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Abstract

Recently, self-supervised contrastive learning has achieved great success on various tasks.
However, its underlying working mechanism is yet unclear. In this paper, we first provide
the tightest bounds based on the widely adopted assumption of conditional independence.
Further, we relax the conditional independence assumption to a more practical assumption
of augmentation overlap and derive the asymptotically closed bounds for the downstream
performance. Our proposed augmentation overlap theory hinges on the insight that the
support of different intra-class samples will become more overlapped under aggressive data
augmentations, thus simply aligning the positive samples (augmented views of the same
sample) could make contrastive learning cluster intra-class samples together. Moreover,
from the newly derived augmentation overlap perspective, we develop an unsupervised
metric for the representation evaluation of contrastive learning, which aligns well with the
downstream performance almost without relying on additional modules. Code is available
at https://github.com/PKU-ML/GARC.

Keywords:  Contrastive learning, Augmentation overlap, Theoretical understanding,
Generalization, Representation evaluation

1. Introduction

Traditionally, supervised learning obtains representations by pulling together samples with
the same labels (positive pairs) and pushing apart those with different labels (negative
pairs). To improve the effectiveness of representation learning, early works found that the
selection of positive and negative pairs plays a crucial role. This led to the development of
algorithms such as triplet mining (Schroff et al., 2015) and hard negative sampling (Bucher
et al., 2016), which aim to select more informative or challenging pairs from labeled data sets.
However, obtaining such labels at scale can be costly. To remove this dependence on labeled
data, recent research has focused on identifying surrogate signals for semantic similarity in
an unsupervised manner. As a solution, self-supervised contrastive learning (van den Oord
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Figure 1: The t-SNE visualization of representations before and after contrastive learning
method of SimCLR, on CIFAR-10 data set. Each point denotes a sample and its
color denotes its class.

et al., 2018) generates positive pairs by applying two independent augmentations to the
same input sample, under the assumption that augmented views should preserve semantic
identity. Negative samples are typically drawn from other instances in the batch, assuming
they are semantically different. When the number of classes is large, the chance of sampling
a semantically similar (false negative) instance is low (approximately 1/K for K classes),
which makes this assumption practical. This technique enables the model to learn class-
separated representations without access to labels, as shown in Figure 1, and has become
a cornerstone of self-supervised learning. Modern frameworks (Chen et al., 2020; He et al.,
2020; Grill et al., 2020; Wang et al., 2021; Oquab et al., 2023; Wang et al., 2023) have
further refined this idea and now achieved performance comparable to supervised learning
across a range of tasks. However, it is still unclear why contrastive learning can learn a
meaningful representation for the downstream tasks and a convincing theoretical analysis
is yet wanted.

The core idea of contrastive learning is to learn an encoder by closing the augmented
views of the same anchor sample while simultaneously pushing away the augmented views
of different anchor samples in the feature space. As shown in Figure 2(a), taking an image
sample T as an example, contrastive learning first transforms it with data augmentations
t,t* (e.g., RandomResizedCrop, ColorJitter, GaussianBlur, etc.) to generate a positive pair
(z,21). Then, the two augmented samples are respectively encoded with the encoder f. In
the next step, contrastive learning trains the encoder with the contrastive loss (e.g., InfoNCE
loss (van den Oord et al., 2018)) to decrease the distance between positive samples in the
feature space and push away other samples. Intuitively, while supervised learning clusters
samples based on their labels, contrastive learning performs instance-level discrimination
without access to label information. Nevertheless, as shown in Figure 1, when we compare
the feature distributions before and after contrastive learning, we observe that the learned
representations exhibit clear class separation. That is, samples from the same class are
grouped together, whereas those from different classes are pushed apart—even without
using any label supervision. Therefore, it is natural to raise several questions:
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Figure 2: (a) The framework of contrastive learning. (b) The augmented views of four
images from ImageNet. The first two rows are cars while the bottom two rows
are pens. The ancher samples are shown in the 1st column while the 2-5th columns
present its corresponding augmented views.

Why the instance-level contrastive learning can lead to good performance on
class-level downstream tasks? How to establish the theoretical relationship be-
tween (contrastive learning) pretraining and downstream performance?

Arora et al. (2019) established a theoretical guarantee between (contrastive learning)
pretraining and downstream tasks based on the assumption that the augmented views of the
same sample are conditionally independent on its label. However, as shown in Figure 2(b),
the augmented views of the same sample are input-dependent and their assumption is quite
hard to reach in practice. Parallel to that, Wang and Isola (2020) decomposed the objective
of contrastive learning to two parts: the alignment of positive samples and the uniformity of
negative samples. While we find that only the alignment and the uniformity are not enough
to make contrastive learning learn useful representations for the downstream tasks. In this
paper, we propose a counter-example (Proposition 5.3) by constructing special positive pairs
and prove that the downstream performance can be as bad as a random guess even when
the learned representations achieve perfect alignment and uniformity. It means that except
for the alignment and uniformity, the selection of positive pairs, i.e., the design of data
augmentations, is crucial for contrastive learning, which may be overlooked by the above
two kinds of works. Revisiting Figure 2(b), we find that appropriate data augmentations can
help intra-class samples generate quite similar augmented views (tires of different cars) while
keeping the augmented views of inter-class samples distinguishable (cars and pens), which
means that intra-class samples own the support overlap through these similar augmented
views generated by data augmentations. As a result, when contrastive learning aligns the
positive pairs, the intra-class samples that have overlapped views will be gathered as well.

Motivated by the above observations, we formulate the data augmentations as an aug-
mentation graph to bridge different intra-class samples. Based on which, we further pro-
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pose a theory of augmentation overlap to analyze how the intra-class samples are eventually
aligned by these overlapped views in contrastive learning. By characterizing the property of
the augmentation overlap, we establish sharper upper and lower bounds for the downstream
performance of contrastive learning under more practical assumptions. Moreover, we design
a theory guided model selection metric via measuring the degree of augmentation overlap,
which is totally unsupervised without additional computational costs. The contents of the
paper are organized as follows:

e In Section 2, we summarize the related work of understanding self-supervised learning
and further introduce the problem setup in Section 3.

e In Section 4, we derive sharper bounds for the downstream performance of contrastive
learning by analyzing the influence of negative samples. To focus on negative samples,
we adopt the widely used conditional independence assumption on positive samples
and show how to improve the error bound on negative samples from the Monte Carlo
perspective. Our bounds are the tightest by far.

e In Section 5, we focus on the positive samples and discuss how to relax the conditional
independence assumption to a more realistic augmentation overlap assumption, and
propose a new theory of augmentation overlap to derive new upper and lower bounds
for contrastive learning.

e In Section 6, we present a quantitative analysis on the effect of data augmentation
strategy on the augmentation overlap both theoretically and empirically. In brief,
strong augmentation strengths are necessary for bridging intra-class samples, which
facilitates good downstream performance. However, too strong augmentations can
lead to detrimental effects, such as the overlap of views between different classes.

e Lastly, in Section 7, as a proof-of-idea, we demonstrate a practical application of our
augmentation overlap theory, that is, we develop a representation evaluation metric
for automatic model selection without using supervised downstream data.

Remark. A preliminary work was published at ICLR 2022 (Wang et al., 2022), while we
add substantially new results, both theoretically and empirically, in this manuscript, aiming
to provide a more comprehensive and in-depth analysis of the generalization property of
contrastive learning. Specifically, we add the following key results:

e In Section 4, we establish sharper generalization bounds under the conventional condi-
tional independence assumption, which are superior to prior work and near-optimal.

e In Section 5, we generalize our prior bounds under perfect alignment to much weaker
(more practical) assumptions, and establish its relationship to the spectral properties
of the augmentation graph.

e In Section 6, we add a new theoretical discussion on the effect of data augmentation
strength based on random graphs, as well as empirically verifying these properties on
real-world data sets.
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e In Section 7.2, we extend our preliminary study on the model selection metric by
studying its various variants, and evaluate its effectiveness on real-world scenarios by
comparison with state-of-the-art methods.

2. Related Work

Self-supervised learning learns representations by designing appropriate surrogate tasks,
like rotation prediction (Komodakis and Gidaris, 2018; Wang et al., 2021), masked image
reconstruction (He et al., 2022; Zhang et al., 2022; Du et al., 2024), and instance discrimi-
nation (He et al., 2020; Zhang et al., 2023). Among the self-supervised methods, contrastive
learning is a representative type of framework which learns an encoder by closing the fea-
ture distance of positive samples generated by data augmentations (Chen et al., 2020; Grill
et al., 2020; He et al., 2020; Zbontar et al., 2021; Caron et al., 2021; Oquab et al., 2023;
Cui et al., 2023). Contrastive learning is quickly approaching the performance of supervised
learning on different tasks and large-scale data sets (e.g., ImageNet). Despite its huge suc-
cess on empirical performance, the working mechanism of contrastive learning is still under
explorations. In the following, we briefly summarize the related work from two views.

1) View of Pretraining Objectives. InfoNCE (van den Oord et al., 2018) is a com-
monly used loss function in contrastive learning, which is motivated by NCE (Gutmann and
Hyvérinen, 2012) to learn meaningful representations by measuring the mutual information
of positive samples. However, some previous works show that the surrogate mutual infor-
mation estimation of positive samples can not directly ensure the downstream performance
of contrastive learning (Kolesnikov et al., 2019; Tschannen et al., 2020). There are other
works analyzing contrastive learning from different perspectives. For example, Wang and
Isola (2020) think contrastive learning is composed of two properties: alignment of positive
samples and uniformity of negative samples. Wang and Liu (2021) regarded InfoNCE as a
hardness-aware function and analyzed the important temperature parameter 7. Wen and
Li (2021) theoretically proved that contrastive learning can obtain sparse feature represen-
tations with appropriate data augmentations. Zimmermann et al. (2021) indicated learned
representations by contrastive learning implicitly invert the data generation process. Hu
et al. (2023) reveal the connection between contrastive learning and stochastic neighbor
embedding while Wang et al. (2023) establish the connection between contrastive learning
and graph neural networks. Parulekar et al. (2023) theoretically prove that the represen-
tations learned by InfoNCE is well-clustered by the semantics in the data. Besides, some
self-supervised learning paradigms without negative samples also achieve impressive perfor-
mance (Grill et al., 2020). Among them, Tian et al. (2021) theoretically proved that these
types of methods will not collapse into trivial representations with the help of their pro-
posed ingredients including Exponential Moving Average (EMA) and stop-gradient, while
Zhuo et al. (2023) analyzed it from the perspective of rank differential mechanism.

2) View of Downstream Generalization. Arora et al. (2019) and Lee et al. (2021)
theoretically proved that the downstream performance of contrastive learning is close to that
of supervised learning and the difference is controlled by an analyzable error term. However,
their conclusions are based on an impractical assumption that the positive samples are
conditionally independent!, and the error term will get larger when contrastive learning has

1. Analysis on its impracticality could be found in Appendix B.4.
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more negative samples (this is in contrast to empirical results). Following them, Nozawa and
Sato (2021) provided a new kind of theoretical analysis without conditionally independent
assumption. However, there exists a class collision term in their bounds that can not be
ignored. Lei et al. (2023) further establish generalization guarantees that do not rely on the
number of negative examples. Besides, there are some other perspectives to theoretically
characterize the downstream performance of contrastive learning, including graph theory
(HaoChen et al., 2021; Wang et al., 2024b), information theory (Tian et al., 2020; Tsai
et al., 2021; Tosh et al., 2020; Ouyang et al., 2025; Cui et al., 2025), kernel method (Li et al.,
2021), causal mechanism (Mitrovic et al., 2021), and distributionally robust optimization
(Wu et al., 2023).

Other Types of Self-Supervised Learning Methods. Beside contrastive learning,
there are other types of self-supervised learning methods. For reconstruction-based meth-
ods, Garg and Liang (2020) established theoretical analysis by viewing them as imposing a
regularization on the representation via a learnable function, and Cao et al. (2022); Zhang
et al. (2022) theoretically analyzed the function of different designs for the reconsturction-
based method (He et al., 2022). Wang et al. (2024a) understands reconstruction-based
methods from two properties following Wang and Isola (2020), i.e., the alignment and uni-
formity. Tan et al. (2023) analyze the reconsturtcion-based objectives from the matrix infor-
mation theory. For auto-regressive based methods, Saunshi et al. (2021) reformulated text
classification tasks as sentence completion problems and proposed theoretical guarantees for
their downstream performance. Zhang et al. (2024) theoretically compare reconstruction
and autoregressive-based methods from a spectral perspective.

3. Problem Setup

Here, we briefly introduce some basic notations and common practice of contrastive learning
for the image classification task. Generally, it has two stages, unsupervised pretraining and
supervised finetuning. In the first stage, on the unlabeled data D, = {z}, we pretrain
an encoder f € F, where F is a hypothesis class consists of functions mapping from the
d-dimensional input space R% to the unit hypersphere S™ ! in m-dimensional space. We
assume that f is normalized, meaning the representation space S™ ! is bounded. This as-
sumption is consistent with the designs of common contrastive learning frameworks like Sim-
CLR (Chen et al., 2020) and MoCo (He et al., 2020). In the second stage, we evaluate the
learned representations z with the labeled data D; = {(Z,y)} where label y € {1,2,..., K}.
For simplicity, we assume that every sample belongs to a unique class, i.e., p(y|z) being
one-hot, and the data set is class balanced, i.e., p(y = k) = 1/K.

Contrastive Pretraining. Given a random raw training example * € D, we first
draw two positive samples (z,z") by applying two randomly drawn data augmentations
t,tt € T to &, i.e., x = t(Z), 2T = tT(Z), where T = {t : R? — R?} contains all possible
predefined data augmentations. Let p(z,z™) be the joint distribution of positive pairs, and
p(z) = [p(z,21)dz™ be the marginal distribution of the augmented data z. Without loss
of generality, we take = as the anchor sample, and draw M augmented samples {z; M,
independently from the marginal distribution p(-) as its negative samples, and denote their
corresponding distributions as p(z; ), = 1,..., M. Then, the encoder f is learned by the
contrastive loss. Researchers have designed various types of contrastive loss like triplet loss
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(Schroff et al., 2015), hinge loss (Al-Obaidi et al., 2020), margin loss (Shah et al., 2022),
etc. Following the same spirit (pulling in positive pairs and pushing away negative pairs),
we mainly consider a most widely used InfoNCE loss (van den Oord et al., 2018) in this
paper:
s [, ewU@ TR ] 1

conslF) Bptaroomintar) | T TN )T ) .
In practice, some variants like SImCLR, (Chen et al., 2020) also include the positive pair
(x,2") in the denominator (inside the logarithm) of the InfoNCE loss. A recent work (Yeh
et al., 2021), however, notices that this extra term introduces a coupling between positive
and negative samples, which leads to sample deficiency such as requiring a large batch size
(e.g., 4096). Instead, both Yeh et al. (2021) and Fiirst et al. (2022) show that omitting the
term of positive pairs leads to consistent performance improvement. Thus, we adopt this
positive-free denominator in the paper.

FEvaluation on Downstream Tasks. To measure the quality of representations
learned by contrastive pretraining, a popular metric is the prediction accuracy of a lin-
ear classifier g(2) = [wy,...,wj]z learned on top of the learned representations z = f(x).
Typically, the linear classifier is trained by the Cross Entropy (CE) loss (Chen et al., 2020)
on the labeled data Dy:

(2)

Conlf) =y [_bg exp (f(x) Tw,) ]

S exp (f(x) Tw;)

where w, is the optimal linear parameter for class y. For the convenience of theoretical
analysis, following the common practice in Arora et al. (2019); Ash et al. (2022); Nozawa
and Sato (2021), we directly adopt the mean representation of each class as the classwise
weights, i.e., wy = pug 1= Ep, ) [f(7)|y = k], namely, mean classifier. Thus, we obtain the
following mean CE loss (mCE):

3)

enon(f) = Exeny [_bg exp (f(2) T ay) ]

S exp (f(x) T )

It is straightforward to conclude that Log(f) < Lmcr(f) and their performance is compa-
rable in practice as demonstrated in Arora et al. (2019).

Scale Adjustment. For the theoretical analysis of contrastive learning, our goal is
to characterize the gap between the pretraining loss Leontr(f) (Eq. 1) and the downstream
classification loss Lcr(f) (Eq. 3). Revisiting Eq. 1 and Eq. 3, we find that their main
difference lies on the denominator, i.e., Lcontr(f) is computed over M negative samples
while £,cr(f) is over K class centers. The scale of M and K could be very different, which
further leads to the scale mismatch between Leontr(f) and Liycr(f). Therefore, we adjust
the loss by taking the mean score instead of summation in the denominator accordingly:

. exp(f(x)" f(zT))
Leontr(f) = Ep(xw*)ﬂip(xf) —log T—x;

= Leontr lo M717 4
a7 im1 exp(f(x) T f(27)) (f) +log( ), (4)
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In this way, the two normalized objectives are irrelevant to the scale of M and K. Note
that the normalization has no effect on the learning process as their gradients are equal to
the original ones. In the following discussion, we mainly deal with the normalized versions.
Additionally, regarding the discrepancy between the two objectives, the scale adjustment
above amounts to adding a log(K /M) term to the contrastive loss:

Econtr(f) - EmCE(f) = ['contr(f) + log(K/M) - ['mCE(f) (6)

4. Improved Bounds under Conditional Independence Assumption

In this section, we focus on improving bounds by analyzing the roles of negative samples.
Without loss of generality, we take the positive pairs under the conditional independence
assumption (Arora et al., 2019) as an example, which enables us to have a fair comparison
to previous bounds and shows our advantages more directly. Specifically, we propose a new
technique by showing the negative samples are closely related to the Monte Carlo estimation
of downstream class centers, which provides a new insight on the benefits of more negative
samples. Further, built upon this technique, we show that for the first time, we could obtain
an asymptotically closed upper bound on the downstream error. This new finding provides
a solid guarantee on the downstream performance of contrastive learning and forms the
basis for our further analysis beyond conditional independence in the next section.

Assumption 1 (Conditional Independence (Arora et al., 2019)) The two positive
samples x,x" ~ p(x,z™) are conditionally independent given the label y, i.e., x 1L x* | y.

In the following, we will show how the InfoNCE loss (Eq. 4) closely upper bounds the mean
CE loss (Eq. 5) under the conditional independence assumption. Firstly, we decouple the
two objectives into a positive objective and a negative objective, respectively:

Leontr(f) = —Ep(ean) [f (@) (@) +Ep i, log Zexp z;), (7
ﬁct,m(f)
com(f)
ZmCE(f) = _Ep(ac,y) [f(x)TMy] +E IOg [ Z exp )] . (8)
Lt on(f) -
Loep(h)

It is easy to see that the two positive objectives are equal under conditional independence:

ﬁz:)ntr(f) = _Ep(x,ac+)[f(x)—rf(x+)] = _Ep(y)p(ady)p(xﬂy) [f(x)Tf(er)]

i 9
= ~Epy)p(aly) [f (@) Bty (@ )]| = ~Epypel) [f ()" 1) = Lo (). ¥

Thus, we only need to bound the two negative objectives (L .. (f) and L p(f))-
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Limitations of Previous Analysis. Previous studies of the negative objective (Arora
et al., 2019; Nozawa and Sato, 2021; Ash et al., 2022) often adopt a collision-coverage
perspective to dissect the negative samples. Specifically, they use the proportion of negative
samples belonging to the positive class (class collision) and the probability that there are
at least K — 1 negative samples covering the K — 1 negative classes (class coverage) to
form an upper bound. However, a clear drawback of this analysis is that it actually only
requires K negative samples for class coverage, and the other M — K samples are discarded
in the analysis, resulting in a very loose bound. In this work, we provide a new technique to
analyze the role of M negative samples. In particular, we show that all M negative samples
are useful and they all together contribute a tight upper bound that is asymptotically closed
with M — oco. Bao et al. (2022) also adopt this technique to analyze contrastive learning
with the InfoNCE loss. Nevertheless, their analysis involves applying a reverse Jensen’s
inequality twice, leading to a large error in the upper bound that is not decreasing w.r.t. M.

Our New View of Negative Samples for Monte Carlo Estimation. For the
negative objective of InfoNCE loss, due to the convexity of the logsumexp operator, following
Jensen’s inequality we have

M
- 1 _
Lo (f) = EH@'P(%_)P(QCH%_) log M Z exp(f(x)—rf(xi )
=1

M
2 IEI'Ilp(y2 log — Z eXp z; |y; )f(x)Tf(x;)) (10)

= IE Mip(y,) log Z exp(f ) EMC(f)-

As we assume p(y = k) = 1/K, it is easy to see that its lower bound Lyc(f) is a (biased)
Monte Carlo estimation of the negative objective of the mean CE loss, i.e., EI;CE(f) =
log E,, ) exp(f (z) " y), and the approximation error shrinks to 0 as M — oo, as character-
ized in the following lemma.

Lemma 2 The approzimation error of the Monte Carlo estimation Lyic(f) shrinks in the
order O(M~1/2), specifically.

Zyie(f) — Luc(] < —— (11)

Lemma 2 shows that all M negative samples contribute to a better Monte Carlo estimator
of the negative objective of the mean CE loss.

Combining Egs. 9, 10 & 11, we derive an asymptotically closed upper bound on the
downstream performance:

e (12)

- e
— ﬁcontr(f) + ﬁ

Lince(f) = Licp(f) + Loce(f) < L (f) + Lvc(f) +

< E;)ntr(f) + Econtr(f) +

VM
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Following a similar routine, we can also derive the lower bound on the downstream per-
formance via a reversed Jensen’s inequality (Budimir et al., 2000). Therefore, under the
conditional independence assumption, our guarantees for the downstream performance of
contrastive learning can be summarized as:

Theorem 3 (Downstream Guarantees under Conditional Independence) Under As-
sumption 1, the downstream classification risk Lmce(f) of any f € F can be upper and lower
bounded by the contrastive risk Leontr(f) as

Leontr(f) — %Var(f(m) ly) — \/LM < ZrnCE(f) < Econtr(f) + \/%a (13)

lower bound Rr, upper bound Ry

where M is the number of negative samples. Furthermore, the conditional variance Var(f(x)|y) =
Ep(ap 1 (@) = By f(2)I1? is at most 2. As a result, the gap between the upper and the

lower bounds can be bounded: Ry — Ry, < 1+ 2e/vVM.

Theorem 3 shows that the downstream performance can be upper and lower bounded
by the contrastive loss. Thus, minimizing contrastive loss is almost equivalent (with a small
surrogate gap) to optimizing the supervised loss, which helps us to understand the empirical
effectiveness of contrastive learning. Furthermore, as M — oo, i.e., adopting more negative
samples, the upper and lower bounds can be further narrowed to Leont:(f) — 3 Var(f(z) | y) <
Lince(f) < Leontr(f). In the common practice of contrastive learning, a large number of
negative samples indeed often brings better downstream performance (Chen et al., 2020).
Our theoretical analysis not only echoes with this empirical finding, but also provides new
insights on the role of negative samples. According to Lemma 4.2, negative samples from
all classes (even the same supervised class as positive samples) contribute to a better Monte
Carlo estimation. Thus, we can close the upper bound even in the presence of false negative
samples. This implication also aligns well with the practice, as contrastive learning indeed
performs comparably or even superiorly to supervised learning on real-world data sets with-
out pruning the false negative samples (Tomasev et al., 2022). While this does not preclude
the potential benefits from negative sample mining (as explored in Robinson et al. (2021))
in contrastive learning, as Lemma 4.2 only implies the impact of the size of negative samples
for contrastive learning. As for the comparisons of the effects of contrastive learning with
and without negative sample mining, it is outside the scope of Lemma 4.2.

Discussion. Prior to ours, several works (Arora et al., 2019; Ash et al., 2022; Nozawa
and Sato, 2021; Bao et al., 2022) also propose different versions of guarantees for downstream
performance, and we summarize their upper bounds in Table 1. As some works analyze
other variants of the pretraining and downstream objectives, e.g., hinge loss (Arora et al.,
2019), we generally denote them as Lynsup and Lgyp, respectively. In particular, the seminal
work of Arora et al. (2019) draws two important implications from the upper bound: 1) the
surrogate gap between the two objectives cannot be closed because of an unavoidable class
collision errors (137, Col) in the upper bound that account for the proportion of negative
samples belonging to the same class of the anchor sample, i.e., the false negative samples;
and 2) the overall upper bounds increase with more negative samples (larger M). However,
both implications have been shown contradictory to the empirical practice, as discussed

10
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Table 1: A comparison of upper bounds of the supervised downstream loss Lgup(f) using
the unsupervised pretraining loss Lunsup(f) (under the conditional independence
assumption). Here, Col = M, 1[y,- = ya] denotes the degree of class collision;
T denotes the collision probability that at least one of the M negative samples
belong to the positive class y; vasr+1 denotes the coverage probability that M + 1
negative samples contains all classes k € [K]; and Hg_1 = 15:711 1/k is the
(K — 1)-th harmonic number. *Adjusted objective scales for clear comparison.

Upper Bound Reference
Lauwp(f) < m <£unsup(f) — Elog(Col 4+ 1)) Arora et al. (2019)
le+1 (2Lunsup(f) — Elog(Col + 1)) Nozawa and Sato (2021)

1—27M Q(K_}&HK*) (ﬁunsup(f) — Elog(Col + 1)) Ash et al. (2022)
f) + 2log(cosh(1)) Bao et al. (2022)*
f)+e/NM Our work*

unsup

Lunsup
»Cunsup(

above. Subsequential works are devoted to resolving the two issues by eliminating the class
collision errors and demonstrating the benefits of a large M. Specifically, Nozawa and
Sato (2021) and Ash et al. (2022) manage to show benefit from larger M, and Bao et al.
(2022) fully eliminate the class collision error. Nevertheless, their final upper bounds have
unavoidable error terms even with M — co. Indeed, as shown in Figure 3, as M — oo, the
bounds of previous work are either explosive (Arora et al., 2019; Ash et al., 2022) or roughly
constant (Nozawa and Sato, 2021; Bao et al., 2022). In comparison, with the proposed
Monte Carlo analysis of negative samples, we take all negative samples into consideration
and resolve the two issues completely. In particular, we are the first to show that the upper
bound could be asymptotically tight with a large M, as shown theoretically in Table 1
and empirically in Figure 3. Our results suggest that contrastive learning is indeed almost
equivalent to supervised learning under the conditional independence assumption.

5. From Conditional Independence to Augmentation Overlap

In Section 4, we have improved the bounds on negative samples from the Monte Carlo
perspective. While in this section, our focus shifts to elaborating on the effects of positive
pairs. We first relax the impractical conditional independence assumption used in Theorem
3 and derive a new bound that is unfortunately with an extra unbounded term of intra-
class variance. To further analyze this variance term, we revisit contrastive learning from
a graph perspective and build a new augmentation overlap framework. Based on that, we
obtain a new guarantee for the gap between the pretraining and downstream performance
of contrastive learning.
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Figure 3: Comparison of upper bounds on the downstream loss (measured by mean CE
loss) on CIFAR-10. The encoder is a ResNet-18 (He et al., 2016) and we train
it using SimCLR (Chen et al., 2020). We calculate the upper bounds using its
representations at the (a) initialization and (b) final stages.

5.1 Towards a Relaxation of Conditional Independence

Intuitively, as shown in Figure 2, a positive pair is generated from the same natural im-
age. Consequently, the positive pairs are input-dependent and it is hard to satisfy the
conditional independence assumption in practice. So we release the impractical conditional
independence assumption and start with a basic assumption on the label consistency be-
tween positive samples, that is, any pair of positive samples (x, ") should nearly belong
to the same class.

Assumption 4 (Label Consistency) V z,27 ~ p(x,z"), we denote y and y* as their
labels. We assume the probability that they have different labels is smaller than «, i.e.,

Ex,x+~p(m,z+)ﬂ(y # y+) < a. (14)

This is a basic and natural assumption that is likely to hold in practice. From Fig-
ure 2(b), we can see that the widely adopted augmentations (e.g., images cropping, color
distortion, and horizontal flipping) will hardly alter the image belonging class.

Theorem 5 (Downstream Guarantees without Conditional Independence) If As-
sumption 4 holds, then, for any f € F, its downstream classification risk Lcr(f) can be
bounded by the contrastive learning risk Leontr(f)

(&

VM (15)
VM

Leons(f) — 2/ Var(F(2) [ 9) — 5 Var(f(z) | ) — 4v/a -
< Lince(f) < Leontr(f) +2 V Var(f(z)|y) + 4va +

12
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Theorem 5 shows that, even without the conditional independence assumption, we can
still derive a bound for the downstream performance. Compared to Theorem 3, there
is an additional intra-class variance term y/Var(f(x) | y) in the lower and upper bound.
Only with the label consistency assumption (Assumption 4), the variance term can not
be bounded, which means that the generalization gap in Theorem 5 could be quite large.
For example, when the intra-class variance term is large enough, contrastive learning might
have inferior performance as shown in Proposition 6.

Proposition 6 For N training examples of K classes, consider a case that inter-anchor
features {f(x;)}, are randomly distributed in S™~1 while intra-anchor features are per-
fectly aligned, i.e., Va;,xf ~ p(z,a), f(z;) = f(z]). In this case, the expectation of the
numerator of InfoNCE loss Ep(%xj)(exp(f(xi)Tf(a?j))) achieves its maximum while the ez-

pectation of the denominator En-p(x*)(% Z;‘il exp(f(xi)Tf(:cj_))) achieves its minimum,
P2,

i.e., both the alignment and uniformity losses (Wang and Isola, 2020) achieve the mini-

mum, thus the InfoNCE loss obtains its minimum. However, the downstream classification
accuracy is at most 1/ K + ¢ where € is close to 0 when N is large enough.

If given the conditional independence assumption, the alignment between positive sam-
ples is equivalent to the alignment between the sample itself and its class center. Thus, the
intra-class samples will be finally aligned to the class center, which will not be uniformly
distributed such that the above failure case does not exist.

To summarize, the conditional independence assumption is too strong to eliminate the
variance term in the theoretical bounds (Theorem 3), while discarding this assumption
will make the variance term unbounded and further lose the guarantee on the downstream
performance (Theorem 5). In the following part, we will present a new framework to analyze
this variance term theoretically.

5.2 A New Theoretical Analysis Framework under Augmentation Overlap

As analyzed in Theorem 5, when contrastive learning has enough negative samples, the
gap between pretraining and downstream performance mainly hinges on the variance of
features in the same class. However, with current analysis tools, it is quite difficult to
analyze the variance of intra-class samples. Therefore, in this section, we build a new
augmentation overlap based framework to do this, and further theoretically characterize
the generalization of contrastive learning.

Intuitively, contrastive learning is an instance-level task that can not bridge the samples
in the same class. However, as shown in Figure 1, the features of the same class will
be clustered while the features of different classes will be separated, which indicate the
intra-class variance gradually decreases along with the training process. Observing the
training process of contrastive learning, we find that the different samples of the same
class will generate quite similar views. For example, as shown in Figure 2(b), appropriate
data augmentations will make the views of different cars focus on similar tires. Then the
training process of contrastive learning will close the feature distance of two cars as they

13
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share a similar view. Thus, the data augmentations play a key role in the understanding of
contrastive learning, especially the overlapped views of augmentations.

Accordingly, we formulate the above intuitive understanding of augmentation overlap
mathematically via a graph. Assume a common graph G(V, E) is composed of two com-
ponents: a set V representing the vertices and a set E representing the edges between the
vertices. Combined with a set of augmentations 7 = {t | ¢ : R? — R?}, an augmentation
graph is defined as follows:

Definition 7 (Augmentation Graph) Given unlabeled natural data D, = {%;}}\, and
a collection of augmentations T = {t | t : R* — R}, an augmentation graph G(V, E(T)) is
defined as

e its vertices are the samples, i.e., V = {&; }}V,;

e its edge e;; between two vertices T; and x; exists when they have overlapped views,
i.e., there exist two augmentations ti,ta € T satisfying t1(Z;) = ta(Z;).

Based on the augmentation graph, we propose to utilize the properties of graph, i.e., con-
nectivity, to replace the impractical conditional independence assumption. Specifically, an
augmentation graph is connected when its any two vertices (e.g., Z;, ;) are connected,
i.e., there exists a path (z;,---, ;) between the two vertices. An illustrative example is
shown in Figure 4(a).

Assumption 8 Let Dy be the set of the samples in the class k of D,. There exists an
appropriate augmentation set T satisfying that, for k € {1,--- , K}, the augmentation graph
G(Dy, E(T)) is connected.

The assumption says that, for every pair of the intra-class samples, we only assume the path
exists between them rather than requiring direct edges, i.e., we only need connected graphs
instead of complete graphs, which makes the connected augmentation graph assumption
more practical.

Beside the assumption on intra-class samples, we also need an assumption on the learned
encoder of contrastive learning, that is, the distance between the positive samples will grad-
ually converge to a small constant € during the contrastive learning process as demonstrated
in Wang and Isola (2020).

Assumption 9 V 2,2 ~ p(z,2T), we assume the learned mapping f by contrastive learn-
ing is e-alignment, i.e., || f(z) — f(zT)]| <e.

With the assumptions on the intra-class connectivity of augmentation graph and the
characterization on the alignment of positive pairs, we have the following theorem:

Theorem 10 (Guarantees with Connected Augmentation Graph) If Assumptions
4 and & hold, then Vf € F satisfying e-alignment (Assumption 9), its classification risk can
be upper and lower bounded by its contrastive risk as

= e

De
Econtr(f) - (2 + 7)D _ 4\/>_
27" VM )

S EmCE(f) S Zcontr(f) + 2De + 4\/&4- \/%7
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(a) Contrastive learning with an augmenta- (b) Augmentation graph under increasing augmentation
tion graph satisfying intra-class connec- strengthes (from left to right).
tivity.

Figure 4: Illustrative examples of augmentation graphs, where each dot denotes a sample
x € D, and its color denotes its class. The lighter disks denote the support of the
positive samples p(zT|z). We draw a solid edge for each pair that has an edge.

where D denotes the mazimal radius of the intra-class augmentation graphs {Gi, k =1,..., K}.

Comparing Eq. 15 and Eq. 16, we can see that the intra-class variance term +/Var(f(x) | y)
is replaced by De, where D is the radius of augmentation graph and £ measures the feature
distance between positive samples. Intuitively, for samples in each class k, if its correspond-
ing augmentation graph Gi is connected, there exists a path between any two samples of
the same class and aligning the adjacent sample pairs in the paths can eventually align all
the samples of the same class. As a result, the intra-class variance can be controlled. There-
fore, to ensure the generalization of contrastive learning, we need to meet two conditions:
1) choosing appropriate data augmentations to construct a connected augmentation graph
with a smaller radius (smaller D); and 2) selecting a proper objective to align the positive
samples better (smaller €). In Figure 4(a), we visualize the training process of contrastive
learning under augmentation graph.

Corollary 11 If Assumptions 4 and 8 hold, then, for f satisfying 0-alignment, its classi-
fication risk can be upper and lower bounded by its contrastive risk as

Econtr(f) - 4\/& - L < ZmCE(f) < Zcontr(f) + 4\/& +

(&

i (1)

The corollary shows that the intra-class variance term will varnish when the positive
samples are perfectly aligned (e = 0). Furthermore, if enough negative samples are given
(M — oo0) and we design appropriate augmentations that do not change the labels of
samples (« = 0), the gap between pretraining and downstream performance will be totally
closed, i.e., the unsupervised contrastive learning is equivalent to a supervised task.

5.3 Further Discussion on the Connectivity of Augmentation Graph

Theorem 10 has provided a view of graph radius for the characterization of the connectivity
of augmentation graph. In this part, we additionally provide another new perspective,
i.e., spectral property of augmentation graph.
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Corollary 12 If Assumptions 4 and 8 hold, then Vf € F satisfying e-alignment, its clas-
sification risk can be upper and lower bounded by its contrastive risk as

. (5 Jos((l—w?)/w?) Vlog(L—w?)/w?) |~ e
Leontr(f) (“ 2log([M/[A2]) ) oI/l - VT VT
2log((1 — w?)/w?) e
log(|A1]/Aal) VM’

where w = min; ;|(p1x)i|, A1 = ming| x| and Ao = maxy|Aok|. Among them, pg, pok, - - -
are the orthonormal eigenvectors with eigenvalues \ij, Aok, -+ (| A1k > |Aok| = --+) of the
adjacent matriz of intra-class subgraph Gi.

(18)
e+ 4va+

< ['_mCE(f) < Econtr(f) +

Comparing Eq. 16 and Eq. 18, we find that the graph radius D is replaced by
% that is controlled by the largest and second largest eigenvalues of the aug-
mentation graph. The eigenvalues are widely discussed in the spectral graph theory and a
smaller |Ao| implies the stronger connectivity of the graph (Chung, 1989). From the corol-
lary, we note that the gap between the pretraining and downstream performance is narrowed
when Ay decreases, which further verifies that contrastive learning needs the augmentation
graph to be closely connected.

Previously, there is another work analyzing the downstream performance of contrastive
learning from a spectral graph perspective (HaoChen et al., 2021), but the difference can be
obviously observed: 1) our analysis is applicable for the widely adopted InfoNCE and CE
losses, while theirs is developed for their own spectral loss; 2) ours starts from the alignment
and uniformity perspective while theirs starts from the matrix decomposition perspective;
and 3) there are several kinds of cases that their method fails to analyze while ours can. As
the former two points are easily verified, we only provide the detailed comparison on the
third point below.

Lemma 13 (The main results in HaoChen et al. (2021)) Let f* € F : R? — §™~!
be a minimizer of Leontr(f) and m > 2K. The downstream error is denoted as Err(f*) =
Ep(z) (0(z) # y) where j(x) = argmax g(f*(x)) is the predicted label with the downstream
classifier g. Then, we have

o

Brr(f) <0 ( 2 ) , (19)
Plmy2)

where m is the representation dimension, K is the number of classes, o is the minimum

error under a set of labeling functions where the augmented views and the anchor sample

have different labels, and pq is the sparsest q-partition of augmentation graph.

Their bounds (Lemma 13) and ours (Corollary 12) are both based on the connectivity
of augmentation graph but with different measures. We use the first and the second largest
eigenvalues of the adjacent matrix of the augmentation graph while they use the sparsest g-
partition that is estimated by the ¢g-smallest eigenvalues of the normalized Laplacian matrix
of the augmentation graph. Thus, these two bounds are not identical: 1) ours provide both
the upper and lower bounds while they only provide the upper bound; and 2) there are
some cases their method fails to analyze while ours could as shown below.
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Case I: If Assumption 8 holds and |m/2] < K, then p|,,/o) = 0. When Assumption 4
holds, then a = 0. The bound in Lemma 13 becomes a % term which fails to be analyzed.

Case II: If we adopt the same setting in Proposition 6, i.e., there exists no augmentation
overlap for inter-anchor samples, the bound in Lemma 13 becomes a % term again.

While for our bounds, the above two cases can still be characterized (proofs are shown
in Appendix). This is because that our bounds are not dependent on the output dimension
m and can still analyze the difference between representations when a = 0. That is, we
can analyze the downstream performance of contrastive learning in a more fine-grained way
with less restrictions.

6. Analysis of Augmentation Strategy on Augmentation Overlap

Based on the above analysis, we can find that the gap between pretraining and downstream
tasks hinges on the connectivity of the augmentation graph G(V, E(T)). In this section, we
will further analyze how the data augmentation strategy in contrastive learning influences
the graph connectivity (augmentation overlap).

6.1 Degree of Augmentation Overlap

To simplify our analysis, here we consider the following setting. For each class k, there is
a cluster center ¢j on a hypersphere S where N anchor samples are uniformly distributed
around cg. The positive samples are obtained by adding a uniform noise sampling from a
uniform distribution U(0,7)?% to the anchor samples. Intuitively, when the augmentation
strength r is too weak, there exist no overlapped views across different samples. When the
augmentation is too strong, samples of different classes may be aligned together. Formally,
based on the random graph theory, we have the following theoretical results.

Theorem 14 For N random samples taken from a class, when gradually increasing the
augmentation strength r, we have the following degree of augmentation overlap:

1
d/2))d S\ 1/d+1/d?
(a) No-overlap. When 0 <r <r; = I %} (N5l - é(Nf/l) +O((Ni1)2)] where
S is the surface area of sample distribution and r1 is the minimal pairwise distance
among N samples, all samples (vertices) in the augmentation graph are isolated. As

a result, the learned features could be totally random as in Proposition 6.

(b) Over-overlap. Whenr > r3 = % min; ; ||c;—c;|| where rs is the (asymptotic) minimal
distance between samples from different classes, the label consistency assumption is
no longer guaranteed.

1
d/2)l]d (N—-24+1/d)! , § 1 1/d+1/d?
: </7)?] : (N—Q)/! : (v=p) 1= 2/(N—/1) +

O(ﬁ)] s the mazimal pairwise distance among N samples, all samples from the

(c) Full-overlap. Whenry < r < rs where rqg =

same class are directly connected while samples from the different classes are not
connected. As a result, the augmentation graph for each class is a complete graph.

(d) Intermediate-overlap. When ri < r < ry, there exists at least two samples that are
connected, while the whole augmentation graph is not a complete graph.
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Under cases (c) and (d), the classwise connectivity in Assumption 8 is guaranteed.

The above Theorem 14 indicates a trade-off on the augmentation strength. On the
one hand, we need the augmentation to be strong enough to align the samples from the
same class. On the other hand, we need to avoid too strong augmentations that generate
overlapped views for inter-class samples. In Figure 4(b), we visualize the relationship be-
tween different degrees of overlap and the connectivity of augmentation graph. According to
Theorem 10, the guarantees about the generalization of contrastive learning only need the
augmentation graph to be connected (may not need to be a complete graph). Thus, there
is a proper (perfect) augmentation strength from ‘intermediate-overlap’ to ‘full-overlap’,
named ‘perfect-overlap’, which can be described through the following theorem.

Theorem 15 Denote the minimal augmentation strength needed for connectivity as: Tme =
inf{r; < r <y : G(V,E(T)) is connected} and the volume of unit hyperball as V,, we

obtain:
(1-1/d)Slog N

VuN?

FordZQ,rmc:O(@ )L1i> as N — . (20)

Theorem 15 implies that the perfect augmentation strength (making augmentation graph
be connected) is strongly related to the sample number (N) and sample dimension (d). As
the sample dimension increases, the needed augmentation strength to meet ‘perfect-overlap’
will increase in an exponential order. Since the dimension of the samples in real-world data
sets is quite large, stronger data augmentations are usually needed. However, simple data
augmentations like Gaussian noise with strong variance (strong data augmentations) will
change the label of images, which contradicts the label consistency assumption. Thus, we
need to design data augmentations that are strong enough while do not change the label
of samples simultaneously. This is in accordance with the practical fact that common con-
trastive learning methods usually use complex data augmentations like RandomResized Crop
and ColorJitter instead of simple Gaussian noise.

6.2 Empirical Understanding of Augmentation Strength

Based on the setting in Section 6.1, we conduct a series of experiments on a synthetic data
set to verify the influence of the augmentation strength. Consider a binary classification
task (k = 2) with the InfoNCE loss. Data are generated from two uniform distributions on
a unit ball S? in the 3-dimensional space (one center is (0,0,1) and another is (0,0, —1)).
More details can be found in Appendix B.1.

As shown in Figure 5, we find that with the enhancement of the augmentation strength r,
the accuracy of the classification tasks increases first and then falls to 50%. From the learned
representations with different augmentation strengths, we find that when the augmentation
strength is weak, the features of the intra-class samples are more isolated. When the
augmentation strength is too strong, the features of the different classes are mixed. In both
cases, it is almost impossible to obtain a linear classifier with good downstream performance.

To further understand the relationship between the strength of augmentations and the
connectivity of augmentation graph, we visualize the augmentation graphs with different
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Figure 5: t-SNE visualization of features learned with different augmentation strength r on
the random augmentation graph experiment. Each dot denotes a sample and its
color denotes its class.

(a) r = 0.0, acc = (b) r = e 3, acc = (c) r = 0.08, acc = (d) r = 0.5, acc = (e) r = 1.5, acc =
0.50, D = inf. 0.78, D = inf. 0.96, D = 5. 1.00, D = 2. 0.50, D = 1

Figure 6: Visualization of the augmentation graph with different augmentation strength r
on the synthetic data. Each color denotes a connected component. The number
of the connected components and the maximal intra-class radius D decrease with
the increase of the augmentation strength.

augmentation strengths on the above synthetic data set and present the maximal intra-class
radius D of them in Figure 6. We observe that when augmentations are not applied on the
data (Figure 6(a)), all the samples are isolated (D = inf) and contrastive learning becomes
a simple instance-level discriminative task. The degree of intra-class overlap aligns with the
increase of the augmentation strength. At the point of the highest linear accuracy where
r = 0.5 (Figure 6(d)), all the intra-class samples are closely connected (D = 2) while all the
inter-class samples are separated, which satisfies Assumption 8. When the augmentation
is too strong (Figure 6(e)), we find that the two subgraphs of the augmentation graph are
connected, which means the inter-class samples may be wrongly aligned, and as a result,
the linear accuracy dramatically decreases to 50%.

Besides the synthetic data set, we also verify the practicality of our theoretical results on
the real-world data set CIFAR-10. While the augmentation graph is defined in terms of con-
nections in the input space, directly measuring semantic similarity in this high-dimensional
space presents significant challenges. To overcome this, we adopt a well-established sur-
rogate metric by using pretrained representations to approximate the similarity of input
images, following Dwibedi et al. (2021). Specifically, for characterizing the connectivity
of two samples, we augment each sample 20 times and then compute their cosine similar-
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(a) Almost no-overlap augmen- (b) Proper-overlap augmen- (c) Over-overlap augmenta-
tation graph  (r=(0.99,1), tation graph (r=(0.08,1), tion graph (r=(0.01,0.03),
acc=0.25). acc=0.75). acc=0.29).

Figure 7: The augmentation graph of CIFAR-10 with different strength r of RandomRe-
sizedCrop. We choose a random subset of test images and randomly augment
each one 20 times. Then, we calculate the sample distance in the representation
space as in prior work like FID (Heusel et al., 2017) and draw edges for image pairs
whose smallest view distance is below a small threshold. Afterwards, we visualize
the samples with t-SNE and color intra-class edges in black and inter-class edges
in blue and report their frequencies.

ity. An edge is considered to exist between two samples if the cosine similarity between
their augmented counterparts exceeds a threshold. We use the RandomResizedCrop as the
data augmentation and regard the scale of the crop (a,b) as the augmentation strength r,
i.e., ¥ = (1 —a) + (1 — b). The connectivity of the augmentation graph on CIFAR-10 is
visualized in Figure 7, we find that when the augmentation strength is too weak where the
scale of the crop is (0.99,1) (Figure 7(a)), the linear accuracy is 25% and most samples
are isolated. When we adopt appropriate augmentation strength (Figure 7(b)), the linear
accuracy increases to 75% and at the same time, the edges between intra-class samples take
96.4% of all the edges. When the augmentation strength is too strong (Figure 7(c)), the
linear accuracy falls down to 29% and the edges of the inter-class samples take 87.6% of the
edges. The empirical findings in the real-world data sets are quite close to the results on the
synthetic data sets. The above results further verify that the connectivity of augmentation
graph decides the learned representation of contrastive learning, i.e., too weak or too strong
data augmentations will hurt its downstream performance.

7. Applications of Augmentation Overlap Theory

Although contrastive learning has received impressive empirical success in many down-
stream tasks, how to quickly evaluate the quality of the learned representation is still
under-explored. In practice, the most common method is to train a linear classifier fol-
lowing the pretrained encoder, i.e., linear evaluation (Chen et al., 2020; He et al., 2020;
Grill et al., 2020). However, linear evaluation needs supervised label information and extra
training time which are quite expensive for large-scale real-world data sets. Recently, some
works try to evaluate the performance of contrastive learning without supervised labels, for
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Figure 8: Measuring support overlap with the help of the distance between different aug-
mented samples.

example, Reed et al. (2021) find rotation prediction accuracy of the learned representation is
strongly related to the classification accuracy in downstream tasks. However, their method
still needs additional training time for the rotation classifier. In this section, we propose
an unsupervised metric based on our augmentation overlap theory which can evaluate the
performance of contrastive learning with almost no additional computational cost.

7.1 An Unsupervised Metric for Representation Evaluation

Based on our augmentation overlap theory, generating overlapped views of intra-class sam-
ples is a critical step of contrastive learning and the connectivity of the augmentation graph
is strongly related to the downstream performance. Intuitively, when justifying whether
two samples are adjacent in the augmentation graph, we need to enumerate all their aug-
mented views to find whether they share an augmented view. However, going through the
augmentation space needs huge computational costs which can hardly be implemented in
practice, especially for the real-world data sets. To be specific, common contrastive learn-
ing paradigms adopt different kinds of data augmentations, including RandomResized Crop,
ColorJitter, GrayScale, and GaussianBlur. Each data augmentation has different continu-
ous parameters, for example, Colorjitter controls the brightness, contrast, saturation, and
hue of the images, which all can be random positive values. As the result, it is impractical
to search the space of data augmentations with current computing resources.

Therefore, we propose an approximation metric to measure the connectivity of augmen-
tation graph with the help of the nearest neighbours around the sample. For each sample
xz; € D,, we random augment it for C' times and get a support set D, = {245,0 <i < N,0<
Jj < C}. We define dip, (245, f) = max{|| f(zi;) — f(zip)]|, 0 < p < C} as the maximal distance
of the augmented samples of the same anchor and doy: (245, f) = min{|| f(xi;) — f(21p)]],0 <
i,7 < N,0 <p<C,i+# 1} as the minimal distance of the augmented samples of different
anchors in the feature space. As shown in Figure 8, we find that when the different sam-
ples have support overlap, d;, is larger than d,,;. Therefore we can measure the degree of
augmentation overlap by comparing d;,, and dyy;. Following that, we define a Average Con-
fusion Ratio (ACR) as the ratio of the intra-anchor distance is larger then the inter-anchor
distance:

ACR(f) = B, cp, Udout(xij, ) < din(zij, f))- (21)

Note that when C — oo and the support set includes all anchors, ACR is exactly the
ratio of the anchors that have overlapped views with other anchors. Intuitively, ACR
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(a) ACR wv.s. aug-strength r.  (b) ACR while training (r=0.01). (c) ACR while training (r=0.92).

Figure 9: (a) Average Confusion Rate (ACR) and downstream accuracy v.s. different aug-
mentation strength (before training). (b,c): ACR and downstream accuracy while
training.

approximately measures the ratio that augmented views of different anchors can be closer
than the augmented views of the same sample, which means that different samples generate
the overlapped views. To show the performance of ACR on real-world data sets, we first
take the RandomResized Crop operator with different strengths on CIFAR-10 as an example.
The augmentation strength r of RandomResizedCrop is defined as the scale range [a, b] of
crop, i.e., ¥ = (1 —a) + (1 —b). As shown in Figure 9(a), we find that ACR increases
with stronger augmentations. The empirical results verify that the metric ACR is a closed
approximator of the degree of the connectivity of the augmentation graph. However, Figure
9(a) also shows that the downstream accuracy increases first and then falls down while ACR
keeps increasing with stronger data augmentations, which is consistent with our analysis
that when augmentation strength is too strong, there occurs over-overlap. As a result, only
measuring ACR can not be a satisfying evaluation method. Figure 9(b) and Figure 9(c) show
the change of ACR during the training process of contrastive learning. We find that when
the augmentation strength is too weak, contrastive learning becomes a quite simple task,
the initial ACR is low and it decreases to 0 in a short period, and when we adopt appropriate
augmentation strength, the initial ACR is high and it will decrease mildly. Inspired by the
empirical findings, we think the change process of ACR may be more strongly related to the
downstream performance of contrastive learning, so we propose a new metric to estimate the
downstream accuracy of contrastive learning without label messages, named ARC (Average
Relative Confusion):

1- ACR(fﬁnal)

ARC — .
RC = T AR ()

(22)

To evaluate the effectiveness of ARC, we conduct comprehensive experiments on CIFAR-
10 to demonstrate the relationship between ARC and downstream performance on the rep-
resentations trained with different data augmentation and different strengths. The details
can be found in Appendix B.2.

Different kinds of data augmentations. We test 6 kinds of augmentations used
in SimCLR (Chen et al., 2020), i.e., RandomResizedCrop, ColorJitter, GrayScale, Hori-
zontalFlip, GaussianBlur and Solarization. FEach augmentation is singly applied with the
default parameter in SImCLR. The results are presented in Figure 10(a), which shows that
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Figure 10: Average Relative Confusion (ARC) and downstream accuracy v.s. different data
augmentations adopted in SimCLR with different strengths.

ARC aligns well with the linear accuracy of models trained by different kinds of augmen-
tations. We also find that RandomResizedCrop and ColorJitter are the most two powerful
data augmentations used in SimCLR, so we then focus on these two augmentations for
further analysis.

RandomResizedCrop with different strengths. The strength r of RandomResized-
Crop is still defined as the scale [a, b] of crop, i.e., r = (1 —a)+ (1 —b). From Figure 10(b),
we find that the ARC curve and the linear accuracy curve have almost the same pace,
i.e., increasing first and then falling down, which indicates that our ARC metric has a close
relationship with downstream performance.

ColordJitter with different strengths. The strength of ColorlJitter is directly con-
trolled by four parameters, i.e., brightness, contrast, saturation, and hue. Brightness, con-
trast, and saturation can be any positive values while hue is a positive value that is not larger
than 0.5. So we set the parameter of ColorJitter as (brightness, contrast, saturation, hue) =
(r,r,7,min(0.5,0.25 % r)). From Figure 10(c), the curves of ARC and linear accuracy per-
form at almost the same pace again, which implies that our ARC metric is a good measure
for the downstream performance evaluation.

ARC on the large-scale data set. Besides CIFAR-10, we also evaluate the effec-
tiveness of ARC on the large-scale data set ImageNet. The experiments are conducted
on ImageNet with various data augmentations and various strengths including 1) different
types of augmentations with default parameters in SimCLR, 2) RandomResizedCrop with
different strengths, 3) Colorjitter with different strengths. As shown in Figure 11, the pro-
posed ARC aligns well with the linear accuracy, which indicates that the ARC metric also
performs well on large-scale data sets.

7.2 Further Analysis of the Proposed Metric ARC

The proposed metric ARC is based on ACR, while in practice ACR may have outliers to
mislead its calculation. For example in Figure 12, ;1 and x;2 are two augmented views of a
car while zj; and 2 are two augmented views of a horse. Due to aggressive augmentations,
xj2 is more similar to xj» than x;1. So the inter-anchor distance doy¢(xi1) is smaller than
the intra-anchor distance d;,(z;1), which results in the wrong increase on ACR, because
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Figure 11: Average Relative Confusion (ARC) and downstream accuracy v.s. different data
augmentations adopted in SimCLR with different strengths on ImageNet.
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Figure 12: Outliers of data augmentations will mislead the calculation of ARC defined in
Section 7.1 (|[(zi2 — @it || > ||zi2 — x52]))-

higher ACR in fact indicates the higher overlap degree while here the car and horse have
no semantic overlap.

Generalized ARC. To avoid these outliers, we generalize the definition of ACR. For
an augmented sample x;;, we first compute its distance in the features space to the aug-
mented views of any anchor sample z;: Q(zij, a1, f) = {||f(zij) — f(21p)]|?,0 < p < C}.
Then we respectively use statistic .A; to compute the distance of the augmented samples
from the same anchor, i.e., din (25, A1, f) = A1(Q(z4j, xi, f)) and use statistic Ay to com-
pute the distance of the augmented samples from different anchors, i.e., dout(zij, A2, ) =
{A2(Q(zi5, 21, f)),l # i}. Finally we compare diy(xi;, A1, f) and the k-smallest distance
dout—k(Tij, A2, f, k) of dout(45, A2). The generalized ACR is defined as

GACR(fa -A17 AQ’ k) = Exijeﬁu]l (dout—k(xij7 A27 f? k) < din (xija -Ab f)) (23)
Similarly, based on the generalized ACR, the generalized ARC is defined as
1 — GACR(fanal, A1, A2, k
GARC(Ay, Ay, k) = (final, A1, As, F) (24)

1 — GACR(finit, A1, A, k)

Note that when A; is set to the maximal value, As is set to the minimum value, and k is
set to 1, GARC degrades to ARC discussed in Section 7.1.

Variants of GARC. Following the definition of GARC, here we consider its six dif-
ferent variants, i.e., GARC(min, min), GARC(max,max), GARC(max, min), GARC(min,
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Figure 13: The relationship between linear evaluation accuracy and different variants of

GARC.

max), GARC(median, median), and GARC(mean, mean). The experiments are conducted
on CIFAR-10 with different data augmentations like 1) RandomResizedCrop with different
scales of the crop, 2) ColorJitter with different parameters (contrast, brightness, satura-
tion, hue), and 3) composition of all augmentations used in SimCLR with different param-
eters. The relationship between the downstream accuracy of these models trained with
different augmentations and our proposed GARC metric is shown in Figure 13. We find
that all the six variants of GARC have a close relationship with the linear accuracy of
learned representations. Note that GARC(max,min) is the ARC defined in Section 7.1.
As shown in Figurel3(a), the performance of GARC(max,min) decreases when the linear
accuracy is high, which is consistent with our findings that aggressive data augmentations
will generate outliers and mislead its calculation (marked by red). While GARC(min,min),
GARC(max,max), and GARC(min,max) can solve this issue and measures the represen-
tations trained with aggressive augmentations more accurately. However, they do not
perform well on the representations with low linear accuracy (marked by red). This is
because they will ignore some overlapped views, especially with weak data augmentations.
In contrast, GARC(median,median) and GARC(mean, mean) can get rid of the influence of
these outliers and keeps a strong relationship with the downstream performance of various
representations.

Comparison to other metrics. To further evaluate the performance of our proposed
metric, we compare GARC with other unsupervised evaluation metrics such as rotation pre-
diction accuracy (Reed et al., 2021). They train a linear classifier following the pretrained
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Figure 14: The relationship between linear evaluation accuracy and different unsupervised
metrics.

encoder to predict the rotation angle of the samples and find that the prediction accuracy is
strongly related to the downstream classification accuracy. We compare the three different
unsupervised metrics, i.e., GARC, rotation accuracy, and InfoNCE loss, in Figure 14 on
CIFAR-10 with the same settings above. The details can be found in Appendix B.3. Figure
14 shows that the lower InfoNCE loss does not imply better downstream performance while
both our proposed GARC and rotation accuracy are strongly related to the downstream
classification accuracy. As the Pearson correlation coefficient p (Pearson, 1895) between
GARC and linear accuracy is 0.954 while rotation is only 0.905, our proposed metric out-
performs rotation accuracy and has a closer relationship to the performance of downstream
classification. To be specific, in Figure 14 (a), InfoNCE loss does not change a lot with dif-
ferent augmentations (4.8 to 5.0) in most cases while the linear accuracy will increase from
40% to 80%, thus InfoNCE is not a good indicator for the downstream performance. Figure
14 (b) shows that rotation accuracy performs better in well-clustered representations (right
upper corner of the figure) while it performs poorly when the linear accuracy is lower (left
lower corner of the figure). Conversely, our proposed GARC keeps a strong relationship
with downstream performance of various representations as shown in Figure 14 (c). For the
computational cost, compared to linear evaluation, rotation accuracy can be obtained with-
out access to supervised labels. However, evaluating rotation accuracy still needs an extra
linear classifier and expensive computation costs. In contrast, our proposed GARC directly
uses the statistical information of the pretrained models with little additional overheads. In
summary, GARC is a well-performed unsupervised model selection metric that is strongly
related to the classification performance of the representations and can be obtained with
negligible costs.

8. Conclusion

In this paper, we proposed a new understanding of contrastive learning through a revisiting
of the role of data augmentations. In particular, we notice the aggressive data augmen-
tations applied in contrastive learning can significantly increase the augmentation overlap
between intra-class samples, and as a result, by aligning positive samples, we can also clus-
ter inter-class samples together. Based on this insight, we develop a new augmentation

26



AN AUGMENTATION OVERLAP THEORY OF CONTRASTIVE LEARNING

overlap theory that could guarantee the downstream performance of contrastive learning
without relying on the conditional independence assumption. With this perspective, we also
characterize how different augmentation strength affects downstream performance on both
random graphs and real-world data sets. Last but not least, we develop a new surrogate
metric for evaluating the learned representations of contrastive learning without labels and
show that it aligns well with downstream performance. Overall, we believe that we pave a
new way for understanding contrastive learning with insights on the designing of contrastive
learning methods and evaluation metrics.
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Appendix A. Proofs
A.1 Proof of Lemma 2

Proof First, we have

M
Ep(,2) llog % > exp(f(x) g(zi) — log By, exp(f (x)TQ(Zi))]
=1

M
<eEp(z,) [AZZeXp(f(x)Tg(%)) ~Epp exp(f(@) g (Zi))] B \/eﬂ ’
i=1

where the first inequality follows the Intermediate Value Theorem and e (the natural
number) is the upper bound of the absolute derivative of log between two points when
|f(z)Tg(2)| < 1. And the second inequality uses the following inequality, given the bounded
support of exp(f(z)"g(2)) as following: for i.i.d random variables Y; with mean EY and
bounded variance 0)2/ < 02, we have:

d

< |E

1 M
PN
Mi:l

2

1 M
TN
Mizl

/M )
where the first inequality follows Jensen’s inequality and the second equation follows the
property that Y; is i.i.d random variables. Here, we set Y; = exp(f(x) ' g(z:)). As g(z) is

the mean classifier and f(z) is normalized, |f(x) g(2)| < 1, |Y;] < e. With Popoviciu’s
inequality, Y; has bounded variance (e)2.

A.2 Proof of Theorem 3

We will prove the upper and lower bounds separately as follows.

A.2.1 THE UPPER BOUND

We first prove that the mean CE loss can be upper bounded by the InfoNCE loss with
Lemma 2.

Proof Denote p(z,z",y) as the joint distribution of the positive pairs z, 2" and the label
y. Denote the M independently negative smaples as {x;}f‘il Denote 1, as the center of
features of class y, y = 1,..., K. Then we have the following lower bounds of the InfoNCE

28



AN AUGMENTATION OVERLAP THEORY OF CONTRASTIVE LEARNING

loss:

M
ccmﬁrcf>::-—Ep@mx+>f<x>Tf<x*J-+1Ep@)Ep@i)logjiijijexp<f<x>Tf<x;)>
=1

1 M
S By ) F) 4 By og 27y > el S6) -~
=~ Eptae) [(0) J@) + By Iog Eyemy oxp(f(2) (7)) = =
= = Bp(a S 0) 1) + By 08 By Bpga o) explf(2) (7)) = =
Q- Ep(oat ) f (%) £(27") + Ep(z) log By exp(Ep(y-) [f (@) f @“_)] ) - \/(;\7
© o) f (@) hy + By log By exp(Ep ) [f(x)Tf(f)]) - \/j\—/[
= = Bp(ap S () sy + Epia) 108 By exp (@) 1) =

X
= — Epa)f (@) " 1y + Eppy log % kzl exp(f(x) ") — \/GM

1 K e
=Epzy [ — (@) Ty +1log = exp(f(x) )] —
p( y)[ Yy K; k } i
=Lumcr(f) — ?Z\/l’

which is equivalent to our desired results. In the proof above, (1) follows Lemma 2; (2)
follows the Jensen’s inequality for the convex function exp(-); (3) follows the conditional
independence assumption. |

A.2.2 THE LOWER BOUND

In this part, we further show a lower bound on the downstream performance.

Lemma 16 (Budimir et al. (2000) Corollary 3.5 (restated)) Let g : R™ — R be a
differentiable convex mapping and z € R™. Suppose that g is L- smooth with the constant
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L>0, e, Vr,y € R", [|Vg(z) — Vg(y)|| < Lljx — y||. Then we have

0 < Ep(z)9(2) — g (Ep(z)2)
<L [Ep(z)HZH2 - HE;D(Z)ZHQ]

= LY ) l2917 = D By 2]
=1 j=1

= L[Z Ep(z(j))Hz(j)HQ - Z ||Ep(z(3))z(])||2]
j=1 j=1

= LZVar(z(j))
j=1

(25)

where z9) denotes the j-th dimension of .

With the lemma above, we can derive the lower bound of the downstream performance.
Proof Similar to the proof of the upper bound, we have

K
~ T 1 T
£mCE(f) = _Ep(a;y)f(x) Hy + Ep(ac) log ? Zl exp(f(:n) /Lz)

=— Ep(%y)f(:c)—ruy + Epa) log — Z exp(f

= Ep(%y)f(x)TMy + Ep(a?) log Ep(y;) eXp(f(m) Myi>

(1) ) .
> = By f(2) 1ty + Bp(o) By log 77 > exp(f(2) " pay,) = NiTi
=1
@) 1 & e
= By f@) )+ BBy log 57 3 exp (B f (o) f(i)) =
=1
3)
> - Ep(m,x*)f(x)—rf(x—i_)
_ e
+ Ep(m)]Ep(yz_)Ep(zl ly) [10g Zexp ] T 9 ZV&I' f] ) \/M

=~ Epect) [f(:v)Tf(:v+) FE, - log Y exp(f(asff(as-))]
=1

1 — _ e
—QJ;Var(fj(:c )~ 7=

= e

= Loou() = 5 Var(f(a) | ) = =

which is our desired result. In the proof, (1) we adopt the Monte Carlo estimate with M sam-
ples from p(y) and bound the approximation error with Lemma 2; (2) follows the conditional
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independence assumption; (3) we first show that the convex function logsumexp is L-smooth
as a function of f(z;) in our scenario. Because || f(X)| < 1, we have Vf(z;,), f(z;,) € R™,
the following bound on the difference of their gradients holds

Ologlexp(f(2) " f(x},) + Xy exp(f (@) f(27)))]  Dloglexp(f(x) " f(y,) + Xy exp(f (@) f(x7))] H

0f(wj,) 0f(x3,)
_ < exp(f ()" f(a7,) B exp(f ()" f(a3,) > MH
xp (F(@) 1(05,) + Sy 01 ) exp(Fa) F(a3,) + S x0T o)

(Xizy exp(f (@) f (7)) exp(f () = 3isy exp(f(2) " f(a7)) exp(f(2) " f(x3,))
(exp(f(z )Tf( 25)) + 2y exp(f () T f (7)) (exp(f (2) T f(23,)) + 30525 exp(f(2) T f(27)))

W@l < 5 |7 - $63)

<

"Hf(w)ll

So here the logsumexp is L-smooth for L = 1. Then, we can apply the reversed Jensen’s

2
inequality in Lemma 16.

A.3 Proof of Theorem 5 with Labeling Error

Similar to Theorem 3, we will prove the upper and lower bounds separately as follows.

A.3.1 THE UPPER BOUND

With Lemma 2, we show that upper bounds the mean CE loss with the InfoNCE loss.

Proof We denote p(z,z",y) as the joint distribution of the positive pairs x, " and the
label y of z. Denote the M independently negative smaples as {x; }f\il Denote p, as the
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center of features of class y, y = 1,..., K. Similar to the proof of Theorem 3, we have

M
Leonr(F) = ~Eyion) @) 1) + By By Tog 1 > exp(f() (7))
=1

@
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= - Ep(x,x*,y) [f(x)TMy + f(x)T(f(x+) - My)] + Ep(:(}) log IEp(y*) eXp(f(x)Tuy*) - \/LM
©)
2 =By gy [£) sy + 1) = ] + By o8 By exp(f (@) Thy-) =
3) e
> = Eptau)f @) bty = \/Epiaa) 11 @) = i1y 2+ By log By exp(F(2) 1y ) - VM
- Ep(x,y)f(x)—rﬂy - \/Ep(x,y)Hf(w =yt Ty — :U’yH + Ep(:r log — Z exp \/(;W
1 e
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p(z,y) Yy K ; k ] Y VM
@ 1 & e
>Eopay [ — F(@) 1y +1og =Y exp(f(2) " )] — 24/ Var(f(at) [ y(at)) — 4V
P(z,y) Y K ; k VM
=Lucr(f) — 2/Var(f(zF) [yT) — 4va m
=Lumce(f) — 2/ Var(f(z) [y) — 4V/a m

which is equivalent to our desired results. In the proof above, (1) follows Lemma 2, (2)
follows from the fact that because f(x) € S™~!, we have

f(er) — My

.
Mely zT) — — ) — .
Hf(xﬂ—uyu) (F@™) =) = £ @) =yl (26)

F@) (@) - ) < (

(3) follows the Jensen inequality and the fact that because p(z,z") = p(zt,z) holds,
x,x" have the same marginal distribution and (4) follows assumption 4 and f(z) is nor-
malized. We note that when we throw the conditional independence assumption, we do
not have E, m+)f(9U)T = Ep(Ly)f(a:)Tuy and there exists an additional variance term

V/Var(f(zt) | yt). [ |

A.3.2 THE LOWER BOUND

With the Lemma 16, we can derive the lower bound of the downstream performance.
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Proof Similar to the proof of the upper bound, we have

ZmCE(f) = _Ep(x,y)f(x)—r:u’y + ]E log Z exp

Ep(x,y)f(x)—r:uy + IEp(:r:) log Ep(yi—) exp(f(x) :uyz‘)

® M
> — By [f(2) @) + f(2) T (1y — F@)] + Ep)E,q, - log % > exp(f(x) py,) —

=1

=

>~ Ep(eat) F(2) F(27) = Epe ) | f (@) T — iy

M

1 _
+ Ep(w)Ep(y{) log M Zl eXp(Ep(z{\yf)f(x)Tf(xi ) -

> — Bpany f(@) | faT) - 2\/Var @) [y — 4va

e

S

_ e
+ Epz)E oy ) oz Iy) log — Zexp — = ZVar fite™) ly) — WiTi

:Econtr(f) -2 Var(f(m) ‘ y) - 5 Var(f(:n) ‘ y) - \/M

which is our desired result. In the proof, (1) we adopt the Monte Carlo estimate with
M samples from p(y) and bound the approximation error with Lemma 2; (2) follows the
same deduction in the upper bound; (3) the second term is derived following the Jensen
inequality for the alignment term. As for the third term, we prove that the convex function
logsumexp is L-smooth as a function of f (x;) in the proof of Theorem 3. Then, we can
apply the reversed Jensen’s inequality in Lemma 16. Similar to the upper bound, when we
throw conditional independence assumption, the additional variance term /Var(f(z) | v)

arises.
[ |

A.4 Proof of Proposition 6

Proof We only need to give a counterexample that satisfies the desired classification ac-
curacy. We consider the case where any pair of samples from {xz}fi 1 will not be aligned,
which is easily achieved if we adopt a small enough data augmentation. In this scenario,
the perfect alignment of positive samples (x;, +) could have no effect on the other samples.
Therefore, when the features {f(z;)}Y, are uniformly distributed in S™~!, according to
the law of large number, for any measurable set &/ € S~ !, when N is large enough, there
will be almost equal size of features from each class in . Consequently, any classifier g
that classifies U to class k will only have 1/K accuracy asymptotically. |
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A.5 Proof of Theorem 10

Proof Consider any pair of samples (x,z’) from the same class y, and the positive sample
of x as 1. As intra-class connectivity holds, z and 2’ are connected, and the maximal
length of the path from z to 2’ is D. Therefore, we can bound the representation distance
between x and 2’ by the triangular inequality under the e-alignment

If(@) = f@)I<D  sup  [If(z) = f(z4)l|<De (27)

(m,a:"")wp(a:,x‘*’)

With the inequality above, we can bound the variance terms in Theorem 5. In particular,
the conditional variance can be bounded as

Var(f(z) | y)
=Ep) Eptay 1/ () = Eor f ()"

<Ep(y Epfoly Eptarn |/ (@) = £ o
<Ey)  max (@)~ (@)

&)
2 2 2 2
<Epy)D7e” = D7,

where (1) follows Eq. 27. Then, we can bound the variance items in Theorem 5 with Eq. 28.
|

A.6 Proof of Corollary 11

Proof Combing with Theorem 10 and € = 0, the intra-class variance term varnishes. So
we can directly obtain this result. |

A.7 Proof of Corollary 12

Proof pqx, pok, - - - are orthonormal eigenvectors of adjacent matrix of the intra-class graph
Gy, with eigenvalues \1g, Aok, - - (|[A1x] = |Aak| > -+ ). Let M denote the adjacency matrix of
graph Gy, and (M), s denote the row r and column s element of M, we have M = > A\jxftik u;

(2
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where (1) employs the Cauchy—Schwarz inequality. So, if ¢ > %, every element of

; log((1—w3)/w?) . . log((1—w?)/w?)
(M)? >0, i.e., Dy < m. For the maximal radius D, we have D < %,
|

where w = min; | (f1x)i], A1 = ming|A1x|, A2 = maxy|Agg|.

With this Lemma, we can directly obtain corollary 12.

A.8 Proof of Cases That HaoChen et al. (2021) Fail to Analyze

When Assumption 8 holds, the error of labeling function a = 0.
Case I: If Assumption 8 holds and |m /2] < K, then p|,,/2) = 0. When Assumption 4
holds, then a = 0. The bound in Lemma 13 becomes a 8 term which fails to be analyzed.
Proof We give a solution of the sparsest partition of augmentation graph. V¢ < |m/2] —1,
we set Sy = Gy, where G is the subgraph of latent class ¢, and S|, /2) = G—(S1(S2 (- () S|my2)—1)-
As Assumption 8 holds, there exists no edge between different latent classes, i.e., ¢pg(S1) =
$g(S1) =+ = ¢g(S|m/2)-1) = 0, where ¢ is Dirichlet conductance of augmentation graph.
So we have p|p,/2) = 0. |

Case II: If we adopt the same settings in Proposition 6, i.e., there exists no support
overlapping, the bound in Lemma 13 becomes a % term again.
Proof When there exist no overlap between intra-class samples as analyzed in Proposition
6, there exist no edge between different intra-class samples. So ¢g(S1) = ¢g(S1) = -+ =
ng(SLm/%—l) = (. So we have Plm/2] = 0. |

A.9 Proof of Theorem 14

Proof From definition and notation in section 5. We can construct an augmentation Graph
G(V,E(T)) given N random samples. We define Dj, as the distance from a random point
to its k-th nearest neighbour. Percus and Martin (1998) discuss Dy in random grpah and
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give the estimation of that:

1@/2)0i (k—1+1/d), S

1/d+1/d? 1
Ly - s LR s DAL

L= Sw-n Olwoph

=

where d is the dimension of hypersphere, S is the surface area of sample distribution and
N is the number of random points. When r < D; there is no edge in the graph. So the
class is separated. When r» > Dy_1, any pair of vertexes have an edge between them, so
the graph is full connected. With this conclusion, we can directly have Theorem 14. |

A.10 Proof of Theorem 15
Proof Denote

Tme = inf{r; > 0: Gn(V, E,r;)is connected}. (31)

With Theorem 1.1 from Penrose (1999) and features are uniformly distributed in the
surface of unit hypersphere, we have

N2 (1-1)s
d d
=2 d>?2 32
NI—I;HOO(TmclOgN) Vu Y p— 9 ( )
where V,, denotes to the volume of unit hypershpere. |

Appendix B. Additional Experimental Details

B.1 Simulation on Random Augmentation Graph

Following our setting in Section 6.1, we consider a binary classification task with InfoNCE
loss. We generate data from two uniform distributions on a unit ball S? in the 3-dimensional
space. One center is (0,0,1) and another is (0,0, —1). The area of both parts are 1. We
take 5000 samples as train set and 1000 samples as test set. For the encoder class F, a
single-hidden-layer neural network with softmax activation and 256 output dimensions is
adopted, which is trained by InfoNCE loss.

B.2 The Calculation Process of ARC

Our experiments are mainly conducted on the real-world data set CIFAR-10. We use Sim-
CLR as the training framework and ResNet18 as the backbone network. When calculating
ARC, we set the number of intra-anchor augmented views C' = 6 and k = 1. We train the
network for 200 epochs and use the encoder trained with 200 epochs as the final encoder
while the encoder trained with 1 epoch as the initial encoder. When we present the rela-
tionship between ARC and linear downstream accuracy trained by different augmentations,
we adapt log operator on ARC.
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B.3 The Comparison between Different Unsupervised Metrics

The experiments are conducted on CIFAR-10 data set with different data augmentations
including 1) RandomResizedCrop with 12 different scales of the crop, 2) ColorJitter with
10 different groups of parameters (contrast, brightness, saturation, hue), 3) composition of
all augmentations used in SimCLR with 11 groups of different parameters. For computing
ARC, we follow the default settings described in Appendix B.2. For rotation accuracy, we
train a 4-dimension linear classifier following the fixed encoder to predicted the angles of
the rotation (0°,90°,180°,270°).

B.4 Analysis on the Impracticality of the Conditional Independence
Assumption

Intuitively, as illustrated in Figure 2, a positive pair is constructed by applying different
augmentations to the same natural image. As a result, the two resulting inputs are inher-
ently dependent, making the conditional independence assumption impractical in real-world
contrastive learning scenarios.

To further demonstrate this, we conduct an empirical analysis to quantify the deviation
from the conditional independence assumption. Since the exact conditional probabilities
p(x,xt | y) and p(z | y)p(at | y) are inaccessible, we approximate them using a pretrained

:
encoder f and the cosine similarity between features. Specifically, we use Zf () 7 (J; (,33?% )
- y(a)=y(x)
+
to estimate p(z, 2" |y) and use > Zf(m)f(J;:(’a):T}(:c’+) to estimate p(z|y). We then compute
=¥y (@) =y(a)

the ratio between the estimated joint and marginal probabilities.

In our experiment, we use a ResNet-18 encoder pretrained on CIFAR-10 using Sim-
CLR (Chen et al., 2020). As shown in Table 2, the joint probability is significantly larger
than the product of the marginals (ratio ~ 3.83), indicating a notable dependence between
the inputs.

These results support the claim that the conditional independence assumption is im-
practical in realistic scenarios.

Table 2: Comparison between the estimated joint and marginal probabilities. Estimation is
performed using an encoder f (ResNet-18 pretrained on CIFAR-10 with SimCLR)
and cosine similarity between features.

. :c,z+
p,2tly)  plaly)p(aly) ratio(LEL )

0.0023 0.0006 3.83
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