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Abstract

In this paper, we propose a new numerical method for the underdamped Langevin diffusion
(ULD) and present a non-asymptotic analysis of its sampling error in the 2-Wasserstein
distance when the d-dimensional target distribution p(x) ∝ e−f(x) is strongly log-concave
and has varying degrees of smoothness. Precisely, under the assumptions that the gradient
and Hessian of f are Lipschitz continuous, our algorithm achieves a 2-Wasserstein error of
ε in O

(√
d/ε

)
and O

(√
d/

√
ε
)
steps respectively. Therefore, our algorithm has a similar

complexity as other popular Langevin MCMC algorithms under matching assumptions.
However, if we additionally assume that the third derivative of f is Lipschitz continuous,
then our algorithm achieves a 2-Wasserstein error of ε in O

(√
d/ε

1
3

)
steps. To the best of

our knowledge, this is the first gradient-only method for ULD with third order convergence.
To support our theory, we perform Bayesian logistic regression across a range of real-world
datasets, where our algorithm achieves competitive performance compared to an existing
underdamped Langevin MCMC algorithm and the popular No U-Turn Sampler (NUTS).

Keywords: Langevin dynamics, Markov Chain Monte Carlo, High order convergence

1. Introduction

In a variety of applications ranging from statistical inference (Ma et al., 2015; Mandt et al.,
2017; Durmus and Moulines, 2019) to molecular dynamics (Pastor et al., 1988; Pastor, 1994;
Allen and Tildesley, 2017), we are often interested in sampling from a target distribution

p(x) ∝ e−f(x), (1)

where x ∈ Rd and f : Rd → R denotes a scalar potential. In practice, we typically only
know this target distribution up to a normalisation constant – which becomes challenging to
compute when the dimension d is large. So instead, we can generate samples by constructing
and simulating a Markov chain whose marginal distribution becomes close to the target (1).
This methodology for sampling from p is known as Markov Chain Monte Carlo (or MCMC).
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In this paper, we consider MCMC algorithms obtained by simulating the underdamped
Langevin diffusion (ULD), given by the following stochastic differential equation (SDE):

dxt = vt dt,

dvt = −γvt dt− u∇f(xt) dt+
√

2γu dWt ,
(2)

where x, v ∈ Rd represent the position and momentum of a particle, γ > 0 denotes a
friction coefficient, u > 0 and W is a d-dimensional Brownian motion. Within the context
of MCMC, one can consider γ and u as tuneable hyperparameters with the friction γ
corresponding to the amount of partial momentum refreshment in Hamiltonian Monte Carlo
(Riou-Durand and Vogrinc, 2022; Riou-Durand et al., 2023). Under mild assumptions on
the scalar potential f , it is known that the SDE (2) admits a unique strong solution which
is ergodic with respect to the Gibbs measure with Hamiltonian H(x, v) = f(x) + 1

2u∥v∥
2

(Pavliotis, 2014, Proposition 6.1). In other words, ULD has a stationary measure π on R2d

with density proportional to exp(−H(x, v)). Therefore, the distribution of xt will converge
to the target distribution (1) and thus simulating ULD will allows us to generate samples.
In general, the SDE (2) which governs ULD does not admit a closed-form solution, and so
it is necessary to develop appropriate numerical methods for approximating these samples.

A variety of approximations have previously been proposed for ULD. Some noteworthy
examples include the unadjusted and Metropolis-adjusted OBABO schemes (Bussi and
Parrinello, 2006; Monmarché, 2021; Song and Tan, 2021; Riou-Durand and Vogrinc, 2022),
the UBU method (Álamo and Sanz-Serna, 2019; Sanz-Serna and Zygalakis, 2021), the
ALUM methods (Hu et al., 2021), the randomised midpoint method (Shen and Lee, 2019),
the BAOAB method (Leimkuhler et al., 2016) and a Strang splitting (Buckwar et al., 2019).
In addition, there exist a variety of methods for improving the accuracy and robustness of
underdamped Langevin MCMC algorithms. These include using a preconditioning matrix
(Goodman and Weare, 2010; Leimkuhler et al., 2018; AlRachid et al., 2018), adaptive step
sizes (Foster and Jelinčič, 2024; Leroy et al., 2024; Leimkuhler et al., 2025) or unbiased
estimators based on Multilevel Monte Carlo techniques (Giles, 2015; Chada et al., 2024).

In this paper, we introduce a practical method for approximating ULD called QUICSORT1,
which is derived using a piecewise linear discretisation of the underlying Brownian motion.

Definition 1 (QUICSORT) Let {tn}n≥0 be a sequence of times with t0 = 0, tn+1 > tn
and hn = tn+1 − tn. We construct a numerical solution {(Xn, Vn)}n≥0 for the SDE (2) by
choosing some initial (X0, V0) ∼ π0 and, for each n ≥ 0, defining (Xn+1, Vn+1) as follows:

V (1)
n := Vn + σ(Hn + 6Kn),

X(1)
n := Xn +

1− e−λ−γhn

γ
V (1)
n +

e−λ−γhn + λ−γhn − 1

γ2hn
Cn ,

X(2)
n := Xn +

1− e−λ+γhn

γ
V (1)
n − 1− e−

1
3
γhn

γ
u∇f(X(1)

n )hn +
e−λ+γhn + λ+γhn − 1

γ2hn
Cn ,

V (2)
n := e−γhnV (1)

n − 1

2
e−λ+γhnu∇f(X(1)

n )hn − 1

2
e−λ−γhnu∇f(X(2)

n )hn +
1− e−γhn

γhn
Cn ,

1. QUadrature Inspired and Contractive Shifted ODE with Runge-Kutta Three
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Xn+1 := Xn − 1− e−λ+γhn

2γ
u∇f(X(1)

n )hn − 1− e−λ−γhn

2γ
u∇f(X(2)

n )hn (3)

+
1− e−γhn

γ
V (1)
n +

e−γhn + γhn − 1

γ2hn
Cn ,

Vn+1 := V (2)
n − σ(Hn − 6Kn).

where σ =
√
2γu, λ+ = 3+

√
3

6 , λ− = 3−
√
3

6 and Cn = σ(Wn− 12Kn). The vectors {Wn}n≥0,
{Hn}n≥0 and {Kn}n≥0 are independent and Gaussian distributed with Wn ∼ N (0, hnId),
Hn ∼ N

(
0, 1

12hnId
)
and Kn ∼ N

(
0, 1

720hnId
)
for all n ≥ 0. These random vectors can be

viewed as the first three coefficients in a polynomial expansion of the Brownian motion W
(see Foster et al. (2020)).

This approach can be seen as a specific discretisation of the “Shifted ODE” introduced in
Foster et al. (2021). Whilst under certain convexity and smoothness assumptions on f , the
shifted ODE approximation achieves third order convergence guarantees that hold for all
n ≥ 0, this convergence does not automatically extend to practical numerical discretisations
(e.g. the SORT and SOFA methods originally proposed for discretisating the shifted ODE).
Therefore, our work directly improves upon Foster et al. (2021) since we both theoretically
guarantee third order convergence for QUICSORT as well as demonstrate it numerically.

In the recent literature, it has become standard practice to understand a method’s efficacy
through a non-asymptotic error analysis. More precisely, by finding an upper bound for
the 2-Wasserstein distance between the target distribution (1) and the distribution of Xn,
the position variable at the n-th iteration, we can establish a mixing rate for the different
numerical methods. Quantitatively, we compare the number of steps n required to reach an
error of W2(Xn , e

−f ) ≤ ε. The main theoretical contribution of this paper is that we show

that the QUICSORT method achieves a 2-Wasserstein error of ε in O(
√
dϵ−

1
3 ) steps under

certain smoothness and strong convexity assumption on f . Our central result is as follows:

Theorem 2 (QUICSORT non-asymptotic convergence) Let {(Xn, Vn)}n≥0 denote the
QUICSORT approximation (3) where hn = h for some fixed h ∈ (0, 1]. Suppose that f is
three times differentiable, m-strongly convex and its gradient, Hessian and third derivative
are all Lipschitz continuous (with respective constants M1 ,M2 ,M3) and that γ ≥ 2

√
uM1.

Assume further that X0 has finite second moments and V0 ∼ N (0, uId). Then there exists
constants β,C > 0 (not depending on d and h) such that for all n ≥ 0, the 2-Wasserstein
distance between the law of Xn and the target distribution p(x) ∝ e−f(x) can be bounded as

W2(Law(Xn), p) ≤ ce−nβhW2(Law(X0), p) + Cd1.5h3. (4)

In general, MCMC algorithms are only concerned with approximating statistics of the target
distribution, and so only weak convergence is needed. Fortunately, by obtaining bounds on
the strong2 error of QUICSORT, we also obtain bounds for the 2-Wasserstein error (as given
in (4)). However, as QUICSORT has state-of-the-art strong convergence properties, it may
also have advantages over purely ‘weak’ MCMC algorithms. Firstly, it is straightforward
to numerically estimate the strong convergence of QUICSORT, which could help quantify

2. Throughout the paper, the terminology “strong” error refers to the L2 (or root mean square) error.
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its efficacy or be a diagnostic for determining when the step size is too large. Similarly, we
expect high order strong convergence to be helpful when more advanced methodologies are
applied, such as adaptive timestepping (Jelinčič et al., 2024) or unbiased estimators based
on either synchronous coupling or Multilevel Monte Carlo techniques (Chada et al., 2024).

In Table 1, we compare the mixing rate of QUICSORT with other approximations of ULD.
For proofs of their convergence rates see Monmarché (2021), Sanz-Serna and Zygalakis
(2021, Sections 6.1 and 6.2), Paulin and Whalley (2024), Dalalyan and Riou-Durand (2020)
and Hu et al. (2021) respectively.

Numerical method Smoothness assumptions Number of steps n to achieve

on the strongly convex f an error of W2(Law(Xn), p) ≤ ε

QUICSORT (ours) Lipschitz Gradient O
(√

d/ε
)

+ Lipschitz Hessian O
(√

d/
√
ε
)

+ Lipschitz third derivative O
(√

d/ε
1
3

)
OBABO splitting Lipschitz Gradient O

(√
d/ε

)
+ Lipschitz Hessian O

(√
d/

√
ε
)

Exponential Euler Lipschitz Gradient O
(√

d/ε
)

UBU splitting Lipschitz Gradient O
(√

d/ε
)

+ Lipschitz Hessian O
(√

d/
√
ε
)

+ Strongly Lipschitz Hessian O
(

4
√
d/

√
ε
)

ALUM Lipschitz Gradient O
(

3
√
d/ε

2
3

)
Table 1: Summary of complexities for ULD methods (with respect to 2-Wasserstein error).

We can numerically verify the mixing rates for most of these methods by estimating their
strong error at a large time T . This involves comparing the numerical solution obtained
by the method using both large and small step sizes. To ensure that these two numerical
solutions are close, we will apply methods using the same underlying Brownian motion.
The estimated strong convergence rates for some of the numerical methods in Table 1 are
presented in Figure 1. We give a more detailed description of our experiments in Section 4.

To help facilitate applications, our QUICSORT method has been implemented in Diffrax
(Kidger, 2021), which is a high performance open-source software package for ODE and
SDE simulation (see docs.kidger.site/diffrax/examples/underdamped langevin example).

The paper is organised as follows. In Section 2 we establish our key notation, definitions
and assumptions. We also provide an outline for the derivation of the QUICSORT method.
In Section 3, we present our main results (first, second and third order convergence rates
for the QUICSORT method) and describe our strategy of proof. In Section 4, we provide
experiments demonstrating the convergence and efficacy of the QUICSORT method as an
MCMC algorithm for performing Bayesian logistic regression on real-world data. Finally,
the technical details of our non-asymptotic error analysis can be found in the appendix.
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Figure 1: Empirical validation of the complexities in Table 1. Here, the numerical methods
are applied to simulate underdamped Langevin dynamics where the potential f is obtained
from a Bayesian logistic regression that is applied to the Titanic passenger survival dataset
(Hendricks, 2015). We compute the Monte Carlo estimators for the strong error at T = 100.

2. Notation, definitions and derivation of the QUICSORT method

In this section, we present some of the notation, definitions and assumptions for the paper.
We then provide an informal derivation of the QUICSORT method (3).

Throughout the paper, we use ∥ · ∥2 to denote the standard Euclidean norm on Rd and R2d.
Along with the Euclidean norm, we will use the usual inner product ⟨·, ·⟩ with ⟨v, v⟩ = ∥v∥22 .

We shall now briefly recall the notions of tensor and operator norms. For k ≥ 1, a k-tensor
on Rd is an element of the dk-dimensional space Rd×···×d. We can interpret a k-tensor on
Rd as a multilinear map into R with k arguments from Rd. Hence, for k-tensor T on Rd

(with k ≥ 2) and a vector v ∈ Rd, we define Tv := T (v, · · · ) as a (k − 1)-tensor on Rd.
Using this, we can iteratively define the operator norm of T as

∥T∥op :=


∥T∥2 , if T ∈ Rd,

sup
v∈Rd,

∥v∥2≤1

∥Tv∥op , if T is a k-tensor on Rd with k ≥ 2.

With a slight abuse of notation, we will write ∥ · ∥2 instead of ∥ · ∥op for all k-tensors.

5



Scott, O’Kane, Jelinčič and Foster

2.1 Assumptions on f

The potential function f : Rd → R is assumed to be differentiable throughout this paper.
In addition, we will always assume that f to be m-strongly convex

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ 1

2
m∥x− y∥22 , (A.1)

and that the gradient ∇f : Rd → Rd is M1-Lipschitz continuous

∥∇f(x)−∇f(y)∥2 ≤ M1∥x− y∥2 , (A.2)

for all x, y ∈ Rd. It is straightforward to show that the two conditions (A.1) and (A.2) are
equivalent to the Hessian of f being positive definite and satisfying mId ≼ ∇2f(x) ≼ M1Id
(where Id is the d× d identity matrix and A ≼ B means that xTAx ≤ xTBx for x ∈ Rd).

To establish a second order rate of convergence for the QUICSORT method, we shall assume
further that f is twice differentiable and that its Hessian ∇2f is M2-Lipschitz continuous

∥∇2f(x)v −∇2f(y)v∥2 ≤ M2∥x− y∥2 ∥v∥2 , (A.3)

and, to establish the third order convergence in Theorem 2, we additional assume that f is
three times differentiable and and that its third derivative ∇3f is M3-Lipschitz continuous

∥∇3f(x)(v, u)−∇3f(y) (v, u)∥2 ≤ M3∥x− y∥2 ∥v∥2 ∥u∥2 , (A.4)

for all x, y, u, v ∈ Rd.

2.2 Probability notation

Suppose (Ω,F ,P; {Ft}t≥0) is a filtered probability space carrying a standard d-dimensional
Brownian motion. The only SDE that we study in this paper is (2) which, under our
smoothness and convexity assumptions on f , admits a unique strong solution that is ergodic
and whose stationary measure π has a density π(x, v) ∝ e−f(x)− 1

2u
∥v∥22 . The numerical

methods for (2) are computed at times {tn}n≥0 with t0 = 0, tn+1 > tn and hn = tn+1 − tn .
However, for deriving our global error estimates, we assume the step sizes {hn} are constant.
For a random variable X, taking values in either Rd or R2d, we define the Lp norm of X as

∥X∥Lp := E
[
∥X∥p2

] 1
p ,

for all p ≥ 1.

2.3 Coupling and Wasserstein distance

Let µ, ν be probability measures on Rd. A coupling between µ and ν is a random variable
Z = (X,Y ) for which X ∼ µ and Y ∼ ν. For p ≥ 1, we define the p-Wasserstein distance
between µ and ν as

Wp

(
µ, ν

)
:= inf

(X,Y )∼(µ×ν)
∥X − Y ∥Lp ,

where the above infimum is taken over all couplings of the random variables X and Y with
distributions X ∼ µ and Y ∼ ν.
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In this paper, we are interested in obtaining non-asymptotic bounds for the 2-Wasserstein
distance between the target distribution p(x) ∝ e−f(x) and the QUICSORT method (3).
For this, we will use the standard bound between the distribution of Xn and p(x) ∝ e−f(x),

W2(Law(Xn), p) ≤ ∥Xn − xtn∥L2 , (5)

where (xt , vt) denotes the solution of the SDE (2) started from the stationary distribution
(x0 , v0) ∼ π. This then implies that xt ∼ p for all t ≥ 0, which is required for (5) to hold.
Both the SDE solution (xt , vt) and (Xn , Vn) are obtained using the same Brownian motion.

2.4 Definition of the variables Wn, Hn and Kn

When Taylor expanding the SDE (2), we will obtain iterated integrals of Brownian motion.
So, in order to derive a high order scheme, we require a method of simulating these integrals.
In Foster et al. (2021), the authors use random variables (Wn , Hn ,Kn), which we now define.

Definition 3 Let {tn}n≥0 be a sequence of times with t0 = 0, tn+1 > tn and hn = tn+1−tn.
From the same Brownian motion W = {Wt}, we define the following three random variables,

Wn := Wtn,tn+1 = Wtn+1 −Wtn ,

Hn :=
1

hn

∫ tn+1

tn

(
Wtn,t −

t− tn
hn

Wn

)
dt,

Kn :=
1

h2n

∫ tn+1

tn

(
1

2
hn − (t− tn)

)(
Wtn,t −

t− tn
hn

Wn

)
dt.

(6)

Theorem 4 Let Id denote the d × d identity matrix. Then the three random variables,
Wn ∼ N (0, hnId), Hn ∼ N

(
0, 1

12hnId
)
and Kn ∼ N

(
0, 1

720hnId
)
are independent and∫ tn+1

tn

Wtn,r1 dr1 =
1

2
hnWn + hnHn ,∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 =
1

6
h2nWn +

1

2
h2nHn + h2nKn .

(7)

Proof The result was shown in Foster (2024, Theorem 2 and Remark 6).

For a detailed derivation of these variables, we refer the reader to Foster et al. (2020) and
Foster (2024, Section 2). The key idea underlying our QUICSORT method and its third
order convergence is the same idea underlying the SORT method in Foster et al. (2021).
Namely, we will replace the Brownian motion driving the SDE with a piecewise linear path.
By constructing the piecewise linear path W on [tn , tn+1] to match the increment Wn and
the integrals (7), the resulting ODE approximation matches the desired terms in its Taylor
expansion and achieves high order convergence. This was shown in Foster et al. (2021).
More generally, this approach can be used to design high order splitting methods for SDEs
(see Foster et al. (2024)). In our case, we will define the following piecewise linear path W.

7
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Definition 5 Let {tn}n≥0 be a sequence of times with t0 = 0, tn+1 > tn and hn = tn+1−tn.
We define an Rd-valued piecewise linear path W = {Wt}t≥0 , whose n-th piece is given by

Wt :=

{(
Hn + 6Kn

)
+
(
Wn − 12Kn

)
t−tn
hn

, for t ∈ (tn, tn+1)

Wt , for t ∈ {tn, tn+1}
.

 

Figure 2: Brownian motion alongside the piecewise linear path W given by Definition 5
(diagram taken from Foster et al. (2021)).

2.5 Derivation of the QUICSORT method

In Foster et al. (2021), the authors construct a splitting method for the underdamped
Langevin dynamics (2) using the piecewise linear path W defined in the previous subsection.
We will recall this splitting method and then use it to derive the QUICSORT method (3).

Definition 6 (The shifted ODE approximation of ULD) Let {tn}n≥0 be a sequence
of times with t0 = 0, tn+1 > tn and hn = tn+1 − tn . We construct a numerical solution
{(Xn, Vn)}n≥0 by first setting some initial (X0, V0) ∼ π0 and for each n ≥ 0 defining
(Xn+1, Vn+1) as (

Xn+1

Vn+1

)
:=

(
x̃n
tn+1

ṽn
tn+1

)
− (Hn − 6Kn)

(
0
σ

)
,

where σ :=
√
2γu and {(x̃n

t , ṽ
n
t )}t∈[tn,tn+1] solves the following Langevin-type ODE

d

dt

(
x̃n
t

ṽn
t

)
=

(
ṽn
t

−γṽn
t − u∇f(x̃n

t )

)
+ (Wn − 12Kn)

(
0
σ

)
, (8)

with initial condition (
x̃n
tn

ṽn
tn

)
:=

(
Xn

Vn

)
+ (Hn + 6Kn)

(
0
σ

)
.

We now wish to find a suitable numerical discretisation of the Langevin-type ODE (8).
We first let Cn := σ(Wn − 12Kn) and define a change of variables w̃n

t := eγtṽn
t . This gives,

d

dt

(
x̃n
t

w̃n
t

)
=

(
e−γtw̃n

t

−ueγt∇f(x̃n
t ) + σeγtCn

)
.

8
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Taking the integral of both sides and expressing everything in terms of x̃n and ṽn produces

x̃n
tn+1

= x̃n
tn +

1− e−γhn

γ
ṽn
tn − u

∫ tn+1

tn

∫ r1

tn

e−γ(r1−r2)∇f(x̃n
r2) dr2 dr1 + σ

e−γhn + γhn − 1

γ2hn
Cn ,

ṽn
tn+1

= e−γhn ṽn
tn − u

∫ tn+1

tn

e−γ(tn+1−r1)∇f(x̃n
r1) dr1 + σ

1− e−γhn

γhn
Cn .

We then approximate the integral terms using a two-point Gauss–Legendre quadrature.

That is, we use the quadrature points λ± = 3±
√
3

6 and obtain∫ tn+1

tn

e−γ(tn+1−r1)∇f(x̃n
r1) dr1 ≈

1

2
hn

(
e−λ+γhn∇f

(
x̃n
tn+λ−hn

)
+ e−λ−γhn∇f

(
x̃n
tn+λ+hn

))
,

and by additionally applying Fubini’s theorem∫ tn+1

tn

∫ r1

tn

e−γ(r1−r2)∇f(x̃n
r2) dr2 dr1

=

∫ tn+1

tn

∫ tn+1

r2

e−γ(r1−r2) dr1∇f(x̃n
r2) dr2

≈ 1

2
hn

(
1− e−λ+γhn

γ
∇f
(
x̃n
tn+λ−hn

)
+

1− e−λ−γhn

γ
∇f
(
x̃n
tn+λ+hn

))
.

The terms X
(1)
n and X

(2)
n in the QUICSORT method are then designed to approximate

x̃n
tn+λ−

and x̃n
tn+λ+

. To reduce the number of gradient evaluations, the formula for X(1)

does not involve ∇f . This is inspired by the UBU scheme (Sanz-Serna and Zygalakis, 2021)
which approximates the SDE solution at the midpoint of the interval before evaluating ∇f .
But, as X(1) has no ∇f term, the resulting scheme does not match the desired expansion.
Thus, to correct this, we use a coefficient of 1

3 instead of λ+ for the gradient term in X(2).

As mentioned above, the QUICSORT method is a natural extension to the UBU scheme,
with the difference being that we use a two-point Gaussian quadrature to approximate the
gradient terms instead of a midpoint approximation. Similarly, just as the UBU scheme has
a contractivity property for strongly convex f , we can show QUICSORT is also contractive.
This is precisely the reason why we can establish third order convergence guarantees for the
QUICSORT method and not the SORT method originally proposed in Foster et al. (2021).

3. Error analysis of the QUICSORT method

In this section, we will present our main results regarding the 2-Wasserstein convergence of
our new method (3) to the stationary distribution of (2). Our main theorem is given below.

Theorem 7 (Global error bound) Let {(Xn, Vn)}n≥0 be the QUICSORT method (3)
and let {(xt, vt)}t≥0 denote the underdamped Langevin diffusion, given by (2), with the
same underlying Brownian motion. Suppose that the assumptions (A.1) and (A.2) hold.
Suppose further that (x0, v0) ∼ π, the unique stationary measure of the diffusion process

9
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and that both processes have the same initial velocity V0 = v0 ∼ N (0, uId). Let 0 < h ≤ 1
be fixed and γ ≥ 2

√
uM1. Then for all n ≥ 0, the global error at time t = tn has the bound

∥Xn − xtn∥L2 ≤ ce−nαh∥X0 − x0∥L2 + C1

√
dh, (9)

where the contraction rate α is defined as

α =
1

γ
min

(
γ2 − uM1, um, λ−γ

2 − 1

2
u(M1 −m)

)
−Kh, (10)

and the constants c, C1,K > 0 depend only on γ, u, m and M1 . Therefore, if h is sufficiently
small, we have α > 0. Under the additional assumption (A.3), the error at time tn satisfies

∥Xn − xtn∥L2 ≤ ce−nαh∥X0 − x0∥L2 + C2dh
2, (11)

where C2 > 0 is a constant depending on γ, u, m, M1 and M2 .

Finally, under the additional assumption (A.4), the global error at time t = tn has the bound

∥Xn − xtn∥L2 ≤ ce−nβh∥X0 − x0∥L2 + C3d
1.5h3, (12)

where β = 1
2α and C3 > 0 is a constant depending on γ, u, m, M1, M2 and M3 .

A proof for this theorem can be found in Appendix D. The various constants are given
explicitly throughout the appendices. The general recipe for the error analysis is as follows.

• At each time step tn+1, we wish to bound the L2 error between the underdamped
Langevin diffusion (2) and the QUICSORT method (3) where we assume the two
processes are synchronously coupled (i.e. driven by the same Brownian motion W ).

• We introduce a third process, obtained by applying the QUICSORT approximation
with step size hn to the diffusion process at each time tn.

• By showing that the QUICSORT method is contractive, we obtain an exponentially
decaying bound for the L2 distance between our approximation and this third process.

• We establish local error bounds between the true diffusion (2) and the third process.
This allows us to estimate the L2 error at time tn+1 between the true diffusion (2)
and the QUICSORT approximation (3) in terms of the same error at time tn.

• By iteratively unfolding this local error bound, we obtain a global L2 error estimate
over the entire length of the Markov chain. In particular, due to the contractivity of
the QUICSORT method when f is strongly convex, this bound holds for all n ≥ 0.

This approach is illustrated in Figure 3:

10
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Figure 3: Diagram outlining the general strategy for our error analysis.

For the rest of the section, we outline the key results used in each step of the error analysis.

3.1 Exponential contractivity

Typically the local errors between the approximation and the diffusion process propagate
like a random walk and we would not be able to bound the global L2 error for all n ≥ 0.
Fortunately, it is possible to remedy this by applying a suitable L2 contractivity argument.
For ULD, contractivity does not hold directly for the solution process {(xt, vt)}t≥0, but
instead holds after introducing a coordinate transformation (Eberle et al., 2019). In this
paper we use the approach introduced by Dalalyan and Riou-Durand (2020) which considers,{(

wxt + vt
zxt + vt

)}
t≥0

,

where w ∈ [0, 12γ) and z := γ − w to obtain L2 contractivity. However, to establish our
higher order convergence guarantees, we prove a similar contraction result between two
synchronously coupled steps of our QUICSORT method (3). This allows us to bound the
local error at each time step in terms of global Lp bounds of the underlying diffusion process.

Our main result for this step is as follows.

11
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Theorem 8 (Exponential contractivity of the QUICSORT method) Consider the
application of the QUICSORT method from different initial conditions (Xn, Vn) and (Yn, Un)
at time tn. Let (Xn+1, Vn+1) and (Yn+1, Un+1) be the corresponding approximations obtained
at time tn+1 using the same Brownian motion. We define the coordinate transformations:(

Wn

Zn

)
=

(
(wXn + Vn)− (wYn + Un)

(zXn + Vn)− (zYn + Un)

)
,

(
Wn+1

Zn+1

)
=

(
(wXn+1 + Vn+1)− (wYn+1 + Un+1)

(zXn+1 + Vn+1)− (zYn+1 + Un+1)

)
,

(13)

where w ∈
[
0, 12γ

)
and z = γ − w. Then under the assumptions (A.1) and (A.2), we have

(∥Wn+1∥L2 + ∥Zn+1∥L2) ≤ e−αhn
(
∥Wn∥L2 + ∥Zn∥L2

)
, (14)

for all n ≥ 0 and hn ∈ (0, 1], where the contraction rate α is given by

α =
1

γ − 2w
min

(
(γ − w)2 − uM1, um− w2,

(
λ−(γ − w)2 − λ+w

2
)
− 1

2
u(M1 −m)

)
−Khn ,

(15)

for some constant K > 0 not depending on hn .

A proof of the above can be found in Appendix B.

3.2 Global Lp bounds for underdamped Langevin dynamics

Over each time interval [tn, tn+1], we wish to iteratively bound the error at tn+1 in terms of
the error at time tn. In order to obtain estimates independently of the current position and
momentum of the SDE, we use the global Lp bounds of underdamped Langevin dynamics.
In particular, by using the moments of the momentum’s stationary distribution (∝ e−f )
and extending Dalalyan (2017, Lemma 2), we will establish the following global Lp bounds.

Theorem 9 (Global Lp bounds for ULD) Let {(xt, vt)}t≥0 be the underdamped Langevin
diffusion (2) with initial condition (x0, v0) ∼ π, the stationary distribution of the process.
Then, for all p ≥ 1,

∥vt∥L2p ≤ C(p)
√
ud, (16)

where C(p) = [(2p− 1)!!]
1
2p . Here, !! denotes the standard double factorial for odd numbers.

In addition, under the assumption that the gradient of f is M1-Lipschitz continuous, we
have

∥∇f(xt)∥L2p ≤ C(p)
√
M1d, (17)

for all p ≥ 1.

A proof of the above can be found in Appendix A.

12
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3.3 Local error estimates

We wish to estimate the absolute average difference (local weak error) and the mean squared
difference (local strong error) between ULD and its QUICSORT approximation over the
interval [tn, tn+1] when the processes are synchronously coupled and coincide at time tn.
By applying a contraction argument to the approximation and not to the SDE itself, we
can use the global Lp bounds for the diffusion process when bounding each local error.
Furthermore, under the smoothness assumptions on the scalar potential f , we are also able
to estimate all of the error terms involving derivatives of f .

Theorem 10 (Local error bounds) Let Qn = (Xn, Vn) be the QUICSORT scheme (3)
and qt = (xt, vt) denote the underdamped Langevin diffusion (2) with the same underlying
Brownian motion. Suppose the assumptions (A.1) and (A.2) hold and assume further that
(x0, v0) ∼ π, the unique stationary distribution of the diffusion process. Let 0 < hn ≤ 1
be fixed. Then, if Qn = qtn at time tn, the local strong and weak errors at time tn+1 are
bounded by∥∥Qn+1 − qtn+1

∥∥
L2

≤ C (1)
s

√
dh2n ,

∥∥E[Qn+1 − qtn+1

]∥∥
2
≤ C (1)

w

√
dh2n , (18)

where C
(1)
s , C

(1)
w > 0 are finite constants depending on γ, u, m and M1 .

Under the additional assumption (A.3), the local strong and weak errors are bounded by∥∥Qn+1 − qtn+1

∥∥
L2

≤ C (2)
s dh3n ,

∥∥E[Qn+1 − qtn+1

]∥∥
2
≤ C (2)

w dh3n , (19)

where C
(2)
s , C

(2)
w > 0 are finite constants depending on γ, u, m, M1 and M2 .

Finally, under the additional assumption (A.4), the local errors are bounded by∥∥Qn+1 − qtn+1

∥∥
L2

≤ C (3)
s d1.5h3.5n ,

∥∥E[Qn+1 − qtn+1

]∥∥
2
≤ C (3)

w d1.5h4n , (20)

where C
(3)
s , C

(3)
w > 0 are finite constants depending on γ, u, m, M1, M2 and M3 .

A proof for the above theorem can be found in Appendix C.
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4. Numerical Experiments

In this section, we will present experiments to demonstrate the convergence properties of
the proposed QUICSORT method (3). Firstly, we shall compare the QUICSORT method
to other approximations of ULD and empirically verify its third order convergence rate.
Secondly, we will show the efficacy of QUICSORT as an MCMC algorithm for performing
Bayesian logistic regression on real-world data. In particular, in our highest dimensional
datasets, we observe that QUICSORT (and the UBU splitting) have faster mixing times
than the popular “No U-Turn Sampler” (NUTS) introduced in Hoffman and Gelman (2014).

The code for our experiments can be found at github.com/andyElking/ThirdOrderLMC.
The ULD-based MCMC sampling was done by simulating ULD using Diffrax (Kidger, 2021)
and we used the package NumPyro (Phan et al., 2019) to generate samples using NUTS.

To begin, we will define the logistic regression model that we aim to generate samples from.
Given a labelled dataset D = {(xi , yi)}1≤i≤m with features xi ∈ Rd and labels yi ∈ {−1, 1},
the logistic regression aims to find weights θ ∈ Rd and a bias b ∈ R such that the relation

Pθ,b

(
yi = 1|xi

)
=

1

1 + exp(−(⟨θ, xi⟩+ b))
,

is a good model for the data. Specifically, we would like to maximise the likelihood

p(D|θ, b) =
m∏
i=1

1

1 + exp(−yi(⟨θ, xi⟩+ b))
. (21)

For Bayesian logistic regression, we impose a prior distribution on the parameters θ̃ := (θ, b)
and aim to generate samples from the posterior distribution p(θ̃|D) given by Bayes’ rule:

p(θ̃|D) =
p(D|θ̃)p(θ̃)

p(D)
. (22)

In this section, we will use the following Gaussian prior distribution for the parameters θ̃,

θ̃ ∼ p(θ̃) ⇐⇒ θ ∼ N
(
0,

1

2Var({xi})
Id

)
, b ∼ N (0, 1), (23)

where Var({xi}) is the empirical variance of the dataset {x1 , · · · , xm}. We rescale by this
variance simply as a way to normalise the inner products in (21). Whilst computing p(D)
involves an intractable integral, it disappears when we compute ∇f(θ̃) = ∇(− log(p(θ̃|D))).

Therefore, using Bayes’ rule (22), the scalar potential coming from our logistic regression is

f(θ̃) :=

m∑
i=1

log
(
1 + exp

(
− yi

(
⟨θ, xi⟩

)
+ b
))

+
1

4Var({xi})
∥θ∥22 +

1

2
b2 . (24)

Remark 11 The logistic regression loss function is typically convex but not strongly convex.
However, due to the quadratic regularisation terms appearing due to the prior distribution,
the potential (24) is strongly convex. In addition, just as for the standard logistic regression
loss, the above potential is smooth and its derivatives are all globally Lipschitz continuous.
Thus, it satisfies the assumptions needed in our error analysis of QUICSORT (Theorem 7).
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4.1 Verifying the third order convergence of QUICSORT

In this subsection, we will present our experiment for empirically verifying the convergence
rates for some of the Langevin methods given in Table 1 (including the QUICSORTmethod).

We will be simulating the following underdamped Langevin dynamics with γ = 1 and u = 1,

dθ̃t = vt dt,

dvt = −vt dt−∇f(θ̃t) dt+
√
2 dWt ,

(25)

where the initial condition θ̃0 is sampled from the prior distribution (23) and v0 ∼ N (0, Id).
The scalar potential f comes from the previously described Bayesian logistic regression
applied to the Titanic passenger survival dataset (Hendricks, 2015) and is of the form (24).
The dimensionality of the dataset is 4, so the corresponding Langevin dynamics has θ̃t ∈ R5.

To estimate the strong (or L2) convergence rate of each numerical method, we first compute
reference solutions by simulating the SDE (25) using a very fine step size (in our experiment,
we use hfine = 2−16T ). More precisely, since we are estimating the L2 error by Monte Carlo
simulation, we will compute a reference solution for each sample path of Brownian motion.
We used QUICSORT to compute these reference solutions due to its fast convergence rate.

For each Brownian sample path, we then simulate (25) using each numerical method with
a larger step size and compute the mean squared error against the corresponding reference
solution at time T . By averaging over sample paths, we obtain the following estimator for
E
[
∥XN − θ̃T ∥22

]
where XN is the numerical approximation for the SDE solution at time T .

Definition 12 (Strong error estimator) Let T > 0 be fixed. For N ≥ 1, we compute a
numerical solution {(Xn , Vn)}0≤n≤N of (25) at times tn := nh using a step size of h = T

N .
Similarly, let {(Xfine

n , V fine
n )}n≥0 be an approximation obtained with a smaller step size hfine .

We generate J samples of {(X,V ,Xfine , V fine)} and compute the Monte Carlo estimator:

SN,J :=

√√√√ 1

J

J∑
j=1

∥∥XN,j −Xfine
N,j

∥∥2
2
, (26)

where each pair (XN,j , X
fine
N,j ) is computed using the same sample path of Brownian motion

and the initial condition X0,j = Xfine
0,j is sampled from the Gaussian prior distribution (23).

Remark 13 To simulate the SDE (25), we use the Diffrax software package (Kidger, 2021).
Given a single PRNG seed, the “Virtual Brownian Tree” in Diffrax can determine an entire
sample path of Brownian motion (including the integrals (3)) up to a user-specified tolerance.
This then makes it straightforward to generate multiple different numerical solutions using
the same Brownian sample path. The various algorithmic details and Brownian bridge
constructions used by Diffrax’s Virtual Brownian Tree can be found in Jelinčič et al. (2024).
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Figure 4: Empirical validation of the complexities in Table 1. Here, each numerical method
is used to simulate the underdamped Langevin dynamics (25) where the potential f is
obtained from a Bayesian logistic regression applied to the Titanic passenger survival dataset
(Hendricks, 2015). The Monte Carlo estimator (26) for the root mean square (RMS) error
is estimated at time T = 100 using J = 1000 samples. Instead of the number of steps,
we report the number of evaluations of ∇f since that is often the most computationally
expensive part of gradient-based MCMC.

From Figure 4, we can see that the numerical methods for ULD (25) achieve their theoretical
rates of convergence with the QUICSORT method exhibiting a third order convergence rate.

When the step size is large, the QUICSORT method performs similarly to the UBU splitting
method (Sanz-Serna and Zygalakis, 2021) which has only one gradient evaluation per step.
However, as the step size becomes smaller, the third order convergence of QUICSORT makes
it significantly more accurate than the UBU scheme – which is second order convergent.
As one would expect, the exponential Euler scheme proposed in (Cheng et al., 2018) is the
least accurate among the numerical methods and only shows a first order convergence rate.

However, estimating the strong convergence only gives an small indication of each methods’
efficacy as an MCMC algorithm. In the next subsection, we shall investigate this further.

4.2 Mixing time experiments against the No U-Turn Sampler (NUTS)

In this subsection, we compare the QUICSORT and UBU methods against the No U-Turn
Sampler (NUTS) for performing Bayesian logistic regression with target distribution (22)
and Gaussian prior (23). We test using 14 datasets with dimension d ranging from 3 to 617.
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The first 13 datasets are those used in the Bayesian logistic experiments in Li et al. (2023).
For the final dataset, we use the ISOLET dataset (Cole and Fanty, 1991) with d = 617 and
26 classes (letters of the alphabet), but we only use “A” and “B” for our logistic regression.

We would like to observe how quickly the MCMC chains approach the target distribution.
Inspired by Li et al. (2023), we will compute the following metrics to assess this convergence.

• Energy distance

d2
(
µ, ν

)
= 2EX∼µ,Y∼ν

[
∥X − Y ∥2

]
− EX∼µ,X′∼µ

[
∥X −X ′∥2

]
− EY∼ν,Y ′∼ν

[
∥Y − Y ′∥2

]
,

where the random variables (X,Y,X ′, Y ′) within the expectations are independent.
This is the Maximum Mean Discrepancy (MMD) obtained from the negative distance
kernel k(x, y) := −∥x− y∥2 and is explicitly computable when µ and ν are discrete.

• 2-Wasserstein distance

W2

(
µ, ν

)
:= inf

(X,Y )∼(µ×ν)

∥∥X − Y
∥∥
L2
,

where the above infimum is taken over all couplings of the random variables X and
Y with distributions X ∼ µ and Y ∼ ν. If µ and ν are empirical distributions with J
points each, it becomes very computationally expensive to find an optimal coupling
between µ and ν (as J increases). For estimating the 2-Wasserstein distance between
distributions, we use the Python Optimal Transport package (Flamary et al., 2021).

We present the results for 6 out of the 14 datasets in Figure 5. Here, we generate a collection
of ‘ground truth” samples using NUTS with a sufficiently large number of iterations and,
at regular time intervals, compare against the samples from different MCMC algorithms
(QUICSORT and UBU applied to ULD (25) as well as NUTS applied to the target (22)).
Results for the other 8 datasets can be found at github.com/andyElking/ThirdOrderLMC.

In half of the datasets, we observed that NUTS converged significantly faster to the target
distribution (22) than the numerical methods for ULD. This is perhaps unsuprising since
NUTS is widely considered the “go-to” algorithm for performing gradient-based MCMC.
However, in the two highest dimensional datasets, splice (d = 61) and isolet (d = 617), the
Langevin numerical methods converge faster than NUTS (after an initial burn-in period).
Hence, exploring these algorithms in higher dimensional settings is a topic of future work.

In these experiments, we were able to achieve good performance from the two Langevin
numerical methods with a relatively large step size. However, as we observed in Figure 4,
the strong accuracy of QUICSORT and UBU become very similar as the step size increases.
This appears to carry over when we investigate the weak convergence of the algorithms as
the QUICSORT and UBU methods give near identical performances across all 14 datasets.
In these experiments, we set hQUICSORT = 2hUBU so that the QUICSORT and UBU chains
require the same number of gradient evaluations (i.e. to have essentially the same cost).
Since both the energy and 2-Wasserstein distance become computationally expensive for
large collections of particles, it is difficult to accurately compare the stationary distributions
of the QUICSORT and UBU methods. Given the smoothness of the potential, we expect
QUICSORT would have a better stationary distribution due to its faster convergence rate.
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(c) flare solar (d = 10)
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(d) image (d = 19)
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(e) splice (d = 61)
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(f) isolet (d = 617)
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Figure 5: For each of the 14 datasets we ran 215 independent chains of NUTS and the
same number of Langevin trajectories simulated using the UBU and QUICSORT methods.
At regular intervals along the run we compared these 215 particles against the “ground
truth” samples, which were obtained using NUTS with a sufficiently long burn-in period.
We computed both the energy distance and the 2-Wasserstein distance (the latter on a
subsample of size 211). These distances are plotted against the number of times the gradient
∇f was evaluated up to that point in the run. We present 6 of the 14 plots here and the
rest can be found at github.com/andyElking/ThirdOrderLMC. We ran the experiment five
times (with different PRNG seeds) and present the standard deviation as the shaded regions.
Although different step sizes are used for different datasets, we choose the step size to be as
large as possible and set hQUICSORT = 2hUBU so that the ULD methods have similar cost.
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5. Conclusion and future work

In this paper, we presented a numerical method for underdamped Langevin dynamcis (ULD)
called QUICSORT3, which can be seen as a particular discretisation of the “Shifted ODE”
introduced in Foster et al. (2021). Under strong convexity and smoothness assumptions on
the potential f , we obtain first, second and third order L2 error bounds for QUICSORT.
In particular, by establishing a contraction property for QUICSORT, these non-asymptotic
bounds hold over the entire trajectory of the numerical solutions. Therefore, when used as
an MCMC algorithm to sample from a log-concave target distribution p(x) ∝ e−f(x), we can
bound the 2-Wasserstein error between p and the distribution of the QUICSORT samples.

Whilst similar bounds have been established for second order methods (such as for the UBU
scheme by Sanz-Serna and Zygalakis (2021)), we believe that QUICSORT is the only ULD
numerical method with third order convergence guarantees. Foster et al. (2021) obtained
similar third order non-asymptotic bounds for the shifted ODE, but these bounds require
the ODE to be solved exactly. Although other third order numerical methods for ULD
have been proposed, they involve computing the Hessian ∇2f which is often challenging
for high-dimensional applications. We refer the reader to Milstein and Tretyakov (2003);
Shkerin and Sibiryakov (2025) for examples of such derivative-based third order methods.

Finally, to support our theory, we presented numerical experiments where we demonstrated
the third order convergence of QUICSORT and showed that it can outperform the widely-
used No U-Turn Sampler (NUTS) as an MCMC algorithm for Bayesian logistic regression.
However, in our MCMC experiments, we found that QUICSORT and UBU performed near
identically across all 14 datasets. We expect this is simply due to the large step sizes used.

As well as considering more sophisticated Bayesian models, we would also like to explore the
applications of Langevin-based MCMC algorithms with adaptive step sizes. In particular,
Jelinčič et al. (2024) conduct additional Bayesian logistic regression experiments using the
QUICSORT method with an adaptive step size controller. This was possible thanks to the
“Virtual Brownian Tree” proposed by the authors and available in Diffrax (Kidger, 2021).

These adaptive step sizes are determined using Proportional Integral (PI) controllers, which
are commonly used for numerical ODE simulation but have seen relatively little use for SDEs
(Burrage et al., 2004; Ilie et al., 2015). Whilst QUICSORT with adaptive step sizes usually
performed comparably to QUICSORT with constant step sizes, there were several datasets
(including the two with the highest dimensions) where there was a significant improvement.
These results are shown in Figure 6 and clearly demonstrates that PI step size controllers
(which are very well supported by Diffrax) show great promise for Langevin-based MCMC.

In Chada et al. (2024), it is shown that the UBU method can be applied to perform unbiased
MCMC estimation (even with inexact gradients) using Multilevel Monte Carlo techniques.
Thus, a natural topic of future work would be to apply their methodology with QUICSORT.
As a further topic, it may also be possible to apply their approach with adaptive step sizes.

Another direction of future research would be to apply the QUICSORT method to the
Kinetic Interacting Particle Langevin Diffusion proposed by Valsecchi Oliva and Akyildiz
(2024) for the joint estimation of latent variables and parameters in latent variable models.

3. QUadrature Inspired and Contractive Shifted ODE with Runge-Kutta Three
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(b) splice (d = 61)
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(c) isolet (d = 617)
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Figure 6: Using the same the target distribution and experimental setup as before, the
QUICSORT method with constant and adaptive step sizes is now compared against NUTS.
These adaptive step sizes are determined using a PI controller with parameters KP = 0.1
andKI = 0.4 (along with a user-specified tolerance and initial step size). We note that these
are close to the parameters (KP ,KI) = (0.1, 0.3) recommended by Ilie et al. (2015). Similar
to Jelinčič et al. (2024), we report the convergence results in the energy distance for three
of the datasets (including the two highest dimensional ones), however the code and results
for all 14 datasets can be found at github.com/andyElking/Single-seed BrownianMotion.

Finally, another avenue of future research would be to improve the QUICSORT method
by using “exponential” iterated integrals of the Brownian motion instead of (Wn , Hn ,Kn).
This could then allow us to better match the following stochastic Taylor expansion of ULD:

xtn+1 = xtn +

(
1− e−γ(tn+1−tn)

γ

)
vtn +

∫ tn+1

tn

∫ r1

s
e−γ(r1−r2)∇f(xr2) dr2 dr1

+
√
2γu

∫ tn+1

tn

∫ r1

s
e−γ(r1−r2) dWr2 dr1 ,

vtn+1 = e−γ(tn+1−tn)vtn +

∫ tn+1

tn

e−γ(tn+1−r1)∇f(xr1) dr1 +
√

2γu

∫ tn+1

tn

e−γ(tn+1−r1) dWr1 ,

In particular, we could construct a piecewise linear path W̃ on the interval [s, t] such that∫ t

s
e−γ(t−r1) dW̃r1 =

∫ t

s
e−γ(t−r1) dWr1 ,∫ t

s

∫ r1

s
e−γ(r1−r2) dW̃r2 dr1 =

∫ t

s

∫ r1

s
e−γ(r1−r2) dWr2 dr1 ,∫ t

s
e−γ(t−r1)

∫ r1

s

∫ r2

s
e−γ(r2−r3) dW̃r3 dr2 dr1 =

∫ t

s
e−γ(t−r1)

∫ r1

s

∫ r2

s
e−γ(r2−r3) dWr3 dr2 dr1 .

If the path {(r, W̃r)} had increments (0, A), (t−s,B), (0, C), then the first integral becomes∫ t

s
e−γ(t−r) dW̃r = e−γ(t−s)A︸ ︷︷ ︸

vertical jump at r=s

+
1− e−γ(t−s)

γ(t− s)
B︸ ︷︷ ︸

linear piece

+ C︸︷︷︸
jump at r=t

.
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𝐵 𝐶 

Figure 7: Illustration of the piecewise linear path W̃ with increments A, B and C to match
“exponential” iterated integrals of Brownian motion. Here, h = t− s denotes the step size.

Repeating for the other iterated integrals and substituting h = t − s, the problem of
finding the increments A,B and C would reduce to solving the linear system Mx = b where

M =


e−γh 1− e−γh

γh
1

1−e−γh

γ
e−γh+γh−1

γ2h
0

1−e−γh(1+γh)
γ2

e−γh(2+γh)+γh−2
γ3h

0

 , b=


∫ t
s e

−γ(t−r1) dWr1∫ t
s

∫ r1
s e−γ(r1−r2) dWr2 dr1∫ t

s e
−γ(t−r1)

∫ r1
s

∫ r2
s e−γ(r2−r3) dWr3 dr2 dr1


and x = (A,B,C)⊤. Since they are all linear functions of W , the iterated integrals in b are
jointly Gaussian, but their covariance matrix would need to be computed to generate them.
Using these increments it is then straightforward to modify the QUICSORT method with
(Hn + 6Kn) replaced by A, (Wn − 12Kn) replaced by B and (Hn − 6Kn) replaced by C.
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Appendix A. Preliminary theorems

In this section, we detail several useful theorems that are crucial to proving our main results.

Theorem 14 (Global Lp bounds of ∇f(xt)) Let {(xt, vt)}t≥0 denote the underdamped
Langevin diffusion (2) with initial condition (x0, v0) ∼ π, the unique stationary distribu-
tion of the diffusion process. Under the assumption that the gradient of f is M1-Lipschitz
continuous then ∥∥∇f(xt)

∥∥
L2p

≤
[
(2p− 1)!!

] 1
2p
√
M1d, (27)

for all p ≥ 1. Here, we use !! to denote the standard double factorial for odd numbers.

Proof Our strategy is to prove (27) by induction for d = 1, and then extend it for d ≥ 1.
Recall that ULD has the stationary distribution

π(x, v) ∝ exp

(
− f(x)− 1

2u
∥v∥22

)
.

Therefore, if (x0, v0) ∼ π then (xt, vt) ∼ π for all t ≥ 0.

For d = 1, we first consider the case where p = 1. Define

π̂(x) = −f ′(x)π(x),

and notice that π̂(x) = d
dxπ(x). Then

E
[
(f ′(x))2

]
=

∫ ∞

−∞
(f ′(x))2π(x)dx =

∫ ∞

−∞
f ′(x)

[
f ′(0) +

∫ x

0
f ′′(y)dy

]
π(x) dx

= −f ′(0)

∫ ∞

−∞
π̂(x) dx−

∫ ∞

−∞

∫ x

0
f ′′(y)π̂(x) dy dx,

by the fundamental theorem of calculus. For π to be well defined as a probability measure
we require π(x) → 0 as x → ±∞. Hence

∫∞
−∞ π̂(x)dx = limx→∞

(
π(x)− π(−x)

)
= 0 and

E
[
(f ′(x))2

]
= −

∫ ∞

−∞

∫ x

0
f ′′(y)π̂(x) dy dx

= −
∫ ∞

0

∫ x

0
f ′′(y)π̂(x) dy dx+

∫ 0

−∞

∫ 0

x
f ′′(y)π̂(x) dy dx

= −
∫ ∞

0

∫ ∞

y
f ′′(y)π̂(x) dx dy +

∫ 0

−∞

∫ y

−∞
f ′′(y)π̂(x) dx dy
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=

∫ ∞

0
f ′′(y)π(y) dy +

∫ 0

−∞
f ′′(y)π(y) dy =

∫ ∞

−∞
f ′′(x)π(x) dx,

by Fubini’s theorem and the properties of π, which in turn implies

E
[
(f ′(x))2

]
≤ M1 ,

as the derivative f ′ beingM1-Lipschitz implies that f ′′ is bounded byM1 almost everywhere.

For the inductive step, we will assume that for p = n

E
[(
f ′(x)

)2n]
=

∫ ∞

−∞

(
f ′(x)

)2n
π(x) dx ≤ (2n− 1)!!Mn

1 ,

and for p = n+ 1, we define

π̃(x) =
(
f ′(x)

)2n
π(x).

Notice that

d

dx
π̃(x) = 2nf ′′(x)

(
f ′(x)

)2n−1
π(x)−

(
f ′(x)

)2n+1
π(x),

so rearranging gives

f ′(x)π̃(x) = 2nf ′′(x)
(
f ′(x)

)2n−1
π(x)− π̃ ′(x).

Therefore, from the definition of π̃ and the above identity, we have

E
[(
f ′(x)

)2(n+1)
]

=

∫ ∞

−∞
f ′(x)

[
f ′(x)π̃(x)

]
dx

=

∫ ∞

−∞
f ′(x)

[
2nf ′′(x)

(
f ′(x)

)2n−1
π(x)− π̃ ′(x)

]
dx

= 2n

∫ ∞

−∞
f ′′(x)

(
f ′(x)

)2n
π(x) dx−

∫ ∞

−∞
f ′(0)π̃ ′(x) dx−

∫ ∞

−∞

∫ x

0
f ′′(y)π̃ ′(x) dy dx,

by the fundamental theorem of calculus.

Since
∫∞
−∞ π̃(x) dx is bounded (by the induction hypothesis) and π̃ is non-negative, it follows

that π̃(x) → 0 as x → ±∞. Therefore
∫∞
−∞ π̃ ′(x) dx = limx→∞

(
π̃(x)− π̃(−x)

)
= 0 and

E
[(
f ′(x)

)2(n+1)
]

= 2n

∫ ∞

−∞
f ′′(x)

(
f ′(x)

)2n
π(x) dx−

∫ ∞

0

∫ x

0
f ′′(y)π̃ ′(x) dy dx+

∫ 0

−∞

∫ 0

x
f ′′(y)π̃ ′(x) dy dx

= 2n

∫ ∞

−∞
f ′′(x)

(
f ′(x)

)2n
π(x) dx−

∫ ∞

0

∫ ∞

y
f ′′(y)π̃ ′(x) dx dy +

∫ 0

−∞

∫ y

−∞
f ′′(y)π̃ ′(x) dx dy

= 2n

∫ ∞

−∞
f ′′(x)

(
f ′(x)

)2n
π(x) dx+

∫ ∞

−∞
f ′′(x)π̃(x) dx,

by Fubini’s theorem and the property that π̃(x) → 0 as x → ±∞.
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Hence, by the definition of π̃ and the fact that |f ′′(x)| ≤ M1 almost everywhere, we have∫ ∞

−∞

(
f ′(x)

)2(n+1)
π(x)dx = (2n+ 1)

∫ ∞

−∞
f ′′(x)

(
f ′(x)

)2n
π(x)dx ≤ (2n+ 1)!!Mn+1

1 .

Since this bound is true for p = 1, it is also true for all p ≥ 1 by induction.

For a general dimension d ≥ 1, we can apply this bound to each partial derivative of f , as
each marginal distribution of π is of the form exp(−g(xi)) where g is M1-Lipschitz. Then

E
[∥∥∇f(x)

∥∥2p
2

]
= E

[( d∑
i=1

∣∣∣∣ ∂f∂xi
∣∣∣∣2)p

]
≤ dp−1E

[
d∑

i=1

∣∣∣∣ ∂f∂xi
∣∣∣∣2p
]
,

by the triangle inequality followed by Jensen’s inequality (Foster et al., 2021, Theorem A.1).
Therefore

E
[∥∥∇f(x)

∥∥2p
2

]
≤ dp−1

d∑
i=1

E

[∣∣∣∣ ∂f∂xi
∣∣∣∣2p
]
≤ (2p− 1)!! (M1d)

p,

as required.

Remark 15 The above theorem can also be shown directly from the sub-Gaussianity of
the stationary distribution. Therefore, the result holds more generally for an ergodic SDE
initialised at its (sub-Gaussian) stationary distribution. Indeed, an alternative proof would
involve using the strong concavity of π to deduce a logarithmic Sobolev inequality for π
(Bakry et al., 2013), from which sub-Gaussianity follows via Herbst’s argument.

Remark 16 A direct implication of Theorem 14 are the following bounds:∥∥∇f(xt)
∥∥
L2

≤
√

M1d,∥∥∇f(xt)
∥∥
L4

≤ 4
√
3
√
M1d, (28)∥∥∇f(xt)

∥∥
L6

≤ 6
√
15
√
M1d.

Theorem 17 Let Z = (Z(1), . . . , Z(d)) ∈ Rd denote a centered d-dimensional Gaussian
multivariate random variable such that Cov(Z) = σ2Id for some σ ∈ R. Then

∥Z∥L2p ≤ [(2p− 1)!!]
1
2p

√
σ2d, (29)

for all p ≥ 1.

Proof First consider the case when d = 1 using the marginal Z(i) ∼ N (0, σ2). It is a
standard result (Bulmer, 1979, Chapter 7) that the (2p)-th moment of Z(i) is

E
[
(Z(i))2p

]
= (2p− 1)!!σ2p.
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Then by Jensen’s inequality (Foster et al., 2021, Theorem A.1), we have

E

[( d∑
i=1

(
Z(i)

)2)p
]
≤ dp−1

d∑
i=1

E
[(
Z(i)

)2p] ≤ dp−1
d∑

i=1

(2p− 1)!!σ2p = (2p− 1)!!σ2pdp.

The result now directly follows since the left hand side is precisely equal to ∥Z∥2pL2p
.

Corollary 18 (Global Lp bounds of vt) Let {(xt, vt)}t≥0 be the underdamped Langevin
diffusion with initial condition (x0, v0) ∼ π, the stationary distribution of the process. Then

∥vt∥L2p ≤ [(2p− 1)!!]
1
2p

√
ud, (30)

for all p ≥ 1.

Proof The stationary distribution of ULD (2) can be written explicitly as

π(x, v) ∝ exp

(
− f(x)− 1

2u
∥v∥22

)
.

Thus, vt has a centred d-dimensional multivariate Gaussian distribution with Var(v
(i)
t ) = u.

The result now immediately follows by Theorem 17.

Remark 19 A direct implication of the Theorem 18 are the following bounds:

∥vt∥L2 ≤
√
ud,

∥vt∥L4 ≤ 4
√
3
√
ud, (31)

∥vt∥L6 ≤ 6
√
15
√
ud.

Theorem 20 Let {tn}n≥0 be a sequence of times with t0 = 0, tn+1 > tn and hn = tn+1−tn.
Similar to the random variables given by (6), we define

Mn =
1

h3n

∫ tn+1

tn

(
1

10
h2n − 1

2
(t− tn)hn +

1

2
(t− tn)

2

)(
Wtn,t −

t− tn
hn

Wn

)
dt. (32)

Then Mn ∼ N
(
0, 1

100800hnId
)
is also independent of Wn, Hn and Kn . Furthermore,∫ tn+1

tn

∫ r1

tn

∫ r2

tn

Wtn,r3 dr3 dr2 dr1 =
1

24
h3nWn +

3

20
h3nHn +

1

2
h3nKn + h3nMn . (33)

Proof One can derive (32) as a coefficient in a polynomial expansion of Brownian motion
(see Foster et al. (2020, Theorem 2.2)). It is then straightforward to prove the identity (33)
using integration by parts and Theorem 4.
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Corollary 21 Let Wn, Hn, Kn and Mn be the centred Gaussian random variables defined
in equations (6) and (32). Then, for all p ≥ 1, we have the bounds

∥Wn∥L2p ≤ [(2p− 1)!!]
1
2p

√
dhn , ∥Hn∥L2p ≤ [(2p− 1)!!]

1
2p

√
1

12
dhn ,

∥Kn∥L2p ≤ [(2p− 1)!!]
1
2p

√
1

720
dhn , ∥Mn∥L2p ≤ [(2p− 1)!!]

1
2p

√
1

100800
dhn .

(34)

Proof The result follows immediately from Theorem 17.

To help simplify the notation (especially for long calculations), we make the below definition.

Definition 22 For all time intervals [tn, tn+1], we define the following functions,

ϕ0(x) = e−xγhn , ϕ1(x) =
1− e−xγhn

γ
, ϕ2(x) =

e−xγhn + xγhn − 1

γ2
. (35)

Theorem 23 Consider a combination of the ϕi functions given by equation (35),

p(h) =

n∑
i=1

m∏
j=1

ϕaj (bi,j),

where a ∈ {0, 1, 2}m and b ∈ {λ+ , λ− ,
1
3}

n×m. Then

|p(h)| ≤ h
∑m

j=1 aj 2−
∑m

j=1 1{2}(aj)
n∑

i=1

m∏
j=1

(bi,j)
aj . (36)

Proof Without loss of generality, we write

ϕ0(x, h) = e−xγh, ϕ1(x, h) =
1− e−xγh

γ
, ϕ2(x, h) =

e−xγh + xγh− 1

γ2
,

and note that

ϕ1(x, h) =

∫ xh

0
ϕ0(1, t) dt, ϕ2(x, h) =

∫ xh

0

∫ r1

0
ϕ0(1, r2) dr2 dr1 .

Since |ϕ0(x, h)| ≤ 1 for all x, h ≥ 0, then

|ϕ1(x, h)| =
∣∣∣∣ ∫ xh

0
ϕ0(1, t) dt

∣∣∣∣ ≤ ∫ xh

0
|ϕ0(1, t)| dt ≤

∫ xh

0
1 dt = xh,

|ϕ2(x, h)| =
∣∣∣∣ ∫ xh

0

∫ r1

0
ϕ0(1, r2) dr2 dr1

∣∣∣∣ ≤ ∫ xh

0

∫ r1

0
|ϕ0(1, r2)| dr2 dr1 ≤

1

2
x2h2.

Therefore, by the triangle inequality∣∣∣∣∣
n∑

i=1

m∏
j=1

ϕaj (bi,j)

∣∣∣∣∣ ≤
n∑

i=1

∣∣∣∣∣
m∏
j=1

ϕaj (bi,j)

∣∣∣∣∣ =
n∑

i=1

m∏
j=1

∣∣ϕaj (bi,j)
∣∣.
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The result now follows after taking the inequalities of the ϕi functions and rearranging.

To end this section, we present a few useful results for estimating terms in Taylor expansions.

Theorem 24 Under the assumptions (A.1) and (A.2), we have

m∥v∥Lp ≤
∥∥∇2f(x)v

∥∥
Lp

≤ M1∥v∥Lp , (37)

for all x, v ∈ Rd and p ≥ 1. Furthermore, for all x, v1, v2 ∈ Rd and p ≥ 1,∥∥∇2f(x)v1 −∇2f(x)v2
∥∥
Lp

≤ M1∥v1 − v2∥Lp . (38)

Under the additional assumption (A.3)∥∥∇2f(x1)v −∇2f(x2)v
∥∥
Lp

≤ M2∥x1 − x2∥L2p∥v∥L2p , (39)

for all x1, x2, v ∈ Rd and p ≥ 1. In addition, we have∥∥∇3f(x)(v1, v2)
∥∥
Lp

≤ M2∥v1∥L2p∥v2∥L2p , (40)

and ∥∥∇3f(x)(v1, v2)−∇3f(x)(v1, v3)
∥∥
Lp

≤ M2∥v1∥L2p∥v2 − v3∥L2p , (41)

for all x, v1, v2, v3 ∈ Rd and p ≥ 1. Finally, under the additional assumption (A.4)∥∥∇3f(x1)(v1, v2)−∇3f(x2)(v1, v2)
∥∥
Lp

≤ M3∥x1 − x2∥L3p∥v1∥L3p∥v2∥L3p , (42)

for all x1, x2, v1, v2 ∈ Rd and p ≥ 1.

Proof These inequalities follow from the definitions of Lp norm and Lipschitz continuity,
along with an application of Hölder’s inequality.

Theorem 25 Let c > 0 be a fixed constant. Then for vectors x, y ∈ Rd, we have

⟨x, y⟩ ≤ c

2
∥x∥22 +

1

2c
∥y∥22 . (43)

Proof Using the Cauchy-Schwarz and Young inequalities, we obtain

⟨x, y⟩ =
〈√

cx,
1√
c
y
〉
≤
∥∥√cx

∥∥
2

∥∥∥∥ 1√
c
y

∥∥∥∥
2

≤ 1

2

(∥∥√cx
∥∥2
2
+

∥∥∥∥ 1√
c
y

∥∥∥∥2
2

)
=

1

2

(
c∥x∥22 +

1

c
∥y∥22

)
,

as required.
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Appendix B. Exponential contractivity of the QUICSORT method

In this section, we will prove Theorem 8, which gives the contractivity of the QUICSORT
method. Our first step will be to write the QUICSORT method (3) as the sum of two terms,

Xn+1 = X̃n+1 +Xn , Vn+1 = Ṽn+1 + V n , (44)

where

Ṽ (1)
n := Vn + σ(Hn + 6Kn),

X̃ (1)
n := Xn +

1− e−λ−γhn

γ
Ṽ (1)
n +

e−λ−γhn + λ−γhn − 1

γ2
Cn ,

Ṽ (2)
n := e−λ+γhn Ṽ

(1)

n − 1

2
e−

1
3
γhnu∇f

(
X̃ (1)

n

)
hn +

1− e−λ+γhn

γ
Cn ,

X̃ (2)
n := Xn +

1− e−λ+γhn

γ
Ṽ (1)
n − 1− e−

1
3
γhn

γ
u∇f(X̃ (1)

n )hn +
e−λ+γhn + λ+γhn − 1

γ2
Cn ,

Ṽ (3)
n := e−λ−γhn Ṽ (2)

n − 1

2
e−λ−γhnu∇f(X̃ (2)

n )hn +
1− e−λ−γhn

γ
Cn ,

X̃n+1 := X̃ (2)
n − 1− e−λ−γhn

2γ
u∇f(X̃ (2)

n )hn +
1− e−λ−γhn

γ
Ṽ (2)
n +

e−λ−γhn + λ−γh− 1

γ2
Cn ,

Ṽn+1 := Ṽ (3)
n + σ(Hn − 6Kn),

and

Xn :=
1

2γ

(
1− e−

1
3
γhn − e−

(
1
3
+λ−

)
γhn + e−λ+γhn

)
u∇f(X̃ (1)

n )hn ,

V n :=
1

2

(
e−
(

1
3
+λ−

)
γhn − e−λ+γhn

)
u∇f(X̃ (1)

n )hn .

The procedure for showing that the QUICSORT approximation is contractive is as follows.
Since proving contractivity for a map with multiple gradient evaluations can be difficult, we
will split the entire step (Xn , Vn) → (Xn+1 , Vn+1) into the following three smaller mappings:

(Xn , Vn) →
(
X̃ (2)

n , Ṽ (2)
n

)
,
(
X̃ (2)

n , Ṽ (2)
n

)
→
(
X̃n+1 , Ṽn+1

)
,
(
X̃n+1 , Ṽn+1

)
→ (Xn+1 , Vn+1).

The first two maps are designed to resemble the UBU and Exponential Euler schemes (Sanz-
Serna and Zygalakis, 2021) and so, by similar techniques, can be shown to be contractive.
The final map is simply adding the correction term

(
Xn, V n

)
, which we will show is small.

Theorem 26 Consider the two approximations (X,V ) and (Y,U) under the mappings

(Xn , Vn) →
(
X̃

(2)
n , Ṽ

(2)
n

)
and (Yn , Un) →

(
Ỹ

(2)
n , Ũ

(2)
n

)
driven by the same Brownian motion

but evolved from initial conditions (Xn , Vn) and (Yn , Un). We define the transformations,(
Wn

Zn

)
:=

((
wXn + Vn

)
−
(
wYn + Un

)(
zXn + Vn

)
−
(
zYn + Un

) ) ,

(
W

(1)
n

Z
(1)
n

)
:=

((
wX

(2)
n + V

(2)
n

)
−
(
wY

(2)
n + U

(2)
n

)(
zX

(2)
n + V

(2)
n

)
−
(
zY

(2)
n + U

(2)
n

) ) ,

(45)
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where w ∈
[
0, 12γ

)
and z = γ − w. Then, under assumptions (A.1) and (A.2), we have(
∥W (1)

n ∥2L2
+ ∥Z(1)

n ∥2L2

)
≤ (1− α1hn)

(
∥Wn∥2L2

+ ∥Zn∥2L2

)
, (46)

for all 0 < hn ≤ 1 and n ≥ 0 where

α1 =
(2λ+z

2 − uM1) ∧ (um− 2λ+w
2)

z − w
−K1hn , (47)

for some constant K1 > 0 not depending on hn .

Proof We can unfold the mappings and then simplify notation using the ϕi functions (35).
The noise terms cancel out due to the synchronous coupling, which first yields

Ṽ (1)
n − Ũ (1)

n = Vn − Un ,

X̃ (1)
n − Ỹ (1)

n = Xn − Yn +
1− e−λ−γhn

γ
(Vn − Un)

= Xn − Yn + ϕ1(λ−)(Vn − Un).

Since we assume that f is twice differentiable, we can use Taylor’s theorem to define4

∇f
(
X̃ (1)

n

)
−∇f

(
Ỹ (1)
n

)
=

∫ 1

0
∇2f

(
X̃ (1)

n + r(Ỹ (1)
n − X̃ (1)

n )
)
dr︸ ︷︷ ︸

=:H(1)
n

(
X̃ (1)

n − Ỹ (1)
n

)

= H(1)
n

[
(Xn − Yn) + ϕ1(λ−)(Vn − Un)

]
,

where H(1)
n ∈ Rd×d is a symmetric positive semidefinite matrix which, from the assumptions

(A.1) and (A.2), additionally satisfies mId ⪯ H(1)
n ⪯ M1Id.

Then the next stage in the mappings yields following differences,

Ṽ (2)
n − Ũ (2)

n

= e−λ+γhn(Vn − Un)−
1

2
e−

1
3
γhnuhn

(
∇f
(
X̃(1)

n

)
−∇f

(
Ỹ (1)
n

))
=

[
− 1

2
uhnϕ0

(
1

3

)
H(1)

n

]
(Xn − Yn) +

[
ϕ0(λ+)Id −

1

2
uhnϕ0

(1
3

)
ϕ1(λ−)H(1)

n

]
(Vn − Un),

X̃(2)
n − Ỹ (2)

n

= (Xn − Yn) +
1− e−λ+γhn

γ
(Vn − Un)−

1− e−
1
3
γhn

γ
uhn

(
∇f
(
X̃ (1)

n

)
−∇f

(
Ỹ (1)
n

))
=

[
Id − uhnϕ1

(
1

3

)
H(1)

n

]
(Xn − Yn) +

[
ϕ1(λ+)Id − uhnϕ1

(
1

3

)
ϕ1(λ−)H(1)

n

]
(Vn − Un).

4. The following definition is still valid even if we do not assume that the potential f is twice differentiable.
By Rademacher’s theorem (Federer, 1969, Theorem 3.1.6) since ∇f is Lipschitz continuous, then ∇f is
almost everywhere differentiable. Therefore, as the probability of hitting a null set is 0, we can infer that
the potential function’s second derivative is sufficiently well defined to be applied in our setting.
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From the definitions of Wn and Zn , we can write

Xn − Yn =
Zn −Wn

z − w
, Vn − Un =

zWn − wZn

z − w
.

Thus, W
(1)
n can be expressed as

W (1)
n = w

(
X̃ (2)

n − Ỹ (2)
n

)
+
(
Ṽ (2)
n − Ũ (2)

n

)
=

(
w

[
Id − uhnϕ1

(
1

3

)
H(1)

n

]
+

[
− 1

2
uhnϕ0

(
1

3

)
H(1)

n

])
(Xn − Yn)

+ w

[
ϕ1(λ+)Id − uhnϕ1

(
1

3

)
ϕ1(λ−)H(1)

n

]
(Vn − Un)

+

[
ϕ0(λ+)Id −

1

2
uhnϕ0

(
1

3

)
ϕ1(λ−)H(1)

n

]
(Vn − Un)

=
1

z − w

((
w

[
Id − uhnϕ1

(
1

3

)
H(1)

n

]
+

[
− 1

2
uhnϕ0

(
1

3

)
H(1)

n

])
(Zn −Wn)

+ w

[
ϕ1(λ+)Id − uhnϕ1

(
1

3

)
ϕ1(λ−)H(1)

n

]
(zWn − wZn)

+

[
ϕ0(λ+)Id −

1

2
uhnϕ0

(1
3

)
ϕ1(λ−)H(1)

n

]
(zWn − wZn)

)
=

1

z − w

[(
− wA−B + wzC + zD

)
Wn +

(
wA+B − w2C − wD

)
Zn

]
,

and similarly

Z(1)
n =

1

z − w

[(
− zA−B + z2C + zD

)
Wn +

(
zA+B − wzC − wD

)
Zn

]
,

where

A = Id − uhnϕ1

(
1

3

)
H(1)

n , B = −1

2
uhnϕ0

(
1

3

)
H(1)

n ,

C = ϕ1(λ+)Id − uhnϕ1

(
1

3

)
ϕ1(λ−)H(1)

n , D = ϕ0(λ+)Id −
1

2
uhnϕ0

(
1

3

)
ϕ1(λ−)H(1)

n .

Note the matrices A,B,C,D are not only symmetric but also commute with one another.

By expanding
∥∥W (1)

n

∥∥2
2
and

∥∥Z(1)
n

∥∥2
2
, we obtain∥∥W (1)

n

∥∥2
2
+
∥∥Z(1)

n

∥∥2
2
=

1

(z − w)2
(
W⊤

n EWn + Z⊤
n FZn + 2W⊤

n GZn

)
, (48)

where

E = (w2 + z2)A2 + 2B2 + z2(w2 + z2)C2 + 2z2D2 + 2γAB − 2z(w2 + z2)AC

− 2γzAD − 2γzBC − 4zBD + 2γz2CD,

F = (w2 + z2)A2 + 2B2 + w2(w2 + z2)C2 + 2w2D2 + 2γAB − 2w(w2 + z2)AC

− 2wγAD − 2γwBC − 4wBD + 2γw2CD,

G = −(w2 + z2)A2 − 2B2 − zw(w2 + z2)C2 − 2zwD2 − 2γAB + γ(w2 + z2)AC

+ γ2AD + γ2BC + 2γBD − 2γwzCD.
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Whilst we could bound the terms involving A, B, C and D by applying the inequality (36),
since −ϕi(x) ≤ |ϕi(x)| for all x ∈

{
λ+ , λ− ,

1
3

}
and i ∈ {0, 1} this would produce too high

an upper bound in order to prove the desired result. Instead, we will use the bounds below,

−ϕ0(x) ≤ −1 + xγhn , −ϕ1(x) ≤ −xhn +
1

2
γx2h2n .

In the following, we will also use

−hcn

m∑
i=1

ϕai(bi) ≤ 0,

for terms with c +
∑m

i=1 ai ≥ 2 as they do not significantly impact the contraction rate
α1 and all the ϕ functions are bounded below by 0. Using the Loewner order ⪯ and the
commutativity of the matrices A,B,C and D, we can bound the matrices E,F and G as

E ⪯ (w2 + z2)

(
Id +

1

9
u2h4n

(
H(1)

n

)2)
+ 2

(
1

4
u2h2n

(
H(1)

n

)2)
+ z2(w2 + z2)

(
λ2
+h

2
nId +

2

9
λ2
−u

2h6n
(
H(1)

n

)2)
+ 2z2

(
Id − 2λ+γhnId + 2λ2

+γ
2h2nId +

1

4
λ2
−u

2
nh

4
n

(
H(1)

n

)2)
+ 2γ

(
− 1

2
uhnH(1)

n +
1

6
γuh2nH(1)

n +
1

6
u2h3n

(
H(1)

n

)2)
+ 2z(w2 + z2)

(
λ+hnId +

1

2
γλ2

+h
2
nId +

1

3
uh3nH(1)

n

)
+ 2γz

(
Id − λ+γhnId +

1

2
λ2
+γ

2h2nId +
1

6
λ−u

2h4n
(
H(1)

n

)2)
+ 2γz

(
1

2
λ+uh

2
nH(1)

n

)
+ 4z

(
1

2
uhnH(1)

n

)
+ 2γz2

(
λ+hnId +

1

6
λ2
−u

2h5n
(
H(1)

n

)2)
⪯
(
(z − w)2 + (z − w)hn

(
uM1 − 2λ+z

2
)
+ h2n

(
γz + 3γ2z2 + z2w2 + z4

)
+ h2n

[
(z + γw + 2γz)uM1 +

(
1 + γ + z2 + w2 + z2w2 + z4

)
u2M2

1

])
Id

=
(
(z − w)2 + (z − w)hn

(
uM1 − 2λ+z

2
)
+ E+h

2
n

)
Id ,

F ⪯ (w2 + z2)

(
Id +

1

9
u2h4n

(
H(1)

n

)2)
+ 2

(
1

4
u2h2n

(
H(1)

n

)2)
+ w2(w2 + z2)

(
λ2
+h

2
nId +

2

9
λ2
−u

2h6n
(
H(1)

n

)2)
+ 2w2

(
Id − 2λ+γhnId + 2λ2

+γ
2h2nId +

1

4
λ2
−u

2
nh

4
n

(
H(1)

n

)2)
+ 2γ

(
− 1

2
uhnH(1)

n +
1

6
γuh2nH(1)

n +
1

6
u2h3n

(
H(1)

n

)2)
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+ 2w(w2 + z2)

(
λ+hnId +

1

2
γλ2

+h
2
nId +

1

3
uh3nH(1)

n

)
+ 2γw

(
Id − λ+γhnId +

1

2
λ2
+γ

2h2nId +
1

6
λ−u

2h4n
(
H(1)

n

)2)
+ 2γw

(
1

2
λ+uh

2
nH(1)

n

)
+ 4w

(
1

2
uhnH(1)

n

)
+ 2γw2

(
λ+hnId +

1

6
λ2
−u

2h5n
(
H(1)

n

)2)
⪯
(
(z − w)2 + (z − w)hn

(
2λ+w

2 − um
)
+ h2n

(
γw + 3γ2w2 + z2w2 + w4

)
+ h2n

[(
w + γz + 2γw

)
uM1 +

(
1 + γ + z2 + w2 + z2w2 + w4

)
u2M2

1

])
Id

=
(
(z − w)2 + (z − w)hn

(
2λ+w

2 − um
)
+ F+h

2
n

)
Id ,

G ⪯ (w2 + z2)

(
− Id +

2

3
uh2nH(1)

n

)
+ zw(w2 + z2)

(
λ2
+h

2
nId − γλ3

+h
3
nId +

1

4
γ2λ4

−h
4
nId +

2

3
λ+λ−uh

4
nH(1)

n

)
+ 2zw

(
− Id + 2λ+γhnId + λ−uh

2
nH(1)

n

)
+ γuhnH(1)

n + γ(w2 + z2)

(
λ+hnId +

1

9
λ−u

2h5n
(
H(1)

n

)2)
+ γ2

(
Id − λ+γhnId +

1

2
λ2
+γ

2h2nId +
1

6
λ−u

2h4n
(
H(1)

n

)2)
+ γ2

(
1

6
λ−u

2h4n
(
H(1)

n

)2)
+ γ

(
− uhnH(1)

n +

(
1

3
+ λ+

)
γuh2nH(1)

n

)
+ 2γwz

(
− λ+hnId + 2γλ2

+h
2
nId +

1

2
λ+λ−uh

3
nH(1)

n +
1

3
λ−uh

3
nH(1)

n

)
+

1

2
λ−γu

2h3n
(
H(1)

n

)2
⪯ h2n

[
z3w + zw3 + 3γ2zw + γ2z3w + γ2zw3 + γ4 +

(
zw + z2 + w2 + 2γ2

)
uM1

+
(
γzw + z3w + zw3

)
uM1 +

(
1 + γ + γ2 + γz2 + γw2

)
u2M2

1

]
Id

= G+h
2
nId ,

where we have used the assumption that hn ≤ 1 and also bounded λ+ and λ− for readability.
Next, we will establish an O(h2n) upper bound for W⊤

n GZn in terms of ∥Wn∥2L2
and ∥Zn∥2L2

.

4W⊤
n GZn = (Wn + Zn)

⊤G(Wn + Zn)− (Wn − Zn)
⊤G(Wn − Zn)

≤
∣∣(Wn + Zn)

⊤G(Wn + Zn)
∣∣+ ∣∣(Wn − Zn)

⊤G(Wn − Zn)
∣∣

≤ G+h
2
n

∥∥Wn + Zn

∥∥2
2
+G+h

2
n

∥∥Wn − Zn

∥∥2
2
,

which, by the triangle and Young’s inequalities, implies that

W⊤
n GZn ≤ G+h

2
n

(∥∥Wn

∥∥2
2
+
∥∥Zn

∥∥2
2

)
.
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Therefore, putting this all together gives∥∥W (1)
n

∥∥2
2
+
∥∥Z (1)

n

∥∥2
2

=
1

(z − w)2

(
W⊤

n EWn + Z⊤
n FZn + 2W⊤

n GZn

)
≤ ∥Wn∥22 + ∥Zn∥22 +

hn
z − w

(
(uM1 − 2λ+z

2)∥Wn∥22 + (2λ+w
2 − um)∥Zn∥22

)
+

h2n
(z − w)2

(
E+∥Wn∥22 + F+∥Zn∥22 + 2G+

(
∥Wn∥22 + ∥Zn∥22

))
≤
(
1 +

hn
z − w

max
(
(uM1 − 2λ+z

2), (2λ+w
2 − um)

)
+

h2n
(z − w)2

(
max(E+, F+) + 2G+

))(
∥Wn∥22 + ∥Zn∥22

)
= (1− α1hn)

(
∥Wn∥22 + ∥Zn∥22

)
.

The result now follows by taking expectations of both sides.

Similarly, we can show that the second map
(
X̃

(2)
n , Ṽ

(2)
n

)
→
(
X̃n+1 , Ṽn+1

)
is also contractive.

Theorem 27 Consider the two approximations (X,V ) and (Y,U) under the mappings(
X̃

(2)
n , Ṽ

(2)
n

)
→
(
X̃n+1 , Ṽn+1

)
and

(
Ỹ

(2)
n , Ũ

(2)
n

)
→
(
Ỹn+1 , Ũn+1

)
that are driven by the same

Brownian motion but are evolved from the initial conditions
(
X̃

(2)
n , Ṽ

(2)
n

)
and

(
Ỹ

(2)
n , Ũ

(2)
n

)
.

Just as before, we define the following coordinate transformations,(
W

(1)
n

Z
(1)
n

)
=

((
wX

(2)
n + V

(2)
n

)
−
(
wY

(2)
n + U

(2)
n

)(
zX

(2)
n + V

(2)
n

)
−
(
zY

(2)
n + U

(2)
n

) ) ,

(
W

(2)
n

Z
(2)
n

)
=

((
wX̃n+1 + Ṽn+1

)
−
(
wỸn+1 + Ũn+1

)(
zX̃n+1 + Ṽn+1

)
−
(
zỸn+1 + Ũn+1

) ) ,

(49)

where w ∈
[
0, 12γ

)
and z = γ − w. Then, under assumptions (A.1) and (A.2), we have(

∥W (2)
n ∥2L2

+ ∥Z (2)
n ∥2L2

)
≤ (1− α2hn)

(
∥W (1)

n ∥2L2
+ ∥Z (1)

n ∥2L2

)
, (50)

for all 0 < hn ≤ 1 and n ≥ 0 where

α2 =
(2λ−z

2 − uM1) ∧ (um− 2λ−w
2)

z − w
−K2hn , (51)

for some constant K2 > 0.

Proof The proof strategy is identical to that of Theorem 26. The main difference is simply
the values of the constants E+, F+, and G+. Specifically, these constants are given by

E+ = γ2z2 + γz3 + γzw2 + z2w2 + z4 +
(
γ + γz + zw2 + z3

)
uM1 + (1 + γ)u2M2

1 ,
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F+ = γ2w2 + γw3 + γz2w + z2w2 + w4 +
(
γ + γw + z2w + w3

)
uM1 + (1 + γ)u2M2

1 ,

G+ = γ2zw + γ4 + (γ2 + z2 + w2)uM1 .

Next, we will show that the third mapping
(
X̃n+1 , Ṽn+1

)
→ (Xn+1 , Vn+1) is always small.

Theorem 28 Consider the two approximations (X,V ) and (Y,U) under the mappings(
X̃n+1 , Ṽn+1

)
→
(
Xn+1 , Vn+1

)
and

(
Ỹn+1 , Ũn+1

)
→ (Yn+1 , Un+1) that are driven by the

same Brownian motion but evolved from initial conditions
(
X̃n+1 , Ṽn+1

)
and

(
Ỹn+1 , Ũn+1

)
.

Just as before, we define the following coordinate transformations,(
Wn

Zn

)
=

((
wXn + Vn

)
−
(
wYn + Un

)(
zXn + Vn

)
−
(
zYn + Un

) ) ,

(
W

(3)
n

Z
(3)
n

)
=

((
wXn + V n

)
−
(
wY n + Un

)(
zXn + V n

)
−
(
zY n + Un

) ) ,

(52)

where w ∈
[
0, 12γ

)
and z = γ − w. Then, under assumptions (A.1) and (A.2), we have(
∥W (3)

n ∥2L2
+ ∥Z (3)

n ∥2L2

)
≤ K3 h

4
n

(
∥Wn∥2L2

+ ∥Zn∥2L2

)
, (53)

for all 0 < hn ≤ 1 and n ≥ 0 where K3 > 0 is a constant not depending on hn .

Proof Again, the proof strategy is nearly identical to that of Theorem 26. Here, we use

E ≤ E+h
4
n , and F ≤ F+h

4
n ,

where

E+ ≤
(
1 + γ + z2 + w2 + γz2 + z2w2 + z4

)
u2M2

1 ,

F+ ≤
(
1 + γ + z2 + w2 + γw2 + z2w2 + w4

)
u2M2

1 ,

and

G+ ≤ (γ + γ2 + γz2 + γw2)u2M2
1h

2
n .

Finally, we are now in a position to prove our main contractivity result (Theorem 8).

Theorem 29 (Contractivity of the QUICSORT method (1)) Let (X,V ) and (Y, U)
denote two numerical approximations defined by the mappings (Xn , Vn) →

(
Xn+1 , Vn+1)

and (Yn , Yn) → (Yn+1 , Un+1) which are driven by the same Brownian motion but evolved
from initial conditions (Xn , Vn) and (Yn , Un). We define the coordinate transformations,(

Wn

Zn

)
=

((
wXn + Vn

)
−
(
wYn + Un

)(
zXn + Vn

)
−
(
zYn + Un

) ) ,

(
Wn+1

Zn+1

)
=

((
wXn+1 + Vn+1

)
−
(
wYn+1 + Un+1

)(
zXn+1 + Vn+1

)
−
(
zYn+1 + Un+1

) ) ,

(54)
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where w ∈
[
0, 12γ

)
and z = γ − w. Then, under the assumptions (A.1) and (A.2), we have(

∥Wn+1∥2L2
+ ∥Zn+1∥2L2

)
≤ (1− 2αhn)

(
∥Wn∥2L2

+ ∥Zn∥2L2

)
, (55)

for all 0 < hn ≤ 1 and n ≥ 0 where

α =
1

z − w
min

[
z2 − uM1, um− w2, (λ−z

2 − λ+w
2)− 1

2
u(M1 −m)

]
−Khn , (56)

for some constant K > 0 not depending on hn .

Proof From the decomposition (44) and coordinate transformations (49) and (52), we have(
Wn+1

Zn+1

)
=

((
wX̃n+1 + Ṽn+1

)
−
(
wỸn+1 + Ũn+1

)(
zX̃n+1 + Ṽn+1

)
−
(
zỸn+1 + Ũn+1

) )+

((
wXn + V n

)
−
(
wY n + Un

)(
zXn + V n

)
−
(
zY n + Un

) )

=

(
W

(2)
n

Z
(2)
n

)
+

(
W

(3)
n

Z
(3)
n

)
.

By applying the bounds (46), (50) and (53) given by the previous theorems along with the
inequality (43) in Theorem 25 with c = h2n , we obtain(
∥Wn+1∥2L2

+ ∥Zn+1∥2L2

)
≤
(
∥W (2)

n ∥2L2
+ ∥Z (2)

n ∥2L2

)
+
(
∥W (3)

n ∥2L2
+ ∥Z (3)

n ∥2L2

)
+ 2E

[〈
W (2)

n ,W (3)
n

〉
+
〈
Z (2)
n , Z (3)

n

〉]
≤ (1 + h2n)

(
∥W (2)

n ∥2L2
+ ∥Z (2)

n ∥2L2

)
+

(
1 +

1

h2n

)(
∥W (3)

n ∥2L2
+ ∥Z (3)

n ∥2L2

)
≤ (1 + h2n)(1− α2hn)

(
∥W (1)

n ∥2L2
+ ∥Z (1)

n ∥2L2

)
+ (h2n + h4n)K3

(
∥Wn∥2L2

+ ∥Zn∥2L2

)
≤
(
(1 + h2n)(1− α1hn)(1− α2hn) + (h2n + h4n)K3

)(
∥Wn∥2L2

+ ∥Zn∥2L2

)
≤ (1− 2αhn)

(
∥Wn∥2L2

+ ∥Zn∥2L2

)
,

where

α =

(
λ+z

2 − 1
2uM1

)
∧
(
1
2um− λ+w

2
)

z − w
+

(
λ−z

2 − 1
2uM1

)
∧
(
1
2um− λ−w

2
)

z − w
−Khn

=
1

z − w
min

[
z2 − uM1 , λ+z

2 − λ−w
2 − 1

2
uM1 +

1

2
um,

λ−z
2 − λ+w

2 − 1

2
uM1 +

1

2
um, um− w2

]
−Khn

=
1

z − w
min

[
z2 − uM1, um− w2, (λ−z

2 − λ+w
2)− 1

2
u(M1 −m)

]
−Khn ,

and

K = 1 + α1 + α2 + α1 · α2 +K1 +K2 +K3 .
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Remark 30 Provided that γ2 > 3+
√
3

2 uM1 , the contraction rate α becomes positive if w = 0
and hn is sufficiently small.

Remark 31 We can recover the result from Theorem 8 using the inequality 1 − x ≤ e−x.
Although it is not strictly necessary for the proof of the global error, it does establish how
the QUICSORT method undergoes exponential contractivity at each time interval [tn, tn+1].

Appendix C. Local error bounds

In this section we prove the local error bounds in Theorem 10. To do so, we compare the
Taylor expansions of underdamped Langevin dynamics (2) and the QUICSORT scheme (3).

Theorem 32 (Stochastic Taylor expansion of Langevin dynamics) Let {xt, vt}t≥0

be the underdamped Langevin diffusion (2). Then, for all n ≥ 0, over any interval [tn, tn+1],

xtn+1 = xtn + hnvtn + σ

∫ tn+1

tn

Wtn,r1 dr1 +R(1)
x , (57a)

= xtn + hnvtn + σ

∫ tn+1

tn

Wtn,r1 dr1 −
1

2
h2n
(
− γvtn − u∇f(xtn)

)
− γσ

∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +R(2)
x , (57b)

= xtn + hnvtn + σ

∫ tn+1

tn

Wtn,r1 dr1 +
1

2
h2n
(
− γvtn − u∇f(xtn)

)
− γσ

∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +
1

6
h3n

(
γ2vtn + γu∇f(xtn)− u∇2f(xtn)vtn

)
+ σ

(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

Wtn,r3 dr3 dr2 dr1 +R(3)
x . (57c)

vtn+1 = vtn + σWn + hn
(
− γvtn − u∇f(xtn)

)
− γσ

∫ tn+1

tn

Wtn,r1 dr1 +R(1)
v , (58a)

= vtn + σWn + hn
(
− γvtn − u∇f(xtn)

)
− γσ

∫ tn+1

tn

Wtn,r1 dr1

+
1

2
h2n

(
γ2vtn + γu∇f(xtn)− u∇2f(xtn)vtn

)
+ σ

(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +R(2)
v , (58b)

= vtn + σWn + hn
(
− γvtn − u∇f(xtn)

)
− γσ

∫ tn+1

tn

Wtn,r1 dr1,

+
1

2
h2n

(
γ2vtn + γu∇f(xtn)− u∇2f(xtn)vtn

)
+ σ

(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +
1

6
h3n
(
− γ3vtn − γ2u∇f(xtn)

)
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+
1

6
h3n

(
2γu∇2f(xtn)vtn − u2∇f(xtn)∇f(xtn)− u∇3f(xtn)(vtn , vtn)

)
− γσ

(
γ2 − 2u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

Wtn,r3 dr3 dr2 dr1

− σu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇3f(xtn)
(
vr2 ,Wtn,r3

)
dr3 dr2 dr1

− σu

∫ tn+1

tn

∫ r1

tn

∇3f(xtn)
(
vtn , (r2 − tn)Wtn,r2

)
dr2 dr1 +R(3)

v , (58c)

where the remainder terms R
(1)
x , R

(2)
x and R

(3)
x for the position component are given by

R(1)
x := −γ

∫ tn+1

tn

∫ r1

tn

vr2 dr2 dr1 − u

∫ tn+1

tn

∫ r1

tn

∇f(xr2) dr2 dr1 , (59a)

R(2)
x := γ2

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

vr3 dr3 dr2 dr1 + γu

∫ tn+1

tn

∫ r1

tn

∫ tn+1

tn

∇f(xr3) dr3 dr2 dr1

− u

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇2f(xr3)vr3 dr3 dr2 dr1 , (59b)

R(3)
x := −γ

(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

vr4 dr4 dr3 dr2 dr1

− u
(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇f(xr4) dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇2f(xr4)vr4 dr4 dr3 dr2 dr1

− u

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇3f(xr4)(vr4 , vr3) dr4 dr3 dr2 dr1 , (59c)

and the remainder terms R
(1)
v , R

(2)
v and R

(3)
v for the momentum component are given by

R(1)
v := γ2

∫ tn+1

tn

∫ r1

tn

vr2 dr2 dr1 + γu

∫ tn+1

tn

∫ r1

tn

∇f(xr2) dr2 dr1

− u

∫ tn+1

tn

(
∇f(xr1)−∇f(xtn)

)
dr1, (60a)

R(2)
v := −γ

(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

vr3 dr3 dr2 dr1

− u
(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇f(xr3) dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇2f(xr3)vr3 dr3 dr2 dr1

− u

∫ tn+1

tn

∫ r1

tn

(
∇2f(xr2)vr2 −∇2f(xtn)vr2

)
dr2 dr1 , (60b)
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R(3)
v := γ2

(
γ2 − 2u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

vr4 dr4 dr3 dr2 dr1

+ γu
(
γ2 − 2u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇f(xr4) dr4 dr3 dr2 dr1

− u
(
γ2 − u∇2f(xtn)

) ∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇2f(xr4)vr4 dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇3f(xr4)(vr4 , vr3) dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇3f(xtn)(vr4 , vr2) dr4 dr3 dr2 dr1

+ u2
∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∇3f(xtn)
(
∇f(xr4), vr2

)
dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇3f(xtn)
(
vr3 , (r2 − tn)vtn

)
dr3 dr2 dr1

+ u2
∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇3f(xtn)
(
∇f(xr3), (r2 − tn)vtn

)
dr3 dr2 dr1

− u

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

(
∇3f(xr3)(vr3 , vr2)−∇3f(xtn)(vr3 , vr2)

)
dr3 dr2 dr1. (60c)

Proof For any r ∈ [tn, tn+1], we can rewrite the SDE (2) into integral form:

xr = xtn +

∫ r

tn

vr1 dr1 ,

vr = vtn − γ

∫ r

tn

vr1dr1 − u

∫ r

tn

∇f(xr1) dr1 + σWtn,r .

Assuming ∇f is sufficiently differentiable, by the fundamental theorem of calculus, we have

∇f(xri) = ∇f(xtn) +

∫ ri

tn

∇2f(xri+1) dxri+1

= ∇f(xtn) +

∫ ri

tn

∇2f(xri+1)vri+1 dri+1 ,

∇2f(xri)vr = ∇2f(xtn)vr +

∫ ri

tn

∇3f(xri+1)(vr, dxti+1)

= ∇2f(xtn)vr +

∫ ri

tn

∇3f(xri+1)(vr, vri+1) dri+1 ,

for tn ≤ r4 ≤ r3 ≤ r2 ≤ r1 ≤ tn+1. The theorem now follows by repeatedly substituting
the above identities into the integral form of the SDE and rearranging the resulting terms.
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Theorem 33 (ULD Remainder Bounds) Let {(xt, vt)}t≥0 be the underdamped Langevin
diffusion (2) where we assume that (x0, v0) ∼ π, the stationary distribution of the process.
Let 0 < hn ≤ 1 be fixed and consider the remainder terms given by (59a) and (60a), defined
over the interval [tn, tn+1]. Under assumptions (A.1) and (A.2), we can bound their L2

norms and absolute means as∥∥R(1)
x

∥∥
L2

≤ C (1)
x

√
dh2n ,

∥∥R(1)
v

∥∥
L2

≤ C (1)
v

√
dh2n , (61)∥∥E[R(1)

x

]∥∥
2
≤ C (1)

x

√
dh2n ,

∥∥E[R(1)
v

]∥∥
2
≤ C (1)

v

√
dh2n , (62)

where C
(1)
x , C

(1)
v > 0 are constants depending on γ, u, m and M1 .

Under the additional assumption (A.3), we can bound the terms (59b) and (60b) as∥∥R(2)
x

∥∥
L2

≤ C (2)
x

√
dh3n ,

∥∥R(2)
v

∥∥
L2

≤ C (2)
v dh3n , (63)∥∥E[R(2)

x

]∥∥
2
≤ C (2)

x

√
dh3n ,

∥∥E[R(2)
v

]∥∥
2
≤ C (2)

v dh3n , (64)

where C
(2)
x , C

(2)
v > 0 are constants which depend on γ, u, m, M1 and M2 . Finally, under

the additional assumption (A.4), the remainder terms (59c) and (60c) can be bounded by∥∥R(3)
x

∥∥
L2

≤ C (3)
x dh4n ,

∥∥R(3)
v

∥∥
L2

≤ C (3)
v d1.5h4n , (65)∥∥E[R(3)

x

]∥∥
2
≤ C (3)

x dh4n ,
∥∥E[R(3)

v

]∥∥
2
≤ C (3)

v d1.5h4n , (66)

where C
(3)
x , C

(3)
v > 0 are constants depending on γ, u, m, M1, M2 and M3 .

Proof Suppose that γ2 ≥ 2uM1 . Then for all x, v ∈ Rd,∥∥(γ2 − 2u∇2f(x))v
∥∥
L2

≤
∥∥(γ2 − u∇2f(x))v

∥∥
L2

≤ (γ2 − um)∥v∥L2 .

We can derive the local error bounds (61), (63) and (65) for the position variable using this
inequality, Fubini’s theorem and the bounds (28), (31), (37) and (40) given in Appendix A.

∥∥R(1)
x

∥∥
L2

≤ γ

∫ tn+1

tn

∫ r1

tn

∥vr2∥L2 dr2 dr1 + u

∫ tn+1

tn

∫ r1

tn

∥∥∇f(xr2)
∥∥
L2

dr2 dr1

≤ 1

2
h2n
(
γ
√
ud+ u

√
M1d

)
= C (1)

x

√
dh2n ,

∥R(2)
x ∥L2 ≤ γ2

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥vr3∥L2 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ tn+1

tn

∥∥∇f(xr3)
∥∥
L2

dr3 dr2 dr1

+ u

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥∇2f(xr3)vr3∥L2 dr3 dr2 dr1
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≤ 1

6
h3n

(
γ2

√
ud+ γu

√
M1d+ uM1

√
ud
)

= C (2)
x

√
dh3n ,

∥R(3)
x ∥L2 ≤ γ(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥vr4∥L2 dr4 dr3 dr2 dr1

+ u(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇f(xr4)
∥∥
L2

dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇2f(xr4)vr4
∥∥
L2

dr4 dr3 dr2 dr1

+ u

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇3f(xr4)(vr4 , vr3)
∥∥
L2

dr4 dr3 dr2 dr1

≤ 1

24
h4n

(
γ(γ2 − um)

√
ud+ u(γ2 − um)

√
M1d+ γuM1

√
ud+

√
3M2ud

)
≤ 1

24

(
γ(γ2 − um)

√
u+ u(γ2 − um)

√
M1 + γuM1

√
u+

√
3M2u

)
dh4n

= C (3)
x dh4n .

For the momentum variable, we can additionally use (42) and the bound

∥xt − xtn∥L2p ≤
∫ t

tn

∥vr1∥L2p dr1 ,

to show that∥∥R(1)
v

∥∥
L2

≤ γ2
∫ tn+1

tn

∫ r1

tn

∥vr2∥L2 dr2 dr1 + γu

∫ tn+1

tn

∫ r1

tn

∥∥∇f(xr2)
∥∥
L2

dr2 dr1

+ u

∫ tn+1

tn

∥∥∇f(xr1)−∇f(xtn)
∥∥
L2

dr1

≤ 1

2
h2n

(
γ2

√
ud+ γu

√
M1d+ uM1

√
ud
)

= C (1)
v

√
dh2n ,∥∥R(2)

v

∥∥
L2

≤ γ(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥vr3∥L2 dr3 dr2 dr1

+ u(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥∥∇f(xr3)
∥∥
L2

dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥∥∇2f(xr3)vr3
∥∥
L2

dr3 dr2 dr1

+ u

∫ tn+1

tn

∫ r1

tn

∥∥∇2f(xr2)vr2 −∇2f(xtn)vr2
∥∥
L2

dr2 dr1
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≤ 1

6
h3n

(
γ(γ2 − um)

√
ud+ u(γ2 − um)

√
M1d+ γuM1

√
ud+

√
3M2ud

)
≤ 1

6

(
γ
(
γ2 − um

)√
u+ u(γ2 − um)

√
M1 + γuM1

√
u+

√
3M2u

)
dh3n

= C (2)
v dh3n ,∥∥R(3)

v

∥∥
L2

≤ γ2(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r4

tn

∥vr4∥L2 dr4 dr3 dr2 dr1

+ γu(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r4

tn

∥∥∇f(xr4)
∥∥
L2

dr4 dr3 dr2 dr1

+ u(γ2 − um)

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇2f(xr4)vr4
∥∥
L2

dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇3f(xr4)(vr4 , vr3)
∥∥
L2

dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇3f(xtn)(vr4 , vr2)
∥∥
L2

dr4 dr3 dr2 dr1

+ u2
∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∫ r3

tn

∥∥∇3f(xtn)
(
∇f(xr4), vr2

)∥∥
L2

dr4 dr3 dr2 dr1

+ γu

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥∥∇3f(xtn)(vr3 , (r2 − tn)vtn)
∥∥
L2

dr3 dr2 dr1

+ u2
∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥∥∇3f(xtn)
(
∇f(xr3), (r2 − tn)vtn

)∥∥
L2

dr3 dr2 dr1

− u

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥∥∇3f(xr3)(vr3 , vr2)−∇3f(xtn)(vr3 , vr2)
∥∥
L2

dr3 dr2 dr1

≤ 1

24
h4n

(
γ2(γ2 − um)

√
ud+ γu(γ2 − um)

√
M1d+ u(γ2 − um)M1

√
ud

+ 3
√
3γu2M2d+ 2

√
3u2.5

√
M1M2d+

√
15u1.5M3d

1.5
)

≤ 1

24

(
γ2(γ2 − um)

√
u+ γu1.5(γ2 − um)

√
M1 + u(γ2 − um)M1

√
u

+ 3
√
3γu2M2 + 2

√
3u2.5

√
M1M2 +

√
15u1.5M3

)
d1.5h4n

= C (3)
v d1.5h4n .

In order to prove the bounds (62), (64) and (66) for the mean errors, we simply note that∥∥E[R]
∥∥
2
≤ E

[
∥R∥2

]
≤ E

[
∥R∥22

] 1
2 =

∥∥R∥∥L2
,

by Jensen’s inequality.
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Theorem 34 (Taylor expansion of the QUICSORT method) Let {Xn , Vn}n≥0 denote
the QUICSORT method (3). Then for all n ≥ 0, we have the following Taylor expansions:

Xn+1 = Xn + hnVn + σ

∫ tn+1

tn

Wtn,r1 dr1 +R
(1)
X , (67a)

= Xn + hnVn + σ

∫ tn+1

tn

Wtn,r1 dr1 +
1

2
h2n
[
− γVn − u∇f(Xn)

]
− γσ

∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +R
(2)
X , (67b)

= Xn + hnVn + σ

∫ tn+1

tn

Wtn,r1 dr1 +
1

2
h2n
[
− γVn − u∇f(Xn)

]
− γσ

∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +
1

6
h3n
[
γ2Vn + γu∇f(Xn)− u∇2f(Xn)Vn

]
+ σ

(
γ2 − u∇2f(Xn)

)[ 1

24
h3nWn +

1

6
h3nHn +

1

2
h3nKn

]
+R

(3)
X , (67c)

Vn+1 = Vn + σWn + hn
[
− γVn − u∇f(Xn)

]
− γσ

∫ tn+1

tn

Wtn,r1 dr1 +R
(1)
V , (68a)

= Vn + σWn + hn
[
− γVn − u∇f(Xn)

]
− γσ

∫ tn+1

tn

Wtn,r1 dr1

+
1

2
h2n
[
γ2Vn + γu∇f(Xn)− u∇2f(Xn)Vn

]
+ σ

(
γ2 − u∇2f(Xn)

) ∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 +R
(2)
V , (68b)

= Vn + σWn + hn
[
− γVn − u∇f(Xn)

]
− γσ

∫ tn+1

tn

Wtn,r1 dr1

+
1

2
h2n
[
γ2Vn + γu∇f(Xn)− u∇2f(Xn)Vn

]
+ σ

(
γ2 − u∇2f(Xn)

) ∫ tn+1

tn

∫ r1

tn

Wtn,r2 dr2 dr1 −
1

6
h3n
[
γ3Vn + γ2u∇f(Xn)

]
+

1

6
h3n
[
2γu∇2f(Xn)Vn − u2∇f(Xn)∇f(Xn)− u∇3f(Xn)(Vn, Vn)

]
− γσ

(
γ2 − 2u∇2f(Xn)

)[ 1

24
h3nWn +

1

6
h3nHn +

1

2
h3nKn

]
− σu∇3f(Xn)

(
Vn ,

[
1

8
h3nWn +

1

3
h3nHn +

1

2
h3nKn

])
+R

(3)
V , (68c)

where

R
(1)
X = (ϕ1(1)− hn)

(
Vn + σ(Hn + 6Kn)

)
+

[
1

hn
ϕ2(1)−

1

2
hn

]
σ(Wn − 12Kn)
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− 1

2
uhn

(
ϕ1(λ+) + ϕ1(λ−)

)
∇f(Xn)

− 1

2
uhn

[
ϕ1(λ+)I

(−)
1 + ϕ1(λ−)I

(+)
1 + ϕ1(λ−)Ĩ1

]
, (69a)

R
(2)
X =

[
ϕ1(1)−

(
hn − 1

2
γh2n

)](
Vn + σ(Hn + 6Kn)

)
+

[
1

hn
ϕ2(1)−

(
1

2
hn − 1

6
γh2n

)]
σ(Wn − 12Kn)

+

[
− 1

2
hn
(
ϕ1(λ+) + ϕ1(λ−)

)
−
(
− 1

2
h2n

)]
u∇f(Xn)

− 1

2
uhn

[
ϕ1(λ+)I

(−)
1 + ϕ1(λ−)I

(+)
1 + ϕ1(λ−)Ĩ1

]
, (69b)

R
(3)
X =

[
ϕ1(1)−

(
hn − 1

2
γh2n +

1

6
γ2h3n

)](
Vn + σ(Hn + 6Kn)

)
+

[
1

hn
ϕ2(1)−

(
1

2
hn − 1

6
γh2n +

1

24
γ2h3n

)]
σ(Wn − 12Kn)

+

[
− 1

2
hn

(
ϕ1(λ+) + ϕ1(λ−)

)
−
(
− 1

2
h2n +

1

6
γh3n

)]
u∇f(Xn)

+

[
− hnϕ1(λ+)ϕ1(λ−)−

(
− 1

6
h3n

)]
u∇2f(Xn)

[
Vn + σ(Hn + 6Kn)

]
+

[
− 1

2

(
ϕ1(λ+)ϕ2(λ−) + ϕ1(λ−)ϕ2(λ+)

)
−
(
− 1

24
h3n

)]
× σu∇2f(Xn)(Wn − 12Kn)

− 1

2
uhn

[
ϕ1(λ+)I

(−)
2 + ϕ1(λ−)I

(+)
2 + ϕ1(λ−)Ĩ1

]
, (69c)

R
(1)
V =

(
ϕ0(1)− (1− γhn)

)(
Vn + σ(Hn + 6Kn)

)
+

[
1

hn
ϕ1(1)−

(
1− 1

2
γhn

)]
σ(Wn − 12Kn)

+

[
− 1

2
hn
(
ϕ0(λ+) + ϕ0(λ−)

)
− (−hn)

]
u∇f(Xn)

− 1

2
uhn

[
ϕ0(λ+)I

(−)
1 + ϕ0(λ−)I

(+)
1 + ϕ0(λ−)Ĩ1

]
, (69d)

R
(2)
V =

[
ϕ0(1)− (1− γhn +

1

2
γ2h2n)

](
Vn + σ(Hn + 6Kn)

)
+

[
1

hn
ϕ1(1)−

(
1− 1

2
γhn +

1

6
γ2h2n

)]
σ(Wn − 12Kn)

+

[
− 1

2
hn
(
ϕ0(λ+) + ϕ0(λ−)

)
−
(
− hn +

1

2
γh2

)]
u∇f(Xn)
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+

[
− 1

2
hn
(
ϕ0(λ+)ϕ1(λ−) + ϕ0(λ−)ϕ1(λ+)

)
−
(
− 1

2
h2n

)]
× u∇2f(Xn)

(
Vn + σ(Hn + 6Kn)

)
+

[
− 1

2

(
ϕ0(λ+)ϕ2(λ−) + ϕ0(λ−)ϕ2(λ+)

)
−
(
− 1

6
h2n

)]
× σu∇2f(Xn)(Wn − 12Kn)

− 1

2
uhn

[
ϕ0(λ+)I

(−)
2 + ϕ0(λ−)I

(+)
2 + ϕ0(λ−)Ĩ1

]
, (69e)

R
(3)
V =

[
ϕ0(1)−

(
1− γhn +

1

2
γ2h2n − 1

6
γ3h3n

)](
Vn + σ(Hn + 6Kn)

)
+

[
1

hn
ϕ1(1)−

(
1− 1

2
γhn +

1

6
γ2h2n − 1

24
γ3h3n

)]
σ(Wn − 12Kn)

+

[
− 1

2
hn
(
ϕ0(λ+) + ϕ0(λ−)

)
−
(
− h+

1

2
γh2 − 1

6
γ2h3n

)]
u∇f(Xn)

+

[
− 1

2
hn (ϕ0(λ+)ϕ1(λ−) + ϕ0(λ−)ϕ1(λ+))−

(
−1

2
h2n +

1

3
γh3n

)]
× u∇2f(Xn)

(
Vn + σ(Hn + 6Kn)

)
+

[
− 1

2

(
ϕ0(λ+)ϕ2(λ−) + ϕ0(λ−)ϕ2(λ+)

)
−
(
− 1

6
h2n +

1

12
γh3n

)]
× σu∇2f(Xn)(Wn − 12Kn)

+

[
1

2
h2nϕ0(λ−)ϕ1

(
1

3

)
− 1

6
h3n

]
u2∇2f(Xn)∇f(Xn)

+

[
− 1

4
hn
(
ϕ0(λ+)ϕ

2
1(λ−) + ϕ0(λ−)ϕ

2
1(λ+)

)
−
(
− 1

6
h3n

)]
× u∇3f(Xn)

(
V ⊗2
n + 2σVn ⊗ (Hn + 6Kn)

)
+

[
− 1

4
hn
(
ϕ0(λ+)ϕ

2
1(λ−) + ϕ0(λ−)ϕ

2
1(λ+)

)]
σ2u∇3f(Xn)

(
Hn + 6Kn

)⊗2

+

[
− 1

2

(
ϕ0(λ+)ϕ1(λ−)ϕ2(λ−) + ϕ0(λ−)ϕ1(λ+)ϕ2(λ+)

)
−
(
− 1

8
h3n

)]
× σu∇3f(Xn)

(
Vn ,Wn − 12Kn

)
+

[
− 1

2

(
ϕ0(λ+)ϕ1(λ−)ϕ2(λ−) + ϕ0(λ−)ϕ1(λ+)ϕ2(λ+)

)]
× σ2u∇3f(Xn)

(
Hn + 6Kn ,Wn − 12Kn

)
+

[
− 1

4
· 1

hn

(
ϕ0(λ+)ϕ

2
2(λ−) + ϕ0(λ−)ϕ

2
2(λ+)

)]
σ2u∇3f(Xn)(Wn − 12Kn)

⊗2

− 1

2
uhn

[
ϕ0(λ+)I

(−)
3 + ϕ0(λ−)I

(+)
3 + ϕ0(λ−)Ĩ2 + ϕ0(λ−)Ĩ3

]
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+
1

2
u2h2nϕ0(λ−)ϕ1

(
1

3

)
∇2f(Xn)Ĩ

(1), (69f)

for λ± = 3±
√
3

6 , along with the functions ϕ0 , ϕ1 and ϕ2 defined in (35), and

I
(±)
1 :=

∫ 1

0
∇2f

(
Xn + tL(±)

n

)
L(±)
n dt

=
[
∇f
(
Xn + L(±)

n

)
−∇f(Xn)

]
,

I
(±)
2 :=

∫ 1

0
(1− t)∇3f

(
Xn + tL(±)

n

)(
L(±)
n

)⊗2
dt

=

∫ 1

0

[
∇2f

(
Xn + L(±)

n

)
−∇2f(Xn)

]
L(±)
n dt,

I
(±)
3 :=

∫ 1

0
(1− t)

[
∇3f

(
Xn + tL(±)

n

)
−∇3f(Xn)

](
L(±)
n

)⊗2
dt,

Ĩ1 :=

∫ 1

0
∇2f

(
Xn + L(+)

n + tPn

)
Pndt

=
[
∇f
(
Xn + L(+)

n + Pn

)
−∇f

(
Xn + L(+)

n

)]
,

Ĩ2 :=

∫ 1

0
(1− t)∇3f

(
Xn + L(+)

n + tPn

)
(Pn)

⊗2dt

=

∫ 1

0

[
∇2f

(
Xn + L(+)

n + tPn

)
−∇2f

(
Xn + L(+)

n

)]
Pndt,

Ĩ3 :=

∫ 1

0
∇3f

(
Xn + tL(+)

n

)(
L(+)
n , Pn

)
dt

=
[
∇2f

(
Xn + L(+)

n

)
−∇2f(Xn)

]
Pn ,

(70)

where

L(±)
n := ϕ1(λ±)

(
Vn + σ(Hn + 6Kn)

)
+ ϕ2(λ±)Cn ,

Pn := −uhnϕ1

(
1

3

)
∇f
(
X(1)

n

)
= −uhnϕ1

(
1

3

)(
∇f(Xn) + I

(−)
1

)
.

Proof We can rewrite the QUICSORT method (3) as

Xn+1 = Xn + ϕ1(1)
(
Vn + σ(Hn + 6Kn)

)
+ ϕ2(1)Cn

− 1

2
uhn

(
ϕ1(λ+)∇f

(
X(1)

n

)
+ ϕ1(λ−)∇f

(
X(2)

n

))
,

Vn+1 = ϕ0(1)
(
Vn + σ(Hn + 6Kn)

)
− σ(Hn − 6Kn) + ϕ1(1)Cn

− 1

2
uhn

(
ϕ0(λ+)∇f

(
X(1)

n

)
+ ϕ0(λ−)∇f

(
X(2)

n

))
,
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where

X(1)
n = Xn + L(−)

n , X(2)
n = Xn + L(+)

n + Pn .

Using Taylor expansions with an integral remainder, we can derive the identities in (70),

∇f
(
X(1)

n

)
= ∇f(Xn) + I

(−)
1

= ∇f(Xn) +∇2f(Xn)L
(−)
n + I

(−)
2

= ∇f(Xn) +∇2f(Xn)L
(−)
n +

1

2
∇3f(Xn)

(
L(−)
n , L(−)

n

)
+ I

(−)
3 ,

∇f
(
X(2)

n

)
= ∇f(Xn) + I

(+)
1 + Ĩ1

= ∇f(Xn) +∇2f(Xn)L
(+)
n + I

(+)
2 + Ĩ1

= ∇f(Xn) +∇2f(Xn)L
(+)
n +∇2f(Xn)Pn +

1

2
∇3f(Xn)

(
L(+)
n , L(+)

n

)
+ I

(+)
3 + Ĩ2 + Ĩ3 .

The result now follows by substituting the expansions for ∇f
(
X

(1)
n

)
and ∇f

(
X

(2)
n

)
into the

QUICSORT method, and Taylor expanding the ϕ functions (35) up to the desired order.

Theorem 35 (Remainder bounds for the QUICSORT method) Let {(Xn, Vn)}n≥0

denote the QUICSORT method (3) and let {(xt, vt)}t≥0 denote the underdamped Langevin
diffusion (2) where we assume that (x0, v0) ∼ π, the stationary distribution of the process.
Suppose that at time tn , we have (Xn , Vn) = (xtn , vtn). Let 0 < hn ≤ 1 be fixed, and
consider the remainder terms (69a) and (69d) defined over the time interval [tn , tn+1].
Under assumptions (A.1) and (A.2) we can bound their L2 norms and absolute means as∥∥R(1)

X

∥∥
L2

≤ C
(1)
X

√
dh2n ,

∥∥R(1)
V

∥∥
L2

≤ C
(1)
V

√
dh2n , (71)∥∥E[R(1)

X

]∥∥
2
≤ C

(1)
X

√
dh2n ,

∥∥E[R(1)
V

]∥∥
2
≤ C

(1)
V

√
dh2n , (72)

where C
(1)
X , C

(1)
V > 0 are constants depending on γ, u, m and M1 .

Under the additional assumption (A.3), we can bound (69b) and (69e) as∥∥R(2)
X

∥∥
L2

≤ C
(2)
X

√
dh3n ,

∥∥R(2)
V

∥∥
L2

≤ C
(2)
V dh3n , (73)∥∥E[R(2)

X

]∥∥
2
≤ C

(2)
X

√
dh3n ,

∥∥E[R(2)
V

]∥∥
2
≤ C

(2)
V dh3n , (74)

where C
(2)
X , C

(2)
V > 0 are constants depending on γ, u, m, M1 and M2 . Finally, under the

additional assumption (A.4), then the remainder terms (69c) and (69f) can be bounded by∥∥R(3)
X

∥∥
L2

≤ C
(3)
X dh4n ,

∥∥R(3)
V

∥∥
L2

≤ C
(3)
V d1.5h4n , (75)∥∥E[R(3)

X

]∥∥
2
≤ C

(3)
X dh4n ,

∥∥E[R(3)
V

]∥∥
2
≤ C

(3)
V d1.5h4n , (76)

where C
(3)
X , C

(3)
V > 0 are constants depending on γ, u, m, M1, M2 and M3 .
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Proof We can bound the integrals given in (70) using the Cauchy-Schwarz and Minkowski
inequalities along with assumptions (A.1), (A.2), (A.3) and (A.4).
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≤ M1 |ϕ1(λ±)|∥Vn∥L2 + σM1 |ϕ1(λ±)|∥Hn + 6Kn∥L2
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∥Ĩ2∥L2 ≤ M2∥Pn∥2L4

≤ u2M2h
2
n

∣∣∣ϕ1

(1
3

)∣∣∣2∥∥∇f(Xn)
∥∥2
L4

+ 2u2M1M2h
2
n

∣∣∣ϕ2
1

(1
3

)
ϕ1(λ−)

∣∣∣∥∇f(Xn)∥L4∥Vn∥L4

+ 2σu2M1M2h
2
n

∣∣∣ϕ2
1

(1
3

)
ϕ1(λ−)

∣∣∣∥∇f(Xn)∥L4∥Hn + 6Kn∥L4

+ 2σu2M1M2hn

∣∣∣ϕ2
1

(1
3

)
ϕ2(λ−)

∣∣∣∥∇f(Xn)∥L4∥Wn − 12Kn∥L4

+ u2M2
1 M2h

2
n

∣∣∣ϕ2
1

(1
3

)
ϕ2
1(λ−)

∣∣∣∥Vn∥2L4

+ σ2u2M2
1 M2h

2
n

∣∣∣ϕ2
1

(1
3

)
ϕ2
1(λ−)

∣∣∣∥Hn + 6Kn∥2L4

+ σ2u2M2
1 M2

∣∣∣ϕ2
1

(1
3

)
ϕ2
2(λ−)

∣∣∣∥Wn − 12Kn∥2L4

+ 2σu2M2
1 M2h

2
n

∣∣∣ϕ2
1

(1
3

)
ϕ2
1(λ−)

∣∣∣∥Vn∥L4∥Hn + 6Kn∥L4

+ 2σu2M2
1 M2hn

∣∣∣ϕ2
1

(1
3

)
ϕ1(λ−)ϕ2(λ−)

∣∣∣∥Vn∥L4∥Wn − 12Kn∥L4

+ 2σ2u2M2
1 M2hn

∣∣∣ϕ2
1

(1
3

)
ϕ1(λ−)ϕ2(λ−)

∣∣∣∥Hn + 6Kn∥L4∥Wn − 12Kn∥L4 ,∥∥Ĩ3∥∥L2
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.

We can derive the remainder bounds (71), (73) and (75) for the position variable using
the above inequalities along with equations (28), (31) and (34). In addition, we will use
Theorem 23 and Taylor expand the ϕi functions using the Lagrange form of the remainder.
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Similarly for the momentum variable,
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Similar to the ULD remainder bounds (Theorem 33), we can prove (72), (74) and (76) using∥∥E[R]
∥∥
2
≤ E

[
∥R∥2

]
≤ E

[
∥R∥22

] 1
2 =

∥∥R∥∥L2
,

by Jensen’s inequality.

We are now in a position to obtain local error bounds for QUICSORT (Theorem 10).

Theorem 36 (Local error bounds for the QUICSORT method) Let {(Xn, Vn)}n≥0

denote the QUICSORT method (3) and {(xt, vt)}t≥0 be the underdamped Langevin diffusion
(2) with the same underlying Brownian motion. Suppose the assumptions (A.1) and (A.2)
hold and assume further that (x0, v0) ∼ π, the unique stationary measure of the process.
Suppose that at time tn , we have (Xn , Vn) = (xtn , vtn) and let 0 < hn ≤ 1 be fixed. Then,
for any n ≥ 0, the local strong error for the QUICSORT method at time tn+1 has the bound∥∥Xn+1 − xtn+1

∥∥
L2

≤ C (1)
s, x

√
dh2n ,

∥∥Vn+1 − vtn+1

∥∥
L2

≤ C (1)
s, v

√
dh2n , (77)
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and the local weak error is bounded by∥∥E[Xn+1 − xtn+1

]∥∥
2
≤ C (1)

w, x

√
dh2n,

∥∥E[Vn+1 − vtn+1

]∥∥
2
≤ C (1)

w, v

√
dh2n , (78)

where C
(1)
s, x , C

(1)
s, v , C

(1)
w, x , C

(1)
w, v > 0 are constants depending on γ, u, m and M1 .

Under the additional assumption (A.3), the local strong error at time tn+1 has the bound∥∥Xn+1 − xtn+1

∥∥
L2

≤ C (2)
s, x

√
dh3n ,

∥∥Vn+1 − vtn+1

∥∥
L2

≤ C (2)
s, v dh

3
n , (79)

and the local weak error is bounded by∥∥E[Xn+1 − xtn+1

]∥∥
2
≤ C (2)

w, x

√
dh3n ,

∥∥E[Vn+1 − vtn+1

]∥∥
2
≤ C (2)

w, vdh
3
n , (80)

where C
(2)
s, x , C

(2)
s, v , C

(2)
w, x , C

(2)
w, v > 0 are constants depending on γ, u, m, M1 and M2 . Finally,

under the additional assumption (A.4), the local strong error at time tn+1 has the bound∥∥Xn+1 − xtn+1

∥∥
L2

≤ C (3)
s, xdh

3.5
n ,

∥∥Vn+1 − vtn+1

∥∥
L2

≤ C (3)
s, v d

1.5h3.5n , (81)

and the local weak error is bounded by∥∥E[Xn+1 − xtn+1

]∥∥
2
≤ C (3)

w, xdh
4
n ,

∥∥E[Vn+1 − vtn+1

]∥∥
2
≤ C (3)

w, vd
1.5h4n , (82)

where C
(3)
s, x , C

(3)
s, v , C

(3)
w, x , C

(3)
w, v > 0 are constants depending on γ, u, m, M1, M2 and M3 .

Proof We first note that the Taylor expansions of ULD and QUICSORT are identical for
all terms that are O(h3) or larger. Then, under the assumptions (A.1) and (A.2), we have∥∥E[Xn+1 − xtn+1

]∥∥
2
=
∥∥Xn+1 − xtn+1

∥∥
L2

≤
∥∥R(1)

X

∥∥
L2

+
∥∥R(1)

x

∥∥
L2

≤
[
C

(1)
X + C (1)

x

]√
dh2n ,∥∥E[Vn+1 − vtn+1

]∥∥
2
=
∥∥Vn+1 − vtn+1

∥∥
L2

≤
∥∥R(1)

V

∥∥
L2

+
∥∥R(1)

v

∥∥
L2

≤
[
C

(1)
V + C (1)

v

]√
dh2n ,

and, if we further assume (A.3), then∥∥E[Xn+1 − xtn+1

]∥∥
2
=
∥∥Xn+1 − xtn+1

∥∥
L2

≤
∥∥R(2)

X

∥∥
L2

+
∥∥R(2)

x

∥∥
L2

≤
[
C

(2)
X + C (2)

x

]√
dh3n ,∥∥E[Vn+1 − vtn+1

]∥∥
2
=
∥∥Vn+1 − vtn+1

∥∥
L2

≤
∥∥R(2)

V

∥∥
L2

+
∥∥R(2)

v

∥∥
L2

≤
[
C

(2)
V + C (2)

v

]
dh3n .
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In the case where we additionally assume (A.4), we note that the triple time integral of the
Brownian motion is centred, and we can write it in terms of Wn, Hn, Kn, Mn using (33).
Moreover, the other stochastic integrals are centred and we can bound the following terms,∥∥∥∥σu∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇3f(xtn)(vr2 ,Wtn,r3) dr3 dr2 dr1

∥∥∥∥
L2

≤ σuM2

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∥vr2∥L4∥Wtn,r3∥L4 dr3 dr2 dr1

≤
√
3σu1.5M2d

∫ tn+1

tn

∫ r1

tn

∫ r2

tn

(r3 − tn)
1
2 dr3 dr2 dr1

≤ 8
√
3

105
σu1.5M2dh

3.5
n ,

and ∥∥∥∥σu∫ tn+1

tn

∫ r1

tn

∇3f(xtn) (vtn , (r2 − tn)Wtn,r2) dr2 dr1

∥∥∥∥
L2

≤ σuM2

∫ tn+1

tn

∫ r1

tn

(r2 − tn)∥vtn∥L4

∥∥Wtn,r2

∥∥
L4

dr2 dr1

≤
√
3σu1.5M2d

∫ tn+1

tn

∫ r1

tn

(r2 − tn)
3
2 dr2 dr1

≤ 4
√
3

35
σu1.5M2dh

3.5
n ,

by Fubini’s theorem along with the bounds (31), (34) and (40). We can show (81) and (82)
for the position variable as follows

∥∥Xn+1 − xtn+1

∥∥
L2

≤
∥∥∥∥σ(γ2 − u∇2f(xtn)

)( 1

60
h3nHn − h3nMn

)∥∥∥∥
L2

+
∥∥R(3)

X

∥∥
L2
+
∥∥R(3)

x

∥∥
L2

≤
[
7
√
3 + 3

√
7

2520
σ(γ2 − um) + C

(3)
X

√
hn + C (3)

x

√
hn

]
dh3.5n

≤
[
σ(γ2 − um) + C

(3)
X + C (3)

x

]
dh3.5n ,∥∥E[Xn+1 − xtn+1

]∥∥
2
≤
∥∥R(3)

X

∥∥
L2

+
∥∥R(3)

x

∥∥
L2

≤
[
C

(3)
X + C (3)

x

]
dh4n ,

and for the momentum variable,

∥∥Vn+1 − vtn+1

∥∥
L2

≤
∥∥∥∥σ(γ2 − 2u∇2f(xtn)

)( 1

60
h3nHn − h3nMn

)∥∥∥∥
L2

+

∥∥∥∥σu∫ tn+1

tn

∫ r1

tn

∫ r2

tn

∇3f(xtn)(vr2 ,Wtn,r3) dr3 dr2 dr1

∥∥∥∥
L2
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+

∥∥∥∥σu∫ tn+1

tn

∫ r1

tn

∇3f(xtn)(vtn , (r2 − tn)Wtn,r2) dr2 dr1

∥∥∥∥
L2

+
∥∥R(3)

V

∥∥
L2

+
∥∥R(3)

v

∥∥
L2

≤
[
7
√
3 + 3

√
7

2520
σ(γ2 − um) +

12
√
3

35
σu1.5M2

+ C
(3)
V

√
hn + C (3)

v

√
hn

]
d1.5h3.5n

≤
[
σ(γ2 − um) + σu1.5M2 + C

(3)
V + C (3)

v

]
d1.5h3.5,∥∥E[Vn+1 − vtn+1

]∥∥
2
≤
∥∥R(3)

V

∥∥
L2

+
∥∥R(3)

v

∥∥
L2

≤
[
C

(3)
V + C (3)

v

]
d1.5h4n ,

where we have used Minkowski’s inequality and the bounds on the remainder terms.

Corollary 37 Under the same settings as used in Theorem 36, assuming (A.1) and (A.2),
we have the additional bounds∥∥E[Xn+1 − xtn+1 | Fn

]∥∥
L2

≤ C (1)
w,x

√
dh2n ,

∥∥E[Vn+1 − vtn+1 | Fn

]∥∥
L2

≤ C (1)
w,v

√
dh2n , (83)

where C
(1)
w, x , C

(1)
w, v > 0 are constants depending on γ, u, m and M1 .

Under the additional assumption (A.3), we have the bounds∥∥E[Xn+1 − xtn+1 | Fn

]∥∥
L2

≤ C (2)
w,xdh

3
n ,

∥∥E[Vn+1 − vtn+1 | Fn

]∥∥
L2

≤ C (2)
w,vdh

3
n , (84)

where C
(2)
w, x , C

(2)
w, v > 0 are constants depending on γ, u, m, M1 and M2 .

Finally, under the additional assumption (A.4), we have the bounds∥∥E[Xn+1 − xtn+1 | Fn

]∥∥
L2

≤ C (3)
w,xd

1.5h4n ,
∥∥E[Vn+1 − vtn+1 | Fn

]∥∥
L2

≤ C (3)
w,vd

1.5 h4n , (85)

where C
(3)
w, x , C

(3)
w, v > 0 are constants depending on γ, u, m, M1, M2 and M3 .

Proof Notice that the Taylor expansion for the ULD and the QUICSORT method are
identical up to order h3, and the only mismatch are the stochastic integrals of order h3.5.
However, these integrals have a conditional mean of zero, and thus do not contribute to the
above errors. Moreover, for both the position and momentum variables’ remainder terms,
under any of the smoothness assumptions,∥∥E[R | Fn

]∥∥
L2

=
(
E
[∥∥E[R | Fn

]∥∥2
2

]) 1
2 ≤

(
E
[
E
[
∥R∥22 | Fn

] ]) 1
2
= ∥R∥L2 ,

by Jensen’s inequality and the tower property of conditional expectations. The result now
follows by applying the same logic as used in the proof of Theorem 36 to establish the local
weak error bounds.

Remark 38 The bounds for the L2 norm of the absolute conditional mean are identical to
the bounds for the local weak error. This will allow us to use them interchangeably when
proving the global error result (Theorem 7).
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Appendix D. Global error bounds

In this section, we prove the global error bounds for the QUICSORT method (Theorem 7).
To do so, we use the methodology outlined in Section 3. We will also use the following
theorem.

Theorem 39 Consider two approximations Q = (X,V ) and Q̂ = (Y, U) under the mapping
Qn → Qn+1 and Q̂n → Q̂n+1 defined in equation (3), driven by the same Brownian motion
but evolved from the initial conditions Qn = (Xn , Vn) and Q̂n = (Yn , Un) respectively.
Suppose assumption (A.2) holds and let 0 < hn ≤ 1. Then for all n ≥ 0∥∥(Qn+1 −Qn)− (Q̂n+1 − Q̂n)

∥∥
L2

≤ Cq

∥∥Qn − Q̂n

∥∥
L2
hn , (86)

where Cq > 0 is a constant depending on γ, u, and M1 .

Proof We first rewrite the QUICSORT method (3) as

Xn+1 = Xn + ϕ1(1)
(
Vn + σ(Hn + 6Kn)

)
+ ϕ2(1)Cn

− 1

2
uhn

(
ϕ1(λ+)∇f

(
X(1)

n

)
+ ϕ1(λ−)∇f

(
X(2)

n

))
,

Vn+1 = ϕ0(1)
(
Vn + σ(Hn + 6Kn)

)
+ σ(Hn − 6Kn) + ϕ1(1)Cn

− 1

2
uhn

(
ϕ0(λ+)∇f(X(1)

n ) + ϕ0(λ−)∇f
(
X(2)

n

))
,

where

X (1)
n = Xn + ϕ1(λ−)

(
Vn + σ(Hn + 6Kn)

)
+ ϕ2(λ−)Cn ,

X (2)
n = Xn + ϕ1(λ+)

(
Vn + σ(Hn + 6Kn)

)
+ ϕ2(λ+)Cn − hnϕ1

(
1

3

)
u∇f

(
X (1)

n

)
.

Since the approximations Q and Q̂ use the same Brownian motion, we can show that∥∥(Xn+1 −Xn)− (Yn+1 − Yn)
∥∥
L2

≤ |ϕ1(1)|∥Vn − Un∥L2 +
1

2
uhn|ϕ1(λ+)|

∥∥∇f
(
X (1)

n

)
−∇f

(
Y (1)
n

)∥∥
L2

+
1

2
uhn|ϕ1(λ−)|

∥∥∇f
(
X (2)

n

)
−∇f

(
Y (2)
n

)∥∥
L2

≤ 1

2
uM1hn

(
|ϕ1(λ+)|+ |ϕ1(λ−)|+ uM1hn

∣∣∣ϕ1

(1
3

)
ϕ1(λ−)

∣∣∣)∥∥Xn − Yn
∥∥
L2

+

(
|ϕ1(1)|+ uM1hn|ϕ1(λ+)ϕ1(λ−)|+

1

2
u2M2

1 h
2
n

∣∣∣ϕ1

(1
3

)
ϕ2
1(λ−)

∣∣∣)∥∥Vn − Un

∥∥
L2

≤
(
1 + uM1 + u2M2

1

)∥∥Qn − Q̂n

∥∥
L2
hn ,
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and, similarly for the momentum variable, we have∥∥(Vn+1 − Vn)− (Un+1 − Un)
∥∥
L2

≤ |ϕ0(1)− 1|
∥∥Vn − Un

∥∥
L2

+
1

2
uhn|ϕ0(λ+)|

∥∥∇f
(
X (1)

n

)
−∇f

(
Y (1)
n

)∥∥
L2

+
1

2
uhn|ϕ0(λ−)|

∥∥∇f
(
X (2)

n

)
−∇f

(
Y (2)
n

)∥∥
L2

≤ 1

2
uM1hn

[
|ϕ0(λ+)|+ |ϕ0(λ−)|+ uM1hn

∣∣∣ϕ0(λ−)ϕ1

(1
3

)∣∣∣]∥∥Xn − Yn
∥∥
L2

+

(
|ϕ0(1)− 1|+ 1

2
uM1hn

(
|ϕ0(λ+)ϕ1(λ−)|+ |ϕ0(λ1)ϕ1(λ+)|

)
+

1

2
u2M2

1 h
2
n

∣∣∣ϕ0(λ−)ϕ1

(1
3

)
ϕ1(λ−)

∣∣∣)∥∥Vn − Un

∥∥
L2

≤
(
γ + 2uM1 + u2M2

1

)∥∥Qn − Q̂n

∥∥
L2
hn .

The result follows by summing the bounds for the position and momentum variables.

Finally, we will show the main result of our paper (global error bounds for QUICSORT).

Theorem 40 (Global error bounds for the QUICSORT method) Let {(Xn, Vn)}n≥0

denote the QUICSORT method (3) and let {(xt, vt)}t≥0 be the underdamped Langevin dif-
fusion (2) driven by the same underlying Brownian motion. Suppose assumptions (A.1)
and (A.2) hold. Further suppose that (x0, v0) ∼ π, the unique stationary measure of the
diffusion process and that the approximation and the SDE solution have the same initial
velocity V0 = v0 ∼ N (0, uId). Let 0 < h ≤ 1 be fixed and γ ≥ 2

√
uM1. Then for all n ≥ 0,

the global error at time tn has the bound

∥Xn − xtn∥L2 ≤ ce−nβh∥X0 − x0∥L2 + C1

√
dh,

where c, β, C1 > 0 are constants depending on γ, u, m and M1 .

Under the additional assumption (A.3), the global error at time tn satisfies the bound

∥Xn − xtn∥L2 ≤ ce−nβh∥X0 − x0∥L2 + C2dh
2,

where C2 > 0 is a constant depending on γ, u, m, M1 and M2 .

Finally, under the additional assumption (A.4), the global error at time tn has the bound

∥Xn − xtn∥L2 ≤ ce−
1
2
nβh∥X0 − x0∥L2 + C3d

1.5h3,

where C3 > 0 is a constant depending on γ, u, m, M1, M2 and M3 .

Proof The approach for this proof will follow the strategy that was outlined in Section 3.
We will write Qn = (Xn , Vn)

⊤, qtn = (xtn , vtn)
⊤ and define the coordinate transformation

A :=

(
wId Id
zId Id

)
,
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where w ∈ [0, 12γ), z = γ−w. We will define the errors with and without this transformation,

en :=
∥∥Qn − qtn

∥∥
L2
,

ẽn :=
∥∥A(Qn − qtn)

∥∥
L2
.

Let σmax = ∥A∥2 and σmin denote the smallest and largest singular values of A respectively.
Since A is invertible, the singular value σmin is non-zero and will satisfy σmin = ∥A−1∥−1

2 .
Let κ = σmax

σmin
denote the condition number of A. We can use ẽn to bound the error en as

σminen ≤ ẽn ≤ σmaxen .

We now consider a third process Q̂ = (X̂, V̂ )⊤ where (X̂n+1 , V̂n+1) is obtained by applying
the QUICSORT method (3) to the ULD diffusion at time tn with the same underlying
Brownian motion as both Q and q. This allows us to estimate the local error between
the coordinate-changed approximation AQn+1 and diffusion process Aqtn+1 at time tn+1 in
terms of the same error at time tn . By Theorem 10, we can bound the local strong error as∥∥Q̂n − qtn

∥∥
L2

≤ Csd
qhps ,

and the local weak error as ∥∥E[Q̂n − qtn
]∥∥

2
≤ Cwd

qhpw ,

where Cs , Cw , q, ps , pw > 0 are the following constants (which do not depend on d and h).

Assumptions Cs Cw q ps pw

(A.1), (A.2) C
(1)
s,x + C

(1)
s,v C

(1)
w,x + C

(1)
w,v 0.5 2 2

(A.1), (A.2), (A.3) C
(2)
s,x + C

(2)
s,v C

(2)
w,x + C

(2)
w,v 1 3 3

(A.1), (A.2), (A.3), (A.4) C
(3)
s,x + C

(3)
s,v C

(3)
w,x + C

(3)
w,v 1.5 3.5 4

In the above table, we also note that ps +
1
2 ≥ pw . We now define the following variables

yn := A
(
Qn − qtn

)
=

(
(wXn + Vn)− (wxtn + vtn)

(zXn + Vn)− (zxtn + vtn)

)
,

ỹn := A
(
Qn − Q̂n

)
=

(
(wXn + Vn)− (wX̂n + V̂n)

(zXn + Vn)− (zX̂n + V̂n)

)
,

ŷn := A
(
Q̂n − qtn

)
=

(
(wX̂n + V̂n)− (wxtn + vtn)

(zX̂n + V̂n)− (zxtn + vtn)

)
,

and note that yn = ỹn+ ŷn . Thus, the coordinate-transformed error ẽn can be estimated as

ẽn+1 = ∥yn+1∥L2 =
∥∥ỹn+1 + ŷn+1

∥∥
L2

≤
∥∥ỹn+1

∥∥
L2

+
∥∥ŷn+1

∥∥
L2
.
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We bound the first term using the contractivity of the QUICSORT method (Theorem 29),∥∥ỹn+1

∥∥
L2

≤
√
1− 2αh ẽn ,

and the second term can be bounded using the local strong error,∥∥ŷn+1

∥∥
L2

≤ σmaxCsd
qhps .

Therefore, we obtain the following estimate of the coordinate-transformed error,

ẽn+1 ≤
√
1− 2αh ẽn + σmaxCsd

qhps . (87)

By setting w = 0 and using Remark 30, we have α > 0 provided h is sufficiently small.
Similarly, by assuming h is sufficiently small so that αh ≤ 1

2 , we obtain the below inequality.

√
1− 2αh ≤

√
1− 2αh+ α2h2 = 1− αh.

Therefore, using this inequality and by applying the inequality (87) n times to ẽn , we obtain

ẽn ≤
(√

1− 2αh
)n

ẽ0 +
n−1∑
k=0

(√
1− 2αh

)k
σmaxCsd

qhps

≤
(
1− αh

)n
ẽ0 +

n−1∑
k=0

(
1− αh

)k
σmaxCsd

qhps

=
(
1− αh

)n
ẽ0 +

(
1− (1− αh)n

1− (1− αh)

)
σmaxCsd

qhps

≤
(
1− αh

)n
ẽ0 +

(
1

1− (1− αh)

)
σmaxCsd

qhps

≤ e−nαh ẽ0 +
1

α
σmaxCsd

qhps−1.

Since en ≤ 1
σmin

ẽn and ẽ0 ≤ σmaxe0 , it follows that the error en can be bounded as

en ≤ κAe
−nαhe0 + κA

(
1

α
Cs

)
dqhps−1, (88)

for n ≥ 0. Using e0 = ∥X0−x0∥L2 and ∥Xn−xtn∥L2 ≤ en , the inequality (88) gives the first
two bounds (under the assumptions ((A.1), (A.2)) and ((A.1), (A.2), (A.3)) respectively).
However, the estimate would only be O(h2.5) in the third case. Thus, we now expand ẽn as

ẽ 2
n+1 =

∥∥ỹn+1 + ŷn+1

∥∥2
L2

=
∥∥ỹn+1

∥∥2
L2

+
∥∥ŷn+1

∥∥2
L2

+ 2E
[
⟨ỹn+1, ŷn+1⟩

]
.

We bound the first term using the contractivity of the QUICSORT method (Theorem 29),∥∥ỹn+1

∥∥2
L2

≤ (1− 2αh)ẽ 2
n ,
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and the second term can be bounded using the local strong error,∥∥ŷn+1

∥∥2
L2

≤ σ2
maxC

2
s d

2qh2ps .

Let Fn be the filtration underlying the processes at time tn . Then, by the tower property of
conditional expectation and the Cauchy-Schwarz inequality, we can bound the third term

E
[
⟨ỹn+1, ŷn+1⟩

]
= E

[
⟨yn , ŷn+1⟩

]
+ E

[
⟨ỹn+1 − yn , ŷn+1⟩

]
= E

[〈
yn ,E

[
ŷn+1|Fn

]〉]
+ E

[
⟨ỹn+1 − yn , ŷn+1⟩

]
≤
∥∥yn∥∥L2

∥∥E[ŷn+1|Fn

]∥∥
L2

+
∥∥ỹn+1 − yn

∥∥
L2

∥∥ŷn+1

∥∥
L2

≤ ẽn∥A∥2
∥∥E[Q̂n+1 − qtn+1 |Fn

]∥∥
L2

+ ∥A∥22
∥∥(Qn+1 − Q̂n+1

)
− (Qn − qtn)

∥∥
L2

∥∥Q̂n+1 − qtn+1

∥∥
L2
.

Using the local strong error bounds for QUICSORT, Theorem 39 and Corollary 37, we have

E
[
⟨ỹn+1, ŷn+1⟩

]
≤ σmax ẽnCwd

qhpw + σ2
maxCqenh · Csd

qhps

≤ σmax ẽn
(
Cw + κACqCs

)
dqhpw ,

where we also used the assumption that h ≤ 1. Putting everything together and applying
the inequality (43) in Theorem 25 with c = 1

αh , we obtain

ẽ 2
n+1 ≤

(
1− 2αh

)
ẽ 2
n + σ2

maxC
2
s d

2qh2ps + 2σmax ẽn
(
Cw + κACqCs

)
dqhpw

≤
(
1− 2αh

)
ẽ 2
n + σ2

maxC
2
s d

2qh2ps + αhẽ 2
n +

1

α
σ2
max

(
Cw + κACqCs

)2
d2qh2pw−1

≤
(
1− αh

)
ẽ 2
n + σ2

max

(
C2
s +

1

α

(
Cw + κACqCs

)2)
d2qh2pw−1.

Applying the above inequality n times to ẽn gives

ẽ 2
n ≤

(
1− αh

)n
ẽ 2
0 + σ2

max

(
C2
s +

1

α

(
Cw + κACqCs

)2)
d2qh2pw−1

n−1∑
i=0

(
1− αh

)i
=
(
1− αh

)n
ẽ 2
0 + σ2

max

(
C2
s +

1

α

(
Cw + κACqCs

)2)
d2qh2pw−1

(
1− (1− αh)n

αh

)
≤ e−nαh ẽ 2

0 + σ2
max

(
1

α
C2
s +

1

α2

(
Cw + κACqCs

)2)
d2qh2pw−2.

Like earlier, we set w = 0 and used Remark 30 so that 0 < αh ≤ 1 if h is sufficiently small.
Taking a square root on both sides of the inequality and using

√
a2 + b2 ≤ a+ b for a, b ≥ 0,

ẽn ≤ e−
1
2
nαhẽ0 + σmax

(
1√
α
Cs +

1

α

(
Cw + κACqCs

))
dqhpw−1.

Using en ≤ 1
σmin

ẽn and ẽ0 ≤ σmaxe0 , we obtain

en ≤ κAe
− 1

2
nαhe0 + κA

(
1√
α
Cs +

1

α

(
Cw + κACqCs

))
dqhpw−1,

for all n ≥ 0. The third result now follows since e0 = ∥X0−x0∥L2 and ∥Xn−xtn∥L2 ≤ en .
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