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Abstract

We propose a high dimensional classification method, named the Copula Discriminant Analysis
(CODA). The CODA generalizes the normal-based linear discriminant analysis to the larger Gaus-
sian Copula models (or the nonparanormal) as proposed by Liu et al. (2009). To simultaneously
achieve estimation efficiency and robustness, the nonparametric rank-based methods including the
Spearman’s tho and Kendall’s tau are exploited in estimating the covariance matrix. In high dimen-
sional settings, we prove that the sparsity pattern of the discriminant features can be consistently
recovered with the parametric rate, and the expected misclassification error is consistent to the
Bayes risk. Our theory is backed up by careful numerical experiments, which show that the extra
flexibility gained by the CODA method incurs little efficiency loss even when the data are truly
Gaussian. These results suggest that the CODA method can be an alternative choice besides the
normal-based high dimensional linear discriminant analysis.

Keywords: high dimensional statistics, sparse nonlinear discriminant analysis, Gaussian copula,
nonparanormal distribution, rank-based statistics

1. Introduction

High dimensional classification is of great interest to both computer scientists and statisticians.
Bickel and Levina (2004) show that the classical low dimensional normal-based linear discriminant
analysis (LDA) is asymptotically equivalent to random guess when the dimension d increases fast
compared to the sample size n, even if the Gaussian assumption is correct. To handle this problem, a
sparsity condition is commonly added, resulting in many follow-up works in recent years. A variety
of methods in sparse linear discriminant analysis, including the nearest shrunken centroids (Tibshi-
rani et al., 2002; Wang and Zhu, 2007) and feature annealed independence rules (Fan and Fan, 2008),
are based on a working independence assumption. Recently, numerous alternative approaches have
been proposed by taking more complex covariance matrix structures into consideration (Fan et al.,
2010; Shao et al., 2011; Cai and Liu, 2012; Mai et al., 2012).
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A binary classification problem can be formulated as follows: suppose that we have a training
set {(x;,y:),i = 1,...,n} independently drawn from a joint distribution of (X,Y), where X € R?
and Y € {0,1}. The target of the classification is to determine the value of Y given a new data
point . Let yo(x) and y; (x) be the density functions of (X |Y =0) and (X|Y = 1), and the prior
probabilities 1o = P(Y = 0), 1y = P(Y = 1). It is well known that the Bayes rule classifies a new
data point  to the second class if and only if

logy (z) — logyo(x) +log(m; /mp) > 0. (1)
Specifically, when (X |Y =0) ~ N(po,%), (X|Y =1) ~ N(u1,%) and mp = 7y, Equation (1) is
equivalent to the following classifier:
g (@) =1z~ pa) =7 pa > 0),

where p, 1= w, Wa = 1 — o, and I(+) is the indicator function. It is well known then that for

any linear discriminant rule with respect to w € R¢:

gw(X) = 1((X — pa) w > 0), 2)

the corresponding misclassification error is

T
2 Hd > 3)

VwlXw
where ®(-) is the cumulative distribution function of the standard Gaussian. By simple calculation,
we have

Clew) =1~

>y € argmin C(ga),
weRY

and we denote by 3% := X! uy. In exploring discriminant rules with a similar form as Equation
(2), both Tibshirani et al. (2002) and Fan and Fan (2008) assume a working independence structure
for ¥. However this assumption is often violated in real applications.

Alternatively, Fan et al. (2010) propose the Regularized Optimal Affine Discriminant (ROAD)
approach. Let 3 and 7%, be consistent estimators of 3 and pq. To minimize C (gw) in Equation (3),
the ROAD minimizes w’ Zw with w’ 1ty restricted to be a constant value, that is,

min {w” Sw, subject to||w||; < c}.
wTﬁ'dzl

Later, Cai and Liu (2012) propose another version of the sparse LDA, which tries to make w close
to the Bayes rule’s linear term X! 4 in the /., norm (detailed definitions are provided in the next
section), that is,

min{ ||w||1, subject to || Ew — fig||.. < A} @)
w

Equation (4) turns out to be a linear programming problem highly related to the Dantzig selector
(Candes and Tao, 2007; Yuan, 2010; Cai et al., 2011).

Very recently, Mai et al. (2012) propose another version of the sparse linear discriminant anal-
ysis based on an equivalent least square formulation of the LDA. We will explain it in more details
in Section 3. In brief, to avoid the “the curse of dimensionality”, an £; penalty is added in all three
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methods to encourage a sparsity pattern of w, and hence nice theoretical properties can be obtained
under certain regularity conditions. However, though significant process has been made, all these
methods require the normality assumptions which can be restrictive in applications.

There are three issues with regard to high dimensional linear discriminant analysis: (1) How
to estimate 3 and X! accurately and efficiently (Rothman et al., 2008; Friedman et al., 2007;
Ravikumar et al., 2009; Scheinberg et al., 2010); (2) How to incorporate the covariance estimator
to classification (Fan et al., 2010; Shao et al., 2011; Cai and Liu, 2012; Witten and Tibshirani,
2011; Mai et al., 2012); (3) How to deal with non-Gaussian data (Lin and Jeon, 2003; Hastie and
Tibshirani, 1996). In this paper, we propose a high dimensional classification method, named the
Copula Discriminant Analysis (CODA), which addresses all the above three questions.

To handle non-Gaussian data, we extend the underlying conditional distributions of (X |Y = 0)
and (XY = 1) from Gaussian to the larger nonparanormal family (Liu et al., 2009). A random
variable X = (Xi,...,X;)7 belongs to a nonparanormal family if and only if there exists a set of
univariate strictly increasing functions { f j}[,(:l such that (f1(X1), ..., f2(Xz))T is multivariate Gaus-
sian.

To estimate X and X! robustly and efficiently, instead of estimating the transformation func-
tions { f j}?: , as Liu et al. (2009) did, we exploit the nonparametric rank-based correlation coeffi-
cient estimators including the Spearman’s rho and Kendall’s tau, which are invariant to the strictly
increasing functions f;. They have been shown to enjoy the optimal parametric rate in estimating
the correlation matrix (Liu et al., 2012; Xue and Zou, 2012). Unlike previous analysis, a new con-
tribution of this paper is that we provide an extra condition on the transformation functions which
guarantees the fast rates of convergence of the marginal mean and standard deviation estimators,
such that the covariance matrix can also be estimated with the parametric rate.

To incorporate the estimated covariance matrix into high dimensional classification, we show
that the ROAD (Fan et al., 2010) is connected to the lasso in the sense that if we fix the second tuning
parameter, these two problems are equivalent. Using this connection, we prove that the CODA is
variable selection consistent.

Unlike the parametric cases, one new challenge for the CODA is that the rank-based covariance
matrix estimator may not be positive semidefinite which makes the objective function nonconvex.
To solve this problem, we first project the estimated covariance matrix into the cone of positive
semidefinite matrices (using elementwise sup-norm). It can be proven that the theoretical properties
are preserved in this way.

Finally, to show that the expected misclassification error is consistent to the Bayes risk, we quan-
tify the difference between the CODA classifier g"”" and the Bayes rule g*. To this end, we measure
the convergence rate of the estimated transformation function {f, ;?:1 to the true transformation
function {f j}?:l' Under certain regularity conditions, we show that

SIuleA‘}—f,’! = 0p (n—%) L vjiell,2,....d),
ny

over an expanding site [, y determined by the sample size n and a parameter 7y (detailed definitions
will be provided later). J, y is set to go to (—oo,0). Using this result, we can show that:

E(C(8™")) = C(g") +o(1).
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A related approach to our method has been proposed by Lin and Jeon (2003). They also consider
the Gaussian copula family. However, their focus is on fixed dimensions. In contrast, this paper
focuses on increasing dimensions and provides a thorough theoretical analysis.

The rest of this paper is organized as follows. In the next section, we briefly review the non-
paranormal estimators (Liu et al., 2009, 2012). In Section 3, we present the CODA method. We
give a theoretical analysis of the CODA estimator in Section 4, with more detailed proofs collected
in the appendix. In Section 5, we present numerical results on both simulated and real data. More
discussions are presented in the last section.

2. Background

We start with notations: for any two real values a,b € R, a Ab := min(a,b). Let M = [M ] € R¥*¢
andv = (vq,...,vg)T € R?. Let V_ji=(Vi,es Vd—1,Vjt1, ...,vg)T and M_; _; be the matrix with M’s
J-th row and k-th column removed, M; _; be M’s j-th row with the k-th column removed, M_ ; be
M’s k-th column with the j-th row removed. Moreover, v’s subvector with entries indexed by [ is
denoted by v;, M’s submatrix with rows indexed by / and columns indexed by J is denoted by M;;,
M’s submatrix with all rows and columns indexed by J is denoted by M.;, M’s submatrix with all
rows and columns indexed by J is denoted by M. For 0 < g < oo, we define

d 1/q
||vo|| := card(support(v)), ||v||q:= (Z |vi|q> , and ||v]]e = 111<1§1<xd|vi|.
i=1 SIS

We define the matrix /i, norm as the elementwise maximum value: ||M||nax := max{|M;;|} and

n
the ¢ norm as || M||. = [max Y IMij|. Amin(M) and Amax (M) are the smallest and largest eigen-
7[7”’1]:1

values of M. We define the matrix operator norm as ||[M||op := Amax (M).

2.1 The nonparanormal

A random variable X = (Xi,...,X;)7 is said to follow a nonparanormal distribution if and only if
there exists a set of univariate strictly increasing transformations f = { f’ j};lzl such that:

F(X) = (fi(X1), s faXa)" = Z ~ N (1, ),

where g = (u1,...,pa)", T = [Ep), @ =271, 29 = [£9] are the mean, covariance, concentra-
tion and correlation matrices of the Gaussian distribution Z. {6? =X; j}?:l are the corresponding
marginal variances. To make the model identifiable, we add two constraints on f such that f pre-
serves the population means and standard deviations. In other words, for 1 < j <d,

E(X)) = E(f;(X;)) = uj; Var(X;) = Var(f;(X;)) = 7.

In summary, we denote by such X ~ NPN(u,3, f). Liu et al. (2009) prove that the nonparanormal
is highly related to the Gaussian Copula (Clemen and Reilly, 1999; Klaassen and Wellner, 1997).
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2.2 Correlation Matrix and Transformation Functions Estimations

Liu et al. (2009) suggest a normal-score based correlation coefficient matrix to estimate 3°. More
x, € R? be n data point where x; = (xi1,...,Xiz)". We define

~ 1 X
Fj(l‘§8m$1,...,mn) = T5n (n Zl(xi]’ él‘)) ,
i=1

to be the winsorized empirical cumulative distribution function of X;. Here

specifically, let x, ...,

®)

., if x<§,,
Ts,(x) :== < x, if §,<x<1-3§,,
1-8,, if x>1-8,
a:n)::fj(t;o,wl,...,a:n)

In particular, the empirical cumulative distribution function F;(t;x,
(+) be the quantile function of standard Gaussian, we define

by letting 8, = 0. Let &!
fi(t) =@~ (Fi(1)),

and the corresponding sample correlation estimator R™ = [R’”] to be:
n
Z xlj fk xlk
ns — i=1
BN IS TRRER
- (x; — (x
] lJ k tk
ni3 ni=
Y e \/@ and prove that

Liu et al. (2009) suggest to use the truncation level 3, =

~ logdlog®n
IR = 5, — 0, (PELE ),

In contrast, Liu et al. (2012) propose a different approach for estimating the correlations, called the
Nonparanormal SKEPTIC. The Nonparanormal SKEPTIC exploits the Spearman’s tho and Kendall’s

tau to directly estimate the unknown correlation matrix
e .
Zr,- i We consider the

In specific, let r;; be the rank of x;; among xi;,...,x,; and 7; = —
i=1

following two statistics:
n R —' P

(Spearman’s tho) pjx = Y (rij—7j) (ri — 7x)
\/Zz 1 r,]—r] Z (l’lk—rk)

- 2
(Kendall’s tau) T = Z sign (x ( — X J) (xix — xirk) -
n(n—1) 1<i<i'<n

and the correlation matrix estimators:
. (T . . (T .
ﬁ?k: 2sin (gpjk) j#k and Rjkf - (Etfk) ik
1 i=k 1 =k
Let RP = [ﬁ?k] and R* = [ﬁ;k] Liu et al. (2012) prove the following key result:
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Lemma 1 Foranyn > % +2, with probability at least 1 — 1/d*, we have

R logd
IR — 20| max < 871/ 22
n

For any n > 1, with probability at least 1 — 1/d, we have

_ logd
IR — 0| |max < 24511/ 24
n

In the following we denote by SP = [3‘11),{] =[o ijI/Q\?k] and S = [§§k] =[o ijk\}k], with {G3,j =
1,....d} the sample variances, to be the Spearman’s rho and Kendall’s tau covariance matrix es-
timators. As the correlation matrix based on the Spearman’s rho and Kendall’s tau statistics have
similar theoretical performance, in the following sections we omit the superscript p and T and simply
denote the estimated correlation and covariance matrices by RandS.

The following theorem shows that f; converges to f; uniformly over an expanding interval with
high probability. This theorem will play a key role in analyzing the classification performance of
the CODA method. Here we note that a similar version of this theorem has been shown in Liu et al.
(2012), but our result is stronger in terms of extending the region of I, to be optimal (check the
appendix for detailed discussions on it).

Theorem 2 Let g; := f]fl be the inverse function of fj. In Equation (5), let 8, = ﬁ For any
0 <vy< 1, wedefine

I, = [gj (— 2(1—v)logn),gj< 2(1‘7)1°g”>}’

then sup |f;(t) — f;(t)] = op( loglog”‘).

rel, nY

3. Methods

Let Xy € R? and X; € R? be two random variables with different means g1, ; and the same
covariance matrix 3. Here we do not pose extra assumptions on the distributions of X and X . Let
Zi,...,&,, be ng data points i.i.d drawn from Xo, T,;+1,...,%, be n; data points i.i.d drawn from
X1, n=ng+ny. Denote by X = (x1,...,x,)", y = 1,0, 90) = (—n1/n,...,—ni/n,ng/n,...,
no/n)T with the first ny entries equal to —n;/n and the next n; entries equal to no/n. We have
no ~ Binomial(n, ) and n; ~ Binomial(n, ;). In the sequel, without loss of generality, we assume
that Ty = m; = 1/2. The extension to the case where my # 7, is straightforward (Hastie et al., 2001).
Define
~ 1 R 1 PO 1
Ho= — Z Ti, H1=— Z Li;  Hd = K1 — Ho, M= *Zwiv
1o iyi=—ny/n m iryi=no/n ne

1 R N 1 N .
So=— Y (@i—po)(wi—fo)’, Si=— Y (zi—p)(@-m)"
i:Yi:*nl/” m i:yi:no/n

PPN nony noSo +n1S
Sb:*Z”i(ﬂi—ﬂ)(ﬂi—N)T:L;Hdugy Swzu.

n n
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3.1 The Connection between ROAD and Lasso

In this subsection, we first show that in low dimensions, LDA can be formulated as a least square
problem. Motivated by such a relationship, we further show that in high dimensions, the lasso can
be viewed as a special case of the ROAD. Such a connection between the ROAD and lasso will be
further exploited to develop the CODA method.

When d < n, we define the population and sample versions of the LDA classifiers as:

B*:zilud) /6 Sw Hd

Similarly, a least square estimator has the formulation:

(Bo,B) = argmin ||y — Bo1 — XB|3, (©6)
Bo.B
where 1:= (1,1,...,1)7. The following lemma connects the LDA to simple linear regression. The

proof is elementary, for self-containess, we include the proof here.

Lemma 3 Under the above notations, ,@ o< ,@* Specifically, when ny = ny, the linear discriminant
classifier g*(x) is equivalent to the following classifier

- {1, if Bo+z'B>0

I(z) =
0, otherwise.

Proof Taking the first derivatives of the right hand side of (6), we have an ,@ satisfying:

nPo+ (nofio +n1f1) B =0, @)
~ ~ PN PR nony
(nofio +n1 fi1)Bo + (nSy +ni i fi] +nofiofty )8 = %Hd- ®)
Combining Equations (7) and (8), we have
~  non i
(Sw+8p)B8=—5

Noticing that Sy3 =< fig, it must be true that
) ning
S,.3= < Haq — Shﬁ)

Therefore, B o< S g = B* This completes the proof of the first assertion.
Moreover, noticing that by (7), [(x) = 1 is equivalent to

~ ~ T ~ ~
~ ~ n +n ~ ~ n +n ~
Bo-HUT,@:—(O“OnWI) ﬁ+wTﬁ=($—M)Tﬂ>0.

~

because 3 « 3*, n; = ny and sign(,@) = sign(B*) (see Lemma 6 for details), we have g*(x) = [(x).
This proves the second assertion. |

In the high dimensional setting, the following lemma shows that the ROAD is connected to the
lasso.
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Lemma 4 We define:

Aknv -
Broap = argmin 5 BT830 8])1 + BT Ha - 12, ©)
B
ﬁ’“"—argmmzfl!y XBI13+ 218111, (10)
BT =1
Eﬁﬁxsso:argglin%\’y—iﬁ\’%‘”*n”ﬁ\’la (11

where X = X — 1, ! is the globally centered version of X. We then have ,@3:” = Bﬁg:D and

- S o
Brasso = Broap Where v = =50,

Proof Noticing that the right hand side of Equation (11) has the form:

Blisso = wamin <2||y—Xﬂ||§+7»nHﬁ||1>

nino

—argmln y y— ,BTA + BT(S +8Sp)B+ M\, |,3||1>

nino

" 1 il B~ " B i+ IIﬂHl)

= argml ( 1 S.0G +

1 1 nin
— srgmin (3075, 307 1)2+7»n|ﬂ||1>-
And similarly
~ ) 1 nin
e —angmin (17,5 15 (67 —12 + 1)
BT =1
. (1
= argmin <2ﬂTSWﬂ+kn|\By|1> .
ﬁTﬁdzl
This finishes the proof. |

Motivated by the above lemma, later we will show that /BLASSO is already variable selection
consistent.

3.2 Copula Discriminant Analysis
In this subsection we introduce the Copula Discriminant Analysis (CODA). We assume that
XONNPN(M()?Evf)? XINNPN(IJ’hEvf)

Here the transformation functions are f = {f j}‘;:l. In this setting, the corresponding Bayes rule can
be easily calculated as:

(12)

gnpn(m) _ L, if (f(ib) _“a)TE_]Md >0,
0, otherwise.
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By Equation (12) the Bayes rule is the sign of the log odds: (f(x) — ps)” =" 'py. Therefore,
similar to the linear discriminant analysis, if there is a sparsity pattern on 3* := X~ 14, a fast rate
is expected.

Inspired by Lemma 3 and Lemma 4, to recover the sparsity pattern, we propose the ¢ regular-
ized minimization equation:

~ 1 g~ R
Bupn = arg;nin <2ﬂTSB+ g(ﬁ% —1)? +xn\|ﬂl|l>. (13)

Here S = no/n- §o +ny/n- §1, §0 and §1 are the Spearman’s rho/Kendall’s tau covarAiance matrix
estimators of [y, ..., %] 7 and [@,, 11, ..., 2], respectively. When Vv is set to be 3L, Bupn parallels
the ¢ regularization formulation shown in Equation (11); when v goes to infinity, ,@,,pn reduces to
B shown in Equation (10).

For any new data point & = (x1,...,x4)7, reminding that the transforms f ; preserves the mean
of x;, we assign it to the second class if and only if

(]/C\(:It) _ﬁ)TBnpn > 07

where f(x) = (fi(x1),..., fa(xa))T with

filxj) = <nofoj(xj)+n1fA1j(xj)> /n, Vje{l,....d}.

Here ﬁ) ; and fl ; are defined to be:

foj(t) i= Ty +§ijl/2q>—1 <1?j(t;8no,a:1, ...,acno)),
and

~ e =
Sij(t) = +S;; Pl <Fj(t;8,,l,acn0+1, ,:B,,))
1
Here we use the truncation level §, = o The corresponding classifier is named g""".
n

3.3 Algorithms

To solve the Equation (13), when Vv is set to be "2'2“ , Lemma 4 has shown that it can be formulated as

a ¢1 regularized least square problem and hence popular softwares such as glmnet (Friedman et al.,
2009, 2010) or lars (Efron et al., 2004) can be applied.

When v goes to infinity, the Equation (13) reduces to the ROAD, which can be efficiently solved
by the augmented Lagrangian method (Nocedal and Wright, 2006). More specifically, we define the
augmented Lagrangian function:

£(B.) = LBT8B Bl +vul@ B 1)+ S (@812

where u € R is the rescaled Lagrangian multiplier and v > 0 is the augmented Lagrangian multiplier.
We can obtain the optimum to Equation (9) using the following iterative procedure. Suppose at the
k-th iteration, we already have the solution ﬁ(k), u(k), then at the (k+ 1)-th iteration,
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e Step.1 Minimize £(3,u) with respect to 3. It can be efficiently solved by coordinate descent. We
rearrange

(5.5
S—( S S ) a—uaty
(Sj,j SLJ’) ’

and 8= (B;,8" j)T. Then we can iteratively update 3; by the formula

ey SR (10 8) 5, )
Bj Sj,j—l—v,uj ’

where Soft(x,A) := sign(x)(|]x| —A)T. It is observed that a better empirical performance can be
achieved by updating each [; only once.
o Step.2 Update u using the formula

L) k) —|—ﬁ,T,8(kH) 1.

= u(
This augmented Lagrangian method has provable global convergence. See Chapter 17 of Nocedal
and Wright (2006) for discussions in details. Our empirical simulations show that this algorithm is
more accurate than Fan et al. (2010)’s method.

To solve Equation (13), we also need to make sure that S, or equivalently R, is positive semidef-
inite. Otherwise, Equation (13) is not a convex optimization problem and the above algorithm may
not even converge. Heuristically, we can truncate all of the negative eigenvalues of R to zero. In
practice, we project R into the cone of the positive semidefinite matrices and find solution R to the
following convex optimization problem:

ﬁzargmin”ﬁ—RHmax, (14)
R-0

where fn,,x norm is chosen such that the theoretical properties in Lemma 1 can be preserved. In
specific, we have the following corollary:

Lemma 5 Forall t > 327w,/ nkl’fgdz, the minimizer R to Equation (14) satisfies the following expo-
nential inequality:

2
~ 0 nt .
P(IRjx —Xj| = 1) <2exp (512“2), VI<jk<d.

Proof Combining Equation (A.23) and Equation (A.28) of Liu et al. (2012), we have

2
= 0 nt

Because XY is feasible to Equation (14), R must satisfy that:

R — R max < [R ~ 2] max.
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Using Pythagorean Theorem, we then have
P(IRj —Z%| > 1) < P(!Rjk—ﬁjk! +Rjx =X > 1)
P(||R = R [max + [[R = 2 |max > 1)
(HR_ ZOHIHH.X > t/Z)

Iltz
=@ e ( 256n2>

<% 2logd nt?
X — .
P\ log2 ~ 256m2

Using the fact that ¢ > 3271 nl?fgdz’ we have the result. [ ]

Therefore, the theoretical properties in Lemma 1 also hold for R, only with a slight loose on the
constant. In practice, it has been found that the optimization problem in Equation (14) can be
formulated as the dual of a graphical lasso problem with the smallest possible tuning parameter
that still guarantees a feasible solution (Liu et al., 2012). Empirically, we can use a surrogate
projection procedure that computes a singular value decomposition of R and truncates all of the
negative singular values to be zero. And then we define S : =[S i« =[o iGiR jk] to be the projected
Spearman’s rho/Kendall’s tau covariance matrices, which can be plugged into Equation (13) to
obtain an optimum.

3.4 Computational Cost

Compared to the corresponding parametric methods like the ROAD and the least square formulation
proposed by Mai et al. (2012), one extra cost of the CODA is the computation of R, which can be
solved in two steps: (1) computmg R (2) projecting R to the cone of the positive semidefinite ma-
trices. In the first step, computing R requires the calculation of d(d — 1) /2 pairwise Spearman’s rho
or Kendall’s tau statistics. As shown in Christensen (2005) and Kruskal (1958), R can be computed
with the cost O(d?nlogn). In the second step, to obtain R requires estimating a full path of estimates
by implementing the graphical lasso algorithm. This approach shows good scalability to very high
dimensional data sets (Friedman et al., 2007; Zhao et al., 2012). Moreover, in practice we can use
a surrogate projection procedure, which can be solved by implementing the SVD decomposition of
R once.

4. Theoretical Properties

In this section we provide the theoretical properties of the CODA method. We set v = (ngn;) /n?
in Equation (13). With such a choice of v, we prove that the CODA method is variable selection
consistent and has an oracle property. We define

C:= 3+ (p1 — po) (11 — po)" /4. (15)

To calculate B\%ﬁsso in Equation (11), we define >

< = MM
3 =S+ —5 (1 — o) (1 — Fo)" -
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We then replace %)NKTf( with ¥ in Equation (11).

It is easy to see that 3 is a consistent estimator of C. We define |c| the greatest integer strictly
less than the real number ¢. For any subset T C {1,2,...,d}, let X7 be the n x |T| matrix with the
vectors {X.;,i € T} as columns. We assume that 3* is sparse and define S := {i € 1,...,d|B} # 0}
with |S| = s, s < n. we denote by

B i= € = po). where B = max(B;]). and By, := min([B;")).

Recalling that 3* = X! i1 , the next lemma claims that 3** o< 3* and therefore 3** is also sparse,
and hence 85" = (Css) ™' (11 — H0)s-
Lemma 6 Let 3* = X~ ', B** is proportional to 3*. Especially, we have

43*

R o=

Proof Using the Binomial inverse theorem (Strang, 2003), we have

P AR s IS S )
B = (B4 Japa) pa = <2 - . pa=3""pq—*

1+4l”d2 lud 1'+‘4/"’d2 lﬂd
= (1= M 2*1 _ 4—’8*
= Ty 1 Ha= Ts—1,,,
44 p X pg 4+ p, X" pa
This completes the proof. |

We want to show that B LAsso recovers the sparsity pattern of the unknown 3* with high prob-

ability. In the sequel, we use ,8 to denote ,BLASSO for notational simplicity. We define the variable
selection consistency property as:

Definition 7 (Variable Selection Consistency Property) We say that a procedure has the variable
selection consistency property R(X, B, N,) if and only if there exists a N, and an optimal solution
,8 such that ,85 #0and ﬁsn =0.

Furthermore, to ensure variable selection consistency, the following condition on the covariance
matrix is imposed:

Definition 8 A positive definite matrix C has the Irrepresentable Conditions (IC) property if
||Cses(Css) ™ ]oo := W < 1.

This assumption is well known to secure the variable selection consistency of the lasso procedure
and we refer to Zou (2006), Meinshausen and Biihlmann (2006), Zhao and Yu (2007) and Wain-
wright (2009) for more thorough discussions.

The key to prove the variable selection consistency is to show that the marginal sample means
and standard deviations converge to the population means and standard deviations in a fast rate for
the nonparanormal. To get this result, we need extra conditions on the transformation functions
{f; ?: |- For this, we define the Subgaussian Transformation Function Class.

640



COPULA DISCRIMINANT ANALYSIS

Definition 9 (Subgaussian Transformation Function Class) Let Z € R be a random variable fol-
lowing the standard Gaussian distribution. The Subgaussian Transformation Function Class TF(K)
is defined as the set of functions g : R — R which satisfies:

!
Elg(Z)|" < %K’", VmeZ".
Remark 10 Here we note that for any function g : R — R, if there exists a constant L < o such that

g2(z) <L or g(z)<L or ¢g'(z) <L, Vz€R, (16)

then g € TE(K) for some constant K. To show that, we have the central absolute moments of the
standard Gaussian distribution satisfying, V. m € 7" :

E|lZ" < (m—1!! <m!!,
E|Z|™ = (2m—1)!! < m!-2™. (17)

Because g satisfies the condition in Equation (16), using Taylor expansion, we have for any z € R,
8(2) < 1g(0)|+Lor |g(z)| < [g(0)|+Llz], or [g(z)] < [g(0)| + [¢'(0)z] + Lz*. (18)

Combining Equations (17) and (18), we have E|g(Z)|"™ < ’%’K’" for some constant K. This proves
the assertion.

The next theorem provides the variable selection consistency result of the proposed procedure.
It shows that under certain conditions on the covariance matrix X~ and the transformation functions,
the sparsity pattern of B** can be recovered with a parametric rate.

Theorem 11 (Sparsity Recovery) Ler Xy ~ NPN(po, X%, f), X1 ~ NPN(p1,%, f). We assume
that C in Equation (15) satisfies the IC condition and ||(Css) ™" ||ec = Dmax for some 0 < Dyax < o,
[|e1 — 1o||oo = Amax for some 0 < Apax < oo and Amin(Css) > 8 for some constant § > 0. Then, if
we have the additional conditions:

Condition 1: A, is chosen such that

. 3Bhia 3Amax
7\/ min 7
n<m1n{64:maxa 32 }

Condition 2: Let Omax be a constant such that

0 < 1/0max <min{o;} < max{c;} < Omax < oo, max |j| < Opmax,
J J J
and g ={g;:= f;l};?zl satisfies

g; €TR(K), Vje{l,...d},

where K < o is a constant,
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then there exist positive constants ¢y and ¢ only depending on {g j}?: |» such that for large enough
n
P(R(X, 8, )
2 2 2
cone 4einh; (1 —y —2eD
>1-— [st-exp (— 2 >—|—2d-exp <— "<(1+W>2 ma)
A
2 2
’ cone ) ) cond n
— {2s exp (— 2 > +2sexp(—cine )] —2s”exp(— 152 ) —2exp (—§>,
y ¥ ;
and

L
P <||”B — B[ < 2281)maxx,,>

noni
2
€
>1- [Zszexp <—CO’; > —|—25exp(—c1n82)] —2exp (—g), (19)
5 ———
B D
whenever € satisfies that, for large enough n,
1 _ _
ogd <e<miny I, ! ‘If’ 2hn(1 =) ,
nlog?2 2Dmax” Dmax(4h + (1 + W) Aax)

® Amax® 4>"n 87\.2
(3 + w)DmaX T 6+20° DimaxAmax e

B logd
Here ® := - and & > 1287s nlog2"

Remark 12 The above Condition 2 requires the transformation functions’ inverse {g j}j-lzl to be
restricted such that the estimated marginal means and standard deviations converge to their popu-
lation quantities exponentially fast. The exponential term A is set to control P(Bsc # 0), B is set to
control P(Bs = 0), C is set to control P(Amin(Ess) < 0) and D is set to control P(3 < g < .
Here we note that the key of the proof is to show that: (i) there exist fast rates for sample means and

standard deviations converging to the population means and standard deviations for the nonpara-
logd

nlog? is used to make sure that the

normal; (ii) f]gg is invertible with high probability. € > 647

Lemma 5 can be applied here.

The next corollary provides an asymptotic result of the Theorem 11.

Corollary 13 Under the same conditions as in Theorem 11, if we further have the following Con-
ditions 3,4 and 5 hold:

Condition 3: Dmax, Amax, W and 8 are constants that do not scale with (n,d,s);
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Condition 4: The triplet (n,d,s) admits the scaling such that

logd +1 logd +1
sy 2BETIO8Y L gpg Do [08ATI0ES L,
n n

min

Condition 5: A, scales with (n,d,s) such that
1 1
—7‘ 0 and /lgdtloes
min ?\‘" n
then

P(R(X,8",Ay)) — 1.

Remark 14 Condition 3 is assumed to be true, in order to give an explicit relationship among
(n,d,s) and A,. Condition 4 allows the dimension d to grow in an exponential rate of n, which is
faster than any polynomial of n. Condition 5 requires that A, shrinks towards zero in a slower rate

than s %.

In the next theorem, we analyze the classification oracle property of the CODA method. Suppose
that there is an oracle, which classifies a new data point & to the second class if and only if

(f(x) = pa)" = g > 0. (20)

In contrast, g""" will classify x to the second class if

or equivalently,

o~ 2/\
Fla) - "2 = o @1

nony

We try to quantify the difference between the “oracle” in Equation (20) and the empirical classifier
in Equation (21). For this, we define the empirical and population classifiers as

G(x.B,f) = (f(&)—pa)'B,
G(x.B,f) = (f(=)-n)'B.
With the above definitions, we have the following theorem:

Theorem 15 When the conditions in Theorem 11 hold such that A+ B+ C — 0, furthermore b is a
positive constant chosen to satisfy

C:

sn~? 0, where c;, is a constant depending only on the choice of {g j}?:la

then we have
~ nB o «~ |loglogn
G<m’nolngl’f —G(:L',ﬁ 7f) ZOP SPmax %'}_SDmax}\'n(\/ logn+Amax) .
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Remark 16 Using ﬁ B instead of B\ is for the purpose of using the Equation (19) in Theorem 11.

When the conditions in Corollary 13 hold, the rate in Theorem 15 can be written more explicitly:

Corollary 17 When B}, is a positive constant which does not scale with (n,d,s),

1 4]
ogs _, _ Hogs

Y

cylogn logn

and the conditions in Corollary 13 hold, we have

N 23 [logd +1
G<m’”'8’f>_g(m’3**,f)'zop (szlogn- loga +logs :
noni n

logn(logd +logs)

by choosing A, < S\/ )
n

Remark 18 Here we note that the conditions require that c; > 1/4, in order to give an explicit rate
of the classifier estimation without including b. Theorem 15 or Corollary 17 can directly lead to
the result on misclassification consistency. The key proof proceeds by showing that f(X) satisfies
a version of the “low noise condition” as proposed by Tsybakov (2004).

Corollary 19 (Misclassification Consistency) Let
C(g") :==P(Y sign(G(X, 8", f)) <0) and C(§):=P(¥ -sign(G(X,B.[)) <0|B,]),

be the misclassification errors of the Bayes classifier and the CODA classifier. Then if the conditions
in Theorem 15 hold, and we have the addition assumption that

—~ |loglogn
logn - (sBmax % + $DmaxAn <\/10gn+AmaX>> — 0;

or if the conditions in Corollary 17 hold, and we have the additional assumption that

[logd +1
Szlogzn. w_)(L
n

then we have

5. Experiments

In this section we investigate the empirical performance of the CODA method. We compare the
following five methods:

e LS-LDA: the least square formulation for classification proposed by Mai et al. (2012);
e CODA-LS: the CODA using a similar optimization formulation as the LS-LDA;

e ROAD: the Regularized Optimal Affine Discriminant method (Fan et al., 2010);
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o CODA-ROAD: the CODA using a similar optimization formulation as the LS-LDA
e SLR: the sparse logistic regression (Friedman et al., 2010).

We note that the main difference among the top four methods is that the covariance matrix 3 is
estimated in different ways: the ROAD and LS-LDA both assume that data are Gaussian and use
the sample covariance, which introduces estimation bias for non-Gaussian data and the resulting
covariance matrix can be inconsistent to X; in contrast, the CODA method exploits the Spearman’s

logd
n

rho and Kendall’s tau covariance matrices to estimate X. It enjoys a O ( convergence rate

in terms of ¢, norm. In the following, the Spearman’s rho estimator is applied. The Kendall’s tau
estimator achieves very similar performance.

The LS-LDA, CODA-LS and SLR are implemented using the R package glmnet (Friedman et al.,
2009). We use the augmented Lagrangian multiplier algorithm to solve ROAD and CODA-ROAD.
Here in computing ROAD and CODA-ROAD, v is set to be 10.

5.1 Synthetic Data

In the simulation studies, we randomly generate n + 1000 class labels such that T = m, = 0.5.
Conditioning on the class labels, we generate d dimensional predictors & from nonparanormal dis-
tribution NPN (0,3, f) and NPN(p;,X, f). Without loss of generality, we suppose o = 0 and
BBwes .= =1y with s := ||BB9||. The data are then split to two parts: the first n data points as
the training set and the next 1000 data points as the testing set. We consider twelve different simu-
lation models. The choices of n,d, s, 3, 3% are shown in Table 1. Here the first two schemes are
sparse discriminant models with difference 3 and p+1; Model 3 is practically sparse in the sense that
its Bayes rule depends on all variables in theory but can be well approximated by sparse discriminant
functions.

scheme n d s 3 BBayes

Scheme 1 100 400 20 X;; = 0.5/ 0.342(1,...,1,0,...,0)"
Scheme 2 400 800 20 X;;=1%;=05,i#,j 0.176(1,...,1,0,...,0)T
Scheme 3 100 200 20 X;; = 0.6/ 0.198(1,...,1,0.001,...,0.001)”

Table 1: Simulation Models with different n,d, s, ¥ and BB listed below.

Furthermore, we explore the effects of different transformation functions f by considering the
following four types of the transformation functions:

e Linear transformation: fj;,.., = (f°, f°,...), where f? is the linear function;

e Gaussian CDF transformation: fcpr = (f', f!,...), where f! is the marginal Gaussian
CDF transformation function as defined in Liu et al. (2009);

e Power transformation: f,,.- = (f 2 f2,...), where f? is the marginal power transformation
function as defined in Liu et al. (2009) with parameter 3;
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e Complex transformation: f..,iex = (f l f L f ! f2,f2,...), where the first s variables
—

N
are transformed through f', and the rest are transformed through f2.

Then we obtain twelve models based on all the combinations of the three schemes of n,d. s, 3, 382
and four transformation functions (linear, Gaussian CDF, power and complex). We note that the lin-
ear transformation fj;,.qr is equivalent to no transformation. The Gaussian CDF transformation
function is bounded and therefore preserves the theoretical properties of the CODA method. The
power transformation function, on the other hand, is unbounded. We exploit fcpr, fpower and
Seomplex to separately illustrate how the CODA works when the assumptions in Section 4 hold, when
these assumptions are mildly violated and when they are only violated for the variables X;’s with
(Z (1 —po)); = 0.

Figures 1 to 3 summarize the simulation results based on 3,000 replications for twelve models
discussed above. Here the means of misclassification errors in percentage are plotted against the
numbers of extracted features to illustrate the performance of different methods across the whole
regularization paths.

To further show quantitative comparisons among different methods, we use two penalty pa-
rameter selection criteria. First, we use an oracle penalty parameter selection criterion. Let S :=
support(3849°) be the set that contains the s discriminant features. Let §x be the set of nonzero
values in the estimated parameters using the regularization parameter A in different methods. In this
way, the number of false positives at A is defined as FP(A) := the number of features in §x but not
in S. The number of false negatives at A is defined as FN(A) := the number of features in S but not
in §x- We further define the false positive rate (FPR) and false negative rate (FNR) as

FPR(A) := FP(A)/(d —s), and ENR(A) := EN(L)/s.

Let A be the set of all regularization parameters used to create the full path. The oracle regularization
parameter A* is defined as
A" = argmin{FPR(A) +FNR(A)}.
AeA

Using the oracle regularization parameter A*, the numerical comparisons of the five methods on
the twelve models are presented in Table 2. Here Bayes is the Bayes risk and in each row the
winning method is in bold. These results manifest how the five methods perform when data are
either Gaussian or non-Gaussian.

Second, in practice, we propose a cross validation based approach in penalty parameter selec-
tion. In detail, for the training set, we randomly separate the data into ten folds with no overlap
between each two parts. Each part has the same case and control data points. Each time we apply
the above five methods to the combination of any nine folds, using a given set of regularization
parameters. The parameters learned are then applied to predict the labels of the left one fold. We
select the penalty parameter A, to be the one that minimizes the averaged misclassification error.

cv is then applied to the test set. The numerical results are presented in Table 3. Here Bayes is the
Bayes risk and in each row the winning method is in bold.
In the following we provide detailed analysis based on these numeric simulations.

5.1.1 NON-GAUSSIAN DATA

From Tables 2 and 3 and Figures 1 to 3, we observe that for different transformation functions f and
different schemes of {n,d,s, %, 384}, CODA-ROAD and CODA-LS both significantly outperform
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Figure 1: Misclassification error curves on Scheme 1 with four different transformation functions.
(A) transformation function is fiineqr; (B) transformation function is fepr; (C) transfor-
mation function is f,ower; (D) transformation function is feompiex. The x-axis represents
the numbers of features extracted by different methods; the y-axis represents the aver-
aged misclassification errors in percentage of the methods on the testing data set based
on 3,000 replications.

ROAD and LS-LDA, respectively. Secondly, for different transformation functions f, the differences
between the two CODA methods (CODA-ROAD and CODA-LS) and their corresponding parametric
methods (ROAD and LS-LDA) are comparable. This suggests that the CODA methods can beat the
corresponding parametric methods when the sub-Gaussian assumptions for transformation functions
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Figure 2: Misclassification error curves on Scheme 2 with four different transformation functions.
(A) transformation function is fiineqr; (B) transformation function is fepr; (C) transfor-
mation function is f,ower; (D) transformation function is feompiex. The x-axis represents
the numbers of features extracted by different methods; the y-axis represents the aver-
aged misclassification errors in percentage of the methods on the testing data set based
on 3,000 replications.

shown in Section 4 are mildly violated. Thirdly, the CODA methods CODA-LS and CODA-ROAD
both outperform SLR frequently.
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Figure 3: Misclassification error curves on Scheme 3 with four different transformation functions.
(A) transformation function is fiineqr; (B) transformation function is fepr; (C) transfor-
mation function is f,ower; (D) transformation function is feompiex. The x-axis represents
the numbers of features extracted by different methods; the y-axis represents the aver-
aged misclassification errors in percentage of the methods on the testing data set based

on 3,000 replications.

5.1.2 GAUSSIAN DATA

From Tables 2 and 3 and Figures 1 to 3, we observe that when the transformation function is fyineqr,
there is no significant differences between CODA-ROAD and ROAD, and between CODA-LS and LS-
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Scheme f Bayes(%) ROAD CODA-ROAD  LS-LDA CODA-LS SLR
Scheme 1 fiinear 10.00 16.64(0.81)  16.90(0.84) 15.09(0.52) 15.29(0.53) 15.40(0.49)
fepr 10.00 18.57(0.80)  17.17(0.84) 17.26(0.52) 15.66(0.53) 17.10(0.46)

Foower 10.00 18.80(0.81)  16.51(0.86) 17.76(0.52) 15.45(0.56) 17.99(0.52)

Feomplex 10.00 18.68(0.84) 17.12(0.87) 17.40(0.54) 15.78(0.53) 17.26(0.57)
Scheme 2 fiinear 10.00 12.28(0.41)  12.34(0.38) 11.46(0.28) 11.48(0.28) 12.19(0.31)
Fedr 10.00 13.56(0.65) 12.83(0.72) 12.95(1.00) 11.99(0.99) 12.84(0.30)

Frower 10.00 17.85(0.86)  17.38(0.65) 17.10(0.73) 16.65(0.50) 16.50(0.33)

Feomplex 10.00 16.89(1.39)  16.89(0.43) 17.20(2.43) 16.77(0.33) 16.91(0.47)
Scheme 3 fiinear 20.00 26.65(0.78)  26.69(0.77) 25.59(0.63) 25.70(0.64) 25.97(0.58)
Fedr 20.00 26.97(0.70)  26.03(0.78) 26.16(0.58) 25.18(0.64) 26.41(0.58)

Frower 20.00 29.78(0.72)  26.07(0.87) 29.03(0.60) 25.14(0.70) 29.34(0.61)

Feomplex 20.00 27.54(0.71)  26.78(0.73) 26.70(0.62) 25.87(0.59) 26.87(0.57)

Table 2: Quantitative comparisons on different models with linear, Gaussian CDF, power, and com-
plex transformations using the oracle penalty parameter selection criterion. The methods
compared here are ROAD,CODA-ROAD,LS-LDA,CODA-LS and SLR. Here Bayes is the
Bayes risk and the winning methods are in bold. The means of misclassification errors
in percentage with their standard deviations in parentheses are presented. The results are
based on 3,000 replications.

LDA. This suggests that the CODA methods can be an alternative choice besides the Gaussian-based
high dimensional classification methods.

In summary, we observe that the CODA methods (CODA-LS in particular) have very good over-
all performance. The simulation results suggest that they can be an alternative choices besides their
corresponding parametric methods. And the results also show that in our experiments the CODA
methods can outperform their corresponding parametric methods when the sub-Gaussian assump-
tions for transformation functions are mildly violated.

5.2 Large-scale Genomic Data

In this section we investigate the performance of the CODA methods compared with the others
using one of the largest microarray data sets (McCall et al., 2010). In summary, we collect in
all 13,182 publicly available microarray samples from Affymetrixs HGU133a platform. The raw
data contain 20,248 probes and 13,182 samples belonging to 2,711 tissue types (e.g., lung cancers,
prostate cancer, brain tumor etc.). There are at most 1599 samples and at least 1 sample belonging to
each tissue type. We merge the probes corresponding to the same gene. There are remaining 12,713
genes and 13,182 samples. The main purpose of this experiment is to compare the performance of
different methods in classifying tissues.

We adopt the same idea of data preprocessing as in Liu et al. (2012). In particular, we remove
the batch effect by applying the surrogate variable analysis proposed by Leek and Storey (2007).
There are, accordingly, 12,713 genes left and the data matrix we are focusing is 12,713 x 13,182.

We then explore several tissue types with the largest sample size:

e Breast tumor, which has 1599 samples;
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Scheme f Bayes(%) ROAD CODA-ROAD  LS-LDA CODA-LS SLR
Scheme 1 fiinear 10.00 16.86(0.77)  16.99(0.94) 15.31(0.54) 15.41(0.49) 15.44(0.51)
fepr 10.00 18.86(0.83)  17.19(0.79) 17.39(0.68) 16.16(0.63) 17.42(0.64)

Foower 10.00 19.13(0.91)  16.84(0.90) 17.91(0.61) 15.92(0.66) 18.13(0.62)

Feomplex 10.00 18.81(0.93)  17.73(0.89) 17.42(0.63) 15.89(0.62) 17.94(0.66)
Scheme 2 fiinear 10.00 12.58(0.52)  12.59(0.47) 11.59(0.33) 11.70(0.38) 12.19(0.29)
Fedr 10.00 13.97(0.74)  12.86(0.76) 13.36(1.05) 12.08(1.03) 13.03(0.32)

Frower 10.00 18.23(0.76)  17.48(0.73) 17.11(0.77) 16.85(0.59) 16.86(0.37)

Feomplex 10.00 16.96(1.59)  16.74(0.61) 17.47(1.99) 16.80(0.49) 17.06(0.55)
Scheme 3 fiinear 20.00 26.83(0.88) 27.23(0.77) 25.62(0.64) 25.74(0.71) 26.21(0.63)
Fedr 20.00 27.13(0.81)  26.21(0.85) 26.76(0.64) 25.23(0.61) 26.43(0.69)

Frower 20.00 30.17(0.85)  26.79(1.00) 29.03(0.73) 25.15(0.78) 29.85(0.63)

Feomplex 20.00 28.43(0.91) 26.82(0.77) 26.74(0.60) 25.88(0.68) 27.27(0.71)

Table 3: Quantitative comparisons on different models with linear, Gaussian CDF, power, and com-
plex transformations using the cross validation based penalty parameter selection criterion.
The methods compared here are ROAD,CODA-ROAD,LS-LDA,CODA-LS and SLR. Here
Bayes is the Bayes risk and the winning methods are in bold. The means of misclassifica-
tion errors in percentage with their standard deviations in parentheses are presented. The
results are based on 3,000 replications.

e B cell lymphoma, which has 213 samples;
e Prostate tumor, which has 148 samples;
e Wilms tumor, which has 143 samples.

Different tissues have been believed to be associated with different sets of genes and microarray
data have been heavily used to classify tissue types. See for example, Hans et al. (2004), Wang
et al. (2008) and Huang and Chang (2007), among others. For each tissue type listed above, our
target is to classify it from all the other tissue types. To this end, each time we randomly split the
whole data to three parts: (i) the training set with 200 samples (equal size of case and control); (ii)
the testing set with 1000 samples; (iii) the rest. We then run ROAD,CODA-ROAD,LS-LDA,CODA-LS
on the training set and applying the learned parameters on the testing set. We repeat this for 1,000
times. The averaged misclassification errors in percentage versus the numbers of extracted features
are illustrated in Figure 4. Quantitative results, with penalty parameter selected using the cross
validation criterion, are presented in Table 4.

It can be observed that CODA-ROAD and CODA-LS have the best overall performance. Some
biological discoveries have also been verified in this process. For example, the MYC gene has been
discovered to be relevant to the b cell lymphoma (Lovec et al., 1994; Smith and Wickstrom, 1998)
and has recently been found to be associated with the Wilms tumor (Ji et al., 2011). This gene is
also constantly selected by the CODA methods in classifying b cell lymphoma and Wilms tumor
with the rest.
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Figure 4: Misclassification error curves on the GPL96 data set. (A) Breast tumor; (B) B cell lym-
phoma; (C) Prostate tumor; (D) Wilms tumor. The x-axis represents the numbers of fea-
tures extracted by different methods; the y-axis represents the averaged misclassification
errors in percentage of the methods on the testing data set based on 1,000 replications.

5.3 Brain Imaging Data

In this section we investigate the performance of several methods on a brain imaging data set, the
ADHD 200 data set (Eloyan et al., 2012). The ADHD 200 data set is a landmark study compil-
ing over 1,000 functional and structural scans including subjects with and without attention deficit
hyperactive disorder (ADHD). The current releases data are from 776 subjects: 491 controls and
285 children diagnosed with ADHD. Each has structural blood oxygen level dependent (BOLD)
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Figure 5: Misclassification error curves on the ADHD data set. The x-axis represents the num-
bers of features extracted by different methods; the y-axis represents the averaged mis-
classification errors in percentage of the methods on the testing data set based on 1,000
replications.

functional MRI scans. The data also include demographic variables as predictors. These include
age, IQ, gender and handedness. We refer to Eloyan et al. (2012) for detailed data preprocessing
procedures.

We construct our predictors by extracting voxels that broadly cover major functional regions of
the cerebral cortex and cerebellum following Power et al. (2011). We also combine the information
of the demographic variables, resulting to the final data matrix we will use with the dimension
268 x 776. The target is to differentiate the subjects with ADHD from those without ADHD.

To evaluate the performance of different methods, each time we randomly sample 155 data
points unrepeatedly from the whole data. We then gather them together as the training set. The
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Data ROAD(%) CODA-ROAD LS-LDA CODA-LS SLR

Genomic (A) 0.29(0.17)  0.29(0.17) 0.26(0.16) 0.25(0.15) 0.29(0.18)
Genomic (B) 1.31(026)  0.69(0.15) 1.16(0.20) 0.63(0.13) 0.82(0.18)
Genomic (C) 0.56(0.13)  0.39(0.11) 0.55(0.15) 0.37(0.12) 0.62(0.17)
Genomic (D) 0.38(0.16)  0.23(0.08) 0.38(0.09) 0.22(0.10) 0.48(0.12)

ADHD 33.20(0.26) 31.89(0.27) 32.66(0.24) 32.25(0.24) 31.73(0.21)

Table 4: Quantitative comparisons on genomic and brain imaging data using the cross validation
based penalty parameter selection criterion. The methods compared here are ROAD,CODA-
ROAD,LS-LDA,CODA-LS and SLR. Here the winning methods are in bold. The means of
misclassification errors in percentage with their standard deviations in parentheses are pre-
sented. Here “Genomic (A)” to “Genomic (D)” denote the breast tumor, b cell lymphoma,
prostate tumor and Wilms tumor, ’ADHD’ denotes the results in brain imaging data anal-
ysis.

rest are left as the testing set. We then run ROAD,CODA-ROAD,LS-LDA,CODA-LS on the training
set and applying the learned parameters on the testing set. This is repeated for 1,000 times and the
averaged misclassification errors in percentage versus the numbers of extracted features are illus-
trated in Figure 5. Quantitative results, with penalty parameter selected using the cross validation
criterion, are presented in Table 4. In this data set, SLR performs the best, followed by CODA-LS
and CODA-ROAD. Moreover, the CODA methods beat their corresponding parametric methods in
this experiment. It can be observed in Table 4 that there is no significant difference between SLR
and CODA-ROAD.

6. Discussions

In this paper a high dimensional classification method named the CODA (Copula Discriminant
Analysis) is proposed. The main contributions of this paper include: (i) We relax the normality
assumption of linear discriminant analysis through the nonparanormal (or Gaussian copula) model-
ing; (ii) We use the nonparanormal SKEPTIC procedure proposed by Liu et al. (2012) to efficiently
estimate the model parameters; (iii) We build a connection of the ROAD and lasso and provide an
approach to solve the problem that the rank-based covariance matrix may not be positive semidef-
inite; (iv) We provide sufficient conditions to secure the variable selection consistency with the
parametric rate, and the expected misclassification error is consistent to the Bayes risk; (v) Careful
experiments on synthetic and real data sets are conducted to support the theoretical claims.
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Appendix A. Proof of Theorem 2

To show that Theorem 2 holds, we need to provide several important lemmas using results of large
deviation and empirical process. First, define ¢(-) and ®(-) to be the probability density func-
tion and cumulative distribution function of the standard Gaussian distribution. For any x € R,
we denote by x™ = x-I(x > 0) and x~ = —x-I(x < 0). By definition, f;(t) = ® !(F;(t)) and
giu)y:=f 171 (u) =F /71 (®(u)). Here for notation simplicity, let F;(¢) and I?,(t) be the abbreviations
of Fi(t;1/(2n),xy,...,x,) and fj(t;wl ,..., &) defined in Section 2.2.

The following lemma quantifies the region of the value f] in 1, and shows that 17*] is not truncated
in [, almost surely.

Lemma 20 (Liu et al., 2012) We have for large enough n,
1 =~ 1
P( <Fi(t)<1——, foralltEI,,) =1.
n n

With Lemma 20, we can now prove the following key lemma, which provides an uniform con-
vergence rate on Fj(t) to F;(t). This result is mentioned in Liu et al. (2012), but without proof.

Lemma 21 Consider a sequence of sub-intervals [L,(f),U,Ej)] with both LY = gj(v/alogn) and
U,Ej) :=g;(y/Blogn) 1 oo, then for any 0 < o < B < 2, for large enough n,

limsup , /L sup Fit) = Fi(t) ‘ =C as.,
nsoo 210g10gnL’(i,~><t<U’g_,v) Fi(t)(1—F;(t))
where 0 < C < 2\/2 is a constant.
Proof By Lemma 20, for large enough n,
I::J(t) = I?j(t), forallt € I,, almost surely. (22)

Given§,...,&, a series of i.i.d random variables from Unif(0, 1) and define G, (1) := 1 Y I(§; < 1),
it is easy to see that

Fi(t) = Gu(F;(t)) as.. (23)
Define
Gn(u) —u
U, (u) :=
(v) u(l—u)

By Equation (22) and (23), it is easy to see that

Fi(1) ~ F(1)
01— F;0))
By Theorem 1 in Section 2 (Chapter 16) of Shorack and Wellner (1986), we know that

lim sup , [ sup (Up(u))” = V2 as.. (25)
n—soo 210g10g”0§u§1/2
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And by Theorem 2 in Section 3 (Chapter 16) of Shorack and Wellner (1986), for a,, — 0 such that

loglog(1/ay,)

Toglogn — 1, we have

/ n
lim su ——— su U,(u))™ =v2 as.. (26)
n—>]t;>)° 210g10gnan§u£1/2( ”( ))

Combining Equation (25) and (26) together, we have

[ n
limsup , [ =———— sup |U,(u)| <2v2 as.. 27
n—oo 210g logna,1§u§1/2| "( )|

Furthermore, for any u € [0, 1],

Gn(1—u) Zl§,<1—u le—§l>u)—l—G()
which implies that
U,(1—u) =—=U,(u).

Therefore, by Equation (27), for a,, | 0 such that loglog(1/a,) — 1, we have

loglogn
lim sup . sup  |Up(u)| <2V2  as.. (28)
n—seo \| 2loglogn ney<iq,
Finally, choosing a, =1 —F J-(U,Ej ) ), we have

_ loglognP/?
ay=1—®(\/Plogn) ~n P2 and %—H

so takinga, =1—F j(U,gj )) into Equation (28), the result follows by using Equation (24). |

Proof [Proof of the Theorem 2] Finally, we prove the Theorem 2. By symmetry, we only need to
conduct analysis on a sub-interval of I} C I,;:

1= [(0),8; (V21 =¥)logn) |

We define aseries 0 < o < 1 < f; <2 < ... < B« and denote by By := o,

lon = [8(0). 8;(\/tlogn)]

= [gj(«/oclogn),gj(\/ﬁllogn)} U SEEE [gj(\/BK,llogn),gj(\/BKlogn)] )

Fori=0,...,x, we can rewrite

sup | 3(0) = /(1) = sup |97 (B (1)) — &7 (F(1)).

tel, tel;y,
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By the mean value theorem, for some &, such that

S [min{fj(gj(\/ Bi—1logn)),F;(g;(+/Bi—1logn))},max{F;(g;(v/Bilogn)),F;(g;(/ Bilogn))}} ,

we have

sup @ (ﬁj(z)) — o (F(1)| = sup’(q)_l)’(fm) (ﬁj(z) —Fj(z)) ] (29)

ZEI;,, tel,

Because ® and @' are strictly increasing function, for large enough n, we have

@ 1)(&) < (@) (max {F; (g; (V/Bilogn) ) ,F; (g (V/Bilogn) ) }). (30)

From Lemma 21, for large enough n, we have

1) < Filt) + 4/ log:’g” 1= Fi(t).

In special, using the fact that F;(g;(r)) = ®(t), we have

Fi(e)(v/Bilogn) < F(e;(v/Biiogm) + 41/ 228" /i Fy(;(/Bilogn))

logl
® <\/B,~10gn+4, / Olgg_i”> .
n 1

The last inequality holds given Equation (B.4) to (B.12) in Liu et al. (2012).
Therefore,

IA

( BIO n4+4 loglogn)2
Vv Pilog S

2

(@) (Fi(g;(v/Bilogn))) < v2mexp

= (@) (Fi(g;(V/Bilogn))).

Returning to Equation (30), we have

@ 1Y(E,) <C(@ Y (Fi(gj(+/Bilogn __ £ <o 31
(@) (&) < C(@) (Fj(g;(/Bilogn))) o(Vpiiozn) ~ V" 3D

where C > 1 and c; are generic constants. Specifically, when i = 0, using the Dvoretzky-Kiefer-
Wolfowitz inequality (Massart, 1990; Dvoretzky et al., 1956), from Equation (29), we have

& (Fy (1) - @ (F (1)) = 0 ( 1"5}"5”) .

For any i € {1,...,x}, using Lemma 21, for large enough n,

~ loglogn
sulp Fj(t)—Fj(t)‘ = Op (1/ gng .\/1_Fj (gj(\/ﬁ,-_llogn))>
1€lip
B /loglogn n—PBi-1/2
B Valogn
/loglogn
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Again, using Equation (31), we have

&1y . O Y (F:(o: ;logn :#
(@7 (&) < @™ (e (VBilogm)) = ey

i/2
SClI’lB/ )

and applying Equation (32), we have

1 _ loglogn
lip. _ Lir. — __57e
sup | (1) ~ @ (Fj(t))‘_op (,/n%il/m).

Chaining the inequalities together and choose
Bi=(2-(1/2))(1—v), i€{0,1,....,x},
we have for any i € {0,1,...,k},
l-oo = 1—(l—7)=vy and
VB2 = 14 (1o 5 ) -9 (2= 5 ) - =7

And therefore, we have

sup @~ (Fy(1)) ~ @~ (F,(1))| = O ( 1°g1°g”> ,

IpnU...UILg, ! nY
while
on U Ul = [2,(0), 85 (V=279 (1T-)].
Taking K 1 oo, we have the result. |

Appendix B. Proof of Theorem 11

To prove Theorem 11, we need the following three key lemmas. Lemma 22 claims that, under
certain constraints on the transformation functions, there exist fast rates for the sample means and
projected Spearman’s rho/Kendall’s tau covariance matrices converging to the population means
and covariance matrix for the nonparanormal. Lemma 23 provides exponential inequalities for two
estimators we are most interested in in analyzing the theoretical performance of the CODA. Lemma
25 claims that Xgg is invertible with high probability.

Lemma 22 For any xy,...,x, i.id drawn from X, where X ~ NPN(u,3,f), 0 < 1/0max <
min{c;} < max{0;} < Omax < o0, max; |u;| < Omax and g := f~! satisfies g% €TF(K), j=1,...d
j j

for some constant K < oo, we have for any t > 321,/ 284

nlog2’
P(ISk—Zul>1) < 2exp(—chur?), (33)
P —pjl>1) < 2exp(—cint®), (34)

where c(, and ¢ are two constants only depending on the choice of {g j}?:l-
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Proof Because Onay is a constant which does not scale with (n,d, s), without loss of generality we
can assume that K > 1, u = 0 and diag(X) = 1. The key is to prove that the high order moments
of each X; and ij will not grow very fast.

We only focus on j =1 and the results can be generalized to j = 2,3,...,d. Define Z :=
fi(X1) ~N(0,1). We have V m € Z™, because g7 € TF(K) for some constant K,

m!
EIX?|" =Elgi(Z)|" < - K"

Therefore, by Lemma 5.7 of van de Geer (2000), 8% goes to (5% exponentially fast. To show that the
Equation (34) holds, we have

(m/2)!

2 !
E|X;|" = E[x}2|"/? < 2)1(’"/2 < m?K’”, if m is even,
EXi|" < T+EX"I(1Xi] > 1) < T+E(IX " (X1 > 1))
1 (mTH) ' ome oml . .
<1T+E[X ™ <1+ TKT < 7(2K+2)m, if m is odd.
Therefore, again by Lemma 5.7 of van de Geer (2000), u; goes to u; exponentially fast.
Similarly we can prove that P(|G; —6;| > ) = O(exp(—cnt?)) for the generic constant c. There-
fore, to prove that Equation (33) holds, the only thing left is to show that combining G,y with R ¢
does not change the rate. Actually, suppose that

P([6;~ocj|>¢) < mi(ne),
P(lﬁjk—i?k\%) < Mm(ne),

then we have

P ‘S:jk—ij’>e>
= P ‘(ajak—Gij)ﬁjk+Gij (Ejk—Z?kM >8>
~ A~ ~ € ~ €
< P ‘(cjck—cjck)Rjk‘ > 5) +]P)<‘Gj0k (Rjk—Z?-k)‘ > 5)
< P ‘8-8 —G'G‘>§ +P( [Rjx—2° >L
> jOk jOk 2 Jk jk chznax

~ ~ ~ € €
/) (Ox — k) +6;(0x — o) + 064 (G, — ;)| > *) M 55—
2 20z .«

IN
~

IN
=

N o/~ 8 —/ —/ —/ /-
Q

8j—cj) (Gk—csk)| > 2) +P(‘Gj(8k—6k)} > %)

(
(!Gk(aj —o;)| > %) +M2 (n, 2;)

max

IN
=

INA
)
=

Omax Om
\/E +2 S I
n, 6 i\ n, 6Gmax n2\n, zcrznax .
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logd

Due to Lemma 5, we have for all ¢+ > 3271 nlog?

P(|R jx —Z(}k| > 1) < 2exp(—cnt?),

for some generic constant c. It means that 1 and 1, are both of parametric exponential decay rate.
we complete the proof. [ ]

Lemma 23 If ny and ny are deterministic, then there exists a constant cy such that for any € >

logd
321 W’ we have

}P’(’ijk—Cjk‘ > 8) <2exp(—cone®), Vjk=1,....d;
P(||(d1 — Ho) — (1 — o) [|eo > €) < 2d exp(—c1n?).

Proof Using Lemma 22 and the fact that P(|n; — 4| > ne) < 2exp(—2ne?) for j =0, 1, we have the
result. |

Remark 24 Here ng and n| are “pretended” to be deterministic but not random variables. Later
we will see that because no \ny > 3 with an overwhelming probability, we can easily rewrite the

logd logd

condition € > 321 oA ) Tog2 to be a deterministic one: € > 641 nloga the final presentation.

Lemma 25 Let Ayin(Css) = 6. If & > 64ns m, we have

~ 82
P(Sgs = 0) > 1 —25%exp (—62"2 ) . (35)
A

Proof Let A — fJSS — Cgs. Using Lemma 23, in probability 1 — 2s%exp(—cont?), H&Hmax <t.
Therefore, for any v € R?,

v S50 = v Cysv + 07 Av > 0|3 + Amin(A) |03,
where 8 = Anin(Css). By the norm equivalence, we have
1A lop < 51| A max < .
where || - ||op is the matrix operator norm. Since
H - 3HOP - }VmaX(_a) = kmaX<CSS - iSS) = _xmin<iss - CSS) = _xmin(a)v
and

|| = Allop < s]| = Allmax = 8[| A|max < st,
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we can further have
xmin(a) > _HAHOP > —st.
Therefore we have
v Sg5v > (8 —st) [[v]3, i€ Amin(Sss) > — st

In other words, for all 7 < 3/s, we have Amin(Ess) > 0. In particular, choosing r = 8/(2s), we have
Amin(Zss) = 8/2 > 0. This proves that Equation (35) holds with high probability. |

Using Lemma 22, Lemma 23 and Lemma 25, Theorem 11 can be obtained using a similar proof
structure of Mai et al. (2012). For concreteness and self-containedness, we provide a proof of the
remaining part in the last section of the appendix.

Appendix C. Proof of Theorem 15

To prove Theorem 15, we first need to quantify the convergence rate of f to f, or equivalently,
fo:={ fo ]} _, and f1 ={ f1 J} _,’s convergence rates to f. By symmetry, we can focus on fo

Lemma 26 Let g; := f; be the inverse function of f;. We define

I, = [g,,- (— 2(1—Y)10gn),g./< 2(1—7)1°g”>}’

~ loglogn
then SUPIij(f)—fj(t)=0P< : vg >
tel, n
Proof Using Lemma 22, a similar proof as Theorem 2 can be applied. |

Then we can proceed to proof of Theorem 15:
Proof We define {ji,..., js} = S to be the indices of the s discriminant features, that is,

Bj, #0, k=1,...;s

In this way, we can further define

T, = [gjl(—\/blogn),gjl(\/blogn)} X ., X [gjs(—\/blogn),gjs(\/blogn)} ,

for some 0 < b < 1. Moreover, an event M,, is defined as

M, = {weRd:azSETn}.

(G( = A) G(X,B", )|>z)

( — )_G(X’B**vf)’>I|K(Xaﬁ*u7\'n)7Mn>

(M) +P(R(X, B, 1)) .

Then we have
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Given R (X, 3*,A,) and M), hold, we have

~ ~ nz/\
B 1/ (X) = FX)s [l +NAXDsl BT = =]l

25
- *% n k% -
FBs[ 1B = ==l + {187 [ [(B = 12a)s]]1-
noni

Using Theorem 2,

-~ logl
sup |(£(X) = F(X)sl|1 = O (sx/ °?‘Z/gz"> , (36)
XeM, n

and by Lemma 26,

sup |(F(X)sl)1 = O (5v/2logn)

XeM,

Using the Gaussian tail inequality,
P (X)) = /blogn) =0 ("),
so P(M¢) = O (sn=*?). Using Lemma 23,
|#is])1 = Op(sAmax) and [|(F— pea)sl[1 = Op(sn™'7?).
Using the assumption that A+ B+ C — 0 and B — 0 in the Theorem 15, we have

2B

nonj

HB** - H°° = OP (Dmaxkn) and P(R.(X?IB*77\‘”)C) = 0(1)' (37)

Combining Equation (36) to (37), we have

~ nzﬁ N s . [loglogn sp
G<X’n0n1’f *G(X”@ af) ZOP SPmax W+~9Dmax7\'n(\/10gn+Amax)Jr \;SX .

This completes the proof. |
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Appendix D. Proof of Corollary 19

Proof For notation simplicity, we denote by
* *k ~ ~ nZB\ "
’D:{(1'1,)’1),(302,)72)7--~,(33na)’n)} and G :G(Xaﬁ 7f), G:=G Xyiaf .

Here we note that 31gn = sign (X B, f )) Then we have

IN

(G

IP’(Y-sign( ) < O|Q)) = ]P’( sign(G*) +Y - (sign(G) —sign(G*)) <0 | ’D>
P (Y -sign(G*) < 0) +IP’< - (sign(G) —sign(G*)) < 0 | @)
P(Y

(
¥

IN

-sign(G*) < 0)+P <51gn( ) # sign(G") | Q)) .
Therefore,

E(C(8))—C(g")

IN

E(P(sign(é) £ sign(G") | @))
= E(E((sign(G) #sign(G")) | D))
E (I(sign(G) # sign(G"))
P (sign(G) # sign(G")) ).

- P(é.G*<o)

- IE”(G G <0,|G— G*|<z,,dg) P(G-G*<o,|c~;—G*|zz,,7d,s)

< IP’(\G G| < tnas, G- G*<o) ]P’(]G—G*]>t,l7dvs>

< P(G G <0 | |G- G*|<tndS>IP<\G—G*|<tn,d7s>+IP’<|5—G*|>t,,7d7s>
< P(\G!<tndg | |G- G*]<tndg) (]é—G*\<t,1,d,s)+IP><\(~?—G*\>tn7d,s)
< }P’(|G|<tnds)+IP’(]G G\>tnds>.

Suppose that the conditions in Corollary 3 hold, then choosing

[logd +1
tn,d.s — s2 logzn . w’
i n

using Corollary 17, we know that

|

nony

6<X,”2ﬂ,f> ~G(X,B8",f)

> tn7d7s> = 0(1).

663



HAN, ZHAO AND L1U

And using Lemma 6, we have

Ty—1
. . THg 2 Hd -
GUX.B7,) = (X)) 37 o6 (T 2 1y )
4 . .
where T = ————— > 0. Therefore, by simple calculation, we have
4+ py; X pg
P wiE g P wiE
B(G(X.B" 1) <tnas) =@ [ *2 =P | ~@ | = | =0(1),

T/ i V2T

as long as t,, 4 s — 0 because of the continuity of ®. This proves that P (sign(é) # sign(G*)) =o(1)

and completes the proof. The same argument can be generalized to the case where the conditions in
Theorem 15 hold. |

Appendix E. Proof of the Remaining Part of Theorem 11

we now start to prove the remaining part of Theorem 11. In the sequel, all the equalities and
inequalities are element-wise. The main structure of the proof is coming from Mai et al. (2012) and
we include the proof here only for the paper concreteness and self-containedness.

Lemma 27 Given n; ~ Binomial (n, %) for j=0,1, we have

3 nony 1 n
P2 <™ 1)y > (—f>.
<16— 2 —4>— P78

Proof Using the Hoeffding’s inequality, we have

3 noni 1 n n
p2 <M :]P’(‘ »_f’<7):19>
(16_ n2_4> A

This completes the proof. |

Proof [Proof of the Theorem 11] We define the event

3 nony 1
Eyi=<4 — < — < — 3.
0 {16_ n —4}

Under the event Ey, we consider the optimization problem in Equation (11). We firstly consider an
intermediate optimum:

- (1 -
B = arganin { |y~ Xl + 25l |

BseR? n

Reminding that X’X /n has been replaced by > in calculating E . Using Lemma 25, s is invertible
with high probability. Then, under the event that 3¢ is invertible, 3y exists and is unique, moreover

Bs = (Sss) ! [%(ﬁl — [o)s —lnzs} ,
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where zg is the subgradlent such that z; = 51gn(Bj) #0and —1 <z; <1if BJ =0.

To prove that 8 = (3s,0) with high probability, it suffices to show that ||zs||. < 1, or equiva-
lently R (X, 8**,A,) holds, where

Ri(X, 8" \y) =
(P51 = o) — Ss(Biss) ™[5 — i) —has lo SHf. (39)

Then following Equation (38), with high probability, we now can write

P(-‘Rl (Xalg**77\’n)c)

non . S S g (non .
<P<HOI(N1 1io)s: — Eses(Sss) ! (%(Nl —Ho)s —MZS) |leo > 7vn>-
LetA = 2” 7‘” and using the matrix norm equivalency, we have
Kok c -~ -~ 'S s\ -~ -~ A
P(R(X, 87, 0)) <P [[(B1 = Bo)se —Bises(Bss) ™ | (B1 = Ho)s = 525) | [|ee > 1/2
<P (CAmax +[1(11 = Bo)se — (k1 — pro)se |-

@) (5 +11~Ao)s— G — o)) > ’g)

where - ~
{:=||Bses(Ess) " — Cses(Css) ™ |eo-

The key part of the rest of proof is obtain by using the concentration inequalities for several key
estimators. In Lemma 28, we give such a result:

Lemma 28 There exist constants co and ¢y such that, under the event Ey, for any € > 641, / logd

nlog?2’
we have
()z]k— ,k‘>s) < 2exp(-ncoe?), Vijk=1,...d: (39)
2 l’lC()82
(HZ]SS—CSSHOQ e) < 2exp (—"5- ) (40)
ncoe?
(HESLS_CSCSHDO 8) < 2(d—s)sexp<— SOZ ); (41)
P(||(f1 — Bo) — (1 — o)l = >€) < 2dexp(—nci€?). (42)
And for any € < 1/Dmax, we have
I’l(,‘()i—l2
P (§ > €Dmax (W + 1) (1 — Dnax€) ") < 2dsexp | — 5 ) (43)
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Proof [Proof of the Lemma 28] Given Lemma 23, Equation (39) and Equation (42) are correct and
Equation (40) and (41) are straightforward using Equation (39). To prove that Equation (43) holds,
we have the key observation from Mai et al. (2012):

[ Zses(Ess) ™" = Cses(Css) ™| <
(\VHESS* Css||e + ||flscs *CSCSHW) (Dmax+ ||(§3ss)_1 - (CSS)_IHOQ) :

We choose
£ > max{||Zss — Css] e, || Sses — Cses|[e

and substitute Hi‘ss — Cgs| and Hf)scs — Cyes|| with €, then apply Equation (40) and Equation
(41), we have Equation (43). |
Therefore, using the condition that, under the event Ey, we have

n2 A, (1 — ) B AM1-y)

< —
® S 2D (722 + 11071 (L - W) Amax) 4D (A2 1 (1 + ) D)

we have
(1 —2&Dmax — W)A

Apax <
T 4(1 4 y)eDmax

Noticing that if

(Y + 1)€Dpax PR A1 —y—2eDpax)
< /T — — — w <
C< D¢’ (k1 = 20) — (k1 = p10)[ | < 0Ty
(1 —2€Dpax — W)A
4(1 4 y)eDmax

)

A<Apax and Apax <

then LA +11(1 — Fo)s: — (11— o)1+ (5 -+ ) (111 = Fo)s — (w1 — pro)sl-) < &
Accordingly, denoting by

El:{CZ(\II-H)%leax},

1_l)maxs
A1 — Wy —2€Dpnay) }
4(1+v) ’

B2 = {1 = )~ o = ) >
we have
P(R (X, 8", M)) <P(E1) + P(E2).

Using Lemma 28, we have the result that

(44)

201 —\f — 2
P(%(X,ﬂ**,xnr')szds-exp( C‘)s”e)ud ep<4cm7~n<1 ¥ — 2€Dimax) )

(1+w)?

Then, to prove that |,§s| > 0 with high probability, we consider the second set:

o3 ) ] 0}~ |80 [52—s—us 0}
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2%\,

o> We have

Again, denoting by A =

Ro(X, 8 M) = { | (Bs) ™ (01 — fio)s — Azs/2]| > 0}
Denote by {1 :=||Xss — Css|| and &3 := [|(Zss) ™' — (Css) "], we have

(Sss) ™" [(fi1 — Fio)s — hzs/2] = B§" + (Bss) ' [(F1 — Fo)s — (41 — Ho0)s]
+[(Zss) ™" = (Css) (11 — po)s — MEss) ' 25/2, (45)

where we remind that CESI (1 — po)s = B¢*. Therefore
P(R (X, 8", ) Z]P’< min — (82 Dimax) (A/2+ |[ (1 — Bo)s — (1 — £20) 5] |<o)
— CZAmaX > 0> .

Moreover, when {;Dpax < 1, we have
G < 11(Zss) M ]ewbiDimax < (Dmax +£2) 1 Dina,
and hence {, < D2,,,1/(1 — {1 Dpax). Therefore
P(R (X, 87, M)

> IED((f')AmaxDmax - (1 - Cleax)_l (Dmaxx/z“‘ ||(ﬁl - ﬁO)S - (/111 - HO)SHmeaX

+ D% CiAmax) > 0).

. s 2B
Noting that ® < 1 because AyaxDmax > ||B** ||, We have A < 2%“;; < 3 +f)')“gmax under event Ej.

() Amax ®
3r0) D’ € S 2043)?

Therefore, given that §; <& and |1 — Fo)s — (1 — po)sll <€ and e <4
we have

mAmaxDmax_ (1 - (:,IDmax)i1 (Dmaxx/2+| |(ﬁ1 - ﬁO)S - (Pfl - ,Lto)s| ‘meax+Dr2naxC1Amax) >0.

Therefore

P(Re (X, 87, M) ) <P(C1 = &) +P([|(11 — 110)s — (1 — p0)sl|- > €)
< 25 exp(—cone? /s*) 4 2sexp(—nci€?). (46)

Combining Equation (44) and Equation (46), we have that %, (X, 3**,A,,) holds with high probabil-

ity.
Finally, using Equation (45), given that ®; (X, 3**,A,) and % (X, 3**,A,,) hold, we have

23 23
n-g3 n-Bs
=Bl =1 = Bs" [l
nony nony
S (1 - Cleax)il (Dmaxl/z'i_ H(ﬁ'l - ﬁO)S - (F’Jl - PIO)S‘ |ooDmax +D12naxC1Amax)'
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A

Using the fact that € < LTI —

(1 — po)sle < &,

and € < A, we have that, under the event {; < e and ||(ft1 — fio)s —

~

2
n IB k3 —
H”O”ll _B Hoo S (1 - Cleax) 1(szl)(7\4/2‘i‘}\fl)max +Dmax}\f/2)
2Dmax A
< Lﬁ; < 4Dmax7¥-
1 - 2Amax

We finalize the proof by using Lemma 27 to show that P(Ef) < 2exp(—n/8). This completes the
proof. |
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