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Abstract

Most learning algorithms with formal regret guarantees essentially rely on trying all possible
behaviors, which is problematic when some errors cannot be recovered from. Instead, we allow
the learning agent to ask for help from a mentor and to transfer knowledge between similar
states. We show that this combination enables the agent to learn both safely and effectively.
Under standard online learning assumptions, we provide an algorithm whose regret and num-
ber of mentor queries are both sublinear in the time horizon for Markov decision processes
with irreversible dynamics and infinite state spaces. Our proof involves a sequence of three
reductions, making our result more general than a single algorithm. Conceptually, our result
may be the first formal proof that it is possible for an agent to obtain high reward while becom-
ing self-sufficient in an unknown, unbounded, and high-stakes environment without resets.
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1. Introduction

Concern has been mounting over a variety of risks from AI (National Institute of Standards
and Technology, 2024; Critch and Russell, 2023; Hendrycks et al., 2023; Slattery et al., 2024).
Such risks include medical errors (Rajpurkar et al., 2022), self-driving car crashes (Kohli and
Chadha, 2019), discriminatory sentencing (Villasenor and Foggo, 2020), autonomous weapon
accidents (Abaimov and Martellini, 2020), bioterrorism (Mouton et al., 2024), high-stakes
cyberattacks (Guembe et al., 2022), and loss of control (Bengio et al., 2024). These types of
errors are particularly concerning because they are irreparable: a self-driving car cannot com-
pensate for a crash by driving superbly later. We refer to irreparable errors as catastrophes.

Despite the gravity of these risks, there is little theoretical understanding of how to avoid
them: nearly all of learning theory explicitly or implicitly assumes that any error can be recov-
ered from. This assumption enables algorithms to cheerfully try all possible behaviors, since
no matter how poorly the algorithm performs in the short term, it can always eventually make
up for it. Although such approaches have produced positive results, we argue that they are fun-
damentally unsuitable for the high-stakes Al applications above: we do not want autonomous
weapons or surgical robots to try all possible behaviors. One could train Al agents entirely
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in controlled lab settings where all errors are recoverable, but we argue that sufficiently
general agents will inevitably encounter novel scenarios when deployed in the real world.
Models often behave unpredictably in unfamiliar situations (see, e.g., Quinonero-Candela
et al., 2022), and we do not want Al biologists or self-driving cars to behave unpredictably.

Instead, we suggest that agents should recognize when they are in unfamiliar situations
and ask for help. When help is requested, a supervisor (here called a mentor to reflect their
collaborative role) guides the agent to avoid problematic actions without the agent needing to
try those actions firsthand. This approach is particularly suitable for high-stakes applications
where Al systems are already configured to work alongside humans. For example, imagine a
human doctor who oversees Al surgeons and is prepared to take over in tricky situations, or
a backup human driver in an autonomous vehicle. In these scenarios, occasional requests for
human guidance are both practical and valuable for ensuring safety.

In order to avoid excessive requests for help, the agent must be able to accurately
identify unfamiliar situations, i.e., situations that are not similar to any of the agent’s prior
experiences. We model “similarity” as a distance metric on the state space and assume
that the agent can transfer knowledge between similar states, but this transfer becomes less
reliable as the states become less similar. We call this assumption local generalization.®

Guided by the principles above, we design an agent that (under standard online learning
assumptions) performs nearly as well as the mentor while gradually becoming self-sufficient,
even when some errors are irreparable.

1.1 Our Model

We study online learning, where the agent must perform well while learning: finding a good
policy is futile if irreparable damage is caused along the way. We allow the MDP to be
non-communicating (some states might not be reachable from other states) and do not allow
the agent to be reset to the start state. This is the class of “multichain MDPs” (Puterman,
2014). Crucially, we allow an infinite state space: in the real world, an agent will likely never
see the exact same state twice. Instead, the agent must use local generalization to judge
how similar the present state is to previous states.

On each time step, the agent has the option to query a mentor. When queried, the
mentor demonstrates the action they would take in the current state. We assume that the
agent begins with no prior knowledge.? We want to minimize regret, defined as the difference
between the expected sum of rewards obtained by the agent and the mentor when each is given
the same starting state. (Regret typically refers to the performance gap between the agent
and an optimal policy, but we allow the mentor to be either optimal or suboptimal, so our
definition is arguably more general.) An algorithm for this problem should satisfy two criteria:

1. The agent’s performance should approach that of the mentor. Formally, the average
regret per time step should go to 0 as the time horizon 7" goes to infinity, or equivalently,
the cumulative regret should be sublinear in 7' (denoted o(7")). An algorithm that
guarantees o(T') regret is called a no-regret algorithm.

2. The agent should become self-sufficient. Formally, the rate of querying the mentor should
go to 0 as T' — oo, or equivalently, the cumulative number of queries should be o(T').

1. See Section 5.1 for the formal definition.
2. Future work could incorporate an initial offline data set. See Section 7 for further discussion.
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Figure 1: An illustration of our three-step reduction.

1.2 Our Contribution

We provide an algorithm which satisfies both criteria given local generalization and standard
online learning assumptions. Our proof involves a three-step reduction across four models
of online learning (Figure 1). Throughout the paper, we use “catastrophe” as a conceptual
and informal term to refer to errors that immediately ruin the entire attempt; the precise
reversibility assumptions (or lack thereof) are made clear when the models are formally
defined later. Here we provide a brief conceptual overview of the models:

1. Standard full-feedback online learning, where catastrophe is impossible because the agent
and the optimal policy are evaluated on the same states (and rewards are bounded).

2. Standard active online learning, which is the same as Model 1 but the agent only receives
feedback when it queries.

3. Avoiding catastrophe in online learning, a new model where catastrophe is possible, but
avoiding catastrophe is the agent’s only goal (it does not also need to maximize reward).

4. Online learning in multichain MDPs, where the agent must maximize reward (which
requires avoiding catastrophe).

Table 1 compares the models in more detail (note that Models 1 and 2 are combined
under “standard adversarial active online learning”).

First reduction. We first show that any algorithm for Model 1 can be transformed into
an algorithm for Model 2. This reduction is based on standard ideas from Cesa-Bianchi
et al. (2005), who proved a similar result but only for a single algorithm. However, to our
knowledge, our other two reductions are technically novel.

Second reduction. The high-level idea is simple: mostly follow a “default” algorithm
which works well in the absence of catastrophe, but ask for help in unfamiliar situations.
However, bringing this to fruition requires carefully balancing the frequency of mentor
queries, the frequency of errors, and the magnitude of errors. Altogether, we show that if the
“default” algorithm is effective for Model 2, then the overall algorithm is effective for Model 3.

Third reduction. Finally, we reduce Model 4 to Model 3. This reduction requires no modifi-
cations of the algorithm: we show that any algorithm which guarantees avoidance of catastro-
phe (in the sense of Model 3) also ensures high reward in multichain MDPs. This is not saying
that avoiding catastrophe in a particular MDP suffices for high reward in that MDP (which is
generally false). This is saying that any algorithm guaranteed to avoid catastrophe in general
must have certain properties which also guarantee high reward. The regret analysis involves a
decomposition of regret into “state-based” and “action-based” regret which we believe is novel.

Chaining together all three reductions produces (to our knowledge) the first no-regret
guarantee for multichain MDPs with an infinite state space.
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Theorem 10 (Informal). Under standard online learning assumptions, there exists a
no-regret algorithm for infinite-state multichain MDPs that makes o(T) mentor queries.

In other words, we prove that it is possible for an agent to obtain high re-
ward while becoming self-sufficient in an unknown, unbounded, and high-stakes
environment without resets. We are not aware of any prior work that can be said to
imply this conclusion.

2. Prior Work

There is a vast body of work studying regret in MDPs, but all prior no-regret guarantees rely
on restrictive assumptions. For context, the agent has no hope of success without further
assumptions: any unexplored action could lead to paradise (so the agent cannot neglect it) but
the action could also lead to disaster (so the agent cannot risk it). This intuition is formalized
by the “Heaven or Hell” problem in Figure 2. Our work is not immune to this problem: rather,
we argue that access to a mentor is a natural and practical complement to typical assumptions
like reversibility or periodic resets that may not always hold in high-stakes AI applications.

Figure 3 provides a taxonomy of assumptions used to handle the Heaven or Hell problem,
which will guide our discussion of related work. Unless otherwise specified, citations are
representative, not exhaustive.

2.1 Assuming That All Errors Are Recoverable

The most common approach is to assume that any error can be offset by performing well
enough in the future. This assumption can take various forms, including periodically resetting
the agent (Azar et al., 2017) or assuming a communicating MDP (Jaksch et al., 2010). A
less obvious form is defining regret relative to prior errors, i.e., allowing catastrophic errors
as long as the agent does as well as possible going forward. This approach compares the
performance of the agent and the reference policy on the agent’s state sequence and does
not consider whether the reference policy would have led to better states. For example, an
agent which enters Hell in Figure 2 is considered successful, since all actions are equivalent
thereafter and thus it obtains “optimal” reward on all future time steps. This comparison
can be formulated as a type of regret (He et al., 2021; Liu and Su, 2021) or via the related
notion of “asymptotic optimality” due to Lattimore and Hutter (2011).

Action 1

~ _—— > Heaven D Reward = 1
Start o
S~ . Hel D Reward = 0

Action 2

Figure 2: The “Heaven or Hell” problem shows why online learning in MDPs is doomed
without further assumptions. Action 1 leads to high reward forever and Action
2 leads to low reward forever. Without further assumptions, the agent has no way
to tell which action leads to Heaven and which leads to Hell, so it is impossible
to guarantee high reward.
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Figure 3: A taxonomy of assumptions which enable meaningful theoretical results for online
learning in MDPs. Figure 2 shows why meaningful guarantees are impossible
without further assumptions.

Regardless of the specific form of the assumption, this approach faces difficulty in high-
stakes domains where some errors cannot be recovered from. For example, a robotic vehicle
cannot make up for a crash by driving superbly afterward. Thus we argue that this approach
is ill-suited for the types of Al risks we are concerned with.

One notable paper in this category is Ortner and Ryabko (2012), which studies infinite-
state MDPs with the recoverability assumption and a Lipschitz assumption similar to local
generalization. Their regret bound, like ours, has exponential dependence on the dimension

of the metric space (in fact, with the exact same exponent of 321%)

2.2 Prior Knowledge

A smaller body of work allows for the possibility of catastrophe but provides the agent
sufficient prior knowledge to avoid it, primarily within the formalism of constrained MDPs
(CMDPs) (Altman, 1999). Some work assumes that the exact safety constraint is known, i.e.,
the agent knows upfront exactly which actions cause catastrophe (Zhao et al., 2022, 2023).
Other work assumes the agent knows a fully safe policy and the agent is periodically reset (Liu
et al., 2021; Stradi et al., 2024). In contrast, we assume no prior knowledge of the environment.

2.3 External Help

An even less common approach is to allow the agent to ask for help from a mentor. Crucially,
this approach had not previously produced a no-regret guarantee for large or infinite
multichain MDPs. Most prior work in this category focuses on safety alone, and if reward
guarantees are provided, they fall into the “defining regret relative to prior errors” category
(Cohen and Hutter, 2020; Cohen et al., 2021). The paper most relevant to our work is Plaut
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et al. (2025), who proposed the “avoiding catastrophe in online learning with a mentor” model
referred to in Figure 1. Theorem 6 recovers the primary result of that paper but with a more
general proof that applies to any algorithm which meets the reduction criteria. In contrast,
that paper’s result only applies to a specific algorithm. More importantly, that paper only
considers avoiding catastrophe and does not consider any effectiveness-related reward. In
contrast, Theorem 6 is only a stepping stone to our main result: a guarantee of high reward
in multichain MDPs (which requires both effectiveness and avoiding catastrophe).

We are aware of just two papers that use external help to obtain regret guarantees on
reward in multichain MDPs: Maillard et al. (2019) and Kosoy (2019). First and foremost,
both papers assume a finite state space, which means that with a large enough time horizon,
the agent can eventually query every state. In contrast, in the real world, the exact same
state never appears twice. Furthermore, both papers’ regret bounds scale linearly with the
number of states. Additional differences include:

1. The regret bound of Maillard et al. (2019) includes an instance-dependent v* parameter,
whereas our bound is worst-case across all multichain MDPs that satisfy our assumptions.

2. The method of Kosoy (2019) requires computing a Bayesian posterior, which is intractable
without strong assumptions. In their case, they assume a finite number of possible
hypotheses.

3. Like us, Kosoy (2019) allows a suboptimal mentor. Unlike us, they show that the agent
can still obtain asymptotically optimal reward as long as the mentor only takes safe
actions and has a nonzero probability of taking the optimal action.

4. Kosoy (2019) studies the infinite-horizon setting where “no-regret” means that the
average regret goes to 0 as the discount factor goes to 1.

5. By assuming a finite state space, both Maillard et al. (2019) and Kosoy (2019) avoid
the need for a similarity metric between states. As a result, they avoid the exponential
dimensionality dependence in the regret bound that is typical for online learning in
metric spaces (e.g., our work and Ortner and Ryabko, 2012).

2.4 Other Related Work

There is a wide range of other work on designing agents to act cautiously when uncertain.
Representative theoretical papers include Cortes et al. (2018); Hadfield-Menell et al. (2017);
Li et al. (2008). Our model is also reminiscent of active learning (Hanneke, 2014) due to the
agent proactively asking for help and of imitation learning (Osa et al., 2018) due to the agent
attempting to follow the mentor policy. However, we are not aware of any direct technical
implications. Finally, see Garcia and Fernandez (2015); Gu et al. (2024); Krasowski et al.
(2023) for surveys of the safe reinforcement learning literature and Cesa-Bianchi and Lugosi
(2006) for a survey of online learning in general.

3. Preliminaries

Here we describe the general online learning setup which is shared by all models we study.
Each specific model is defined in its relevant section (Sections 4.1, 5.1, and 6.1). As such, the
setup here is underspecified and also more general than each specific model. In particular,
the adversary framework here generalizes MDPs, which are not defined until Section 6.1.
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3.1 States, Actions, Queries, and Histories

Let A(X) denote the set of probability distributions on a set X, let N denote the strictly
positive integers, and let [k] = {1,...,k} for kK € N. Let S be a state space, A be a finite
action space, and T' € N be a time horizon. We assume that S is countable for mathematical
convenience, but there are no fundamental obstacles for continuous spaces. On each time step
t € [T, the agent observes a state s; € S and selects an action a; € A. Let s = (s1,...,s7)
and a = (aq,...,ap).

Each time step ¢ is also associated with a “correct” action aj® which can be interpreted as
the mentor’s action in state s; (although we keep aj” more general for now). In addition to
choosing an action a;, the agent also makes a query decision ¢; € {0,1}. The agent observes
a* if and only if ¢ = 1. With slight abuse of notation, we can express this concisely by
assuming that the agent observes aj"q;: if the algorithm queries, then ¢ = 1 so aj* = ai"¢:
is observed. If the algorithm does not query, then 0 = aj"q; is observed. (We assume 0 is
a “dummy” action not in A.) In general we assume that the agent observes aj"q; before
selecting a;, but we also consider “query-agnostic” algorithms (see below).

For t € [T + 1], let hy = (si, ai, a]"qi)icft—1) be the history at the end of time step ¢ — 1
(or equivalently, the start of time step t).> Let H = (S x A x (AU {0}))* be the set of
possible histories. Note that a}"g; also tells us the value of ¢;. We use ~ to denote vector
concatenation: for example, hi11 = hy ~ (8¢, ar, af’qe).

3.2 Adversaries and Algorithms

On each time step ¢, the state s; and correct action a;" are determined by the adversary.
Formally, an adversary V is a function V : H — A(S x A) which takes as input h; and
returns the distribution of s; and aj*. In general, V' can be any function, although for MDPs
the adversary must use a Markov transition function.

The action a; and query decision ¢; are determined by the algorithm. Formally, an active
learning algorithm (or just “algorithm”) I" consists of a query function I'® : H xS — A({0,1})
and an action function T4 : H x & x (AU {0}) — A(A). The query function takes as input
h; and s; and returns the distribution of ¢;. The action function takes as input hy, s¢, and
the query result aj’q; and returns the distribution of a;. Together, I' and V' determine
the distributions of s,a, and q. Unless otherwise stated, all expectations are over the
randomness of s, a, and g. We assume 7T is known, so V,T'?, and T'A can all depend on it.

An algorithm T' is full-feedback if it always queries, i.e., T'?(h,s) = 1 for all T €
N,h € H,s € S.* An algorithm T is query-agnostic if its action does not depend on the
query result from that round, i.e., T4(h, s,0) = I'A(h,s,a) for any h € H,s € S,a € A.
Equivalently, query-agnostic algorithms only observe the query result a;"g; after choosing a;.
For query-agnostic algorithms, we write T*A(hy, s¢) for simplicity. Full-feedback query-agnostic
algorithms are the default in the online prediction literature and are typically defined without
involving queries at all, but we treat this as a special case of our broader active learning model.

3. Since there is technically no time step 0 or 7'+ 1, h; and hr4+1 must be interpreted as the history at the
start of time step 1 and the end of time step 7', respectively.
4. In typical online learning, observing a;" suffices to compute the loss of every action. See Section 4.1.
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Standard adversarial

Avoiding catastrophe

Multichain MDPs

Conceptual goal

High reward (assume
no catastrophe)

Avoid catastrophe only

High reward (requires
avoiding catastrophe)

Desired regret

Sublinear in T'

Subconstant in T’

Sublinear in T'

Regret definition

Single state

Single state

Separate s, s™ for

sequence s sequence S agent and mentor
Source of each state  Adversary Adversary Transition function
Local generalization No Yes Yes

When are query
results observed?

After choosing action

Before choosing action

Before choosing action

Table 1: The differences between the online learning models we consider. There is no column
for full-feedback online learning, since it is a special case of (standard adversarial)
active online learning.

3.3 Overall Learning Protocol

To summarize, each time step ¢ € [T'] proceeds as follows:
1. The adversary selects a state and correct action (s¢, aj) ~ V(hy).
2. The algorithm observes s; and selects a query decision ¢; ~ FQ(ht, St).

3. The algorithm observes aj*q; and selects an action a; ~ FA(ht, St, a7 qt).

3.4 Objectives

The agent has two objectives: the number of queries and the regret. These are separate
objectives and the agent must perform well according to both.’ Let Q(T,T',V) = E[Z?zl qt
be the expected number of queries. We want Q(7,T, V') to be sublinear in 7. The regret
objective varies between the models, but all versions involve optimizing over a known policy
class II. Each (deterministic) policy = € II is a function 7 : S — A.

3.5 Further Technical Definitions

These definitions are not necessary to grasp the key ideas of the paper but are necessary
to understand the precise technical results. For random variables X and Y, let D(X) and
D(X | Y) respectively be the distribution of X and the conditional distribution of X with
respect to Y. For a distribution p, let p(S) be the probability that p assigns to a set S.
For example, for a random variable X, D(X)(S) = Pr[X € S]. When S contains a single
element s, we write D(X)({s}) = D(X)(s) for simplicity. For ¢ € [0, 1], let Bernoulli(c) be
the random variable which is 1 with probability ¢ and 0 otherwise.

We consider both full adversaries and “smooth” adversaries which are required to choose
a not-too-concentrated distribution over the next state. This allows a smooth interpolation
between the “easy” case of i.i.d. states and the “hard” case of fully adversarial states. Given

5. One could combine these into a single objective, but it is unclear how to choose the tradeoff parameter.
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two distributions p, 5 on S, we say that p is o-smooth (with respect to ) if p(X) < %ﬂ(X)
for every X C S. The uniform distribution is a common choice for the “baseline” distribution
B, but our results hold for any fixed 8. Throughout the paper, we assume an arbitrary but
fixed 8. For convenience, we say that every distribution on S is 0-smooth; this corresponds
to the fully adversarial case. For o € [0, 1], an adversary V is o-smooth if for any h € H, the
marginal distribution of V' (h) on S is o-smooth. Equivalently, Pr(, oy (n)[s € X] < 18(X)
for any X C S. Let V(o) denote the set of o-smooth adversaries. Since we will often handle
o = 0 separately, define the (scalar) Moore-Penrose pseudoinverse o+ by o7 = o~ ! for o > 0
and 07 = 0. For convenience, we treat min,cy f(z) as oo for any function f.

4. First Reduction: Standard Adversarial Active Learning —
Full-Feedback

We now present our first reduction (recall the roadmap in Figure 1). We show that in the
standard adversarial online learning model, any full-feedback algorithm can be converted
into an active learning algorithm, where the regret of the latter is bounded by the regret of
the former and the expected number of queries.

4.1 The Standard Adversarial Online Learning Model

The agent’s goal in this model is to predict the correct action (this is sometimes called the
“online prediction” model). Formally, the objective in this model is to minimize a known loss
function ¢ : Ax.A — [0, 1], where ¢(a, a™) is the loss from predicting a when the correct action
is ™. (In this model, all dependency on the states is captured implicitly through the actions.)
One particular ¢ of interest is the binary loss ¢1(a,a™) = 1(a # ™). Since / is known, a
full-feedback algorithm will observe a;* on every time step and thus can compute the loss of
every action in A. The standard adversarial regret of an algorithm I" given an adversary V is

T

T
Regsa (1.1, V. () = sup E > lag,ap?) = > U(w(se), af)
e t=1 t=1

The typical goal is for Regga to be sublinear in 7', or equivalently, for the average regret per
time step to go to 0. We assume throughout this section that all algorithms are query-agnostic,
i.e., af’q; cannot be used to choose a; (equivalently, a}'q; is observed after a; is chosen).
This aligns our model with the standard adversarial online learning model in the literature.

4.2 The Reduction

To define our algorithm, some additional notation is needed. For a history h, define the
length of h, denoted len(h), to be the total number of time steps covered by h. Note that
len(h;) =t — 1. Given a history h = (s}, a}, aq});<1en(n) and vector u € {0,1}", define the

27 0
query-restricted history h 0w = (s}, a;, a;"' ;) i<ien(h)u;=1- We will sometimes apply these

definitions with u # q and (s, a;,a;-“/, q) # (si,a;,al", ;).

Given a full-feedback algorithm I'pp and expected query budget k& (which need not be
an integer), we define a new algorithm I'y by running I'rp on the query-restricted history
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and querying independently with probability k/T on each time step. Formally,
Fg(h, s) = Bernoulli(k/T") and
Fﬁ(ha S) = F?F(h N (Q17 s 7QIen(h))7 5)'

We call attention to the following aspects of this definition:

1. If the algorithm is given a history h, then len(h) time steps have already occurred and
so the first len(h) query decisions must be known to the algorithm. This enables the
algorithm to compute AN(q1, - - -, Gien(n))- Furthermore, we have h(q1, - - -, Glen(n)) = hNQ:
by the definition of a query-restricted history, only time steps ¢t < len(h) can appear in
h N g, so the variables (qien(n)41, - - -, qr) are ignored.

2. Since Fjj does not depend on the query from the current time step, it is query-agnostic.

3. The algorithm as written needs to know 7', but this requirement can be removed by
standard doubling-trick arguments (Besson and Kaufmann, 2018; Chapter 2.3 in Cesa-
Bianchi and Lugosi, 2006).

The algorithm I'y, can equivalently be defined by the pseudocode in Algorithm 1.

Algorithm 1 The first reduction: given a full-feedback algorithm and an expected query
budget, this algorithm obtains good regret while respecting the query budget.

1: Inputs: full-feedback algorithm I'rp, T € N, k € (0, 7]

2: for ¢ from 1 to T" do

3: hi <= (8i5 iy 07" )ic[t—1]:0=1 > Equal to hy N g
Observe s; from adversary
Sample a; ~ I’f‘F(iLt, St)
Sample g; ~ Bernoulli(k/T")
Take action a;, make query decision g, and observe aj"q;

Theorem 1 (First reduction) Assume that R : N x [0,1] — R>q is concave in its first
argument and that Tprp is a full-feedback algorithm which satisfies Regga (T, T'rr, V, £) <
R(T,o0) for all T € Nyo € [0,1], and V € V(o). Then for any T € N,k € (0,T],0 € [0,1],
and V€ V(o), Ty satisfies Q(T,T'x,V) =k and

RegSA (Ta Fk7 ‘/7 6) S R(k7 O').

>4

The proof of Theorem 1 can be found in Appendix A.

4.3 Applying the Reduction

To apply this reduction, we need a full-feedback algorithm. Many such algorithms exist, with
typical regret bounds being roughly O(+v/T).6 Theorem 1 can be applied to these results, but
the resulting bounds are not good enough for our final reduction to produce sublinear regret
in MDPs. Fortunately, we can obtain better bounds if we assume that II contains a policy

6. Theorem 21.10 in Shalev-Shwartz and Ben-David (2014) is the canonical general bound. See Block et al.
(2022); Haghtalab et al. (2022, 2024) for the o-smooth case.

10
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with zero loss. This assumption is called realizability. In our case, the loss function will be
based on predicting the mentor’s actions, so the mentor policy will have zero prediction loss,
satisfying realizability. However, we do not assume that the mentor is optimal with respect
to the MDP reward function that is our ultimate goal.

Lemma 2 is due to Littlestone (1988); see also Lemma 21.7 in Shalev-Shwartz and
Ben-David (2014). Lemma 3 is folklore, but we provide a proof in Appendix D.

Lemma 2 Assume 37* € II such that 7*(s;) = ay* Vt € [T]. IfII has Littlestone dimension
d, then there ezists a full-feedback algorithm I'pp such that for any T € N and V € V(0),

Regga (T, Trr, V. £1) < d.

Assumptions of finite Littlestone or VC dimension traditionally imply that |A| = 2, so
for brevity, we do not additionally state the |.A| = 2 assumption. While there exist multiclass
generalizations of these dimensions (Daniely et al., 2015; Natarajan, 1989), they generally
do not handle o-smoothness. As such, we will use traditional Littlestone and VC dimension.

Lemma 3 Assume In* € II such that 7 (s;) = a* Vt € [T]. If II has VC dimension d,
there exists a full-feedback algorithm Upp such that for any o € (0,1] and V € V(0),

Regga (T, Trr, V, 41) € O(dlogT + o).

Letting R(T,0) = O(dlogT +0c™"), we obtain the following corollary of Theorem 1. (Note
that dlogT + o™ is indeed concave in T'.) Corollary 4 is the primary result we will use to
instantiate our later reductions to obtain a complete no-regret guarantee for MDPs.

Corollary 4 (Main active learning bounds) Assume 3n* € I1 such that 7*(s;) = a}®
Vt € [T] and that either (1) I1 has VC dimension d and o € (0,1] or (2) Il has Littlestone
dimension d and o = 0. Then for any k € (0,T], there exists an algorithm Ty, such that for
any V € V(o) we have Q(T, Ty, V) =k and

r

RegSA(Ta g, V, El) €0 <k‘

(dlogk + a+)> :

Corollary 4 assumes that |A| = 2 (this is implied by finite VC or Littlestone dimension),
but this assumption can easily be relaxed via the “one versus rest” reduction. Essentially,
one runs a separate copy of the algorithm for each a € A where each copy’s goal is to
predict whether af® = a. If all copies are correct, then we can fully determine aj*. Since
each copy is given a binary prediction task, Corollary 4 applies. Thus by the union bound,
the total regret is at most the sum of regret bounds across the |.A| copies, and similarly for
queries. These bounds can likely be improved by, e.g., applying multiclass variants of VC or
Littlestone dimension, but this is beyond the scope of the paper. See Appendix C of Plaut
et al. (2025) or Chapter 29 of Shalev-Shwartz and Ben-David (2014) for more details.
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5. Second Reduction: Avoiding Catastrophe — Standard Adversarial
Active Learning

Our second reduction shows that any algorithm which performs well in the standard setting
can be transformed into an algorithm which avoids catastrophe. The basic idea is to follow
the original algorithm if the current state is “familiar” (defined by a small distance to
previous relevant queries) and otherwise ask for help. To formalize this, we must define our
model of avoiding catastrophe in online learning.

5.1 Our Model of Avoiding Catastrophe in Online Learning

In this model, the “correct” actions are determined by a mentor policy 7™ & II which is
chosen upfront by the adversary. Formally, a}* = 7" (s;) for all ¢ € [T]. Conceptually, the
adversary generates the environment, which includes the mentor policy. Once the mentor
policy is chosen, the mentor simply reports 7" (s;) when queried.

Unlike before, the goal is not simply to predict the mentor’s actions but to maximize
a sequence of unknown reward functions g = (ug,...,ur) € (S x A — [0,1])T. However,
these are not “normal” reward functions: instead, p(s¢, a;) represents the probability of
avoiding catastrophe at time ¢ (conditioned on no prior catastrophe). Then the agent’s
overall chance of avoiding catastrophe is Hthl ue(se, ar). As before, we encourage the reader
to think of “catastrophe” as an irreparable error; indeed, our final reduction will choose
to capture certain transition probabilities. However, the model is valid for any choice of p.
Importantly, we do not assume that 7™ is optimal for pu.”

We wish to minimize the following multiplicative regret objective:

T

T
Regxo (T, T,V i) = E [log [ | me(se, 7™ (s1)) —log [ | pue(st, ar)
t=1 t=1

In other words, the agent should avoid catastrophe nearly as well as the mentor. For brevity,
let pi*(s) = (s, 7™ (s)) for s € S.

We assume that the agent never directly observes rewards: the only feedback it receives
is from queries to the mentor. This is because in the real world, one never observes the true
probability of catastrophe: only whether catastrophe occurred. (One may be able to detect
“close calls” in some cases, but observing the precise probability seems unrealistic.)

The logarithms in the regret definition are included for consistency with the literature
(e.g., Chapter 9 of Cesa-Bianchi and Lugosi, 2006) but do necessitate a special case for
rewards of zero. One solution is to assume that rewards cannot be exactly zero. For an
adversary V', let po(V') be the infimum of possible rewards across all possible states, actions,
and time steps given V. Typically V will be clear from context and we will just write ug. If
o > 0, then Regjy is always well-defined. We will explicitly note when we assume jo > 0,
since this is slightly restrictive and our ultimate MDP results do not require this.

One can also consider a more standard additive regret objective:

T

T
Reg {o(T,T,V,p) = B | > pua(s, @™ (s1)) = > pu(st, ar)
t=1 t=1

7. Realizability only states that " € II; it says nothing about how much reward n" will generate.

12
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This objective can be interpreted as minimizing the “total amount of irreversible damage”
rather than the probability of a single catastrophic event.

For both objectives, we want the total regret to go to 0 as T" — oo, not just the average.
This is because we want the total chance of catastrophe to go to 0, not just the average.
Thus the goal in this model is subconstant regret instead of sublinear regret. This may be
counterintuitive, since the regret is a sum of nonnegative quantities and thus is nondecreasing
with ¢ (at least for an optimal mentor). However, subconstant regret means that the total
regret goes to 0 as a function of the time horizon T', not the time step ¢. Choosing algorithmic
parameters as a function of 7" is the key to subconstant regret.

5.2 Local Generalization

We assume that g and 7 satisfy L-local generalization. Informally, if the mentor told us
that action a is safe in state s’, then a is probably also safe in a similar state s. Formally,
let S C R™ (one could also allow a generic metric space). We assume that there exists L > 0
such that for all s,s" € S and t € [T, |uf*(s) — pe(s, 7™ (s"))| < L||s — §'||, where || - || denotes
Euclidean distance. This represents the ability to transfer knowledge between similar states:

| s ™(s) = (s | < Llls— o] -
N——— N—— N——

Taking the right action Using what you learned in s’  State similarity

For X C S, define diam(X) = max,ycx ||s — §'||. For brevity, we write diam(s) =
diam({s1,...,s7}). Let U(L) be the set of all (u, 7™) pairs satisfying L-local generalization.

The local generalization assumption is vital to our results: this is what allows us to detect
when a state is unfamiliar. As such, we now take some time to justify this assumption in detail.

First, the ability to transfer knowledge between similar states seems fundamental to
intelligence and is well-understood in psychology (e.g., Esser et al., 2023) and education (e.g.,
Hajian, 2019). Crucially, the state space S C R" can be any encoding of the agent’s situation,
not just its physical positioning. For example, a 3 mm spot and a 3.1 mm spot on X-rays
likely have similar risk levels for cancer (assuming similar density, location, etc.). If the risk
level abruptly increases for any spot over 3 mm, then local generalization may not hold for
a naive encoding which treats size as a single dimension. However, a more nuanced encoding
would recognize that these two situations—a 3 mm vs 3.1 mm spot—are in fact not similar.

Constructing a suitable encoding may be challenging, but we do not require the agent
to have explicit access to such an encoding, nor does it need to know L: it only needs a
nearest-neighbor distance oracle. Formally, the agent needs to compute mingex ||s¢ — s,
where X C § is a particular subset of previously queried states. Informally, the agent only
needs the ability to detect unfamiliar states. While this task remains far from trivial, we
argue that it is more tractable than fully constructing a suitable encoding. See Section 7
for a discussion of potential future work on this topic.

We note that these encoding-related questions apply similarly to the more standard
assumption of Lipschitz continuity. In fact, Lipschitz continuity implies local generalization
when the mentor is optimal (Proposition E.1 in Plaut et al., 2025). We also mention that with-
out local generalization, avoiding catastrophe is impossible even when the mentor policy class
has finite VC dimension and the adversary is o-smooth (Theorem E.2 in Plaut et al., 2025).

13
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5.3 The Reduction

We can now define our reduction. Given access to a “default” algorithm I which performs well
in the absence of catastrophe, Algorithm 2 first computes what I would do in the current state
(based on a simulated history of what I' would have done in previous states). If the current
state is “familiar” (i.e., has a small nearest-neighbor distance min, 4)ex:a=a, ||st — s|), we
follow I'. Otherwise, we ask for help. The “familiarity” threshold € must be carefully chosen

-1

to balance safety with self-sufficiency. Ultimately we choose ¢ = T'»+1 (recall that n is the
dimension of §). However, we first prove bounds for general . Similar to the first reduction,
Algorithm 2 requires knowledge of T, but this can be removed with standard doubling tricks.

Algorithm 2 The second reduction: given an algorithm which performs well in the absence of
catastrophe, this algorithm avoids catastrophe using a limited number of additional queries.

1: Inputs: Algorithm I', e € Ryg, T € N
2: X (b
3: for ¢t from 1 to T do

11:
12:
13:
14:

Observe s; from adversary
hy + (Si, a;, Wm(si)(ji)ie[t—l]
Sample G ~ FQ(iLt, St)
Sample a; ~ I’A(ﬁt, st,0)
if ming, q)ex:a—a, |/5t — s|| > € then > Out-of-distribution: ask for help
qr < 1, observe 7™ (s)
ap < 7Tm(8t)
X — X U{(st,m(s1))}
else > In-distribution: follow I
Gt < G, observe " (s;)qy
ap <

> Simulated history for I

14
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Theorem 5 (Second reduction) Let k € R>g and R : R>¢ x N x [0,1] = R>q. Let T be
a query-agnostic algorithm satisfying Q(T,T', V) < k and Regga (T, T,V ¢1) < R(k,T,0) for
allT > k,o0€[0,1], and V € V(o). Let I'ac denote Algorithm 2 with inputs ', T >k, and
e > 0. Then for any o € [0,1],V € V(0), and (u, ™) € U(L),

LeR(k,T,0)
Ho
Reglo(T,Tac, V, ) < LeR(k, T, 0),

R‘egXC(Tv FAC7 V7 l'l’) S lf 120} > O,

Q(T,Tac,V) € O <k‘—|—R(k,T, o)+ \A\E[diam(s)n]> |

877,

The proof of Theorem 5 appears in Appendix B. To obtain subconstant regret and

2n+1 —1
sublinear queries, we apply Theorem 5 to Corollary 4 with k = Tﬁ and € = T»+1. For
readability, we have simplified the bounds at the cost of slightly looser bounds.

Theorem 6 (Final avoiding catastrophe bounds) Assume that either (1) II has VC

dimension d and o € (0,1] or (2) II has Littlestone dimension d and ¢ = 0. Let k = Tz
and let I'y, be the corresponding algorithm from Corollary 4. If I'ac denotes Algorithm 2

-1
with inputs 'y, T, and € = T»+1, then

Regxc(T,Tac,V,p) € O (/fOT%i?(dlogT+ a+)> if po > 0,
Regl (T, Tac, V, ) € O (LT#iz(dlogT n a+)) ,
Q(T.Tac,V)e O (T% (d +ot 4+ E[diam(s)"])) ,
for any (pu, ™) € U(L) and V € V(o).

Remark 7 Because the agent never observes rewards, the distribution of (s, a) depends
only on the adversary V (which determines 7™) and the algorithm I'pc, and not on pu.
Hence this single distribution of (s, a) satisfies the bounds in Theorem 6 simultaneously for
all admissible choices of . In other words, run the online learning protocol for T' time steps
without choosing p. Then, at the end, evaluate sup,,.(, ~myeu(r) Regrc(T,Tac, V, ), and
similar for RegXC. This property will be important for the third reduction.

6. Third Reduction: Sublinear Regret in MDPs — Avoiding Catastrophe

Our third reduction shows that any algorithm which avoids catastrophe (i.e., has subconstant
regret in the model from Section 5.1) guarantees sublinear regret in multichain MDPs. This
leads to our ultimate goal: a no-regret guarantee for multichain MDPs using sublinear
mentor queries.

6.1 Online Learning in MDPs with a Mentor

MDPs involve a type of constrained adversary who only chooses a transition function
P:SxA — A(S), amentor policy 7 : § — A, and an initial state distribution
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D; € A(S). Then s; ~ Dy and for all ¢ > 1, s; is sampled from P(s;—1,a;—1). As in
Section 5.1, ai* = 7™ (s;) for all ¢ € [T]. Sometimes it will be useful to denote the adversary
as V = (P, Dy, ™), in which case we can also write (P, D1, 7"™) € V(o).

The agent’s objective is to maximize a reward function r : & x A — [0,1]. As in
Section 5.1, we do not assume that the mentor is optimal. Also like Section 5.1, the agent
here never directly observes rewards and only receives feedback from queries.®

Unlike the other models, the transition function allows us to define a distribution of
mentor states s™ = (s7',...,s]), where s{* ~ Dy and for t > 1, sj* ~ P(s{", 7™ (s{*1)).
Thus we can define MDP regret by comparing the expected reward of the agent and mentor
on their respective sequences of states:

T

RegMDP(T7 Pa (P7 Dl? ﬂ-m)a T) =E ZT‘(S?7 Wm(sln)) - Z T(St, at)
t=1 t=1

This corresponds to independently running the mentor and the agent each for T steps
from the same initial state and comparing their expected total reward. For example, recall
Figure 2 and suppose the mentor goes to Heaven but the agent goes to Hell. Our definition
of regret appropriately penalizes such an agent: for all £ > 1, we have s;” = Heaven while
s¢ = Hell, resulting in a very poor regret of T' — 1.

We assume that P and 7™ satisfy L-local generalization with respect to total variation
distance: ||P(s,7™(s))— P(s,7™(s'))|lrv < L||s—¢'|| for any s,s’ € S. (We assume S C R”
and define diam(X) as in Section 5.1.) The most general version of the third reduction
will also require L-local generalization for r: |r(s,7™(s)) — r(s,7™(s"))| < Ll||s — §'|| for
any s,s' € §S. We assume that L is the same for both P and r (if not, simply use the
maximum). Let P(L) and R(L) denote the sets of (P,7™) and (r,7n™) pairs satisfying
L-local generalization, respectively.

6.2 The Reduction

This reduction requires no modification of the algorithm: any algorithm which has subcon-
stant regret for Rech must have certain properties which ensure that it will also perform
well in multichain MDPs.? Specifically, such an algorithm will have MDP regret at most
(T+1)- RegXC, as stated by Theorem 8. If Rech is subconstant, then the resulting MDP
regret is sublinear.

Theorem 8 (Third reduction) Fiz some R : N x [0,1] — R>¢ and let I' be an algorithm
which satisfies Reg{(T,T,V,u) < R(T,0) for allT € N,o € [0,1],V € V(0), and (p,7™) €
U(L). Then T satisfies

Regyipp (1,1, (P, Dy, ™), 1) < (T + 1)R(T, 0)
for all T € N,o € [0,1], and (P, Dy, ™) € V(o) with (P,7™) € P(L) and (r,7™) € R(L).

If we can also reduce to the standard adversarial setting—that is, we have access to a
bound on Regg,—then we do not need local generalization for r.

8. In the typical MDP framework, the agent does observe rewards directly. However, our algorithms do not
use these observations, so we might as well strengthen our results by removing such observations.
9. We reduce to RegXC instead of Regj to avoid dealing with po.
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Theorem 9 (Third reduction: no local generalization for r) For functions Ry, Ry :
N x [0,1] = R>o, let I' be an algorithm which satisfies Reggp (T, T,V 41) < Ri(T,0) and
Rego(T.T,V,pn) < Ro(T,0) for any T € N,o € [0,1],V € V(0), and (p,7™) € U(L).
Then I' satisfies

l{egMDP (T’ L, (P, Dy, ﬂ-m)a T) <R (Tv U) + TR (Tv U)
for any T € N,o € [0,1], and (P, D1,7™) € V(o) with (P,7™) € P(L).

Theorem 9 requires a single algorithm with bounds on both Reggs and Regj{c. Although
Reggs and RegXC originate from different models, one advantage of our unifying online
learning framework is that these metrics are well-defined for any algorithm in our framework.
Furthermore, in the course of proving Theorem 5, we actually already proved that I'ac
(Algorithm 2) has bounds on both Regg, and Regj{c. Specifically, this is stated by Lemma 24,
which we can directly reuse.

The culmination of our work is Theorem 10 below, which establishes the existence of
a no-regret algorithm for multichain MDPs with sublinear queries. We use the exact same
algorithm as Theorem 6. The bound on Q(7,T',V) = Q(T,T, (P,Dy,7"™)) is automatically
inherited and the regret bound only requires a short proof. Essentially, we apply Theorem 9
with R (T, o) as the bound on Reggy from Corollary 4 and Ry(T, o) as the bound on Reg}
from Theorem 6.

Theorem 10 (Final no-regret guarantee for multichain MDPs) Assume that either
(1) I1 has VC dimension d and o € (0,1] or (2) 11 has Littlestone dimension d and o = 0.

Let k = ngi;, let Ty, be the corresponding algorithm from Corollary 4, and let I'ac denote
-1
Algorithm 2 with inputs I'y, T, and ¢ = T+1. Then I'poc satisfies

2n+1
RegMDP(T> FAC? (P> Dla 7Tm)7 T) €0 (LTW (legT + U+)) ’
Q(T.Tac, (P.Dy.7™) € O (T35 (d+ o™ +Efdiam(s)"]) )
for any (P,Dy,7"™) € V(o) with (P,7™) € P(L).

For concreteness, we present a consolidated complete algorithm for the o-smooth case
below. Since our reduction is quite general, this is only one possible algorithm, but it is
sufficient for illustrative purposes. For the full-feedback algorithm I'rr, we will use the
algorithm from Lemma 3. This algorithm consists of forming a %-cover (see Appendix D for
the definition) and running the “exponentially weighted average forecaster” from Corollary
2.3 of Cesa-Bianchi and Lugosi (2006) on this cover. The algorithm assumes that A = {0, 1}.

Corollary 11 Assume that I1 has VC dimension d and that o € (0,1]. Let T'gna denote
2n+1 —1
Algorithm 8 with inputs k = T2n12 and € = T»+1. Then Dgpa satisfies

Regnipp (1), Chinal, (P, D1, ™), 1) € O (LT% (dlogT + 0*1)) ,
Q(T, Tpar, (P, D1,7™) € O (T35 (d+0~" + Eldiam(s)"]) )

for any (P,Dy,7"™) € V(o) with (P,m™) € P(L).
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Algorithm 3 A final concrete algorithm obtained by applying our reduction to the
exponentially-weighted average predictor from Cesa-Bianchi and Lugosi (2006).

L: Inputs: T €N, k€ (0,7], e € Ryg

2. II « any %—cover of IT

3 X (b

4: for 7 € II do

5: wy < 1/|1]

6: for ¢t from 1 to 7" do

7 Observe s;

8: Pt D e WaT(St)

9: Sample a; ~ Bernoulli(p;)

10: is_ood (min(s,a)EX:a:&t [|s¢ — s|| > 5)

11: if is_ood then > Out-of-distribution: ask for help
12: gt < 1, observe 7™ (s)

13: ag < 7" (st)

14: X+ XU {(St, Fm(St))}

15: else > In-distribution: follow exponentially-weighted average
16: ar < at

17: Sample G; ~ Bernoulli(k/T) > Update weights w.p. k/T', even on OOD rounds
18: if G =1 then

19: qr < 1, observe 7™ (s¢)
20: W+ quﬁ wr exp(—1(7™(s¢) # 7(s¢)))
21: for m € Il do

wr exp(—1(7"™ (s¢) # m(st)))
22: Wr

w

23: if ¢ = 0 and not is_ood then
24: qr < 0
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6.3 Key Proof Idea

The key idea is to decompose regret into state-based regret and action-based regret by simply
adding and subtracting E[Zthl (s, ™ (s¢))]:

T
E [Z r(sp,a™(s7) = > (st at)] _

t=1 t=1

T T
E | r(spm™(si) = D r(se, 7™ (se) | +E | D r(se, 7" (s0) = > (s, ar)
t=1 t=1 t=1 t=1
State-based regret Action-based regret

State-based regret measures how bad the agent’s states s are compared to the mentor’s
states s™. Here “bad” is evaluated based on the actions the mentor would take in each state.
To bound the state-based regret, we use the local generalization of P to bound the deviation
between the distributions of s and s™ as measured by supycs(Pr[s]” € X]| — Pr[s; € X]).
Most of the proof is focused on showing that the state-based regret is at most TRegXC.

Action-based regret measures how bad the agent’s actions are compared to the mentor’s,
evaluated on the agent’s states s. Local generalization of r will imply that the action-based
regret is at most RegXC. Combining this with our bound on state-based regret yields
Regypp < (T + 1)Reg}, as desired.

To our knowledge, this decomposition is novel and could be of independent interest.
Superficially, our regret decomposition might resemble existing techniques like the reference-
advantage decomposition (Zhang et al., 2020). The key difference is that each term in our
decomposition includes only short-term rewards, and long-term effects remain implicit. In
contrast, prior decompositions (including reference-advantage) typically use Q-functions
and/or value functions which explicitly capture the long-term value of policies/states/actions.
Neither approach is necessarily “better”, but they may be suitable for different contexts.

7. Conclusion

In this paper, we provide a sequence of three reductions which produce (to our knowledge) the
first no-regret guarantee for multichain MDPs. Conceptually, we prove that this algorithm
obtains high reward while becoming self-sufficient, even when errors may be catastrophic.

Although we think these insights are broadly applicable, our algorithm is not ready for
practical usage. For one, computing the %—cover is computationally expensive. There exist
techniques for avoiding computing such covers explicitly (see, e.g., Block et al., 2022), and
this could be a topic for future work.

Also, our final query and regret bounds of O(T %) are only barely sublinear in T" when
n is large. The exponent arises from the number of queries needed to cover an n-dimensional
space; essentially, the curse of dimensionality. Another factor is that our agent only learns
from querying. Providing an initial offline data set would remove the need to cover the
entire space with mentor queries and could significantly improve our bounds.

Another limitation is that the algorithm relies on perfectly computing distances between
states in order to exploit local generalization. This is analogous to requiring a perfect
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out-of-distribution (OOD) detector, which remains a major open problem (Yang et al.,
2024). Future work might consider a more realistic model of OOD detection and/or a less
strict version of the local generalization assumption. Our work also makes the standard yet
limiting assumptions of total observability and knowledge of the policy class, which could be
relaxed in future work.

We are also interested in cautious learning without a mentor, since a mentor may not
always be available. One possibility is learning from bad-but-not-catastrophic experiences:
for example, someone who gets serious (but not fatal) food poisoning may be more cautious
with food safety in the future. This phenomenon is not captured in our current model.

More broadly, we think that the principle of acting cautiously when uncertain may be
more powerful than previously suspected. We are hopeful that this idea can help make Al
systems safer and more beneficial for all of society.
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Appendix A. First Reduction Proofs

This section presents the proofs for our first reduction (Theorem 1).

A.1 Proof Notation

In the proof, we fix an arbitrary T'€ N, o € [0,1],V € V(o) and use the following notation:

1. Let K = Zthl q: denote the realized number of queries. Note that E[K] = k.

Let t] <ty < --- < tx be the time steps ¢t € [T] where ¢; = 1.

For each t € [T, define ¢y(a,a™) = ql(a,a™).

Let Ap(Dg,m) = Y1, Uag, a') — Y1, £(n(st), ai) for each 7 € TI. Note that

Reggsa (T, T, V. £) = supren E[Ar (T, )]

5. Let Aq(Ty, m) = 30 bilar, af) = S50, el (se), ap”).

The trickiest part of the proof is proving the equivalence between running I'y, on the true

instance Z = (T, V, 11, ¢) and running I'rr on a different instance Z%, where u € {0,1}7 is a

possible realization of q. Formally, for each o € [0,1], V € V(o), and u € {0,1}7, define

% = (T*, V* 11,¢,T'rr) as follows.

1. Let T* = "1 uy.

2. For a history h of length j — 1, define V*(h) = D(sy;,a;; | hyy Nw = h, g = u) if
Pr[hy;, Nu = h, ¢ = u] > 0. Otherwise, let V*(h) be any distribution whose marginal
distribution on § is g-smooth.

= L
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3. For clarity, let s¢,af", at, qt, and h; respectively denote the state, correct action, algo-
rithm’s action, query decision, and history at time t in Z, i.e., as induced by V and
[. Let s, a;"", af*, ¢, and h}* denote the analogous random variables in Z%, i.e., as
induced by V* and I'pp.'"

A.2 Proof

Lemma 12 shows that AT is an unbiased estimator of Ap. Lemma 14 ensures that V* is
o-smooth, which is necessary in order to apply the assumed regret bound for I'pp. Lemma
15 is the key to the proof: it states that the distribution of histories is the same for Z and
Z* (under a particular transformation). To complete the proof of Theorem 1, we apply the
regret bound for I'rr to Z%, which we can then lift to a regret bound for I'y, on the original
instance Z using Lemmas 12 and 15.

Lemma 12 For all w € II, E[Ap(T'y, 7)] = E[Ap(Ty, 7)].

Proof Fix a ¢t € [T] and let a be any random variable taking values in A such that ¢; is
independent of the pair (a,a}"). Then ¢ is also independent of ¢;(a, a}*) so

Bff(a, )] =Efal B | fla,a)| = . Bl o] = Bl o)L

Since ¢; ~ Bernoulli(k/T’), we know that ¢; is independent of both (at,ai"*) and (7(s¢), a").
Therefore we can apply E[¢(a,a}")] = E[¢(a,a]”)] with both a = a; and a = 7(s;), so

E
E

E[Ap(Ty,m)] = ) El[l(as,ai*)] — ) E[l(n(st), ai")]
t=1 =1
T T
= > Elli(ar, af")] = > B[l (n(se), a}")]
t=1 t=1
= E[Ar(Ty, )]
as required. u

Lemma 13 (Tower property) For random variables X,Y and an event E, if Ex[X | E]
and Ey [Ex[X | Y, E] | E] both exist, then Ex[X | E] =Ey[Ex[X | Y, E] | E].

Although the subscripts of the expectations in Lemma 13 are not technically necessary,
we include them to improve readability.

Lemma 14 For each u € {0,1}7, the adversary V* is o-smooth.

Proof Fix some j € [T%], h € H, and X C S. If 0 = 0, the claim is trivial. If Pr[h;, Nu =
h,q = u] = 0, then the claim holds by definition of V*. Thus assume o > 0 and

10. Since I'rr is a full-feedback algorithm, g;* is always 1, but we include it for completeness.
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V%(h) = D(stj,a?;‘ | hy; "u = h,q = u). Let B = {hy; Nu = h, q = u}. Applying
Lemma 13 with X = 1(s;; € X) and Y = hy; gives us

Pr [seX]|=Prls;, € X|h, Nu=h,qg=u]= E[Pr[stj€X|E,hthE].

(5,00~ V() e,

We claim that Pr[s;, € X | E,hy,] = Pr[sy; € X | hy,]. Define events By = {hy; Nu =
h}, By = {q; = u; Vi < t;}, and E3 = {¢; = u; Vi > t;}. Notice that all probability infor-
mation in Fq and Fs is already contained in htj, and that htj is independent of E3.'' Thus
E [Prls;; € X | E,hy;] | E] = E [Prls;; € X | B3, hy;] | E] (E1, B contained within hy,)

ht]. ht

<!

= E’ [Prls, € X | hy,] | E] (Independence of E3, hy,)
J
-—E| P X] | B (Definition of s, ~ V(h,
he, (S,G)N‘E(htj)[se ] (Definition of s, ()
1
< E [B(X) ‘ E] (V' is o-smooth)
htj g
1
= —[3(X). (Expectation of a constant)
o
Therefore Pr(, q)yu(n)s € X] < 18(X), as required. [ |

Lemma 15 Foranyg: S x Ax A — R, E[g(s}i,a;ﬁ’u,a“)] =E[g(s;,af} ar;) | @ = u].

Proof We prove by induction that for any h € H and j € [T +1], Pr[hY = h] = Pr[hy;Nu =
h | @ = u]. We trivially have h} = () = hy; N u always, which satisfies the base case. Now
assume that the claim holds for some j < T* + 1. Fix some h € H of length j + 1 where all
query decisions are 1. Then we can write h = h' ~ (s,a,a™) for some h' € H of length j
and s € S,a € A,a™ € A. We proceed by case analysis.

Case 1: Pr[hy; Nu=1h', ¢ = u] = 0. Then

Prlh, Nu="h', g=u] = Pr[hy, N'u="1"|q=u]Prlg=u] (Chain rule of probability)
= Pr[hY = 1] Pr[q = u]. (Inductive hypothesis)

Since Pr[g = u] > 0 for all w € {0,1}* and Pr[hy, Nu = I/, ¢ = u] = 0, we must have
Pr[p} = h'] =0 = Prlhy; Nu = h' | ¢ = u]. Since h = h' ~ (s,a,a™), this implies that
Pr[h;‘+1 = h] =0 = Pr[hy;,, Nq = h | q=u], which satisfies the induction.
Case 2: Pr[hy ;Nu = h', ¢ = u] > 0. Using definitions and the chain rule of probability,
Pr(hf, = h]
= Pr[h} ~ (s}, a},a]"™) = h]
= Pr[h}L = h/, S’l-l' = 8, au =a, am’u — am]

11. Technically E; depends on u, and w is not determined by h;;. However, w is a constant in our setup.

22



SAFE LEARNING UNDER IRREVERSIBLE DYNAMICS VIA ASKING FOR HELP

= Prla} =a|h} =15} =s,a]"" = a™] Pr[s} = s,a]"" = a™ | b} = W] Pr[h} = 1]

Since Prhy; Nu = h', ¢ = u] > 0, the second term Pr[s¥ = s,a;"" = a™ | hY¥ = h'] is
exactly V*(h')(s,a™). The first term Prla} = a | Y = 1/, s} = s, a’"™ = a™] does not quite
match the definition of TH, (R, s)(a) = Prla¥ = a | h} = I/, s} = s]. However, since I'py is
query-agnostic (recall from Section 4.1 that we only deal with query-agnostic algorithms

in this model), aj and a;-n’u are conditionally independent given any history and state. In

this case, we are interested in independence conditional on h} = h' and si' = s. Hence

Pr(hi, = h]
= Prla} =a|h} =1, s} =s,a]"" = a™] Pr[s} = s,a]"" = a™ | B} = K] Pr[h} = 1]

= Pr[d} = a|h} =1, s} =s] Pr[s} = s,a]"" = a™ | b} = '] Pr[h} = 1]

=Tfp(H,s)(a) - V¥(H)(s,a™) - Pr[h¥ = 1. (1)
By the definition of V*, we have
V¥(h')(s,a™) = Pr[sy; = s, afy =a™ [ hy; Nu = b, q=ul). (2)

The definition of I'y implies that a;; ~ I‘jj(htj, St;) = I‘?F(htj N q,s¢;). Using the same
conditional independence argument as above, we get
FéF(h/,s)(a) = Prlay, =a| hy Nu= B, s, = S, q = ul
= Prlay, =a|hy Nu="0,s; =s, ajy =a™, q=ul. (3)
Furthermore, the inductive hypothesis implies that Pr[h} = h'] = Pr[hy; Nu =1 | g = u].
Combining this with Equations 1, 2, and 3 gives us
Pr(h},, = Al

= Prld} =a|h} =15} =s,a]"" = a™] Pr[s} = s,a]"" = a™ | I} = 1] Pr[h} = 1]

= F“F4F(h’, s)(a) - V*(h')(s,a™) - Pr[htj =hNulq=u]l

= Prlas;, = a | hy Nu="H, 51, = 5, a?;‘:am, q = uj

x Prlsy; =s, 0 = a™ [ by, Nu=",q=mu] Prlhy, Nu="n'|q=ul

= Prlhy, Nu="1, s, = s, a;; =a, ;) =a™ | g = ul. (4)
By the definition of ¢1,...,tx, we have g, = 1. Also, ¢ =0 when ¢; <t <{;1;. Thus

m
htj+1 ngq= (Si7 i, Ay qi)iE[thA—l}:qi:l

J— . . m
= (57,7 i, a; )iG[thrl*l]IQi:l

= hy; Ng ~ (stj,at].,a;?). (5)
Therefore
Pr[h¥,, = h] = Pr[hy; Nu =1, s, = s, as; = a, ajl =a™ | q = u (Equation 4)
:Pr[htjﬂq:h',stjzs,atj:a,a?;:am]q:u] (g=mu)
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= Pr[(hy; N q) ~ (st;,a15,08)) =0 ~ (s,a,a™) [ g=u] (Rearranging)

= Pr [htj+1 Ng=~h ~(s,a,a™) | q= u] (Equation 5)

= Prhy,,, Ng=h|q=u (Defn of h)
This completes the induction in Case 2 and thus completes the overall induction, which
shows that Pr[h} = h] = Pr{hy; Nu=h| g =wu] for any h € H and j € [T + 1]. Therefore
D(s ;‘,a;nu,a;‘) = D(s;,ai),at; | ¢ = u) and thus E[g(s}‘,a;nu, )] = Elg(se;, af}, at;) |
q = u] for any j € [T"]. [ ]

Theorem 1 (First reduction) Assume that R : N x [0,1] — R>q is concave in its first
argument and that T'rr is a full-feedback algorithm which satisfies Regga (T, T'rr, V, €) <
R(T,o0) for all T € Nyo € [0,1], and V € V(o). Then for any T € N,k € (0,T],0 € [0,1],
and V € V(o), Ty satisfies Q(T, Ty, V) =k and

RegSA(T,Fk,V,K) S R(k,O')

>4

Proof We have Q(T, T, V) = E[S.7_, ¢:] = k since each ¢; is sampled from Bernoulli(k/T).
Thus it remains to bound the regret. For any 7 € IT and u € {0,1}7, we have

T
E[A7(Ty, ) |g=u] = E th(at, ay") Zﬂt 7)g=u (Definition of Ar)
T N )
= EE Z l(ag,af") Z O(m 7)1 g=wu| (Definition of ¢)
_t:qtzl t:qe=1
T [ K K i
= EE Zﬁ(atj,a?;) ZE( m(st;).ai)) [ g ="u (Change of index)
: = |
oo [T T i T
:?E Z£<atjva?;) f( (Stj>7a¥?)|q:u (K:ZQt:
j=1 j=1 | t=1
T —
= E Zz ay,a U (s), al™) | . (Lemma 15)
j=1

Taking a supremum and applying the definition of Reggj,

EAr(Tk,7) | g =1u] < sup E[A7r(Ty, 7') | ¢ = u]
=

supE Zﬁ ay, J ZE i)

WEH

| /\

= ERegSA(Tu7 FFF, Vu, E)
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Lemma 14 implies that V* is o-smooth, so the regret bound of I'rp gives us
E[A7r(Tk, m) | @ = u] < Regga (T%, T'rr, V¥, £) < R(T", o). By the law of total expectation,

BAr(Tem)= B [E [Ar(Ti,7) | g = u]] < E. ER(T“, a)] ~E ﬁR(Tq, a)} .

By definitions, 79 = Y.° ¢ = K. Therefore E[Ap(Ty, )] < LE[R(K,0)]. Now let
R;(n) = R(n,0). Then R, is concave, so Jensen’s inequality implies that

E[R(K, o)) = E[R,(K)] < R,(E[K]) = R(E[K], o).

Thus E[Ap(Ty, )] < LR(E[K],0) = LR(k,0). Since this holds for all m € II, we have
sup,e E[A7(Tg, m)] < %R(kz, o). Combining this with Lemma 12,

Regga (T, Tk, V, 4) = sug E[A7r(Ty,m)] = su;r)[ E[AT(Fk, 7)) <
TE e

R(k,o0)

e

as required. |

Appendix B. Second Reduction Proofs

This section presents the proofs for our second reduction (Theorem 5).

B.1 Proof Notation

We use the following notation throughout the proof:

1. Fix some T' € N,o € [0,1], and V € V(o).

2. For each t € [T, let X; refer to the value of the variable X in Algorithm 2 at the start
of time step t.

3. We use the variables ¢; and a; as defined in Algorithm 2.

4. Let Mp = {t € [T] : a # ©™(s¢)} be the set of time steps where the action from T’
doesn’t match the mentor’s.

5. For each S C S, let vol(S) denote the n-dimensional Lebesgue measure of S.

6. With slight abuse of notation, we will use inequalities of the form f(T) < g(T") + O(h(T))
to mean that there exists a constant C such that f(T") < g(T") + Ch(T).

There are two parts of the proof: the regret bounds (Regjy . and RegXC) and the query
bound. To bound the regret, we bound the number of time steps where the agent chooses
the wrong action (Lemma 17) and bound the worst-case reward on the time steps when the
agent does choose the wrong action (Lemma 18). Lemma 16 is an intermediate step which
shows the existence of an appropriate g-smooth adversary so that we can apply the assumed
regret bound on I'. Lemma 19 puts all of the above together to obtain the regret bounds.
Lemma 23 proves the query bound; the main idea is to show that after sufficiently many
queries, we will have fully covered the state space.
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B.2 Proof
Lemma 16 Under the conditions of Theorem 5, there exists V' € V(o) such that

Q(T,T, V") th] :
Regga (T,T, V' {1) = sug E [Zﬁl ag, ™ Zﬁl " (s¢))
S

Proof The proof proceeds in three parts. Recall that I' is defined in Theorem 5.

Part 1. We first claim that for any ¢ € [T, the variables (s;, Gi, @:);c[ and 7" uniquely
determine the values of (g;, ai, X;);cpy- First note that X; = () and for i € [t — 1], X;41 is
given by

Xt = X; U{(s5,7™(s:))} if Xy =0 or ming gyex,a=a, ||5i — || > ¢
o X; otherwise.

Thus we can determine the value of X, using only Xj,s;,d;, and 7™. Since we know
(8iy Gi, di)ie[ﬂ,wm, and X1, we can determine X, and use X9 to determine X3, and so on.
Once we have determined X;, we can determine ¢; and a; as follows:

(i, a;) = (1, 7™ (s;)) if Xy =0 or min( 4y x;q=q, |5i — 5[] > €
v (Gi, az) otherwise.

Thus (s;, G, G;)icfy and 7™ uniquely determine the values of (g;, a;, X;);e- Then there exists
a deterministic function f : H — H such that f((s, s, 7™ (s:)Gi)icpy) = (56 as, 7™ (5:)qi)icpy =
hit1 for any t € [T]. (Recall that hyq is the history at the start of time ¢ + 1 and thus
includes s, at, ¢ but not s¢41,a¢41,q+1.) For a history h, define V'(h) = V(f(h)). Note
that the algorithm need not know f: since we are defining an adversary, all we need is for
this function to exist. Since V is o-smooth by assumption, V' is also o-smooth.

Part 2. We need to show that V'’ induces the desired distribution of states and
actions. For each t € [T, let s}, q;, a; be the random variables corresponding to the state,
query decision, and action at time ¢ as induced by I' and V’. Also, for each ¢ € [T let
hy = (Siadiaﬂm(si)@)ie[t,l] as defined in Algorithm 2 and let h} = (sl,al,w (s ;)qg)ie[til].
We will show by induction that D(h}) = D(hy) for each t € [T]. We trivially have b} = @ = hy,
so assume the claim holds for some t € [T]. Let A" be any history of nonzero length and
write h™ = h ~ (s,a,7™(s)q) for some h € H,s € S,a € A,q € {0,1}. Using definitions and
the chain rule of probability,

Pr[h; t+1 = =t ]
Pr[ t+1 = (5 a, 7" (s)q)]
= Pr[h; _hst ay = a,q, = q]
= Pr[ly ]Pr[st—SIh’ h|Prlg; =q|s;=s,hy =h]Prla; = a|q; = q,s;, = s, hy = h].

By the inductive hypothesis, Pr[h, = h] = Pr[h; = h]. Also, by definitions we have
Prls, = 5 | K = h = V/(h)(s,7"(s)), Prlg) = q | 5} = s, = h] = T9(h,s), and
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Prla, = a | ¢, = ¢,s, = s,h, = h] = I'A(h,s,7™(s)q). Since T is query-agnostic by
assumption, we have TA(h, s, 7™ (s)q) = T"A(h, 5,0). Therefore
Pr(hyyy = h*] = Prlhy = ] - V/(h)(s, 7" (5)) - T9(h, 5)(q) - T (R, 5,7 (5)q) (a)
= Pr[ﬁt = h’] . V(f(h))(sv Wm(s)) : FQ(ha S)(Q) : FA(hv 3,0)(&).

Since s; ~ V(hg), g ~ T9(hy, s¢), and a; ~ FA(ht, st,0), we have

Pr(hj,, =h'] = Prlhy = h,s; = 5,4 = ¢, 4 = a
= Pr[hy =h]-Pr[s; =s | hy =h]-Pr[gy = q | s = s, hy = B
‘Prlas=a |G =q,s =5 h = h]
= Prlhy = h,sy = s,ay = a,qt = ¢
= Pr[iLt+1 =h~(s,a,7"(s)q)]
= Pr[hyy1 = hT].
Hence D(hy,,) = D(hy41), which completes the induction. In particular, this shows that

D(q;) = D(¢) and D(s}, a}) = D(st, ar) for all ¢t € [T.
Part 3. We have

T
Q(T,T, V)= E [Z qé] (Definition of Q(T,T', V') and ¢}, ..., q¢r)
T
=E [Z (jt] : (D(q;) = D(q) for all t € [T1])
t=1

Similarly, using the definition of Regga (7,1, V', ¢1) and D(s}, a;) = D(st, ar) for all ¢ € [T],

Regga (T,T,V' ¢1) = sup E
mell

T T
> talag, 7™ (sy)) —Zfl(ﬂ(si)aﬁm(si))l

t=1 t=1
T T
= sup E Zfl ag, " (st)) Zh(ﬂ(st),ﬂm(st)) ,
mell =1
as required. |

Lemma 17 Under the conditions of Theorem 5, Algorithm 2 satisfies E[|Mr|] < R(k,T, o).

Proof We have

T
E[|Mr|]] = E Z 1(a; # TFm(St))] (Definition of Mr)
t=1
= l1(ag, ™™ (s¢)) Definition of /1
Z
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T T
= B> a7 (s0) — (@™ (se), 7" (s0)) | (a(m™(s0), 7" (s¢)) = 0)
t=1 =1
< Regga (T, T, V' (1) (Lemma 16 and 7" € II)
< R(k,T,0) (Assumption of Theorem 5),
as required. |

Lemma 18 For allt € [T], p(se,ar) > pi*(s¢) — Le.

Proof Consider an arbitrary ¢ € [T] and let Ay = min(, 4)ex,.a=a, ||5t — s||- If Ay > ¢, then
we query the mentor and take action a; = 7™ (s;), S0 pui(se, ar) = pe(se, 7™ (s¢)) = pi*(se).
Now consider A; < e. Let (s',a’) = argmin, 4)c x,:a,—a ||5t — sl[; then |[s; — || <e.

We have o/ = 7™ (s’) by construction of X; and o’ = a; by construction of a’ via the
arg min. Combining these with the local generalization assumption, we get

pre(se, ap) = pe(se, ae) = pa(se, 7™ (s") > pi(se) — Ll|se — §'|| > i (s¢) — Le,

as required. u

Lemma 19 Under the conditions of Theorem 5, Algorithm 2 satisfies
LeR(k,T,o)

Ho
Regl (T, Tac,V, ) < LeR(k,T, o).

Regxc (T7 FAC; V7 ,U) S Zf 12%) > 0,

Proof First consider any ¢t ¢ Mp. Then a; = 7™ (s¢), and since a; € {a, 7™ (s¢)} for all
t, we have a; = 7™ (sy). Thus p(sy, ar) = pi*(se) for all t ¢ Mp. For t € Mp, Lemma 18
implies that uy"(s) — pe(se, ar) < Le, so

T T
Regio(T,Tac, Vop) = B | pulse, 7™ (s1)) = Y ua(se, ar)
Lt=1 t=1

— E| 3 (1" (s0) — ulsi, 1))

teMrp

< E ZLs

| te My
— E[|M]Le. (6)

The analysis for Regi is similar but requires a bit more work to deal with the product.
First, we have

T

T
Regxc(T.Tac, V. pu) = E |log H pue(se, 7" (st)) — log H 1 (St, ar)
t=1 t=1
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) Zl Mt St, T St))

,U«t St, at)

B | 3 tog )

Sty G
| tehr Mt ts t)

Note that when pg > 0, pi(se, ar) > po > 0 so the ratio above is well-defined. By Lemma 18,

E|Y log pue(se, 7" (s0)) | _ g 3 log pe(st, ar) + Le

vl Lt St,at) - 1Ny e (se, ar)
L
—E| Y log <1+ 5)
| ey ,Ut(st;at)

Le
< E Z log(l—i—uo)

teMr

Since log(1 + z) < z for all z > 0, we get

L
Regio(T.Tac, V) < E | Y log <1 ; MO)
teMr

EZE

_teMT Ho
_ LeB|\Mr
Ho
Applying Lemma 17 to Equations 6 and 7 completes the proof. |

IN

Definition 20 (Packing numbers) Let (K,||-||) be a normed vector space and let 6 > 0.
Then S C K is a d-packing of K if for all a,b € S with a # b, we have ||a — b|| > §. The

d-packing number of K, denoted M(K, ||-||,0), is the maximum cardinality of any §-packing
of K.
We only consider the Euclidean distance norm, so we just write M (K, ||-|[,9) = M (K, J).

Lemma 21 (Theorem 14.2 in Wu, 2020) If K C R" is convez, bounded, and contains

a ball with radius § > 0, then
3" vol(K)

M(K, 6)_WI(B)

where B is a unit ball.
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Lemma 22 (Jung’s Theorem, Jung, 1901; Theorem 3.3 in Gruber, 2007) If S C
R™ is bounded, then there exists a closed ball with radius at most diam(S)

S.

p .
2t D) containing

Jung’s Theorem also applies to multisets, since duplicates do not affect the diameter of a set.

Lemma 23 Under the conditions of Theorem 5, Algorithm 2 satisfies
|A| E[diam(s)"] >

8”

Q(T,Trc,V) € O </~c+ R(k,T,0) +

Proof Let A; = min(s a)EXy:a= @ ||st—s]||. Forany t € [T] with ¢ = 1, either g = 1 or A; > ¢
(or both). Thus Y/ ¢ < o1 G+ S0, 1(A; > €). We have E[Y, ¢:] = Q(T,T, V")
by Lemma 16 and Q(7,T',V’) < k by assumption, so IE[Z;‘FZI Gt] < k. Thus it remains to
bound E[Zle 1A, >¢). Let Q={t e [T]: ¢ =1 and A, > ¢}. We further subdivide Q
into Qy ={t € Q:ar #n"(s¢)} and Qo = {t € Q : & = 7™ (s¢)}. Since Q1 C My, Lemma
17 implies that E[|Q1|] < R(k,T, o).

Next, fix an a € A and let S, = {s € s : 7™(s) = a} be the multiset of observed
inputs whose mentor action is a. Also let Sy = {s¢ : t € Qg} be the multiset of inputs
associated with time steps in Q2. Note that \5’2\ = |Q2\, since Sy is a multiset. We claim
that 5’2 N S, is an e-packing of S,. Suppose instead that there exists s, s’ € 32 NSy, with
||s — §'|| < e. WLOG assume s was queried after s’ and let ¢ be the time step on which
s was queried. Since s’ € S5, this implies (s',7™(s")) € X;. Also, since s, € Sy we have
ar = 7 (s¢) = a = 1"™(s’). Therefore

Ay = min Hst—a:||<|]5t—s|]<5
(z,y)eXty

which contradicts t € Q Thus S N 9, is an e-packing of S,.

By Lemma 22, there exists a ball By of radius h := diam(s) which contains s. Let

n
2(n+1)
Bs be the ball with the same center as By but with radius max(h, ). Since S, C s C By C By
and Sg NS, is an e-packing of Sy, Sg NS, is also an e-packing of Bs. Also, Bs must contain

a ball of radius €, so Lemma 21 implies that

) 3" vol(By) n 3" vol(B)
W < M(By,e) < 22072 2 YR
15201 5al < M(By.€) en vol(B) e vol(B)

= max (dlam(s)” (2(’[},7:—1)) s 5n> 57 S O (M;H(S) + 1> .

(The +1 is necessary for now since diam(s) could theoretically be zero.) Since Sy C
{s1,...,57} € UaecaSaq, we have |Sa| < >° 4 [S2 N Sy| by the union bound. Therefore

T
th Zl At>€]
t=1

< k+ EHQH

= (max(h,¢))

QI T'ac, V)< E +E
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=k +E[|Q1]] + E[|Q2]]
< k+ R(k,T,0) +E[|S]]

D 1821 S

acA
< k+R(k,T,a)+ZO(W+1>

En
acA

E[diam(s)”]) |

<k+R(kT,0)+E

5n

€0 </<: +R(k,T,0) + | A

as required. u

Theorem 5 follows from Lemmas 19 and 23:

Theorem 5 (Second reduction) Let k € R>g and R : R>¢ x N x [0,1] = R>q. Let T be
a query-agnostic algorithm satisfying Q(T,I', V) < k and Regga (T, T,V ¢1) < R(k,T,0) for
allT > k,o0 €[0,1], and V € V(o). Let U'sc denote Algorithm 2 with inputs ', T >k, and
e > 0. Then for any o € [0,1],V € V(0), and (u, ™) € U(L),

LeR(k,T,0)

R‘egXC(T7 FAC) ‘/7 l"‘) S lf 120} > O7

Regio(T,Tac, Vi) < LeR(k, T 0),

Q(T,Tac,V) € O <k‘+R(k,T, o)+ \A|E[diam(3>n]) |

671
To obtain Theorem 6, we apply Theorem 5 to Corollary 4:

Theorem 6 (Final avoiding catastrophe bounds) Assume that either (1) II has VC

dimension d and o € (0,1] or (2) II has Littlestone dimension d and o = 0. Let k = Tz
and let Ty be the corresponding algorithm from Corollary 4. If Uac denotes Algorithm 2
1

with inputs Ty, T, and € = Tn;ﬂ, then

L —_
Regxo(T,Tac, Vip) € O (MT%@(dlogTJr 0*)) if 110 > 0,
0

Regic(T,Tac,V,p) € O <LTﬁ(d10gT + O—+)) ’
Q(T,Tac,V) € O (T% (d+o"+ ]E[diam(s)"])) ,
fOT any (l“l’7ﬂ-m) S U(L) andV € V(o')

Proof By Corollary 4, I';, satisfies Regga (T, 'k, V, ¢1) € O(%(dlog k+o™)) for any o € [0, 1]
and V € V(o). Then the conditions of Theorem 5 hold for some R(k,T,0) € O(%(dlogk +

ot)) = O(Tﬁ(dlogT +01)). Thus for any V € V(0),

+ s +
Regpo(T,Tac,V, ) € O <L5T2n+2 (dlogT + o ))
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= O (LT (dlog T+ 0™) )

= 0 (L1752 (dlog T + o) ).

The bound for Regj, follows from the same arithmetic with an added factor of 1/uo. Finally,
Theorem 5 also gives us

Q(T> FAC7V) €O <T§nié + Tﬁ (d]ogT + O'+) + [dlarilfs)])
Twri
co (T%(d +ot + E[diam(s)”])) ,
as desired. =

We can also apply the reduction to Lemma 17 directly to get the following result, which
will be useful later:

Lemma 24 Under the conditions of Theorem 6, Regga (T, T'ac,V, 1) € O(Tﬁ(dlogT +
ot)) for any o €10,1] and V € V(o).

Proof Picking up from the proof of Theorem 6, Lemma 17 gives us E[|Mr|] < R(k,T,0) €
1
O(T2+2(dlogT + ¢™)). Then

Regga (7, FACa V, l1)

T
= sup E Zﬁl (at, i) Zél(ﬂ(st), a;n)] (Definition of Reggya)
well —1
T
= sup E 251 (ap, ™™ (s¢)) — Zﬂl(ﬂ(st),ﬂm(st))] (Assumption of a;"* = 7" (s))
mell = =1
= [Z l1(ag, ™ (s¢) ] (Assumption of 7™ € II)
< E [Z Oy (ag, 7™ (s¢) ] (Either a; = ay or ay = 7" (st))
= E[|Mr]]. (Definition of Mry)
1
Thus Regga (T, Tac, V., l1) € O(T2n+2 (dlogT + o)) as claimed. [ |

Appendix C. Third Reduction Proofs

This section presents the proofs for our third reduction (Theorem 8 and Theorem 9).
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C.1 Proof Notation

1. Throughout the proof, fix some R : Nx [0,1] = R>o,7 € N,o € [0,1], (P,Dy,7"™) € V(o)
with (P,7™) € P(L) and (r,7™) € R(L), and some algorithm I".

2. Let V denote the adversary defined by P, Dy, n"™.

3. For each X C S, let P(s,a,X) denote the probability which P(s,a) assigns to X, i.e.,
P(s,a,X) =Pr[sy1 € X | sy = s,a; = a] for any t € [T].

4. Let p; and pj* denote the distributions of s; and s}* respectively. That is, for any X C S,
pe(X) = Pr[s; € X] and p["(X) = Pr[s}* € X].

5. Let Ay = supxes (0 (X) — pu(X)).

6. With “N” standing for “next”, for each X C S let N¢(s,X) = Pr[s;11 € X | sy = s] and
N{"(s,X) =Pr[si}; € X | s}" = s].

7. Let ay(X) = E[N["(s¢, X) — Ni¢(s¢, X))

C.2 Proof

Bounding the action-based regret is a direct application of local generalization of r (Lemma
25). It remains to bound the state-based regret. Rather than trying to analyze where the
agent’s states are better or worse than the mentor’s, we simply bound how much s and s™
differ at all. The key quantity here is A;. Lemma 26 shows that a wide range of functions
can be bounded using A;. Lemma 27 provides an initial bound on A; in terms of a sum of
a;’s. Lemma 28 uses this to show that Ay < R(T,0). To complete the bound on state-based
regret, Lemma 29 applies Lemma 26 to the A; < R(7T,0) bound.

Lemma 25 (Action-based regret) Under the conditions of Theorem §,
B3y (567" (5¢) = 2y (56, a)] < R(T,0).

Proof Define p(s,a) = r(s,a) for all t € [T]. Since (r,7"™) € R(L) by assumption, we have
(p, ™) € U(L). Then by assumption of Theorem 8, E[ZtT:1 (s, ™™ (s¢)) — Z?:l T(s¢, at)]=
Rego(T,T,V,(r,...,7)) < R(T,0), as claimed. [ |

Lemma 26 For anyt € [T] and any function f : S — [0, 1], we have E[f(s]") — f(s1)] < Ay

Proof By the tail sum formula for expected value (e.g., Lemma 4.4 in Kallenberg, 1997),

o0

E[f(s)] = /hoo Pr(f(sf) > hldh  end  E[f(s)] = /h Pr(f(st) > ] dh.

=0 =0

Since f(s) € [0,1] for all s € S, we can restrict the integrals to [0, 1]. Next, for each h € R>o,
define X;, = {s € §: f(s) > h}. Then Pr[f(s*) > h] = Pr[s}" € X;,] = p{"(X}) and
Pr[f(s¢) > h] = Pr[s; € Xp] = pe(X4), and so

BUFP) ~ fs0) = [ (Palf(sp) > 1) = Prlf(s) > bl)

=0

1 1
= / (pf"(Xn) — pe(Xp)) dh < Aydh = Ay
h=0 h=0
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Lemma 27 For anyt € [T], Ay < Y2171 sup xcgs ai(X).

Proof We proceed by induction. We have p;(X) = D1(X) = p/"(X) for all X C S, so
Ar=0=3"Y  supycsai(X). Thus the lemma holds for ¢ = 1.

Now assume the lemma holds for some ¢ € [T] and fix any X C S. The next step is to
analyze E[Ny(s¢, X)], which requires a bit of care since E[Ny(s;, X)] is an expectation over
st but s; also appears in the definition of N;(s, X). To prevent confusion, we can rewrite
E[Ni(st, X)] as Egup(s,) [NVe(s, X)]. Then

EN(se. X)) = E [Ni(s. X))

:SN'ZI)E(St)[Pr[St+1 e X ‘ St = 8]]

:SNE&) [E[1(si41 € X) | st = s]].

By the law of total expectation,

SNIE,(St)[E[l(StH € X) | st =s]] =E[1(si41 € X)] = Pr[si11 € X].

Therefore E[Ny(s¢, X)] = pr+1(X). The same argument can be used to show that
E[N{" (s, X)] = p{.1(X) by simply replacing s; and p; with s} and pi"® respectively. Thus

Pii1(X) = per1(X) = E[N (87", X)] — E[Ne(st, X)]
= E[N{"(s{", X) — N{™ (s, X)] + E[N{" (51, X) — Ne(s¢, X)]

N,
= E[N/"(s]", X) — N[™ (54, X)] + a4 (X).

T373

Next, define f : S — [0, 1] by f(s) = N/"(s, X). Then Lemma 26 implies that E[N]"(s}", X )—
N{"(s¢, X)] < Ay, which gives us pj} 1 (X) — pe1(X) < A+ ap(X) < Ay + supycs o (Y).
Since this holds for all X C S, we have

Apyr = sup (pi11(X) — pep1(X)) < Ay + sup oy (X).
XCS XCS

Combining this with the inductive hypothesis of Ay < Zf;i sup xcgs i(X) gives us

t

Ap1 < Ay + sup ay(X) < Z sup o;(X)
XCs

which completes the induction. |

Lemma 28 If T satisfies the conditions of Theorem 8, then Ay < R(T, o) for allt € [T].

34



SAFE LEARNING UNDER IRREVERSIBLE DYNAMICS VIA ASKING FOR HELP

Proof Fix an arbitrary sequence of subsets Xi,..., Xy 1 C S and define pu as follows:

{

For i > t — 1 we have |u;(s,7™(s)) — pi(s,7™(s"))| = 0 < L||s — §||. For i € [t — 1],
(P,m™) € P(L) implies that

P(Sa a, X’L)
1

ifiet—1]

otherwise.

wi(s,a)

i (s, 7™ (s)) = pi(s, 7™ ()| = |P(s,7™(s), Xi)) — P(s, 7™ (5'), X))
< sup ’P( T (),Y) P(s, m(s’),Y))‘
YCS
= |[P(s,7"(s)) = P(s, 7™ (s")l|rv
< Llls 4|

Therefore p satisfies local generalization. Next, we analyze p;(s;,a;). For each ¢ € [t — 1],

E[ui(si,ai)] ['ui(sa a)]

s~D(s;),a~D(a;)

P(s,a,X;
sw’D(si),(zND(ai)[ ( )]

E
s~D(s;),a~D(a;)

(Defn of p; for i € [t —1])

[Pr[sit1 € Xi | si = s,a; = al] (Defn of P(s,a, X;))

E
s~D(s;),a~D(a;)

[E[l(siH S Xz) ’ S; = S8,a; = a]]

(Expectation of indicator)

E[1(si11 € X;)]

Similarly but more easily,

N (si, Xi)

Therefore

Since this holds for any sequence of subsets X7, ...

=Pr[si}, € X; | s]" =

Si] =

P(Si,

7" (si), Xi)

(Law of total expectation)
(Proof of Lemma 27)

" (si))-

= /’Li(siu

t—1 t—1
> 0i(Xy) = Y B[N (si, Xi) — Ni(si, X3)]
=1 =1
t—1
=, Elpi(si, 7™ (si)) — pi(si, aqi)]
Z;l
- ZE[Mi(Si,Wm(Si)) — (i, ai)]
i=1
= gAC(T L,v,u)

:UFU

,0)-

t—1
Z sup o;(X) = sup Z a; (X
i—1 XCS X1, X-1C8 2
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Applying Lemma 27 completes the proof. |

Lemma 29 (State-based regret) If T satisfies the conditions of Theorem 8, then

T T
E [Zr@wm(s;")) = > s (s1)

t=1 t=1

< TR(T,0).

Proof Let " (s) = r(s,7™(s)) and fix ¢t € [T]. Then Lemma 26 implies that E[r"(s}") —
" (s¢)] < As. Applying Lemma 28 gives us E[r™(s}") — r™(s)] < R(T, 0), so

T T
E > r(sf,m™(s)")) —Zr(st,wm(st))] =E

t=1 t=1

T

D (s =™ (s0))

T
> R(T,0)
t=1
= TR(T,0)

IA

as required. u

Theorem 8 follows from the bounds on state-based regret and action-based regret
(Lemmas 25 and 29) and the decomposition shown in Section 6.3.

We now move on to Theorem 9, the version of the reduction which does not require local
generalization for r. As mentioned above, local generalization of r was never used when
bounding the state-based regret, so Lemma 29 still holds. Thus the only part of the proof
that needs to change for Theorem 9 is how we bound the action-based regret.

Theorem 9 (Third reduction: no local generalization for r) For functions Ri, Ry :
N x [0,1] = Rx>o, let I' be an algorithm which satisfies Regga (T, T, V, £1) < Ri(T,0) and
Regl(T,T,V,u) < Ro(T,0) for any T € N,o € [0,1],V € V(o), and (p,7™) € U(L).
Then I satisfies

Regyipp (1, T, (P, Dy, 7™),r) < Ri(T,0) + TRy (T, 0)
for any T € N,o € [0,1], and (P,D1,7™) € V(o) with (P,7™) € P(L).

Proof Let My = {t € [T]: a; # ©™(s¢)}. Then

E[|Mr|] = E

T
Z (ap #7™ ] (Definition of Mry)
t=1

T T
E Zfl(at, T (st)) — Zel(wm(st), wm(st))] (Definition of ¢1)

T
< sup E [Zfl ag, T Z t))] (r™ € II)

mell
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= Regga (T, T, V, (1) (Definition of Reggp )
< Ri(T,0). (Theorem assumption)

Since 7(s¢, 7™ (s¢)) = r(st, at) for all t € My and r(s,a) € [0,1] for all s € S,a € A, we have

E Zr(st,wm(st)) - Zr(st,at) =E Z (r(se, ™™ (st)) — r(se, ar))
t=1 t=1 teMr

IN
=

S 1] = El|M]) < Ri(T, 0).
_tEMT

Thus the action-based regret is at most Ri(7, o). Lemma 29 tells us that the state-based
regret is at most T'Ry(T, o). Combining these proves the theorem. |

Lastly, we apply Theorem 9 to Corollary 4 to obtain our final result.

Theorem 10 (Final no-regret guarantee for multichain MDPs) Assume that either
(1) I has VC dimension d and o € (0,1] or (2) 11 has Littlestone dimension d and o = 0.

Let k = ngi;, let Ty, be the corresponding algorithm from Corollary 4, and let I'ac denote
-1
Algorithm 2 with inputs I'y, T, and ¢ = T»+1. Then I'poc satisfies

2n41
Regypp(T,Tac, (P, D1,7"),7) € O (LT3 (d1og T+ 0™))
Q(T.Tac, (P, Dy, 7™)) € O (T#32 (d+ o™ + E[diam(s)"]) )
for any (P,Dy,7"™) € V(o) with (P,m™) € P(L).

Proof Theorem 6 gives us the required bounds on RegXC (T,Tac,V,p) and Q(T,Tac, V) =
Q(T,Tac, (P,D1,7™)). Lemma 24 gives us the required bound on Regga (T, Tac,V, f1).

Thus we can apply Theorem 9 with some R;(T,0) € O(TTlJr2 (dlogT +o0t)) and Ry(T,0) €
O(LTﬁ (dlogT + o)) to obtain
Regypp (T, T, (P, D1, 7™),7) € O (Tﬁ (dlogT +o+) + T - LT=+2 (dlog T + o+))
~0 (LT%(dlogT + a+))

as desired. [ |

Appendix D. Logarithmic Regret in Full-Feedback with Realizability

Theorem 1 reduces active online learning to full-feedback online learning. However, to
obtain our desired subconstant regret, we will need a full-feedback algorithm with a better
regret bound than the typical O(v/T) bound. Lemma 2 provides such a bound under
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the assumptions of 7™ € II (also known as realizability) and finite Littlestone dimension.
However, finite Littlestone dimension is quite a strong assumption: even some simple classes
have infinite Littlestone dimension (for example, the class of thresholds on [0, 1]: see Example
21.4 in Shalev-Shwartz and Ben-David, 2014). In this section, we provide an algorithm
with O(log T') regret for o-smooth adversaries under the weaker assumption of finite VC
dimension (also assuming realizability).

Our algorithm involves approximating II by a finite class II. Formally: for e > 0, a policy
class II is an e-cover of a policy class II if for every m € II, there exists # € II such that
Prsg[m(s) # 7(s)] < e. The existence of small e-covers is crucial:

Lemma 30 For all € > 0, any policy class of VC dimension d admits an e-cover of size at
most (41/¢).

There are many references for bounds of the form in Lemma 30. Lemma 7.3.2 in
Haghtalab (2018) is one (although it nominally assumes that ( is the uniform distribution,
the exact same proof holds for an arbitrary ). See also Haussler and Long (1995) or Lemma
13.6 in Boucheron et al. (2013) for similar bounds.

We next show that an e-cover is a good approximation for any o-smooth distribution:

Lemma 31 Let I be an e-cover of IT and let o € (0,1]. Then for any w € 11, there exists
7 € Il such that for any o-smooth distribution D, Prs.p[n(s) # 7(s)] < ¢e/o.

Proof Define S(7) = {s € S : m(s) # 7(s)}. By the definition of an e-cover, there exists
7 € II such that Pryg[s € S(7)] < e. Since D is o-smooth, Pry.p[n(s) # 7(s)] = Preup(s €
S(7)] < Prgpgls € S(7)]/o < /0, as claimed. [ |

Our last ingredient is Lemma 32, which provides a particular type of loss bound:

Lemma 32 (Corollary 2.3 in Cesa-Bianchi and Lugosi, 2006) There exists an algo-
rithm I' such that for any adversary, when I' is run on a finite policy class 11, we have

T
E [Zﬁl(at,a{”)] < - (%lgllE [Zh +1n|H>
t=1

We can now prove the main result of this section. The algorithm needs to know 7" (in
order to construct an appropriate e-cover) but not o.

Lemma 3 Assume In* € II such that 7 (s;) = a* ¥t € [T]. If II has VC dimension d,
there exists a full-feedback algorithm Tpp such that for any o € (0,1] and V € V(0),

Regga (T, Trr, V, £1) € O(dlog T + o).

Proof By Lemma 30, II admits a ——cover of size at most (417)%; let II be any such ——cover.

Let T be the algorithm from Lemma 32 and define T'pp by running I' on II. Letting ¢ = ==,

T

T
Regga (T, Tpr, V, l1) = sug E Zfl ag, ay") Zfl(w(st) a
TE =1

38



SAFE LEARNING UNDER IRREVERSIBLE DYNAMICS VIA ASKING FOR HELP

Zfl at7 St ]

T

SC(I}HBE > la(#(se), 7™ (s1)) +ln|ﬁ|>
well —1

<ec <§£§ZPT T(s) # (t)]+1n|ﬁ!>-

Since V' is o-smooth, we have Pr(, o)~y n)[s € X] < B(X)/o for any X C S and h € H.
Then by the law of total expectation, for any X C & we have

e st@%(ht)[s © X]} S5 [B(Xq < B

Thus the distribution of s; is also o-smooth, so by Lemma 31,

Pr[s; € X| = E[PT[St € X | ]l =

Regga (T, Tpr, V,01) < ¢ (manPr (s¢) # 7" (s¢)] + In |1:[|>

ﬂEHt 1

T
1 ~ _ ~ _
<c (ZTUJFMH,) :c<g 1+1n|m> :c<a 1—|—ln(41T)d> € O(dlogT + o)

as required. u
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