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Abstract

This paper presents a tractable algorithm for estimating an unknown Lipschitz function
from noisy observations and establishes an upper bound on its convergence rate. The ap-
proach extends max-affine methods from convex shape-restricted regression to the more
general Lipschitz setting. A key component is a nonlinear feature expansion that maps
max-affine functions into a subclass of delta-convex functions, which act as universal ap-
proximators of Lipschitz functions while preserving their Lipschitz constants. Leveraging
this property, the estimator attains the minimax convergence rate (up to logarithmic fac-
tors) with respect to the intrinsic dimension of the data under squared loss and subgaussian
distributions in the random design setting. The algorithm integrates adaptive partitioning
to capture intrinsic dimension, a penalty-based regularization mechanism that removes the
need to know the true Lipschitz constant, and a two-stage optimization procedure com-
bining a convex initialization with local refinement. The framework is also straightforward
to adapt to convex shape-restricted regression. Experiments demonstrate competitive per-
formance relative to other theoretically justified methods, including nearest-neighbor and
kernel-based regressors.

Keywords: nonparametric regression, Lipschitz function, squared loss, minimax rate,
function approximation, delta-convex function, empirical risk minimization

1. Introduction

This paper considers the fundamental problem of estimating an unknown regression function
from noisy observations in the random design setting. Suppose we observe n independent
and identically distributed (i.i.d.) samples, D,, = ((X;,Y;) : @ € [n]), for an unknown
real-valued regression function f, : X, — R on some unknown domain X, C Rd, such that

X, € X, almost surely (a.s.), Y = fu(X3) + &. (1)

The noise &; is centered, satisfying E[¢;| X ;] = 0 a.s. for all i € [n], where [m] = {1,...,m}
for any positive integer m. We assume that the regression function f, is A.-Lipschitz on
X, with respect to (w.r.t.) the Euclidean norm ||-||2 for some unknown Lipschitz constant
A« € (0,00). We evaluate the estimators using the excess risk under squared loss, for which
the minimax (convergence) rate is known to be @(n*Q/ (2+d*)) in terms of the sample size
n and the intrinsic data dimension d, (Stone, 1982). Throughout the paper, we use the
standard asymptotic order of growth notations: Q(-), ©(-), and O(-).

In convex (shape-restricted) regression (e.g., Lim, 2014; Han and Wellner, 2016; Balazs,
2016; Kur et al., 2024), the regression function f, is known to be convex on a convex
domain X, and the goal is to estimate f, by a convex function. In this setting, it is common
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to choose the estimator from the class of max-affine functions (functions defined as the
maximum of finitely many affine functions) because they approximate any convex function
at the worst-case optimal rate (Baldzs et al., 2015). Moreover, empirical risk minimization
over max-affine functions using n hyperplanes can be reformulated as a tractable convex
optimization problem (solvable in polynomial time w.r.t. d and n; Boyd and Vandenberghe,
2004, Section 6.5.5). Although several extensions of max-affine functions were proposed
(Bagirov et al., 2010; Sun and Yu, 2019; Siahkamari et al., 2020), none have been shown to
achieve the minimax rate up to logarithmic factors (i.e., near-minimax rate) in the general
Lipschitz setting of (1). In this paper, we fill this gap by using the following extension of
max-affine functions:

Fol) = { R R Jl@) = max by + ufy(a — ) +vpile —
kelko] (2)
xR brreR upp €RY vy eR K€ [ko}},

where X = {&1,...,&k,} C R? is a nonempty, finite set of size ko = |X|, and |||, is the
usual p-norm on R? for p € {1,2, 00}.

The key observation, based on the function representation in the extension theorem
of McShane (1934), is that when X is chosen to be an e-cover of the covariate data
Xy ={X1,...,X,} wr.t. ||-|2, there exists a function within F,(X) for any p € {1,2,00}
that is uniformly O(€)-close to the Lipschitz regression function f, on A&, (see Theorem 2).
We use this fact to bound the approximation error of our estimators to f, on AX,,, where the
estimators “approximately” minimize the empirical risk over the training data D, within
]-"p(/‘? ). A tradeoff arises in selecting the size of the cover X: increasing \z’? | improves ap-
proximation accuracy (i.e., smaller €) but results in a more complex representation (i.e.,
more parameters), and vice versa. To balance this tradeoff, we construct X using the adap-
tive farthest-point clustering algorithm of Baldzs (2022), which achieves \z’f’ | ~ nd=/(2+ds)

and € ~ n~1/@+d)  Our main result, stated in Theorem 1, shows that this choice of X
together with the class F,(X) yields estimators that achieve a near-minimax rate under (1)
for subgaussian distributions.

We predominantly use the Euclidean norm ||-||2 with the shorthand notation [|-||. We
only allow the norm to vary in the estimator design in (2), using this flexibility to high-
light connections between our method and two other techniques in the literature. With the
max-norm (p = o), the elements of the set {f € Fuo(X) : vpr < 0,k € [ko]} are max-
min-affine functions (functions defined as the maximum of minima of finitely many affine
functions). Since Ovchinnikov (2002) showed that max-min-affine functions can represent
any continuous piecewise-linear function, various max-min-affine estimators have been de-
veloped (Bagirov et al., 2010; Toriello and Vielma, 2012; Bagirov et al., 2022). However, to
the best of our knowledge, none of these come with theoretical guarantees. In Section 5.1,
we address this gap with a tractable max-min-affine estimator based on Fa(X), to which
the near-minimax guarantee of Theorem 1 applies. In Section 2, we further discuss an ex-
tension to ]:1(22 ), which can be computed by maxout neural networks (Goodfellow et al.,
2013).

Our algorithm regularizes the uniform Lipschitz constant of the estimator and does not

require knowledge of the Lipschitz constant A\, of the regression function f.. In Section 6.2,
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we further show how our method can be easily adapted to the convex regression setting.
Although Blanchet et al. (2019) proposed a similar uniform Lipschitz regularization for
convex regression and proved a convergence rate in probability, their result only holds for
d > 4 and for sufficiently large n satisfying In(n) > A.. Lim (2025) extended this result to
d < 4, but it still only provides a convergence rate in probability as n — oco. In contrast, we
establish a probably approximately correct (PAC) bound that holds for all n > 2. To the
best of our knowledge, this adapted variant of our estimator is the first tractable method
for convex regression to enjoy a PAC guarantee in the random design setting (albeit not
necessarily near-minimax) without requiring knowledge of A\, or a uniform bound on f,.

~

The result of Hiriart-Urruty (1985, Section III.2) shows that the class F,(X) lies within
the class of delta-convex (DC) functions, whose elements can be expressed as the difference
of two convex functions (Hartman, 1959). The classes of max-min-affine, weakly max-affine,
and delta-max-affine functions are also contained within the class of DC functions, and all
of them have been studied for estimator design (e.g., Bagirov et al., 2010; Sun and Yu, 2019;
Siahkamari et al., 2020). However, none of these approaches have achieved a near-minimax
rate guarantee in the setting of (1). In Sections 5.1 and 5.3, we provide approximation
results for all of these classes, which may be of independent interest. To achieve the near-

minimax rate in Theorem 1, we work with F,(X’) for two reasons. First, empirical risk
minimization (ERM) over F,(X) leads to a tractable convex optimization problem, as
discussed in Section 4. In contrast, we are not aware of any tractable “approximation” of the
ERM problem over the entire class of max-min-affine functions. Second, for the worst-case
optimal approximation f € f,,()? ) to a A\«-Lipschitz regression function f., the parameter
magnitudes maxyer, max{||uykll, [vsk|} are provably bounded above by O(\s), as shown
in Theorem 2. Importantly, this upper bound does not depend on the approximation
accuracy. Since we cannot establish a similar bound for weakly max-affine and delta-max-
affine functions, our proof technique does not apply to those cases in general (i.e., without

further assuming smoothness of f).

Finally, we note that several other methods have been shown to achieve a near-minimax
rate in the regression setting of (1) with respect to the intrinsic data dimension. Specifically,
these are the nearest-neighbor estimator (Kulkarni and Posner, 1995, Corollary 3), certain
tree-based predictors (Kpotufe and Dasgupta, 2012, Theorem 9), and the Nadaraya-Watson
estimator (Kpotufe, 2010, Theorem 21). Unlike typically discontinuous partitioning estima-
tors, such as nearest-neighbor and tree-based methods, our estimator is always continuous.
While the Nadaraya-Watson estimator also produces a continuous function by forming a
weighted average over the entire sample using a continuous kernel, its structural behavior
differs from ours. In particular, the max operator underlying the representation of functions
in ]—"p(/l? ) induces a partition of R¢, making our estimator more closely resemble partitioning
regression methods than kernel-based approaches such as Nadaraya-Watson. Moreover, in
contrast to our algorithm and to certain tree-based methods (Kpotufe, 2009, Theorem 4),
both partitioning and kernel regression techniques generally require external model selec-
tion procedures (e.g., Bartlett et al., 2002) such as sample splitting or cross-validation (e.g.,
Gyorfi et al., 2002, Chapters 7 and 8) to adapt to the intrinsic dimension and attain near-
optimal guarantees. Although a comprehensive empirical evaluation is beyond the scope of
this paper, we include experimental comparisons with these methods in Section 3.
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2. The Proposed Algorithm

Define the feature vector ¢,(x, &) = [(x — &) |l — :%HP]T € R¥*! for all p € {1,2,00} and
x,& € R Then, for any nonempty, finite set X' = {&1,..., %k, C R% we can rewrite (2)
in the compact form:

Fp(X) = {r: R? 5 R | f(z) = ]grel[zltx] by + w}:kqbp(w,ﬁ:k),
0
T c Rd, bf7k € R, wyrr € de, ke [k‘o]}

where d, = d + 1. This formulation allows us to analogously introduce the set Fi(X ) by
defining ¢4 (z,&) = [(x — &) (& — a:)l]T € R% and d; = 2d, where the ReLU operation
()4 = max{0y, 2} is applied elementwise to any vector z € R%, with 04 denoting the zero
vector of size d.

The functions of .7-"+(.2? ) can be computed by the so-called maxout neural networks
(Goodfellow et al., 2013). Further, F(X) C F(X) holds because 1., ¢ (z,&) = ||z — &1
and [w' —w']gy(x,2) = w' (x — %) for all T, L,w € R9, where 1 denotes the all-ones
vector of size s. In the paper, we consider F,(X) for all p € {1,2, 00, +}, and discuss their
approximation guarantees for Lipschitz functions in Section 4.1.

Let kg € N, and {C;(X), .. Cko( X)} denote the Voronoi partition of the entire space

4 induced by the center pomts = {&1,...,%%} C R? w.r.t. the Euclidean norm ||-||.
Formally, define Cy(X) = {x e R?: ||@ — & || = min, @ — 2|} for all k € [ko], with ties
broken arbitrarily but consistently (e.g., by selecting the center with the smaller index).

2.1 Delta-convex Fitting (DCF)

Fix p € {1,2,00,+} and suppose we are given the training data D,, from (1). First, we use
the adaptive farthest-point clustering (AFPC; see Algorithm 1 below) method of Baldzs
(2022) to compute a finite set of distinct center points Xx = {X1,..., X} C X, for some
K € [n]. Then, the core of our algorithm is the following convex optlmlzatlon problem:

~ N 2
?éél 912’ +Z 0 |wkH2 ZH{XZ eCk(XK)}(bk—i—wgqﬁp(X“Xk) —}/Z)
b1,...,b K ER, kG[K} lG[TL] (3)

w1,...,w g ERIP

such that by, > b +w] ¢p(Xi, X;), |we| < 2+60, k,l€[K].

where I{-} is the {0, 1}-valued indicator function, and 6y, 01, 82 > 0 are fixed regularization
parameters. In particular, the role of 6y is to mitigate the effect of conservative regu-
larization on the uniform Lipschitz constant of the estimator (i.e., the 6122 term). Let
(zn, ((bnk, wn k) + k € [K])) be a solution to (3), and define the (initial) estimator as
fn(x) = maxye (k) buk + wlkqﬁp(m, Xy) for all z € R%. Clearly, f, € Fp(Xk).

Denote the empirical risk of any function f : R* — R by £,,(f) = % Zie[n} (f(Xl) —Yi)Q.
Additionally, for all f € ]-"p(?t? %) and cg, c1,co > 0, define the regularization term

. 2
Regerea(f) =1 ]?ela{x} (”wf,k:H - CO)+ T+ c2 Z ||wf,k||27



NEAR-OPTIMAL DELTA-CONVEX ESTIMATION OF LIPSCHITZ FUNCTIONS

and the largest slope parameter magnitude by A 5 = maxge(gllwy || We then define f+ to
be a refinement of f, in the sense that

F € {f € FplXk) : La(f) + Ru(f) < Lalfa) + Rulfa)}s Ru() = Ryy5, 4, 0,0 (4)

where 67, = X;?(ﬁn(fn) + Ro,0,0,(fn)) if Ap, > 0, and 03 > 1 is a fixed regularization
parameter. Note that Ay, = maxj¢(gi|lwn k| by definition. In the degenerate cases, when
As, =0or 0, =0, weset fi = f, and 0y, = 0. )

To define the final estimator, we prune all parameters of f,;” which do not affect its em-

pirical risk, and center its average response over X,,. Formally, we define the final estimator
for all z € R? as

frj( ) = C'++maxb +k‘|‘w +k¢p("1’ Xk) I:izn(f:)a
keT;t e (5)
To(f) = {k € [K] : f(Xi) = b+ wp(Xy, Xy) for some i € [n]},

where the index set Z,,(-) is defined for all f € ]-"p()?K), and the centering constant C, is
given by Cf =V — LS fH(X;) with Y = 2377 | ¥,

We call our algorithm delta-convex fitting (DCF) and summarize it in Algorithm 2. For
completeness, Algorithm 1 also presents the AFPC method of Baldzs (2022). To describe it,
let the covariate data radius be defined as Ry, = max;e), || X;— X|| with X = 1 Zie[n] X;.
Define the clustering objective as €,(X) = maxxcx, mlnXeXHX X||, and the partition
size limit as k(X) = min {n(en()e)/RXn)Q, d/(2+d) } for any set of center points X C X,,.

Algorithm 2 f; = DCF(D,, ¢p)
1. Xx = AFPC(X,), K = |Xk]|
2: (2n,{(bn .k, Wn k) 1k € [K]}) < solution to (3),
using Dn, ¢, X, and 6o, 01,0

1:

2

3 Xcargmaxyey mlnXEXHX X|| . T 5
n 3 fu(r) = maxge(g) bk + w,, 1 Op( -, Xi)

4 X XU{X) n() €lK] "n G

5

6

Algorithm 1 X = AFPC(X,)

X« {X} with arbltrary X ecx,
. while |X| < k(X) d

4: f < refinement of f, via (4) and (5),

: end whiig using Dy, ¢p, Xk, fn, and b, 01,02, 03
: return 5 return f,f

We consider feature maps ¢, for all p € {1,2,00,+}, and analyze the DCF algorithm
under the following choice of regularization parameters:

0<6y= O((Ryn/max{l,R;(n})ln(n)), 0 = @(max{l,R%(n} (dK/n)),

0<6,<0,/K, 1 <65 =0(In(n)), ©)

where the response data radius is defined as Ry, = max;ep,) [YVi—Y | with ¥, = {¥1,...,Y,},
and K is the size of the AFPC-computed partition as defined in Algorithm 2.
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2.2 Theoretical Guarantees of DCF

Let B(zg,7) = {x € R? : ||z — xo|| < r} denote the closed ball in R? centered at zo € R?
with radius r > 0. We write Z ~ P to indicate that the random variable Z is sampled from
the distribution P. We consider the statistical model (1), where the regression function
[+ Xs = R is Ay-Lipschitz on its domain X, C R<.

Let d, denote the doubling dimension of X, (e.g., Gupta et al., 2003). That is, d, is
the smallest number such that for any € R% and » > 0, the set B(x,r) N X, can be
covered by the union of at most 2do halls of radius r /2. Since d, can exceed d by a constant
factor,! we define the intrinsic dimension as d, = min{d,, d} to ensure that the convergence
rate is bounded by n~2/(*+9) in the worst case when d < d,. On the other hand, the
doubling dimension d, (and thus d,) can be significantly smaller than d, helping to mitigate
the curse of dimensionality. Practical examples where this occurs include affine subspaces,
Riemannian manifolds (Dasgupta and Freund, 2008, Theorem 22), sparse data, and unions
of these (Kpotufe and Dasgupta, 2012, Lemmas 3 and 4).

Theorem 1 presents the main result of the paper, providing an adaptive near-minimax
rate for DCF estimators with respect to (w.r.t.) the intrinsic dimension d,.

Theorem 1 Forn > 2, consider the estimation problem (1), where the n i.i.d. samples Dy,
are drawn from an unknown distribution P, over X, X R, and the regression function f, is
A«-Lipschitz on X, w.r.t. ||-||. Suppose the covariate and noise distributions are subgaussian
with parameters p,o > 0 such that

E[eX-EXIF/0*) <o E[eXOY/FX] <2 s,  (X,Y)~P. ()

Let p € {1,2,00,+}, and f;7 be the DCF estimator computed by Algorithm 2 using regular-
ization parameters satisfying (6). Then, for all v € (0,1), it holds with probability at least
1 —~ w.r.t. the randomness of the sample D,, and the estimator (i.e., choosing the initial

point of AFPC) that
Exr. (/7 (X) = £:(X))"] = O(d(1 + dI{p # 2}) n=2/F+4) ),

where 8 = 03(1 + p*In(n/v)) (A2 + 02 In(Bn /7)) In*(n) In(dn/v), and B = n(1+ Ap/o).

Proof See Section 4.4. [ |

Stone (1982, Theorem 1) showed that the minimax rate for the estimation problem (1)
under the squared loss is ©(n~2/(2*4)) whenever [0,1]% x {0}4~% C X,. Therefore, the
convergence rate established in Theorem 1 is near-minimax, since 3 = O(In®(n)) with
03 = O(ln(n)). Furthermore, our result provides a PAC bound, which can be converted
into an expectation bound via integration (e.g., Balazs et al., 2016, Eq. 2).

The DCF algorithm runs in polynomial time with respect to both d and n. Since
the AFPC algorithm differs from farthest-point clustering only in its stopping rule (using
|X] < k(X) in Algorithm 1 instead of a fixed cardinality threshold), it can be computed in

Tt is known that exactly 7 discs of radius 1/2 are needed to cover the unit disc (e.g., Zahn, 1962,
Section 1.2), so the doubling dimension for any set of positive area in R? is at least log,(7) > 2.
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O(dKn) time (Gonzalez, 1985; Hochbaum and Shmoys, 1985). Constructing the second-
order cone program (SOCP) of (3) takes O(d?n + K?) time and yields a problem with
O(dK) variables and O(K?) constraints. Its solution can be approximated to accuracy § > 0
using interior-point methods (e.g., Nesterov and Nemirovskii, 1994, Section 6.2), yielding
a conservative worst-case runtime O(dzn + d?K5In(K/ 5)), ignoring sparsity. Lastly, the
refinement step (4) is optional with respect to theoretical guarantees (i.e., one can always
use f,‘l" = fn) and can be performed to a desired accuracy using smoothing techniques
(Nesterov, 2005) in a tractable manner. Evaluating the DCF estimators f,, and f,I at a
new point for inference takes O(dK) and O(d|Z,[|) time, respectively, where |Z,/| < K.

2.3 Discussion of DCF and Its Guarantees

The minimization problem in (3) is similar to the APCNLS algorithm of Balazs (2022),
which is designed for training max-affine estimators. Like APCNLS, our approach trains a
partitioning estimator and maps it into a target function class, fp()e %) in our case, instead
of the class of max-affine functions. A key distinction, however, is that we impose the
constraints only at the center points, resulting in just K2 constraints, which is considerably
fewer than the nK constraints used in APCNLS. As shown in Section 4.2, despite this

reduced constraint set, our algorithm preserves theoretical properties analogous to those of
APCNLS.

The stopping condition of AFPC (Algorithm 1) ensures that K — 1 < k(Xx_1) and
k(Xg) < K. Using this, Baldzs (2022, Lemma 4.2) showed that AFPC guarantees both a
complexity bound of K = O(nd*/(2+d*)) and an accuracy bound of €2 (Xx) = O(K/n) =
O(n*Q/ (2+d*)). These bounds balance the tradeoff between complexity and accuracy in our

setting, as discussed under (2). The term n%(*+% inside l;:(./{’ ) serves as a straightforward
upper bound for the “worst-case” scenario when d, =~ d. Furthermore, AFPC stops imme-
diately if en(é\? ) = 0, ensuring that it always produces distinct center points, justifying the
representation of X as a set.

Clearly, the choice fn = f, always works for (4). However, based on the experimental
results in Section 3, we strongly recommend choosing fﬁ[ as an approximate local solution
to the non-convex optimization problem min FEF(F) Ln(f)+ Rn(f), initialized at f,,. Our
near-minimax convergence rate guarantee in Theorem 1 holds in both cases.

Denote the parameters of the final estimator f, by bfﬁu S bf+ T Ct and w -k =
Wit for all k € Z,. Besides potentially reducing inference-time computational costs, the
final step (5) also facilitates bounding the magnitude of the unregularized bias parameters

{b o k € Z,7}, which is required for applying the concentration inequality used to prove

the near-minimax rate of the estimator. We also naturally extend X sand Ry(f) to f = fF
by replacing [K] with Z;I in their definitions. For the constant function, f<°"!(x) = ¢ for all
@ € R? and ¢ € R, the empirical risk £,,(f"t + f+) = ¢ — 2¢C;F + L,,(f;7) is minimized at
¢ = C;f with minimum value £, (f;7), hence the centering in (5) ensures L, (f7) < L, (f7).
Moreover, R, (f;7) < Rn(f;) since the slope parameters of f; are a subset of those of f;.
Therefore, the estimator f, is also a refinement of f,, that satisfies

Lo(f;D) + Ra(f5) < LalFD) + Ru(f) < La(fa) + R f)- (8)
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In Section 4, we show that the initial solution f,, already approximates L, (f) + 61A\? with
accuracy O(K/n), which is upper bounded by the near-minimax rate. We rely on (8)
to show that f;I inherits the near-minimax rate guarantee of f,. To this end, we also
use the regularizer R, (-) in (4), which prevents the largest slope magnitude of f;~ (and
hence of f;7) from exceeding that of f, by more than a constant factor of f3. That is,
xfi < :\ﬁ{ = 0(03:\fn), as explained in Lemma 6.

The DCF algorithm can be adapted to use alternative function classes. As discussed in
Section 6, it can be applied with the “complementary” set F, ()2 K)={f:—f¢€ fp(/l? %)}
or the “symmetric” set FI,A(XK) ={fh—fo: fi,f2 € ]-"p()eK)}. The convergence rate
established in Theorem 1 extends to both cases. In Section 5.1, we further describe how the
DCF algorithm yields max-min-affine estimators and extend its theoretical guarantees to
this setting. Finally, by restricting }"p(/'f,’ %) to convex functions (including max-affine func-
tions), the DCF algorithm specializes to convex regression, as discussed in Section 6.2. This
generalization subsumes the APCNLS algorithm of Baldzs (2022), matching its convergence-
rate bound while eliminating the need to know the Lipschitz constant A, of the regression
function.

Scaling all the elements of X}, and ), by the same positive constant can alter the slope
variables wy, . .., wg returned by the DCF algorithm. This is due to the max{1, Rx, } terms
in the definitions of the parameters 6y and 6; in (6). The positive lower bound on these
parameters is necessary to keep the regularization active, thereby preserving the guarantee
of Theorem 1 in degenerate cases where E[|| X —E[X]||
the noise level 0 > 0 remains fixed. The choice of 1 as the lower bound can be relaxed,
for example to 1/1In(n) at the cost of introducing additional In(n) factors in the bound of
Theorem 1.

] converges to zero as n grows while

3. Experiments

We compared DCF (Algorithm 2) with other theoretically justified estimators that achieve
near-minimax rates, namely the k-nearest neighbors estimator (k-NN; e.g., Gyorfi et al.,
2002, Chapter 6) and the Nadaraya-Watson kernel regressor (NW; Nadaraya, 1964; Watson,
1964). As baselines, we also evaluated ordinary least squares regression (OLS) and state-of-
the-art tree-based estimators, namely random forests (RF; Breiman, 2001) and the XGBoost
gradient boosting algorithm (XGB; Chen and Guestrin, 2016).

We present experimental results on three public datasets from the Delve Project (Univer-
sity of Toronto).? The cpusmall (comp-active/cpuSmall) dataset consists of 8192 samples,
where the task is to predict the portion of time that CPUs run in user mode based on 12
system activity measures. The pumadyn datasets also contain 8192 samples each and involve
predicting the angular acceleration of one of the links of a simulated Puma 560 robot arm.
We selected the versions designed for highly nonlinear estimation with 8 input dimensions
and varying noise levels: pumadyn-8nm (medium noise) and pumadyn-8nh (high noise). De-
spite their small size, these problems effectively illustrate the strengths and weaknesses of
DCF estimators.

’https://www.cs.toronto.edu/~delve/data/datasets.html
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For each experiment, we drew n € {1024, 2048, 4096} training samples from the datasets
and used the remaining data for evaluation, measuring the mean squared error (MSE) of the
estimators on the test set. Each experiment was repeated 20 times, and we report the aver-
age results along with standard deviation error bars. All algorithms except the tree-based
ones are sensitive to feature scaling, so we tested both min-max scaling (MM) and Z-score
normalization (STD). The features of the pumadyn datasets are already reasonably scaled,
so we also conducted experiments on these without applying any additional scaling (noFS).
To ensure comparability across problems, we also standardized the response variables in
each dataset by centering and scaling them to have unit variance.

Figure 1 shows the partition size and the average cell size distribution of the Voronoi
partitions computed by AFPC. On the cpusmall dataset, AFPC terminates relatively early
under both scaling methods, with roughly half as many cells in the STD case compared
with MM. The pumadyn data includes noise in both the covariates and response variables,
causing AFPC to return partition sizes close to the upper bound, even at the medium
noise level. In all cases, AFPC produces many cells with fewer points than the domain
dimension d, making regression underdetermined within those cells. Minimizing the slope
of the estimator along unconstrained directions within such cells is an effective safeguard
against overfitting. In DCF, this is enforced by the regularizer 62 ), (x |wg]|? in (3), and
analogously in (4), as has been done in convex regression practice (Aybat and Wang, 2016;
Chen and Mazumder, 2024).

For the regression experiments, we used the default parameter settings for XGB and
RF. The implementations of RF and k-NN were taken from scikit-learn (Pedregosa et al.,
2011), while NW was implemented using scikit-fda (Ramos-Carrefio et al., 2024). The
number of neighbors for k-NN was selected via 5-fold cross-validation (CV) from the range
1 to In(n)n?/(?+4) as motivated by Gyérfi et al. (2002, Theorem 6.2). For NW, we used the
Gaussian and triweight kernels (referred to as NW-G and NW-T, respectively), selecting the
bandwidth via 5-fold CV among 100 equidistant values up to (2Rz, )% (>+4) (Rg,n /n) 1/ (@td)
as motivated by Kpotufe (2010, Theorem 21).

DCF was implemented in Python, using local optimization for its refinement step as
recommended in Section 2.1. We employed a quadratic penalty method (e.g., Nocedal
and Wright, 2006, Section 17.1) with a penalty parameter of 10® to transform the SOCP
initialization problems (3) and (35), as well as the refinement steps (4) and (36), into
unconstrained minimization problems, which were then solved using L-BFGS (e.g., Nocedal

cpusmall (d = 12) cpusmall (d = 12) "0 pumadyn-8nm (d = 8) pumadyn-8nm (d = 8)
00 =
] 1200 = e MM 0 50- - MM < - MM v - MM
1000 - == STD © STD _ = STD = 150 - STD
] 8 10- g 600 B
‘% 800 - ™= nofS o nofs .M = noFS - | noFS
S 600- nt/ee g 30- I £ 400- nd/2+0) g 100 - ||‘ VIII
= J 2 2- ] 3 2 |
£ 40 £ (] I i 5 200- £ 50- ||u
S o0 4 S10- mlls | L - 5 El |
g 200 2 | | g 5 o
() - e - .'H- 0 - T o 0- ! ! ) 0=t o — et UERULIND, .
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Figure 1: AFPC partition size (K) for sample sizes n € {1024,2048,4096}, and average
cell size distribution for n = 4096. The upper bound of K is n®(2+4) The black
vertical lines on the average cell size axes mark the value of d. The plots for
pumadyn-8nh are similar to those of pumadyn-8nm and are omitted for brevity.
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and Wright, 2006, Section 7.2).3% The objective functions in the refinement steps were
smoothed using the soft maximum approximation maxyeg)x ~ pln (Zke[K} e/ “) for

all aq,...,ax € R, with smoothing parameter 1 = 10755 Since the gradients of these
objective functions are either not Lipschitz or have very large Lipschitz constants (on the
order of 1/u), we stabilized the L-BFGS algorithm by reverting to a gradient step and
resetting the L-BFGS memory whenever the backtracking line search failed. To further
improve numerical stability, the training data was centered and scaled to unit variance.

We evaluated DCF using the sets F,(-), F, (-), and F2(-) for p € {1,2,00,+}. We
denote the corresponding estimators by DCF,, DCF,, and DCF?, respectively. As the
results for p € {1,2} were similar to those for p = oo, we only report the latter in the
plots. For reference, we denote by i—DCFﬁ the initial estimator based on F f(~), i.e., before
applying the refinement step (36). We also compare against the max-min-affine estimator
based on F(+), denoted MMA, and its symmetrized variant, denoted MMA®#, which are
described in Section 5.1. We use regularization parameters 6y = (Ry, / max{1l, Rx, })In(n),
01 = max{1, R% }(dK/n), 02 € {(Rx,/n)?,R% /n}, and 03 = In(n), which satisfy (6).
Unless otherwise indicated, we use the stronger regularizer 6y = R%(n /n.

The results are summarized in Figure 2. Across all problems, DCF (and MMA) using
the symmetric sets (DCFPA) achieved lower and more stable MSEs than their other variants
with less expressive function representations. These symmetrized DCF variants performed
at least as well as the other theoretically justified methods (k-NN and NW) on all problems,
except for the cpusmall dataset with STD scaling. In that case, Figure 1 shows that AFPC
stopped earlier, producing only half as many cells as in the MM case, which led DCF to
underfit using the stronger regularizer 0y = R%(n /n. The tree-based methods (RF and
XGB) performed quite well on these datasets, and DCF nearly matched their performance
in many cases, unlike .-NN and NW. Since the initial estimator i—DCFﬁ is forced to fit a
continuous function only over the center points in (3) and (35), it performed worse than the
OLS baseline on these sample sizes, making the refinement step strongly recommended.

The training times of the estimators are shown in the left panel of Figure 3 for the
pumadyn-8nm dataset,® which represents the least favorable case for DCF due to the large
AFPC-computed partition size K (see Figure 1). On this dataset, the training time of
the most expensive DCF variants (DCF% and DCFﬁ) is close to the training time of
the NW algorithms (around 5 minutes for n = 4096). The refinement step in training
MMA estimators takes significantly longer, as they use d times more parameters than the
corresponding DCF variants. On the cpusmall dataset with MM scaling, where AFPC
yields relatively few cells compared to the upper bound, DCF trains faster than NW (under
2 minutes for DCF, versus about 6 minutes for NW). The center panel of Figure 3 shows
that the inference time of DCF on the pumadyn-8nm dataset is quite fast. The right panel
explains why: a large portion of DCF’s original parameters remain unused and are pruned
in the final step of constructing the estimator, as described in (5) and (37).

30ur implementation is available at https://github.com/gabalz/dcfit/releases/tag/v0.1.0.

4We also implemented the SOCP problems (3) and (35) using the Clarabel interior-point solver (Goulart
and Chen, 2024), which yielded similar results but with significantly longer computational time.

°More precisely, smoothing was applied only to the gradient computations, which perturbs the objective
by at most uIn(K), a quantity we ignored.

5We used an Intel Core i5-2400S CPU with 4 cores at 2.50 GHz and ran two experiments in parallel.
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Figure 2: Test MSEs of the estimators trained on sample sizes n € {1024, 2048,4096}. The
performance is very similar across all estimators for both MM and STD scalings
of the pumadyn datasets; therefore, the plots for the latter are omitted for brevity.
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Figure 3: Training and prediction times (in seconds and milliseconds, respectively) are
shown for the pumadyn-8nm dataset with MM scaling in the left and center panels.
Prediction times are measured on the entire test set (whose size varies with n)
and normalized to 1000 samples. The right panel shows the number of parameters
used by the initial (f,,) and final (f,;/) DCF estimators. For MMA, we show the
parameter count of m,, and of its final refinement (Section 5.1).

Although Theorem 1 holds for all §; € [0, max{1, R?,(n}(d/ n)|, as defined in (6), Figure 4
shows that the practical performance of DCF is sensitive to this parameter. Using the
weaker regularizer f3 = (Ry, /n)?, the left panel shows that all DCF methods perform
well on the cpusmall dataset with STD scaling (unlike using the stronger regularizer in
Figure 2). However, as seen in the center and right panels, this choice allows the DCF
algorithms to overfit on the pumadyn datasets, most notably on the noisier pumadyn-8nh
variant shown in the right panel.
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Figure 4: Test MSEs, using the same notations as above, where all DCF models are trained
with the weaker regularizer 3 = (Ryx, /n)?.

4. Analysis of DCF

This section is dedicated to the proof of Theorem 1. First, Section 4.1 presents our main
approximation result in Theorem 2, which underpins the analysis of DCF (Algorithm 2).
Then, in Section 4.2, we examine the properties of the DCF algorithm by relating it to
empirical risk minimization. Finally, after briefly reviewing the guarantees of AFPC (Al-
gorithm 1) in Section 4.3, we apply techniques from empirical process theory in Section 4.4
to establish the near-minimax rate.

4.1 Approximation of Lipschitz Functions

For a metric space (Z,), some € > 0, and some Zy C Z, the finite set {2z} € Zy : k € [K]}
is called an (internal) e-cover of Zy w.r.t. the metric ¢ if the union of the e-balls centered
at zj covers Zy, that is Zo C Upe(x){z € Z : ¥(2k, 2) < €}. The cardinality of the smallest
such cover is called the e-covering number of Zy w.r.t. 1 and denoted by Ny (Zy,€).

Let ) x denote the class of A-Lipschitz functions on a set X C R? w.r.t. ||-||, defined as

sup [l — &7} (f(2) - [(@)) < A}.

Fa={fx >R
x,LEX , x#L

McShane (1934, Theorem 1) showed that every A-Lipschitz function f : X — R on some
X C R? can be extended to R? via the function f(-) = supgey f(&) — A|| - — &||, satisfying
f(x) = f(x) for all © € X. The key observation in this paper is the uniform O(\e)
approximation bound in Theorem 2, which replaces the supremum in f with a maximum
over a finite e-cover of X.

Theorem 2 Let X. C X be an e-cover of X C R? w.r.t. ||-||, and |||, be a norm on R%
such that tol|-|l, < ||| < t1]|-|lp with some constants to,t1 > 0. Suppose f € Fy x for some
Lipschitz constant X\ > 0, and define f(x) = maxgey, f(2) — ti\||@ — &||, for all z € R%.
Then, for all x € X and all T € X, the following hold:

0< f(@) — flz) < (1+t5 t1)Ae, f@) = f(@), fe Ft1 Jto)ARé-

Proof Take any x € X and & € A, arbitrarily. Since f € F) x and |- || < t1]-|lp, we
get f(z) — f(x) = maxzen, (&) — f(®) — 1Az — |, < 0. Similarly, f(2) — f(&) =
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maxgzey, f(&) — f(&) — tiA[|[ — |, > 0, hence X, C X implies f(@) = f(z). By the

e-covering condition, we have mingey, || — #|| < e. Combining this with |-, < ;||| we
obtain f(x) — f(x) = mingey, f(x) — f(&) + Xz — &, < (1 + 5 t1) e. Moreover, f
is ((t1/to)A)-Lipschitz on R? w.r.t. ||-|| because the max function is 1-Lipschitz and |-, is
(tg!)-Lipschitz on R w.r.t. ||-||. That is, f € Fltr Jto)\Ré- [ |

Theorem 2 provides a lower approximation of f € Fy x by a “max-concave” function f
that satisfies f < f on X. Similarly, one can construct an upper approximation of f using a
“min-convex” function (Hiriart-Urruty, 1980), defined by f() = mingey, f(2)+t1\|z—2],
for all x € R%. We also present a variant of Theorem 2 with an improved approximation
rate for smooth functions in Section 5.2.

The approximation error of f and f w.r.t. f is zero at the points in X,, and increases
proportionally with the distance from those points. Figure 5 illustrates several examples
of these approximations. The functions f and f provide an O(\e) approximation rate of
the A\-Lipschitz function f while maintaining an O(\) Lipschitz constant, as guaranteed by
Theorem 2. Their appropriate variants (using the norm ||-[|,) are included in the function
sets ]-'p()E ) and F ()2 ) for p € {1,2,00}. Hence, these classes, as well as their superclasses

such as Fy(X) and pr(/f' ), inherit the same guarantees.

4.2 Properties of DCF Estimators
Let p € {1,2,00,+}, ko € N, and for any nonempty, finite set X = {Z1,..., 2, }, define the
function class
G,(®) = {g RS SR ‘ g@) =3 Wz € Cu(d)} hysl(x), z € RY,
k€<[ko]

hg (@) = by g+ Wy, (@, 1), byp € R, wyy € R, k€ [ko]}.

FVU(f)=0.148 FVU(£)=0.150 | | o f FVU()=0.247| | o FVU(f)=0.129
< AVAVA > 4 f f
& o &

- O || -
! f
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Figure 5: Approximation of a function f € F) x by the max-concave f and the min-
convex f as defined above. The left two plots use f(z) = xsin(z), while the
right two plots use f(z) = max{l — |vr — 1|,2 — |z — 3|,1 — |z — 5|/2}, both on
X = [0,6]. The shaded regions represent Ae and 2Xe bounds around f. Black
circles mark the locations of the 10 equidistant centers X, forming an e-cover
of X with € = 1/3. The horizontal line is shown at the height of zero. FVU
(fraction of variance unexplained) is calcqlated over n = 1000 equidistant points
T1,...,xn € X withy; = f(m;) as: FVU(f) =32, (yi—f(x;))?/ > icln] (yi—7)?,
where ¥ = (1/n) 32 ;e ¥i-

13



BALAZS

Note that gp()?) is a vector space over R, since for any g1,¢92 € gp(;%) and c1,co € R,
the function c1g1 + c2g2 also belongs to gp(i), With beig)4cago,k = C1bgy 1 + C2bg, 1 and
We, gr4cago,k = ClWgy kT C2Wy, k for all k£ € [k‘o]

Since the parameter spaces of Fy,(X) and G,(X) coincide, we can extend Ry, 9,.0,(f)
and \; from Section 2.1, originally defined on F,(X), to any function f € F,(X) U G,(X).
We also define the map 7 : G,(X) — Fp(X) by 7(g)(x) = maXge (ko] hg,x(x) for all z € RY
and g € g,,(;%). Clearly, for all g € gp(zé), we have by, = bgx and we (g = Wy for all
k € [ko], and m(g) > g on R holds since C1(X), ..., Ck, (X) are pairwise disjoint.

Consider the setting of Theorem 1, and let Xx = {Xl, e ,XK} C X, be the set of
center points computed by AFPC (Algorithm 1). Since ¢,(Z, &) = 04, for any & € R?
and X, € Cp(Xk) for all k € [K], we obtain g(X}) = @g7k(Xk) = by, for all g € G,(Xr)
and k € [K]. Thereby, the constraints by > hg;(X), k,1 € [K], are equivalent to
g(X1) > n(9)(X), k € [K], which together with m(g) > ¢ implies that the functions g
and 7(g) coincide on the set Xx. Moreover, since the index sets {i € [n] : X; € Ci(Xk)},
k € [K], partition [n], the data-fitting term of (3) equals £, (g), and Rg, g, 9,(g) coincides
with the regularization of (3) with z = (S\Q — 0p)+. Therefore, the convex optimization
problem (3) in DCF (Algorithm 2) is equivalent to the following regularized empirical risk
minimization task:

min  £,(g) + Re(g) such that g = 7(g) on X, (9)
9€Gp(Xk)
where Rg(-) = Rg,,0,.6.(-)- Let gn be a solution to (9) that matches the solution of (3) in
parameters, i.e., by, 1 = by and wy, = wyy for all k € [K]. Then, by the definition of
the initial DCF estimator f,, in Section 2.1, we have f, = w(gy).

We will also need the following properties of the feature vector ¢,: its output norm is
bounded by a constant multiple of the Euclidean distance between its arguments, and ¢, is
Lipschitz in each of its two arguments, as shown in the next result:

Lemma 3 Let p € {1,2,00,+}. Then for all x,z, & € R?, the following hold:
[6p(@. @) < 7, o, max{lléy(w, &) —op(w, &), |6p(@: 2)— (@, @)} < Ag, |5,

where T4, = \/1 +{p€{2,00}} +dl{p =1}, and Ny, =1 +1{p # 1} + \/&]I{p =1}.

Proof For p € {1,2,00}, the first claim follows from the inequalities ||-||cc < ||-|| and
Il < Vall-]l, since [|gp(, 2)|* = & — ] + [l — 2|} < 73 | — |
For p = +, we have ||¢4(2,2)|> = [|(z — &)+]]” + [|(& — 2)+|* = |z — &|*, implying

the first claim with 74, = 1.

Next we prove that ¢, is Ay, -Lipschitz in its second argument. The claim that it is also
Ag,-Lipschitz in its first argument follows analogously.

For p € {1,2,00}, we have ¢,(z,&) — ¢p(x, &) = [(@ — &) (|lz - &ll, - |z - z|,)]
From this, we prove the second claim using ||[u’ s]"|| < ||u|| + |s| and the reverse triangle
inequality |||ull, — [|v|lp| < lu—v|, < (A, —1)||u—v]|, which hold for all u,v € R?, s € R.

. - . T /s - T

Forp=+, ¢ (2, &) — ¢4 (2,2) = [(x—2)4 —(x-2)1) (@-2)s—(T-=z)4) ] .
Then, using [[[u'v']"|| < [Jull + [|v]| and [|(w)s — (v)+]| < u — v]| for all u,v € R, the
second claim follows with Ay, = 2. |

T
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The functions in ]:p(/\? %) depend nonlinearly on the random center points Xk. In order
to apply concentration inequalities, we exploit the Lipschitz property of ¢, from Lemma 3,
which enables us to “approximate” these random centers by fixed (non-random) ones in
Section 4.4.3.

Recall that /'?K is an en(/'?K)—cover of the covariate data A, by definition. Then, the
following result provides a uniform bound on the distance between f,, and g, on X},:

Lemma 4 For alli € [n], it holds that 0 < f,,(X;) — gn(X;) < 2Xp, Mg, €n(Xic).

Proof The lower bound follows directly from f,, = 7(gn) > gn. Fix i € [n] arbitrarily,
and let k € [K] be such that X; € Cy(Xk). From (9), we have g, = m(gn) on Xk, which
implies 0 < hgn’k(Xk) — hg,1(Xy) for all I € [K]. By the definition of 7, we also have
by, 1(z) = hy, i (z) for all | € [K] and & € R, Therefore:

fn(Xi) = gn(Xi) = {ﬂ[?%hf 1 Xi) = hg, 1 (X)

< {g% hy, Z(X ) — hgn,l(Xk) + hgn,k<Xk) - hgn,k(Xi)

< + lwn kN Ao, X5 — Xill,
_{g%(ﬂwn,lﬂ [[wn 1 ]l) Mg, 1 X k|

where we used the Cauchy-Schwarz inequality zind Lemma 3 in the last step. The claim
then follows from the definitions of Ay, and €,(Xx) using X; € Ci(Xk). [ |

Theorem 2 bounds the uniform approximation error of ]-'p(/'\?K) to the A.-Lipschitz
regression function f, by O()\*en(fK)). The next result transfers this bound to QP(XK),
thereby justifying its use in the ERM task (9), and allowing us to reformulate the problem
as the tractable convex optimization task in (3).

Lemma 5 For f. € Fy, x,, there exists a function g. € gp(é?K) such that f. > m(g«) > g«
on X, and

m?)](f*( i) — g+(Xi) < Tp Ax en( XK ), g« = 7(gx) on Xk, Age < TpAs,
1€INn

where 7, = 1+1{p = 2}+1{p # 2}vd, and 7, = I{p € {1,2}} +1{p = co}Vd+I{p = +}v2d.

Proof Fix the norm p € {1,2,00}, and define ty = I{p € {2,00}} + I{p = 1}/Vd and
t1 = I{p # oo} + I{p = co}Vd. Then, to||[|p < |-l < t1]-lp-

Let by = fu(Xy) and w,p = [0] —t1\] " for all k € [K]. Define fe € Fp(Xk) and
g« € Gp(Xi) such that bj  =bgk =bspand wy , =wg, p =w,y for all k € [K]. Then,
we have f* =7(g«) = gu-

Let € = en(XK) Since Xk is an e-cover of Xy, we can apply Theorem 2 with f = fi,

f=fo X =X, and X, = Xx. This yields f.(X;) < fu(X;) for all i € [n], proving
fe > 7(gs) > g« on X, Now fix i € [n], and let k € [K] be such that X; € Cy(Xf). By the
definitions of g, and Cp(Xk), we have 9«(Xi) = fo(Xk) — tid|| X; — X4lp- Then, using

fs € Faox,, Xn C Xy, and |||, <ty Y[-||, we obtain
Fo(Xi) = ge(Xi) = ful(Xa) = Fuo(X i) + 0] X = Xillp < (1415 00) A X5 — K], (10)
which implies fi(X;)—g+(X;) < TpAce for all i € [n] as (1+t5 t1) = 7p and HXl—XkH <e.
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Additionally, setting X; = X in (10) and using f, > g, on X, yields g.(X;) = fo(X)
for all k € [K]. Then, combining this with f,(X}) = f.(X}) from Theorem 2, we obtain
9+(Xp) = fo(Xp) = fu(X1) = 7(g:)(Xy) for all k € [K], and thus g, = m(g,) on Xk.
Finally, \,, = maxye(x] | ws k| = t1 A« = TpAs, which proves the claim for all p € {1,2,00}.

The case p = + follows from the case p =1 by using 'wIk O (x, &) = —A\i||Jx — Z||; for
all ,& € R? with w, p = —\,1ag, which satisfies ||w, k|| = T\ for all k € [K]. [ |

_ Note that fp, f,f[ , and f,f[ are Lipschitz continuous with Lipschitz constants bounded by
(Afagp)s (>‘f+ Agp)s and (Ap+Ag, ), respectively. In the refinement step (4), it is important

to ensure that the Lipschitz constant of fn* does not scale polynomially in the sample size
n, as this would deteriorate the convergence rate of the DCF estimator. In Section 4.4.2, we
prove that the Lipschitz constant of f,, grows logarithmically with n. Therefore, we use A fn
as reference to regularize in (4), and the following result shows that the Lipschitz constant
of the refined estimators f;~ and f; can exceed A fu g, Dy at most an O(63) factor.

Lemma 6 Let 63 > 1. Then, S\fﬁ' < 5\A+ < (1 —|—93)5\fn

Proof By definition S\f:{ < S\f:[, and 63 > 1 implies R, (fn) = R0,0,0,(fn). In the degenerate
cases when A fo = 0o0r 0y =0, we have f+ = f, by definition, and the claim is trivial.

Let Ay, > 0 and 6y, > 0. Suppose, to the contrary, that )‘f+ > (14 63)\f,. By
definition, we have 5\175 (Ln(fn) + Ro,0,0,(fn)) = b5, > 0. Then,

Ru(fi) = A2 (Lu(fn) + Ro0.6,(Fn)) N g = 03X5,)% > La(fn) + R f),

which contradicts (4), proving the claim. |

Since Lemmas 4 and 5 both depend on en()g Kk ), we first review the guarantees provided
by AFPC for this quantity in the next section, before proceeding to the proof of Theorem 1.

4.3 AFPC Guarantees

Recall the definition of the covering number from Section 4.1. We will often rely on the
following well-known result on the covering number of bounded sets:

Lemma 7 (e.g., Wainwright 2019, Lemma 5.7) Let Zy C B(zo,7) € R? for some
deN, zg €R?, and r > 0. Then Ny (2o, €) < max{1,(3r/e)*} for all e > 0.

Recall the definition of the covariate data radius Ry, from AFPC (Algorithm 1), and
let d, denote the doubling dimension of the domain X, as introduced in Section 2.2. Since
X, C X., we have N (X,,€) < max{l,(4Rx,/€)%} for all € > 0 (e.g., Kpotufe and
Dasgupta, 2012, Lemmas 6 and 7),” which can be combined with Lemma 7 to obtain
Nij.j (X, €) < max{1, (4Rx, /€)%} for all € > 0. This allows us to apply the next result,
which bounds the covering accuracy and the number of the center points returned by AFPC.

"The definition of do in Section 2.2 does not require the covering balls to have centers within the covered
set. Since we use internal covering numbers, our constant 4 in front of Rx, is looser by a factor of 2.
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Lemma 8 (Baldzs 2022, Lemma 4.2) 8 Suppose X is computed by AFPC (Algorithm 1)
using the covariate data X, and N (X, ) < max{1, (4Rx, /€)%} a.s. holds for all € > 0.
Then there exists a (non-random) positive integer ks such that K = \é‘?\ <k, = O(nd*/(2+d*))
a.s., and X is an e-cover of X, with € = e,(X) = O(Rx, /K/n).

Combining the bounds on &, and € from Lemma 8 yields €2 = O(n~2/(2+4+)) which matches
the minimax rate in the setting of Theorem 1.

4.4 Proof of the Near-minimax Rate of DCF

Consider the setting of Theorem 1, i.e., a regression problem as in (1) with an i.i.d. sample
D,, drawn from a distribution P, corresponding to a regression function fi € Fy, x,.

To simplify notation, define || f[2 = Ecx.ywp, [F2(X)], (f. Fln = 1 Se F(X0)F(X0),
and || f||2 = (f, f)n for all functions f, f : R — R. Further, in these contexts, we slightly
abuse notation by treating y as a function, defining y(X) = Y for (X,Y) ~ P,, and
y(X;) = Y; for all i € [n]. For example, we write E(x yyop, [(f(X) = Y)?] = |f —ylZ,
La(f) = I1f = yl12, and Eqx o, [(F(X) = £-(X))?] = | — LI

Let f,;f be the estimator computed by DCF (Algorithm 2), and ¢ > 1 be a constant.
We decompose its expected squared error by following the approach of Gyorfi et al. (2002,
Section 11.3):

E(X,-)NP* [(f:zr(X) - f*(X))2] - (”f;r - f*”i - 6OEapprOX) + 6OE‘clpmea (11)

where the approximation error is defined as Fapprox = Ln(f;7) — Ln(f«). The technique of
offsetting with a factor greater than 1 allows the derivation of faster convergence rates in
the nonparametric setting, provided E,pprox remains within the minimax rate. Using (8),
we can upper bound Eypprox as

Eapprox < [:n(fn) - En(f*) + Rn(fn)
= 1o —yllz = £« — ylla + Ralfn)
= Ifn = gnlls + llgn — vl = £« =yl + Ra(fn)
+2(fn = gn, [ = Y)n + 2(fn — Gn, gn — fi)n.

(12)

Recall that g, of Lemma 5 is feasible for the minimization in (9) since g. = 7(g«) holds on
Xk . Because g, is a solution to (9), it follows that

Ln(gn) + Ro(gn) < Ln(9+) + Re(gs)- (13)

Furthermore, using 2ab < a? + b? for any a,b € R, we obtain

2<fn —9n,9n — f*>n = 2<fn — G9n, 9x — f*>n + 2<fn —9n;9n — g*>n

(14)
< 2(|fn = gulln + gx = fll + llgn — gsll2-

Notice that 63 > 1 implies Ry (fn) = Ro,0,0,(fn), and since f, = m(g,), we also have
Reo(fn) = Ro(gn). Then, plugging (13) and (14) into (12), and using R, (fn) = R0,0,6, (fn) <

8The max cell-diameter objective used by Baldzs is within a factor of 2 of the covering-radius en()?)
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Re(fn) = Ra(gn), we get

Eapprox < 1fn = gnll2 + lg« — yll2 = I£x = yll2 + Ro(g+)
+2(fn = 9n S« = Yn + 2(fn — Gn, gn — Ji)n
= fo = gnll7 + gs = Fellz + 2(gs = fu, fx = ¥)n + Ro(g:)
+ 2<fn — Gn, fx — y>n +2(fn — 9n> gn — f*)n
<3|\ fn — gnlls + 2llg« — fullz + llgn — 94117 + Re(g:)
+ 2<fn — Gns fr — y>n + 2<9* — [ fo — y>n
Similarly to Baldzs (2022, Section 4.1), using 2ab = a(2b) < (a?/2) + 2b? for any a,b € R,
we obtain
Ln(9«) = Ln(gn) = g+ = yllz — llgn — I3
= —llgn — g7 + 2(g« — gn, 9« — Y}
~llgn = el + 200 = s gx — fe)n +2(gs = s fr — U)n
—(1/2)llgn — g«ll7. + 219+ = full7 4+ 2(gx = g, fx — U},

which can be used to rearrange (13) as

(1/2)lgn — g+12 + Ro(gn) < 2/lgx — fillz + 2(gx — gns fx — Y)n + Ro(gs)- (16)

Inequality (16) is an adaptation of the “basic inequality” of van de Geer (2000, Lemma 10.1),
and it plays a key role in our analysis to bound the approximation error Eapprox via (15).

Recall from Lemma 4 that || f,, — gnlln = O(S\fn)\%en()&()). Additionally, we also have
from Lemma 5 that ||g. — fi|ln = O(%p/\*en(/f’K)) and Re(g«) = 0(915\3*) = O(617277) by
01 > K6y from (6). Combining these bounds with (15) and (16), using Rg(g,) > 0, we
finally get

IN

Eapprox = O((S‘?n)\ssp + 7:5)\3)531(/?1() + 917}3)\3)
+2(fn = g, fs —Y)n + 2<9* — far fo — y>n +4(gx — gn, [+ — y>n-

According to Theorem 1 of Stone (1982) and Lemma 8, the minimax rate is captured by
K/n. This rate is also reflected in the asymptotic expression of (17), since both €2(Xx)
and 67 scale with K /n, as established by Lemma 8 and defined in (6), respectively.

It remains to show that the inner product terms of (17) and ||f;7 — fil|? — oEapprox
in (11) preserve the O(K/n) rate. To this end, we rely on concentration inequalities from
empirical process theory.

(17)

4.4.1 TECHNICAL PREPARATIONS

Since E[X] might not lie within X, for (X,-) ~ Ps, we need a reference point to leverage
the Lipschitz continuity of f.. To that end, fix ¢ € argmingcy, || — E[X]| independently
of the data Dy, and set yg = f«(xo). For any fixed v € (0, 1), we condition the entire proof
on the event £, defined in Lemma 9.

9If the minimum is not attained, one may choose @ arbitrarily close to the infimum and shrink the gap
to zero at the end of the analysis.
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Lemma 9 Let D, be an i.i.d. subgaussian sample as in (7) for the regression function
fs € Fa,x,- Fizr, = p/In(2n/7v) and v, = o+/In(2n/7), and define the event

= - < N Y < .
Ey {?Q%IIX@ E[X[| < 7, maxc | £ (X) Yzl_rg}

Then P{&E,} > 1 — 2v. Furthermore, £, implies Rx, < 21,, Ry, < 2(15 + A1), and
Ry,

— <21y + Ay).
max{l, Rx,} ~ (7 + )

max|| X; — x| < 27, max |Y; — yo| < 15 + 21,
1€[n] i€[n]
Proof The result P{£,} > 1—2 follows from the subgaussian property (7) of P, using the
union and Chernoff bounds. The implications of &, follow from f, € Fi, x,, XnU{zo} C X,
and yo = f«(x0), using the triangle and Jensen’s inequalities. [ |

Lemma 9 shows that, with high probability, the data D,, lies inside a ball of bounded
radius centered at (g, yo). This is needed for deriving upper bounds on the magnitudes of
the estimator parameters.

In the following sections, we work with parametric function sets and construct covers
via their bounded parameter sets, as summarized in the next lemma:

Lemma 10 Let (F,1) be a metric space, where F = {fp, . pn : P;j € Pj,j € [m]} with
Pj C B(zj,rj) for some t; € N, z; € R, and r; > 0 for all j € [m]. Suppose there
exist constants si,...,8m >0 such that Y(fp,,..pms fpr,..pm) < MAXjem) Sjllps — sl for all
pj,b; € Pj, j € [m]. Then, for all € > 0, we have Ny(F,€) < max {1, (3r/e)'}, where
T2 MaXje(y) 55Ty and =3 icn

Proof By using the conditions on F and v, the result follows directly from Lemma 7 as
Ny(F.e) <TT52) Ny (Py.e/s5) < 7L max {1, (3s;7;/€)% } < max{1, (3r/e)'}. [ ]

We will make extensive use of the following concentration inequality, which generalizes
Lemma 9 of Baldzs (2022).

Lemma 11 Let D,, be an i.i.d. subgaussian sample as in (7) for the regression function
fo : R 5 R. Let Hy, C{f|f:RY = R}, and 1, be a metric on H, such that ||h — hl|, <
U (h, fz) holds for allh, h € H,,. Assume that (Hn, 10n) and Y, are conditionally independent
given Xy,. Let hy, € Hy be a function, which may depend on the entire sample D,,. Then,
for any 7,0 > 0, with probability at least 1 —~ over the randomness of Vn|X,, it holds that

(P, fe = Y)n < 30 (thHn + 5) \/ln (an(Hmé)/')’)/n + 0l fe = ylln-

Proof The claim is trivial when Ny, (#Hn,0) is infinite, so suppose Ny, (Hn,d) < co. The
claimed inequality always holds if ||h, ||, = 0. Therefore, without loss of generality, assume
that |||, > 0 for all h € H,,.

Let Hs be a d-cover of H,, w.r.t. 1, of minimal cardinality, so that |Hs| = Ny, (Hn,0).
Note that Hs and ), are conditionally independent given AX,,. Further, leveraging the 0-
covering property, choose hy, € Hs to be such that |, — iLan < Y (b, ﬁn) < §. Then, by
using the Cauchy-Schwarz inequality, we get

(hns fx = Y)n = <}Alna fe = Yhn + (hy — }Alna fe=yn < (ilnvf* = Y)n + 6 fx — ylln- (18)
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Define t;(h) = h(X;)/||h||» for all i € [n] and h € H,,, and let ¢1,c2 > 0 be constants to
be chosen later. Note that ¢;(-) only depends on A, for all i € [n]. Then, using the union
and Chernoff bounds, the independence of the samples D,,, the subgaussian property (7)
expressed as supseRE[es(f*(Xi)_Y —2s%07 {X ] <1 a.s. (Boucheron et al., 2013, Section 2.3),

and > e t2(h) = n for any h € H,,, we obtain
Xn} SIP’{ ;nax<AL,f*—y> > c1co Xn}
hetts Mhln n

Sk > (X0 ~¥) > e

P{ (. £ = ), > cr02llhnln

5

heHs
el (h) N_ v
he%g HE[GXP ( ney (X0 m) Xn} (19)
2023 e t2(R)
x oo ()
= |Hs| exp <72:c; — c1>
=7,

where we set ¢; = 30%/(nc3) and co = o/y/nIn(|Hs|/v). Note that we also obtain
crey = 302/(ncy) = 30\/In([Hs|/7)/n. At last, the triangle inequality implies ||7y, |, <
[l + 1hn = Bnlln < ||Bnlln + 6, and we get the result by combining (18) and (19). [ ]

Finally, consider the following bound on the pointwise distance between functions in

J—},(;?) or Qp(.XA').

Lemma 12 Let lfo € Nand X = {Z1,...,25,} C R?.  Furthermore, let h,il € H for
H € {Fp(X),Gp(X)}. Then it holds for all x € R? that

|h(z) — h(z)| < max |bys — by, | + 7o, [|& — &kl |whik — w;, |-
kelko) ’ ’

Proof Let f, f € Fp(X), and g,§ € G,(X). Then, we have

Y

[7@) = f(@)] < max [brs = by, + oy 2) (wpk —wj )

Z ]I{:B € Ck(f)} (bg7k — by + Op(=, :ic;C)T(wgJC - wg,k)) ‘

k€[ko]

|9(x) — g(x)| =

From Lemma 3, we also get |[¢p(x, 2x)|| < ¢, || — 4| for all & € [ko]. Then, the claim for
F,(X) follows from the triangle and the Cauchy-Schwarz inequalities. The claim for G,(X)
follows similarly, where we also upper bound the sum by a max using that Cl(?? )s-e s Cry (?2 )
are disjoint sets. |
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4.4.2 BOUNDING THE APPROXIMATION ERROR

The goal of this section is to bound the approximation error Fapprox. To achieve this, we
use (17) and upper bound its inner product terms.

Let g, be as in Section 4.2, and recall that the initial DCF estimator satisfies f, =
7(gn). Hence, f, and g, share the same parameters, and we have b, = by, 1 = by, 1 and
Wy = Wy, | = Wy, k for all k € [K]. First, consider the following bound on the regularized
empirical risk of g,:

Lemma 13 Suppose that event &, holds. Then, Ln(gn) + Ro(gn) < (15 + 2X1)%

Proof Define the constant function go by go(x) = yo for all & € RY  Observe that
g0 € Gp(XK), 90 = m(go), and Re(go) = 0. Since g, is a solution to (9), we have
Ly (gn) +Re(gn) < Ln(g0) = %Zie[n] (Y;—yo0)?. Then, &, implies the claim by Lemma 9. B

To bound the inner product terms in (17), we apply the concentration inequality of
Lemma 11. For this, we need the following bound on the parameter space of DCF estimators:

Lemma 14 Suppose that event £, and (6) hold. Then, g, € ap(/?K), where

Go(Ac) = {9 € () - sk max { I — yol, VR, [w e[} < 51}

and B1 is a constant satisfying ro\/d < B = @(\/ dn(ry + /\*rp)).

Proof Since Xx C X,, we can define i, € [n] for each k € [K] such that (X4, Yi,) € Dy
By the definition of g,, we have by x = gn(X}). Hence, by Lemma 13, and 6, > R3, (d/n)
from (6), it follows that

1 2 2 2 2
- -Y; - < <
s { (b = V)% AR, (lwn il = 603} < Lalgn) + Ro(on) < (1 + 22,

Then, by the triangle inequality and Lemma 9, &, implies |b,,  —yo| < (14 /1) (15 +2X1).
Further, we also get VdRx, |wn k|| < VdRx,00 + v/n(1, + 2X\.1,). Therefore, 31 can be
chosen as claimed as Ry, 6y = O(Ry, In(n)) by (6), In(n) < y/n, and Ry, = O(r, + A1)
from Lemma 9. [ |

The bound (1 in Lemma 14 scales with /n, making it too loose to directly bound the
Lipschitz constant of f, for establishing the near-minimax rate. However, we can still use
the bounded class gp()? %) in the concentration inequality of Lemma 11 to upper bound the
inner product terms of (17) in the next result. The key observation is that 5; appears only
inside the logarithmic term.
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Lemma 15 Let g, be an approzimation of f. € Fy, x, as in Lemma 5. For any 6 € (0, £1],
define event &, 5 as

Eys =& N {(fn — Gns s = Y)n = O(U(an = Gnlln + 5)\/dKln (Bl/((S'y))/n—l—Ta(S),
(9 = fes £ =90 = O(0llge = £llav/B(L/7) /).
(G = Gns fs = Y)n = O(O’(Hg* — Gnlln + 5) \/dKln (ﬁ1/(57))/n + 7“05) }

Then, P{&,s} > 1 — 5.

Proof Define the metric ¢ by v (h, h) = maXye|K] bhk — bj, | + 2R, V1 + d||wp p — w; ||
for all h, h € H, where H € {F,(Xx),Gp(Xx)}. Note that Tgp < 1+ d by definition, and

| X; — Xi|| < 2Ry, holds for all i € [n] and k € [K] by the triangle inequality. Therefore,
by Lemma 12, we have ||h — hl|,, < maxe[y) [h(X) — h(X;)| < ¢(h,h). Additionally, note
that 1 (g,g) = O(B1) and @b(w(g),w(g)) =O(py) for all g,g € ap(/f,’K). Furthermore, event
&, implies || fx — ylln < 75 R

Let Hi = {f —9g : g € Gp(Xk),f = 7(g)}, where fn —gn € Hi by fu = 7(gn)
and Lemma 14. For all h, h € Hi with h = f — g and h = f — g, define the metric
1(h, h) = (f, f)+¥(g, §). By using Lemma 10, the bound ; on the parameter magnitudes
within G,(Xx), and since the parameters of the functions g and 7(g) are the same, we have
In Ny, (H1,6) = O(dK In(B1/6)) for all § € (0,51]. Then, the first inequality in &, 5 holds
with probability at least 1 — v by Lemma 11, using H,, <+ H1, and ¢, < 1.

Define the singleton set Ha = {g« — f«}. Then, the second inequality in &, ;5 holds with
probability at least 1 — by Lemma 11, using H,, < Ha, the zero constant function for ),
and taking the limit 6 — 0.

Let Hs ={g. —g:9€ QP(XK)} where g, — gn € Hs by Lemma 14. For all h, h € Hs
with h = g, — g and h = g, — §, define Ys(h, h) = (g, §). By Lemma 10, and the bound
1 on the parameter magnitudes within G,(Xf), we have In Ny, (Hs,6) = O(dK In(B1/9))
for all 6 € (0, 31]. Then, the third inequality in £, 5 holds with probability at least 1 —~ by
Lemma 11, using H,, < Hs, and 9, < 3.

Finally, the result follows by combining the three cases with Lemma 9. |

We now bound ||g, — g« || and Az, by combining the result of Lemma 15 with the “basic
inequality” (16). This, in turn, yields a bound on the approximation error Eapprox via (17).

Lemma 16 Let g. be an approzimation of f. € Fy, x, as in Lemma 5. Set 6, = roVdK /n,
and suppose that £, s, and (6) hold. Then, for some Ao > 0, the following bounds hold:

A, <A =0(05 + A2+ 0” In(B2/7)),

dK
o = a1 = O (5 (20 #5204 (/) ).
dK
Eapproz =0 (7

n

where Bo = nBi1/(1,\/d) satisfies n < By = @(n3/2(1 + Aep/o)).

(1+127),
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Proof Notice that d,, € (0,51] by definition since K < n. Using ab = (a/c)(cb) <
a?/(2c¢®) +b%(c?/2) for all a,b € R and ¢ > 0, we obtain from Lemma 15 and £1/d,, = O(f)
that

0_2
Ko™ (B1/(6n7)) + rgan)

n(82/7)).

From Lemma 5, we have |g. — fi|? = O(d)\ze%(i’;()) by %3 = 0O(d), and Rg(g+) =
0(917'3)\3) by 61 > K0y from (6). Recall that 6; = G(max{l,R%(n}dK/n) from (6).
Further, €2 (Xg) = O(R% K/n) from Lemma 8. Therefore, using Rg(gn) > 01\, — 00)2,
A fo = S\gn, 7p, > 1, and combining (20) with the “basic inequality” (16), we obtain

1
<g* _gnaf* _y>n = §||g* —gnHi +O(5721 +

dKo?
n

(20)

1 2
= S 9% — Yn O(
8Hg Inlln +

VIS Gy, = 02 = O (R max{1. 7, 122 + o2 In(5/ ).

(21)

Then, the claims for 5\%” and || g, — g«||? follow from (21) after rearranging terms, and
applying Ry, = O(1,) which follows from &, 5, C &, by Lemma 9.
Similarly to the derivation of (20), Lemma 15 yields for ¢, that

1
1llg< = gnllp + max{1, R%,

dK
(Fo = s Fe = Yhn (G = fios f = y)n = O(an = nllz +llgs = £ull + =0 1n(62/7))- (22)
Since || fn — gnll? = o(X;nAgpeg(;eK)) by Lemma 4, and [|g. — fi||2 = O(F2)22 (X)) by

Lemma 5, we upper bound the approximation error E,pprox by combining (17) with (20),
the bound on ||g. — gn||?, and (22) as

~ i ) dK
Fapprox = O (()\?cn NG, + RN en (k) + O N+ (T,?(l + 122 + 07 1D(52/7))> ,

(23)
which proves the claim on E,pprox, as %5 = O(d) by definition, max{)\*,Tp)\*,S\ fnt < Ao,
e%()?K) = O(R%(nK/n) by Lemma 8, Ry, = O(r,), and X?ﬂ)@pe%(?&;() = O(%TPQS\%) by
)\ip = O(d). The bounds on 2 hold by definition. [ |

In the proof of Lemma 16, for bounding S\fn, we used that 6; in (6) scales with
max{l,R%(n} rather than just R/Z,{n. This choice is necessary because, in the latter case,
we cannot ensure that o2/ R?\,n remains upper bounded in the setting of Theorem 1.

Notice that the bound S, on the slope parameters from Lemma 14 is improved by the
bound on A f, from Lemma 16, replacing the earlier \/n dependence with 6y + /In(n). This
improvement will be important for applying our concentration inequality in the random
design setting and obtaining the near-minimax rate.

4.4.3 APPLYING THE CONCENTRATION INEQUALITY IN THE RANDOM DESIGN

After bounding the approximation error Eapprox = ||fi7 — yl|2 — || f« — y||2 of the DCF
estimator f;F to the regression function f,, it remains to bound the first term in (11),
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namely || f;7 — fi||? — ¢oEapprox, in order to complete the proof of Theorem 1. To this end,
we use the following concentration inequality, which builds on the Bernstein inequality and
leverages the results of Baldzs et al. (2016), as applied here to the product of subgaussian
random variables.

Lemma 17 Let F be a finite, nonempty set, and n € N. For each f € F and i € [n] U {0},
let Zy;,Wy,; be real-valued, subgaussian random variables satisfying E[e 73 i/« ] < 2 and
E[e W3 iv® ] < 2 for some w,v > 0. Suppose that, for each fized f € F, the random pairs
(Z10,Wi0), (Zf1:Wii),s- oo, (Zgn, Wrp) are iid.d., and that there exist constants o, > 0
such that p? < E[Z%O] < aE[Zy oWy for all f € F. Then, for all v € (0,1), it holds with
probability at least 1 — v that

DI 1171/,

2 n
max {E[Zf,on,O] - ; nyin,z‘} < 16(w + 20v)v

Proof See Section 4.4.4. [ |

The condition E[Z7 ] < aE[Z;oWj,] in Lemma 17 is related to the widely used Bern-
stein condition (Bartlett and Mendelson, 2006, Definition 2.6).

In order to apply Lemma 17, we need to show that f;7 belongs to a (non-random)
function class with a bounded covering number. From Lemma 6 we already know that
A < (1+63)A fn> Where A . is further bounded in Lemma 16 as A fn < Xo. The next result

provides the missing upper bound on the magnitudes of the bias parameters of f,. This
bound follows from properties of f, ensured by the final step in the definition of the DCF
estimator (5). Unlike in Section 4.4.2, here the bound on the bias terms cannot be allowed
to scale polynomially with the sample size n.

Lemma 18 Suppose that event £,5, and (6) hold. Then, there exists Bo > 0 such that
max; 7+ b+ ;. — yo| < Po, and By = O((1 + 1,) (74, + Ag,)03X0). Furthermore, we have

Lo(fif)=0((1+47 )02)\2)\2 )

Proof For each k € I}, let iy € [n] be such that f7 (X;,) = b+, + wf+ kqﬁp(sz,Xk)

which always exists by the definition of Z;" in (5). The triangle inequality and &, 5, C &,
yield || X, — X || < 2r,. Moreover, Lemmas 6 and 16 imply X s+ 03)Ao. Then, by
the triangle and Cauchy-Schwarz inequalities, and Lemma 3, we get

b g = vol < 1 (X)) = ol + llw s 16 (X, Xl

~ (24)
< (X)) — yol + 21,7, (1 + 63) Xo.

Additionally, from (5), we have f;7(X;) = C;t + fH(X;) for all i € [n], which yields
fZﬁ =CF+ = Zﬁ )=Y. (25)
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Since S‘fi < (14 63)Ao, Lemma 3 implies that f is ((1+ 93);\0)\¢p)—Lipschitz on R% w.r.t.

|||, that is f,I € ]-"(1+93)5\0A¢ ga- Using this, the triangle and Jensen’s inequalities, (25),
p?

and Lemma 9, &, implies for all ¢ € [n] that

FE (X — ol < [ £F(X —fZﬁ D]+ IV =0l -

2( + 93)Tp)\0)\¢p (’r’g + 2)\*7“p).

We prove the bound [y on the bias by combining (24) and (26), and using f3 > 1 with
max{\, 7, } = O(Xo).

By using the triangle inequality and Lemma 9, event &, also implies |f,7 (X;) — Y| <
lfH (X)) — yol + O(ry + )\orp) The bound on L, (f;}) then follows from (26) by squaring
and averaging over all i € [n]. [ |

Having bounded the parameter magnitudes of f,, we now construct a bounded, non-
random function class that always contains a function uniformly approximating f,” on the
entire space R? to the required accuracy. This construction relies on the fact that op(-,-) is
Lipschitz in its second argument (Lemma 3).

We also need the notion of tuples: the set of all tuples of size £k € N with elements
from a set X C Rd is defined as Tp(X) = {(&1,...,%k) : ; € X, j € [k]}. We extend the
definition of F,(X ) to allow X to be a tuple, so that multiple function parameters may be
associated with the same center.

The following result presents the construction mentioned above:

Lemma 19 Suppose the conditions of Lemma 18§ hold, qnd let ks be as in Lemma 8. Fur-
ther, let X, = {x € X, : || — E[X]|| <1}, n > 0, and X,,,, be an n-cover of X, w.r.t. |-||.
Define the following (non-random) function class:
Fa= U U @
kelk«] XeTi(X,,0)

where Fp(X) = {f € Fp(X) : |bgx — ol < Po, lwpll < (1+603)h, k € [|X[)} for all
X e Th(X, 77) and k € N, restricting F,(X) to functions with bounded parameter magnitudes.
Then, there exists f € Fpy such that maxgega |f;7 () — f(2)] < (1 + 03)XoAg,n-

Proof Let K = |Z}| and write Z,;7 = {ji1,...,jk, } with some indices ji,...,jx, € [K].
By Lemma 9, &, implies Xy C X, C AX,. Since K < k, by Lemma 8, it follows that
1 < Ky < K < ki, and since Xpn is an n-cover of X, w.r.t. ||-||, we can select a tuple

X = (Z1,...,8K,) € Tk, (X,,) such that F,(X) C .7-"]”, and || X, — &) < 7 for all
ke [K+] The reason for usmg tuples is that we cannot guarantee that distinct elements

from Xp n can be associated with all of Xh, . X]K+
Recall that we have )\f+ < (14 03)A;, < (1+63)\ from Lemmas 6 and 16, and
max 7+ [by+ ;. — yo| < Bo from Lemma 18. Using this, we define function f € F,(X) by

setting by =by+ . and wyy =w;y o for all k € [K4]. Then, for all x € R9, we have by
the Cauchy- Schwarz inequality and the Ay -Lipschitzness of ¢,(z,-) from Lemma 3 that
< mmax Ag || X, — 2k[||lwyl,

.
(00, X5) = 6yl 21)) wpi| < max

which proves the result as || X j, — 2| < 7 and |Jw; | < S\f; < (1403)Xo forallk € [K,]. B

+ _
‘fn x) (zc)‘ < kr&ax

25



BALAZS

As the concentration inequality in Lemma 17 requires a finite function set, next we
construct a cover of Fp, .

Lemma 20 Suppose that the conditions of Lemma 19 hold, and that the cover )Ep,n of X,
w.r.t. |- is of minimal cardinality. For all ko € N and X € Tro(RY), define a metric
between any f, f € Fp(X) as

Uro (£, f) = max bk = b gl + rollwyse —

Let n € (0,7,/2] and § € (0, 80]. For all k € N and X e 7}( ), define ]:pg( X) to be a
d-cover of Fp(X) w.r.t. ¥y, of minimal cardinality. Finally, let

%p,n,é = U U %7-"1,,5(2\?).

kelke] XeTi (X))

Then, for every function f € F,, there exists fe %pm,g which satisfies |f(x) — f( )| <
2674, (1 + [z — E[X]||/r,) for all x € RY. Additionally, In |F ;5| = O(dk.In (r,80/(nd))).

Proof Note that the result of Lemma 12 extends straightforwardly to fp()g ), where X =
(®1,..., &k, is a tuple. Therefore, we have for all f.fe Fp(X) and for all € R? that

[7(@) = f@)] < (7,1 (14 s 7, llw = el /7). (27)

Fix f € F,, arbitrarily, and let X = (&1, .. zck0> € 7760( X,.,) such that f € F,(X). By the

definition of d-cover w.r.t. 1y, , we choose fe .Fp(;( X) C .7-'p n,s to be such that 1y, (f, f) < 4.
Now fix any € R%. Since & € X, for all k € [ko], we have ||Z; — E[X]| < 7,, and the
triangle inequality yields maxye (k) ||:E — x| < ||z —E[X]| 4+ 1,. Therefore, (27) and 75, > 1

imply the claimed upper bound on |f(z) — fa). X
Define 7y 1 = Ti(Apy) for all k € [k.]. By Lemma 7, | T x| = X,k = ((Tp/n) ) Fur-
ther, for all ¥ € Tk the bounds on the bias and slope parameters of any f, f € F. (X ¥') imply

Yi(f, ) < 2(Bo + (L + 83)1,h0) = O(Bo). Therefore, Ny, (F(X),8) = O((Bo/8)T4)*) by
Lemma 10. Note that ;.p.. ]tk (th«+1 —¢)/(t — 1) < 2t* holds for any ¢ > 2. Then,
using 7,080/(nd) > 2 for all n € (0,7,/2] and 6 € (0, Bo], and d < d,, we obtain

N ks L ks 7,50 (I+dp)kx
Foandl €2 3 Now(Fo(®),6) = O D [T (Bo/) M%) = O<<25) )
k=1

k=1 Xe’]fmk

which proves the claimed upper bound on |%p77775| with 1+ d, = O(d). [ |

Finally, we are ready to combine the results and prove Theorem 1.

26



NEAR-OPTIMAL DELTA-CONVEX ESTIMATION OF LIPSCHITZ FUNCTIONS

Proof of Theorem 1 Define n = (r,/2)(K/n) and choose § € (0, 5] to be such that
6 = O((141,)Ao(K/n)), which is always possible since 3 = ©((1 +1,)%(74, + Ao, )?033),
03 > 1, min{rg,, Ag,} > 1, and K < n. Let ffT € F,, be the approximation to the
DCF estimator f;" from Lemma 19, and f+ e '%pmﬁ be the approximation to £+ from
Lemma 20. Define ¢, 5 = (1 +03) oAy, 1 + 4674, where ¢, s = O(\/&(K/n)(l + rp)935\0) by
05 > 1 and max{)\,, 74, } = O(Vd). Since 1, > p for all n > 2 and all v € (0,1), we have
E[|| X —E[X]||?/r?] <In(2) < 1 by (7) and Jensen’s inequality. Then, || f, — s < ey
follows from the triangle inequality, and Lemmas 19 and 20. Further, by using (a + b)? <
2(a? + b?) for all a,b € R, we get

. . dK 5
If = 2 S 205 = L2+ 2¢, =200 = L2+ 0(S-a+2)03R).  (28)

Notice that if || 7 — f.]|2 < 82/n, then the term || f;7 — f.]|2 in (28) becomes negligible,
since (74, + Ag,)?> = O(d). Hence, we can assume, without loss of generality, that ff* €

?p,n,&ﬂo = {f € ?p,n,d : Hf - f*”i > 53/”}
Combining the error decomposition (11) using ¢y = 4, the bound of Lemma 16 on the
approximation error Eapprox = || — yll2 — || f« — yl|%, and (28) yields

~ dK ~
165 = £ul2 = 215357 = £l12 = 2Baporor) + O( T (1 + 126353 ). (29)

Event &, implies max;cp, || X; — E[X]||?/r? < 1. Hence, | — fH 1l < ¢y5 follows from
the triangle inequality, and Lemmas 19 and 20. Then, using the Cauchy-Schwarz inequality,
the bound on || f,;} — y||, from Lemma 18, and max{ry,, As,} = O(Vd), we obtain

Eapprox = |17 — yll2 = lf+ — ylI2
= A =k 205 = A A = = A = AR = 1=l
> A =yl = 1 = wls = s =200 = Al = vl (30)
> A =yl = 1 = ylls = k5 = O(cns(1+1,)0300), )

~ dK ~
= 155 = yl2 =1 = yl2 = O (T (1 + 526303 ).

For any function f : R? — R, define Zso = f(X) — fi(X), Wro = f(X) + fu(X) —2Y
and Zy; = f(X;) — fo(X5), Wy = f(Xi) + fo(X;) — 2Y; for all 4 € [n]. Then, we have
E[ZsoWrol = |If — yllZ = [If« =yl and %Zie[n} ZyiWri = |If — ylz — I f« — yllz, since
a2 —b% = (a—b)(a+b) for all a,b € R. Note that ||f — fill2 = ||f —yl|2 — || f+ — y||? for any
function f: RY — R (e.g., Gyorfi et al., 2002, Section 1.1), which can be also expressed as
IE[ZJ%,O] =E[Z;oW¢o]. Therefore, combining (29) and (30) implies

1 = £ll2 < 2(0FE = 02 = e =l = 20058 = ol = 1 — 9112))
dK <

. n

2 dK -

= O( mnax {E[Zf,OWf,O] T E :Zf,in,i} + 7(1 + 7",02>9§/\8>-
f€fp,n,5,50 =1

+0(

Note that (Z¢0, Wyo),...,(Zfn, Wsn) are iid., and E[Z]%,O] > B2/n, for all f € .%p’n’5750.
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Take any f € Fp,s6, and let X = (Z1,...,%x,) € Ty (é?p7n) be the centers associated

A~

with f for some kg € [k,], that is f € ?pvg(i’). Then, for any x € X, using the triangle
and Cauchy-Schwarz inequalities, Lemma 3, yo = fi(%o), o € Xs, fi € Fa, x,, and
|2, — E[X]|| < 7, since &, € X, C &, we get

|f () = fu()] < max b,k — yol + [|&p(, Zp) [ [w gkl + [0 — fi(2)|

. (32)
< Bo + 7'¢p(||33 - E[X]|| + Tp)(l + 03)\o + Al — o]

Since || — xo| < 2||z — E[X]]|| for all x € X, by the definition of x( in Section 4.4.1,
and E[e”XfE[X]”Q/’"PQ] < 2 from (7), (32) yields that the random variable Zy satisfies
E[ezio/wz] < 2 for some constant w > 0 such that w = ©(8y + 74,7,(1 + 03)5\0) = O(Bo).-
Similarly, using Lemma 9, £, implies E [eZJ%ai/ w2] < 2 for all ¢ € [n]. Additionally, by writing
Wio = Zro+2(fo(X) = Y) and Wy; = Zy; + 2(fo(X;) = Y;) for all ¢ € [n], we have
E[ewzg,i/l’?] < 2 for some v > 0 satisfying v = O(w + 15) = O(Sp), for all i € [n] U {0}.
Then, by applying Lemma 17 with a = 1, u = Bo/v/n, w < v = O(fy), and using

|?P777:57/80
that

< ‘i—p,nﬁ‘ with the bound from Lemma 20, we get with probability at least 1 —

O(qun(n)dk* In (TPB"))

2 n
max {E[Zf,Onyo] =2 ZiiWs "} n 10y

fE?p,n,é,ﬁo =1 (33)

O( % 83 n(n) In(dn 7))

n

where in the last step we simplified using 76 = Q(r,(1 + rp)S\o/nZ), s, = O(Vd), 03 =
O(In(n)) = O(y/n) from (6), so (r,50)/(nd) = O(n*Bo/((1 + 1,)X0)) = O(n*Vdn).

We finally prove Theorem 1 by combining (31) and (33), together with the bound
K < k, = O(n%/2%d)) from Lemma 8. We conclude the proof by appropriately rescaling
7, and simplifying the bound by using 53 = O((l + rg)(T% + )\¢p)20§)\%) from Lemma 18,
=062 + Tg)\z + ¢%In(B2/7)) from Lemma 16, 67 = O((r? + A2) In?(n)) from (6) and
Lemma 9, 82 = O(A}), and (74, + Ag,)?75 = O(1 4 dI{p # 2}) from Lemmas 3 and 5. M

4.4.4 PROOF OF THE CONCENTRATION INEQUALITY

In this section, we present the deferred proof of Lemma 17. To this end, we employ the
following variant of the Bernstein inequality, applied to products of subgaussian random
variables:

Lemma 21 Let Z and W be real-valued random variables satisfying E[eZQ/‘*’Q} < 2 and
E[eWQ/"Q] < 2 for some constants w,v > 0, and E[Z?] > 0. Define the kurtosis of Z by
K[Z] = E[Z%]/E[Z?)2, and let ¢ > 41n(4/K[Z]). Then, the following hold:

(a) E[|ZW*] < (k!/2)E[Z?)(2cv?)(cwr)k=2 for all integers k > 2,

l—cwvs

(b) E[eS(E[ZW}_ZW)] < exp (M) for all s € (0,1/(cwr)).
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Proof Part (a) was proved in Lemma A.5 of Baldzs (2016). Part (b) follows from Theo-
rem 2.10 of Boucheron et al. (2013), using part (a). [ ]

Next, we combine Lemma 21 with the ideas of Balazs et al. (2016) to prove Lemma 17.

Proof of Lemma 17 Introduce the shorthand notation Z; = Z;p and Wy = .
By Lemma A.2 of Baldzs (2016), we have E[Zf] < 2(2/e)?w?.  Since E[Zf] > u?, it
follows that K[Zf] < 2(w/p)* for all f € F. Define ¢ = 8In(3w/p), which satisfies
¢ > maxser4In(4y/K[Zy]). Then, by applying Lemma 21 with E[ZJ%] < aE[Z; W], we
obtain for all s € (0,1), i € [n], and f € F that

(34)

s(BIZgWyl=Z5:Wyi)/(cwr) | cros‘a Wy
E[e } _exp< (1—s)(cwr)? )

Let s € (0,1) and t > 0 be constants to be chosen later. Thereby, applying the union and
Chernoff bounds, using the independence of Z;Wy, Z¢ 1 Wy1,...,Z¢, Wy, for each fixed
f € F, and applying (34), we obtain

2 — 2t
]P’{ ma;__c {E[Zfo] — E ;Zf,iWﬁi} > CWV}

fe sn

< P{ max i Z (E[Zfo] — QZfJ'WfJ‘) > t}
=1

feF 2cwvr 4
tZE[ezcw ) (BLZf W)= 2Zf,WfZ))}
feFr
ety e Lo HE[ ZfoJfo,in,o/(cw)}
fer
-t M( L)
e (EEA (L e
feF
=7

where we set s = w/(w + 2av) and t = In(|F|/7) for the last line. This proves the claim. B

5. Approximation Rates of Some DC Classes

An important part of our analysis is understanding the approximation rate of the chosen
function representation for the estimator to the underlying Lipschitz regression function. To
strengthen the connection between our work and the existing literature, we establish uniform
approximation results for other delta-convex function classes that have been proposed to
extend convex regression techniques to the more general Lipschitz setting of (1).

To the best of our knowledge, the approximation rate bounds presented in this section
(Corollaries 22 and 25) have not appeared in the literature. The closest related result
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establishes that DC functions are dense in the class of (locally) Lipschitz functions on a
closed, bounded, convex domain in R? (Ba¢dk and Borwein, 2011, Proposition 2.2).
Define the uniform norm of a function f : X — Ron X C R by || f|lco,x = supger |f(2)]-

5.1 Max-min-affine Functions

For all kg, ly € N, define the set of max-min-affine functions by

Moo = {m ‘RYS R m(x) = max min by ; + mT'wk,l,
kelko] le(lo]

T < Rd, bk,l € R, Wi, € Rd, ke [k‘o], l e [lo]}

Recall from (2) that vgj denotes the parameter of f € Foo(X) associated with the norm
term, for some finite X € R? and any k € [|X]]. We then define the class in which this
parameter is restricted to be nonpositive by Foo— (X) = {f € Fou(X) 1 v5) < 0,k € [|X][]}.

The approximation in Theorem 2 belongs to Foo—(X), thereby achieving a uniform approx-
imation rate for max-min-affine functions, as established in the next result.

Corollary 22 Let X C R? and suppose there exist r,t > 0 such that Ny (X,€) < (r/e)*
for all e € (0,r]. Let f € Fyx for some Lipschitz constant A > 0. Then, for all kg € N and

lo > 2d, there exists m € My, 1, such that || f —m|e.x < (1—i—\/g)/\rkal/t andm € F /3, pa-

Proof Write the max-norm [|-[| in max-linear form as ||&|/oc = max;e(q se{—1,1} sejT:c for
all x € R? where e, ..., eg are the canonical basis vectors of R%. Then, functions in Mo 1o
with Iy > 2d can use the internal minimization to represent the negated max-norm — |||,
thereby allowing implementation of any f € Fuo_ (X) with any X = {&,..., &} as

~

x) = max by +uj(c—ap) vz —2 = max min by + (usp+vspse;) (x—2
f(z) e fh g k) +urkl kll oo oo j{e[d}, }f,k: (wfrp+vrrse;) ( k)
se{—1,1

for all € R, Hence, the function f € .7-"00_(/\? ) from Theorem 2 belongs to My, ;.
Set € = rko_l/t, which ensures that Ny (X, €) < (r/€)* = ko. Choose X C X such that

|X| = ko and it contains an e-cover of X w.r.t. ||-||. The claims then follow from Theorem 2
using X, X, €, to =1, t; = Vd, and f € F) x. [ |

For any bounded set X', the covering condition of Corollary 22 is satisfied with ¢ = d
by Lemma 7. This yields the approximation rate ko~Y? which is known to be optimal
(DeVore et al., 1989, Theorem 4.2).

An appealing property of the class My, ;, is that it does not depend on the choice of
center points X, unlike Foo_ (X) or Fuo(X). In fact, Fo_ (X) C My, for any X C R?
with kg > |/'? | and lp > 2d. However, My, ;, uses at least d times more parameters than
Foo(X), specifically at least 2d|X|(d + 1) versus |X|(d + 2) + |X|d. Moreover, we are not
aware of any tractable algorithm for solving the non-convex ERM problem over the full
class My, 1,- Only heuristic methods have been proposed (e.g., Bagirov et al., 2010, 2022).
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The DCF algorithm (Algorithm 2) addresses this gap in the presented nonparametric
setting. Using p = oo and additional linear constraints vy < 0 for all & € [K], expressed as
w] = [u] v;] with uy, € R? and v, < 0 in (3), DCF computes an estimator f,, € Foo (Xr)
in polynomial time, where the set X is computed by AFPC. Since the worst-case approx-
imation functions of Theorem 2 and Lemma 5 already satisfy the nonpositivity constraints
{vp <0:k € [K]}, this f, estimator achieves the near-minimax rate of Theorem 1 and can

be converted to an equivalent representation m,, € Mx a4.

The final refinement step (4) is performed directly over M o4, initialized at m,, and
the resulting estimator continues to satisfy the near-minimax rate of Theorem 1. Our
proof adapts to this case (and in fact simplifies) since Mg 24 depends not on the random
covariates X,,, but only on K < k,. This leads to a substantial simplification of Lemmas 19
and 20, as we only need to construct a cover of the (non-random) class My, 24, which follows
straightforwardly from Lemma 10 after bounding the parameter space. The convergence
rate bound for m,, scales with an additional factor of d relative to that of Theorem 1, due
to the larger number of parameters in m,, compared to f,.

Finally, the symmetrization of this max-min-affine estimator can be carried out in a
similar way as for the other DCF variants, as described in Section 6.1.

5.2 Approximation of Smooth Functions

We now present an approximation result analogous to Theorem 2 for smooth functions,
which we use in Section 5.3 to establish uniform approximation results for certain delta-
convex classes.

For some v > 0, we say that a function f : X — R is v-smooth on X w.r.t. |- if it
is differentiable on X C RY, and its gradient Vf : X — R? is v-Lipschitz on X w.r.t. ||-|],
that is |V f(x) — Vf(2)|| < v|| — || holds for all ,& € X. Denote the class of v-smooth
functions on X w.r.t. ||-|| by ]-"VV’X.

Then consider the following uniform approximation bound for smooth functions:

Theorem 23 Let X, C X be an e-cover of a convex set X C RY w.r.t. ||-|. Let f € }',YX
for some constant v > 0, and define fi(®) = maxzey, f(&)+ V@) (x —z) - vz —2|?
for allx € RY. Then, 0 < f(x) — fi(z) < 2ve? for allx € X.

Proof Choose & € X arbitrarily. Because X is a convex set, Taylor’s theorem and f € ]:VV ¥

yield for all € X, that f(x) = f(&) + V[ (tax + (1 — t@)ﬁ:)T(w — &) for some tz € [0, 1].
Then by the Cauchy-Schwarz inequality, we get

hi@) - f(2) = max f(2) — f(=) + Vi@) (@ - &) - v|z - 2|’

< max(tz — )|z — &

= max
<0.
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For the other side, we have mingcy. || — &|| < € by the e-covering property. Then by
Taylor’s theorem, f € .7:5 v, and the Cauchy-Schwarz inequality, we get
f(@) = fi(z) = min f(x) - f(z) - V@) (& - &)+ v|e - 2|

€

< min (tp + vl|z — 2|

TEAXe

< 2we.
which proves the claim. |

The function fl of Theorem 23 provides a lower approximation of f. Similarly, an upper
approximation is given by f1, defined as fi () = mingex. f(&)+Vf (&) (€ —&)+v|x—2|>
for all x € R?.

Note that f; and fi use the quadratic feature ||-||2, in contrast to the norm feature |-
used by the functions f and f in Section 4.1. The next result shows that the quadratic
feature |-||> can also be used to approximate non-smooth Lipschitz functions.

Theorem 24 Let X, C X be an e-cover of a set X C R% w.r.t. ||-||. Suppose that f € Fa x
for some Lipschitz constant X > 0, and define fo(x) = maxzey, f(&) — (N e)|z — &|| for
all x € R, Then, —\e/4 < f(x) — fo(x) < 2Xe for all x € X.

Proof Choose x € X arbitrarily. By f € F) x, we have

. NP
olw) ~ () = max (@) ~ f(z) ~ (Ve)lw — ) < max Mo - (1 - 12 2) < %€

For the other side, we have mingey, || — || < € by the e-covering property. The claim then
follows from f € Fy x as f(z) — fo(z) = mingex, f(z) — f(@) + (V\/e)|lx —Z[> <2Xe. W

Again, the max-concave approximation fo has an analogous min-convex variant fo,
defined as fo(z) = mingex, f(&) + (M e)||x — &2 for all € RY. Figure 6 illustrates the
approximations of this section on the smooth and non-smooth examples from Figure 5.

Although it is straightforward to modify the DCF algorithm to use ||-||? instead of ||-|| in
the function representation of .7:2(2? Kk ), the near-minimax guarantee of Theorem 1 does not
carry over. Our proof of Theorem 1 does not extend to this case due to the challenge that
the approximation functions fo and fl are only locally Lipschitz, and the coefficient of the
quadratic feature ||-||2 in fo grows as A /e, which scales polynomially in n since e & n~1/(2+d),
Addressing this issue remains an open direction for future research.

FVU(f,)=0.016 N FVU(1)=0.012| | cm f FVU(0)=0.202| | cumm f A FVU(fy)=0.120
/\\ = N fo fo
- N - 4 N o
i s 4 i = N\ » |/ 4 N
« T o / /
L] L] L] L] L] L] L] . L] L] L] L] L] L] L] L] [ ] L ] [ ] L] L[] (] (] (] (] [ ] (] L] L] L] L] L] L] L] L] L] L] L] L] L]

Figure 6: Approximation of a smooth function (left two plots) by f1 and f1 of Theorem 23,
and of a non-smooth Lipschitz function (right two plots) by fo and fy of Theo-
rem 24. The setting and notation are the same as in Figure 5, except that in the
left two plots, the shaded areas indicate distances of ve? and 2ve? from f.
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5.3 Weakly Max-affine and Delta-max-affine Functions

The functions fo and fl of Theorems 23 and 24 are weakly convex in the sense of Vial

(1983); that is, there exist sg,s1 > 0 such that fo + sgq and fl + s1q are convex functions,

where ¢ is a symmetric convex quadratic function given by g(x) = ||z||? for all = € R%.
Define the class of max-affine functions with at most kg € N hyperplanes by

My = {m RS R|m(z) = e by twlx, zeRY by € R, wy € RY, k€ [k:o]}.
€lko

Let the class of weakly max-affine functions be My = {f|f =m — sq, m € My,, s € R}.

Furthermore, consider the closely related class of delta-max-affine functions, defined by

./\/lkAO = {f|f = mi—ma, mi,my € My, }. The next result provides uniform approximation

bounds for both of these classes. For convenience, let Foo x = ]:OZX ={flf: X =R}

Corollary 25 Let X C R? be a convex set, and suppose there exist r,t > 0 such that
Ni(X,€) < (r/e)t for all e € (0,7]. Let f € Fyx O}'IYX for some constants \,v € (0, 00].
Then, for all ko € N, there exist functions f, € M} and fa € MkAO such that

| fw = flloo,x < 2emin{\, ve}, | fa = flloo,x < 3emin{\, ve}, €= rkgl/t.

Proof The choice € = rko_l/t ensures that Nj. (X, e) < (r/e)® = ko, which allows us to
choose X C X with |X| = ko such that it contains an e-cover of X w.r.t. ||-||. Suppose that
{\, v} # {00}, otherwise the claim is trivial and vacuous.

For finite A and v, define the following weakly max-affine functions for all € R%:

fo(®) =mo(x) = (N e)g(x), mo(x) = max f@) = (Ve)llzl® +2( o)z x,

fil@) = mi@)-va@). () = max (@) - v@|® - V@) @ + (V@) +20)

Clearly, fo, f1 € M., where fo coincides with the function constructed in Theorem 24 and
fl with the one in Theorem 23. Set fl = fo for v = oo and fo = fl for A = co. Then, the
claimed upper bound on || fy — f||cc,x follows directly for some f, € { fo, fl}

Next, we approximate the quadratic function g by a max-affine function formed as
the maximum of the first-order Taylor approximations of ¢ at the points in X. Define
m(x) = max,_; —||z]* + 2&'x for all & € R?. Then, by the e-covering property of X,
we have g(z) — /m(x) = ming_plle — &||* € [0,€°] for all € X. Let § = min{\, ve} and
My € {mo, m1} such that f,, = my, — (5/€)q € {fo, f1} satisfies || fu, — fllco,x < 2€0. Define
fa =my — (0/€)m, where fa € MkAO . The second claim then follows by using the triangle
inequality as ||fa — flloo.x < ||fa — fwlloox + || fw — flloo.x < (6/€)€® + 268 = 3€d. |

For estimator design in regression, weakly max-affine functions were studied by Sun and
Yu (2019), although without establishing convergence rates. Using delta-max-affine func-
tions, Siahkamari et al. (2020) proposed an estimator and proved a suboptimal convergence
rate for the case in which the regression function is delta-convex. Our proof techniques
do not apply to either of these function classes, for the reasons explained at the end of

33



BALAZS

Section 5.2. Nevertheless, Corollary 25 may be useful for extending these developments and
designing near-minimax estimators for smooth regression functions, which lies beyond the
scope of this work.

6. Variants of DCF

As mentioned in Section 2.2, one can train over any of the function classes Fp(-), F, (),
or ]:pA(-) with p € {1,2,00,+} using DCF (Algorithm 2). While all these settings enjoy
the near-minimax guarantee of Theorem 1, they can differ significantly in empirical per-
formance, as shown in Section 3. We further illustrate this difference in Figure 7 for the
1-dimensional examples discussed earlier in Figures 5 and 6. The plots show that F(-)
struggles to approximate the concave regions, while F° () struggles with convex regions.
In contrast, the symmetric representation in ]-'pA(-) overcomes both issues and achieves
significantly better approximation accuracy. In all cases, the accuracy is an order of magni-
tude better than that of the worst-case optimal approximation functions from Theorem 2 in
Figure 5. The plots also illustrate how the choice of the regularizer 6o controls the “smooth-
ness” of the estimator. In these noise-free settings, smaller values of 6o yield better results;
however, in the noisy problems discussed in Section 3, such choices can lead to overfitting.

Recall the definition .7:1;(23;() = {—f: f € Fy(Xk)} from Section 2.3. Training over
Fy (.)2 %) requires only a minor modification to DCF: one can flip the sign of the response
variables Y7, ...,Y,, during training, and then flip the sign of the final estimator f;I at the
end. The case of ]:pA is slightly more involved, and we discuss it in detail in the next section.

— A
Fp(+) Fp () Fp ()

FVU(f5)=0.002 FVU(f;)=0.003 FYU(f7)=3e-05

- f FVU(f;5)=0.005 FVU(,;)=0.008 FVU(f;:)=0.003
i
— 1
o &

L[] L[] . L[] L[] L[] L[] L] . L[] L[] L[] L[] L] L[] . L[] * L[] . L[] . L[] L[] L[] L[] L] L[] * L[]

A FVU(5)=0.048 FVU(f;)=0.018 FVU(f;)=4e-06

J— FVU(fl;):o.los FVU(/;;)=0.059 FVU(f;;)=0.023
Ik
— I
o &

b4
[ ] L] L] L] L] L] L] L] L] L] L ] L] L] L] L] L] L] L] L] L] L ] L] L] L] L] L] L] L] L] L]

Figure 7: DCF approximations, each column showing the result for F,(-), 7, (), pr('),
respectively. We used the norms p € {1,2, 00} which are equivalent for d = 1.
The settings and the notations are the same as in Figure 5. DCF uses the same
parameters as in Section 3, with 0 = (Ry, /n)? for f:{ and 0y = Rf\,n /n for ffg
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6.1 Symmetric Representations

We now describe the modifications to DCF (Algorithm 2) needed to work with the sym-
metric class pr(XK) ={f|f=rfi— fa, f1,f2 € Fp(XK)}.

As before, we compute a single set of center points X using AFPC (Algorithm 1). The
main difference lies in modifying (3) to use two sets of parameters, ((bg,wy) : k € [K]) and
(b}, w}) : k € [K]), as shown in the following:

gg}g 0122 + Z 02 H’wkHQ‘f‘Hwk” )

b1,....,bi €ER, ke[K]
wt@';ﬁff%i?ﬁf”’ + % 3 I{X; € Cul(Fx)} (bk — b+ (X, X )T (wyy — wh) — n)2
w),...,wh ERP i€[n)
such that for all k,1 € [K]: by > by + ¢p(Xp, X)) Twy,  |Jwy]| < 2+ 6o,
b?c > b;+¢P(Xk7Xl)T’w27 Hw;cH < z+ bo. (35)

Let the solution of (35) be (2n, ((bn ks Wn k), s w), ) = k € [K])), and define the (ini-
tial) estimator by f, = fn1 — fn2, where fp,1(x) = maxke[m bk + %(a:,X’k)Twn,k, and
fr2(®) = maxpe k) b), 1, + dp(z, X’k)Tw;%k, for all € R Clearly, fp.1, fna € Fp(Xx), and
we have f, € pr(QEK).

Next, the final step refines the estimator f,, to f € ]-'pA(i’K) that satisfies (4), where
the regularizer

- 2 2
Regerea(f) =1 el (lw gkl = o)’ + 2 Z llw g, il (36)
ke[K],j€(2]

is defined for all ¢g,c1,co > 0, and for all f = f1 — fo € ]-"pA(/‘eK) with fi, fo € f,,()?K).

Here, we use 5\f = maXje(K ’]6[2]||wf],k|| to define R, (-) in (4).

Suppose the refined estimator f, F+ s expressed as f+ = n+ 1 +2 with some functions

fnvl, fn,2 € F,(Xk). Then, the final estimator f; = f;;l — fry is defined for all € R? as

f;fj(w) = ( )C’+ +kréllax bf;],k X + ¢P(m’Xk)wa;j,k’ j € 1[2], (37)
n,j

where I+ =7, ( i i) C;r and Z,(-) are defined as in (5), and the average bias term CJ is
given by C =3 ZJE [2] |Z+ ‘ ZkeI“' bf

ng’

Let b;.fk = (f —NCH + bf;ﬁj & C’+ be the bias parameters used in defining f,}, for all
j€2]and k € I:;j. Define the average bias terms as b;j = m ZkeZ,tj ijk for all j € [2].

Note that subtracting the constant C'{ from all the bias parameters leaves the function f;
unchanged and ensures that 13:71 + 17):72 = 0.

We claim that the theoretical guarantee of Theorem 1 extends to DCF estimators based
on the symmetric set ]-“pA (). The derivation in Section 4 can be straightforwardly adapted to
this case, except for one detail concerning the bounding of the unregularized bias parameters
in Lemmas 14 and 18. The techniques presented in Section 4.4 yield bounds on differences
between pairs of bias parameters, rather than on individual ones. To decouple these bounds,
we apply the following result.
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Lemma 26 Let n,m € N, and ay,...,an,b1,...,by € R. Define a = (1/n) Yo a; and
b= (1/m) 37, bj. Suppose that a+ b =0, and that there exist c € R and 8 >0 such that
MaX;en] je[m] |ai —bj —c| < B. Then, max{mau(le |a; — ¢/2], maxjepy [bj +¢/2]} < 35/2.

Proof By Jensen’s inequality, we get |[a—b—c| < -L- 5" | >t \ai—bj—c] < B. Combining
this with @ = —b yields |a—c/2| < /2 and |b+c/2| < $/2. Then, by using the reverse trian-
gle and Jensen’s inequalities, we get for all i € [n] that |a; —c/2|—|b+c/2| < |a;—b—c| < S,
which implies max;e,) [a; — ¢/2| < 38/2. The other claim, max;¢y [b; + ¢/2| < 33/2, fol-
lows analogously. |

Similarly to the proof of Lemma 18, one can show that for every k € I,J; 1 there exists

l eI 2 such that |b b;l — 90| < Bo, and symmetrically with the roles of the two
components mterchanged To lift this to all index pairs, We bound the spread of the bias
parameters within each component. By the deﬁmtlon of 7. ], for all j € [2] and k € ny j

there exists i € [n] with f;fj( i) = bjk ¢p(Xi,, X). Hence, for all j € [2] and
k,leTL!.

n,j?
of f+ ,and Xx C A, yield
(b3 = bl < 1y (Xie) = oy (Xa)l + llw o ,llldp(X i Xl + wa;j,zHHébp(Xz‘qu)H
< (Ag, +27¢p)gela><|lwfgj,kll H}g[X]HX - Xy
= O(Bo)-
Combining the two bounds through the triangle inequality gives |b], — b5, — vo| = O(5)

for all k € I+1 and | € T n27
The bias parameters of f, can be centered to satisfy 0 = Zke[K} o + b, without

f+ K
the triangle and Cauchy-Schwarz mequahtles, Lemma 3, the Lipschitz continuity

which we then separate using Lemma 26 with 5;1 + 5;2 =0.

changing the function. Analogously to the proof of Lemma 14, we get [b,; — b, ), — yo| =
O(B1) for all k € [K]. To extend this to all pairs, we use the constraints in (35). Spemﬁcally,
for each pair k,l € [K], we have by, > b + gbp(Xk,Xl) w; and b; > by + qbp(Xl,Xk) wy,
which imply |bpx — bng| = O(7g, R, maxyek)|wnw|]) = O(B1). The same reasoning
applies to {b%k : k € [K]}. We then use the triangle inequality to bound the distance
between all pairs as b, — b, ; — yo| = O(B1) for all k,l € [K], and invoke Lemma 26. The
remaining details are straightforward and omitted for brevity.

6.2 Adapting to Convex Shape-restricted Regression

We now consider the setting of convex (shape-restricted) regression, where the \,-Lipschitz
regression function f, is known to be convex. The goal is to estimate f, with a convex
function.

Let F\'% = { feFx: fis convex} denote the set of A-Lipschitz, convex functions
on a convex set X C RY Let Vf(x) denote an arbitrary but fixed subgradient of f at
x € R% We consider the statistical model (1), modified so that f, € N, for an unknown
Lipschitz constant A, > 0 and an unknown convex domain X, C R<. In this setting, DCF
(Algorithm 2) can be applied by restricting ]-'p(gé k) to convex functions, where the center
points Xx = {Z1,..., &K} are computed by AFPC (Algorithm 1).

The max-affine representation is by far the most widely used in convex regression. DCF
can be readily adapted to this case by disabling the “norm feature” and restricting Fp(éf’K)
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to the class of max-affine functions as
Mg = {f S ./T‘.p(/‘%[{) : w;k = [u;k Uf’k], urr € Rd, Vfk = 0, ke [K]}, (38)

which holds for all p € {1,2,00}.
To adapt the proof of Theorem 1 to the convex regression setting, we replace Theorem 2
with the following approximation result, which slightly extends the result of Balazs (2022).

Theorem 27 Let X, be an e-cover of a convex set X C R%. Suppose f € F\% for some
Lipschitz constant A\ > 0, and let m(x) = maxgex, f(&) + V(&) (x — &) for all z € RZ
Then, for all x € X and & € X,

0 < flz) — m(z) < 2Xe, (&) = f(&), i € FL N Mjx,.

Proof The convexity of f directly implies 0 < f — m. Moreover, since f € F) x, we get
for all x € X that

f(@) —m(z) = min f(z) - f(&) - Vf(@) (& - &) < 2) min|z - &, (39)

TEX, zeX,

which implies f(x) — m(x) < 2Xe for all € X' by the e-covering property of X,. Further-
more, choosing @ = & € X, in (39), we get f(&) — m(&) < 0, implying the second claim.
The third claim follows because the max function is 1-Lipschitz, and ||V f(2)|| < A for all
recXas X, CXand feF)x. [ |

Since Theorem 27 delivers the same O(\e) approximation accuracy as Theorem 2, one
may apply DCF with the class of max-affine functions Mg to achieve the near-minimax
rate of Theorem 1 in the convex regression setting. This matches the theoretical guarantees
of the APCNLS algorithm of Balazs (2022), but unlike APCNLS, DCF does not require
knowledge of the Lipschitz constant \.. Moreover, the optimization problem (3) in DCF uses
K? constraints, which provides a substantial reduction in computational burden compared
to the nK constraints used in APCNLS.

Motivated by the experimental results of Section 3, it may be beneficial to use a richer
function class than the max-affine one. In particular, one can allow v¢; > 0 for all k € [K]
instead of enforcing vy = 0 as in (38), which still ensures that the set }'p(/'\? i) is restricted
to convex functions for all p € {1,2,00}. Moreover, one can restrict the set .7-"+(23K) to
convex functions using the following simple result:

Lemma 28 Fiz &,u,v € R, and define f(x) = (x — &)yu+ (T — x)4v for all x € R. Then
f is conver on R if and only if u > —v.

Proof Write f(z) = (z—&)4(u+v)— ((z—2)1 — (& —2)4)v = (z — &)1 (u+v) — (z— &)v
which is convex on R if u + v > 0 and concave otherwise by the convexity of (-). |

Then, by Lemma 28, the above-mentioned restriction to convex functions can be for-
malized by using an extra linear constraint as

.FJCFVX(XK) = {f S .F+(.)E'K) : w;k = [u;’k U}r’k], Uk > —Vfk, UFk, VfL € Rd, ke [K]}

A detailed analysis of when these extended convex function classes provide performance
gains compared to max-affine functions is left for future research.
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7. Conclusions

We introduced the polynomial-time DCF algorithm, which decomposes the nonparametric
estimation of a Lipschitz function into three steps: a partitioning step, an initial convex
fitting step over the resulting partition, and an optional refinement step applied to the
initial solution. As shown in Theorem 1, DCF achieves the adaptive near-minimax rate
in our setting, capturing the intrinsic dimension of the covariate space without relying on
external model selection procedures.

Our empirical results show that DCF, when equipped with an appropriately chosen
regularization parameter 0o, can be competitive with state-of-the-art methods and can
outperform other theoretically justified algorithms. However, its sensitivity to 02, together
with its computationally intensive training procedure, highlights an important direction for
future research.
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