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Abstract

This work presents a new procedure for obtaining predictive distributions in the context of Gaussian
process (GP) modeling, with a relaxation of the interpolation constraints outside ranges of interest:
the mean of the predictive distribution no longer necessarily interpolates the observed values when
they are outside ranges of interest, but is simply constrained to remain outside. This method called
relaxed Gaussian process (reGP) interpolation provides better predictive distributions in ranges of
interest, especially in cases where a stationarity assumption for the GP model is not appropriate.
It can be viewed as a goal-oriented method and becomes particularly interesting in Bayesian opti-
mization, for example, for the minimization of an objective function, where good predictive distri-
butions for low function values are important. When the expected improvement criterion and reGP
are used for sequentially choosing evaluation points, the convergence of the resulting optimization
algorithm is theoretically guaranteed (provided that the function to be optimized lies in the repro-
ducing kernel Hilbert space attached to the known covariance of the underlying Gaussian process).
Experiments indicate that using reGP instead of stationary GP models in Bayesian optimization is
beneficial.
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1. Introduction

1.1 Context and Motivation

Gaussian process (GP) interpolation and regression (see, e.g., Stein, 1999; Rasmussen and Williams,
2006) is a classical method for predicting an unknown function from data. It has found applications
in active learning techniques, and notably in Bayesian optimization, a popular derivative-free global
optimization technique for functions whose evaluations are time-consuming.

A GP model is defined by a mean function and a covariance function, which are generally se-
lected from data within parametric families. The most popular models assume stationarity and rely
on standard covariance functions such as the Matérn covariance. The assumption of stationarity
yields models with relatively low-dimensional parameters. However, such a hypothesis can some-
times result in poor models when the function to be predicted has different scales of variation or
different local regularities across the domain.

This is the case for instance in the motivating example given by Gramacy and Lee (2008), or
in the even simpler toy minimization problem shown in Figure 1. The objective function in this
example, which we shall call the Steep function, is smooth with an obvious global minimum around
the point x = 8. However, the variations around the minimum are overshadowed by some steep
variations on the left. Figure 2 shows a stationary GP fit with n = 8 points, where the parameters of
the covariance function have been selected using maximum likelihood. Observe that the confidence
bands are too large and that the conditional mean varies too much in the neighborhood of the global
minimum, consistently with the stationary GP model that reflects the prior that our function oscil-
lates around a mean value with a constant scale of variations. In this case, even if GP interpolation is
consistent (Vazquez and Bect, 2010a), stationarity seems an unsatisfactory assumption for the Steep
function. One expects Bayesian optimization techniques to be somehow inefficient on this problem
with such a stationary model, whose posterior distributions are too pessimistic in the region of the
minimum.

Nevertheless, the Steep function has the characteristics of an easy optimization problem: it has
only two local minima, with the global minimum lying in a valley of significant volume. Con-
sequently, a Bayesian optimization technique could be competitive if it relied on a model giving
good predictions in regions where the function takes low values. In this work, we propose to ex-
plore goal-oriented GP modeling, where we want predictive models in regions of interest, even if it
means being less predictive elsewhere.

1.2 Related Works
1.2.1 LocAL MODELS

Going beyond the stationary hypothesis has been an active direction of research. Local models are
one popular solution, which still uses stationary Gaussian processes as a core building block.

A first class of local models is obtained by considering partitions of the input domain with
different GP models on each subset. Partitions can be built by splitting the domain along the coor-
dinate axes. This is the case of the treed Gaussian process models proposed by Gramacy and Lee
(2008), which combines a fully Bayesian framework and the use of RI-MCMC techniques for the
inference, or the trust-region method by Eriksson et al. (2019). Park and Apley (2018) also propose
partition-based local models built by splitting the domain along principal component directions.



Figure 1: Left: the Steep function. Right: same illustration with a restrained range on the y-axis.

The variations on the left tend to overshadow the global minimum on the right.
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Figure 2: Left: GP fit on the Steep function. Right: same illustration with a restrained range on

the y-axis. The squares represent the data. The red line represents the posterior mean [,
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given by the model and the gray envelopes represent the associated uncertainties.
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In such techniques, there are parameters related to, e.g., the way the partitions evolve with the data,
the size of the partitions, or how local Gaussian processes interact with each other.

A second class of local models is obtained by spatially weighting one or several GP mod-
els. Many schemes have been proposed, including methods based on partition of unity (Nott and
Dunsmuir, 2002), weightings of covariance functions (Pronzato and Rendas, 2017; Rivoirard and
Romary, 2011), and convolution techniques (see, e.g., Higdon, 1998; Gibbs, 1998; Higdon, 2002;
Ver Hoef et al., 2004; Stein, 2005). Let us also mention data-driven aggregation techniques: com-
posite Gaussian process models (Ba and Joseph, 2012), and mixture of experts techniques (see, e.g.,
Tresp, 2001; Rasmussen and Ghahramani, 2002; Meeds and Osindero, 2006; Yuan and Neubauer,
2009; Yang and Ma, 2011; Yuksel et al., 2012). In the latter framework, the weights are called
gating functions and the estimation of the parameters and the inference are usually performed using
EM, MCMC, or variational techniques. Weighting methods generally have parameters specifying
weighting functions, with an increased need to watch for overfitting phenomena.

1.2.2 TRANSFORMATION AND COMPOSITION OF MODELS

Transformation and composition of models is another popular alternative to stationary GP modeling,
which also uses stationary Gaussian processes as a core building block.

A first technique for composition of models consists in using a parametric transformation of
a GP (Rychlik et al., 1997; Snelson et al., 2004).

Another route is to transform the input domain, using for instance a parametric density (Xiong
et al., 2007), or other parametric transformations involving possible dimension reduction (Marmin
et al., 2018). Bodin et al. (2020) proposed a framework that uses additional input variables, serving
as nuisance parameters, to smooth out some badly behaved data. The practitioner has to specify a
prior over the variance of the nuisance parameter and inference is based on MCMC.

Lazaro-Gredilla (2012) takes the step of choosing a GP prior on the output transform and re-
sorts to variational inference techniques. This type of idea can be viewed as an ancestor of deep
Gaussian processes (see, e.g., Damianou and Lawrence, 2013; Dunlop et al., 2018; Hebbal et al.,
2021; Jakkala, 2021; Bachoc and Lagnoux, 2025), which stack layers of linear combinations of GPs.
The practitioner has to specify a network structure among other parameters and resort to variational
inference.

Picheny et al. (2019) proposed another approach where predictions are made only from pairwise
comparisons between data points, relying on the variational framework of ordinal GP regression
proposed by Chu and Ghahramani (2005) for the inference.

1.2.3 GOAL-ORIENTED APPROXIMATE INFERENCE TECHNIQUES

Another related area of research is goal-oriented approximate inference, where the task to be per-
formed with the predictive model is taken into account in the approximations that are used in the
inference (a.k.a. training) step.

For instance, in the context of scalable Bayesian optimization, Mclntire et al. (2016) and Moss
et al. (2023) have proposed goal-oriented criteria to choose inducing points. Another example is
Yang et al. (2021), who propose a goal-oriented criterion to select the frequencies of a sparse spec-
trum approximation. Loss-calibrated approximate Bayesian computation (Lacoste—Julien et al.,
2011; Morais and Pillow, 2022), which takes into account the decision-making task when approxi-
mating the posterior distribution, also falls in this category.
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These works focus on fine-tuning approximations of classical GP models, by taking into account
the task to be performed. This is in contrast with the method introduced in this article, which aims
to replace the classical GP model with a new, goal-oriented GP-based predictive distribution, which
no longer stems from conditioning a GP prior. (The development of a massively scalable version
of the proposed method is beyond the scope of this article, but could be based on approximate
goal-directed inference techniques.)

1.3 Contributions and Outline

The main contribution of this article is a method called relaxed Gaussian processes (reGP) for
building goal-oriented GP-based models targeting regions of interest specified through function
values. The objective is to obtain global models that exhibit good predictive distributions on a range
of interest—in the case of a minimization problem, the range of interest would be the values below
a threshold—while possibly being less predictive outside the range of interest. This is achieved
by relaxing interpolation constraints outside this range. Such a model is presented in Figure 3:
compared to the situation in Figure 2, the model is more predictive in the region where the Steep
function takes low values, with expected benefits for the efficiency of Bayesian optimization.
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Figure 3: Left: prediction of the Steep function with the proposed methodology (black line: re-
laxation threshold #; blue points: relaxed observations). Right: u, versus f (with more
observations for illustration purposes). The model interpolates the data below ¢. The blue
points are relaxed observations.

This article provides two other main contributions. On the one hand, we give theoretical and
empirical results justifying the method and its use for Bayesian optimization. On the other hand,
to assess the predictivity of reGP models, we adopt the formalism of scoring rules (Gneiting and
Raftery, 2007) and propose the use of a goal-oriented scoring rule that we call truncated continuous
ranked probability score (tCRPS), which is designed to assess the predictivity of a model in a range
of interest. The tCRPS is used to construct a leave-one-out (LOO) goodness-of-fit criterion to auto-
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matically select the range of function values (outside the range of interest) where the interpolation
constraints are relaxed.

An important feature of the proposed approach is that, with respect to classical GP modeling, it
only requires the choice of one additional key parameter—namely, the range of interest where good
predictions are expected. We propose several heuristics to set this range of interest in Bayesian
optimization and level-set estimation problems.

The organization of this article is as follows. Section 2 briefly recalls the formalism of Gaus-
sian processes and Bayesian optimization. Section 3 presents reGP and its theoretical properties.
The tCRPS and its use for selecting the relaxation range are then presented in Section 4. Sec-
tion 5 presents a reGP-based Bayesian optimization algorithm called EGO-R, together with the
convergence analysis of this algorithm and a numerical benchmark. Finally, Section 6 presents our
conclusions and perspectives for future work.

An open source implementation of the reGP method and the numerical experiments is available
online at https://github.com/relaxedGP/regp_paper_experiments.

2. Background and Notations

2.1 Gaussian Process Modeling

Consider a real-valued function f : X — R, where X C R¢, and suppose we want to infer f at a
given x € X from evaluations of f on a finite set of points x,, = (x1,...,x,) € X", n > 1. A standard
Bayesian approach to this problem consists in using a GP model & ~ GP (u, k) as a prior about f,
where 1 : X — R is a mean function and £ : X x X — IR is a covariance function, which is supposed
to be strictly positive-definite in this article.

The posterior distribution of & given Z, = (& (x1),...,&(x,))" is still a Gaussian process, whose
mean and covariance functions are given by the standard kriging equations (Matheron, 1971). More
precisely:

E1Z, ~ GP (ln, kn), (1)
with
() = p(x) +k (x, x,) K, 1 (Z, — p1(x,)) )
and
kn(xa y) = k(xv y) - k(x7 'Xn)Kizlk(% -Xn)T ’

and where 1t (x,) = ((x1), ..., 1 (x)) " k (x, x,) = (k(x, x1), ..., k(x, x,)), and K,, is the n x n matrix
with entries k(x;, x;). We shall also use the notation 0 (x) = k, (, x) for the posterior variance, a.k.a.
the kriging variance, a.k.a. the squared power function, so that & (x)|Z, ~ A (ix(x), 62 (x)).

The functions u and k control the posterior distribution (1) and must be chosen carefully. The
standard practice is to select them from data within a parametric family {(ug,kg), 0 € ®}. A com-
mon approach is to suppose stationarity for the GP, which means choosing a constant mean function
i = c € R and a stationary covariance function k(x,y) = t2r(x—y), where r : RY — R is a stationary
correlation function.

A correlation function often recommended in the literature (Stein, 1999) is the (geometrically

anisotropic) Matérn correlation function

v

) = = (Vavlinlp) e (VaVIHll,) = y "Iy

21~
: 3
I'(v) j=1 P,Z ®
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for h = (hpy, ..., b)) € R?, and where ' is the Gamma function and %, is the modified
Bessel function of the second kind. The covariance parameters to be selected in this case are
(72, p1, ..., Pa, V) € (0,00)" with 72 the process variance, p; the range parameter along the i-th
dimension, and v a regularity parameter controlling the smoothness of the process. Two other stan-
dard covariance functions can be recovered for specific values of v: the exponential covariance
function for v = 1/2 and the squared-exponential covariance function for v — co.

A variety of techniques for selecting the parameter 6 have been proposed in the literature, but
we can safely say that maximum likelihood estimation is the most popular and can be recommended
in the case of interpolation (Petit et al., 2023). It simply consists in minimizing the negative log-
likelihood

Z(6:2,) = —log(p(2,]86)) < log (det (K,)) + (2, — 1(x,)) 'K, ' (Z, — 1t(x,)) +constant, (4)

where p stands for the probability density of Z,. Other methods for selecting the parameters include
the restricted maximum likelihood method and leave-one-out strategies (see, e.g., Stein, 1999; Ras-
mussen and Williams, 2006).

2.2 Bayesian Optimization

The framework of GPs is well suited to the problem of sequential design of experiments, or active
learning. In particular, for minimizing a real-valued function f defined on a compact domain X, the
Bayesian approach consists in sequentially choosing evaluation points x1, x, ... € X using a GP
model & for f, which makes it to possible to build a sampling criterion that represents an expected
information gain on the minimum of f when an evaluation is made at a new point. One of the
most popular sampling criteria (also called acquisition function) is the Expected Improvement (EI)
(Mockus et al., 1978; Jones et al., 1998), which can be expressed as

pu(x) =E((my—E(x)), [Z,), (5)

where m,, = min(&(x1),...,&(x,)). The EI criterion corresponds to the expectation of the excursion
of £ below the minimum given n observations, and can be written in closed form:

Proposition 1 (Jones et al., 1998; Vazquez and Bect, 2010b) The EI criterion may be written as
Pn(x) = Y(mn — Un(x), an(x)) with

Z z .
Y:(z,5) ERxRy — \/E(P(\A)—i—zq)(\ﬁ) if s >0,
max(z,0) ifs=0,

where ¢ and ® stand for the probability density and cumulative distribution functions of the stan-
dard Gaussian distribution. Moreover, the function Y is continuous, satisfies y(z, s) > 0 if s > 0 and
is non-decreasing with respect to zand s on R X R ..

When the EI criterion is used for optimization, that is, when the sequence of evaluation
points (x,),~0 of f is chosen using the rule

i1 = argmax p, (x)
xeX



PETIT AND BECT AND VAZQUEZ

the resulting algorithm is generally called the Efficient Global Optimization (EGO) algorithm, as
proposed by Jones et al. (1998). The EGO algorithm has known convergence properties (Vazquez
and Bect, 2010b; Bull, 2011).

A variety of other sampling criteria for the minimization problem can be found in the literature
(see, e.g., Frazier et al., 2008; Villemonteix et al., 2009; Srinivas et al., 2010; Vazquez and Bect,
2014), but we shall focus on the EI criterion in this article. (Appendix E also considers the Upper
Confidence Bound (UCB) criterion by Srinivas et al., 2010, and Appendix F deals with the task of
estimating excursion sets using the straddle heuristic by Bryan et al., 2005.)

2.3 Reproducing Kernel Hilbert Spaces

Reproducing kernel Hilbert spaces (RKHS, see, e.g., Aronszajn, 1950; Berlinet and Thomas-Agnan,
2004) are Hilbert spaces of functions commonly used in the field of approximation theory (see, e.g.,
Wahba, 1990; Wendland, 2004). A Hilbert space .7 (X) of real-valued functions on X with an inner
product (-, -) s (x) is called an RKHS if it has a reproducing kernel, that is, a functionk: X x X — R
such that k(x, -) € 5 (X), and

(fs k(x, ) ey = f (%) (6)
(the reproducing property), for all x € X and f € 5 (X). Furthermore, given a (strictly) positive

definite covariance function k, there exists a unique RKHS admitting k as reproducing kernel.

Given locations x,, = (x1,...,x,) € X", and corresponding values z, € R", suppose we want to
find a function h € #(X) with minimal norm, such that h(x,) = (h(x1),...,h(x,))" = z,.- Then
the solution is given by the following classical result, which can be derived from the generalized
representer theorem (Scholkopf et al., 2001) and appears in early work on optimal interpolation in
RKHS (Kimeldorf and Wahba, 1970).

Proposition 2 (Minimum-norm interpolant) The problem

minimize HhH%(X)
subjectto  h € 7 (X) @
h(x,) =z,

has a unique solution given by s, = k(-, gn)Kn_]gn.

Observe that the solution s, is equal to the posterior mean (2) when pt = 0.
Moreover, for any f € ' (X) and x € X, the reproducing property (6) yields the upper bound

|f(x) = s, (x)| < 0u (@) I £ L) ®)
with 6,,(x) = \/kx (x, x) and z, = f(x,) (see, e.g., Scheurer et al., 2013, p. 13). Note that 6,(x) is
the worst-case error at x for the interpolation of functions in the unit ball of .77 (X).

3. Relaxed Gaussian Process Interpolation

3.1 Relaxed Interpolation

The example in the introduction (see Figures 1-3) suggests that, in order to gain accuracy over a
range of values of interest, it can be beneficial to relax interpolation constraints outside this range.
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More precisely, the probabilistic model in Figure 3 interpolates data lying below a selected thresh-
old ¢, and when data are above ¢, the model only keeps the information that the data exceeds ¢.
In the following, we consider the general setting where relaxation is carried out on a set of

function values of the form R = U§:1R j» where Ry, ..., Ry C R are disjoint closed intervals with
non-zero lengths. (The set R = [¢,+0) was used in the example of Figure 3.)
As above, we shall write x,, = (x1,...,x,) € X" for a sequence of locations with corresponding

function values z, = (z1,... ,z,)" € R™. Then, we introduce the set Crn=Ci x--xC, CR" of
relaxed constraints, where

{ Cl:R] ifZiEijOI'SOlTlej, 9)

C;={z;} otherwise.

Let also
Hrn=1{h € A (X) | h(x,) € Cgn}

be the set of relaxed-interpolating functions. The following proposition gives the definition of the
minimum-norm relaxed predictor.

Proposition 3 The problem

minimize ||h|| »x
120l 72 (x) (10)
subjectto h € Ay ,
has a unique solution given by s+, where z; is the unique solution of the quadratic problem
argmin ;TK,jlg. an

gGCR.n

An extension of this relaxation scheme to the case of noisy observations, where the function no
longer exactly interpolates the data, is given in Proposition 41.

3.2 Relaxed Gaussian Process Interpolation

The main advantage of Gaussian processes is the possibility to obtain not only point predictions
but also predictive distributions. However, Proposition 3 only defines a function approximation.
We now turn relaxed interpolation into a probabilistic model providing predictive distributions
whose mean is not constrained to interpolate data on a given relaxation range R. The following
proposition makes a step in this direction.

Proposition 4 Let & ~ GP(0, k), x, = (x1,...,x,) € X", z, e R" and x),, = (x,...,x},) € X" be a
set of locations of interest where predictions should be made. Write Z, = (E(xy),...,E(x,))" and
Z, = (E(xX),...,E(x.))T. Then the mode of the probability density function

P (Z Z,1Z, € Cr n) (12)
is given by (sg; (X0)5 EZ)

In other words, the relaxed interpolation solution of Proposition 3 corresponds to the maximum
a posteriori (MAP) estimate under the predictive model (12). Conditioning on events of the form
Z, € Cg , has been used in Bayesian statistics as a principled way to handle outliers and model
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misspecification; see, e.g., Lewis et al. (2021) and references therein. Such conditional distributions
also appear in other settings: in constrained Gaussian process modeling, where constraints encode
expert knowledge (Da Veiga and Marrel, 2012; Maatouk and Bay, 2017; Lépez-Lopera et al., 2018),
and in classification, ordinal regression, and preference learning problems, where observations im-
pose inequality constraints (Benavoli et al., 2021).

However, the predictive distribution (12) is non-Gaussian since the support of Z,, is truncated.
In particular, no closed-form expression is available for any of its moments, and sampling requires
advanced techniques (e.g., variational, MCMC; see Section 6 for a discussion). Motivated by this
observation, we propose instead to build a goal-oriented probabilistic model using the following
definition.

Definition 5 (Relaxed-GP predictive distribution; fixed i and k) Givenx, € X", z, € R", and a
relaxation range R (finite union of closed intervals), the relaxed-GP (reGP) predictive distribution
with fixed mean function U and covariance function k is defined as the (Gaussian) conditional
distribution of & ~ GP(u, k) given Z,, = z*, where

z =argmin (z—u(x,)) K, (@—p(x,)), (13)

gECR7n
with Cg , defined by (9).

Observe that (13) reduces to (11) when p = 0. Consequently, the mean of the distribution is the
predictor s;» from Proposition 3 in this particular case. Moreover, the reGP predictive distribution
can be seen as an approximation of (12), where p (Z,|Z, € Cg,,) has been replaced by its mode.
As discussed earlier, the main advantage of the reGP predictive distribution compared to (12) is its
reasonable computational cost since it is a GP. Therefore, it makes it possible to use adaptive strate-
gies for the choice of R, as demonstrated in Section 4. Moreover, it also has appealing theoretical
approximation properties, as discussed in Section 3.3.

As discussed in Section 2.1, the standard practice is to select the mean and the covariance
functions within a parametric family {(tg,kg), 6 € ®}. Leveraging the connection between (13)
and (4), we propose to perform the parameter selection and the relaxation jointly. This is formalized
by the following definition of relaxed Gaussian process interpolation.

Definition 6 (Relaxed-GP predictive distribution; estimated parameters) Given x, € X", z, €
R", a relaxation range R (finite union of closed intervals), and parametric families ([.19) and (kg)
as in Section 2.1, the relaxed-GP (reGP) predictive distribution with estimated parameters is the
(Gaussian) conditional distribution of & ~ GP(le, ke) given Z, = z, where z: and 6 = §n are
obtained jointly by minimizing the negative log-likelihood:

<§n, gZ) = argmin £ (60;z2), (14)
0€0, zeCr p

with Cg , defined by (9).

An extension of this definition to the case of noisy observations is presented in Appendix G.

The mean function and the covariance function usually vary continuously with 6 on an open
subset of R?. In this case, it can be shown that the mapping 6 — min.cc, ,-Z (0; z) is continu-
ous (using, e.g., Theorem 2.2 from Best and Ding, 1995). Consequently, the minimum of (14) is
reached when 0 is restricted to a compact subset @ C R4.

10
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 4: An example of reGP predictive distribution with R = (—oo, —1]U[1,4c<) on a function f
represented in dashed black lines. The solid black lines represent the relaxation thresh-
olds. The problem (14) was solved only in z as the parameters of the (constant) mean and
(v =5/2 Matérn) covariance functions were held fixed for illustration purposes.

Remark 7 (On minimizing (14) jointly) Let Z, | be the values within the relaxation range R, and
Z, o the values in R° = R\ R that are not relaxed. The negative log-likelihood can be written as

Z(0:2,)=—In(p(Z,00)) —In(p(Z,,10,Z,))

where the first term is a goodness-of-fit criterion based on the values in R¢, and where the second
term can mainly be viewed as an imputation term, which “reshapes” the values in R with the in-
Jormation from Z, . (Note also that 6 appears in the second term. When this term is minimized
with respect to Z,, , it becomes a parameter selection term that promotes the 8s compatible with
the excursions in Cg ,.)

For illustration, we provide an example of a reGP predictive distribution in Figure 4, with an
union of two intervals for the relaxation range R.

Remark 8 (Numerical details) Minimizing (14) with respect to z falls under the scope of
quadratic programming (see, e.g., Nocedal and Wright, 2006) and could be solved efficiently using
dedicated algorithms. This suggests that specific algorithms could be developed for the problem.
In this work, we simply use a standard SLSQP solver (see Schittkowski, 1982) using the gradient
of (14). The SciPy implementation was used with default parameters. Good performances were
obtained by the following parameter initialization procedure: first, initialize the GP parameter 0
using common rules while excluding the most extreme observations, and then optimize the relaxed
observations z using quadratic programming.

11
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3.3 Convergence Analysis of reGP

In this section, we provide theoretical results concerning the convergence of the method proposed.
This section can be skipped on first reading.

3.3.1 KNOWN CONVERGENCE RESULTS ABOUT INTERPOLATION IN RKHS

Recall that the fractional-order Sobolev space Wzﬁ (RY), with regularity B > 0, is the space of func-
tions on R defined by

B ~
WERY) = {ne R, A2, = [ 1+ 10]7) (@)Pdo <+,

where i € L2(R?) is the Fourier transform of i € L2(R%). For > d /2, the usual identification with
a set of continuous functions given by the Sobolev embedding theorem will be used in this article.

For a given X C R?, define the Sobolev spaces Wf (X) = {hx,he WZL3 (R?)} endowed with
the norm
inf (15)

gl 6 pay-
geW, (RY),gx=h Wy (B

Hh”wf (X)
The following assumption about X will sometimes be used in this section.

Assumption 9 The domain is non-empty, compact, connected, has locally Lipschitz boundary (see,
e.g., Adams and Fournier, 2003, Section 4.9), and is equal to the closure of its interior.

Assumption 9 ensures that the previous definition coincides with other commons definitions, and
makes it possible to use well-known results from the field of scattered data approximation, by pre-
venting the existence of cusps. Many common domains—such as hyperrectangles or balls, for
instance—satisfy Assumption 9.

A strictly positive-definite reproducing kernel £ : X x X — R is said to have regularity o > 0 if
the associated RKHS 7 (X) coincides with W;Hd/ 2(X) as a function space, with equivalent norms.
As such, the Matérn stationary kernels (3) have correlation functions r whose Fourier transform
satisfies (see, e.g., Wendland, 2004, Theorem 6.13)

—v—d/2 —v—d/2

Cr (1+]1-1) <TG (147
for some C, > C; > 0, and have therefore Sobolev regularity @ = v on R4 (see, e.g., Wendland,
2004, Corollary 10.13) and consequently also on X, using (15) and Lemma 31. Other examples are
given by Wendland (2004), for instance.

We now recall a classical convergence result about interpolation in RKHS with evaluation points
in a bounded domain. Consider a kernel k: X x X — R, and let (x,),~, € XN be a sequence of
distinct points. The following property (a minor reformulation of Theorem 4.1 of Arcangéli et al.,
2007) gives error bounds that depend on the Sobolev regularity of k and the so-called fill distance
of x, € X", defined by

hy = in ||x —xi|.
n = Sup [oin [ — x|

12
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Proposition 10 Let k be a reproducing kernel with regularity a > 0. If X satisfies Assumption 9,
then
supo,(x) ShY, n>1, (16)
xeX

where < denotes inequality up to a constant, that does not depend on (xn)n21.
Using (8) and Proposition 10, this yields the following uniform bound.

Corollary 11 Let k be a reproducing kernel with regularity a > 0, .7 (X) the RKHS generated by
k, and let f € 7(X). As above, let s, be the solution of (7) for z, = (F(x1),.. . fa)) T n> 1.
If X satisfies Assumption 9, then

1f =52, =) S I Il floerx) - (17

3.3.2 CONVERGENCE OF RELAXED INTERPOLATION WITH FIXED COVARIANCE FUNCTION

Let k: X x X — R be a continuous strictly positive-definite reproducing kernel. In this section,
we consider the zero-mean reGP predictive distribution obtained from & ~ GP(0, k), with relaxed
interpolation constraints on a union R = U?: | R; of disjoints closed intervals R; with non-zero
length. Let 77 (X) be the RKHS attached to k, f € 5#(X), and consider a sequence (x,),~,; € X
of distinct points. Furthermore, define the regions X; = {x € X, f(x) € R;} for 1 < j < g and
Xo=X\U j>1X . We give results about the limit of the sequence of reGP predictive distributions
that indicate an improved fit in Xj.

Let sg, = Sz be the relaxed predictor from Proposition 3 based on (xi,...,x,)

and (f(x1),...,f(x,))", n> 1. The following proposition establishes the limit behavior of (SR.n)n>1-

Proposition 12 Let U C X and let 7% v denote the set of functions h € 7 (X) such that, for all

xe(,
h(x) eR;  if f(x) € R; for some j, (18)
h(x) = f(x) otherwise.
Then the problem
in ||h 19
h%UH |7 (x) (19)

has a unique solution denoted by sg . Moreover, when U is the closure of {x,},

SRn ——> SRU -

In particular, when {x,} is dense in X, then U = X and (sg ,),>1 converges to sg x, which is
the minimal-norm element of the set %z x.

The next proposition tells us that the interpolation error on X can be bounded by a term that
depends on the norm of sg x.

Proposition 13 For any x € Xg and n > 1,

£ (x) = s, (%) < 205,0(%)[Isr, x|l (x) (20)

where 0y, is the power function obtained using only points in Xq for predictions and with the
convention that 67 ,(x) = k(x, x) if there are no points.

13
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This yields the following error bounds when the design is dense.

Proposition 14 Suppose that X is compact, {x,} is dense, and that k has regularity a0 > 0. Let
B C X satisfy Assumption 9. Then, for alln > 1,

If = sr.nlli=8) S Mo llsr, x| 72 (x)- (@3))

Let d(y, A) be the distance of y € R to A C R. For j > 1, x € X, and for alln > 1:
d(sr.n(x), R;) S hyllse x|l ex)  if @ <1,

d(sr.n(x), R) < (In(A)| + D)V by e x|l ey ifa=1,
and
d(srn(x), Rj) S hallsr x|l rx)y ifo>1,

where < denotes inequality up to a constant, that does not depend on f, n, x or (x,).

Finally, we investigate the following question: how large can the norm of f be compared to that
of the approximation |[sg x || (x)?

Proposition 15 Suppose that k has regularity & > 0 and that there exists some j > 1 such that X ;
has a non-empty interior. We have

sup [|All e (x) = +oo, (22)

hG:%R)x
with 7% x given by (18) for f € 7(X).

This result shows that the norm reduction obtained by approximating f with relaxed interpolation
constraints can therefore be arbitrarily high in the finite-smoothness case. A stronger version of
Proposition 15 for the special case where R = [t, +0) can be derived, and shows that

sup || Al =(x) = +oo.
he g x
Overall, no matter the element of .77z x at hand, reGP converges to a function sg x which:
coincides with f on X, satisfies f(x) € R; < sg x(x) € R; for all x € X, and is “nicer” than f in
the sense of ||-|| ,(x). Furthermore, reGP yields error bounds carrying the norm of sg x, which can
be arbitrarily smaller than the norm of f in the case of a finite-smoothness covariance function.

theoretical results about the screening effect (see, e.g., Stein, 2011; Bao et al., 2020), suggests
that 6, >~ 0y, 0, if k has smoothness o > 0. In this case, observe that—no matter the element of g x
at hand—the bound (20) is larger by only a small factor compared to (8) with f = sg x. (However,
to the best of our knowledge, no result exists concerning the screening effect for arbitrary designs.)

Remark 16 Note that 6, < 0,0 due to the projection residuals interpretation. Empirical and

Remark 17 (22) does not hold in general for infinitely smooth covariance functions. For instance,
Steinwart et al. (2006, Corollary 3.9) show that 7 x = { f} if the interior of X is not empty and k
is the squared-exponential covariance function, i.e., (3), with v — oo,

Appendix B offers insights into the convergence of relaxed interpolation for functions that lie
outside the RKHS attached to the covariance. Additionally, we present results on the behavior of
the approximation when the covariance parameters are not fixed.

14
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4. Choice of the Relaxation Range
4.1 Towards Goal-Oriented Cross-Validation

The framework of reGP makes it possible to predict a function f from point evaluations of f.
Suppose we are specifically interested in obtaining good predictive distributions in a range Q C R
of function values, and accept degraded predictions outside this range. To achieve this goal, the
idea of reGP is to relax interpolation constraints. Naturally, it makes sense to relax interpolation
constraints outside the range of interest O, but it can happen that relaxing all the interpolation
constraints outside Q does not improve predictive distributions on Q. Therefore, the question arises
as to how to automatically select a range R in R \ O, on which interpolation constraints should be
relaxed.

In the following, we put R®) = R \ O, and we view the relaxation range R as a parameter of
the reGP model, which has to be chosen in R() along with the parameters 6 of the underlying
GP &£. A first idea for the selection of R is to rely on the standard leave-one-out cross-validation
approach to select the parameters of a GP (Dubrule, 1983; Rasmussen and Williams, 2006; Zhang
and Wang, 2010). Using the formalism of scoring rules (see, e.g., Gneiting and Raftery, 2007; Petit
et al., 2023), selecting parameters by a leave-one-out approach amounts to minimizing a selection
criterion written as

-

I
—_

Jn(R) = S(PRM’,,', f(xl)) 3 (23)

S|

1

where Py, n,—; is the reGP predictive distribution with data z, _, = (Z1y - »Zi—1, Zi+1s -+ +,2n) and
relaxation range R. The function S in (23) is a scoring rule, that is, a function §: ¥ xR — RU
{—o0,+0oo}, acting on a class & of probability distributions on R, such that S(P, z) assigns a loss
for choosing a predictive distribution P € &, while observing z € R. Scoring rules make it possible
to quantify the quality of probabilistic predictions.

Since the user is not specifically interested in good predictive distributions in R(?), validating the
model on R should not be a primary focus. However, simply restricting the sum (23) by removing
indices i such that f(x;) € R would make it impossible to assess if the model is good at predicting
that f(x) € R() for a given x € X. For instance, in the case of minimization, with Q = (—eo, (%)) and
RO = [I(O), +o0), it is important to identify the regions corresponding to f being above 1), even
if we are not interested in accurate predictions above #(9), because we expect that an optimization
algorithm should avoid the exploration of these regions.

In the next section, we propose instead to keep the whole leave-one-out sum (23), but to choose
a scoring rule S that serves our goal-oriented approach.

4.2 Truncated Continuous Ranked Probability Score

An appealing class of scoring rules for goal-oriented predictive distributions is the class of weighted
scoring rules for binary predictors (Gneiting and Raftery, 2007; Matheson and Winkler, 1976),
which may be written as

o0
S(P2) = [ s(Folu), L) () (4

—o0

where s: [0, 1] X {0, 1} — RU{—eo, 400} is a scoring rule for binary predictors, Fp is the cumula-
tive distribution function of P, and u is a Borel measure on R. A well-known instance of (24) is the
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continuous ranked probability score (Gneiting et al., 2005) written as

" 400
SR 2) = [ (Folu) ~ Nec) du
which is obtained by choosing the Brier score for s and the Lebesgue measure for .
For the case where we are specifically interested in obtaining good predictive distributions in
a range of interest Q C R, we propose to use the following scoring rule, which we call truncated
continuous ranked probability score (tCRPS):

StQCRPS(R 7) = /Q(Fp(u)—]lz<u)2d”' (25)

This scoring rule, proposed by Lerch and Thorarinsdottir (2013) in a different context, reduces
to SCRPS when Q = RR. It can be seen as a special case of the weighted CRPS (Matheson and Winkler,
1976; Gneiting and Raftery, 2007; Gneiting and Ranjan, 2011), in which the indicator function 1 ¢
plays the role of the weight function—in other words, the measure y in (24) has density 1, with
respect to Lebesgue’s measure.

Consider for instance the case Q = (—oo, t(o)):

£0)

SRS (p, 7) — / (Fp(t) = Toe) du.

—o0

The upper endpoint #(©) of the range will be referred to as the validation threshold. Note that, in
this case, StQCRPS(P, z) does not depend on the specific value of z when z is above the validation
threshold. This scoring rule is thus well suited to the problem of measuring the performance of a
predictive distribution in such a way as to fully assess the goodness-of-fit of the distribution when
the true value is below a threshold, and only ask that the support of the predictive distribution is
concentrated above the threshold when the true value is above the threshold.

We provide in Appendix A some properties of the scoring rule (25) and closed-form expressions
for the case where Q is an interval (or a finite union of intervals) and P is Gaussian. To the best of
our knowledge, these expressions are new.

4.3 Choosing the Relaxation Range using the tCRPS Scoring Rule

Given a range of interest Q, the tCRPS scoring rule makes it possible to derive a goal-oriented leave-
one-out selection criterion for the relaxation range R, which we call the LOO-tCRPS criterion:

1 n
I (R) =~ Y SERPS (P, £ () - (26)
i=1

Using (26), we suggest the following procedure to select a reGP model. First, choose a se-
quence of nested candidate relaxation ranges R > R() 5 ... 5 R(G~1) = @. The next step is the
computation of J, (R(g)), g=0, ..., G—1, which involves the predictive distributions Pr) n,—i-

In principle, (14) should be solved again each time a data point (x;, z;) is removed, to obtain a

pair (§,Egz i ¥ ;) and then the corresponding reGP distribution Py ,, ;. To alleviate computational

“n,—i
cost, a simple idea is to rely on the fast leave-one-out formulas (Dubrule, 1983) for Gaussian pro-

@rgg) (8) (8)

cesses: for each set R(g), solve (14) to obtain and ;ﬁlg) = (Zl R &) )T, and then compute the
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-
-

Figure 5: Illustration of the choice of a relaxation range. The range of interest Q is determined by

the threshold (?). The relaxation range R corresponding to the region above ¢ has been
obtained by the procedure described in Section 4.3.

parameter 6.8

, using the fast leave-one-out formulas. By doing so, we neglect the difference be-
tween O,Ejg_) ;and B) and the difference between g,(f')_ . and the vector (z\* (8)  ® ®

T
U5 s G Gy e 2 ).
The procedure ends by choosing the relaxation range R(®) that achieves the best LOO-tCRPS value.

conditional distributions & (x;) | {& (x;) = zﬁ-g), j#1i}, where & ~ GP(L, k), and where it and k have

Figure 5 illustrates the selection of the relaxation range used in Figure 3. Algorithm 1 summa-
rizes the general reGP procedure using LOO-tCRPS for selecting relaxation range in a given list

of candidates for relaxation range. Section 5.3.1 and Appendix F give specific implementations for
Bayesian optimization and the problem of estimation of an excursion set.

Algorithm 1 reGP with automatic selection of the relaxation range.

range candidates.

Input: Data (x,, z,); a range of interest Q; and a list R\ Q = R(”) 5 ... 5 R(6~1) = @ of relaxation
forg=0toG—1do
Obtain 6% and z(® by solving (14) with R(®)

Compute J,, (R(g)) with O, §,§g), and gﬁlg) using (26)
end for

Output: The pair §,§g), g,(f) that minimizes (26).
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Figure 6: Left: Histogram of the values of the function c¢¢ from the G10 problem. Right: Same
illustration but for the function ¢, with o = 7. The histograms are obtained from the
values of the functions on a space-filling design of size n = 100. On the left, the values are
very separated and concentrated on two modes, yielding a function close to a piecewise
constant function. After transformation, the phenomenon is mitigated.

4.4 An Example for the Estimation of an Excursion Set

We illustrate the method on the problem of estimating an excursion set {x € X, f(x) <0}. We con-
sider the G10 optimization problem used by Regis (2014), and focus on the constraint cg < O.
Finding solutions satisfying the cs < 0 constraint using a GP model is difficult, probably because
the values of c¢ are very bi-modal, as illustrated in Figure 6. However, Feliot et al. (2017) found
that the difficulty could be overcome by performing an ad-hoc monotonic transformation z — z%,
with oo = 7, on the constraint.

The estimation of an excursion set { f < 0} involves capturing precisely the behavior of f around
zero. Thus, we define a range of interest Q = (—t(o), t(O)) centered on zero, with (%) sufficiently
small (note that there may be no data in Q). Then, we consider relaxation range candidates R =
(—o0,—1(8)]U[(8) 4-00) with a sequence of thresholds 7(?) < .. < (1) = fco, and we select ¢(&)
by minimizing the LOO-tCRPS as described in the previous section.

Appendix F presents numerical experiments on active learning of the set {x € X, ¢¢(x) <0} with
reGP. Figure 7 illustrates the relaxation obtained using a value of #(*) such that Q contains 25% of
the observations of a design of size n = 300 in the experiments presented in Appendix F. Here,
the LOO-tCRPS chooses (&) = (0 Observe that the transformation after relaxation resembles
the transformation z — z% proposed by Feliot et al. (2017). Applying the reGP framework on
the transformed function c¢¢ (details omitted for brevity), we find that the LOO-tCRPS chooses a
large 1(®) such that the interpolation constraints are relaxed for only a few observations.
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0 _H(g)
2,

Figure 7: A reGP fit of c¢, where the relaxation thresholds have been selected by LOO-tCRPS.
The observations z, are shown on the x-axis, whereas the “relaxed” observations z; are
represented on the y-axis. The black squares represent interpolated observations and the
blue points show relaxed observations. Moreover, the green lines represent the value zero,
and the black lines represent + (8), with () chosen to be (¥ by the LOO-tCRPS.
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5. Application to Bayesian Optimization

5.1 Efficient Global Optimization with Relaxation

The first motivation for introducing reGP models is Bayesian optimization, where obtaining good
predictive distributions over ranges corresponding to optimal values is a key issue. In this article,
we focus more specifically on the minimization problem

min £(x)

xeX
where f is a real-valued function defined on a compact set X C R?, but the methodology can be
generalized to constrained and/or multi-objective formulations.
Given f, our objective is to construct a sequence of evaluation points xj,x; ... € X by choos-
ing each point x,1; as the maximizer of the expected improvement criterion (5) computed with

respect to the reGP predictive distribution, with a relaxation range R, = [t,,, +°0). More precisely,
the sequence (x,) is constructed sequentially using the rule

Xpe1 = argmax E, ((mn —é(x))+) , 27
xeX

where m, = f(x;) A--- A f(x,), and E, is the expectation under the reGP predictive distribution with
relaxation range R, and data z, = (f(x1), ..., f(xa))7.

As in Section 4.3, the relaxation threshold #, at iteration n is chosen using the LOO-tCRPS
criterion (26) among candidate values

t,(,o) < t,(,l) < < t,(,G’l), (28)

where r,SO) is the validation threshold, which delimits the range of interest Q, = (—oo,t,(lo)) used at
iteration n. In the following, the optimization method just described will be called efficient global
optimization with relaxation (EGO-R), in reference to the EGO name proposed by Jones et al.
(1998).

Implementation specifics are detailed in Section 5.3. In the next section, we show that using the
EI criterion with a reGP model yields a convergent algorithm.

5.2 Convergence of EGO-R with Fixed Parameters and Varying Threshold

In this section, we extend the result of Vazquez and Bect (2010b) and show the convergence of the
EGO-R algorithm, in the case where the predictive distributions derive from a zero-mean Gaussian
process with fixed covariance function.

We suppose that X C R? is a compact domain and that k : X x X — R is continuous, strictly
positive-definite, and has the NEB (no-empty ball) property (Vazquez and Bect, 2010b), which says
that the posterior variance cannot go to zero at a given point if there is no evaluation points in a ball
centered on this point. In other words, the NEB property requires that the posterior variance 62 (x)
at x € X remains bounded away from zero for any x not in the closure of the sequence of points (x,)
evaluated by the optimization algorithm. A stationary covariance function with smoothness o > 0
satisfies the NEB property (Vazquez and Bect, 2010b), whereas the squared-exponential covariance
function does not (Vazquez and Bect, 2010a).
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Proposition 18 Ler k: X x X — R be a continuous strictly positive-definite covariance function
that satisfies the NEB property, 7 (X) the corresponding RKHS and f € 7 (X). Let ng > 0. Let
(%), be a sequence in X such that, for each n > ng, x,11 is obtained by (27) with t, > m,,. Then
the sequence (x,),~, is dense in X.

Proposition 18 implies the convergence of EGO-R with a fixed threshold # > min;<,, f(x;). In
this case, the theoretical insights from Section 3.3 suggest a faster convergence might be achieved
due to the improved error estimates (20) and (21) in a neighborhood of the global minimum.

The convergence of EGO-R also holds in the case of a varying relaxation range R, = [t,, +°),
with 7, > m,,, and in particular when ¢, is selected at each step using the LOO-tCRPS criterion (26)
with a validation threshold t,(lo) > my. In this case, the norm term in (20) gets smaller if (z,),~, is
decreasing. -

5.3 Optimization Benchmark

In this section, we run numerical experiments to demonstrate the interest of using EGO-R instead of
EGO for minimization problems. Appendix E presents a similar study based on the UCB sampling
criterion (Cox and John, 1992; Srinivas et al., 2010). Appendix F considers the task of estimating
an excursion set.

5.3.1 METHODOLOGY

In practice, we must choose the sequence of thresholds (28). The validation threshold t,EO) should be
set above my,, to ensure there is enough data to carry out the validation. We propose three different
heuristics to this end: a) a constant heuristic, where t,(,o) remains constant throughout the iterations
and is set to an empirical quantile of an initial data set constructed prior to running EGO-R, b)

. .. 0
a concentration heuristic, where t,(, )

heuristic, where t,(,o) corresponds to a spatial quantile estimate of the function f. By spatial quantile,
we mean a quantile of f(U) with U uniformly distributed over the domain X.

In the case of the constant heuristic, we set t,(,o) to the a-quantile of the function values on
an initial design, which is typically built to cover X as uniformly as possible using, for example,
maximin Latin hypercube sampling (McKay et al., 2000). In this article, the numerical experiments
were conducted with a = 0.25.

For the spatial heuristic, the spatial quantile is estimated by building a one-nearest-neighbor
regression model trained on the data (x,, z,), and then taking an a-quantile of its predictions on a
uniform sample on X. The numerical value o = 0.25 is also used here. This can be viewed as a
refinement of the constant heuristic.

For the concentration heuristic, we consider the a-quantile of the values of f at the points visited
by the algorithm (again with & = 0.25). As the optimization algorithm progresses, the evaluations

are expected to cluster around the global minimum. Thus, t,(lo) will approach the minimum value,

and the validation range Q,, = (—eo, t,(LO)) will shrink. As a result, since better predictive distributions
are expected in this range, a better convergence may be achieved.

All three heuristics are supported by the idealized convergence result from the previous section.
Proposing alternative heuristics, or conducting a theoretical comparison of their performances, is

out of the scope of this article.

corresponds to an empirical quantile of z,, and c) a spatial
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Table 1: Optimization benchmark.

Problem d
Branin 2
Six-hump Camel 2
Three-hump Camel 2
Hartman 3,6
Ackley 4,6, 10
Rosenbrock 4,6,10
Shekel 5,7,10
Goldstein-Price 2
Log-Goldstein-Price 2
Cross-in-Tray 2
Beale 2
Dixon-Price 4,6, 10
Perm 4,6, 10
Michalewicz 4,6,10
Zakharov 4,6,10
For a given t,(zo), the candidate relaxation thresholds t,gg ), g=0,...,G—1, are chosen such that
t,(,g) — my, ranges logarithmically from z,SO) —m,, to max f(x;) —my, (with G = 10 in the experiments

below). We adopt the convention that t,(lel) > max f(x;), so that the G-th model is a standard GP.

To assess the performances of EGO-R with these three heuristics, we compare them to the
standard EGO algorithm. For all four algorithms, we use an initial design of size ny = 10d, and
we consider GPs with a constant mean function and a Matérn covariance function with regularity
v = 5/2. The maximization of the sampling criteria (5) and (27) is performed using a sequential
Monte Carlo approach (Benassi et al., 2012; Feliot et al., 2017).

The optimization algorithms are tested against a benchmark of test functions from Surjanovic
and Bingham (2013) summarized in Table 1, with n,e, = 100 (random) repetitions, and a budget of
not = 300 evaluations for each repetition. This benchmark is partly inspired by Jones et al. (1998)
and Merrill et al. (2021). In particular, we also use a log-version of the Goldstein-Price function as
Jones et al. (1998).

To evaluate the algorithms, we construct for each test function a list of target values, defined
as spatial quantiles of the function (estimated with a subset simulation algorithm; see, e.g., Au and
Beck, 2001). The probability levels associated with this list of spatial quantiles define a non-linear
scale that we use instead of raw function values. We plot in this scale the 10%/50%/90% quantiles
of the best function value found, as a function of n. We also represent, for each probabilty level, the
fraction of runs that reach the corresponding target.

5.3.2 FINDINGS

The full set of results is provided in Appendix D. In Figure 8, we present a representative subset of
these results.

First, observe in Figure 8 that the EGO-R methods outperform EGO significantly on functions
that are difficult to model with stationary GPs, such as Goldstein-Price, Perm (10), and Beale.
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In these cases, relaxing the constraints for the highest observations proves beneficial. Notice also
that, among the three EGO-R variants, the one based on the concentration heuristic converges faster
in such situations. (Approximately half of the cases of our benchmark fall into this category; see
Appendix D for details.)

In the other cases (Log-Goldstein-Price, Ackley (4) and Ackley (10) on Figure 8) the EGO-R
methods perform similarly to EGO. This corresponds to functions where classical stationary GP
modeling already provides good predictions. In these cases, the LOO-tCRPS criterion for selecting
the relaxation range detects that the largest values also contribute to predicting near the minimum,
resulting in little to no relaxation being necessary. The concentration heuristic sometimes provides
a small advantage on such functions (see Log-Goldstein-Price and Ackley (4)), but occasionally de-
grades performances compared to EGO and the other EGO-R variants, as seen with the Ackley (10)
function. A closer examination shows that the concentration heuristic sometimes gets temporarily
trapped in a local minimum. We explain this by the fact that the reGP model with the concentration
heuristic can become overly predictive in a small region around the local minimum, but under-
estimate the function variations elsewhere (the variance of the predictive distributions above t,$°>
is too low, and the optimization algorithm does not explore unknown regions sufficiently). In this
sense, the constant and spatial heuristics can be considered more conservative than the concentration
heuristic.

Finally, it is useful to compare the performance of the EGO-R algorithms on the Goldstein-
Price function with the performance of the EGO algorithm on the Log-Goldstein-Price function.
Using reGP modeling allows for performance comparable to that achieved with a logarithmic trans-
formation, but in an automatic manner. This is illustrated in Figure 9, where the (non-parametric)
transform learned by reGP resembles a logarithmic transformation.

5.3.3 RUNNING TIME OF REGP

Training a reGP model takes longer than training a standard GP for several reasons. First, the
optimization problem in (14) is an extension of (4) and involves a higher dimension of the search
space, as the number of relaxed observations increases, which likely increases the time required
to solve it. Second, the automatic selection procedure described in Section 4 involves testing G
relaxation ranges, making reGP at least G times more costly to compute.

For G = 10, Figure 10 provides a quantitative assessment of the increase in computational time
as a function of the number of evaluations n, across four representative test cases. With automatic
selection of the relaxation range, training a reGP model is, roughly speaking, between G = 10
and 1000 times more expensive than training a standard GP. This trend holds for the other test
functions in Table 1 (figures omitted for brevity). Among the heuristics, the concentration heuris-
tic is the most computationally expensive version of reGP in this benchmark. This is because the
number of observations outside the range of interest—and thus the maximum number of relaxed
observations—grows linearly with n. In contrast, for the spatial and constant heuristics, the com-
putational overhead remains around a factor of 10, which suggests that the primary cost increase
comes from having to test G relaxation ranges.

Note that the procedure described in Section 4.3 involves an exhaustive search over the set of
relaxation range candidates. Assessing the performance of reGP with a smaller set of candidates, or
using adaptive strategies such as dichotomies, could help reduce computation time. Note also that
a factor G in computation time can be saved if the user already knows how to choose a relaxation
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Figure 8: For each case, the left plot shows the evolution of quantiles of the best function value
against n, and the right plot represents on the x-axis the fraction of runs that reach each
target value. Both plots use the probability level of the target as a scale for the y-axis.
Left plot: solid lines represent the median; shaded areas are deliminated by the 10%
and 90% quantiles. Both plots: EGO (red), EGO-R + constant heuristic (blue), EGO-R +
concentration heuristic (green), EGO-R + spatial heuristic (black).
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10* ] 7

107 ———r———rrr————rry
10? 4 10* 10°

Figure 9: A reGP fit to the Goldstein-Price function with n = 30 points, with R = [103, +<><7). The
observations z, are shown on the x-axis, whereas the relaxed observations z; are repre-
sented on the y-axis.

range for his task. Another approach, left for future work, would be to solve (14) with dedicated
algorithms (see Remark 8).

Finally, it should be stressed that the computation time is less of a concern for active learning
tasks, since evaluating the objective function—which can take several hours—is usually the time
bottleneck in this setting.

6. Conclusion

This article presents a new technique called reGP to build predictive distributions for a function
observed on a sequence of points. This technique can be applied when a user wants good predictive
distributions in a range of function values, for example below a given threshold, and accepts de-
graded predictions outside this range. The technique relies on Gaussian process interpolation, and
operates by relaxing interpolation constraints outside the range of interest. The relaxation range can
be selected automatically, using a scoring rule adapted to reGP models. With respect to classical GP
modeling, this goal-oriented technique simply involves the choice of one additional key parameter,
which is the range of interest—i.e., the user only needs to specify a range of function values where
good predictions should be obtained.

Such goal-oriented models can then be used in Bayesian sequential search algorithms. Here
we are more specifically interested in the problem of mono-objective optimization and we propose
to study the EI / EGO algorithm with such models. We provide theoretical guarantees for the
convergence of the reGP-based algorithm on the RKHS attached to the underlying GP covariance,
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Figure 10: Ratio between the time needed to train a reGP model (including the automatic selection

of the relaxation range) and that required to train a GP during Bayesian optimization
with the EI criterion, across four representative test cases, as a function of n. The curves
show median ratios, while the shaded areas represent intervals bounded by the 10%
and 90% quantiles. Blue, green, and black represent reGP using the constant, concen-
tration, and spatial heuristics, respectively.
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and a numerical benchmark that shows very clear benefits of using reGP models for the optimization
of various functions.

A key element of the reGP approach is the definition of the range of interest, which is for
instance of the form (—oo,t(o)) in a minimization problem. In some use cases the range will be
provided by the user, but in others it is desirable to set it automatically. Three simple heuristics
have been proposed to achieve this goal in our optimization benchmark, and it has been observed
that the choice of heuristic has an impact on the exploratory behaviour of the resulting Bayesian
optimization algorithm. Finding better heuristics, studying their properties, and assessing their
impact in Bayesian optimization applications, is an important direction for future research.

More generally, the goal-oriented approach proposed in this article is not limited to single-
objective (Bayesian) optimization. The example from Section 4.4 and the benchmark results of
Appendix F show that it is also readily applicable, for instance, to level set estimation problems.
Appendix G provides a proof of concept for extending the approach to noisy observations. A thor-
ough investigation of the best modeling choices and theoretical guarantees is left for future work.
Other extensions are possible but will require more work. Constrained and/or multi-objective opti-
mization is another interesting but challenging direction for future research: in this case the func-
tion of interest is multivariate (one objective and several constraints, or several objectives), which
requires significant adaptations to the proposed methodology.

Another possible direction for future research would be to infer the unknown function using the
full predictive distribution (12), of which reGP is a mode approximation. This distribution defines
a Skew GP, for which various inference methods have been proposed in the literature, using for
instance quasi Monte-Carlo sampling, linear elliptical slice sampling or Gibbs sampling (see, e.g.,
Da Veiga and Marrel, 2012; Botev, 2017; Benavoli et al., 2021; Gessner et al., 2020; Takeno et al.,
2023). Adapting these ideas to the reGP setting may be relevant in a context where uncertainty
quantification is critical.
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Appendix A. Properties of the Truncated CRPS

We shall now write (25) more explicitly for the case where the range of interest is an interval
0 = (a,b), —oo < a < b < o0, and provide closed-form expressions for the case where, in addition,
the predictive distribution P is Gaussian.

Remark 19 The value of the tCRPS for an interval Q = (a,b) remains unchanged if the interval is
closed at one or both of its endpoints.

Remark 20 The value of the tCRPS for a finite (or countable) union of disjoint intervals follows
readily from its values on intervals, since Q — SgRPS (P, z) is o-additive.

We shall start by defining a quantity that shares similarities with (5).
Definition 21 EI(P,z) = E((NV---VN, —z), ) with N; > P.
The following expressions hold for a general predictive distribution P.
Proposition 22 Suppose that P has a first order moment.
e Leta,b € Rwitha <b. Then,
SZ?,I,{PS(P, z) = (bAz—a), + ELL(P,b) — EI; (P,a)
21, (Eﬁ (P,b) —EIl (P.a \/Z)> .

e Letb € R and Ni,N> iEP. Then,

SRYS(P z) = bAz + ELL(P,b) —E (N, V)
—21.< <EIT(P7 b) _EIT(RZ)) :

e Finally, ifa € R, then

SESEI;S(P7 Z) — StCRPS (B’ _2)7

—eo—a
where P is the distribution of —U if U is P-distributed.

Now, leveraging well-known analytic expressions (see, e.g., Nadarajah and Kotz, 2008; Cheva-
lier and Ginsbourger, 2013), we have the following closed-form expressions in the Gaussian case.

Proposition 23 (Nadarajah and Kotz, 2008; Chevalier and Ginsbourger, 2013)
Suppose that P = . (1, 6%) and let ¢ and ® denote respectively the pdf and the cdf of the standard
Gaussian distribution. Then
° EII(P,z) =oh (%), with
hi(t) =1 @)+ ¢ (1),
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e for g > 2, we have EIE(P, ) =0 hy (552), where

) = ar®,(8:0.0,0]) + g (-0 o) + 1,15 110.18,)

where ®,(-;m,X) is the cdf of the multivariate A (m,X) distribution,

B, =2diag(0,1; ,)+ 1,11, 4,

D, is the matrix representing the linear map

]Rq_>]R'q7 ()’17~--7)’q)T’_>(_)’17)’2—)717)’3_)’17~--ayq_yl)T7

and 3} = (t,O(-]r On

o finally for g =2 we have
c
E(N] \/Nz) =U+-—.

Nz

The propriety of scoring rules is an important notion that formalizes “well-calibration” in the
sense that a generating distribution must be identified to be optimal on average.

Definition 24 (see, e.g., Gneiting and Raftery, 2007) A scoring rule S : & x R — R is said to be
(strictly) proper with respect to & if, for all P\, P, € &, the mapping y € R+ S(Py,y) is P,-quasi-
integrable and the mapping

IS S(P] , Pz) = EU~P2 (S(P], U))
admits P> as a (unique) minimizer.

In the case of the truncated CRPS, simple calculations lead to (Matheson and Winkler, 1976):

SERS (P, Py) = SER (P, Py) + / (Fp, (1) — Fp, (u))* du.

It follows that StQCRPS is proper with respect to the class of all Borel probability measures on R for
any measurable O C R, and is strictly proper with respect to the class of non-degenerate Gaussian
measures on R as soon as Q has non-empty interior.
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Appendix B. Theoretical Insights on reGP

This appendix provides further theoretical study of relaxed interpolation. We start by recalling a
well-known approximation result for the interpolation of classes of functions outside the RKHS.
Then, we give a corresponding adaptation for relaxed interpolation. Finally, Appendix B.3 presents
results on approximation and uncertainty quantification for reGP with estimated parameters. The
notations are that of Section 3.3.

B.1 Escape Theorem for Gaussian Process Interpolation

In GP interpolation, error bounds are sometimes available for interpolation of functions not be-
longing to the RKHS. Let g, = min,;||x; — x;||/2 be the separation distance and p, = h,/q, be
the mesh ratio. A sequence (x,),>1 is quasi-uniform if there exists a positive constant Cqu such
that g, < h,, < Cqugy. The following proposition is a reminder of the well-known “escape” theorem,
which provides error bounds for standard Gaussian process interpolation of classes of functions
outside the RKHS attached to a kernel with regularity & > O (see Theorem 4.2 of Narcowich et al.,
2006, and Theorem 4.2 of Karvonen et al., 2020, and Theorem 1 of Wynne et al., 2021, for recent
extensions).

Proposition 25 Ler 0 < B < o0 < +o0 be such that f € Wf +d/ 2(X) and assume that X satisfies
Assumption 9. If k has regularity o, then

1 =55, im0y S HECL+PE D) fllypeon

where < denotes inequality up to a constant, that does not depend on f, n or (x,). In particular,
if (Xp)n>1 is quasi-uniform, we have

1f =55, ) S0P Fllyprar -

B.2 Convergence of Relaxed Interpolation of Functions Outside the RKHS

Section 3.3.2 only considers functions belonging to the RKHS. There are other situations in which
reGP is expected to offer advantages. For the remainder of this appendix, assume f: X — R
is an arbitrary function. For a relaxation range R = U‘;ZIR j» the subsets X; C X are defined as
in Section 3.3.2.

Definition 26 Let .7 be a set of functions X — R. We say that f is an R-element of F if there
exists a function g € F such that g and f coincide on Xo and f(x) € R; < g(x) € R}, forall j > 1
and x € X.

Naturally, if f € .%, then f is an R-element of .% . Note also that f can be an R-element of a space of
continuous functions and be discontinuous in the interior of an X, for j > 1. When .# = J7(X),
this condition is equivalent to requiring that the set 7% x, defined by (18), is non-empty.

Suppose f ¢ (X)) but f is an R-element of .7’ (X). In this case, the error bounds (8) and (17)
are invalid, whereas the conclusions of Propositions 12—14 still hold. (Indeed, observe that the reGP
predictor of f is that of a function g given by Definition 26. The propositions apply to g.)

Moreover, even if f is not an R-element of J#(X), error bounds can sometimes be stated

on Xy. Recall that the space Wzﬁ / 2(X) is an RKHS with a continuous kernel for § > 0. If f is
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an R-element of WZI3 / 2(X), then Proposition 12 ensures the existence of a minimum WZI3 / 2(X)—

norm element sgf gg of the set of functions g € Wf +d/ 2(X) coinciding with f on X and such
that f(x) € R; & g(x) € Rj, for all j > 1 and x € X. The following proposition is an adapta-
tion of Proposition 25 for bounding the error of the reGP predictor on X. It relies on membership
in the sense of Definition 26.

Proposition 27 Suppose that X is bounded and measurable. Let 0 < B < o¢ < o0 be such that f
is an R-element of Wzﬁ +d/ 2(X) and B C X satisfy Assumption 9. If k has regularity o, then it holds
that:

1 = skl S HE(1 +p,?*ﬁ)|ys§eﬁ,§\lwf+d/z(x), (29)

where < denotes inequality up to a constant, that does not depend on f, n or (x,). In particular,
if (Xp)n>1 is quasi-uniform, then it holds that:

|f = srnlli=8) < ”7B/d||s1(€[?))‘é‘|wf”/z(x)’ 0

Contrasting Proposition 27 with Proposition 25 suggests an improved fit with reGP in Xj
for two reasons. First, Proposition 27 applies to a larger class of functions since f can be

an R-element of Wzﬁ a/ 2(X) without lying in Wzﬁ +a/ 2(X). Furthermore, Proposition 15 shows

when f € Wf+d/2(X).

(X)

that HS%?)X wa‘*d/z (X)

can be arbitrarily smaller than || f|  p+a/2
2

B.3 reGP with Estimated Parameters

The reGP predictive distribution is obtained by conditioning the GP on the relaxed observations and
the model parameters given by (14). The results from Section 3.3.2 do not take parameter selection
into account. This appendix presents adaptations of recent theoretical results about parameter selec-
tion of Matérn covariance functions for Gaussian process interpolation of deterministic functions.

We still assume a zero mean GP and use the notations from Section 3.3.2, but in this appendix,
we consider the RKHS 77 (X) with reproducing kernel r, not &, and the posterior variance will be
7262(-), not 62(-) (recall from Section 2.1 that the covariance function is k(- -) = 72r(- —-)).

First, we consider the maximum likelihood estimation of the variance parameter 2. Sup-
pose that r is a Matérn correlation function with known regularity parameter v and range parame-
ters (p1, ..., Pq). Using the standard Gaussian process model, and writing z, = (f(x1),..., f(xx)) T,
it is well-known that the maximum likelihood estimate of 7 is given by:

o s, I3
2= allx)

n

The estimated posterior variance at x € X is 7262 (x). Suppose that (x,),>] is dense in X. It
holds that [|s; || »x) = [Ifllz(x) if f € 7(X) (see, e.g., Iske, 2018, Theorem 8.37). Therefore,
if f € 7(X) and x € X, then (8) implies that:

/() =55, (0)]

T,0(x)

<Cyn

for some C > 0 and n large enough and using the convention 0/0 = 1. In other words, the GP
can be overconfident by a factor of magnitude at most /n (Karvonen et al., 2020; Karvonen, 2022).
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If f ¢ (X)), then (8) is not valid and one can typically expect larger errors. Karvonen et al. (2020)
study how ||s || (x) diverges to compensate in this case.

Returning to relaxed Gaussian process interpolation with relaxation range R, notice that the
likelihood can be optimized with respect to the relaxed observation independently of 72. Then,
given the optimal relaxed observations z7, the reGP variance estimate writes

n°

9 ||SR,n||?yf(X)
Tn,R =

n
where sg , = s 1s the relaxed predictor. Using (7) and (10), it is easy to show that 753 r < 7T2. The
following proposition shows that the situations where ?,%7 r = O(n1) are characterized by member-
ship of f in 77 (X) in the sense of Definition 26.

Proposition 28 Suppose that f is an R-element of the space of continuous functions from X
to R and that (x,),>1 is dense in X. Using the notations of Proposition 12, it holds that
H(X) sk x| w(x) If f is an R-element of #(X) and ||SR,nij(X) — o0 otherwise.

[

Coordinating Proposition 28 with (20) then shows that, for x € X, the reGP predictor can be over-
confident by a factor of magnitude at most

o),

o, (x)

when f is an R-element of .7(X). As mentioned in Remark 16, empirical and theoretical evidence
about the screening effect suggests that the ratio 6, (x)/0,(x) is asymptotically close to one, for
finite-smoothness covariance functions. (Alternatively, matching bounds on power functions, such
as Equation 16 and Theorem 4.4 from Karvonen et al., 2020, can be used to prove the existence of a
constant C such that 6, 9(x) < Co,(x), for n large enough, in the case of a quasi-uniform sequence
of points.) In this case, reGP can be overconfident by a factor of magnitude at most /n as for
vanilla GPs.

If f is not an R-element of .7#’(X), then (20) does not hold anymore and Proposition 28 shows
that |[sg || (x) diverges to compensate. The following proposition is an adaptation of Proposi-
tion 4.5 from Karvonen et al. (2020), giving an upper bound of ?,i r for quasi-uniform sequences.

Proposition 29 Suppose that X is bounded and measurable, that (x,),>1 is quasi-uniform, and that

there exists a B > 0 such that f is an R-element of WZB / 2(X). Then, with a Matérn covariance
function with regularity v > B, it holds that:

TR S S e (31)

(B

with sp ) defined in the paragraph preceding Proposition 27.

Following Wang and Jing (2022)—but using a slightly different convention—we define the smooth-

ness B(f) =sup{B >0: f¢€ Wzﬁ +d/ 2(X)} of a function f. Given a relaxation range R, we use the
definition:
Br(f) = sup {[3 >0 : f is an R—element of wa/z(X)} , (32)

taking the relaxation into account. It holds that B(f) = Bo(f) < Br(f)-
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Let v > Br(f) > 0 and assume the supremum (32) defining Bg(f) is reached for simplicity. The
rate in the upper bound (31) is optimized by taking 8 = Bgr(f). Under more restrictive assumptions
on the spectrum and the support of f, Karvonen et al. (2020) give matching lower bounds for tra-
ditional Gaussian process interpolation and discuss uncertainty quantification for functions outside
the RKHS. Obtaining a similar result for reGP is more involved and thus left for future work. Con-
sidering (30) and Theorem 4.4 from Karvonen et al. (2020), it can be seen that a class of functions
such that the bound (31) with B = Bg(f) is sharp would also essentially be such that reGP can be
overconfident by a factor of magnitude at most /n on Xy for quasi-uniform observations.

Finally, we consider the selection of the smoothness parameter v given fixed prior variance and
range parameters. For Gaussian process interpolation, Karvonen (2023) gives asymptotic bounds for
maximum likelihood estimates of v with quasi-uniform observations from a deterministic function.
The Matérn covariance function depends continuously on v. Therefore, for 0 < Vpin < Viax < o0
and © = [Vmin, Vmax), the minimum of (14) is reached on ® x Cg , according to the paragraph
following Definition 6. For each n, let (VX, z*) be such a minimizer, with ties broken arbitrarily.
The following asymptotic lower bound is an adaptation of the first statement of Theorem 3.12 from
Karvonen (2023).

Proposition 30 Let 0 < Vyin < Vinax < +90 and ® = [Vpin, Vimax] and assume Br(f) +d/2 € ©,
with Br(f) given by (32). If X satisfies Assumption 9 and the sequence (x,),>1 is quasi-uniform, it
holds that liminf VR > Br(f) +d /2.

A smoothness parameter estimate based on reGP is asymptotically strictly larger than Bg(f). Con-
sequently, the function f is not an R-element of the RKHS. This echoes the results obtained for
Gaussian process interpolation in the previous reference. These results must be seen considering
that parameters are selected using the likelihood of a model whose sample paths are almost surely
not contained in the RKHS (see, e.g., Luki¢ and Beder, 2001). Petit (2025, Section 6) studies asymp-
totically the effect of a joint estimation of v and 72 in a simplified Gaussian process interpolation
framework.

Assume the supremum (32) is reached for simplicity and 0 < Br(f) < +e. With a Matérn
covariance function with regularity v > 0, quasi-uniform observations, and B C Xy satisfying As-
sumption 9, the upper bounds (21) and (30) yield:

{ I1f = sralli=gy S v/ if v < Br(f),

(33)
If = s.nll=(B) SJn*ﬁR(f)/d otherwise.

As with standard Gaussian processes, this suggests that, for quasi-uniform observations, the most
accurate reGP models on X are obtained by taking v > Br(f). Proposition 30 shows that reGP
selects such models automatically.

The previous remark also applies with R = 0, recovering a conclusion of Karvonen (2023, Sec-
tion 4.1) for Gaussian process interpolation. Consequently, the inequality B(f) = Bo(f) < Br(f)
and (33) suggest an improved fit with reGP compared to a traditional Gaussian process when both
models are used with estimated smoothness parameters.

Finally, note that the quasi-uniformity assumption is rather strong and prevents applications to
active learning tasks (see Wynne et al., 2021, Section 5.2, for a possible application to a Bayesian
optimization policy designed to ensure quasi-uniformity).
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Appendix C. Proofs

Lemma 31 (Aronszajn, 1950, Section 1.5) Let k: X X X — R be a positive-definite covariance
Sfunction, U C X, and 7 (U) be the RKHS attached to the restriction of k to U x U. The RKHS
A (U) is the space of restrictions of functions from 7 (X) and the norm of g € 7 (U) is given by

inf h|| sz x)-
heff(X),h‘U:gH )
Proof of Proposition 3. First the existence and the uniqueness of the solution are given by the first
statement of Proposition 12 (with g , = A% (x,....x,})-
Furthermore let z € R" and write & = K, 'z, the reproducing property (6) gives

2 T T—1
s[5 x) =@ Kna =2 K, 'z, (34)
and therefore
. 2 . . 2 . T 1
min ||A = inf min h||~ = inf 2 K, 'z
he%ﬁ\l ey = Jof - o h(m:gll 1) = inf 2K,z
where the last infimum is uniquely reached by the evaluation of the solution on x,,. |

-
Proof of Proposition 4. Write K,, ,, for the covariance matrix of the random vector <Z;,1T, ZI

Using the equalities (4) and (34), and a slight abuse of notation by dropping irrelevant constants
with respect to z’ and z € Cg ,, we have

2In(p (22120 € Crn)) = (ng’ < )K";l" (ng’ < )T = e 0 M2 ey
This gives
ceriily, 2P (2lZy € Cra)) = min R,
which is reached by taking z = z% and 2 = (Sé,ﬁ (x}),-.. Sz (x,’n))T ]

Proof of Proposition 10. First, one has

supo,(x) =sup sup [f(x)—s; (¥)|= sup |If—s ll=(x)-
reX xeX || fllex)=1 £l 2 =1

Now, let f € (X)) such that || f|| ,»(x) = 1, and X be the interior of X.. The boundary of X’

is the one of X under Assumption 9, and the Sobolev space W;Hd/ 2(X") defined by (15) is norm-
equivalent to the Sobolev—Slobodeckij space (see, e.g., Proposition 3.4 of Di Nezza et al., 2012,
for a statement on R¢ and Theorem 1.4.3.1 of Grisvard, 1985, for the existence of an extension
operator).

Then, one can apply Theorem 4.1 from Arcangéli et al. (2007) to f — s, restricted to X to
show that, for &, lower than some positive A (not depending on f or (x,),~), we have:

1f =52 lz=x) = [1f =52, l1=(xx0) S thf—S;nHszd/z(Xo) Shllf = s L) S hy (35)

34



RELAXED GAUSSIAN PROCESS INTERPOLATION

x) due to the definition (15), W2a+d/ 2(X)
being norm equivalent to 7#°(X), and because of the projection interpretation of s, (see, e.g.,
Wendland, 2004, Theorem 13.1). Finally, one can get rid of the condition A, < hg for simplicity by
possibly increasing the constant, since sup, . 0,(x) < sup,cx v/k(x, x) < 4o0 by compacity. W

by continuity of f — s , since \|-HW2a+d/z xo) < H'”W2a+d/2

Proof of Proposition 12. First observe that 7%  is not empty since it contains f. Furthermore, it
is easy to verify that 7 y is convex and that it is closed since pointwise evaluation functionals are
continuous on an RKHS. The problem is then the one of projecting the null function on a convex
closed subset; hence the existence and the uniqueness.

Then, the function sg , is the projection of the null function on the closed convex set % ,.
Moreover, the sequence (% ,),., is non-increasing, so the sequence (sg,),.; converges
in 7#(X) to the projection of the null function on > #% » (see, e.g., Brezis, 2011, Exercice 5.5),
i.e., the solution of (19), with U = {x,}. But this last solution is also the solution on the closure
since it satisfies the constraints by continuity. |

Proof of Proposition 13. Define x? and z° to be data points within X, and 5,0 0 the associated

(interpolation) predictor, i.e., the solution of (7). Take the null function if there are no observations
within B. Observing that s, .o interpolates sg, », we have:

‘f(x) _SR,n(x)‘

IN

| F(x) = 5y9,20(X) ]+ [850, 0 (x) = sR.n (%) ]
,0(%) || £l (x0) + O, 0 (%) l[sR.nll (0

< 20,0(x) [lsr x [l (x)

IA

since f coincides with sg x on Xo, sg x € %, », and by Lemma 31. |

Lemma 32 Use the notation (36). If k has smoothness o > 0, then there exists hy > 0 depending
only on a such that, for all x,y € X satisfying ||x — y|| < ho, we have

18y — &l sex 3y S llx—yl|%, for o < 1,

18y — &kl (x) S V/ In([lx = y[)] [|x —yl|, for &t = 1,

and
18y — &l s+ (x) S llx—yl|, for & > 1.

Proof. Since equivalent norms give equivalent operator norms on the topological dual of a normed
space, it suffices to show the result for a unit-variance isotropic Matérn covariance function (3) of
regularity o.

In this case, we have

18, — 84l ) = k. 3) k(3 ¥) — 2K(x, 3) = 2 (1 = ra ([ — 1)),

with ry the corresponding isotropic correlation function. Standard results on principal irregular
terms (see, e.g., Stein, 1999, Chapter 2.7) give the results. |
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Lemma 33 Ler B C X satisfying Assumption 9 and hy, p be the fill distance of X, p = {x1,...,x,} N
B within B, with the convention h, g = diam(B) if X, g is empty. Then, hy g S hy,.

Proof. The idea of the proof is given by Wendland (2004, Lemma 11.31), but it is interlinked with
a much more sophisticated construction, so we provide a specific version here for completeness.
Adams and Fournier (2003, Section 4.11) show that B satisfies a cone condition with radius p > 0
and angle ¢ € (0, /2). If X, 3 is not empty, then the compacity of B ensures the existence of
anx € B such that d(x, X, g) = h, p. (If X, p is empty, then the rest of the proof is also valid taking
an arbitrary x € B.)

A cone C originating from x with angle ¢ and radius § = min(h, g, p) is contained in B and its
interior do not contains observations. Furthermore, Wendland (2004, Lemma 3.7) shows that there

exists a y € C such that the open ball B (y, osin(¢) (14 sin((])))*l) is subset of C, and therefore

contains no observations as well. Thus, /, > §sin(¢)(1+sin(¢))~!. Now, if h, 5 < p, then the
desired result follows. If not, the result holds as well since 4, 3 < diam(B). |

Proof of Proposition 14. For the first assertion, suppose first that B contains observations and
let 0, p be the power function using only the observations within B. It can be shown that the re-
striction of the kernel to B also has regularity ¢ using (15) and Lemma 31. Using Proposition 13,
the inequality o, o < 0, p given by the projection residuals interpretation, and applying Proposi-
tion 10 to B yields a bound depending on the fill distance A, g of {x1,...,x,} N B within B. Finally,
Lemma 33 allows us to conclude. Dealing with the case where B contains no observations using (6)
makes no difficulty.
Regarding the second assertion, f is continuous so the sets X ; are compact for j > 1. In addition,
they are disjoint so
0 = min inf _ |[x—y| >0.

I<j<pxeXj,yeX,
Suppose now that #, < § and let j > 1, x € X; and 1 < i < n the index of the closest x; to x. By
definition, ||x —x;|| < h, and therefore x; € XoUX ;. Let 5#*(X) be the (topological) dual of .77 (X))
and

Oyt he (X) — h(y), (36)

which lies in .77* (X)) for all y € X.. Then using the reproducing property (6), we have
s, (xi) = R0 (X)| < (|6 = Ocll e (x)lISR,n | (3) < M0 — Skl e x) lIsw x| e (x) s
and therefore
d(sr,n(x), Rj) < [|6y; — Ol o3 sk, x| o x) + d (SR (%), R)).

Now, if x; € X;, then d(sg »(x;), Rj) = 0. Otherwise x; € X necessarily and, then, using the fact
that sg x (x) € R;, we have:

d(sg,n(xi), Rj) < |srn(x:) —srx (X)| = [sr x (%) = sr,x (X)| < |6 — el x) ISk, x| o (x) -

So one can use Lemma 32 along with the previous statements to conclude if 4, < min (6, hp). (It
may be necessary to reduce min (8, i) to use the monotonicity of x — xy/—1In(x), for x > 0 close
to zero.)
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Finally, treating the case &, > min (&, hy) is straightforward using the fact that sup,.x \/k (x, x)
is finite thanks to the compacity of X and d(sg ,(x), R;) < [sg,»(x) —sg x(x)| for j>1andx€ X ;

Lemma 34 [f g, h € W) (X) for y > d/2, then gh € W, (X).

Proof. By the definition (15) of W;(X), the functions g and & can be extended into functions
on RY, having their product in W;’(]Rd ) (Strichartz, 1967, Theorem 2.1). Taking the restrictions
shows the desired result. |

Proof of Proposition 15. We use a bump function argument. Let B(xo,7) C X; (with > 0) be an
open ball. There exists a C* function ¢ : R? — R such that

0<o<1,

¢(x)=1 onlyif x=0,

o(x)=0 if x € X\ B(0,r).
Letc € Ri\{f(x0)}, ¢» = ¢ (n(- —x0)) as a function on X, and f,, = (1 — ¢,,) f +c@,, forn > 1. We
have ¢, € W2a+d/ 2(]Rd ) as a function on R, so it belongs to W;Hd/ 2(X) as a function on X, and

Lemma 34 ensures that f,, € 77 (X). Moreover, it is easy to check that f, € /% x. Observe that the
sequence (f,)n>1 converges pointwise to a discontinuous function that lies thus outside .77 (X).
Suppose now that || f,|| »»(x) -+ +eo. Then, one can extract a bounded subsequence of norms
and a classical weak compacity argument would yield a weakly convergent subsequence, which is
impossible since the pointwise limit is not in .77 (X). [ |

Lemma 35 Use the notations from the proof of Proposition 18 and let (y,),>1 be a sequence in X.
Assume that the sequence (y,)n>1 is convergent, denote by y* its limit and assume that y* is an
adherent point of the set {x,}. Let t.. = liminft,, then

o sulyn) = fO) I F) <t
e liminfs,(y,) > tw, otherwise.

In particular, we have
liminfs,(y,) > min(f(y"), =)

Proof. Suppose that y* ¢ {x,}. Then, let (x¢("))n>1 be a subsequence converging to y* and let
v(n) = max{¢(k),¢ (k) < n}. We proceed as in Proposition 14 to have:

‘Sn(xu/(n)) _Sn(yrt)‘ < H5xw<n) — 9y, H%(X) HSHH%’(X) — 0, 37)

thanks to the continuity of k and the inequality [|s, || »(x) < [l fll#x)-

Finally, we have s, (xy(,)) > min (f (xy(,)) , ) by construction and therefore liminfs, (xy,)) >
min (f (y*), f-), which gives the second assertion thanks to (37). Observe that f(xy,)) < t, ulti-
mately if f(y*) < . for the first assertion.

If y* € {x,}, then the result follows similarly. [
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Lemma 36 Using the notations from the proof of Proposition 18 and writing v, = sup,cx Pn.s, (X),
we have liminfv,, = 0.

Proof. This is an adaptation of Lemma 12 from Vazquez and Bect (2010b).
Let y* be a cluster point of (x,,)n21 and let (x¢(n))n>1 be a subsequence converging to y*. We
are going to prove that vy, — 0. Define -

29(m)—1 = Mg(m)—1 = S(n)~1 (X))
Then, Lemma 35 gives! liminfsg )1 (Xg(s)) > min(f(y*), t-). Moreover we have

Mg(my—1 <IN (f (Xp(0-1)) 5 To(m)-1)

since ¢(n—1) < ¢(n) — 1, so limmg(,y_; < min(f(y*), t) holds because (m¢(")*1)n>1 is non-
increasing. The previous arguments show that limsupzy(,)—; < 0.

Moreover, one can use Proposition 10 from Vazquez and Bect (2010b, (i) = (ii)) similarly to
show that Gd%(n)fl (X¢(n)) — 0 and therefore

Vo(n)—1 = 7(2¢<n)_1, Gém)-l(xd)(n))) <Y (igP%(k)—la G§<n)_1(x¢(n>)> — 0,
>n
since Y is non-decreasing with respect to its first argument and continuous. |

Proof of Proposition 18. This is an adaptation of Theorem 6 from Vazquez and Bect (2010b).
Write s, = sg,,» for the reGP predictor at step n to avoid cumbersome notations. Then, for x € X,
write pp.;, (x) = Y(my, — su(x), 62 (x)) for the expected improvement under the reGP predictive dis-
tribution, with 7y the function defined in Proposition 1.

Suppose that there exists some xo € X such that 62 (xg) > C; > 0. The sequence (),
converges and the reproducing property (6) yields -

Isn(x0)| < Vk(x0, X0)lIsnllex) < Vk(xo, X0)[|f [l e x)

so the sequence (|, —s,(x0)|),> is bounded by, say C;. We then have

Vi = SUP Py, (x) = ¥ (my — a(x0), 0 (x0)) = 7(=C2,C1) >0
xeX
by Proposition 1. But this yields a contradiction with Lemma 36, so the decreasing se-
quence (G,f)n> , converges pointwise on X to zero. Proposition 10 from Vazquez and Bect (2010b)
then implies that every x € X is adherent to {x,}. [ |

Lemma 37 Assume that b is finite, and that either a is finite too or [°_ Fp(u)du = [°_ |u| P(du) is
finite. Then

StCRPS( ) — (b-a\/z)+—|—R2(a,b)—2R1(Clvz,b)7

where .
Ry(a,b) = L o<u<p Fp(u)?du.

—o0

1. Lemma 35 yields liminfs,_1 (xy,)) > min(f(y*), fe) with y(n) = max{¢(k), ¢ (k) < n}, and the claim follows by
extracting a ¢-subsequence.
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Proof.

+o0
SEIC,IEPS (Pv Z) = ]laSqu (]lzgu - FP(M))Z du

+o0
= Locush (Lo<u+ Fp(u)? — 21,2, Fp(u)) du

—o0

—+oo
= / (Lavz<usp + Lazuzp Fp(u)* — 2D gyz<uzp Fp(u)) du

= (b—aVz)y+Rs(a,b)—2R(aV z,b).

Lemma 38 Leta,b € R witha <b. Let g > 1. Then
Ry(a,b) = b—a+EI}(P,b) —EI}(P,a).
Proof.

R‘I(aﬂb) = /]lagungP(M)qdu

q .o
= / Ta<ush [TE (Ivj<u) du with N; i
=1

=E (/ Lavnyvevn,<u<b d”)

= E((b—aVNV---VN,),)
= b—a+EI}(P,b) —EI}(Pa).

Proof of Proposition 22. The first result is given by Lemma 37 and Lemma 38.
Then using the dominated convergence theorem, it is easy to see that, when a — —oo

EIE(P,a) =ENiV---VNy) —a+o(l),
and therefore

Ry(—oo,b) = lim Ry(a,b) = b+EI[(P,b)—E(NV---VN,),

a—r—oo

which gives the second statement.
Finally, a change of variable gives

—o0

[~ teaau= [l - PO = 0~ 1)

and the last statement follows by observing that a probability measure admits at most a countable
number of atoms. u
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Proof of Proposition 25. The proof follows closely those of Theorem 4.2 from Narcowich et al.
(2006), Theorem 4.2 from Karvonen et al. (2020), and Theorem 1 from Wynne et al. (2021). It is
therefore not entirely repeated for brevity. Note that Theorem 4.1 from Arcangéli et al. (2007) must
be used with ¢ = +o0 and g = 2 but requires X to be open. Under Assumption 9, the adaptation
for g = +oo is given by (35) in the proof of Proposition 10. For g = 2, use the fact that a locally
Lipschitz boundary has zero measure.

The proofs in the references give the result for 4, lower than some /g (not dependent of (x;,),>1
and f). Removing this condition by possibly increasing the constant makes no difficulty.

The fact that h, < n~'/¢ for a quasi-uniform sequence (see, e.g., Wendland, 2004, Proposi-
tion 14.1) gives the second statement. |
Proof of Proposition 27. Assume there are observations (xZ, gf) within B and let 5.5 .z be the
associated (interpolation) predictor. We have:

||f—SR,nHL°°(B) <|f- ;ﬁ,;ﬁHLw(B) + ||S£5,;§ _SR7n|‘L°°(B)-

Use the notations of Lemma 33, let g, p be the separation distance of points within B (with the
convention ¢, g = diam(X) if X, 5 has less than two distinct elements), and let p,, p = hn 5/qn, B-
It holds that fi € Wzﬁ /2 (B) since B C X and f is an R-element of WZB T/ 2(X). It can be shown
that the restriction of the kernel to B also has regularity o using (15) and Lemma 31. Therefore, we
can apply Proposition 25 to f|p to get:

1 =5 o= S 18 w14+ ED M ypear ) S HE (L PP s o
where we used Lemma 33, the inequality g, < g, g, the definition (15), and the fact that sgf }gg
coincides with f on B.
Consider the restrictions on B and observe that sg , € #°(B) and that s,s s is the associated
interpolation predictor. One can combine (8) and Proposition 10 to get

8,28 = SR.nllz=(8) S P, glISR.nll o8y S P ISR,

|7 (x)

using Lemmata 31 and 33.
Observe that the proof of Lemma A.1. from Karvonen et al. (2020) is valid without restrictions

on the domain X. Therefore, there exists a constant Cﬁ > 0 such that, for each n, there exists a
(B) a+d/2 (B)

function u,; * € W, (X) coinciding with sy, 5 on the design x,, and satisfying
i a2y < ot~ sidelypeor g
To conclude, observe that ug,ﬁ ) € S, » and thus
Israllor) < Nk o) < Nk year gy S @ sifellypeors e (38)

The previous display is also true when B does not contain observations. Coordination with (6)
and Lemma 33 shows that (29) also holds in this case.

40



RELAXED GAUSSIAN PROCESS INTERPOLATION

The fact that A, < n~Y4 for a quasi-uniform sequence (see, e.g., Wendland, 2004, Proposi-
tion 14.1) gives the second statement. |

Proof of Proposition 28. Let g € 57 (X)) make f an R-element of 77’ (X). Applying Proposition 12
to g proves one implication.

Conversely, the sequence (|[sg x|l »(x))n>1 is non-decreasing. Suppose that it is bounded. One
can then extract a weakly convergent subsequence from (sg ,),>1. The sets % , are closed and
convex and hence weakly closed. The weakly convergent subsequence is ultimately in each of these
sets so its limit lies in their intersection. It can be checked that the existence of a continuous function
coinciding with f on X and defining the same X ;s ensures that this intersection is equal to 7% x .l

Proof of Proposition 29. The result is given by (38) with @ = v and ¢,, < n~—1/4 by quasi-uniformity
(see, e.g., Wendland, 2004, Proposition 14.1). |

Proof of Proposition 30. The proof follows the ideas of Karvonen (2023, Theorem 3.11 and The-
orem 3.12). Write K,, , to underline the dependence of the covariance matrix on the parameter v.
Let € > 0 be small enough and write

A (v) = min Z(v; z) =< constant + log (det (K, y)) + min ZTK,:‘I,g.

2€CR 26Crn~

For T = Br(f) +d/2 —€/2, we are going to prove that inf, . —\<pg.(f)4a/2—e-# (V) — A (7) is
ultimately positive.

First, observe that Proposition 3.7 of Karvonen (2023) applies in our setting (by potentially
transforming X to deal with an isotropic covariance function). Our Proposition 10 adapts Proposi-
tion 3.6 from the previous reference in the setting of Assumption 9. Proceed as in the reference by
using these two propositions and Stirling’s formula to get

1) &
i - > S log(n!) ~ < .
vmingvgﬁl,?(g')m/z—elog(det(Kn’v)) log(det(K, 7)) > O(n)+ 7 log(n!) dnlog(n)

To conclude, observe that f is an R-element of Wzﬁ w(f)—e/2+d/ 2(X)

uniformity yields:

by definition, so (38) and quasi-

min 'K, 1z <n.
gECR,,,f L

41



PETIT AND BECT AND VAZQUEZ

Appendix D. EI Benchmark Results

The results are provided in Figures 11-15, for all the test functions from Table 1, using the same
format as in Figure 8.

Observe that all the EGO-R methods yield (sometimes very) substantial improvements on Beale,
Goldstein-Price, Six-hump Camel, Dixon-Price (4), all instances of Perm and Rosenbrock, Three-
hump Camel, and Zakharov (4) and (6). Focusing on these test functions, the concentration heuris-
tic appears to give the best results, while the constant heuristic brings the least improvement. The
spatial heuristic gives intermediate results between the two, sometimes giving results similar to the
concentration heuristic and, at other times, results similar to the constant heuristic.

Taking variability (colored areas) into account, EGO-R with the constant and spatial heuris-
tics performs only slightly better than EGO on Cross-in-Tray and Dixon-Price (6) and (10).
The concentration heuristic, however, brings substantial improvements on these test functions,
though. All EGO-R methods perform as EGO on Branin, Ackley (4) and (6), Log-Goldstein-Price,
Michalewicz (4) and (10), all the Shekel instances, Hartman (3), and Zakharov (10).

The performance of the EGO-R methods is rarely worse than EGO, and never dramatically so.
Nevertheless, the concentration heuristic yield substantially higher median empirical best minima
on Ackley (10), and Michalewicz (6) and (10). This is also the case of the spatial heuristic on
Ackley (10).

Remark 39 The results are spread out for the Hartman (6) function. Investigations have shown
this is due to a fraction of runs getting trapped in local minima. The proportions of runs reach-
ing, for n = 300, an empirical best evaluation close to the global minimum are 72%, 68%, 67%,
and 66% for EGO and EGO-R with the constant, spatial, and concentration heuristics, respectively.
(To measure the closeness to the global minimum, a list xi,...,xy of local minima was estimated
by manually analyzing the output of repetitions of a random-start local optimizer. Then, a function
value f(x) is said to be close to the global minimum if | f (x) — f(x})| is minimized by argmin, f(x}).)
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Ackley (4) Ackley (6)
10° 1 .
107" 4 1
107 4 1
i 1077 1 1
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-1 ] | == const.
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10-10{ 10 |
—-11 i
10712 N . 10
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0
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1072 4 1 1072 5 1
10-5 | 1077 - 1
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1071 - : 1
—-11 | i
10 ﬁ 10-14 i //
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100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0

Figure 11: EGO and EGO-R results for a subset of the test functions from Table 1. Same legend as
in Figure 8.
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Cross-in-Tray Dixon-Price (4)
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Figure 12: EGO and EGO-R results for a subset of the test functions from Table 1. Same legend as
in Figure 8.
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Figure 13: EGO and EGO-R results for a subset of the test functions from Table 1. Same legend as

in Figure 8.
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Perm (6) Perm (10)
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Figure 14: EGO and EGO-R results for a subset of the test functions from Table 1. Same legend as
in Figure 8.
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Shekel (7) Shekel (10)
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Figure 15: EGO and EGO-R results for a subset of the test functions from Table 1. Same legend as
in Figure 8.
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Appendix E. UCB Benchmark Results

The Upper Confidence Bound (UCB, Cox and John, 1992; Srinivas et al., 2010) is an other sampling
criterion for function minimization. Given a parameter 3 > 0, the function f is minimized by
choosing sequentially x,1 | minimizing

Hn(x) — BOw(x), (39)

with respect to x € X. In other words, the UCB algorithm minimizes an optimistic quantile of the
Gaussian predictive distribution to select the next observation. Large values of 8 favor exploration.

Varying 3 slowly with n helps to prove convergence (Srinivas et al., 2010). Nevertheless, a
few experiments (not shown here) suggest that, overall, on the test functions from Table 1, the best
vanilla GP baselines were obtained with a fixed value. Consequently, this finite-sample study was
restricted to a fixed value of  as in Cox and John (1992) and Picheny et al. (2013). The value was
chosen so that (39) corresponds to the 10%-quantile of the predictive distribution.

As with the EI criterion, the application of reGP to the UCB algorithm simply involves plugging
the reGP predictive distribution into the criterion (39). For choosing the validation threshold t,(,o), we
will again compare the three heuristics introduced in Section 5.3.1, namely constant, concentration,
and spatial. (Given t,(,O), the relaxation range candidates will also be defined as in Section 5.3.1.)
More generally, the assessment was carried out using the methodology described in Section 5.3.1.
The criterion (39) was optimized using a subset simulation algorithm. The results are shown in
Figures 16-20.

When applied to UCB, all reGP variants outperform the standard UCB algorithm on Beale, Six-
hump Camel, Dixon-Price (4) and (10), Goldstein-Price, all instances of Perm and Rosenbrock,
Three-hump Camel, Zakharov (4) and (6). Furthermore, the concentration heuristic yields the best
results on these test functions.

The spatial and constant heuristics perform as standard GPs on Branin, and Dixon-Price (6).
Only the concentration heuristic brings a substantial benefit. However, GPs and all reGP variants
give similar results on Ackley (4), Michalewicz (6) and (10), Hartman (3), and Zakharov (10). The
concentration heuristic underperforms on Ackley (6) and (10).

The results are spread out for all algorithms on Cross-in-Tray, Log-Goldstein-Price, Hart-
man (6), Michalewicz (4), and Shekel (5), (7), and (10). As with the Hartman (6) function with
El, this is caused by local minima. This is a known feature of the standard UCB algorithm with
fixed B (see Jones, 2001, Section 5). (However, as mentioned earlier, this produced the best base-
lines, overall, in this study.) Table 2 shows the fractions of runs getting close to the global minima
on these test functions. Observe that the reGP variants are not routinely more often trapped in local
minima. Furthermore, the figures show that the concentration heuristic still benefits runs reaching
the global minimum.
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Table 2: Proportion of UCB runs reaching, for n = 300, an empirical best evaluation close to the
global minimum. These proportions are estimated as described in Appendix D.

Problem GP | constant | spatial | concentration
Hartman (6) 66% | 65% 65% 67%
Shekel 5 31% 32% 36% 36%
Shekel 7 41% 44% 46% 47%
Shekel 10 19% 16% 16% 16%
Log-Goldstein-Price | 87% 84% 81% 94%
Cross-in-Tray 97% 88% 86% 88%
Michalewicz (4) 26% | 22% 16% 24%
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Ackley (4) Ackley (6)
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Figure 16: UCB results for a subset of the test functions from Table 1. Same legend as in Figure 8.
The red color stands for the UCB algorithm with vanilla GPs and the blue, green, and
black colors for UCB with reGP, using the constant, concentration, and spatial heuristics
respectively.
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Cross-in-Tray Dixon-Price (4)

1072 - .
107° 4 .
| 10712 1 .
T 10718 n _
i / 10723 4 | ///
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0
Dixon-Price (6) Dixon-Price (10)
100 T 7 = const.
_ =— spatial
10—6 _ i 10 3 4 | — P
= concent.
10712 1 1 1077 1 1
10—18 . . 10*11 - -
10724 . 10~ 15 i
T T T T T T T T T T T T T T
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0
Log-Goldstein-Price Goldstein-Price

1072 A 1 1072 4 .
107° 1 107° 1
1078 - . 107% .
1071 1 1071 1 i
1014 4 i / 1071 -

T T T T T T T T T T T T T T
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0

Figure 17: UCB results for a subset of the test functions from Table 1. Same legend as in Figure 16.
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Figure 18: UCB results for a subset of the test functions from Table 1. Same legend as in Figure 16.
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Figure 19: UCB results for a subset of the test functions from Table 1. Same legend as in Figure 16.

53



PETIT AND BECT AND VAZQUEZ

Shekel (7) Shekel (10)
107° 1 1 1072 1 1 __J
107% 4 . 1078 4 .
10713 ~ . 10713 .
10718 T 10718 4 -
10723 4 - 10-23 4 ] p
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0
Three-hump Camel Zakharov (4)
—1 _ _
10 03 . |
—4 n _
10 108 - 4
1077 . 10~13 \ 4
10710 n i 10—18 _ n /
10~13 4 J 10723 4 . /
T T T T T T T T T T T T T T
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0
Zakharov (6) Zakharov (10)
10° 4 - 107 5 3
= const.
= spatial
1074 4 - 10~ 4 4 — GP
== concent.
-8 | 1 ]
10 10-2 ]
10712 - - 5
10716 - - ; ;
T T T T T T T T T T T T T T
100 200 300 0.0 0.330.66 1.0 100 200 300 0.0 0.330.66 1.0

Figure 20: UCB results for a subset of the test functions from Table 1. Same legend as in Figure 16.

54



RELAXED GAUSSIAN PROCESS INTERPOLATION

Appendix F. Application to the Estimation of an Excursion Set

Consider the problem of estimating the set {x € X, f(x) < u}, for some u € R, as illustrated in
Section 4.4. When f is expensive to evaluate, a common approach is to use active learning with
Gaussian process surrogates. A large variety of sampling criteria are available in the literature (see,
e.g., Bryanetal., 2005; Bect et al., 2012; Chevalier et al., 2014; Bogunovic et al., 2016). To illustrate
the benefits of reGP for the estimation of an excursion set, we choose the straddle heuristic of Bryan
et al. (2005), which consists in choosing x| maximizing

1.960,,(x) — |t (x) —u|, xeX. (40)

This simple (but effective) criterion rewards locations where the prediction is both close to # and
uncertain.

As with the EI and UCB criteria, the coordination of reGP with the straddle heuristic sim-
ply involves plugging the reGP predictive distribution into the criterion (40). Consequently, with

observations (x,,z,) and using the framework described by Algorithm 1, we are left to specify

a range of interest Q, and a list R\ O, = R,(ZO) DD R,(inl) of relaxation range candidates.

As in Section 4.4, symmetric ranges of interest Q, = (u — z,(f”, u—+ t,(lo)) are considered. For t,(lo),

the three heuristics proposed in Section 5.3.1 are adapted by considering o-quantiles of |u — z;].
(8) (g) (8) (8)

Then, given t,go), we propose to use Ry’ = (—oo, u —t,°| U [u+ 1", +o0) with ,°’ ranging log-
arithmically from 1% to max; | f(x;) —u|. As was done for optimization, we use the convention

that ££97" > max; | f(xi) — u| so that the G-th model is a vanilla GP.

As in Section 5.3.1, the experiments are conducted using Matern covariance functions with
regularity v = 5/2 and constant mean functions. We also use G = 10 and initial designs of size
nog = 10d. The criterion (40) is optimized using a subset simulation algorithm.

Four test cases are considered for the straddle heuristic in this work. First, the two functions cg
and cg introduced in Section 4.4, with u = 0. Then, as in Section 5.3.1, we also consider the
Goldstein-Price function, as well as its log-version. The vanilla Goldstein-Price function ranges
from 3 to about 10°. To depart from optimization, the intermediate value # = 1000 is chosen, which
is a spatial quantile with a level of about 25.4%. The corresponding value u = log(1000) is also
used for the log-version. For each of these four test cases, we ran ne, = 100 (random) repetitions,
each with a budget of ny,; = 300 evaluations.

As often done for the estimation of excursion sets, the performance of the sequential strategies
is measured using model predictions. More specifically, writing P, for a predictive distribution, we
use a Sobol” sequence X, ..., Xy to compute the estimate

1
N ¢

]

M=

Po(E(X:) > u) L pzy<u+Pu(§(F) <) L gz (41

1

of the (relative) expected volume of the symmetric difference between {x € X, f(x) < u} and the
random set {x € X, & (x) < u}.

Figure 21 shows the evolution of quantiles of (41) across the ny, repetitions for the four test
cases. Observe the large improvement brought by reGP on the c¢ test case. Using GPs, the evalua-
tion metric (41) does not improve as n increases, which is consistent with the observations of Feliot
etal. (2017). However, the metric drops using reGP. Using the constant heuristic, the metric eventu-
ally stagnates at a value substantially lower than that obtained with vanilla GPs, whereas it continues
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to decrease using the concentration and spatial heuristics. Figure 7 illustrates the relaxation obtained
with n = 300 observations after a run of the concentration heuristic.

The performances of all the methods are comparable on cg. The straddle heuristic with vanilla
GPs is more effective than on cg. All reGP instances are a little behind, with slightly higher medians
but overlapping colored areas (except at the very beginning). Curiously, the concentration and
spatial heuristics are less effective on cg than on ¢ (while the level sets are the same, since  — ¢/
is increasing).

The three reGP instances give very similar results on the Goldstein-Price test case, with a sub-
stantial improvement over vanilla GPs. Finally, for the Log-Goldstein-Price test case, the reGP in-
stances begin by giving very similar results to those obtained with GPs. Then, from around n = 150,
the performances of the concentration and spatial heuristics improve to become substantially better.
Observe that this is also the case for a fraction of runs with the constant heuristic.

In conclusion, we observe that reGP is a useful modeling technique for the estimation of excur-
sion sets with the straddle heuristic. It can give clear improvements in the best cases, while giving
results comparable to those obtained with GPs in the worst cases.
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Figure 21: Evolution of quantiles of (41) against n. The solid lines represent the medians and, for
each n, the shaded areas are deliminated by the 10% and 90% quantiles. The red color
stands for the straddle heuristic with vanilla GPs and the blue, green, and black colors for
straddle with reGP, using the constant, concentration, and spatial heuristics respectively.
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Appendix G. Extension to the case of noisy observations
G.1 Gaussian process regression and kernel ridge regression

We now consider the case where observations are corrupted by additive noise, a common setting
when dealing with stochastic simulators (Baker et al., 2020) or when optimizing validation loss in
machine learning tasks with mini-batch training (Snoek et al., 2012).
Let x, = (x1,...,X,) € X" be the input locations and let Z, = (Zi,...,Z,)T € R" denote the
noisy observations, modeled as
Zi = f(x;) + &,

where f: X — R is the latent function of interest and & ~ .#°(0,1?) are independent Gaussian
noise terms with common variance % > 0.

We place a Gaussian process prior & ~ GP(u,k) on f, using the same notations as in Section 2.
The posterior distribution of & given the observations Z, remains Gaussian:

§1Z, ~ GP (U, kn) , (42)
where the posterior mean and covariance functions are

o (x) = 1 (6) + k(o 2,) (K 120 (2, — 1(x,))
kn(xvy) = k(X,y) _k('xvxn)([(ﬂ +7721)71k<y7£n)T-

Here, K, is the n x n covariance matrix with entries [K,];; = k(x;,x;), and I is the n x n identity
matrix.

The posterior mean in the zero-mean case (14 = 0) coincides with the solution of a kernel ridge
regression (KRR) problem. This correspondence is a direct consequence of the representer theorem,
as formalized below.

Proposition 40 (Kimeldorf and Wahba, 1970) The solution to the regularized least-squares prob-

lem
n

minimize ||| xc) + 12 Y (Zi— h(x;))?

i=1
subjectto  h € 7 (X)
is unique and given by
sy = k(%) (Ka +0°1) ' 2,

Hence, when u = 0, the posterior mean 1, coincides with the KRR solution s(Zn).

G.2 Relaxed Gaussian process regression

As seen in Proposition 40, the posterior mean of a Gaussian process model does not interpolate
noisy data. How can the goal-oriented modeling framework introduced in Section 3 be extended to
this setting?

A natural extension is to adapt Definition 6 by optimizing the likelihood with respect to noisy
observations falling in the relaxation range.

Assume that both the mean and the covariance functions belong to parametric families, indexed
by 6 € ©. Fix the noise variance > > 0 (see Appendix G.3 for an estimator). Let R = U§: 1R;
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be a union of disjoint closed intervals and define the corresponding constraint set Cg, C R" as in
Section 3.1.

We define the relaxed GP predictive distribution as the posterior distribution (42) of the GP
conditioned on Z, = z; and on the estimated parameter 6,, where

~

(6p,2,) = argmin .Z(6;2),
0€0,zeCg

and . is the (negative) log-likelihood of the observations written as
2(0:2) o< logdet(K, + 0°1) + (z— ()T (Ko +1°1) ™ (2 — 1(x,)) + constant.

Note that we recover Definition 6 when % = 0.
When the mean function is zero and the covariance function £ is fixed, the resulting procedure
can be formulated as a regularized regression problem:

Proposition 41 Let 77 (X) be the RKHS associated with k, and let N? > 0 be fixed. Consider the
relaxed regularized least-squares problem

n
minimize théf(x) +n? Z e(Zi,h(xi);R),
=1

=

(43)
subjectto  h € 7 (X),

where the relaxed squared error e(yi1,y2; R) is defined for all y1,y, € R by

infrER i (y2 - I")
e(y1,y2;R) = !
(v1,y2;R) {(yz—y1)2 otherwise.

2 ify € R for some j,

(n)

. . . . . .
Then, the unique solution of (43) is Sz where z, is the unique solution of

argmin z' (K, +n%1)"'z. (44)

gECR,n

Proof Write A = n?%I. For z = (z1,...,2,)" € R”, straightforward calculations (using the identity
I —K,(Ky+A) "' = A(K,+A)~") show that

n 2
I 120 412 Y (= s ) =2 (Ka+2) 'z
i=1

The quadratic problem (44) has a unique solution z) since the matrix is positive-definite and the
feasible set is closed and convex. Write L* for the corresponding minimum value.
For h € 77 (X), the definition of e yields

n

175 ) + 172 Y, e(Ziy h(xi); R) = inf 1220 x) +1 7

i=1 2=(21,:2n) TECa ;

(zi —h(x:))*.

™=

1
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The infimum is reached by a z(h) = (z1(h),...,z.(h))T € Cr,,. We then have
7l 30 )+ 12 Y e (Ziy h(xi); R) = [l + 12 X (zilh) — h(x))?

i=1 i=1
o X (s )

=z(h)" (Ky+A) "' z(h)
> [,

> [lsigy 1%

If the previous inequalities are equalities, then 1 = s( m

and by Proposition 40.
Finally, writing 27 = (27,...,2};), we have

because of the unicity of the solution of (44)

st 3 sy + 1 Zze(mkx,-) R) < ISPy +1172
i=1

1

This shows that, in the fixed-kernel case, the relaxed GP regression procedure corresponds to
a modified KRR problem: observations Z; outside the relaxation range R are penalized by squared
prediction error, while observations inside R; are only penalized by the squared distance from the
prediction A(x;) to the interval R;.

The resulting predictive distribution thus reflects a form of soft constraint on the latent function:
fidelity to the data is enforced outside R, while inside R the model is only constrained to remain
consistent with the relaxation range.

G.3 Application to Bayesian optimization with the UCB criterion

We now illustrate the use of reGP in Bayesian optimization with noisy observations. We adopt the
same UCB sampling strategy as described in Appendix E, using a fixed  parameter. Importantly,
we do not inflate the posterior variance with the estimated noise variance n2; the UCB criterion is
applied to the predictive distribution of the latent process &.

Two test functions are considered: the Goldstein-Price function and its logarithmic transforma-
tion. In both cases, Gaussian noise is added to the evaluations. For the Goldstein-Price function,
we use 11 = 100 (standard deviation), which is large relative to the local variations of the function
near its minimum. Specifically, while the function ranges from 3 to approximately 10°, the 25%
and 5% spatial quantiles are around 1000 and 100, respectively. The noise level is thus significant
near the global minimum, whereas extreme values act as outliers. This setting is favorable to the
reGP strategy, which focuses on accurate modeling in target regions. For the Log-Goldstein-Price
function (value range: 1.10 to 13.83), we set 1 = 3.

In both cases, the noise variance 12 is assumed to be unknown and must be estimated from
the data. Jointly estimating 172, the model parameters, and the relaxed values by maximizing the
likelihood is not advisable in the reGP framework, as the relaxed values tend to shrink toward the
posterior mean function, potentially leading to a biased underestimation of the noise level. Instead,
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we estimate 112 using standard GP maximum likelihood, restricted to observations within the range
of interest, and treat the result as a fixed value in the relaxed procedure.

For reGP, the relaxation threshold is selected from a predefined list using the LOO-tCRPS
criterion, as described in Section 5.3.1. The spatial heuristic is adapted by setting the validation
threshold t,(lo) to a quantile of the previous model’s predictions at the previous design x,,_;. Further
adjustments are likely needed for the concentration heuristic.

We run n.e, = 100 independent repetitions with random initial designs of size no = 10d and total
budgets of ny = 300 evaluations. Results are reported in Figure 22. We define x; = argmin y,, as
the predicted minimizer at step n, and use f(x}) as an oracle benchmark.

On the Goldstein-Price function, reGP yields substantially lower median noisy evaluations up
to approximately n = 150. This is confirmed by the superior oracle values f(x;) obtained with
reGP during the same phase. After that point, the difference between noisy values and the global
minimum becomes comparable to the noise level, and the two approaches yield similar performance.
Notably, the estimation error |f(x}) — t,(x};)| remains consistently smaller with reGP across all
steps.

On the Log-Goldstein-Price function, both methods perform similarly overall. However, stan-
dard GP models show higher 90% quantiles for f(x) and f(x,) + &, indicating more variability in
the predicted minima.

These results illustrate the robustness of reGP in noisy optimization tasks.
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Figure 22: Bayesian optimization with noisy evaluations: performance of the UCB strategy. Left:
Goldstein-Price function. Right: Log-Goldstein-Price function. Each plot shows medi-
ans (solid lines) and 10%/90% quantiles (shaded areas) as functions of the number of
evaluations n. Top: noisy evaluations f(x,) + €,. Middle: oracle values f(x}) at pre-
dicted minimizers x = argmin f,,. Bottom: absolute estimation errors |f(x}) — t, (x5)].
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