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Abstract

We provide new nonasymptotic false discovery proportion (FDP) confidence envelopes in
several multiple testing settings relevant for modern high dimensional-data methods. We
revisit the multiple testing scenarios considered in the recent work of Katsevich and Ram-
das (2020): top-k, preordered (including knockoffs), online. Our emphasis is on obtaining
FDP confidence bounds that both have nonasymptotical coverage and are asymptotically
accurate in a specific sense, as the number m of tested hypotheses grows. Namely, we
introduce and study the property (which we call m-consistency) that the confidence bound
converges to or below the desired level @ when applied to a specific reference a-level false
discovery rate (FDR) controlling procedure. In this perspective, we derive new bounds
that provide improvements over existing ones, both theoretically and practically, and are
suitable for situations where at least a moderate number of rejections is expected. These
improvements are illustrated with numerical experiments and real data examples. In par-
ticular, the improvement is significant in the knockoffs setting, which shows the impact of
the method for a practical use. As side results, we introduce a new confidence envelope for
the empirical cumulative distribution function of i.i.d. uniform variables and we provide
new power results in sparse cases, both being of independent interest.

Keywords: Confidence envelope, False discovery rate, Knockoffs, Posthoc inference,
Online multiple testing

1. Introduction

1.1 Background

Multiple inference is a crucial issue in many modern, high dimensional, and massive data
sets, for which a large number of variables are considered and many questions naturally
emerge, either simultaneously or sequentially. Recent statistical inference has thus turned
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to designing methods that guard against false discoveries and selection effect, see Cui et al.
(2021); Robertson et al. (2023) for recent reviews on that topic. A key quantity is typically
the false discovery proportion (FDP), that is, the proportion of false discoveries within the
selection (Benjamini and Hochberg, 1995).

Among classical methods, finding confidence bounds on the FDP that are valid after a
user data-driven selection (‘post hoc’” FDP bounds), has retained attention since the seminal
works of Genovese and Wasserman (2004, 2006); Goeman and Solari (2011). The strategy
followed by these works is to build confidence bounds valid uniformly over all selection sub-
sets, which de facto provides a bound valid for any data-driven selection subset. A number
of such FDP bounds have been proposed since, either based on a ‘closed testing’ paradigm
(Hemerik et al., 2019; Goeman et al., 2019, 2021; Vesely et al., 2023), a ‘reference family’
(Blanchard et al., 2020; Durand et al., 2020), or a specific prior distribution in a Bayesian
framework (Perrot-Dockes et al., 2023). It should also be noted that methods providing
bounds valid uniformly over some particular selection subsets can also be used to provide
bounds valid on any subsets by using an ‘interpolation’ technique, see, e.g., Blanchard et al.
(2020). This is the case for instance for bounds based upon an empirical distribution func-
tion confidence band, as investigated by Meinshausen and Biithlmann (2005); Meinshausen
(2006); Meinshausen and Rice (2006); Diimbgen and Wellner (2023). Loosely, we will refer
to such (potentially partial) FDP bounds as FDP confidence envelopes in the sequel.

Recently, finding FDP confidence envelopes has been extended to different contexts of
interest in Katsevich and Ramdas (2020) (KR below for short), including knockoffs (Barber
and Candes, 2015; Candes et al., 2018) and online multiple testing (Aharoni and Rosset,
2014). For this, their bounds are tailored on particular nested ‘paths’, and employ accurate
martingale techniques. In addition, Li et al. (2024) have recently investigated specifically
the case of the knockoffs setting by using a ‘joint’ k-FWER error rate control (see also
Genovese and Wasserman, 2006; Meinshausen, 2006; Blanchard et al., 2020), possibly in
combination with closed testing.

1.2 New insight: m-consistency

The main thrust of this paper is to look at FDP confidence envelopes from the angle of a
particular property that we call m-consistency (m denoting the number of hypotheses under
consideration). First, recall that the false discovery rate (FDR) is the expectation of the
FDP, which is a type I error rate measure with increasing popularity since the seminal work
of Benjamini and Hochberg (1995). Informally, an FDP confidence envelope is m-consistent,
in relation to a given reference FDR~controlling selection procedure, if the envelope value for
the set output by that procedure converges to (or below) the corresponding nominal FDR
value, at least asymptotically when the total number m of hypotheses tends to infinity. This
property is important for several reasons:

e FDR controlling procedures output particular selection sets that are widely used in
practice. Hence, it is very useful to provide an accurate FDP confidence bound for
these particular rejection sets. This is the case for instance for the commonly used
Benjamini-Hochberg (BH) procedure at a level « for which the FDP bound should be
close to «, at least in ‘favorable’ cases;
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e a zoo of FDP confidence envelopes have been proposed in previous literature, and
we see m-consistency as a principled way to discard some of them while putting the
emphasis on others;

e searching for m-consistency can also lead to new bounds that are accurate for a
moderate sample size.

It turns out that most of the existing FDP bounds, while being accurate in certain
regimes, are not m-consistent with respect to classical FDR controlling procedures. In
particular, this is the case for the Simes bound (Simes, 1986) and those of Katsevich and
Ramdas (2020) with respect to the BH procedure, because of a an incompressible constant
factor (larger than 1) in front of the FDP estimate. The present paper proposes to fill
this gap by introducing new envelopes that are m-consistent. In a nutshell, we replace
the constant in front of the FDP estimate by a function that tends to 1 in an asymptotical
regime under broad conditions including sparse asymptotical settings (i.e., the proportion of
false null hypotheses tends to 0). We stress that this notion of m-consistency only concerns a
vanishing gap between the FDP bound and the FDR nominal level of a reference procedure.
It does not require that the individual tests are consistent in the usual sense, i.e. we do not
assume that they reject a false null hypothesis with probability tending to 1; nor does it
require that the reference procedure has full asymptotic power.

Let us emphasize again that the envelopes developed in this work have coverage holding
in a non-asymptotical sense. Here, m-consistency means that on top of this strong non-
asymptotical guarantee, the FDP bound satisfies an additional sharpness condition in an
asymptotical sense and for some scenarios of interest, including sparse ones.

1.3 Settings

Following Katsevich and Ramdas (2020), we consider the three following multiple testing
settings for which a ‘path’ means a (possibly random) nested sequence of candidate rejection
sets:

e Top-k: the classical multiple testing setting where the user tests a finite number m of
null hypotheses and observes simultaneously a family of corresponding p-values. This
is the framework of the seminal paper of Benjamini and Hochberg (1995) and of the
majority of the follow-up papers. In that case, the path is composed of the hypotheses
corresponding to the top-k most significant p-values (i.e. ranked in increasing order),
for varying k.

e Pre-ordered: we observe p-values for a finite set of cardinal m of null hypotheses,
which are a priori arranged according to some ordering. In that setting, the signal
(if any) is primarily carried by the ordering: alternatives are expected to be more
likely to have a small rank. Correspondingly the path in that case is obtained by
p-value thresholding (for fixed threshold) of the first & hypotheses w.r.t. that order,
for varying k. A typical instance is the knockoffs setting (Barber and Candes, 2015;
Candes et al., 2018), where the null hypotheses come from a high-dimensional linear
regression model and one wants to test whether each of the m variables is associated
with the response. The ordering is data-dependent and comes from an ancillary
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statistic independent of the tests themselves, so that one can argue conditionally and
consider the ordering (and path) as fixed.

e Online: the null hypotheses come sequentially, and there is a corresponding potentially
infinite stream of p-values. An irrevocable decision (reject or not) has to be taken in
turn for each new hypothesis, depending on past observations only. The path is
naturally defined according to the set of rejections until time ¢, for varying t. It is
markedly different from the pre-ordered setting because decisions are irrevocable and
the set of nulls is not a pre-specified finite set.

Let us introduce notation that encompasses the three settings mentioned above: the set
of hypotheses is denoted by #H (potentially infinite), the set of null hypotheses Hy is an
unknown subset of H, and a path II = (Ry, k > 1) (with convention Ry = () is an ordered
sequence of nested subsets of H that depends only on the observations. A confidence
envelope is a sequence (FDPy,k > 1) (with convention FDPy = 0) of random variables
valued in [0, 1], depending only on the observations, such that, for some pre-specified level
d, we have

P(Vk > 1,FDP(R;) < FDP;) > 1 -4, (1)

where FDP(Ry,) = |ka37\/{{)| is the FDP of the set Ry. In (1), the guarantee is non-asymptotic
and uniform in k£, which means that it corresponds to confidence bounds valid uniformly
over the subsets of the path. Also, the distribution P is relative to the p-value model, which

will be specified further on and depends on the considered framework.

Remark 1 (Interpolation). Any FDP confidence envelope of the type (1) also leads to a
post hoc FDP bound valid uniformly for all R C H: specifically, by using the interpolation
method (see, e.g., Blanchard et al., 2020; Goeman et al., 2021; Li et al., 2024), if (1) holds

then the same property also holds with the sharper bound (FDPy, k > 1) given by

minklgkﬂRk’ — |Rk/‘ + ’Rk/‘FDPk/}

FDP), =
‘ |Ry| V1

due to the fact that the number of false positives in Ry is always bounded by the number of
false positives in Ry C Ry, plus the number of elements of Ry \ Ry .

Particular subsets of IT = (R, k > 1) that are of interest are those controlling the FDR.
Given a nominal level «, a ‘reference’ procedure chooses a data-dependent k, such that
E[FDP(R,%Q)] < a. Depending on the setting, we consider different reference procedures:

e Top-k setting: the reference FDR controlling procedure is the Benjamini-Hochberg
(BH) step-up procedure, see Benjamini and Hochberg (1995);

e Pre-ordered setting: the reference procedure is the Lei-Fithian (LF) adaptive Selective
sequential step-up procedure, see Lei and Fithian (2016) (itself being a generalization
of the procedure of Li and Barber, 2017);

e Online setting: the reference procedure is the (LORD) procedure, see Javanmard and
Montanari (2018) and more precisely the improved version of Ramdas et al. (2017).
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As announced, for all these procedures, the expectation of the FDP (that is, the FDR) is
guaranteed to be below «. Additionally, in many scenarios considered as prototypical in
the literature, it has been established that the FDP of a reference procedure concentrates
around its expectation as the number of tested hypotheses m tends to infinity, see, e.g.,
Genovese and Wasserman (2004); Neuvial (2008, 2013). In such a situation, it is thus
natural to expect that a confidence envelope on the FDP should asymptotically converge
to (or below) the target level e when applied to a reference procedure.

This motivates, in complement to the non-asymptotic control (1), the introduction of
a notion of m-consistency of an FDP envelope in relation to a reference procedure and a
sequence of models, as follows.

Definition 2 (m-consistency). Let §,« € (0,1) be fized. For each m > 1, let be

o P o multiple testing distribution model over the set of null hypotheses H(™ =
{1,...,m} and a set of true null hypotheses Hém) c H™ (denote HY’” = HM\
H);

o I1(M) = (ngm), k > 1) a possibly random path of nested subsets of Hm)
. (FDP,({m), k > 1) a confidence envelope at level 1 — & over that path, i.e. satisfying (1);

° l;:((lm) a procedure choosing a rejection set from the path TI™) with gquaranteed FDR
control at level o, i.e. satisfying BE(™ [FDP (R(m) )} <a.

i
Then the confidence envelope is said to be m-consistent with respect to the sequence (P(m), m >
1) and to the FDR controlling procedure R(fzz) e II"™) at level o if for all € > 0,
ko
lim P (FDP§71,2> —a> 6) = 0. (3)
m—o00 ke

When applying this definition with respect to the reference procedures described above
(BH/LF/LORD), we will speak about BH/LF/LORD m-consistency for short. In addition,
in the above definition, P(™) stands for a multiple testing model with m hypotheses that is
to be specified. We will be interested in standard model sequences that represent relevant
practical situations, and in particular sparse cases where only a vanishing proportion of null
hypotheses are false when m tends to infinity. The above definition applies transparently
for the two first considered settings (top-k and pre-ordered). Note that due to (1), we have

P(Va € (0,1),FDP(R; ) < FDPka) >1-4. (4)

Hence, (3) comes as an asymptotical accuracy guarantee in addition to the non-asymptotical
coverage property (4). The uniformity in « in (4) allows for choosing « in a post hoc manner,
while maintaining the false discovery control, that is, for any data-dependent choice of &,
FDP(R; ) < Wkd with probability at least 1 — §. For m-consistency, a similar (but
weaker) a-uniformity property can be obtained, see Remark 4 below.
In the third setting (online), the definition applies in the following sense: (3) reads
formally as
lim P (FDP,, —a >¢) = 0. (5)

m—ro0
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Here, the distribution of the data P("™) does not depend on m and corresponds to P(°) the
joint distribution of the countable sequence of observations. The path IT1(") = (R,(Cm), k>
1) = (Rg, k > 1) does not depend on m and corresponds to the sequence of rejections along
the time. Also, l;:((xm) = m in that setting, that is, the bound is built for Ry for k£ = m.
In contrast with the two first settings, the procedure of interest is represented by the path
itself rather than by some particular choice I;:&m) of k.

Remark 3. A notion of consistency for FDP bounds has been introduced by Goeman et al.
(2019, Section 7). In our terminology their notion could be dubbed (n,m)-consistency, as
both the number of hypotheses m and a parameter n modelizing signal-to-noise ratio (e.g.,
size of the underlying sample, or signal strength) grow to infinity. The authors consider the
following scenario:

e the bound is considered on any set S,, such that, conditional to their index being in
the set Sy,, the p-values are independently drawn from a mixture

YUnif[0, 1] + (1 = 7) Q1. (6)

e Q1 approaches a Dirac 8y distribution as n — oo. (Individual test consistency under
the alternative)

o | S| remains lower bounded by a linear function of m.

Under these assumptions the authors show that the Simes-based closed testing bound for Sy,
1s consistent, in the sense that it converges asymptotically to v. The above assumptions
allow, in the mon-sparse case, to take Sy, = Hlm) and further conclude to the consistency
of the bound for any rejection set of size growing linearly with m.

The notion considered in the present work is of a different nature, as at least one of the
above assumptions is not met in the typical scenarios we will consider:

e in the non-sparse setting, we do not require individual test consistency and consider
fixed signal strength.

e in the sparse setting, we consider growing signal strength as m — oo, which implies
individual test consistency but in a way that is only sightly above the threshold of
global signal detectability. In such a scenario "Hgm)‘ does not grow linearly with m
and neither do the size of rejections sets |Sp,| of interest.

o we evaluate the bound on rejection sets from reference procedures that do not follow
the posited mixture distribution (6). For example, conditional to being rejected by BH
the p-values do not follow a Uniform/Alternative independent mizture distribution.

Thus, in the scenarios we will focus on, some ambiguity is asymptotically remaining and
one cannot expect full asymptotic signal identifiability. In fact, we show (see Section 2.8)
that in such a scenario, the Simes-based closed testing bound is not m-consistent in general.
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1.4 Contributions

Our findings are as follows:

e In each of the considered settings (top-k, pre-ordered, online), we provide new (non-
asymptotical) FDP confidence envelopes that are m-consistent under general condi-
tions, including sparse configurations, see Proposition 10, Corollary 13 (top-k), Propo-
sition 21, Corollary 24 (pre-ordered) and Proposition 30, Corollary 33 (online). Table 1
provides a summary of the considered procedures in the different contexts, including
the existing and new ones. It is worth noting that in the top-k setting, the envelope
based on the DKW inequality (Massart, 1990) is consistent under moderate sparsity
assumptions only, while the new envelope based on Wellner’s inequality (Shorack and
Wellner, 2009) covers the whole sparsity range (Corollary 13).

e As a byproduct, our results provide (non-asymptotical) confidence bounds on the
FDP for standard FDR-controlling procedures, that are also asymptotically sharp (m-
consistency) and for which a data-driven choice of the level « is allowed. In particular,
in the top-k setting, this gives a new sharp confidence bound for the achieved FDP of
the BH procedure while tuning the level from the same data, see (19) below.

e In the top-k setting, we also theoretically show that the Simes bound can be m-
inconsistent, even after applying a closed-testing improvement (Goeman and Solari,
2011), see Section 2.8. Hence, closed-testing does not solve the m-inconsistency issue
in itself. Also, we develop adaptive versions of our bounds (for which the proportion
of null hypotheses is simultaneously estimated), which can be seen as an improvement
stage that is less computationally demanding than closed-testing, while bringing al-
ready a large part of the latter’s improvement when combined with the interpolation
technique of Remark 1, see Section D.2.

e In the pre-ordered setting, including the ‘knockoff’ case, we introduce new envelopes,
called ‘Freedman’ and ‘KR-U’, which are the two first (provably) m-consistent con-
fidence bounds in that context to our knowledge. This is an important contribution
since the knockoff method is one of the leading methodologies in the covariate testing
literature of the last decade. In addition, KR-U is shown to behave suitably, even for
moderate sample size, see Section 5.

e In the online setting, the new envelopes, called ‘Freedman’ and ‘KR-U’, provide an
additional information on the LORD procedure via an FDP upper-envelope uniformly
valid along time, and converging to the prescribed level a on the long run, see Fig-
ure 9.

e Our study is based on dedicated tools of independent interest, based on uniform ver-
sions of classical deviation inequalities, see Corollary 6 (Wellner’s inequality), Corol-
lary 42 (Freedman’s inequality). Both can be seen as a form of ‘stitching’ together
elementary inequalities, see Howard et al. (2021) for recent developments of this prin-
ciple. In addition, the Freedman-type bounds in the pre-ordered and online settings
are both based on a single martingale-type result, see Theorem 38.
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Simes DKW KR Wellner (new) Freedman (new) KR-U (new)
Top-k No Yes No Yes
Pre-ordered No Yes Yes
Online No Yes Yes

Table 1: m-consistency property (Yes or No) for different envelopes, depending on the
considered contexts. ‘m-consistent’ means consistent at least in a particular (reasonable)
configuration and with respect to the corresponding reference procedure BH/LF/LORD.
Blank means undefined in that context.

Remark 4 (a-uniform m-consistency). In the top-k and pre-ordered setting, it is possible
to show slightly more than the convergence (3), namely we can aim for

P sup FDP(Am,,z)—a 26) = o(1),
(Lo, (PP o)

a€lap,l o

for any fized ag € (0,1). More precisely, we can easily show that this c-uniform m-
consistency property can be obtained in Corollaries 15 and 24 below by monotonicity of
the reference procedure. This allows to account for possible ‘data snooping’ from the user,
that is, the consistency property also holds for a = & possibly depending on the data, pro-
vided that it is larger than some ag > 0. However, for the online setting, such uniformity
1s out of reach since the full path itself already depends on .

Remark 5 (FDP concentration and m-consistency). Given the FDR control and (3), in
cases where the FDP of the reference procedure concentrates around its expectation as m
grows (Genovese and Wasserman, 2004; Neuvial, 2008, 2015), we expect that bounds of
the form o+ Ay, o5 with Ay, o5 = 0o(1) should hold in the sense of Definition 2, and thus
m-consistent bounds can be built. In such situations, using m-inconsistent bounds (such as
the Simes bound in the top-k setting) is questionable.

2. Results in the top-k case
2.1 Top-k setting

We consider the classical multiple setting where we observe m independent p-values p1, ..., pm,
testing m null hypotheses Hi, ..., H,,. The set of true nulls is denoted by Hg, which is of
cardinal mg and we denote my = mg/m € (0,1). We assume that the p-values are uniformly
distributed under the null, that is, for all i € Hg, p; ~ U(0,1).
We consider here the task of building a (1 — §)-confidence envelope (1) for the top-k
path
Ry={1<i<m :p <pp} k=1,...,m. (7)

A rejection set of particular interest is the BH rejection set, given by R,%a where

ka:max{kGN : ﬁ’kga}, F/DTPk:77"Lp/r€//<:7 (8)

(with the convention Ry = 0).
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2.2 Existing envelopes

Let us first review the prominent confidence envelopes that have been considered in the
literature. Let Uy,...,U, be n > 1 i.i.d. uniform random variables. For § € (0, 1), each of
the following (uniform) inequalities holds with probability at least 1 — ¢:

e Simes (1986) (or Robbins, 1954): for all t € (0,1), n=1 >0, 1{U; <t} < t/6.

e DKW (Massart, 1990): for all t € (0,1), n=* 31 1{U; < t} < t++/log(1/5)/2n/2,

e KR (Katsevich and Ramdas, 2020) (for § < 0.31), forallt € (0,1),n" ' Y7 | 1{U; <t} <
AL s (1/n + 1)

Taking (U, ...,Un) = (pi,i € Ho), n = mo, and t = p( in the bounds above gives the
following confidence envelopes (in the sense of (1)) for the top-k path: for k € {1,...,m},

s Oimes L mp(k‘) .
FDP;™ = 1A = 0 9)
— 1/2,/0.51og 1
FDPY .= 1 A (mz('“) + = Olj o8 M); (10)
T log(1/6) MP(k)
FDP, =1 1 11
=10 (o ogtizay A 19)) ()

the last inequality requiring in addition § < 0.31. Note that we can slightly improve these
bounds by taking appropriate integer parts, but we will ignore this detail further on for the
sake of simplicity.

2.3 New envelope

In addition to the above envelopes, this section presents a new one deduced from a new
‘uniform’ variation of Wellner’s inequality (recalled in Lemma 44). Let us first define the
function

h(A) = A(logA—1)+1, A>1. (12)
Lemma 43 gathers some properties of h, including explicit accurate bounds for h and h~!.

Proposition 6 (Uniform version of Wellner’s inequality). Let Uy,...,U, be n > 1 i.i.d.
uniform random variables and k = w2 /6. For all § € (0,1), we have with probability at least
1-4,

log(r/) +2 108;([108;2(1/15)1)) 7

ng(t) (13)

Vte (0,1), n 'Y 1{U; <t} <t h1<
=1

for g(t) = 27 Moe2(1/01 /(1 — 2=Noe2(1/OTY > ¢ /2 and h(-) defined by (12). In particular, with
probability at least 1 — 9,

YVt € (07 1>7 n—l i 1{Ui < t} <t h_l (QIOg(K/(s) + 41;)‘5(1 + 10g2(1/t)))_ (14)
i=1

9
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The proof of Proposition 6 is given in Section A.1. It immediately leads to the following
result.

Theorem 7. In the top-k setting of Section 2.1, the following quantity is a (1—0)-confidence
envelope in the sense of (1) for the top-k path:

e m 2log(k/d) + 4log(1 + logy(1

DB 1 p [ TEW 1 g(r/9) g(1 +logy(1/pr))) | (15)
k mp(x)

with k = 72 /6.

Proof We use (14) for (Uy,...,U,) = (pi,i € Ho), n = mo, and t = p(;). We conclude by

using mo < m and the monotonicity property of Lemma 43. |

Remark 8. Denoting by F,(t) the RHS of (14), we can easily check

Fp(t) —t
sup vn () = 0(1),
t€((loglogn)/n,1) Vtlog(1 +logy(1/1))
with a constant possibly depending on 6. The iterated logarithm in the denominator is known
from classical asymptotic theory (convergence to a Brownian bridge) to be unimprovable for

a uniform bound in the vicinity of 0; in this sense the above is a ‘finite law of the iterated
logarithm (LIL) bound’ (Jamieson et al., 2014).

2.4 FDP confidence bounds for BH and m-consistency

Applying the previous bounds for the particular BH rejection sets Rl%a (see (8)) leads to
the following result.

Corollary 9. In the top-k setting of Section 2.1, for any «,d € (0,1), the following quan-
tities are (1 — &)-confidence bounds for FDP(R;, ), the FDP of the BH procedure at level
a:

Te] - 1/2,/0.510g 1
FDP,"" = 1{ka > 1} Ao MV05 08178 : (17)
1V kq
==5KR - log(1/0) .
FDP." =14k, > 1 1/(1V kg ) 1
=2 1) 0 (g Sty (0 + OV R) ) (%)
. 2log(k/0) + 4log( 1+ logy | —2—
FDP;VEH = 1{ka > 1} Alapt < _ (a(l\/ka)>> , (19)
a(lV k)

where k = w2 /6, ko denotes the number of rejections of the BH procedure (8) at level «,
and where the KR bound requires in addition 6 < 0.31. Moreover, these bounds are also
valid uniformly in « € (0, 1), in the sense that

P(Va € (0,1),FDP(R; ) < FDP ) > 1—46, Method € {Simes, DKW, KR, Well},

Method
[e%

and thus also when using a post hoc choice a = & of the level.

10
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Proof For (19), we use (14) for (U1, ...,Uy,) = (ps,i € Ho), n = mg, and t = a(1Vka)/m. B

Let us now consider the m-consistency property (3), by using BH as reference procedure.
Among the four above bounds, it is apparent that Simes and KR are not BH m-consistent,
because of the constant in front of «; namely, for all m,

FDP2" AFDP " > (1 A (ca)) A 1{% > 1},

for some constant ¢ > 1, which implies the BH m-inconsistency for a sequence of model
such that k, > 1 with an asymptotically non-null probability. By contrast, FDPzKW and

FDP. " are BH m-consistent in the following sense.

(e}

Prqposition 10. Let us consider any model sequence P in the top-k setting and denote
by ko the mumber of nulls rejected by the BH procedure at level a. Then the following
envelopes are BH m-consistent in the sense of (3):

o FDP. " if m/2/ky = 0p(1);

e FDP." if (loglogm)/ks = op(1).

The latter result means that the BH procedure at level o should make enough rejections
in order to provide m-consistency. In the two-group model of (Efron et al., 2001) with a
fixed proportion of alternatives in (0,1) (that is, a “dense” case), under some assumptions
on the alternative distribution, and assuming « above a critical value, Chi (2007) showed
that kg is asymptotically of the order of m and thus the DKW and Wellner bounds are
both m-consistent. Another exemple, including sparse situations, is considered in the next
section.

2.5 BH m-consistency in a prototypical model

Definition 11. The sparse one-sided Gaussian location model of parameter m,b,c, 3, de-
noted as PI()TZ,)B’ is defined as follows: p; = ®(X;), 1 < i < m, the X;’s are independent,
with X; ~ N(0,1) fori € Ho and X; ~ N (jim, 1) otherwise, for p, = /28logm+b, b > 0,
and my = [H1| = [em'P]|, c € (0,1), B € [0,1).

Note that 8 = 0 is the dense case for which the alternative mean p,, = b > 0 is a fixed
quantity, which means that the individual tests do not have full power!, even asymptotically
w.r.t. m. By contrast, 8 > 0 corresponds to the sparse case, for which p,, = v/28logm +b
tends to infinity. In both cases, the magnitude of alternative means is defined to be on
the ‘edge of detectability’ where the BH procedure has some non-trivial power, see Bogdan
et al. (2011); Neuvial and Roquain (2012); Abraham et al. (2021) for instance.

(m

Theorem 12. Let o € (0,1). In the above one-sided Gaussian location model Pbc)ﬁ, the

number of rejections ko of the BH procedure is such that, as m grows to infinity,

Py (1, < aka/m <) > 1-2e7 for my/m S th, <t Smafm, (20)

1. This setting is in sharp contrast with Goeman et al. (2019, Section 7) which assumed asymptotical full
power for the individual tests and the dense case, see also Remark 3.

11
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for some constant d > 0 (depending on «, B, b), where t, € (0,1) is the unique solution
of G (t) = 2t/ v, th € (0,1) is the unique solution of Gy, (t) = 0.5t/a, and where G, (t) =
(mgo/m)t + (ml/m)a(Eil(t) — Um), with ®(2) =P(Z > 2), z € R.

Theorem 12 is proved in Section A.2. It implies ko =p(m) m!*~B, which leads to the

b,c,B

following result.
Proposition 13. Let us consider the sequence of sparse one-sided Gaussian location models
(P(m) m > 1) with fized parameters b € R, ¢ € (0,1) and a sparsity parameter 3 € [0,1),

b’CHB,
as defined above. Then we have for all a € (0,1),

FOPLEW - —1/248.
FDP," — a=pon m /248,
sCy

FDP, " — o =p(m, log log(m) m~1/2+8/2,

where Uy, <Xp Uy, stands for u, = Op(vy,) and vy, = Op(uy). In particular, concerning

the BH m-consistency (3) for the model sequence (Pl(;?)ﬁ, m>1):

e the DKW bound (10),(17) is m-consistent when § < 1/2 but fails to be for f > 1/2;
e the Wellner bound (15),(19) is m-consistent for any arbitrary 5 € (0,1).

Corollary 13 shows the superiority of the Wellner bound on the DKW bound for achiev-
ing the m-consistency property on a particular sparse sequence models: while the DKW
bound needs a model dense enough (5 < 1/2), the Wellner bound covers the whole sparsity
range (3 € (0,1).

2.6 Adaptive envelopes

Let us consider the following upper-bounds for my:

Vi

~ Simes = 3 f 13 . 21
mg m/\tel(%,a)l—t/é’ ( )
2
01/2 C v
~ DKW e /\ 3 f N 22
o " tel(%,l)<2(1 o TWaa—er 1) (22)
C'+V,
myti=m A R (23)

mn —_—;
te(0,1/c") 1 = C'"t

2
) . tC, C v
Well |, _ £ 24
Mo i=mA I (\/2(1 e \/2(1 P t> ! (24)

log(1/6
where V; = Y 1{p; > t}, C = log(1/0)/2, C' = m, Cy = 2log(k/0) +
4log(1 +logy(1/t)), k = w2 /6. Since V;/(1—t) corresponds to the so-called Storey estimator
Storey (2002), these four estimators can all be seen as Storey-type confidence bounds, each
including a specific deviation term that takes into account the probability error §. Note

that ™"V was already proposed in Durand et al. (2020).

12
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Proposition 14. In the top-k setting of Section 2.1, the envelopes defined by (9), (10),
(11) and (15) with m replaced by the corresponding bound mg™* (21), mg*"™ (22), mi"
(23) or my" (24), respectively, are also (1 —0)-confidence envelopes in the sense of (1) for
the top-k path.

We can easily check that these four adaptive envelopes all uniformly improve their own
non-adaptive counterpart. The proof of Proposition 14 is provided in Section A.3.

Remark 15. In practice, the bounds m§™ (21), m§*™ (22), m{" (23) or my" (24) can
be computed by taking an infimum over t = pwy,), 1 <k < m and by replacing V; by m — k.

Applying Proposition 14 for the BH procedure, this gives rise to the following adaptive
confidence bounds.

Corollary 16. In the top-k setting of Section 2.1, for any a,d € (0,1), the following
quantities are (1 — §)-confidence bounds for the FDP of the BH procedure at level a:

Wiﬁmes-adam = 1A a(mgim“/m)/& (25)
. 4 DEW\1/2 5log1/8
7FDP§KW dap — 1A (a(mgKW/m) + (mo ) o I%O o log / >; (26)
—_ -ada; log(]‘/(s) 2 I
FDPKR dapt —1 KR 1/(1 " . 2
o M log(1 + log(1/5)) (" /m) +1/00v k) ) ) 27)

2log(k/0) + 410g(1 +log, (W))
a(1V ko )my /m

Well-adapt
(0%

FDP =1A [ a(my/m) !

where k = 72/6, ko denotes the number of rejections of BH procedure (8) at level a, and
where the KR-adapt bound requires in addition § < 0.31. Moreover, these bounds are also
valid uniformly in o € (0,1) and thus also when using a post hoc choice « = & of the level.

Proof For (28), we use (14) for (Uy,...,U,) = (pi,i € Ho), n =mg, t = (1 Vl%a)/m, and
the fact that mo < my" on the considered event by the proof in Section A.3. The other
bounds are proved similarly. |

13
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2.7 Interpolated bounds

According to Remark 1, the coverage (1) is still valid after the interpolation operation given
by (2). As a result, the above confidence envelopes can be improved as follows:

———Simes

FDP, := kmirli{k K+ E' A (mpey /6)}/ E; (29)
E:]BTDZK = /gli%{k K+ kA (mpgey + m'/2\/0.51og1/6)}/k; (30)

—~—KR . log(1/6)
FDP, := — K ! n+1 1
K %ﬁ{k Wk (log(l T log(1/8)) Py £1) ) (/K (31)

k' <k mp(k/)

——~——We 21 o) +4log(1+ 1 1 /
o iy g (B0 )|

(32)

respectively. When applied to BH rejection set, this also provides new confidence bounds

Simes

—~—— ——~—DKW ——~——KR ———"Well
FDP , FDP, , FDP_, , FDP, , that can further be improved by replacing m by the

e
corresponding estimator my.

2.8 Comparison to closed testing based on Simes local tests

Our bounds can be further improved by using a closed-testing approach (Goeman and
Solari, 2011) (see Lemma 6 of Goeman et al., 2021 for an explicit formula). It is legitimate
to ask if the m-inconsistency of the Simes bound is still true with this refinement. The
following result establishes that, as expected, the closed-testing version of Simes bound is
still m-inconsistent. It uses the top-k setting of Section 2.1, for which we added random

effects for the true/false null hypotheses (two-group model of Efron et al., 2001).
(

Proposition 17. Consider an i.i.d. mizxture model PWT(:L)G' of m independent p-values with
proportion of nulls g and marginal CDF independent of m given by

F(t) = mot + (1 — mo)G(2),

with G the cdf of an (alternative) distribution having continuous decreasing density g on
[0,1] (so that g(0) > 1). Then if o,d are such that

1
0<d< <a<l,
7T0+(1—7T())g(0)

the Simes-based closed testing bound® at level § is not BH(a)-m-consistent in the model
P! but FDP,"" and FDP," a

Since closed testing bounds are by essence more accurate than adaptive/interpolated
ones, Proposition 17 also shows that the versions (25) and (29) of the Simes bound are not
BH-m-consistent. Also, numerical experiments suggest that the improvement brought by
closed testing is only modest when compared to the adaptive interpolated versions of our
bounds (see Section D.2), which are less computationally demanding.

2. See Goeman and Solari (2011); Goeman et al. (2019) for a formal definition and useful formulations.

14
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3. Results in the pre-ordered case

In this section, we build m-consistent envelopes in the case where the p-values are ordered
a priori, which covers the famous ‘knockoft’ case.

3.1 Pre-ordered setting

Let m : {1,...,m} — {1,...,m} be some ordering of the p-values that is considered as
given and deterministic (possibly coming from independent data). The pre-ordered setting
is formally the same as the one of Section 2.1, except that the p-value set is explored
according to m(1),7(2),...,m(m). The rationale behind this is that the alternative null
hypotheses H1 = {1,...,m}\Ho are implicitly expected to be more likely to have a small
rank in the ordering 7 (although this condition is not needed for the future controlling
results to hold).
Formally, the considered path is

Rk:{ﬂ'(i) : 1§i§]€, pﬂ.(i)ﬁs}, kzl,...,m, (33)

for some fixed additional threshold s € (0,1] (possibly determined from independent data)
and can serve to make a selection. The aim is still to find envelopes (FDP}); satisfying
(1) for this path while being m-consistent. To set up properly the consistency, we should
consider an FDR controlling procedure that is suitable in this setting. For this, we consider
the Lei Fithian (LF) adaptive Selective sequential step-up procedure (Lei and Fithian,
2016). The latter is defined by R; where

s 1+ Zle 1{pﬂ.(i) > )\}
L= A1V Upa) < s}

k:a:max{ke{0,...,m}:ﬁk§a}, Pﬁk:

(34)

where A € [0,1) is an additional parameter. The ‘knockoff’ setting of Barber and Candes
(2015) can be seen as a particular case of this pre-ordered setting, where the p-values are
independent and binary, the ordering is independent of the p-values and s = A\ = 1/2. The
LF procedure reduces in that case to the classical Barber and Candes (BC) procedure.

3.2 New confidence envelopes

The first envelope is as follows.

Theorem 18. Consider the pre-ordered setting of Section 3.1 with s € (0,1]. For all
5 €(0,1), A €[0,1), the following is a (1 — J)-confidence envelope for the ordered path (33)
in the sense of (1):

s Tt {pra > A} + A(vk)
Z?:l {prgi) < s}

where A(u) = 2\/ex\/(uV 1) + 324, ey = log((1 + &)/8) + 2log(1 + logy(u V1)), u > 0,
k=726 and v = s(1 + min(s, \)/(1 — \)).

FDP, " := 1A k>, (35)

15
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The proof of Theorem 18 is a direct consequence of a more general result (Theorem 38),
itself being a consequence of a uniform version of Freedman’s inequality (see Section B.2).
The second result is based on the KR envelope (Katsevich and Ramdas, 2020):

log(1/8)  a+ 55 Xy b > A}
alog(1+ =82y 1v i ey <5} )

FDP, :=1A ( (36)

where a > 0 is some parameter, B = s/(1 — \) and it is assumed A > s. While the default

choice in KR is @ = 1, we can build up a new envelope by taking a union bound over
a € N\{0}:

Theorem 19. Consider the pre-ordered setting of Section 3.1 with s € (0,1]. For all
5 € (0,1) and X € [s,1], the following is a (1 — 0)-confidence envelope for the ordered path
(33) in the sense of (1):

k
— kR a+ =2 C 1S pr) > A
FDP]‘:R v = 1A in 10g(1/5a) I—X szl {p (4) }

/a k
aeN\{0} alog(l + %) 1v Zi:l 1{pﬂ(i) S S}

Jk>1,  (37)

for 6, = 6/(ka®), a>1, for B=s/(1—\), k = 712/6.

The envelope (37) is less explicit than (35) but has a better behavior in practice, as we
will see in the numerical experiments of Section 5.

3.3 Confidence bounds for LF and m-consistency

Recall that the LF procedure (34) is the reference FDR-controlling procedure in this setting.
Applying the above envelopes for the LF procedure gives the following confidence bounds.

Corollary 20. In the pre-ordered setting of Section 3.1 with a selection threshold s € (0, 1],
for any o, € (0,1), X € [s,1] the following quantities are (1 — §)-confidence bounds for the
EFDP of the LF procedure with parameters s, A at level a:

Y L ).

FDP, :=1A <log(1 N 1}?3)( +1/(1v a))>7 (38)
FDP™" .= 1 A <a + A(vka)/(1V fa)) (39)
FDP,"":=1A min_ 08(1/%) (o af(1va)) ¥, (40)

alog(l + %)

forv=s(1+s/(1=X), B=s/(1—2X), dq = 5/(/1}12), a>1, k=m2/6, A(-) defined in
Theorem 18 and where ko is as in (34) and 7o = Zfil 1{p7r(i) < s} denotes the number of

rejections of LF procedure at level o. In addition, these bounds are also valid uniformly in
a € (0,1) in the sense that
Method

P(Va € (0,1),FDP(R; ) <FDP, ) >1-90, for Method € {KR, Freed, KR-U},

and thus also when using a post hoc choice a = & of the level.
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Proof This is direct by applying (36) (a = 1), (35) and (37) to the rejection set &; . M

Let us now study the consistency property (3). It is apparent that KR is never LF
m-~consistent: namely, for all m > 1,

FDP, " > 1A ca,

for some constant ¢ > 1. By contrast, FDPZreed is LF m-consistent if A(vm) /7, tends to 0

in probability, that is, (mloglogm)'/?/#, = op(1). For FDPER’U, we always have

WER,-U < log(l/l(sd(zB/d (a + 1/(1 v 7qu)1/2>
alog(l+ —5—)

by considering @ = |(1V #4)"/?]. By Lemma 45, this provides consistency (3) as soon as
1/7 = op(1). This is summarized in the next result.

Proposition 21. Let us consider any model sequence P in the pre-ordered setting and
denote the rejection number of the LF procedure at level a by 7. Then the following
envelopes are LF m-consistent in the sense of (3):

Free
[e%

e FDP. " if (mloglogm)Y/2 /i, = op(1);

o FDP. " if 1/f0 = op(1).

The latter result means that the LF procedure at level o should make enough rejections
in order to provide m-consistency. This is exemplified in a particular model in the next
section.

3.4 LF m-consistency in the generalized VCT model

We provide here a model example where conditions of Proposition 21 are satisfied. We
consider the varying coefficient two-groups (VCT) model of Lei and Fithian (2016), that
we generalize to the possible sparse case.

Here, without loss of generality we assume that the ordering 7 is identity, that is, 7(i) = 4
for all i € {1,...,m}. Below, with some abuse, the notation 7 will be re-used to stick with
the notation of Lei and Fithian (2016).

Definition 22. Let m be a positive integer, B (sparsity parameter) a real in [0,1), Fy, Fy
two c.d.f.s on [0,1] with Fy(t) <t for allt € [0,1], and 7 : [0,00) — [0,1) some measurable
function (instantaneous signal probability function) with w(0) > 0 and w(zx) = =w(1) for
x> 1.

The generalized VCT model of parameters m,w, 3, Fy, Iy, denoted as ng,Fo,Fl’ s the
p-value mizture model where (pg, Hi) € [0,1] x {0,1}, 1 < k < m, are independent and
generated as follows:

o the variables Hy, 1 < k < m, are independent and P(Hy = 1) = m(k/m), 1 < k <m,
with mm(z) = m(mPx), © > 0;

17
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e conditionally on Hi, ..., Hy, the p-values pr, 1 < k < m, are independent, with
pk|{Hk:i}NFi, 1§k§m,i€{0,1}.

We denote T1(t) :=t~! fgﬂ(s)ds, with T1(0) = w(0) and

t t mPt
(1) = ! /0 ron(5)ds = 11 /O w(mPs)ds = m—P1! /0 (s)ds = TI(mP1)

the expected fraction of signal before time mt. We also let mp = Il (1) = fol Tm(s)ds =
m~PII(1) the overall expected fraction of signal. We consider the asymptotic where m tends
to infinity and Fy, F1 are fized.

When 8 =0, 7, I, are fixed and we recover the dense VT C model introduced in Lei
and Fithian (2016) (also noting that we are slightly more general because Fj is possibly
non-uniform and F} not concave). The above formulation can also handle the sparse case
for which 8 € (0,1) and the probability to generate a signal is shrunk to 0 by a factor
mP. For instance, if 7(1) = 0, the model only generates null hypotheses and corresponding
p-values pyi1,...,pm for k> m!=5.

We now analyze the asymptotic behavior of the number of rejections of the LF proce-
dure. By following the same heuristic as in Lei and Fithian (2016) (which is justified by a
concentration argument), we have from (34) that for k = |mt],

s 1+, 1{pi >\
L=A1vEL 1{p < s}

o (S = mni/m) ) (1= Fo() + (S mni/m)) (1 = Fi (V)
L= (S = mni/m))) Fols) + (ke mifm) ) Fi(s)

1+ IL,, (t) (%A(A) _ 1) )
ICCE FDP*(m"1),

FDPy =

%

S

by assuming Fy(s) = s, Fo(A) = A, Fi(s) > s, F1(A) > A and by letting

1T (S - 1)
>0

FDP>(t) = , t> (41)
LT (B~ 1)
By (34), the quantity ke / m!*~# should be asymptotically close to
t7 = max{t € [0,4+00) : FDP>(¢) < a}, (42)

with the convention ¢}, = 400 if the set is not upper bounded. We should however ensure
that the latter set is not empty. For this, we let

14 7(0) (22 - 1)

14 m(0) (B 1) )

g:

s

18
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Hence, 7, = Zf;l 1{p; < s}, the number of rejections of the LF procedure, should be close
to (zf;lu - Trm(i/m))>Fo(s) + (zf;l Wm(i/m)>F1(s) > fias & m'P%s. This heuristic

is formalized in the next result.

Theorem 23. Consider a generalized VCT model PE:%) Fo.Fy with parameters B, m, Fy, F}

(see Definition 22) and the LF procedure with parameter s,\ (see (34)), with the assump-
tions:

(i) I : t € [0,00) = Ry is continuous, decreasing, and L-Lipschitz;
(ZZ) Fo(S) =3, Fo()\) =, Fl(S) > s, Fl()\) > A5
(111) o > o where « is defined by (43).

Let o/ = (a+a)/2 € (a,a), t¥, € (0,+0c] given by (42), t;, =5, AmP and let a > 1 be an

integer a < m'=Pt* such that r = af% (% + ﬁ) is small enough to provide r < (o — ) /4.

Then the number of rejections 7o = 2521 1{p; < s} of the LF procedure (34) is such that
~ * _9,1/2 * _ «
P o n e <7h) <22+ a2 = im0 |s/2. (44)

In particular, choosing a = 1+ |(logm)?|, we have as m grows to infinity, m*=P /7, =

Op(1).

Theorem 23 is proved in Section A.5. Condition (ii) is more general that in Lei and
Fithian (2016) and allows to handle binary p-values, like in the ‘knockoffs’ situation (for
which Fjy and F) are not continuous). The condition (iii) was overlooked in Lei and Fithian
(2016), but it is needed to ensure the existence of ¢%. It reads equivalently

11—«

1= 500 4o (B8 1)

s

7(0) > (45)

which ensures that the probability to generate a false null hypothesis is sufficiently large
at the beginning of the p-value sequence, with a minimum amplitude function of F}(s) and

F1(X\). Note that in the ‘knockoffs’ case where s = A = 1/2, we have o = ;;Eg;%, where
M = 2Fi(1/2) — 1 > 0 can be interpreted as a ‘margin’. Hence, the critical level « is
decreasing in 7(0)M. Hence, the setting is more favorable either when 7(0) increases, or

when the margin M increases.

Corollary 24. Consider the sequence of generalized VC'T models (Pg:%,) FoFy 02 1) defined
above. Assume that the parameters 7, B, Fo, F1 satisfy the assumptions of Theorem 23. Then

the consistency (3) holds for the sequence (PS:%) Fo s 2 1) and for any LF procedure using
A > s in either of the two following cases:

o for the KR-U envelope (37) and the corresponding bound (40).

e for the Freedman envelope (35) and the corresponding bound (39) if either A\ = s or
B<1/2;
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Proof This is a direct consequence of Theorem 23 because m!'~?/#, = Op(1) in that
context and 7, is nondecreasing in o. To see why the Freedman envelope is consistent
when A = s, we note that in this case ko = Zf;l 1{p,r(i) < s} + Zfﬁl l{p,r(i) > )\} <
(I+as/(1—=X))(1V #y), hence the quantity A(vky)/(1V 7o) is op(1) as 1/7q = op(1). W

Remark 25. Similarly to Section 2.7 in the top-k setting, the bounds KR, Freedman and
KR-U can be improved by performing the interpolation operation (2) in the pre-ordered
setting.

4. Results in the online case

4.1 Online setting

We consider an infinite stream of p-values pi,p2,... testing null hypotheses Hi, Ho,...,
respectively. In the online setting, these p-values come one at a time and a decision should
be made at each time immediately and irrevocably, possibly on the basis of past decisions.

The decision at time k is to reject Hy, if pp < aj for some critical value oy only depending
on the past decisions. An online procedure is thus defined by a sequence of critical values
A = (ag, k > 1), that is predictable in the following sense

a1 € G = o(U{p; < y},i < k), k> 1.

A classical assumption is that each null p-value is super-uniform conditionally on past
decisions, that is,
P(pr < |Gr) <z, k€ Ho, (46)

where Hy = {k > 1| Hy, = 0}. Condition (46) is for instance satisfied if the p-values are all
mutually independent and marginally super-uniform under the null.
For a fixed procedure A, we consider the path

Rk:{lgigk:pigai},kZL (47)
We will also denote
k
R(k) = |Re| =) 1{pi < i}, k> 1, (48)
i=1

the number of rejections before time k of the considered procedure. A typical procedure
controlling the online FDR is the LORD procedure

ar = Woyk + (0 = Wo)Yher, + @ > Yhr, (49)
i>2

where Wy € [0, a], each 7; is the first time with j rejections, (y4)x is a non-negative (‘spend-
ing’) sequence with >,y < 1 and v, = 0 for £ < 0. The latter has been extensively
studied in the literature (Foster and Stine, 2008; Aharoni and Rosset, 2014; Javanmard
and Montanari, 2018), and further improved by Ramdas et al. (2017). Under independence
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of the p-values and super-uniformity of the p-values under the null, the LORD procedure
controls the online FDR in the sense of

sup E[FDP(Ry)] < a,
k>1

see Theorem 2 (b) in Ramdas et al. (2017). Here, we consider the different (and somehow
more demanding) task of finding a bound on the realized online FDP, by deriving confidence
envelopes (1). Note that this will be investigated for any online procedure and not only
for LORD, see Section 4.2. Also, we will study the consistency of the envelope for any
LORD-type procedure in Section 4.3.

4.2 New confidence envelopes

The first envelope is a consequence of the general result stated in Theorem 38.

Theorem 26. In the online setting described in Section 4.1, consider any online procedure
A = (ag, k > 1) and assume (46). Then for any § € (0,1), the following is a (1 — 0)-
confidence envelope for the path (47) in the sense of (1):

SR i+ A(Zf:l O‘l‘)
TV R(K)

where R(k) is given by (48), A(u) = 2\/e,Vu V 1+3ey, e, = log((1+£)/8)+21og(1 + logy(u V 1)),
u>0 and kK = 72 /6.

FDP % == 1A , k>1, (50)

Proof We apply Theorem 38 in the online setting for A = 0 (and further upper-bounding
each term 1{p,¢;) > 0} by 1), w(k) = k, because (66) is satisfied by (46). [ |

Next, the envelope of Katsevich and Ramdas (2020) is as follows

— log(1/8)  a+ 31, o
FDP g =14 <a10g(1 + log(1/3)/a) 1V R(b) ) oy

for some parameter a > 0 to choose. While the default choice in Katsevich and Ramdas
(2020) is @ = 1, applying a union w.r.t. a € N\{0} provides the following result.

Theorem 27. In the online setting described in Section 4.1 such that (46) is satisfied, and
for any online procedure A = (ay,k > 1), for any 6 € (0,1), the following is a (1 — 9)-
confidence envelope for the path (47) in the sense of (1):

in log(1/5a) a+ 3l o
aeN\{0} | alog(1l +log(1/d,)/a) 1V R(k)

where R(k) is given by (48), 6, = 6/(ka?), a > 1, for k = 72/6.

T~ KR-U

FDP == 1A

}, k> 1, (52)

Remark 28. Note that in the online setting, the obtained guarantee (1) is not uniform in
the procedure A (in contrast with the envelopes in top-k and preordered cases which were
uniform in k and thus also in the cut-off procedure).
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4.3 Confidence envelope for LORD-type procedures and m-consistency

We now turn to the special case of online procedures satisfying the following condition:

k
Y ai<a(lVR(Ek), k>1 (53)
=1

Classically, this condition is sufficient to control the online FDR (if the p-values are inde-
pendent and under an additional monotonicity assumption), see Theorem 2 (b) in Ramdas
et al. (2017). In particular, it is satisfied by LORD (49).

Corollary 29. In the online setting described in Section 4.1, consider any online procedure
A = (ap, k > 1), satisfying (53) for some a € (0,1), and assume (46). Then for any
d € (0,1), the following quantities are (1—0)-confidence bounds for the FDP of the procedure:
forallk > 1,

FDPL}, = 1 A <10g( lof(li{;)l/d)) (@+1/(1V R(k))); (54)
FDP, )" = 1A <a ; Ale 1%2?{;()@))), k> 1 (55)
FDPAG = 1A glzirll{ alog(ll(fﬁéf%a)/a) (a+a/(1V R(k))}, (56)

for 8, = 6/(ka?), a > 1, k = ©2/6, A(-) defined in Theorem 27 and where R(k) is given by
(48).

Proof This is direct by applying (51) (a = 1), (55) and (56) and by using the inequality
(53) in the corresponding bound. |

Let us now consider these bounds for the LORD procedure (49), and study the LORD
m-~consistency property for each envelope WQ g, k> 1: for all € > 0,

lim P(FDP,j —a >¢€) =0. (57)
k—o00
where the asymptotics is when the time k tends to infinity.

Clearly, we have WER > 1A (ca) for all k > 1, where ¢ > 1 is a constant. Hence,
the KR envelope is not LORD m-consistent. By contrast, it is apparent that both the
Freedman envelope and the uniform KR envelope are LORD m-consistent provided that
1/R(k) = op(1) as k tends to infinity (consider a = y/1V R(k) and use Lemma 45 for the
KR-U envelope). This is summarized in the next result.

Proposition 30. Let us consider any online model P for which (46) is satisfied and
the LORD procedure at level oo which rejects R(k) nulls at time k, then the envelopes
=y~ Freed i~ KR-U

(FDP,y ,k > 1) and (FDP, ",k > 1) are LORD m-consistent in the sense of (57) pro-
vided that 1/R(k) = op(1) as k tends to infinity.

The latter result means that the LORD procedure at level a should make enough re-
jections in order m-consistency to be guaranteed. This condition is met in classical online
models, as the next section shows.
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4.4 LORD m-consistency in a vanilla online model

Definition 31. The online one-sided Gaussian mixture model of parameters wy, F1, denoted
by Pr, . ry, is given by the i.i.d. p-value stream (py, Hy) € [0,1] x {0,1}, k > 1, with

e P(H,=1) =m for some fixred m € (0,1);
e p-values are uniform under the null: py | H, =0~ U(0,1);

e p-values have the same alternative distribution: py|Hp =1 ~ Fy, wherg@ is the c.d.f.
corresponding to the one-sided Gaussian problem, that is, Fi(x) = ®(®1(x) — p),
x € [0,1], for some > 0.

Here, we make no sparsity assumption: m; is assumed to be constant across time. This
will ensure that the online procedure maintains a chance to make discoveries even when the
time grows to infinity.

Theorem 32. Consider the one-sided Gaussian online mixture model and the LORD pro-
cedure with Wy € (0,«) and a spending sequence y, = m, v > 1. Then its rejection
number R(k) at time k satisfies: for all a € (0,1), k > 1,

P(R(k) < k') < ck™°, (58)

where c is some constant only depending on o ,Wo, 7, u and 1. In particular, k*=%/R(k) =
Op(1) when k tends to infinity, for any a > 0.

Theorem 32 is proved in Section A.6.

Corollary 33. Consider the online one-sided Gaussian mizture model P, r, defined above
and the LORD procedure with Wy € (0, ) and a spending sequence ~yy, = m, k>1
for v > 1. Then both the Freedman envelope (55) and the uniform KR envelope (56) are
consistent in the sense of (57) for the model Py, .

Proof This is a direct consequence of Theorem 32, which provides that k'/2/R(k) =
Op,, 5 (1) when k tends to infinity. [ |

Remark 34. Similarly to Section 2.7 in the top-k setting, the bounds KR, Freedman and
KR-U can be improved by performing the interpolation operation (2) in the online setting.

5. Numerical experiments

In this section, we illustrate our findings by conducting numerical experiments® in each of
the considered settings: top-k, pre-ordered and online. Throughout the experiments, the
default value for ¢ is 0.25 and the default number of replications to evaluate each FDP
bound is 1000.
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Figure 1: Top-k dense case (mg = 0.5, u = 1.5).
5.1 Top-k

Here, we consider the top-k setting of Section 2.1, for alternative p-values distributed

as Fi(z) = ®(® (z) — p) (one-sided Gaussian location model), and for different values
of u and of my. To investigate the consistency property, we take m varying in the range

{10¢,2 < i < 6}, and we consider the FDP bounds FDP. "™ (16), FDP." " (17), FDP,"
(18), FDP. " (19) for a € {0.05,0.1,0.15,0.2}. We also add for comparison the hybrid

bound

Hybrid ‘Well

FDP,;™ := min (FDPZf} 15, FDPo /2),

which also provides the correct coverage while being close to the best between the Wellner
and KR bounds.

Figure 1 displays boxplots of the different FDP bounds in the dense case for which
mo = 1/2, p = 1.5. When m gets large, we clearly see the inconsistency of the bounds Simes,
KR and the consistency of the bounds Wellner, Hybrid, DKW, which corroborates the

3. All our numerical experiments are reproducible from the code provided in the repository
https://github.com/iqm15/Consistent FDP.
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theoretical findings (Corollary 13). In sparser scenarios, Figure 2 shows that the consistency
is less obvious for the Wellner and Hybrid bounds and gets violated for the DKW bound
when m; oc m%5° as predicted from Corollary 13 (regime § > 1/2). Overall, the new
bounds are expected to be better as the number of rejections gets larger and KR bounds
remain better when the number of rejections is expected to be small. The hybrid bound
hence might be a good compromise for a practical use.

The adaptive versions of the bounds (Section 2.6) are displayed on Figure 3. By compar-
ing the left and the right panels, we see that the uniform improvement can be significant,
especially for the Wellner and DKW bounds. By contrast, the improvement for KR is
slightly worse. This can be explained from Figure 4, that evaluates the quality of the dif-
ferent 7y estimators. DKW, which is close to an optimized Storey-estimator, is the best,
followed closely by the Wellner estimator.

Non adaptive Adaptive
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. .
v bound 27 1 bound
o
27 e E siMes E siMEs
5 H 2
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Figure 3: Top-k dense case with nonadaptive bounds (left) and adaptive bounds (right)
(mo = 0.5, « =0.2).
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Figure 4: Boxplots of the estimators 7 in the top-k dense case (mg = 0.5, a = 0.2).

Remark 35. For clarity, the bounds are displayed without the interpolation improvement
(2) (for top-k and preordered). The figures are reproduced together with the interpolated
bounds in Appendixz D for completeness. In a nutshell, the interpolation operation improves
significantly the bounds mainly when they are not very sharp (typically small m or very
sparse scenarios). Hence, while it can be useful in practice, interpolation does not seem
particularly relevant to study the consistency phenomenon.

5.2 Pre-ordered

We consider data generated as in the pre-ordered model presented in Section 3.1 and
more specifically as in the VCT model of Section 3.4. The trueness/falseness of null hy-
potheses are generated independently, and the probability of generating an alternative is
decreasing with the position 1 < k < m, and is given by 7(m”~'k), where 7 : [0, 00) — [0, 1)
is some function (see below) and 8 € [0,1) is the sparsity parameter. Once the process of
true/false nulls is given, the p-values are generated according to either:

e LF setting: w(t) = Wle*btl_%z,b, t > 0, so that II(1) = m;. Here m; is equal to 0.4
and b, measuring the quality of the prior ordering, is equal to 2. In addition, the
alternative p-values are one-sided Gaussian with y = 1.5. Note that this is the setting
considered in the numerical experiments of Lei and Fithian (2016).
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e Knockoff setting: m(t) = 1/2 + (0 V 1/2(Z=%)), t > 0, with z > 1 a parameter that

z—1

determines how slowly the probability of observing signal deteriorates, taken equal
to 30. Then, the binary p-values are as follows: under the null p; = 1/2 or 1 with
equal probability. Under the alternative, p; = 1/2 with probability 0.9 and p; = 1

otherwise.

In both settings, the dense (resp. sparse) case refers to the sparsity parameter value 8 = 0
(resp. = 0.25).

We consider the bounds FDP,, (38), FDP,, " (39) and FDP,, " (40) for the LF pro-
cedure across different values of (), s) € {(1/2,0.1a),(1/2,1/2)}, m € {10¢,2 < i < 6}, and
a € {0.05,0.1,0.15,0.2}. The procedure LF with (A, s) = (1/2,1/2) is referred to as the
Barber and Candes (BC) procedure.

Figure 5 displays the boxplots of these FDP bounds for the LF procedure with (A, s) =
(1/2,0.1ct) in the LF setting with 8 = 0 (dense case). It is apparent that KR is not
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Figure 7: Pre-ordered dense (8 = 0) knockoff setting with BC procedure (i.e., LF procedure
with s = A = 0.5).

consistent, while the new bounds Freedman and KR-U are. Also, the bound KR-U is overall
the best, losing almost nothing w.r.t. KR when the number of rejections is very small (say
m = 100 and a = 0.05 or 0.1) and making a very significant improvement otherwise.
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Similar conclusions hold for the case of BC procedure, see Figure 7. Next, to stick with a
very common scenario, we also investigate the sparse situation where the fraction of signal
is small in the data, see Figures 6 and 8. As expected, while the conclusion is qualitatively
the same, the rejection number gets smaller so that the consistency is reached for largest
values of m (i.e., the convergence is ‘slowed down’).

5.3 Online

We now consider the online case, by applying our method to the real data example coming
from the International Mice Phenotyping Consortium (IMPC) (Munoz-Fuentes et al., 2018),
which is a consortium interested in the genotype effect on the phenotype. This data is
collected in an online fashion for each gene of interest and is classically used in online
detection works (see Ramdas et al. (2017) and references therein).

Figure 9 displays the FDP time-wise envelopes k — WEP}C (54), k +— Wiﬁfd (55) and
k— WE;U (56), for the LORD procedure (49) (W = «/2 with the spending sequence
v = k716 k > 1). As we can see, the Freedman and KR-U envelopes both tend to the
nominal level «, as opposed to the KR envelope, which is well expected from the consistency
theory. In addition, KR-U seems to outperform the Freedman envelope and while KR is
(slightly) better than KR-U in the initial segment of the process (k < 300), we can see that
KR-U gets rapidly more accurate.

5.4 Comparison to Li et al. (2024)

In this section, we compare the performances of the KR-U bound with respect to the
recent bounds proposed in Li et al. (2024). For this, we reproduce the high dimensional
Gaussian linear regression setting of Section 5.1 (a) therein, which generates binary p-
values by applying the fixed-X ‘sdp’ knockoffs and the signed maximum lambda knockoff
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Figure 9: Online FDP envelopes for LORD applied on IMPC data for four values of a €
{0.05,0.1,0.15,0.2} (horizontal black bars). The interpolated bounds are displayed for each
procedure as a gray dashed line.

statistic of Barber and Candes (2015). Doing so, the p-values follow the preordered setting
of Section 3.1 and thus our bounds are non-asymptotically valid (note however that the
p-values do not follow strictly speaking the VCT model of Section 3.4). To be more specific,
the considered Gaussian linear model Y ~ N(Xf,1I,) is obtained by first generating X
and 8 as follows: the correlated design matrix X of size n x m is obtained by drawing
n = 1500 i.i.d. samples from the multivariate m-dimensional distribution N, (0,X) where
Y = 0.6/"=71, 1 < 4,5 < m; the signal vector 8 € R™ is obtained by first randomly
sampling a subset of {1,...,m} of size |[mym] for the non-zero entries of 5 and then by
setting all non-zero entries of 8 equal to a/y/n for a given amplitude a > 0.
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Figure 10: Comparing the envelope F%TD:R_U, k > 1 given by (2)-(37) (s = A = 0.5) to
those of Li et al. (2024) in the Gaussian linear regression setting of Section 5.4 for m = 1000
(see text for more details).

First, in the spirit of Figure 3 in Li et al. (2024), we display in Figure 10 the envelope
(I*:]\)TD:R_U, k > 1) given by the interpolation (2) of the envelope (FDP, ,k > 1) defined
by (37) (with s = A = 1/2), and compare it to those obtained in Li et al. (2024) (namely,
KJI A/B/C/D) for m; € {0.1,0.5}, a € {15,25}. We also set here § = 0.05 to stick with
the choice of Li et al. (2024) (note that this requires to further calibrate the parameters of
their method according to this value of §) and the number of replications is here only taken
equal to 10 for computational reasons. Markedly, the KR-U envelope becomes much better
than KR and is competitive w.r.t. KJI A/B/C/D, at least when k is moderately large. As
expected, the most favorable case for KR-U is when the signal has a large amplitude and
is dense.

Second, to stick with the consistency-oriented plots of the previous sections, we also
display the corresponding FDP bounds for the BC procedure at level a € {0.15,0.2} in
Figure 11. The conclusions are qualitatively similar.
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Figure 11: Comparing the FDP bound F%TDZ:_U for k, the BC procedure (34) (s = A = 0.5)
to those of Li et al. (2024) with respect to a € {0.15,0.2} in the Gaussian linear regression
setting of Section 5.4 for m = 1000 (see text for more details).

6. Conclusion

The main point of this paper is to provide another point of view on FDP confidence bounds:
we introduced a notion of m-consistency, a desirable asymptotical property which should
act as a guiding principle when building such bounds, by ensuring that the bound is sharp
enough on particular FDR controlling rejection sets. Doing so, some previous bounds were
shown to be inconsistent, including the original KR bounds. While some other known FDP
confidence bounds, in particular based on the DKW inequality, are m-consistent under
certain assumptions, we have introduced new ones shown to satisfy this condition under
more general conditions (in particular high sparsity). New bounds based on the classical
Wellner/Freedman inequalities showed interesting behaviors, however simple modifications
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of KR bounds Hybrid/KR-U by ‘stitching’ have been shown to be the most efficient, both
asymptotically and for moderate sample size.

Overall, this work shows that m-consistency is a simple and fruitful criterion, and we
believe that using it will be beneficial in the future to make wise choices among the rapidly
increasing literature on FDP bounds.
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Appendix A. Proofs
A.1 Proof of Proposition 6
For j > 1,let §; =652, 7, =277 and

Aj = {\V/t € [Tj,l], nilil{pi < t} < tAj};
=1
A :h—1<10g(1/5f'))>7

nti/(1—7;

so that by Wellner’s inequality, we have P(A;) > 1—6; and with a union bound P(N;>14;) >
1—0m%/6. Now let ¢t € (0,1) and jo =min{j > 1 : t > 7;} =min{j > 1 : j > log,(1/t)},
so that jo = [logy(1/t)] > 1. This yields

log(1/65,) = log(1/6) 4 2log([logy(1/t)]).

On the event Nj>1A;, we have, since ¢ € [7;,, 1] by definition,

108(1/8,) \ _ . 1 (108(1/8) + 2log([logy(1/0)])
(nTjo/(lTj0)> = th ( ng(t) >’

n
'Y 1{p <t} <ty =th!
=1

because 7;, = 2~ Mo22(1/)1 " The result then comes from replacing & by 66 /72.

A.2 Proof of Theorem 12

First let Fp,(t) = 6(5_1@) — tm), U (t) = F(t)/t and observe that ¥, is continuous

decreasing on (0,1] with limg ¥,, = +occ. This implies that ¢*,,t4, € (0,1) as described in
the statement both exist, with

m ({1 mg

* _glr (o ﬁ:_TaTOézif_i'
by = U (1n(@/2)), th, = U (7n(20)), Tin() m1<a m>
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We first establish

b Z ma /m (59)
th, < my/m. (60)
If B =0, then mo/m = 1 — ¢, mi/m = ¢, pm = b, T > 0, Fp(t) = B '(£) — b),

U, (t) = 5(571@) —b)/t, () all do not depend on m. Hence, ¢} and tf, are both

constant, which establishes (59) and (60). Let us now turn to the sparse case, for which
B € (0,1). The inequality (60) follows from the upper bound

0.5t Joo= G (th) < 8 +m1/m.
For (59), the analysis is slightly more involved. We first prove that for m large enough
771 *
P (tm) S Hm — b. (61)

This will establish (59), since it implies Fy, (%) > Fin(®(ttm — b)) = ®(—b) > 0 and also
th = (tm(a/2)) L F(t5,) 2 m1/m. On the one hand,

W@l — 8)) = —2 5 Gy L =Pyt 2Togm

because p, —b = v/2Blogm and ¢(uy, —b) = m™P, and by using ®(z) < ¢(x)/z for all
x > 0. On the other hand,
U () = Tim(r/2) < =mP.

m

SERN

Hence, for m large enough, we have W,,(® (i1, — b)) > U, (tF) = Wm(6(571(t%))), which
in turn implies (61).

We now turn to prove the result (20) and follow for a classical concentration argument.
Let

Gm(t) =m™! ij 1{p; < t}, tel0,1],
=1
s0 that Gy (t) = EG,,(t) for all t € [0,1]. Hence, for all ¢ € (0,1),
P(aka/m < t) < P(ém(t) < t/a)
- P(ém(t) ~G(t) < t/a— Gm(t)),

because aky/m = max{t € (0,1) : Gn(t) > t/a} by definition of k.. Applying this with
t =ty , this gives

P(aka/m < t5) = P(Gulth) = Gmlth) < ~Gn(t;,))
< exp(—emGp(t),)) < exp(—Cmy Fp,(t),)),
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for some constant C' > 0, by applying Bernstein’s inequality. Since Fy,(t},) > ®(—b) > 0,
this gives P(aky/m < t5,) < e~%™1 for m large enough and some constant d > 0.

Next, for all ¢t € [t&n, 1), still applying Bernstein’s inequality,
P(ako/m > t)
<3 1{ak/m > t}P(Gm(ak/m) — Gu(ak/m) > k/m — Gm(ak/m)>

(k/m — G (ak/m))?
Gm(ak/m)+ (1/3)(k/m — Gy (ak/m))

k=1
< Z 1{ak/m >t} exp<—m ) < mexp(—C’mtﬁn),
k=1

because for all ak/m > th, k/m — Gp(ak/m) > Gp(ak/m) > Gm(tgn) = O.5t§n/oz (given
the monotonicity of ¢ — Gy, (t)/t). Applying this for ¢ = th € (0,1), we obtain

P(aky/m > th) < e~dm1,
because tgn > t¥, = mi/m. This proves the result.

A.3 Proof of Proposition 14

Let us prove it for the adaptive uniform Wellner envelope (the other ones being either
simpler or provable by using a similar argument). The idea is to prove that on an event
where the (non-adaptive) Wellner envelope (15) is valid, we also have mg < my®". The
result is implied just by monotonicity (Lemma 43).

For this, we come back to apply (14) with (Uy,...,U,) = (pi,i € Ho), n = my. Hence,
on an event with probability at least 1 — §, we have for all t € (0, 1),

mgl Z Hpi <t} < th™! <tcmto> <t (1 + Ct/(tho))2’

1€Ho

where we apply an upper bound coming from Lemma 43. This gives

Vi/mo > 1—t (1 + \/C’t/(2tm0))2 =1t —\/2C;/mo — Ci/(2mo).

As aresult, Vi > mo(1—t)—+/2tCymo—Cy/2 and thus (1—t)mo—\/QtC’tmé/Q—C’tﬂ—V} <0,
which gives

mo<<M+¢2tct+4<1—t><ct/2+vt>)2:(%(t@ +\/2( G+ L )

- 2(1—1t) 1—1)2 1—-t)? 1-—t

Since this is uniform in ¢, we can take the minimum over ¢, which gives the mg confidence
bound .
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A.4 Proof of Proposition 17

Classically, the Simes-based closed testing bound on R = BH(«) is trivial (i.e. equal to |R|)
if the global intersection hypothesis [m] = {1,...,m} is not rejected by the local Simes test,
that is, if mini<x<m(p)/k) > 6/m (Goeman and Solari, 2011). By the assumptions on G
(G is concave, G(0) = 0 and G has derivative ¢g(0) at 0), we have G(¢) < min(1, g(0)t) for all
t € [0,1] and thus F(t) < min(1, (mo + (1 — m)g(0))t) for all ¢ € [0,1]. Hence, the p-values
are stochastically lower bounded by a Unif[0,~] variable, with v = (g + (1 — m)g(0))~ .
Let us denote P the joint probability of i.i.d. Unif[0,~] p-values. We therefore have

P ( min(py/k) < 6/m | <P, min(py/k) < d/m

=, (minGs a0 0) < 8/ o)

=4/7,

where the last equality is from Simes (1986), since under P, the rescaled p-values v
are i.i.d. Unif[0, 1]. Thus, as soon as § < =, the Simes-based closed testing bound is trivial
with probability bounded away from 0 for all m, and thus cannot be m-consistent.

On the other hand, if a > <, then there is a non-zero solution t* to the equation
F(t) = t/a (due to strict concavity of F, this solution is unique). It is well-known (see
Chi, 2007) that asymptotically as m — oo, the BH («) rejection threshold will tend to ¢t* in
probability. Therefore, EBH grows to infinity at a rate of order m in probability (in the sense

kBH XP<m>G m by using the notation of Proposition 13), which by Proposition 10 implies
0,

the BH(a)-consistency of FDP, " and FDP

‘Well
a -

A.5 Proof of Theorem 23

First note that FDP°(¢) is an decreasing function of 1I(¢) because %@ <1< FlT(s), see

(41). Since I1(t) is decreasing from 7(0) to m(1) = II(4-00), we have that FDP* : [0, +00) —
[, @] is continuous increasing, where @ = (1 +7(1) (%1/5’\) - 1)))/(1 +7(1) (FlT(S) - 1))
Hence, if &/ < @, we have 0 < t, < +4oo, tf = t, for m large enough, and thus
FDP>(t:) = o/. If o/ > @, t!, = 400, ti, = m” and FDP>(¢;,) < o’. Both cases
are considered in what follows. Consider the events

k k
EY 1{pi > A=k P(pi > N
=1 =1

0 =14 sup <1/a'/*};
a<k<m

Qo =< sup
a<k<m

k k
k1 Z 1{p; <s} — k! ZP(I%‘ <s)
i—1 i=1

gl/a1/4}.
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—92ql/2

By Lemma 37, the event 2, Ny occurs with probability larger than 1 —2(2 + a1/2)e

Let
er = 1+ Ty (m 2t ) (1_1_171/5/\) - 1) = 1+11(t},) <1_1_F1§A) - 1>;

e = 1+ I, (m~Pt:) (Fls(s) — 1> =1+ (¢, (Fls(s) - 1),

be the numerator and denominator of FDP*(¢¥,), so that e;/ea = FDP>(¢},) < . Let
ko = |m!'=8t:,| < m. Provided that ko > a, we have

ko ko
Bt Y P > X) — (1= Ner| < (k5D mnli/m) = Tou (™75, {11 = (V) = (1= )
=1 i=1
ko
< |k > /) = T (Ko /m)| 4 [T (o /m) — T (m™=t;,)
i=1

<1/a+ L/m'7",
by applying Lemma 36 and using that II(-) is L-Lipschitz. Similarly,

ko

kot ZP(Z% < s) — sez
i=1

<1/a+L/m'P.

We deduce that on €7 N Qs and when ky > a, we have

iv(e-d-tn o) @
provided that es > 2r, because e; < 1, eo > 1, and by considering r as in the statement.
Since ej1/es < o < a—4r and e; > 1 > 2r by assumption, we have ﬁ)\Pko < o« and
thus ko > ko on Q5 N Qy. The result is proved by noting that 7, = Zfil 1{p; <s} >
S0 1{p; < 5} > (ea — r)kos > kos/2 on this event.

Lemma 36. In the setting of Theorem 25, we have for all a > 1, m > a,

sup
a<k<m

<1/a. (62)

k
Y mn(ifm) — My (k/m)
=1

Proof First note that because m,, is nonnegative continuous decreasing, we have for all
k>1,

k k/m k-1
(/) 3 i) < Wofn) = o 1) [ (6)ds < (1/0) Y i)
i=1 1=0
Since 7,,(0) < 1, the result is clear. [ |

This following lemma is similar to Lemma 1 in Lei and Fithian (2016).
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Lemma 37. Let X; ~ B(p;), 1 <i < m, be independent Bernoulli variables for p; € [0,1],
1 <i<m. Then we h(weforalla>1 and m > a,

( sup |k7! ZX pi| = 1/a1/4> <2+ a1/2)672a1/2. (63)
a<k<m
Proof By Hoeffdmg S 1nequahty, we have for all z > 0,
2 2 2
-1 —2ka? —2ax 2\ —2ax
su -7 m))|>x] <2 e = 76 <(24+1/x%)e .
<1<k1<)a Z m(i/m))) = ) ]; — e22% = /%)
a

We deduce the result by considering z =1/ al/4. |

A.6 Proof of Theorem 32

We get inspiration from the power analysis of Javanmard and Montanari (2018). Let
¢ = min(a — Wy, Wy). By definition (49), the LORD procedure makes (point-wise) more
rejections than the procedure given by the critical values

ar = cmax{yr_r;,j > 0}, (64)
where, for any j > 1, 7; is the first time that the procedure makes j rejections, that is,

7 =min{t >0 : R(t) > j} (7; =400 if the set is empty), (65)

(note that 7o = 0) for R(T) = . 1{p; < a;}. Let A; = 7; — 7j_; the time between the
j-th rejection and the (j — 1)-th rejection. It is clear that (R(t)):>1 is a renewal process
with holding times (A;);>1 and jump times (7;);>1. In particular, the A;’s are i.i.d. As a
result, we have for all r, k > 1,

P(R(E) <) < P(ry > k) = P(Ay + - + A, > ) < rBA/E,

where
BA, = " P(A1 2 m) = Y0 [0 - Gleng) < 3 el
m>1 m>1/4=1 m2>1
In addition, since G is concave,

G(x)

> g/(a:) = 7 +7_{_166,u<i>_1(w) > ec/ 2log(1/x) > (10g(1/£))7+2,
x

for  small enough and ¢, ¢ > 0 some constants. This gives for large m > M, e~™G(cmm) <
e—cmym(log(1/(cym))* 7 < e~2loem for some M > 0, by the choice made for 7,,. As a result,

EA, < C+ Z e~ mGlevm) < oy Z —emym (log(1/(evm))) " < C+Z —2logm — O 472 /6,
m>M m>M m>1

for some constant C' > 0. This gives
P(R(k) <r) <r(C+7?/6)/k.
and taking r = k17 gives (58).
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Appendix B. Tools of independent interest
B.1 A general envelope for a sequence of tests

An important basis for our work is the following theorem, which has the flavor of Lemma 1
of Katsevich and Ramdas (2020), but based on a different martingale inequality, derived
from a Freedman type bound (see Section B.2). Also, while the pre-ordered and online
settings are different, this result can be applied to both settings.

Theorem 38. Consider a potentially infinite set of null hypotheses Hi, Ho,... for the
distribution P of an observation X, with associated p-values py,pa, ... (based on X ). Con-
sider an ordering w(1),m(2),... (potentially depending on X ) and a set of critical values
a1, o, ... (potentially depending on X ). Let A\ € [0,1) be a parameter and assume that
there exists a filtration

Fie = o ((7(i)1<i<ik, (M{pry < @i} )1<ick, U priy) > Ar<i<k), k> 1,
such that for all k > 2,
P(pﬂ'(k) <t | ]:k—la Hﬂ'(k) = 0) <t fOT allt € [07 1] (66)

Then, for any ¢ € (0,1), with probability at least 1 — 9, it holds
k
VE>1, > (1= Hep)U{pri) < i} < Vi,
i=1

for

k k
Vi= Z(l — He))1{pry > A} . %)\ +A (Z(l — H,T(i))ui), (67)

i=1 =1

where A(u) = 2/E,VuV 1+ 3eu, g4 = log((1 + £)/8) + 2log(1 +logy(uV 1)), u > 0,
k=72/6. and v; = a;(1 + min(a;, A) /(1 — X)), fori > 1.

Proof By Lemma 39, we can apply Corollary 42 (it self coming from Freedman’s inequality)

with
{pr(i) > A}>

where Fj(a;) and F;(\) are defined by (69). First note that & < 1 =: B almost surely. Let
us NOW prove

E(& | Fic1) < (1 = Hu())vie (68)

Indeed, assuming first o; < A\, we have by (66),

B(E | Fim1) = (1 = Hrgo) <E<1{pﬂm < 0} | Fin) + (Faq)? 20 > A) ’E’—l)>

(1-F(N)?
< (1= He(p)) (i + 07 /(1= \) = (1 = Hyp)vi.
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which gives (68). Now, if a; > A, still by (66),

l{pwz > )‘} |~F’L 1
(1= Fi(A))?

E(i?‘fz—l):<1_H (3) (E 1{p7r 1)<041}’-F <F1< ))

_21F(az()) 1{)\<p7r)<az}|]:21)
= (1= Hyp)) [Fi( (Fi( i)?/(L = F;(N)) = 2F;(c) (Fy(ew) — Fi(N)) /(1 = F;(V))]
=(1 H7r ) Fi(e )[ Fi(A) = Fi(ew))/(1 = ( )]
) <

< (1= Hy)Fyea) [1+ ( /(L= Fi(\)]

which implies (68) also in that case. Finally, (68) is established, which yields

(1 HTr(z))V’ia

=1

k
VE>1, S < 2\/%(5)J > (1= Hygp))vi + 424 (0)

and thus (67). [ |

Lemma 39. In the setting of Theorem 38, let
Fr(ar) = Prpr) < ar | Foe1, Hegy = 0), Fe(A) = P(pry < M| Fie1, Hegy = 0)  (69)
the process (Sk)r>1 defined by
k

1 (i) = A
Sk = Z(l — Hriiy) (1{pﬂ(i) <o} — Fi(ai){p()}>, k>1,

i=1 L=FX)

is a martingale with respect to the filtration (Fi)p>1.

Proof First, Sy is clearly F; measurable. Second, we have for all k > 2,
1 DPr(k > A
E(Sk ’ .7:]671) = E<Sk1 + (1 — Hﬂ'(k)) <1{p7T(k‘) < Oék} — Fk(a )W) ‘ .Fk 1)
= Sk—1+ (1 = Hy(ry) (Fi(o) — Fi(ag)) = Sk—1-

B.2 Uniform-Empirical version of Freedman’s inequality

We establish a time-uniform, empirical Bernstein-style confidence bound for bounded mar-
tingales. Various related inequalities have appeared in the literature, in particular in the
online learning community. The idea is based on ‘stitching’ together time-uniform bounds
that are accurate on different segments of (intrinsic) time. The use of the stitching princi-
ple has been further pushed and developed into many refinements by Howard et al. (2021),
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who also propose a uniform empirical Bernstein bound as a byproduct. The version given
here, based on a direct stitching of Freedman’s inequality, has the advantage of being self-
contained with an elementary proof (though the numerical constants may be marginally
worse than Howard et al.’s).

We first recall Freedman’s inequality in its original version (Freedman, 1975). Let
(&, Fi)i>1 be a supermartingale difference sequence, i.e. E[§;|F;—1] < 0 for all 7. Define
Sp =Y i1 & (then (S, F,) is a supermartingale), and V;, := > | Var[&|Fi—1].

Theorem 40 (Freedman’s inequality; Freedman, 1975, Theorem 4.1). Assume & < 1 for
all i > 1. Then for all t,v > 0:

P[S, >t and V,, < v for some n > 1] < exp(—p(v,t)), (70)
where
t
o(v,t) == (v+1t) log<1 + ) —t. (71)
v
We establish the following corollary (deferring the proof for now):

Corollary 41. Assume & <1 for alli > 1. Then for all § € (0,1) and v > 0:

log 6~ !

P|S, > v2vlogd—! + and V, < v for some n > 1} <. (72)

Following the stitching principle applied to the above we obtain the following.

Corollary 42. Assume & < B for all i > 1, where B is a constant. Put Vj, == (Vi vV B?)
and k = 72 /6. Then for all § € (0,1/(1 + k)), with probability at least 1 — (1 + k)J it holds

- 1
Wk > 1: Sy < 24/ Vie(d, k) + 5 Be(d, ),

where (8, k) :=log 0~ + 2log(1 + log,(Vi/B?)).

Proof Denote UJQ- = 2/B2, dj =0V 1)=26, j > 0, and define the nondecreasing sequence
of stopping times 7_1 = 1 and 7; := min {k‘ >1: V> UJQ} for 7 > 0. Define the events for

Jj=0:
Z 1 _
A = {Elk: >1:5,> \/20]210g6j Ly §BIOg5j Land v, < 0]2-},
. ~ 1
Al = {Elk with 71 <k <75 : S > 24/ Ve (0, k) + 538((5, k)}

From thS definition of vjz,dj, WeNhavej = log2(v]2-/B2) forj>1. Forj>1, 11 <k<Tj
implies Vj, = V4, U32'71 = UJQ- /2 <V < ’UJ2-, and further

log (5]-_1 =logd !+ 2log logQ(v?/BQ) <e(4,k).
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Therefore it holds A} C A;. Furthermore, for j = 0, we have v3 = B? 8§y = §. Further, if
k < 9 it implies Vj, < B? and therefore Vj, = B2, thus (0, k) =logd~!. Hence

1
A6§{Elkwithk‘<7'0:Sk22\/B210g501+Blogéol}
g{3k21:3k2\/2v010g5 + Blog(5 1ande<vo} Ayp.

Therefore, since by (72) it holds P[4;] < §; for all j > 0:

J45| <

j>0

P4

320

<6 (jv1)r< 38
j20

P[3k <n: Sy > 2/ Vie(d, k) +Bg5k}

Proof [Proof of Corollary 41| It can be easily checked that ¢(v,t) is increasing in ¢ (for
v,t > 0). Thus S, >t < ¢(p, (Sn)+) > ¢(p,t). Since p(v,0) = 0, and limy_,o p(v,t) = 0,
it follows that for any ¢ € (0, 1], there exists a unique real t(v,d) such that ¢(v,t(v,d)) =
—logd. It follows that (70) is equivalent to:

Yo > 0,Vd € (0,1] : P[4, s] <9, (73)
where
Ays =1, (Sn)+) > —logé and T, < v for some n > 1}.

Observe that ¢(v,t) = vh(“t), where h is the function defined by (12). Since h(\) >
2(v/A—1)? from Lemma 43, we deduce ¢ (v, ) > 2(v/v + t—/v)? thus, whenever ¢(v, (S,)+) <
—log 4, we have:

VT (S5 < i+

taking squares on both sides entails

log 6!
Sy < 2vlog5*1+0g2 ,

proving (72).

Appendix C. Auxiliary results

Lemma 43. The function h defined by (12) is increasing strictly convex from (1,00) to
(0,00), while h=1 is increasing strictly concave from (0,00) to (1,00). The functions h and
h=1 satisfy the following upper/lower bounds:

2(VA — )2<h() A—=1)2/2, A>1
14+2y <h Yy) < (14+y/2)?% y>0

45



IQrAA MEAH, GILLES BLANCHARD AND ETIENNE ROQUAIN

In particular, h=(y)—1 < \2y+O(y) asy — 0. In addition, for any c > 0, x € (1, +00)
rh~(c/x) is increasing.

Proof Clearly, h’ = log, which is positive and increasing on (1, 00). This gives the desired
property for h and h~!. Next, the bounds can be easily obtained by studying the functions
A= (A=1)2/2 = h(X) and A — h()\) — 2(v/A — 1)2. For the last statement, since h™' is
strictly concave and h=1(0) = 1, we have that y € (0,00) — (h~1(y) — 1)/y is decreasing.
Since y € (0,00) ++ 1/y is also decreasing, this gives that y € (0,00) — h~(y)/y is decreas-

ing. This gives the last statement. |
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Figure 12: Displaying h (left) and h~! (right). Bounds of Lemma 43 are displayed in blue.

Lemma 44 (Wellner’s inequality, Inequality 2, page 415, with the improvement of Exercise
3 page 418 of Shorack and Wellner, 2009). Let Uy,...,U, be n > 1 i.i.d. uniform random
variables. For all X\ > 1, a € [0,1), we have

P (375 € [CL, 1] st Z 1{Ui < t}/t > )\) < e—nah()\)/(l—a)7

=1
for h(-) defined by (12).
Lemma 45. The KR constants in (36) and (51) satisfy, as a — oo,
log(l/éa)B/a _ +O<log(a)>;
alog(1 + %) a

log(1/6) log(a)
alog(1 +log(1/5,)/a) “O< a )

where 6, = cd/a, ¢ = 72 /6 and the O(-) depends only on the constants § > 0 and B > 0.
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Figure 13: Figure 1 where we have superposed in each case the (median of the) interpolated
bounds (star symbols). Top-k dense case (mg = 0.5, u = 1.5).

Appendix D. Additional experiments

D.1 Interpolated bounds

We reproduce here the figures of the numerical experiments in the top-k and preordered
settings, by adding the interpolated bounds. On each graph, the median of the generated
interpolated bound is marked by a star symbol, which is given in addition to the former
boxplot (of the non-interpolated bound). By doing so, we can evaluate the gain brought by
the interpolation operation in each case. Note that the interpolated bound is not computed
for m > 10° for computational cost reasons.
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Figure 15: Figure 3 where we have superposed in each case the (median of the) interpolated
bounds (star symbols). Top-k dense case with nonadaptive bounds (left) and adaptive
bounds (right) (mo = 0.5, & = 0.2).

D.2 Closed testing bounds

Let us consider the top-k setting with m null hypotheses, and consider any nonnegative
sequence 4, € [0,1], 1 <i <k, 1 <k <m. Let {;;, = {;; for i > k> 1 and ¢;o = 1.
Assume that £; 5, > (s for 1 <k < k' < m for all 4 > 1. It includes the following cases:

e Simes: {; = 0i/k;

o KR: (), = “2GEes/oli/k — 1/k, (for § < 0.31);

o DKW: 0, = i/k — /log(1/8)/2 k=1/2.
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Figure 16: Figure 5 where we have superposed in each case the (median of the) interpolated
bounds (star symbols). Preordered dense (5 = 0) LF setting with LF procedure (s = 0.1,
A =0.5).

Theorem 46 (Lemma 6 in Goeman et al. (2021)). In the top-k setting, consider any
sequence ({;1)i as above and assume that for all S C Ho, P(Fi € {1,...,[S]} : pus) <
lis)) < 6. Then the closed-testing FDP envelope

FDP,, = 15321%{ Z 1{p(j) > ﬁk/,mo} +k — 1}/k’; (74)
1<j<k
mo=max{0<j<m: forallie{l,...,j}, Pim—j+i) > lij} (75)

is valid in the sense of (1).

The form of the closed-testing FDP bound (74) turns out to coincide with the adaptive
interpolated bounds of Section 2.7 (improved by adding an integer part). This is exemplified
in the next result for the Simes sequence.

Lemma 47. Consider the Simes sequence {; ), = di/k. Then, on the event where all p-values
are different from all thresholds ¢; ., the closed-testing bound (74) is equal to

. ot / ~ ,
kA min {k— K+ kA [mopge /0],
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Figure 17: Figure 6 where we have superposed in each case the (median of the) interpolated
bounds (star symbols). Preordered sparse (8 = 0.25) LF setting with LF procedure (s =

0.1a, A = 0.5).
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Figure 18: Figure 7 where we have superposed in each case the (median of the) interpolated
bounds (star symbols). Pre-ordered dense (8 = 0) knockoff setting with BC procedure (i.e.,

LF procedure with s = A = 0.5).
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Figure 19: Figure 8 where we have superposed in each case the (median of the) interpolated
bounds (star symbols). Pre-ordered sparse (8 = 0.25) knockoff setting with BC procedure
(i.e., LF procedure with s = A = 0.5).

Lemma 47 shows that, for the Simes threshold, the closed testing bound improves the
interpolated one only in the way mg is estimated. The closed-testing mg estimator (75)
is by essence more accurate than those that we proposed in Section 2.6, but is also more
computationally demanding. In addition, in our experiments, the improvement is modest
in general, as shown in Figure 20. We see the closed-testing versions of our bounds as
advisable when m is small, because the improvement seems to be the most significant in
that case while the complexity is still low. In addition, this figure also suggests that the
closed testing versions of Simes and KR bounds are m-inconsistent, which corroborates the
theoretical findings of Corollary 17 in the Simes case.

Proof Define U = {ugyy,1 <k <k}, with ugyy = [hoppr)/d]. We have

. o ! N , _ . o A ,
kA min ik — K+ KA lmope) /0t = kA min (k=K + [1hopa) /0]}

:k/\gleizr}{k—jzkll{u(j) gu}+u}
:m%{gl{uwuw}
Zk/\gleig{él{u(j) Zu+1}+u}
:mgleibl{jzzqmop(j)/azu+1}+u}
:kAvrel}/{iill{jél{p(j) > vd/ring} +v—1}.
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Fix now w € {1,...,k}, and let us prove
k k
Z}l{p(j) >wé/mo}+w—1>k /\vggill { Z;l{p(j) > vé /o + v — 1}. (76)
j= j=

First observe that for all j € {1,...,k},
D) > UJ(;/TATLO = mop(j)/d > w s Lmop(J)/(” > w < U (5) +1>w. (77)

Hence if for all v € U + 1 we have v > w, (76) is satisfied. Otherwise, there is one v € U + 1
such that v < w and we can consider v, = max{v € Y +1 : v < w} the maximum
of the elements of U + 1 that are below w. From (77), we have for all j € {1,... k},
Py = wé /1oy & ug) + 1 > vy & p(jy = vyd/10, which means Z§:1 l{p(j) > w&/mg} =
Zle l{p(j) > vwé/mo} and thus since w > vy, the inequality (76) is also satisfied. This
establishes in any case

k k
k A min { E 1{p(j)2v5/m}+v—1}:k/\ min { E 1{p(j)2w5/m}+w—1}.
ved+1 L <4 1<w<k L 4
J=1 J=1
This gives the result. |
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Figure 20: Median of the adaptive bounds of Section 2.6 (plain circles), median of inter-
polated bounds of Section 2.7 (hollow star), and median of closed-testing bounds given by
(74) (asterix) in function of m € {100,1000,10000}. The closed-testing is only computed
for Simes and KR bounds. The simulation setting is the same as the one used for the right
panel of Figure 3 (my = 0.5).
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