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Abstract

Finite-order Markov models are well-studied models for dependent finite alphabet data.
Despite their generality, application in empirical work is rare when the order d is large
relative to the sample size n (e.g., d = O(n)). Practitioners rarely use higher-order Markov
models because (1) the number of parameters grows exponentially with the order, (2) the
sample size n required to estimate each parameter grows exponentially with the order, and
(3) the interpretation is often difficult. Here, we consider a subclass of Markov models
called Mixture of Transition Distribution (MTD) models, proving that when the set of
relevant lags is sparse (i.e., O(log(n))), we can consistently and efficiently recover the lags
and estimate the transition probabilities of high-dimensional (d = O(n)) MTD models.
Moreover, the estimated model allows straightforward interpretation. The key innovation
is a recursive procedure for a priori selection of the relevant lags of the model. We prove a
new structural result for the MTD and an improved martingale concentration inequality to
prove our results. Using simulations, we show that our method performs well compared to
other relevant methods. We also illustrate the usefulness of our method on weather data
where the proposed method correctly recovers the long-range dependence.

Keywords: Markov Chains, High-dimensional inference, Mixture Transition Distribution

1. Introduction

From the daily number of COVID-19 cases to the activity of neurons in the brain, dis-
crete time series are ubiquitous in our life. A natural way to model these time series is by
describing how the present events depend on the past events, i.e., characterizing the tran-
sition probabilities. Therefore, finite-order Markov chains - models specified by transition
probabilities that depend only on a limited portion of the past - are an obvious choice to
model time series with discrete values. The length of the portion of the relevant past defines
the order of the Markov chain. At first glance, estimating the transition probabilities of a
Markov chain from the data is straightforward. Given a sample X;., := (X1, Xs,..., X,)
of a stationary d-th order Markov chain on a discrete alphabet A, the empirical transition
probabilities are computed, for all past z_g4.—1 := (z_g,...,2_1) € At=d=1} and symbol
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a € A, as
Nn(xfdzflv a)

Pnlalz_g.—1) := Y vea Nn(z_g.—1,b)’

where Np(z_4.—1,a) denotes the number of occurrences of the past z_4. 1 followed by the
symbol a in the sample X7.,.

Nevertheless, some difficulties become apparent. First, for a Markov chain of order d,
we have to estimate |A|%(]A| — 1) transition probabilities (parameters), making the uniform
control of estimation errors much harder when the order d increases. One solution to avoid
the exponential increase in the number of parameters is to consider more parsimonious
classes of models. One such popular class of models is the variable length Markov chains
(VLMC), in which

]P)(Xt = a|Xt—d:t—1 = CL“—d:—l) = IP)(Xt = a’Xt—K:t—l = x—ﬂ:—l)a

where ¢ is a function of the past x_4_1 (Rissanen, 1983; Biihlmann and Wyner, 1999;
Galves et al., 2012). The relevant portion x_s._1 of the past z_4z 1 is called a context.
The key feature of VLMC is that all transition probabilities with the same context have
the same values. Therefore, denoting 7 as the set of all contexts, the number of transition
probabilities that need to be estimated reduces to |7|(]A|—1). Another class of models that
is even more parsimonious is the Minimal Markov Models - also known as Sparse Markov
Chains (SMC) (Garcia et al., 2011; Jadskinen et al., 2014). In SMC, we say that the pasts
r_g.—1 and y_g._1 are related if for all symbols a € A,

P(X: = a|Xi—gi—1 =2_g—1) =P(Xy = a| Xy—git—1 = Y—g:—1)-

This relation generates the equivalent classes C1, . . .,Cx that partition At=d-—1} Now, the
number of transition probabilities that need to be estimated is K (|A|—1). Both VLMC and
SMC have the advantage of better balancing the bias and variance tradeoff. Nevertheless,
in both models we still need to estimate the transition probability using p,(a|x_4.—1), either
because we need to estimate the largest context (for VLMC) or because we need first to
calculate the transition probabilities to establish the partitions (for SMC). This creates a
second difficulty. For the estimator py(a|z_4.—1) to have any meaning, we have to observe
the sequence z_g4._1 in the sample Xi., at least once. By ergodicity, the number of times
that we will observe the sequence x_4._1 is roughly nP(X1.q = x_4._1). It is straightforward
to show that, if the transition probabilities are bounded below from zero, there exists a
constant ¢ > 0 such that P(X1.g = 2_gq._1) < e . Therefore, in general, it is hopeless
to have a reasonable estimator p,(alz_g_1) if d > (1 + ¢)logn/c, for some positive value
€. This imposes a fundamental limit to the size of the past that can be included in the
description of the time series.

Moreover, Markov chains with small orders are not consistent with the known workings
of several natural phenomena where the transition probabilities might depend on remote
pasts. For example, in predicting whether today will be a warm or cold day, we might
need to know remote past events like the corresponding weather approximately a year ago
(Kiraly et al., 2006; Yuan et al., 2013). Physiological phenomena in humans with cycles
of different lengths might result from dependence on events at vastly different temporal
scales (Gilden et al., 1995; Chen et al., 1997; Buzsaki and Draguhn, 2004). Importantly,
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not all portions of the past are necessarily relevant. These observations motivate us to
explore sparser representations of the dependence on past events. The mizture of transition
distribution model (MTD) is a subclass of finite order Markov chains that can be used to
obtain such sparse representation. Like VLMC and SMC, MTD was initially introduced to
overcome the problem of exponential increase in the number of transition probabilities for
Markov chains (Raftery, 1985; Berchtold and Raftery, 2002). MTD represents higher-order
Markov models as a convex mixture of single-step Markov chains, where each single-step
Markov chain depends on a single time point in the past. If an MTD model is a mixture of
only a few single step Markov chains, we naturally obtain a class of sparse Markov chains
that depends only on a small portion of the past events. Nevertheless, available methods to
consistently estimate the transition probabilities of MTD still need to consider all the past
events up to the MTD order (Berchtold and Raftery, 2002), which might include irrelevant
portions of the past. This fact still restricts the MTD order to d = O(logn).

In this work, we introduce a simple method that consistently recovers the relevant part of
the past even when the order d of the MTD model is proportional to the sample size n (i.e.,
d = O(n)) if the size of the relevant past is O(logn). Consequently, we prove that we can
consistently estimate the transition probabilities for high dimensional MTD under sparsity
constraint. Our estimator is computationally efficient, consisting of a forward stepwise
procedure that finds the candidates for relevant past portions and a cutting procedure to
eliminate the irrelevant portions. The theoretical guarantees of our estimator are based on
a novel structural result for MTD and an improved martingale concentration inequality.
Both results might have an interest on their own. Moreover, we show that the estimator
can be further improved when the alphabet is binary. We also prove that in several cases,
our estimator is minimax rate optimal.

Finally, using simulated data, we show that our method’s performance is, in general
superior to a best subset selection method, where the lags with k largest weights are selected
after estimating the model with a classical MTD estimation method (Berchtold, 2001), and
similar to the performance of Conditional Tensor Factorization (CTF) based on higher-order
Markov chain estimation when the order is moderate (Sarkar and Dunson, 2016). We also
applied our method to weather data to model a binary sequence indicating days with and
without rain. Our method successfully captures long-range dependencies (e.g. annual cycle)
that were not detected either by VLMC algorithm with BIC order selection (Csiszar and
Talata, 2006) or by the CTF based higher order Markov chain estimation. New Bayesian
approaches for higher order VLMC and MTD selection were introduced in (Kontoyiannis
et al., 2020; Heiner and Kottas, 2021), where a posteriori most likely model estimation is
considered. These works provide interesting alternative approaches for modeling higher-
order Markovian dependence in a Bayesian setting.

We organized the paper as follows. In Section 2 we introduce the main notations, defi-
nitions, and assumptions that we will use throughout the paper. In Section 3 we introduce
the algorithms to select the relevant part of the past. In Section 3.4 we provide an esti-
mate of the estimator’s convergence rate for the transition probabilities. In Section 3.5, we
show that our estimator achieves the optimal minimax rate. In Section 4, we illustrate the
performance of the proposed estimators through simulations and an application on weather
data.



OsT AND TAKAHASHI

2. Notation, Model Definition and Preliminary Remarks

2.1 General notation

We denote Z = {... —1,0,1,...} and Z; = {1,2...} the set of integers and positive
integers respectively. For s,t € Z with s < ¢, we write [s,t] to denote the discrete interval
ZN]s,...,t]. Throughout the article A denotes a finite subset of R, called alphabet. The
elements of A will be denoted by the first letters of the alphabet a, b and c¢. Hereafter,
we denote [|Al|cc = maxgea |a| and Diam(A) = maxgpea |a — b|. For each S C Z, the set
A% denotes the set of all A-valued strings zg = (xj)jes indexed by the set S. To alleviate
the notation, if S = [s,t] for s,t € Z with s < ¢, we write x5, instead of z[,y. For any
non-empty subsets U C S C Z and any string zg € A®, we denote Ts\v) € AU the
string obtained from xg by removing the string x;y € AY. For all t € Z and S C Z, we will
write in some cases t + S do denote the set {t +s:s € S}.
The set of all finite A-valued strings is denoted by

A= | 4%

SCZ:S finite

For all z € A, we denote S, C Z the set indexing the string z, i.e., such that z € A%,
Given two probability measures p and v on A, we denote dry (p,v) the total variation
distance between p and v, defined as

v (1,v) = 5 3 (@) — v(a)].

acA
For g € Zy, the || - ||;-norm of vector v € RL is defined as
L 1/q
[vllg = (Z Ive|q> :
/=1

The dimension L € Z, will be implicit in most cases.
For two probability distributions P and Q on Al where P is absolutely continuous
with respect to @), we denote K L(P||Q) the Kullback-Leibler divergence between P and @),

given by
P(mlzk,‘))
Q(z1k) /)

KLPIQ) = Y P(aslzk)log(
ml:keA[[l’k]]
2.2 Markov models

Let X = (X¢)tez be a discrete time stochastic chain, defined in a suitable probability space
(Q, F,P), taking values in an alphabet A. For a d € Z., we say that X is a Markov chain
of order d if for all k € Z, with k > d, t € Z and z;_p € AR with P(X;,_pyq =
Tp—t—1) > 0, we have

P (Xt = «’13t|Xt—lc:t—1 = th—k:t—l) =P (Xt = !Iit’Xt—d:t—l = xt—d:t—l) . (1)
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We say that a Markov chain is stationary if Xs.; and X1 4.4, have the same distribution
for all t, s, h € Z. Throughout the article, the distribution of a stationary Markov chain will
be denoted by P. For a finite S C Z and x5 € A, we write P(xg) to denote P(Xg = g).
The support of a stationary Markov model is the set supp(P) = {z € A: P(zg,) > 0}.

For stationary Markov chains, the conditional probabilities in (1) do not depend on
the time index t. Therefore, for a stationary Markov chain of order d, for any a € A,
xzg € supp(P) with S C [—d, —1] and ¢ € Z, we denote

plalzs) =P (X; = a|Xi15 = x3) .

Notice that p(-|xg) is a probability measure on A, for each fixed past zg € supp(P).
The set {p(-|x_g.—1) : ©_q.—1 € supp(P)} is called the family of transition probabilities of
the chain. In this article, we consider only stationary Markov chains.

For a Markov chain of order d, the oscillation d; for j € [—d, —1] is defined as

§; = max{dry (p(|z_a1), p(ly_a:—1)) : (@—g—1,y-g—1) € ATE M 5 =y (V£ 5}.

The oscillation is useful to measure the influence of a j-th past value in the values of the
transition probabilities.

2.3 Mixture transition distribution (MTD) models

A MTD model of order d € Z. is a Markov chain of order d for which the associated family
of transition probabilities {p(:|x_g.—1) : z_g.—1 € supp(P)} admits the following represen-

tation:
-1

plalz_a.—1) = dopo(a) + Y Ajpjlala;), a € 4, (2)
P

with Ao, A_1,...,A_q € [0,1] satisfying Z?:_d Aj = 1 and po(-) and p;(:b),j € [—d,—1]
and b € A, being probability measures on A.

Following (Berchtold and Raftery, 2002), we call the index j € [—d, 0] of the weight A;
in (2) the j-th lag of the model. The representation in (2) has the following probabilistic
interpretation. To sample a symbol from p(-|z_4.—1), we first choose a lag in [—d, 0] ran-
domly, being A; the probability of choosing the lag j. Once the lag has been chosen, say
lag j, we then sample a symbol from the probability measure p;(-|x;) which depends on the
past x_q.—1 only through the symbol x;. Notice that a symbol is sampled independently
from the past z_g4._1, whenever the lag 0 is chosen.

For later use, let us define the conditional average at lag j as

m;(b) =) ap;(alb), (3)

acA

for each j € [—d,—1] and b € A.
For a MTD model of order d, we have that the oscillation ¢; of the lag j € [—d, —1] can
be written as,

0j = A maxdrv (p; (b), p;(-[c)). (4)



OsT AND TAKAHASHI

Notice that in this case d; = 0 if and only if either A\; = 0 or drv (p;(:|b),p;j(-|c)) = 0 for all
b,ce A.

In the sequel, we say that the lag j is relevant if 6; > 0, and irrelevant otherwise. We
will denote A the set of all relevant lags, i.e.,

A={je[-d,—1]:6; > 0}. (5)

The set A captures the dependence structure of the MTD model. The size |A| of the set
A represents the degree of sparsity of the MTD model. The smaller the value of |A|, the
sparser the MTD model.

The following quantities will appear in many of our results:

Omin = rjxg\l d; and Omin = 1}&1\1 Nl Lip, (6)
where ||m;|| i, = max{|m;(b) — m;(c)|/|b—c|: b,c € A, b # c} denotes the Lipschitz norm
of the function m; defined in (3). One can check easily that these quantities coincide when
the alphabet A is binary (i.e. A ={0,1}). For general alphabets, the following inequality
holds:

Omin > ||A”;olgmm b,cg:%;éc b — ¢].

2.4 Statistical lag selection

Suppose that we are given a sample X7.,, of a MTD model of known order d < n and whose
set of relevant lags A is unknown. The goal of statistical lag selection is to estimate the set
A from the sample Xi.,. Our particular interest is in the high-dimensional setting in which
the parameters d = d,, and |A| = |A,| scale as a function of the sample size n. Let us write
A, to indicate an estimator of the set of relevant lags A computed from the sample Xj.,.
We say that the estimator A, is consistent if

P(A, # A) — 0 as n — oo.

With respect to statistical lag selection, our goal is to exhibit sufficient conditions for each
proposed estimator guaranteeing its consistency.

2.5 Empirical transition probabilities

Let n,m and d be positive integers such that n —m > d. We denote for each a € A and
zg € A with § C [—d, —1] non-empty,

n

Nen(zs,a) = > YXyj=u;,j €8, X, =a}.
t=m-+d+1

The random variable Ny, ,(2g,a) indicates the number of occurrences of the string zg
“followed” by the symbol a, in the last n — m symbols X,,11., of the sample Xi.,. We
also define Ny, n(25) = > 44 Nmn(2zs,a). With this notation, the empirical transition
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probabilities computed from the last n —m symbols X, 1., of the sample X1.,, are defined
as,

M lf Nmn(l‘S) > 0
ﬁm,n(a|x5) = { Nmn(zs) >

\T}I’ otherwise

(7)

When the countings are made over the whole sample X1.,,, we denote N, (zg,a) and N, (zs)
the corresponding counting random variables, and p,(a|zrg) the corresponding empirical
transition probabilities.

In the next sections, the estimators for the set of relevant lags we propose in this paper
rely on these empirical transition probabilities. If A,,, denotes an estimator for the set of
relevant lags A computed from Xj.,, we expect that under some assumptions (guarantee-
ing in particular the consistency of f\m) the empirical transition probability p, ,(a|x [\m)
converges (in probability) to p(a|za) as min{n,m} — oo, for any x_4._1 € supp(P). To
understand the convergence for the transition probabilities of high order Markov chains is
crucial in our analysis.

2.6 Assumptions

We collect here the main assumptions used in the article.
Assumption 1 The MTD model has full support, that is, supp(P) = A.

In other words, Assumption 1 means that P(Xg = zg) = P(zg) > 0 for any string
zg € AS with S C Z finite. This means that the marginal distributions of the distribution
generating the data are strictly positive. Such a condition is usually assumed in the problem
of estimating the graph structure underlying graphical models (see for instance Chapter 11
of (Wainwright, 2019)). Notice that this assumption implies, in particular, that

Pmin = min{p(a|$A) rac A7 TA € AA} > 07 (8)
where p(-|xz)) are the transition probabilities of MTD generating the data.

Assumption 2 The quantity A :=1— EjeA 0; > 0, where 0; is given by (4).

We have that Ag > 0 is a sufficient condition to Assumption 2 to hold. To check this,

notice that

D =D N max dry (p; ([b), pj(*]e) < d A =1-X,

JEA jEA ’ JEA
where we have used that drv (p;(:|b),pj(-|c)) < 1forallb,c € A and j € A. Hence, it follows
that A > 0 whenever Ag > 0.

Assumptions 1 and 2 are used to obtain concentration inequalities for the counting
random variables Ny, ,(zs,a) and Ny, ,(zs) appearing in the definition of the empirical
transition probabilities Py, n(a|x).

The next assumption is as follows.

Assumption 3 For each j € A, there exists b*,c* € A such that m;(b*) # m;(c*), where
m;(-) is defined in (3).
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Notice that if A = {0,1}, then m;(1) — m;(0) = p;(1]1) — p;(1]|0), so that Assumption 3
holds whenever drv (p;(-|1),p;(:|0)) = |p;(1]1) — p;(1]|0)] > 0 for each j € A. In this case
this is always true by the definition of the set A. As we will see in Section 3, the condition
is crucial to prove a structural result about MTD models, presented in Proposition 6.

In what follows, P, (X; € -|X} = b) denotes the conditional distribution of X; given
Xg = x5 and X}, = b. We use the convention that, for S = (3, these conditional probabilities
correspond to the unconditional ones. Moreover, for any function f : A — R, we write
E.q(f(X;)| Xk = b) to denote the expectation of f(X;) with respect to P, (X; € -| X} = b).

The next two assumptions are the following.

zs

Assumption 4 (Inward weak dependence condition) There exists I'1 € (0,1] such
that the following condition holds: for all S C [—d,—1] such that A S, k € A\ S and
b,c € A with b # ¢ satisfying |my(b) — mg(c)| > 0,

Aj | Bag (mj(X;)| Xp = ) — Egg (my(X;)| Xy = )|
max 2 Nelmi(8) — my(©)

<(1-TIy). 9
SEA S N\SULR) = oo

Assumption 5 (Outward weak dependence condition) The alphabet is binary, i.e.
A = {0,1}. Moreover, there exists I's € (0,1] such that the following condition holds: for
all S C [—d, —1] such that S C A and k ¢ A,

max [Py (Xp =11X; =1) = Py (Xi = 1|X; = 0)| < T's. (10)
) zs€{0,1}5
JEA\S
Both Assumptions 4 and 5 are conditions of weak dependence. In words, Assumption 4
says that no relevant lag j can be completely determined by any subset S containing only
relevant lags or any other relevant lag k£ when combined with some irrelevant lags. Similarly,
Assumption 5 says that irrelevant lags cannot be completely determined by some subset of
relevant lags. These two assumptions will be only necessary to obtain a computationally
very efficient algorithm.

3. Statistical Lag Selection

In this section, we address the problem of statistical lag selection for the MTD models. We
will first introduce a statistical procedure called PCP estimator that is general and works
well if there is a known small set S such that A C 5. When such set S is not available, we will
have to consider an alternative procedure called FSC estimator, which will be introduced
later.

3.1 Estimator based on pairwise comparisons

Throughout this section we suppose that there is a known set S C [—d,—1] such that
A C S. Note that this is always satisfied in the worse case scenario in which the set S is
the whole set [—d, —1]. In some cases, however, we may have a prior knowledge on the set
A and we can use this information to restrict our analysis to the lags in a known set S of
size (possibly much) smaller than d.
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The estimator discussed in this section is based on pairwise comparisons of empirical
transition probabilities corresponding to compatible pasts. For this reason, we call it PCP
estimator. The estimator is based on the following observation. For any j € S, we say that
the pasts zg,ys € A® are (S\ {j})-compatible, if yg\(j; = xg\(;3- We have that if j € A,
then there exist a pair of (S \ {j})-compatible pasts z5,ys € A% such that total variation
distance between p(-|zs) and p(-|ys) is strictly positive. On the other hand, if j € S\ A,
then the total variation distance between p(:|zs) and p(-|ys) is 0 for all (S'\ {j})-compatible
pasts zg,yg € AS.

These remarks suggests to estimate A by the subset of all lags j € S for which the total
variation distance between p,(-|zg) and p,(-|ys) is larger than a suitable positive threshold,
for some pair of (S\{j})-compatible pasts zg and ys. An uniform threshold over all possible
realizations usually gives suboptimal results by either underestimating or overestimating for
some configurations. The threshold we use here is adapted to each realization of the MTD,
relying on improved martingale concentration inequalities that are of independent interest
(see Appendix B).

Fix ¢ > 0, o > 0 and p € (0, 3) such that p > 9 (u) := e* — . — 1. For each zg,yg € A,
consider the random threshold ¢, (zg,ys) defined as,

tn(x57y5) = Sn(xS) +3n(yS)7 (11)
where s, (xg) is given by
a(l+e ) @ alA|
") =\ 3N (as) 2 i e+ S ) R G )

~ With this notation, the PCP estimator ALn is defined as follows. A lag j € S belongs to
Ay, if and only if there exists a (S \ {;j})-compatible pair of pasts zg,ys € A% such that

drv (Pn(|zs), Dn(-lys)) > tn(Ts, ys). (13)

In the sequel, the set S C [—d,—1] such that A C S and the constants ¢ > 0, a > 0
and p € (0,3) such that p > 9 (u) are called parameters of the PCP estimator Aj ,,.
Hereafter, for each j € S and any b,c € A, let

Ci(b,e) = {(z,y) € A% x A% g (jy =ys\(jp, @ = band y; =c},

and define
tni(b,c) = i t tni = tn. i (D, d 2ty 5. 14
wab0)= i (@5,s). by =, ma ta(0.0) and g =2y (14)
Finally, consider the following quantity
Ps =min min max  (P(zg) AP(ys)). (15)

JEA b,ccArb#c (zg,ys)€C;(b,c)

With these definitions, we have the following result.
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Theorem 1 Let X1., be a sample of MTD model with set of relevant lags A, where n > d.
If Ay, is the PCP estimator defined in (13) with parameters p € (0,3) such that pn > ¥ (p),
a>0,e>0and A C S C[—d,—1], we have that

1. For each j € S\ A, we have that

P (i € Avn) <81Al(n—d) Fog(“(” —d)jo+ QW e,

log(1 +¢)

2. For each j € A, we have that

i ¢ A 1 —d)/a+2)] _,
P(]¢A1,na'7n,j§(sj)§8|A|’70g(u(n )/ )-‘e |

log(1 + ¢€)
where v, and and 0; are defined in (14) and (4) respectively.

3. Furthermore, if assumptions 1 and 2 hold, then there exits a constant C = C(e, ) > 0
such that for n satisfying

ClA|a

62 Pg’

man
where dmin and Pg are defined in respectively (6) and (15), we have that

log(u(n —d)/a + 2)} o
log(1 +¢)

n>d+

(16)

P (Ru £ A) < 81411~ AN - )+ ) |

200 — d)2P2
+ 6| A|(JA] — 1)|A] exp {—W} . (17)

The proof of Theorem 1 is given in Appendix A.1.1.

Remark 2 (a) The sum over j € S\ A of the upper bound provided by Item 1 of Theorem
1 controls the probability that the PCP estimator /A\Ln overestimates the set of relevant
lags A. The sum over j € A of the upper bound given in Item 2 of Theorem 1 is as
an upper bound for the probability that the PCP estimator underestimates the subset of
relevant lags j € A whose oscillation §; is larger or equal than the “noise level” 7y, ;.
Note that the sum of these upper bounds corresponds to the first term appearing on
the right hand side of (17).

(b) The second term on the right hand side of (17) is an upper bound for the probability
that there exists some relevant lag j € A whose oscillation 0; is strictly smaller than
the “noise level” ~yp ;.

(c) (Computation of PCP estimator) As we show in Appendiz (A.6), the PCP estimator
can be implemented with at most O(|A|?|S|(n — d)) computations.

Remark 3 By Assumption 1, we have that Pg > pmm/\A“S‘*l, where ppin s defined in
(8). As a consequence, it follows from (16) that if the sample size n is such that

C|A|I5

2
pmin(smm

n>d+

; (18)

10
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then inequality (17) holds with the second exponential term replaced by

e A2pmzn(n — d)2
X — .
P78 (S| + 1)2[AR05-D)

(19)

Combining Theorem 1 and Remark 3, one can deduce the following result.

Corollary 4 For each n, consider a MTD model with set of relevant lags A, and transition
probabilities py(alza,, ) such that pminn > Dhin and A, > AY . for some positive constants
DPhin ond AY .. Let d, = fn for some B € (0,1) and suppose that A, C Sy, C [—dy, —1]
with |Sp| < ((1 —7)/2)log a)(n) for some v € (0,1). Let X1., be a sample from the MTD
specified by A, and py(alzy,), and denote ALn the PCP estimator defined in (13) computed
from this sample with parameters p, = p € (0,3) such that p > ¥(p), e, = € > 0,

an = (1 +n)log(n) with n > 0 and S,,. Under these assumptions there exists a constant

C =C(1, &, B, Pins Dkins v:m) > 0 such that if
C'log(n)
2
5mznn - W> (20)

then P(A1,, # Ap) — 0 as n — oo.
The proof of Corollary is given in Appendix A.1.2.

Remark 5 (a) Under the assumptions of Corollary 4, if additionally we have |A,| < L
for all values of n for some positive integer L, then one can choose a suitable sequence
Yn — 1 as n — oo to obtain that P(A;,, # A,) vanishes as n — oo, as long as

C log(n)

52 - 21
mzn n — n ) ( )

where the constant C' here is larger than the one given in (20).

(b) Observe that in Corollary 4, the set of relevant lags can be either finite or grow very
slowly with respect to the sample size n. On the other hand, no assumption on the
orders d, of the underlying sequence of MTD models is made. In particular, we could
consider MTD models with very large orders, for example d,, = Bn with 5 € (0,1).

As Corollary 4 indicates, in the setting d,, = fn, the major drawback of the PCP es-
timator /A\Ln is that it requires a prior knowledge of A, in the form of a set S, growing
slowly enough and such that A,, C S,,. The main goal of the next two sections is to propose
alternative estimators of A,, to deal with this issue.

3.2 Forward Stepwise and Cut estimator

In this section we introduce a second estimator of the set of relevant lags A, called Forward
Stepwise and Cut (FSC) estimator. This estimator is based on a structural result about
MTD models presented in Proposition 6 below. Before presenting this structural result, we
need to introduce some notation.

11
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In what follows, for each lag k € [—d, —1], subset S C [—d,—1] \ {k}, configuration
zg € A% and symbols b, ¢ € A, let us denote

dy,s(b, ¢, x5) = dry (Pry (Xo € | Xp = b), Prg (X0 € | Xy = ¢)), (22)

and
whs(b, C, xs) = PJ;S (Xk = b)]P)xS(Xk = C). (23)
Recall that P, (Xo € | X = b) and P, (Xy = b) denote, respectively, the conditional dis-
tribution of X given Xg = xg and X; = b and the conditional probability of X, = b given
Xg = xg, with the convention that these conditional probabilities for S = () correspond to
the unconditional ones.
Let us also denote for each lag k € [—d, —1] and subset S C [—d, —1] \ {k},

ves(s) = > > wrs(b e, xs)dy s(b, ¢, xs), (24)

beA ceA
and
Vs = E (I/k,g(Xs)) . (25)

The quantity v ¢(zs) measures the influence of X}, on Xy, conditionally on the variables
Xg¢ =xg. The average conditional influence of X} on X is measured through the quantity
Vg s-

In the sequel, we write Cov,(Xo, X)) to denote the conditional covariance between the
random variables Xy and X}, given that Xg = xg. Here, we also use the convention that the
conditional covariance for S = () corresponds to the unconditional one. With this notation,
we can prove the following structural result about MTD models.

Proposition 6 For any lag k € [—d,—1] and subset S C [—d,—1] \ {k},
Diam(A)||Allock,s > E (| Covx¢(Xo, Xi)|) - (26)

Moreover, if Assumptions 1 and 8 hold, then there exists a constant k > 0 such that the
following property holds: for any S C [—d,—1] such that A € S there exists k € A\ S
satisfying

E(|COUXS(X0,X]€)D > K. (27)

Furthermore, if Assumption 3 is replaced by Assumption 4, then the constant k satisfies
Ty min{[b — c|? : b # c}omin

AVALN ’

where dpmin, Pmin and Ty are defined respectively in (6), (8) and (9).

2
K Z pmzn (28)

The proof of Proposition 6 is given in A.2.

Remark 7 Denote f(S) = maxyege g, for each S C [—d,—1]. On one hand, we have
that f(S) = 0 for any S C [—d,—1] such that A C S. This follows immediately from the
definition of A. On the other hand, Proposition 6 assures that f(S) > k/Diam(A)||Alls >0
for any S C [—d,—1] such that A € S. Putting together these facts, we deduce that the set
of relevant lags can be written as A = argmin{|S| : f(S) = 0}. This observation motivates
the FSC estimator defined below.

12
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In what follows, we split the data Xj., into two pieces. The first part is composed of
the first m symbols Xi.,, where 1 < m < n, whereas the second part is composed of the
n —m last symbols X, 1.,. In the sequel, we write 7, . g to denote the empirical estimate
of 7y, ¢ computed from Xj.,,. The formal definition of 7, ;, ¢ involves extra notation and is
postponed to Appendix A.

The FSC estimator is built in two steps. The first step is called Forward Stepwise (FS)
and the second one is called CUT. In the FS step, we start with S = () and add iteratively to
the set S a lag j € argmaxjege U kg, as long as |S| < £, where 0 < £ < d is a parameter of
the estimator. We denote S, the set obtained at the end of FS step, with the convention
that S,,, = 0 if the parameter £ = 0. As we will see, if ¢ is properly chosen the candidate set
S,,, will contain the set of relevant lags A with high probability. It may, of course, include
irrelevant lags j (those with §; = 0). In the CUT step, for each j € Sy, we remove j from Sy,
unless dTV(ﬁm,n(-\xgm),ﬁm,n(-\yém)) > (g 1 Yg ) = Smn(Tg )+ Smn(yg ) for some
(S’m \ {j})-compatible pasts Ty Ys € A where smm(xgm) is given by (12) replacing
Nu(+) and pn(|-) by Npmn(-) and prn(:]-) respectively. The FSC estimator is defined as
the set Agm of all lags not removed in the CUT step. The pseudo-code of the algorithm to
compute the FSC estimator is given in Algorithm 1.

Algorithm 1: FSC(X1,..., X))
FS Step;
1. Sy = 0;
2. While |S,,| < ¢;
3. Compute j, = arg max; . g Dmd.’ ¢ and include j, in S’m;
CUT step;
6. For each j € S’m, remove j from S, unless

dTV(ﬁm,n("xgm)vﬁm,n("ys‘m)) > tm,n(xgm > yS‘m)7

for some (S,, \ {j})-compatible pasts Ty Yy € ASm
7. Output S’m;

Remark 8 (a) It is worth mentioning the following alternative algorithm (henceforth
called Algorithm 2) to estimate the set of relevant lags A. As Algorithm 1, Algorithm
2 has two steps as well. In the first step, we start with S = () and add iteratively a lag
J € argmaxgege Up k.5 as long as vy j 5 > 7, where T is a parameter of the algorithm
and Uy ;5 s the empirical estimate of Vj s computed from the entire data Xy.,. Let
S, denote the set obtained at the end of this step. Next, in the second step, for each
j € Sn, we remove j from S, unless I/n’ TRV > 7. The output of Algorithm 2 is

the set of all lags in S, which were not removed in the second step. Algorithm 2 can
be seen as a version adapted for our setting of the LearnNbhd algorithm, proposed in
Bresler (2015), to estimate the interaction graph underlying an Ising model from i.i.d
samples of the model.

13
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(b) As opposed to Algorithm 2, notice that the data X1.y, is split into two parts in Algorithm
1. The first m symbols X1.,, of the sample are used in the FS step, whereas the last
n —m symbols X4+1.n, are only used in the CUT step. Despite requiring to split the
data into two parts, one nice feature of Algorithm 1 is that even if a large £ is chosen
the CUT step would remove the non-relevant lags, whereas in Algorithm 2, we have to
calibrate T carefully to recover the relevant lags.

(c) (Computation of FSC estimator) As we show in the Appendiz A.6, we need to perform
at most O(|A]30(m —d)(d— (£ —1)/2) +|A]*(n — m — d)£) computations to determine
the FSC estimator. The first summand in the sum corresponds to the algorithmic
complexity of the F'S step, whereas that the second summand can be interpreted as the
algorithmic complexity of the PCP estimator computed from a sample of size n —m
and whose set S has € elements (recall item (c) of Remark 2).

In what follows, for any £ > 0 and 0 < ¢ < d, let us define the following event,

Gm(‘gag) = ﬂ {max|17j,5' - ﬁm,j,5| < f} ; (29)

jese
SESd’g J

where Sgp = {S C [—d, —1] : |S| < ¢}. In the next result we show that whenever the event
G (¢,€) holds with properly chosen parameters ¢ and ¢, the candidate set S, constructed
in the FS step with parameter ¢ contains A.

Theorem 9 Suppose Assumptions 1 and 3 hold and let k be the lower bound provided by
Proposition 6. Let

B 3  [loga(JAD | | 2Diam(A)|Alleo)?logs (| A]
= 1Al Diam(4) “"“*‘{ 8¢2 J‘{ 2

£ J . (30)

Let Sy, denote the candidate set constructed in the FS step of Algorithm 1 with parameter
li. On the event Gp,(¢x, &), we have that A C S,,.

The proof of Theorem 9 is given in Appendix A.2.2. Theorem 9 ensures that the
candidate set Sm contains the set of relevant lags A whenever the event G, (fx, &) holds.
In this case, we can think of the CUT step as the PCP estimator discussed in the previous
section applied to the n — m last observations X,,t1., of the data, where S = S’m The
main difference is that S’m is a random set, depending on the first m observations Xi.,,, of
the data.

In the sequel, let us denote

Psie = Juin Ps, (31)
where Pg is defined in (15).
In the next result we estimate the error probability of the FSC estimator.

Theorem 10 Suppose Assumptions 1, 2, and § hold. Let A > 0 be the quantity defined in
Assumption 2. Denote Ag,, the FSC estimator constructed by Algorithm 1 with parameter

14
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ly, as defined in (30). Suppose also that m > d > 20,. Then there exits a constant
C = C(e,pn) > 0 such that if

ClA|a
52 Ps,,. '

min

n>m+d+ (32)

where 6min and Pg,, are defined in (6) and (31), then we have that,

P(Agy, # A) < 2|A|(Le + 1) <£Z> [d\AV*“ exp {_

(f*A)z(m - d)2 }
18m|A\2(£*+2) (g* + 2)2

A%(n —m — d)QP?gd,[* }]

341 = DIA exp {_ S —m)(l 7 1)2

log(p(n —m —d) /o + 2)
log(1+¢)

T SJA] (6 — A (n — m — d) + |A]) [ } e (33)

where &, is defined in (30).

The proof of Theorem 10 is given in Appendix A.2.3.

Remark 11 (a) Let us give some intuition about the three terms appearing on the right-

(b)

hand side of (33). The first one is an upper bound for P(GS, (¢x,&s)). The other two
are related to the terms appearing in (17). Indeed, by recalling that \S’m\ = /{,, one
immediately sees that the third terms of (33) corresponds to the first term of (17) with
S,y and n —m in the place of S and n respectively. Besides, the second term of (33)
is similar (modulo a factor which depends on d and () to the second term of (17).
This extra factor reflects the fact that we do not know a priori a set S containing the
set of relevant lags A.

Similar to Remark 3, one can also show that Pg,, > pmm/|A]£*1, where ppin 8
defined in (8). Hence, we can deduce from (32) that when the sample size n satisfies

C|A|*

2
pmin6min

n>d+

; (34)

then inequality (33) holds with the second exponential term replaced by

(Apmin)Z(n - d)2
P {_Sn(ﬁ* +1)2[ARED } ' (35)

The next result is a corollary of Theorem 10.

Corollary 12 For each n, consider a MTD model with set of relevant lags A, and transition

probabilities py(a|zy,,) satisfying Pminn > Phin On > A
and A

* St *
x in JOT some positive constants py, ..

and such that Assumption 3 holds. Let m, =n/2 and d,, = m, B3 with B € (0, 1).

min’

Let X1., be a sample from the MTD specified by A, and py(alza,), and denote As,, the
FSC estimator constructed by Algorithm 1 with parameters my, pu, = p € (0,3) such that
w > P(p), en =€ >0, ap = (1 +n)log(n) with n > 0 and s, as defined in (30).

15
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Assume that Ly n, < ((1 —7)/2)log 4 /(n) for some v € (0,1). Then there exists a constant
C =CB,7, M Drins Drins € 1) > 0 such that ]P)(AQ,n # N*) — 0 as n — oo, whenever
C'log(n)

2
Orminn = pNGE=yOR (36)

The proof of Corollary 12 is given in Appendix A.2.4.

Remark 13  (a) Under Assumption 4, one can check that €y, < ((1 —)/2)logj4(n)
whenever, .
Al T 5 (P minf[b — c| : b # c})*logya (n)

(b) Comparing Corollaries 12 and 4, we observe that the consistency of both FSC and PCP
estimators require the same lower bound on the decay of minimal oscillation Omin n -
Despite requiring additional assumptions (Assumption 3 and a condition on the growth
of L), FSC estimator do not need prior knowledge of a small subset S containing the
set of relevant lags A as opposed to the PCP estimator, which is a significant advantage
in practice.

(c) Let us mention that under the assumptions of Corollary 12, we have that the algorith-
mic complexity of the FSC is O(|A[’n? log| 4)(n)). This follows immediately from item
(c¢) of Remark 8.

3.3 Improving the efficiency for the binary case

In this section, we show that when the alphabet is binary, i.e., A = {0,1}, we can further
improve the FSC algorithm if we consider Assumptions 4 and 5. Observe that when the
alphabet is binary, Assumption 3 holds automatically (see Section 2.6). Moreover, we have
that

s = 2 (Bxcy (X1 = DEx (X3 = 1) [Bxcy (X0 = 1Xp = 1) — Bxy (X = 11X, = 0))
= 2E (|Covx(Xo, Xk)])

for any lag k € [—d, —1], subset S C [~d, —1] \ {k} and configuration zg € {0,1}°.
For a binary MTD, we have the following result.

Theorem 14 Under Assumptions 4 and 5, it holds that

. _ . 2
min ( max vj g — max vjg | > 2(I'y —I'y - Omi
SCA (jeA\S P2 jenye ! ) ( PiminOmin.

where dmin and prin are defined in (6) and (8) respectively. In particular, if 'y > T'y and
Sm denotes the candidate set constructed at the end of the FS step of Algorithm 1 with
parameter £ > |A|, then A C S, whenever the event G, (¢, &) holds where

0 < &< (T1—T9)p2,0min- (37)

The proof of Theorem 14 is given in Appendix A.3.1.
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Remark 15 Notice that if the size of A is known, then Theorem 1/ implies S, = A on
the event G, (|A|, &) with & satisfying (37). In particular, in this case, we neither need to
execute the CUT step nor to split the data into two pieces.

In the same spirit of the previous corollaries, we can show the following result.

Corollary 16 For eachn, consider a MTD model with set of relevant lags A,, and transition
probabilities p,(a|za,) satisfying Assumptions 4 and 5 with 'y ,, =T'1 > Ty =T'9,, and such
that |Ay| < L for some integer L, pminn > Diin and Ay > AF . for some positive constants
Phin and AF . Let Xi., be a sample from the MTD specified by A, and py(alzys,), and
denote Agyn the FSC estimator with parameters with parameters my, = n/2, u, = p € (0,3)
such that pn > Y(p), en, =€ > 0, a,, = (14n) log(n) withn > 0 and ¢ = L. Suppose that d,, =
Bn with 8 € A(O, 1). Then there exists a constant C = C(B, L, A} .., Prin: L1, T2,m, p1,€) >0

such that P(Ay,, # A*) — 0 as n — oo, as long as

5min,n >C log(n)) (38)

- n

The proof of Corollary 16 is given in Appendix A.3.2.

3.4 Post-selection transition probabilities estimation

Once the set of relevant lags have been estimated by applying the FSC estimator to the
sample X7.,, we reuse the entire sample to compute the estimator p,(a|x Ao n) of the transi-

tion probability p(a|zs). In the next result, we provide an estimate for rate of convergence
of pn(alzy, ) towards p(alzs), simultaneously for all pasts z_q.—1 € Al=d—1],

Theorem 17 Under assumptions and notation of Theorem 10,

A

2a(1+€)Vula, zg, )
Nn(JJAQ’n)

Pl U pulales, ) — plalea)| >

acA ;l;’_d:_leA[[_dﬂ_l]]

o log(u(n —m — d)ja+2)] o . .
*wmwMﬁ}><Mmmfdw- e AR

where V,(a, T3, ) is given by

N 1 «o 1

Vn(aa x[\z,n) - mﬁ”(a|xA2n) * K= w(u) N”Z(aj[x?,n) '

The proof of Theorem 17 is given in Appendix A.4.

3.5 A remark on the minimax rate for the lag selection

We take A = {0,1} and consider the set of {pU)(-|-), 5 € [—d, —1]} of transition probabilities
of the following form:

p(j)(1|x,d:,1) = ( ; A) + Ap(1]z;), j € [—d,—1],A € (0,1), (40)
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where Ap(1]1) — p(1|0)| :== § > 0. For each j € [—d, —1], we denote PU) the probability
measure under which (X;)icz is a stationary MTD model having transition probability
pU)(-|-). For each t > 1, we denote Pt(j ) the marginal distribution with respect to the

variables X7.: ] ]
Pt(J)(f/Ul:t) = PO (X1 = z14)

In what follows, K L(Pt(j ) | ]Pt(k)) denotes the Kullback-Leibler divergence between the distri-
butions Pt(j ) and Pt(k) . We denote MT Dy s the set all transition probabilities p = {p(a|zx) :
a € A xp € AN} of a MTD model of order d whose corresponding 8,5, > 6. For a given
p € MTD,s, we denote P, the probability distribution under which (X;):cz is a stationary
MTD model of order d with transition probabilities given by p. With this notation, we have
the following result.

Proposition 18 Let n > d. Then the following inequality holds: for j, k € [—d, —1],

A 2n62
KL(PY|[PP) < 2100 (41)
In particular, if 6 € (0,1), d =np, and
1- ) (log(nd)
2 < ( —log(2 42
7 < U () oyt (12)
then
inf sup P,(A, #A)>1/4, (43)
An pEMTDd,(;

where the infimum is over all lag estimators A,, based on a sample of size n.

The proof of (43) follows immediately from Fano’s inequality and the upper bound (41).
Combining (38) and (42), we deduce that the condition on the minimal oscillation required
for the consistency of the FSC estimator in Corollary 16 is sharp. The proof of Proposition
18 is given in Appendix A.5

4. Simulations

Here, we investigated the performance of the proposed methods using simulations.

4.1 Experiment 1

We first used a MTD model on alphabet A = {0,1} with two relevant lags, denoted here
as —i and —j for notational convenience. The choices for the order d and for the values
of ¢ and j are shown in the first three columns of Table 1. Let po(1) = po(0) = 0.5 and
Ao = 0.4. Also, let A\_; =0.2, A\_; = 0.4, p_;(0|0) = 0.3, p—;(0|]1) = 0.6, p—;(0|0) = 0.5, and
p—j(0]1) = 0.9. For all z_4._; € {0,1}[7%~1 and a € A, the transition probability of the
model was given by

plalz—g.—1) = Aopo(a) + A—ip—i(alr—i) + A—jp—;(alz—;).

18
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We simulated the above model using sample sizes
n € {10%,5.102,10%,5.10%, 10%, 5.10,10°, 5.10°}.

For each choice of 7, j,d, and n we simulated 100 realizations. We compared four different
methods to select the relevant lags. FSC(/) stands for the Forward Stepwise and Cut algo-
rithm described in Algorithm 1 with parameter ¢, e = 0.1, u = 0.5, and a = C'log(n), where
the values of the constant C' was chosen by optimizing the probability to select the relevant
lags correctly only for sample size n = 100, for the given choice of d, i and j. We used the
first n/2 samples for the Forward Stepwise and the last n/2 for Cut. Remember that €, u, «
are used to define the random threshold for the Cut step. BSS(2) stands for the best sub-
set selection algorithm, where we first estimated the parameters of the MTD model using
n samples and the algorithm described in Berchtold (2001) with python implementation
mtd-learn. This algorithm estimated for k£ € {1,2,...,d} the weight parameters A_;. We
then choose the lags of the two largest A_j, as the lags selected by BSS(2). We were not able
to run the mtd-learn on models with order d larger than 15 in our computers because that
algorithm did not converge. Finally, CTF(¢) stands for Conditional Tensor Factorization
based Higher Order Markov Chain estimation together with the test for relevance of lags
described in Sarkar and Dunson (2016), the parameter ¢ being the maximal number of rel-
evant lags. We used the code available at https://github.com/david-dunson/bnphomc.
The maximal possible order of the Markov chain was set to d and the number of simulation
for the Gibbs sampler was set to 1000. The set of relevant lags chosen by CTF was given by
the lags with non-null inclusion probability estimated using the Gibbs sampler. We were
not able to run CTF(¢) when j = n/5 and d = n/4 because the algorithm did not converge
when n > 103. We note that FS and BSS assume prior knowledge of the number of relevant
sites, giving advantage over FSC and CTF. The results are indicated in Table 1.

Table 1: Estimated probability of correctly selecting only the relevant lags.

Model parameter Method Sample size (n)

i j d \ | 100 500 10® 5.10° 10* 5.10* 10° 5.10°
1 8 8 FsSC(3) | 0.05 0.08 0.13 0.53 0.81 0.86 093 1

1 8 8 CTF(3) |0 0 0.04 0.67 099 1 1 1

1 8 8 FS(2) |0.07 0.3 047 098 1 1 11

1 8 8 BSS(2) | 0.05 0.14 0.23 041 0.79 0.78 0.84 0.87
1 15 15 FSC(5) | 0.03 0.36 0.51 0.82 097 1 1 1

1 15 15 CTF(5) |0 0 0.01 0.62 099 1 1 1

1 15 15 FS(2) 0.02 0.2 066 0.92 1 1 1 1

1 15 15 BSS(2) | 0.04 0.18 0.17 0.28 0.31 038 0.8 093
1 n/5 n/4 FSC(5) |0 0 0.04 0.19 046 1 1 1

1 n/5 n/4 CTF(5) |0 0 0 - - - - -

1 n/5 n/4 FS(2) 0.01 0.11 0.27 0.89 096 1 1 1

1 n/5 n/4 BSS(2) | - - - - - - - -
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4.2 Experiment 2

Here we used the following MTD model on alphabet A = {0,1}. We considered different
choices of order d and relevant lags —i, —j € [1,d] (see Table 2). Let po(1) = po(0) = 0.5
and A\g = 0.2. Also, let p_;(0/0) = 1 —p_;(0]1) = p_;(0]1) = 1 — p_;(0]1) = 0.7 and
Ai=A_;=04. Forall z_g_; € {0, 1}[=4=1 and a € A, the transition probability of the
model was given by

plalz—a:—1) = Aopo(a) + A—ip—i(alz—;) + A—jp—;(alz—;).

We simulated the above model using sample sizes n € {28,29 210 211 212 2131 For each
choice of i, j, d, and n we simulated 100 realizations. For each realization, we estimated the
transition probability p(0|0¢). We used different estimators for the comparisons. FSC(£) and
FS(¢) are the same as described in Experiment 1. For transition probability estimation with
FSC, we used X,/ for Forward Stepwise and X, /5., for Cut step, obtaining the estimated

relevant lag set A,. Then we used X1., to calculate py,(0[0 4, ) For transition probability

estimation after PCP, we used X7., to calculate An for the PCP relevant lag estimator with
initial set S = [—d, —1]. The parameters for the threshold were chosen as follows: € = 0.1,
uw = 0.5, and o = C'log(n), where we choose the values of the constant C' by optimizing
the probability to select the relevant lags correctly only for sample size n = 100, for the
given choice of d, i and j. Then we used X1., to calculate p,(0/0; ). We also compared
the performance of transition probability estimator p,(0/0_g4.—1), where we did not select
the relevant lags (Naive estimator). In our simulations, when d was larger than 5, for both
PCP and Naive estimators we did not obtain meaningful results because N,(09) = 0 with
high probability. Therefore, we compared PCP and Naive estimators only for d = 5. In
this case, FSC showed similar performance to PCP estimator and was in general better than
Naive estimator. When d > 5, e.g. d = n/8, FSC still exhibited good performance. The
results are indicated in Table 2.

Table 2: Empirical standard deviation of the estimator of p(0[0¢). FSC, FS, PCP, and Naive
are described in the main text.

Model parameter Method Sample size (n)

i j d \ |256 512 1024 2048 4096 8192
1 5 5 FS(2) | 0.0774 0.0682 0.0506 0.0286 0.0174 0.0133
1 5 5 FSC(5) | 0.0745 0.0835 0.0602 0.0426 0.0222 0.0129
1 5 5 PCP 0.0965 0.0786 0.0577 0.0432 0.0242 0.0131
1 5 5 Naive | 0.1518 0.0933 0.0624 0.0455 0.0340 0.0252
1 5 10 FSC(5) | 0.0836 0.0842 0.0659 0.0425 0.0228 0.0141
1 10 15 FSC(5) | 0.0864 0.0781 0.0641 0.0438 0.0249 0.0151
1 15 15 FSC(5) | 0.0833 0.0834 0.0747 0.0488 0.0222 0.0167
11 100 120 | FSC(5) |- - 0.0838 0.0647 0.0312 0.0169
1 10 =n/8 |FsC(5) |0.0563 0.0543 0.0780 0.0698 0.0504 0.0105
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4.3 Application

We applied the proposed method to study the relevant lags on a daily weather data register-
ing the rainy and non-rainy days in Canberra Australia for a n = 1000 days. We obtained
the data from kaggle
(https://www.kaggle.com/datasets/jsphyg/weather-dataset-rattle-package). We
used the first 1000 time points of the data. We used Forward Stepwise algorithm with
¢ =3 (FS(3)) and maximal order d = 400 to include the possibility of the annual cycle. We
obtained as the three relevant lags {1,62,330}. The selected relevant lags were the same for
d = 365 and d = 450, showing teh robustness of the result. The day before (lag 1) is clearly
relevant and is often included in weather prediction models. Annual cycles (& 12 months)
are also predictor of the weather, matching the 330 days lag that we found. Finally, the
62 days lag is consistent with the cycle of Madden-Julian oscillator (~ 60 days), which is
the largest inter-seasonal source of precipitation events in Australia (Wheeler et al. (2009)).
We note that the estimated Markov chain is of order 330, which is around one-third of the
sample size n = 1000, whereas using VLMC we do not expect to typically estimate Markov
chains of order larger than log(10) ~ 7. Indeed, using VLMC with BIC model selection
criterion we selected a model with order 1. We set the upper limit of the model size as
400 for the VLMC order selection. As a further comparison, we applied the Conditional
Tensor Factorization based Higher Order Markov Chain estimation together with the test
for relevance of lags described in Sarkar and Dunson (2016). We again used the code avail-
able at https://github.com/david-dunson/bnphomc. The maximal possible order of the
Markov chain was set to 400, the maximal number of relevant lags was 3, and the number
of simulation for the Gibbs sampler was set to 1000. The inclusion probability calculated
using Gibbs sampler for lags (1,2,3,4,5,6,7) were (100,1.2,0.2,0.6,0.2,0.4,0.2) percent,
respectively. For all other orders the inclusion probability was zero. Therefore, no larger
lags were detected by this method.
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Appendix A. Proofs of Section 3
A.1 Proofs of Section 3.1
A.1.1 PrROOF OF THEOREM 1

Proof [Proof of Theorem 1] Since the set S C [—d, —1] containing the set A is fixed, we
will write x instead of xg to alleviate the notation. We start proving Item 1.
Proof of Item 1. For each 2 € A%, let us define the event

>

Go= () { fnlalz) - plalz)| < ¢ 201 1 €)

a€A
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where V;,(a, z) is given by

. N P E—
Vn(a,x)— M_w(u)pn( | )+ (M—¢(H))Nn(‘r)

By using first the union bound and then by applying Proposition 34, we deduce that
for each z € AS,

c IOg(M(n_d)/a+2) —« N
< .
P(GS) < 4]A| [ og(1 1 2) e P (Ny(z) > 0) (44)
Now, observe that on G, we have that
+e¢) V a,x alA
ClTv(pn( |x Z N ( § ) —+ 6]V| (L) = sn<1‘),
acA n

which, together with (44), implies that

log(u(n —d)/a +2)
log(1 + ¢)

P (drv (pn(-[x), p(-[x)) = sn(z)) < 4[A] { w e P (Nn(x) > 0).  (45)

Note that if j ¢ A, then by the definition of the set A it follows that p(a|z) = p(aly) for all
z,y € A% which are (S\{j})-compatible. Hence, by applying first the triangle inequality and
then using that ¢, (z,y) = sp(z) + sn(y), we deduce that the event {dry (pn(-|x), pn(-ly)) >
tn(x,y)} is contained in the event

{drv (Pn(-x), p(-2)) = sn(2)} U{dry (pn(-y), p(|y)) = sn(y)},

so that

P(j€hin) <2 3 Pldry(palle), pall2)) = sul2))

r€AS

log(p(n —d)/a +2)
< 84| [ log(1 +¢) -‘

e Z P(N,(x) > 0),

rCAS

where in the second inequality we have used (45).
Since n —d = Y 45 No(z) > 3, c4s H{Np(x) > 0} which implies that n — d >
E[>,cas {Nn(z) > 0}] = Y cus P(Np(x) > 0), we obtain from the above inequality
that,
log((n — d) /o +2)
log(1+¢)

P(jehin)< 8|A|[ -‘e_a(n—d),

concluding the the proof of Item 1.

Proof of Item 2. Let j € A, recall that ; = \jmaxycca drv(pj(-|b),pj(-|c)) and
consider the event £ = {0; > v,;}. Take b*,c¢* € A such that dpry(p;(-|b*),p;(:|c*)) =
maxyp, cc 4 dryv (p;(-|b), pj(-|c)), and observe that with this choice,

dj = Ajdrv (i (-[07), p;(-]c"))-
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From this equality it follows that for any pair (z,y) € C;(b*, ¢*), we have

E = {drv(p(-lz),p(ly)) = 2tn;},
where we have used also that v, ; = 2t, ;. Now, take a pair (z*,y*) € C;(a*,b*) attaining
the minimum in (14):
tn,j (b7, ") = tn(2™, y").
From the definition of ¢, ;, it follows then that
tnj = tnj(b7, ") = tn(2™, y").
Therefore, we conclude that

E C {drv(p(-lz7), p(ly")) = 2tn(2", y")},

so that by the triangle inequality, we obtain that on F,

2tn (2", y") < drv (Pa(-|27), p(-[27))
+ dry (Pn(|y7"), p(|y7)) + drv (D (-[27), Pu(-|y7))-

Hence, on {j ¢ Ay, } N E, we have
tn(2”,y") < dpv (P (-2”), p(|27)) + dov (u(-|y7), p(|y7)),

implying that

P({j ¢ Ain} N B) < Bldry (pul2*),p(12%) = sn(a*))
+ Pdry (bu(ly"):p(1y7) 2 5u(y")):

From (45), it follows then that

P (5 Aiwrng <) =P (U ¢ Ao} 1) < sl | EER D) e

log(1+¢)

concluding the proof of Item 2.
Proof of Item 3. Observe that by combining Items 1 and 2 together with the union
bound, we deduce that

P (R # 4) < SAI(S] = [AD (- ) + |a]) | <2 ZDEED e

log(1+¢)
+ ZP(’}%,J’ > (5J) .

JEA

Hence, to conclude the proof of Item 3, it suffices to show that

—A%(n — d)2P2
Pmpaj)S6|Ar<|Ar—1>exp{ (n—d) S},

8n(|S| +1)2

23



OsT AND TAKAHASHI

for all j € A, whenever the sample size n satisfies (16).
By the union bound, we have that

P(yn; >6;) <> Y Pltn(be) >5;/2), (47)

beA ce A:c#b
and for each b,c € A with b # ¢,

P (tnj(b;c) > 6;/2) <P (tn(z,y) > 6;/2) <P (sn(x) > 6;/4) + P (sn(y) > 6;/4),  (48)

for any (z,y) € C;(b, ¢).
By using again the union bound, we can deduce that for each in z € A,

P(Sn($)>5j/4)<P(Z ]%)‘(/5 z) >5j/8> +]P)<6]Vj($)>8fi|>'

a€A

and also that
o1+ )Valws) _ oL+ pulali _ -
F (ZA o) 8) =F (Z 2~ () Nnl) ~ ! 16)
+P<|Am (r+@))>@/w).

Na(z) | 2(p — ¥ (p

By applying Proposition 26 with u; = P(z) — (4|A4|a)/(30j(n — d)) and uy = P(z) —
(16| AJa/(1 +€)/2(u — 1 (n)))/(6j(n — d)), one can show that

‘A|o¢ |A]a (1+€)
P (53t > 19) * (Nn<sc> 20— () ‘5“16)

2
A2(n — d)? 16/ Ao (1+¢)
< 2exp {W (P(x) - 5j(n_d) 2(,11«_1/)(/‘))) } 7

as long as (n — d) > ;%1?‘0; 2(51::;()}1)).

By using Jensen inequality, one can verify that

1+5 pn (alz)p - 128 (1 + )| A|
(2 (1) Naz) 9 16) =F (N“(x) < E = o) ) ’

so that by Proposition 26 with uz = P(z) — (128a(1 + E)/L\A\)/((S?(u —1(p))), it follows
that

2a1+5p ( i )M>6»/16> <
(ZA ) Na(w) ~ 717 )=
<exnd A2%(n —d)? P(z) 128|Alap(1 +¢€) ’
S WEO(ETEE 2= () n—d)) [
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whenever (n —d) > (128 A|au(l + 6))/((5321)(.1‘)(” —(w))).

Therefore, we have shown that for any = € A%,

201 — 2P (2
P (sn(2) > 6;/4) §Sexp{—A (n — 4P )},

8n(|S] + 1)2

as long as

| Al 8u(l+e) (1+¢)
n—d)>2][16 + .
= ( 7P \ G- o) T\ 20— 00
Now, considering b*7,c*J € A with b* # ¢* and (z*9,y*7) € C;(a*7,b*7) such that

- P(z) AP(y)) = (P(z*7) AP(y*)),
b,cgﬁg#c(x,ygggjx(a,b)( (1:) (y)) ( (x ) (y ))

we can deduce from (48) and (49) that

P (tn,;(b,c) > 6;/2) < 6exp {_A2(n - d)Q(P(x*’j) A P(y*»j)>2} |

8n(|S| +1)2

whenever

) | Ala 8u(1 +¢) (1+¢)
UL(D22<m¥P@WJAP@”)<W—¢MUY+ %#—¢W»>>'

Since P(z*7) A P(y*7) > Pg for all j € A*, we can take

C_C(M,g)_32<8“(”€) L e >

(1 — () 2(p — ()

to deduce that (46) is indeed satisfied whenever

ClA|a
—d) >
(n-a) >

min

concluding the proof. [ ]

A.1.2 Proor or COROLLARY 4

Proof [Proof of Corollary 4] Notice that Assumptions 1 and 2 are satisfied for all values of
n, since Pminn > Phin and A, > AX . for positive constants pf .. and A¥ . . Hence, the
result follows immediately from Theorem 1-Item 3 and Remark 2-Item (c). |
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A.2 Proofs of Section 3.2
A.2.1 PROOF OF PROPOSITION 6

In this section we prove Proposition 6. To that end, we need some auxiliary results. The
first auxiliary result is the following. Recall that we write Cov,g (X0, mi(Xy)) to denote the
conditional covariance between the random variables Xy and my(X}) given that Xg = xg,
where my, is defined (3).

Lemma 19 For each S C [—d,—1], k € S¢ and x5 € A®, the following identity holds:

Covgg(Xo,mi(Xp)) = Y AjCovgg(my(X;), my(Xy)). (50)
JEA\S

Remark 20 In (50), we use the convention that ;cy Aj Covye (m;(X;), my(Xy)) = 0.

Proof [Proof of Lemma 19|

Observe that if A C S, then the both sides of (50) are 0, so that the result holds
immediately in this case.

Now suppose that A & S. In this case, to shorten the notation, let us write

P (za\s) = Pug (Xa\s = 2a\s), for zp5 € AN
We want to compute
Covag (Xo, my(Xk)) = Eqg (Xomu (X)) — Ezg (Xo)Eag (me (X))

We first compute E; (Xp). To that end, write

Eaos(X0) = Y aPus(Xo = a),
acA
and observe that for each a € A,

Poo(Xo=a)= > Pugleng)plalzszys)

=Xopo(@) + D> Ajpjlalzy) + YA Y Pug(eas)pslale;)

JjEANS JEAS 3y g€ AMS

—xopo(@)+ 3 Apslale) + 3 AEaq(py(al X)),
jeANS JEA\S

where in the second equality we have used the definition of the transition probabilities (2).
Hence, we have that

Erg(Xo) = domo+ D Amy(a)) + Y NEag(my(X;)),
JEANS JEA\S

where mo = > . 4 apo(a).
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As a consequence of the above equality, it follows that

Eas(X0)Eag (ma(Xe)) = |Aomo+ > Ajmj(x;) | Eag(ma(Xe))
JEANS

+ > By (my(X)))Eag (mi(Xe)).  (51)
JEA\S

We now compute E. (Xomy(Xy)). We consider only the case k € A, the other is treated
similarly. In this case, we first write

Eog (Xome(Xp)) = > Y amp(b)Prg(Xo = a, Xg = b), (52)
acAbeA
and then we proceed similar as above to deduce that for each a,b € A,

Pos(Xo=0a,Xp=b)= >  Pygleas)plalzszys)l{zy = b}

(L’A\SEAA\S

= )\opo + Z )‘]p] a|x]) +)‘kpk(a’b) Pazs(Xk = b)
jEANS

+ ) N pilalo)Peg (X =c, X, =1). (53)

JEA\(SU{k}) c€A

where in the second equality we have used the definition of the transition probabilities (2).
Combining (52) and (53), we deduce that

Eaos(Xomp(Xp)) = [Xomo+ Y Ajmj(x)) | Bag(mi(Xi)) + MEag (mi(X5))
JEANS

+ Z NEg o (my(Xi)m;(X;))
JEA\(SU{k})

= [Xomo+ > Amj(z;) | Bag(mi(X))
jeAns

+ Y AEag (mi(X)my(X;). (54)
JEA\S

Putting together the identities (51) and (54), we then conclude that

Covy (Xomi(Xk)) Z Aj (Egg (my(X;)mp(Xy))
JEA\S

—Eqgg (mj(X;))Egg (me(Xk)), (55)
and the result follows. [ |

The next auxiliary result is the following.
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Lemma 21 Suppose Assumptions 1 and 3 hold. Then there exists a constant k' > 0 such
that the following property holds: for any S C [—d, —1] such that A € S, we have

ST DT NME(Coux (my(X;), mi(Xg))) > K.
FEA\S kEA\S

Proof [Proof of Lemma 21| It suffices to show that for S C [—d, —1] such that A Z S, we
have

> NME(Covag (my(X;), mi(Xy))) > 0.
JEA\S kEA\S

Suppose that this is not the case. Then,
0= > AME(Covag(m;(X;),mi(X)))
FEA\S keA\S
= > D MMCov (my(X;) — Euxg (m (X)), mi(Xp) — Ex (mi (X))
FEA\S keA\S
=Var | > Xi(m;(X;) — Exg(mi(X5))) |,
JEA\S
so that P-almost surely,
D Aj(my(X)) — Exg(my(X;))) = 0.
JEA\S

This implies that P-almost surely,

Z Aim;(X;) = Exg Z Aimi(X5) |,

jEA\S JEM\S

or equivalently,

> Ami(X;) = f(Xs), P-as,

JEA\S

for some function f : A% — R.
Now take any configuration zg € A% and consider the event A = {Xs =xg}. From the
above identity, it follows that P-a.s.,

14 Z Am;(X;) = 1af(zs).

JEA\S

Finally, take any configuration xx\g € AMS such that

> Amj(xy) # flas),

JEA\S
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and let B = {X)\g = wp\g}. Such a configuration must exist by Assumption 3. As a
consequence, we have that P-a.s.,

LanB Z Ajm(x) = 1anp f(zs),
JEA\S

implying that
PANB) Y Amy(a;) = PAAN B)f(xs).
JEA\S

By Assumption 1, we have P(AN B) = P(xj) > 0 so that the identify above would imply
that

> Ami(x;) = flzs),

JEA\S

which is a contradiction. Therefore, we must have

Var [ D Aj(mi(X;) — Exg(mi(X;))) | >0,
JEA\S

and the result follows. [ |

We also need the following result.
Lemma 22 For each S C [—d,—1], k € S¢ and x5 € A®, the following identity holds:
| Coves (Xo, mi(Xi)| < l[mi | Lip| Coves (Xo, Xi)], (56)
where my, and ||my||Lip are defined (3) and (6) respectively.

Proof [Proof of Lemma 22| First observe that Cov,g(Xo, mk(Xg)) = Covag (Xo, mp(Xk) —
myg(c)), for any ¢ € A. Since,

Covag (Xo, ma(Xg) — mi(c)) =D (mp(b) — my(c))Covey (Xo, 1{ Xy = b})
beA

and |my(b) — my(c)| < ||mu| Lip|b — cl, it follows then that

Covas (Xo, mi(X)) < [lmpllip Y b — c|Covag (Xo, 1{Xs = b}).
beA

By taking ¢ = min(A), we have that |b—c| = (b—¢) for any b € A and we deduce from the
above inequality that

Covas (Xo, mp (X)) < [lm | LipCovas (Xo, Xi) < [[mil| Lip| Covas (Xo, Xi)]-

A similar argument shows that Cov,g(Xo, mi(Xk)) > —||mk Lip|Covag (Xo, Xk )|, conclud-
ing the proof. |

Our last auxiliary result is the following.
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Lemma 23 For ecach S C [—d,—1] such A ¢ S, x5 € AS and j,k € A\ S, the following
identity holds:

Covgg (m;(X;), mi(Xy)) ZZPIS Xk = b)Pyg (X = ) (my(b) — my(c)) ¥
bGAceA

(Eag (mj(X;)| Xk = b) = Eag (m;(X;)| Xk = ¢)) . (57)
where m; is defined (3).

Proof [Proof of Lemma 23| First notice that

Covag (mi(X;),mp(Xp)) = Y mj(a)me(b)Covag (1{X; = a}, 1{Xy = b}).
a,be A

Now, for any a,b € A, one can check that
Coveg (1{X; = a}, 1{X} =b}) = > Pro (X = b)Prg (Xp = 0)

ceEA
X (]P)xs(Xj = a\Xk = b) — ]sz(Xj = a]Xk = C))

Hence, we deduce from the above equalities that

Covag (m(X;), mi(Xi)) =Y > me(b)Prg (Xi = b)Prg (Xi = c))
beAceA

X (Bag (m;(X;)| Xk = b) — Egg (m(X;)| X = ¢)).
Interchanging the role of the symbols b and ¢ in the equality above, we obtain that

Covyg(mi(X;), mi(Xk)) szk X = b)Pog (X = 0))

ceEAbeA
X (Bag (mj(X5)| Xk = b) — Eag (m (X;)[ Xy = ¢)).

The result follows by combing the last two equalities above. |

We now prove Proposition 6.
Proof [Proof of Proposition 6]

We first prove inequality (26). Let us denote Dy s(a,b,c,z5) = Ppo(Xo = a|Xy =
b) — Puo(Xo = a| X}, = ¢), for each a,b,c € A, x5 € AS and k ¢ S. With this notation, one
can check that for any zg € A% and k ¢ S, we have that

Covyy(Xo, Xi) = ZZ (b — c)wg,s(b, ¢, xg) ZaDkSabc:L’s) (58)
bEAcEA acA

Now, observe that the triangle inequality and the equality

1
5 Z ’Dk,S(av ba C, $5)| = dk,S(bv C, .175),
a€A
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imply that

|Covas (X0, Xi)| < Diam(A)||Allse > > w,s(b, ¢, 35)dy,s(b, ¢, z5),
beA ceA
so that
E (|Covixy (Xo, Xi)|) < Diam(A)|Alloc.s.
proving inequality (26).

We now prove (27). This is done as follows. In the sequel, we shall write A1 A\s to
denote the vector A = (\;j)jen restricted to the coordinates in A\ S: Aly\g = (Aj)jen\s-
With this notation, it follows from Lemma 19 and Lemma 21 that for any S C [—d, —1]
such that A Z S,

Z )\kE (COVXS(XO,mk(Xk))) > K:/.
keA\S
By the triangle inequality, it then follows that

Z )\k |E (COVXS(XO>mk(Xk))D Z HI.
keA\S

Now using that

krélf\i“iis’E(COVXS(X()?mk(Xk)))’H)\ll\\sul > > M [E (Covxy (Xo, me(Xi)))
keA\S

we conclude that

E X X Al > K.
krélficsl (Covxg (Xo, mu(Xg))| A avsll > &

By observing that 1 — Ao = > ,cn Ak > [|[Ala\gll1, we conclude from the above inequality
that

>k'/(1—
klél/?i{S‘E (COVXS(Xo,mk(Xk)))‘ 2 K /(1 )\0) > 0,

and the result follows from Lemma 22.
Therefore, it remains to prove (28). To that end, we first use Lemma 19, Lemma (22)
and Lemma 23 to obtain that

S MellmalzplCoves (X0, X0l 2 5 37 37 S0 ST AP (X = b)Pe (Xe =)

keA\S keA\S jEA\S bcAceA
x (my(b) — mi(c)) (Bog (m; (X;)| Xk = b) — Eog (m;(X;)| Xy = ¢)).

Next, we observe that Assumption 4 implies that

S Aj (|Exs(mj(Xj)/\\Xk = Z) — Egg (m; (X;)[ Xy = o)]) STy,
Py klme(b) — mg(c)|
so that
2
pminF
> NellmillzipE (|Covag (Xo, Xi)|) > Tl D7D D (mk(b) — mu(e))?,
keA\S keEA\S  beAccA
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where we have also used that Py (X; = b) > ppmin. Finally, note that |mg(b) — mg(c)| >
min{|b—c|?: b # c}HmkH%w to obtain that

E (|Covas (X0, Xi) A ip > min A i
krélf\iiis (ICovas (Xo, Xi) kez/\%s llmllip = 2mln{|b—c\2 b# }kez/\%s “mk”Lp

Then, by using Cauchy-Schwartz inequality, we deduce that

S Aellmillna < \/ SO A2 mili3, /AN ) <\/ X2 lmi2,, /1A
k kEA\S

keA\S eN\S

The result follows by combining the last two inequalities. |

A.2.2 PROOF OF THEOREM 9

Before starting the proof of Theorem 9, we recall some definitions from Information Theory.
In what follows, for S € [—d, —1] and j € [—d, —1], we write I(Xo; X;|Xg) to denote the
conditional mutual information between Xg and X; given Xg, defined as

I(Xo; Xj|Xs) = > Plas)(Xo; X;| Xs = x5), (59)
:L'sGAS

where I(Xo; X;|Xg = xg) := Ij(zs) denotes the conditional mutual information between
Xo and X; given Xg = xg, defined as

Pys(Xo=0a,X; =0)
Li(ws) = Y Pug(Xo=a,X; = b)1 L — - 60
]($S) a%A S( 0T ) o8 (sz(XO = a)]pws(Xj = b)) ( )

We use the convention that when S = (), the conditional probability P,, is the unconditional
probability P. Hence, in this case, the conditional mutual information between Xy and X
is the mutual information between these random variables, denoted I(Xo; X;) := I;.

The entropy H(Xj) of Xy is defined as

H(Xo) == P(Xq = a)log(P(Xo = a)). (61)
a€A

To prove Theorem 9 we proceed similarly to Bresler (2015). During the proof we will
need the the following lemma.

Lemma 24 Suppose that the event G, (&, ) defined in (29) holds and let S C [—d, —1]
with |S| < L. If Dy s > 7 with k € S¢, then I(Xo; Xg|Xs) > 2(1 — €)2.

Proof Definition (59) together with Jensen inequality implies that for any j € S¢,

\/;I(Xo;Xj’Xs)Z % Z P(«TS)IJ(«TS)

vV
]
s
o
~
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By Pinsker inequality, it then follows that

1 1
W >3 2 B (Xo = 0, X; = b) — Pug (Xo = )Py (X; = b)]

a,beA
1
=D Pug (X =0)5 > [Pas(Xo = al X = b) = Pug (Xo = a)
beA a€A
=D wjs(b,c,w5)dry (Pag (Xo € | X = b),Pag (X € | X; = ¢))
beAceA
=vjs(zs),

where in the second equality we have used that for any a,b € A,

Pos(Xo = a|lX; = b) =Y Pug(X; = )Pug(Xo = a|X; =),
ceEA
and also that
P..(Xo = a) ZIP’:ES = )P, (Xo = a|X; = ¢)).
ceA

As a consequence, we deduce that

\/ I(Xo; Xj|1Xs) > > Plas)vys(rs) = js.

xsEAS

Now, on the event G, (&, £), we have that U g > Dy, g — £ so that

1 N
\/2I(X0;Xk!XS) > Upps —E2T—6,
where in the rightmost inequality we have used that 7, ; s > 7. Hence,
I(Xo; X;j|X5) > 2(7 =€),

and the result follows. [ |

We now prove Theorem 9.
Proof Suppose the event G, (&, ¢s) holds and let S, be the set obtained at the end of
FS step of Algorithm 1 with parameter ¢,, where the parameters &, and ¢, are defined as
n (30). In the sequel, let Sy = () and Sy, = Sk_1 U {jr}, where ji € arg maxjese | Umj,Sp_,
for 1 < k < d, and observe that by construction S, = Se,. We want to show that A C S
We argue by contraction. Suppose that A is not contained in S,,. In this case, it follows
that A € Sj, for all 1 < k < /,, and Proposition 6 implies that for all 1 < k </,

= 45*)

K
maxvjg, =

JESE ~ ||A]|co Diam(A)
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where the equality holds by the choice of £,. Since the event Gy, (&, ¢x) holds and |Sk| <
|Se, | = s, it follows from the above inequality that

mejkvsk—l - mac“x Vm,j,Sk_l Z 36*7
JESE

for all 1 < k < ¢, + 1. By Lemma 24, we then deduce that I(Xo, X;,|Xs,_,) > 8£2 for all
1<k<l,+1.
Now, notice that

le+1
logs (|A]) > H(Xo) > I(Xo: Xg g 0y = O 1(X0. XX, ). (62)
k=1

where we have used Gibbs inequality in the first passage, the fact that the entropy is always
larger than the mutual information in the second passage and the Chain Rule in the last
passage. The proof of these facts can be found, for instance, in (Cover and Thomas, 2006).
By the choice of £, = |logy(|A])/8¢2|, we have that £, + 1 > logy(|A|)/8¢2 so that it
follows from (62) that
logy(JA) > (€, + 1)SE2 > logy(|A]),

a contradiction. Thus, we must have A C Sm and the result follows. [ |

A.2.3 PROOF OF THEOREM 10

To prove Theorem 10 we shall need the following result.

Proposition 25 Suppose Assumptions 1 and 2 hold, and let A* > 0 the quantity defined
in Assumption 2. Then, for any € >0 and m > d > 20 >0,

g (m — d)*(A,)?
18] A2+ m (¢ + 2)2} '

P(GS,(£,€)) <2d(6+1) <Z> |A["*2 exp {— (63)

During the proof of Proposition 25 we will make use of the following proposition. For
any function f: Alb™ — R, define for each 1 < j < m,

d;(f) = sup {\f(xlzj—lafcjﬂzm) — f(z1j-1bzjr1m)| s a,b € A w1 € A[[l’mﬂ} ;o (64)

with the convention that z1.0 = Tma1.m = 0, Daxs., = azxe., and 1,10 = T1.m—1a0.
Let 6(f) = (61(f),--.,0m(f)) and denote ||5(f)||3 = Py 5]2(f) In what follows, we write
El:m[f] = ZzlzmeAﬂl,MJ] ]P(Xlzm = xl:m)f(xlzm)-

Proposition 26 (Theorem 3.4. of (Chazottes et al., 2020)) Suppose Assumption 2
holds, that is, A > 0.

1. For anyu >0 and f: Al 5 R,

U2 2
]P}(‘f(Xlzm)_Elzm[f”>U)32€Xp{ 2u"A }

1813
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2. Form >d, any g: AS x A — R with S C [—d, —1] and u > 0,

20 N2A2
>u>§26xp{ w(m—d)°A },

2m(IS]+ 1)2]g]%

P(‘(ml—d) Z 9(Xirs, Xt) — Eslg]

t=d11
where Eslg] =37, cas Y aea P(Xs = x5, Xo = a)g(vs,a) and Xii5 = (Xit4j)jes-

Before starting the proof Proposition 25, we need to introduce some additional notation.
For each z € A% with S C [~d, —1], we write

B, () = 2ml?) (65)

m—d’

In what follows, we write zay o}, with a € Aand V' C [—d, —1], to denote the configuration
((za);)jevuqoy, defined as

When V' = SU {k} and x = b € A, we shall write xbagy s,y instead of zay oy
With this notation, the empirical version of 7, g is defined as follows:

Dmks = > Pu(ws)omps(@s) (66)

a,’sEAS

where for zg € A%, we define

ks (@5) = 3 Y g s(b, ¢, 25)dm gk s(b, ¢, 1), (67)
beAcecA

and for b,c € A,

N

P (zbsugry) Pr(@esugny)
Po(zs) P..(zs)

W ke5(b, ¢, x5) = , (68)

and
. 1 X 3
dnk,s(b, ¢, 25) = 5 D | Pag (Xo = a|Xj, = b) — Pag (X0 = a|X), = ¢)|,

acA

where for each b € A,

. B (zb
P, (Xo = a|Xy =b) = — (zbasyx0})

P, (beU{k}) '

Hereafter, we omit the dependence on S and on m, whenever there is no risk of confusion.
We now prove Proposition 25.
Proof [Proof of Proposition 25

Claim 1. Let S C [—d, —1] with |S| < ¢ < d/2 and take j € S°. Then,

s — sl <33 3 ‘IP’(XS —2,X; =bXo=a)— P(Xs =2,X; =b,Xo = a)|.
z€AS a€AbeA
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Proof of the Claim 1. By applying the triangle inequality twice, one can check that

75 — D] < Z > IP(@)w)s(b,c,z) (Po(Xo = alX; = b) — Po(Xo = a| X = c))

xeAS a,b,ce A

—P(2)d; 5(b, ¢, x) (IP’ (Xo = alX; = b) — Bo(Xo = alX; = c)) ] (69)

Now observe that for fixed z € A% and a,b, ¢ € A,
P(z)w;s(b,c,x)Py(Xo = alX; =b) =Pu(X; = c)P(Xs =2,X; =b, X9 =a)

and similarly,

P(2)w;.5(b, ¢, 2)Pp(Xo = a|X; = b) = Po(X; = ¢)P(Xs =z, X; = b, Xo = a).

By using these identities in (69) and then by applying the triangle inequality, one can deduce
that

|VJS_VJ5|<Z Z (XS—ZCX—on—a)
e AS a,b,ceA

P (X; =c)P(Xg=x,X;=bXg=a)|. (70)

By adding and subtracting the term P,(X; = ¢)P(Xs = x,X; = b,Xo = a) in the
right-hand side of the above inequality and using again the triangle inequality, it follows
that

> e )P(Xs =, X; =b,Xo = a)

r€AS a,b,ceA
P (X; = o)P(Xs = z,X; = b, Xp = a)

<Y DY IP(Xs=x,X;=bXo=0a) - P(Xg =z, X; = b, X = a))|
rcAS a,beA

+ )Y P(Xs =2, X0 = a)|Pa(Xj = ) = Pu(X; = )] (71)

zC€AS a,c€EA

By adding and subtracting the term P(Xg = z)P(Xg = z, X; = ¢), we can then check
that

IP,(X; =c) — Pu(X; = ¢)| < g(())((; - )) P(Xg =2) — P(Xg = 2)|
+ P(Xslz " P(Xs=2,X;=c) -P(Xs=2,X; =c¢)|. (72)
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From (71) and (72), one deduces that

75— sl < Y > P(Xs =2, X; =b,Xo=a) - P(Xg =2,X; =b,Xo = a)

z€AS a,beA
+ Y D PXs=x,X;=c) - P(Xs=2,X; =)
z€AS cEA
+ Y P(Xs=2) - P(Xs=a). (73)

xCAS

Since

P(Xs =z, X;=¢)]

IP(Xs =z, X;=c)—
<Y P(Xg=2,X; =¢,Xo=a) - P(Xg =,X; = ¢, Xo = a)|

acA

<> IPXg==,X;=¢Xo=0a) - P(Xg=1,X; =c,Xo = a)],

the proof of Claim 1 follows from (73).
Claim 2. For any u > 0,

P(3Y ZZ‘I@’(X

rEAS acAbcA

R X-:b,ona)—IP’(Xg:x,Xj:b,nga)’>u

2 2 A2
|S|+2 . u (m — d) A

Proof of Claim 2. It follows from the union bound and Proposition 26
: |S| = k} and observe that

We now will conclude the proof. Let S = {S C [—d, —1]
by the union bound

J4
P(GL(E0) <Y Y Y P(lpjs — Dys] > €).

k=0 SeS; jeS°

Combining Claims 1 and 2, it follows that
2(m — d)(A.)?

= < |S|+2 . £ (m *
P7ss = 0551 > &) < 214 exp{ 18] A0S Dm (|S] + 2)2 f °

which implies that

¢ 2 272
c k+2 é (m_d) A
P(GS,(€,0)) kg( ) (d—k)|A| exp{ TRTARC (s 27 |
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Since ¢ < d/2, we can use that (Z) < (Zl) for all 0 < k& </ to obtain that

_ E(m—d)(A)?
18| A2+ m (¢ + 2)2} ’

PG 0) < 2a(t-+ 1) () 141 exp §

and the result follows. [ |

We now prove Theorem 10.
Proof [Proof of Theorem 10|
First, observe that by Theorem 9,

P(Aon # A) S PG, (6 £:)) + P(A C Sy Ao # A) (74)
Next, notice that the second term on the right hand side of (74) can be written as
P(A C Sy Mgy #A) = > P(Sm = S, Ao # A).
SC[~d,—1]:ACS,|S|<t.

Now for any S € [—d, —1] such that A C S,|S| < 4, it follows from the union bound
that

P(Sm =S, Agm #A) <D P(Sn=8,5 ¢ Agw) + Y P(Si = 5,5 € Aan).
jEA JES\A

By proceeding similarly as in the proof of Item 1 of Theorem 1, one can deduce that for
any j € S\ A,

]P)(Sm =95,j€ /A\Qm) < 8|4 Fog(l‘(n —m—d)/a+ 2)“ .

log(1 +¢)

so that

5 Bl = 8.3 € Aau) < 8(6— DA |

log(u(n —m — d)/a + 2)1
JES\A

log(1 +¢)

xC€AS
Since
> > P(Sm =8, Npn(x) >0) < (n—m —d)P(A C 5y,
SC[—d,—1]:ACS,|S|<ts zc AS
we then deduce that
> D> P(Sm =5, € Ayp) < 8L —|A])]A]

SC[—d,—1]:ACS,|S|<tly jES\A

Fog(,u(n —m—d)/a+2)

Tog(1 1 ¢) -‘ea(n—m—d).
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Following the steps of the proof of Item 2 of of Theorem 1, we can also show that

Z ZP(S’m = 37] ¢ A2,n75j > ng,n,j) < 8’A||A|
SC[—d,—1]:ACS,|S|<l. jEA
y Pog(u(nl— 771 —d)/a+ 2)} s 3 P(S = S)
Og( +5) SC[—d,—1]:ACS,|S| <l

< 8A||A| Fog(ﬂ(nlggzlg/a + 2)} =

where 'y%w is defined as in (14) With t;, 5, j = MaXp ce Arbste MiN (g yg)eC; (be) tmn (TS, Ys) in
the place of ¢, ;.

Hence, it remains to estimate
. . S
Z Z]P)(Sm = Sa] ¢ A2,7L75j < Vm;n,,j)‘
SC[—-d,—1]:ACS,|S|<t. jEA

By proceeding similarly to the proof of Item 3 of Theorem 1, one can show that for each
S C [—d, —1] such that |S| < 4,

—(Apmin)?(n —m — d)? Nomi 2
P S . 5.) < 6lAIAl — 1 ( min . min
('Ym,n,] > ]) < 6|A|(|A] ) exp { 2(n — m)|A2ED (4, + 1)2 n—m—d )

for all j € A as long as n satisfies n > m + d + Nyin. By using this upper bound and by
recalling that ZSQ[[fd,fl]]:AQSJSKE* < %‘:0 (Z) < (U + 1)(;*) (since 24, < d), we deduce

that

> > (S = 8.5 ¢ Aan.bj <7 y) <
SC[-d,~1J:ACS,|S|<t. jEA

6|A|(|A] — 1)(Ly + 1) <;) exp{ —(Appin)?(n — m — d)2)2 (1 B nmn>2} |

2(n —m)|AREG-D (4, +1

for all j € A whenever n > m + d + Ny, implying the result. |

A.2.4 PrROOF OF COROLLARY 12

Proof [Proof of Corollary 12| Assumptions 1 and 2 are satisfied for all values of n, since

Dy > Drin and Ay > AX . for positive constants py . and A¥ . for all n. Since the se-

quence of MTD models also satisfy Assumption 3, the result follows from Theorem 10 and
Remark 11-Item (b). [ |

A.3 Proofs of Section 3.3
A.3.1 PROOF OF THEOREM 14
Proof [Proof of Theorem 14]
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Notice that we can write for each j € [—d, —1],
m;(X;) = (p;(1]1) — p;(1[0)X—; + p;(1]0),

so that equality (50) can be rewritten for any j € [—d, —1] satisfying (p;(1|1) —p;(1|0)) # 0,
S C[~d,—1]\ {j} and x5 € {0,1}°, as

COVQJS(X(),X]') = Z AgCOVxS(Xg,Xj),
LeA\S

where Ay = A(pe(1|1) — pe(1]0)) for £ € A. Recalling that 7; ¢ = 2E (|Covx(Xo, X;)|) in
the binary case, we can deduce that for any S C [~d, —1], x5 € {0,1}° and j € [~d, —1]\ S,
vjs = 2E Z AgCOVXS (Xg,Xj)
LeA\S

As a consequence, it follows that for S C A and j € A\ S,

vjs > 2E | Varxs (X145 = D |A|Covixy (X, X;))|
CEA\S:0A]
= 2E (|Aj|Varx (X;)x

Ay
-y M|P$S(Xg:1]Xj=1)—PmS(X€:1|Xj:0)‘ )
LeEN\S:t#5 Y

where in the second inequality we have used that
|Covag (Xp, Xj)| = Varg s (X;)[Peg (Xe = 1|1X; = 1) — Pog (Xe = 11X = 0)].
By Assumption 4, we then deduce that
Dj.s 2 2 |A [E(Varx, (X)). (75)
Now, take S C A and let js € argmingp\ g |A;|E(Varxg(X,)). For any j € (A), use

the triangle inequality, equality (75) and Assumption 5 to deduce that

Pis <2E | D |A|Covxy(Xe, X;)]
LEA\S
< 2[Aj4|E (Varxg(Xjq)) 2 (76)

Using that ¢; = |A;| and combing inequalities (75) and (76), it follows then that

Uig — vig > 20 — o)A |E (V X)), 77
max Pjs — WAX Vjs = (T — I2)|Ajg |E (Varxg (X)) (77)
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where we have used also that max;jcp\g 7,5 > jg,s. Using that E (Varx,(Xjg)) > (p*)?
and |Ajg| > minjea |A;| we obtain that

. _ _ 2 .
min | max v;¢ — max ;g | > 2(I'y — I'2)p;,;, min |A;].
SCA(jEA\S J JEING ]7> ( )mznjeA’ J‘

concluding the first half of the proof.
To show the second assertion of the theorem, take S C A, let j§ € argmax;cp\g )5
and note that on G, (¢, §),

max Upj§ > Upjr g > Vjr g — &= max Vjg — &.
jems 7 s Is jeAs ?

Similarly, one can show that on G (¢,§),

max ;¢ < max ;g + &.

jeye 7T je(nye

As a consequence, it follows that

max Upj s — Max Upjs > | Mmax vj g — max vjg | — 2§
jeMs "7 je(nye ™ (jeA\S 77 jeye > ’

whenever G, (¢, ). By taking £ as in (37), we have that

max Upj g — Mmax Upjg >0
jens 7 ey ’

implying that arg max;cge 0, 5,5 € A for all S C A, and the result follows. |

A.3.2 Proor or COROLLARY 16

Proof [Proof of Corollary 16] By Theorem 14, we have that
P(Ag # A) SP(GFL(E, L)) +P(A C Sy Mg # ),

for any & < (I'y — I'2)p},,;,, minjen 0;.
By Proposition 25, we have that

P(GS, (€, L)) < 2d(L + 1) (Z) | A[442 exp {— E(m — d)*A° } .

18| AR+ (L + 2)2

By taking £ = (I't — I'2)p};,;,, minjen d;, one can check that if

1
ming; > ¢y 28,
JEA n

for some constant Cy = C1(8, L, AY, I'1,Iy), then P(GS,(&, L)) — 0 as n — oo.

*
ins Pmin>
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By proceeding exactly as in the proof of Theorem 10 and using 11-item (b), we can show
that

(ACvaAQn#A <
Apnin)(n —
Al(L+1) dJ AL Al = 1)|A __(BPmin
ola1(E-+ 1)) |41 141 = DA exp { g D

81A| (L — [A)(n —m — d) + |A]) F"g(“(”lggﬁ;g/ O‘”ﬂ

as long as
C|AlFa

2
pmin(;mm

n>d+

)

where C' = C(p, €).
, we also see

Therefore, using that A > A¥ - Prmin > Dhin, d = 1B, a = (1 + 1) log(n)
that if 62,,, > Co'2") for some Cy = Copt,&,7, Ay, Plsins B L) then P(A C S, Ao,y #
A) = 0asn— 0.

By taking C' = C; VvV O3, we deduce that P(Ay,, # A) — 0 as n — oo as long as
62 . > Clog( n) , and the result follows.

min =

A.4 Proofs of Section 3.4

Proof [Proof of Theorem 17|
By the union bound, we have that

PlU U ﬁn<w,n>P<a“>>J N

a€Ayg_4_qeAl-d-1]

a

+3]\7n(33/\2n)}> < ]P)(A £ AQ,n)

+Z Z P \ﬁn(a\m)—p(am)yz\/20(1J[€)Vn(a,:m)+ o

a€A zpe AN Nn(xA) SNn(JIA)

Now, Proposition 34 implies that for any a € A and x5 € A%,

20(1 + €)Vpu(a, ) .
Np(zp) 3N, (za)

log(p(n —d)/o+ 2)
=4 { log(1+¢)

P | [Pnlalza) — plalza)| = \/

-‘ e “P (Nn(zp) > 0),
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so that

> > P lpalalza) — plalza)| > \/20‘(1 +Vula,zp) | @

a€A ppe AN Nn(xA) 3Nn($A)
log(pu(n —d)/a+2)| _, _
< .
_4Mw- log(1 +¢) e x Y E[{Ny(za) > 0}]
rpEAL
Since
> E[{Nn(za) > 0}] < (n—d),
zpEAN

the result follows. -

A.5 Proof of Section 3.5
A.5.1 PROOF OF PROPOSITION 18

Proof [Proof of Proposition 18]
First observe that since all MTDs are stationary Markov chains of order at most d, we
can use the Markov property to show that

KL(PY||PP) = KLY P + (n — B (KLY (| X _g_1)|[p™ (| X_a1)))-

where KL(pW (-|z_g.—1)|[p™ (:|z_4._1)) denotes the Kullback-Leibler divergence between
P (|z_g.—1) and p®) (-]z_g._1).

Now note that for each fixed z_.4, € Al=d=1 e can use the definition of the transition
probabilities pl#)(-|-) together with Lemma 6 of Csizar and Talata (2005) to deduce that

KLY (Jz—g1)|lp™ (Jz—d—1)) < NIp(11) = p(L[0)* (Pmin) ™ La, a -
Since pmin > (1 —A)/2 and § = A|p(1]|1) — p(1]0)|, it follows from the above inequality that
26?

EO (KLY (X g0) [P X-a1)) < T

By using similar arguments, one can also show that

. 1 .
KL(P|IP") < ( max  [pP(1fe_g1) = p®(1y_g. 1)

Pmin \*-d:—1,Y—d:—1
d—1
. 2d6?
@ ) —_ k) . 2] < .
+ ;xdzl’yd:rrll:%)fi:—lzy—i:—l |p ( |x_d_1) p ( ‘y_d_l)‘ ) - ]. - )\
Therefore, it follows that
, 2d6? 262 2162
KL(PW|| Pk < ~ =
and the result follows. [ |
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A.6 Computation of PCP and FSC estimators

We will first show that one can compute the PCP estimator with at most O(|A|?|S|(n —d))
computations, as claimed in item (c) of Remark 2.

Proof of item (c) of Remark 2. One way to compute the PCP estimator is the
following. First, we compute N, (zg,a) simultaneously for all pasts zg and symbols a € A,
and build the set Eg = {5 : N, (zs) > 0}. This can be done with O(n — d) computations.
Indeed, we set initially N, (zg,a) = 0 for all past g and symbol a € A. Then at each time
d+1 <t <mn, we increment by 1 the count of N, (zg,a) for which X;;¢ = zg and X; = a,
leaving all the other counts unchanged. Moreover, at the first time that N,(xg,a) > 0, we
include xg in the set E. Note that the cardinality of the set Eg is at most (n — d). Next,
we need to compute s, (zg) and p,(-|zg) for each g € E, which can be done with at most
O(]A|) additional computations. Once all these quantities are determined, we then need to
test whether a given lag 7 € S has to be removed or not, by evaluating inequality (13) for
all pairs of (S'\ {j})-compatible pasts in Eg. This can be done with at most O(]A|?(n — d))
more computations because 1) the number of different pasts in Eg is at most (n — d); 2)
there are at most |A| pasts in E which are compatible with a fixed past xg in Eg; and
3) one can evaluate whether inequality (13) holds or not to a given pair of compatible
past with O(|A]) additional computations. Finally, since the number of lags to be tested
is | S|, it follows that we can implement the PCP estimator with at most O(|A|?|S|(n — d))
computations, concluding the proof.

We now show that we can compute the FSC estimator by using at most O(]A>4(m —
d)(d — (£ —1)/2) + |A>(n — m — d)f) computations, as stated in item (c) of Remark 8.

Proof of item (c) of Remark 8.

By the item (c) of Remark 2, the CUT step can be computed with at most O(¢|A|?(n —
m —d)) computations since the F'S step outputs a subset of size ¢ and the size of the second
half of the sample is n —m. Hence, the proof will be concluded if we show that the FS step
can be computed with at most O(JA[*(m — d)(¢d — (¢ — 1)£/2) computations. To see that,
let us fix S C [—d,—1] and j ¢ S. Proceeding as in the proof item (c) of Remark 2, one
can check that we compute N,,(zba su{o,j}) simultaneously for all configurations zbagyy; 0y
and build the set Eg = {zg : Ny(xg) > 0} with O(m — d) computations. Notice that
the size of the set Eg is most (m — d). Since for each zg € Eg, we need to perform
at most O(|A|*) additional operations to compute Py, (xs) and ¥;,,(zs), it follows that
with at most O(|A]3(m — d)) computations we can determine oy, j 5. Therefore, the step
3 of the F'S step (where we need to compute oy, j g for j € S¢) can be implemented with
O(|A]3(m — d)(d — |S|)) calculations. Since we need to repeat step 3 of the FS step for ¢
different sets, we conclude that with at most

T
L

O(|AP(m —d) Y (d—1S])) = O(AP(m — d)(£d — (£ — 1)£/2)
|S|=0

computations, we can implement the FS step. This concludes the proof.

44



SPARSE MARKOV MODELS FOR HIGH-DIMENSIONAL INFERENCE

Appendix B. Martingale concentration inequalities

In the sequel, N denotes the set of non-negative integers {0, 1, ...} Let (2, F,P) be a prob-
ability space. We assume that this probability space is rich enough so that the following
stochastic processes may be defined on it. In what follows, let (X;);cz be a Markov chain
of order d € Z, taking values on a finite alphabet A, with family of transition probabilities
{p(-|x—g.—1) : ®_g.—1 € supp(P)}. Denote F; = (X _g4.) for t € N. For each a € A, consider
the stochastic process M = ((M}))ien defined as,

M =1{X; =a} - p(a‘X(tfd):(tfl))a te€N.

Let H = (H;)ien be a stochastic process taking values on a finite alphabet B C R,
satisfying Hy = 0 and Hy € Fy_; for all t € Z,, and consider H e M* = (H @ M)y defined
as,

t
HeMf=> HM teN. (78)
s=0

Notice that H e M is adapted to the fitration F := (F%)en, that is H e M € F; for all
t € N. Also H e M§ = 0. Recall the notation ||B|loc = maxpep |b].

Lemma 27 Let H ¢ M* = (H o M{);en be the stochastic process defined in (78). Then
H o M? is a square integrable Martingale w.r.t. F starting from H e M§ = 0. Moreover, the
predictable quadratic variation of H e M, denoted by (H e M®) = ((H ® M®))icN, is given
by
t
(Ho M) =Y HZp(a|X(;—ays—1) (1 - p (alX(s—ays—1))) » tEN. (79)
s=0

Furthermore, for any A > 0 and b > 0 such that |Bl|s < b, the stochastic process

(H o M“>) - (eXp (AH "M WW ’ Ma>t>)t€N

is a supermartingale w.r.t. F starting from 1.

Proof For each t € Z,, we have that H; € F;_1 and also that E [1{X; = a}|F_1] =
p(alX(;—q):(1—1))- These two facts imply that for any t € Z,

e —\p—1

exp ()\H o M — 72

E [H M Fi—1]) = HiE [M?|Fi—1] = 0,

which, in turn, implies that E[H e M@ F;_1] = H e M/ ,. Hence, H @ M“ is a martingale
w.r.t. to F. Since |H o M| < ||B|loot for t > 1, it follows that H e M is also square
integrable.

The predictable quadratic variation of H e M is defined as

(o h, =3 E (M, = M) | Foa )
s=1

for t € Zy with (H e M®)g = 0. For any t € Z, one can check that

(HeM—He Mtafl)2 = H7 (1{X; = a} —2p(a| X (1—gy.0—1)) H{Xe = a} —p*(a| X (41— ay-0-1)))-

45



OsT AND TAKAHASHI

Using again that H; € F;—1 and also that E[1{X; = a}|F;—1] = p(a|X(;—a):t—1)), one then
deduces that for any t € Z,

E ((H e M{—He Mta—1)2 |~7:t71) = H7p(al X —ay.-1)) (1 — p(a| X (1—ay-1-1))):

which establishes (79). The proof that exp ()\Ho M — %(H . Ma)) is a super-
martingale w.r.t F can be found in (Raginsky and Sason, 2014). |

We will use Lemma 27 to prove the following concentration inequality.

Proposition 28 Let H @ M* = (H o M/ )N be the stochastic process defined in (78).
Suppose that |Bl|s < b for some b > 0. For any fized oo > 0 and v > 0, we have fort € N,

P <H o M >\ 2va + %b (H o M%), < v) < exp (—a) P((H o M%), > 0).

Remark 29 This is basically Lemma 5 of (Oliveira, 2015) (see the Economical Freedman’s
inequality provided in Inequality (41)) applied to the square integrable martingale H o M®.
The only difference is the factor 2 in front of the linear term %b which is not present here.
Notice that for t € Z, the concentration inequality above can be rewritten in the following
form:

b
P (HoMta > V2va + %, (HeoM®*); <v|(HeM ) > 0) <exp (—a).

The conditioning on event {(H & M®); > 0} reflects the fact that if (H @ M*); = 0 almost
surely, then H o M{ = H o M§ = 0 almost surely as well.

Proof For t = 0 the result holds trivially. Now, suppose ¢t € Z,. By considering the
set B/b = {c/b: ¢ € B} instead of B, it suffices to prove the case b = 1. To shorten the
notation, we denote My = H o M in the sequel. By the Markov property, we have that for
any A > 0,

PAM; — (M) (M) > «) < exp(—a)E [exp (AM; — (X)) (M),) 1{(M); > 0}],
where 1)()\) = e* —A—1 and we have used that if (M); = 0 almost surely, then M; = My = 0

almost surely. By using the fact that (exp (AM; —¥(X)(M)¢)),cn is a supermartingale
(Lemma 27 with b = 1) together with the decomposition

{(M); >0} = | J{(M)x > 0 and (M); =0 for all j < k},
k=1

as in (Oliveira, 2015), we can deduce that

E [exp (AM; — (M) (M)y) L{{(M): > 0}] < P((M); > 0),
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which implies not only that for any A > 0,

P (Mt > Yy, f) < exp(—a)B((M); > 0), (30)

but also that

P <Mt > Y, 42 < ) < exp(~a)P((M); > 0).

Now, we use that for A € (0,3) it holds that ¥(\) < A2(1 — A\/3)~!/2. Hence, from the
above inequalities we deduce that for any A € (0, 3),

P (M2 5 (0§ ) < xpl-cP(an: > 0) )
and also that
P (312 2ot S 01 < 0) < exp(-)B((1) > 0
2(1—=X/3) A
Minimizing A € (0, 3) — mv + %, the result follows. [ |

By using a peeling argument as in (Hansen et al., 2015), we deduce from the above result
the following.

Proposition 30 Let H @ M® = (H o M/ )icn be the stochastic process defined in (78).
Suppose that ||Blloc < b for some b > 0. Fore >0, v >w > 0 and o > 0, we have for
teN,

b
]P’(HoMt“ > \/2a(1+e)(HoMa)t+%,w < (H o M%), gv) <

log(v/w + 1)

—_— —a)P({(H e M* .
R exp () 0 207> 0
Proof It suffices to prove the case b = 1. The general case follows from this one by first

replacing B by B/b = {c/b: ¢ € B} and then rearranging the terms properly. Let us denote
vo=w and vy = (1 +e)vgp_q for 1 <k < K := [%—‘ . Notice that vg > v, by the
definition of K. To shorten the notation, we denote H o M = M, in what follows.

Starting from (81), one can deduce that for any 0 < k < K and A € (0, 3), we have

P (Mt > 2(1_)\)\/3)<M>t + g,vk < (M) < vk+1> < exp(—a)P((M); > 0),

A
which, in turn, implies that

(07

Vg+1 + h

P <Mt > o < (M) < 'Uk+1> < exp(—a)P({(M); > 0).

A
2(1— \/3)
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Minimizing w.r.t. to A € (0,3) as in Proposition 28, it then follows that
a
P (M > /2010 + 5o < (M) < v ) < exp (—a) P((M); > 0).

Now, on the event {vy < (M)}, we have that (M);(1+¢) > (1 + €)vg = vg41, so that the
inequality above implies

P (Mt > 2(1 + &) (M) + %,vk < (M) < ka) < exp (—a) P((M); > 0).

Summing over k the result follows (recall that v < vg by the choice of K). [ ]

Hereafter, let m € N and consider a function ¢ : Altml s Al=d=11 gych that its supre-
mum norm ngHoo = maX(m;m,:v_d:_l)EA[[l’m]]XAH_dﬁ_l]] |(p($1;m,$,d;,1>‘ < b. Here we use the

convention that ¢ is a function defined only on Al=%~1 when m = 0. Given such a function
@, let us denote HY = (H/ );>0 the stochastic process defined as Hy = ... = H? , , =0 and
HY = o(X1m, X(—ay.t—1y) for t > d +m + 1.

Clearly, HZ € F;_; for all t € Z;. From (79), one can check that the predictable
quadratic variation (HY¥ e M%) of the martingale H¥ e M® is given by (H¥ ¢ M%)y = ... =
(H? @ M), qg=0and fort >m+d+1,

t

(H? o M*); = Z % (Xt X(s—ays(s—1)P (Al X (s—ay:s-1)) (1= P (@l X (s—ap(s—1))) -
s=m-+d+1
(82)
As a direct consequence of Proposition 30, we derive the following result.

Corollary 31 Let X;., be a sample from a MTD model of order d with set of relevant lags
A. Let A, be an estimator of A computed from X1.,, where n > m. For each x € Al=d=1
a€ Aand S C [—d,—1], let pmn(alzs) be the empirical transition probability defined in
(7) computed from X,pi1.n. Then for any S C [—d, —1] such that A C S, e >0, a > 0 and
n>m+d+ 1, we have

P (Am =5, |ﬁm n(a‘l’s) — p<a‘xA)| > \/20[(1 + €)P(7a|acA)(1 —p(a‘xA))

Nm,n(mS)
P <9 log(n —m —d+1)
3Nmn(zs) log(1+¢)

W eOP (Nm,n(ms) > 0,A,, = S) . (83)

In particular,

’ (A C Ay [Pmn(alzy,,) = plalza)] > \/ 2a(1 + e)plajea)(1 = plalra))

Nmn(2g )

+a> <9 Fog(” —m—d+ ﬂ P (Npnley,) > 0.0 C An). (84)

3Nmn(zy ) log(1 +¢)
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Proof Summing in both sides of (83) over S C [—d, —1] such that A C S, we obtain
inequality (84). Thus, it remains to prove (83). To that end, take p(X1.n, X—a):(t—1)) =
1{A,, = S}1{X;,; = x;,j € S} and notice that in this case

<HSD b Ma>n = 1{Am = S}Nm,n($5>p(a’xA)<1 - p(a\x/\)).

So, if either p(alza) = 0 or p(ajza) = 1, then we have necessarily (H¥ o M?),, = 0 for all
n > m+ d+ 1, which implies that almost surely for all n > m + d + 1,

H? o M2 = 1{A,;, = S}(Np.n(x5,a) — Nopn(x5)p(alzp)) = 0.

By noticing that H? e M% = 1{A,, = S}Nyn(xs)(Pmn(alzs) — plalzy)), it follows that,
on the event {A,, = S, Nyun(zs) > 0}, we must have po,.n(alzs) = p(alzs) almost surely
and so the left-hand side of (83) is 0 and the result holds trivially.

Let us now suppose 0 < p(alxpy) < 1. In this case, we apply Proposition 30 with
w = p(alzp)(1 — p(alzp)), v=(n —m — d)w and b = 1 to deduce that,

P (A = 5N n(25) (b (ales) — plalzn)) =

V/2allt plalen) (1~ plalen) V() + 5 Nnnlas) >0

< log(n —m —d+1)
- log(1 +¢)

w|Q

w e “P(1{Am = S}Nmn(zs)p(alza)(1 = plalza)) > 0). (85)
To conclude the proof, observe that in this case

{1{An, = S}Npn(zs)p(alza) (1 — palza)) > 0} = {Ay, = S, Npn(zs) > 0},

and use again Proposition 30 with H~% e M® in the place of H¥ ¢ M® (by noting also that
(H? @ M) = (H™¥ o M%)). |

Remark 32 Let us briefly comment on the results of Corollary 31. Suppose x € Al=d=11
and a € A are such that 0 < p(alzp) < 1 and also that Ay, is a consistent estimator of A. By

the CLT for aperiodic and irreducible Markov Chains it follows that \/ Ny, n(2A) (Prmn(a|za)—

plalza))1{Apy = A, Nppn(xa) > 0} converges in distribution (as min{m,n} — co) to a cen-
tered Gaussian random variable with variance p(a|zp)(1 — p(alxp)). This implies that for
sufficiently large n,

P (pm,n(alza) — plalza)

. \/zap<a|:§$><1(;£<a|“” (A = A, N () > 0) <et

Let us compare this heuristic argument with Corollary 31 applied to S = A. In this case, in

Inequality (83), the variance term \/ 2a(l+e)p ]%almA()z(ll\;p @ea)) can be made arbitrarily close to
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2ap(alzp)(1=p(alzp)) 1 ;
Ni\n,n(fﬁA) A2 at the cost Tog(1Fe) - Both the linear term #@A)

the log(n — m — d + 1) factor are the price to pay to achieve the result which holds every

n > m-+d+1 and reflect the fact that pm, n(alza) —p(alza) is Gaussian only asymptotically.
In particular, Corollary 31 improves the Economical Freedman’s Inequality (as stated in

(Oliveira, 2015) - Lemma 5, Inequality (42)) when restricted to the martingale H¥ o M.

and

optimal value \/

In the sequel, let us denote P* = (Pf)cn, for each a € A, the stochastic process defined
as Pf" = p(a|X(¢—g.—1)) for each t € N. With this notation, notice that

t
H2 b Pta = Z ng(a|X(Sfl):(sfd))7 te N7 (86)
s=0

is such that (H e M%), < H? e P for all t € N. In particular, Proposition 28 holds if we
replace (H o M%), by H?e P{. A closer inspection of the proof of Proposition 30 reveals that
this proposition also holds with 2 e P2 in the place of (H @ M%),. In the next theorem, we
show that we can replace H? @ P by a linear transformation of its empirical version which
is crucial for our analysis.

Theorem 33 Let He M® = (H o M)icn be the stochastic process defined in (78). Suppose
that || Bl|so < b for some b > 0. For any fized p € (0,3) satisfying p > () = exp(p) —p—1
and a > 0, define fort € N,

t
R . b2
HePp=—t__S"p2peqy 20
=) & = ()

where 155“ = 1{Xs = a} for all s € N. Then, for any fized ¢ > 0 and v > w > 0, we have for
any t € N,

- b .
P(HOM,;IZ\/2(1—{—6)()(H2Opta—|—05,w§H20Pta§’L))

<2 {%—‘ exp (—a)P((H o M?); > 0).

Proof We prove only the case b = 1. Note that —H? e« M = H? @ P® — H? & P?. Also
recall that (H e M%), < H? e P2,

We now proceed to the proof. We first use Inequality (80) for the martingale —H? @ M
together with that fact that (—H? e M%), < H* e P* < H? e P? (the last inequality holds
because b = 1) to deduce that for any u > 0,

P <H2 o Pt > H?e PP+ MH2 o P!+ a> < exp(—a)P((H o M), > 0),
[ T
which implies that for any u € (0, 3) satisfying p > ¥ (u), it holds

P <H2 P> He 15;‘) < exp(—a)P((H o M?); > 0).
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Hence, combining this inequality with (81), we conclude that for any A € (0,3) and any
p € (0,3) satisfying p > ¢ (p),

A . o
P(HeM*> — " _H?eP?+—|<
( I TP V) R t*A)

A - Q@ .
]P)<H.Mta2MH2.Pta+M’H2.Pta§H2.Pta)

+P (H2 oP' > Pg) < 2exp(—a)P((H o M > 0),

where we also used in the last inequality the fact that (H e M%), < H? e P{.
To conclude the proof, we need to follow the same steps as Proposition 28 and then

use the peeling argument as in the proof of Proposition 30 with H? e Pta in the place of
(H o M®),. |

As consequence of Theorem 33, we obtain the following result.

Proposition 34 Let Xi., be a sample from a MTD model of order d with set of relevant
lags A. Let A, be an estimator of A computed from Xi.,, where n > m. For any r €
Al=d=11 g e A and S C [—d,—1], let DPmn(alzs) be the empirical transition probability
defined in (7) computed from X, 41.m, and consider for o > 0 and p € (0,3) satisfying
p> () =exp(p) —p—1,

o 1

. N _ .
Vinn(a,z,S) = = d}(u)pm,n(aus) + = 000) Novn(s)

Then for any S C [—d,—1] such that A C S andn > m+d+ 1, we have

A 5 20(1 + )V n(a, z, S o
P\ el St = \/ e (:cs(> '+ o @s)
log(p(n —m—d)/a+2)] _, (4 .
< _ ‘
<4 [ s 7o) e OP (Am S, Nypn(zs) > o) (87)

In particular,

P (A - Ama ‘ﬁm,n(amj\m) —p(a\mA)\ > \/

log(ss(n — m — d)/a +2)
=4 [ log(1+¢)

2a(1 + e)Vm,n(a, x, f\m) «a
Nm,n (JZAW) 3Nm,n (xj\m)

w e~ OP (A C Ry Ny ) > 0) . (88)

Proof Summing in both sides of (87) over S C [—d,—1] such that A C S, we obtain
inequality (88). Hence, it remains to show (87). Arguing as in Corollary 31 we need to
consider only the case 0 < p(alz) < 1.
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By applying Theorem 33 with H = H*% where ¢ is as in the proof of Corollary 31,
_ 12 _ _ (6] _ (e 3
v= I (n—m—d)+ yTE= ) and w = mon Ve obtain that

P (Am =5, ]\_fm,n(azs)|ﬁmyn(a|x5) —plalzp)| > \/2(1 + e)ozf/m,n(a,a:7 S) + (;)

log(p(n —m —d)/a+2)
=4 [ log(1 +¢)

| P11, = )5 aptalen) (0. plalen)) > 0),

where Vin(a,2,8) = Nypn(25)Vinn(a, z, S).
By using that when 0 < p(a|z) < 1,

{1{A, = S} N (xs)p(alza)(1 — plalza)) > 0} = {A,, = S, Nppn(zs) > 0},

and the fact that Vi,,(a,z,5) = Npn(zs)Vinn(a,z, ), we deduce (87) from the above
inequality. ]

References

Andre Berchtold. Estimation in the mixture transition distribution model. Journal of Time
Series Analysis, 22(4):379-397, 2001.

André Berchtold and Adrian Raftery. The Mixture Transition Distribution Model for High-
Order Markov Chains and Non-Gaussian Time Series. Statistical Science, 17(3):328 —
356, 2002.

Guy Bresler. Efficiently learning ising models on arbitrary graphs. In Proceedings of
the Forty-Seventh Annual ACM Symposium on Theory of Computing, STOC ’15, page
771-782. Association for Computing Machinery, 2015.

Peter Biithlmann and Abraham J Wyner. Variable length markov chains. The Annals of
Statistics, 27(2):480-513, 1999.

Gyorgy Buzsaki and Andreas Draguhn. Neuronal oscillations in cortical networks. science,
304(5679):1926-1929, 2004.

J.R. Chazottes, S. Gallo, and D.Y. Takahashi. Optimal gaussian concentration bounds for
stochastic chains of unbounded memory. ArXiv, 2020.

Yanqing Chen, Mingzhou Ding, and JA Scott Kelso. Long memory processes (1/f a type)
in human coordination. Physical Review Letters, 79(22):4501, 1997.

Thomas M. Cover and Joy A. Thomas. Elements of Information Theory (Wiley Series
in Telecommunications and Signal Processing). Wiley-Interscience, USA, 2006. ISBN
0471241954.

Imre Csiszar and Zsolt Talata. Context tree estimation for not necessarily finite memory
processes, via bic and mdl. IEEE Transactions on Information theory, 52(3):1007-1016,
2006.

52



SPARSE MARKOV MODELS FOR HIGH-DIMENSIONAL INFERENCE

Antonio Galves, Charlotte Galves, Jesus E Garcia, Nancy L Garcia, and Florencia Leonardi.
Context tree selection and linguistic rhythm retrieval from written texts. The Annals of
Applied Statistics, 6(1):186-209, 2012.

Jesus E Garcia, Verénica A Gonzalez-Lépez, Rua Sergio Buarque de Holanda, and Cidade
Universitaria-Barao Geraldo. Minimal markov models. In Fourth Workshop on Informa-
tion Theoretic Methods in Science and Engineering, page 25, 2011.

David L Gilden, Thomas Thornton, and Mark W Mallon. 1/f noise in human cognition.
Science, 267(5205):1837-1839, 1995.

Niels Richard Hansen, Patricia Reynaud-Bouret, and Vincent Rivoirard. Lasso and proba-
bilistic inequalities for multivariate point processes. Bernoulli, 21(1):83 — 143, 2015.

Matthew Heiner and Athanasios Kottas. Estimation and selection for high-order markov
chains with bayesian mixture transition distribution models. Journal of Computational
and Graphical Statistics, pages 1-13, 2021.

Viaino Jéaaskinen, Jie Xiong, Jukka Corander, and Timo Koski. Sparse markov chains for
sequence data. Scandinavian Journal of Statistics, 41(3):639-655, 2014.

Andrea Kiraly, Imre Bartos, and Imre M Janosi. Correlation properties of daily temperature
anomalies over land. Tellus A: Dynamic Meteorology and Oceanography, 58(5):593-600,
2006.

Toannis Kontoyiannis, Lambros Mertzanis, Athina Panotopoulou, loannis Papageorgiou,
and Maria Skoularidou. Bayesian context trees: Modelling and exact inference for discrete
time series. arXiw preprint arXiw:2007.14900, 2020.

Roberto Imbuzeiro Oliveira. Stochastic processes with random contexts: A characterization
and adaptive estimators for the transition probabilities. IEEE Transactions on Informa-
tion Theory, 61(12):6910-6925, 2015.

Adrian E. Raftery. A model for high-order markov chains. Journal of the Royal Statistical
Society. Series B (Methodological), 47(3):528-539, 1985.

Maxim Raginsky and Igal Sason. Concentration of Measure Inequalities in Information
Theory, Communications, and Coding: Second Edition. 2014.

Jorma Rissanen. A universal data compression system. IEEFE Transactions on information
theory, 29(5):656-664, 1983.

Abhra Sarkar and David B Dunson. Bayesian nonparametric modeling of higher order
markov chains. Journal of the American Statistical Association, 111(516):1791-1803,
2016.

M.J. Wainwright. High-Dimensional Statistics: A Non-Asymptotic Viewpoint. Cambridge
Series in Statistical and Probabilistic Mathematics. Cambridge University Press, 2019.

53



OsT AND TAKAHASHI

Matthew C Wheeler, Harry H Hendon, Sam Cleland, Holger Meinke, and Alexis Donald.
Impacts of the madden—julian oscillation on australian rainfall and circulation. Journal
of Climate, 22(6):1482-1498, 20009.

Naiming Yuan, Zuntao Fu, and Shida Liu. Long-term memory in climate variability: A
new look based on fractional integral techniques. Journal of Geophysical Research: At-
mospheres, 118(23):12-962, 2013.

54



	Introduction
	Notation, Model Definition and Preliminary Remarks
	General notation
	Markov models
	Mixture transition distribution (MTD) models
	Statistical lag selection
	Empirical transition probabilities
	Assumptions

	Statistical Lag Selection
	Estimator based on pairwise comparisons
	Forward Stepwise and Cut estimator
	Improving the efficiency for the binary case
	Post-selection transition probabilities estimation 
	A remark on the minimax rate for the lag selection

	Simulations
	Experiment 1
	Experiment 2
	Application

	Proofs of Section 3
	Proofs of Section 3.1
	Proof of Theorem 1
	Proof of Corollary 4

	Proofs of Section 3.2
	Proof of Proposition 6
	Proof of Theorem 9
	Proof of Theorem 10
	Proof of Corollary 12

	Proofs of Section 3.3
	Proof of Theorem 14
	Proof of Corollary 16

	Proofs of Section 3.4
	Proof of Section 3.5
	Proof of Proposition 18

	Computation of PCP and FSC estimators

	Martingale concentration inequalities

