follows from Bessel’s inequality. The results for K are proved
by a similar argument.
|

Lemma B.13. For any positive real number a € (0,1) and positive integer ¢, we have

1
1—a)<ete < — 142
(1-a)f e’ < (142)

Proof The result follows from the facts that log(1—a) < —a for a € (0,1) and sup,cg ue ™
<1/e. |

Lemma B.14. For all sufficiently large n, with probability at least 1 — 4 exp(—0(ne2)),
enSE, G Sen (143)
Similarly, with probability at least 1 — 46Xp(—@(n€%(7n)),

2 ~2 ~2 2
EK,n 5 8K,n? EK,n Sz ‘C:K,n‘ (144)
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Proof We verify the hypotheses of Yang and Li (2024, Lemma B.7) for both kernels, K
and K The kernel K is continuous and satisfies K (x,x) = 1/2 for every x € X. By
Theorems C.1 and C.2, K ig continuous and

K0 (x x) = Z )\j+26j(X)2 > 0, Vx e X.

Jj=1

The strict positivity follows from »_ .-, Aje; (x)? = K(x,x) = 1/2 and positivity of every
Aj. Compactness of X, together with Ay < 1/2 and s > 1, gives

0 < ¢ing == min K (x, x) < max K" (x,x) <
XEX xeX

| —

Here c¢int may depend on the fixed design distribution and on s, but is independent of n.
Both kernels satisfy the required diagonal bounds. Their largest population eigenvalues are
A1 > 0 and /\gmt) = )\TH > 0. For all sufficiently large n, the sample-size requirements

n 2 max {)\fl, ()\gint))_l}

are satisfied. Applying the cited lemma to K yields (144), and applying it to K (int) vields
(143). m

Lemma B.15 (Yang and Li (2024, Lemma B.9)). Suppose ¢: [0,00) — [0, 00) is a sub-root
function with the unique fixed point r*. Then the following properties hold.

(1) Let a > 0. Then 9(r) + a as a function of r is also a sub-root function with fixed point
re,and r* < rx <r* 4 2a.

(2) Let b > 1, ¢ > 0. Then ¢ (br 4 ¢) as a function of r is also a sub-root function with fixed
point 7}, and r} < br* 4 2¢/b.

(3) Let b > 1. Then ty(r) = bip(r) is also a sub-root function with fixed point r}, and
ry < b2r*.
Appendix C. More Results about H jn)
Theorem C.1. The RHS of (3), 2;1 Ajej(x)e;(x'), converges uniformly on X x A" with
J=
s> 1, and K is well-defined. Moreover, SUDy x/c ¥ ‘K(s) (x,x’)} <1/2.

Proof It follows from the proof of Mercer’s theorem, such as that in (Sun, 2005), that the
convergence on the RHS of

K@ (x,x) = Nej(x)e;(x), vx,x € X,
j>1

55



YANG AND L1

with s > 1 is uniform and absolute. Moreover, by the definition of the eigenvalue and
eigenfunction, we have Txe; = Ajeq, so that

2= )\2 €2X X) = 1€1X2 X) = Keél X2 X
Al—A1/Xl<>du<> /Xu (%)) du(x) /X(T ) (x)%du(x)

/(/Kxx>€1( "dp(x )>2d,u(x)
/ (/ K2 (x, x)dp(x') - / (x’)du(x’)> du(x) <

where the first inequality is due to the Holder’s inequality. It follows that A\; <1/2 < 1 for
all j > 1. As a result, for all x € X', we have

KO (x,x) = S Xe2(x) < 3 Ajel(x) = K(x,%) = %

j21 jz21

NH

Also, for all x,x" € X, it follows from the Cauchy-Schwarz inequality that

1/2 1/2

=) Xei(x)e;(x)] < | ) Ned(x) D M) <

Jj=1 Jj=1 Jj=1

DN | =

‘K(S) (x,x")

Theorem C.2. Let {e;},5, € L?(X, i) be a countable orthonormal basis of range(Tx) =
(ker TK) consisting of the eigenfunctions of the integral operator Tk : L*(X, ) — L*(X, ),
(T f)(x) = [ K (x')du(x'), a positive, self-adjoint, and compact operator on
L?(X, ,u) Let {A }j>1 be a sequence with % > A1 > Ay > ... > 0 such that e; is the eigen-
function of Tk with \; being the corresponding eigenvalue. Then e; is the eigenfunction of
Ty (inty With )\S+2 being the corresponding eigenvalue. That is, Ty @me; = )\S+26’j, so that

)\(mt)

y )\s+2 for all j > 1. Moreover, T (n) vanishes on ker Tk, and ker T (i) = ker T .

Proof First, it follows from the Mercer’s theorem that

V) = Z/\jej(v)ej(v’), Vv, v € X,
i>1

and the convergence on the RHS of the above equality is uniform and absolute. Then it
follows from the definition of K™ in (4) that

K (x x') = ot K(x,v)K®) (v, VKV, x")dpu(v) @ p(v')
®/ / Z)\ ej(x)e;(v Z)\ ej(v )du(v) -Z)\jej(v')ej(x')u(vl)
j>1 j>1 j>1
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2 [ E 6060 | - S as)emne) € x5 e 1
J>1

Jj=1 Jj=1

where (D) follows from the Fubini’s Theorem, and 2),(3 follow by the orthogonality of the
orthogonal basis {e;} ;.
It follows from (145) that for all j > 1,

(Tr iy €5) / Z )\8—1-26] (x) | e;(x)du(x') = )\§+26j(x)7

3'>1

which proves that )\g-int) = )\j+2 for all j > 1. If h € ker Tk, then (h, ej)LQ(X =0 for

all 7, so the same kernel expansion gives Ty nyh = 0. Conversely, if Tynyh = 0, then
)\j+2 (h, ej>L2(X,u) = 0 for every j. Since every \; is positive, h € (range(Tk))* = ker Tk.

Appendix D. More Result about the Eigenvalue Decay Rate

Proof of Proposition 5.3. We first let \; = p;(K,X,¢*(n)), and let S(d — 1) =
22 /T'(d/2) denote the surface area of S¥~'. Let i = ¢*(u) with probability density
function p. For any measurable subset A C X, we have

= /x N /O h p(rx)r®tdrds = S(d — 1) /x . /0 N p(rx)r~tdrdo(x), (146)

where G is the surface measure on X', and o = 6/5(d—1) is the uniform probability measure
on X. It follows from (146) that

dp
a_q7

where, for o-almost every x € X,

X) = — - rx)rdtdr — Oord_l p2)~(d+1)/2q,
4(x) = S(d QAp<> dr < S(d DA (14 r2)~(@+D/2g
<2V paya,17), (147)

and B denotes the Beta function. The last inequality of (147) follows from Lemma D.1.

We have B(d/2,1/2) = \fr (di/12/2 = 1/+/d. Tt then follows from (147) that ¢(x)

S(d—1)/vd. Set v=[i=qo and Q = 1¢ll Lo (#)- The preceding estimate gives @ < oo,
and [ v qdo =1 implies Q > 1. We compare the integral operators

(Tef)(x /ny y)de(y), €€ {ov).
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These are positive, self-adjoint, compact operators on L?(¢). Let AT = uj (K, X,0) denote
the positive eigenvalues of T », counted with multiplicity and ordered nonincreasingly. By
the spherical uniform EDR in Hu et al. (2021); Bietti and Mairal (2019); Bietti and Bach
(2021), there are constants cg, Cp > 0, depending only on d, such that

d
coj P < AT < Coj bzm, J =1

For f € L?(v), define ¢f = 0 on {g = 0}. Since 0 < ¢ < Q, we have qf € L?(c) and

o s = [ 7100 < Q [ ardo = QUi

Boundedness of K justifies Fubini’s theorem. Using dv = gdo gives
(Tre o f, f>L2(y) = ///;}2 K(xy)f(x)f(y)dv(x)dv(y) = <TK,U(Qf)7 Qf>L2(o) . (148)

Let e, e, ... be real L?(o)-orthonormal eigenfunctions corresponding to A, Ag,.... They
belong to L?(v) because ¢ < Q. Fix j > 1. If f € L?(v) satisfies (f, €a)r2(y) = 0 for
1 < a < j, then ¢f is orthogonal to these eigenfunctions in L?(s). The spectral theorem
gives

(Trwfs P2y = (Tro(a1): 0F) 1200y < AFaf 720y < QATIF 11720

Write \; = p;(K, X, v), listing eigenvalues with multiplicity and appending zeros if the
rank is finite. The orthogonality conditions impose at most j — 1 linear constraints. The
min-max principle on L?(v) therefore gives

A < QX < QCoj .

We now prove the lower bound A; 2 j~b for all j > 1. For 7 > 0, let E, be the direct
sum of all eigenspaces of Tk , whose eigenvalues are at least 7. When m = dimE; > 0,
choose a real LQ(U)—orthonormal eigenbasis e1, ..., ey, of E, ordered so that Tk se, = AJé€q.
These eigenfunctions have continuous representatives, given by e, = ()\g)_lTK,Uea.

We first claim that

Y ea®)?=m, VxeX. (149)
a=1

For an orthogonal matrix R € R4 we define (Ur f)(x) = f(R™!'x). Rotation invariance
of o makes Ur unitary. The identity K (Rx, Ry) = K(x,y) and a change of variables give
Tk,oUr = UrTk . For every f in an eigenspace with eigenvalue A > 7, commutation gives

Tk o(UrSf) = Ur(Tkof) = AURS.

Therefore, Ug maps each such eigenspace into itself. Since E. is the direct sum of these
complete eigenspaces, UrE; C E;. The same argument applies to Ug-1 = Uﬁl, which
gives Ur B = E,. There is an orthogonal matrix Og € R™*™ such that

(er(R7'x),.. .,em(Rflx))T = Ogr/(e1(x),... ,em(x))T.
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This equality holds everywhere because both sides are continuous and ¢ has full support.

Taking squared Euclidean norms shows that F(x) = Y.I" eq(x)? is invariant under ro-

tations. Transitivity of the rotation action on X makes F' constant. Its constant value
is

Flx) = /X F(y)do(y) = /X ea(y)2do(y) = m,
a=1

which proves (149).
Fix j > 1 and we set
L=1[2Qj], 7=coL™".

Since A7 > 7, the subspace E; has dimension m > L. We define A € R™*™ by

Agy = /X ((x)ea(x)ep(x)do(x),  ab e [m]

Orthonormality of {e,},-; and 0 < ¢ < @ give 0 < A < QI,,,. By (149) and normalization
of q,

tr(A) = /X 4(x) ) ea(x)?do(x) = m.
a=1

If k eigenvalues of A are at least 1/2, then

m—k m
< _— >
m < kQ + 5 k_QQ—l

For every f € L?(v), the quadratic-form identity (148) and the spectral theorem give

m .
> >
2Q

<TK,uf, f>L2(u) = <TK,U(Qf),Qf>L2(U) > TZ } (fv €a>L2(V) ‘2-
a=1

Let F; € R™ be spanned by j orthonormal eigenvectors of A corresponding to the largest
j eigenvalues at least 1/2. For z € Fj, set f, = Y 0t | z4eq, viewed as an element of L?(v).
Then

1 - 2 1
1fal2aq) = 2" Az > §||z||§, S| (farea) o | =2 A%z > 5ZTAz.
a=1
Consequently, {f, : z € F;} is a j-dimensional subspace of L?(v) on which

T
<TK,ufzv fz>L2(,,) > §”fz||%2(u)

The min-max principle on L?(v) gives

Co —_ Co -
Aj 2 25[2Qﬂ b > b

2(3Q)r7

NN
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where Q > 1 gives [2Qj] < 3Qj. This bound for every j also proves that Tk, has infinitely
many positive eigenvalues. Combining the upper and lower bounds yields

O .y " b .
< ui(K,X < QC > 1. 150
2(3Q)b] = :u]( 3 7¢ :U’) = Q 0] J = ( )
Since d is fixed and @ < oo follows from the original density assumption, (150) proves
1 (K, X, ¢* ) = j=3/d=0), u

Lemma D.1. The beta function defined on the real numbers, B(a,b) = fol to= (1 —t)btdt
for all a,b > 0, can be written as

B(a,b) = / w1+ w) ") .
0

Proof This lemma can be verified by the change of variable ¢ = 7. |
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