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Abstract

Obtaining guarantees on the convergence of the minimizers of empirical risks to the ones of
the true risk is a fundamental matter in statistical learning. Instead of deriving guarantees
on the usual estimation error, the goal of this paper is to provide concentration inequalities
on the distance between the sets of minimizers of the risks for a broad spectrum of esti-
mation problems. In particular, the risks are defined on metric spaces through probability
measures that are also supported on metric spaces. A particular attention will therefore
be given to include unbounded spaces and non-convex cost functions that might also be
unbounded. This work identifies a set of high-level assumptions allowing to describe a
regime that seems to govern the concentration in many estimation problems, where the
empirical minimizers are stable. This stability can then be leveraged to prove parametric
concentration rates in probability and in expectation. The assumptions are verified, and
the bounds showcased, on a selection of estimation problems such as barycenters on met-
ric space with positive or negative curvature, subspaces of covariance matrices, regression
problems and entropic-Wasserstein barycenters.

Keywords: empirical risk minimization, statistical learning, concentration inequalities,
metric spaces, local Holder-type error bound

1. Introduction

Let (X, p, 1) be a metric probability space! and let (l,) be another metric space. Many
estimation problems in statistics or in machine learning can be regarded as solving the
following generic optimization problem

¢« €arg min §(¢) = Ex,[l(¢, X)] + R(9), (1)
gl

where [ : Ml x X — R is a cost function and R : M — RU{+o0} is an optional regularization
function promoting the a priori structure of the solution. The function ¥ : Ml — R is
oftentimes referred to as the risk or the objective function. For convenience, the data
fidelity term £ : Ml — R will be defined by £(¢) = Ex~,.[l(¢, X)].

In practice, the measure p is rarely known thus hindering the knowledge of ¥. However,
samples drawn from g are usually accessible. Let X = (X;)I; € X" be such samples

that will further be assumed to be independent. The main idea of the Empirical Risk

1. A measurable space X whose Borel o-algebra is induced by p and is endowed with a probability measure
.
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Minimization (ERM) (Vapnik, 1991) is to use these samples to build F, an estimator of £,
as £(¢) = %Z?:l l(¢, X;) and to solve

¢ € arg min §(¢) = £(¢) + R(9), (2)

pel

in place of (1).
Understanding when the estimator ¢ is legit is a fundamental matter in statistical learn-
ing. This work will be particularly interested in proving high probability bounds of kind

P (ﬁ(arg min ¥; arg min §) < g(é, n)) >1-46, forde]0,1], (3)

where J(A; B) will be a suitable distance between sets of Ml and ¢ : [0,1] x N — R going
to zero as n goes to infinity for all fixed . This question is very similar to the Probably
Approximately Correct (PAC) framework (Valiant, 1984) with the important distinction
that it proves bound on the estimation error j(qb) — inf ¥, also known as the excess risk,
instead of a metric on the minimizers. More specifically, this work attempts to identify a
set of assumptions from which optimal concentration rates of kind (3) can be derived for
a broad class of estimation problems. In essence, it is proposed here to understand the
underlying mechanisms responsible for the concentration guarantees of many estimation
problems.

These fundamental questions have a long history and have led to a remarkably rich
theory. In order to precisely contextualize this work, it seemed essential to dedicate a
section to present its history and some important works (see Section 1.2). Prior to this
literature review, some occurrences of the estimation problems (2) solved in place of (1) are
stated with the aim of describing the taxonomy of problems encountered in applications.

1.1 Applications

Some occurrences of (2) are briefly discussed in this section to describe the taxonomy of
problems encountered in applications. They will be studied in detail in Section 6.

Barycenters: Let (J(,9) = (X, p) be a metric space, [(¢, z) = p(x,y)? and R be identically
zero. The problems (1) and (2) become

¢« € arg min /X p*(¢,x)dp(z), @ € arg min — Z P (¢, i), (4)

9peX pex N

which are the Fréchet means of p and u, = %Z?:l 0z, respectively (Fréchet, 1948).
The properties of the risks § and :f depend on the convexity and the curvature of
the space M. The risks are known to be strongly convex when the space Jl are of
non-positive curvature in the sense of Alexandrov (see Sturm, 2003). Otherwise, the
risks might not be convex since the distance function might exhibit some concavity
properties (see Ambrosio et al., 2008).

Subspace estimation: Let (X, p) = (R%, || - ||2), # = ST endowed with the great circle
distance and R be identically zero. The problem of estimating the leading direction
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of variability of Cov(u) = E [X X T], the covariance of a centered measure p, amounts
to solving

qg € arg max(Cov(u,)o, @), in place of ¢, € arg max(Cov(u)e, @),
pesd—1 pesd—1

which can be seen as an instance of (1) and (2) with (¢, z) = —(¢, )2, and R being
identically zero. These problems are non-convex.

Supervised learning — LASSO: Let Y = R? and V = R be respectively a space of
inputs and outputs. Let X = Y x V and M = R™ endowed with the Euclidean
distance. Let 6 : R? — R™ be feature vectors, | : X — R, defined for all (y,v) € X
as (¢, (y,v)) = 1({(¢,0(y)) —v)? and R = A - [|1 for A > 0. The problems (1) and (2)

instantiate to

6. cargming [ (6.00) ~ 0Pdu(y. ) + Aol
X

peR™

and 1
§ € arg min o[V~ 0] + A1,

pER™ n
with V' € R" being the vector of outputs V' = (v;)_; and © € R™™ is the design
matrix with the vectors (6(y;)T)"; as rows. The risks § and § are convex, but
they may fail to be strongly convex if the matrix Cov(0fu) (respectively with )
has a non-empty kernel. In this case, the risks posses a quadratic growth around the
minimizers in the orthogonal of the kernel and a linear growth in the kernel driven by
the regularization.

These three examples are simple yet important to understand the assumptions needed
to describe the concentration phenomenon of most of optimization problems. In particular,
the loss [ or the objectives ¥ and § cannot be assumed to be strongly convex or even convex.
Similarly, the spaces Ml and X at stake might be unbounded.

1.2 Problem History and Related Works

Solving (2) in place (1) is related to the principle of ERM or of Structural Risk Minimization
(SRM). The study of theoretical guarantees for the estimator ¢, in terms of bounds of kind
(3) for the estimation error, has a long history which can possibly be tracked back to the
1970’s with the works of Vapnik and Chervonenkis (1971, 1974). Two main classes of
analyses can apparently be identified: the techniques using uniform convergence and the
ones from algorithm stability. They are described in the following two paragraphs and
will be linked to the question at stake in the third paragraph, that is deriving bounds of
type (3) for the metric distance between the minimizers. While being insufficient to fully
explain the optimal error bounds that are observed in (3), their presentation was found
important to articulate the contributions of this work. Moreover, the tools used to achieve
the error bounds (3) share some similarities with these previous works. Finally, it should
be mentioned that the connection between uniform convergence and stability have been
investigated in various works (such as Shalev-Shwartz et al., 2010, and reference therein).
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It is assumed in this section that the minimizers of ¥ and j exist and are unique. The
minimal value of ¥ will be referred to as ¥, with similar notation for other functions.

1.2.1 UNIFORM CONVERGENCE

The techniques in the uniform convergence class can be tracked back to the 1970’s with the
works of Vapnik and Chervonenkis (1971, 1974); Vapnik (1991) and the PAC framework
proposed in the 1980’s by Valiant (1984). Since then, their seminal works have generated a
large body of literature and a mature theory. A complete introduction of these notions can
be found in good textbooks (such as Devroye et al., 1996; Shalev-Shwartz and Ben-David,
2014; Wainwright, 2019; Vershynin, 2018; Bach, 2024, to name a few).

The starting point of these works is the decomposition of the estimation error

F() — Fe < F(0) — F(¢e) + F(dn) — F() (since ¢ € arg min F)

= ﬁ(gg) — £(os) + f(gb*) - f(gzﬁ) (since the terms in R cancel out)  (5)

< 2 sup A(¢)
peM

where A(¢) = [£(¢) —f(gb)| The uniform bound is taken to remove the dependency between
¢ and £ that was preventing the (I(¢, X;))?_; to be independent. This allows to use standard
concentration tools such as the McDiarmid’s inequality (McDiarmid, 1998) (assuming for
simplicity that the cost function 0 < [ < M for some M > 0) leading to the following

generic bound on the estimation error
2 2
My =1 - 6
wary 21og (3). ()

with high probability at least 1 — . The downside of this uniform bound is to control
E [supye.u A(¢)] (that is, the expectation of the supremum of a random process) which can
be quite large and hindering any exploitation of a potential structure of the minimizers.
Yet, this control can be achieved in mainly two ways.

First, via symmetrization, the latter can further be bounded by the Rademacher com-
plexity or the Gaussian complexity of the function class {(I(¢,x;))l 1 |¢ € M} (Bartlett
and Mendelson, 2002). Note that when the values of [ are discrete, the Rademacher com-
plexity can be linked to the VC dimension of the class of functions (Bousquet et al., 2003).
The Rademacher complexities of the typical function classes encountered in estimation be-
have as ¢//n, where ¢ > 0 is a constant depending on the problem (Wainwright, 2019;
Shalev-Shwartz and Ben-David, 2014). Note that the use of Rademacher complexities can
be improved by considering localized versions (Bartlett et al., 2005; Koltchinskii, 2006).

Second, when the cost [ exhibits some smoothness properties (for example Lipschitz)
with respect to the variable ¢, the quantity E [sup¢€ i A(qﬁ)] can alternatively be bounded
using chaining techniques such as Dudley’s chaining or the Talagrand’s generic chaining
(Talagrand, 2014; Vershynin, 2018). This leads to an upper-bound dependent on a measure
of complexity of 4, such as the entropy of Jl, linked to the covering numbers of 4, or
the Talagrand’s 4o functional. These complexities typically behave as n~ /(%) with s = 1
for simple spaces such as Euclidean spaces, or doubling spaces, and with s > 1 for more

~

F(¢) — F« < 2E | sup A(¢)

pel
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complex spaces (see Ahidar-Coutrix et al., 2020; Schotz, 2019). In the case s > 1, the rate
is customarily said to be cursed by the dimension.

To summarize, the bounds on the estimation error obtained with these techniques of
uniform convergence decrease as n~1/2. Without further assumption on the cost function /,
this rate is optimal (see Mendelson, 2008).

1.2.2 ALGORITHM STABILITY

Another body of literature studies the generalization of learning algorithms through stabil-
ity. These ideas can be tracked back to the 1970’s as well with Rogers and Wagner (1978)
and later popularized in the founding article of Bousquet and Elisseeff (2002). The notions
involved in these works will be introduced here for the case of the empirical minimizers,
although they can be applied to the broader setting of learning algorithms.?

For convenient notation, let X = (Xi,...,X,) € X" be the random vector containing
the n independent sample points, and let Y € X be an independent copy of X;. The random
vector X' is obtained by swapping one element of X with Y so that X' = (Y, Xa,..., Xy,).
Furthermore, the empirical risk associated to X’ will be denoted by j and its minimizer by
qb It is important to remark at this point that the risk j and therefore its minimizers are
invariant under reordering of the components of the vector X. The perturbation of X by
swapping any element can therefore be thought as exchanging the first component.

The starting point of these works is a different decomposition of the estimation error

Ex [5(0) - %.] <Ex [7(d) - ()] (using Equation 5)
— Ex {Ey[z@, Y)] - (3, Xl)] (since E[l($, X,)] = E[l($, X;)] for all i, 7)

~Exy [l(gb, X1) — U, Xl)} . (with ¢ = arg min §)

(7)
because the roles of Y and X; can be switched as being independent copies. This decom-
position emphasizes the link between the estimation error and the stability of the empirical
minimizer, that is if it does not vary much when a sample of the data X is perturbed or
removed. Various notions of stability have been developed such as the hypothesis stability
(Rogers and Wagner, 1978; Kearns and Ron, 1997) or the uniform one (Bousquet and Elisse-
eff, 2002). The latter is probably the most popular one since it can be used to obtain Gaus-

sian concentration bounds. The empirical minimizer is said to be e-uniform stable if there
exists e > 0 such that |I(¢, z) —1(¢,z)| < ¢, for all z € X and all (X,Y) € X", This stabil-

ity can be leveraged to directly bound the expected estimation error as Ex [} ($) — Z*} <,
and obtain (see Bousquet and Elisseeff, 2002, Theorem 12) that

FO) - 5. < e (ane My 1og ) )

with high probability 1 — § whenever 0 <[ < M. This bound is informative as long as the
stability ¢ < en™! for some constant ¢ > 0. In contrast of (6), the stability of the empirical

2. More precisely, a learning algorithm is a function of : X" — Jl that maps the given data X = (X;)i=; to
an element of Ml which can be the minimizer ¢ of the empirical risk ¥ or an approximation of it obtained
using any algorithm (for example gradient descent).
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minimizers avoids the uniform bound on J(, which is desirable since the empirical solutions
may exhibit a very strong structure. Importantly, the bound (8) cannot be cursed by the
dimension since it cannot depend exponentially on the complexity of the space J(.

Note that (8) is also obtained using the McDiarmid’s inequality and requires the bound-
edness of the cost I. This might narrow the range of application of these results. This
assumption can however be dropped at the expense of a stronger notion of stability and a
bounded sub-Gaussian or sub-exponential diameter of X (Kontorovich, 2014; Maurer and
Pontil, 2021).

Recently, a series of papers (Feldman and Vondrak, 2018, 2019; Bousquet et al., 2020)
improved (8) to

5@ﬁ—ﬂ<ebymbg(D+JW ;bgﬁg, (9)

holding with high probability 1 —4§. This was considered as a breakthrough in the algorithm
stability community as the bound becomes informative as long as € < en~'/2 which extends
the validity of the result to a broader variety of applications.

In addition of theses refinements, it is relevant for this work to mention that the esti-
mation error can still be bounded when the stability of the empirical minimizers happens
only on a subset of large measure (Kutin and Niyogi, 2002; Rakhlin et al., 2005).

1.2.3 OBTAINING CONCENTRATION BOUNDS ON 9

Despite a wide interest in bounding the estimation error, little is however known regard-
ing the concentration of the minimizers in the sense of (3), involving a distance on the
minimizers.

As a preliminary, it can be mentioned that when the minimizers of § and § have
explicit expressions with a clear dependency on the measure p and the sample (X;)" ,,
their structure, if any, could be leveraged to directly use concentration tools. This could
happen for example when ¥ and f are quadratic, which is however restrictive for modern
machine learning applications.

The first observation towards providing an indirect analysis, is that when an error bound
of kind

70(6, 64)° < F() — Fu (10)

is available for some # > 0 and 7 > 0, the concentration of 19((/5, ¢«) can be derived using
the results of the two previous paragraphs. A direct combination of (10) and (9) in the
example of barycenters in a compact and convex Q C R¢ would give

16 0u13 = 73) - 7. < clog(mytog (5 ) + diam(@? 2108 (), (1D

with high probability 1 — §. Assuming for example that the random variables X ~ pu are
sub-Gaussian with variance proxy ||.X||y,, see Preliminaries section or (Vershynin, 2018),
their concentration property would instead lead to

~ 1 2
16 - 613 < cdl XI2, 3 10g (). (12)

6
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with high probability 1 — § and some universal constant ¢ > 0 (Jin et al., 2019). The rate
in n~! in (12) is called parametric. Even if the stability of the empirical minimizer can be
shown to be € = O(n~!), the sampling error in y/n~!log(é—1) would slow down the rate
nevertheless. The same slow rate is obtained with the uniform convergence (6).

This gap is known in the literature (see Shalev-Shwartz et al., 2009, 2010; Klochkov and
Zhivotovskiy, 2021) and is due to the fact that uniform convergence and stability techniques
do not incorporate any structure of the problem. In particular, the behavior of ¥ around
its minimizers can be leveraged, such as (10), to obtain faster concentration rates on the
estimation error. When the cost function [ is strongly convex and Lipschitz, the uniform
stability is know to behave as € = O(n~!) (see Shalev-Shwartz et al., 2010). Yet necessary,
this improvement is still vain since the rate in (9) would now be controlled by the sampling
error in \/n~1tlog(d—1). Shalev-Shwartz et al. (2009) asked if a bound on the estimation
error for strongly convex and Lipschitz [ with rate in O(n~!) is possible. Ten years later, this
question was answered positively by Klochkov and Zhivotovskiy (2021) using an intricate
decomposition of the estimation error and an extension of the McDiarmid’s inequality so
that (9) becomes in this case

F(9) — 5. < cl"gn(”) log (;) , (13)

with high probability 1 — § where ¢ > 0 is a constant depending on the Lipschitz constant
and the constant of strong convexity of I. Up to the log(n) factor, this last result is in
par with the optimal rate for the barycenter problem on Euclidean spaces (12). However,
the strong convexity and the Lipschitz assumptions on [ are rather restrictive and are not
satisfied by the examples presented in Section 1.1.

Probably one of the first work attempting to understand the fundamental mechanisms
driving the concentration of the empirical minimizers is from van de Geer and Wainwright
(2017) which was building on a former work of Chatterjee (2014). They aim at bounding,
with the notation of this paper, the excess risk £(¢) — f(¢o) + R(¢) where ¢y = arg min £
is the minimizer of the non-penalized version of (1). It is again assumed that ¢ exists and
is unique and that the penalty R is convex. This question is different from the one at stake
in this work, since (3) only seeks to provide bounds for the random part, that is between 5
and ¢,. Relying on a curvature condition on the objective function around its minimizers,
the analysis then uses uniform convergence techniques to provide the concentration bounds
on the excess risk towards the expected excess risk. The guarantees on [|¢ — ¢o| are then
derived in the case where ||¢ — ¢ol|? = £(¢) — £(¢o), which excludes many applications.

Recently, two works by Schotz (2019) and Ahidar-Coutrix et al. (2020) have explored
the concentration of ¥(¢, ¢.) using uniform convergence techniques too. Both assume a
growth of ¥ around its minimizers of type (10) without assuming the strong convexity of
[. In (Ahidar-Coutrix et al., 2020), the bounds are derived in the case where [ and M = X
are bounded, exploiting a Holder condition for ¢ — (¢, x) holding uniformly on z. This
hypothesis is usually accessible in the bounded setting, but might fail when the spaces are
unbounded. In (Schétz, 2019), the analysis is more general: Jl can be different from X and
Jl, X and [ can be unbounded. To deal with this additional difficulty, the author introduces
an interesting weaker notion of smoothness for [ through a quadruple inequality, that can
be interpreted as a Holder condition on ¢ — [(¢, ) with a constant that varies with x.
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A similar condition will be used in the present work. While providing a first significant
understanding on the question, the bounds obtained depend on the entropy of the space JL,
which might lead to rates suffering from the curse of dimensionality. Indeed, in the example
of the estimation of barycenters in non-positively curved spaces, the rates of Schétz (2019);
Ahidar-Coutrix et al. (2020) might be cursed by the dimension, and therefore suboptimal,
since it is known that parametric rates hold regardless of the entropy of Ml (see Le Gouic
et al., 2022).

1.3 Contributions

The review of the literature indicates that available results are insufficient to provide optimal
concentration rates for ¥(arg min § ;arg min §) for a wide variety of estimation problems,
such as those described in Section 1.1. This work attempts to fill that gap by providing
a set of high-level assumptions from which optimal concentration rates can be proven.
These assumptions fit most of the estimation problems encountered in application where
the objective function can be non-convex and defined on unbounded sets. Importantly, the
rates obtained are parametric, and are not exponentially cursed by the complexity of the
underlying space.

The paper is organized as follows. Notation and preliminary facts are gathered in
the Section 2. The Section 3 introduces the different assumptions needed to prove the
concentration rates that will be presented in Section 4. These results will be proved in
the Section 5 while being applied to some practical estimation problems in Section 6. To
improve the readability of the core of the document, many technical results are postponed
to the appendices.

2. Preliminaries
2.1 General Facts on Random Variables

For p > 0, the p-th norm of a random variable X on the probability space (X, u) is defined
by || X||r» = E[|X[P]'/P. This definition can be extended to the case p = 400 with the
essential supremum || X||z~ = esssup | X|.

For ¢ > 1, the g-exponential Orlicz norm of a random variable X on the probability
space (X, i) is defined by [|X ||y, as || X ||y, = infeso{E [exp(]X/c|?)] < 2}. The case ¢ = 1
corresponds to sub-exponential random variables while ¢ = 2 corresponds to sub-Gaussian
ones. A random variable having a finite || X||,, admits a tail satisfying P(|X| > ¢) <

2exp <—th|q> and its moments grow as || X||zr < ||X||wqp1/q. These properties can be
bq

shown to be equivalent (see Vershynin, 2018, for more details). Importantly, || X?|y, =

||X||12p2 and || XY ||y, < || X |||V, (see Vershynin, 2018, Lemma 2.7.6 and 2.7.7).

The p-th norm of vectors in R? will be written using the usual notation || - ||,. When
X € R? is a random vector, its 1q norm is defined by || X[y, = sup,ega-1 [(X,v)[|y,. In
particular, ||| X|l2[ly, < Vd||X|y, (see Vershynin, 2018, Section 3.4).

Following Boucheron et al. (2013, Section 2.4), a random variable X is said to be sub-
gamma on the right tail with variance factor o and scale parameter S if its logarithmic
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moment generating function satisfies

t20?
logE X —EX))] < v
og E [exp (t( )] < 20— 51’
for every t € (0,1/5). The set of all such random variables is denoted by subl'| (02, S).
The random variable X is furthermore said sub-gamma on the left tail with variance factor
02 and scale parameter S if —X € subl'; (02, S). Similarly, the set of all such random
variables is denoted by subI'_ (o2, S). Lastly, a random variable X is said to be sub-gamma
with variance factor o2 and scale parameter S if X € subl'y (02, S)Nsubl'_(02,S). The set
of all such random variables is denoted by subI'(¢2,S). These sub-gamma properties can
be characterized in terms of the tail. A random variable X € subl'y (0?2, S) satisfies

P (X > V202t + St) < exp(—t),

with a similar tail on —X for X € subI'_(¢?,S). In particular, this tail condition implies
that

P(X >t) <exp <—2(0_2_t+25t)) .

2.2 Notation

In this work, the function [ : Ml x X — R is assumed to be such that [(-, ¢) are measurable
and E[|I(X, ¢)|] < +oo for every ¢ € JM.

Let (X;)?_, be random variables sampled independently from . The vector of X" will be
denoted with bold font, that is X = (Xy,...,X,,) for random vectors and x = (z1,...,zy)
for vectors. Let Y be an independent copy of X;. The random vector X’ is defined by
X' = (Y, Xs,...,X,). It is obtained by swapping the first element of X.

For convenient short hand notation, we will use § = arg min § while %, will refer to
its minimal value. The empirical risk and its minimizers depend on the samples X. This
dependency will not be made explicit but will be clear from the context.

Let €1 and 6, two subsets of Jl, the notion of similarity between two sets used in this
work is

V(€1;62) = sup ¥(¢1,%62) = sup inf I(¢1, P2).
$1€%61 P1€€; P2€62

Note that ¥(-;-) is not a metric since it is not symmetric and 9(€;;%2) = 0 only implies
that €; C €3. However, ¥(-; -) satisfies the triangle inequality, in the sense that ©¥(%€;;862) <
V(61;63) + 9(83;62) for all €1,%62, €3 non-empty subsets of M. The reverse triangle
inequality holds in the form |9¥(€;;€2) — ¥(€3; 62)| < max (F(61;E3),H(E3;61)).

To further simplify the notation, we write [§ < M] = {¢ € M |F(p) < M} and similar
notation can be guessed from the context, for example [§ > m| = {¢ € M| F(p) > m} and
m<g <M ={pe.dl|m< F(o) < M},

A metric space (M, V) is said geodesic if for any two points ¢, 1) € A, there exists a path
linking them whose length equals ¥(¢, ). For a proper introduction on these concepts see
for example the paper of Sturm (2003).
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Let (ML,9¥) be a geodesic space. It has positive curvature in the sense of Alexandrov, if
for every constant speed geodesic v : [0,1] — Al and every ¢ € Jl the concavity inequality
holds:

P2 (4(8),¢) > (1 = 1)9*(7(0),9) + t0*(7(1), ¢) — t(1 = £)9*(7(0),7(1)). (14)

Similarly, 4 is said to be a non-positively curved space, in the sense of Alexandrov, if the
converse inequality holds. The equality holds when J( is a Hilbert space.

3. Assumptions

In this section, the assumptions needed to derive the main concentration result are de-
scribed.

3.1 Existence of Minimizers

Studying the concentration of the minimizers of ¥ and § is possible only if those exist.
Their existence is formalized by the following assumption.

Assumption 1. The function § : M — R U {+o0} is proper, that is such that dom¥ =
{p € M|F(P) # 400} # 0 and have at least one minimizer. Furthermore, for all n > 1
and p"-almost every x € X", the empirical risks Ej, associated to x, are also assumed to be
proper with at least one minimizer. Its minimizers, as functions of x, are all assumed to be
measurable.

On a metric space (JMl,V) satisfying the Heine-Borel property (that is for which any
closed and bounded subspace is compact), at least one minimizer exists when the function
¥ (respectively §) is lower semi-continuous and either J( is bounded or § (respectively ¥)
is coercive.

The measurability assumption of the minimizers is made upfront to avoid technical
considerations about their existence, which will be clear in usual applications. It can be
shown, under mild conditions that there will be at least one measurable minimizer in S
(see Hess, 1996). Moreover, the measurability assumptions can be weakened using outer
expectations (see Van Der Vaart and Wellner, 1997).

3.2 Local Holder-type Error Bound

The following assumption describes the growth of ¥ locally around its minimizers and is a
generalization of (10).

Assumption 2. There exist Jy € (Fx,+00|, f > 1 and 7 > 0 such that for all ¢ € M,

pelF <k = 1(6,8)" < F(¢) — % (15)

The bound (15) is a central ingredient in this work as it avoids pathological oscillations
of ¥ around its minimizers and it provides leverage to use concentration techniques on the
function values j((Z) — ¥, to bound 9.

It is important to mention that many functions used in applications satisfy Assumption

2. For example, any strongly convex function § satisfies the assumption with 5 = 2 and

10
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Jo = +00. The assumption can still hold even when the function is not convex. An argument
in this direction is that when 4 = R? and ¥ is a semi-algebraic function (Bochnak et al.,
2013), the bound (15) holds on any compact subset (Lojasiewicz, 1993, Theorem II). Semi-
algebraic functions contains for examples piecewise polynomials, square root, quotients,
norms, relu, rank norm to name a few. As a consequence of Tarski Seidenberg theorem
(Basu et al., 2007, Chapter 2), these functions are furthermore stable under many operations
such as differentiation or composition. For these reasons, the Assumption 2 covers most
of the functions encountered in applications where J#l = R?. Extension of this result for
semi-analytic functions to Riemannian analytic manifolds can be found in (Bierstone and
Milman, 1988, Theorem 6.4).

This assumption appears in many communities under different names such as local
Hélder-type bound in functional analysis (Li, 2013), Lojasiewicz inequality in real algebraic
geometry (Lojasiewicz, 1993) or Lojasiewicz error bound inequality in optimization (Bolte
et al., 2017). In the particular case of Fréchet means where X = J and [ = p?, the
Assumption 2 is known as variance inequality (Sturm, 2003). It is also called a margin
condition in the works of Barrio et al. (2007) and of van de Geer and Wainwright (2017) or
a low noise assumption in the one of Ahidar-Coutrix et al. (2020).

In the ERM literature, the Bernstein condition is often presented as central to derive
fast concentration rates (see for example Koltchinskii, 2006; Bartlett and Mendelson, 2006;
Klochkov and Zhivotovskiy, 2021) which assumes that there exists a constant ¢ such that
for all ¢ € JM, there exists a ¢, € S such that E[(I(¢, X) — I(¢«, X))?] < c(F(¢) — F). This
condition is in particular verified when ¥ satisfies the Assumption 2 for § = 2, $y = +©
and that [(-, X) is uniformly Lipschitz.

Remark 1. The Assumption 2 is equivalent to assuming that there exist $ € (F«, +00| and
B > 0 with the quantity

=inf § ————F, elF <
being positive. Such a quantity might however be delicate to compute and only a positive
lower-bound of T can be accessible. The constant S~ is often referred to as the Lojasiewicz
exponent in the optimization literature (Bolte et al., 2017). To the best of the author’s
knowledge, there is no particular name for T, so it will be named Lojasiewicz constant of ¥.

3.3 Convergence to the Basin

To control ﬁ(g ;8) leveraging Assumption 2, the minimizers of § have to fall in the level-set
[F < Jo]. This event will be assumed to hold with high probability.

Assumption 3. There exists : N — [0, 1] with lim, 4o n(n) = 0 such that
P <§u133($) > 50> < n(n).
PES

This assumption is rather natural since, as the number of points increases, the empirical
risk f is expected to better approach the true risk. The value of ¥(¢) is therefore expected
to converge to the minimum ¥, so that ¢ would fall into the level-set [§ < %)

11



PauL ESCANDE

The technique used to derive an Assumption 3, that is optimal, depends on the context
and is therefore left to be checked for each application. Let us however mention some tech-
niques that can be helpful. Following (5), if supe 4 A(¢) <t holds with high probability,
for example when the Rademacher complexity of the function class or the entropy of Ml are
bounded, then setting t = (¥ — %« )/2 would imply the Asumption 3. When concentration-
based argument are not available, for example when the diameter of 4 is unbounded, the
small-ball method (Mendelson, 2014, 2018) might be used to prove that Assumption 3 holds.
Finally, the convergence to the basin might also be proved considering approaches like the
one of Schotz (2019).

3.4 Lojasiewicz Constant of 3’\

Let X € X" and y € supp(u)™. Let ¢, respectively S, refer to the empirical risk and the
empirical set of minimizers associated to y. Let 7 be the random variable defined by

~ .o §(¢)_§* Y
7o 1r;f1nf{ﬁ(¢7§)ﬂ . g€ ([j < %) ms)}

The constant 7 quantifies the behavior of 5 , around its minimizers, regarding only the
minimizers (falling into the basin [§ < %)) of all possible empirical risks.

The next assumption will be crucial in proving a notion of stability of the empirical
minimizers.

Assumption 4. There exists k : N — [0, 1] with lim,_, o x(n) = 0 such that

P (? < g) < Kk(n).

Remark 2. Similarly to Remark 1, it might only be possible to compute a lower bound to
7. In this assumption, the lower bound however has to be sufficiently large to be greater
than %T with high probability. Actually, the only hypothesis needed is that the lower-bound
is larger than a constant with high probability. The constant here is chosen to be T/2 in
order not to overload the bounds of Theorem 9.

Remark 3. The Assumption 4 is weaker than supposing that

nf{ﬁ(gb,é’\)ﬁ7 QZ)G[}S}O}}Z

T,

N =

with high probability, which involves the infimum on the whole level-set. The proof of the
main result only requires the local error-bound (15) to hold for § regarding only the mini-
mizers of ¥.

A general treatment of the phenomenon assumed in the Assumption 4 and providing
the weakest conditions under which it holds is, to the knowledge of the author, an open
question and is postponed to future works. However, a systematic analysis shows, in the
examples, that this assumption is verified. Note that in some applications, £ might be
convex and a regularization R is added in order to ensure the uniqueness of the minimizer
and to improve the resolution of (1) with numerical methods. This regularization is usually
strongly convex and thus drives the Lojasiewicz constants of ¥ and f .

12



ON THE CONCENTRATION OF THE MINIMIZERS OF EMPIRICAL RISKS

3.5 Smoothness of |

The concentration phenomenon can occur when the integrand [ possesses some smoothness.
The smoothness needed is described in the following assumption.

Assumption 5. There exist a > 0, a pseudometric® a : X x X — R and a subset T C Jl
such that

oY eT = U, x) U, x) = U, y) +1(¥,y) < alz,y)d(e, ¢)7, (16)

for p-almost every x,y € X. The function a should further satisfy ||a(X,Y )|y, < 400 for
independent X, Y ~ pu.

The set Y should contain 8 and it is further assumed that there exists 1 : N — [0, 1] with
limy, o0 t(n) = 0 such that P(S ¢ 1) < u(n).

The assumption made here can be interpreted as a Holder condition on [(-,z) with
a constant that may vary with x. Since X is a metric space, this constant has to be
measured with respect to a reference point. This translates to assuming a Holder condition
on I(-,x) —I(+,y) with constant a(z,y) with the integrability condition that a(X,Y") should
be sub-exponential. In the remaining of the paper, the notation ||al|y, will be a shorthand
to the quantity |ja(X,Y")||y, for independent X,Y ~ pu. Note that ||a||,, is oftentimes called
the sub-exponential diameter of the space (X, a, ) (Maurer and Pontil, 2021).

Remark that when [(-,z) satisfy a Holder condition, that is when there exist K > 0
and a > 0 such that for all z € X, [i(¢,x) — (¢, )| < KY(p,) for all ¢, ¢ € JM then
Assumption 5 holds with a(z,y) = 2K and ¢ = 0. Such a bound is oftentimes available
when diam(X) < 4o0.

The inequality in (16), when holding on the whole space T = JL, is also called a quadruple
inequality in (Schétz, 2019). In the Fréchet mean setting, that is when 4 = X and [ = p?
and if this condition holds for all ¢,1 € M with a(x,y) = 2p(x,y), then Assumption 5
characterizes metric spaces with non-positive curvature (Sturm, 2003, Definition 2.1).

Remark 4. The class of pseudometric functions includes distances and additively separable
functions of the form a(x,y) = (h(x) + h(y)) Lyzy with h : X — R,..

4. Main Results

It is now time to present the main results of this work. The concentration in probability of
9(8;8) will be derived leveraging the following result.

Theorem 5. Let f: X" — R and B C X" such that p=P(X ¢ B) < 3/4. Assume there
ezist a pseudometric b: X x X — RT with ||b]|y, < +oo such that

1F(x) = FOI <D bliyi),  for all x,y € B. (17)
i=1

3. A pseudometric on X is a function from X x X — R satisfying the same axioms of a metric except the
implication a(z,y) =0 = = =y.

13
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Then

f(X)—E[f|X € B] < 4n|b]ly, /D + €llblly, (%/@* log <(15>> ’

with probability at least 1 —p — 4.

This result is a generalization of McDiarmid’s inequality when the differences are sub-
exponential with high probability. In the literature, the derivation of such inequalities when
differences are assumed bounded with high-probability has been studied in a few works (for
example McDiarmid, 1998; Kutin, 2002; Kutin and Niyogi, 2002; Combes, 2015; Warnke,
2016). This result is a combination of ideas from Maurer and Pontil (2021) and Combes
(2015) for which a proof is given in Section 5.

In the present case of the concentration of 19(§ ;8), the subset o C X" of interest, that
will be used as % in the theorem, will be defined by

94:{gugj(%)gjo}m{?z;T}m{ggl‘}. (18)

PeS

The remainder of this section consists in computing the conditional expectation and
checking the condition (17). Both will be achieved by taking advantage of the stability of
the empirical minimizers in o, in the sense presented in the next paragraph. In the rest of
this section, the probability of being outside of o will be referred to as p, = P(X ¢ o) and
is controlled using Assumptions 3, 4 and 5 by p, < n(n) + k(n) + ¢(n).

4.1 The Empirical Minimizers are Stable

The cornerstone of the results obtained in this work is the stability of the empirical min-
imizers of j when the components of X are perturbed. Let X,Y € X". Conditionally
on the event X € o, Y € o, the minimizers in S and § fall into the level set ¥ < %l

Furthermore, conditionally on this event, the Lojasiewicz constant 7 > %7’ so that, for a

minimizer ¢ € §,

(qx 8P <%(9) - %

< Inf §(9) = §(9) + 5(6) = 5(9) (¢ is a minimizer of F)
€
= inf () — £(¢) + £(¢) — £() (the terms in R cancel out)
IS
= inf ~ % 16, X)) )+ U YD) ~ U, Ys
Jfésn; (4, X0) + 19, Yi) ~ U3, Yy)
< 711; a(X;,Y3)9(9, S). (from Assumption 5)

Since this bound holds for any 5 €s , the following lemma is derived.
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Lemma 6. For 8 > « and conditionally on the event X € o, Y € d, it holds that

n

~ ~ 21
9(8;8)P < 2= " a(X;, V).

TN <
=1

This notion of stability of the empirical minimizers is, in essence, similar to the notions
of stability of Bousquet and Elisseeff (2002). Since the probability p, is controlled by
Assumptions 3, 4 and 5, the stability happens with high-probability, and echoes the work
of Kutin and Niyogi (2002).

This notion of stability can then be exploited to bound the expectation of 19(§ :8)8
conditionally on X € o.

Lemma 7. Under Assumptions 1-5 with the further condition that p, < 3/4 then
E[0(8:8)° X e o] < L% (™ + K y/pm)
with
L =r"Yally,, K = 20002 (55 diam(8)* + ¢s )

1 =c(a,p) = <B4—6a> , c2 =co(a, ) = 2max <ﬁ4_aa’1>ﬁ .

Similarly to (7), the proof is essentially based on switching the variables Y and X; in
the expectation. This step allows to leverage the stability of the empirical minimizers of
Lemma 6. However, due to the conditioning on X € ¢, the random variables Y and X; do
not share the same distribution anymore so that extra care must be taken. Note that the
function [ or the spaces 4l or X can be unbounded which require additional precautions
compared to the usual argument of Bousquet and Elisseeff (2002); Feldman and Vondrak
(2018, 2019); Bousquet et al. (2020). For these reasons, the proof of this lemma is postponed
to Section 5.3.

The next corollary is an instance of Lemma 7 for particular values of « and .

Corollary 8. When 8 =2 and o = 1, the bound of Lemma 7 reads

E [19(&8)5 X € gq} <2602~ + 4 (L diam(S) + 8L?) /pn.
When § contains a unique minimizer, the bound further simplifies to

E [19(&3)5 X € .gzq} < 2672n7 1 4 9512 /.

4.2 Concentration in Probability
The main results of this paper are now stated.

Theorem 9. Suppose Assumptions 1-5 hold and assume furthermore that p, < 3/4. For
0<pf—a<?2, letq=min(f —a,1), Q@ = max(f — a,1) andszmin(l,/&% — 1). Then,
for any 6 > 0,

~ 1% _a 1 1 1 1 1 25
9(S8;8)T < LT | efn 79 +20e (2 [—log < | + —log { 5 + Crpr”, (19)
n n
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1 1 1
with probability at least 1 — p, — 0 where C,, = L@ (K% +22+5n1_5) and where the

constants c1, K and L are defined in Lemma 7.

Proof Let f(X) = 19(c§ ;8)4. The McDiarmid’s inequality of Theorem 5 is applied to bound
f(X) —E[f|X € d] with high probability.
The conditional expectation will be bounded using Lemma 7 as

aq
Ef(X)|Xed] <E [19(8; $)P|1X e &1} ’ (using Jensen’s inequality, ¢ < f3)
1 % _ o a % . q ..
< L@ (c¢/n Be 4+ KBp,” |, (sincet >0 t? is subadditive)
where we also have used the fact that ¢/(f —a) = 1/Q.
The remaining of the proof consists in constructing the pseudometric b satisfying the

conditions of Theorem 5. With a slight abuse of notation let § and § be the sets of
minimizers of § defined from x and ¥ from y respectively. When x,y € A,

1760~ £3)] < [0(8: )7 — 0(5:8)7] < max (9(8:8)7,9E:8y) < Y (niuy)) °
i=1

1
using the triangle inequality combined with Lemma 6. Therefore, the choice b = (%a) Q
satisfies the assumptions of Theorem 5 so that

FX)—E[f|X e o] <2**@Lan'" 0 /p, + 2@eLan @ (21 Inlog (;) +1log (;))

11 g1 P 1 1\ 1 1
<2t QLan'" e py +29eLe (2, —log =)+ —log [ <
S n P e s og 5 s og 5 s

with probability at least 1 — p,, — § with s = min (1, ﬂ_% — 1). This bound combined with

the bound on E [f(X) | X € o] together with the fact that % < & proves the claimed result.
|

The notable case f =2 and a = 1 is a direct consequence of this result.

Corollary 10. When =2 and o = 1, the bound of Theorem 9 reads

o 1 1 1 1 1 1
H8;8)<8L(n2+42/—log|=|+—-log|=)|+Cpn,
n ) n 0

with probability at least 1 — p, — §, and C = (14L + 2\/Ldiam(§)).

The following comments can be drawn from these results. As long as 8 and « are
independent of the complexity of M, the rate of convergence will not depend exponentially
on the dimension of M. This comes at the expense of additional terms driven by the
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probability of not falling into the basin of where the empirical minimizers are stable. When
1
pr, decays sufficiently fast, the quantity n'"e, /Pr. goes to zero faster than n~% and becomes

negligible for large enough n. Actually,lwhen Ba— « < 1, the quantity nlfé = 1 so that
\/Pn should decay faster than n™* =n"2 orn #2 =n # which is a rather mild condition
since in the considered applications, p, will decay as exp(—cn) for some ¢ > 0.

When 8 — « approaches 2, the rate deteriorates. It is not clear to the author if this
phenomena is to be excepted or is an artifact introduced by the tools used in the proofs. On
the one hand, this can be due to a parameter 8 getting larger meaning that the functions ¥
and j are becoming flatter, which naturally slows down the rate. On the other hand, this
could also be interpreted as a lack of regularity of the problem since a would be too small
compared to 8. In case the rate becomes too slow, techniques like (Schétz, 2019) might be
able to provide a usable rate.

Arguably the most studied case is the one where Jl is a Hilbert space and the losses
l(-, z) are bounded, w-strongly convex and K-Lipschitz uniformly for p-almost every x € X.
This case was discussed in Section 1.2. A combination of (10) and the Proposition 2.1 of
Klochkov and Zhivotovskiy (2021) was showing that, for all § > 0, the rate

~ K?1 1
S ] (20)

was holding with high probability 1 — §. Such functions guarantee that the Assumptions
1-5 hold for 7 =w, B =2, a =1, ||ally, = 2K, Jo = +oo and n = ¢ = k = 0. In view of
Corollary 10, a bound

93,007 <o L (1 1o (5 ) + 210g ) ) , 1)

holding with high probability 1 — § is obtained for all § > 0. Note that the constants
¢ > 0 in the two bounds are different. Up to the logarithm factor, the bound (20) is a
parametric, while (21) gives a true parametric rate. The bounds also differ in their nature,
(20) is a 0-concentration bound while (21) is a mean-concentration one. Finally, the bound
(21) contains an extra term n~!'log(6~1)? which inherits from the sub-exponential nature
of ||la|ly,. With the further assumption that the losses are K-Lipschitz, it is possible to
use a standard McDiarmid inequality, since in this case Lemma 6 would give 19(§ ; §) <
Kn='3°" | 1x,2v,. This strategy would remove the extra term n~!log(671)? of (21).

The case f = 2 and a = 1 is particularly important in modern statistical learning
because: (i) the losses [ have bounded sub-gradients in order to use first-order descent al-
gorithms and (ii) the risks are designed to have a strong local convexity to accelerate the
convergence of optimization algorithms. The reason why the case = 2 is often encountered
can also be justified in view of a Taylor expansion of the risk (assuming that 4l is a Rieman-
nian manifold, proper smoothness of § and the uniqueness of its minimizers). Sufficiently
close to the minimizers, the quadratic growth driven by the Hessian of ¥, if not vanishing,
dominates the higher-order terms. This leads to local quadratic error bounds. Estimation
problems where § # 2 and « # 1 can be constructed but are usually obtained by designing
pathological settings. Such examples can be found, for instance, in the literature of power
Fréchet means in Hadamard spaces (Schotz, 2023; Yun and Park, 2023). Moreover, in the
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literature of Fréchet means on positively curved spaces, it is possible to design ad-hoc mea-
sures 4 to obtain flatter local error bounds, which is often called smeariness. An example
on the sphere was found by Eltzner and Huckemann (2019) where the Hessian of the risk
vanishes at the minimizer, leading to higher order polynomials of the Taylor expansion to
drive the growth around the minimizer.

Finally, the optimality of the rates Theorem 9 is difficult to assess because of its level
of generality. However, its application to various scenarii provides the optimal parametric
rates even for complex underlying spaces (.

4.3 Rates in Expectation

When p,, = 0, the Lemma 7 used to prove Theorem 9 also provides a bound on the expec-
tation of ¥2(8;8) of kind
—~ _B_ a
E[0(8;8)°] < 1 (v lally,) 77 n” 75,
with ¢; = ¢1(«, 8) defined in Lemma 7. Additional developments are however needed to
obtain a bound on the expectation E {29(&8)7”] for » > 8 or whenever p, > 0. The total
law of expectation gives

E [ﬁ(@; sy‘} <E [19(§;8)T 1X ¢ sﬁ] +E [ﬁ(g;s)’"nxw , (22)

so that a bound can be obtained when the expectation of ¥"1x¢y can be bounded. On
the other hand, the expectation of 9" conditionally on X € o for r > § can be obtained
by integrating its tail (19). The complete computations are omitted in this paper as the
applications detailed in Section 6 will not heavily rely on this result.

5. Proof of the Main Results

It is now time to prove the supporting results needed for the derivation of Theorem 9.

5.1 General Concentration Results

The first result is adapted from the work of Maurer and Pontil (2021), a generalization of
McDiarmid’s inequality.

Definition 11 (Maurer and Pontil (2021, Definition 1)). Let f : X" - R, ax € X" and a
random X € X" with its components sampled independently. Let Y € X" an independent
copy of X. The k-th centered conditional version of f is the random variable

fk‘(X)(X) = f(xla R 7$k—17Xk7xk‘+la CER) xn) —E [f(xlv cee 7$k—17Yk7xk+17 E 7$n)]
=E[f(x1,. ., k-1, Xy Tpa1,-- - Tn) — f(T1, -y Tp—1, Y, Thoa1y - -, Tn)| Xk -
The conditional version f; describes the fluctuations of f in its k-th component, given
the other variables (x;);+r. Some properties of the conditional version of f are extracted
from (Maurer and Pontil, 2021) to improve its introduction. Note that fi(X) :x € X" —

fx(X)(x) is a random function that does not depend on the k-th component of x. Con-
sidering a norm || - || on random variables, the function || f(X)|ly : X" — R4 is defined
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by || f&(X)]|(x) = || f&(X)(x)]|. Remark that || fx(X)]|,;(X) is a random variable and that
[(X)(X) = f(X)=E[f(X)| X1, ..., Xk—1, Xpt1, ... Xpn]. The quantity |||| fx(X)||||co refers
to its essential supremum. If X, Y are independent copies then || f3(X)||y = || fx(Y)]|y and
| fr(X)|l(X) is independent and identically distributed to || fx(X)|l4(Y).

The next result provides a McDiarmid-type inequality for function with sub-exponential
conditional versions.

Theorem 12 (McDiarmid’s inequality (Maurer and Pontil, 2021, Theorem 4)). Let f :
X" —» R and X € X" a random vector with independent components. Then, for any § > 0,

100 21 < (2ey o (1) 4 525 (}) ). )

with probability at least 1 — &, with 0% = sz ||fk(X)||3)1 HOO and S = maxy || || fr(X) [y, || o -

Proof Since this result is not exactly stated in this form, a short proof is provided in the
Appendix A. |

The quantities f, 02 and S are the substitutes to the differences, variance and scale,
respectively, for the standard McDiarmid’s inequality.

5.2 Proof of Theorem 5

The Theorem 5 can now be proved using Theorem 12.
Proof Let m =E[f(X)|X € %] and ¢ > 0. By the total law of probability,

P(f(X)—m>1t) <P(f(X)—m>t,X € B)+P(X ¢ B).

The inequality of Theorem 12 cannot be directly applied to P(f(X) —m,X € %) since the
components of X are no longer independent conditionally on X € 3.

Similarly to (Combes, 2015), the main idea of the proof is to define an extension of f
to the whole domain that preserves its conditional versions. Let B : X" x X" — R be the
pseudometric defined by

B(Xv y) = Z b(l‘la y1)7
i=1
for all x,y € X”. The extension f : X" — R of f will be defined by
f(x) = inf f(y)+ B(x,y),
yERB

for all x € X". This extension was also used in the Kirszbraun’s theorem (Kirszbraun,
1934; Hiriart-Urruty, 1980) to extend the range of Lipschitz functions.

Lemma 13. The extension function f satisfies
e f(x) = f(x) for all x € B,

o [7(x) = J(y)| < B(x.y) for all x,y € X".
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The proof of the theorem continues using this extension. Let M = E[f(X)]. By defini-
tion of f,

P(f(X)—-m>t,XeRB)<P(f(X)—m>t)=P(f(X)—M >t+m—M).

It remains to find a bound on M —m. The expectation M can be decomposed as follows

M = E[f(X)Ixean] + E[f (X)Ixgq] < P(X € B)m + E[f(X)Ixga].

By definition of f(x) = infyeg f(y)+B(x,y) <E[f(Y)+B(x,Y)|Y € B], where Y € X"
is independent of X, so that

E[f(X)Ixge] < mP(X ¢ B) +E[E[B(X,Y)[Y € BJlx¢q].

Therefore,
1
mﬁf [B(X,Y)Ix¢am ven)

where the order of integration on B has been interchanged by Tonelli’s theorem. An appli-
cation of Cauchy-Schwartz inequality gives

M—-—m<

E [B(X,Y)lxgs ven] < |BllP (X ¢ B,Y € %),
< 2n||bl|y, P (X ¢ B,Y € B)/2.
The independence of X and Y leads to

p
M —m < 2n||blly, T

In the regime where p < 3/4, it holds that p%(l - p)_% < 2,/p, leading to
M —m < 4nllbly, V5.
which implies
P(f(X)—=M>t+m—M)<P(f(X)—=M>t—4n|b|y, /D) -

To conclude the Theorem 12 is used on f since

f_k(X)(X) =K [f(mla cee axk—lka’vl'k:—i—la .. 'azn) - f(xl’ s 7:Ek—1aX]/ga:Ek+17 s ’xn)|Xk]
< E [b(Xg, Xp)| X]

so that || fi(X) %)y, < IIE [b(Xk, X1)|Xk] [y < [b]l4, by (Maurer and Pontil, 2021, Lemma

6). Therefore,
7 1 1
f(X) —m < An||blly, /P + e (20 log <5> + Mlog <6>> 7

with probability at least 1 — p — § where 0% = n||bH12p1 and S = [|b]|y, - |

Remark 14. In Theorem 5, the function b has to be a pseudometric while Theorem 12 does
not assume any further structure on b. It is not clear whether Theorem 5 holds dropping
the pseudometric assumption.
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5.3 Proof of Lemma 7

The goal of this section is to prove the Lemma 7 providing the bound on the conditional
expectation E[ﬁ(g;S)B | X € d].

To start this section, it is important to describe some properties of . First, the subset
A, as the empirical risk § , 18 invariant under reordering of the components of the vector
X. This property will be used several times in the proof. The section of of is defined for
Xedby I(X)={xeX|(x,Xe,...,X,) € d}. The subset o and its section satisfy the
following properties

Xedin{X'ed} ={Xed}n{Y e I(X)},

Xedin{X'¢d}={Xed}n{Y ¢ I(X)}, (24)

recalling that X’ = (Y, X»,...,X,,) where Y is an independent copy of X;. The events
X € d and X’ ¢ o are negatively correlated, meaning that P(X € of, X’ ¢ o) < P(X €
A)P(X’ ¢ o), see Lemma 33. This property quantifies the intuitive idea that, once X fall
in o with large probability, the probability that the set of points X’ (that is X with one
sample point swapped) fall outside o is small. R
Proof [Proof of Lemma 7| The proof starts with the usual decomposition for any ¢ € S

7'19(@5, 8)P < 5,7(5) — % (using Assumption 2 and X € o)
- EY[Z($7Y)] + %(A) + ik - 3:\* - j*

~

=Ey[l(6,Y)] - F(0) + F — 7
— S EIG.Y) - 16X + F. - 5.
i=1

Remark that,

n

1
SEZE

=1

sup Ey [I(, V) — (¢, X;)] | X € of

E supEZEy[l(gfﬁ\,Y)—l(&Xi)HXEQg A
¢eS

~ 5N
PeS 7 =1

sup By [(9,Y) — 1(¢, X1)] | X € o
PEeS

=K

)

since o is invariant under permutations of the components,
The standard argument of (7) cannot be directly applied here since Y and X7 do not
share the same distribution anymore due to the conditioning on X € d. It is however
possible to split the expectation on Y into the domains (i) Y € I(X) where Y will be
swappable with X; and (ii) Y ¢ I(X) where Y and X; do not share the same distribution.
Fortunately, the event Y ¢ I(X) will have a small measure. This leads to the following
decomposition
7E [0(§;5)ﬁ|x € 94] < Ei+ By, with B;=E [supei]XE dl,
PeS

and e; =Ey [([(&Y) - l(& Xl)) ﬂYGI(X)} )

ez = Ey [(l(&Y) — (9, Xl)) ]IYQI(X)} + %~ 5
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Bounding FE; Since sup, Elg(¢, X)] < E[sup, g(¢, X)] for any measurable g : Ml x X — R,

the term F4 can further be bounded by

By <Ex [Ey

sup(l(,Y) — l(d):Xl))]lYeI(X)] X ed
PeS

The next step of the proof consists in bringing out the stability of the minimizers of
the empirical risk in E7. Let £, § and § be the empirical risks and the minimizers
associated to X' = (Y, X1, ..., X,,). Remarking that,

~ o~

(6, Y) — (¢, X1) = n(f(9) — £(9)) = n(F(d) — F(9)) = n(F() — %),

since the terms in R cancel out, and using the fact that X and X’ have the same
distribution gives

Ex |:Ey {j*]lyg(x)} ILXEQQ} =Ex [Ey [iﬂya(x)] ]lx@g} . (see Lemma 30)

This leads to the bound

n 1 ~ =

Er< —Exy {na(Y, X1)19(3;3)a11xw,x'e4 ;
n

with an argument similar to Lemma 6. Note that the order of integration has been

interchanged by Tonelli’s theorem. Therefore, using Lemma 6 shows that

E, < E [G(Y, X1) (27 'nta(y, Xl))ﬁ%a ]lXem,X/em}

1- Pn
(2r a1
1- Pn
using Cauchy-Schwartz inequality. By definition of p,,

VP(X € d, X" € d) 1
< <2, 26

in the regime where p,, < 3/4. Furthermore, since ,B—ia >1

B
R o
=g < ( Hauwl) - (27)

L LB—a 8-«
Combining (25), (26) and (27) leads to

(25)

B
ab-«a

pJMXG%X%dL

B
o

B

o 2 B—a
El S 2(2771n*1)ﬁ7a <IB—/804”CLH¢1> .

Bounding E> The second term emerges from the domain where Y and X; do not have

the same distribution. It can be bounded by

o _B_ S
By <m0ty a0 ( (el dam(®)” + e ).
using Lemma 31, with ca2(a, 5) = 2max <,B4faav 1);3?.
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Combining the bounds on F; and Es gives the desired result. |

The bound on Fy makes the diameter of § appear, requiring the set of minimizers to be
bounded. This is not too restrictive in practice, but it is not clear if it is an artifact of the
proof or a price to be paid when splitting the domain of integration of Y

6. Applications

In this paragraph, the main results of Section 4 are applied on the examples presented in
the introduction.

6.1 Barycenters in Hadamard Spaces

First introduced by Fréchet (1948), Fréchet means as defined in (4) have found numerous
applications in geometry (Sturm, 2003; Villani, 2003), statistics (Pennec, 2006; Pelletier,
2005), data science (Beg et al., 2005; Peyré and Cuturi, 2019; Bigot et al., 2019a) and more.
Note that the behavior of the empirical counterpart has been studied in specific scenarii for
example in Riemannian manifold (Bhattacharya and Patrangenaru, 2003), in Wasserstein
spaces (Ahidar-Coutrix et al., 2020; Le Gouic et al., 2022) or recently in non-positively
curved metric spaces (Brunel and Serres, 2024). This section is dedicated to Fréchet means
defined on Hadamard spaces.
Let (M,9) = (X, p) a Hadamard space defined by

Definition 15. A Hadamard space is a complete geodesic metric space (X, p) fulfilling

p(¢,2)* — p(v,2)* = p(¢,y)* + p(¥, y)* < 2p(x,y)p(¢, V), (28)
for all x,y,¢,v € X.

The property (28) characterizes CAT(0)-spaces (Berg and Nikolaev, 2008, Corollary 3)
(Sturm, 2003, Proposition 2.4), that is geodesic metric spaces with non-positive curvature
in the sense of Alexandrov. The class of Hadamard spaces describes a large variety of spaces
such as Euclidean spaces, Hilbert spaces, complete metric trees, complete simply-connected
Riemannian manifolds with non-positive sectional curvature and more. An introduction to
Hadamard spaces was proposed by Bacdk (2014).

The computation of the barycenter of y consists in minimizing (¢) = [y p*(¢, z)du(x)
which corresponds to I(¢,z) = p(¢,z)? in (1).

It is known that the barycenter of a measure on a Hadamard space exists and is unique
provided that there exists a ¢ € X such that Ex~,[p(¢, X)?] < 400 (Sturm, 2003, Propo-
sition 4.3). Furthermore, Sturm (2003, Proposition 4.4) showed that Assumption 2 holds
with $y = 400, 7=1and § = 2.

Assuming that ||p|s, is finite implies in particular that both moments Ex~,[p(¢, X)?]
and Ex.,, [p(¢, X)?] are finite for some ¢ € X so that all the assumptions are satisfied as
detailed by the next lemma.

Lemma 16. Assuming that ||p||y, < +00, then this example satisfies Assumptions 1-5 with
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fo B 7 a a ally, n s v
+oo 2 1 1 2p 2|plly, 0 0 0

Corollary 17. Assuming that ||p|ly, < +oo then, for any § >0

~ ) 1 1 1 1
< —3 = Z = Z
p(@x, @) < 16|y, (n 242/ log <5> + —log (5)> :

with probability at least 1 — § and
E 062, 0)?] < 2lpl3,n "
Similar results are obtained by Le Gouic et al. (2022) and Brunel and Serres (2024).

Remark 18. In the Euclidean case, the quantity ||plly, can be bounded by

lollys < 20X gy < 2VAIX gy

(see Preliminaries) so that the condition ||p|ly, < +oo is met for sub-exponential random
variables. In Hilbert spaces, this condition is however more subtle to grasp. Some examples
of random functions fulfilling this condition are given by Lei (2020, Proposition 5.3)

Remark 19. When Ml = X is further restricted to be an Euclidean space Ml = X = R¢
and endowed with the usual €5 norm, the bound of Corollary 17 can be compared with
straight calculations. In this context, the unique barycenter is ¢, = E,[X] (in the Pettis
integral sense) and the empirical one 5 = (1/n) Y 1, Xi. The concentration property of
sub-exponential variables gives that for any § > 0

~ 1 2 2 2
162~ Bl < 2/ X, (nlog (3)+ /21 (5)) ,

holds with high probability 1 — 6. Moreover, further computations show that
16d

~ 1 16
E [Ig. — 31] = ~E [1X ~ E[XIIZ] < —MIXNIZ, = —IXI3,. (29)

The concentration in probability and expectation obtained via Corollary 17 are therefore
optimal up to universal constants.

6.2 Largest Eigenvector of Covariance Matrices

Principal components analysis (PCA) (Pearson, 1901; Hotelling, 1933) is a dimension re-
duction technique. It consists in computing the eigensystems of the covariance matrix of
the data to identify the subspaces that contain the largest variability. In the majority of
high-dimensional analyses, the data is represented as points (x;)!'_; sampled from the un-
known probability measure x in R?. The covariance matrix Cov(u) can thus be estimated
only from the samples represented by the discrete measure p, = % >y dg,. One important
question concerns the stability of the subspaces of Cov(u,) with respect to those of Cov(u).
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The case of the leading direction of variability, which is the largest eigenvector, will be
analyzed in this section.

Let R¢ endowed with the Euclidean distance and equipped with a centered probability
measure p. The covariance matrix of y is defined as Cov(u) = Ex~, [X X T].

Let \y > ... > A\, be the eigenvalues of Cov(u) and ¢, one of the two eigenvectors
associated to the largest eigenvalue. By the Courant—Fischer min-max principle, ¢, is
defined by

6. € arg max(Cov (1), ). (30)
peSd—1

This problem fits in the formalism of (1) with # = S?! endowed with the great circle

distance (¢, ) = arccos(¢,¥)pa, X = R? and I(¢, ) = — (¢, x)2. In this context, the set

of minimizers of ¥ is § = {+¢.} and (¢, S) = arccos [(¢, ¢«)|.

Lemma 20. Assuming || X||y, < 400 then this example satisfies Assumptions 1-5 with

fo B T a a ally, 7 K L
+oo 2 %()\1 —X) 1 a 4d||X||12p2 0 2dexp(—cn) 0
with ) )
a(z,y) =2 (|lzllz + llyl2) ,
. (A1 — A2)?
32¢2(d + 1)2||Y||j§}2 + 8e(d + 1)||Y||iQ(A1 - X2)
Proof See Appendix B.2. |

Furthermore since diam(.l) = 7, the following bounds hold.

Corollary 21. Assuming || X||y, < +00 then, for any 6 > 0

~ 1 1 1 1 c
9(8;8) <8L[n2+2-log(=)+-log(=)|+Crdre i,
n 0 n )

with probability at least 1 — e " — § and
E {19(&8)2} <250%n"1 4 Chdze 2",
with the constant ¢ defined in Lemma 20 and where

B 2d71'2HXHiQ

= ——22, C\=WL+2VIr, Cy=4(Lr+8L%) +n.
(A1 —A2)

Remark 22. The usual way to obtain bounds between ¢, and QAS 1s to use matrix perturbation
tools such as the Davis-Kahan Theorem (Yu et al., 2015, Theorem 2) which gives

inf || — ¢ull2 < V2sin(arccos|(¢s, )|) < 2\/§HCOV(“”) - COV(M)||2~>2.
¢+ €S N — g
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The deviation of Cov(uy,) from Cov(u) can then be bounded using, for example, the matriz
Bernstein inequality of Lemma 34 giving, for allt > 0,

—~ —nt?
P | inf — Oy t < 2d — .
(int 16— 6.l >) < 2demp (50

On the other hand, the bound of Corollary 21 implies that

1 & -1 —<n —nt2

for all t > 0, which are similar, up to universal constants.

Remark 23. This analysis can also be applied to the eigenvector associated to the smallest
eigenvalue and replacing A1 —Aa by A\g_1—Aq. The general framework developed in this paper
also allows to cover eigenvector associated to eigenvalues with multiplicity larger than 1. The
analysis can be extended to a whole subspace of dimension r < d by setting Jl = V,(R%) the
Stiefel manifold of dimension r in RY.

6.3 LASSO

The goal of supervised learning is to predict outputs V € V C R from inputs Y € Y C R¢
given the knowledge of n pairs z; = (y;,v;) € Y x V. In the usual machine learning frame-
work, these pairs are assumed to be independently sampled from a probability distribution
pon X =Y xV.

The marginal py, of u along Y, models the randomness in the inputs. A common model
for the randomness in the outputs is to assume that there exists a measurable function
g« : Y — V such that V = g.(Y) + € where € is the noise of the model represented by the
marginal puy. For instance, the noiseless case € = 0 is obtained when py is the Dirac in
g«(X) while the additive Gaussian noise one is obtained when f is the convolution between
wy and the centered Gaussian distribution.

The best predictor, in the least-square sense, is defined as the minimizer of

go € arg minE,[(V — g(Y))Q], (31)
Y-V

where g is picked in the set of measurable functions from Y — V. When Y and V are square-
integrable, the optimum gg, also called the Bayes predictor, is defined by go(Y) = E[V | Y].
Even with this closed form, this problem is intractable for a computer due to the infinite
dimension of the space of measurable functions from Y — V.

This issue is usually circumvented by parameterizing the space of solutions as # =
{919(y) = (¢,0(y)), ¢ € R™} where ¢ € R™ and 6 : Y — R™ are the feature vectors and
solving

b0 € al;)%ggnﬁ(d)) =EL[(V —(0(Y), )] (32)

in place of (31). The class # has to be large enough to approximate well the Bayes
predictor. This question is fundamental but out of the scope of this paper (see Pinkus,
1985; Tsybakov, 2009). Still, the problem (32) cannot be solved since the joint distribution
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p is not known and only samples drawn from it are accessible. A direct minimization of

£, the empirical version of (32), might however result in overfitting, so that the penalized
empirical minimization problem is solved

5 € argmin§(9) = 5106 ~ VI3 + Aol (3)
pER™ n
where V' € R" being the vector of outputs V' = (v;)?"_; and © € R™™"™ is the design matrix
with the vectors (6(y;)T)"; as rows. The problem (33) is referred to as LASSO (Least
Absolute Shrinkage and Selection Operator) by Tibshirani (1996). The ¢; regularization
further promotes the sparsity of the minimizers ¢ of §. It has been thoroughly studied
in relation to the problem of sparse signal recovery (see for example Candes et al., 2006;
Donoho, 2006; Wainwright, 2019, for a comprehensive treatment and bibliographic details).
In particular, a fundamental question in sparse recovery related to the content of this paper
is to understand the convergence of the minimizers of the empirical LASSO (33) towards
those of the approximated Bayes predictor (32). High probability recovery guarantees are
for example obtained assuming that ¢g is sparse and that the design matrix © satisfies the
so-called restricted eigenvalue condition (Raskutti et al., 2010; Rudelson and Zhou, 2012;
Wainwright, 2019). This condition imply a quadratic growth of £ around its minimizers in
directions that are “sufficiently sparse”. Koltchinskii (2009) carried another analysis on the

~

excess risk £(¢) — £(¢o) by introducing the intermediate problem
s € azgﬂglinf(cﬁ) = £(@) + Alloll1, (34)
E m

and by separately studying the bias f£(¢.)—f(¢o) and the random error £ (QAS) —f(¢«). Finally,
the excess risk between ﬁ((Z) — f(¢o) is obtained by balancing both errors. While the bias
part is bounded assuming some sparsity of the solution ¢y and a local strong convexity
of I, the random error is bounded using empirical process theory. Note that asymptotic
convergence between (33) and (34) has also been studied by Knight and Fu (2000).

In this section, the random error between S and 8 is studied using the formalism of (1)
with X =Y x V, [ : X — Ry defined by (¢, (y,v)) = 3({¢,0(y)) — v)?, M = R™ endowed
with the Euclidean distance and R = A| - ||;.

The next result shows that all the assumptions required to apply Lemma 7 and Theorem
9 are satisfied. Proving the local error bound for ¥ and j is the most challenging part. Since
the function ¥ and j are convex piecewise polynomials of degree 2, they both satisfy a local
error bound of Assumption 2 with 8 = 2 (Bolte et al., 2017, Corollary 9) for any J, > %
with an adequate 7(%y). This powerful result however does not specify the values of the
constants Jy and 7 which are important to derive proper bounds and to check Assumption
4.

The following analysis will rely on the polyhedral geometry of the ¢; ball for which error
bounds analyses are available through the Hoffman’s lemma (Hoffman, 1952; Gdiler, 2010).

Definition 24 (Hoffman’s error bound). Let P be a polyhedron defined by P = {x € RY :
Az < a} for some A € RP*? and a € RP. Let O = {z € R?: Ex = e} for some E € R"™*4
and e € R". Assume that O NP # (0. Then there exists a constant H > 0, depending only
on the pair (O, P) such that

inf |z —y|| < H|Ez—e|, VzeP.
yeONP
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Alternatively, the Hoffman constant of the pair (O, P) can be written as

1
H = max ,
1c{1,..r+p} 017(Cr)
C7 full row rank

(35)

where O] € RIIX! refers to the submatrix built from the rows of indexes in I of the matrix
C = [ET, AT)T € RU+P)X4 (Pena et al., 2021).

The polyhedral geometry of the £; ball is finally exploited using the following result and
will be key to prove Assumptions 2 and 4.

Lemma 25 (Bolte et al. (2017, Lemma 10)). Let £ : R? — R defined by £(¢) = 1||A¢ —

bl13 + M|¢|l1 where A > 0, b € RP and A is a matriz of size p x q. Let R, > 0 be chosen
such that the minimizers ¢, of £ satisfy ||¢«|1 < R«. Fizr R > R, then

T9(9,5)* < 2(¢) — L,
for all ¢ € R? such that ||¢||1 < R where

~1
7= (4H?[L+ AR + (RIIA + [lb])4R[ Al + [[BID]) (36)
and H = H(A,X) > 0 is the Hoffman’s constant (35) of the matriz
E _1]R2q><1
C(A, )\) — 0]R1><q 1 c R(2q+1+p+1)X(Q+1), (37)
A ORpxl
ORIXQ )\

where E s the matrix of size 29 x q with rows being all the possible distinct vectors of the
form (£1,...,+1).

Lemma 26. Assuming that ||0(Y)||y, < +00 and ||V ||y, < 400 then this example satisfies
Assumptions 1-5 with

o B T a a aly 7 K L
E[V2] 2 (38) 1 (49) (39) 2e 4" 2me " 2 cn

where the constants are defined with A = E[G(Y)H(Y)T]% € R™™ gs

-1
= (482 [1+ %+ (RIAIN +VR) (4BlAN +VR)]) . 38)
with H being the Hoffman constant of the matriz C(A,\) defined in (37) and

lally, = 4Rm[|0(Y)1F, + 4/ml0Y )|V [lp,- (39)
The constants c¢1 and co are defined by
Vv 4
. Vi

2(e2(IV 11y, + ellVIZ,IVIE)

CQ

2(e*(m + 1)2[0(Y)ly, + e(m + DIOY)]F,¢)’

¢ = (v2—1)min <¢§1H2 HAH2> .
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Proof See Section B.3 for the proof and the various expressions. |

Corollary 27. Assuming that ||0(Y)|ly, < 400 and ||V||y, < 400 then, for any 6 > 0

~ _1 1 1 1 1 1
9(8;8) < 8L (n 2 4+ 24/ —log () + —log ()) + 14Lp3,
n 0 n )
with probability at least 1 — p, — 6 and
~ 1
E [19(8; 8)2} < L2207 4 Cypp 2,
where Cy = 2° + (2HVHi2 + 25HVH3}2)/\*2 and L = 77Y|al|y, -
Proof See Appendix B.3. [ |

Koltchinskii (2009) obtained bounds either on the excess risk or on the /y distance
between the functions (6(-), ¢«) and (0(-), ). The result of Corollary 27 shows that concen-
tration bounds on the estimation error between (34) and (33) in terms of distance between
their minimizers are also accessible. This additional granularity needed a local error bound
that is proved via an intricate analysis of the geometry of the LASSO problem. The recent
result of Lemma 25 was leveraged to obtain a local error bound involving the Hoffman’s
constant of a matrix defined by the regularization parameter and the covariance matrix of
the feature vectors (37). The most challenging part of Lemma 26 was to prove the Assump-

tion 4, that is the concentration of 7 towards 7. This step involves the concentration of
1
the Hoffman constant (35) of the matrix C' ((l S 0(yi)0(ys) )2 ,)\) towards the one of

n

1
C (E [O(Y)o(y)T]> ,)\) (37). This technicalities essentially boil down to the concentration

of the sample covariance matrix to its exact counterpart which can be established with tools
such as Theorem 35.

Even though the present result sheds new light on the concentration of the solutions of
the empirical LASSO problem, it still need to be connected to the underlying problem of
finding bounds on the distance between ¢g and gg Answering this type of question requires
the introduction of hypotheses on the support of the solutions ¢y and to incorporate this
support in the definition of the Hoffman constant. Furthermore, the dependency of the
Hoffman constants of C(A, \) with respect to A has to be properly understood in order
to balance the bias and variance terms. From the author’s perspective, there is still a
substantial amount of work to accurately address the question of sparse recovery using
Corollary 27.

6.4 Wasserstein Barycenter

Studying barycenters in Hadamard spaces was quite straightforward due to their non-
positive curvature that implied Assumptions 1, 2 (with J = +00), 4 and 5 (see Section
6.1). The situation is more delicate in spaces of non-negative curvature, and it represents a
limitation of the proposed analysis that cannot be applied verbatim. Deeper investigations
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are thus required to obtain concentration bounds in this case. A perfect example of such
spaces, which has drawn attention in the last decade, is the Wasserstein space. A brief
introduction is presented here, but complete treatments can be found in good textbooks
(such as Villani, 2003; Ambrosio et al., 2008; Ambrosio and Gigli, 2013).

6.4.1 THE WASSERSTEIN SPACE

Given (H, h) a Polish space, we let P(H ) be the set of all Borel probability measures ¢ on
H such that Ex.e[h(X,y)? < 4oo for all y € H. Define I, 4, the set of couplings between
two measures ¢ and ¥ in Po(H ), as the set of probability measures m on H x H having ¢
and 1 as marginals. The Wasserstein distance between ¢ and v is defined as

W3 (g, v) = inf Eixy)rlh(X,Y)?). (40)
&

e

This section focuses on the case where H is a Hilbert space endowed with the distance
h associated to the inner product, that is the spaces (M,V) = (X, p) = (P2(H), Wa). The
Wasserstein space Jl is known to be geodesic and with non-negative curvature (see Ambrosio
et al., 2008, Section 7.3). Let p be a probability measure on P(Jl), its barycenters are
defined as the Fréchet means

6 € arg min F(9) = / W2 (6, $)du(v), (41)

dEP (L)

that is setting 1(¢, ) = W2(¢,7) in the formalism of (1). The existence of the barycenter
and its empirical counterpart is guaranteed in most reasonable settings (see Agueh and
Carlier, 2011; Le Gouic and Loubes, 2017), for example when (H, h) is a separable locally
compact geodesic space.

6.4.2 THE DIFFICULTIES OF NON-NEGATIVE CURVATURE

As observed by Ambrosio et al. (2008, Theorem 7.3.2), the barycenter function (41) and
its empirical counterpart are not strongly convex. This is due to the positive curvature of
(P2(H), Ws), and actually § and § exhibit some concavity property, in the sense of (14).
Therefore, the functions ¥ and f cannot be strongly convex and the global error bound of
Assumption 2 with § = 400 cannot be obtained via these means.

The lack of strong convexity of the barycenter functions does not imply that a global
error bound of Assumption 2 with § = 400 cannot hold as it represents a weaker notion
of strong convexity (see Section 6.2 for an example of non-convex function with a global
error bound). The situation becomes more complex when observing that such a bound
cannot hold, for all measures u € Po(AM), since this would imply that 4 has non-positive
curvature (Sturm, 2003, Theorem 4.9). Furthermore, such a bound cannot hold uniformly
at the vicinity of the barycenters, since the curvature of the balls of 4l of any radius can
be unbounded (Stromme, 2020, Section 2.5).

Similarly, Assumption 5 cannot hold for all z,y, ¢,% € A since this would imply that
Jl has a non-positive curvature (see Section 6.1). It would however hold for any ¢, on
any bounded subset of /L.
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6.4.3 WHEN CONVERGENCE CAN BE PROVED

After having drawn a catastrophic picture of the situation, proving that the empirical
barycenters converge to the exact ones with parametric rate is surprisingly still possible.

Additional work is however required to characterize measures p € Po(JM) for which
convergence can be proved. The following derivation are from Ahidar-Coutrix et al. (2020);
Le Gouic et al. (2022) from which we state the results relevant for the purposes of this
section while referring to them for a complete treatment.

The first ingredient is the fact that the tangent space J, Ml of Ml at the barycenter ¢,
can be identified to a Hilbert space (see Le Gouic et al., 2022, Theorem 7). The distance
induced by the metric will be denoted || - ||4,. Second they show (in their Corollary 16) that
when the measure p € Po(M) has one barycenter ¢, such that every ¢ € supp(u) is the
pushforward of ¢, by a the gradient of an a-strongly convex and 3-smooth function (g, ¢
(the Kantorovich potential), that is ¢ = V(y, ¢, the function ¥ satisfies the global error
bound of Assumption 2 with g = 2, 7 = ﬁ and Jy = +o0o. Importantly, under this

assumption 79(¢, )2 < I+ log,, XZHi In other words, the problem of finding a barycenter
of p1 can be lifted to finding a barycenter of log,_ fu on the tangent space Iy, Jl, which has
a Hilbert structure, from which parametric rates from Section 6.1 can be used.

6.5 Entropic-Wassertein Barycenters

Establishing convergence guarantees on the empirical Wasserstein barycenters towards their
exact counterpart appeared to be a delicate task (see Section 6.4). This obstacle was due to
the non-negative curvature of (P (R%), W5) that lead to an Assumption 2 difficult to check
for general measures.

To circumvent these difficulties, it was proposed by Bigot et al. (2019b); Kroshnin (2018)
to seek a regularized barycenter by adding an entropic regularization to the Wasserstein
variance function. Bigot et al. (2019b) proved the existence and uniqueness of the regu-
larized barycenters as well as convergence of their empirical counterpart. Recently, Carlier
et al. (2021) derived regularity properties of the entropic-barycenters and established central
limit theorems.

Let Q be a bounded subset of R?, of positive Lebesgue measure and endowed with the
Euclidean distance. Define Ml = P$¢(Q2) the subset of measures of P5(2) that are absolute
continuous with respect to the Lebesgue measure. The space M will be endowed with the
total variation distance, which coincides up to a factor % with the ¢! norm on P$¢(€2), that is
¥ = %||-—+|l1. This choice might be surprising at first but will be substantiated later in this
section. Furthermore, let (X, p) = (P2(£2), W3). The entropic-barycenter of a probability
measure p € Po(JM) is defined, as proposed by Bigot et al. (2019b), as the minimizer of

F(¢) == W3 (¢,9)dp(v) + AR (),

2 Joy ()

where A > 0 is the regularization parameter and %R is the negative entropy defined for every
¢ € P2(2) by

(6) = /Qflog fdz if ¢ = fdz,

+ o0 otherwise.

R
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This choice of regularization enforces the Wasserstein barycenter to be absolutely continuous
with respect to the Lebesgue measure. The measures ¢, and ¢, as the minimizer of ¥ and
j respectively, therefore admit a density. We will slightly abuse notation and use the
same one for the measures and their densities. Any probability measure p on Al satisfying
f97’2(9) Ex~y [X2]du(zp) < +00, admits a unique entropic-barycenter (see Carlier et al., 2021,
Proposition 2.1).

While the Wasserstein distance squared is not geodesically convex (see Section 6.4),
it is convex with respect to the linear structure in P,(2), that is considering paths like
by =tpr + (1 — t)pp for ¢g, 1 € Po(2) and t € [0, 1], (see Proposition 7.17 Santambrogio,
2015). This leads to convex functions £ and ? Furthermore, the negative entropy is strongly
convex, for the linear structure, with respect to the total variation distance on ZP$¢(£2).
These two properties imply the local error bounds for § and :7\ so that Assumptions 2 and
4 hold.

Checking Assumption 5 is more delicate since one has to bound the left hand side of
(16) with [ = %Wg by a quantity involving the total variation which endows P2%“(Q2) with
a different topology than with Ws.

Lemma 28. Assuming that € is bounded and is of positive Lebesque measure, this example
satisfies Assumptions 1-5 with

o B T « a lally, — n K o
+o0 2 2 1 4diam(2)? 4diam(Q)? 0 0 0

Proof See Appendix B.4. |

Corollary 29. Under the assumption of Lemma 28, for any 6 > 0

9(, ¢+) < 16 diam(£2)? <n—§ 49 %log (2) N %log <(15>> |

with probability at least 1 — & and
E [19(5, @)ﬂ < 28 diam*(Q)n L.

As a comparison, Bigot et al. (2019b) obtained a bound of kind E[KL(alqb*)Q] <en
where KL refers to the Kullback-Leibler divergence, for d = 1 and some constant ¢ > 0.
The general case d > 2 requires additional smoothness assumption. Expressing this bound
in terms of total variation via the Pinsker’s inequality would give E[||¢ — ¢.|/{] < en™!. The
bound obtained here in Corollary 29 appears to be faster and does not require additional
smoothness assumptions to deal with d > 2.

7. Discussion

The concentration of the empirical minimizers of the risk (2) to the ones of (1) is a funda-
mental question in statistical learning. Instead of the usual guarantees on the estimation
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error, concentration inequalities on the distance between the sets of minimizers are investi-
gated.

In particular, this work identifies a set of assumptions, that is rather weak, and should
fit a wide variety of estimations problems, with spaces that are unbounded and infinite
dimensional and cost functions that are unbounded and non-convex. Therefore, these as-
sumptions allow to describe a mechanism that seems to govern the concentration of the
empirical minimizers in many estimation problems. More precisely, there exists a regime
X € d, happening with high-probability, where the empirical minimizers are stable. This
stability was leveraged in Theorem 9 to obtain parametric concentration rates. The result
was obtained using a new McDiarmid-type inequality for functions with sub-exponential
differences on subsets of large measure. The assumptions were verified on a selection of
estimation problems showing their relevance and showcasing the optimality of the bounds
of the Theorem 9.

Even tough this work establishes the regime of stability of the empirical minimizers and
the machinery to obtain parametric concentration rates from it, the set of assumptions has
to be checked for each problem, which is quite unsatisfactory in the quest of user-friendly
theorems. While some clues were provided for the general treatments of Assumptions 3 and
5, the most interesting and probably the most open ones seems to be the concentration of
the Lojasiewicz constant in Assumption 4. Additionally to the technical questions raised
in the core of the paper, Theorem 9 leaves aside the case § = a which might be of great
interest for applications where the cost function [ has, for example, a Lipschitz continuous
gradient.
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Appendix A. Additional Proofs

A.1 General Concentration Results

Proof [Proof of Theorem 12| The Theorem 4 of Maurer and Pontil (2021) is not exactly
stated in the form of (23). More precisely, it states that

2
PO B 20 <o (- pasag )

for all ¢ > 0, which is slightly weaker than (23). However, a closer inspection of the proofs
shows that

t?e20?
1 E[ t(f*TEf)] <
osE ¢ —1—teS’

for t < (eS™1). This shows that f(X) € subl'j (2¢%02,eS) which implies the tail (23), see
Section 2. -
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A.2 Supporting Results for the Proof of Lemma 7
Lemma 30. In the setting of the proof of Lemma 7,

Ex [EY [(5* - f*) ]lYeI(X)] ]lxm} = 0.

Proof This result will be clear, as long as the order of integration can be exchanged,
because Ixcg and Ix/cy have the same distribution. This will be achieved checking that

Exy [ 9. — 5.

]lxesﬁ,X'em} < +o0.

The quantity is indeed bounded by

Exy [

I —;if85(¢*) +¢iflefsj(¢*) —q}ifsf(¢*) +¢i*n€f85(¢*) —F

]lx,xfem]
<Exy qumefs F(¢s) — 5*) HX,X’E&Q} +Ex )y qumefs F(6e) — 5*) HX,X’E&Q}

+Exy [

¢>1*nef8 j(d)*) - ¢>lflef§ 5(@25*) ]IX,X’E&Q:| .

The third term is finite since, by picking any ¢, € S,

Exy [

ﬂx,x'em] <2Exy Hf(cf)*)

]1X,x’e$4

2 n
< n ;EX,Y W(%,Xz)! ]lX,X’egq] + 2R (¢s),

together with the assumption that Ex [|I(¢«, X)|] < +oo and the fact that R(¢.) < 400
since ¢, is a minimizer of ¥. The first two terms can further be bounded in the same fashion
so that only one is detailed. Due to the optimality of ¢, and leveraging Assumption 5

e = IR & eva
Exy K;&%f(@) — ﬂ) ]lx,x'em] <Exy - ;EZ[Q(Z, X)]0(S;8) ]lx,x'em]

= Exy [Ezla(Z, X)]0(8; 8)* Ix xoea
< [lallz219(8; $)* Lxeal| L2,
by an application of Cauchy-Schwartz inequality. The latter quantity is finite since ||al|z2 <

2||al|y, and using the bounds on the moments of ¥(S;§) of Lemma 32.
Therefore, in virtue of Fubini’s theorem,

Ex [EY [(5* - §*> ]lYGI(X)} ]1Xem} =Exy {(i - f*) ]lX,X’Esd] =0

since X and X’ share the same distribution. [ |
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Lemma 31. The term Ey from the proof of Lemma 7 can be bounded by

o

B8 4 B—a
B, < gmax(0e1)2 (nanwl diam(8)° + 2] -7 ( max (5_“@ 1)) ) .
Proof The term es can further be bounded, for any ¢, € 8, by
ez = Ey [(l(& Y) - 1(o, Xl)) ]1Y¢I(X)} + 3 - %

Q

=e21t+ €22,
with R ~
e21 = Ey [<Z(¢, Y) =g, X1) — U¢s,Y) + 1(¢*,X1)> 1ly¢z(x>] ,
e22 =By [(1(¢:,Y) = U, X1)) Lygrxo)) + 5o — Fo.
Therefore

FEy < E2,1 + E272 with EQ,i =K [sup €2, | Xed
$esS
The remaining of the proof consists in bounding each term.

Bounding F>; The term ez can further be bounded by

e21 < Ey [(l(ﬁg’y) — U, Y) + (s, X3) — U0, Xi))]lYgéI(X)]
< Ey [a(Y, X1)Lygrx)] 9(6, ¢:)° (Assumption 5)
< By [a(Y, X1) Ty ¢ x)) 200 (19(&5’8)04 + diam(s)a) :
This bound allows to upper bound FE 1 by
By < 2000 VEy [By [a(Y, X1)Lygrx)] (9(S38)" + diam(s)*) | X € st
1

11— Pn
using Tonelli’s theorem to swap the order of integration and (24). The term

Ex,y [a(Y, X1)Ixecaxga] < |lall2P(X € o, X ¢ o1)'/?
< 2|l P(X € o, X' ¢ s1)'/?,

_ Qmax(O,a— 1)

Exy | (9(8:8)" + diam($)7 ) a(Y, X1)Txeu xrga | -

using Cauchy-Schwartz inequality. Now, two successive applications of the Cauchy-
Schwartz inequality give

EX7Y |:’lg(§7 S)O‘a(Y, Xl)ﬂxe&q’xlim]
< HGHL4H19(§;S)Q]lXeSa,X/¢91’\L4IP(X cd, X' ¢ d)/?

< Ha||L4Hz9(§;8>ﬂ—aﬂxem,x,¢wu?;(ﬁ4f PX €l X! ¢ o)

-
<ol (7ol ey ) POX € X ¢ )12 (Lemma 32)

4 Foa
< 4|ally, (fl max <Ba 1) \anl) P(X € o, X' ¢ of)1/2.
—Q
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On the other hand, the Lemma 33 allows to show that

VEX €, X ¢ ) _ /pa(l—pn)
1—-p, o L —pn

< 2\/pm

since \/pn/(1 — pn) < 24/pn, for p, < 3/4. Combining all these bounds leads to

L1 4o 7-a
x(0,a—1)+1 . —a [ =
By < 27O (uawl diam(8)* +2/jal|7; ( max ( e 1)) ) .

Bounding FE,» Since }\* < :?\(qﬁ*) for all ¢, € S the term ey > can further be bounded by

e22 < Ey [(l(¢, V) = U, X1)) Lygrx)] + F(4) — Fu

Since o is invariant under permutations of the components of X,

n

E|J(6.)|X €] = %ZE [5(6.) |1 X €] =E[i(0, X1)| X € o]

=1

Therefore,

1
Eyo < 1

Ex [Ey [(I(¢x, X1) = U, Y) Ty epx)y] Ixea] -

n

Moreover, since Ey [|I(¢s,Y)|] < 400, the order of integration can be switched in
virtue of Fubini’s theorem, leading to

1
Es9 < 1

Exy [([(¢x, X1) = U(x,Y)) Ixeaxrea] =0,

n

since X and X’ have the same distribution.

Combining the bounds on F> 1 and Fs o gives the desired result. |

Lemma 32. Let d be the subset defined by (18) and assume Assumptions 1-5 hold, then
conditionally on A

S e T
9(8:8)77 < — > Ey[a(Y, X)),
i=1

Furthermore, for all p > 1

lallLr
g

Hﬁ(g; S)B_a]lXewHLp <
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Proof The conditioning on X € o implies that all $ €S belong to the level-set [ < %]
Let ¢ € §, the Assumption 2 gives

< qg*nef m ~ 5+ F(d) — (D) (since ¢ € 8)

ZEY X;) jnf (6, 6.)°.

Therefore,

T9(,8)7 7 < = ZEY (Y, Xi)],

holds for any éﬁ\ 3 leading to the expected result. The bound on the moments is obtained
remarking that

1 & 1 «
p— ZEY[Q(K Xillxea| < p— ZEY{Q(Y’ X;)]
Lp =1 r
1 n
< —> By a(Y; Xi)]ll 1o
™ izl
<

S Exla(y X)),
=1

using Jensen’s inequality. The final result is obtained remarking that the samples (X;)! ;
are independent copies. |

A.3 Negative Correlation of X € o and X € o’

Lemma 33. Let X = (X1,...,X,,) and X' = (Y, Xa,..., X,,) where (X;); and Y are
independent samples of p. Let s be the subset of X" defined in (18) then

PXed,X ¢d)<P(Xed)P(X¢d).
Proof The probability of the intersection can be decomposed as follows
P(X € d,X" ¢ ) =E[Ixealxgal = E[Ixea] E [Ixrgal + Cov (Ixeu, Ixrga) -
Let Z = (Xo,...,Xy). In virtue of the law of total covariance
Cov (Ixea, Ixrga) = E [Cov (Ixea, Lxr¢alZ)] + Cov (E [Ixcal|Z], E [Lx/¢q|Z]) .
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Since conditionally on Z, the random variables X; and Y are independent, the covariance
Cov (Ixes; Ixr¢a|Z) = 0. Let g : X"~! — R be the function defined by g(Z) = E [Ix/¢4|Z)].
Then

Cov (E [Ixeal|Z], E[Ix/¢q|2]) = Cov (9(Z),1 — g(Z)) <0,

by the FKG inequality (Fortuin et al., 1971). Therefore Cov (Ixeg, 1x/¢g) < 0, which gives
the desired result. [ |

Appendix B. Additional Proofs for Applications

B.1 Concentration of Sample Covariance Matrices
Lemma 34. Let Z € R? be a sub-Gaussian random vector and let (Z;)"_, be n independent

copies of Z. Let A=E[ZZT] and A = LN L ZiZ] then

nt?

2 (@(d +1)2|Z)18, + e(d + 1)||Z||iQt)

P (HA— Al > t) < 2dexp | —

Proof This result is a consequence of matrix Bernstein inequalities (Tropp, 2012, Theorem
6.2) stated in the next theorem.

Theorem 35. Let (S;)}_; be n independent, self-adjoint symmetric random matrices of
dimension d. Assume that E[S;] = 0 and that there exist R and n matrices (B;)}'_, such
that E[S?] < ZRP2B? for all p > 2. Then

P ()\max (; Si> > t> < dexp <_2(024M> ,

with 0 = || Y1 B?|| and where Amax stands for the algebraically largest eigenvalue.

This result will be used by setting S; = + (Z;Z! — E[ZZ"]). This choice implies that
E[S;] =0and > | S; = A— A Moreover, since S; are self-adjoint matrices, the spectral
norm of the matrix A — A4 is equal to its largest magnitude eigenvalue that is A — Al =
max(— )\mm(A A), )\maX(A A)) (here Apin stands for the algebraically smallest eigenvalue).

Since each S; < [|.S;||Idg, the Bernstein condition can be obtained by bounding the moments
of ||S;|| because E[S?] < E[||S;]|P]1d4. This is achieved remarking that

1
1Sil = sup [(Siv,v)| == sup [(Z;,v)* —E[(Z,0)?]|
veSd—1 N yesd-1
1
< —max (HZng, sup E[<Z,v>2}>
n veSd—1

IN

1
—max (| Z:|3,123,)
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since E[(Z,v)?] < |[(Z,v)?|y, = H<Z,’U>Hi2 and using the definition of the sub-Gaussian
norm of vectors. This implies that

1
1Silllly, < — (W1Zill3 N, + 12173,)
1
= — (NZilall5, + 1215.)
d+1
< — 2l

leading to E[||S;||P] < 2 (ed“ HZH?m)p. The Theorem 35 can now be applied t0 Apax(A—A)

and —Amin(A — A) = )\max(A A) with R = edtl|| 7, 17, and B; = eH2| 7|7 1dg with
the corresponding o = Le?(d + 1)%(|Z;||2 4,- Applying the union bound to these estimates
completes the proof. |

B.2 Largest Eigenvector of Covariance Matrices

Proof [Proof of Lemma 20| Prior to the proof, general facts on S%~! as a Riemannian
manifold are introduced.

The tangent space 35S ! = {v € R?|(¢p,v)ga = 0} and the metric is defined by
g6(u,v) = (u,v)pa, the Euclidean scalar product, for all u,v € F3S?!. The norm of
vectors in T,S4~! will be denoted by |- ||s = g4(-,-). In particular, here |- |5 = || - ||2 for all
¢ € S% ! 50 that the dependency on gb might be dropped. With this metric, the logarithm
map reads log, (1) = (¥ — (¢, ¢)9) ﬁ with 6 = arccos(¢,1). The exponential map is

given by expy(§) = cos([[€]l2)¢ + Sln(||§||)||£||2 for ¢ € F4S%1. Furthermore, the geodesic

from ¢ to ¢ reads (t) = cos(|| logs(v)t||)p-+sin(|| log, (1)t])) ||112§¢(¢)>H The geodesic distance

between ¢ and 1 is therefore ¥(¢,1)) = arccos(¢,)re. One can check that ||¢p — 9[l2 <
9(9,¢) < Fl¢ — ¥ll2. The proof consists in checking the assumptions one by one. To
simplify notation the matrix A will refer to Cov(u).

Assumption 1 The functions ¥ and § are continuous and defined on a compact domain
M = S%1. Therefore, each of them admits at least one minimizer.

Assumption 2 Let ¢ € § = {£u;} where u; refer to the eigenvector associated to the
largest eigenvalue \;. Remark that any point on the sphere is at distance at most 7 /2
of one of the minimizers, so that ¥(¢,8) < 7/2 for all ¢ € S 1.

For a given ¢ € ST we fix ¢ as the closest element of S to 1) (since 8 = {Fu1}).
Let § = log, () and one has that [[{[|2 = [[{]l¢ = ¥(¢,¢) < 5. The bound is obtained

using
F(expy(£)) — F (o)

= — cos? — 2co0s sin £ — sin? I
— —cos? ()40, 6) ~ 2cosel)sinlel) (46, 55 ) —sin*(lel) (A 155 )
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Observing that (A¢, &) = (AUT ¢, UTE) = Ag(Euy, £) = 0 since € € T3S we obtain

sin®([|¢]]2)
€113

4
> p(M = X2)[€l13-

F(expy(§)) — F(9) = (I€3(Ae, ¢) — (A€, €))

The last inequality is obtained using Lemma 36 and from the fact that the function
t — sin?(¢)/t? is lower bounded by % on [0, 5]. Since the norm of the tangent vector
|€]|2 is equal to the geodesic distance ¥(1), §), this lead to

4
— M = 2)0(1,8)* < F (W) - £,
for all 1) € Jl. So that Assumption 2 holds for § = 400, 8 =2 and 7 = %(Al —Xo).

Assumption 3 Since Assumption 2 holds for ) = 400, Assumption 3 holds with n = 0
since P(¥(¢) > ) = 0.

Assumption 4 Let Xl > ... > /)\\m be the eigenvalues of A = % 2?21 XiXZ»T. The derivation
of Assumption 2 can also be carried on ¥ so that

4 ~ . . ~
— (M = 2)0(1,8)* < F (W) - %,
holds for ¢ € Jl. This bound can be used as long as (Xl - 3\\2) > 0.

In virtue of the Weyl’s inequality the distance between the eigenvalues can be bounded
by |\ — Ni | < ||A—A| for all 1 < i < d so that the eigengap X1 — A2 can be lower
bounded by R R R
Al — A2 > A1 — Ao — A = A = [A2 — Ao
> AL — Ay — 2[4 — Al

When 2||A— A|| < 3(A1 — A2) the eigengap A — Ao > $(AM1 — A2). This event happens
with high probablhty since by Lemma 34:

n(A1—Ag)?

T 1 T 32¢ e —
g (HA — A > (- A2>> < ade HEDIINIL, BEINIT, G158

Assumption 5 Let ¢,9 € Ml and z,y € X such that x # y, we have
<2(||zl3 + lyl3) I — 12
< 2 ()3 + yl3) 06, ),

using (a? — b?) = (a — b)(a + b) for the first equality and where the first inequality
is obtained with the Cauchy-Schwartz inequality together with the fact that ¢ and ¢
have unit norm. The function defined by

a(z,y) = 2 (2]l + |yll3) Lazy,
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for z,y € X, is a pseudometric and therefore is a candidate for Assumption 5 to hold.
Since X and Y share the same distribution, the sub-exponential norm of a can be
bounded by

lallg, < ANIXIP ], = 411X,

Finally, using the fact that the sub-Gaussian norm ||| X||[|y, < V/d||X||y,, the As-
sumption 5 is therefore satisfied with T = M, « = 1 and the function a that is
sub-exponential when X is sub-Gaussian.

Lemma 36. Let A € R¥™? be a real symmetric matriz. Let U = (u1,...,uq) € R and
A1 > ... > Ay such that A= UAUT with A = diag()\i)glzl. Let v € R? orthogonal to uy then

[v]13(Aur, ur) — {Av,0) > (A = A2)[v]l3.
Proof Since v is orthogonal to uq,

Hv||%(Au1,u1> — (Av,v) = Hv||%(AUTu1, UTU1> — <AUT1),UTU>
d
= oll3A = > Aifui, v)%.
i=2

The vector v can be decomposed in the orthogonal basis as v = Z?:2<ui, v)u; and therefore

has a norm ||v[|3 = Z?:2<ui, v)2. We therefore conclude by remarking that

d
oll3Ar = >~ Aius, v)® = Afjoll3 = Aalloll3.
=2

B.3 LASSO

Proof [Proof of Lemma 26|
The proof consists in checking the assumptions one by one.

Assumption 1 Since the functions ¥ and ¥ are convex and coercive, each of them admits
at least one minimizer.

Assumption 2 In order to apply Lemma 25, the function ¥ has to be written in the form
F(¢) = L(¢) + ¢ where Z is of the form £(¢) = 3| Ad — b||3 + Al|¢[l1 and c is a

1
constant term. Reminding that A =E [#(Y)0(Y)"]?, it can be shown that

P(6) = 5 (46, 49) — (6, E,0(V)V]) + SB[V

(A(6 — 90), A9 — o)) + 5EIV?] — 51460l

N | —
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with ¢¢ being chosen as AA¢y = E[O(Y)V]. Such a vector always exists since it is a
solution of the linear least square problem

min £(9). (42)

HER™

Minimizing ¥ is therefore equivalent to minimizing &£ defined by

1
£(¢) = 5 146 = b5 + Al

setting b = A¢g. Remark at this point that since ¢g is the solution of (42)
1 9 1 2
0 < £(¢0) = §E[V ] - §HA¢O||2,

so that ||b]|3 < E[V?].

Finally, observe that A||¢.|[1 < F(¢.) < $(0) = £(0) = 1E[V?]. Thus, setting J =
E[V?] and R = E[V?]/) ensures that §(¢) < J implies that ||¢|1 < R.

The Lemma 25 can now be applied with these matrix A and value R leading to a
bound

(6, 8)? < L(¢) — L = F(¢) — %,

as long as ||¢]1 < R for T with expression given in (36). Using furthermore the fact
that [|b|3 < E[V?],

> (4H2 [1+)\R+ (RHAH +\/m> <4RHAH +W>D_l .
- (4H2 [1 + AR + (R||A| + VAR)(4R| A|| + \/ﬁﬂ)—l'

This lower-bound will be used in place of 7. This choice is not optimal, since it was
used that [|b]|3 < E[V?], but it will ease the proof of Assumption 4.

Assumption 3 Similarly to the proof of Assumption 2, j(g/b\) < ff(O) = %% S, V2 so that
F(d) < Fo as soon as LS~ | V2 <2E[V?]. This event happens with high probability
since using the Bernstein inequality of Theorem 12,

1< nt2
Pl|=) VZ-E[V?| >t] <2exp| - . (44)
( n ; 2(e?[|[V2I[7, + el V2[ly, )

for all t > 0, because the random vector V2 is sub-exponential with |[V?2|,, = HV||12ﬂ2
Choosing t = E[V?] therefore shows that the assumption is fulfilled with 7(n) = 2e 1"
with

V13

Ccl1 = .
2(e?[ VI3, +elVIZ,IVI3)
Assumption 4 The assumption will be proved checking that

 —in j(d’)*j*
T = f{ 19(¢,§)27 ¢€[j§jo]}
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is greater that 1 57 with high probability. This will imply that Assumption 4 holds
since T > T.

1 ~
In this proof, the matrix A will also refer to E [#(Y)0(Y)"]> and A to its empirical
counterpart.

Note that 7 is defined in a similar fashion as (43) by

Fo (42 [14 90+ (012 + VR (1A 4 VR)]) L )

so that the high-probability bound will be obtained by proving that H? < 2Y/2[2 and
| A]| < 21/4||A|| with high probability. If all these inequalities hold, then

72 (W2 14 %+ (25 A1 + V) (2V /Rl Al + \/%)D
> (4\TH2 [\f(1+}o)+\f(fo!\A||A + \/%) (450||A||A *V%)Di

Vv

1
—T.
2
e Proving that H? < 22H2. Using definition of H, the Hoffman’s constant of the
matrix C'(A, \) as defined in (37), and under the assumption that it is positive,
it can be proved that
1
H?’

for all subsets of rows I C {1,...2"™ 4+ m+ 2}. In virtue of Weyl’s inequality, for
all 1 <i < |I| and all subsets I

Nr(C(ANTC(A,N)1) = of (C(AN)r) 2 (46)

rri = IM(C(A,NTC(A,N)1) = M(C(ANTCA M)
<A, T, N — C(ANTOA N
< |CA,NTC(A,N) — C(A,NTCA, N,

by the interlacing property of eigenvalues. Further computations show that
AA—AA 0 1 ¢

s (454 0)] = [Eomse - 1 Y- oo
i=1

In particular, under the event |[AA — AA|| <

HQ’

Ai(CANTCA N ) 2 \p(C(ANFC(A ) — —
) (47)
> (1= 1) wmlcanrou .

using (46). This implies that under this event, the submatrices C(A,\); share
the row rank of their counterpart C'(A, A);. Therefore, the set of constraints in
the maximization problem (35) are equal. The equation (47) furthermore implies
that H? < ﬁHQ. Choosing € = 212/172/: gives the desired bound.
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e Proving that ||[A| < 2Y4||A|. This is equivalent to proving that [|AA| <
21/2|| AA|| which will also be proved using the Weyl’s inequality as

[l44) - | 44)| < |44 - A4).

The expected bound happens under the event |AA — AA|| < (21/2 — 1)||AA].
Finally, these computations show that

P(reyr) <e o)

62
e <_n2(62(m FDRIOINE, + elm + 1>||9<Y>\li2c>> |

%Ze(yz’)Q(yi)T

i=1

E[0(V)o(Y)"] -

(48)

with ¢ = min ( ‘/\5/51 %, (V2-1) HAAH) using Lemma 34. The assumption is therefore

satisfied with k(n) = 2me™" with ¢y defined in (48).

Assumption 5 First, let us identify a candidate set T for which Assumption 5 holds. The
inclusion of § and of §, with high probability, will be checked in the second part of
the proof.

Let R = E[V?]/A and T = {¢ € Jl||d|l2 < R}. For ¢, € T and = = (y,v),2’ =
(y/,v") € Y x V such that x # 2/, one has

U, x) = U(¢h,2') — U($, z) + (3,2

= (¢ =¥, 0()) ({6 +¢,0(y)) — 20) — (¥ — ¢, 0(y)) (& + ¢, 0(y)) — 20")
< lle = ll2 (1012 (¢ + ,0(y)) — 20 + [10(y)l|2 [(¢ + 2, 0()) — 2v'])
< llo =¥l (10 122RI10)ll2 + 2[v]) + 10 2(2RI0() 12 + 2[v']))

where we successively used the identity (a? — b?) = (a — b)(a + b) and the Cauchy-
Schwartz inequality. The function a defined by

a(z, ') = (10W)22RI0) 2 + 20v]) + 10 )22RI0(y) |2 + 21v]) Lazar,  (49)

for z,2' € X, is a pseudometric. Moreover, since X and X’ share the same distribu-
tion,
lally, < 4[[[10C) 2RI )2+ 2[VDIly,
< AR10QY)I[3]lp, + 416 ) |2Vl
< AROY) 12013, + 41O l2llw 1V [y,

< ARm||0(Y)[3, + 4vVm 0 )l |V [lg,-

(50)

Therefore, the set T, @ = 1 and the function a are candidates for Assumption 5 to
hold.

It is known from the proof of Assumption 2 that the norm of ¢ € S is [|¢[|1 < R. Using
the fact that [|-[|2 < ||+ |1, we obtain 8§ C (. Similarly, for ¢ € 8, [|¢]|2 < 5= Y1 V2
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so that under the event 2 >°" | V; < 2E[V?], the norm ||¢|2 < R. This event holds
with probability at least 1 —¢(n) with ¢(n) = n(n), see (44) in the proof of Assumption
3.

Proof [Proof of Corollary 27| The proof of the first part is a direct application of Theorem
9 with the constants of Lemma 26. The second part requires a little more work.

The total expectation can be split accordingly to (22) where the first term can be
bounded using Lemma 7. The second term is bounded as follows. Due to the optimality of
¢« and ¢ one has

1
2 < ||osll1 < =~ E[V?
p«ll2 < || H1_2A V=,

~ ~ 11
< < —— :
1812 < 101 < 530 3V
see the proof of Lemma 26. Therefore,

N 1
E[VZA"?p,, + §E[V41x¢sﬂ]

_ 1 1
E[VZ2A~2p, + 5IE[V@] 2\/Pn

IVIE, + 22 1VI,) A VP,

E [19(<§§ S)Q]Ingm} <

IN

1
2
1
2

IN

B.4 Entropic-Wasserstein Barycenters

Proof [Proof of Lemma 28| The proof consists in checking the assumptions one by one.

Assumption 1 Since (2 is bounded there exists M > 0 such that f%(m Exy [ X2 du(y) <

M? for all measures y € P2 (). Using Proposition 2.1 of Carlier et al. (2021) allows
to conclude that ¢, and ¢ exist and are unique.

Assumption 2 The function W2(-,4) is convex from Proposition 7.17 of Santambrogio
(2015) for all ¢ € Po(2) for the linear structure on Po(€2). This means that

W3 (6, 0) < (1= t)W5 (o, ) + tW3 (1, 9),

for any pair of measures ¢o, ¢1 € P2(2) and for any ¢ € [0, 1] where ¢y = (1—t)do+te1.
Integrating with respect to u or u, shows that the functions £ and £ are convex.

On the other hand, some computations show that
R(¢) = R(Y) + (VR(), ¢ — ¥) + KL(¢[),
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with VR (¢) = log(¢) and KL being the Kullback-Liebler divergence between ¢ and

¥ defined by K — / log <¢(2)) (2)d=
0 e\ u(z) '

The Pinsker’s inequality states that 9(¢,) < y/2KL(#|t)). This means that R is
2-strongly convex with respect to the total variation distance for the linear structure.

Hence ¥ and j are both 2-strongly convex with respect to the total variation distance
so that

for all ¢ € P¢¢(Q2). The similar inequality holds for g.

Assumption 3 Since Assumption (2) is verified with $y = 400, this assumption is verified
with n = 0.

Assumption 4 Since f is 2-strongly convex with respect to the total variation distance,
it holds that 7 = 7 with probability 1. This implies that the assumption is verified
with x = 0.

Assumption 5 Prior to proving this assumption, the Kantorovich duality is briefly intro-
duced (see Villani, 2003, for more details). Given two measures ¢ and ¢ and two
maps g € L'(¢) and h € L'(3) satisfying g(y) + h(z) > (y,2) for ¢-a.e. y and ¥-a.e.
z, then by definition of Wy

s (- [ ()

Due the Kantorovich duality, it is known that the equality holds for some pair of
(9,h) = (Cpseps G _)w) with (4, being a lower semi-continuous proper convex function
and where C:; Ly = Cy—¢ is the convex conjugate of (4. The map (4 is called
the Kantorovich potential of the pair of measures (¢, 1) and therefore satisfies

1o _ [ (I - 12
Wi, 9) = /Q <2 - QH;,) d¢+/ﬂ <2 - @%) dip.

Back to the proof of the assumption, let ¢g, @1 € M and gy, 11 € X. By Kantorovich
duality (Villani, 2003),

1 12 12
§W22(¢071/10) = /Q <H 2” — Cwowﬁo) dibo +/Q (H 2” - C¢>0a¢o> deo,

1 12 112
§W22(¢1,¢0) Z/Q(H 2” Cwo—>¢0> d1/10+/Q (H 2” C¢O_>¢O) do,

so that

1 1
§W22(¢07¢0) - §W22(¢17¢0) < /

Q

<W—C )d(¢ — 1)
5 po—tho | (@0 — ¢1)-
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Therefore,

SW3 (00, o) = 5WE (1, 1) + 5WE(G1,01) — 3 W3 (o, 1)

< /(Cqsl—nm = Cporo)d(P0 — D1).-
Q

Assuming without loss of generality that the point Oga € €2, the Kantorovich ¢ are
2 diam(2)-Lipschitz so that

%Wf(qﬁo,wo) _ %Wf(gﬁl, Wo) + %W;(gf)l, Y1) — %WQQ(%,%) < 4diam(Q)W1(¢o, ¢1)
< 4diam(Q)%9(¢o, ¢1).

where the last inequality is obtained through the transport inequality Wi(¢o, ¢1) <
diam(2)9(¢o, ¢1) (see Gibbs and Su, 2002, Theorem 4). Therefore, the assumption is
verified with T = A, a = 4diam(2)?, ||ally, = 4diam(2)? and ¢ = 0.
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