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Abstract

This paper proposes a novel class of block quasi-Newton methods for convex optimization
which we call symmetric rank-k (SR-k) methods. Each iteration of SR-k incorporates
the curvature information with k Hessian-vector products achieved from the greedy or
random strategy. We prove that SR~k methods have the local superlinear convergence rate
of (9((1 — k/d)t¢=1/ 2) for minimizing smooth and strongly convex functions, where d is
the problem dimension and ¢ is the iteration counter. This is the first explicit superlinear
convergence rate for block quasi-Newton methods, and it successfully explains why block
quasi-Newton methods converge faster than ordinary quasi-Newton methods in practice. We
also leverage the idea of SR-k methods to study the block BFGS and block DFP methods,
showing their superior convergence rates.

Keywords: block quasi-Newton methods, Broyden family updates, superlinear convergence

1. Introduction

We study quasi-Newton methods for solving the minimization problem

i f(x), (1)

where f : RY — R is smooth and strongly convex. Quasi-Newton methods (Broyden, 1970b.a;
Shanno, 1970; Broyden, 1967; Davidon, 1991; Byrd et al., 1987; Yuan, 1991; Asl et al., 2024)
are widely recognized for their fast convergence rates and efficient updates, which attract
growing attention in many fields such as statistics (Jamshidian and Jennrich, 1997; Zhang
and Sutton, 2011; Bishwal, 2008), economics (Ludwig, 2007; Li et al., 2013) and machine
learning (Goldfarb et al., 2020; Hennig and Kiefel, 2013; Liu and Luo, 2022; Liu et al., 2022;
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Lee et al., 2018; Qiu et al., 2024). Unlike standard Newton methods, which need to compute
the Hessian and its inverse, quasi-Newton methods go along the descent direction by the
following scheme

xe1 =% — G 'V f(xy),

where G; € R%*? is an estimator of the Hessian V2 f(x;). The most popular ways to construct
the Hessian estimator are the Broyden family updates, including the Broyden—Fletcher—
Goldfarb—Shanno (BFGS) method (Broyden, 1970b.a; Shanno, 1970), the Davidon—Fletcher—
Powell (DFP) method (Davidon, 1991; Fletcher and Powell, 1963), and the symmetric
rank-one (SR1) method (Broyden, 1967; Davidon, 1991).

The classical quasi-Newton methods with Broyden family updates (Broyden, 1970a.,b)
find the Hessian estimator Gy for the next round by the secant equation

Gir1(Xep1 — %) = VF(x41) — V(%) (2)

These methods have been proven to exhibit local superlinear convergence in the 1970s
(Powell, 1971; Dennis and Moré, 1974; Broyden et al., 1973; Dai, 2002), and their non-
asymptotic superlinear rates were established in recent years (Rodomanov and Nesterov, 2022,
2021b; Ye et al., 2023; Jin and Mokhtari, 2023; Jin et al., 2022). For example, Rodomanov
and Nesterov (Rodomanov and Nesterov, 2022) showed the classical BFGS method enjoys
the local superlinear rates of O((ds/ t)t/ %), where 3¢ > 1 is the condition number. They also
improved this result to O((exp (dIn(>)/t) — 1Y/ ?) in consequent work (Rodomanov and
Nesterov, 2021b). Later, Ye et al. (2023) showed the classical SR1 method converges with a
local superlinear rate of O((dIn(s)/t)"/?).

Some recent work (Gower and Richtarik, 2017; Rodomanov and Nesterov, 2021a; Lin
et al., 2022; Ji and Dai, 2023) proposed another type of quasi-Newton methods, which
construct the Hessian estimator by the following equation

Gir1 = V2 f(xs1)wy (3)

where u; € R? is chosen by a greedy or randomized strategy. Rodomanov and Nesterov
(2021a) established a local superlinear rate of O ((1— 1/(%d))t(t*1)/2) for greedy quasi-Newton
methods with Broyden family updates. Later, Lin et al. (2022) provided a condition-number
free superlinear rate of O((1 -1/ d)te=1/ ?) for the greedy and randomized quasi-Newton
methods with the specific BFGS and SR1 updates.

Block quasi-Newton methods construct the Hessian estimator along multiple directions
at each iteration. The study of these methods dates back to the 1980s. Schnabel (Schnabel,
1983) proposed the first block BFGS method by extending equation (2) to multiple secant
equations, i.e., Gy11(X¢y1 — Xer1—5) = Vf(xi41) — Vf(xe41—5) for all j =1,..., k. However,
the resulting update of this method cannot guarantee that the Hessian estimator is symmetric,
and it requires additionally modification to ensure the positive definiteness (Schnabel, 1983;
O’Leary and Yeremin, 1994; Gao and Goldfarb, 2018; Lee and Sun, 2024). Another line of
research in 2010s (Gao and Goldfarb, 2018; Gower et al., 2016; Gower and Richtarik, 2017;
Kovalev et al., 2020; Boutet et al., 2020) considers the variants of block BEFGS methods that
generalize condition (3) to

Gt+1Ut = sz(XtJrl)Ut, (4)
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where U; = [u§1), - ,uﬁk)] € R¥* indicates multiple directions constructed by deterministic

or randomized methods. Since the Hessian-matrix product V2 f(x;,1)U; can be efficiently
achieved by accessing the Hessian-vector products {V?f (xt+1)u,£] ) ?:1 in parallel (Gao and
Goldfarb, 2018), these block BFGS methods usually exhibit better empirical performance
than the ordinary quasi-Newton methods without block fashion updates. Gao and Goldfarb
(2018); Kovalev et al. (2020) provided asymptotic local superlinear rates for block BFGS
methods based on the condition (4), but the advantage of block quasi-Newton methods
over ordinary quasi-Newton methods is still unclear in theory. This naturally leads to the
following question:

Can we provide a block quasi-Newton method with explicit superior convergence rate over
the ordinary ones?

In this paper, we give an affirmative answer by proposing symmetric rank-k (SR-k)
methods. We design a novel block update to construct the Hessian estimator G4y, € R4
that satisfies equation (4). We also provide the randomized and greedy strategies to
determine directions in U, € R¥** for SR-k methods, which lead to the explicit local
superlinear convergence rate of (9((1 — k:/d)t(t_l)/z), where £ is the number of directions
used to approximate the Hessian at each iteration. For the case of k¥ = 1, our methods
reduce to randomized and greedy SR1 methods (Lin et al., 2022). For the case of k > 2, it is
clear that SR-k methods have faster superlinear rates than existing greedy and randomized
quasi-Newton methods (Lin et al., 2022; Rodomanov and Nesterov, 2021a). For the case of
k = d, it recovers the quadratic convergence rate like standard Newton’s method. We also
follow the design of SR~k to propose the variants of randomized block BFGS methods (Gower
et al., 2016; Gower and Richtérik, 2017; Kovalev et al., 2020) and a randomized block DFP
method, resulting in faster explicit superlinear rates. We compare the proposed methods
with existing quasi-Newton methods in Table 1.

Paper Organization The remainder of this paper is organized as follows. In Section 2,
we introduce notations and assumptions throughout this paper. In Section 3, we propose
the SR-k update in the view of matrix approximation. In Section 4, we propose the quasi-
Newton methods with SR-k updates for minimizing smooth strongly convex functions and
provide their superior local superlinear convergence rates. In Section 5, we propose the new
randomized block BFGS methods and randomized block DFP method with explicit local
superlinear convergence rates. In Section 6, we conduct numerical experiments to show the
outperformance of the proposed methods. Finally, we conclude our work in Section 7.

2. Preliminaries

We first introduce the notations used in this paper. We use {ej,---,e4} to present the
standard basis in space R? and let I; € R4 be the identity matrix. We use ST to denote
the Moore-Penrose inverse of a matrix S. We denote the trace of a square matrix by tr(-).
We use || - || to present the spectral norm of a matrix and the Euclidean norm of a vector.
Given a positive definite matrix A € R%*? we denote the corresponding weighted norm
as ||x|[a £ (x" Ax)'/2 for some x € R?. We use the notation ||x||, to present [xllv2 ¢z for
positive definite Hessian V2 f(z), if there is no ambiguity for the reference function f(-). We
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Table 1: We summarize local convergence rates of existing and proposed quasi-Newton methods
for strongly convex optimization, where s denotes the condition number of the objective
and ¢ is the iteration counter. The second column displays the number of secant equations

used to construct the Hessian estimator.

Methods #Equations Convergence
0 dse\t/2
Classical BFGS 1 ((T) )
(Rodomanov and Nesterov, 2022, 2021b) d ln(%) /2
O(er(—=7)-1) )
Classical BFGS/DFP 1 0 LNE/2Y
(Jin and Mokhtari, 2023) ((;) )
Classical DFP 1 da®\t/2
(Rodomanov and Nesterov, 2022) o ( (T) )
Classical SR1 1 o ((d In(s) )t/2>
(Ye et al., 2023) t
Greedy/Randomized Broyden 1 \tt=1)/2
(Rodomanov and Nesterov, 2021a; Lin et al., 2022) 1 0 < <1 B ;d) )
Randomized BFGS 1 O((l B })t(t—l)ﬂ)
(Lin et al., 2022) d
Greedy/Randomized SR1 1 (’)((1 B 1>t(t—1)/2)
(Lin et al., 2022) d
Blodk-BFGS k € [d] asymptotic superlinear
(Gao and Goldfarb, 2018)
Randomized BIOCk_BFGS (Vl) k€ [d] asymptotic superlinear
(Kovalev et al., 2020; Gower and Richtarik, 2017)
kN t(t—1)/2
Greedy/Randomized SR-k keld—1] O((l - E) )
Algorithm 1 k=d quadratic
k \tt-1)/2
Randomized Block-BFGS/DFP keld—1] o((1-—) )
. >
Algorithm 2 k=d quadratic
k\t-1)/2
Faster Randomized Block-BFGS keld—1] O((l — ﬁ) >
Algorithm 3 k=d quadratic

(*) This convergence rate requires an additional assumption that the initial Hessian estimator be sufficiently close to the

exact Hessian (Jin and Mokhtari, 2023, Corollary 3).

also define E,(A) £ [e;,; -
diagonal entries of matrix A € Rdxd,

;e ] € Rk where g, ..

.,ig are the indices for the largest k
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Throughout this paper, we suppose the objective in problem (1) satisfies the following
assumptions.

Assumption 2.1 We assume the objective f : R — R is L-smooth, i.e., there exists some
constant L > 0 such that |V f(x) — Vf(y)| < L|jx —y|| for any x,y € R%

Assumption 2.2 We assume the objective f : R — R is u-strongly convexz, i.e., there
exists some constant p > 0 such that

A(L = N)

O+ (1= X)y) S MG + (1= NS (y) = = x =yl

for any x,y € R? and X € [0, 1].

We define the condition number as » £ L/u. The following proposition shows the twice
differentiable function has a bounded Hessian under Assumptions 2.1 and 2.2 (Nesterov,
2018).

Proposition 2.3 Suppose the objective f : RY — R is twice differentiable and satisfies
Assumptions 2.1 and 2.2, then it holds ply < V2 f(x) < L1 for any x € R,

We also impose the assumption of strongly self-concordance (Rodomanov and Nesterov,
2021a; Lin et al., 2022) as follows.

Assumption 2.4 We assume the objective f : R* — R is M-strongly self-concordant, i.e.,
there exists some constant M > 0 such that

VI (y) = V2 f(x) 2 My = x[l.V?f(w)
holds for all x,y,w,z € R%.

Noticing that the strongly convex function with Lipschitz continuous Hessian is strongly
self-concordant (Rodomanov and Nesterov, 2021a).

Proposition 2.5 Suppose the objective f : R* — R satisfies Assumption 2.2 and has Lo-
Lipschitz continuous Hessian, i.e., for some Ly > 0, |V2f(x) — V2f(y)|| < Lz||x —y|| holds
for all x, y € R%, then the function f(-) is M-strongly self-concordant with M = Lo/u3/?.

3. Symmetric Rank-t Updates

We propose the symmetric rank-k (SR-k) update for matrix approximation as follows.

Definition 3.1 (SR-k Update) Let A € R¥™*? and G € R¥™? be two positive-definite
matrices with A < G. For any matriz U € R we define

SR-k(G,A,U)2 G- (G- A)U(U(G-A)U)'UT(G-A). (5)
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Noticing that the formula of SR~k update contains a term of Moore-Penrose inverse, since
the matrix UT (G — A)U is possibly singular even if matrices A, G € R¥*¢ and U € R**
are full rank. This leads to its design and analysis be quite different from other block-type
updates, i.e., block BEGS/DFP updates we study in Section 5.

In this section, we always use G to denote the output of SR-k update such that

G, = SR-k(G,A,U). (6)

We provide the following lemma to show that SR-k update does not increase the deviation
from target matrix A.

Lemma 3.2 Given any positive-definite matrices A € R4, G € R™>? with A < G < nA
for some n > 1, then Gy defined by (6) holds that

A=< G, <7A. (7)
Proof According to the update rule (5), we have

G, —-A=(G-A)—(G-AUU(G-AU)UT(G-A)
(Id—(G—A)U(UT(G—A)U)TUT) (G — A) (Id—U(UT(G—A)U)TUT(G—A))
0,

Y

which indicates G4+ = A. On the other hand, the condition G < nA indicates
Gy 1A — (G- AUUT(G-A)U)'UT (G- A) <A,

where the last inequality is by the condition G = A. Hence, we finish the proof. |
To evaluate the convergence of SR-k update, we introduce the quantity (Lin et al., 2022; Ye
et al., 2023)

7a(G) £ tr(G — A), (8)

to describe the difference between the target matrix A and the current estimator G.
In the remainder of this section, we aim to establish the following convergence guarantee

Blra(Gl < (14 ) ra(@) )

for approximating the target matrix A € R4 by SR-k iteration (6) with the appropriate
choice of (random) matrix U € R¥*. Note that if we take k = 1, the equation (9) will
reduce to E[7a(G+)] < (1 —1/d) 7a(G), which corresponds to the convergence result of
randomized and greedy SR1 updates Lin et al. (2022).

Observe that we can split 74 (G4 ) as follows

a(G) 2 (G- A— (G- A)UUT(G - A)U)UT(G - A))

= 2(G-A)-tr((G-A)UUT(G-AU)IUT(G-4)). 10

Part Part 11
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Since Part I is equal to 74 (G) and Part II is nonnegative, the SR-k update can reduce the
estimation error with regard to 74 (+). To obtain (9), we only need to prove

E[tr((G - A)U(UT(G - A)U)IUT(G - A))] > Str(G —A).

We first provide the following lemma to bound Part II (in the view of R = G — A).

Lemma 3.3 For a symmetric positive semi-definite matriz R € R and a full rank matriz
U € R¥™F with k < d, it holds that

t -1
tr(RU (UTRU) U'R) > 2(U (UTU) U'R). (11)
Proof Let U= QXV ' be the reduced SVD of U € R¥* where Q € R¥>* V € RF*F are

(column) orthonormal (i.e. Q'Q =1Ij, and V'V =I;) and ¥ € R¥*¥ is diagonal, then the
right-hand side of inequality (11) can be written as

tr(U (UTU)il U'R) = tr(QuV’ (VZQVT)A VEQ'R) = tr(QQ'R).
Consequently, we upper bound the left-hand side of inequality (11) as follows
tr(RU (UTRU)T U'R) = r(RQEV’ (Vz:QTRQEVT)T VEQ'R)
— tr(Q"RQEV (VZQTRQEVT)T VEQ'RQ)
+tr((I;— QQT)"?

> tr(Q"RQEV (Vz:QTRQz:VT)T VEQRQ)

RQEVT (VEQTRQEVT) VEQTR(L - @Q")")

—tr((VE)"'VEQ'RQEV' (VZQTRQEVT)T VEQ'RQEVT (=vT) )
—tr(VE)"'VEQTRQEVT (V') ) = tr(QTRQ),

where the inequality is due to Q is column orthonormal (thus I; — QQ' > 0) and we have

RQxXV' (VEQTRQEVT)T VXQ'R is positive semi-definite. We connect above results
to finish the proof. |

We provide two strategies for selecting matrix U € R%¥** of the SR-k update:
(a) For the randomized strategy, we construct matrix U € R?* by sampling each
of its entries according to the standard normal distribution independently, i.e.,
[U];; "2 A(0,1) for all i € [d] and j € [k].

(b) For the greedy strategy, we construct matrix U € R¥** as U = E;(G — A), where
Ej(-) follows the definition in Section 2.
The following lemma indicates that the term of tr (U(UTU)_IUR) in inequality (11) can
be further lower bounded when we choose U € R?** by the above randomized or greedy
strategy, which guarantees a sufficient decrease of 74 (-) for SR-k updates.
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Lemma 3.4 SR-k updates with randomized and greedy strategies have the following proper-
ties:

(a) If U € R>F s chosen as [U);; Hid N(0,1), then we have

E[:(U(UTU) U'R)] = -—tx(R) (12)
for any matriz R € R4,
(b) If U € R¥* s chosen as U = E,(R), then we have
T T E
(U (U U) U'R) > ~tr(R) (13)

for any matriz R € R¥9,

Proof We first consider the randomized strategy such that each entry of the matrix
U € R is independently sampled from N(0,1). We use Vi to present the Stiefel
manifold which is the set of all d x k column orthogonal matrices and denote Py, 4—j as the
set of all m x m orthogonal projection matrices of rank k.

According to Theorem 2.2.1 (iii) and Theorem 2.2.2 (iii) of Chikuse (2003), the random
matrix Z = U(UTU)~ Y2 is uniformly distributed on Vg and the random matrix ZZ" =
U(U'U)"'U" is uniformly distributed on Pg 4. Then, applying Theorem 2.2.2 (i) of
Chikuse (2003) on matrix ZZ ' achieves

E [U(UTU)*UT} - Sld. (14)

Consequently, we have

E {tr(U (uvTu) - UTR)] = tr(E [U (UTU)A UT] Rr) ‘& Str(R).

Then we consider the greedy strategy such that U = E;(R). We use {r;}_ to denote k
largest diagonal entries of R with 1 > 19 > -+ > 1, then we have

i > SR (15)
We let u; € R? be the i-th column of U € R¥*¥ then we have
(U(UTU)‘lUTR) — tr((UTU) 'UTRU) = tr(I,U'RU) = tr(UTRU)
= Z:uTRuz = Zn > —tr
|

Remark 3.5 The proof of result (12) in Lemma 3.4 uses some statistical results on manifold
(Chikuse, 2003). For readers who are not familiar with manifold theory, we also provide an
elementary proof for equation (12) in Appendizx A.
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Now, we formally present the convergence result (9) for SR~k update.

Theorem 3.6 Let G, = SR-k(G, A, U) with G, A € R¥™9 such that G = A and select

U € R¥* where k < d, by the randomized strategy [U];; i1 N(0,1) or the greedy
strategy U = Ex(G — A). Then we have E[1a(G1)] < (1 — k/d) 7a(G).

Proof Applying Lemma 3.3 and Lemma 3.4 by taking R = G — A, we have

Elra(Gy)] 2 7a(G)—E[tr((G - A)UUT(G - A)U)'UT(G - A))]
(11) 1
< 7alG)-E[x(U(UTU) UT(G-A))]
(12),3(13) A (G) — Str((G —A)) = (1 - l;) TA(G).

Theorem 3.6 reveals the advantage of the SR~k update, i.e., we can achieve faster convergence
with respect to 7a(:) by increasing the block size k. As a comparison, the results of
ordinary randomized or greedy SR1 updates (Lin et al., 2022) are exactly the special case of
Theorem 3.6 when k = 1.

4. Minimizing Strongly Convex Function

By leveraging the proposed SR-k updates, we introduce a novel block quasi-Newton method,
referred to as the SR-k method. The specifics of the SR-k method are outlined in Algorithm 1,
where M > 0 is the self-concordant parameter that follows the notation in Assumption 2.4.

We shall consider the convergence rate of SR-k method (Algorithm 1) and show its
superiority to existing quasi-Newton methods. Our convergence analysis is based on the
measure of local gradient norm (Nesterov, 2018; Rodomanov and Nesterov, 2021a; Lin et al.,
2022), which is defined as

M) 2/ VI T(V2(x) 1V ().
The analysis starts from the following result for quasi-Newton iterations.

Lemma 4.1 (Rodomanov and Nesterov, 2021a, Lemma 4.3)) Suppose that the twice
differentiable objective f : R* — R is strongly self-concordant with constant M > 0 and the
positive definite matriz Gy € R¥¥? satisfies V2 f(x;) < Gy = 0y V2f(xy) for some n; > 1 and
MMX(x¢) < 2. Then the update formula

Xt41 = Xt — G;1Vf(xt) (16)
holds that

x;))? 2(\(x,))3
re < A(xe) and A(xep1) < <1 _ ;t) M) + M()\é )P M (iét )

;o (17)

where 1y = ||xp41 — Xt |x, -
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Algorithm 1 Symmetric Rank-£ Method
1: Input: xg, Gg, and &

2: fort=0,1...

3 Xppl = X¢ — Gt_IVf(xt)
41y =[x — Xix,

5: G, = (1 + M?"t)Gt

6:  Construct U; € Rk by

(a) randomized strategy: [Uyl,; A0, 1)

(b) greedy strategy: Uy = Ex(Gy — V2f(x¢11))
7. Gyp1 = SR-E(Gy, V2 f(x141), Uy)
8: end for

Note that the value of 7; in equation (17) is crucial to describe the local convergence rates
of different types of quasi-Newton methods. Applying Lemma 4.1 by setting 7; = 319/2 and
combining with Lemma 3.2, we can establish the linear convergence rate of SR-k methods
as follows (see Appendix C for the detailed proof).

Theorem 4.2 Under Assumptions 2.1, 2.2, and 2.4, if we run SR-k method (Algorithm 1)
with xg € RY, Go € R? such that V2 f(x0) < Go = noV2f(x0) and M(x) <In(3/2)/(4no)
for some ng > 1. Then it holds that

¢
G2 x)  and  Ax) < (1 _ 1) Axo). (18)
2 2’!}0

Furthermore, we can obtain the superlinear rate for iteration (16) if there exists some
sequence {n;} such that n, > 1 for all ¢ > 1 and lim; .7 = 1. For example, the
randomized and greedy SR1 methods (Lin et al., 2022) lead to some {n;} such that n, > 1
and E[n; — 1] < O((1 — 1/d)?). As the results shown in Theorem 3.6, the proposed
SR~k updates have superiority in matrix approximation. So we desire to construct some {n;}
for SR-k methods with the tighter bound E[n, — 1] < O((1 — k/d)?).

Based on the above intuition, we derive the faster local superlinear convergence rate for
SR-k methods in the following theorem (see Appendix D for the detailed proof), which is
explicitly sharper than the convergence rates of existing randomized and greedy quasi-Newton
methods (Lin et al., 2022; Rodomanov and Nesterov, 2021a).

V2 f(x:) < Gt <

Theorem 4.3 Under Assumptions 2.1, 2.2, and 2.4, we run SR-k method (Algorithm 1)
with x¢ € R and Go € R sych that

M)\(XO) S 7 . m and VQf(Xo) j GO j TIOVQf(XO) (19)

for some k < d and no > 1. Then it holds that

) o -2

which naturally indicates the following two-stage convergence behaviors:

10
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(a) For SR-k method with randomized strategy, we have

L tt=1)/2 1\t 1\
< - R i _
= (1) Q) () e

with probability at least 1 — & for some 0 € (0,1), where to = O(dIn(sdny/d)/k).

(b) For SR-k method with greedy strategy, we have

o\ HE=1)/2 1\ ! 1\
= () 0 )

where to = O (dIn(nods<)/k).

Remark 4.4 The condition V?f(x9) = Go =< n0V2f(xq) in Theorem 4.2 and 4.5 can be
satisfied by simply setting Go = L1, then we can efficiently implement the update on Gy
by Woodbury identity (Woodbury, 1950). In a follow-up work, Liu et al. (2025) analyzed
block quasi-Newton methods for solving nonlinear equations. However, their convergence
guarantees require the Jacobian estimator at the initial point to be sufficiently accurate, which
leads to potentially expensive costs in the step of initialization.

Remark 4.5 Theorem 4.3 also indicates the theoretical difference between the randomized
and greedy strategies. The greedy strategy emjoys a deterministic convergence guarantee
with respect to the local gradient norm \(X;), while the randomized strategy achieves the
corresponding guarantee with high probability and introduces an additional logarithmic depen-
dence on the failure probability §. However, the greedy strategy requires extra computation
to identify the top-k diagonal entries of the matriz Gy — V2f(x¢41) at each iteration, e.g.,
line 6(b) of Algorithm 1. In contrast, the randomized strategy is easier to implement since it
only needs construct Uy by following the normal distribution, which can make it preferable
in large-scale applications.

We can also set k = d for SR-k methods, which leads to 1, = 1 almost surely for all £ > 1
and achieves the quadratic convergence rate like standard Newton methods.

Corollary 4.6 Under Assumptions 2.1, 2.2, and 2.4, we run the SR-k method (Algorithm 1)
with k = d and x¢ € R? such that MA(xq) < 2, then A(x¢41) < M(A\(x¢))? is held almost
surely for all t > 1.

Proof The update rule G; = SR—k(ét_l, V2f(x;),Us_1) implies the equality holds with
UtT_thUt,l = UtT_1V2f(xt)Ut,1. Our choice of U; € R4 guarantees that it is non-
singular almost surely, so we have Gy = V2f(x;) for all + > 1. Lemma 4.1 with n; = 1
implies that A(x;11) < M(A(x¢))%/2+ M?(\(x))3/2 < M(A(x;))? holds for all ¢ > 1 almost
surely, which finishes the proof. |

11
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5. Improved Results for Block BFGS and DFP Methods

Following our our investigation on SR-k methods, we can also achieve the non-asymptotic
superlinear convergence rates of randomized block BFGS and randomized block DFP methods
(Gower et al., 2016; Gower and Richtarik, 2017). The block BFGS (Schnabel, 1983; Gower
and Richtérik, 2017; Gower et al., 2016) and DFP (Gower and Richtarik, 2017) updates are
defined as follows.

Definition 5.1 Let A € R™? and G € R™? be two positive-definite symmetric matrices
with A = G. For any full rank matriz U € R>F with k < d, we define

BlockBFGS(G, A, U) 2 G- GU(UTGU) 'U'G + AU(UTAU) 'UTA, (21)

and

BlockDFP(G, A, U)

22
2 AU(UTAU) 'UTA + (I, - AU(UTAU) 'UT)G (I, - U(UTAU) 'UTA). 22

In previous work, Gower et al. (2016) and Kovalev et al. (2020) proposed a randomized
block BFGS method by constructing the Hessian estimator with formula (21) and showed
it has an asymptotic local superlinear convergence rate. On the other hand, Gower and
Richtarik (2017) studied the randomized block DFP update (22) for matrix approximation,
but they did not consider solving optimization problems.

To achieve the explicit superlinear convergence rate of block BFGS and block DFP
methods, we provide some properties of block BFGS and block DFP updates which are
similar to our observations on SR-k update. We first show that block BFGS and DFP
updates also have the non-increasing deviation from the target matrix.

Lemma 5.2 Given any positive-definite matrices A € R¥™*4 and G € R which satisfy

A <X G =< nA for somen > 1, both of the updates G+ = BlockBFGS(G,A,U) and
G = BlockDFP(G, A, U) for full rank matriz U € R hold that A < G4 = nA.

Proof We first consider the block BFGS update G = BlockBFGS(G, A, U). According
to the Woodbury identity (Woodbury, 1950), we have

G;'=U(UTAU) 'UT+(1; - U(UTAU) 'UTA)G (I, - AU(UTAU) 'UT). (23)
The condition A < G < nA means n_lA_l < G~! < A~!, which implies

(23)
G;! X U(UTAU) '"UT+(1, ~U(UTAU) 'UTA)A (I, - AU(UTAU) 'UT)=A""!
and

(23)
G;!'> U(UTAU) 'U T+ (I,-U(UTAU) 'UTA)A (I,~AU(UTAU) 'UT)
=g 'AT H (L-y HU(UTAU) U =g AT

12
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Thus we have n~!A~1 < G:Ll < A~! which finishes the proof for the block BFGS update.
We then consider the DFP update G = BlockDFP(G, A, U). The condition A < G < nA

means
e AU(UTAU)'UTA +(1,-AU(UTAU) 'UT)A(1;,~U(UTAU) 'U'A) =A
and
a2 AU(UTAU) 'UTA +4(I; - AU(UTAU) "UT)A(I, - U(UTAU) 'UTA)
—nA + (1 -n)AU(UTAU) 'UTA <A,
where the last inequality is due to the facts n > 1 and AU (UTAU)_lUTA > 0, which
finishes the proof for the block DFP update. |
Then we introduce the following quantity (Rodomanov and Nesterov, 2021a)
oa(G) 2 tr(A7H(G — A)) (24)

to measure the difference between the target matrix A € R%*?¢ and the current estimator G €
R4, In the following theorem, we show that randomized block BFGS and DFP updates
converge to the target matrix with a faster rate than the ordinary randomized BFGS and
DFP updates (Rodomanov and Nesterov, 2021a; Lin et al., 2022).

Theorem 5.3 Consider the randomized block update

G, = BlockBFGS(G, A, U) or G = BlockDFP(G, A, U), (25)

where G, A € R4 and G = A. If U € Rk js chosen as [U);; g5 N(0,1) and it satisfies
that uly = A = L1;, then we have

k
E <(1--— . 2
oaGl = (1 ) oal@) (26)
Proof The condition uly < A < LI; means we have
_ 1 _ 1
(UTAU) "= - (UTU)" and R Al -0, (27)

which leads to the following inequality
tr(UTAU) 'UTGU) - tr(AU(UTAU) 'UT)

—tr(UTAU)'UT(G - A)U) 4 %tr((UTU)_lUT(G ~ A)U)

1 - (28)
— (G- A)U(UTU) UT(G - A))
2 hi(ai@ - 4)PU(UTY) U (G - A,

13
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For the block BFGS update, we set P = AY2U. Then it holds
U'cg(A'-u(UuTAU) 'UT)GU
—UTGA%(1,— AY?U(UTAU) 'UTAY?)A"2GU (29)
=U'GA (1, -P(P'P) 'PT)A"2GU > 0,

which implies

tr(UG(UTGU) 'UTGA™!) — &r((UTAU) 'UTGU)
—r((UTGU) 'UTGA™'GU) — tr((UTAU) 'UTGU)
— tr((UTGU) ' (UTGA™'GU - UTGU(UTAU) 'UTGU))

(29)
=t ((UTGU)V2UuTGg(A ' —u(UTAU)'UTGu(UTGU) ?) 0.
The equation (21) implies

t((Gs — A)ATY)
2 (G - A)AY) —(GUUTGU) 'UTGA™) + tr(AU(UTAU) 'UT)

2 tr((G - A)A™Y) — (r((UTAU)'UTGU) - tr(AU(UTAU) 'UT)).

Taking expectation on both sides of the above result, we obtain

(

24)
Eloa(G4)] <

oa(G) —E[tr((UTAU) 'UTGU — AU(UTAU) 'UT)]

2 oA(G) — E {%tr(A—l(G —AUUTY) UG - A)I/Q)}
31
=0a(G) - EE[tr((G — A)Y2AY(G - A)V2U(UTU)'UT)] 31

L
— oA(G) ~ (G~ A)PATG — A)?) = ( - di) oA(G),

where the last line is by applying Lemma 3.4(a) with R = (G — A)/2A~1(G — A)'/2,
For the block DFP update, the equation (22) indicates

tr((G+ — A)A™Y)
2 i (AUUTAU)'UT) + t2((G — A)A ) + tr(AU(UTAU)'UT GU(UTAU)1UT)
—tr(AU(UTAU)'U'GA™) — tr(GU(UTAU)'UT)
= tr((G — A)A™Y) — (r((UTAU)H(UTGU)) — tr(AU(UTAU) 'UT)).
Taking the expectation on both sides of the above equation, then we can follow the analysis

of the block BFGS update from the step of (31) to prove the desired result for the block
DFP update. Hence, we finish the proof. |
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Algorithm 2 Randomized Block BFGS/DFP
1: Input: x¢, Gg, and k
2: fort=0,1...
3 Xpyl = X¢ — Gt_IVf(xt)

4 =[x — Xelx
5. Gi= (14 Mr)Gy
6:  Construct Uy by [Ug,; "= V(0,1)
7. Update Gy by
(a) Gy, = BlockBFGS(Gy, V2 f(x441), Uy)
(b) G¢y1 = BlockDFP (G4, V2 f(x¢41), Uy)
8: end for

Remark 5.4 Notice that Gower and Richtarik (2017) also established convergence rates for
randomized block BFGS and DFP updates, but their results do not reveal the relationship
between the convergence rates and the block size k.

We propose randomized block BEFGS and DFP methods in Algorithm 2. Using the results
of Theorem 5.3, we establish the explicit superlinear convergence rate for our methods as
follows (see Appendix E for the detailed proof).

Theorem 5.5 Under Assumption 2.1, 2.2, and 2.4, we run randomized block BFGS/DFP
method (Algorithm 2) with xg € R? and Go € R¥*? such that

In2 dx—k

M L me ax—k
Alxo) < 4 nod?sx

and V2 f(x0) = Go = 0V f(x0) (32)

for some k < d and ng > 1. Then we have

) 1 £

For randomized block BFGS method, we can introduce the scaled directions to eliminate
the condition number in the results of Theorem 5.3 and 5.5. We first improve the result for
matrix approximation as follows.

Theorem 5.6 Consider the block BFGS update
G, = BlockBFGS(G,A,L'U) (33)

where G = A € R4, [f uI < A < LI, L € R™4 satisfies that L'L = G™1, and U € R¥**
is chosen as [U];; g N(0,1). Then we have

Eoa(G4)] < (1 - fl) oA(G). (34)

15
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Proof According to the block-BFGS update (21), we have

tr((G4 — A)A™Y)

—tr((G-A)A™) — (L 'U(UTU) UL TA™!) + r(ALTU(ULTALTU) 'UL)
—tr((G-A)A™) —(L'U(UTU) 'UTLTATY) 4+ k.

The second term on the right-hand side holds that

E[tr(L'U(UTU) UL TA Y] = 0(E[UUTU)UT LA L) Y gtr(A_lG).

Thus, we combine the above results and get

Eloa(G4)] =0a(G) — Str(A‘lG) +k=0a(G)— Str(A‘l(G —A)) = (1 — S) oa(G).

For given matrices G, A, L, U € R¥*? satisfying the condition of Theorem 5.6, we can access
L, € R¥? such that Gjrl = LIL_A'_ by a closed form expression (Gower and Richtarik, 2017,
Section 9).

Proposition 5.7 Under the setting of Theorem 5.6, the matrix

L, = UpdateL(L, A, U)

AL+ (UUTU) Y —LALTU(UTLALTU) %) (UTLALTU)

U'L,
holds that G;' = L]L,.

We can achieve Proposition 5.7 by applying equation (9.11) of Gower and Richtarik (2017)
with Sk =Uand Ly =L, where Sk and Ly, follow notations of Gower and Richtérik (2017).
This result means we can access the scaling matrix L efficiently during iterations.

Based on the BFGS update with scaling directions shown in Theorem 5.6 and the efficient
update rule shown in Proposition 5.7, we propose the faster randomized block BFGS method
in Algorithm 3, which has the following local convergence rate matching SR-k methods (see
Appendix F for the detailed proof).

Theorem 5.8 Under Assumption 2.1, 2.2, and 2.4, we run faster randomized block BFGS
method (Algorithm 5) with xg € R? and Lo, Go € R™? such that

VZf(x0) = Go = noV2f(x0), and Gy'=1LJLo (35)
for some k < d and ng > 1. Then we have

A(Xt_t,_l) k t
E|——=| <2d 1—=].

{ o) | =0
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Algorithm 3 Faster Randomized Block BFGS
1: Input: xg, Gg, Lo, and &

2: fort=0,1...

3 Xpy1l = X¢ — Gt_IVf(xt)

=[x = xilx

5: G; = (1 + M?"t)Gt

6: f;t = Lt/\/m

7. Construct Uy by [Uyl,; Sy N(0,1)

8. Gyy1 = BlockBFGS(Gy, V2f(x¢41), L] Uy)

9: Lt+1 = UpdateL(it, VQf(XH_l), Ut)
10: end for

Remark 5.9 The condition on Go € R¥™ 9 in Theorem 5.5 and 5.8 can be satisfied by
simply setting Go = L1;. In addition, we can set Lo = L~Y/21; to satisfy the condition
on Lo € R in Theorem 5.8, then we can efficiently implement the update on L; by
Proposition 5.7.

Remark 5.10 For k =1, the convergence rates provided by Theorem 5.5 and 5.8 match the
results of the ordinary randomized BFGS/DFP methods (Rodomanov and Nesterov, 2021a;
Lin et al., 2022) and fast randomized BFGS methods (Lin et al., 2022) respectively. For
k = d, the updates (25) and (33) holds G+ = A almost surely. This leads to the local
quadratic convergence rate of our (faster) randomized block BFGS/DFP methods, which is
similar to the behaviors of SR-k methods shown in Corollary 4.6.

6. Numerical Experiments

We conduct the experiments on the model of regularized logistic regression, which can be
formulated as

. s 1 T Y ieli2
min f(x) £ ;m (14 (—biafx) ) + Il (36)
where a; € R and b; € {—1,+1} are the feature and the corresponding label of the i-th
sample respectively, and v > 0 is the regularization hyperparameter.

We refer to SR-k methods with randomized/greedy strategies (Algorithm 1) as R-
SR-k/G-SR-k. The SR1 methods with randomized/greedy strategies are referred to as
R-SR1/G-SR1 (Lin et al., 2022, Algorithm 4). We refer to the existing randomized block
BFGS method (Kovalev et al., 2020, Algorithm 1) as RB-BFGSv1 and our randomized
block BFGS/DFP methods (Algorithm 2) as RB-BFGSv2/RB-DFP. We denote our faster
block BFGS method (Algorithm 3) as FRB-BFGS. We compare the proposed R-SR-k,
G-SR-k, RB-BFGSv2, RB-DFP, and FRB-BFGS with baselines on problem (36). We do
not include the empirical results of classical SR1/BFGS/DFP methods since G-SR1 has
competitive performance with them Rodomanov and Nesterov (2021a). For all methods,
we tune Go and M from {I4, 1014, 10214, 10314, 10*I4} and {1, 10,102, 103,10%} respectively.
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Figure 1: We show “#iteration vs. ||Vf(x)||” and “running time (s) vs. ||V f(x)]|” on
datasets “MNIST”, “sido0”, and “gisette”, where we take k = 200 for all of block
quasi-Newton methods.

We evaluate the performance on datasets “MNIST” (d = 780), “sido0” (d = 4,932), and
“gisette” (d = 5,000). We conduct experiments using Python 3.8.12 on a PC with Apple M1.

We present the results of “iteration numbers vs. gradient norm” and “running time
(seconds) vs. gradient norm” in Figure 1, where we take k = 200 for block quasi-Newton
methods (R-SR-k, G-SR-k, RB-BFGSv1, RB-BFGSv2, and FRB-BFGS). We observe the
proposed R-SR-k and G-SR-k significantly outperform other methods. The proposed block
BFGS methods (RB-BFGSv2 and FRB-BFGS) outperform the block DFP method (RB-DFP),
which is similar to the advantage of the BFGS method over the DFP method (Rodomanov
and Nesterov, 2021a).

We also demonstrate the impact of parameter k for SR-k methods. It is natural that
Figure 2(a), 2(b), and 2(c) show the larger k leads to faster convergence in terms of iteration
numbers, which validates our theoretical analysis in Section 4. In addition, Figure 2(d),
2(e), and 2(f) show SR-k methods with & > 1 significantly outperform SR1 in terms of
the running time. This is because the block update can reduce the cache miss rate and
take advantage of parallel computing. However, increasing k£ does not always result in less
running time because the acceleration caused by the block update is limited by the cache
size.

Figure 2 further illustrates the practical trade-off between the randomized and greedy
strategies. In most cases, the greedy strategy requires fewer iterations than the randomized
strategy, which is consistent with its sharper theoretical guaranty. However, the greedy
strategy may take more CPU time because it needs to compute the top-k diagonal entries of
matrix G; — V2 f(x¢11) to form Uy.
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Figure 2: We show “#iteration vs. ||V f(x)]|” and “running time (s) vs. ||V f(x)||” for
proposed R-SR-k and G-SR-k with different k& € {1, 80,200,500} on datasets
“MNIST”, and k € {1, 80,200,500, 1000} on datasets “sido0” and “gisette”.

7. Conclusion

In this paper, we have proposed rank-k (SR-k) methods for convex optimization. We have
proved that SR-kmethods enjoy the explicit local superlinear rate of O ((1 — k/d)t(tfl)/Q).
Our result successfully reveals the advantage of block-type updates in quasi-Newton methods,
building a bridge between the theories of ordinary quasi-Newton methods and the standard
Newton method. We also provide the convergence rate of O ((1 — k/(%d))t(t_l)/2) for
randomized block BFGS/DFP methods and design a faster randomized block BFGS method
to match the rate of SR-kmethods. In future work, it would be interesting to study the
global convergence of block quasi-Newton methods (Jiang et al., 2023; Jiang and Mokhtari,
2023; Rodomanov, 2024; Jin et al., 2025, 2024) and their limited memory (Berahas et al.,
2022; Liu and Nocedal, 1989; Gao et al., 2023) as well as stochastic variants (Mokhtari et al.,
2018; Wang et al., 2017, 2019; Yang et al., 2022).
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Appendix A. An Elementary Proof of Lemma 3.4(a)
Before proving Lemma 3.4(a), we first provide the following lemma.
Lemma A.1 Assume matriz P € RY" s column orthonormal with r < d and the d-

dimensional random vector v is distributed according to Ny(0,PPT), then it holds that
E[vw/(vIv)] =PP"/r.

Proof The distribution v ~ Ny(0, PP ") implies there exists a r-dimensional normally
distributed random vector w ~ N;.(0,1I,) such that v = Pw. Thus, we have

= [75] [t ] - = () - P2 [ P - e

where the last step is because w/ ||w|| is uniformly distributed on the r-dimensional unit
sphere and its covariance matrix is I, /7. |

Now we prove statement (a) of Lemma 3.4.

Proof We only need to prove equation (14) by using induction on k. The induction base
k = 1 have been verified by Lemma A.1. Now we assume equation (14) holds for any
U € R¥* such that each of its entries are independently distributed according to A(0,1).
We define the random matrix

'[j' — [U V] e Rdx(k‘+l)7

where v ~ N;(0,1,) is independent distributed to U. We define B = U(UTU)'UT, then
we use block matrix inversion formula to rewrite (UTU)™! as follows

oo =([Fw ) - W)
B [ T S—l T T -1 _(UTU)_lTUTV(VT(Id—_l Bv)™ ;
—(v' (I;—B)v)"'v'U(U'U) (v' (Is—B)v)

where S = (UTU) ! + (UTU)"'UTv(v'(I; - B)v)"'v'U(UTU)~L. Thus, we have

VOO0 = [U V] ([‘ﬂ U @)1 [Uﬂ

A4
_B4+ Bvv'B Bvv' vv'B n vv !
N viIg—B)v vi(I;-B)v vi(I;-B)v v'(I;—B)v
_ B4+ (I; — B)vv'(I; — B)

vi(I; — B)v
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Since the rank of the projection matrix Iy — B is d — k, we can write I; — B = QQ", where
Q € R¥(4=%) j5 column orthonormal. Thus, we achieve

EOOT0)0T] - b1+ By [IE [“d - ?21‘;{%; B)| UH

k (QQ'v)(v'QQ") _k 1 T

= g+ o B | (R e [9]] = G+ ryEviaq)
k k k k

= g:[d + ﬁEU[Id — B] = g]:d + ﬁ (Id - dId> = Z 1Id’

which completes the induction. In the above derivation, the first and the fifth equalities
come from the inductive hypothesis; third equality is achieved by applying Lemma A.1 with
P=QQ" and r = d — k, and the fact QQ v ~ N;(0,QQT). [ |

Appendix B. Auxiliary Lemmas for Non-negative Sequences

The following lemmas on non-negative sequences extend Theorem 23 of Lin et al. (2022)
and Theorem 4.7 of Rodomanov and Nesterov (2021a), leading to a general framework for
the analysis of (block) quasi-Newton methods.

Lemma B.1 Let {\;} and {;} be two non-negative random sequences that satisfy

1
Eq; [0¢41] < (1 - a) (L4 e Ae)? (0 + o)y A1 < (L +aah)?(0 + csh)he,  (37)

1\t
do+tcho<s, and X\ < <1 - ﬂ) Ao, (38)

for some c1,ca,c3 > 0 with ¢ = max{ca,c3}, s >0, a« > 1, and B > 1, where we define
Ei[-] 2 E[-]S0, -+, Ao, - s Ae]. If Ao > 0 is sufficient small such that

In2
2¢c1 + c(a/(a—1)))’

Ao < i (39)
we have E[A\y1/M] < 25(1—1/a)t.

Proof We denote 6; 2 §; + c)\;. Noticing that we have exp (z) > 1 + z for all x > 0.
Applying this fact with = ¢;A\¢ and the definition ¢ = max{ca, c3}, we have

(37) 1 1
Et[5t+1] < <1 — Oz) (515 + CQ)\t)(l =+ Cl)\t)z < (1 — a) Htexp (201)\15) (40)
(37) 9
and )\t—i-l < ((515 + 03)\75)(]- + Cl>\t) )\t < Ht/\texp (201)\15) . (41)
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We denote & £ 2¢; + ca/(a — 1), then it holds that

Ei[0i+1] = E¢[0p41 + cApp]

<S ( a)

— ( a) 1+Cat>9teXp(20Mt) (42)
-2)?
-2)

38) 1 N 1\*
Orexp (CA¢) § <1 — ) Orexp | ¢ (1 — ) Ao |,
o B

where the second inequality comes from exp (z) > 1 + z with z = cal/(a — 1). Taking
expectation on both sides of equation (42), we have

E[f,.1] < (1 - i) exp (& (1 - ;)t )\0> E[0,), (43)

where we use the fact E[E;[04+1]] = E[d¢+1]. Therefore, we finish the proof as follows

Orexp (2c1 M) + cihexp (2¢1 )

A (41) (38) 1
E [;\—H} < Elbiexp (2c1\)] < E[fi]exp (6(1 - ﬁ)t)\(])
t
(43) 1 - 1.— . 1
< <1 - a> E[0;—1]exp (c(l — E)t 1>\0 + c(l - ﬁ)t)\o)
(43 t ¢ 1.
< <1 — ) E[eo]eXp EZ (1 — *) Ao
=0
1\? 38), (39 1\?
< (1 — ) [50 + C)\(]]eXp (5ﬁ)\0) < <1 - a) 2s
|
Lemma B.2 Let {\} and {n;:} be two positive sequences with 7y > 1 and satisfy
1 )\2 2)\3
Aip1 < <1 — > A+ A8 TR o all Ay such that myhy < 2 (44)
Mt 2 Ay
and i1 < (1 + make)>ay (45)
for some m1,mo > 0. If
In(3/2)
A 4
mAg 4770 ) ( 6)
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where m = max{my, ms}, then it holds that

t—1 ~
- - 3
it < floexp <2m §.Oj AZ-) <=0 (47)
1 t
d < |(1- Ao 4
e A= ( 277()) ‘ (48)

Proof We prove the results of (47) and (48) by induction. In the case of t = 0, inequalities
(47) and (48) are satisfied naturally by conditions 7; > 1 and condition (45), where we define
Z';f:o \; = 0 if t < 0. Now we suppose inequalities (47) and (48) holds for t = 0, ..., %, then
we have

t i j
(48) 1 \* _ (46) In(3/2
m E )\1 < m)\o E <1 — 2770> < m>\0 . 2770 < 2/ ) (49)
i=0 1=0

In the case of t = £ 4+ 1, we use induction to achieve

i—1
L—mi\y/2 _ exp(—mi)y) (47) P (=maAp) - exp (—2m =0 Az’)
ih - un -
exp (—Zm Z;:O )\l-) (49)
> - > o,
Mo 310

1o (50)

where the first step is due to the fact exp (—2z) <1 — z with = m1);/2 € [0,1/2] and the
last second step is based on m > m;. We also have

(48) (46)
ml)\fjgm)\{ < m)\() <

<2, (51)

Tlo

where the last step is due to 79 > 1. According to the condition (44), we have

(44) 1 miA2 mi? miAs 1—mi);/2
Az < 1—— | A\ ¢ i 1 t. 1— A 7 s
A ( 775) ity 47j; ( . i !

(50), (51) 1 ) 1 (48) 1\ t!
S 1+ = . 1—7~ )\{S 1—7~ /\{S 1-—- = /\0-
1679 310 210 210

The induction also implies

_ 45) 0 (47) i 4
Mo < (1 4+ maoX;)“7; < fzexp (2mA;) < foexp 2m2)\£ < —,
i=0

where the second inequality is due to the fact exp (x) > 1+ x with z = mgX; > 0. Thus, we
finish the proof. |

23



Liu, CHEN, AND LUO

Appendix C. The Proof of Theorem 4.2

We first present a lemma from Lin et al. (2022).

Lemma C.1 (Lin et al. (2022, Lemma 25)) If the twice differentiable function f(-) sat-
isfies Assumptions 2.2 and 2.4, and the positive-definite matriz G € R¥™ ¢ and the vector
x € R satisfy V2 f(x) < G < nV2f(x) for some n > 1, then we have

VAf(x4) 2 G 2(1+ Mr)*V2f(xy) (52)

T2 f(x) (G)
tr(V2£(x))
for any x4 € RY, where G = (1+ M7r)G and r = ||x — x4 ||x.

and Tvzf(x+)(é) < (1+ Mr)? < + 2Mr> tr(V2f(x4)) (53)

Now, we prove Theorem 4.2 by using Lemma 3.2, 4.1, B.2, and C.1.
Proof Denote 7; 2 ming <nV2f(x;) - We first prove that for all ¢ > 0, it holds

Xt)
V2f(xt) X Gy = V2 f(xe). (54)

The result of G; =< 7; V2 f(x;) holds by the definition of 7j;, and we prove V2 f(x;) < G; by
induction. For the case of t = 0, it holds naturally by the initial condition. Suppose it holds
for t =0,1,...,%. Then for the case of t = £ + 1, we have

~ (7) . (52)
Giyy = SR-K(G, V2 f(x141), Up) = Gy = V2 f(xz49),
which finishes the induction.
Let A\; 2 \(x¢). Applying equation (54) and Lemma 4.1, we achieve
1 MM M2\
> At + Ly !

A1 < [ 1—— R
Hl_( Tt 2 41y

for all \; such that MX; < 2.

We then figure out the relation between 7,11 and 7;. Let r, = [|X¢41 — X¢||x,. Applying
equation (54) and Lemma C.1 with G = Gy, x = x¢, X4 = Xt1, 1 = T, and r = 14, we
achieve

V2 f(x41) = Gi < ii(1 4+ Mry)2 V2 f(x441)- (55)

Using Lemma 3.2 with G = Gy, A = V2f(x¢41), and 7 = 7:(1 + Mr;)?, we have

(7), (55) (17)
G = (14 Mr)? V2 f(xep1) 2 (1 + MN)V2f(x041),

which means 7,41 = ming, , , <;v2f(xi41) 1 < 7e(1 + MX;)?. Hence, sequences {7} and {\;}
satisfy the conditions of Lemma B.2 with m; = mg = M. We then apply Lemma B.2 to
obtain

and
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Appendix D. The Proof of Theorem 4.3

We first provide some auxiliary lemmas that will be used in our later proof.

Lemma D.1 For any positive definite symmetric matrices G, H € R¥™9 such that H < G,
it holds that

G =< (1 + MTH(G’)> H, (56)

where 3¢ is the condition number of H and the notation of Ta(G) follows the expression of
(8). If it further satisfies that G < nH for some n > 1, then we have

<n-1 (57)
Proof We obtain inequality (56) by statement 3) of equation (42) from Lin et al. (Lin
et al., 2022, Lemma 25). We prove inequality (57) by the definition of 7i(G) as follows

H(G) tr(G—-H)
tr(H)  tr(H)

tr((n — 1)H)

w7 h

<

Lemma D.2 (Lin et al. (2022, Lemma 26)) Suppose the non-negative random sequence
{X,} satisfies E[X;] < ¢ (1 —1/a)" for all t > 0 and some constants ¢ > 0 and o > 1. Then
for any & € (0,1), we have Xy < ca? (1 —1/(1+ a))" /8 for all t with probability at least 1 —34.

Now, we provide the proof of Theorem 4.3.
Proof We denote E;[-] £ E[-|Uo, -, Ui 1], g = Tvzp(x) (Go)/tr(V2f(x1)), At = A(xt),

Ty = ||X¢4+1—X¢t||x,, and d; = dgy. The initial condition (19) means we can apply Theorem 4.2
to achieve
1\!
Vif(x)) <Gy and M\ < <1 - 2) Ao- (58)
70

According to Theorem 3.6, we have

(8) k
By [TVQf(Xt+1)(Gt+1)] < <1 - d) Tvzf(xt-ﬂ)(Gt)' (59)

According to Lemma C.1 with G = G4, x = x4, X4+ = X441, and r = 7, we have

- (583)
Tv2fxi) (Ge) < (14 Mr)(ge + 2Mry)tr(V2 f (x41)), (60)
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which means

o [0 100,0) (Ger) ] B9 (kY (doero e, (Go)
Et[‘”*”‘Et[ (V2 (xi11)) } = (1 d>< (V2 f (x11)) )
60) /K (dse(1+ Mr)?(ge + 2Mr)tr(V2 f (xe11)) (61)
= (1 d)( t0(V2f (xr41)) )
(17)

< <1 — z) (1 + M)\t>2(6t + 2%dM/\t)

According to Lemma D.1 with G = G; and H = V2f(x;), we have

9 (58) (56) 9
Vaf(xe) X Gy = (1+0)Vof(xe).

According to Lemma 4.1 with n; = 1 4 0;, we have

(17) 1 MN? M?2)\}
)\ < 1— )\ t t
t+1 = < 1+5t) ¢+ 5 +4(1+(5t)

M)\t 6t+M)\t/2 2 M)\t
— . < .
<1+ 5 ) ( s >/\t < (L4 M) (6 =5 ) M

(62)

According to Lemma D.1 with G = Gy, H = V2f(x¢), = 10, and the initial condition
(19), we have

. d%TVQf(xo)(GO) (57)
TR ) S AT o

(63) (19)
and g + 2dxM Ny < dx(ng — 1) + 2dxMAg < dsnp. (64)

Then we apply Lemma B.1 on the random sequences {\;} and {0;} with ¢; = M, co = M/2,
c3 = 2xdM, o = d/k, = 2n9, and s = dnj to achieve inequality (20), where we can verify
conditions (37) and (38) by equations (61), (62) and (58), (64) respectively.
Now, we prove the two-stage convergence of SR-k methods as follows.
(a) For SR-k method with randomized strategy such that [Uy],; S (0,1), we apply
Lemma D.2 with X; = \y1/M, @ = d/k and ¢ = 2dsno to obtain

A1 2d3semg Eo\'
< 1-—

N T k%0 d+k (65)
holds for all ¢ with probability at least 1 —¢. We take to = O(dIn(dsmno/d)/k), which
leads to

2d3 2¢n E\° 1

1—- ") <z
k26 ( d+ k> — 2 (66)
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Together with the linear convergence (18) provided by Theorem 4.2, we have

(65) 243 3¢ o\t
Attty < ST (1 - d+k> " Attto-1

(66) [N VI (65), (66) EO\ED/2 s\t
< - . 0 < .. < — R
= (1 d+l<:> 2 = = (1 d+k> <2> Ato

with probability at least 1 — §.

(b) For SR-k method with greedy strategy such that U; = E(G — V2f(x441)), we can
take tg = O (dIn(nods)/k) such that

E\* 1
2 1—= < —. 67
tem (1-5) " <3 (67)
Together with the linear convergence (18) provided by Theorem 4.2, we have

(20) t+to—1
Attty < 2dseng <1 - d> Attto—1

(67) AN VI (20), (67) ENHED/2 0 N\t
< <1_d) . t+;c)1§... < <1_d> <2> )‘to

(18) £ =172 1\?¢ 1\
< (1--= =) - {(1==—1] Ao
- ( d> <2> < 2770> ’

Appendix E. The Proof of Theorem 5.5

We first provide the linear convergence for the proposed block BFGS and DFP methods
(Algorithm 2).

Lemma E.1 Under the setting of Theorem 5.5, Algorithm 2 holds that

3n0

Ao < (1= 510 ) M) and 250 = Gy = 2P0 (65)

210
for allt > 0.

Proof We can obtain this result by following the proof of Theorem 4.2 by replacing the
steps of using Lemma 3.2 with using Lemma 5.2. |

We then provide some auxiliary lemmas for later analysis.
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Lemma E.2 (Rodomanov and Nesterov, 2021a, Lemma 4.8)) If the twice differen-
tiable function f : R* — R is M-strongly self-concordant and p-strongly convex and the
positive definite matriz G € R4 and x € RY satisfy V2f(x) = G = nV2f(x) for some
n > 1, then we have

UVQf(x+)(é) < (1 + MT)Q(O'VQf(X)(G) + 2dMT‘) (69)
for any x, x4 € R where G = (1 + M7)G and r = ||x — x4 ||x.

Lemma E.3 For any positive definite symmetric matrices G, H € R¥>*? such that H < G,
we have

G < (1+ou(G))H. (70)
If it further satisfies that G < nH for some n > 1, then we have
ou(G) <d(n—1). (71)

Proof We obtain inequality (70) by statement 1) of Equation (42) by Lin et al. (Lin et al.,
2022, Lemma 25). We prove inequality (71) by the definition of o (G) as follows

ou(G) = tr(H (G — H)) = tr(H V(G - H)H"1/?)
< tr((n— 1)HYZHHY?) = d(n - 1).

Now, we present the proof for Theorem 5.5.
Proof Denote 0 £ o2 x)(Gt) and A £ \(x¢). According to Lemma E.1 and Lemma E.3
with G = G; and H = V*f(x;), we have

9 (68) (70) 9
Vaf(xe) = Gy = (14 6)V7f(xe). (72)

According to Theorem 5.3 with A = V2f(x;41) and G = G,, we have

(26) k
Ee[dr+1] = Ee[ovaix,0) (Ger1)] < (1 - d}{) 092 f(x,11) (Gt)- (73)

According to Lemma E.2 with G = G; and x = x¢, we have

- (69)
O-VQf(xt+1)(Gt) < (1+M7‘t)2(5t+2dM’l"t) (74)

Thus, we can obtain following result

x

(73) k -
Ei[6t41] < 1_d7 0v2 f(xi11) (Gt)

(74) k )
4

< (1 - d’“) (1 + MM)2(6; + 2dM Ny).
4
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We follow Lemma 4.1 with n; = 1 + §; and the derivation of equation (62) to achieve

MM\
>\t+1 < (1 + M)\t)2 <5t + 5 t) A¢- (76)

According to Lemma E.1, we have

1\!

<|l1l1—— .

= < 2770) Ao (77

According to Lemma E.3 with G = G, H = V?f(x¢), 7 = 70, and the initial condition
(32), we have

(71) (32)
0o = UV2f(x0)(G0) < d(770 - 1) and o +2dMAy < dnp. (78)
Then we apply Lemma B.1 on the random sequences {\;} and {d;} with ¢; = M, co = M/2,

c3 = 2dM, o = dx/k, B = 2n9, and s = dnp to finish the proof, where we can verify
conditions (37) and (38) by equations (75), (76) and (77), (78) respectively. [ |

Appendix F. The proof of Theorem 5.8

Proof We define &; = oy2 F(x)(Gt) and A £ \(x¢). The proof of this theorem can follow

the counterpart of Theorem 5.5 by using f‘;I' U; to replace Uy (line 8 in Algorithm 3). This
leads to the faster rate for matrix approximation, i.e., applying Theorem 5.6 with G = Gy,
A = V?f(x411), and U = U, to achieve

(34) k B

Et[6t41] = Et[ove px, 1) (Gea1)] < (1 - d) 02 f(x41) (Gt)- (79)

We follow the proof of Theorem 5.5 by replacing equation (73) with (79) and replacing all

the terms of s¢d with d to finish the proof of Theorem 5.8. |
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