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Abstract

Many modern applications involve predicting structured, non-Euclidean outputs such as
probability distributions, networks, and symmetric positive-definite matrices. These out-
puts are naturally modeled as elements of general metric spaces, where classical regression
techniques that rely on vector space structure no longer apply. We introduce E2M (End-
to-End Metric regression), a deep learning framework for predicting metric space-valued
outputs. E2M performs prediction via weighted Fréchet means over training outputs, where
the weights are learned by a neural network conditioned on the input. This construc-
tion provides a principled mechanism for geometry-aware prediction that avoids surrogate
embeddings and restrictive parametric assumptions, while fully preserving the intrinsic
geometry of the output space. We establish theoretical guarantees, including a univer-
sal approximation theorem that characterizes the expressive capacity of the model and
a convergence analysis of the entropy-regularized training objective. Through extensive
simulations involving probability distributions, networks, and symmetric positive-definite
matrices, we show that E2M consistently achieves state-of-the-art performance, with its
advantages becoming more pronounced at larger sample sizes. Applications to human mor-
tality distributions and New York City taxi networks further demonstrate the flexibility
and practical utility of this framework.

Keywords: end-to-end models, Fréchet mean, neural networks, non-Euclidean outputs,
Wasserstein space

1. Introduction

The rapid growth of complex, structured data across science and engineering increasingly
challenges traditional learning paradigms and demands fundamentally new modeling tools.
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Figure 1: Motivating examples of non-Euclidean outputs. Left: age-at-death densities for
162 countries in 2015, colored by GDP per capita. Right: daily transportation network in
Manhattan on January 1, 2018.

In fields such as neuroscience (Dryden et al., 2009), social science (Li et al., 2023), and
genomics (Kapli et al., 2020), observations are increasingly recorded as non-Euclidean en-
tities, which have been referred to as random objects (Miiller, 2016). Examples include
functional data (Wang et al., 2016), networks (Zhou and Miiller, 2022), trees (Nye et al.,
2017), probability distributions (Petersen et al., 2022), and data residing in manifolds such
as symmetric positive-definite (SPD) matrices (Huang and Van Gool, 2017). These data
types can be modeled as elements of general metric spaces, where the lack of algebraic op-
erations such as addition, subtraction, or scalar multiplication renders standard statistical
and machine learning techniques inapplicable.

To motivate the problem, Figure 1 illustrates two representative examples. The left
panel shows age-at-death densities for 162 countries in 2015, with curves colored by GDP
per capita. Here, the regression problem of interest is to model how the age-at-death
distribution varies with demographic, economic, and environmental indicators, enabling
comparisons across populations with different socioeconomic conditions. The right panel
displays a daily traffic network in Manhattan on January 1, 2018, constructed from New
York City yellow taxi trip data. In this setting, the goal is to predict the structure of daily
transportation networks from predictors such as weather conditions, calendar effects, and
aggregated trip statistics. Both examples highlight outputs that are complex objects such
as probability distributions and networks, rather than vectors; such objects are inherently
non-Euclidean.

Inspired by these applications, we study supervised learning when the input is a vector
X € RP and the output Y resides in a general metric space (€2,d). While the proposed
methodology applies to general metric spaces, the theoretical results developed in Section 5
require additional assumptions for the space (€2, d), including boundedness and for some
results that it is a Hadamard space. These assumptions are used to establish continuity,
Lipschitz properties, and optimization guarantees. Learning in this setting is fundamentally
more challenging than for vector-valued outputs due to the lack of vector space structure
in Q. Existing solutions often rely on Euclidean embeddings (Faraway, 2014; Zhang et al.,
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2024; Tao et al., 2025) or restrictive model assumptions (Hein, 2009; Petersen and Miiller,
2019; Song and Han, 2023), which either distort the geometry of the output space or lack ro-
bustness in real-world scenarios. These limitations highlight the need for principled intrinsic
methods that operate directly on non-Euclidean data, preserving the structural character-
istics of the outputs while avoiding oversimplifying assumptions.

In this paper, we propose E2M (End-to-End Metric regression), a deep learning frame-
work for regression with outputs in general metric spaces. E2M revisits the classical idea
of regression as a weighted average over training outputs, adapting it to metric spaces us-
ing the weighted Fréchet mean (Fréchet, 1948). The weighted Fréchet mean minimizes a
weighted sum of squared distances and remains well-defined without requiring algebraic
operations within the output space. In E2M, a neural network conditioned on the input
generates weights that encode the relevance of each training output in the weighted Fréchet
mean computation. This approach preserves the intrinsic geometry of the output space
while enabling flexible data-driven prediction.

Our main contributions are as follows:

e We propose E2M, the first end-to-end deep learning framework for supervised learn-
ing with metric space-valued outputs. E2M uses a neural network to learn sample-
specific weights and constructs predictions via a weighted Fréchet mean. The key idea
is to represent the regression function as a weighted average over training outputs.
This formulation circumvents the lack of vector space operations in the output space
and avoids reliance on surrogate embeddings. The model preserves output geometry
and incorporates entropy regularization to control the sparsity and adaptivity of the
weights.

e We establish theoretical guarantees for E2M, including a universal approximation
theorem that characterizes the expressive power of the model and convergence results
for the entropy-regularized training objective. Unlike standard regression settings,
the analysis is complicated by the lack of linear structure in the output space. To
address this challenge, we employ tools from metric geometry, including properties of
Fréchet means and variance inequalities in Hadamard spaces (Sturm, 2003), to prove
Lipschitz continuity and derive optimization guarantees.

e We demonstrate the effectiveness of E2M through extensive simulations and real-world
applications involving probability distributions, networks, and SPD matrices. Across
various scenarios, E2M consistently outperforms existing regression methods for non-
Fuclidean targets, demonstrating its flexibility, accuracy, and geometric robustness.

2. Related Work

Our work intersects several research areas, including neural networks for adaptive weighting,
geometric deep learning and regression for metric space-valued outputs. We briefly review
these areas and highlight how E2M conveys major advances over existing approaches.

Neural networks for weighted predictions. Neural networks often produce adaptive
weights as part of their prediction pipeline. Attention mechanisms, introduced in Trans-
formers (Vaswani et al., 2017), use neural networks to compute softmax-normalized weights
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for aggregating context-aware representations. Similarly, geographically weighted neural
networks (Hagenauer and Helbich, 2022) assign spatially varying weights to combine neural
outputs based on input location. However, in these approaches, weights are used to aggre-
gate intermediate features, and predictions are typically constrained to Euclidean spaces. In
contrast, E2M directly generates predictions in general metric spaces using neural network-
derived weights that determine a weighted Fréchet mean of training outputs.

Geometric deep learning. This line of work adapts deep learning to structured input
domains such as graphs, manifolds, and sets (Bronstein et al., 2017). Methods like graph
neural networks (Kipf and Welling, 2017) and manifold-based networks (Chakraborty et al.,
2020) effectively handle complex input geometries for tasks like graph node classification
or shape analysis. However, these techniques generally assume outputs reside in Euclidean
spaces, with geometric structure considered only in input space. Our work addresses the
complementary and much less explored problem of predicting outputs that reside in general
metric spaces, which is relevant for many real-world applications, thus broadening the scope
of geometry-aware modeling.

Regression models for metric space-valued outputs. A growing body of work ex-
tends learning and regression to cover metric space-valued outputs. Early methods involved
embedding metric spaces into Euclidean frameworks (Faraway, 2014) or applying kernel-
based techniques (Hein, 2009). More recently, Fréchet regression generalized linear and local
linear regression to metric space-valued outputs (Petersen and Miiller, 2019). Subsequent
extensions of this framework include methods for sufficient dimension reduction (Ying and
Yu, 2022; Zhang et al., 2024), single-index models (Bhattacharjee and Miiller, 2023; Ghosal
et al., 2023), principal component regression (Song and Han, 2023), and adaptations to tree-
based approaches (Capitaine et al., 2024; Qiu et al., 2024; Bulté and Sgrensen, 2024; Zhou
et al., 2025). Related learning-theoretic work studies Bayes consistency in general metric
spaces, including universal Bayes consistency for nearest-neighbor—type classification rules
under metric inputs (Hanneke et al., 2021) and Bayes-consistent prediction under general
metric losses using data-supported, Fréchet-type aggregation rules (Cohen and Kontorovich,
2022). A recent method (Iao et al., 2025) incorporates neural networks into Fréchet regres-
sion in a three-step approach, where neural networks are used to model the relationship
between the Euclidean input and the low-dimensional manifold representation of the metric
space-valued output. While effective, this approach relies on a low-dimensional manifold
assumption, which may not hold in practice. In contrast, E2M provides a fully end-to-end
learning framework, where both feature extraction and predictive weighting are jointly opti-
mized via backpropagation, without restrictive assumptions on the intrinsic dimensionality
of the output space.

3. Preliminaries

Let (£2,d) be a metric space and consider a random object Y taking values in . The
classical concept of expectation in Euclidean space extends naturally to this setting via the
Fréchet mean (Fréchet, 1948), defined by

Eg[Y] = arg min E[d*(y, Y)],
yeN
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where the existence and uniqueness of the minimizer depend on the geometry of the under-
lying metric space and are guaranteed in Hadamard spaces (Sturm, 2003); see Definition 3.

To illustrate the scope of E2M, we present several representative examples of metric
spaces that arise frequently in modern applications. These examples are used throughout
our simulations and empirical analyses to demonstrate the generality and flexibility of the
proposed framework.

Example 1 (One-dimensional probability distributions) Consider the Wasserstein
space (W, dy) (Panaretos and Zemel, 2020) of one-dimensional probability distributions
with finite second moments, equipped with the 2- Wasserstein metric dyy. The 2- Wasserstein
metric between two distributions p1 and pg is

1
By (p11, 12) = / (EYp) - F (9))2 dp,
0

where FM_II and Fu_zl are the quantile functions of p1 and pa, respectively. The Wasserstein
space has attracted considerable attention across statistics and data science, as the Wasser-
stein metric provides a meaningful similarity measure between probability distributions that
reflects the geometry of the underlying sample space (Villani, 2003). It has been widely
used in modern applications, including Wasserstein generative adversarial networks (Ar-
jousky et al., 2017) and Wasserstein autoencoders (Tolstikhin et al., 2018), where it enables
more stable training and better capture of distributional structures compared to classical
divergence-based approaches.

Example 2 (Networks) Consider the space of simple, undirected, weighted networks with
a fixed number of nodes and bounded edge weights. Each network can be represented uniquely
by its graph Laplacian. The space of graph Laplacians equipped with the Frobenius metric can
thus be used to characterize the space of networks (Kolaczyk and Csardi, 2020; Severn et al.,
2022; Zhou and Mdller, 2022). Graph Laplacians have been widely used in both spectral
methods and modern approaches to network representation and learning. For example,
the graph convolutional network (Kipf and Welling, 2017) builds convolutional operations
directly from the graph Laplacian, highlighting its role in capturing the intrinsic geometry
of network data.

Example 3 (Symmetric positive-definite matrices) Consider the space of I x I sym-
metric positive-definite (SPD) matrices, denoted Symf, with tmportant examples including
covariance and correlation matrices. Various metrics endow Syml+ with rich geometric
structure, including the Frobenius metric, the affine-invariant metric (Pennec et al., 2006),
the power metric (Dryden et al., 2009), the Log-Cholesky metric (Lin, 2019), and the Bures—
Wasserstein (BW) metric (Bhatia et al., 2019). The non-Euclidean geometry of SymlJr plays
a crucial role in machine learning and signal processing and recent methods have incorpo-
rated its Riemannian manifold structure directly into learning frameworks. A prominent
example is SPDNet (Huang and Van Gool, 2017), a deep neural network where intermedi-
ate layers preserve the manifold structure through bilinear and eigenvalue operations and the
final logarithm mapping layer projects SPD matrices into Fuclidean features for downstream
tasks such as classification.
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In the presence of predictors X € RP, one can consider conditional Fréchet means
(Petersen and Miiller, 2019):

Eg(Y|X = 2) = argmin E[d*(y, Y)|X = z],
yeN

where the expectation is taken with respect to the conditional distribution of Y given X.
This definition generalizes the classical conditional expectation, which is recovered when
Q = R and d is the Euclidean distance. A more detailed discussion of the relationship
between classical and Fréchet means is provided in Appendix A. As in classical regression,
the conditional Fréchet mean m(z) = Eg(Y|X = z) serves as the target for regression with
metric space-valued outputs.

A wide range of classical regression methods estimate the regression function by express-
ing predictions as weighted averages of the observed outputs. Notable examples include
Nadaraya—Watson kernel regression (Nadaraya, 1964; Watson, 1964), k-nearest neighbors
regression (Altman, 1992), inverse distance weighting (Shepard, 1968), linear regression, and
local linear regression (Fan and Gijbels, 1996). Given training samples {(X;,Y;)} ; and
an input x, these methods assign a weight w;(x) to each training pair (X;,Y;) based on the
proximity between x and X;. Specifically, when Y; € R, the prediction can be interpreted
as a weighted average:

m(x) :Z i(2)Y; —argmmez Y; — )%
i=1

yER i—1

This variational form reveals that such methods estimate m(z) by minimizing a weighted
squared loss, where the weights encode relevance via predictor similarity. Further details
on how classical linear and local linear regression also admit such characterizations are
provided in Appendix B.

This weighted formulation generalizes naturally to metric space-valued outputs by re-
placing the squared Euclidean loss (Y; —y)? with a squared distance induced by the metric
d. The resulting prediction takes the form of a weighted Fréchet mean,

m(x) —argmmeZ Y, Y;).

veslt i—

Weighted Fréchet means and related barycenter constructions have been extensively studied
in the literature, including weighted Wasserstein barycenters (Agueh and Carlier, 2011;
Le Gouic and Loubes, 2017) and Fréchet regression (Petersen and Miiller, 2019). This
generalization preserves the intuition of proximity-weighted averaging while accommodating
outputs in structured or nonlinear spaces. A key advantage is that the learned weights are
directly interpretable: each w;(x) quantifies the contribution of training sample Y; to the
prediction at input z. Concentrated weights highlight locally influential samples, whereas
more uniform weights reflect global smoothing. In this way, the method provides insight into
sample relevance that is difficult to obtain from models that compress training information
into fixed parameters.
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neural network: wsg 1Weigh‘ued Fréchet mean: p

Softmax

Figure 2: Schematic diagram for E2M. Here my = pu o wg, where wy is a neural network
parameterized by 6 and p denotes the weighted Fréchet mean. The input z € RP is mapped
to R™, passed through softmax to A”~! via neural network wy and then mapped via the
weighted Fréchet mean p to the metric space 2.

4. Methodology
4.1 E2M

Rather than specifying the weight function w;(x) through fixed kernels or distance rules,
we propose to learn it directly from data. To this end, we introduce E2M, a regression
framework for metric space-valued outputs, where a neural network is trained end-to-end
to generate adaptive, task-specific weights that minimize prediction error in the target
metric space. The architecture of the proposed model is illustrated in Figure 2.

The model is mg = p o wy, where the first component, wg : R? — A" ! is a fully
connected neural network with multiple hidden layers using rectified linear unit (ReLU)
activations, followed by a softmax output layer. Here 6 represents the network parameters,
and A" = {w € R" : w; >0 for all 4, Y " ; w; = 1} is the (n—1)-simplex. Given an input
x, the network outputs a weight vector wy(z) € A"~! that assigns relevance scores to each
of the training samples. The second component, z : A"~! = €, is a weighted Fréchet mean,

n
p(w) = arg minZwidQ(y, Yi),
yeN i—1

mapping the learned weights to a prediction in the metric space €2, and w; denotes the ith
coordinate of the softmax output.

By learning wy end-to-end together with the weighting and prediction mechanism, E2M
bypasses the need for hand-crafted feature engineering or local distance computations. To
learn the optimal network parameters, we minimize the empirical loss

1 n
= (g (X), Y2),
=1

which measures the discrepancy between the predicted outputs and the observed outputs
in the metric space 2. The learned network implicitly captures statistical dependencies
between the input and the output. This feedback mechanism allows the model to go beyond
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Algorithm 1 E2M Training Procedure

Input: Training samples {(X;, Y;)}" , entropy regularization parameter \
Output: Trained neural network wy

1: Initialize parameters 6 of the neural network wy

2: Optimize 0 using the Adam optimizer with entropy-regularized empirical loss:

Ln(0) = % > d*(me(X0),Y;) + A% > H(wp(X)),
=1 i=1

where mg = 1o wg and p(w) = argmingcq > 14 wid*(y, Y;)

proximity-based heuristics and discover weighting schemes that reflect predictive relevance.
In particular, E2M can assign low weights to samples that are geometrically close but
uninformative or noisy with respect to the target.

4.2 Regularization

To enhance the stability and generalization of the learned model, E2M incorporates regular-
ization techniques that directly act on the learned weight distribution. We primarily adopt
entropy regularization, which provides a principled and interpretable mechanism to control
the sharpness and dispersion of the weights. The empirical loss with entropy regularization

is defined as
1 n n

L,0) ==Y d*(my(X;),Y; +A3 H(we(X5)),

()= & a0 X + A5 3 Hlwa(X:)

where H(w) = — Y1 ; w;log(w; + 0) denotes the entropy of the weight vector, A € R is a
hyperparameter controlling the strength of regularization, and ¢ is a small positive constant
for numerical stability (set to 1071? in the implementation).

Entropy regularization offers a simple yet effective way to control the behavior of the
model through the concentration of weights. Positive values of A encourage sharper, low-
entropy distributions that prioritize a small subset of influential training samples—akin to
local regression. In contrast, negative values of A promote higher-entropy, more uniform
weight distributions, leading to a global smoothing effect. This flexibility allows E2M
to adapt to varying data structures and modeling needs. In practice, the regularization
parameter A is chosen through cross-validated grid search; see Appendix D for details. To
further assess robustness, we conducted a sensitivity analysis, reported in Appendix E,
which demonstrates that performance is stable over a range of values. The full training
procedure is outlined in Algorithm 1.

5. Theory

We analyze the theoretical properties of the E2M framework using tools from metric ge-
ometry and optimization. We begin by proving a universal approximation theorem, which
establishes the expressive capacity of the model. Next, we show that the weighted Fréchet
mean is Lipschitz continuous with respect to the weight vector, using a variance inequality
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from metric geometry (Sturm, 2003). This Lipschitz property is instrumental in analyzing
the convergence of the training algorithm. Proofs of all lemmas and theorems are provided
in Appendix C.

We consider the target mapping m = p o w, where w : RP — A" ! is a continuous
function and g : A" ! — Q is a deterministic map corresponding to the weighted Fréchet
mean. The learning task is to approximate w using a neural network wg, so that mg = powy
approximates m.

Assumption 1 For every w € A" 1, the weighted Fréchet mean pu(w) exists and is unique.

This assumption guarantees that the map p is well-defined and holds for the spaces de-
scribed in Examples 1 and 2. For Example 3 it will depend on the specific metric that one
adopts whether the assumption holds or not. It holds when equipping the space with any of
the metrics mentioned except for the BW metric and even then it may be satisfied, depend-
ing on the specifics of the sample. For simulated data we found it to be still satisfied for
most realizations. Under this condition, we apply the Berge Maximum Theorem (Aliprantis
and Border, 2006, Theorem 17.31) to establish the continuity of the weighted Fréchet mean

map [.

Lemma 1 Suppose Assumption 1 holds and (2, d) is compact. Then the weighted Fréchet
mean map p: A"t Q is continuous on A"

This continuity enables the following universal approximation result.

Theorem 2 Suppose Assumption 1 holds and (§2,d) is compact. For any e > 0, there exists
a neural network wg« such that the function mg« = p o wy« satisfies

sup d(me«(z),m(z)) < e.
=<1

If X is stochastically bounded, then for any § > 0 there exists a neural network wy+ such
that
P(d(mg-(X),m(X)) <e€) >1—4.

Next, we analyze the convergence behavior of the proposed architecture within the
geometric framework of Hadamard spaces, which provide a natural setting for our analysis.

Definition 3 (Hadamard space) A metric space (€2,d) is called a Hadamard space if it
is complete and if for each pair of points wi,ws € €1, there exists a point a € ) satisfying:

d?(B,a) < %dz(ﬁ,wl) + %dQ(ﬁ,wz) — id2(w1,w2), for all B € Q.

Hadamard spaces, also known as globally non-positively curved spaces (Sturm, 2003), are
uniquely geodesic and admit well-behaved notions of distance and convexity. In particular,
the weighted Fréchet mean p(w) is guaranteed to exist and be unique for any weight vector
w € A" (Bacdk, 2014a). Common examples of Hadamard spaces include Euclidean
and Hilbert spaces, hyperbolic spaces and various other spaces frequently encountered in
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Algorithm 2 Adam

Input: Initial parameter 0y, learning rate n, decay parameters 31,32 € [0,1], ¢ > 0
1: Set mg=0,v9=0
2: for k=1to T do
3:  Draw a minibatch size of b: {(Xj, Yj)}?‘:l
Compute gx = § >7_, VE(6k; (X, 7))
my = Bimg_1 + (1 — B1)gk
vp = Bovg—1 + (1 — B2)g}
g, = my,/(1 = BY)
ok = vg /(1 — B5)
9 Ok = Op—1 — g/ (Vor +€)
10: end for

applications, including those discussed in Examples 1 and 2. In Example 3, the space of
SPD matrices equipped with any of the metrics mentioned there except for the BW metric
is Hadamard. These spaces have been widely studied in optimization (Bacdk, 2014b),
regression (Lin and Miiller, 2021) and geometric deep learning (Ganea et al., 2018).

Remark 4 The theoretical analysis assumes that the output space (2, d) is a Hadamard
space. This condition is mainly required for theory, as it guarantees convexity and variance
inequalities that yield Lipschitz continuity of the weighted Fréchet mean map and enable
convergence analysis. Several experimental settings in this paper, such as the Wasserstein
space for univariate distributions, SPD matrices with power metrics and networks with the
Frobenius metric satisfy this property. To further examine the scope of the method, an addi-
tional stmulation in Section 6 with SPD matrices under the BW metric, a positively curved
space that is not Hadamard (Thanwerdas and Pennec, 2023), shows that E2M continues
to perform effectively. Thus, while the Hadamard assumption is important for establish-
ing theoretical guarantees, the method remains practically applicable in a broader class of
metric spaces. From a theoretical perspective, extending the analysis to metric spaces where
weighted Fréchet means may fail to be unique, or where the Fréchet functional is not geodesi-
cally conver, remains an important open problem. Developing guarantees for optimization
and statistical behavior of E2M under such conditions is a promising direction for future
research.

We train the neural network wy using the Adam optimization algorithm (Kingma and
Ba, 2015) to minimize the entropy-regularized empirical loss. The procedure is summarized
in Algorithm 2. Let £(6; (X,Y)) = d?(mg(X),Y) + AH (wy(X)) denote the per-sample loss
with entropy regularization and let £(0) = E[¢(0; (X,Y"))] be the corresponding population
loss. While £ is convex in certain special cases (e.g., Examples 1-3), it is generally non-
convex due to the nested minimization in the weighted Fréchet mean . To address this,
we establish a Lipschitz bound for the weighted Fréchet mean map using the variance
inequality (Sturm, 2003).

Lemma 5 If (2,d) is a bounded Hadamard space, then the weighted Fréchet mean map
o A" Qs Lipschitz continuous on A" L. Specifically, for any wi,ws € A" L, we

10
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have
d(p(wr), p(ws)) < Dy/nllwy — wal2,
where D = sup,, ,eq d(u,v) is the diameter of 2.

Lemma 5 implies the Lipschitz continuity of the loss function ¢(6; (X,Y)), a property
essential for convergence analysis, and is broadly useful for studying the stability of weighted
Fréchet means with respect to weights.

Remark 6 (Scalability via anchors) The Lipschitz constant in Lemma 5 contains a \/n
factor. While this may appear undesirable at first glance, note that n here refers to the num-
ber of anchor points used in computing the weighted Fréchet mean, not necessarily the overall
sample size. For simplicity, the implementation uses all training outputs {Y;}I" | as anchors,
hence the notation. However, our framework does not require this choice. In large-scale set-
tings, one can subsample a fixed set of anchors independent of the dataset size, in which
case the Lipschitz constant becomes independent of the total sample size. This anchor-based
strategy provides a natural extension for scalability and Section 6.4 demonstrates through
large-scale experiments that it preserves predictive accuracy while substantially improving
computational efficiency.

Assumption 2 We impose the following assumptions:

(i) Lipschitz neural network: The neural network wg : RP s A" is L-Lipschitz
continuous with respect to its parameters 6.

(ii) Smoothness: The loss ¢(0;(X,Y)) is -smooth with respect to 0, i.e., its gradient
Vol (0; (X,Y)) is B-Lipschitz continuous.

(i7i) Bounded variance: The variance of the stochastic gradient is bounded, i.e., for
some a? > 0 it holds that E[|Vel(0;(X,Y)) — VL(0)|3] < 2.

These assumptions are standard in non-convex optimization settings (Zaheer et al., 2018;
Chen et al., 2019). Assumption 2(i) is mild, as neural networks are Lipschitz continuous
when weight matrices are bounded and the activation functions are Lipschitz, which holds
for commonly used choices such as ReLU, Tanh or Sigmoid. In practice, techniques such
as spectral normalization (Miyato et al., 2018), weight clipping (Arjovsky et al., 2017) and
Lipschitz regularization (Gouk et al., 2021) are frequently employed to enforce Lipschitz
continuity of wy.

Theorem 7 Suppose (Q,d) is a bounded Hadamard space and Assumption 2 holds. Let
Algorithm 2 be run with mini-batch size b and hyperparameters satisfying n < €¢/(28) and
1 — B2 < €2/(16G?), where G = Ly/n (2D? + |A|(|log 8| + 1)) is the Lipschitz constant of
the loss €(0; (X,Y)) with respect to . Then for an iterate 6, chosen uniformly at random
from {601, ...,07}, we have

E[|VL@O)|3] =0 (1 + 1)
T T b)’

This result shows that the algorithm converges to a stationary point, with the 1/7" term
reflecting the effect of training duration and the 1/b term capturing the variance reduction
from larger mini-batches.

11
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6. Numerical Experiments

We evaluate the performance of E2M through comprehensive simulations involving three
types of non-Euclidean outputs: probability distributions modeled in the Wasserstein space
with the Wasserstein metric (Example 1), networks represented by graph Laplacians with
the Frobenius metric (Example 2) and SPD matrices equipped either with the power metric
with exponent 1/2 or with the BW metric (Example 3). Each setting is tested across sample
sizes n = 500, 1000, 2000, with 200 Monte Carlo replications per scenario. We compare the
performance of E2M with that of deep Fréchet regression (DFR) (Iao et al., 2025), global
Fréchet regression (GFR) (Petersen and Miiller, 2019), sufficient dimension reduction (SDR)
(Zhang et al., 2024), single-index Fréchet regression (IFR) (Bhattacharjee and Miiller, 2023)
and random forest weighted local Fréchet regression (RFWLFR) (Qiu et al., 2024). Note
that SDR and IFR could not be applied to SPD outputs with the power metric because
no compatible implementations are available. Moreover, current implementations of DFR,
GFR, SDR, IFR and REFWLFR do not handle SPD outputs under the BW metric; extending
them would require nontrivial adaptations that are specific to both the space and the metric.
To further assess robustness, we include additional experiments evaluating performance in
small sample regimes (Appendix F) and in settings where the true input-output relationship
is strictly linear (Appendix G).

6.1 Implementation Details

The computation of the weighted Fréchet mean p(w) depends on the geometry of the output
space and is carried out using space-specific numerical routines. We summarize below the
implementations used in our numerical experiments.

One-dimensional probability distributions. For one-dimensional probability distri-
butions equipped with the 2-Wasserstein metric, the weighted Fréchet mean admits a closed-
form expression in terms of quantile functions. Specifically, u(w) is computed as the distri-
bution whose quantile function is given by the weighted average of the empirical quantile
functions of the training distributions. This computation is exact and does not require
iterative optimization.

Networks. For network-valued outputs represented by graph Laplacian matrices and
equipped with the Frobenius metric, the weighted Fréchet mean reduces to a weighted
Euclidean average of the Laplacian matrices. In this case, u(w) is computed directly by
matrix summation and normalization; uniqueness of the Fréchet mean is guaranteed.

SPD matrices (power metric). For SPD matrices equipped with the power metric, the
weighted Fréchet mean is computed via the power transform. Specifically, each matrix is
first mapped to the power-transformed space, where the Fréchet mean reduces to a weighted
Fuclidean average. The resulting matrix is then mapped back using the inverse power
transform. This computation is direct, avoids iterative optimization, and was numerically
stable in all experiments.

SPD matrices (BW metric). For SPD matrices equipped with the BW metric, the
underlying space is positively curved and the weighted Fréchet mean need not be unique
in general. In our implementation, we compute p(w) using a standard fixed-point iteration

12
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for the BW barycenter (Alvarez-Esteban et al., 2016). The algorithm is initialized at the
identity matrix and iteratively updates the current estimate via matrix square-root and
inverse square-root operations obtained from eigendecomposition. The procedure returns
one minimizer of the weighted Fréchet functional. Although multiple minimizers may exist
in principle, we did not observe numerical instability or non-convergence in our experiments.
The empirical loss is therefore well-defined with respect to the selected barycenter.

Across all settings, Fréchet mean computations are embedded within the training loop
and are differentiable with respect to the weights w, enabling end-to-end optimization via
backpropagation. The implementation details and code are publicly available at

6.2 Experimental Setup

In both the numerical experiments and real-world data applications, E2M was trained for
2,000 epochs using mini-batches of size 32, a learning rate of 5 x 10™4, and a dropout rate of
30%. Other hyperparameters, including the regularization strength, the number of hidden
layers and the number of neurons per layer, were selected via grid search based on cross-
validated empirical risk (see Appendix D for details). For each training run, 10% of the
training data was held out for early stopping. Performance was evaluated via mean squared
prediction error (MSPE) over 200 independent test points. For the g-th Monte Carlo run,
with M, denoting the estimator and m the true regression function, the MSPE is

200
1 .
MSPE, = oo= >~ d*{ng (X[), m(X[*")},
=1

where d is the metric for the corresponding metric space. The average performance over
200 Monte Carlo runs is quantified by

200
1

AMSPE = — Y MSPE,.
5 200; SPE,

Distributions. We consider a regression setting where the output Y is a Gaussian dis-
tribution. The input is a vector X € R with components generated as follows:

X1 ~U(-1,0), Xo~U(-1,0), X3~U(0,1), X4~U(0,1),
X5 ~ Gamma(2,2), Xg~ Gamma(3,2), X7~ Gamma(4,2), Xg~ Gamma(5,2),
X9 ~ Ber(0.6), Xjo~ Ber(0.5), Xi1 ~Ber(0.4), X2~ Ber(0.3).

The mean n and standard deviation ¢ of the distributional output Y are generated condi-
tional on the input, where n ~ N(u(X),0.5?),0 ~ Gamma(f(X)?,0(X)~!) with

w(X) =2+ 2cos(mX1)? + sin(7X2)2 Xg + /X5X6(1 — Xo),
0(X) =1+ cos(mX2/2) + sin(rX3) X109 + /X6 X7(1 — X10)/3.

To better reflect real-world settings where the underlying probability distributions are not
directly observable, we simulate independent samples from each distribution. Specifically,
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Figure 3: (a) Simulated distributional outputs as a function of Xy, with all other covariates
fixed at their mean (continuous variables) or median (discrete variables) values. (b) Fitted
versus true densities in the distributional setting with n = 500. Four randomly selected
sample units are shown for illustration. Coral solid curves denote the E2M fitted densities;
the black dashed curves denote the corresponding true densities.

for each distribution Y;, we generate 100 observations {y;; }Jl.‘;ol. E2M must then operate on
a noisy version of Y;, constructed from the empirical distribution of these samples; see also
(Zhou and Miiller, 2024). To provide additional insight into the data-generating mechanism,
Figure 3 (a) visualizes simulated distributional outputs as a function of a representative co-
variate, Xo, while holding all remaining covariates fixed at their mean values (for continuous
variables) or median levels (for binary variables). This plot illustrates the dependence of

mean and variance of the distributional output ¥ on X, implied by the model specification.

Networks. The output is a graph Laplacian derived from a weighted stochastic block
model with two communities. Each network contains 10 nodes, equally divided into two
blocks. The block connectivity structure is governed by probabilities p11 = poo = 0.5 for
within-community connections and pi;s = 0.2 for between-community connections. The
input is a vector X € RY with components generated as follows:

Xq ~ U(Ov 1)7 Xo ~ U(_1/27 1/2)7 X3~ U(17 2)7 Xy~ N(O> 1)a
X5~ N(0,1), X~ N(5,5), X7~ Ber(0.4), Xsg~ Ber(0.3), Xg~ Ber(0.6).

For each edge, we assign a Beta-distributed weight with shape parameters depending on X
and the block membership of the connected nodes. In Block 1, the shape parameters are
a1 = 2sin(7X1)Xg + cos(7X2)(1 — Xg) and 81 = 2X2X7 + X2(1 — X7). In Block 2, the
parameters are ag = sin(mX1)Xg + 2cos(7X3)(1 — Xg) and B3 = X3 X7 + 2X2(1 — X7).
Between blocks, we set ag = 2sin(7X1)Xs + cos(7X2)(1 — Xg) and B2 = X2 X7 +2X2(1 —
X7). These weights are assembled into an adjacency matrix and the corresponding graph
Laplacian serves as the output.

SPD matrices with the power metric. The third simulation generates SPD matrix
outputs from a Wishart distribution, Y ~ W(X,df), where | = 5 is the dimension of the
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matrices, df = [41 is the degrees of freedom, and X is the scale matrix with input-dependent
diagonal entries. The input is a vector X € R'? with components generated as follows:

11
2°2
X5 ~ Gamma(4,2), Xg~ Gamma(5,2), X7~ N(0,1), Xg~ N(0,1),
Xo ~ N(0,1), Xy~ Ber(0.4), X1 ~Ber(0.5), Xj5 ~ Ber(0.6).

X1 ~ U(O, 1), XQ ~U <— > s X3 ~ U(1,2), X4 ~ Gamma(3,2),

The diagonal entries of the scale matrix X are generated conditional on the input, where

211 = {Sin(ﬂXl)Xlo + COS(ﬂ'XQ)(l — Xlo)}Q, 222 = SinQ(WXl) COSQ(WXQ),

Xy 1 X5 1 9 | X7 Xs| | X9/ Xe|
gz ={— =X — —(1-X Ypyu=——7, Ysg5=——.

33 {X5 TR 10( 1)} X o5 255 9
Distances between SPD matrices are computed using the power metric with exponent 1/2
(Dryden et al., 2009).

SPD matrices with the BW metric. To further investigate the applicability of E2M
beyond the Hadamard setting, we conducted an additional experiment with SPD matrices
equipped with the BW metric, a classical example of a positively curved space that is not
Hadamard (Thanwerdas and Pennec, 2023). The BW distance between two SPD matrices
A, B € Symf is given by

2w (A, B) = Tr(A) + Tr(B) — 2 Tr<(A1/2BA1/2)1/2) .

We demonstrate this setting with 2 x 2 SPD outputs, while noting that the same
implementation readily extends to higher dimensions. For each sample, predictors X =
(X1,...,X5) € R® were generated as

X, ~U(0,1), X5~U(=05,05), Xs~U(1,2), X4~ Ber(0.6), X5~ Ber(0.5).

Each SPD output Y was drawn from a Wishart distribution with degrees of freedom df = 3
and scale matrix %(X) = diag(o?,, 03,), where

o11 = sin(mX1) Xy + cos(mX2)(1 — Xy), o092 = sin(nX2) cos(nrX3).

6.3 Discussion of the Simulation Results

Table 1 summarizes the predictive performance of E2M and baseline methods across all
simulation settings. For distributional, network and SPD (power metric) outputs, E2M
consistently achieves the lowest average prediction error among all competing methods, with
its advantage becoming more pronounced at larger sample sizes. For SPD outputs with the
BW metric, which correspond to a positively curved space outside the Hadamard class,
E2M remains fully implementable and delivers low prediction error, whereas DFR, GFR,
RFWLFR, SDR and IFR cannot currently handle this setting. These findings demonstrate
that E2M effectively models complex nonlinear relationships between inputs and a wide
range of non-Euclidean outputs, encompassing both Hadamard and non-Hadamard spaces.
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Table 1: Average mean squared prediction errors (mean on first line, standard deviation
in parentheses on second line) of E2M, deep Fréchet regression (DFR) (lao et al., 2025),
global Fréchet regression (GFR) (Petersen and Miiller, 2019), sufficient dimension reduction
(SDR) (Zhang et al., 2024), single index Fréchet regression (IFR) (Bhattacharjee and Miiller,
2023) and random forest weighted local Fréchet regression (RFWLFR) (Qiu et al., 2024)
for distribution, network and SPD matrix outputs. SDR and IFR were not included for
SPD outputs with the power metric, due to the lack of available implementations, and none
of the other competing methods currently support SPD outputs under the BW metric.

Output n ‘ E2M DFR GFR RFWLFR SDR IFR

500 | 0.562 0.869  0.766 0.927 0.753  0.929
(0.120) (0.125) (0.058)  (0.110)  (0.105) (0.078)
1000 | 0.415  0.541  0.742 0.811 0.660  0.933
(0.058) (0.189) (0.055)  (0.087)  (0.080) (0.074)

Distribution o001 g 918 0205  0.729 0.691 0.623  0.930
(0.048) (0.093) (0.049)  (0.065)  (0.064) (0.071)

500 | 4.672 7.114  9.901 7.278 7.049  9.792

(0.983) (1.108) (0.623)  (0.766)  (0.770) (0.657)

1000 | 2.849 4565  9.683 5.607 6.580  9.622

Network (0.623) (0.750) (0.570)  (0.544)  (0.698) (0.642)

2000 | 1.729  3.018  9.582 4.430 6.403  9.561
(0.381) (0.515) (0.583)  (0.393)  (0.679) (0.696)

500 | 0.443 1.084 1.118 0.865 — —
(0.090) (0.283) (0.076)  (0.093)
1000 | 0.279 0.582 1.099 0.726 — —
SPD matrix (0.045) (0.103) (0.068)  (0.080)
(power metric) 2000 | 0.187  0.346 1.083 0.637 — —
(0.034) (0.039) (0.057)  (0.067)

500 | 0.342 — — — — —
(0.029)
1000 | 0.288 — — — — —
SPD matrix (0.026)
(BW metric) 2000 | 0.250 — — — — —
(0.025)

The distributional outputs in our simulations correspond to Gaussian distributions char-
acterized by their mean and standard deviation and therefore lie on a two-dimensional
manifold embedded in the Wasserstein space. This structure is highly aligned with the
assumptions of DFR, which is specifically designed to exploit low-dimensional geometry in
the output space. Despite this favorable setting, E2M consistently outperforms DFR across
all sample sizes, achieving at least a 23% reduction in prediction error. This result fur-
ther underscores the flexibility and effectiveness of E2M, even in scenarios where competing
methods are specifically adapted to handle the underlying data structure.
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Table 2: Average mean squared prediction errors and standard deviations (in parentheses)
for distributional and network outputs at n = 10,000 using the anchor-based strategy.

Output ‘ E2M GFR

Distribution | 0.088 (0.017) 0.717 (0.048)
Network | 1.072 (0.356) 9.416 (0.565)

To complement the MSPE comparisons, Figure 3 (b) provides representative visualiza-
tions of fitted and true distributional outputs for four randomly selected sample units in the
case of n = 500. The fitted distributions produced by E2M closely track both the location
and dispersion of the corresponding true distributions.

6.4 Scalability via Anchor-Based Strategy

To evaluate scalability, we conducted an additional experiment using the anchor-based
strategy introduced in Remark 6. Competing methods SDR and IFR become impractical
beyond n = 2000, requiring more than 20 minutes and one hour per run, respectively, and
DFR is similarly limited due to the need to compute large pairwise distance matrices and
run Dijkstra’s algorithm. For this reason, we focused on comparing E2M against GFR at
larger scales.

Instead of using all training outputs as anchors for computing the weighted Fréchet
mean, we fixed a random subset of 1000 outputs as anchors, which makes the optimization
complexity independent of the total sample size. Following the same simulation setup as
before for both distributional and network outputs, we considered a large-scale setting with
n = 10,000 and compared E2M against GFR over 200 Monte Carlo replications.

Table 2 reports the results for n = 10,000, while results for n = 500, 1000, 2000 can be
found in Table 1 for comparison. E2M scales efficiently: predictive accuracy continues to
improve with n and training with n = 10,000 completed in about 5 minutes on a standard
laptop, only slightly longer than the 4 minutes required at n = 2000 when using all outputs
as anchors. These findings confirm that the anchor-based strategy provides strong scalability
while preserving predictive performance.

7. Data Applications

We evaluate the effectiveness of E2M on two real-world regression tasks: modeling age-
at-death distributions from international human mortality data and predicting daily trans-
portation networks from New York City yellow taxi data. Both applications involve complex
non-Euclidean outputs, probability distributions and networks, that cannot be adequately
modeled using classical regression techniques.

7.1 Human Mortality Data

We analyze age-at-death distributions across 162 countries in the year 2015 using life
table data published by the United Nations World Population Prospects 2024 (
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Table 3: Predictors of human mortality data.

Category ‘ Predictor

Explanation

1. Population Density

population per square kilometer

number of males per 100 females in the

Demography 2 SeX Ratio population

average age of mothers at the birth of

3. Mean Childbearing Age their children

‘ 4. GDP gross domestic product per capita

percentage of agriculture, hunting,
forestry and fishing activities of gross
value added

5. GVA by Agriculture

Economics consumer price index treating 2010 as the

6. CPI
base year

percentage of unemployed people in the

7. Unemployment Rate labor force

8. Health Expenditure percentage of expenditure on health of
GDP

Environment ‘ 9. Arable Land

percentage of total land area

). For each country and age group, the life table
reports the number of deaths aggregated in five-year age intervals, forming histograms with
uniform bin width. Using the frechet package (Chen et al., 2023), we apply local linear
smoothing to these histograms and standardize them using trapezoidal integration, yield-
ing continuous probability density functions that serve as regression outputs. Each country
is associated with a nine-dimensional predictor vector comprising demographic, economic
and environmental indicators, listed in Table 3. These predictors capture key aspects of
socioeconomic conditions, such as population density, GDP per capita and healthcare ex-
penditures, which are known to influence life expectancy and mortality patterns.

Predictive performance is assessed via leave-one-out cross-validation, with MSPE as the
evaluation criterion. Table 4 reports the results, showing that E2M achieves the lowest
MSPE among all methods considered. Despite the modest sample size, E2M demonstrates
clear gains over competing approaches, underscoring its ability to capture nonlinear rela-
tionships between country-level covariates and complex distributional outcomes. To further
illustrate prediction quality, Figure 4 (a) compares the observed and fitted age-at-death den-
sities for four countries (Canada, Portugal, Oman and India). The fitted densities closely
track the main structural features of the observed distributions, providing qualitative evi-
dence of the model’s adequacy in the n = 162 setting. To explore covariate effects, Figure 4
(b) illustrates the predicted age-at-death densities obtained by varying GDP per capita
from low to high values while holding all other predictors fixed at their median levels; the
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Figure 4: (a) Comparison between observed and predicted age-at-death densities for four
countries: Canada, Portugal, Oman and India. The coral solid curves denote the densities
estimated by E2M; the black dashed curves denote the corresponding observed empirical
densities. (b) Age-at-death densities at different levels of GDP.

Table 4: Average mean squared prediction errors and standard deviations (in parentheses)
of E2M, deep Fréchet regression (DFR) (Iao et al., 2025), global Fréchet regression (GFR)
(Petersen and Miiller, 2019), sufficient dimension reduction (SDR) (Zhang et al., 2024) and
single index Fréchet regression (IFR) (Bhattacharjee and Miller, 2023) for human mortality
and taxi network data.

Data | E2M DFR GFR SDR  IFR

22.64 2675 31.32  27.60  42.57
(41.32) (51.19) (58.83) (44.40) (76.22)

6.83  7.93 1240 13.38  42.66
(0.41)  (0.50)  (0.18)  (0.30)  (5.56)

Human mortality

Taxi network

resulting rightward shift of the distributions indicates increasing life expectancy as GDP
rises.

7.2 New York City Yellow Taxi Data

We study daily transportation patterns in Manhattan using yellow taxi trip records released
by the New York City Taxi and Limousine Commission (https://www.nyc.gov/site/tlc/
about/tlc-trip-record-data.page). These records include detailed information such as
pick-up and drop-off locations, trip distances, passenger counts, fares and payment meth-
ods. To capture external influences, we also collect daily weather history from Weather
Underground (https://www.wunderground.com/history/daily/us/ny/new-york-city/
KLGA/date), including temperature, humidity, wind speed, pressure and precipitation.
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Table 5: Predictors of New York City taxi network data.

Category Predictor Explanation
1. Temp daily average temperature
2. Humidity daily average humidity

Weather 3. Wind daily average windspeed
4. Pressure daily average barometric pressure
5. Precipitation daily total precipitation

Year 6. Year indicator for the year of 2018

Da 7. Mon to Thur indicator for Monday to Thursday

Y 8. Friday or Saturday indicator for Friday or Saturday

9. Passenger Count daily average number of passengers
10. Trip Distance daily average trip distance

Trip 11. Fare Amount daily average fare amount
12. Tip Amount daily average tip amount
13. Tolls Amount daily average tolls amount

Following the preprocessing steps described in Zhou and Miiller (2022), the 66 original
taxi zones were grouped into 13 regions. For each day between January 1, 2018 and De-
cember 31, 2019, we constructed a weighted directed network where nodes represent regions
and edge weights denote the number of passengers traveling between region pairs. Each net-
work is represented by a 13 x 13 graph Laplacian matrix and paired with a 13-dimensional
predictor vector comprising daily weather information, calendar effects (e.g., day-of-week
indicators) and aggregated trip statistics. A full list of predictors is shown in Table 5.

To evaluate predictive performance, ten-fold cross-validation was repeated across 100
Monte Carlo runs, computing MSPE for each method. Results in Table 4 show that E2M
achieves the lowest prediction error, outperforming all competing methods by a substantial
margin. By explicitly respecting the geometry of network outputs, E2M is able to capture
complex dependencies in daily passenger flows that methods relying on embeddings or
restrictive assumptions fail to model adequately.

8. Discussion

This paper introduces E2M, a novel end-to-end regression framework for metric space-
valued outputs that fully exploits the representational capacity of deep neural networks
while respecting the geometry of the output space. By incorporating entropy regularization
into the learned weight distribution, E2M enables a data-driven trade-off between localized
regression and global smoothing. We establish a universal approximation theorem that
demonstrates the expressive power of E2M for approximating conditional Fréchet means
and analyze the algorithmic convergence for the proposed training algorithm. Empirically,
FE2M achieves superior performance across diverse simulated and real-world datasets with
complex metric space-valued outputs.
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From a learning theoretic perspective, prior work on prediction in metric spaces has
primarily focused on characterizing when Bayes consistent prediction is possible and on
constructing nonparametric, data-supported rules that achieve such guarantees. Existing
results address classification with metric inputs and discrete labels (Hanneke et al., 2021)
or regression under general metric losses using fixed aggregation schemes such as nearest-
neighbor or medoid-based rules (Cohen and Kontorovich, 2022). In contrast, E2M adopts
a complementary viewpoint centered on expressive modeling and optimization: predictions
are defined implicitly through learned, input-dependent weighting mechanisms parameter-
ized by neural networks. Extending learning-theoretic guarantees, such as Bayes consistency
or finite-sample risk bounds, to such end-to-end geometry-aware models remains an impor-
tant direction for future work.

Beyond prediction, an important practical question concerns the assessment of covariate
effects and their uncertainty. In Appendix H, we provide a permutation-based variable im-
portance procedure adapted to the Fréchet regression setting. This model-agnostic approach
quantifies the predictive relevance of each covariate by measuring performance degradation
under permutation, offering a practical tool for exploratory analysis in complex metric
space-valued models. However, this procedure does not constitute formal hypothesis test-
ing in the classical regression sense. Developing principled methods for statistical inference
and uncertainty quantification in Fréchet regression remains technically challenging due to
the nonlinear geometry of the output space and the implicit definition of the Fréchet mean.
Constructing confidence regions, testing covariate effects and deriving asymptotic distribu-
tions for learned predictors are important open problems that warrant further investigation.

Several additional limitations suggest future research directions. First, E2M assumes
access to a well defined metric on the output space. In practice, multiple plausible metrics
may exist, each inducing different geometric and statistical properties; the choice of metric
can substantially influence model behavior. Integrating metric learning techniques (Xing
et al., 2002; Kaya and Bilge, 2019) with geometry-aware regression may provide a principled
way to tailor the metric to the data and task at hand. Second, although many metric spaces
of practical interest are Hadamard spaces, part of our theoretical analysis, in particular the
convergence guarantees for the training algorithm, relies on this assumption. Extending
the theoretical framework to broader classes of metric spaces would further enhance the
generality of the method. Finally, a promising extension is to settings where both inputs
and outputs lie in general metric spaces. Combining geometry-aware output modeling as in
E2M with recent advances in geometric deep learning for non-Euclidean inputs (Bronstein
et al., 2017) could enable flexible regression frameworks for tasks such as network to network
prediction or mapping between structured geometric objects.

Acknowledgments

We wish to thank the editor and the reviewers for their valuable comments and suggestions,
which have significantly improved the quality of the paper. This research was partially
supported by NSF grant DMS-2310450.

21



ZHou, IA0 AND MULLER

Appendix A. Characterizations of Mean and Conditional Mean

Let Y € R be a real-valued random variable with finite second moment. Then, the ex-
pectation of Y can be equivalently characterized as the minimizer of the expected squared
deviation:
E[Y] = argmin E[(Y — y)?.
yeR

This identity follows by expanding the square and minimizing
B((Y —y)’] = E[Y?] - 2yB[Y] + y*.

Solving

(Z/E“Y =0

yields y = E[Y] as the unique minimizer.
For a random pair (X,Y) € RP x R, the conditional expectation of Y given X = z can
be similarly expressed as

E[Y|X = z] = argmin E[(Y — y)?|X = z].
yeR

These characterizations naturally extend to random objects taking values in a general
metric space (,d). When Y € Q, the Fréchet mean (Fréchet, 1948) is defined as the
minimizer of the expected squared distance,

Eg[Y] = argmin E[d?(y,Y)].
yeN

For a random pair (X,Y) € RP x Q, the conditional Fréchet mean (Petersen and Miiller,

2019) is given by
Eg[Y|X = x] = argmin E[d*(y,Y)|X = z].
yeN

When © = R and d(y,Y) = |y — Y|, these definitions recover the classical mean and
conditional mean.

Appendix B. Characterization of Regression via Weighted Average

The variational view of conditional expectation leads to a natural formulation of regression
as the minimization of weighted squared loss. In linear regression, the regression function
is assumed to be

m(z) = E[Y|X = a] = o + 8] (z — p), (1)

where pn = E[X]. The coefficients 8y and /51 are chosen to minimize the expected squared
residual:

2
(Bo, 1) = arg min Ex [EY|X { (v = o — BT (X — ) H .
Bo,B1
Letting X xx = Cov(X) and Xxy = E[(X — )Y, the optimal coefficients are
Bo=E[Y], Bi=S¢\Exy.
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Substituting these into (1) gives

m(z) = E[Y] + Sy S5 (2 — )
=E|Y+Y(X - p) 25 (z — p)
= Elw(z; X)Y],

with weight function
wz; X) =1+ (X —p) 7z - p).

Since Elw(z; X)] = 1, we may express the regression function as the minimizer of a weighted
squared deviation:

m(z) = argmin{y — E[w(x; X)Y]}?
yeR

= argmin{y? — 2yE[w(z; X)Y]}
yeR

= arg min E[y*w(z; X) — 2yw(z; X)Y + w(z; X)Y?]
yeR

= arg min E[w(z; X)(Y — y)?].
yeR
This formulation reveals that linear regression solves a weighted least squares problem,
where weights reflect the alignment between input and the target point x.
This perspective also applies to local linear regression. For simplicity, we consider scalar
predictors X € R. The local linear estimator (Fan and Gijbels, 1996) m(x) = fo(x) is
defined via a locally weighted least squares problem:

(o ) = argnin B [, (X =) {Y = o = 1 (X = )}"]. (2)

where K}, is a kernel function with bandwidth h.
Writing p1j = E[Kp(X —2)(X —2)7], rj = B[Kp(X —2)(X —2)Y] and 03 = pops — p3,
the solutions to (2) are

H2To — H1T1 HoT1 — H1To
BO(:E) = D) ) Bl(ﬂf) = 2 .
o o)

Therefore, the local linear regression function is

H2To — U171
m(z) = fo(z) = —%5——
)
_ 1
= 08

= Elw(z; X)Y],

ElpaKp(X —2)Y — i Kp(X — 2)(X — 2)Y]

where the weight function is given by

Kn(X —2)(p2 — (X —33)).

2
99

w(z; X) =
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Observe that

_ H2Ho — i
i
=1.

Similarly to linear regression, the local linear regression function can be alternatively rep-
resented as the minimizer of a weighted squared deviation:

m(z) = arger]gin{y — Elw(z; X)Y]}?
= arger]gin Elw(x; X)(Y — ).

The local linear estimator can therefore be viewed as solving a localized version of the
weighted least squares problem, where weights adapt to the target z through a kernel
mechanism.

These characterizations establish a unifying framework in which both linear and local
linear regression estimate the conditional mean through weighted minimization of squared
deviations. The nature of the weight function w(z; X), whether globally defined or lo-
cally adaptive, determines the behavior and flexibility of the estimator. This weighting
perspective motivated the development of Fréchet regression (Petersen and Miiller, 2019),
which generalizes classical regression techniques to settings with metric space-valued out-
puts. Specifically, linear regression extends naturally to global Fréchet regression, while local
linear regression corresponds to local Fréchet regression. These extensions are achieved by
replacing Euclidean distances with general metric distances, thereby preserving the interpre-
tation of regression as a weighted deviation minimization. The resulting estimators retain
the structural intuition of their classical counterparts while enabling flexible modeling of
complex, structured data.

Appendix C. Proofs
C.1 Proof of Lemma 1

Proof We apply the Berge Maximum Theorem (Aliprantis and Border, 2006, Theorem
17.31) to the weighted Fréchet mean minimization problem. For completeness, we restate
the theorem below.

Berge Maximum Theorem (Aliprantis and Border, 2006, Theorem 17.31) Let
¢ : X — Y be a continuous correspondence between topological spaces with nonempty
compact values. Suppose the function f : Gr — R is continuous, where Gr¢ = {(z,y) €
X x Y|y € p(z)} denotes the graph of ¢. Define the “value function” m : X — R by

m(z) = max_f(z,y),
y€p(x)
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and the correspondence i : X — Y of maximizers by

u(x) ={y € o(@)|f(z,y) = m(z)}.
Then:
1. The value function m is continuous.
2. The “argmax” correspondence p has nonempty compact values.

3. If either f has a continuous extension to all of X x Y or Y is Hausdorff, then the
“argmax” correspondence p is upper hemicontinuous.

We now match our setting to the theorem. Let X = A"~! the (n — 1)-simplex and
Y = ), the ambient metric space. Define the correspondence ¢ : A1 — Q by ¢(w) = Q
for all w € A" 1 so that Grp = A" x Q. Since 2 is compact and Hausdorff, p(w) has
nonempty compact values and the graph is well-defined.

We define the objective function f: A"~ ! x Q + R by

sz Y, Y;

Here we include a minus sign so that minimizing > 1, w;d*(y,Y;) becomes equivalent to
maximizing f(w,y), as required for the application of the Berge Maximum Theorem.

We now verify the continuity of f. For fixed y € Q, w — f(w,y) is linear, hence
continuous. Next, fix w € A"~ and consider continuity in 3. For any y;,y2 € €, we have

|f(w,y2) = f(w,y1)| = sz (42, ;) — d*(y1,Y7))

<Zwl‘d y27 (ylay)’

Using the identity

d*(y2, Vi) — d*(y1, Ya) = (d(y2, Vi) + d(y1, Yi)(d(y2, Vi) — d(y1,Y7)),

and applying the triangle inequality for the metric d, we obtain

|d*(y2,Y7) — d*(y1, Y3)| < 2Dd(y2,11),

where D = sup,, ,cq d(u,v) is the diameter of (2 and is finite by compactness.
Thus,

n
|f(w,y2) — f(w,y1)| < 2Dd(y2, 1) Y wi = 2Dd(y2, 1),
i=1
since > ' ; w; = 1. Therefore, f(w,-) is Lipschitz continuous with constant 2D in y and
hence continuous.
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Since f is continuous in both w and y, and Gry = A" ! x Q is compact, f is jointly
continuous on Gr ¢ and we conclude that all conditions of the Berge Maximum Theorem
are satisfied. It follows that the value function

m(w) = max f(w,y)

is continuous, and that the correspondence

p(w) ={y € Qf(w,y) = m(w)}

has nonempty compact values and is upper hemicontinuous.

Under Assumption 1, the weighted Fréchet mean p(w) is unique for each w € A™~1.
Hence p : A1 — Q is singleton-valued, and for singleton-valued correspondences, upper
hemicontinuity implies continuity. Therefore, y is continuous on A", ]

C.2 Proof of Theorem 2

Proof We aim to show that there exists a neural network wgy~ such that the composed
function mg+ = powy+ uniformly approximates the true function m = pow over {z : ||z|| <

1}.
Since w is continuous, by the universal approximation theorem (Cybenko, 1989; Hornik,
1991), for any § > 0, there exists a neural network wg~ such that:

sup ||wg+(z) —w(x)|l2 < 9.
lzll<1

The weighted Fréchet mean map p : A"~ ! s Q is continuous by Lemma 1. Since both wy-
and w are continuous, their images over {z : ||z|| < 1} form a compact subset of R"™. Hence,
the continuity of p implies uniform continuity on this set. Therefore, for any € > 0, there
exists > 0 such that

[we-(2) —w(z)ll2 <6 = d(p(we(2)), plw(x))) <e.

We conclude that for any € > 0, there exists a neural network wg+ such that

s d(mg- (), m(x)) = Sup d(p(we- (), plw(x))) <.

Now consider the stochastic case. Since X is stochastically bounded, for any § > 0,
there exists a constant My > 0 such that P(||X| < Ms) > 1 —J. Repeating the same
argument over the compact set {X : || X|| < Ms}, we conclude

P(d(mg+(X),m(X)) <€) >1—04.

This completes the proof. |
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C.3 Proof of Lemma 5

Proof Let pu; = p(wi) and pe = p(ws) be the weighted Fréchet means corresponding to

weights w1, ws € A1
2003, Proposition 4.4). For

§ wlz

Taking z = uo yields:

zY

§ wlz

We apply the variance inequality for Hadamard spaces (Sturm,
= p(wy) and any z € ), we have:

:ula >d (Za:ul)'

Zwu (p2, Y Zwlz (11, Y7) = d*(pa, ). 3)
Similarly, for pe = p(wz) and z = uy:
szz (11, Y] Zwm (n2,Yi) > d*(p1, pia)- (4)
Adding (3) and (4), we obtain:
Zn:(wl,i —way;) (dP(p2,Yi) — d* (1, Y3)) > 2d°(pa, p2). (5)
i=1
Let a; = wy; — wo; and b; = d*(p2,Y;) — d*(u1,Y;). Applying the Cauchy-Schwarz

inequality:

n /2 / n 1/2 n 1/2
< (Z a?) <Z b?) = [Jw1 — w22 (Z (d® (2, Vi) — d2(u1,Yi))2> :
=1 =1

i=1

To bound the b; terms, observe that by the triangle inequality:

d(p, Yi)| (d(p2, Y

i) +d(p,Y:)) < 2Dd(pr, p2),

dQ(l’Lla }/7:))2 S 4D2d2(ﬂ1; /’LQ)a

|2 (2, Yi) — d?(ua, Yi)| < |2, Vi) —
where D = sup,, ,cq d(u,v) is the diameter of Q and is finite by boundedness.
Therefore,
(d2 (/’LQJ }/:L) -
and

n

Z ;u2a

=1
So we conclude:

n

2
— d*(1,Yi))" < 4D%nd?(pa, pa).-

Z(wl,i —way) (d(p2,Y:) — d* (1, Y3))| < 2Dv/n [Jwi — wa|ad(pr, p2).-

i=1
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Combining with (5),
2Dv/n ||lwy — wallad(pa, pa) > 2d* (1, pa)-

Divide both sides by 2d(u1, p2) (noting that the inequality holds trivially if d(u1, u2) =
0), we get
d(p1, p2) < Dy flwr — walla,

which completes the proof. |

C.4 Proof of Theorem 7
Proof We first show that the loss £(0; (X,Y)) is bounded below. By definition,

0(0; (X,Y)) = d*(me(X),Y) + AH (wp (X)),

where mg = o wyg. Since d2(-,-) > 0, it suffices to lower bound the second term.
Recall that

n
H(w)=— Zwi log(w; + 9),
i=1
where § > 0 is a small regularization parameter to avoid taking the log of zero. The function
H(w) is minimized when the distribution w is as concentrated as possible, that is, when
w; = 1 for some i and w; = 0 for all j # i. Therefore, for any w € A1,

—log(1+9) < H(w) < —log(d).

Thus, for all 6,
((0; (X,Y)) = —[A max{|log(1 + 9)|, [log(6)[},

and taking expectations yields
L(0) = E[£(0; (X, Y))] = —[Al max{[log(1 + §)[, [ log()|}.

We now establish the Lipschitz continuity of £(0; (X,Y’)) with respect to §. By As-
sumption 2(i), wy is L-Lipschitz. Moreover, by Lemma 5, the weighted Fréchet mean map
p: A" s Q is Dy/n-Lipschitz, where D = sup,, ,eq d(u, v) is the diameter of Q. Thus,
the overall map my = p o wy is LD+/n-Lipschitz continuous with respect to 6.

The squared distance term d?(mg(X),Y) satisfies

’dQ(m92(X)7Y> - d2(m91 (X),Y)‘
= |d(mg,(X),Y) — d(mg, (X),Y)[(d(mg,(X),Y) + d(mg, (X),Y)),

and using the triangle inequality,
|d(me,(X),Y) = d(mqg, (X),Y)] < d(mg,(X), mg, (X)).
Since d(mp,(X),Y),d(mp, (X),Y) < D, we obtain
|d*(mg,(X),Y) — d*(me, (X),Y)| < 2Dd(mg,(X), mg, (X)).
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Thus, the contribution of the distance term to the Lipschitz constant is at most 2LD?/n.
Next, we bound the entropy term. Recall

n
H(w) = — Z w; log(w; + 9),
i=1
and its gradient with respect to w has coordinates

OH wy
0w, —log(w; +9) — ——

Since w; € [0,1], we have

< |logd| + 1.

(2

‘GH

Thus, the gradient of H is bounded in { norm by |logd| + 1, and in ¢ norm by
IVH(w)|[2 < v/n(|logd] +1).

Therefore,
| H (w, (X)) — H(wo, (X))| < v/n(|log ] + 1) L|02 — 01]|2-

Multiplying by A gives a contribution of |A|y/n(|logd| 4+ 1)L to the Lipschitz constant.
Summing the contributions of the two terms, the total Lipschitz constant is

G = Ly/n (2D* + |\[(|logd| + 1)) .
Since / is differentiable and Lipschitz continuous with constant G, we have
IVol(0; (X, Y))]2 < G.
Finally, applying Corollary 2 from Zaheer et al. (2018) yields

E(I926I8) <0 (7 +5).

completing the proof. [ ]

Appendix D. Choice of Hyperparameters

The hyperparameters for E2M can be selected using a grid search over the candidate values
listed in Table 6. The optimal combination of hyperparameters is chosen to minimize the
mean squared prediction error for the validation data.
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Table 6: Hyperparameter settings.

Regularization parameter -0.01 -0.001 0 0.001 0.01
Number of hidden layer 2 3 4 5 6
Number of neurons 8 16 32 64 128

Table 7: Average mean squared prediction errors with standard deviations (in parentheses)
for sensitivity analysis of entropy regularization in distributional outputs.

n ‘ —-0.1 —-0.06 -0.01 0 0.01 0.05 0.1

500 | 0.661 0557 0.552  0.717  0.718 0974  1.154
(0.172) (0.174) (0.195) (0.199) (0.163) (0.122) (0.177)
1000 | 0.507 0405 0368  0.509  0.584  0.886  1.104
(0.105) (0.116) (0.131) (0.176) (0.169) (0.163) (0.173)
2000 | 0.457 0341  0.291 0444 0492 0816  1.033
(0.071) (0.080) (0.104) (0.136) (0.140) (0.187) (0.210)

Appendix E. Sensitivity Analysis on Entropy Regularization

Entropy regularization controls the sharpness of the learned weight distribution. Negative
values of the regularization parameter A encourage higher-entropy (more uniform) weights,
leading to a global smoothing effect. Positive values of A favor lower-entropy (more concen-
trated) weights, pushing the model toward stronger localization.

To assess robustness, we conducted a sensitivity analysis under the same distributional
simulation setup as in Section 6, fixing the neural network to two hidden layers with eight
neurons each. The entropy regularization parameter was varied over

A € {—0.1,-0.05,—0.01,0,0.01,0.05, 0.1},

and performance was evaluated in terms of MSPE averaged over 200 Monte Carlo replica-
tions. Table 7 reports the average MSPE along with standard deviations.

The sensitivity analysis reveals several clear trends. The best performance across all
sample sizes occurs at A = —0.01, indicating that mild negative regularization provides
the most effective balance between global smoothing and local adaptivity. Slightly less
negative values such as A = —0.05 also perform well, while stronger negative regularization
(e.g., A = —0.1) leads to oversmoothing and reduced accuracy at larger sample sizes. When
A > 0, performance deteriorates because the model already incorporates natural localization
through the softmax weighting, and additional positive entropy penalties force the weights
to concentrate further. This over-concentration reduces the effective sample size, increases
variance and leads to poor generalization, particularly for large positive values such as
A=0.05o0r 0.1.

Overall, these results confirm that E2M is robust to moderate variations in A and
benefits most from mild negative values that encourage balanced weighting across training
samples.
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Table 8: Average mean squared prediction errors (mean on first line, standard deviation
in parentheses on second line) of E2M, deep Fréchet regression (DFR) (lao et al., 2025),
global Fréchet regression (GFR) (Petersen and Miiller, 2019), sufficient dimension reduction
(SDR) (Zhang et al., 2024) and single index Fréchet regression (IFR) (Bhattacharjee and
Miiller, 2023) for distributional outputs in small-sample regimes.

n \ E2M DFR GFR SDR IFR

50 | 1.151  1.832  1.433 4983  1.103
(0.154) (0.411) (0.254) (10.645) (0.229)
100 | 1.048 1.720 1.022 1741  1.002
(0.135) (0.311) (0.112) (1.315) (0.254)
200 | 0.851 1.634 0855  1.135  0.971
(0.158) (0.289) (0.076)  (0.887)  (0.240)

Appendix F. Additional Experiments for Small Sample Sizes

To examine the performance of E2M in small-sample regimes, we conduct additional exper-
iments with sample sizes n € {50, 100,200} under the same distributional simulation setup
as in Section 6. Model architectures and tuning parameters are selected using the same
cross-validation procedures as in the main experiments. Performance is evaluated using
mean squared prediction error over repeated simulation runs.

The results, summarized in Table 8, show that E2M remains competitive for n = 50 and
n = 100, achieving prediction errors comparable to strong baseline methods such as single-
index Fréchet regression (IFR) and global Fréchet regression (GFR). As the sample size
increases, the advantage of E2M becomes more pronounced: when n = 200, E2M attains
the lowest mean squared prediction error among all compared methods. These findings
indicate that E2M does not rely on very large sample sizes to perform well and can already
deliver strong predictive performance at relatively small sample sizes in practice.

Appendix G. Additional Simulation under Linear Relationships

To further assess the behavior of E2M in settings where the true input-output relationship
is linear, we conducted an additional simulation study. This experiment addresses the
question of how E2M performs when the data-generating mechanism aligns with classical
linear regression.

We consider Gaussian distributional outputs as in Section 6, but modify the conditional
mean structure to be linear in the predictors. The input vector X € R'? is generated
from a multivariate normal distribution with mean zero and Toeplitz covariance structure
i = 0.8"=J. The conditional mean of the Gaussian distribution is specified as

12
p(X) =Y BiX;,
j=1

with coefficient vector
/8 = (1707 1707 17 _17 ]-7 _]-7 ]-707 170)7
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Table 9: Average mean squared prediction errors (mean on first line, standard deviation
in parentheses on second line) of E2M, deep Fréchet regression (DFR) (lao et al., 2025),
global Fréchet regression (GFR) (Petersen and Miiller, 2019), sufficient dimension reduction
(SDR) (Zhang et al., 2024) and single index Fréchet regression (IFR) (Bhattacharjee and
Miiller, 2023) for distributional outputs under linear relationships.

n \ E2M DFR GFR SDR IFR

50 | 1.388  2.167 0.463 1.834  1.587
(0.591) (0.586) (0.178) (1.443) (0.841)
100 | 0.814  1.409 0.204 0.609  1.556
(0.289) (0.300) (0.083) (0.363) (0.708)
200 | 0589 1.173  0.102 0275  1.689
(0.205) (0.241) (0.030) (0.124) (0.942)
500 | 0.391  1.041 0.039 0.151  1.611
(0.160)  (0.227) (0.009) (0.104) (0.740)
1000 | 0.286  0.821  0.022  0.095  1.189
(0.135)  (0.129) (0.005) (0.085) (0.538)
2000 | 0.188 0567 0.015 0.074  1.492
(0.086) (0.082) (0.004) (0.061) (0.605)

while the conditional standard deviation is constant, o(X) = 2. To mimic practical set-
tings, we generate N independent samples from each Gaussian distribution and construct
empirical distributions as noisy proxies for the latent outputs, following the same procedure
as in Section 6.

Table 9 reports the mean squared prediction errors across different sample sizes n €
{50, 100, 200, 500, 1000, 2000}. In this linear setting, global Fréchet regression (GFR), which
directly models a linear relationship between predictors and the conditional Fréchet mean,
achieves the lowest prediction error across all sample sizes. Sufficient dimension reduction
(SDR) also performs well. E2M remains competitive and improves as n increases, but does
not outperform GFR or SDR in this regime. These findings are consistent with the design of
E2M. While E2M provides flexible nonlinear modeling capacity, it does not offer a structural
advantage in strictly linear settings where simpler models are correctly specified. In such
cases, global Fréchet regression is statistically more efficient due to its lower variance and
reduced model complexity. This result further highlights that the strength of E2M lies
in capturing nonlinear input-output relationships rather than improving performance in
settings already well described by linear models.

Appendix H. Permutation-Based Variable Importance

While E2M is primarily designed for flexible prediction in general metric spaces, it is also
of interest to assess which covariates contribute most to predictive performance. To this
end, we employ a permutation-based variable importance measure, adapted to the Fréchet
regression setting. This approach is model-agnostic and has been widely used in machine
learning for assessing predictive relevance (Fisher et al., 2019; Molnar, 2025).
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Let m denote the trained E2M predictor and let Diest = {(X;,Ys)}"S" denote a test
dataset. The baseline prediction error is defined as

1 Ntest N
Errpase = n Z d2 (Y;,m(Xl)),
test i=1

where d denotes the metric on the output space.

For each covariate, we generate B independent random permutations. For permutation
be{l,...,B},let Xi(j ¥ denote the predictor vector in which the j-th coordinate has been
randomly permuted across test samples, while all other coordinates remain unchanged. The

corresponding prediction error is

b
Errg- ) —
Ntest i

The permutation importance score for covariate X; is defined as the average increase in
prediction error:

B
1
VI; = B Z Errg.b) — Errpage.
b=1

A larger value of VI; indicates that permuting X; leads to a greater degradation in
predictive performance, suggesting higher predictive importance.
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