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Abstract

The random forest (RF) algorithm has become a very popular prediction method for
its great flexibility and promising accuracy. In RF, it is conventional to put equal weights
on all the base learners (trees) to aggregate their predictions. However, the predictive per-
formance of different trees within the forest can vary significantly due to the randomization
of the embedded bootstrap sampling and feature selection. In this paper, we focus on RF
for regression and propose two optimal weighting algorithms, namely the 1 Step Optimal
Weighted RF (1step-WRF,) and 2 Steps Optimal Weighted RF (2steps-WRF ), that
combine the base learners through the weights determined by weight choice criteria. Under
some regularity conditions, we show that these algorithms are asymptotically optimal in
the sense that the resulting squared loss and risk are asymptotically identical to those of
the infeasible but best possible weighted RF. Numerical studies conducted on real-world
data sets and semi-synthetic data sets indicate that these algorithms outperform the equal-
weight forest and two other weighted RFs proposed in the existing literature in most cases.
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CHEN, YU AND ZHANG

1. Introduction

Random forest (RF) (Breiman, 2001), growing trees using Classification and Regression
Trees (CART) algorithm, is one of the most successful machine learning algorithms that
scale with the volume of information while maintaining sufficient statistical efficiency (Biau
and Scornet, 2016). Due to its great flexibility and promising accuracy, RF has been widely
used in diverse areas of data analysis, including policy-making (Yoon, 2021; Lin et al., 2021),
business analysis (Pallathadka et al., 2023; Ghosh et al., 2022), chemoinformatics (Svetnik
et al., 2003), real-time recognition of human pose (Shotton et al., 2011), and so on. RF
ensembles multiple decision trees grown on bootstrap samples and yields highly accurate
predictions. In the conventional implementation of RF, it is customary and convenient
to allocate equal weight to each decision tree. Theoretically, the predictive performance
varies from tree to tree due to the application of randomly selected sub-spaces of data and
features. In other words, trees exhibit greater diversity due to the injected randomness.
An immediate question then arises: Is it always optimal to employ equal weights? In
fact, there is sufficient evidence to indicate that an averaging strategy with appropriately
selected unequal weights may achieve better performance than simple averaging (that is,
equally weighting) if individual learners exhibit non-identical strength (Zhou, 2012; Peng
and Yang, 2022).

To solve the problem mentioned above, some efforts have been made in the literature
regarding weighted RFs. Specifically, Trees Weighting Random Forest (TWRF) introduced
by Li et al. (2010) employs the accuracy in the out-of-bag data as an index that measures
the classification power of the tree and sets it as the weight. Winham et al. (2013) develop
Weighted Random Forests (wRF), where the weights are determined based on tree-level
prediction error. Based on wRF, Xuan et al. (2018) put forward Refined Weighted Random
Forests (RWRF) using all training data, including in-bag and out-of-bag data. A novel
weights formula is also developed in RWRF but cannot be manipulated into a regression
pattern. Pham and Olafsson (2019) replace the regular average with a Cesaro average
with theoretical analysis. However, these studies have predominantly focused on classifi-
cation, and less attention has been paid to the regression pattern (that is, estimating the
conditional expectation), although some mechanisms for classification can be transformed
into corresponding regression patterns. In addition, none of the aforementioned studies
have investigated the theoretical underpinnings regarding the optimality properties of their
methods.

Recently, Qiu et al. (2020) propose a novel framework that averages the outputs of
multiple machine learning algorithms by the weights determined by Mallows-type criteria.
Motivated by their work, we extend this approach by developing an asymptotically optimal
weighting strategy for RF. Specifically, we treat the individual trees within the RF as base
learners and employ Mallows-type criterion to obtain their respective weights. It is worth
noting that Qiu et al. (2020) implicitly assume the independence of the “hat matrix” from
the response values (the term “hat matrix” generally refers to the matrix that maps the
response vector to the corresponding vector of fitting values), which is deemed unrealistic
in practical situations. In the current study, we remove this restriction and establish the
asymptotic optimality under the standard setting where the “hat matrix” is determined by
a response-based splitting criterion (Breiman, 2001; Chi et al., 2022). Moreover, to reduce
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computational burden, we further propose an accelerated algorithm that requires only two
quadratic optimization tasks. Asymptotic optimality is established for both the original and
accelerated weighted RF estimators. Extensive analyses on real-world and semi-synthetic
data sets demonstrate that the proposed methods show promising performance over existing
RFs.

The remaining part of the paper proceeds as follows: Section 2 formulates the prob-
lem. Section 3 establishes our weighted RF algorithms and provides theoretical analysis.
Section 4 shows their promising performance on 12 real-world data sets from UCI Machine
Learning Repository and Openml . org, as well as on semi-synthetic data. Section 5 concludes.
The data and codes are available publicly on https://github.com/XinyuChen-hey/Optimal-
Weighted-Random-Forests.

2. Model and Problem Formulation

Let Xg = (zi1, Ti2, - - .)—r be a set of countably infinite predictors (or explanatory variables,
attributes, features) and y; be a univariate response variable for ¢ = 1,...,n. The data
generating process is as follows
Yi = pi + €,

where {e;,x)}1 | are independent and identically distributed random variables with E(e;|x?)
=0 and E(e?|x)) = 02, and y; = E(y:]x?). So conditional heteroscedasticity is allowed here.

Consider an observable data set @ = {y;,x;};_,, where x; = (21, ... ,xip)T with p being
the dimension of the feature. Given a predictor vector x;, the corresponding prediction for
y; by a tree (or base learner, BL) in the construction of RF can be written as follows

Ui = Phi(x:, X, y, B, 0)y,
where y = (y1, . .. ,yn)T is the vector of the response variable, Ppy,(x;, X,y, %, ®) is an n-
dimensional vector for tree configuration, and X = (x1, ... ,xn)T is the matrix of predictors.
The variables & and © play implicit roles in injecting randomness into RFs. First, each tree
is fitted to an independent bootstrap sample from the original data, with & determining
the randomization inherent in this bootstrap sampling process. Second, ® dictates the
randomness in feature selection at each node within the trees. The specific nature and
dimensions of 9% and © are contingent upon the specific implementation of each tree. Note
that & is irrelevant to y, while @ relies on y for guiding splits.!

Let us assume that we have drawn M,, bootstrap data sets of size n and grown M, trees
on their bootstrap data, where M,, can grow with n or remain fixed. Take the m'" tree for
example. Dropping an instance (yo,xo) down this base learner and end up with a specific
tree leaf [ with n; observations @ = {(yi,,Xi,), - - -+ (Yin, » Xiy, ) }- Assume that the number of
occurrences of instance (y;,X;) in this tree is h; for all i because of the bootstrap sampling
procedure. Then Ppy(x0,X,y, %, ®) for this tree is a sparse vector, with elements being
h;/n; or zero, depending on the relationship between 2 and Z;. More specifically, the ith
element of Pgy,(x0, X,y, %, 0) equals 0 if (y;,%x;) ¢ 2; and (yo,x0) € ;. Elements of
PpL(x0,X,y, %, ©) are weights put on elements of y to make a prediction for yg.

1. In case where the tree structure is unaffected by y, ® becomes independent of y, therefore reducing
Ppr(xi, X,y,%,0) to PL(xi, X, %,0). Such a situation occurs with split-unsupervised trees as dis-
cussed in Section 3.2.
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By randomly selecting sub-spaces of data and features, trees in RFs are given more
randomness than trees without these randomization techniques. Specifically, bootstrap data
are used to grow trees rather than the original training data. In addition, when searching
for the best splitting variable at each node, we draw ¢ (¢ < p) variables from the total pool
of p variables, rather than using all p variables. If without the bootstrap procedure, we have
hi=1forallie {1,...,n}, and Ppr(x0,X,y, %, ©) will contain fewer zero elements.

The prediction for y; by the m™ tree (or the m'" base learner) within the forest obeys
the following relationship

~(m)

5" = Py gy (%0, X, ¥, Biam), O )Y M

where g/jz(m) is the prediction for y; by the m™ tree, and PiLim)(Xi, X, ¥, B(m), O(m)) 1s the

n-dimensional vector for configuring the m™ tree. The final output of the forest is integrated

by

M,
giw) =) Wy 3™

where w(,,) is the weight put on the m'™ tree. Our goal is to determine appropriate weights
to improve prediction accuracy of RF, given a predictor vector x. Clearly, the conventional
RF has w(y,) = 1/M, form=1,..., M,.

3. Mallows-type Weighted RFs

Let Ppr () be an n x n “hat matrix”, of which the ith row is PgL(m) (%0, X, Y5 By, O (m))-

Let
My,
P(wW) =Y wumPpLm),
m=1
and
My,
W) =D wim¥™,
m=1
with

g = (5™.am)

Define the following averaged squared error function

Ly(w) = [§(w) = %, (2)
which measures the sum of squared biases between the true p = (u1,..., un)T and its
model averaging estimate y(w). Denote Ry, (w) = E{L,(w)|Z}, where X is the o-algebra
generated by {xJ,... ,xg,%(l), oy B O1)s - (-D(Mn)}. We will propose some weight
choice criteria to obtain weights based on R,,(w).
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3.1 Mallows-type Weight Choice Criteria

Considering the choice of weights, we use the solution obtained by minimizing the following
Mallows-type criterion (3) with the restriction of w € # = {w € [0,1]Mn . Zi\n/[il W) = 1}

Co(w) = ly = P(W)yl[* + 2 ef Pu(w), (3)

i=1

where Py;(w) is the i*! diagonal term in P(w), and e = (ey,...,e,)  is the true error term
vector.

This criterion is originally proposed by Zhao et al. (2016) for considering linear models.
In the context of linear models, E{C),(w) | £} equals the conditional risk R, (w) up to a
constant term that is irrelevant to w. Zhao et al. (2016) further show that the criterion is
asymptotically optimal in the context considered therein. However, e;’s are unobservable
terms in practice. So they further consider the following feasible criterion, replacing the true
error terms with averaged residuals

Cr(w) = |ly = P(W)yl* +2) _ éi(w)*Pu(w), (4)
=1
where
My,
e(w) ={e1(w), .., ea(W)} = wime™ = {1, — P(w)}y,
m=1

&™) is the residual vector for the m'™ candidate model, and I,, is an identity matrix with

dimension n. This feasible criterion also accommodates conditional heteroscedasticity. Be-
sides, it relies on all candidate models to estimate the true error vector, which avoids placing
too much confidence on a single model. Similar criterion has also been considered in Qiu
et al. (2020).

We apply criterion (4) to determine w in y(w). Criterion (4) comprises two terms. The
first term measures the fitting error of the weighted RF in the training data, by computing
the residual sum of squares. The second term penalizes the complexity of the trees in the
forest. For each m € {1,..., My}, Pgr(m): denotes the ith diagonal term in PpL(m). As
explained in Section 2, Pgr,(y),i; is the proportion of the ith observation to the total number
of samples in the leaf that includes the i*" observation. Thus, for each m € {1,...,M,}
and i € {1,...,n}, the larger the value of Py, i, the smaller the gap between y; and
@\Z(m). In the most extreme case where a tree is so deep that the leaf node containing the
ith observation is pure, Py1(m),ii equals 1, and /y\i(m)
prediction error within the training sample, but may exhibit poor generalization performance
when applied to new data. To mitigate the contribution of overfitted trees in the ensemble
output, this algorithm assigns lower weights to these trees, thereby decreasing the second
term.

From another aspect, noting that> """ | &;(w)2P;(w) > minj<i<, é(w)2 Y. Pii(w), the
summation part . | Py(w) = 2%21 Wiy iy PBL(m)ii = 2%21 W(m){(m) Tepresents the
weighted number of leaves of all trees, where £(,,) is the number of leaves of the m' tree,
representing the complexity of the tree. The regularized objective for minimization in the

equals y;. Essentially, this tree has low
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Extreme Gradient Boosting (XGBoost) algorithm, proposed by Chen and Guestrin (2016),
also contains a penalty term that penalizes the number of leaves in the tree. In light of
this, both the weighted RF with weights obtained by minimizing criterion (4) and XGBoost
employ the number of leaves in a tree to measure its complexity. The regularization term
helps to allocate the weights to avoid overfitting (Chen and Guestrin, 2016).

Inherent from the Mallows criterion (Hansen, 2007), the resulting weights of (4) exhibit
sparsity. It is important to note that some trees within a RF might contribute to the
deterioration of the ensemble’s overall performance. Therefore, forming a more accurate
committee via removal of trees with poor performance is a more rational strategy. It is
called the theorem of MCBTA (“many could be better than all”) introduced by Zhou et al.
(2002), which indicates that for supervised learning, given a set of individual learners, it
may be better to ensemble some instead of all of these individual learners. Employing
sparse weights can be regarded as a form of adaptive tree selection, reducing the risk of
integrating trees that could weaken the final outcome of the ensemble. Additionally, it
offers advantages over model selection methods, which only choose a single tree and thereby
ignore model uncertainty. In short, our approach with sparse weights provides a balanced
and adaptive solution, selectively aggregating members while acknowledging the significance
of trees diversity.

It is clear that criterion (4) is a cubic function of w, whose optimization is substantially
more time-consuming than that of quadratic programming. To expedite the process, we
further suggest an accelerated algorithm that estimates e using a vector that is irrelevant to
w. The accelerated algorithm consists of two steps, where the first step involves calculating
the estimated error terms, and the second step involves substituting the vector obtained in
the first step for the true error terms in criterion (3). In specific, consider the following
intermediate criterion,

n
Cr(w) = |y = P(w)y|* +2) 6> Pu(w), (5)
i=1
where 62 = ||y — P(wo)y||?/n, and wq is an n-dimensional vector with all elements being

1/M,,. Solve this quadratic programming task over w € #', and get a solution w°. Then,
calculate the residual vector by

é=(¢1,....en) ={L,—P(w°)}y.

Next, consider the following criterion

Cr(w) = lly = P(w)y|* +2)_ & Pi(w). (6)
i=1

Both (5) and (6) are quadratic functions of w, while criterion (4) is a cubic function. Many
contemporary software packages, such as quadprog in R or MATLAB, can effectively handle
quadratic programming problems. In fact, from the real data analysis conducted in Section
4.1, it is observed that the time required to solve two quadratic programming problems is
notably lower compared to that required to solve a more intricate nonlinear programming
problem of higher order. Please see Table 5 for more details.
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Algorithm 1: Istep-WRF ¢
Input: (1) The training data set & = {y;,x;};—; (2) The number of trees in

random forest M,
Output: Weight vector w € #
1 for m = 1 to M,, do

2 Draw a bootstrap data set &, of size n from the training data set <;

3 Grow a random-forest tree f(m) to the bootstrap data 9, by recursively
repeating the following steps for each terminal node of the tree, until the
minimum node size nodesize is reached ; // nodesize,q are hyper
parameters

4 i. Select ¢ variables at random from the p variables;

5 ii. Pick the best variable/ splitting point among the ¢;

6 iii. Split the node into two daughter nodes.

7 for i = 1tondo

8 ‘ Drop x; down the the m' tree and get PyLim)(Xi, X, ¥, Bm)» O(m))-

9 end

10 | Pppim < {Pprim) (X1 XY, By On))s - - Parm) Xns X, ¥, By, Oy} -

11 end

12 Solve the convex optimization problem:

W= @y, ..., Dary) | < arger?;n C! (w).

We refer to the RF with tree-level weights derived from optimizing criterion (4) as 1
Step Optimal Weighted RF (1step-WRFqp), and the RF with weights of trees obtained by
optimizing criterion (6) as 2 Steps Optimal Weighted RF (2steps-WRFpt). Their details
are given in Algorithms 1 and B.1, respectively. For the sake of simplicity, we provide
the complete description of Algorithm B.1 in Appendix B.1, since it shares a large part in
common with Algorithm 1 except for the weight choice criteria. In the following, we use the
WRFp; to refer to the algorithms including both the 1step-WRFqp; and 2steps-WREF .

3.2 Asymptotic Optimality
Denote the selected weight vectors from C/,(w) and C//(w) by

w = argminC),(w) and w = arg minC/, (w),
weH weH

respectively. In this section, we aim to analyze the loss and risk behavior associated with w
and w. Before providing the theoretical support for the proposed algorithms, as an inter-

mediate step, we first introduce a special tree-type algorithm which splits nodes without the
guidance of response values in learning samples. Namely, the “hat matrix” is independent
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Tree-Based BL-of-RF-Based Dependence of
Candidate Models Candidate Models Pony
Least squares model
averaging (Hansen, X X X
2007)
+
Mallows-type
averaging (Qiu v X X
et al., 2020)
S “:
' WRFqpe with SUT v v X |
| + |
| WRF,p with CART v v v |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Table 1: Flowchart of Theoretical Analysis (Inside the dotted box are our works.)

of the output values of learning samples. In this context, the vector Ppy,(x;, X,y, %, ©)
reduces to Ppr,(x;, X, %, 0). This setup has also been imposed in the theoretical analysis
of Geurts et al. (2006) and Biau (2012). Besides, this theoretical framework is referred to as
“honesty” in the field of causal inference (Athey and Imbens, 2016). We term this methodol-
ogy as Split-Unsupervised Tree (SUT) in contrast to CART whose splitting criterion relies
on response information. Adopting the SUT simplifies theoretical analysis, aligning it with
the framework of Mallows model averaging estimator (Hansen, 2007) in linear regression,
where the “hat matrix” P is independent of response values. This approach is also similar
to the estimators explored by Qiu et al. (2020), making it a useful intermediary for fur-
ther analysis on the asymptotic optimality of our proposed weighted RFs. In the remaining
part of this section, we first discuss the asymptotic optimality of the WRF ¢ with SUT.
Subsequently, we present the asymptotic optimality of the WRF,,; with CART, which is
the most important conclusion in this paper. This is achieved by theoretically linking the
large sample behavior of WRF,; with CART to the behavior of WRF ¢ with SUT. The
corresponding theoretical analysis process is outlined in Table 1. Appendix A provides the
details of the CART algorithm and an example of SUT algorithm (used in Section 4.1).

3.2.1 AsyMPTOTIC OPTIMALITY WITH SUT

In this section, we will establish the asymptotic optimality of the Istep-WRFqp; estimator
and 2steps-WRF ¢ estimator with SUT trees. To differentiate notations associated with the
SUT methodology from those used in CART, we employ the script x on RF-related notations
when referring to their SUT counterparts. This indicates that the notations pertain to the
SUT methodology, while maintaining their fundamental meanings with the exception of the
splitting criterion. For example, for m = 1,..., M,, P,pr(m) and Ppr,,) share the same
fundamental meaning, with the former associated with SUT trees and the latter related to
CART trees. Likewise, Py (w) = Z%Ll W) PBL(m) contrasts with P(w) for CART trees.

Let & = infwesw Rn(W), n(m), be the number of observations in the I* leaf of the m'™
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tree, and 7 = mini<m<ns, Mini<i<r,,) Mm), be the smallest sample size (controlled by the
hyper parameter nodesize in R package randomForest) across all leaves in all trees within
the CART trees. We employ &, and 7, to denote the counterparts of &, and 7 pertaining
to SUT trees, respectively. For brevity, we will not enumerate each SUT-corresponding
notation individually. We list and discuss some technical conditions as follows.

Condition 1 &} M2 = o(1) almost surely, and E (&} M2) exists for all fized n > 1.

Condition 2 There ezists a positive constant v such that E (e} | x)) < v < 0o almost surely
fori=1,...,n.

Additionally, we define h(,,); as the number of occurrences of instance (y;,x;) in the mth
bootstrap sample. Following Chi et al. (2022), when the summation is over an empty set,
we define its value as zero; also, we define 0/0 = 0. Thus, without loss of generality, we
assume that h,,); >0 for allm =1,..., M, and i = 1,...,n in the remaining part of this
study. Denote Zmax = maxi<m< M, 1<i<n h(m)ﬂ-.

Condition 3 f&maxnjlnl/?

= O(1) almost surely.
Condition 4 For each fized i,j € {1,...,n}, there exists a positive constant ¢ such that
chim),j < h(m),i eachm =1,..., My, almost surely.

Condition 5 {:,}Mnnl/Q = o(1) almost surely, and E (§*_nann1/2) exists for all fired n >
1.

Conditions 1 and 5 restrict the increasing rates of the number of trees M,, and regulate
the behavior of the minimum averaging risk &,,. Similar conditions have been considered
and discussed by Zhang et al. (2020), Zhang (2021), Zou et al. (2022), and others. One
typical scenario that guarantees these two conditions occurs when all trees are misspecified,
which precludes any trees within the RF yield perfect predictions and dominate others.
The misspecification scenario is particularly common under high-dimensional data contexts,
where important predictors might be omitted from tree construction due to the randomiza-
tion process inherent in feature selection at each split. Besides, inspired by Chi et al. (2022),
we first rigorously define the notion of “important predictors” in the context of RF under a
simplified scenario in Appendix C.7. Then, under this situation, it is reasonable to expect
that the key identity £} converges to 0 at the rate O(n™!). In such cases, the rate of con-
vergence in Conditions 1 and 5 can both be further simplified to M2n~! = o(1). Moreover,
even when all the important predictors are incorporated into the tree-building process, in a
very simplified situation where a non-adaptive tree is considered, Lin and Jeon (2006) show
that the mean square error of the limiting value of the RF estimator is bounded below by
C/{N*logP~1(n)}, where C is a positive constant and #* represents the maximal number
of samples across all leaves and all trees. This indicates that 1 = O[1/{#*logP~ (n)}].
In this case, Conditions 1 and 5 can be further reduced to M?/{#*log?~!(n)} = o(1) and
M2/ {¥*logP~1(n)} = o(1), respectively. However, given the complexity of RF, achiev-
ing an explicit rate of convergence for £, under general RF scenarios remains an open
question, which we identify as a direction for future research.
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Condition 2 imposes the boundedness of the conditional moments, which is a mild con-
dition and can be found in much literature, including works by Hansen and Racine (2012),
and Hansen (2007). Condition 3 is a high-level assumption that restricts the structure
of the RF and its constituent trees, which is equivalent to Condition C.9 of Qiu et al.
(2020) in the context therein. In fact, Condition 3 requires that the minimum sample size
across all leaves and all trees grows with order no slower than n'/2. Besides, it yields that
trace(P,pr(m)) = O(n'/?), almost surely. This poses restrictions on the degrees-of-freedom
or complexity of trees. In other words, trees should not be fully developed. Actually, as
noted by Probst et al. (2019), increasing hyper parameter nodesize, leading to less tree
leaves, can decreases the computation time approximately exponentially. Our practical ex-
perience, particularly with large data sets, suggests that setting this hyper parameter to
a value higher than the default can significantly reduce runtime, often without markedly
compromising prediction performance. Specifically, Segal (2004) show an example where
increasing the number of noise variables results in a higher optimal nodesize. Therefore, it
is advisable to construct trees in a RF that are moderately developed, balancing between
being too shallow, which may result in underfitting (Hastie et al., 2009; James et al., 2013),
and being excessively deep, which can impose a significant computational burden. Thus,
Condition 3 is reasonable and easy to be satisfied in practice. Condition 4 excludes the
unbalanced sampling in bootstrap sampling process, specifically ruling out the extreme case
where certain samples disproportionately dominate the bootstrap samples.

The following theorems establish the asymptotic optimality of the 1step-WRF,p; esti-
mator and 2steps-WRFp; estimator, respectively.

Theorem 1 (Asymptotic Optimality for 1step-WRF,; with SUT) Assume

Conditions 1 - 4 hold. Then, as n — o0,
Ly(w")
infweg Lx (W) - (7)

If, in addition, there exists an integrable random variable nn such that

HLZ(V/S\/*) - ’S*TL} g*_nl‘ < n,

then s
Rn<w ) P,
Theorem 2 (Asymptotic Optimality for 2steps-WRF,,; with SUT) Assume

Conditions 1 - 5 hold. Then, as n — oo,
L* X
V) gy (9)
infwew L:L(W)

If, in addition, there exists an integrable random variable nn such that

{Ln (W) =&} €| <,

then R ()
n w D,
_ 1. 1
infer Ry(w) 1)

10
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Results obtained in (7) and (9) regard the asymptotic optimality in the sense of achieving
the lowest possible squared loss, while (8) and (10) yield asymptotic optimality in the sense
of achieving the lowest possible squared risk. Proofs of Theorems 1 and 2 are presented in
Appendices C.2 and C.3, respectively.

3.2.2 AsyMPTOTIC OPTIMALITY WITH CART

Theoretical analysis regarding CART is generally very challenging, as the splitting criterion
relies on response information and the black-box nature of the procedure (Scornet et al.,
2015). Nevertheless, there are some pioneering studies in the literature that employ the
CART splitting criterion. For example, in the context of additive regression models, Scor-
net et al. (2015) study the consistency of Breiman’s results (Breiman, 2001). Moreover,
Klusowski (2021) establishes the universal consistency of CART in the context of high di-
mensional additive models. In addition, Syrgkanis and Zampetakis (2020) analyze the finite
sample properties of CART with binary features, under a sparsity constraint. More re-
cently, Chi et al. (2022) establish the consistency rates for the original CART. Now, we are
equipped to establish the asymptotic optimality of WRF ¢ using CART trees, which will
be achieved by studying the difference between CART-based RF and its limiting version,
based on the intermediate results established in Section 3.2.1. More specifically, following
the recent work of Chi et al. (2022) and Scornet et al. (2015), we term the limiting version
of CART-splitting criterion as the theoretical CART-splitting criterion. Unlike its practical
counterpart, the theoretical CART-splitting criterion does not depend on response values
and therefore can be considered as a special type of splitting criterion employed by SUT
trees. Our analysis in this section focuses on the discrepancy between estimators using the
CART-splitting criterion and those using the theoretical CART-splitting criterion (referred
to as theoretical RF).

To facilitate the technical presentation, we first introduce additional notations for the
structure of a tree and its cells. Following Chi et al. (2022), without loss of generality, we set
x; € [0,1]P and define a cell as a rectangle t = xfl:ltd, representing the Cartesian product
of the closed or half-closed interval ¢4 in [0,1]. Let 6y = {€)1,...,0; or} With elements
0r. C {1,...,p} be the sets of available features for the 2k=1 gplits at level k — 1 that
grow the 2% cells (including empty cells). Given the CART-splitting criterion and a set of
01 = {61,...,0k}, let T(01.4) = {t1.x,1,...,t1.52r} be the collection of all cell sequences
connecting the root to the end cells at level k£, which is determined by ®. Each sequence
tigs for s = 1,...,2F can be considered as a “tree branch”, representing a partition of
[0,1]°. One can refer to Figure 1 of Chi et al. (2022) for a graphical illustration for this
splitting scheme. It is natural to consider varying tree heights within a RF, implying that
the maximum level k£ depends on m for each m = 1,..., M,,. Therefore, we use k,, to
denote the maximum level of the m" tree.

For a new instance x, which is an independent copy of x;, the m' tree estimator given
T(61:k,,,) and {h(m) 1, -, hm)n} can be expressed as follows

i 2 (m) S h(my,i9il <XZ' € tk(m),s)
o, = 2 I(xet,,.) T
s=1 2 i1 ) il (Xi € tk(m)vs)

11
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k m
n 2" (m) h(m)ﬂ-]l (X € tk(m),s> I (XZ’ € tk<m),s>
= D ui)
=1

s=1 2321 h(m),i’H <Xz" S tk(m),s)

) (11)

where by is the end cell of the tree branch 1k s (also referred to leaves if it is not

empty), and I(-) denotes the indicator function. Now, by definition, the (i, )" element of
Ppr(m) can be expressed as

k
2% (m) h(m),jﬂ (Xi S tk(m),s) I (Xj S tk(m),s>
Py1(m),ij = Z

s=1 Z"’]’L/:l h(m)vjl]l <Xj, = tk(m)73>

for all m = 1,..., M,,. Consistent with Chi et al. (2022), given a cell t, the CART-splitting
criterion is defined as

: (12)

Yoy Wzig < ;x5 € 1) (i — c1)?

CART¢(d,c) = min
c1€RY n
2
+ min St l(zig = e,x € t) (yi — c2)
co€R? n ’
with its theoretical version
CART{(d,c) = Pr(zig<cl|xiet)var(ys | z1g <c,x1 €1t)

+Pr(zig>c|x1 €t)var(y; | 14 = ¢,x1 € 1),

where d is the label of splitting variable, ¢ is a corresponding splitting point, and x;q is
the d' entry of x;. Analogous to (12), we denote the corresponding theoretical version of
Pgr(m) pertaining to CART(d, c) for each m € {1,..., M,} as

F(m) R ok
. . {2 B 1 (xz € tk(m),s) i (x] € tk(m),s> .
*BL(m) — BL(m),ij ) ..~ Z " . ) ( )
s=1 Zj’=1 h(m):]/]l (XJ, € tk(m),5>

nxn

where tz( s for each m € {1,...,M,} and s € {1,...,2¥m} is the s end cell of the m'"

base learner based on the theoretical CART-splitting criterion CART}(d,c). Further, we
continue employing the script * on RF-related notations when referring to their theoretical
counterparts. Detailed definitions corresponding to theoretical CART-splitting criterion will
not be enumerated here, in the interest of brevity.

Note that the theoretical CART-splitting criterion is independent of response values
and therefore can be viewed as a special type of splitting criterion used by SUT trees.
Consequently, as an immediate application, Theorems 1 - 2 in Section 3.2.1 guarantee the
asymptotic optimality of the WRF ¢ with theoretical CART-splitting criterion. In what
follows, we introduce additional notations crucial for quantifying the discrepancy between
the RF and theoretical RF. Let

Pr {]I <£Cl S tk(m>75AtZ(m>7S> = 1} = P(m),is»

12



OPTIMAL WEIGHTED RANDOM FORESTS

and

— . *
Op = max . I (xl € tk(m),sAtk(m)7s) ,
1<i<n, 1<m< My, 1<s<2" (M)

where S1ASy = (51U S2) — (51 NS2) is the symmetric difference between two generic sets
S1,8y. Let K,, = Max1<m<M, 2km) be the largest number of end cells (including empty
end cells) among all trees, and 4 = maxi<m<m,,1<i<t,,) Mm) be the largest sample size
across all leaves in all trees within the RF,? with ,//* being the theoretical counterpart of
A . Now, we are equipped to explore the discrepancy between the RF and theoretical RF.
The following result bounds the gap between two pivotal matrices Pgy,(,,) and P,py ) for
alm=1,..., M,.

Lemma 1 Under Condition 4, there exist two positive constants c1, ca such that

n n
2.2 ‘PBL(m),ij = PBimy.ij| S Bn(H + H7)on, (14)
i=1 j=1
and
n ./V*
12%2 ‘PBL(m),z'j = Par(myij| < {2 +e (1 + ,Z> } On; (15)
j=
almost surely, uniformly for all m=1,..., M,.

Clearly, o, plays a pivotal role in bounding the proximity between the matrices Py, (,,) and
P.gL(m)- The proof of Lemma 1 will be provided in Appendix C.4. Let &, and 7. be
the counterparts of &, and » under theoretical CART, we list and discuss some technical
conditions as follows.

Condition 1' ;! M2 = o(1) almost surely, and E (£, M?) exists for all fixed n > 1.

Condition 2' There exist two positive constants vy and vy such that E (]e;|" [ xY) <

v%v£72rl/2 almost surely for every i =1,...,n and r > 2.

Condition 3' /.72, 'n'/? = O(1) almost surely.

Condition 5' £, M,,n'/? = o(1) almost surely, and E ( *_nannl/Q) exists for all fixed n > 1.

n

Condition 6 Asn — oo, /™ /7, N + N* and py,) s are bounded above by deterministic
series, say, #n , M and p,, respectively.

2. Note that for all m = 1,..., My, I € {1,...,{(,)} represents the index of leaves (non-empty end cells)
in the m' tree, while s € {1,..., 2’“("'0} denotes the index of all end cells, inclusive of those that are
empty.

13
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Condition 7 Asn — oo, p, < 1/2,

1/4

= o(1),

2log(2nM,, K.
g(2nM,K,,) Iy
log (ﬁ—ln — 1)

almost surely, and E(€,) exists all fited n > 1.

€n = f,;ll_(n/fn log2 (n)

Conditions 1" - 3" and 5" correspond to Conditions 1 - 3 and 5, respectively, with
the focus shifted to theoretical CART-splitting. Moreover, Condition 2" guarantees that
Ele;|” < vivy ?r!/2, which is referred to as Bernstein’s moment condition (Zhang and Chen,
2021). Particularly, if {e;}?_; are generated independently by Normal(0,c?), it follows
that v} = 20? and vy = o2 (Zhang and Chen, 2021, Example 5.4). In addition, Con-
dition 6 imposes restrictions on the hyper parameters of RF, requiring the behavior of
these parameters does not become too erratic as the amount of data increases. Condition
7 requires that the CART criterion leads to reasonably accurate splits in the sense that
the difference between tj s and tz(m)’ s (measured by E(d,), which is bounded above by

\/2 log(2n M, K,,)/log (pﬁl - 1) + pp) is ignorable in comparison to &,.

Theorem 3 (Asymptotic Optimality under CART and criterion 5) Assume
that Conditions 1' - &', 4, and 6 - 7 hold. Then, as n — oo,

) n
1nfw€7an(W>

where W° is the solution of minimizing the criterion (5) over w € .

The proof of Theorem 3 is provided in Appendix C.5. Theorem 3 demonstrates the
asymptotic optimality of the weighted RF with CART-splitting criterion, with weights ob-
tained by criterion (5). This criterion is derived under a “working homoskedastic” framework
and serves as a groundwork for further theoretical analysis. Based on Theorem 3, similar
theoretical results regarding the heteroskedastic criteria (that is, C,(w) and C//(w)) can be
established.

Corollary 1 (Asymptotic Optimality for 1step-WRF,,; with CART) Assume
Conditions 1' - §', 4, and 6 - 7 hold. Then, as n — oo,

Ly, (w) P
fwer In(w) - (16)

If, in addition, there exists an integrable random variable nn such that

‘{Ln(w) - 5n}§7:1| < m,

then R.(%)
n(W D
_— 1. 1
infwew Ry (W) - (17)
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Corollary 2 (Asymptotic Optimality for 2steps-WRF,; with CART) Assume
Conditions 1' - &', 4, 8" and 6 - 7 hold. Then, as n — oo,
Ln(w)  p

_ 1. 1
infwew Lp(W) - (18)

If, in addition, there exists an integrable random variable n such that

‘{Ln(ﬁ’) - fn}§;1| <,
then

R, (w)

P
_— 1. 1
infwew Ry (W) - (19)

With the result established in Theorem 3, Corollaries 1 and 2 can readily be verified
within the same framework that proves Theorem 2 and thus is omitted. Theorem 3 and
Corollaries 1 and 2 extend the results in Theorems 1 and 2 from SUT to CART. We are
unaware of any similar results in this field.

4. Numerical Study

In this section, we will conduct experiments using real and semi-synthetic data, the latter
derived from the former, to evaluate the performance of different weighted RFs.

4.1 Real Data Analysis

To assess the prediction performance of different weighted RFs in practical situations, we
used 11 data sets from the UCI data repository for machine learning (Dua and Graff, 2017).
Because most of these data sets are low-dimensional, one additional high-dimensional data
set from openml.org (Vanschoren et al., 2013) was also included. The details of the 12 data
sets are listed in Table 2. Appendix B features a demonstration of two competitors, namely
wRF and CRF.

For the sake of brevity, in the following, we will refer to each data set by its abbreviation.
We randomly partitioned each data set into training data, testing data and validation data,
in the ratio of 0.5 : 0.3 : 0.2. The training data was used to construct trees and to calculate
weights, and the test data was used to evaluate the predictive performance of different
algorithms. The validation data was employed to select tuning parameters, such as the
exponent in the expression for calculating weights in the wRF, and probability sequence in
the SUT algorithm.

In this section, the number of trees M,, was set to 100. Before each split, the dimension
of random feature sub-space ¢ was set to [p/3], which is the default value in the regression
mode of the R package randomForest. We set the minimum leaf size nodesize to [y/n] in
CART trees and 5 in SUT trees, in order to control the depth of trees. We also tried other
values of M,, and nodesize, and the patterns of the performance remain stable in general.
Figures D.12 - D.23 in Appendix D will provide more information on the robustness of the
proposed methods over different RF hyper parameters.?

3. In our robustness tests for M,,, we varied M,, across 100, 200, 400 and 800, while keeping nodesize fixed
at [v/n]. For nodesize robustness tests, nodesize was set to the quintiles within the range of [5, [/n]],
with M, fixed at 100.
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Data set Abbreviation Attributes Samples

Boston Housing BH 12 506

Servo Servo 4 167

Concrete Compressive Strength CCS 9 1030
Airfoil Self-Noise ASN 5 1503
Combined Cycle Power Plant CCPP 4 9568
Concrete Slump Test CST 7 103
Energy Efficiency EE 8 768
Parkinsons Telemonitoring PT 20 5875
QSAR aquatic toxicity QSAR 8 546
Synchronous Machine SM 4 557
Yacht Hydrodynamics YH 6 308
Tecator Tecator 124 240

Table 2: Summary of 12 Data Sets

For each strategy, the number of replication was set to D = 1000 and the forecasting
performance was accessed by the following two criteria:

1 D ntest 1 D ngest
MSFE = ——— Yi — Jia)® and MAFE = ——— Yi = Yidl,
.DXntest‘,dzgizg(Z Z7) DxntESt;;|z Z’|

where niest is the size of testing data, and ¥; 4 is the forecast for y; in the d™ repetition.
MSFE and MAFE are abbreviations of “Mean Squared Forecast Error” and “Mean Absolute
Forecast Error”, respectively.

As noted in Section 1, an averaging strategy with appropriately selected unequal weights
may outperform simple averaging if individual learners display non-identical strength. To
ascertain the relationship between the performance of the WRF ¢ and the diversity level
of base learners, we employ the following weighted correlation between the residuals r(,,) =
y — (™) and () = y—§(m/) where 1 < m,m’ < M,, and m # m/, as proposed by Breiman
(2001),

1 Mn

2
2
[—) — m Z p(r(m), I'(m/)) sd(r(m)) Sd(r(m/)) /{ ﬁn Z bd(r(m))} ;

1<m<m/ <M, m=1

where p(r(,,,), T(;n)) is the correlation between r(,,) and r(,,., and sd(r(,,)) is the standard
deviation of r(,,. It is clear that a larger p signifies reduced diversity among base learners. In
this scenario, it is expected that equal weights may also yield reasonable performance (Zhou,
2012). In fact, our numerical experiments below echo this speculation, showing that the
WRF ¢ strategies significantly outperform conventional RFs when p is relatively small, for
instance, p < 0.5. Consequently, with a relatively small p, one can expect more pronounced
improvements in predictive performance by adopting appropriate unequal weights. Next,
we will provide the results of different weighting techniques on RFs with CART trees and
RFs with SUT trees, respectively.
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Data set RF 2steps-WRFqp;  1step-WRF ¢ wRF CRF
BH 15.4840) 13.958D) 14.038@ 145170 14.6644)
Servo 1.6100) 0.825(1) 0.8362  0.860  1.169(%)
CCs 60.460) 50.004() 50.0482)  52.868(3)  54.065%
ASN 20.022(5) 14.572(M) 14.575@) 156110  17.054(4)
CCPP 18.016() 16.065(2) 16.062  16.2373)  16.556(4)
CST 26.4210) 19.877(1) 20.074?  21.5003) 22.534(4)
EE 4.33205) 3.643(3 3.6420  3.9643)  4.087%
PT 14.6410) 8.653(2) 8.6490)  9.0993)  10.819(*)
QSAR 1.436(0) 1.4230) 1.434® 14170 1.4203)
SM(x107%)  6.9810) 3.403(") 3.404)  4.3420) 52144
YH 35.442() 3.727(1) 3.735(2  5.6033) 13.422(%)
Tecator 5.2740) 3.295(2) 3.282(1)  3.4583)  3.879(%)

Table 3: Test Error Comparisons by MSFE for Different Forests with CART Trees

4.1.1 RFs wiTH CART TREES

Tables 3 and 4 exhibit the risks of RFs with CART trees in terms of MSFE and MAFE,
respectively. Each row presents the results for a specific data set, comparing the risks
associated with different RF algorithms across columns. Values in parentheses in the upper
right corner indicate the risk ranking for each RF algorithm within the same data set, with
a lower rank denoting a lower risk.

Regarding MSFE, the 1step-WRFqp; or 2steps-WRF,,; estimator manifests the best
performance in 11 out of 12 data sets, whereas exhibits the best performance in 10 out of
12 data sets in terms of MAFE. It is observed that the wRF becomes the best method in
some data sets. Of all cases considered, the CRF is found to never be the best method. It
is also noticeable that the 2steps-WRF,¢ is superior to the 1step-WRF ¢ in most cases,
albeit with minor differences.

Table 5 compares the time consumption of the 2steps-WRF ¢ and 1step-WRF ¢ algo-
rithms for a single run, averaged over D repetitions, with the ratio of the latter to the former
in the fourth column. Apparently, the 2steps-WRF,,; can accelerate optimization by tens
or hundreds of times when compared to the lstep-WRF,p, given that solving quadratic
optimization is considerably faster than solving a higher-order nonlinear optimization task.

To further assess the performance of the 2steps-WRFqp; over other competing meth-
ods, we evaluated their relative risks with respect to the 2steps-WRF,p¢. Specifically, we
calculated the relative risks of the RF, lstep-WRFopt, wRF, and CRF by dividing their
respective risks by that of the benchmark 2steps-WRF,p¢. In the following, we assert that
a relative risk is not essential if it falls in the interval of (0.95,1.05), while it is essential if
it is lower than 0.95 or higher than 1.05. The relative MSFE and MAFE of each method
on 12 data sets are reported in Figures 1 and 2, respectively. The results are depicted by
blue, green, purple and red bars, respectively, for the RF, 1step-WRF,, wRF, and CRF.
Furthermore, to illustrate the relationship between the performance of the WRFqy; and the
diversity level of base learners, we displayed averaged p over D replications below the names
of the data sets, arranged in ascending order from the smallest to the largest.

17



CHEN, YU AND ZHANG

Data set RF 2steps-WRFqpt  1step-WRFqpt wRF CRF
BH 2.6080) 2.536(0) 2.549G) 2539 25624
Servo 0.9000) 0.550(2) 0.5508)  0.535(1)  0.754(4)
CCs 6.092(%) 5.500(1) 5.503@  5.6683) 5.7514)
ASN 3.6070) 3.013W 3.013® 31210 3.2954)
CCPP 3.24305) 3.058(2) 3.058M  3.0753)  3.1081
CST 4.0230) 3.425() 3.445@  3.56803)  3.6764
EE 1.5630) 1.349(2) 1.349  1.423G)  1.487%)
PT 2.9330) 2.2012) 2.2010)  2.2416)  2.4934)
QSAR  0.892(4) 0.888(3) 0.892()  0.885(1) (.887(2)
SM(x1072)  2.0440) 1.374() 1.3753)  1.5514) 1,746
YH 3.877() 1.182(1) 1.182  1.3583)  2.329(%)
Tecator  1.6370) 1.319(2) 1.318M  1.362(3)  1.435(4)

Table 4: Test Error Comparisons by MAFE for Different Forests with CART Trees

Data set 2steps-WRFopy  Istep-WREFopt Ratio

BH 0.065 3.898  60.371
Servo 0.072 1.347  18.778
CCS 0.081 6.822  83.982
ASN 0.094 6.468  68.840
CCPP 0.566 2.785 4.916
CST 0.075 2.061  27.630
EE 0.072 3.498  48.304
PT 0.291 40.445 138.967
QSAR 0.069 3.148 45.431
SM 0.060 1.409  23.327
YH 0.065 2.631  40.546
Tecator 0.041 2.710  66.098

Table 5: Time Consumption Comparisons (Unit: seconds)

Some findings are worth mentioning in Figure 1. First, the improvement of the WRF ¢
(including the Istep-WRF ot and QSteps—WRFopt) over the conventional RF is essential in
11 out of 12 data sets. What stands out in the figure is that the relative MSFEs of others
with respect to the benchmark are conspicuously large in the YH data set. This spells the
great success of our WRF o, methods in practice. More importantly, the WREF ¢ methods
outperform competitors essentially in 8 out of 12 data sets, while none of the competitors
dominate the benchmark essentially in all cases, underscoring the robustness of the WRF .

Figure 2 remains the similar qualitative results, albeit with less notable power of the
WRFpt than Figure 1. Specifically, the WRF,; shows essential improvement over the
conventional RF in 10 out of 12 data sets, and dominates all competitors essentially in 3
out of 12 data sets. These proportions are relatively lower than those in Figure 1. But none
of the competitors surpass the benchmark essentially in all cases, which is consistent with
Figure 1.
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78 M RF

54 [ 1step-WRFgy
3.0 - 7 wRF

210 [ CRF

PT SM Tecator YH CCS BH CST CCPP ASN QSAR EE Servo
0.196 0.231 0.241 0.320 0.341 0.387 0.417 0.427 0.528 0.531 0.596 0.725

Data sets

Figure 1: Relative MSFE for Different Forests with CART Trees (The horizontal axis shows
the names of 12 data sets, arranged in ascending order of their corresponding
averaged p displayed beneath each data set’s abbreviation. The green bars are
barely discernible, with a relative risk close to 1 due to their negligible predictive
error difference compared to the 2steps-WRFqp;. This pattern consistent across
subsequent Figures 2 - 4 and 7 - 8.)

Note that the wRF algorithm requires tuning a parameter outside of the training set,
whereas the WRF,,; and CRF do not. For the fairness of the comparison, all three weighted
RFs should use identical tree models built in the same training data set. Were WRF ¢ and
CRF not compared with wRF, they can employ more training samples, potentially leading
to superior predictive performance than currently observed.

Combining all the findings together, we can conclude that the proposed WRF ¢ methods
yield more accurate predictions compared to the conventional RF and other existing weighted
RFs in most cases. Additionally, it is clear from Figures 1 and 2 that in the first four data
sets, which have relatively low averaged p , WRF ¢ methods tend to yield more pronounced
performance over their competitors, with the exception of the Servo data set. In other words,
these first four data sets grow trees with greater diversity, suggesting a stronger preference for
unequal weights over equal weights, thus yielding better performance of the WRFp¢. This
observation aligns with our anticipation, and exactly the motivation for adopting unequal
weights, as discussed in Section 1. The Servo data set stands out as an exception, possessing
the highest p value among the 12 data sets yet exhibiting relatively pronounced predictive
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3.50
3.05 M RF

2.60 [ 1step-WRFgy
2.15 7 wRF

1.70 n [l CRF

PT SM Tecator YH CCS BH CST CCPP ASN QSAR EE Servo
0.196 0.231 0.241 0.320 0.341 0.387 0.417 0.427 0.528 0.531 0.596 0.725

Data sets

Figure 2: Relative MAFE for Different Forests with CART Trees (The horizontal axis shows
the names of 12 data sets, arranged in ascending order of their corresponding
averaged p displayed beneath each data set’s abbreviation.)

performance. This anomaly is likely due to its small number of samples and attributes
(n =167 and p = 4). Similar phenomenon has also been observed in the literature, as seen
in Hansen (2007), Zhang et al. (2013) and Zhang et al. (2016).

4.1.2 RFs witH SUT TREES

For comparison purpose, we also study the performance of our proposed methods based
on SUT trees, reporting results in Tables 6 and 7. The lstep-WRFp; or 2steps-WREF s
estimator consistently outperforms the conventional RFs and the two competitors in terms
of MSFE, while performing best in 11 out of 12 data sets in terms of MAFE. Additionally,
the gaps between the lstep-WRFqp; and 2steps-WRFqp; are relatively small, akin to RFs
with CART trees.

The relative MSFE and MAFE are depicted in Figures 3 and 4, respectively. With
SUT trees rather than CART trees, the WRF,,; methods perform better at upgrading
equal-weight forests. Concerning the MSFE and MAFE, the number of supporting data
sets remains 11 and 10 out of 12 data sets, respectively. Additionally, the proportion of
outperforming rivals climbs to 10 out of 12 data sets in terms of MSFE and 8 out of 12
data sets in terms of MAFE. Notably, the advantages in the SM, YH, and EE data sets are
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Data set RF 2steps-WRFqp,  1step-WRF ¢ wRF CRF
BH 38.2130) 24.5160) 24.522) 287973 29.974®
Servo 1.6040) 0.964) 0.968(2) 0.9983) 1.232(4)
CCs 149.2760) 119.471(1) 119.505)  136.243*%)  132.435()
ASN 36.391) 33.4650) 33.4720 356754  35.41903)
CCPP 50.329() 36.619(2) 36.613()  39.145(%)  38.6003)
CST 42.899() 25.933(2) 25.9281) 32,8063  36.7834)
EE 17.768(%) 5.140) 5.140(1) 6.193(3) 8.026(4)
PT 98.864(%) 89.299(1) 89.325(2)  97.9244)  95.3210)
QSAR 1.7370) 1.657W 1.6612 1.680% 1.6683)
SM(x107%)  20.963") 0.212(M 0.212®  0.2514) 44604
YH 33.2410) 2.433(2) 2.431M) 3.1716) 8.152(%)
Tecator  143.584() 101.741(1) 101.940®  126.409G)  128.264(4)

Table 6: Test Error Comparisons by MSFE for Different Forests with SUT Trees

Data set RF 2steps-WRFqp;  1step-WRFqpe  wRF CRF
BH 3.7590) 3.128M 3.131@ 33140 3.349@
Servo 0.847() 0.5781) 0.578@  0.606 0.701¥
CcCs 9.914() 8.764(1) 8.764) 9421 92730
ASN 4.9030) 4.689(2) 4.6851)  4.8134  4.765(3)
CCPP 5.805(%) 4.860(2) 4.8581) 50194  4.999(3)
CST 5.209() 3.9272) 3.926(1)  4.45503) 47734
EE 3.356(5) 1.611 1.6090) 17993 2.094(*)
PT 7.995(5) 7.553(2) 7544 7.948%  7.8150)
QSAR 1.001®) 0.979G) 0.980% 0.977® 0.972
SM(x1072) 3.6740) 0.290(1) 0.201®  0.304®) 1.628%
YH 3.508(%) 0.856(1) 0.857  0.902)  1.483W4
Tecator  9.624() 77870 7.805(2)  8.886(3) 8.993(4)

Table 7: Test Error Comparisons by MAFE for Different Forests with SUT Trees

particularly substantial. Besides, the relationship between the performance of the WRF ¢
and the diversity level of SUT trees follows a similar pattern to that observed in Figures 1
and 2.

Without response data for guiding splits, the WRF,; methods with SUT trees yield
worse predictive performance than their counterparts with CART trees. However, it is
worthwhile noting that the improvement of the WRF,,; methods over RFs employing equal
weights become more significant, demonstrating the potential advantage of our WRF,p; with
weaker base learners.

4.2 Semi-Synthetic Experiments

To further investigate the data set characteristics that affect the effectiveness of the WRF o,
we conducted semi-synthetic experiments using the real data sets in Section 4.1. Clearly,
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YH SM CCPP EE BH CCS CST Tecator QSAR Servo ASN PT
0.428 0.474 0.561 0.626 0.656 0.667 0.672 0.677 0.696 0.820 0.841 0.919

Data sets

Figure 3: Relative MSFE for Different Forests with SUT Trees (The horizontal axis shows
the names of 12 data sets, arranged in ascending order of their corresponding
averaged p displayed beneath each data set’s abbreviation.)

both the signal-to-noise ratio (SNR) and dimension are critical characteristics of data sets.
Therefore, we will first assess the performance of WRFp¢ on semi-synthetic data sets under
various noise scenarios. Moreover, given our prior analysis on low-dimensional data sets, we
now turn our attention to the performance of different algorithms on high-dimensional data,
which has been augmented via feature engineering.

4.2.1 IMPROVEMENT RATIO VS SNR

In order to examine the effectiveness of the WRF,; on noisy data sets, we consider three
different noise injection schemes, similar to Reis et al. (2018):*

(a) Noise in the predictive variables only (that is, X),
(b) Noise in the response variable only (that is, y),
(c) Noise both in the predictive and response variables (that is, X and y).

We follow Reis et al. (2018) to configure noise injection:

4. They focus on classification scenarios.
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Figure 4: Relative MAFE for Different Forests with SUT Trees (The horizontal axis shows
the names of 12 data sets, arranged in ascending order of their corresponding
averaged p displayed beneath each data set’s abbreviation.)

e [For response variable or continuous predictive variables—The noise comes from a
Gaussian distribution, with its magnitude randomly set for each object and feature in
the data set. Specifically, a per-object noise coefficient, N, for each o € {1,...,n}, is
randomly drawn from a uniform distribution between 0 and 1. Likewise, a per-feature
noise coefficient, N; for each f = 1,...,p, follows the same uniform distribution.
Then, the noise coefficient for a specific measurement, corresponding to a particular
object-feature pair, is defined as N, y = N, x Ny x N,. Here, Ny is the overall noise
coefficient for the data set, which will be varied from 0 to 1 throughout the experiment.
The synthetic noise for the f*™ feature is defined by 0o,y = Noy X 05, with o being
the standard deviation of the given feature across all objects. This multiplication en-
sures that the noisy data retains the same physical units as the original. Finally, the
noisy measurement for each object-feature pair is drawn from the normal distribution

Normal <xo’ s ag f) , where x, y denotes the original measurement. To evaluate perfor-

mances of different strategies as a function of the noise level in the data set, o, /0,
averaged across different features and objects, can be used to represent the average
scatter due to the noise with respect to the intrinsic scatter of the original data set
(Reis et al., 2018). Thus, it can be considered as the average inverse of the relative
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SNR of the semi-synthetic data set, with respect to the real data set. An Ng value
of 0 implies no noise injection, while a value of 1 yields an relative SNR close to the
scale of 4. By combining the inherent noise from the original data with the injected
noise, the real SNR of the noisy data (that is, semi-synthetic data) is sufficiently low
to mimic the actual noisy scenarios encountered in real world.

e For categorical predictive variables—the probability of a class switch is determined by
Do,f = Po X py. In this context, p, and py are independently drawn from a uniform
distribution ranging between 0 and 0.5. Consequently, the class of the object-feature
pair is randomly switched to another class with a probability of p, r/(C — 1), where
C' represents the total number of classes for the given feature. That is, the class
remains unchanged with a probability of 1 —p, ;. Note that the number of categorical
features in the data set is considerably less than that of continuous features, resulting
in a relatively minor impact on the overall noise level of the data. For simplicity, we
opt not to introduce an additional parameter for varying noise levels specifically for
categorical predictive variables.

The 12 noisy data sets serve as inputs to the RF algorithms, and we focus on the relative
performance of four weighted RFs over conventional RFs, rather than the predictive perfor-
mance itself. Hence, the improvement ratio (IR) is used to evaluate different algorithms:

2
o Ly (s - 35)
D

2
Titest ~XRF
d=1 | 2ot <yi ~Yid )

—1 ,

where @\ZR; and @\ZX;‘F represent the forecasts for y; by conventional RF and any weighted RF

in the d™ repetition, respectively. If not specified, other settings remain the same as those
in Section 4.1.1.

The IR values of all weighted strategies under various noise levels were calculated for
all 12 data sets. For the sake of simplicity, we display only two representative figures here,
while the remaining figures can be found in Appendix D. Figures 5 and 6 illustrate the IR
of the 1step-WRFp, 2steps-WRFqp, wRE and CRF on the ASN and CCPP data sets,
represented by blue, green, purple, and red lines, respectively. Additionally, the averaged p
under different noise scenarios are shown using yellow bars.

It is clear from Figures 5 and 6 that the WRF ¢ algorithms consistently outperform the
conventional RF and two competitors across all noise scenarios. As expected, the IR values
of all weighted RFs decrease as the noise level increases. This phenomenon can be attributed
to data sets with higher levels of noise yielding trees that are less informative and possess
reduced predictive power, thereby diminishing the benefits from post-processing (that is,
weighting strategy). What stands out in the figures is the inverse relationship between p
and IR, highlighting the practical significance of p as an indicator for the effectiveness of
WRFopt. Regarding Figures D.1 - D.10 in Appendix D, the trends are mostly align to those
observed in the ASN and CCPP data sets. However, note that the WRF ¢ methods continue
to underperform compared to the conventional RF or the two competitors in varied noise
scenarios on the data sets where they failed in Section 4.1. To summarize, SNR plays an
unneglectable role in affecting the improvability of the WRF,p; over equal weight strategy.
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Figure 5: Improvement Ratio vs Noise on ASN Data Set (The green and blue lines are
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tween the Istep-WRF ¢ and 2steps-WRFqp. This pattern may consistent across
subsequent Figures 6, D.1 - D.10 and D.12 - D.23).

25



CHEN, YU AND ZHANG

P~ 1step~WRFp+ 2steps—WRFop= wRF ~ CRF

(a) Noise in X Only (b) Noise iny Only (c) Noise in Both X and y
0.10 -0.8 0.10 0.8 0.10 -0.8
0.08 0.08 0.08
-0.6 0.6 -0.6
o ) l\ \ ]
b= N\ \
r 0.06 N 0.06 \ 0.06
= TN
c " \
Q TN \
2 s 04 \ 0.4 X 0.4 ol
(3] \ \
> \
2 0.04 0.04 ] 0.04
5o \ . \\
I N\
= \' \
-0.2 0.2 \\ -0.2
0.02 0.02 0.02 \
000 = = = = = = = = = = - 0.0 000+ = = = = = = = = = = — - 0.0 000 = = = = == = = = = -0.0
2P 2D RN R TSR RO SR ICRS
Ns Ng Ns

Figure 6: Improvement Ratio vs Noise on CCPP Data Set

More specifically, it is observed from numerical study that when the data are deemed to have
relatively low noise levels, WRF, strategies typically provide more obvious improvements.

4.2.2 PERFORMANCE UNDER HIGH-DIMENSIONAL SETTING

Having analyzed performance on low-dimensional data sets earlier (that is, where the sample
size is much larger than the number of attributes), we now shift our focus to high-dimensional
data sets. For this purpose, we semi-synthesize high-dimensional data using all the data sets
from Section 4.1, generating additional attributes by sklearn.preprocessing.Polynomial
Features (Pedregosa et al., 2011). More specifically, we create new attributes comprising all
polynomial combinations of the original attributes up to a specified degree. For instance, in
a two-dimensional feature set represented as {a, b}, the degree-2 polynomial attributes would
be {1, a,b,a?, ab,b*}. The details of these 12 semi-synthetic data sets are provided in Table
8, with the last column indicating the degree parameter used in PolynomialFeatures.

In alignment with the analytical methods in Section 4.1, we present the risks of different
RFs regarding MSFE and MAFE in Tables D.1 and D.2, respectively. For brevity, these
tables are included in Appendix D, as their patterns are similar to those in Tables 3 and 4
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Data set Abbreviation Attributes Samples Degree

Boston Housing BH 558 506 3

Servo Servo 363 167 3

Concrete Compressive Strength CCS 1286 1030 5
Airfoil Self-Noise ASN 1286 1503 8
Combined Cycle Power Plant CCPP 10625 9568 20
Concrete Slump Test CST 119 103 3
Energy Efficiency EE 1286 768 5
Parkinsons Telemonitoring PT 10625 5875 4
QSAR aquatic toxicity QSAR 494 546 4
Synchronous Machine SM 494 557 8
Yacht Hydrodynamics YH 461 308 5
Tecator Tecator 7874 240 1

Table 8: Summary of 12 High-Dimensional Data Sets

but with notably smaller values.® Additionally, the relative MSFE and MAFE, based on the
2steps-WRFqp, are depicted in Figures 7 and 8, respectively. While the scale of improve-
ment for conventional RFs is less pronounced in these figures compared to their original
counterparts, which is expected given the significant risk reduction achieved through fea-
ture engineering. Generally, it is challenging to achieve comparable levels of improvement
in a model that has already undergone substantial optimization. Nonetheless, the WRFqp¢
methods continue to exhibit commendable performance on high-dimensional data. Specif-
ically, they significantly improve conventional RFs in 5 out of 12 data sets in terms of
MSFE, and in 4 out of 12 data sets in terms of MAFE. Moreover, none of the competi-
tors consistently outperform the WRF ¢ across all scenarios, highlighting the robustness of
WRFp¢ in high-dimensional situations. Once again, it is clear that the WRF,,; methods
show more pronounced improvement when associated with relatively low p , similar to the
low-dimensional scenario. As mentioned before, this phenomenon is owing to the fact that
the data set with large p yields similar base learners and thus the conventional RF with
equal weights can also provide promising prediction in this situation.

5. Conclusion

This study proposes an optimal weighted RF algorithm for regression and the corresponding
accelerated variant is also studied. These methods are proven to be asymptotically optimal.
We also employ a cost-efficient indicator, p, to guide RF users in deciding whether to consider
the WRF,; methods as a post-processing technique to enhance predictive performance.
Empirical evidence demonstrates that the proposed methods yield lower risks compared
to RFs with equal weights and other existing unequally weighted forests, on both low-

5. Conventional RFs exhibit enhanced predictive power after feature engineering, potentially reducing risks
to as little as one percent of the original. For a comprehensive comparison of relative risks between
conventional RFs using augmented (that is, high-dimensional) data sets and original data sets, refer to
Figure D.11 in Appendix D. It is a common practice in machine learning to employ automated feature
engineering tools to boost the predictive capabilities of models.

27



CHEN, YU AND ZHANG

1.401 B RF
[ 1step-WRFp
1.351 I wRF
[ CRF
1.301
1.251

I
D)
o

Relative MSFE

105+ = - - - e bl e e

1.00+

0.957

0.90+

SM Tecator PT CST YH BH CCS ASN QSAR CCPP EE  Servo
0.189 0.221 0278 0.383 0454 0.464 0468 0504 0570 0.645 0.667 0.948
Data sets

Figure 7: Relative MSFE for Different Forests on High-Dimensional Data (The horizontal
axis shows the names of 12 data sets, arranged in ascending order of their corre-
sponding averaged p displayed beneath each data set’s abbreviation.)

dimensional and high-dimensional data. Additionally, our weighting methods show good
robustness across various configurations of key hyper parameters within the RF algorithm,
as verified in numerical experiments. In light of the results obtained, we provide the following
suggestions for RF users seeking to improve the predictive capabilities of their finely-tuned
models:

1. We suggest RF users to consider the WRF ¢ under the following scenarios:

(a) Pre-RF building: The data are considered to exhibit a relatively high signal-to-
noise ratio or to be well cleansed.
(b) Post-RF building: The p of the RF model is relatively small, for instance, p < 0.5.

2. We recommend using the 2steps-WRF ¢ rather than the 1step-WRF ¢ as the former
offers comparable performance but is less computationally burdensome.

While the current study focuses on regression, it is also important to study the optimal

weighted RF for classification with different loss functions. We identify this as a promising
future research direction.
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Appendix Appendix A. Tree-Building Algorithms

We will elucidate the differences between the two practical splitting criteria in this appendix.
When constructing RFs using CART trees, we employ Algorithm A.1, and when building
them with SUT trees, we adopt Algorithm A.2. The structures of SUT trees are developed in
an unsupervised manner, eliminating the reliance on response values during splits, whereas
CART trees use the information of y to obtain the best splitting variables and cut points.
They are the same in other procedures, such as growing on the bootstrap data. Note that
there are many ways to grow SUT trees, provided that their splitting processes are not
dependent on response values. Algorithm A.2 represents just one of these methods.

When selecting the probability sequence & in Algorithm A.2, we built conventional RFs
with CART trees in the validation data to compute variables importance. The variable
importance is the total decrease in node impurities from splitting on the variable, averaged
over all trees. For regression, the node impurity is measured by residual sum of squares. After
that, the probability sequence & was determined by the normalized variables importance.

Appendix Appendix B. Detailed Demonstration of the 2steps-WRF
and Competitors

In this appendix, we provide details of the 2steps-WRFqp; algorithm, and present an expo-
sition of two weighted RF algorithms introduced in Section 1. Since these two competitors
are proposed for classification trees, we further describe a methodology to transform classi-
fication patterns into regression patterns to address regression tasks.

B.1 2steps-WRF

The following Algorithm B.1 presents the complete 2steps-WRFqp; algorithm described in
Section 3.1.

B.2 Weighted RF (wRF)

Much of the current literature on binary classification pay particular attention to out-of-bag
data. Namely, Li et al. (2010) use the accuracy in the out-of-bag data as an index of the
classification ability of a given tree. This metric is subsequently employed to assign weights
to the individual trees. Winham et al. (2013) provide a family of weights choice based on
the prediction error in the out-of-bag data of each tree. The reason why using out-of-bag
individuals instead of another shared data set is that it gives internal estimates that are
helpful in understanding the predictive performance and how to improve it without testing
data set aside (Breiman, 2001).

Specifically, Winham et al. (2013) define the tree-level prediction error (tPE), measuring
the predictive ability of the m™ tree as follows

tPE, - OOBip, (B.1)

1 n
= = aan— 2 |vim — il
>, O0B;, 2=

where vj,, is the vote for the i subject in the m™ tree, and OOB;,, is the indicator for the
out-of-bag status of the i*" subject in the m' tree. By drawing on the concept of tPE, they
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Algorithm A.1: CART
Split _a_ node(S)

Input: The local learning subset S corresponding to the node we want to split

Output: A split [a < ¢| or nothing

-If Stop _split(S) is TRUE then return nothing.

-Otherwise select ¢ attributes A, = {ajl, co,ay q} randomly among all non constant
(in S) candidate attributes;

-Return the best split s,, where s, = Find _the best split(S, 4,).

Find the best split(S, 4,)

Input: The subset S and the selected attribute list A4,

Output: The best split

- Seek the splitting variable a; and cut point ¢ that solve
Minge(j,,... j,3.c CART(d, ¢);

- Return the split [a; < ¢].

Stop _split(S)

Input: A subset S

Output: A boolean

- If |S| < nodesize, then return TRUE;

- If all attributes are constant in S, then return TRUE;
- If the output is constant in S, then return TRUE;

- Otherwise, return FALSE.

have been able to show that weights inversely related to tPE are appropriate. Such as

Wimy = 1 — tPE,, (B.2)
Wiy = € L (B.3)
(m) = exp tPEm ’ .
and
1 A
W) = <7§N€J> for some . (B.4)
In their proposed wRF algorithm, they normalized weights of the form
W(m)
Wim) = S0, :
Zm:l w(m)
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The classification model can be easily turned into a regression model by simply changing
(B.1) to the following definition

tPE! = S 005 100]3 Z(fm) ;) — yi| - O0Bim, (B.5)

where f(m)(xi) is the prediction for y; by the m'" tree. The details of the wRF in regression
pattern is in Algorithm B.2, which selects (B.4) for example. For simplicity, we only present
the best result of the wRF family as a representative in Section 4.

B.3 Cesaro RF (CRF)

Another unequally weighted RF mentioned earlier is the CRF proposed by Pham and Olaf-
sson (2019), which replaces the regular average with the Ceséro average. Their method is
based on a renowned theory that if a sequence converges to a number ¢, then the Cesaro
sequence also converges to ¢. To implement the CRF, a strategy for sequencing M,, trees
from best to worst must be established. This can be done by ranking trees based on their
out-of-bag error rates or accuracy on a separate training set. Next, a weight sequence

{w(m }M is obtained by arranging weights in descending order, where w,,) = ZZJ,V[:’;n vl
with normallzer being Zm:1 l],W:”m vl

This classification model can be easily converted into a regression model as well through
a simple modification in the sequencing methods. We can draw tPE’ defined by the wRF
algorithm, and subsequently rank trees using out-of-bag data. The details of the CRF in
regression pattern are in Algorithm B.3.

Appendix Appendix C. Proofs and Derivations

In the current appendix, we provide proofs of the lemmas and theorems in Section 3.2, along
with derivations and further discussions to support our findings.

C.1 Preliminary Results

The following preliminary results will be used in the proofs. Note that this appendix and
the following ones, Appendices C.2 - C.3, focus on the SUT methodology and are based on
the work by Qiu et al. (2020). Their theoretical framework presumes tree structures are
independent of response values (that is, “hat matrix” is independent of y). Consequently,
notations throughout these appendices are distinguished with the x script for clarity and
consistency.

Lemma C.1 For each m € {1,..., My}, let P,x(m) denote the “hat matriz” corresponding
to any algorithm for ensemble. In addition to the independence of Px(m) fromy, assume

the following Conditions C.4 - C.9 hold as well.
C.4 There exists a positive constant ¢y such that for all m,r € {1,..., M},

trace (P*X(m)P;rx(m)) >co>0 and trace (P*X(m)PIX(r)) =0,

6. The condition labels here are directly adopted from Qiu et al. (2020) for ease of reference.
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almost surely.

C.5 There exists a positive constant ¢ such that for allm € {1,..., M,},

Cmax (P*X(m)PIX(m)> < ey,
almost surely, where (max(B) denotes the largest singular value of a generic matriz B.

C.6 There exists a positive constant ca such that for all m,r € {1,..., M},

trace (Pix(m)) < ¢ trace (PIX(m)P*X(m)> ’

and

trace (PIX(r)P*X(m)PIX(r)P*X(m)> < cp trace <PIX(m)P*X(m)> ,
almost surely.

C.7 €5 M2 — 0 almost surely, as n — oo, and E(£,1M?) exists for any fized n > 1.

n

C.8 There exists a positive constant v such that E (e;1 | X?) < v < oo almost surely for
1i=1,...,n.

(m)x

— m)* — .
C.9 t, = maxi<m<n, MaxXi<i<n (m)x O(n~Y2) almost surely, as n — oo, where Ly 1S

bii
the i diagonal element of P.x(m)-

Then, as n — oo, we have (7).

The original version of Lemma C.1 is established in the proof of Theorem 1 in Qiu et al.
(2020) for non-stochastic X. However, as demonstrated in Appendix C.6, by substituting
expectations with conditional expectations, and applying the Law of Iterated (or Total)
Expectation, Pull-out rule and Lebesgue’s Dominated Convergence Theorem, the proof by
Qiu et al. (2020) can be readily extended to accommodate scenarios with stochastic X. Thus
we omit the step-by-step proof in the current study.

Next, we introduce four other lemmas for proving Theorems 1 - 3.

Lemma C.2 (Gao et al., 2019) Let
w = argming cg {Ln (W) + an(W) + b, },
where a, (W) is a term related to w and by, is a term unrelated to w. If

sup |an(w)| /Bn(W) = 0p(1), sup |Rn(W) — Ln(w)| /Rn(w) = 0p(1),

weH wEH

and there exists a constant ¢ and a positive integer ng so that whenn = ng and infycop Ry, (W)
> ¢ > 0 almost surely, then L,(W)/infwew Ln(w) — 1 in probability.
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Lemma C.3 (Saniuk and Rhodes, 1987) For any n x n matrices G1 and Go with both
le G2 2 07
trace(G1Ga) < [|G1||2 trace(Ga),

where || - ||2 denotes the spectral norm or largest singular value. Besides, for any n x n
symmetric matrices Gy and Go with Go > 0,

trace(G1G2) < Amax(G1) trace(Ga),
where Amax(+) denotes the largest eigenvalue.

Lemma C.4 (Buldygin and Moskvichova, 2013) Let 3(p) denote a Bernoulli random
variable with probabilities p € [0,1] and ¢ = 1 — p. Let 5O (p) be the centered Bernoulli
random variable with parameter p, that is

BO(p) = B(p) —E{B(p)} = B(p) — p.

Then, when p € (0,1/2), the variance prozy (or the square of sub-Gaussian norm) of B (p)
18

1
53— P
mp) = —4——.

which is a monotonically increasing function of p.

Lemma C.5 (Zhang and Chen, 2021) Let {Z;};"; be sub-Gaussian random variables
(without independence assumption) with mean zero and variance prozy 2. Then, we have

E <1rga<x \ZZ|> < 74/2log(2n).
<i<n

C.2 Proof of Theorem 1

To verify (7), it remains to verify that Conditions 1 - 4 in the main paper can guarantee
Conditions C.4 - C.9 in Lemma C.1. Having clearly configured the base learners within
RFs, we now verify that Conditions C.4 - C.6 are satisfied when P,py () is used in place of

P*X(m)'
Foreachm=1,...,M,,i=1,...,nand j =1,...,n, recall that

k m
2 1 (xi €t )T (x5 €8, )

Phry

m),ij —

which is the counterpart of Pgy,();; (the precise definition of Py, ; is given in Equation
12),7 pertaining to SUT trees. Then, there exists a positive constant ¢ such that

trace (PIBL(m)P*BL(m))

7. This notation is introduced in Section 3.2.2, under the context of CART trees, but is also applicable to
SUT trees.
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2
k m
2 T (3 € ) T (5 € H0)
i=1 j=1 | s=1 > i1 hmy 41 (Xj € t2<m)7s)
m) 9F(m) 1.2
n 222 h( )sd (Xl < tk( )8 )H (Xj < tg(m)vs) I (Xi < ti(mwk) I (Xj < ti(mw’f)

i=1j=1 s=1 k=1 2 =1 Py 1 (Xj S t:’::(m),s> 2 =1 Ty 1 (Xj € t2<,n),k)

i=1 j=1 s=1 {Z?:l hm) 41 (XJ € tk( ) 8) }2
"m) n p By, ihm) 41 (xZ € tk( 8 )]I (XJ € tk( )8 )

s=1 i=1 j=1 {2?21 hm),51 (XJ €t >S> }2
— 02%73) 2im1 frgmy L (Xi < t2<m)7s) 2 j=1 My, (x] € b, S>
s=1 {Z?:l Pm) 41 (Xj < ti(mws) }2

=C f(m)
> 0, (C.1)

almost surely, where the fourth step is from Condition 4. Clearly, for all m = 1,..., M,,, the
elements of P, g,y are non-negative. Therefore, for all m,r € {1,..., M,}, it is clear that

trace (P*BL(W’L)PIBL(T)) = 0.

Thus, Condition C.4 in Lemma C.1 is satisfied. Besides, we have

n_25m) hm (xl € tk( )S> I (xj IS t;(m%s)

IPpr o[ = max > >

J=1 s=1 Z?=1 Pyl (Xz € tz(mws)
K m
2 (m) Z?fl h( )]I[ <X] € tk( ) 8)
= max H(xiet;( 8 )
1<isn £ S Ay (Xz c tk( g )
=1, (C.2)

and

n2k(m)h (x € tr )H(x €ty )
? k( )58 J k( )s$

P = max
H *BL(m)Hl 1<j<nzz; ; Z?:l h(m),lH (Xl e tz( ) S)

k(m) n .
2 « Zi=1 h(m)vj]:[ (X] € tZ(m),S>
= max > 1(x € t,,.0)
Sisn e Zl 1 lI[ <Xl S tk( )S)

2 ) Zi:l h(m),zﬂ <XZ S tk(m),s)
gclglagc Z I (xj S tk(m),s)
NVAS s=1 Zl 1 Z]I (Xl S t ),S)
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oF(m)
=c max I (x- €ty )
1<j<n 7= Thmys
S=

=c, (C.3)

2()

almost surely. Here, the last step in (C.2) is from the fact that ) 5 _ ( X; € tk( ) 5) =1,

and the inequality in (C.3) comes from Condition 4. Combining (C.2) and (C.3), we have
<r2nax <P*BL(m)PIBL(m)) :ngnax (PIBL(m)P*BL(m)>
:)\max (PIBL(m)P*BL(m)PIBL(m)P*BL(m)>

2
= HPIBL(m)P*BL(m) H

N

S |Pasrim | [Pprem [

<,

almost surely. Thus, Condition C.5 in Lemma C.1 is satisfied. In addition, from Condition
4 and (C.1), we have

k

n n2(m)h H(Xzetk )]I(XZEt* >
(m) Fim) 5
trace <PEBL(m)) = Z ?
=1 1=1 s=1 {Z] 1h(m)7]]1 (X] = tz(m),s>}
k m
2 (Xi € ti(m»s) i (Xl €t )8)
2
1 s=1 {Z] 1 h(m)vj]l (X] < tz(m)’s>}
= ctrace (PIBL(m)P*BL(m)) ’

N

\E

S

=11

almost surely. Additionally, by Lemma C.3, for each m,r € {1,..., M,}, we have

trace (PIBL(m)P*BL(T‘)PIBL(m)P*BL(T))
< trace (P*BL(T)PIBL(T)P*BL(m)PIBL(m))
Amax (P*BL(T)PIBL(T)> trace (P*BL(m)PIBL(m)>

< ctrace (PIBL(m)P*BL(m)) )

N

almost surely, where the first inequality comes from the fact that trace{(ATB)Q} <

trace (AATBBT) for any generic matrices A, B € R™*" and the second step stems from
Lemma C.3. Thus, Condition C.6 in Lemma C.1 is satisfied.

Further, Conditions 1 and 2 in the main text are equivalent to Conditions C.7 and C.8
in Lemma C.1, respectively. Besides, Condition 3 guarantees Conditions C.9. Based on
these observations, it is readily seen that Lemma C.1 holds under Conditions 1 - 4, and this
proves (7).
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By (7) in Section 3, and (A34) in Proof of Theorem 2 by Qiu et al. (2020) , we further

have
Li(W")6,, =14 0p(1). (C4)

This is owing to the fact that

L@, < swp {L3 (W)L, (w) | sup {Li(w)R; ™ (w)}

weH weH

< sup {LL(®)LL (W)} x [1 + sup {|L}(w) = R}(w)| R;—1<w>}]

wEeH wWEH
—1+ oy(1), (C.5)
and
L6, > sup {18 E W)} inf { L) R, 7 ()}
= sup (3@ 14 int (2w~ Ri) By 0 )
> sup { L)L 0} x 1= s {Iiw) = i)l 727 )}
— 1+ ay(1). (C.6)

Then, under the same framework of Appendix A.4 in Zhang et al. (2020), it is readily seen
from Lebesgue’s Dominated Convergence Theorem that E [{L}(W*) — &4} €0 — 0, and
this proves (8).

C.3 Proof of Theorem 2

Based on Lemma C.2, we now present the proof of Theorem 2. It is seen that

C;”(W) + 9 Z Sx2 * )

where C%(w) and C}'(w), related to SUT trees, are the counterparts of Cp,(w) and CJ(w),
respectively. Hence, from Lemma C.2 above and the derivation of (24) in Qiu et al. (2020),
in order to prove (9), we need only to verify that

i=1

sup {
wexH
(m)*

For each m = 1,..., M,, let ¢;;

n

Z (632 - 6?) Pi(w)

/RZ(W)} = op(1). (C.7)

be the ™" diagonal element of P,Br(m)>

Qfy = diag (Lﬁ”)*, . ng)*) ’
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and
* : ~x2 2 ~x2 2
K7 :dlag(e1 —€],...,6, —en).

Then, we have

sup
wexH

We observe that for any ¢ > 0, under Conditions 2 and 3,

n

> (&2 —ef) Pi(w)

i=1

g (e (@ (WK}

wex RZ(W)

/RZ(W)}

My, trace ( QF \K*
trace {Q*(w)K } ] ( (m) n)
Pr | su > < Pr >0
[Wé% Ry (w) mZ Ry, (w)
M, trace( * K*)
-1 (m)™n
< BN

N N
M 7

M=M= M=
o= =

trace (Qfm) K,ﬁ)

&}
trace (Qfm)) 1Kl f:nl}

Uy K1 €5))

My,
= 0'Y E
m=1

< e ME (012K €
2

< b MEY? (n!2) ) BV K
2

< i BV (M2t

where ¢; and co are positive constants, the second inequality follows from the Markov’s
Inequality, the fourth inequality is obtained by Lemma C.3, the fifth inequality comes from
Condition 3, the last second inequality is from the Cauchy-Schwarz Inequality, and the last
step stems from the boundedness of E'/2 | K% ||* by combining equality (C.2) and Conditions
2 and 3. Thus, (9) is proved by Condition 5 and the Lebesgue’s Dominated Convergence
Theorem. Similar to the proof techniques of Theorem 1, we have L} (W*)é,L = 1+ o,(1),
which yields (10).

C.4 Proof of Lemma 1

It follows from the definitions of Pgr, and Pj§p i that

m),ij

(m),

)»D )P BL(m).ij ~ PBL(m) ij

i=1 j=1
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oFm) 5 p hm (Xz € thi, S) I (xJ- € tk(m),s)
; i=1 j=1 Z]' 1 Pm) 571 (XJ’ € bhpnys )
B 41 (Xi € tk(m)#) I (Xj € tzm)’S)
S gl (X €8, )
N 2 i [ (X’ < Cmy, S) ! (Xj < tZ(m)vS)
s=1 i=1 j=1 Z]/ lh(m)J/H(XJ Etk( ),)
bl (ki€ i )1 (% € 8,0
S gl (3 € 8, )

Eca1 + Ecaz.

In addition, note that

‘]I <Xj S tk<m),s) -1 (Xj € tz(myS)

From Condition 4, one has

oftm) . n h(m (Xi c tk(m),s) I (xj S tk(m>7s>
; zz; ]ZI 2 =1 hmy 71 (XJ’ < tk(m)vS)
h(m), i1 (Xi € tk<m>75) I (Xj < tZ(m),s)
2 =1 "my 71 (XJ’ < tk(m)us)
. 2%” i i h(m),jﬂn(xi € tk(m)vS) L (XJ € Ly s )
s=1 i=1 j=1 2 =1 "r(m) 571 (Xj’ € tk(mwS)
hm),i1 (Xi € tk<m)v$) I (Xj < tZ(m),s)
> =1 Pamy 51 (Xj’ S tZ(m),s)

n ’ (Xj € tk(m),s) —1I (Xj S tz(mws) h(m)ﬂﬂ (Xi € tk(m),s)

k

2% (m)
<c Z

s=1

n
]21 i—1 > =1 hm) 71 (XJ" € tk(mwS)
+c2k§) =1 ’H (Xj’ < t’“<m>’s) ! (Xj' < tzwws)
| 0 by 1 (xj/ € tk(m),s) > =1 Py 'L (Xj/ € tZ(,,L),s)

n o n
X{ Z h(m),ih(m),jH (Xi S tk(m),s) I (X]' S tl:(m>,s) }
j=1i=1
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Qk('m) n

=2c Z Z ‘]I (Xj S tk(m>,s> —1I (Xj € t;;(m)’8>

s=1 j=1

of(m)

=2c Z Z ‘]I (Xj S tk(m>,s> —1I <Xj € tz(m),s)

s=1 j=1

2

2k<m) n

<2¢6,, Z Z {]I (xj € tk(m),s) +1 (Xj € tz(m),s)}

s=1 j=1
Kn( WV + NV, (C.9)

almost surely, and

i i 1 (6 € tie) ~T (e 8, )1 (s e, L)
i=1 j=1 E?/:l hm), i1 (XJ' € tz<m>78>
gf( /V+/V*)5n- (€.10)

Thus, (14) is verified by combining (C.9) - (C.10) with (C.8).

Besides, for each i = 1,...,n, we have
Z |Potmyis = Povom i
m)j <Xi S tk(m>,s> I <Xj € tk(m),s) h(m)j]l (Xz S tk m)» s) I (Xj S tz m)78>

Sz::z; Z,lh(m“/]l<x]/etk()s) B(m),j ( /etk<)s>

k m *
2°m) m h(m),j]l (Xz‘ S tk )8 )H (X] S tk( )s) h(m),j]l (Xi S tk<m>,s> I <X] S tk( )s)

s=1 j=1 2 =1 Ay 71 (XJ € bk, 8) 2 =1 Py 571 (XJ €ty )

_ 2Fm) p Py 41 (xZ € tk< ) 5) ‘I[ <xj € tk(m),s) —1I (xj € t};(m)’s>

h s=1 j=1 Ej’:l hm) g1 (Xj’ = tk(mW)

X 2 1 By 5T (%5 € o) [T (i € i) — 1 (xi €85, )
s=1 j=1 Z?’zl hm) g1 (XJ" = t’“(m)vs)

N ok(m) h(m) il (xZ e tk( . S) I (xj S t,’;(m)ﬁ) - h(m)J]I (Xi € tz(m),s> I <Xj S tk(m) s)
s=1 j=1 2 5—1 hmy 5/ (XJ € th(), 8) 2 =1 hm) 1 (X] €t 3)

= Zcuz+Ecu + Ecus. (C.11)
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k(m) N k(m) .
Note that Zi:l I (xi € tk(m)#) =1and 23:1 I (xi € tk(m)ﬁ) =1foralli=1,...,nand

m=1,..., M,. Similar to the proofs of (C.9) and (C.10), it is seen that under Condition 4,
k
B 2%(m) . n h(m),i I (Xj € tk(m),s) —1I (X]’ € tz(m)ﬁ)
Ecas = Z I (Xi < tk(mw) Z n
=1 i=1 2 =1 Ry 571 (Xj’ € tk<m>7s>
! <XJ = tk(m)’s) +1 (Xj < tz(m>75>
s=1 " 2 =1 P 571 (Xj’ < tk(mwS)

<oy, <1 + il ) ; (C.12)

9k (m) H ( . ) > =1 Pimy.

almost surely,

oF(m)

=044 = Z ‘]1 (X@' S tk<m>,s) —1I (Xi S t;;(m),s)

s=1

k m
3 {1 t) +1(x )
s=1

and

s=1 " 2 =1 ), 1 (Xj/ < tk’(mwS)

(i), 14

Thus, (15) can be verified by combining (C.11) - (C.14) together and this concludes the
proof.

C.5 Proof of Theorem 3

In accordance with Section 3.2.2, notations without the * script correspond to the CART-
splitting criterion, while those with the x script are related to the theoretical CART-splitting
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criterion. It is evident that 4, is a key factor bounding the difference between matrices
Ppr(m) and P,p(m). It is clear that

Pr {]I (Xz‘ € tk(m),sAtz(m),s> = 0} =1 — P(m),is>

from the definition of p(,,) s

Therefore, when 0 < p(y);s < 1/2, from Lemma C.4,

I (xi € tk<m>,sAtZ<m>, S) —D(m),is 18 & centered Bernoulli random variable with variance proxy

1_ .
e

P(m),is

where 72 (p(m),is) is a strictly increasing function of p(,,) ;5. Then, for p(,) s € (0,1/2), we
have
2

max . T p(m),is) S 1 NS .
1<i<n, 1<m< My, 1<s<27 (M) ]og(;——]) log(ﬁf—l)

1 — 1
3 " Pn 2
1

By Lemma C.5 (which does not require the assumption of independence), for each r > 1,

Lo

2log(2nM, K,) _
08 (2n ) 5 (C.15)
log (I%n — 1)

and this provides the upper bound of E|d,|.
With the above point addressed, we now resume the primary trajectory of the proof. It
is sufficient to verify that

we have

E’(sn‘r = E’(Sn‘ < E{ max ’]I (:Cz S tk(m),SAtz(m),s) = P(m),is

. k
1<i<n, 1<m< M, 1<s<2" (M)

su = 0,(1), C.16
wegf Rn(W) P( ) ( )
and
|Ch(w) — Ln(w)
su = 0,(1). C.17
wegf Rn(W) P( ) ( )
We will verify them successively. Note that
[Rn (W) — Ln(w)| [Rn(w) — Ry, (W) |L7 (W) — Ly (W)
su < su + su
wew  Ra(w) wew  Bn(W) wew  Ba(w)
|17 (w) — Ly (w)]
+ su , C.18
wegf Rn(w) ( )
and
wup IR = Luw)l W) = Lu(w)} ~ (G (w) = Ly(w)}]
wexH Ry (w) wex Ry (w)
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4 sup 1CE () = Liw)

weH Ry (W) (C.lg)

Moreover, we have
| Ry (W) — Ry, (w)]
{ pTPT(w)P(w)p + 26 P (w)P(w)e + e P (w)P(w)e | 5{}

~E{uTPI(w)P.(w)n+ 2u P] (w)P.(wle + e TP (w)P,(w)e | Z }|
+2|E{u P(w)n -+ u P(wW)e | 2}~ E{u P.(wp+pn P.(w)e | Z}|
<[E[eT {PT(w)P(w) - PI(w)P.(w)}e | ]|

+2|E [T {PT(w)P(w) - P](w)P.(w)} e| Z]|

+ [T {PT(w)P(w) - PT(w)P.(w)} 1

+2|E [T {P(w) = P.(w)}e | Z]|+2|u" {P(w) ~ P.(w)} pl, (C.20)

<

and

< p"PT(wW)P(wW)p+2u"PT(w)P(w)e+e PT(w)P(w)e

— {WTPI WP, (W) + 24P (W)P.(w)e + e PI (w)P.(w)e |
2| {WTPw)n+ uTP(w)e} — {WTP.(win+ uTP(wlef|.  (C21)
Now, by (14) of Lemma 1, there exists a positive constant ¢; such that

sup leT {PT(W)P(W) - PI(W)P*(W)} e’

wex
n My
S e Z e ! (PEL(m)PBL(T) - PIBL(m)P*BL(r)> e‘
we%m 1r=1
< T ( T _pT ) ’
= 1<7Inn3§Mn ¢ PBL(m)PBL(T) P*BL(m)P*BL(r) €

2
< s eI 3233 (‘Pm Pt s = Foton 5P o

=1 j=1t=1

+‘PBL(m)“PBL() — Po1m) 1 PBL(r) 45 ’)
2 *
1<nr?3§M lell (;;’PBL — Pgi t]’ZPBLm)tz
> Fio

+ZZ‘PBLm)t17 BLm)tz

i=1 t=1
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< crlle] 2 K (N + A6,
< cille||’ Kb, (C.22)

almost surely, where the last second step is from the fact that

n n
Z PL(m)ti = Z Parmy i =
i=1 i=1

forallm=1,..., M, and t =1,...,n, and the last step comes from Condition 6. Similarly,
one has
sup [ {PT(w)P(w) ~PI(w)P.(w)} o] < arllpllcllelocFn i, (C23)
we

almost surely, and

sup 1T {PT(w)P(w) = P (w)P,(w) } 1| < cl|l| KonFrin (C.24)

almost surely. Besides, we have

sup ’MT {P(w) — P.(w)} e‘ < Sup Y Wi ’.UT (PaL(m) — PuBLim)) e‘

WEH wEH 1
< | Jnax 1" (Pgrim) — PunLim)) e‘
< max ||l el ZZ | Pty is = Poms
<etllplsollelloo Kn Ao, (C.25)
almost surely, and
sup |1 {P(w) = Pu(w)} | < erllpll Ko, (C.26)

wexH

almost surely. Then, under Conditions 2', 4, 6, and 7, by combining (C.20), (C.22) and
(C.23) - (C.26) together, it is readily seen that there exists a positive constant cs such that

g { 39Pwex [Bn(W) — By (w)]
e

o 1 2
. CBKM”E{M + ue!oo + ||e|oo>}
n

coonfo(£) et () e ()
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1/4
2log(2nM, K,) _ El/A {f(ff/l@jl log®(n) }
+Pn —
log (1% — 1)

< 33

almost surely. Here, several facts contribute to obtaining (C.27). The second inequality
arises from the Cauchy-Schwartz Inequality. The third is owing to the Maximal Inequality
with Bernstein’s moment conditions (Zhang and Chen, 2021, Proposition 7.1), along with
the fact that E'/"|Z|" is a non-decreasing function of r for 7 > 0 and any generic random
variable Z. The penultimate step results from (C.15). Finally, the last equality is from
Condition 7 combined with the Lebesgue’s Dominated Convergence Theorem. By (C.21),
under the same conditions and framework that derives (C.27), we have

. {SUPWG%’ | Ln(w) = L, (W) } = o(1),

C.28
3 (C28)
almost surely. Besides, since the theoretical CART-splitting criterion is independent of
response values, it can be considered as a special type of splitting criterion used by SUT
trees. Therefore, under Conditions 1’ - 3" and 4, by combining Theorem 1, (C.27) and the
proof of Theorem 1 by Qiu et al. (2020), we have

|Ry (W) — Ly (w)] |Ry (W) — Ly, (w)| |Ry (W) — Ry, (w)]
sup (LT <y [EBED SO, o 2 OO
— o,(1). (C.29)

Then, (C.16) can be verified by combining this with (C.18), (C.20), (C.21), (C.27) and
(C.28) together.
Additionally,

{CR(W) — Ln(w)} — {C2* (w) — Li(w)}]
— [2e7{P.(w) - P(w)}ps — 2T {P.(w) — P(w)}e

+25% trace{P(w)} — 262 trace{P. (w))|

<2[eT{P.(w) ~ P(W)}n

n 2’eT{P*(w) . P(w)}e’
+232] trace{P(w) — P*(w)}’ +262 - 52 ‘ trace{P*(W)}‘. (C.30)
Under the same framework that establishes (C.25), one has

sup e {P(w) — P*(w)}e’ < crllef| 2 Kb, (C.31)
we

In the light of (15) in Lemma 1 and Condition 6, there exists a positive constant ca such
that

n
sup [trace(P(w) ~Pu(w)}| < mae, 5 |Povii = Poui
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<O f2+ ea(1 4+ 7)), (C.32)

almost surely. As analogues of (C.2) and (C.3) in the context of CART trees, under Condi-
tion 4, there exists a positive constant ¢ such that

PBLem ||, =
and
[PeLm [, <
almost surely, for all m =1,..., M,. Then, we have
My
[P (wo)|| = zlenPBL(m) S Jnax |PBL@m)|| < | Jnax IPeLoml; [PBLOW o < @
m=
(C.33)
almost surely. Therefore, it is seen that
2
El/2 ‘82]2 _ El/2 ly — P(wo)y|?
n
2
_ oz [ Y17+ [P Gwo) Plly |
h n
2\ 2
< 2(1+62)E1/2<HYH >
n
=0(1), (C.34)

almost surely, where the third step comes from (C.33), and the last step is from Condition
2'. Likewise, we have

2 2
EL/2 ‘82 B 82‘2 < E1/2 { lly — P(wo)}’||2} 1L EY? { ly — P*(WO)YH2}
* ~ n

n

=0(1), (C.35)

almost surely. By combining this with (C.25), (C.31), (C.32), (C.34) and (C.35) with (C.30),

we have

. [supwe% i) = o) = (1) i) q o),

Similar to (C.29), under Conditions 1’ - 3" and 4, by combining Theorem 1, (C.27) and the
proof of Theorem 1 in Qiu et al. (2020), we have

(C.36)

|Crf(w) — Ly (w)] |Crr(w) — Ly (w)| |R,(w) — Ry, (w)|
sup 1RO <y IR0 Hnl
— o,(1). (C.37)

By combining (C.36), (C.37) with (C.19), we obtain (C.17) and this concludes the proof.
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C.6 Verifying Results of Qiu et al. (2020) for Stochastic X

For the sake of convenience, Qiu et al. (2020) assume in all proofs that X is non-stochastic
rather than stochastic. However, the framework developed in Qiu et al. (2020) can readily
be extended for stochastic X. We take

sup [e7 A (w)| /Ru(w) = 0,(1)
weH

for example, where A,(w) =1, — P,(w). In Appendix A.2 of Qiu et al. (2020), this result
is labeled as (A6). Note that the framework proposed by Qiu et al. (2020) necessitates the
independence of the “hat matrix” from response values, warranting notations in this section

to carry the script .
Proof of (A6) in Qiu et al. (2020) when X is Stochastic. Let £ = diag(c?,...,02),

rn

Asm) = T — Popp i for allm = 1,..., M,. Let & = (uTAI(m)A*(S);L)M | that s,
nX n
the (m,s)™ component of ® is uTAl—(m)A*(s)u, Goxm, = (A*(l)u, . ,A*(Mn)u) , W =
T
{trace (P*BL(m)P*BL(S)Q) }MnXMn’ and

¥, = diag {trace (P*BL(l)PIBL(l)Q> ,...,trace (P*BL(MH)PIBL(MH)Q)} .
So ® =G'G. For any w € %,

w Uow < w' Tw, (C.38)

because for any m,s € {1,..., Mp},w(y) = 0,w() = 0 and trace (P*BL(W)PIBL(S)Q) >0
by Condition C.4. In addition, it is clear that

Ry (w) = E{||Py(w)p — p+ Py(w)e||*| T}
= ||A,(W)p|)? + trace {P*(W)PI(W)Q}
=w' (4 ¥)w
>w! (&4 Tg)w, (C.39)

where the last step is from (C.38). We also have
P+ ¥, >0, (C.40)

because ® = GG and ¥( > 0 by definition.
Let p= (eTA*(l)u . ,eTA*(Mn)u)T. It is straightforward to show that

E(p|Z) = 0. (C.41)

Besides, under Condition 2, there exists a positive constant v such that

7}

Var(pl?) = E(pp’| )

- E {(eTA*(m)NNTA*T(S)e> My x My,
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TAT
= (IJ, A_* S)QA*(m)IJ’)MnXMn
v®, (C.42)

N

almost surely. It is seen that

(A’ (T W A mn)
wew  REW) wew R3Z(w)
= sup (WTP)Q
wesr Ry (w)
(w—'—p)2 1
wer W (@ + W0) W ey Ri(W)
<&ApT (@ +W) p, (C.43)

N

where the third step is from (C.39), and the last step is from (C.40) and Lemma 1 in Qiu
et al. (2020). By Markov Inequality, we have that for any § > 0,

Pr { T (@4 W) L p> 5}

<R { SlpT (@ + W) p}

— 'K [JE { “1pT (@ + W) ! p’ &”H

— 6K [g;,}E {pT (B + B) " p’ %H

=05 'E {5*_711 trace {(@ + )t ‘I’H

<viT'E {f*_r} trace {(‘13 + W) @+ \1'(1)/2 (® 4+ W) \I'(l)/QH

=05 'E (&, M,,) , (C.44)
where the second step follows from the Law of Iterated (or Total) Expectation, the third
step is obtained by the Pull-out rule, and the fourth step is guaranteed by (C.41) and (C.42).
Combining (C.43), (C.44) and Condition 1, we obtain similar result in (A6) of Qiu et al.
(2020) by the Lebesgue’s Dominated Convergence Theorem. |

This demonstration bears a striking resemblance to Proof of (A6) in Appendix A.2 of Qiu

et al. (2020). The only modification lies in the substitution of expectations with conditional
expectations in (C.41) and (C.42), as well as the applications of the Law of Iterated Expec-
tation, Pull-out rule, and Lebesgue Dominated Convergence Theorem in (C.44). Similarly,

(A7) - (A9) and (A34) - (A35) for proving Theorems 1 and 2 in Qiu et al. (2020) can also
be extrapolated using the same techniques.

C.7 Some Additional Discussions on the Behavior of Risk Function When
Relevant /Important Features Are Not Involved in the Model

In many practical situations, investigators often cannot include all the relevant features in
the model (Flynn et al., 2013), which leads to unignorable misspecification. In the current
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section, we will adopt a simplified setting to demonstrate the impact of ignoring important
or relevant features in weighted random forest.

For simplicity, we use the full sample to grow random forest and only theoretical CART
is considered (similar setting has also been considered in Chi et al. (2022)). In this case,
the cells are only constructed based on ® = {©),...,Oy,)}, and & reduces to the o-
algebra generated by {xJ,...,x%,©}. Now we formally introduce the notion of “ignoring
relevant /important features” in our context. Inspired by the Definition 1 in Chi et al. (2022),
we say our variable pool misses relevant/important features when

E ‘,u(xl —E{pux}) | xl,(—)}’ >cp>0 (C.45)

for some positive constant cy, where p(x?) = p1. In this scenario, we will demonstrate that
the conditional risk is asymptotically bounded below by a positive constant. To see this,

assume that min;<m<nr, E {]I (xl S tk(m),s) | @} co. Then, for a given tree, we have

k m
2 Z?:l y;1 (Xj € tk(m)75)

M,
> w
m=1
My,
mzzjl ‘ s—1 | " >l (Xj € tk(m)vs)
My,
2
m=1
My,
2
m=1

k m
o R POy {M(X?) + Ej}ﬂ (Xj € tk(m),s>
W(m) M(XZ') — Z I (XZ' S tk('m)7s) -

i 2(m) E{ 0
= Wiy | (%) — Z I (Xi € tk(m,s)
s=1 E{H X1 € tk(m>,s) | @}
M, (m)
+ Wi, XZ € tk(m),s>
m=1
E {,U X(1] <X1 S tk(m) s) | @} z:?Zl“(X?)H(xjetk(vﬂ)’S)
. n
E {H (Xl S tk<m>,s) | @} 1 1€t o)
n
k m
) Zj 1 €J]I (Xj S tk(m)7$>
- Z W(m) Z (Xl’ = tk<m>v8> .
M, ok (m) E {,U/(X(l))]l (Xl €ty ) | @}
(m)75
= Z W(m) /L(X?) - Z I (Xi € tk(m>,s> + 711+ T2
m=1 s=1 E {H (Xl € tk(m),s> ‘ @}

(C.46)
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Now we aim to bound 7 ; and 7o ;. In specific, if we assume that
7 2 Ty,

and

max  2Fm) < K,
1<m<M,

where 7z,, and K,, are deterministic positive series that grow to infinity as n — oo, and
co is a positive constant. Then, by Condition 2 and the fact that x?’s are independent

conditionally on ©®, uniformly for every ¢ = 1,...,n, we have
El/Q‘TLiF
My,
S 2. Wm)
m=1
2Fm) 0 S G (s et ) T
1/2 E{“’(xl)ﬂ (Xl < tk<m>75> | @} — -
X Z E H(Xl S tk(m),s) _ - n
s=1 ]E{]I (Xl € tk(m)vs) ‘ 6} Zj:lH(XjEtk(m)’s>
n
k 0 > (xo)]l<x~€t ) 2
w2 R (x €ty ) (O] ZimrOIbuCt,
<D wim ), BV -~
m=1 s=1 E {H (Xl S tk(m),s> | @} ijﬂ(x;‘Etk(m),s)
n
2
; POERTICII(E 1S TN
1\24é 2"205) o g () gx; k(m) ) _ E{M(X(f)ﬂ <X1 c tk(m),s) | @}
S 2 W) .
m=1 " s=1 Zi:lﬂ(xja’%m)ﬁ)
n
. 2
% 22(”3) E1/2 E {M(X?)H (Xl € tk<m),s> ’ @} E {,U,(X(l))ﬂ <X1 € tk(m>,s> ‘ @}
T2 Wm) . -
m=1 s=1 ZJ':1H<xj€tk(m)‘s) E{]I (Xl € tk(m),s> | 6}

n

1/2 o
_0 (” nK") , (C.47)

where the last inequality is based on Chebyshev’s inequality. Similarly, under Condition 2,
uniformly for every i = 1,...,n, we also have

1/2 2
EY2|ry,* = O (” nK”> : (C.48)

n

Combine (C.47) and (C.48) with (C.46), it is readily seen that

S B { (o)) = Yo i (x0) 2 | 2 }

n

M, 9F(m)
p(xd) = 3o Wm) 2s=1 | (xi = tk(m)73>
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M, 9F(m) E{ u(x0)1 6, L)@ 2
it~ s ) TR
+0p (7111/2 + nﬁj@) : (C.49)

where x; . represents the vector containing the features that are not included in the model,
and the EX1,CIX1,®(') is taken with respect to those missing features, conditional on x; and
©. Then, by the Projection Theorem, it is readily seen that the leading term on the right-
hand-side of the last line of (C.49) satisfies that

2
Mp 2"(m) E {M(X?)H (Xl ety > ’ @}
(m)»S
Exlyc\xl,Q lu’(x(l)) - Z U}(m) Z ]I <X1 € tk(m)’s)
m=1 s—1 E {]I (Xl S tk(m),s) | @}

> By, o [10) — E{u(x)) | x1, 0}
= co >0,

where we have used the fact that

M, 2"(m) E {u(x?)]l <x1 c tk<m),s> | @}
m; Wom ; I (31 € by Y STTRITY

is o(x1, ®)-measurable with o(x1, ®) being the o-algebra generated by {x;, ®}. This yields
that if we further assume that n'/2K, /7, = o(1), one has

. 1 1
inf - v — =0, ( ) .
VT S E { () — S wim i (x0)? | 2 } "

These discussions indicate that if some relevant /important features are missing in the model,
it is expected that &, 1 achieves a satisfactory rate of convergence.

Appendix Appendix D. Additional Tables and Figures

51



CHEN, YU AND ZHANG

P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only (b) Noise iny Only (c) Noise in Both X and y
0.15+ r0.6 0.151 r0.6 0.15- r0.6
.© 0.1041 r0.4 0.104 r0.4 0.10+1 r0.4
T
o
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(4]
= kel
g
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Figure D.1: Improvement Ratio vs Noise on BH Data Set
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Algorithm A.2: SUT

Split _a_ node(S)

Input: The local learning subset S corresponding to the node we want to split

Output: A split [a < ¢| or nothing

-If Stop _split(S) is TRUE then return nothing.

-Otherwise select ¢ attributes {a1,...,aq} by probability sequence % among all non
constant (in S ) candidate attributes ; // Hyper parameter: probability
sequence &P ={P,...,P,}, where P; €[0,1],Vj=1,...,p and E§:1Pj =1

-Draw ¢ splits {s1,...,sq}, where s; = Pick_a_split(S,a;),Vi=1,...,q;

-Return a split s, such that Score (s, S) = max;—1 ., Score (s;,S).

Pick a_split(S,a)
Input: A subset S and an attribute a
Output: A split

- Let a3, and @, be the maximal and minimal value of a in S;
- Calculate the cut-point ¢ < (a3, a5..)/2;

- Return the split [a < ¢].

Stop _split(S)

Input: A subset S

Output: A boolean

- If |S| < nodesize, then return TRUE.

- If all attributes are constant in S, then return TRUE.
- If the output is constant in S, then return TRUE.

- Otherwise, return FALSE.

Score(s, S5)

Input: A split s and a subset S

Output: The score of this split method

-Let Xp, X, XRg be the attribute matrix of this local parent node, left daughter,
right daughter, respectively;

-Let np,nr,ngr be the number of samples contained in the local parent node, left
daughter, right daughter, respectively;

-Obtain X p, X ,Xp by centering and scaling of each column of the matrices
Xp, X, Xg, respectively;

IXpl= LI XLll- 2 1XRI

-score < P np
IXp|l ’

-Return score. 53
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Algorithm B.1: 2steps-WRFqpt

Input: (1) The training data set & = {y;,x;};—; (2) The number of trees in
random forest M,
Output: Weight vector w € #
1 for m = 1 to M,, do

2 Draw a bootstrap data set &, of size n from the training data set &;

3 Grow a random-forest tree f(m) to the bootstrap data &), by recursively
repeating the following steps for each terminal node of the tree, until the
minimum node size nodesize is reached ; // nodesize,q are hyper
parameters

4 i. Select ¢ variables at random from the p variables;

5 ii. Pick the best variable/ splitting point among the ¢;

6 iii. Split the node into two daughter nodes.

7 for i = 1 to n do

8 ‘ Drop x; down the the m'" tree and get PyLim)(Xi, X, ¥, B(m) @(m)).

9 end

10 | Pppim ¢ {Pprim) (X1 X,¥, By On))s - - PeLm) Xns X, ¥, By, Oy} -

11 end

12 Solve the quadratic programming problem:

T
we = (wz’l), e Wy )> + argmin Cj(w);
n We%
13 & ¢ {I, — P(w°)}y with P(w®) = 30wl PRy (m);
14 Solve the quadratic programming problem:
w = (’[17(1), . ,ilj(Mn))T — argmin CZ(W)
wex
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Algorithm B.2: wRF

Input: (1) The training data set & = {y;,%;};—; (2) The number of trees in RF
M, (3) Parameter A
Output: Weight vector w € #
1 for m = 1 to M,, do
2 Draw a bootstrap data set &, of size n from the training data set &;
3 Grow a random-forest tree f(m) to the bootstrap data &,,), by recursively

repeating the following steps for each node of the tree, until the minimum node

size nodesize is reached ; // nodesize,q are hyper parameters
4 i. Select ¢ variables at random from the p variables;
5 ii. Pick the best variable/ split-point among the g;
6 iii. Split the node into two daughter nodes.

7 | tPE;, m doint ‘f(m) (xi) — yi| - OOBjp;

o~ 1 .
8 | W) < (rr )
9 end
~ ~ . T
10 W < (w(l), ,w(Mn)) )
= W
W
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Algorithm B.3: CRF
Input: (1) The training data set @ = {y;, x;};_; (2) The number of trees in RF M,
Output: Weight vector w € #

1 for m = 1 to M,, do

2 Draw a bootstrap data set &, of size n from the training data set &;
3 Grow a random-forest tree f(m) to the bootstrap data 9,,), by recursively

repeating the following steps for each node of the tree, until the minimum node

size nodesize is reached ; // nodesize,q are hyper parameters
4 i. Select ¢ variables at random from the p variables;
5 ii. Pick the best variable/ split-point among the ¢;
6 iii. Split the node into two daughter nodes.
7 | tPE], « m Sy | famy (%6) = wi| - OOBi;
8 end

©

Sequence {tPE}, ... ,tPE); } from smallest to largest;
10 for m = 1 to M,, do

11 m < the order of the m™ tree in sorted sequence;
12 w(m — ZV - V;
13 end
~ —~ —~ T
14 W <— (w(l), ..,w(Mn)) 5
15 W ”%"Hl
Data set RF 2steps-WRFqpt  1step-WRF wRF CRF
BH 11.9130) 11.380M 11.4456)  11.401®@  11.521@
Servo 1.0533) 1.057@ 1.063%)  1.0170  1.049
CcCs 27.944*) 27.658(1) 27.7214) 277032 27.9620)
ASN 5.308(%) 5.095(1) 5.103@  5.2414  5.2320)
CCPP 15.818(2) 16.084(4) 16.256() 157900 15.901¢)
CST 10.618) 9.319(1) 9.395  9.740)  10.109™*)
EE 3.533(2) 3.534(3) 3.5414  3.4851)  3.559(5)
PT 1.806) 1.452(2) 1.4490 157160 1.6094
QSAR 1.378) 1.3874 1.397)  1.358(1)  1.368(2)
SM(x107°%)  2.6290) 1.994() 1.9992)  2.444G) 24441
YH 2.495() 1.850(1) 1.89143)  1.8692) 2,072
Tecator 3.7900) 2.955(2) 2.948M)  3.178G)  3.338(4)

Table D.1: Test Error Comparisons by MSFE for Different Forests on High-Dimensional
Data
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P~ 1step-WRFqp+ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only (b) Noise iny Only (c) Noise in Both X and y
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=
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=
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=
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Figure D.2: Improvement Ratio vs Noise on Servo Data Set

Data set RF 2steps-WRFqpt  1step-WRFqp¢ wRF CRF
BH 2.2930) 2.2730) 2.284W 92954 2271
Servo 0.61013) 0.613@ 0.614%)  0.604%)  0.6092
CcCs 3.8700) 3.836(1) 3.84132) 3.8473) 3.866(%
ASN 1.6720) 1.646(1) 1.648  1.6623)  1.663%
CCPP 3.030(2) 3.048) 3.060)  3.026(1)  3.034)
CST 2.504(5) 2.311D) 2.3200 23773 24341
EE 1.191® 1.1920) 1.1944  1.1841  1.1976)
PT 0.860(%) 0.777W 0.7771  0.7943)  0.808%
QSAR 0.8710) 0.873(4) 0.876() 0.864) 0.867(2)
SM(x1073) 2.8820) 2.763(1) 27732 2.81303)  2.846(*)
YH 0.7240) 0.667() 0.6754)  0.6511  0.676Y
Tecator  1.3420) 1.207W) 1.2070  1.2464)  1.2754)

Table D.2: Test Error Comparisons by MAFE for Different Forests on High-Dimensional
Data
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only (b) Noise iny Only (c) Noise in Both X and y
0.20+ r0.6 0.201 r0.6 0.20+1 r0.6
0.154 0.15+ 0.154

o 0.4 0.4 0.4
T
o
=
(4]
£ 0.10 0.10+ 0.10+ kel
g
2
[oR
§ r0.2 r0.2 r0.2
0.054 0.05+ 0.054
00017 = = = = = = = = = = o 0.0 0.001 = = = = = = = = = = = = 0.0 0.001 = = = = = = = = = = -0.0
AR KT RCICRS O 2Pl Re2n O S X PO B2 D
Ns Ns Ns

Figure D.3: Improvement Ratio vs Noise on CCS Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF
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Figure D.4: Improvement Ratio vs Noise on CST Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only
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Figure D.5: Improvement Ratio vs Noise on EE Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only (b) Noise in 'y Only (c) Noise in Both X and y
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Figure D.6: Improvement Ratio vs Noise on PT Data Set

61



CHEN, YU AND ZHANG

P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only

(b) Noise in'y Only
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Figure D.7: Improvement Ratio vs Noise on QSAR Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only (b) Noise in 'y Only (c) Noise in Both X and y
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Figure D.8: Improvement Ratio vs Noise on SM Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF
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Figure D.9: Improvement Ratio vs Noise on YH Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF

(a) Noise in X Only (b) Noise in 'y Only (c) Noise in Both X and y
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Figure D.10: Improvement Ratio vs Noise on Tecator Data Set
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Figure D.11: Comparative Analysis of Conventional RF Predictive Performance Between
Original and Augmented Data Sets (Relative risks are calculated as the ratio
of conventional RF risks on augmented data sets to those on original data

sets.)
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF
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Figure D.12: Improvement Ratio vs Hyper Parameters of RF on BH Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF
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Figure D.13: Improvement Ratio vs Hyper Parameters of RF on Servo Data Set
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P~ 1step-WRFqp~ 2steps—-WRFqp= WRF ~ CRF
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Figure D.14: Improvement Ratio vs Hyper Parameters of RF on CCS Data Set
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Figure D.17: Improvement Ratio vs Hyper Parameters of RF on CST Data Set
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Figure D.18: Improvement Ratio vs Hyper Parameters of RF on EE Data Set
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Figure D.21: Improvement Ratio vs Hyper Parameters of RF on SM Data Set
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Figure D.22: Improvement Ratio vs Hyper Parameters of RF on YH Data Set
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