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Abstract

This paper presents a tractable algorithm for estimating an unknown Lipschitz function
from noisy observations and establishes an upper bound on its convergence rate. The ap-
proach extends max-affine methods from convex shape-restricted regression to the more
general Lipschitz setting. A key component is a nonlinear feature expansion that maps
max-affine functions into a subclass of delta-convex functions, which act as universal ap-
proximators of Lipschitz functions while preserving their Lipschitz constants. Leveraging
this property, the estimator attains the minimax convergence rate (up to logarithmic fac-
tors) with respect to the intrinsic dimension of the data under squared loss and subgaussian
distributions in the random design setting. The algorithm integrates adaptive partitioning
to capture intrinsic dimension, a penalty-based regularization mechanism that removes the
need to know the true Lipschitz constant, and a two-stage optimization procedure com-
bining a convex initialization with local refinement. The framework is also straightforward
to adapt to convex shape-restricted regression. Experiments demonstrate competitive per-
formance relative to other theoretically justified methods, including nearest-neighbor and
kernel-based regressors.

Keywords: nonparametric regression, Lipschitz function, squared loss, minimax rate,
function approximation, delta-convex function, empirical risk minimization

1. Introduction

This paper considers the fundamental problem of estimating an unknown regression function
from noisy observations in the random design setting. Suppose we observe n independent
and identically distributed (i.i.d.) samples, Dn

.
= ⟨(Xi, Yi) : i ∈ [n]⟩, for an unknown

real-valued regression function f∗ : X∗ → R on some unknown domain X∗ ⊆ Rd, such that

Xi ∈ X∗ almost surely (a.s.), Yi
.
= f∗(Xi) + ξi. (1)

The noise ξi is centered, satisfying E[ξi|Xi] = 0 a.s. for all i ∈ [n], where [m]
.
= {1, . . . ,m}

for any positive integer m. We assume that the regression function f∗ is λ∗-Lipschitz on
X∗ with respect to (w.r.t.) the Euclidean norm ∥·∥2 for some unknown Lipschitz constant
λ∗ ∈ (0,∞). We evaluate the estimators using the excess risk under squared loss, for which
the minimax (convergence) rate is known to be Θ

(
n−2/(2+d∗)

)
in terms of the sample size

n and the intrinsic data dimension d∗ (Stone, 1982). Throughout the paper, we use the
standard asymptotic order of growth notations: Ω(·), Θ(·), and O(·).

In convex (shape-restricted) regression (e.g., Lim, 2014; Han and Wellner, 2016; Balázs,
2016; Kur et al., 2024), the regression function f∗ is known to be convex on a convex
domain X∗, and the goal is to estimate f∗ by a convex function. In this setting, it is common
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to choose the estimator from the class of max-affine functions (functions defined as the
maximum of finitely many affine functions) because they approximate any convex function
at the worst-case optimal rate (Balázs et al., 2015). Moreover, empirical risk minimization
over max-affine functions using n hyperplanes can be reformulated as a tractable convex
optimization problem (solvable in polynomial time w.r.t. d and n; Boyd and Vandenberghe,
2004, Section 6.5.5). Although several extensions of max-affine functions were proposed
(Bagirov et al., 2010; Sun and Yu, 2019; Siahkamari et al., 2020), none have been shown to
achieve the minimax rate up to logarithmic factors (i.e., near-minimax rate) in the general
Lipschitz setting of (1). In this paper, we fill this gap by using the following extension of
max-affine functions:

Fp(X̂ )
.
=

{
f : Rd → R

∣∣ f(x) = max
k∈[k0]

bf,k + u⊤
f,k(x− x̂k) + vf,k∥x− x̂k∥p,

x ∈ Rd, bf,k ∈ R, uf,k ∈ Rd, vf,k ∈ R, k ∈ [k0]
}
,

(2)

where X̂ .
= {x̂1, . . . , x̂k0} ⊂ Rd is a nonempty, finite set of size k0

.
= |X̂ |, and ∥·∥p is the

usual p-norm on Rd for p ∈ {1, 2,∞}.
The key observation, based on the function representation in the extension theorem

of McShane (1934), is that when X̂ is chosen to be an ϵ-cover of the covariate data
Xn

.
= {X1, . . . ,Xn} w.r.t. ∥·∥2, there exists a function within Fp(X̂ ) for any p ∈ {1, 2,∞}

that is uniformly O(ϵ)-close to the Lipschitz regression function f∗ on Xn (see Theorem 2).
We use this fact to bound the approximation error of our estimators to f∗ on Xn, where the
estimators “approximately” minimize the empirical risk over the training data Dn within
Fp(X̂ ). A tradeoff arises in selecting the size of the cover X̂ : increasing |X̂ | improves ap-
proximation accuracy (i.e., smaller ϵ) but results in a more complex representation (i.e.,
more parameters), and vice versa. To balance this tradeoff, we construct X̂ using the adap-
tive farthest-point clustering algorithm of Balázs (2022), which achieves |X̂ | ≈ nd∗/(2+d∗)

and ϵ ≈ n−1/(2+d∗). Our main result, stated in Theorem 1, shows that this choice of X̂
together with the class Fp(X̂ ) yields estimators that achieve a near-minimax rate under (1)
for subgaussian distributions.

We predominantly use the Euclidean norm ∥·∥2 with the shorthand notation ∥·∥. We
only allow the norm to vary in the estimator design in (2), using this flexibility to high-
light connections between our method and two other techniques in the literature. With the
max-norm (p = ∞), the elements of the set {f ∈ F∞(X̂ ) : vf,k ≤ 0, k ∈ [k0]} are max-
min-affine functions (functions defined as the maximum of minima of finitely many affine
functions). Since Ovchinnikov (2002) showed that max-min-affine functions can represent
any continuous piecewise-linear function, various max-min-affine estimators have been de-
veloped (Bagirov et al., 2010; Toriello and Vielma, 2012; Bagirov et al., 2022). However, to
the best of our knowledge, none of these come with theoretical guarantees. In Section 5.1,
we address this gap with a tractable max-min-affine estimator based on F∞(X̂ ), to which
the near-minimax guarantee of Theorem 1 applies. In Section 2, we further discuss an ex-
tension to F1(X̂ ), which can be computed by maxout neural networks (Goodfellow et al.,
2013).

Our algorithm regularizes the uniform Lipschitz constant of the estimator and does not
require knowledge of the Lipschitz constant λ∗ of the regression function f∗. In Section 6.2,
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we further show how our method can be easily adapted to the convex regression setting.
Although Blanchet et al. (2019) proposed a similar uniform Lipschitz regularization for
convex regression and proved a convergence rate in probability, their result only holds for
d > 4 and for sufficiently large n satisfying ln(n) ≥ λ∗. Lim (2025) extended this result to
d ≤ 4, but it still only provides a convergence rate in probability as n→∞. In contrast, we
establish a probably approximately correct (PAC) bound that holds for all n ≥ 2. To the
best of our knowledge, this adapted variant of our estimator is the first tractable method
for convex regression to enjoy a PAC guarantee in the random design setting (albeit not
necessarily near-minimax) without requiring knowledge of λ∗ or a uniform bound on f∗.

The result of Hiriart-Urruty (1985, Section III.2) shows that the class Fp(X̂ ) lies within
the class of delta-convex (DC) functions, whose elements can be expressed as the difference
of two convex functions (Hartman, 1959). The classes of max-min-affine, weakly max-affine,
and delta-max-affine functions are also contained within the class of DC functions, and all
of them have been studied for estimator design (e.g., Bagirov et al., 2010; Sun and Yu, 2019;
Siahkamari et al., 2020). However, none of these approaches have achieved a near-minimax
rate guarantee in the setting of (1). In Sections 5.1 and 5.3, we provide approximation
results for all of these classes, which may be of independent interest. To achieve the near-
minimax rate in Theorem 1, we work with Fp(X̂ ) for two reasons. First, empirical risk
minimization (ERM) over Fp(X̂ ) leads to a tractable convex optimization problem, as
discussed in Section 4. In contrast, we are not aware of any tractable “approximation” of the
ERM problem over the entire class of max-min-affine functions. Second, for the worst-case
optimal approximation f ∈ Fp(X̂ ) to a λ∗-Lipschitz regression function f∗, the parameter
magnitudes maxk∈[k0]max{∥uf,k∥, |vf,k|} are provably bounded above by O(λ∗), as shown
in Theorem 2. Importantly, this upper bound does not depend on the approximation
accuracy. Since we cannot establish a similar bound for weakly max-affine and delta-max-
affine functions, our proof technique does not apply to those cases in general (i.e., without
further assuming smoothness of f∗).

Finally, we note that several other methods have been shown to achieve a near-minimax
rate in the regression setting of (1) with respect to the intrinsic data dimension. Specifically,
these are the nearest-neighbor estimator (Kulkarni and Posner, 1995, Corollary 3), certain
tree-based predictors (Kpotufe and Dasgupta, 2012, Theorem 9), and the Nadaraya-Watson
estimator (Kpotufe, 2010, Theorem 21). Unlike typically discontinuous partitioning estima-
tors, such as nearest-neighbor and tree-based methods, our estimator is always continuous.
While the Nadaraya-Watson estimator also produces a continuous function by forming a
weighted average over the entire sample using a continuous kernel, its structural behavior
differs from ours. In particular, the max operator underlying the representation of functions
in Fp(X̂ ) induces a partition of Rd, making our estimator more closely resemble partitioning
regression methods than kernel-based approaches such as Nadaraya-Watson. Moreover, in
contrast to our algorithm and to certain tree-based methods (Kpotufe, 2009, Theorem 4),
both partitioning and kernel regression techniques generally require external model selec-
tion procedures (e.g., Bartlett et al., 2002) such as sample splitting or cross-validation (e.g.,
Györfi et al., 2002, Chapters 7 and 8) to adapt to the intrinsic dimension and attain near-
optimal guarantees. Although a comprehensive empirical evaluation is beyond the scope of
this paper, we include experimental comparisons with these methods in Section 3.
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2. The Proposed Algorithm

Define the feature vector ϕp(x, x̂)
.
=

[
(x− x̂)⊤ ∥x− x̂∥p

]⊤ ∈ Rd+1 for all p ∈ {1, 2,∞} and
x, x̂ ∈ Rd. Then, for any nonempty, finite set X̂ .

= {x̂1, . . . , x̂k0} ⊂ Rd, we can rewrite (2)
in the compact form:

Fp(X̂ ) =
{
f : Rd → R

∣∣ f(x) = max
k∈[k0]

bf,k +w⊤
f,kϕp(x, x̂k),

x ∈ Rd, bf,k ∈ R, wf,k ∈ Rdp , k ∈ [k0]
}

where dp
.
= d + 1. This formulation allows us to analogously introduce the set F+(X̂ ) by

defining ϕ+(x, x̂)
.
=

[
(x− x̂)⊤+ (x̂− x)⊤+

]⊤ ∈ Rd+ and d+
.
= 2d, where the ReLU operation

(z)+
.
= max{0d, z} is applied elementwise to any vector z ∈ Rd, with 0d denoting the zero

vector of size d.
The functions of F+(X̂ ) can be computed by the so-called maxout neural networks

(Goodfellow et al., 2013). Further, F1(X̂ ) ⊂ F+(X̂ ) holds because 1⊤2d ϕ+(x, x̂) = ∥x− x̂∥1
and [w⊤ −w⊤]ϕ+(x, x̂) = w⊤(x − x̂) for all x, x̂,w ∈ Rd, where 1s denotes the all-ones
vector of size s. In the paper, we consider Fp(X̂ ) for all p ∈ {1, 2,∞,+}, and discuss their
approximation guarantees for Lipschitz functions in Section 4.1.

Let k0 ∈ N, and {C1(X̂ ), . . . , Ck0(X̂ )} denote the Voronoi partition of the entire space
Rd induced by the center points X̂ .

= {x̂1, . . . , x̂k0} ⊂ Rd w.r.t. the Euclidean norm ∥·∥.
Formally, define Ck(X̂ )

.
=

{
x ∈ Rd : ∥x− x̂k∥ = minx̂∈X̂ ∥x− x̂∥

}
for all k ∈ [k0], with ties

broken arbitrarily but consistently (e.g., by selecting the center with the smaller index).

2.1 Delta-convex Fitting (DCF)

Fix p ∈ {1, 2,∞,+} and suppose we are given the training data Dn from (1). First, we use
the adaptive farthest-point clustering (AFPC; see Algorithm 1 below) method of Balázs
(2022) to compute a finite set of distinct center points X̂K

.
= {X̂1, . . . , X̂K} ⊆ Xn for some

K ∈ [n]. Then, the core of our algorithm is the following convex optimization problem:

min
z∈R,

b1,...,bK∈R,
w1,...,wK∈Rdp

θ1z
2 +

∑
k∈[K]

θ2∥wk∥2 +
1

n

∑
i∈[n]

I
{
Xi ∈ Ck(X̂K)

}(
bk +w⊤

k ϕp(Xi, X̂k)− Yi
)2

such that bk ≥ bl +w⊤
l ϕp(X̂k, X̂ l), ∥wk∥ ≤ z + θ0, k, l ∈ [K].

(3)

where I{·} is the {0, 1}-valued indicator function, and θ0, θ1, θ2 ≥ 0 are fixed regularization
parameters. In particular, the role of θ0 is to mitigate the effect of conservative regu-
larization on the uniform Lipschitz constant of the estimator (i.e., the θ1z

2 term). Let
(zn, ⟨(bn,k,wn,k) : k ∈ [K]⟩) be a solution to (3), and define the (initial) estimator as

fn(x)
.
= maxk∈[K] bn,k +w⊤

n,kϕp(x, X̂k) for all x ∈ Rd. Clearly, fn ∈ Fp(X̂K).

Denote the empirical risk of any function f : Rd → R by Ln(f)
.
= 1

n

∑
i∈[n]

(
f(Xi)−Yi

)2
.

Additionally, for all f ∈ Fp(X̂K) and c0, c1, c2 ≥ 0, define the regularization term

Rc0,c1,c2(f)
.
= c1 max

k∈[K]

(
∥wf,k∥ − c0

)2
+
+ c2

∑
k∈[K]

∥wf,k∥2,
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and the largest slope parameter magnitude by λ̃f
.
= maxk∈[K]∥wf,k∥. We then define f̂+n to

be a refinement of fn in the sense that

f̂+n ∈
{
f ∈ Fp(X̂K) : Ln(f) +Rn(f) ≤ Ln(fn) +Rn(fn)

}
, Rn(·)

.
= Rθ3λ̃fn ,θfn ,θ2(·), (4)

where θfn
.
= λ̃−2

fn

(
Ln(fn) + R0,0,θ2(fn)

)
if λ̃fn > 0, and θ3 ≥ 1 is a fixed regularization

parameter. Note that λ̃fn = maxk∈[K]∥wn,k∥ by definition. In the degenerate cases, when

λ̃fn = 0 or θfn = 0, we set f̂+n = fn and θfn = 0.

To define the final estimator, we prune all parameters of f̂+n which do not affect its em-
pirical risk, and center its average response over Xn. Formally, we define the final estimator
for all x ∈ Rd as

f+n (x)
.
= C+

n + max
k∈I+

n

bf̂+n ,k +w⊤
f̂+n ,k

ϕp(x, X̂k), I+n
.
= In(f̂+n ),

In(f)
.
=

{
k ∈ [K] : f(Xi) = bf,k +w⊤

f,kϕp(Xi, X̂k) for some i ∈ [n]
}
,

(5)

where the index set In(·) is defined for all f ∈ Fp(X̂K), and the centering constant C+
n is

given by C+
n
.
= Ȳ − 1

n

∑n
i=1 f̂

+
n (Xi) with Ȳ

.
= 1

n

∑n
i=1 Yi.

We call our algorithm delta-convex fitting (DCF) and summarize it in Algorithm 2. For
completeness, Algorithm 1 also presents the AFPC method of Balázs (2022). To describe it,
let the covariate data radius be defined as RXn

.
= maxi∈[n]∥Xi−X̄∥ with X̄

.
= 1

n

∑
i∈[n]Xi.

Define the clustering objective as ϵn(X̂ )
.
= maxX∈Xn minX̂∈X̂ ∥X − X̂∥, and the partition

size limit as k̂(X̂ ) .= min
{
n(ϵn(X̂ )/RXn)

2, nd/(2+d)
}
for any set of center points X̂ ⊆ Xn.

Algorithm 1 X̂ .
= AFPC(Xn)

1: X̂ ← {X̂} with arbitrary X̂ ∈ Xn
2: while |X̂ | < k̂(X̂ ) do
3: X̃∈argmaxX∈Xn

minX̂∈X̂ ∥X−X̂∥
4: X̂ ← X̂ ∪ {X̃}
5: end while
6: return X̂

Algorithm 2 f+n
.
= DCF(Dn, ϕp)

1: X̂K
.
= AFPC(Xn), K

.
= |X̂K |

2: (zn,{(bn,k,wn,k) :k ∈ [K]})← solution to (3),

using Dn, ϕp, X̂K , and θ0, θ1, θ2
3: fn(·)

.
= maxk∈[K] bn,k +w⊤

n,kϕp( · , X̂k)

4: f+n ← refinement of fn via (4) and (5),
using Dn, ϕp, X̂K , fn, and θ0, θ1, θ2, θ3

5: return f+n

We consider feature maps ϕp for all p ∈ {1, 2,∞,+}, and analyze the DCF algorithm
under the following choice of regularization parameters:

0 ≤ θ0 = O
(
(RYn/max{1, RXn}) ln(n)

)
, θ1 = Θ

(
max

{
1, R2

Xn

}
(dK/n)

)
,

0 ≤ θ2 ≤ θ1/K, 1 ≤ θ3 = O
(
ln(n)

)
,

(6)

where the response data radius is defined as RYn

.
= maxi∈[n] |Yi−Ȳ | with Yn

.
= {Y1, . . . , Yn},

and K is the size of the AFPC-computed partition as defined in Algorithm 2.
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2.2 Theoretical Guarantees of DCF

Let B(x0, r)
.
= {x ∈ Rd : ∥x − x0∥ ≤ r} denote the closed ball in Rd centered at x0 ∈ Rd

with radius r > 0. We write Z ∼ P to indicate that the random variable Z is sampled from
the distribution P . We consider the statistical model (1), where the regression function
f∗ : X∗ → R is λ∗-Lipschitz on its domain X∗ ⊆ Rd.

Let d◦ denote the doubling dimension of X∗ (e.g., Gupta et al., 2003). That is, d◦ is
the smallest number such that for any x ∈ Rd and r > 0, the set B(x, r) ∩ X∗ can be
covered by the union of at most 2d◦ balls of radius r/2. Since d◦ can exceed d by a constant
factor,1 we define the intrinsic dimension as d∗

.
= min{d◦, d} to ensure that the convergence

rate is bounded by n−2/(2+d) in the worst case when d < d◦. On the other hand, the
doubling dimension d◦ (and thus d∗) can be significantly smaller than d, helping to mitigate
the curse of dimensionality. Practical examples where this occurs include affine subspaces,
Riemannian manifolds (Dasgupta and Freund, 2008, Theorem 22), sparse data, and unions
of these (Kpotufe and Dasgupta, 2012, Lemmas 3 and 4).

Theorem 1 presents the main result of the paper, providing an adaptive near-minimax
rate for DCF estimators with respect to (w.r.t.) the intrinsic dimension d∗.

Theorem 1 For n ≥ 2, consider the estimation problem (1), where the n i.i.d. samples Dn
are drawn from an unknown distribution P∗ over X∗ × R, and the regression function f∗ is
λ∗-Lipschitz on X∗ w.r.t. ∥·∥. Suppose the covariate and noise distributions are subgaussian
with parameters ρ, σ > 0 such that

E
[
e∥X−E[X]∥2/ρ2] ≤ 2 , E

[
e(f∗(X)−Y )2/σ2∣∣X]

≤ 2 a.s. , (X, Y ) ∼ P∗. (7)

Let p ∈ {1, 2,∞,+}, and f+n be the DCF estimator computed by Algorithm 2 using regular-
ization parameters satisfying (6). Then, for all γ ∈ (0, 1), it holds with probability at least
1 − γ w.r.t. the randomness of the sample Dn and the estimator (i.e., choosing the initial
point of AFPC) that

E(X,·)∼P∗

[(
f+n (X)− f∗(X)

)2]
= O

(
d
(
1 + d I{p ̸= 2}

)
n−2/(2+d∗)β

)
,

where β
.
= θ23

(
1 + ρ2 ln(n/γ)

)(
λ2∗ + σ2 ln(βln/γ)

)
ln3(n) ln(dn/γ), and βln

.
= n(1 + λ∗ρ/σ).

Proof See Section 4.4.

Stone (1982, Theorem 1) showed that the minimax rate for the estimation problem (1)
under the squared loss is Θ(n−2/(2+d∗)) whenever [0, 1]d∗ × {0}d−d∗ ⊆ X∗. Therefore, the
convergence rate established in Theorem 1 is near-minimax, since β = O

(
ln8(n)

)
with

θ3 = O
(
ln(n)

)
. Furthermore, our result provides a PAC bound, which can be converted

into an expectation bound via integration (e.g., Balázs et al., 2016, Eq. 2).
The DCF algorithm runs in polynomial time with respect to both d and n. Since

the AFPC algorithm differs from farthest-point clustering only in its stopping rule (using
|X̂ | < k̂(X̂ ) in Algorithm 1 instead of a fixed cardinality threshold), it can be computed in

1It is known that exactly 7 discs of radius 1/2 are needed to cover the unit disc (e.g., Zahn, 1962,
Section I.2), so the doubling dimension for any set of positive area in R2 is at least log2(7) > 2.
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O(dKn) time (Gonzalez, 1985; Hochbaum and Shmoys, 1985). Constructing the second-
order cone program (SOCP) of (3) takes O(d2n + K2) time and yields a problem with
O(dK) variables and O(K2) constraints. Its solution can be approximated to accuracy δ > 0
using interior-point methods (e.g., Nesterov and Nemirovskii, 1994, Section 6.2), yielding
a conservative worst-case runtime O

(
d2n + d2K5 ln(K/δ)

)
, ignoring sparsity. Lastly, the

refinement step (4) is optional with respect to theoretical guarantees (i.e., one can always
use f̂+n = fn) and can be performed to a desired accuracy using smoothing techniques
(Nesterov, 2005) in a tractable manner. Evaluating the DCF estimators fn and f+n at a
new point for inference takes O(dK) and O(d|I+n |) time, respectively, where |I+n | ≤ K.

2.3 Discussion of DCF and Its Guarantees

The minimization problem in (3) is similar to the APCNLS algorithm of Balázs (2022),
which is designed for training max-affine estimators. Like APCNLS, our approach trains a
partitioning estimator and maps it into a target function class, Fp(X̂K) in our case, instead
of the class of max-affine functions. A key distinction, however, is that we impose the
constraints only at the center points, resulting in just K2 constraints, which is considerably
fewer than the nK constraints used in APCNLS. As shown in Section 4.2, despite this
reduced constraint set, our algorithm preserves theoretical properties analogous to those of
APCNLS.

The stopping condition of AFPC (Algorithm 1) ensures that K − 1 < k̂(X̂K−1) and
k̂(X̂K) ≤ K. Using this, Balázs (2022, Lemma 4.2) showed that AFPC guarantees both a
complexity bound of K = O

(
nd∗/(2+d∗)

)
and an accuracy bound of ϵ2n(X̂K) = O(K/n) =

O
(
n−2/(2+d∗)

)
. These bounds balance the tradeoff between complexity and accuracy in our

setting, as discussed under (2). The term nd/(2+d) inside k̂(X̂ ) serves as a straightforward
upper bound for the “worst-case” scenario when d∗ ≈ d. Furthermore, AFPC stops imme-
diately if ϵn(X̂ ) = 0, ensuring that it always produces distinct center points, justifying the
representation of X̂ as a set.

Clearly, the choice f̂+n = fn always works for (4). However, based on the experimental
results in Section 3, we strongly recommend choosing f̂+n as an approximate local solution
to the non-convex optimization problem minf∈Fp(X̂K) Ln(f)+Rn(f), initialized at fn. Our
near-minimax convergence rate guarantee in Theorem 1 holds in both cases.

Denote the parameters of the final estimator f+n by bf+n ,k
.
= bf̂+n ,k + C+

n and wf+n ,k
.
=

wf̂+n ,k
for all k ∈ I+n . Besides potentially reducing inference-time computational costs, the

final step (5) also facilitates bounding the magnitude of the unregularized bias parameters
{bf+n ,k : k ∈ I+n }, which is required for applying the concentration inequality used to prove

the near-minimax rate of the estimator. We also naturally extend λ̃f and Rn(f) to f = f+n
by replacing [K] with I+n in their definitions. For the constant function, f constc (x)

.
= c for all

x ∈ Rd and c ∈ R, the empirical risk Ln(f constc + f̂+n ) = c2−2cC+
n +Ln(f̂+n ) is minimized at

c = C+
n with minimum value Ln(f+n ), hence the centering in (5) ensures Ln(f+n ) ≤ Ln(f̂+n ).

Moreover, Rn(f+n ) ≤ Rn(f̂+n ) since the slope parameters of f+n are a subset of those of f̂+n .
Therefore, the estimator f+n is also a refinement of fn that satisfies

Ln(f+n ) +Rn(f+n ) ≤ Ln(f̂+n ) +Rn(f̂+n ) ≤ Ln(fn) +Rn(fn). (8)
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In Section 4, we show that the initial solution fn already approximates Ln(f∗) + θ1λ
2
∗ with

accuracy O(K/n), which is upper bounded by the near-minimax rate. We rely on (8)
to show that f+n inherits the near-minimax rate guarantee of fn. To this end, we also
use the regularizer Rn(·) in (4), which prevents the largest slope magnitude of f̂+n (and
hence of f+n ) from exceeding that of fn by more than a constant factor of θ3. That is,
λ̃f+n ≤ λ̃f̂+n = O

(
θ3λ̃fn

)
, as explained in Lemma 6.

The DCF algorithm can be adapted to use alternative function classes. As discussed in
Section 6, it can be applied with the “complementary” set F−

p (X̂K)
.
= {f : −f ∈ Fp(X̂K)}

or the “symmetric” set F∆
p (X̂K)

.
= {f1 − f2 : f1, f2 ∈ Fp(X̂K)}. The convergence rate

established in Theorem 1 extends to both cases. In Section 5.1, we further describe how the
DCF algorithm yields max-min-affine estimators and extend its theoretical guarantees to
this setting. Finally, by restricting Fp(X̂K) to convex functions (including max-affine func-
tions), the DCF algorithm specializes to convex regression, as discussed in Section 6.2. This
generalization subsumes the APCNLS algorithm of Balázs (2022), matching its convergence-
rate bound while eliminating the need to know the Lipschitz constant λ∗ of the regression
function.

Scaling all the elements of Xn and Yn by the same positive constant can alter the slope
variablesw1, . . . ,wK returned by the DCF algorithm. This is due to the max{1, RXn} terms
in the definitions of the parameters θ0 and θ1 in (6). The positive lower bound on these
parameters is necessary to keep the regularization active, thereby preserving the guarantee
of Theorem 1 in degenerate cases where E

[
∥X−E[X]∥2

]
converges to zero as n grows while

the noise level σ > 0 remains fixed. The choice of 1 as the lower bound can be relaxed,
for example to 1/ ln(n) at the cost of introducing additional ln(n) factors in the bound of
Theorem 1.

3. Experiments

We compared DCF (Algorithm 2) with other theoretically justified estimators that achieve
near-minimax rates, namely the k-nearest neighbors estimator (k-NN; e.g., Györfi et al.,
2002, Chapter 6) and the Nadaraya-Watson kernel regressor (NW; Nadaraya, 1964; Watson,
1964). As baselines, we also evaluated ordinary least squares regression (OLS) and state-of-
the-art tree-based estimators, namely random forests (RF; Breiman, 2001) and the XGBoost
gradient boosting algorithm (XGB; Chen and Guestrin, 2016).

We present experimental results on three public datasets from the Delve Project (Univer-
sity of Toronto).2 The cpusmall (comp-active/cpuSmall) dataset consists of 8192 samples,
where the task is to predict the portion of time that CPUs run in user mode based on 12
system activity measures. The pumadyn datasets also contain 8192 samples each and involve
predicting the angular acceleration of one of the links of a simulated Puma 560 robot arm.
We selected the versions designed for highly nonlinear estimation with 8 input dimensions
and varying noise levels: pumadyn-8nm (medium noise) and pumadyn-8nh (high noise). De-
spite their small size, these problems effectively illustrate the strengths and weaknesses of
DCF estimators.

2https://www.cs.toronto.edu/~delve/data/datasets.html
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For each experiment, we drew n ∈ {1024, 2048, 4096} training samples from the datasets
and used the remaining data for evaluation, measuring the mean squared error (MSE) of the
estimators on the test set. Each experiment was repeated 20 times, and we report the aver-
age results along with standard deviation error bars. All algorithms except the tree-based
ones are sensitive to feature scaling, so we tested both min-max scaling (MM) and Z-score
normalization (STD). The features of the pumadyn datasets are already reasonably scaled,
so we also conducted experiments on these without applying any additional scaling (noFS).
To ensure comparability across problems, we also standardized the response variables in
each dataset by centering and scaling them to have unit variance.

Figure 1 shows the partition size and the average cell size distribution of the Voronoi
partitions computed by AFPC. On the cpusmall dataset, AFPC terminates relatively early
under both scaling methods, with roughly half as many cells in the STD case compared
with MM. The pumadyn data includes noise in both the covariates and response variables,
causing AFPC to return partition sizes close to the upper bound, even at the medium
noise level. In all cases, AFPC produces many cells with fewer points than the domain
dimension d, making regression underdetermined within those cells. Minimizing the slope
of the estimator along unconstrained directions within such cells is an effective safeguard
against overfitting. In DCF, this is enforced by the regularizer θ2

∑
k∈[K]∥wk∥2 in (3), and

analogously in (4), as has been done in convex regression practice (Aybat and Wang, 2016;
Chen and Mazumder, 2024).

For the regression experiments, we used the default parameter settings for XGB and
RF. The implementations of RF and k-NN were taken from scikit-learn (Pedregosa et al.,
2011), while NW was implemented using scikit-fda (Ramos-Carreño et al., 2024). The
number of neighbors for k-NN was selected via 5-fold cross-validation (CV) from the range
1 to ln(n)n2/(2+d) as motivated by Györfi et al. (2002, Theorem 6.2). For NW, we used the
Gaussian and triweight kernels (referred to as NW-G and NW-T, respectively), selecting the

bandwidth via 5-fold CV among 100 equidistant values up to (2RXn)
d/(2+d)

(
R2

Yn
/n

)1/(2+d)
as motivated by Kpotufe (2010, Theorem 21).

DCF was implemented in Python, using local optimization for its refinement step as
recommended in Section 2.1. We employed a quadratic penalty method (e.g., Nocedal
and Wright, 2006, Section 17.1) with a penalty parameter of 106 to transform the SOCP
initialization problems (3) and (35), as well as the refinement steps (4) and (36), into
unconstrained minimization problems, which were then solved using L-BFGS (e.g., Nocedal

Figure 1: AFPC partition size (K) for sample sizes n ∈ {1024, 2048, 4096}, and average
cell size distribution for n = 4096. The upper bound of K is nd/(2+d). The black
vertical lines on the average cell size axes mark the value of d. The plots for
pumadyn-8nh are similar to those of pumadyn-8nm and are omitted for brevity.
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and Wright, 2006, Section 7.2).34 The objective functions in the refinement steps were
smoothed using the soft maximum approximation maxk∈[K] αk ≈ µ ln

(∑
k∈[K] e

αk/µ
)
for

all α1, . . . , αK ∈ R, with smoothing parameter µ
.
= 10−6.5 Since the gradients of these

objective functions are either not Lipschitz or have very large Lipschitz constants (on the
order of 1/µ), we stabilized the L-BFGS algorithm by reverting to a gradient step and
resetting the L-BFGS memory whenever the backtracking line search failed. To further
improve numerical stability, the training data was centered and scaled to unit variance.

We evaluated DCF using the sets Fp(·), F−
p (·), and F∆

p (·) for p ∈ {1, 2,∞,+}. We

denote the corresponding estimators by DCFp, DCF−
p , and DCF∆

p , respectively. As the
results for p ∈ {1, 2} were similar to those for p = ∞, we only report the latter in the
plots. For reference, we denote by i-DCF∆

+ the initial estimator based on F∆
+ (·), i.e., before

applying the refinement step (36). We also compare against the max-min-affine estimator
based on F∞(·), denoted MMA, and its symmetrized variant, denoted MMA∆, which are
described in Section 5.1. We use regularization parameters θ0 = (RYn/max{1, RXn}) ln(n),
θ1 = max{1, R2

Xn
}(dK/n), θ2 ∈

{
(RXn/n)

2, R2
Xn
/n

}
, and θ3 = ln(n), which satisfy (6).

Unless otherwise indicated, we use the stronger regularizer θ2 = R2
Xn
/n.

The results are summarized in Figure 2. Across all problems, DCF (and MMA) using
the symmetric sets (DCF∆

p ) achieved lower and more stable MSEs than their other variants
with less expressive function representations. These symmetrized DCF variants performed
at least as well as the other theoretically justified methods (k-NN and NW) on all problems,
except for the cpusmall dataset with STD scaling. In that case, Figure 1 shows that AFPC
stopped earlier, producing only half as many cells as in the MM case, which led DCF to
underfit using the stronger regularizer θ2 = R2

Xn
/n. The tree-based methods (RF and

XGB) performed quite well on these datasets, and DCF nearly matched their performance
in many cases, unlike k-NN and NW. Since the initial estimator i-DCF∆

+ is forced to fit a
continuous function only over the center points in (3) and (35), it performed worse than the
OLS baseline on these sample sizes, making the refinement step strongly recommended.

The training times of the estimators are shown in the left panel of Figure 3 for the
pumadyn-8nm dataset,6 which represents the least favorable case for DCF due to the large
AFPC-computed partition size K (see Figure 1). On this dataset, the training time of
the most expensive DCF variants (DCF∆

∞ and DCF∆
+) is close to the training time of

the NW algorithms (around 5 minutes for n = 4096). The refinement step in training
MMA estimators takes significantly longer, as they use d times more parameters than the
corresponding DCF variants. On the cpusmall dataset with MM scaling, where AFPC
yields relatively few cells compared to the upper bound, DCF trains faster than NW (under
2 minutes for DCF, versus about 6 minutes for NW). The center panel of Figure 3 shows
that the inference time of DCF on the pumadyn-8nm dataset is quite fast. The right panel
explains why: a large portion of DCF’s original parameters remain unused and are pruned
in the final step of constructing the estimator, as described in (5) and (37).

3Our implementation is available at https://github.com/gabalz/dcfit/releases/tag/v0.1.0.
4We also implemented the SOCP problems (3) and (35) using the Clarabel interior-point solver (Goulart

and Chen, 2024), which yielded similar results but with significantly longer computational time.
5More precisely, smoothing was applied only to the gradient computations, which perturbs the objective

by at most µ ln(K), a quantity we ignored.
6We used an Intel Core i5-2400S CPU with 4 cores at 2.50 GHz and ran two experiments in parallel.
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Figure 2: Test MSEs of the estimators trained on sample sizes n ∈ {1024, 2048, 4096}. The
performance is very similar across all estimators for both MM and STD scalings
of the pumadyn datasets; therefore, the plots for the latter are omitted for brevity.

Figure 3: Training and prediction times (in seconds and milliseconds, respectively) are
shown for the pumadyn-8nm dataset with MM scaling in the left and center panels.
Prediction times are measured on the entire test set (whose size varies with n)
and normalized to 1000 samples. The right panel shows the number of parameters
used by the initial (fn) and final (f+n ) DCF estimators. For MMA, we show the
parameter count of mn and of its final refinement (Section 5.1).

Although Theorem 1 holds for all θ2 ∈
[
0,max{1, R2

Xn
}(d/n)

]
, as defined in (6), Figure 4

shows that the practical performance of DCF is sensitive to this parameter. Using the
weaker regularizer θ2 = (RXn/n)

2, the left panel shows that all DCF methods perform
well on the cpusmall dataset with STD scaling (unlike using the stronger regularizer in
Figure 2). However, as seen in the center and right panels, this choice allows the DCF
algorithms to overfit on the pumadyn datasets, most notably on the noisier pumadyn-8nh

variant shown in the right panel.
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Figure 4: Test MSEs, using the same notations as above, where all DCF models are trained
with the weaker regularizer θ2 = (RXn/n)

2.

4. Analysis of DCF

This section is dedicated to the proof of Theorem 1. First, Section 4.1 presents our main
approximation result in Theorem 2, which underpins the analysis of DCF (Algorithm 2).
Then, in Section 4.2, we examine the properties of the DCF algorithm by relating it to
empirical risk minimization. Finally, after briefly reviewing the guarantees of AFPC (Al-
gorithm 1) in Section 4.3, we apply techniques from empirical process theory in Section 4.4
to establish the near-minimax rate.

4.1 Approximation of Lipschitz Functions

For a metric space (Z, ψ), some ϵ > 0, and some Z0 ⊆ Z, the finite set {zk ∈ Z0 : k ∈ [K]}
is called an (internal) ϵ-cover of Z0 w.r.t. the metric ψ if the union of the ϵ-balls centered
at zk covers Z0, that is Z0 ⊆ ∪k∈[K]{z ∈ Z : ψ(zk, z) ≤ ϵ}. The cardinality of the smallest
such cover is called the ϵ-covering number of Z0 w.r.t. ψ and denoted by Nψ(Z0, ϵ).

Let Fλ,X denote the class of λ-Lipschitz functions on a set X ⊆ Rd w.r.t. ∥·∥, defined as

Fλ,X
.
=

{
f : X → R

∣∣∣ sup
x,x̂∈X ,x̸=x̂

∥x− x̂∥−1
(
f(x)− f(x̂)

)
≤ λ

}
.

McShane (1934, Theorem 1) showed that every λ-Lipschitz function f : X → R on some
X ⊂ Rd can be extended to Rd via the function f̃(·) .= supx̂∈X f(x̂)− λ∥ · − x̂∥, satisfying
f̃(x) = f(x) for all x ∈ X . The key observation in this paper is the uniform O(λϵ)
approximation bound in Theorem 2, which replaces the supremum in f̃ with a maximum
over a finite ϵ-cover of X .

Theorem 2 Let Xϵ ⊆ X be an ϵ-cover of X ⊂ Rd w.r.t. ∥·∥, and ∥·∥p be a norm on Rd
such that t0∥·∥p ≤ ∥·∥ ≤ t1∥·∥p with some constants t0, t1 > 0. Suppose f ∈ Fλ,X for some

Lipschitz constant λ > 0, and define f̂(x)
.
= maxx̂∈Xϵ f(x̂) − t1λ∥x − x̂∥p for all x ∈ Rd.

Then, for all x ∈ X and all x̃ ∈ Xϵ, the following hold:

0 ≤ f(x)− f̂(x) ≤ (1 + t−1
0 t1)λϵ, f̂(x̃) = f(x̃), f̂ ∈ F(t1/t0)λ,Rd .

Proof Take any x ∈ X and x̃ ∈ Xϵ arbitrarily. Since f ∈ Fλ,X and ∥·∥ ≤ t1∥·∥p, we
get f̂(x) − f(x) = maxx̂∈Xϵ f(x̂) − f(x) − t1λ∥x − x̂∥p ≤ 0. Similarly, f̂(x̃) − f(x̃) =
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maxx̂∈Xϵ f(x̂) − f(x̃) − t1λ∥x̃ − x̂∥p ≥ 0, hence Xϵ ⊆ X implies f̂(x̃) = f(x̃). By the
ϵ-covering condition, we have minx̂∈Xϵ∥x− x̂∥ ≤ ϵ. Combining this with ∥·∥p ≤ t−1

0 ∥·∥, we
obtain f(x) − f̂(x) = minx̂∈Xϵ f(x) − f(x̂) + t1λ∥x − x̂∥p ≤ (1 + t−1

0 t1)λϵ. Moreover, f̂
is ((t1/t0)λ)-Lipschitz on Rd w.r.t. ∥·∥ because the max function is 1-Lipschitz and ∥·∥p is

(t−1
0 )-Lipschitz on Rd w.r.t. ∥·∥. That is, f̂ ∈ F(t1/t0)λ,Rd .

Theorem 2 provides a lower approximation of f ∈ Fλ,X by a “max-concave” function f̂

that satisfies f̂ ≤ f on X . Similarly, one can construct an upper approximation of f using a
“min-convex” function (Hiriart-Urruty, 1980), defined by f̌(x)

.
= minx̂∈Xϵ f(x̂)+t1λ∥x−x̂∥p

for all x ∈ Rd. We also present a variant of Theorem 2 with an improved approximation
rate for smooth functions in Section 5.2.

The approximation error of f̂ and f̌ w.r.t. f is zero at the points in Xϵ, and increases
proportionally with the distance from those points. Figure 5 illustrates several examples
of these approximations. The functions f̂ and f̌ provide an O(λϵ) approximation rate of
the λ-Lipschitz function f while maintaining an O(λ) Lipschitz constant, as guaranteed by
Theorem 2. Their appropriate variants (using the norm ∥·∥p) are included in the function
sets Fp(X̂ ) and F−

p (X̂ ) for p ∈ {1, 2,∞}. Hence, these classes, as well as their superclasses

such as F+(X̂ ) and F∆
p (X̂ ), inherit the same guarantees.

4.2 Properties of DCF Estimators

Let p ∈ {1, 2,∞,+}, k0 ∈ N, and for any nonempty, finite set X̂ .
= {x̂1, . . . , x̂k0}, define the

function class

Gp(X̂ )
.
=

{
g : Rd → R

∣∣∣ g(x) .= ∑
k∈[k0]

I
{
x ∈ Ck(X̂ )

}
hg,k(x), x ∈ Rd,

hg,k(x)
.
= bg,k +w⊤

g,k ϕp(x, x̂k), bg,k ∈ R, wg,k ∈ Rdp , k ∈ [k0]
}
.

Figure 5: Approximation of a function f ∈ Fλ,X by the max-concave f̂ and the min-
convex f̌ as defined above. The left two plots use f(x) = x sin(x), while the
right two plots use f(x) = max{1 − |x − 1|, 2 − |x − 3|, 1 − |x − 5|/2}, both on
X = [0, 6]. The shaded regions represent λϵ and 2λϵ bounds around f . Black
circles mark the locations of the 10 equidistant centers Xϵ, forming an ϵ-cover
of X with ϵ = 1/3. The horizontal line is shown at the height of zero. FVU
(fraction of variance unexplained) is calculated over n = 1000 equidistant points
x1, . . . ,xn ∈ X with yi = f(xi) as: FVU(f̂)

.
=

∑
i∈[n](yi−f̂(xi))2/

∑
i∈[n](yi−ȳ)2,

where ȳ
.
= (1/n)

∑
i∈[n] yi.
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Note that Gp(X̂ ) is a vector space over R, since for any g1, g2 ∈ Gp(X̂ ) and c1, c2 ∈ R,
the function c1g1 + c2g2 also belongs to Gp(X̂ ), with bc1g1+c2g2,k = c1bg1,k + c2bg2,k and
wc1g1+c2g2,k = c1wg1,k + c2wg2,k for all k ∈ [k0].

Since the parameter spaces of Fp(X̂ ) and Gp(X̂ ) coincide, we can extend Rθ0,θ1,θ2(f)
and λ̃f from Section 2.1, originally defined on Fp(X̂ ), to any function f ∈ Fp(X̂ ) ∪ Gp(X̂ ).
We also define the map π : Gp(X̂ ) → Fp(X̂ ) by π(g)(x)

.
= maxk∈[k0] hg,k(x) for all x ∈ Rd

and g ∈ Gp(X̂ ). Clearly, for all g ∈ Gp(X̂ ), we have bπ(g),k = bg,k and wπ(g),k = wg,k for all

k ∈ [k0], and π(g) ≥ g on Rd holds since C1(X̂ ), . . . , Ck0(X̂ ) are pairwise disjoint.
Consider the setting of Theorem 1, and let X̂K = {X̂1, . . . , X̂K} ⊆ Xn be the set of

center points computed by AFPC (Algorithm 1). Since ϕp(x̂, x̂) = 0dp for any x̂ ∈ Rd

and X̂k ∈ Ck(X̂K) for all k ∈ [K], we obtain g(X̂k) = hg,k(X̂k) = bg,k for all g ∈ Gp(X̂K)
and k ∈ [K]. Thereby, the constraints bg,k ≥ hg,l(X̂k), k, l ∈ [K], are equivalent to
g(X̂k) ≥ π(g)(X̂k), k ∈ [K], which together with π(g) ≥ g implies that the functions g
and π(g) coincide on the set X̂K . Moreover, since the index sets {i ∈ [n] : Xi ∈ Ck(X̂K)},
k ∈ [K], partition [n], the data-fitting term of (3) equals Ln(g), and Rθ0,θ1,θ2(g) coincides
with the regularization of (3) with z = (λ̃g − θ0)+. Therefore, the convex optimization
problem (3) in DCF (Algorithm 2) is equivalent to the following regularized empirical risk
minimization task:

min
g∈Gp(X̂K)

Ln(g) +Rθ(g) such that g = π(g) on X̂K , (9)

where Rθ(·)
.
= Rθ0,θ1,θ2(·). Let gn be a solution to (9) that matches the solution of (3) in

parameters, i.e., bgn,k = bn,k and wgn,k = wn,k for all k ∈ [K]. Then, by the definition of
the initial DCF estimator fn in Section 2.1, we have fn = π(gn).

We will also need the following properties of the feature vector ϕp: its output norm is
bounded by a constant multiple of the Euclidean distance between its arguments, and ϕp is
Lipschitz in each of its two arguments, as shown in the next result:

Lemma 3 Let p ∈ {1, 2,∞,+}. Then for all x, x̂, x̃ ∈ Rd, the following hold:

∥ϕp(x, x̂)∥ ≤ τϕp∥x−x̂∥, max
{
∥ϕp(x, x̂)−ϕp(x, x̃)∥, ∥ϕp(x̂,x)−ϕp(x̃,x)∥

}
≤ λϕp∥x̂−x̃∥,

where τϕp
.
=

√
1 + I{p ∈ {2,∞}}+ d I{p = 1}, and λϕp

.
= 1 + I{p ̸= 1}+

√
d I{p = 1}.

Proof For p ∈ {1, 2,∞}, the first claim follows from the inequalities ∥·∥∞ ≤ ∥·∥ and
∥·∥1 ≤

√
d∥·∥, since ∥ϕp(x, x̂)∥2 = ∥x− x̂∥2 + ∥x− x̂∥2p ≤ τ2ϕp∥x− x̂∥2.

For p = +, we have ∥ϕ+(x, x̂)∥2 = ∥(x − x̂)+∥2 + ∥(x̂ − x)+∥2 = ∥x − x̂∥2, implying
the first claim with τϕ+ = 1.

Next we prove that ϕp is λϕp-Lipschitz in its second argument. The claim that it is also
λϕp-Lipschitz in its first argument follows analogously.

For p ∈ {1, 2,∞}, we have ϕp(x, x̂) − ϕp(x, x̃) =
[
(x̃ − x̂)⊤ (∥x − x̂∥p − ∥x − x̃∥p)

]⊤
.

From this, we prove the second claim using ∥[u⊤ s]⊤∥ ≤ ∥u∥+ |s| and the reverse triangle
inequality |∥u∥p−∥v∥p| ≤ ∥u−v∥p ≤ (λϕp−1)∥u−v∥, which hold for all u,v ∈ Rd, s ∈ R.

For p = +, ϕ+(x, x̂)−ϕ+(x, x̃) =
[(
(x− x̂)+− (x− x̃)+

)⊤ (
(x̂−x)+− (x̃−x)+

)⊤]⊤
.

Then, using ∥[u⊤ v⊤]⊤∥ ≤ ∥u∥ + ∥v∥ and ∥(u)+ − (v)+∥ ≤ ∥u − v∥ for all u,v ∈ Rd, the
second claim follows with λϕ+ = 2.
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The functions in Fp(X̂K) depend nonlinearly on the random center points X̂K . In order
to apply concentration inequalities, we exploit the Lipschitz property of ϕp from Lemma 3,
which enables us to “approximate” these random centers by fixed (non-random) ones in
Section 4.4.3.

Recall that X̂K is an ϵn(X̂K)-cover of the covariate data Xn by definition. Then, the
following result provides a uniform bound on the distance between fn and gn on Xn:

Lemma 4 For all i ∈ [n], it holds that 0 ≤ fn(Xi)− gn(Xi) ≤ 2λ̃fnλϕpϵn(X̂K).

Proof The lower bound follows directly from fn = π(gn) ≥ gn. Fix i ∈ [n] arbitrarily,
and let k ∈ [K] be such that Xi ∈ Ck(X̂K). From (9), we have gn = π(gn) on X̂K , which
implies 0 ≤ hgn,k(X̂k) − hgn,l(X̂k) for all l ∈ [K]. By the definition of π, we also have
hfn,l(x) = hgn,l(x) for all l ∈ [K] and x ∈ Rd. Therefore:

fn(Xi)− gn(Xi) = max
l∈[K]

hfn,l(Xi)− hgn,k(Xi)

≤ max
l∈[K]

hgn,l(Xi)− hgn,l(X̂k) + hgn,k(X̂k)− hgn,k(Xi)

≤ max
l∈[K]

(
∥wn,l∥+ ∥wn,k∥

)
λϕp∥Xi − X̂k∥,

where we used the Cauchy-Schwarz inequality and Lemma 3 in the last step. The claim
then follows from the definitions of λ̃fn and ϵn(X̂K) using Xi ∈ Ck(X̂K).

Theorem 2 bounds the uniform approximation error of Fp(X̂K) to the λ∗-Lipschitz
regression function f∗ by O

(
λ∗ϵn(X̂K)

)
. The next result transfers this bound to Gp(X̂K),

thereby justifying its use in the ERM task (9), and allowing us to reformulate the problem
as the tractable convex optimization task in (3).

Lemma 5 For f∗ ∈ Fλ∗,X∗, there exists a function g∗ ∈ Gp(X̂K) such that f∗ ≥ π(g∗) ≥ g∗
on Xn, and

max
i∈[n]

f∗(Xi)− g∗(Xi) ≤ τ̃p λ∗ ϵn(X̂K), g∗ = π(g∗) on X̂K , λ̃g∗ ≤ τpλ∗,

where τ̃p
.
= 1+I{p = 2}+I{p ̸= 2}

√
d, and τp

.
= I{p ∈ {1, 2}}+I{p =∞}

√
d+I{p = +}

√
2d.

Proof Fix the norm p ∈ {1, 2,∞}, and define t0
.
= I{p ∈ {2,∞}} + I{p = 1}/

√
d and

t1
.
= I{p ̸=∞}+ I{p =∞}

√
d. Then, t0∥·∥p ≤ ∥·∥ ≤ t1∥·∥p.

Let b∗,k
.
= f∗(X̂k) and w∗,k

.
= [0⊤d − t1λ∗]⊤ for all k ∈ [K]. Define f̂∗ ∈ Fp(X̂K) and

g∗ ∈ Gp(X̂K) such that bf̂∗,k = bg∗,k = b∗,k and wf̂∗,k
= wg∗,k = w∗,k for all k ∈ [K]. Then,

we have f̂∗ = π(g∗) ≥ g∗.
Let ϵ

.
= ϵn(X̂K). Since X̂K is an ϵ-cover of Xn, we can apply Theorem 2 with f = f∗,

f̂ = f̂∗, X = Xn, and Xϵ = X̂K . This yields f̂∗(Xi) ≤ f∗(Xi) for all i ∈ [n], proving
f∗ ≥ π(g∗) ≥ g∗ on Xn. Now fix i ∈ [n], and let k ∈ [K] be such that Xi ∈ Ck(X̂K). By the
definitions of g∗ and Ck(X̂K), we have g∗(Xi) = f∗(X̂k) − t1λ∗∥Xi − X̂k∥p. Then, using
f∗ ∈ Fλ∗,X∗ , Xn ⊆ X∗, and ∥·∥p ≤ t−1

0 ∥·∥, we obtain

f∗(Xi)− g∗(Xi) = f∗(Xi)− f∗(X̂k) + t1λ∗∥Xi − X̂k∥p ≤ (1 + t−1
0 t1)λ∗∥Xi − X̂k∥, (10)

which implies f∗(Xi)−g∗(Xi) ≤ τ̃pλ∗ϵ for all i ∈ [n] as (1+t−1
0 t1) = τ̃p and ∥Xi−X̂k∥ ≤ ϵ.
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Additionally, setting Xi = X̂k in (10) and using f∗ ≥ g∗ on Xn yields g∗(X̂k) = f∗(X̂k)
for all k ∈ [K]. Then, combining this with f∗(X̂k) = f̂∗(X̂k) from Theorem 2, we obtain
g∗(X̂k) = f∗(X̂k) = f̂∗(X̂k) = π(g∗)(X̂k) for all k ∈ [K], and thus g∗ = π(g∗) on X̂K .
Finally, λ̃g∗ = maxk∈[K]∥w∗,k∥ = t1λ∗ = τpλ∗, which proves the claim for all p ∈ {1, 2,∞}.

The case p = + follows from the case p = 1 by using w⊤
∗,k ϕ+(x, x̂) = −λ∗∥x− x̂∥1 for

all x, x̂ ∈ Rd with w∗,k
.
= −λ∗12d, which satisfies ∥w∗,k∥ = τpλ∗ for all k ∈ [K].

Note that fn, f̂
+
n , and f+n are Lipschitz continuous with Lipschitz constants bounded by

(λ̃fnλϕp), (λ̃f̂+n λϕp), and (λ̃f+n λϕp), respectively. In the refinement step (4), it is important

to ensure that the Lipschitz constant of f̂+n does not scale polynomially in the sample size
n, as this would deteriorate the convergence rate of the DCF estimator. In Section 4.4.2, we
prove that the Lipschitz constant of fn grows logarithmically with n. Therefore, we use λ̃fn
as reference to regularize in (4), and the following result shows that the Lipschitz constant
of the refined estimators f̂+n and f+n can exceed λ̃fnλϕp by at most an O(θ3) factor.

Lemma 6 Let θ3 ≥ 1. Then, λ̃f+n ≤ λ̃f̂+n ≤ (1 + θ3)λ̃fn.

Proof By definition λ̃f+n ≤ λ̃f̂+n , and θ3 ≥ 1 impliesRn(fn) = R0,0,θ2(fn). In the degenerate

cases when λ̃fn = 0 or θfn = 0, we have f̂+n = fn by definition, and the claim is trivial.
Let λ̃fn > 0 and θfn > 0. Suppose, to the contrary, that λ̃f̂+n > (1 + θ3)λ̃fn . By

definition, we have λ̃−2
fn

(
Ln(fn) +R0,0,θ2(fn)

)
= θfn > 0. Then,

Rn(f̂+n ) ≥ λ̃−2
fn

(
Ln(fn) +R0,0,θ2(fn)

)
(λ̃f̂+n − θ3λ̃fn)

2
+ > Ln(fn) +Rn(fn),

which contradicts (4), proving the claim.

Since Lemmas 4 and 5 both depend on ϵn(X̂K), we first review the guarantees provided
by AFPC for this quantity in the next section, before proceeding to the proof of Theorem 1.

4.3 AFPC Guarantees

Recall the definition of the covering number from Section 4.1. We will often rely on the
following well-known result on the covering number of bounded sets:

Lemma 7 (e.g., Wainwright 2019, Lemma 5.7) Let Z0 ⊆ B(z0, r) ⊆ Rd for some
d ∈ N, z0 ∈ Rd, and r > 0. Then N∥·∥(Z0, ϵ) ≤ max{1, (3r/ϵ)d} for all ϵ > 0.

Recall the definition of the covariate data radius RXn from AFPC (Algorithm 1), and
let d◦ denote the doubling dimension of the domain X∗, as introduced in Section 2.2. Since
Xn ⊆ X∗, we have N∥·∥(Xn, ϵ) ≤ max{1, (4RXn/ϵ)

d◦} for all ϵ > 0 (e.g., Kpotufe and
Dasgupta, 2012, Lemmas 6 and 7),7 which can be combined with Lemma 7 to obtain
N∥·∥(Xn, ϵ) ≤ max{1, (4RXn/ϵ)

d∗} for all ϵ > 0. This allows us to apply the next result,
which bounds the covering accuracy and the number of the center points returned by AFPC.

7The definition of d◦ in Section 2.2 does not require the covering balls to have centers within the covered
set. Since we use internal covering numbers, our constant 4 in front of RXn is looser by a factor of 2.

16



Near-optimal Delta-convex Estimation of Lipschitz Functions

Lemma 8 (Balázs 2022, Lemma 4.2) 8 Suppose X̂ is computed by AFPC (Algorithm 1)
using the covariate data Xn, and N∥·∥(Xn, ϵ) ≤ max{1, (4RXn/ϵ)

d∗} a.s. holds for all ϵ > 0.

Then there exists a (non-random) positive integer k∗ such that K
.
= |X̂ | ≤ k∗ = O

(
nd∗/(2+d∗)

)
a.s., and X̂ is an ϵ-cover of Xn with ϵ

.
= ϵn(X̂ ) = O(RXn

√
K/n).

Combining the bounds on k∗ and ϵ from Lemma 8 yields ϵ2 = O(n−2/(2+d∗)), which matches
the minimax rate in the setting of Theorem 1.

4.4 Proof of the Near-minimax Rate of DCF

Consider the setting of Theorem 1, i.e., a regression problem as in (1) with an i.i.d. sample
Dn drawn from a distribution P∗ corresponding to a regression function f∗ ∈ Fλ∗,X∗ .

To simplify notation, define ∥f∥2∗
.
= E(X,·)∼P∗ [f

2(X)], ⟨f, f̂⟩n
.
= 1

n

∑
i∈[n] f(Xi)f̂(Xi),

and ∥f∥2n
.
= ⟨f, f⟩n for all functions f, f̂ : Rd → R. Further, in these contexts, we slightly

abuse notation by treating y as a function, defining y(X)
.
= Y for (X, Y ) ∼ P∗, and

y(Xi)
.
= Yi for all i ∈ [n]. For example, we write E(X,Y )∼P∗

[
(f(X) − Y )2

]
= ∥f − y∥2∗,

Ln(f) = ∥f − y∥2n, and E(X,·)∼P∗

[
(f(X)− f∗(X))2

]
= ∥f − f∗∥2∗.

Let f+n be the estimator computed by DCF (Algorithm 2), and c̃0 > 1 be a constant.
We decompose its expected squared error by following the approach of Györfi et al. (2002,
Section 11.3):

E(X,·)∼P∗

[(
f+n (X)− f∗(X)

)2]
=

(
∥f+n − f∗∥2∗ − c̃0Eapprox

)
+ c̃0Eapprox, (11)

where the approximation error is defined as Eapprox
.
= Ln(f+n ) − Ln(f∗). The technique of

offsetting with a factor greater than 1 allows the derivation of faster convergence rates in
the nonparametric setting, provided Eapprox remains within the minimax rate. Using (8),
we can upper bound Eapprox as

Eapprox ≤ Ln(fn)− Ln(f∗) +Rn(fn)
= ∥fn − y∥2n − ∥f∗ − y∥2n +Rn(fn)
= ∥fn − gn∥2n + ∥gn − y∥2n − ∥f∗ − y∥2n +Rn(fn)

+ 2⟨fn − gn, f∗ − y⟩n + 2⟨fn − gn, gn − f∗⟩n.

(12)

Recall that g∗ of Lemma 5 is feasible for the minimization in (9) since g∗ = π(g∗) holds on
X̂K . Because gn is a solution to (9), it follows that

Ln(gn) +Rθ(gn) ≤ Ln(g∗) +Rθ(g∗). (13)

Furthermore, using 2ab ≤ a2 + b2 for any a, b ∈ R, we obtain

2⟨fn − gn, gn − f∗⟩n = 2⟨fn − gn, g∗ − f∗⟩n + 2⟨fn − gn, gn − g∗⟩n
≤ 2∥fn − gn∥2n + ∥g∗ − f∗∥2n + ∥gn − g∗∥2n.

(14)

Notice that θ3 ≥ 1 implies Rn(fn) = R0,0,θ2(fn), and since fn = π(gn), we also have
Rθ(fn) = Rθ(gn). Then, plugging (13) and (14) into (12), and usingRn(fn) = R0,0,θ2(fn) ≤

8The max cell-diameter objective used by Balázs is within a factor of 2 of the covering-radius ϵn(X̂ ).
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Rθ(fn) = Rθ(gn), we get

Eapprox ≤ ∥fn − gn∥2n + ∥g∗ − y∥2n − ∥f∗ − y∥2n +Rθ(g∗)

+ 2⟨fn − gn, f∗ − y⟩n + 2⟨fn − gn, gn − f∗⟩n
= ∥fn − gn∥2n + ∥g∗ − f∗∥2n + 2⟨g∗ − f∗, f∗ − y⟩n +Rθ(g∗)

+ 2⟨fn − gn, f∗ − y⟩n + 2⟨fn − gn, gn − f∗⟩n
≤ 3∥fn − gn∥2n + 2∥g∗ − f∗∥2n + ∥gn − g∗∥2n +Rθ(g∗)

+ 2⟨fn − gn, f∗ − y⟩n + 2⟨g∗ − f∗, f∗ − y⟩n.

(15)

Similarly to Balázs (2022, Section 4.1), using 2ab = a(2b) ≤ (a2/2) + 2b2 for any a, b ∈ R,
we obtain

Ln(g∗)− Ln(gn) = ∥g∗ − y∥2n − ∥gn − y∥2n
= −∥gn − g∗∥2n + 2⟨g∗ − gn, g∗ − y⟩n
= −∥gn − g∗∥2n + 2⟨g∗ − gn, g∗ − f∗⟩n + 2⟨g∗ − gn, f∗ − y⟩n
≤ −(1/2)∥gn − g∗∥2n + 2∥g∗ − f∗∥2n + 2⟨g∗ − gn, f∗ − y⟩n,

which can be used to rearrange (13) as

(1/2)∥gn − g∗∥2n +Rθ(gn) ≤ 2∥g∗ − f∗∥2n + 2⟨g∗ − gn, f∗ − y⟩n +Rθ(g∗). (16)

Inequality (16) is an adaptation of the “basic inequality” of van de Geer (2000, Lemma 10.1),
and it plays a key role in our analysis to bound the approximation error Eapprox via (15).

Recall from Lemma 4 that ∥fn − gn∥n = O
(
λ̃fnλϕpϵn(X̂K)

)
. Additionally, we also have

from Lemma 5 that ∥g∗ − f∗∥n = O
(
τ̃pλ∗ϵn(X̂K)

)
and Rθ(g∗) = O(θ1λ̃

2
g∗) = O(θ1τ

2
pλ

2
∗) by

θ1 ≥ Kθ2 from (6). Combining these bounds with (15) and (16), using Rθ(gn) ≥ 0, we
finally get

Eapprox = O
(
(λ̃2fnλ

2
ϕp + τ̃2pλ

2
∗)ϵ

2
n(X̂K) + θ1τ

2
pλ

2
∗

)
+ 2⟨fn − gn, f∗ − y⟩n + 2⟨g∗ − f∗, f∗ − y⟩n + 4⟨g∗ − gn, f∗ − y⟩n.

(17)

According to Theorem 1 of Stone (1982) and Lemma 8, the minimax rate is captured by
K/n. This rate is also reflected in the asymptotic expression of (17), since both ϵ2n(X̂K)
and θ1 scale with K/n, as established by Lemma 8 and defined in (6), respectively.

It remains to show that the inner product terms of (17) and ∥f+n − f∗∥2∗ − c̃0Eapprox

in (11) preserve the O(K/n) rate. To this end, we rely on concentration inequalities from
empirical process theory.

4.4.1 Technical Preparations

Since E[X] might not lie within X∗ for (X, ·) ∼ P∗, we need a reference point to leverage
the Lipschitz continuity of f∗. To that end, fix x0 ∈ argminx̂∈X∗∥x̂− E[X]∥ independently
of the data Dn,9 and set y0

.
= f∗(x0). For any fixed γ ∈ (0, 1), we condition the entire proof

on the event Eγ defined in Lemma 9.

9If the minimum is not attained, one may choose x0 arbitrarily close to the infimum and shrink the gap
to zero at the end of the analysis.
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Lemma 9 Let Dn be an i.i.d. subgaussian sample as in (7) for the regression function
f∗ ∈ Fλ∗,X∗. Fix rρ

.
= ρ

√
ln(2n/γ) and rσ

.
= σ

√
ln(2n/γ), and define the event

Eγ
.
=

{
max
i∈[n]
∥Xi − E[X]∥ ≤ rρ, max

i∈[n]
|f∗(Xi)− Yi| ≤ rσ

}
.

Then P{Eγ} ≥ 1− 2γ. Furthermore, Eγ implies RXn ≤ 2rρ, RYn ≤ 2(rσ + λ∗rρ), and

max
i∈[n]
∥Xi − x0∥ ≤ 2rρ, max

i∈[n]
|Yi − y0| ≤ rσ + 2λ∗rρ,

RYn

max{1, RXn}
≤ 2(rσ + λ∗).

Proof The result P{Eγ} ≥ 1−2γ follows from the subgaussian property (7) of P∗, using the
union and Chernoff bounds. The implications of Eγ follow from f∗ ∈ Fλ∗,X∗ , Xn∪{x0} ⊆ X∗,
and y0 = f∗(x0), using the triangle and Jensen’s inequalities.

Lemma 9 shows that, with high probability, the data Dn lies inside a ball of bounded
radius centered at (x0, y0). This is needed for deriving upper bounds on the magnitudes of
the estimator parameters.

In the following sections, we work with parametric function sets and construct covers
via their bounded parameter sets, as summarized in the next lemma:

Lemma 10 Let (F , ψ) be a metric space, where F .
= {fp1,...,pm : pj ∈ Pj , j ∈ [m]} with

Pj ⊆ B(zj , rj) for some tj ∈ N, zj ∈ Rtj , and rj > 0 for all j ∈ [m]. Suppose there
exist constants s1, . . . , sm > 0 such that ψ(fp1,...,pm , fp̂1,...,p̂m) ≤ maxj∈[m] sj∥pj − p̂j∥ for all
pj , p̂j ∈ Pj, j ∈ [m]. Then, for all ϵ > 0, we have Nψ(F , ϵ) ≤ max

{
1, (3r/ϵ)t

}
, where

r ≥ maxj∈[m] sjrj and t
.
=

∑
j∈[m] tj.

Proof By using the conditions on F and ψ, the result follows directly from Lemma 7 as
Nψ(F , ϵ) ≤

∏m
j=1N∥·∥(Pj , ϵ/sj) ≤

∏m
j=1max

{
1, (3sjrj/ϵ)

tj
}
≤ max{1, (3r/ϵ)t}.

We will make extensive use of the following concentration inequality, which generalizes
Lemma 9 of Balázs (2022).

Lemma 11 Let Dn be an i.i.d. subgaussian sample as in (7) for the regression function
f∗ : Rd → R. Let Hn ⊆ {f | f : Rd → R}, and ψn be a metric on Hn such that ∥h− ĥ∥n ≤
ψn(h, ĥ) holds for all h, ĥ ∈ Hn. Assume that (Hn, ψn) and Yn are conditionally independent
given Xn. Let hn ∈ Hn be a function, which may depend on the entire sample Dn. Then,
for any γ, δ > 0, with probability at least 1− γ over the randomness of Yn|Xn, it holds that

⟨hn, f∗ − y⟩n ≤ 3σ
(
∥hn∥n + δ

)√
ln
(
Nψn(Hn, δ)/γ

)
/n+ δ∥f∗ − y∥n.

Proof The claim is trivial when Nψn(Hn, δ) is infinite, so suppose Nψn(Hn, δ) <∞. The
claimed inequality always holds if ∥hn∥n = 0. Therefore, without loss of generality, assume
that ∥h∥n > 0 for all h ∈ Hn.

Let Hδ be a δ-cover of Hn w.r.t. ψn of minimal cardinality, so that |Hδ| = Nψn(Hn, δ).
Note that Hδ and Yn are conditionally independent given Xn. Further, leveraging the δ-
covering property, choose ĥn ∈ Hδ to be such that ∥hn − ĥn∥n ≤ ψn(hn, ĥn) ≤ δ. Then, by
using the Cauchy-Schwarz inequality, we get

⟨hn, f∗ − y⟩n = ⟨ĥn, f∗ − y⟩n + ⟨hn − ĥn, f∗ − y⟩n ≤ ⟨ĥn, f∗ − y⟩n + δ∥f∗ − y∥n. (18)

19



Balázs

Define ti(h)
.
= h(Xi)/∥h∥n for all i ∈ [n] and h ∈ Hn, and let c1, c2 > 0 be constants to

be chosen later. Note that ti(·) only depends on Xn for all i ∈ [n]. Then, using the union
and Chernoff bounds, the independence of the samples Dn, the subgaussian property (7)
expressed as sups∈R E

[
es(f∗(Xi)−Yi)−2s2σ2∣∣Xi

]
≤ 1 a.s. (Boucheron et al., 2013, Section 2.3),

and
∑

i∈[n] t
2
i (h) = n for any h ∈ Hn, we obtain

P
{〈
ĥn, f∗ − y

〉
n
> c1c2∥ĥn∥n

∣∣∣Xn} ≤ P
{
max
ĥ∈Hδ

〈 ĥ

∥ĥ∥n
, f∗ − y

〉
n
> c1c2

∣∣∣∣Xn}
≤

∑
ĥ∈Hδ

P
{
1

n

n∑
i=1

ti(ĥ)
(
f∗(Xi)− Yi

)
> c1c2

∣∣∣∣Xn}

≤
∑
ĥ∈Hδ

e−c1
n∏
i=1

E
[
exp

( ti(ĥ)
n c2

(
f∗(Xi)− Yi

))∣∣∣∣Xn]

≤
∑
ĥ∈Hδ

exp

(
2σ2

∑
i∈[n] t

2
i (ĥ)

(n c2)2
− c1

)

= |Hδ| exp
( 2σ2

n c22
− c1

)
= γ,

(19)

where we set c1
.
= 3σ2/(n c22) and c2

.
= σ/

√
n ln(|Hδ|/γ). Note that we also obtain

c1c2 = 3σ2/(n c2) = 3σ
√
ln(|Hδ|/γ)/n. At last, the triangle inequality implies ∥ĥn∥n ≤

∥hn∥n + ∥ĥn − hn∥n ≤ ∥hn∥n + δ, and we get the result by combining (18) and (19).

Finally, consider the following bound on the pointwise distance between functions in
Fp(X̂ ) or Gp(X̂ ).

Lemma 12 Let k0 ∈ N and X̂ .
= {x̂1, . . . , x̂k0} ⊂ Rd. Furthermore, let h, ĥ ∈ H for

H ∈
{
Fp(X̂ ),Gp(X̂ )

}
. Then it holds for all x ∈ Rd that∣∣h(x)− ĥ(x)∣∣ ≤ max

k∈[k0]
|bh,k − bĥ,k|+ τϕp∥x− x̂k∥∥wh,k −wĥ,k∥.

Proof Let f, f̂ ∈ Fp(X̂ ), and g, ĝ ∈ Gp(X̂ ). Then, we have∣∣f(x)− f̂(x)∣∣ ≤ max
k∈[k0]

∣∣∣bf,k − bf̂ ,k + ϕp(x, x̂k)
⊤(wf,k −wf̂ ,k

)∣∣∣,
∣∣g(x)− ĝ(x)∣∣ = ∣∣∣∣ ∑

k∈[k0]

I
{
x ∈ Ck(X̂ )

}(
bg,k − bĝ,k + ϕp(x, x̂k)

⊤(wg,k −wĝ,k

))∣∣∣∣.
From Lemma 3, we also get ∥ϕp(x, x̂k)∥ ≤ τϕp∥x− x̂k∥ for all k ∈ [k0]. Then, the claim for

Fp(X̂ ) follows from the triangle and the Cauchy-Schwarz inequalities. The claim for Gp(X̂ )
follows similarly, where we also upper bound the sum by a max using that C1(X̂ ), . . . , Ck0(X̂ )
are disjoint sets.
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4.4.2 Bounding the Approximation Error

The goal of this section is to bound the approximation error Eapprox. To achieve this, we
use (17) and upper bound its inner product terms.

Let gn be as in Section 4.2, and recall that the initial DCF estimator satisfies fn =
π(gn). Hence, fn and gn share the same parameters, and we have bn,k = bfn,k = bgn,k and
wn,k = wfn,k = wgn,k for all k ∈ [K]. First, consider the following bound on the regularized
empirical risk of gn:

Lemma 13 Suppose that event Eγ holds. Then, Ln(gn) +Rθ(gn) ≤ (rσ + 2λ∗rρ)
2.

Proof Define the constant function g0 by g0(x)
.
= y0 for all x ∈ Rd. Observe that

g0 ∈ Gp(X̂K), g0 = π(g0), and Rθ(g0) = 0. Since gn is a solution to (9), we have
Ln(gn) +Rθ(gn) ≤ Ln(g0) = 1

n

∑
i∈[n](Yi−y0)2. Then, Eγ implies the claim by Lemma 9.

To bound the inner product terms in (17), we apply the concentration inequality of
Lemma 11. For this, we need the following bound on the parameter space of DCF estimators:

Lemma 14 Suppose that event Eγ and (6) hold. Then, gn ∈ Gp(X̂K), where

Gp(X̂K)
.
=

{
g ∈ Gp(X̂K) : max

k∈[K]
max

{
|bg,k − y0|,

√
dRXn∥wg,k∥

}
≤ β1

}
,

and β1 is a constant satisfying rσ
√
d ≤ β1 = Θ

(√
dn(rσ + λ∗rρ)

)
.

Proof Since X̂K ⊆ Xn, we can define ik ∈ [n] for each k ∈ [K] such that (X̂k, Yik) ∈ Dn.
By the definition of gn, we have bn,k = gn(X̂k). Hence, by Lemma 13, and θ1 ≥ R2

Xn
(d/n)

from (6), it follows that

1

n
max
k∈[K]

{
(bn,k − Yik)

2, dR2
Xn

(∥wn,k∥ − θ0)2+
}
≤ Ln(gn) +Rθ(gn) ≤ (rσ + 2λ∗rρ)

2.

Then, by the triangle inequality and Lemma 9, Eγ implies |bn,k−y0| ≤ (1+
√
n)(rσ+2λ∗rρ).

Further, we also get
√
dRXn∥wn,k∥ ≤

√
dRXnθ0 +

√
n(rσ + 2λ∗rρ). Therefore, β1 can be

chosen as claimed as RXnθ0 = O
(
RYn ln(n)

)
by (6), ln(n) ≤

√
n, and RYn = O(rσ + λ∗rρ)

from Lemma 9.

The bound β1 in Lemma 14 scales with
√
n, making it too loose to directly bound the

Lipschitz constant of fn for establishing the near-minimax rate. However, we can still use
the bounded class Gp(X̂K) in the concentration inequality of Lemma 11 to upper bound the
inner product terms of (17) in the next result. The key observation is that β1 appears only
inside the logarithmic term.
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Lemma 15 Let g∗ be an approximation of f∗ ∈ Fλ∗,X∗ as in Lemma 5. For any δ ∈ (0, β1],
define event Eγ,δ as

Eγ,δ
.
= Eγ ∩

{
⟨fn − gn, f∗ − y⟩n = O

(
σ
(
∥fn − gn∥n + δ

)√
dK ln

(
β1/(δγ)

)
/n+ rσδ

)
,

⟨g∗ − f∗, f∗ − y⟩n = O
(
σ∥g∗ − f∗∥n

√
ln(1/γ)/n

)
,

⟨g∗ − gn, f∗ − y⟩n = O
(
σ
(
∥g∗ − gn∥n + δ

)√
dK ln

(
β1/(δγ)

)
/n+ rσδ

)}
.

Then, P{Eγ,δ} ≥ 1− 5γ.

Proof Define the metric ψ by ψ(h, ĥ)
.
= maxk∈[K] |bh,k− bĥ,k|+2RXn

√
1 + d∥wh,k−wĥ,k∥

for all h, ĥ ∈ H, where H ∈ {Fp(X̂K),Gp(X̂K)}. Note that τ2ϕp ≤ 1 + d by definition, and

∥Xi − X̂k∥ ≤ 2RXn holds for all i ∈ [n] and k ∈ [K] by the triangle inequality. Therefore,
by Lemma 12, we have ∥h− ĥ∥n ≤ maxi∈[n] |h(Xi)− ĥ(Xi)| ≤ ψ(h, ĥ). Additionally, note

that ψ(g, ĝ) = O(β1) and ψ
(
π(g), π(ĝ)

)
= O(β1) for all g, ĝ ∈ Gp(X̂K). Furthermore, event

Eγ implies ∥f∗ − y∥n ≤ rσ.
Let H1

.
= {f − g : g ∈ Gp(X̂K), f = π(g)}, where fn − gn ∈ H1 by fn = π(gn)

and Lemma 14. For all h, ĥ ∈ H1 with h = f − g and ĥ = f̂ − ĝ, define the metric
ψ1(h, ĥ)

.
= ψ(f, f̂)+ψ(g, ĝ). By using Lemma 10, the bound β1 on the parameter magnitudes

within Gp(X̂K), and since the parameters of the functions g and π(g) are the same, we have
lnNψ1(H1, δ) = O

(
dK ln(β1/δ)

)
for all δ ∈ (0, β1]. Then, the first inequality in Eγ,δ holds

with probability at least 1− γ by Lemma 11, using Hn ← H1, and ψn ← ψ1.
Define the singleton set H2

.
= {g∗ − f∗}. Then, the second inequality in Eγ,δ holds with

probability at least 1− γ by Lemma 11, using Hn ← H2, the zero constant function for ψn,
and taking the limit δ → 0.

Let H3
.
= {g∗ − g : g ∈ Gp(X̂K)}, where g∗ − gn ∈ H3 by Lemma 14. For all h, ĥ ∈ H3

with h = g∗ − g and ĥ = g∗ − ĝ, define ψ3(h, ĥ)
.
= ψ(g, ĝ). By Lemma 10, and the bound

β1 on the parameter magnitudes within Gp(X̂K), we have lnNψ3(H3, δ) = O
(
dK ln(β1/δ)

)
for all δ ∈ (0, β1]. Then, the third inequality in Eγ,δ holds with probability at least 1− γ by
Lemma 11, using Hn ← H3, and ψn ← ψ3.

Finally, the result follows by combining the three cases with Lemma 9.

We now bound ∥gn−g∗∥n and λ̃fn by combining the result of Lemma 15 with the “basic
inequality” (16). This, in turn, yields a bound on the approximation error Eapprox via (17).

Lemma 16 Let g∗ be an approximation of f∗ ∈ Fλ∗,X∗ as in Lemma 5. Set δn
.
= rσ
√
dK/n,

and suppose that Eγ,δn and (6) hold. Then, for some λ̃0 > 0, the following bounds hold:

λ̃2fn ≤ λ̃
2
0 = Θ

(
θ20 + τ2pλ

2
∗ + σ2 ln(β2/γ)

)
,

∥gn − g∗∥2n = O

(
dK

n

(
τ2p (1 + r2ρ )λ

2
∗ + σ2 ln(β2/γ)

))
,

Eapprox = O
(dK
n

(1 + r2ρ )λ̃
2
0

)
,

where β2
.
= nβ1/(rσ

√
d) satisfies n ≤ β2 = Θ

(
n3/2(1 + λ∗ρ/σ)

)
.
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Proof Notice that δn ∈ (0, β1] by definition since K ≤ n. Using ab = (a/c)(cb) ≤
a2/(2c2)+ b2(c2/2) for all a, b ∈ R and c > 0, we obtain from Lemma 15 and β1/δn = O(β2)
that

⟨g∗ − gn, f∗ − y⟩n =
1

8
∥g∗ − gn∥2n +O

(
δ2n +

dKσ2

n
ln
(
β1/(δnγ)

)
+ rσδn

)
=

1

8
∥g∗ − gn∥2n +O

(dKσ2
n

ln(β2/γ)
)
.

(20)

From Lemma 5, we have ∥g∗ − f∗∥2n = O
(
dλ2∗ϵ

2
n(X̂K)

)
by τ̃2p = O(d), and Rθ(g∗) =

O
(
θ1τ

2
pλ

2
∗
)
by θ1 ≥ Kθ2 from (6). Recall that θ1 = Θ

(
max{1, R2

Xn
}dK/n

)
from (6).

Further, ϵ2n(X̂K) = O(R2
Xn
K/n) from Lemma 8. Therefore, using Rθ(gn) ≥ θ1(λ̃fn − θ0)2+,

λ̃fn = λ̃gn , τp ≥ 1, and combining (20) with the “basic inequality” (16), we obtain

1

4
∥g∗ − gn∥2n +max{1, R2

Xn
}dK
n

(λ̃fn − θ0)2+ = O

(
dK

n

(
τ2p max{1, R2

Xn
}λ2∗ + σ2 ln(β2/γ)

))
.

(21)
Then, the claims for λ̃2fn and ∥gn − g∗∥2n follow from (21) after rearranging terms, and
applying RXn = O(rρ) which follows from Eγ,δn ⊂ Eγ by Lemma 9.

Similarly to the derivation of (20), Lemma 15 yields for δn that

⟨fn− gn, f∗−y⟩n+ ⟨g∗−f∗, f∗−y⟩n = O
(
∥fn− gn∥2n+∥g∗−f∗∥2n+

dK

n
σ2 ln(β2/γ)

)
. (22)

Since ∥fn − gn∥2n = O
(
λ̃2fnλ

2
ϕp
ϵ2n(X̂K)

)
by Lemma 4, and ∥g∗ − f∗∥2n = O

(
τ̃2pλ

2
∗ϵ

2
n(X̂K)

)
by

Lemma 5, we upper bound the approximation error Eapprox by combining (17) with (20),
the bound on ∥g∗ − gn∥2n, and (22) as

Eapprox =O

((
λ̃2fnλ

2
ϕp + τ̃2pλ

2
∗
)
ϵ2n(X̂K) + θ1τ

2
pλ

2
∗ +

dK

n

(
τ2p (1 + r2ρ )λ

2
∗ + σ2 ln(β2/γ)

))
,

(23)

which proves the claim on Eapprox, as τ̃
2
p = O(d) by definition, max{λ∗, τpλ∗, λ̃fn} ≤ λ̃0,

ϵ2n(X̂K) = O(R2
Xn
K/n) by Lemma 8, RXn = O(rρ), and λ̃2fnλ

2
ϕp
ϵ2n(X̂K) = O

(
dK
n r

2
ρ λ̃

2
0

)
by

λ2ϕp = O(d). The bounds on β2 hold by definition.

In the proof of Lemma 16, for bounding λ̃fn , we used that θ1 in (6) scales with
max{1, R2

Xn
} rather than just R2

Xn
. This choice is necessary because, in the latter case,

we cannot ensure that σ2/R2
Xn

remains upper bounded in the setting of Theorem 1.
Notice that the bound β1 on the slope parameters from Lemma 14 is improved by the

bound on λ̃fn from Lemma 16, replacing the earlier
√
n dependence with θ0+

√
ln(n). This

improvement will be important for applying our concentration inequality in the random
design setting and obtaining the near-minimax rate.

4.4.3 Applying the Concentration Inequality in the Random Design

After bounding the approximation error Eapprox = ∥f+n − y∥2n − ∥f∗ − y∥2n of the DCF
estimator f+n to the regression function f∗, it remains to bound the first term in (11),
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namely ∥f+n − f∗∥2∗ − c̃0Eapprox, in order to complete the proof of Theorem 1. To this end,
we use the following concentration inequality, which builds on the Bernstein inequality and
leverages the results of Balázs et al. (2016), as applied here to the product of subgaussian
random variables.

Lemma 17 Let F be a finite, nonempty set, and n ∈ N. For each f ∈ F and i ∈ [n] ∪ {0},
let Zf,i,Wf,i be real-valued, subgaussian random variables satisfying E

[
eZ

2
f,i/ω

2]
≤ 2 and

E
[
eW

2
f,i/ν

2]
≤ 2 for some ω, ν > 0. Suppose that, for each fixed f ∈ F , the random pairs

(Zf,0,Wf,0), (Zf,1,Wf,1), . . . , (Zf,n,Wf,n) are i.i.d., and that there exist constants α, µ > 0
such that µ2 ≤ E[Z2

f,0] ≤ αE[Zf,0Wf,0] for all f ∈ F . Then, for all γ ∈ (0, 1), it holds with
probability at least 1− γ that

max
f∈F

{
E
[
Zf,0Wf,0

]
− 2

n

n∑
i=1

Zf,iWf,i

}
≤ 16(ω + 2αν)ν

ln(3ω/µ)

n
ln(|F|/γ).

Proof See Section 4.4.4.

The condition E[Z2
f,0] ≤ αE[Zf,0Wf,0] in Lemma 17 is related to the widely used Bern-

stein condition (Bartlett and Mendelson, 2006, Definition 2.6).

In order to apply Lemma 17, we need to show that f+n belongs to a (non-random)
function class with a bounded covering number. From Lemma 6 we already know that
λ̃f+n ≤ (1+ θ3)λ̃fn , where λ̃fn is further bounded in Lemma 16 as λ̃fn ≤ λ̃0. The next result
provides the missing upper bound on the magnitudes of the bias parameters of f+n . This
bound follows from properties of f+n ensured by the final step in the definition of the DCF
estimator (5). Unlike in Section 4.4.2, here the bound on the bias terms cannot be allowed
to scale polynomially with the sample size n.

Lemma 18 Suppose that event Eγ,δn and (6) hold. Then, there exists β0 > 0 such that
maxk∈I+

n
|bf+n ,k − y0| ≤ β0, and β0 = Θ

(
(1 + rρ)(τϕp + λϕp)θ3λ̃0

)
. Furthermore, we have

Ln(f+n ) = O
(
(1 + r2ρ )θ

2
3λ̃

2
0λ

2
ϕp

)
.

Proof For each k ∈ I+n , let ik ∈ [n] be such that f+n (Xik) = bf+n ,k +w⊤
f+n ,k

ϕp(Xik , X̂k),

which always exists by the definition of I+n in (5). The triangle inequality and Eγ,δn ⊂ Eγ
yield ∥Xik − X̂k∥ ≤ 2rρ. Moreover, Lemmas 6 and 16 imply λ̃f+n ≤ (1 + θ3)λ̃0. Then, by
the triangle and Cauchy-Schwarz inequalities, and Lemma 3, we get

|bf+n ,k − y0| ≤ |f
+
n (Xik)− y0|+ ∥wf+n ,k

∥∥ϕp(Xik , X̂k)∥

≤ |f+n (Xik)− y0|+ 2rρτϕp(1 + θ3)λ̃0.
(24)

Additionally, from (5), we have f+n (Xi) = C+
n + f̂+n (Xi) for all i ∈ [n], which yields

1

n

n∑
i=1

f+n (Xi) = C+
n +

1

n

n∑
i=1

f̂+n (Xi) = Ȳ . (25)
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Since λ̃f+n ≤ (1 + θ3)λ̃0, Lemma 3 implies that f+n is ((1 + θ3)λ̃0λϕp)-Lipschitz on Rd w.r.t.

∥·∥, that is f+n ∈ F(1+θ3)λ̃0λϕp ,Rd . Using this, the triangle and Jensen’s inequalities, (25),

and Lemma 9, Eγ implies for all i ∈ [n] that

|f+n (Xi)− y0| ≤
∣∣∣f+n (Xi)−

1

n

n∑
j=1

f+n (Xj)
∣∣∣+ |Ȳ − y0|

≤ 2(1 + θ3)rρλ̃0λϕp + (rσ + 2λ∗rρ).

(26)

We prove the bound β0 on the bias by combining (24) and (26), and using θ3 ≥ 1 with
max{λ∗, rσ} = O(λ̃0).

By using the triangle inequality and Lemma 9, event Eγ also implies |f+n (Xi) − Yi| ≤
|f+n (Xi) − y0| + O(rσ + λ̃0rρ). The bound on Ln(f+n ) then follows from (26) by squaring
and averaging over all i ∈ [n].

Having bounded the parameter magnitudes of f+n , we now construct a bounded, non-
random function class that always contains a function uniformly approximating f+n on the
entire space Rd to the required accuracy. This construction relies on the fact that ϕp(·, ·) is
Lipschitz in its second argument (Lemma 3).

We also need the notion of tuples: the set of all tuples of size k ∈ N with elements
from a set X ⊆ Rd is defined as Tk(X )

.
= {⟨x̃1, . . . , x̃k⟩ : x̃j ∈ X , j ∈ [k]}. We extend the

definition of Fp(X̃ ) to allow X̃ to be a tuple, so that multiple function parameters may be
associated with the same center.

The following result presents the construction mentioned above:

Lemma 19 Suppose the conditions of Lemma 18 hold, and let k∗ be as in Lemma 8. Fur-
ther, let Xρ

.
= {x ∈ X∗ : ∥x− E[X]∥ ≤ rρ}, η > 0, and X̂ρ,η be an η-cover of Xρ w.r.t. ∥·∥.

Define the following (non-random) function class:

Fp,η
.
=

⋃
k∈[k∗]

⋃
X̃∈Tk(X̂ρ,η)

Fp(X̃ )

where Fp(X̃ )
.
=

{
f ∈ Fp(X̃ ) : |bf,k − y0| ≤ β0, ∥wf,k∥ ≤ (1 + θ3)λ̃0, k ∈ [|X̃ |]

}
for all

X̃ ∈ Tk(X̂ρ,η) and k ∈ N, restricting Fp(X̃ ) to functions with bounded parameter magnitudes.
Then, there exists f ∈ Fp,η such that maxx∈Rd |f+n (x)− f(x)| ≤ (1 + θ3)λ̃0λϕpη.

Proof Let K+
.
= |I+n | and write I+n

.
= {j1, . . . , jK+} with some indices j1, . . . , jK+ ∈ [K].

By Lemma 9, Eγ implies X̂K ⊆ Xn ⊂ Xρ. Since K ≤ k∗ by Lemma 8, it follows that
1 ≤ K+ ≤ K ≤ k∗, and since X̂ρ,η is an η-cover of Xρ w.r.t. ∥·∥, we can select a tuple
X̃ .

= ⟨x̃1, . . . , x̃K+⟩ ∈ TK+(X̂ρ,η) such that Fp(X̃ ) ⊂ Fp,η and ∥X̂jk − x̃k∥ ≤ η for all
k ∈ [K+]. The reason for using tuples is that we cannot guarantee that distinct elements
from X̂ρ,η can be associated with all of X̂j1 , . . . , X̂jK+

.

Recall that we have λ̃f+n ≤ (1 + θ3)λ̃fn ≤ (1 + θ3)λ̃0 from Lemmas 6 and 16, and

maxk∈I+
n
|bf+n ,k − y0| ≤ β0 from Lemma 18. Using this, we define function f ∈ Fp(X̃ ) by

setting bf,k
.
= bf+n ,jk and wf,k

.
= wf+n ,jk

for all k ∈ [K+]. Then, for all x ∈ Rd, we have by
the Cauchy-Schwarz inequality and the λϕp-Lipschitzness of ϕp(x, ·) from Lemma 3 that∣∣f+n (x)− f(x)

∣∣ ≤ max
k∈[K+]

∣∣∣∣(ϕp(x, X̂jk)− ϕp(x, x̃k)
)⊤

wf,k

∣∣∣∣ ≤ max
k∈[K+]

λϕp∥X̂jk − x̃k∥∥wf,k∥,

which proves the result as ∥X̂jk−x̃k∥ ≤ η and ∥wf,k∥ ≤ λ̃f+n ≤ (1+θ3)λ̃0 for all k ∈ [K+].
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As the concentration inequality in Lemma 17 requires a finite function set, next we
construct a cover of Fp,η.

Lemma 20 Suppose that the conditions of Lemma 19 hold, and that the cover X̂ρ,η of Xρ
w.r.t. ∥·∥ is of minimal cardinality. For all k0 ∈ N and X̃ ∈ Tk0(Rd), define a metric
between any f, f̂ ∈ Fp(X̃ ) as

ψk0(f, f̂)
.
= max

k∈[k0]
|bf,k − bf̂ ,k|+ rρ∥wf,k −wf̂ ,k∥.

Let η ∈ (0, rρ/2] and δ ∈ (0, β0]. For all k ∈ N and X̃ ∈ Tk(X̂ρ,η), define F̂p,δ(X̃ ) to be a
δ-cover of Fp(X̃ ) w.r.t. ψk of minimal cardinality. Finally, let

F̂p,η,δ
.
=

⋃
k∈[k∗]

⋃
X̃∈Tk(X̂ρ,η)

F̂p,δ(X̃ ).

Then, for every function f ∈ Fp,η there exists f̂ ∈ F̂p,η,δ which satisfies |f(x) − f̂(x)| ≤
2δτϕp

(
1 + ∥x− E[X]∥/rρ

)
for all x ∈ Rd. Additionally, ln

∣∣F̂p,η,δ∣∣ = O
(
dk∗ ln

(
rρβ0/(ηδ)

))
.

Proof Note that the result of Lemma 12 extends straightforwardly to Fp(X̃ ), where X̃ =

⟨x̃1, . . . , x̃k0⟩ is a tuple. Therefore, we have for all f, f̂ ∈ Fp(X̃ ) and for all x ∈ Rd that∣∣f(x)− f̂(x)∣∣ ≤ ψk0(f, f̂)(1 + max
k∈[k0]

τϕp ∥x− x̃k∥/rρ
)
. (27)

Fix f ∈ Fp,η arbitrarily, and let X̃ .
= ⟨x̃1, . . . , x̃k0⟩ ∈ Tk0(X̂ρ,η) such that f ∈ Fp(X̃ ). By the

definition of δ-cover w.r.t. ψk0 , we choose f̂ ∈ F̂p,δ(X̃ ) ⊂ F̂p,η,δ to be such that ψk0(f, f̂) ≤ δ.
Now fix any x ∈ Rd. Since x̃k ∈ Xρ for all k ∈ [k0], we have ∥x̃k − E[X]∥ ≤ rρ, and the
triangle inequality yields maxk∈[k0]∥x− x̃k∥ ≤ ∥x−E[X]∥+rρ. Therefore, (27) and τϕp ≥ 1

imply the claimed upper bound on |f(x)− f̂(x)|.
Define Tη,k

.
= Tk(X̂ρ,η) for all k ∈ [k∗]. By Lemma 7, |Tη,k| = |X̂ρ,η|k = O

(
(rρ/η)

dk
)
. Fur-

ther, for all X̃ ∈ Tη,k, the bounds on the bias and slope parameters of any f, f̂ ∈ Fp(X̃ ) imply

ψk(f, f̂) ≤ 2(β0 + (1 + θ3)rρλ̃0) = O(β0). Therefore, Nψk

(
Fp(X̃ ), δ

)
= O

(
(β0/δ)

(1+dp)k
)
by

Lemma 10. Note that
∑

k∈[k∗] t
k = (tk∗+1 − t)/(t − 1) < 2tk∗ holds for any t ≥ 2. Then,

using rρβ0/(ηδ) ≥ 2 for all η ∈ (0, rρ/2] and δ ∈ (0, β0], and d ≤ dp, we obtain

|F̂p,η,δ| ≤
k∗∑
k=1

∑
X̃∈Tη,k

Nψk

(
Fp(X̃ ), δ

)
= O

( k∗∑
k=1

∣∣Tη,k∣∣(β0/δ)(1+dp)k) = O

((rρβ0
ηδ

)(1+dp)k∗
)
,

which proves the claimed upper bound on |F̂p,η,δ| with 1 + dp = O(d).

Finally, we are ready to combine the results and prove Theorem 1.
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Proof of Theorem 1 Define η
.
= (rρ/2)(K/n) and choose δ ∈ (0, β0] to be such that

δ = Θ
(
(1 + rρ)λ̃0(K/n)

)
, which is always possible since β20 = Θ

(
(1 + rρ)

2(τϕp + λϕp)
2θ23λ̃

2
0

)
,

θ3 ≥ 1, min{τϕp , λϕp} ≥ 1, and K ≤ n. Let f̃++
n ∈ Fp,η be the approximation to the

DCF estimator f+n from Lemma 19, and f̂++
n ∈ F̂p,η,δ be the approximation to f̃++

n from
Lemma 20. Define cη,δ

.
= (1+ θ3)λ̃0λϕpη+4δτϕp , where cη,δ = O

(√
d(K/n)(1 + rρ)θ3λ̃0

)
by

θ3 ≥ 1 and max{λϕp , τϕp} = O(
√
d). Since rρ > ρ for all n ≥ 2 and all γ ∈ (0, 1), we have

E
[
∥X − E[X]∥2/r2ρ

]
≤ ln(2) < 1 by (7) and Jensen’s inequality. Then, ∥f+n − f̂++

n ∥∗ ≤ cη,δ
follows from the triangle inequality, and Lemmas 19 and 20. Further, by using (a + b)2 ≤
2(a2 + b2) for all a, b ∈ R, we get

∥f+n − f∗∥2∗ ≤ 2∥f̂++
n − f∗∥2∗ + 2c2η,δ = 2∥f̂++

n − f∗∥2∗ +O
(dK
n

(1 + r2ρ )θ
2
3λ̃

2
0

)
. (28)

Notice that if ∥f̂++
n − f∗∥2∗ ≤ β20/n, then the term ∥f̂++

n − f∗∥2∗ in (28) becomes negligible,
since (τϕp + λϕp)

2 = O(d). Hence, we can assume, without loss of generality, that f̂++
n ∈

F̂p,η,δ,β0
.
=

{
f ∈ F̂p,η,δ : ∥f − f∗∥2∗ > β20/n

}
.

Combining the error decomposition (11) using c̃0
.
= 4, the bound of Lemma 16 on the

approximation error Eapprox = ∥f+n − y∥2n − ∥f∗ − y∥2n, and (28) yields

∥f+n − f∗∥2∗ = 2
(
∥f̂++
n − f∗∥2∗ − 2Eapprox

)
+O

(dK
n

(1 + r2ρ )θ
2
3λ̃

2
0

)
. (29)

Event Eγ implies maxi∈[n]∥Xi − E[X]∥2/r2ρ ≤ 1. Hence, ∥f+n − f̂++
n ∥n ≤ cη,δ follows from

the triangle inequality, and Lemmas 19 and 20. Then, using the Cauchy-Schwarz inequality,
the bound on ∥f+n − y∥n from Lemma 18, and max{τϕp , λϕp} = O(

√
d), we obtain

Eapprox = ∥f+n − y∥2n − ∥f∗ − y∥2n
= ∥f̂++

n − y∥2n + 2⟨f+n − f̂++
n , f+n − y⟩n − ∥f+n − f̂++

n ∥2n − ∥f∗ − y∥2n
≥ ∥f̂++

n − y∥2n − ∥f∗ − y∥2n − c2η,δ − 2∥f+n − f̂++
n ∥n∥f+n − y∥n

≥ ∥f̂++
n − y∥2n − ∥f∗ − y∥2n − c2η,δ −O

(
cη,δ(1 + rρ)θ3λ̃0λϕp

)
= ∥f̂++

n − y∥2n − ∥f∗ − y∥2n −O
(dK
n

(1 + r2ρ )θ
2
3λ̃

2
0

)
.

(30)

For any function f : Rd → R, define Zf,0
.
= f(X) − f∗(X), Wf,0

.
= f(X) + f∗(X) − 2Y

and Zf,i
.
= f(Xi) − f∗(Xi), Wf,i

.
= f(Xi) + f∗(Xi) − 2Yi for all i ∈ [n]. Then, we have

E[Zf,0Wf,0] = ∥f − y∥2∗ − ∥f∗ − y∥2∗ and 1
n

∑
i∈[n] Zf,iWf,i = ∥f − y∥2n − ∥f∗ − y∥2n, since

a2− b2 = (a− b)(a+ b) for all a, b ∈ R. Note that ∥f − f∗∥2∗ = ∥f − y∥2∗−∥f∗− y∥2∗ for any
function f : Rd → R (e.g., Györfi et al., 2002, Section 1.1), which can be also expressed as
E[Z2

f,0] = E[Zf,0Wf,0]. Therefore, combining (29) and (30) implies

∥f+n − f∗∥2∗ ≤ 2
(
∥f̂++
n − y∥2∗ − ∥f∗ − y∥2∗ − 2

(
∥f̂++
n − y∥2n − ∥f∗ − y∥2n

))
+O

(dK
n

(1 + r2ρ )θ
2
3λ̃

2
0

)
= O

(
max

f∈F̂p,η,δ,β0

{
E[Zf,0Wf,0]−

2

n

n∑
i=1

Zf,iWf,i

}
+
dK

n
(1 + r2ρ )θ

2
3λ̃

2
0

)
.

(31)

Note that (Zf,0,Wf,0), . . . , (Zf,n,Wf,n) are i.i.d., and E[Z2
f,0] ≥ β20/n, for all f ∈ F̂p,η,δ,β0 .
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Take any f ∈ F̂p,η,δ,β0 , and let X̃ .
= ⟨x̃1, . . . , x̃k0⟩ ∈ Tk0(X̂ρ,η) be the centers associated

with f for some k0 ∈ [k∗], that is f ∈ F̂p,δ(X̃ ). Then, for any x ∈ X∗, using the triangle
and Cauchy-Schwarz inequalities, Lemma 3, y0 = f∗(x0), x0 ∈ X∗, f∗ ∈ Fλ∗,X∗ , and

∥x̃k − E[X]∥ ≤ rρ since x̃k ∈ X̂ρ,η ⊆ Xρ, we get

|f(x)− f∗(x)| ≤ max
k∈[k0]

|bf,k − y0|+ ∥ϕp(x, x̃k)∥∥wf,k∥+ |y0 − f∗(x)|

≤ β0 + τϕp(∥x− E[X]∥+ rρ)(1 + θ3)λ̃0 + λ∗∥x− x0∥.
(32)

Since ∥x − x0∥ ≤ 2∥x − E[X]∥ for all x ∈ X∗ by the definition of x0 in Section 4.4.1,

and E
[
e∥X−E[X]∥2/r2ρ

]
≤ 2 from (7), (32) yields that the random variable Zf,0 satisfies

E
[
eZ

2
f,0/ω

2]
≤ 2 for some constant ω > 0 such that ω = Θ

(
β0 + τϕprρ(1 + θ3)λ̃0

)
= O(β0).

Similarly, using Lemma 9, Eγ implies E
[
eZ

2
f,i/ω

2]
≤ 2 for all i ∈ [n]. Additionally, by writing

Wf,0 = Zf,0 + 2(f∗(X) − Y ) and Wf,i = Zf,i + 2(f∗(Xi) − Yi) for all i ∈ [n], we have

E
[
eW

2
f,i/ν

2]
≤ 2 for some ν > 0 satisfying ν = Θ(ω + rσ) = O(β0), for all i ∈ [n] ∪ {0}.

Then, by applying Lemma 17 with α = 1, µ = β0/
√
n, ω ≤ ν = O(β0), and using∣∣F̂p,η,δ,β0∣∣ ≤ ∣∣F̂p,η,δ∣∣ with the bound from Lemma 20, we get with probability at least 1− γ

that

max
f∈F̂p,η,δ,β0

{
E[Zf,0Wf,0]−

2

n

n∑
i=1

Zf,iWf,i

}
= O

(
ν2

ln(n)

n
dk∗ ln

(rρβ0
ηδγ

))
= O

(dk∗
n
β20 ln(n) ln(dn/γ)

)
,

(33)

where in the last step we simplified using ηδ = Ω
(
rρ(1 + rρ)λ̃0/n

2
)
, τϕp = O(

√
d), θ3 =

O
(
ln(n)

)
= O(

√
n) from (6), so (rρβ0)/(ηδ) = O

(
n2β0/((1 + rρ)λ̃0)

)
= O

(
n2
√
dn

)
.

We finally prove Theorem 1 by combining (31) and (33), together with the bound
K ≤ k∗ = O(nd∗/(2+d∗)) from Lemma 8. We conclude the proof by appropriately rescaling
γ, and simplifying the bound by using β20 = O

(
(1 + r2ρ )(τϕp + λϕp)

2θ23λ̃
2
0

)
from Lemma 18,

λ̃20 = O
(
θ20 + τ2pλ

2
∗ + σ2 ln(β2/γ)

)
from Lemma 16, θ20 = O

(
(r2σ + λ2∗) ln

2(n)
)
from (6) and

Lemma 9, β2 = O(β2ln), and (τϕp + λϕp)
2τ2p = O

(
1 + dI{p ̸= 2}

)
from Lemmas 3 and 5.

4.4.4 Proof of the Concentration Inequality

In this section, we present the deferred proof of Lemma 17. To this end, we employ the
following variant of the Bernstein inequality, applied to products of subgaussian random
variables:

Lemma 21 Let Z and W be real-valued random variables satisfying E
[
eZ

2/ω2] ≤ 2 and

E
[
eW

2/ν2
]
≤ 2 for some constants ω, ν > 0, and E[Z2] > 0. Define the kurtosis of Z by

K[Z]
.
= E[Z4]/E[Z2]2, and let c ≥ 4 ln(4

√
K[Z]). Then, the following hold:

(a) E
[
|ZW |k

]
≤ (k!/2)E[Z2](2c ν2)(c ων)k−2 for all integers k ≥ 2,

(b) E
[
es(E[ZW ]−ZW )

]
≤ exp

(
c ν2s2E[Z2]
1−c ωνs

)
for all s ∈

(
0, 1/(c ων)

)
.
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Proof Part (a) was proved in Lemma A.5 of Balázs (2016). Part (b) follows from Theo-
rem 2.10 of Boucheron et al. (2013), using part (a).

Next, we combine Lemma 21 with the ideas of Balázs et al. (2016) to prove Lemma 17.

Proof of Lemma 17 Introduce the shorthand notation Zf
.
= Zf,0 and Wf

.
= Wf,0.

By Lemma A.2 of Balázs (2016), we have E[Z4
f ] ≤ 2(2/e)2ω4. Since E[Z2

f ] ≥ µ2, it

follows that K[Zf ] ≤ 2(ω/µ)4 for all f ∈ F . Define c
.
= 8 ln(3ω/µ), which satisfies

c ≥ maxf∈F 4 ln(4
√
K[Zf ]). Then, by applying Lemma 21 with E[Z2

f ] ≤ αE[ZfWf ], we
obtain for all s ∈ (0, 1), i ∈ [n], and f ∈ F that

E
[
es(E[ZfWf ]−Zf,iWf,i)/(c ων)

]
≤ exp

(c ν2s2αE[ZfWf ]

(1− s)(c ων)2
)
. (34)

Let s ∈ (0, 1) and t > 0 be constants to be chosen later. Thereby, applying the union and
Chernoff bounds, using the independence of ZfWf , Zf,1Wf,1, . . . , Zf,nWf,n for each fixed
f ∈ F , and applying (34), we obtain

P
{
max
f∈F

{
E
[
ZfWf

]
− 2

n

n∑
i=1

Zf,iWf,i

}
>

2tc ων

s n

}

≤ P
{
max
f∈F

s

2c ων

n∑
i=1

(
E[ZfWf ]− 2Zf,iWf,i

)
> t

}
≤ e−t

∑
f∈F

E
[
e

s
2c ων

(∑
i∈[n](E[ZfWf ]−2Zf,iWf,i)

)]

= e−t
∑
f∈F

e−
s n E[ZfWf ]

2c ων

n∏
i=1

E
[
es(E[ZfWf ]−Zf,iWf,i)/(c ων)

]
≤ e−t

∑
f∈F

exp

(
s nE[ZfWf ]

c ων

(
− 1

2
+

sνα

(1− s)ω

))
= γ,

where we set s
.
= ω/(ω+ 2αν) and t

.
= ln(|F|/γ) for the last line. This proves the claim.

5. Approximation Rates of Some DC Classes

An important part of our analysis is understanding the approximation rate of the chosen
function representation for the estimator to the underlying Lipschitz regression function. To
strengthen the connection between our work and the existing literature, we establish uniform
approximation results for other delta-convex function classes that have been proposed to
extend convex regression techniques to the more general Lipschitz setting of (1).

To the best of our knowledge, the approximation rate bounds presented in this section
(Corollaries 22 and 25) have not appeared in the literature. The closest related result
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establishes that DC functions are dense in the class of (locally) Lipschitz functions on a
closed, bounded, convex domain in Rd (Bačák and Borwein, 2011, Proposition 2.2).

Define the uniform norm of a function f : X → R on X ⊆ Rd by ∥f∥∞,X
.
= supx∈X |f(x)|.

5.1 Max-min-affine Functions

For all k0, l0 ∈ N, define the set of max-min-affine functions by

Mk0,l0
.
=

{
m : Rd → R

∣∣∣m(x)
.
= max

k∈[k0]
min
l∈[l0]

bk,l + x⊤wk,l,

x ∈ Rd, bk,l ∈ R, wk,l ∈ Rd, k ∈ [k0], l ∈ [l0]
}
.

Recall from (2) that vf,k denotes the parameter of f ∈ F∞(X̂ ) associated with the norm

term, for some finite X̂ ⊂ Rd and any k ∈ [|X̂ |]. We then define the class in which this
parameter is restricted to be nonpositive by F∞−(X̂ )

.
=

{
f ∈ F∞(X̂ ) : vf,k ≤ 0, k ∈ [|X̂ |]

}
.

The approximation in Theorem 2 belongs to F∞−(X̂ ), thereby achieving a uniform approx-
imation rate for max-min-affine functions, as established in the next result.

Corollary 22 Let X ⊂ Rd and suppose there exist r, t > 0 such that N∥·∥(X , ϵ) ≤ (r/ϵ)t

for all ϵ ∈ (0, r]. Let f ∈ Fλ,X for some Lipschitz constant λ > 0. Then, for all k0 ∈ N and

l0 ≥ 2d, there exists m ∈Mk0,l0 such that ∥f−m∥∞,X ≤ (1+
√
d)λrk

−1/t
0 and m ∈ F√

dλ,Rd.

Proof Write the max-norm ∥·∥∞ in max-linear form as ∥x∥∞ = maxj∈[d],s∈{−1,1} se
⊤
j x for

all x ∈ Rd, where e1, . . . , ed are the canonical basis vectors of Rd. Then, functions inMk0,l0

with l0 ≥ 2d can use the internal minimization to represent the negated max-norm −∥·∥∞,
thereby allowing implementation of any f ∈ F∞−(X̂ ) with any X̂ .

= {x̂1, . . . , x̂k0} as

f(x) = max
k∈[k0]

bf,k+u⊤
f,k(x−x̂k)+vf,k∥x−x̂k∥∞ = max

k∈[k0]
min
j∈[d],

s∈{−1,1}

bf,k+(uf,k+vf,ksej)
⊤(x−x̂k)

for all x ∈ Rd. Hence, the function f̂ ∈ F∞−(X̂ ) from Theorem 2 belongs toMk0,l0 .

Set ϵ
.
= rk

−1/t
0 , which ensures that N∥·∥(X , ϵ) ≤ (r/ϵ)t = k0. Choose X̂ ⊆ X such that

|X̂ | = k0 and it contains an ϵ-cover of X w.r.t. ∥·∥. The claims then follow from Theorem 2
using X , X̂ , ϵ, t0 = 1, t1 =

√
d, and f ∈ Fλ,X .

For any bounded set X , the covering condition of Corollary 22 is satisfied with t = d
by Lemma 7. This yields the approximation rate k0

−1/d, which is known to be optimal
(DeVore et al., 1989, Theorem 4.2).

An appealing property of the class Mk0,l0 is that it does not depend on the choice of

center points X̂ , unlike F∞−(X̂ ) or F∞(X̂ ). In fact, F∞−(X̂ ) ⊂ Mk0,l0 for any X̂ ⊂ Rd

with k0 ≥ |X̂ | and l0 ≥ 2d. However, Mk0,l0 uses at least d times more parameters than

F∞(X̂ ), specifically at least 2d|X̂ |(d + 1) versus |X̂ |(d + 2) + |X̂ |d. Moreover, we are not
aware of any tractable algorithm for solving the non-convex ERM problem over the full
classMk0,l0 . Only heuristic methods have been proposed (e.g., Bagirov et al., 2010, 2022).
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The DCF algorithm (Algorithm 2) addresses this gap in the presented nonparametric
setting. Using p =∞ and additional linear constraints vf,k ≤ 0 for all k ∈ [K], expressed as

w⊤
k = [u⊤

k vk] with uk ∈ Rd and vk ≤ 0 in (3), DCF computes an estimator fn ∈ F∞−(X̂K)

in polynomial time, where the set X̂K is computed by AFPC. Since the worst-case approx-
imation functions of Theorem 2 and Lemma 5 already satisfy the nonpositivity constraints
{vk ≤ 0 : k ∈ [K]}, this fn estimator achieves the near-minimax rate of Theorem 1 and can
be converted to an equivalent representation mn ∈MK,2d.

The final refinement step (4) is performed directly over MK,2d, initialized at mn, and
the resulting estimator continues to satisfy the near-minimax rate of Theorem 1. Our
proof adapts to this case (and in fact simplifies) since MK,2d depends not on the random
covariates Xn, but only on K ≤ k∗. This leads to a substantial simplification of Lemmas 19
and 20, as we only need to construct a cover of the (non-random) classMk∗,2d, which follows
straightforwardly from Lemma 10 after bounding the parameter space. The convergence
rate bound for mn scales with an additional factor of d relative to that of Theorem 1, due
to the larger number of parameters in mn compared to fn.

Finally, the symmetrization of this max-min-affine estimator can be carried out in a
similar way as for the other DCF variants, as described in Section 6.1.

5.2 Approximation of Smooth Functions

We now present an approximation result analogous to Theorem 2 for smooth functions,
which we use in Section 5.3 to establish uniform approximation results for certain delta-
convex classes.

For some ν > 0, we say that a function f : X → R is ν-smooth on X w.r.t. ∥·∥ if it
is differentiable on X ⊆ Rd, and its gradient ∇f : X → Rd is ν-Lipschitz on X w.r.t. ∥·∥,
that is ∥∇f(x)−∇f(x̂)∥ ≤ ν∥x− x̂∥ holds for all x, x̂ ∈ X . Denote the class of ν-smooth
functions on X w.r.t. ∥·∥ by F∇

ν,X .

Then consider the following uniform approximation bound for smooth functions:

Theorem 23 Let Xϵ ⊆ X be an ϵ-cover of a convex set X ⊂ Rd w.r.t. ∥·∥. Let f ∈ F∇
ν,X

for some constant ν > 0, and define f̃1(x)
.
= maxx̂∈Xϵ f(x̂) +∇f(x̂)⊤(x− x̂)− ν∥x− x̂∥2

for all x ∈ Rd. Then, 0 ≤ f(x)− f̃1(x) ≤ 2νϵ2 for all x ∈ X .

Proof Choose x ∈ X arbitrarily. Because X is a convex set, Taylor’s theorem and f ∈ F∇
ν,X

yield for all x̂ ∈ Xϵ that f(x) = f(x̂) +∇f
(
tx̂x+ (1− tx̂)x̂

)⊤
(x− x̂) for some tx̂ ∈ [0, 1].

Then by the Cauchy-Schwarz inequality, we get

f̃1(x)− f(x) = max
x̂∈Xϵ

f(x̂)− f(x) +∇f(x̂)⊤(x− x̂)− ν∥x− x̂∥2

≤ max
x̂∈Xϵ

(tx̂ − 1)ν∥x− x̂∥2

≤ 0.
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For the other side, we have minx̂∈Xϵ∥x − x̂∥ ≤ ϵ by the ϵ-covering property. Then by
Taylor’s theorem, f ∈ F∇

ν,X , and the Cauchy-Schwarz inequality, we get

f(x)− f̃1(x) = min
x̂∈Xϵ

f(x)− f(x̂)−∇f(x̂)⊤(x− x̂) + ν∥x− x̂∥2

≤ min
x̂∈Xϵ

(tx̂ + 1)ν∥x− x̂∥2

≤ 2νϵ2.
which proves the claim.

The function f̃1 of Theorem 23 provides a lower approximation of f . Similarly, an upper
approximation is given by f̆1, defined as f̆1(x)

.
= minx̂∈Xϵ f(x̂)+∇f(x̂)⊤(x−x̂)+ν∥x−x̂∥2

for all x ∈ Rd.
Note that f̃1 and f̆1 use the quadratic feature ∥·∥2, in contrast to the norm feature ∥·∥

used by the functions f̂ and f̌ in Section 4.1. The next result shows that the quadratic
feature ∥·∥2 can also be used to approximate non-smooth Lipschitz functions.

Theorem 24 Let Xϵ ⊆ X be an ϵ-cover of a set X ⊂ Rd w.r.t. ∥·∥. Suppose that f ∈ Fλ,X
for some Lipschitz constant λ > 0, and define f̃0(x)

.
= maxx̂∈Xϵ f(x̂) − (λ/ϵ)∥x − x̂∥2 for

all x ∈ Rd. Then, −λϵ/4 ≤ f(x)− f̃0(x) ≤ 2λϵ for all x ∈ X .

Proof Choose x ∈ X arbitrarily. By f ∈ Fλ,X , we have

f̃0(x)− f(x) = max
x̂∈Xϵ

f(x̂)− f(x)− (λ/ϵ)∥x− x̂∥2 ≤ max
x̂∈Xϵ

λ∥x− x̂∥
(
1− ∥x− x̂∥

ϵ

)
≤ λϵ

4
.

For the other side, we have minx̂∈Xϵ∥x− x̂∥ ≤ ϵ by the ϵ-covering property. The claim then
follows from f ∈ Fλ,X as f(x)− f̃0(x) = minx̂∈Xϵ f(x)− f(x̂) + (λ/ϵ)∥x− x̂∥2 ≤ 2λϵ.

Again, the max-concave approximation f̃0 has an analogous min-convex variant f̆0,
defined as f̆0(x)

.
= minx̂∈Xϵ f(x̂) + (λ/ϵ)∥x − x̂∥2 for all x ∈ Rd. Figure 6 illustrates the

approximations of this section on the smooth and non-smooth examples from Figure 5.
Although it is straightforward to modify the DCF algorithm to use ∥·∥2 instead of ∥·∥ in

the function representation of F2(X̂K), the near-minimax guarantee of Theorem 1 does not
carry over. Our proof of Theorem 1 does not extend to this case due to the challenge that
the approximation functions f̃0 and f̃1 are only locally Lipschitz, and the coefficient of the
quadratic feature ∥·∥2 in f̃0 grows as λ/ϵ, which scales polynomially in n since ϵ ≈ n−1/(2+d∗).
Addressing this issue remains an open direction for future research.

Figure 6: Approximation of a smooth function (left two plots) by f̃1 and f̆1 of Theorem 23,
and of a non-smooth Lipschitz function (right two plots) by f̃0 and f̆0 of Theo-
rem 24. The setting and notation are the same as in Figure 5, except that in the
left two plots, the shaded areas indicate distances of νϵ2 and 2νϵ2 from f .
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5.3 Weakly Max-affine and Delta-max-affine Functions

The functions f̃0 and f̃1 of Theorems 23 and 24 are weakly convex in the sense of Vial
(1983); that is, there exist s0, s1 ≥ 0 such that f̃0 + s0q and f̃1 + s1q are convex functions,
where q is a symmetric convex quadratic function given by q(x)

.
= ∥x∥2 for all x ∈ Rd.

Define the class of max-affine functions with at most k0 ∈ N hyperplanes by

Mk0
.
=

{
m : Rd → R

∣∣∣m(x)
.
= max

k∈[k0]
bk +w⊤

k x, x ∈ Rd, bk ∈ R, wk ∈ Rd, k ∈ [k0]
}
.

Let the class of weakly max-affine functions beMw
k0

.
= {f | f .

= m− sq, m ∈ Mk0 , s ∈ R}.
Furthermore, consider the closely related class of delta-max-affine functions, defined by
M∆

k0

.
= {f | f .

= m1−m2, m1,m2 ∈Mk0}. The next result provides uniform approximation

bounds for both of these classes. For convenience, let F∞,X
.
= F∇

∞,X
.
= {f | f : X → R}.

Corollary 25 Let X ⊂ Rd be a convex set, and suppose there exist r, t > 0 such that
N∥·∥(X , ϵ) ≤ (r/ϵ)t for all ϵ ∈ (0, r]. Let f ∈ Fλ,X ∩ F∇

ν,X for some constants λ, ν ∈ (0,∞].

Then, for all k0 ∈ N, there exist functions fw ∈Mw
k0

and f∆ ∈M∆
k0

such that

∥fw − f∥∞,X ≤ 2ϵmin{λ, νϵ}, ∥f∆ − f∥∞,X ≤ 3ϵmin{λ, νϵ}, ϵ
.
= rk

−1/t
0 .

Proof The choice ϵ = rk
−1/t
0 ensures that N∥·∥(X , ϵ) ≤ (r/ϵ)t = k0, which allows us to

choose X̂ ⊆ X with |X̂ | = k0 such that it contains an ϵ-cover of X w.r.t. ∥·∥. Suppose that
{λ, ν} ≠ {∞}, otherwise the claim is trivial and vacuous.

For finite λ and ν, define the following weakly max-affine functions for all x ∈ Rd:

f̃0(x)
.
= m0(x)−(λ/ϵ)q(x), m0(x)

.
= max

x̂∈X̂
f(x̂)− (λ/ϵ)∥x̂∥2 + 2(λ/ϵ)x̂⊤x,

f̃1(x)
.
= m1(x)−νq(x), m1(x)

.
= max

x̂∈X̂
f(x̂)− ν∥x̂∥2 −∇f(x̂)⊤x̂+

(
∇f(x̂)+2νx̂

)⊤x.
Clearly, f̃0, f̃1 ∈Mw

k0
, where f̃0 coincides with the function constructed in Theorem 24 and

f̃1 with the one in Theorem 23. Set f̃1
.
= f̃0 for ν = ∞ and f̃0

.
= f̃1 for λ = ∞. Then, the

claimed upper bound on ∥fw − f∥∞,X follows directly for some fw ∈ {f̃0, f̃1}.
Next, we approximate the quadratic function q by a max-affine function formed as

the maximum of the first-order Taylor approximations of q at the points in X̂ . Define
m̂(x)

.
= maxx̂∈X̂ −∥x̂∥

2 + 2x̂⊤x for all x ∈ Rd. Then, by the ϵ-covering property of X̂ ,
we have q(x) − m̂(x) = minx̂∈X̂ ∥x − x̂∥2 ∈ [0, ϵ2] for all x ∈ X . Let δ

.
= min{λ, νϵ} and

mw ∈ {m0,m1} such that fw
.
= mw − (δ/ϵ)q ∈ {f̃0, f̃1} satisfies ∥fw − f∥∞,X ≤ 2ϵδ. Define

f∆
.
= mw − (δ/ϵ)m̂, where f∆ ∈ M∆

k0
. The second claim then follows by using the triangle

inequality as ∥f∆ − f∥∞,X ≤ ∥f∆ − fw∥∞,X + ∥fw − f∥∞,X ≤ (δ/ϵ)ϵ2 + 2ϵδ = 3ϵδ.

For estimator design in regression, weakly max-affine functions were studied by Sun and
Yu (2019), although without establishing convergence rates. Using delta-max-affine func-
tions, Siahkamari et al. (2020) proposed an estimator and proved a suboptimal convergence
rate for the case in which the regression function is delta-convex. Our proof techniques
do not apply to either of these function classes, for the reasons explained at the end of
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Section 5.2. Nevertheless, Corollary 25 may be useful for extending these developments and
designing near-minimax estimators for smooth regression functions, which lies beyond the
scope of this work.

6. Variants of DCF

As mentioned in Section 2.2, one can train over any of the function classes Fp(·), F−
p (·),

or F∆
p (·) with p ∈ {1, 2,∞,+} using DCF (Algorithm 2). While all these settings enjoy

the near-minimax guarantee of Theorem 1, they can differ significantly in empirical per-
formance, as shown in Section 3. We further illustrate this difference in Figure 7 for the
1-dimensional examples discussed earlier in Figures 5 and 6. The plots show that Fp(·)
struggles to approximate the concave regions, while F−

p (·) struggles with convex regions.

In contrast, the symmetric representation in F∆
p (·) overcomes both issues and achieves

significantly better approximation accuracy. In all cases, the accuracy is an order of magni-
tude better than that of the worst-case optimal approximation functions from Theorem 2 in
Figure 5. The plots also illustrate how the choice of the regularizer θ2 controls the “smooth-
ness” of the estimator. In these noise-free settings, smaller values of θ2 yield better results;
however, in the noisy problems discussed in Section 3, such choices can lead to overfitting.

Recall the definition F−
p (X̂K)

.
= {−f : f ∈ Fp(X̂K)} from Section 2.3. Training over

F−
p (X̂K) requires only a minor modification to DCF: one can flip the sign of the response

variables Y1, . . . , Yn during training, and then flip the sign of the final estimator f+n at the
end. The case of F∆

p is slightly more involved, and we discuss it in detail in the next section.

Fp(·) F−
p (·) F∆

p (·)

Figure 7: DCF approximations, each column showing the result for Fp(·), F−
p (·), F∆

p (·),
respectively. We used the norms p ∈ {1, 2,∞} which are equivalent for d = 1.
The settings and the notations are the same as in Figure 5. DCF uses the same
parameters as in Section 3, with θ2 = (RXn/n)

2 for f̂+sl and θ2 = R2
Xn
/n for f̂+lg .
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6.1 Symmetric Representations

We now describe the modifications to DCF (Algorithm 2) needed to work with the sym-
metric class F∆

p (X̂K)
.
= {f | f .

= f1 − f2, f1, f2 ∈ Fp(X̂K)}.
As before, we compute a single set of center points X̂K using AFPC (Algorithm 1). The

main difference lies in modifying (3) to use two sets of parameters, ⟨(bk,wk) : k ∈ [K]⟩ and
⟨(b′k,w′

k) : k ∈ [K]⟩, as shown in the following:

min
z∈R,

b1,...,bK∈R,
w1,...,wK∈Rdp ,
b′1,...,b

′
K∈R,

w′
1,...,w

′
K∈Rdp

θ1z
2 +

∑
k∈[K]

θ2
(
∥wk∥2 + ∥w′

k∥2
)

+
1

n

∑
i∈[n]

I
{
Xi ∈ Ck(X̂K)

}(
bk − b′k + ϕp(Xi, X̂k)

⊤(wk −w′
k)− Yi

)2

such that for all k, l ∈ [K] : bk ≥ bl + ϕp(X̂k, X̂ l)
⊤wl, ∥wk∥ ≤ z + θ0,

b′k ≥ b′l + ϕp(X̂k, X̂ l)
⊤w′

l, ∥w′
k∥ ≤ z + θ0. (35)

Let the solution of (35) be
(
zn, ⟨(bn,k,wn,k, b

′
n,k,w

′
n,k) : k ∈ [K]⟩

)
, and define the (ini-

tial) estimator by fn
.
= fn,1 − fn,2, where fn,1(x)

.
= maxk∈[K] bn,k + ϕp(x, X̂k)

⊤wn,k, and

fn,2(x)
.
= maxk∈[K] b

′
n,k+ϕp(x, X̂k)

⊤w′
n,k, for all x ∈ Rd. Clearly, fn,1, fn,2 ∈ Fp(X̂K), and

we have fn ∈ F∆
p (X̂K).

Next, the final step refines the estimator fn to f̂+n ∈ F∆
p (X̂K) that satisfies (4), where

the regularizer

Rc0,c1,c2(f)
.
= c1 max

k∈[K],j∈[2]

(
∥wfj ,k∥ − c0

)2
+
+ c2

∑
k∈[K],j∈[2]

∥wfj ,k∥
2

(36)

is defined for all c0, c1, c2 ≥ 0, and for all f
.
= f1 − f2 ∈ F∆

p (X̂K) with f1, f2 ∈ Fp(X̂K).

Here, we use λ̃f
.
= maxk∈[K],j∈[2]∥wfj ,k∥ to define Rn(·) in (4).

Suppose the refined estimator f̂+n is expressed as f̂+n
.
= f̂+n,1 − f̂

+
n,2 with some functions

f̂+n,1, f̂
+
n,2 ∈ Fp(X̂K). Then, the final estimator f+n

.
= f+n,1 − f

+
n,2 is defined for all x ∈ Rd as

f+n,j(x)
.
=

(
3
2−j

)
C+
n + max

k∈I+
n,j

bf̂+n,j ,k
−C+

∆ + ϕp(x, X̂k)
⊤wf̂+n,j ,k

, j ∈ [2], (37)

where I+n,j
.
= In(f̂+n,j), C+

n and In(·) are defined as in (5), and the average bias term C+
∆ is

given by C+
∆
.
= 1

2

∑
j∈[2]

1
|I+

n,j |
∑

k∈I+
n,j
bf̂+n,j ,k

.

Let b+j,k
.
= (32 − j)C

+
n + bf̂+n,j ,k

− C+
∆ be the bias parameters used in defining f+n , for all

j ∈ [2] and k ∈ I+n,j . Define the average bias terms as b̄+n,j
.
= 1

|I+
n,j |

∑
k∈I+

n,j
b+j,k for all j ∈ [2].

Note that subtracting the constant C+
∆ from all the bias parameters leaves the function f+n

unchanged and ensures that b̄+n,1 + b̄+n,2 = 0.
We claim that the theoretical guarantee of Theorem 1 extends to DCF estimators based

on the symmetric set F∆
p (·). The derivation in Section 4 can be straightforwardly adapted to

this case, except for one detail concerning the bounding of the unregularized bias parameters
in Lemmas 14 and 18. The techniques presented in Section 4.4 yield bounds on differences
between pairs of bias parameters, rather than on individual ones. To decouple these bounds,
we apply the following result.
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Lemma 26 Let n,m ∈ N, and a1, . . . , an, b1, . . . , bm ∈ R. Define ā
.
= (1/n)

∑n
i=1 ai and

b̄
.
= (1/m)

∑m
j=1 bj. Suppose that ā+ b̄ = 0, and that there exist c ∈ R and β > 0 such that

maxi∈[n],j∈[m] |ai− bj − c| ≤ β. Then, max
{
maxi∈[n] |ai− c/2|,maxj∈[m] |bj + c/2|

}
≤ 3β/2.

Proof By Jensen’s inequality, we get |ā−b̄−c| ≤ 1
nm

∑n
i=1

∑m
j=1 |ai−bj−c| ≤ β. Combining

this with ā = −b̄ yields |ā−c/2| ≤ β/2 and |b̄+c/2| ≤ β/2. Then, by using the reverse trian-
gle and Jensen’s inequalities, we get for all i ∈ [n] that |ai−c/2|−|b̄+c/2| ≤ |ai− b̄−c| ≤ β,
which implies maxi∈[n] |ai − c/2| ≤ 3β/2. The other claim, maxj∈[m] |bj + c/2| ≤ 3β/2, fol-
lows analogously.

Similarly to the proof of Lemma 18, one can show that for every k ∈ I+n,1 there exists

l ∈ I+n,2 such that |b+1,k − b+2,l − y0| ≤ β0, and symmetrically with the roles of the two
components interchanged. To lift this to all index pairs, we bound the spread of the bias
parameters within each component. By the definition of I+n,j , for all j ∈ [2] and k ∈ I+n,j
there exists ik ∈ [n] with f+n,j(Xik) = b+j,k +w⊤

f+n,j ,k
ϕp(Xik , X̂k). Hence, for all j ∈ [2] and

k, l ∈ I+n,j , the triangle and Cauchy-Schwarz inequalities, Lemma 3, the Lipschitz continuity

of f+n,j , and X̂K ⊆ Xn yield

|b+j,k − b
+
j,l| ≤ |f

+
n,j(Xik)− f

+
n,j(Xil)|+ ∥wf+n,j ,k

∥∥ϕp(Xik , X̂k)∥+ ∥wf+n,j ,l
∥∥ϕp(Xil , X̂ l)∥

≤ (λϕp + 2τϕp) max
k∈[K]

∥wf+n,j ,k
∥ max
i,i′∈[n]

∥Xi −Xi′∥
= O(β0).

Combining the two bounds through the triangle inequality gives |b+1,k − b
+
2,l − y0| = O(β0)

for all k ∈ I+n,1 and l ∈ I+n,2, which we then separate using Lemma 26 with b̄+n,1 + b̄+n,2 = 0.

The bias parameters of fn can be centered to satisfy 0 =
∑

k∈[K] bn,k + b′n,k without

changing the function. Analogously to the proof of Lemma 14, we get |bn,k − b′n,k − y0| =
O(β1) for all k ∈ [K]. To extend this to all pairs, we use the constraints in (35). Specifically,
for each pair k, l ∈ [K], we have bk ≥ bl + ϕp(X̂k, X̂ l)

⊤wl and bl ≥ bk + ϕp(X̂ l, X̂k)
⊤wk,

which imply |bn,k − bn,l| = O
(
τϕpRXn maxk′∈[K]∥wn,k′∥

)
= O(β1). The same reasoning

applies to {b′n,k : k ∈ [K]}. We then use the triangle inequality to bound the distance
between all pairs as |bn,k − b′n,l − y0| = O(β1) for all k, l ∈ [K], and invoke Lemma 26. The
remaining details are straightforward and omitted for brevity.

6.2 Adapting to Convex Shape-restricted Regression

We now consider the setting of convex (shape-restricted) regression, where the λ∗-Lipschitz
regression function f∗ is known to be convex. The goal is to estimate f∗ with a convex
function.

Let Fcvx
λ,X

.
=

{
f ∈ Fλ,X : f is convex

}
denote the set of λ-Lipschitz, convex functions

on a convex set X ⊆ Rd. Let ∇f(x) denote an arbitrary but fixed subgradient of f at
x ∈ Rd. We consider the statistical model (1), modified so that f∗ ∈ Fcvx

λ∗,X∗
, for an unknown

Lipschitz constant λ∗ > 0 and an unknown convex domain X∗ ⊆ Rd. In this setting, DCF
(Algorithm 2) can be applied by restricting Fp(X̂K) to convex functions, where the center
points X̂K

.
= {x̂1, . . . , x̂K} are computed by AFPC (Algorithm 1).

The max-affine representation is by far the most widely used in convex regression. DCF
can be readily adapted to this case by disabling the “norm feature” and restricting Fp(X̂K)
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to the class of max-affine functions as

MK =
{
f ∈ Fp(X̂K) : w⊤

f,k = [u⊤
f,k vf,k], uf,k ∈ Rd, vf,k = 0, k ∈ [K]

}
, (38)

which holds for all p ∈ {1, 2,∞}.
To adapt the proof of Theorem 1 to the convex regression setting, we replace Theorem 2

with the following approximation result, which slightly extends the result of Balázs (2022).

Theorem 27 Let Xϵ be an ϵ-cover of a convex set X ⊂ Rd. Suppose f ∈ Fcvx
λ,X for some

Lipschitz constant λ > 0, and let m̂(x)
.
= maxx̂∈Xϵ f(x̂) +∇f(x̂)⊤(x − x̂) for all x ∈ Rd.

Then, for all x ∈ X and x̃ ∈ Xϵ,

0 ≤ f(x)− m̂(x) ≤ 2λϵ, m̂(x̃) = f(x̃), m̂ ∈ Fcvx
λ,Rd ∩M|Xϵ|.

Proof The convexity of f directly implies 0 ≤ f − m̂. Moreover, since f ∈ Fλ,X , we get
for all x ∈ X that

f(x)− m̂(x) = min
x̂∈Xϵ

f(x)− f(x̂)−∇f(x̂)⊤(x− x̂) ≤ 2λ min
x̂∈Xϵ

∥x− x̂∥, (39)

which implies f(x)− m̂(x) ≤ 2λϵ for all x ∈ X by the ϵ-covering property of Xϵ. Further-
more, choosing x = x̃ ∈ Xϵ in (39), we get f(x̃) − m̂(x̃) ≤ 0, implying the second claim.
The third claim follows because the max function is 1-Lipschitz, and ∥∇f(x̂)∥ ≤ λ for all
x̂ ∈ Xϵ as Xϵ ⊆ X and f ∈ Fλ,X .

Since Theorem 27 delivers the same O(λϵ) approximation accuracy as Theorem 2, one
may apply DCF with the class of max-affine functions MK to achieve the near-minimax
rate of Theorem 1 in the convex regression setting. This matches the theoretical guarantees
of the APCNLS algorithm of Balázs (2022), but unlike APCNLS, DCF does not require
knowledge of the Lipschitz constant λ∗. Moreover, the optimization problem (3) in DCF uses
K2 constraints, which provides a substantial reduction in computational burden compared
to the nK constraints used in APCNLS.

Motivated by the experimental results of Section 3, it may be beneficial to use a richer
function class than the max-affine one. In particular, one can allow vf,k ≥ 0 for all k ∈ [K]

instead of enforcing vf,k = 0 as in (38), which still ensures that the set Fp(X̂K) is restricted

to convex functions for all p ∈ {1, 2,∞}. Moreover, one can restrict the set F+(X̂K) to
convex functions using the following simple result:

Lemma 28 Fix x̂, u, v ∈ R, and define f(x)
.
= (x− x̂)+u+ (x̂− x)+v for all x ∈ R. Then

f is convex on R if and only if u ≥ −v.

Proof Write f(x) = (x− x̂)+(u+ v)−
(
(x− x̂)+− (x̂−x)+

)
v = (x− x̂)+(u+ v)− (x− x̂)v

which is convex on R if u+ v ≥ 0 and concave otherwise by the convexity of (·)+.

Then, by Lemma 28, the above-mentioned restriction to convex functions can be for-
malized by using an extra linear constraint as

Fcvx
+ (X̂K)

.
=

{
f ∈ F+(X̂K) : w⊤

f,k = [u⊤
f,k v⊤

f,k], uf,k ≥ −vf,k, uf,k,vf,k ∈ Rd, k ∈ [K]
}
.

A detailed analysis of when these extended convex function classes provide performance
gains compared to max-affine functions is left for future research.
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7. Conclusions

We introduced the polynomial-time DCF algorithm, which decomposes the nonparametric
estimation of a Lipschitz function into three steps: a partitioning step, an initial convex
fitting step over the resulting partition, and an optional refinement step applied to the
initial solution. As shown in Theorem 1, DCF achieves the adaptive near-minimax rate
in our setting, capturing the intrinsic dimension of the covariate space without relying on
external model selection procedures.

Our empirical results show that DCF, when equipped with an appropriately chosen
regularization parameter θ2, can be competitive with state-of-the-art methods and can
outperform other theoretically justified algorithms. However, its sensitivity to θ2, together
with its computationally intensive training procedure, highlights an important direction for
future research.
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Miroslav Bačák and Jonathan M. Borwein. On difference convexity of locally Lipschitz
functions. Optimization, 60(8-9):961–978, 2011.

Jose Blanchet, Peter W Glynn, Jun Yan, and Zhengqing Zhou. Multivariate distribution-
ally robust convex regression under absolute error loss. In H. Wallach, H. Larochelle,
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László Györfi, Michael Kohler, Adam Krzyzak, and Harro Walk. A distribution-free theory
of nonparametric regression. Springer, 2002.

Qiyang Han and Jon A. Wellner. Multivariate convex regression: Global risk bounds and
adaptation. arXiv preprint arXiv:1601.06844, 2016.

Philip Hartman. On functions representable as a difference of convex functions. Pacific
Journal of Mathematics, 9(3):707–713, 1959.

Jean-Baptiste Hiriart-Urruty. Extension of Lipschitz functions. Journal of Mathematical
Analysis and Applications, 77(2):539–554, 1980.

Jean-Baptiste Hiriart-Urruty. Generalized differentiability, duality and optimization for
problems dealing with differences of convex functions. Convexity and Duality in Opti-
mization, pages 37–70, 1985.

Dorit S. Hochbaum and David B. Shmoys. A best possible heuristic for the k-center problem.
Mathematics of Operations Research, 10(2):180–184, 1985.

Samory Kpotufe. Escaping the curse of dimensionality with a tree-based regressor. In
Conference on Learning Theory (COLT), 2009.

Samory Kpotufe. The curse of dimension in nonparametric regression. PhD thesis, Uni-
versity of California, 2010.

Samory Kpotufe and Sanjoy Dasgupta. A tree-based regressor that adapts to intrinsic
dimension. Journal of Computer and System Sciences, 78(5):1496–1515, 2012.

S.R. Kulkarni and S.E. Posner. Rates of convergence of nearest neighbor estimation under
arbitrary sampling. IEEE Transactions on Information Theory, 41(4):1028–1039, 1995.

Gil Kur, Fuchang Gao, Adityanand Guntuboyina, and Bodhisattva Sen. Convex regression
in multidimensions: Suboptimality of least squares estimators. The Annals of Statistics,
52(6):2791–2815, 2024.

Eunji Lim. On convergence rates of convex regression in multiple dimensions. INFORMS
Journal on Computing, 26(3):616–628, 2014.

Eunji Lim. Convex regression with a penalty. arXiv preprint arXiv:2509.19788, 2025.

E. J. McShane. Extension of range of functions. Bulletin of the American Mathematical
Society, 40(12):837–842, 1934.

E. A. Nadaraya. On estimating regression. Theory of Probability & Its Applications, 9(1):
141–142, 1964.

Yu. Nesterov. Smooth minimization of non-smooth functions. Mathematical Programming,
103(1):127–152, 2005.

Yurii Nesterov and Arkadii Nemirovskii. Interior-Point Polynomial Algorithms in Convex
Programming. Society for Industrial and Applied Mathematics, 1994.

40



Near-optimal Delta-convex Estimation of Lipschitz Functions

Jorge Nocedal and Stephen J. Wright. Numerical Optimization. Springer, 2006.

Sergei Ovchinnikov. Max-min representation of piecewise linear functions. Contributions to
Algebra and Geometry, 43(1):297–302, 2002.
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