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Abstract

The extraction of filamentary structure from a point cloud is discussed. The filaments are
modeled as ridge lines or higher dimensional ridges of an underlying density. We propose
two novel algorithms, and provide theoretical guarantees for their convergences, by which
we mean that the algorithms can asymptotically recover the full ridge set. We consider the
new algorithms as alternatives to the Subspace Constrained Mean Shift (SCMS) algorithm
for which no such theoretical guarantees are known.
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1. Introduction

The geometric interpretation of a ridge in Rd is that of a low-dimensional structure along
which the density is higher than in the surrounding area when moving away from the set in
an orthogonal direction. Blood vessels (Szymczak et al., 2006), road system (Wang et al.,
2015), DNA strands (Backer et al., 2016) or fault lines (Scott et al., 2023) appearing in
2D or 3D images can be modeled as filaments, or maybe better as unions of filaments that
might intersect, or that have a common starting point. We sometimes call such unions
filamentary structures. Another example is provided by the filamentary structure that can
be observed in the distribution of galaxies in the universe, the “cosmic web”. Cosmologists
are interested in finding rigorous geometric and topological descriptions of the filamentary
structures (Novikov et al., 2006). Usually, the first step is the extraction of this structure,
and this is the topic discussed below.

Ridges characterize the low-dimensional structures as collection of local maxima of
probability density functions in local orthogonal subspace. See Genovese et al. (2014),
Chen et al. (2015), Qiao and Polonik (2016), Qiao (2021), and Qiao (2025+) for statistical
analyses of ridge estimation.

The estimation of ridges is related to the problem of manifold learning, for which it is
assumed that data are observed near a manifold with noise and the task is to recover the
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manifold. It has been shown in Genovese et al. (2014) that ridges can be used as surrogates
for manifold estimation. Some useful references for manifold learning include Niyogi et al.
(2008), Genovese et al. (2012a), Fefferman et al. (2020), Yao et al. (2023) and the references
therein.

Ridges can also be used for the purpose of (non-linear) dimension reduction. This falls
under the more general umbrella of statistical embedding where the goal is to find a low-
dimensional representation of the data that is not necessarily in the ambient space but
preserves the geometric and/or topological structures in the original data. See Tjøstheim
et al. (2023) for a recent survey on this topic.

The literature on the estimation of low-dimensional structures (or filaments) is rich,
and different approaches use different geometric ideas. For example, the local principal
curves (Einbeck et al., 2005, 2008) are formed by tracking a localized version of the first
principal component directions, but it requires selection of good starting points lying on or
near the filaments already. The candy model (Stoica et al., 2007) uses possibly connected
cylinders (in 3D) of a fixed radius and height to represent the filaments. The medial axis
of the data distribution’s support (Genovese et al., 2012b) can also be used to estimate
filaments, under the assumption that the noise around the filaments is symmetric. The
multiscale method developed in Arias-Castro et al. (2006) can be used to detect the presence
of a single filament in a noise background. However, it does not provide a low-dimensional
filament estimate. Genovese et al. (2009) proposed the concept of the path density to
characterize filaments, which does not lend itself to a low-dimensional estimator, either.

One of the most well-known concepts for the extraction of low-dimensional features
is principal curves (Hastie and Stuetzle, 1989), which generalized PCA in the nonlinear
setting. The principal curve is a smooth curve that passes through the middle of a data set.
Any point on a principal curve is defined as the conditional expectation of all the data that
project to that point, which is a property called self-consistency. Following this concept,
a lot of research work has been generated to investigate the properties and algorithms for
principal curves. See, for example, Banfield and Raftery (1992), Tibshirani (1992), Stanford
and Raftery (2000) and Verbeek et al. (2002). The fact that principal curves do not always
exist, motivated a related line of work on modified principal curves, which started with
Kégl et al. (2000). See also Biau and Fischer (2011) and Delattre and Fischer (2020) and
references therein.

If the idea of local averaging in the original definition of principal curves is replaced by
that of taking a local maximum in the orthogonal subspace, then we obtain the concept of
ridges, which first appears in the literature of image analysis. See Eberly (1996). Ridges
have a mathematical definition using derivatives up to second order and they come with
intuitive geometric interpretation (see Section 2.1). In practice, ridges can be used to
estimate filaments with flexible shapes and structures without strong requirements on the
starting points of algorithms for ridge extraction. As shown in Ozertem and Erdogmus
(2011), the ridge estimators can perform well even when there are loops, bifurcations, and
self intersections in data, while these are difficult to handle for the principal curve method.

In this work, we are concerned with the actual extraction of ridges, i.e., we will construct
and analyze algorithms. One such algorithm is the popular SCMS (Subspace Constrained
Mean Shift) algorithm developed by Ozertem and Erdogmus (2011), which extracts k-
dimensional ridges of a d-dimensional density f from a point cloud sampled from f . The
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algorithm consists in running a corrected (i.e., subspace constrained) mean shift algorithm
starting at a data point. For each data point the algorithm then provides an estimate of a
point on the ridge.

However, there do not seem to be theoretical guarantees for the SCMS algorithm to
consistently estimate the full ridge set, and, as discussed below (see Section 2.3 and the
Appendix), the SCMS algorithm might miss some parts of the ridge, although the point-
wise convergence property of SCMS is studied in Zhang and Chen (2023). In other words, it
is not entirely clear what the SCMS is actually estimating. Even though it appears that this
does not have a serious impact in many practical examples, this theoretical gap provides a
motivation for developing alternative ridge finding algorithms that (i) come with theoretical
guarantees offering deeper insights to their behavior, and (ii) do not suffer from potentially
missing some parts of the ridge. We mention in passing that there exists another ridge
estimation algorithm developed in Pulkkinen (2015), which tracks the ridge lines. However,
it relies on a starting point that has been on or close to the ridge.

The remaining part of the paper is organized as follows. In Section 2 we introduce the
formal definition of ridges. This is followed by our extraction algorithms, whose performance
is illustrated using some numerical studies in R2, where we give an example for which the
SCMS algorithm fails to detect a part of the ridge while our algorithms do not miss it.
The main theoretical results are given in Section 3, where we give the convergence results
of our algorithms. The mathematical framework for the theoretical analyses is provided in
Section 4. All the proofs are provided in the appendix.

2. Extraction of filamentary structures

2.1 Definition

Let f denote a density on Rd from which data will be drawn. We will assume that f is (at
least) twice differentiable. The definition of ridge (or filament) points is as follows:

Definition 1 (Ridge in Rd). Let (λfi (x), V f
i (x)), i = 1, . . . , d be eigenpairs of the Hessian

∇2f(x) with λf1(x) ≥ · · · ≥ λfd(x). Let 1 ≤ k ≤ d−1. With V f
⊥ (x) = [V f

k+1(x), · · · , V f
d (x)] ∈

Rd×(d−k) the matrix of the trailing (d− k) eigenvectors, we define

Ridge(f) =
{
x ∈ Rd : V f

⊥ (x)>∇f(x) = 0 and λfk+1(x) < 0
}
. (2.1)

The geometric intuition underlying this definition is the following: Since the (first order)

directional derivative of f(x) along V f
i (x) is 〈∇f(x), V f

i (x)〉 and the second order directional

derivative of f(x) along V f
i (x) is λfi (x), the two conditions in (2.1) mean that a point x on

the ridge is a local mode in the linear subspace spanned by V f
i (x), i = k + 1, · · · , d, for

which the density has the largest concavity (see Eberly, 1996).
Given an iid sample X1, · · · , Xn from f , we estimate Ridge(f) by

Ridge(f̂ ) =
{
x ∈ Rd : V f̂

⊥ (x)>∇f̂(x) = 0 and λf̂k+1(x) < 0
}
,

where f̂ is a kernel density estimate (KDE),
(
λf̂i (x), V f̂

i (x)
)
, i = 1, . . . , d are the eigenpairs

of the Hessian ∇2f̂(x), where we assume the eigenvalues to be sorted as λf̂1(x) ≥ · · · ≥
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λf̂d(x). Furthermore, let V f̂
⊥ (x) =

[
V f̂
k+1(x), · · · , V f̂

d (x)
]

be the matrix of the (d−k) trailing

orthonormal eigenvectors of ∇2f̂(x). We recall that the KDE has the form

f̂(x) =
1

nhd

n∑
i=1

K

(
Xi − x
h

)
,

where h > 0 is a bandwidth, K ≥ 0 and
∫
Rd K(u)du = 1. The goal now is to construct

and study algorithms to extract the estimated ridges from data. It is well known that KDE
suffers from the curse of dimensionality and so we do not consider high dimensions in this
paper.

Note that the matrices V f
⊥ (x) and V f̂

⊥ (x) (and similar matrices defined below) depend on
k (and d). Since k (and d) are held fixed in the theoretical and methodological developments
of this paper, this dependence is not indicated in the notation.

2.2 Mean shift algorithm and subspace constrained mean shift algorithm

The popular mean shift algorithm (Fukunaga and Hostetler, 1975) is being used for mode
finding and clustering, e.g. see Cheng (1995) and Comaniciu and Meer (1999, 2002). It is
tracking non-parametric estimates of gradients of a KDE. Using the KDE with differentiable
K(x) = φ(‖x‖2), the vector

m(x) :=
n∑
i=1

wi(x)Xi − x with wi(x) =
φ′
(∥∥x−Xi

h

∥∥2)∑n
i=1 φ

′
(∥∥x−Xi

h

∥∥2) (2.2)

is called mean shift. It is well known that the direction of the mean shift is an estimator of
the direction of the gradient of f at x. Given some initial position y0, the basic mean shift
algorithm iteratively finds a sequence of points y1, y2, · · · by

yj+1 = m(yj) + yj =

n∑
i=1

wi(yj)Xi, j = 0, 1, 2, · · · . (2.3)

Successively connecting these points provides an estimate of the integral curve driven
by the gradient, starting from y0. See Arias-Castro et al. (2016) and Arias-Castro and
Qiao (2025+). The endpoint of this iteration (after applying some stopping criterion) is
considered to be an estimate of a mode (local maximum) of f . When running this algorithm
repeatedly with each data point as a starting point, clusters can be formed by grouping all
the data points for which the mean shift algorithm has the same endpoint.

Subspace constraints come into the picture when the target is a ridge rather than a
mode. The construction of the SCMS algorithm modifies the just described hill climbing
algorithm by following the direction of the gradient projected on the subspace spanned
by the trailing (d − k) eigenvectors of the Hessian of the KDE. The gradient direction is
approximated by the mean shift. More specifically, given a starting point y0, the SCMS
generates a sequence

yj+1 = Πf̂ (yj) m(yj) + yj , j = 0, 1, 2, . . . (2.4)
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wherem(y) is the mean shift vector, and Πf̂ (y) = V f̂
⊥ (y)V f̂

⊥ (y)> is the projection matrix onto
the subspace spanned by the trailing (d−k) eigenvectors of the Hessian of the KDE evaluated
at y. Notice that for y ∈ Ridge(f̂ ), this space is orthogonal to ∇f̂(y). This motivates that
the endpoint of this iteration (after applying some stopping criterion) is considered to be an
estimated ridge point. We note that in the original SCMS algorithm proposed in Ozertem

and Erdogmus (2011), Πf̂ (yj) is replaced by Πlog f̂ (yj), and this corresponds to the ridge
estimation of log f . We focus on the ridge estimation of f in this paper, although the
analysis can be easily adapted to that of log f . The SCMS algorithm is very popular, and
it gives nice results in practice. However, as discussed next (and in the Appendix A), the
SCMS algorithm might miss some parts of the ridge.

2.3 The SCMS algorithm might miss some parts of the ridge

By definition, a ridge point x0 is a local maximum in the directions given by the columns
of V f

⊥ (x0). So the goal of the SCMS algorithm is to stay in this subspace by projecting
the mean shift vectors back into this space in each iteration step. Not knowing the ridge
points (i.e. not knowing the target subspace), the algorithm projects the gradient at the
current iterate yj on the subspace spanned by the trailing eigenvectors of the Hessian at this
point yj . Thus, the subspace to project on changes with each iteration step. Indeed these
subspaces are tangent spaces to the integral curve/surface traced by the SCMS algorithm.
It turns out that, because of this, the signs of the directional derivatives taken along these
curves/surfaces are not necessarily determined by the signs of the eigenvalues of the Hessian.
As a consequence, ridge points are not necessarily local maximizers when traveling along
the integral curves/surfaces traced by the SCMS algorithm, but they can also be local
minimizers or saddle points, and if they are, they are not identified as a ridge point by
the algorithm. More details are provided in Appendix A and an example can be found in
Section 2.8.

2.4 Measuring ridgeness

The new ridge finding algorithms proposed in this work are based on the following ridgeness
measure (actually measuring ‘non-ridgeness’):

η(x) = −1

2

∥∥V f
⊥ (x)>∇f(x)

∥∥2
. (2.5)

Since we will assume that λfk(x) 6= λfk+1(x) for all x (see assumption (A2) below), η(x) is
well-defined. According to their definition, ridge points can be described as

η(x) = 0 s.t. λfk+1(x) < 0, (2.6)

or, since η ≤ 0, ridge points are global maximizers of η. In other words, ridge points can be
described as

argmax
x

η(x) s.t. λfk+1(x) < 0.

Note that here “argmax” denotes the entire set of maximizers. From this point of view, ridge
finding algorithms can be obtained as algorithms maximizing the data-dependent version
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of η(x) given by

find all maximizers of η̂(x) = −1

2

∥∥V f̂
⊥ (x)>∇f̂(x)

∥∥2
, subject to λf̂k+1(x) < 0. (2.7)

The constraint on the eigenvalue will simply be enforced by excluding maximizers violating
this condition.

2.5 Notation

Here we collect some important notation used in this work. Let g, h : Rd → R be a twice
differentiable function. Then we use the following notation:

• λg1(x) ≥ · · · ≥ λgd(x): sorted eigenvalues of Hessian of g

• V g
i (x): eigenvector of Hessian of g corresponding to λgi (x), i = 1, . . . , d

• V g
⊥(x): (d× (d− k))-matrix formed by the (d− k) trailing eigenvectors of Hessian of g

• Π g(x) = V g
⊥(x)V g

⊥(x)>: projection matrix onto linear space spanned by columns of V g
⊥(x)

• ξg(x) = Π g(x)∇g(x): projection of the gradient of g onto the linear space spanned by
(d− k) trailing eigenvectors of Hessian of g

• η(x) = −1
2

∥∥V f
⊥ (x)>∇f(x)

∥∥2
= −1

2‖ξ
f (x)‖2: ridgeness function of f

• η̂(x) = −1
2

∥∥V f̂
⊥ (x)>∇f̂(x)

∥∥2
= −1

2‖ξ
f̂ (x)‖2: ridgeness function of KDE f̂

• η̂τ (x): smoothed ridgeness function, where τ is a smoothing parameter (see 2.10).

•
Sg,hε := {x ∈ [0, 1]d : g(x) ≥ −ε, λhk+1(x) < 0}, (2.8)

Recall that k ∈ {0, . . . , d − 1} is fixed throughout the paper (except for the numerical
illustrations).

2.6 Algorithms

To compute the maximizers of the ridgeness function we now consider two algorithms based
on η̂(x). As can be seen below, our proposed algorithms target the ridge of the ridgeness
function, and we will see below (see Lemma 6) that the ridge of the ridgeness function
essentially equals the original ridge of f .

In the following, we assume that all the functions considered are defined on [0, 1]d.

Basic Algorithm 1: Alternative SCMS approach using an estimated ridgeness function.

Observing that ∇η̂(x) = −[∇ξf̂ (x)]>ξf̂ (x), we have the following SCMS-type algorithm:
Given a > 0 (step size) and a starting point y0, we update through

yj+1 = yj + a ξη̂(yj)
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= yj − aΠη̂(yj) [∇ξf̂ (yj)]> ξf̂ (yj)

= yj − aΠη̂(yj) [∇ξf̂ (yj)]>Πf̂ (yj) ∇f̂(yj), j = 0, 1, 2, · · ·

More precisely, the structure of the algorithm is as follows:

Input: y0
i = Xi, i = 1, · · · , n, a > 0, h > 0.

Update: For i = 0, 1, 2, . . . , n, for j = 1, 2, . . . ,

while yji ∈ [0, 1]d :

yj+1
i = yji − aΠη̂(yji ) [∇ξf̂ (yji )]

> Πf̂ (yji ) ∇f̂(yji ), (2.9)

else: discard the entire sequence y0
i , y

1
i , . . .

Output: {y∞i : η̂(y∞i ) = 0, λf̂k+1(y∞i ) < 0}.

In the output step, we remove points that do not comply with the condition for eigenvalues
in the definition of ridges, because this condition is not being taken into account when
constructing the iterations of the algorithm.

Basic Algorithm 2: Alternative SCMS approach using a smoothed estimated ridgeness
function.

Let τ > 0 be another bandwidth and L : Rd → R≥0 be a twice differentiable kernel
function. Define a smoothed version of the ridgeness function η̂(x) as

η̂τ (x) =
1

τd

∫
Rd
L

(
x− u
τ

)
η̂(u)du. (2.10)

Our algorithm will approximate the ridge of this smoothed version of the ridgeness function.
Using this smoothed version has some computational advantages (see Section 2.7.3 below).

Let V η̂τ
⊥ (x) be the matrix whose columns are the trailing (d− k) orthonormal eigenvectors

of ∇2η̂τ (x), and let ξη̂τ (x) = Πη̂τ (x) ∇η̂τ (x), where Πη̂τ (x) = V η̂τ
⊥ (x)V η̂τ

⊥ (x)>. With this
notation, the structure of the algorithm is as follows:

Input: Given y0
i = Xi, i = 1, · · · , n, a > 0, τ > 0, h > 0.

Update: For i = 0, 1, 2, . . . , n, for j = 1, 2, . . . ,

while yji ∈ [0, 1]d :

yj+1
i = yji + a ξη̂τ (yji )

= yji + aΠη̂τ (yji ) ∇η̂τ (yji ),

else: discard the entire sequence y0
i , y

1
i , . . .

Output: {y∞i : η̂τ (y∞i ) = 0, λf̂r+1(y∞i ) < 0}.
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Remark 2 While the algorithms above are defined by using the data as starting points, we
do have other options. What we need is a set of starting points that becomes dense in the
support [0, 1]d, such as a fine grid, where, for the theory, the grid size would tend to zero.
The theory presented in this work is using a continuous set. It seems possible to extend this
theory to the case of the data being the starting points, but we do not pursue this case here.

Remark 3 The proposed algorithms have time complexity O(kn2d3), where k is the number
of iterations, n is the number of the sample points, and d is the space dimension, because
these are gradient-ascent type algorithms (which have time complexity of O(kn2)), and the
eigen-decomposition required by the algorithms at each step has complexity O(d3)).

2.7 Practical implementation and illustration of the algorithms

For practical implementation, the basic algorithms given above require a stopping criterion,
choice of tuning parameters, and some additional pre- and post-processing. This, along
with some other aspects that are of some importance in the actual implementation of the
algorithms, are discussed in the following. In the above two basic algorithms, for each i, we
stop the iterations when ‖yji − y

j−1
i ‖ ≤ εtol for some small tolerance εtol > 0, and we use yji

as the final point, denoted y∗i , for the sequence starting from y0
i . Here εtol can be chosen as

small as possible, with smaller εtol giving better accuracy and heavier computation cost.
The bandwidth h in the kernel estimators impacts the rate of convergence for ridge

estimation. Since the ridge is determined by up to the second order derivatives of f , it is
recommended that the optimal bandwidth for the estimation of the Hessian of f is used
for ridge estimation. However, if the density on the ridge is completely flat, the ridge
becomes a set of degenerate local maxima and then the optimal bandwidth for gradient
estimation should be used. See Qiao (2025+). Plug-in and cross-validation approaches are
most commonly used for selecting such bandwidths (see Chacón and Duong, 2013).

The smoothing parameter τ used in the Basic Algorithm 2 can be chosen as small as
possible. In fact, our theoretical results in Theorem 9 suggests that τ will not change the
rate of convergence for ridge estimation as along as τ = O(h)→ 0. However, if the goal is
to approximate Ridge(f̂ ) through the Basic Algorithm 2, then τ should be much smaller
than h. In practice, the computation of the integral in (2.10) can be done using numerical
methods. For example, one can evaluate η̂ on a grid, and based on this, (2.10) can be
approximated by a Riemann sum (see (2.11)). If the kernel L has bounded support, then
τ determines the number of grid points near x effectively used in the approximation. The
interplay between the grid size and τ again leads to a question between balancing accuracy
and computation cost.

The step size a plays a similar role as the learning rate in gradient descent. It is well-
known that if such a hyper-parameter is too large, then a overshooting problem can occur.
Usually it is safer to use a small a to achieve convergence of the algorithms, with the
downside of slow convergence speed. To find a balance and determine a good value of a,
one can use trial and error, which is in fact a commonly used approach for choosing the
learning rate for gradient descent (Bengio, 2012).

In practice our algorithms can encounter two challenges. The first is posed by low
density regions, where the estimated density tends to be flat leading to possible spurious
ridge points identified by the algorithms. We note that this challenge is faced by all ridge
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estimation algorithms, due to the fact that ridges are local features which may arise in any
low-estimated-density regions as long as the density is positive, even when true ridges do
not exist there. A second challenge is possible local (but non-global) modes of our ridgeness
function η, which again might lead to spurious ridge points. This challenge is relatively
easy to handle, because the global maximum of η is known, which is zero. This known
maximum provides a way to distinguish between local and global modes of η. We address
these challenges by introducing the following pre-processing and post-processing steps.

2.7.1 Pre-processing

In our basic algorithms (and also in the theory presented below), we assume that all the
ridges considered are defined on [0, 1]d, which is supposed to be contained in the support of f .
In the actual implementation, however, we are replacing [0, 1]d by the set {x ∈ Rd : f̂(x) ≥
εf}, for a given threshold εf ≥ 0. We can choose εf as an α-quantile of the distribution of

{f̂(X1), . . . , f̂(Xn)}. In our numerical studies, we used α = 5% unless otherwise noted. A
similar idea of using εf has been suggested in Genovese et al. (2014). Notice that under

some mild assumptions, the upper-level set {x ∈ Rd : f̂(x) ≥ εf} is known to be a consistent
estimate of {x ∈ Rd : f(x) ≥ εf} (see, e.g., Qiao and Polonik (2019)), and in our theoretical
investigations, we could replace the compact set [0, 1]d by {x ∈ Rd : f(x) ≥ εf}, and
assume that the density at the ridge points is larger than 2εf , say. Using a consistent
data-dependent estimate for εf could also be dealt with theoretically, even though we are
not explicitly considering this in the theory section. Note that the estimated upper level
set plays the role of [0, 1]d in the algorithms, so that if a sequence moves out of this region,
it will be discarded. Alternatively, one can also use an estimate of the density support, for
example, by using the alpha-convex hull (Rodŕıguez-Casal, 2007).

2.7.2 Post-processing

Low density points are now excluded by our pre-processing step.

To address the problem of possible local maxima of the functions η̂ and η̂τ , we remove
an output point y∗i , if η̂(y∗i ) < −εη, and η̂τ (y∗i ) < −εη, respectively, for some small εη > 0.
Note that in an ideal scenario where we can obtain y∞i as in the two basic algorithms,
we can choose εη = 0, because these two algorithms converge to the estimated ridge as
j →∞, as shown in our theoretical results in Theorem 11. However, in practice, we impose
a stopping criterion with tolerance εtol, which prevents the algorithms from reaching the
estimated ridge points exactly. This also explains the necessity of εη > 0, which intrinsically
depends on εtol. If εtol is chosen very small, so should be εη. However, we do not know
a fixed relation between these two parameters so that the latter can automatically chosen
based on the former.

A practical choice of εη is as follows. Consider the quantile function of the (one-
dimensional, discrete) distribution given by the values {η̂(y∗1), . . . , η̂(y∗n)} assuming that
all the y∗i are included in the final output, and choose εη as the location of the “last
significant jump” of the quantile function. In other words, we are removing “outliers” in
this distribution. It is possible to automatically identify such jumps by using change point
detection techniques, however we do not pursue this further. In our numerical experiments,
this first significant jump was clearly visible. An example is given in Figures 2.1 and 2.2
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below, which are based on Algorithm 2 with step length a = 0.005, while Algorithm 1 gives
very similar results.

Figure 2.1: X-cross example with 200 data points; black solid dots are data points; blue circles are
points removed by pre-processing; red dot is the point removed by post-processing; green dots are the
final output of the algorithm; right panel shows the final result with red dot and blue circles removed
from the left panel.

Figure 2.2: Sorted ridgeness values of the output of Algorithm 2 run on 200 data points with
X-cross as ridges without imposing the threshold εη. A clear jump is visible between the ridgeness
values close to zero and those of spurious ridge points. This observation then informed our choice
of εη = 0.1 (red line). The point below this threshold corresponds to the red dot in the left panel of
Figure 2.1.

Our algorithms are also implemented using two additional data sets, as shown in Figures 2.3
and 2.4, for which we only present the final results after the pre-processing and post-
processing steps, with the black and green dots having the same meaning as in Figure 2.1.

Figure 2.3: Circle: 200 data points. Figure 2.4: Spiral: 200 data points.
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2.7.3 Other more practical aspects

In Algorithm 1, we need to compute ∇ξ̂(x) and eigenvalues and eigenvectors of ∇2η̂(x).
This requires some matrix algebra, and we present some explicit formulas in Appendix A.

Algorithm 2 avoids direct evaluation of these formulas, and thus has some computational
advantages in practice. Indeed the connection between the two algorithms can be understood
in such a way that the symbolic computation of ∇η̂ and ∇2η̂ in Algorithm 1 are replaced by
their numerical approximations (∇η̂τ and ∇2η̂τ ) based on the evaluations of η̂ in Algorithm
2. In practice, we implement the computation of ∇η̂τ and ∇2η̂τ as follows. Let {xi, i =
1, 2, · · · } be a grid over Rd with grid length ρ < τ . Then ∇η̂τ is approximated by

ρd

τd

∑
i

∇
[
L

(
x− xi
τ

)]
η̂(xi), (2.11)

and ∇2η̂τ can be approximated in a similar way. The kernel L is often chosen with bounded
support or as the Gaussian kernel with truncation so that there are only a limited number
of grid points involved in the above summation.

2.8 Simulation study

We conducted a small simulation study to compare the performance of our algorithms 1
and 2 with SCMS. We first consider the ridge set of the density f of a bivariate random
vector X = Y + Z, where Y has a distribution restricted on a circle C with center at the
origin and unit radius, and Z ∼ N(0, 0.052). Two models depending on the distributions of
Y = (cos(Θ), sin(Θ)) were used: Θ has a uniform distribution on [0, 2π] for Model 1 and Θ
has a density [sin(θ) + 2]/4π for θ ∈ [0, 2π] for Model 2. Note that the distribution of X is
a convolution of those of Y and Z, and therefore ridge(f) slightly deviates from C. We use
the Hausdorff distance (see (3.1) below for the definition) between the algorithm outputs
and the true ridge ridge(f) as the error in the estimation. We compare the performance of
the our algorithms and SCMS using this error based on 200 random samples from each of
the two models. The bandwidth h used in the kernel estimates was set to be 0.2 for sample
size n = 500 and τ = 0.001 for Algorithm 2. No density estimate cutoff was used, i.e.,
εf = 0. All the three algorithms used the same starting points for each model, which are
grid points near the ridges. The results are shown in Figure 2.5 and Table 1, where we see
that in this example all the three algorithms are able to estimate the true ridges well and
their performances are almost identical.

Alg 1 Alg 2 SCMS

Model 1 0.0360 (0.0043) 0.0360 (0.0043) 0.0359 (0.0043)

Model 2 0.0369 (0.0058) 0.0369 (0.0058) 0.0369 (0.0057)

Table 1: This table contains the means and standard deviations (in parentheses) of the errors shown
in Figure 2.5.

Next we provide an example for which SCMS fails to detect a part of a ridge while our
algorithms are able to capture it. Consider the density function

f(u, v) =
3

8
(1− p)(1− u2)v +

1

4
p, u ∈ [−1, 1], v ∈ [0, 2], (2.12)

11
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Figure 2.5: Plots of errors for Model 1 (upper panel) and Model 2 (lower panel), each using 200
random samples; heights of red, green and blue triangles represent estimation errors for Algorithms
1,2 and SCMS, respectively.

where p ∈ (0, 1). Using the ridge point definition, two curves are detected: {u = 0, v ∈
(0, 2)} and {(u, v) : v = 1−u2√

2+2u2
, u ∈ (−1, 1)}. The intersection of the two curves is at(

0, 1√
2

)
.

Figure 2.6: Surface plot of the function f
in (2.12).

Figure 2.7: contour lines (black), ridge lines
(red), and integral curves driven by V⊥ (green).

Figure 2.8: green curves are the trajectories of
ξf , and the red dots are the limit points.

Figure 2.9: green curves are the trajectories of
ξη, and the red dots are the limit points.
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The plots of this function when p = 0 and the ridge are given in Figures 2.6 and 2.7.
Note that here p presents the proportion of a uniform background noise and does not affect
the location of the ridge set in the model. In Figures 2.8 and 2.9 we compare the ideas
behind the SCMS algorithm and our new algorithms. It can be seen that a piece of the ridge
Smissing := {0}× (0, 1/

√
2) is failed to be detected using the idea of the SCMS algorithm in

this example.

We also tested our new algorithms and SCMS on random samples generated from the
density in (2.12) with p = 0.3. For all the three algorithms, we used the same 200 replicates
of size 10000, the same bandwidth 0.3, and the same 50 × 50 grid points as the starting
points. We set τ = 0.005 for Algorithm 2. To handle the boundary effect of the kernel
estimation especially near the top boundary [−1, 1] × {2}, caused by the abrupt change
in density beyond the boundary, for each sample we doubled the original sample size by
adding a reflected data set across this boundary, and then only kept the ridge estimates
within [−1 + δ, 1 − δ] × [δ, 2 − δ] for δ = 0.1. The true ridge in this region is used to
compute the errors of estimation in terms of the Hausdorff distance. The results are shown
in Figure 2.10 and Table 2, with an illustrative case given in Figure 2.11. It is clear to
see that the ridge is estimated well by our Algorithms 1 and 2. Notably, our algorithms
can find a piece of ridge corresponding to Smissing but SCMS fails to find it. In addition,
the estimated ridge pieces by the SCMS algorithm near near (0, 1/

√
2) are severely broken,

while they are almost connected in the outputs of our algorithms.

Figure 2.10: Plots of errors for the model in (2.12), using 200 random samples; heights of the red,
green and blue triangles represent estimation errors for Algorithms 1,2 and SCMS, respectively.

Alg 1 Alg 2 SCMS

Errors 0.1514 (0.0402) 0.1321 (0.0397) 0.5273 (0.0455)

Table 2: Means and standard deviations (in parentheses) of the errors shown in Figure 2.10.

2.9 Real Data Application

We apply our algorithms to a data set of active and extinct volcanoes in Japan available
at https://en.wikipedia.org/wiki/List_of_volcanoes_in_Japan. The locations of
these volcanoes exhibit a clear filamentary structure with three major branches sharing
an intersection. The results using SCMS and our algorithms are shown in Figure 2.12. We
used the same bandwidth for all the three algorithms based on an optimal selection for the
second derivatives of the kernel density estimation. Using all the sample points as starting
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Figure 2.11: Plots from left to right show the outputs of the SCMS, our Algorithms 1 and 2 (green
dots). The red lines indicate the ridge model as given in Figure 2.9.

points, the outputs of the algorithms are shown in the three left panels. It can be seen that
all the three algorithms can capture the three major branches in the data, however, a careful
examination reveals that the output of the SCMS algorithm seems to have big gap near the
intersection of the three branches. To further investigate this issue, we ran each algorithm
with a new set of starting values while keeping all the tuning parameters the same. The
results are shown in the three right panels. The new starting points are constructed as
follows: For each of the n outputs of an algorithm, connect each of the 20-nearest neighbors
among the original data points to the output point by a line segment. On each of these
20 line segments choose 10 equidistant points. The resulting 200 × n points are the new
starting values of the respective algorithm. The idea underlying this construction is to find
starting values that form a dense neighborhood of the true ridge lines. We observe that,
although these start points fill the gap near the intersection well, the detected branches of
SCMS algorithm are still clearly separated, while the branches are connected better in the
outputs of our algorithms. This is consistent with our arguments that SCMS algorithm
may miss some parts of the ridges.

3. Main results

3.1 Assumptions and some technical implications

Before we state our assumptions, we first introduce some notation. For α = (α1, · · · , αd)T ∈
Nd, let |α| = α1 + · · ·+ αd. For a function g : Rd → R with partial derivatives of order |α|,
define

∂(α)g(x) =
∂|α|

∂α1x1 · · · ∂αdxd
g(x), x ∈ Rd.

For any subset A ⊂ Rd, and x ∈ Rd, let d(x,A) = infy∈A ‖x − y‖. For another subset
B ⊂ Rd, the Hausdorff distance between A and B is defined as

dH(A,B) = max{sup
x∈A

d(x,B), sup
x∈B

d(x,A)}. (3.1)
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(f) Algorithm 2: new starting values

Figure 2.12: Outputs of the three algorithms using the original sample as initialization (left panels)
and new initilization (right panels). The black dots are the locations of the volcanoes in Japan, and
the green dots are the estimated ridge points.
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Let ∂A be the boundary of A. For δ > 0 we define Aδ =
⋃
x∈A B(x, δ), where B(x, δ) denotes

the (open) ball with midpoint x and radius δ. For any c1, c2 ∈ R, let c1 ∨ c2 = max(c1, c2)
and c1 ∧ c2 = min(c1, c2). Finally, we will use ‖A‖F to denote Frobenius-norm of a matrix
A.

Recall that ξη̂(x) and ξη̂τ (x) denote the projections of the gradients of η̂(x) and η̂τ (x),
respectively, onto the subspace spanned by the trailing (d − k) eigenvectors of ∇2η̂ and
∇2η̂τ , respectively. Similarly, we define the corresponding population quantities ξf (x) and
ξη(x) (see Section 2.5). With slight abuse of notation, we use Ridge(g) to denote the ridge
of any twice differentiable function g restricted to [0, 1]d.

In the formulations of our theoretical results, we will use the following assumptions. Let
m be a positive integer (where our results will require m ≥ 4).

(A1)f,m f > 0 is a density on Rd such that, for some ε0 > 0, [−ε0, 1 + ε0]d is contained
in the support of f ; the partial derivatives of f up to order m exist and are bounded and
continuous.

(A2)f There exist β, δ > 0 such that: |λfk+1(x)| > β for all x ∈ {t ∈ [0, 1]d : η(t) = 0}δ,
and λfk(x)− λfk+1(x) < β, and for all x ∈ [0, 1]d. Furthermore, Ridge(f)δ ⊂ [0, 1]d.

(A3)f For all x ∈ Ridge(f), ∇ξf (x) ∈ Rd×d has rank d− k.

(K)m The kernel function K : Rd → [0,∞) is spherically symmetric and integrates to 1.
All the partial derivatives up to order m exist and are continuous and bounded. Moreover,
for any α ∈ Nd with |α| ≤ m, the class of functions{

x 7→ ∂(α)K
(x− y

h

)
: y ∈ Rd, h > 0

}
is a VC-class (see van der Vaart and Wellner, 1996). Also assume

∫
Rd K(x)‖x‖2dx <∞.

(L) The kernel function L : Rd → [0,∞) is spherically symmetric with bounded support
and integrates to 1. The partial derivatives of L up to order four exist and are continuous.

Discussion of the assumptions: (i) Assumption (A1)f,m is made to avoid boundary
issues of kernel density estimation on [0, 1]d. The unit cube can of course be replaced by
any compact set in Rd. (ii) Assumption (A2)f is typical in the literature of ridge estimation
(see, e.g. Assumption A1 in Genovese et al., 2014). It avoids spurious ridge points under
small perturbation. (iii) Assumption (A3)f implies that Ridge(f) is a manifold (without
boundary). E.g., see Theorem 5.12 in Lee (2013). In particular, this precludes the existence
of intersections of the ridge. For ridges with boundary or intersections, all our results except
for Theorem 18(iii) and Corollary 20(iii) still apply to the part on the ridges strictly bounded
away from the boundary and intersections. (v) The VC-class assumption in (K)m holds if K
is of the formK(x) = φ(p(x)) with φ : R→ R≥0 of bounded variation, and p(x) a polynomial
(see Nolan and Pollard, 1987). In particular this is the case for the Gaussian kernel. (vi)
Under the above assumptions, η(x) is twice differentiable and the second derivatives are
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Lipschitz continuous. In particular, the Hessian ∇2η(x) is well-defined, and we have the
following properties:

Lemma 4 Under (A1)f,4, (A2)f , and (A3)f , Ridge(f) is a compact set; we have λη1(x) =
· · · = ληk(x) = 0 for all x ∈ Ridge(f), and there exist positive constants A,α and δ′ ≤ δ,

such that for all x ∈ Ridge(f)δ
′
,

−α ≥ ληk+1(x) · · · ≥ ληd(x) ≥ −A. (3.2)

Moreover, the columns of V η
⊥(x) span the normal space of Ridge(f) at x ∈ Ridge(f).

Recall the definition of Sη,fε given in (2.8) and notice that Sη,f0 = Ridge(f). The following

lemma states that Sη,fε is in a neighborhood Ridge(f) of radius in the order of
√
ε when

ε→ 0.

Lemma 5 Assuming (A1)f,4, (A2)f , and (A3)f , there exist constants L1, L2, ε0 > 0 such
that for all 0 < ε ≤ ε0,

L1

√
ε ≤ dH(∂Sη,fε ,Ridge(f)) ≤ L2

√
ε, (3.3)

where dH is the Hausdorff distance.

Since ∇η(x) = 0 for x ∈ Ridge(f), Lemma 4 implies that Ridge(f) ⊂ Ridge(η). The
following lemma states that in a neighborhood of the ridge of f , the ridge of the ridgeness
function η equals the ridge of f . Recall that η(x) = −1

2‖V
f
⊥ (x)>∇f(x)‖2 = −1

2‖ξ
f (x)‖2.

Lemma 6 Assuming (A1)f,4, (A2)f , and (A3)f , there exists an ε0 > 0 such that

Ridge(f) = Ridge(η) ∩ Sη,fε ∀ 0 < ε ≤ ε0.

3.2 Convergence results

Brief outline of this section: As the algorithms are targeting Ridge(f̂ ), while the theoretical
target is Ridge(f), we first control the distance between these two sets (see Theorem 7).
Then, in Theorem 9, we consider the continuous version of the algorithms, where the paths
traced by the algorithm are replaced by the integral curves generated by our ridgeness
functions. Finally, we consider the discrete version (see Theorem 11), i.e. the actual
algorithms, and control the distance between the limit points of the algorithms and Ridge(f̂ ).

Theorem 7 Assume (A1)f,4, (A2)f , (A3)f , (K)4, h = o(1), and logn
nhd+8 = o(1) as n →

∞. Then, for any B > 0 and n large enough, there exists a constant C > 0 such that with
probability at least 1− n−B:

dH(Ridge(f),Ridge(f̂ )) ≤ C
(( log n

nhd+4

)1/2
+ h2

)
. (3.4)

Remark 8 Genovese et al. (2014) also gives the same rate of convergence for ridge estimation
using the Hausdorff distance. However, their assumptions and methods of proof are different
from ours. In particular, they require that ‖[Id −Πf (x)]∇f(x)‖fmax,3(x) ≤ β2/(2d3) for all
x ∈ Ridge(f)δ in their assumption (A2), where fmax,3(x) is the maximum of the absolute
values of all the third partial derivatives of f at x, and β is essentially the same one as
given in our (A2)f . Instead of this assumption, we use (A3)f , which is weaker (see Chen
et al., 2015, Lemma 2).
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3.2.1 Continuous versions of the algorithms

Further notation, Part 1. Recall the definition of the vector field ξg : Rd → Rd given
in Section 2.5 for a twice differentiable function g : Rd → R, and let x0 ∈ Rd. Consider the
system of ODEs

dv(t)

dt
= ξg(v(t)), t ∈ R,

where v : R → Rd with v(0) = x0. We denote the flow generated by this system of ODEs
driven by ξg as

γg : Rd × R→ Rd,

i.e. γg(x, 0) = x for x ∈ Rd, γg(γg(x, t), s) = γg(x, t + s) and ∂
∂tγ

g(x, t) = ξg(γg(x, t)), for
s, t ∈ R.

With this notation applied to g = η̂ and g = η̂τ , we now have the following result:

Theorem 9 Assume (A1)f,4, (A2)f , (A3)f , (K)4, h = o(1) and logn
nhd+8 = o(1) as n→∞.

Then, for any B > 0 and n large enough, with probability at least 1− n−B:

(i) f̂ satisfies assumptions (A1)
f̂ ,4

, (A2)
f̂
, and (A3)

f̂
;

(ii) Continuous version of Algorithm 1: there exists ε0 > 0 such that, for all 0 ≤ ε ≤ ε0,

Ridge(f̂ ) = {limt→∞ γ
η̂(x, t), x ∈ ∂Sη̂,f̂ε } = Ridge(η̂ ) ∩ Sη̂,f̂ε .

(iii) Continuous version of Algorithm 2: under the additional assumptions (A1)f,6, (K)6,

(L) and logn
nhd+12 = o(1), and for ε > 0 small enough,

a) Ridge(η̂τ ) ∩ Sη̂τ ,f̂ε = {limt→∞ γ
η̂τ (x, t), x ∈ ∂Sη̂τ ,f̂ε } for τ > 0 small enough;

b) dH(Ridge(η̂τ ) ∩ Sη̂τ ,f̂ε ,Ridge(f̂ )) ≤ C1τ
2 for a constant C1 and τ small enough;

c) dH(Ridge(η̂τ )∩Sη̂τ ,f̂ε ,Ridge(f)) ≤ C2(( logn
nhd+4 )1/2 +h2 +τ2) for a constant C2 and

τ small enough.

Remark 10 Without the additional assumptions in part (iii) of the above theorem, we can
still show that supx∈[0,1]d |∂(α)η̂(x) − ∂(α)η̂τ (x)| = op(1) for all |α| = 0, 1, 2, and further

dH(Ridge(η̂τ ) ∩ Sη̂τ ,f̂ε ,Ridge(f)) = op(1) as τ → 0.

3.2.2 Discrete approximation: the Euler method

Here we study discrete versions of the algorithms given above. To this end, we need a
discrete version of the continuous flows defined above:

Further notation, Part 2. For a twice differentiable function g : Rd → R and a
constant a > 0 let the sequence γga(x, `), ` = 0, 1, · · · , be defined as

γga(x, 0) = x and γga(x, `+ 1) = γga(x, `) + a ξg(γga(x, `)), ` = 1, 2, . . .

This is a discrete approximation to γg(x, t), t ≥ 0 using Euler’s method.
The following result applies this notation with g = η̂ and g = η̂τ . It says that these

discretized approximations can be used to recover the corresponding ridges.
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Theorem 11 Assume (A1)f,6, (A2)f , (A3)f , (K)6, (L), h = o(1) and logn
nhd+12 = o(1) as

n→∞. Then, for any B > 0 and n large enough, with probability at least 1− n−B:

(i) Algorithm 1: for ε ≥ 0 small enough, lim`→∞ γ
η̂
a(x, `) exists for all x ∈ ∂Sη̂,f̂ε , and

dH(Ridge(f̂ ), Ra(f̂ )) ≤ C1a
1−σ0−µ, (3.5)

for a constant C1 and τ small enough, where Ra(f̂ ) = {lim`→∞ γ
η̂
a(x, `), x ∈ ∂Sη̂,f̂ε }.

(ii) Algorithm 2: for ε ≥ 0 small enough, lim`→∞ γ
η̂τ
a (x, `) exists for all x ∈ ∂Sη̂τ ,f̂ε , and

dH(Ridge(f̂ ), Rτ,a(f̂ )) = C2(a1−σ0−µ + τ2), (3.6)

for a constant C2 and τ and a small enough, where Rτ,a(f̂ ) = {lim`→∞ γ
η̂τ
a (x, `), x ∈

∂Sη̂τ ,f̂ε }.

In the above rates, 0 < σ0 < 1 is given in (B.69), and µ > 0 is arbitrarily small.

Remark 12 By using Corollary 20 given below, one can also show that, for d = 1, Ridge(f̂ ) =

Ra(f̂ ) and Ridge(η̂τ )∩ S τ̂ ,f̂ε = Rτ,a(f̂ ) with probability at least 1− n−B for any B > 0 and
n large enough.

4. The mathematical framework for the ODE-based algorithms of ridge
extraction

This important section can be interpreted as providing population level versions of our main
convergence results for the proposed algorithms presented above. Indeed, the algorithms
can be interpreted as “perturbed versions” of corresponding population level versions. We
will discuss the precise meaning of this in what follows, and we also indicate how this
correspondence is being used to prove the convergence results for the algorithms. This
section will also provide additional insights into why the algorithms proposed in this work
do not suffer from the theoretical gaps of the SCMS algorithm - cf. Section 4.2.1.

The population level results are using theory for Ordinary Differential Equations (ODE).
These ODEs provide the mathematical (population level) model for our algorithm. For the
original mean shift algorithm, this analogy has been used in Arias-Castro et al. (2016) and
Arias-Castro and Qiao (2025+). For the Subspace Constraint Mean Shift algorithm, see
Genovese et al. (2014) and Qiao and Polonik (2016).

In the following f denotes a generic positive function on [0, 1]d. While we apply the below
results to densities (e.g. to our kernel density estimates), f does not have to integrate to 1.

4.1 Some useful background knowledge of ODEs

A reference for the following material is Wiggins (2003). As above consider

dx(t)

dt
= U(x(t)), t ∈ R,
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where x : R→ Rd with x(0) = x0 ∈ Rd, and U : Rd → Rd is a vector field. Let π : Rd×R→
Rd denote the corresponding flow.

A compact set S ⊂ Rd is called a positively invariant set under the above vector field
if for any x0 ∈ S we have π(x0, t) ∈ S for all t ≥ 0. We assume that the boundary of S is
a C1 manifold. A point x̄ is called an equilibrium point, or fixed point, if U(x̄) = 0. Let
A ⊂ S be the set of all equilibrium points in S. A continuously differentiable scalar-valued
function V defined on S is called a Lyapunov function if it satisfies: dV (x(t))

dt ≤ 0 for all
x(t) ∈ S. We also define two sets

E =

{
x ∈ S :

dV (x(t))

dt
= 0

}
, (4.1)

M =
⋃
x0∈E

{
π(x0, t), t > 0 : π(x0, t) ∈ E for all t > 0

}
. (4.2)

Note that A ⊂ M ⊂ E. We will use LaSalle’s Invariance Principle (see Wiggins, 2003,
Theorem 8.3.1), which states:

Theorem 13 For all x ∈ S, π(x, t)→M as t→∞.

Later LaSalle’s Theorem will be applied with M = E = Ridge(f).

4.2 ODE theory for ridge extraction

Recall that ∂γη(x,t)
∂t = ξη(γη(x, t)), t ∈ R, which is the mathematical model of Algorithms 1

and 2. There exists a positive ε > 0 such that Sη,fε is a positively invariant set corresponding
to this flow. This can be seen as follows. Consider the derivative of η(γη(x, t)) with respect
to t:

∂η(γη(x, t))

∂t
= [∇η(γη(x, t))]>V η

⊥(γη(x, t))[V η
⊥(γη(x, t))]>∇η(γη(x, t))

= ‖ξη(γη(x, t))‖2 ≥ 0. (4.3)

In other words, η is always non-decreasing along the trajectories of the flow. Indeed, notice
that for ε > 0 small enough, ‖ξη(γη(x, t))‖ > 0 for all x ∈ Sη,fε \Ridge(f) and t ∈ (0,∞)

based on Lemma 6. It follows that Sη,fε is a positively invariant set as we have claimed.
Note that Ridge(f) is the set of all the equilibrium points in Sη,fε . A natural choice for a
Lyapunov function V is

V (x) = −η(x).

Since ∂V (γη(x,t))
∂t = −〈∇η(γη(x, t)), ξη(γη(x, t))〉 = −‖ξη(γη(x, t))‖2 ≤ 0, this indeed is a

Lyapunov function. Notice further that this derivative is equal to zero only when x ∈
Ridge(f). Therefore, for the sets E and M given in (4.1) and (4.2), we have E = M =
Ridge(f).

Theorem 14 Assume that (A1)f,4, (A2)f , and (A3)f hold. There exists ε > 0 such that:
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(i) For x ∈ (0, 1)d, let a path γηx generated by γη(x, t) be given by the set γηx = {γη(x, t), t ∈
Tx}, where Tx is the largest open interval containing 0 such that γη(x, t) ∈ (0, 1)d for
all t ∈ Tx, and let Γ = {γηx, x ∈ (0, 1)d} be the collection of all these paths. For each

x ∈ Sη,fε \Ridge(f), the path γηx is the unique path in Γ passing through x.

(ii) For each x ∈ Sη,fε as the starting point, γη(x, t) converges to a point on Ridge(f), as
t→ +∞.

(iii) Ridge(f) = {limt→∞ γ
η(x, t) : x ∈ ∂Sη,fε }.

Remark 15 Part (iii) of Theorem 14 can be generalized as follows. Let A be a set such

that for any x ∈ ∂Sη,fε , there exists a point y ∈ A such that there is a finite tx ∈ (−∞,∞)
such that y = γη(x, tx). Then by (iii) in Theorem 14, we have Ridge(f) = {limt→∞ γ

η(x, t) :
x ∈ A}.

4.2.1 Further insights into differences between SCMS and our algorithms

Using our notation introduced above, γf (x, t) denotes the flow corresponding to dx(t)
dt =

ξf (x(t)), t ∈ R, which is the model for the SCMS algorithm. We can now see the major
difference between using γf (x, t) and using the flow γη(x, t) considered in our approach.
For γf (x, t), we have

∂f(γf (x, t))

∂t
= [∇f(γf (x, t))]>V f

⊥ (γf (x, t))[V⊥(γf (x, t))]>∇f(γf (x, t))

= ‖ξf (γf (x, t))‖2 ≥ 0. (4.4)

In other words, it is the height of f that increases along the path of γf (x, t) as t increases.
In contrast to that, it is the ridgeness η(x) that increases along the path of γη(x, t). In
general, while the height and ridgeness are closely related, they are two different quantities.
This provides a different point of view for the SCMS algorithm, and also shows its difference
to our approach.

4.3 Stability of the flows

Now suppose we have a perturbed ridgeness function η̃, which we assume is twice differentiable.
We measure the perturbation by the following quantities.

δ0 = sup
x∈[0,1]d

|η(x)− η̃(x)|, (4.5)

δ1 = sup
x∈[0,1]d

‖∇η(x)−∇η̃(x)‖, (4.6)

δ2 = sup
x∈[0,1]d

‖∇2η(x)−∇2η̃(x)‖F . (4.7)

Recall that, by definition, Ridge(η̃) = {x ∈ [0, 1]d : ξη̃(x) = 0, λη̃k+1(x) < 0} with ξη̃(x) and

λk+1
η̃ (x) as defined in Section 2.5.

Theorem 16 Suppose that (A1)f,4, (A1)
f̃ ,4

, (A2)f , and (A3)f hold. There exists ε0 > 0

such that for any ε ∈ (0, ε0] and for max(δ0, δ1, δ2) small enough we have the following:
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(i) For x ∈ (0, 1)d, let a path γη̃x generated by γη̃(x, t) be given by the set γη̃x = {γη̃(x, t), t ∈
Tx}, where Tx is the largest open interval containing 0 such that γη̃(x, t) ∈ (0, 1)d for

all t ∈ Tx, and let Γ = {γη̃x, x ∈ (0, 1)d} be the collection of all these paths. For each

x ∈ Sη̃,fε \Ridge(η̃), the path γη̃x is the unique path in Γ passing through x.

(ii) For each x ∈ Sη̃,fε , the path γη̃(x, t) converges to a point in Ridge(η̃)∩Sη̃ε , as t→ +∞.

(iii) Ridge(η̃) ∩ Sη̃,fε = {limt→∞ γ
η̃(x, t) : x ∈ ∂Sη̃,fε }.

(iv) There exists a constant C > 0 such that dH(Ridge(η̃)∩Sη̃,fε ,Ridge(f)) ≤ C max(δ1, δ2).

Remark 17 This theorem is applied to f, η̃ being f̂ and η̂τ , respectively, for which small
enough values of δ0, δ1, and δ2 can be found with high probability. See the proof of Theorem 9.

4.4 Euler’s method

The following result about this discretization of the flow γη is the main result of this section.
Recall that ξη(x) = V η

⊥(x)V η
⊥(x)>∇η(x), and recall the definition of the discretized path

γηa(x, `), ` = 0, 1, · · · as defined in Section 3.2.2.

Theorem 18 Suppose that assumptions (A1)f,6, (A2)f , and (A3)f hold. Let Ra(f) =

{lim`→∞ γ
η
a(x, `), x ∈ ∂Sη,fε }. There exist ε0 > 0, δa > 0 such that when 0 < a ≤ δa and

0 < ε < ε0, we have

(i) Ra(f) ⊂ Ridge(f), and

(ii) there exists a constant C > 0 such that dH(Ridge(f), Ra(f)) ≤ Ca1−σ0, where 0 <
σ0 < 1 is given in (B.69).

Moreover,

(iii) When k = 1 (1-dimensional ridge), we have

Ridge(f) = Ra(f).

Remark 19 The last assertion of this theorem says that in the case of one-dimensional
ridges we can recover the entire ridge of f (as in the continuous case - see Theorem 14(iii)),
even when using the discretized algorithm, provided the step-size is small enough. We
conjecture that the result also holds true for multi-dimensional ridges.

Recall that we have analyzed the perturbed flow γη̃ and its convergence in Section 4.3.
We now assume that η̃ is generated by a density function f̃ , i.e.,

η̃(x) = −1

2

∥∥V f̃
⊥ (x))>∇f̃(x)

∥∥2
. (4.8)

Using the same notation as defined in Section 3.2.2, consider the sequence γη̃a(x, `),
` = 0, 1, · · · . Using Theorem 16, and following a very similar proof of Theorem 18, we
obtain the following discretization result of the perturbed flows and ridges.
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Corollary 20 Suppose that assumptions (A1)f,6, (A1)
f̃ ,6

, (A2)f , and (A3)f hold. Let

Ra(f̃ ) = {lim`→∞ γ
η̃
a(x, `), x ∈ ∂Sη̃,fε }. When max(δ0, δ1, δ2) is small enough, there exist

ε0 > 0 and δ0 > 0 such that for all 0 < ε ≤ ε0, and 0 < a ≤ δa, we have that

(i) Ra(f̃) ⊂ Ridge(η̃ ) ∩ Sη̃,fε , and

(ii) there exists a constant C > 0 such that dH(Ridge(η̃ ) ∩ Sη̃,fε , Ra(f̃ )) ≤ Ca1−σ0−µ, for
an arbitrarily small µ > 0.

Moreover,

(iii) When k = 1 (1-dimensional ridge), we have

Ridge(η̃ ) ∩ Sη̃,fε = Ra(f̃ ).

The proof of Corollary 20 is similar to that of Theorem 18, and no details are presented.

5. Discussion

5.1 Other variants

Here we briefly discuss two other variants of our algorithms.
The first variant is based on the logarithm transformation. The original mean shift

algorithm proposed by Fukunaga and Hostetler (1975) is a gradient ascent algorithm implicitly
using the logarithm transformation of kernel density estimates, which is analyzed in Arias-
Castro et al. (2016) and Arias-Castro and Qiao (2025+). More specifically, for any x0 ∈ R,
they consider the sequence xj+1 = xj + a∇r̂(xj), j = 0, 1, 2, · · · , where r̂ is an estimate of

log f . The limit of the sequence is a local mode of f̂ , provided some regularity assumptions
hold.

A similar idea can be applied to our algorithms as well. Let g : [0,∞) → (0,∞)
be a (known) twice differentiable increasing positive function. In Algorithm 1, we can
replace the derivatives (and the induced eigenvalues and eigenvectors) of η̂ by those of
log(g(η̂)). Note that η̂ by definition is non-positive and this explains the need for a positive
transformation function g before applying the logarithm. More specifically, the update step
(2.9) in Algorithm 1 can be replaced by

yj+1
i = yji + aξlog g(η̂)(yji ).

Algorithm 2 can be modified in a similar way.
The second variant is based on modified objective functions in the optimization. For

any q > 0, and x such that f̂(x) > 0, write

ŝq(x) =
η̂(x)

[f̂(x)]q
. (5.1)

We have that ŝq ≤ 0 and ŝq = 0 on Ridge(f̂ ), and finding minimizers of ŝq is equivalent to
that of η̂. Thus we can replace the derivatives (and the induced eigenvalues and eigenvectors)
of η̂ by those of ŝq. Recall that our basic algorithms can possibly return non-global modes
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of the ridgeness function depending on the start points, and thus requires a post-process
step (see Section 2.7). The numerator in (5.1) is a penalization for low density. The purpose
underlying the introduction of this penalization is to sharpen the ridgeness function near
the ridge, so as to potentially accelerate the algorithm and enlarge the set of starting points
whose corresponding limit points are global maxima.

The theoretical analyses of these two variants are not explicitly given in this paper,
although they are straightforward extensions by following the same procedure as presented
for Algorithms 1 and 2 above.

5.2 Mathematical models of SCMS algorithm and its convergence

The analyses and simulations in this paper show that the set that SCMS converges to is not
always exactly the ridge set under its original definition, although they are clearly related.
It is an interesting open problem to find the mathematical definition of the set of the limit
points of SCMS. Once this is discovered, we believe the convergence analyses established
in this paper can be useful to show the convergence of SCMS in the sense of recovering the
entire set.

Appendix A. More details of algorithms

A.1 Discussion of why the SCMS algorithm might miss parts of ridges

Here we provide some more details for the argument made in Section 2.3 that the SCMS
algorithm might miss some parts of a ridge, as observed in the second example in Section 2.8.

We consider the case d = 2. First we show that a ridge point does not necessarily have to
be a local maximum of the integral curve traced by the SCMS algorithm. Such a point will
thus not be identified as a ridge point (except in the trivial case where the starting point
happens to be this ridge point). For a given point x0 near the ridge, consider an integral
curve x(t) defined as

dx(t)

dt
= V⊥(x(t)), x(0) = x0, (A.1)

where V⊥(x) is the second unit eigenvector of the Hessian of f at x. We assume that the
direction (sign) of V⊥(x) is determined such that it varies continuously with x. Note that
V⊥ is parallel to V⊥V

>
⊥ ∇f = and so x(t) has the same trajectory as the integral curve driven

by V⊥V
>
⊥ ∇f . Using V⊥ allows tracking integral curves both forward and backward. Indeed,

the vector field V⊥V
>
⊥ ∇f vanishes on the ridge, while V⊥ always has a unit length. Suppose

that there exists an interval (a, b) such that {x(t) : t ∈ (a, b)} intersects with Ridge(f).
Then the first and second order derivatives of f(x(t)) with respect to t are

df(x(t))

dt
=
〈
∇f(x(t)), V⊥(x(t))

〉
(A.2)

and

d2f(x(t))

dt2
=
〈
∇
〈
∇f(x(t)), V⊥(x(t))

〉
, V⊥(x(t))

〉
= ∇f(x(t)) ∇V⊥(x(t)) V⊥(x(t)) +

〈
∇2f(x(t)) V⊥(x(t)), V⊥(x(t))

〉
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= ∇f(x(t)) ∇V⊥(x(t)) V⊥(x(t)) + λ2(x(t)). (A.3)

If x(t) is a ridge point, then df(x(t))
dt = 0 in (A.2) by Definition 1, and the second term

λ2(x(t)) in (A.3) is negative. In general, however, the right-hand side of (A.3) may be not
negative. In other words, depending on the sign in (A.3), ridge points on the trajectory
driven by V⊥ (or equivalently, by V⊥V

>
⊥ ∇f) can be local maxima, local minima or even

saddle points. As shown in the second example in Section 2.8, following the direction of
V⊥V

>
⊥ ∇f , a part of the ridge can be missed if the starting points are not chosen exactly on

that part.

A.2 Formulas needed for implementing Algorithm 1

In Algorithm 1 we need to compute ∇ξf̂ (x) and also the Hessian of η̂(x) (in order to
find its eigenvectors). In the following we provide some formulas that are useful for the
implementation.

Let vec be the matrix vectorization operator such that vec(A) stacks all the columns
of a matrix A into a vector.

As for ∇ξf̂ (x), we have the following by using the product rule for matrix calculus:

∇ξf̂ (x) = (∇f̂(x)> ⊗ Id)∇Πf̂ (x) + Πf̂ (x)∇2f̂(x)

= (∇f̂(x)> ⊗ Id)∇Πf̂ (x) + V f̂
⊥ (x)Λf̂⊥(x)V f̂

⊥ (x)>, (A.4)

where Λf̂⊥(x) = diag(λf̂r+1, · · · , λ
f̂
d),∇Πf̂ (x) = d vec[Πf̂ (x)]

dx>
∈ Rd2×d, and⊗ denotes Kronecker

product.
The Hessian ∇2η̂(x) is given by

∇2η̂(x) = −(Id ⊗ ξf̂ (x)>)∇(∇ξf̂ (x))−∇ξf̂ (x))>∇ξf̂ (x), (A.5)

where ∇(∇ξf̂ (x)) can be found by using the product rule:

∇(∇ξf̂ (x)) =[(∇Πf̂ (x))> ⊗ Id]∇(∇f̂(x)> ⊗ Id)

+ (Id ⊗ (∇f̂(x)> ⊗ Id))∇(∇Πf̂ (x))

+ (∇2f̂(x)⊗ Id)∇Πf̂ (x)

+ (Id ⊗Πf̂ (x))∇(∇2f̂(x)).

Here ∇(∇f̂(x)> ⊗ Id) = (Id ⊗ vec(Id))∇2f̂(x). Furthermore, we can explicitly find the

expressions of ∇Πf̂ (x) and ∇(∇Πf̂ (x)), which by the chain rule involves the third and
fourth derivatives of f̂ , respectively. For example, for ` = 1, · · · , d, the `-th column of

∇Πf̂ (x) is given by the vectorization of

k∑
i=1

d∑
j=k+1

1

λf̂j (x)−λf̂i (x)
[V f̂
j (x)V f̂

j (x)>Ĥ`(x)V f̂
i (x)V f̂

i (x)> + V f̂
i (x)V f̂

i (x)>Ĥ`(x)V f̂
j (x)V f̂

j (x)>],

(A.6)

where Ĥ`(x) is the partial derivative of ∇2f̂(x) with respective to the `-th component of x.
See Qiao (2025+) for some relevant calculations.
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Appendix B. Proofs

Proof of Lemma 4. First we show that Ridge(f) is a compact set. Notice that by
assumption (A2)f , we can write

Ridge(f) = {x ∈ [0, 1]d : ξf (x) = 0, λfk+1(x) ≤ 0},

because the set {x ∈ [0, 1]d : ξf (x) = 0, λfk+1(x) = 0} is empty. If we treat Πf (x)

as a function of ∇2f(x), due to the assumed positive gap between λfk(x) and λfk+1(x)

in assumption (A2)f , Πf (x) is an analytical matrix-valued function on the space of real
symmetric matrices by the classical matrix perturbation theory (see Kato, 2013), which
further implies that Πf (x) is a Lipschitz function of x by assumption (A1)f,4. Since both

ξf (x) and λfk+1 are continuous functions, Ridge(f) is closed, and hence compact because it

is defined on the compact set [0, 1]d.
We have∇2η(x) = −(Id⊗ξf (x)>)∇(∇ξf (x))−∇ξf (x)>∇ξf (x). Thus, for x ∈ Ridge(f),

ξf (x) = 0 and∇2η(x) = −∇ξf (x)>∇ξf (x), which, by using assumption (A3)f , implies that
the rank of ∇2η(x) is d− k. Hence we have for x ∈ Ridge(f),

0 = λη1(x) = · · · = ληk(x) > ληk+1(x) · · · ≥ ληd(x).

Because of the compactness of Ridge(f) and the continuity of ληj on Ridge(f), there exist
positive constants α′ and A′ such that

−α′ ≥ ληk+1(x) · · · ≥ ληd(x) ≥ −A′ (B.1)

for all x ∈ Ridge(f).
Since ξf (x) = 0 for all x ∈ Ridge(f), under assumption (A1)f,4, when δ′ is small enough,

for all x ∈ Ridge(f)δ
′
,

ι(x) := ‖(Id ⊗ ξf (x)>)∇(∇ξf (x))‖F
≤
√
d‖ξf (x)‖F ‖∇(∇ξf (x))‖F

≤ 2
√
d sup
x∈Ridge(f)δ′

[‖∇ξf (x)‖F ‖∇(∇ξf (x))‖F ] d(x,Ridge(f))

=: c0d(x,Ridge(f)).

Also for all x, y ∈ Ridge(f)δ
′
,

‖∇ξf (x)>∇ξf (x)−∇ξf (y)>∇ξf (y)‖F
≤ ‖[∇ξf (x)−∇ξf (y)]>∇ξf (x)‖F + ‖[∇ξf (x)−∇ξf (y)]>∇ξf (y)‖F
≤ 2 sup

x∈Ridge(f)δ′
[‖∇ξf (x)‖F ‖∇(∇ξf (x))‖F ] ‖x− y‖

= c0‖x− y‖.

For any x ∈ Ridge(f)δ
′
, let yx ∈ Ridge(f) be such that ‖x − y‖ = d(x,Ridge(f)). By

using Weyl’s inequality (see Serre, 2002, page 15), we have for all x ∈ Ridge(f)δ
′
, and

j = k + 1, · · · , d,

|ληj (x)− ληj (yx)| ≤ ‖∇2η(x)−∇2η(yx)‖F

26



Ridge Estimation Algorithms

≤ ι(x) + ‖∇ξf (x)>∇ξf (x)−∇ξf (y)>∇ξf (y)‖F
≤ c0[d(x,Ridge(f)) + ‖x− y‖]
≤ 2c0δ

′.

Therefore (3.2) holds for δ′ > 0 small enough by noticing (B.1).

Since ξf (x) = 0 for all x ∈ Ridge(f), the row vectors of ∇ξf (x) span the normal
space of Ridge(f) at x, denoted by N (x). Note that N (x) = {∇ξf (x)>a : a ∈ Rd} =
{∇ξf (x)>∇ξf (x)a : a ∈ Rd}, which is the same as the space spanned by the eigenvectors
of ∇2η(x) corresponding to the non-zero eigenvalues, i.e., the space spanned by the columns
of V η

⊥(x).
�

Proof of Lemma 5. For any b ∈ Rd, consider

Mf
b := {x ∈ [0, 1]d : ξf (x) = b, λfk+1(x) < 0},

and note that Sη,fε =
⋃
{b: 1

2
‖b‖2≤ε}M

f
b for all ε ≥ 0. Recall δ′ defined in Lemma 4 and let

A = [0, 1]d\{t ∈ [0, 1]d : η(t) = 0}δ′ . Since A is a compact set, we have r := − supx∈A η(x) >

0. Then assumption (A2)f implies that Mf
b ⊂ Ridge(f)δ

′
when 1

2‖b‖
2 < r, which is also

what we assume below. We will first show that for all ‖b‖ small enough,

C1‖b‖ ≤ sup
x∈Mf

b

d(x,Ridge(f)) ≤ C2‖b‖,

for some positive constants C1 and C2.

For any x ∈Mf
b , let x0 be its projection point onto Ridge(f). There exists a unit vector

u = u(x0) ∈ N(x0) where N(x0) the normal space to the ridge at x0, and δx > 0 such that
x = x0 + δxu. Using a Taylor expansion, we get

ξf (x) = ξf (x0) +∇ξf (x0)(x− x0) +R0(x) = δx∇ξf (x0)u+R0(x),

where ‖R0(x)‖ ≤ κ0δ
2
x, for a constant κ0 > 0 for all x ∈Mf

b . Therefore

‖b‖2 = ‖ξf (x)‖2 = δ2
xu
>∇ξf (x0)>∇ξf (x0)u+R′0(x), (B.2)

where |R′0(x)| ≤ κ′0δ
3
x, for a constant κ′0 > 0 for all x ∈ Mf

b . Let ωmax(x) and ωmin(x)
be the largest and the (d − k)th largest eigenvalues of ∇ξf (x)>∇ξf (x), respectively. For
x0 ∈ Ridge(f), we have ωmin(x0) = −ληk+1(x0) and ωmax(x0) = −ληd(x0) because ∇2η(x0) =

−∇ξf (x0)>∇ξf (x0). From Lemma 4 we know that for all x0 ∈ Ridge(f), 0 < α ≤
ωmin(x0) ≤ ωmax(x0) ≤ A < 0 for some positive constants A and α. Notice that u is
in the space spanned by V η

k+1(x0), · · · , V η
d (x0). So when ‖b‖ is small enough (and hence δx

is small enough), it follows from (B.2) that

2Aδ2
x ≥ 2|ληd(x0))|δ2

x = 2ωmax(x0)δ2
x ≥ ‖b‖2 ≥

ωmin(x0)

2
δ2
x =
|ληk+1(x0)|

2
δ2
x ≥ 2αδ2

x. (B.3)
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Since δx = d(x,Ridge(f)) = infy∈Ridge(f) ‖x−y‖, we have for all b ∈ Rd such that ε = 1
2‖b‖

2

is small enough,√
1

A

√
ε =

√
1

2A
‖b‖ ≤ sup

x∈Mf
b

d(x,Ridge(f)) ≤
√

2

α
‖b‖ =

√
4

α

√
ε. (B.4)

The other direction can be proved in a similar way, as given as follows. Now let x be
a point on Ridge(f), and x0 be its projection onto Mb, such that x = x0 + δxu, where

δx = ‖x − x0‖ > 0, and u ∈ N(x0) is a unit normal vector of Mf
b at x0. Following the

above analysis (in particular (B.3)), when ‖b‖ is small enough, we still have 2ωmax(x0)δ2
x ≥

‖b‖ ≥ 1
2ωmin(x0)δ2

x. Since both ωmax and ωmin are continuous functions in a neighborhood
of Ridge(f), we have that 4Aδ2

x ≥ ‖b‖2 ≥ 1
4αδ

2
x for all ‖b‖ small enough. Therefore for all

b ∈ Rd such that ε = 1
2‖b‖

2 is small enough,√
1

2A

√
ε ≤ sup

x∈Ridge(f)
d(x,Mb) ≤

√
8

α

√
ε. (B.5)

Combining (B.4) and (B.5), we obtain√
1

2A

√
ε ≤ dH(∂Sη,fε , Ridge(f)) ≤

√
8

α

√
ε. (B.6)

�

Proof of Lemma 6. First we show that Ridge(f) ⊂ Ridge(η)∩Sη,fε . We have ∇η(x) =
−∇ξf (x)>ξf (x) for x ∈ [0, 1]d. Thus, for x ∈ Ridge(f) (implying that ξf (x) = 0), we have

∇η(x) = 0, and hence ξη(x) = 0. Then Ridge(f) ⊂ Ridge(η) ∩ Sη,fε for ε small enough is a
direct consequence of Lemma 4.

Next we show that Ridge(η)∩Sη,fε ⊂ Ridge(f) for ε small enough. To this end we show
that

‖ξη(x)‖ > 0 for all x ∈ Sη,fε \Ridge(f), (B.7)

which implies the result. It follows from Lemma 5 that for every ε > 0 is small enough,
there exists δ(ε) > 0 such that Sη,fε ⊂ Ridge(f)δ(ε) where δ(ε) → 0 as ε → 0. For any

x ∈ Sη,fε \Ridge(f), let x0 ∈ Ridge(f) be the projection of x onto Ridge(f), that is, there
exists a δx ∈ (0, δ(ε)), such that we can write x = x0 + δxu, where u = u(x0) ∈ N(x0)
is a unit vector with N(x0) the normal space to the ridge at x0. Notice that by using
Lemma 4, N(x0) = {V η

⊥(x0)a : a ∈ Rd−k}. We will show that there exists an ε > 0, such

that ‖∇η(x)‖ > 0 for all x ∈ Sη,fε \ Ridge(f). Using Lipschitz continuity of the fourth
partial derivatives of f , there exists a constant κ1 > 0 such that ‖∇2η(x0)−∇2η(x1)‖F ≤
κ1‖x0 − x1‖ for all x1 ∈ B(x0, δ(ε)). Then we can write

∇η(x) = ∇η(x0) +∇2η(x0)(x− x0) +R1(x)

= δx∇2η(x0)u+R1(x), (B.8)
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where ‖R1(x)‖ ≤ κ1δ
2
x. Note that ∇2η(x0) =

∑d
j=k+1 λ

η
j (x0)V η

j (x0)V η
j (x0)> by Lemma 4

and u is a unit vector in the space spanned by V η
k+1(x0), · · · , V η

d (x0). Hence A ≥ |ληd(x0)| ≥
‖∇2η(x0)u‖ ≥ |ληk+1(x0)| ≥ α, where α and A are positive constants given in Lemma 4.
Thus, for ε > 0 small enough (and hence δx is small), we have ‖∇η(x)‖ > 0 for x ∈
Sη,fε \ Ridge(f).

Next we show that |〈∇η(x),u(x)〉|
‖∇η(x)‖ is bounded from below. Using (B.8) we have that

|〈∇η(x), u(x)〉| ≥ δx|ληk+1(x0)| − κ1δ
2
x, and

|〈∇η(x), u(x)〉|
‖∇η(x)‖

≥
δx|ληk+1(x0)| − κ1δ

2
x

δx|ληd(x0)|+ κ1δ2
x

.

For ε (and hence δx) small enough, the right-hand side is bounded by a positive constant
from below, say,

|〈∇η(x), u(x)〉|
‖∇η(x)‖

≥ 1

2

|ληk+1(x0)|
|ληd(x0)|

.

Since u can be written as V η
⊥(x0)a with a ∈ Rd−k and ‖a‖ = 1, we have by using

Cauchy-Schwarz inequality that |〈∇η(x), u(x)〉| = |∇η(x)>V η
⊥(x0)a| ≤ ‖V η

⊥(x0)>∇η(x)‖ =
‖V η
⊥(x0)V η

⊥(x0)>∇η(x)‖, and thus

‖V η
⊥(x0)V η

⊥(x0)>∇η(x)‖
‖∇η(x)‖

≥ 1

2

|ληk+1(x0)|
|ληd(x0)|

. (B.9)

Furthermore, the angle between the eigenspace spanned by V η
⊥(x0) and V η

⊥(x) should
be small if δx is small because ∇2η is a continuous function of x. This can be seen by using
the Davis-Kahan inequality:

‖V η
⊥(x0)V η

⊥(x0)> − V η
⊥(x)V η

⊥(x)>‖F ≤
2
√

2‖∇2η(x0)−∇2η(x)‖F
|ληk+1(x0)|

≤ 2
√

2κ1δx
|ληk+1(x0)|

. (B.10)

Hence using (B.9) and (B.10),

‖ξη(x)‖
‖∇η(x)‖

=
‖V η
⊥(x)V η

⊥(x)>∇η(x)‖
‖∇η(x)‖

≥ 1

2

|ληk+1(x0)|
|ληd(x0)|

− 2
√

2κ1δx
|ληk+1(x0)|

,

which can be bounded from below by a positive constant when ε (and hence δx) is small
enough. This is (B.7).

�

Proof of Theorem 7. Using Talagrand’s inequality (see Sriperumbudur and Steinwart,
2012, Proposition A.5), there exists a constant C > 0 such that, for all n ≥ 1, h ∈ (0, 1),
b > 1 and |α| ≤ 4 with nhd+2|α| ≥ (b ∨ | log h|), we have

P
(

sup
x∈[0,1]d

|∂(α)f̂(x)− E∂(α)f̂(x)| < C

√
b ∨ | log h|
nhd+2|α|

)
≥ 1− e−b. (B.11)
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It follows from standard calculation for kernel density estimation (see, e.g., Lemma 2 of
Arias-Castro et al., 2016) that for all |α| ≤ 4,

sup
x∈[0,1]d

|∂(α)f(x)− E∂(α)f̂(x)| = O(h(4−|α|)∧2). (B.12)

Then (B.11) and (B.12) imply that for any B > 0, on a set An with probability at least
1− n−B, there exists a constant C > 0 such that

sup
x∈[0,1]d

|∂(α)f(x)− ∂(α)f̂(x)| ≤ C
(( log n

nhd+4

)1/2
+ h(4−|α|)∧2

)
,

for all |α| ≤ 4. The fact that the eigenvalues of a symmetric matrix M are Lipschitz
continuous functions of M implies that for every δ > 0 there exists n0 such that for n ≥
n0, supx∈[0,1]d |λ

f̂
k+1(x) − λfk+1(x)| ≤ δ on An. By assumption (A2)f , this implies that

on An we have Sη̂,f̂ε = Sη̂,fε for ε ≥ 0 small enough and n large enough. Denote ρn =
supx∈[0,1]d |

√
−η̂(x)−

√
−η(x)|. It follows that for n large enough we have on An,

Ridge(f̂ ) = Sη̂,f̂0 = Sη̂,f0 ⊂
{
x ∈ [0, 1]d : η(x) ≥ −ρ2

n, λ
f
k+1(x) < 0

}
= Sη,f

ρ2n
.

We then have on An,

sup
x∈Ridge(f̂)

d(x,Ridge(f)) ≤ sup
x∈Ridge(f̂)

d(x, Sη,f
ρ2n

) ≤ C1ρn ≤ C2

(( log n

nhd+4

)1/2
+ h2

)
, (B.13)

for some constants C1, C2 > 0, which follows from Lemma 5 and the rate of convergence of
ρn. Indeed, note that

√
2ρn ≤ sup

x∈[0,1]d
‖Πf̂ (x)∇f̂(x)−Πf (x)∇f(x)‖

≤ sup
x∈[0,1]d

‖[Πf̂ (x)−Πf (x)]∇f(x)‖+ sup
x∈[0,1]d

‖Πf̂ (x)[∇f̂(x)−∇f(x)]‖

≤ sup
x∈[0,1]d

‖Πf̂ (x)−Πf (x)‖F ‖∇f(x)‖+ sup
x∈[0,1]d

‖∇f̂(x)−∇f(x)‖

≤ 2
√

2

β
sup

x∈[0,1]d
‖∇2f̂(x)−∇2f(x)‖F sup

x∈[0,1]d
‖∇f(x)‖+ sup

x∈[0,1]d
‖∇f̂(x)−∇f(x)‖,

where the last step follows from the Davis-Kahan theorem (see Yu et al., 2015). Using
(B.11) and (B.12) gives the asserted rate in (B.13). The result in Theorem 9(i) allows us
to swap the roles of f and f̂ in (B.13) and get on a set with probability at least 1− n−B,

sup
x∈Ridge(f)

d(x,Ridge(f̂ )) = C3

(( log n

nhd+4

)1/2
+ h2

)
, (B.14)

for some positive constant C3. We conclude the proof by combining (B.13) and (B.14).
�

30



Ridge Estimation Algorithms

Proof of Theorem 9. (i). Using (B.11) and (B.12), properties (A1)
f̂ ,4

and (A2)
f̂

are consequences of the Lipschitz continuity of the eigenvalues as functions of symmetric
matrices. For a symmetric matrix A, let λd−k(A) be the (d− k)th largest eigenvalue of A.
To show (A3)

f̂
, notice that assumption (A3)f implies that for δ > 0 small enough, there

exists a constant a0 > 0 such that

inf
x∈Ridge(f)δ

λd−k(∇ξ(x)>∇ξ(x)) ≥ a0.

Due to the perturbation stability of λd−k, we have infx∈Ridge(f)δ λd−k(∇ξf̂ (x)>∇ξf̂ (x)) ≥
1
2a0 with probability at least 1−n−B when n is large. This then implies the rank of ∇ξf̂ (x)

is at least d− k for x ∈ Ridge(f̂ ), if Ridge(f̂ ) ⊂ Ridge(f)δ, which occurs with probability

1 − n−B according to Theorem 7. Furthermore, using the expression of ∇ξf̂ (x) in (A.4)

and the calculation in (A.6), it can be seen that V f̂
i (x)>∇ξf̂ (x) = 0, x ∈ Ridge(f̂ ), for all

i = 1, · · · , k, which implies that the rank of ∇ξf̂ (x) is at most d − k for x ∈ Ridge(f̂ ).
Hence (A3)

f̂
is satisfied.

(ii). Given part (i), this is a consequence of Lemma 6 and Theorem 14.

(iii). Given part (i), we have the following: For some δ > 0, we have for |α| = 0, 1, 2,

sup
x∈[0,1]d

|∂(α)η̂(x)− ∂(α)η̂τ (x)| = O(τ2). (B.15)

This can be shown by using standard techniques for calculating the rate of the bias in kernel
density estimation. See, e.g., proof of Lemma 2 in Arias-Castro et al. (2016). For τ small,

we have Ridge(η̂τ ) = {limt→∞ γ
η̂τ (x, t), x ∈ ∂Sη̂τ ,f̂ε }, as a result of Theorem 16(iii). This is

a). Part b) is a consequence of Theorem 16 (iv). Part c) immediately follows from part b)
and Theorem 7.

�

Proof of Theorem 11 For part (i), the convergence of the sequence follows from
Theorem 9(i) and Facts 1 and 2 in the proof of Theorem 18. Then the rates of convergence
is a result after applying Theorem 9(i) and Corollary 20. The result in part (ii) is a
consequence of Theorem 9 and Corollary 20.

�

Proof of Theorem 14 The assertion of part (i) is very similar to Lemma 2 in Genovese
et al. (2014) and the proof is similar, too. Details are omitted. Part (ii) follows from
LaSalle’s Invariance Principle given in Theorem 13. See the beginning of Section 4.2 for
how it is applied to this setting. Next we prove part (iii), for which we will use the technique
in the proof of Theorem 2.6 in Nicolaescu (2011). Let

ξηr :=
ξη

‖ξη‖2
, (B.16)
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and let γηr be the flow generated by this rescaled vector field as defined in Section 3.2.1,

that is, ∂γηr (x,t)
∂t = ξηr (γηr (x, t)), γηr (x, 0) = x for all x ∈ Sη,fε . Here we require ε to be small

enough that Sη,fε ⊂ (0, 1)d, which is possible following Lemma 5. We first show part (iii)
with γη replaced by γηr . Observe that

∂η(γηr (x, t))

∂t
= [∇η(γη(x, t))]>ξηr (γηr (x, t)) = 1. (B.17)

In other words, the level of η can be used to parametrize the integral curves γηr (x, t), so
that for any ε1, ε2 ∈ (0, ε) with ε1 > ε2, we have

∂Sη,fε1 = {γηr (x, ε2 − ε1) : x ∈ ∂Sη,fε2 }, (B.18)

∂Sη,fε2 = {γηr (x, ε1 − ε2) : x ∈ ∂Sη,fε1 }. (B.19)

Both (B.18) and (B.19) are similar to Theorem 2.6 in Nicolaescu (2011). We only show

(B.18). Using (B.17), it is clear that for any x ∈ ∂Sη,fε2 , γηr (x, ε2 − ε1) ∈ ∂Sη,fε1 . This

means {γηr (x, ε2 − ε1) : x ∈ ∂Sη,fε2 } ⊂ ∂Sη,fε1 . Note that for any x ∈ ∂Sη,fε1 , there exists

x̃ = γηr (x, ε1 − ε2) so that x = γηr (x̃, ε2 − ε1). This means that ∂Sη,fε1 ⊂ {γ
η
r (x, ε2 − ε1) : x ∈

∂Sη,fε2 }. Hence (B.18) is verified.
By using (B.18) and (B.19), Lemma 5 implies that, for all ε′ > 0 small enough

L1

√
ε′ ≤ dH({γηr (x, ε− ε′) : x ∈ ∂Sη,fε },Ridge(f)) ≤ L2

√
ε′. (B.20)

Next we show that

Ridge(f) = { lim
t→ε−

γηr (x, t) : x ∈ ∂Sη,fε }. (B.21)

As shown below, γηr (x, ·) and γη(x, ·) have the same trajectories, and in particular,

lim
t→∞

γη(x, t) = lim
s→ε−

γηr (x, s) for all x ∈ Sη,fε . (B.22)

Recall that Ridge(f) is a compact set by Lemma 4. The set {limt→ε− γ
η
r (x, t) : x ∈ ∂Sη,fε }

is also compact. This is because limt→ε− γ
η
r (x, t) is a continuous function of x (see Fact 6

below) and ∂Sη,fε is a compact set. Suppose that (B.21) is not true. Then there must exist
a constant δ0 > 0 such that

δ0 ≤ dH({ lim
t→ε−

γηr (x, t) : x ∈ ∂Sη,fε },Ridge(f)).

It follows from follows from (B.22) and (ii) that {limt→ε− γ
η
r (x, t) : x ∈ ∂Sη,fε } ⊂ Ridge(f),

and hence there exists x0 ∈ Ridge(f) such that

inf
x∈∂Sη,fε

‖x0 − lim
t→ε−

γηr (x, t)‖ ≥ δ0. (B.23)

By (B.20), there exists x1 ∈ ∂Sη,fε and ε′ = (δ0/(3(L2 ∨ C ′)))2, where C ′ is given in
Fact 4 below, such that with x2 = γηr (x1, ε− ε′), ‖x2 − x0‖ ≤ L2

√
ε′ ≤ δ0/3. Let x3 =

limt→ε− γ
η
r (x0, t). Using Fact 4, we then have ‖x2 − x3‖ ≤

∫ ε′
0 ‖γ

η
r (x, t)‖dt ≤ C ′

√
ε′ ≤ δ0/3.
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The triangle inequality gives ‖x3−x0‖ ≤ 2δ0/3 < δ0, which contradicts (B.23) and therefore
(B.21) has to be true, which by (B.22) implies (iii).

Next we show that γηr (x, ·) and γη(x, ·) have the same trajectories, which makes the
proof of (iii) complete. To this end we show a reparameterization relation between the two

flows. For each x ∈ ∂Sη,fε , let

s(t) :=

∫ t

0
‖ξη(x, u)‖2du

=

∫ t

0

[
∂η(γη(x, u))

∂u

]
du

= η(γη(x, t))− η(γη(x, 0))

= η(γη(x, t))− η(x),

where the first equality is using (4.3). Note that we have suppressed the dependence of s(t)
on x in the notation. Let t(s) be the inverse of s(t). Then t(0) = 0, and

dt(s)

ds
=

1

‖ξη(x, t(s))‖2
. (B.24)

We obtain γηr (x, s) = γη(x, t(s)), because

∂γη(x, t(s))

∂s
= ξηr (γη(x, t(s))), γη(x, t(0)) = x. (B.25)

Note that as t→∞, we have s(t)→ −η(x) = ε for all x ∈ Sη,fε , because limt→∞ γ
η(x, t) ∈

Ridge(f). Hence we get (B.22).
�

Proof of Theorem 16. First we show that

Ridge(η̃) ∩ Sη̃,fε = R(η̃) ∩ Sη̃,fε , (B.26)

where R(η̃) = {x ∈ [0, 1]d : ξη̃(x) = 0}. Using Lemma 4 and the continuity of eigenvalues
as functions of symmetric matrices, when max(δ0, δ1, δ2) is small enough, we have that for
all x ∈ Ridge(f)δ

′
,

−1

2
α ≥ λη̃k+1(x) ≥ · · · ≥ λη̃d(x) ≥ −2A. (B.27)

Then for any ε small enough we can choose δ0 ∈ [0, ε) small enough such that

Sη,fε−δ0 ⊂ S
η̃,f
ε ⊂ Sη,fε+δ0 ⊂ Ridge(f)δ

′
, (B.28)

and hence we get (B.26). Then (i) and (ii) follows from similar arguments for Theorem 14
(i) and (ii).

Next we prove (iii).
Following a similar argument as in the proof of Lemma 5, we can show that for all ε′ > 0

small enough

L̃1

√
ε′ ≤ dH(∂Sη̃,fε′ ,Ridge(η̃) ∩ Sη̃,fε ) ≤ L̃2

√
ε, (B.29)
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for some constants L̃1, L̃2 > 0. Then (iii) can be proved following the similar arguments
for Theorem 14 (iii). Using similar arguments given in the proof of Theorem 7, we can
show that there exists a constant C > 0 such that when max(δ0, δ1, δ2) and ε > 0 are small
enough,

dH(Ridge(η̃) ∩ Sη̃,fε ,Ridge(η) ∩ Sη̃,fε
)
≤ C max(δ1, δ2). (B.30)

The result in (iv) follows from (B.28), (B.30) and Lemma 6.
�

Proof of Theorem 18. We will first prove several facts that then lead to Theorem 18.
Throughout the proofs below we assume without further mention that assumptions (A1)f,6,
(A2)f , and (A3)f hold.

Notation: In order to ease the notation in this long proof, we will drop the superscript η
and write, for instance, ξ, γ, γa, λk+1(x), Π(x), Vk+1(x), V⊥(x) for ξη, γη, γηa , λ

η
k+1(x),Πη(x),

V η
k+1(x) and V η

⊥(x), respectively. We also write Sε for Sη,fε . Recall that the superscript
notation is defined in Section 2.5 and in Sections 3.2.1 and 3.2.2.

Fact 1 If ε, a > 0 are small enough, then, for any starting point x ∈ ∂Sε, the sequence
γa(x, `), ` = 0, 1, 2, · · · stays in Sε and converges to a ridge point in Sε.

Proof: By (B.6), we can choose ε small enough that Sε ⊂ Ridge(f)( 1
2
δ′), where δ′ is given

in Lemma 4. Denote Sε,δ′ =
(
Sε
)( 1

2
δ′)

. Under assumption (A2)f we have

sup
x∈S

ε,δ′

λfk+1(x) ≤ −β < 0. (B.31)

Since Sε is a compact set when ε is small enough and ‖ξ‖ is a continuous function on Sε
with ‖ξ‖ = 0 on Ridge(f), we can choose ε small enough that supx∈Sε ‖ξ(x)‖ < 1

2δ
′.

Let κ(y) = sup{‖∇2η(z)‖op : z ∈ B(y, ‖ξ(y)‖)}, where ‖ · ‖op is the operator norm of a
matrix. From Lemma 4 it is known that 0 < α < κ(y) < A < ∞, for all y ∈ Sε. Choose
0 < a < A−1 ∧ 1. Using a Taylor expansion, we have for any y ∈ Sε,

η(y + aξ(y)) = η(y) + a∇η(y)>ξ(y) +R(y, a) = η(y) + a‖ξ(y)‖2 +R(y, a),

where |R(y, a)| ≤ 1
2a

2κ(y)‖ξ(y)‖2 ≤ 1
2a‖ξ(y)‖2. Therefore

η(y + aξ(y)) ≥ η(y) +
1

2
a‖ξ(y)‖2 ≥ η(y).

Thus, the sequence η(γa(x, `)), ` = 0, 1, 2, · · · is upper bounded by 0 and increasing, and
therefore convergent. We can see that if γa(x, `) ∈ Sε then γa(x, `+ 1) ∈ Sε,δ′ and hence
γa(x, `+ 1) ∈ Sε using (B.31). In other words, γa(x, `) stays in Sε for all ` ≥ 0. Moreover,
using the above inequality, we have

η(γa(x, `+ 1))− η(γa(x, `)) ≥
1

2
a‖ξ(γa(x, `))‖2,
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and therefore

lim
`→∞

‖ξ(γa(x, `))‖ → 0.

Observe further that by using Fact 2 below, {γa(x, `)}` is a Cauchy sequence, and from
what we have just shown, its limit has to be a point on the ridge (and also in Sε).

�

Fact 2 There exists a constant c1 > 0 such that for a, ε > 0 small enough, we have for all
x ∈ ∂Sε, and ` = 0, 1, 2, · · · ,

‖γa(x, `+ 2)− γa(x, `+ 1)‖ ≤ (1− c1a)‖γa(x, `+ 2)− γa(x, `)‖. (B.32)

As a consequence, the maximal length of the discretized paths with starting points in ∂Sε is
bounded by C

√
ε for a constant C > 0 not depending on a , i.e.,

sup
x∈∂Sε

∞∑
`=0

‖γa(x, `+ 1)− γa(x, `)‖ ≤ C
√
ε.

Proof: We assume that the a and ε are small enough that the sequence γa(x, `), ` =
0, 1, 2, · · · stays in Sε, as given in Fact 1 throughout the proof. First notice that if there
exists `0 ≥ 0 such that ξ(γa(x, `0)) = 0, then γa(x, `0) = γa(x, `0 + 1) = γa(x, `0 + 2) = · · · ,
and the conclusion of this fact is valid. We thus can assume that ξ(γa(x, `)) 6= 0 for all
` ≥ 0. We have the following Taylor expansion

‖ξ(γa(x, `+ 1))‖2 = ‖ξ(γa(x, `)‖2 +
〈
∇‖ξ(y)‖2|y=γa(x,`), γa(x, `+ 1)− γa(x, `)

〉
+

1

2
[γa(x, `+ 1)− γa(x, `)]>{∇2‖ξ(y)‖2|y=ỹδ}[γa(x, `+ 1)− γa(x, `)]

= ‖ξ(γa(x, `)‖2 + a
〈
∇‖ξ(y)‖2|y=γa(x,`), ξ(γa(x, `)

〉
+ a2 1

2
[ξ(γa(x, `)]

>{∇2‖ξ(y)‖2|y=ỹt,`}[ξ(γa(x, `)]

where ỹt,` = tγa(x, `) + (1− t)γa(x, `+ 1) for some t ∈ (0, 1). From the proof of Fact 1, we
see that a and ε can be chosen small enough that {ỹt,` : t ∈ [0, 1]} ⊂ Sε for all ` ≥ 0, which
will also be assumed for the remaining proofs.

Let ν(y) = λmax[∇2‖ξ(y)‖2], where λmax(B) denotes the maximum eigenvalue of a
symmetric matrix B. For each y ∈ Ridge(f), because ∇η(y) = 0 and ξ(y) = 0, we can write

∇2‖ξ(y)‖2 = 2[∇ξ(y)]>∇ξ(y) = 2∇2η(y)V⊥(y)[V⊥(y)]>∇2η(y).

Recalling that V⊥(y) is the matrix built by the trailing k−d (unit) eigenvectors of∇2η(y), we
see that ν(y) = 2[λd(y)]2 for y ∈ Ridge(f). Since ν is a continuous function on Ridge(f)δ

′
,

where δ′ is given in Lemma 4, we can find an ε > 0 small enough that 0 < λ∗max :=
supy∈Sε ν(y) <∞. We thus obtain

‖ξ(γa(x, `+ 1)‖2
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≤ ‖ξ(γa(x, `)‖2 + 2a[ξ(γa(x, `)]
>[∇ξ(γa(x, `)][ξ(γa(x, `)] +

1

2
a2‖ξ(γa(x, `))‖2λ∗max. (B.33)

Hence

‖γa(x, `+ 2)− γa(x, `+ 1)‖2

‖γa(x, `+ 1)− γa(x, `)‖2
=
‖ξ(γa(x, `+ 1))‖2

‖ξ(γa(x, `))‖2

≤ 1 + 2a
[ξ(γa(x, `))]

>[∇ξ(γa(x, `))][ξ(γa(x, `))]

‖ξ(γa(x, `))‖2
+

1

2
a2λ∗max. (B.34)

For any y ∈ Sε, let N(y) = {Π(y)u : u ∈ Rd}, which is the (d − k)-dimensional subspace
spanned by the orthonormal eigenvectors Vk+1(y), · · · , Vd(y). Also let S◦(y) = {v/‖v‖, v ∈
N(y) \ {0}}, which is a (d− k)-dimensional unit sphere in Rd. Define

β̄(y) = sup
v∈N(y)\{0}

v>∇ξ(y)v

‖v‖2
= sup

w∈S◦(y)
w>∇ξ(y)w. (B.35)

Then from (B.34) we can write

‖γa(x, `+ 2)− γa(x, `+ 1)‖
‖γa(x, `+ 1)− γa(x, `)‖

≤ 1 + aβ̄(γa(x, `))) +
1

4
a2λ∗max. (B.36)

For any y ∈ Ridge(f), we can write ∇η(y) = 0 and ∇ξ(y) = V⊥(y)[V⊥(y)]>∇2η(y) =∑d
j=k+1 λj(y)Vj(y)Vj(y)>, and therefore

β̄(y) = λk+1(y) < 0. (B.37)

Next we will show that β̄ is continuous in Ridge(f)δ. To this end, we will, for any y, y0 ∈
Ridge(f)δ, find a bijective map qy,y0 : S◦(y) → S◦(y0). Let π/2 ≥ θ1 ≥ · · · ≥ θd−k ≥ 0
be the principal angles between N(y) and N(x0), and suppose that u1(ỹ), · · · , uk(ỹ) are
the associated principal vectors for N(ỹ), where ỹ ∈ {y, y0}, respectively. In other words,
if the singular value decomposition of V⊥(y)>V⊥(y0) is given by PΣR>, where P and R
are (d − k) × (d − k) orthogonal matrices and Σ is a (d − k) × (d − k) diagonal matrix,
then [u1(y), · · · , uk(y)] = V⊥(y)P , Σ = cos Θ, and [u1(y0), · · · , uk(y0)] = V⊥(y0)R, where
Θ = diag(θ1, · · · , θd−k). Using the Davis-Kahan theorem and Lemma 4, we have

‖ sin Θ‖F ≤
2

β
‖∇2η(y)−∇2η(y0)‖F . (B.38)

We choose ‖y−y0‖ small enough that θ1 ≤ 2π/3, so that sin θi ≥ sin(θi/2) for i = 1, · · · , d−
k. Let U(y, y0) = [ū1(y, y0), · · · , ūd−k(y, y0)], where ūi(y, y0) = 1√

2(1+cos θi)
[ui(y) + ui(y0)],

i = 1, · · · , d − k, and N̄(y, y0) be the column space of U(y, y0). Note that the columns
of U(y, y0) are orthonormal and N̄(y, y0) is a subspace about which N(y) and N(y0) are
symmetric. Therefore the images of S◦(x) and S◦(x0) under the projection map Ωy,y0 :=
U(y, y0)[U(y, y0)]> are the same. For w ∈ S◦(y), define qy,y0(w) in such a way that
Ωy,y0qy,y0(w) = w. Here qy,y0(w) is uniquely defined because Ωy,y0 is bijective from either
N(y) or N(y0) to N̄(y, y0). For w ∈ S◦(y), using (B.38), we have

‖qy,y0(w)− w‖ = 2

√
sin2

(θ1

2

)
+ · · ·+ sin2

(θd−k
2

)
≤ 2‖ sin Θ‖F ≤

4

β
‖∇2η(y)−∇2η(y0)‖F .

(B.39)
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Then we can write

|β̄(y)− β̄(y0)| ≤
∣∣∣ sup
w∈S◦(y)

w>∇ξ(y)w − sup
w∈S◦(y)

w>∇ξ(y0)w
∣∣∣

+
∣∣∣ sup
w∈S◦(y)

w>∇ξ(y0)w − sup
w∈S◦(y0)

w>∇ξ(y0)w
∣∣∣

≤ sup
w∈S◦(y)

∣∣∣w>∇ξ(y)w − w>∇ξ(y0)w
∣∣∣

+ sup
w∈S◦(y)

∣∣∣w>∇ξ(y0)w − qy,y0(w)>∇ξ(y0)qx,x0(w)
∣∣∣

≤ ‖∇ξ(y)−∇ξ(y0)‖F + 2‖∇ξ(y0))‖F sup
w∈S◦(y)

‖w − qy,y0(w)‖

≤ ‖∇ξ(y)−∇ξ(y0)‖F +
8‖∇ξ(y0))‖F

β
‖∇2η(y)−∇2η(y0)‖F . (B.40)

Using the boundedness of ‖∇ξ‖F , we obtain that β̄(y) is a uniformly continuous function
on Ridge(f)δ. Because the ridge is a compact set, using (B.37), we are able to find ε > 0
such that

β0 := sup
y∈Sε

β̄(y) < 0, (B.41)

and from (B.36) we have that for all ` ≥ 0,

‖γa(x, `+ 2)− γa(x, `+ 1)‖
‖γa(x, `+ 1)− γa(x, `)‖

≤ 1 + aβ̄(γa(x, `))) +
1

4
a2λ∗max ≤ 1 + aβ0 +

1

4
a2λ∗max.

We require that a ∈ (0,− 2β0
λ∗max

). Then

‖γa(x, `+ 2)− γa(x, `+ 1)‖
‖γa(x, `+ 1)− γa(x, `)‖

≤ 1 +
1

2
aβ0.

This is (B.32) with c1 = −β0/2. Let

κ†(ε) = sup
x∈∂Sε

‖ξ(x)‖. (B.42)

Notice that 0 < 1 + aβ0 < 1. We can then write for any x ∈ ∂Sε,

Ta(x) :=
∞∑
`=0

‖γa(x, `+ 1)− γa(x, `)‖ ≤
∞∑
`=0

a‖ξ(x)‖
(

1 +
1

2
aβ0

)`
≤ 2κ†(ε)

−β0
. (B.43)

For any x ∈ ∂Sε,

‖ξ(x)‖ ≤ ‖V⊥(x)V⊥(x)>‖F ‖∇η(x)‖ =
√
d− k‖∇η(x)‖. (B.44)
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Recall that the notation used in the proof of Lemma 6, in particular, x0 is the projection
of x onto Ridge(f). It follows from (B.8) that

‖∇η(x)‖ ≤ A‖x− x0‖+ κ1‖x− x0‖2,

where A is given in Lemma 4. Then using (B.6), we get

‖∇η(x)‖ ≤ A
√

8

α

√
ε+ κ1

8

α
ε ≤ (A+ κ1)

√
8

α

√
ε,

where the last inequality is true when 8ε ≤ α. Combined with (B.44), this leads to

κ†(ε) ≤ (A+ κ1)

√
8(d− k)

α

√
ε. (B.45)

It then follows from (B.43) that Ta(x) ≤ C
√
ε, where C = 2

−β0 (A+ κ1)

√
8(d−k)
α .

�

Next we will show the continuity of lim`→∞ γa(x, `) as a function of x.

Fact 3 The following holds when ε is small enough: Let x, x0 ∈ ∂Sε be two starting points.
For any ω > 0, there exists δω > 0 such that when ‖x− x0‖ ≤ δω, we have

‖ lim
`→∞

γa(x, `)− lim
`→∞

γa(x0, `)‖ ≤ ω.

Proof: Note that for x̃ ∈ {x, x0},

γa(x̃, `+ 1) = x̃+
∑̀
i=0

[γa(x̃, i+ 1)− γa(x̃, i)] = x̃+ a
∑̀
i=0

ξ(γa(x̃, i)).

Then using a Taylor expansion we have

γa(x, `+ 1)− γa(x0, `+ 1) = (x− x0) + a
∑̀
i=0

{ξ(γa(x, i))− ξ(γa(x0, i))}

= (x− x0) + a
∑̀
i=0

∫ 1

0
∇ξ(γa,i(t, x, x0))dt{γa(x, i)− γa(x0, i)},

where γa,i(t, x, x0) = tγa(x, i) + (1− t)γa(x0, i). As in the proof of Fact 1, we can choose ε

small enough such that Sε ⊂ Ridge(f)( 1
2
δ′). Recalling that ‖ξ(x)‖ = 0 for x ∈ Ridge(f), we

obtain from Fact 2 that ε and a can be chosen small enough that max{Ta(x), Ta(x0)} ≤ 1
6δ
′

for all x, x0 ∈ ∂Sε, where Ta is defined in (B.43). Suppose ‖x − x0‖ ≤ 1
6δ
′ so that by

elementary geometric facts, γa,i(t, x, x0) ∈ Ridge(f)δ
′

for all i ≥ 0, and t ∈ [0, 1]. Hence
with

κ∗ := sup
x∈Ridge(f)δ′

‖∇ξ(x))‖F <∞, (B.46)
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we have

‖γa(x, `+ 1)− γa(x0, `+ 1)‖ ≤ ‖x− x0‖+ aκ∗
∑̀
i=0

‖γa(x, i)− γa(x0, i)‖. (B.47)

We use the following discrete Gronwall’s inequality (see Holte, 2009): Let {yn} and {gn}
be nonnegative sequences and c a nonnegative constant. If

yn ≤ c+
∑

0≤k<n
gkyk, n ≥ 0,

then

yn ≤ c exp

 ∑
0≤j<n

gj

 , n ≥ 0.

Applying this inequality to (B.47), we get

‖γa(x, `+ 1)− γa(x0, `+ 1)‖ ≤ ‖x− x0‖ exp(aκ∗`). (B.48)

Recall κ† = κ†(ε) given in (B.42). Using the argument in the proof of Fact 2 (in particular,
see (B.43)), we have that for any positive integer N ,

‖γa(x,N)− lim
`→∞

γa(x, `)‖ ≤
∞∑
`=N

‖γa(x, `+ 1)− γa(x, `)‖

≤aκ†
∞∑
`=N

[1− ac1]`

=κ†
[1− ac1]N

c1
, (B.49)

where c1 is given in (B.32) and a is small enough that 0 < 1− ac1 < 1. We then obtain for
Nω := log( 1

3κ†
c1ω)/ log(1− ac1), and any x, x0 ∈ ∂Sε,

‖γa(x,Nω + 1)− lim
`→∞

γa(x, `)‖ ≤
ω

3
, (B.50)

‖γa(x0, Nω + 1)− lim
`→∞

γa(x0, `)‖ ≤
ω

3
. (B.51)

Using the fact t
1+t ≤ log(1 + t) ≤ t, for all t > −1, we get

1− ac1 ≤
−ac1

log(1− ac1)
≤ 1,

and consequently

exp(aκ∗Nω) = exp

(
−ac1

log(1− ac1)

[
− κ∗

c1
log(

c1ω

3κ†
)
])
≤ exp

(
−κ
∗

c1
log
(c1ω

3κ†

))
.

39



Qiao and Polonik

Using (B.48), we choose δω > 0 small enough (independent of a once it satisfied the above
requirements) such that when ‖x− x0‖ ≤ δω,

‖γa(x,Nω + 1)− γ∗a(x0, Nω + 1)‖ ≤ ‖x− x0‖ exp(aκ∗Nω)

≤ δω exp

(
−κ
∗

c1
log
(c1ω

3κ†

))
≤ ω

3
.

Combining this with (B.50) and (B.51), we have

‖ lim
`→∞

γa(x, `)− lim
`→∞

γa(x0, `)‖

≤‖γa(x,Nω + 1)− lim
`→∞

γa(x, `)‖+ ‖γa(x,Nω + 1)− γa(x0, Nω + 1)‖

+ ‖γa(x0, Nω + 1)− lim
`→∞

γa(x0, `)‖

≤ω.

This proves the assertion of this lemma. Note that the set ∂Sε is a compact set, so the
continuity of the function x 7→ lim`→∞ γa(x, `) on this set is equivalent to its uniform
continuity.

�

The following fact is a continuous version of Fact 2.

Fact 4 When ε > 0 is small enough, the maximal length of the paths γ(x, t) with starting
points in ∂Sε is bounded by C ′

√
ε for a constant C ′ > 0 not depending on a , i.e.,

sup
x∈Sε

∫ ∞
0
‖ξ(γ(x, t))‖dt ≤ C ′

√
ε.

Proof: The proof is similar to that of Fact 2, but more involved. Let t` = a`. Then notice
that ∫ ∞

0
‖ξ(γ(x, t))‖dt =

∞∑
`=0

∫ t`+1

t`

‖ξ(γ(x, t))‖dt.

For each ` ≥ 0, using a Taylor expansion of the function s 7→
∫ s
t`
‖ξ(γ(x, t))‖dt, we have∫ t`+1

t`

‖ξ(γ(x, t))‖dt = a‖ξ(γ(x, t`))‖+
1

2
a2 ∂

∂t
‖ξ(γ(x, t))‖

∣∣∣
t=t̃`

, (B.52)

where t̃` = (1− δ`)t` + δ`t`+1 = t` + aδ` for some δ` ∈ (0, 1). Here

∂

∂t
‖ξ(γ(x, t))‖ =

{
[∇‖ξ(y)‖]> ξ(y)

} ∣∣∣
y=γ(x,t)

= {‖ξ(y)‖θ(y)} |y=γ(x,t), (B.53)

where θ(y) = ξ�(y)>∇ξ(y)ξ�(y) with ξ�(y) = ξ(y)/‖ξ(y)‖. So from (B.52) we can write∫ t`+1

t`

‖ξ(γ(x, t))‖dt = a‖ξ(γ(x, t`)‖+
1

2
a2‖ξ(γ(x, t̃`))‖θ(γ(x, t̃`)). (B.54)
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Recall that in the proof of Fact 2 we have shown that when ε > 0 is small enough,

sup
y∈Sε\Ridge(f)

θ(y) ≤ sup
y∈Sε

β̄(y) = β0 < 0, (B.55)

which, by (B.53), implies that

‖ξ(γ(x, t))‖ is a decreasing function of t. (B.56)

Corresponding to the definition of β̄ in (B.35), define

β(y) = inf
v∈N(y)\{0}

v>∇ξ(y)v

‖v‖2
= inf

w∈S◦(y)
w>∇ξ(y)w. (B.57)

Using an argument similar to (B.39) and (B.40), we can show that β is a continuous function

on Ridge(f)δ
′
. Similar to (B.37), we see that for any y ∈ Ridge(f), β(y) = λd(y) < 0.

Therefore we can find ε > 0 small enough that β1 := infy∈Sε β(y) > −∞. Note that
β1 ≤ β0 < 0. Then

inf
y∈Sε\Ridge(f)

θ(y) ≥ β1. (B.58)

Let ρ`(x) = γ(x, t`+1)− γ(x, t`). Similar to (B.33) we have

‖ξ(γ(x, t`+1))‖2

≤ ‖ξ(γ(x, t`))‖2 + 2[ρ`(x)]>[∇ξ(γ(x, t`))]ξ(γ(x, t`)) +
1

2
‖ρ`(x)‖2λ∗max. (B.59)

We have the following Taylor expansion

ρ`(x) =

∫ t`+1

t`

ξ(γ(x, t)))dt = aξ(γ(x, t`)) + a2[∇ξ(y)ξ(y)]]
∣∣
y=γ(x,t̄`)

,

where t̄` = t` + δ̄` × a for some δ̄` ∈ [0, 1]. Note that t̄` in the Taylor expansion may be
different for the entries of the vector ρ`. Recall κ∗ given in (B.46). Then we have∥∥∥[∇ξ(y)ξ(y)]

∣∣
y=γ(x,t̄`)

∥∥∥ ≤ κ∗‖ξ(γ(x, t̄`))‖ ≤ κ∗‖ξ(γ(x, t`))‖,

where we have used (B.56), and hence

‖ρ`(x)‖ ≤ ‖ξ(γ(x, t`))‖(a+ a2κ∗).

Then from (B.59) we have

‖ξ(γ(x, t`+1))‖2

≤ ‖ξ(γ(x, t`))‖2 + 2a[ξ(γ(x, t`))]
>[∇ξ(γ(x, t`))]ξ(γ(x, t`))

+ 2a2[[∇ξ(y)ξ(y)]
∣∣
y=γ(x,t̄`)

]>[∇ξ(γ(x, t`))]ξ(γ(x, t`)) +
1

2
‖ρ`(x)‖2λ∗max

≤ ‖ξ(γ(x, t`))‖2 + 2a[ξ(γ(x, t`))]
>[∇ξ(γ(x, t`))]ξ(γ(x, t`))
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+ 2a2(κ∗)2‖ξ(γ(x, t`))‖2 +
1

2
(a+ a2κ∗)2λ∗max ‖ξ(γ(x, t`))‖2.

This leads to

‖ξ(γ(x, t`+1))‖2

‖ξ(γ(x, t`))‖2

≤ 1 + 2a
[ξ(γ(x, t`))]

>[∇ξ(γ(x, t`))]ξ(γ(x, t`))

‖ξ(γ(x, t`))‖2
+ 2a2(κ∗)2 +

1

2
(a+ a2κ∗)2λ∗max

= 1 + 2aθ(γ(x, t`)) + 2a2(κ∗)2 +
1

2
(a+ a2κ∗)2λ∗max.

Therefore

‖ξ(γ(x, t`+1))‖
‖ξ(γ(x, t`))‖

≤ 1 + aθ(γ(x, t`)) + a2(κ∗)2 +
1

4
(a+ a2κ∗)2λ∗max. (B.60)

From (B.54) we have∫ t`+2

t`+1

‖ξ(γ(x, t))‖dt = a‖ξ(γ(x, t`+1))‖+
1

2
a2‖ξ(γ(x, t̃`+1))‖θ(γ(x, t̃`+1)).

As we have shown in (B.55), θ(γ(x, t̃`+1)) < 0, for all ` ≥ 0. Hence by (B.60),∫ t`+2

t`+1

‖ξ(γ(x, t))‖dt ≤ a ‖ξ(γ(x, t`+1))‖

≤ a ‖ξ(γ(x, t`))‖
[
1 + aθ(γ(x, t`)) + a2(κ∗)2 +

1

4
(a+ a2κ∗)2λ∗max

]
.

(B.61)

Now we turn back to
∫ t`+1

t`
‖ξ(γ(x, t))‖dt. Using (B.54) – (B.56), we have∫ t`+1

t`

‖ξ(γ(x, t))‖dt ≥ a‖ξ(γ(x, t`))‖+
1

2
a2‖ξ(γ(x, t`))‖θ(γ(x, t̃`)). (B.62)

A Taylor expansion for θ(γ(x, t̃`)) gives

θ(γ(x, t̃`) = θ(γ(x, t`) + (δ`a)
∂

∂t
θ(γ(x, t))

∣∣
t=t̃∗`

, (B.63)

where t̃∗` = (1− δ∗` )t` + δ∗` t`+1 = t` + δ∗` × a for some δ∗` ∈ (0, δ`). Here it can be shown that

∂

∂t
θ(γ(x, t)) = π(γ(x, t)),

where

π(y) = ξ�(y)>{[∇ξ(y)]>∇ξ(y) +∇ξ(y)∇ξ(y)}ξ�(y) + ξ�(y)>[ξ(y)> ⊗ Id]∇(∇ξ(y))ξ�(y)

− 2[ξ�(y)>∇ξ(y)ξ�(y)]2.
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When ε > 0 is small enough, we have that

κ‡ := sup
y∈Sε\Ridge(f)

|π(y)| <∞.

Then from (B.63) we have

θ(γ(x, t̃`)) ≥ θ(γ(x, t`))− aκ‡.

Plugging this result into (B.62) we get∫ t`+1

t`

‖ξ(γ(x, t))‖dt ≥ a‖ξ(γ(x, t`))‖
{

1 +
1

2
a[θ(γ(x, t`))− aκ‡]

}
. (B.64)

Here we require a < min{1, (κ‡ − β1)−1} so that the right-hand side of (B.64) is positive,
by (B.58). Now combining (B.61) and (B.64) we have∫ t`+2

t`+1
‖ξ(γ(x, t))‖dt∫ t`+1

t`
‖ξ(γ(x, t))‖dt

≤
1 + aθ(γ(x, t`)) + a2(κ∗)2 + 1

4(a+ a2κ∗)2λ∗max

1 + 1
2a[θ(γ(x, t`))− aκ‡]

. (B.65)

Using (B.55), we can show that if we further require a ≤ −β0
4(κ∗)2+(1+κ∗)2λ∗max+2κ‡

, then

∫ t`+2

t`+1
‖ξ(γ(x, t))‖dt∫ t`+1

t`
‖ξ(γ(x, t))‖dt

≤ 1 +
1

4
aβ0. (B.66)

Then ∫ ∞
0
‖ξ(γ(x, t))‖dt ≤

∫ t1

0
‖ξ(γ(x, t))‖dt

∞∑
i=0

(
1 +

1

4
aβ0

)i
≤
∫ t1

0 ‖ξ(γ(x, t))‖dt
1− (1 + 1

4aβ0)
≤ 4κ†(ε)

−β0
≤ C ′

√
ε, (B.67)

where κ†(ε) is given in (B.42) and C ′ = 2C with C given in Fact 2, by using (B.45).
�

The next fact concerns the comparison of two sequences: {γ(x, t`), ` ≥ 0} and {γa(x, `), ` ≥
0}, where as above, t` = a`.

Fact 5 When ε > 0 is small enough, there exists a0 > 0 such that when a ≤ a0, we have

sup
x∈∂Sε

‖ lim
`→∞

γ(x, t`)− lim
`→∞

γa(x, `)‖ ≤ Ca1−σ0 .

for some constant C > 0, where 0 < σ0 < 1 is given in (B.69).
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Proof: We will use some similar arguments as in the proof of Theorem 1 in Arias-Castro
et al. (2016). Let e` = γ(x, t`)− γa(x, `). Then

e`+1 = γ(x, t`+1)− γa(x, `+ 1)

= e` + [γ(x, t`+1)− γ(x, t`)]− [γa(x, `+ 1)− γa(x, `)]
= e` + [γ(x, t`+1)− γ(x, t`)− aξ(γ(x, t`))] + a[ξ(γ(x, t`))− ξ(γa(x, `))]. (B.68)

As in the proof of Fact 1, we choose ε small enough that Sε ⊂ Ridge(f)( 1
2
δ′). By using

Facts 2 and 4, we can choose ε small enough that αγ(x, t`) + (1− α)γa(x, `) ∈ Ridge(f)δ
′
.

for all α ∈ [0, 1] and ` ≥ 0. We then have

‖ξ(γ(x, t`))− ξ(γa(x, `))‖ ≤ κ∗‖γ(x, t`))− γa(x, `)‖ = κ∗‖e`‖,

where κ∗ is defined in (B.46). Moreover, we also have

γ(x, t`+1)− γ(x, t`)− aξ(γ(x, t`)) =

∫ t`+1

t`

[ξ(γ(x, t))− ξ(γ(x, t`))]dt.

Hence,

‖γ(x, t`+1)− γ(x, t`)− aξ(γ(x, t`))‖ ≤
∫ t`+1

t`

‖ξ(γ(x, t))− ξ(γ(x, t`))‖dt

≤ κ∗
∫ t`+1

t`

‖γ(x, t)− γ(x, t`)‖dt

≤ κ∗κ†
∫ t`+1

t`

|t− t`|dt

=
1

2
κ∗κ†(t`+1 − t`)2 =

1

2
a2κ∗κ†,

where κ† = κ†(ε) is given in (B.42). It then follows from (B.68) that

‖e`+1‖ ≤ (1 + aκ∗)‖e`‖+
1

2
a2κ∗κ†.

Using Gronwall’s inequality (see Arias-Castro et al., 2016, Lemma 4), we have

‖γ(x, t`)− γa(x, `)‖ = ‖e`‖ ≤
1

2
[ea`κ

∗ − 1]κ†a.

From (B.49) in the proof of Fact 3, we know

‖γa(x, `)− lim
`′→∞

γa(x, `
′)‖ ≤ κ† [1− ac1]`

c1
≤ κ†

c1
e−`ac1 .

Using (B.66) in the proof of Fact 4 and noticing that c1 = −β0/2, the same arguments as
in the derivation of (B.49) give that

‖γ(x, t`)− lim
`′→∞

γ(x, t`′)‖ ≤ 2κ†
[1− 1

2ac1]`

c1
≤ 2κ†

c1
e−

1
2
`ac1 .
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Hence combining the above three inequalities, we get

‖ lim
`→∞

γ(x, t`)− lim
`′→∞

γa(x, `
′)‖ ≤ min

`≥0
ψ(`), where ψ(`) =

1

2
κ†aea`κ

∗
+

3κ†

c1
e−

1
2
`ac1 .

Denote the upper bound we have imposed on a by a0. By choosing

` = `a(σ0) :=
⌈ σ0

aκ∗
log

1

a

⌉
, where σ0 =

1

1 + c1/(2κ∗)
, (B.69)

we have

‖ lim
`→∞

γ(x, t`)− lim
`→∞

γa(x, `)‖ ≤ ψ(`a(σ0)) ≤ κ†
(1

2
ea0κ

∗
+

3

c1

)
a1−σ0 . (B.70)

�

We have the following continuous version of Fact 3.

Fact 6 The following holds when ε is small enough: Let x, x0 ∈ ∂Sε be two starting points.
For any ω > 0, there exists δω > 0 such that when ‖x− x0‖ ≤ δω, we have∥∥ lim

t→∞
γ(x, t)− lim

t→∞
γ(x0, t)

∥∥ ≤ η.
Proof: Note that for x̃ ∈ {x, x0} ⊂ ∂Sε,

γ(x̃, t) = x̃+

∫ t

0
ξ(γ(x̃, s))ds.

When ε is small enough, we obtain by a Taylor expansion that for any t ≥ 0,

‖γ(x, t)− γ(x0, t)‖ ≤ ‖x− x0‖+

∫ t

0
‖ξ(γ(x, s))− ξ(γ(x0, s))‖ds

≤ ‖x− x0‖+ κ∗
∫ t

0
‖γ(x, s)− γ(x0, s)‖ds, (B.71)

where κ∗ is given in (B.46). Using Gronwall’s inequality, we have

‖γ(x, t)− γ(x0, t)‖ ≤ ‖x− x0‖eκ
∗t.

This is similar to (B.48). The rest of the proof is similar to the part below (B.48) in the
proof of Fact 3, where we replace the application of Fact 2 by that of Fact 4. Details are
omitted.

�

With all the above facts, now we are ready to complete the proof of Theorem 18.
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Proof: Part (i) follows from Fact 1. Part (ii) is a consequence of Theorem 14 and Fact 5.
To show (iii), we only need to show that Ridge(f) ⊂ Ra(f) when k = 1, because of (i).

In other words, for any x̄ ∈ Ridge(f), we want to show that there exists x ∈ ∂Sε such that
x̄ = lim`→∞ γa(x, `).

Note that Ridge(f) is a union of finitely many 1-dimensional closed curves when k = 1
under our assumptions (see the discussion of the assumptions in Sec 3.1). We focus on
one of the closed curves (also call it Ridge(f)), and parametrize it by ζ : [0, 1]→ Ridge(f)
with ζ(0) = ζ(1). Without loss of generality, we set x̄ = ζ(0), and assume that the total
length of the ridge is 1 and the parametrization is by the arclength. Under our assumptions,
Ridge(f) is C2-smooth, and has positive reach (Scholtes, 2013). Due to Fact 5, for a fixed
(small) ε0, when a and ε are small enough, there exist x1, x2 ∈ ∂Sε such that

lim
`→∞

γa(x1, `) ∈ {ζ(α) : α ∈ (0, ε0]},

lim
`→∞

γa(x2, `) ∈ {ζ(α) : α ∈ [1− ε0, 1)}.

In other words, the limit points of γa(x1, `) and γa(x2, `) are not far away from x̄ and
they are located on two sides of x̄. Let α1 ∈ (0, ε0] and α2 ∈ [1 − ε0, 1) be such that
lim`→∞ γa(x1, `) = ζ(α1) and lim`→∞ γa(x2, `) = ζ(α2). Let x1x2 be the shortest curve (a
connected set) in ∂Sε connecting x1 and x2. When a is small enough, we have{

lim
t→∞

γ(x, t) : x ∈ x1x2

}
⊂
{
ζ(α) : α ∈ [0, 2ε0] ∪ [1− 2ε0, 1]

}
. (B.72)

Since the image of the continuous map from a connected set is a connected set, the set

γa(x1x2,∞) :=
{

lim
`→∞

γa(x, `) : x ∈ x1x2

}
is also connected. Since γa(x1x2,∞) ⊂ Ridge(f), we must have x̄ ∈ γa(x1x2,∞), because
otherwise we have

{ζ(α) : α ∈ [α1, α2]} ⊂ γa(x1x2,∞),

which, however, contradicts (B.72) and Fact 5. Thus there exists x̄0 ∈ x1x2 such that
lim`→∞ γa(x̄0, `) = x̄, and we complete the proof.

�
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