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Abstract

Graphical models have been used extensively for modeling brain connectivity networks.
However, unmeasured confounders and correlations among measurements are often over-
looked during model fitting, which may lead to spurious scientific discoveries. Motivated
by functional magnetic resonance imaging (fMRI) studies, we propose a novel method for
constructing brain connectivity networks with correlated replicates and latent effects. In
a typical fMRI study, each participant is scanned and fMRI measurements are collected
across a period of time. In many cases, subjects may have different states of mind that can-
not be measured during the brain scan: for instance, some subjects may be awake during
the first half of the brain scan, and may fall asleep during the second half of the brain scan.
To model the correlation among replicates and latent effects induced by the different states
of mind, we assume that the correlated replicates within each independent subject follow a
one-lag vector autoregressive model, and that the latent effects induced by the unmeasured
confounders are piecewise constant. Theoretical guarantees are established for parameter
estimation. We demonstrate via extensive numerical studies that our method is able to
estimate latent variable graphical models with correlated replicates more accurately than
existing methods.

Keywords: Convex optimization; correlated replicates; latent variables; fused lasso;
piecewise constant.

1. Introduction

Undirected graphical models have been used extensively in various scientific domains to
represent conditional dependence relationships between pairs of variables. In a graph, each
node represents a random variable, and an edge connecting a pair of nodes indicates that the
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pair of variables is conditionally dependent, given all of the other variables. For instance, in
a brain connectivity network, each node represents a brain region, and an edge between two
nodes indicates that the two brain regions are conditionally dependent. Many methods were
proposed for estimating graphical models under various model assumptions. In particular,
Gaussian graphical models have been studied extensively (Meinshausen and Biithlmann,
2006; Yuan and Lin, 2007; Friedman et al., 2008; Rothman et al., 2008; Cai et al., 2011; Sun
and Zhang, 2013; Tan et al., 2015; Lin et al., 2016; Cai et al., 2016). To relax the Gaussianity
assumption, exponential graphical models in which the node-conditional distribution for
each variable belongs to an exponential family distribution were proposed (Ravikumar et al.,
2010; Yang et al., 2015; Chen et al., 2015; Yang et al., 2018, 2013). To accommodate mixed
data types, various work have proposed the mixed graphical model in which each variable
can belong to different distribution (She et al., 2019; Chen et al., 2015; Yang et al., 2014;
Lee and Hastie, 2015). Several authors have considered nonparametric graphical models
without imposing any distributional assumption on the random variables (Sun et al., 2015;
Tan et al., 2019). The literature on graphical models is vast: we refer the reader to Maathuis
et al. (2018) for a comprehensive list of references.

In this paper, we focus on estimating brain connectivity networks using fMRI data.
There are two major challenges presented by fMRI data: correlated replicates for each in-
dependent subject and the presence of unmeasured confounders. Firstly, each independent
subject is scanned over a period of time, resulting a series of correlated brain scans. More-
over, while the fMRI brain scans are taken over time, the subjects may have different states
of mind or head motion, which can be interpreted as unmeasured confounders. For instance,
certain subjects may be awake during the first half of the brain scan, and may fall asleep
during the second half of the brain scan. Different brain regions may be active or inactive,
depending on whether the subject is awake or asleep. Thus, it is of utmost importance
to model correlation across replicates and the latent effects induced by the unmeasured
confounders simultaneously to obtain an accurate conditional independence graph.

However, most existing methods for estimating conditional independence graph assume
that all relevant variables are observed, which will yield biased graph due to the existence
of unmeasured confounders in fMRI data. In the context of Gaussian graphical models,
Chandrasekaran et al. (2010) showed that marginalizing over the unmeasured confounders
will yield a dense conditional independence graph of the observed variables even when the
true underlying graph for the observed variables is sparse. To address this issue, various
methods were proposed for modeling latent variable graphical models under various as-
sumptions on the unmeasured confounders (Chandrasekaran et al., 2010; Tan et al., 2016;
Fan et al.; 2017; Wu et al., 2017). Besides, the aforementioned work mainly focused on
estimating a conditional independence graph based on independent realizations of a com-
mon random vector. Such methods are not suitable for fMRI data, which typically involves
highly correlated replicates. Some authors assumes that the graph evolves across time, i.e.,
time-varying graphical models, but these work do not model the correlation across replicates
(Kolar et al., 2010; Hanneke et al., 2010; Sarkar and Moore, 2006; Guo et al., 2007; Zhou
et al., 2010). To account for correlated replicates, several authors have assumed that the
replicates follow a vector autoregressive (VAR) process, with the resulting graphical model
remaining invariant over time (Qiu et al., 2016; Hall et al., 2016; Basu and Michailidis,
2015). In contrast, the literature on functional graphical models estimates the graphical
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Figure 1: A toy example on a Gaussian graphical model with unmeasured confounders
and correlated replicates. Panels (a), (b), (c¢), and (d) correspond to the true
underlying graph, estimated graphs by Friedman et al. (2008), Chandrasekaran
et al. (2010), and our proposed method, respectively.

model by directly treating correlated replicates as observations drawn from the underlying
smoothed realizations of random functions (Qiao et al., 2019, 2020; Zapata et al., 2022).

In this paper, we consider modeling both the effect of unmeasured confounders and
the temporal dependence of the replicates simultaneously. Figure 1 shows a toy example
on Gaussian graphical models with unmeasured confounders and correlated replicates. We
compare our proposed method with Friedman et al. (2008) that ignores both the unmea-
sured confounders and correlated replicates, and Chandrasekaran et al. (2010) that models
the unmeasured confounders but ignores the correlated replicates. We generate the data
using the same data generating mechanism as described in Section 5.3 with 50 subjects,
20 replicates for each subject, six observed variables, and 10 unmeasured confounders. We
select the tuning parameters for the different methods using the stability approach (Liu
et al., 2010). See also Section 3.2 for a more detailed description of the stability approach
for tuning parameter selection for our proposed method. From Figure 1, we see that Fried-
man et al. (2008) and Chandrasekaran et al. (2010) have one and three spurious edges,
respectively. Moreover, both methods fail to recover most of the true underlying edges. In
contrast, our proposed method recovers the exact true underlying graph.

Recently, Tan et al. (2016) proposed to estimate a semiparametric exponential family
graphical model with unmeasured confounders under the setting in which multiple repli-
cates are collected for each subject. The main crux of their proposed method is based on
a nuisance-free loss function that does not depend on the unmeasured confounders. The
proposed method relies on two crucial assumptions: (i) the unmeasured confounders are
constant across replicates within each subject; (ii) given the unmeasured confounders, the
observed replicates within each subject are mutually independent. However, in many scien-
tific settings, these assumptions may be violated. For instance, in the aforementioned fMRI
study, unmeasured different states of mind will induce different latent effects across the brain
scans and violate the constant unmeasured confounders assumption in Tan et al. (2016).
Moreover, brain scans are taken every 1.5 seconds and thus the replicates are correlated.

We relax the two aforementioned key assumptions in Tan et al. (2016). Instead of as-
suming the unmeasured confounders are the same for all replicates, we assume that the
effect induced by the unmeasured confounders is piecewise constant across replicates within
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each independent subject. This is a reasonable assumption for fMRI data, since the latent
effect can be always approximated by a constant in a small time interval (e.g., within 1.5
seconds). To model the correlation across replicates, we assume a one-lag vector autoregres-
sive model on the replicates. Under the relaxed assumption, we propose a novel method for
modeling exponential family graphical models with correlated replicates and unmeasured
confounders. Our proposal incorporates a lasso penalty for estimating a sparse graph among
the observed variables, a lasso penalty for modeling the correlation between two successive
replicates, and a fused lasso penalty for modeling the piecewise constant latent effect in-
duced by the unmeasured confounders. The resulting optimization problem is convex and
can be solved using existing coordinate descent type algorithm.

Theoretically, we establish the non-asymptotic error bound for the proposed estimator.
Due to the use of both lasso and fused lasso penalty, the error bound consists of both
the estimation error of the lasso term and the fused lasso term. Thus, standard proof for
lasso type problem in Biihlmann and Van De Geer (2011) will lead to a slower rate of
convergence. To obtain a sharper rate, one needs to carefully balance these two terms by
selecting the respective tuning parameters in an optimal way. By selecting the appropriate
set of tuning parameters, our theoretical results reveal an interesting phenomenon on the
interplay between the number of independent samples n and the number of replicates T
Finally, we show that the proposed estimator is adaptive to the absence of unmeasured
confounders, i.e., our estimator matches the rate of convergence obtained by solving a lasso
problem using the oracle knowledge that there are no unmeasured confounders.

An R package latentgraph will be made publicly available on CRAN.

2. Latent Variable Graphical Models with Correlated Replicates
2.1 A Review on Exponential Family Graphical Models

In this section, we provide a brief overview of the exponential family graphical model. The
exponential family graphical model ensures that the joint probability density is strictly
positive and contains many commonly used graphical models such as the Ising model and
Poisson graphical model as its special cases (Geiger et al., 2001). Let X = (X1,...,Xp)7T
be a p-dimensional random vector, corresponding to p nodes in a graph. Then, the pairwise
exponential family graphical model has the following joint density function:

p p
p(@) =expq > filz;:¢) + % SN e —A(©.C) p, xEQ, (1)
j=1

=1 k#j

where f;(-) is a node potential function, ® = {01 }1<j<k<p is a symmetric square matrix,
¢ is a matrix of parameters for f;(-), and the set € is the support of X. The function A(-)
is the log-partition function such that the joint density function (1) integrates to one. We
provide three examples of commonly used exponential family graphical models in Section A.

The parameter ¢;; € R in (1) encodes the conditional dependence relationship between
the jth and the kth variables, i.e., 6 = 0 if and only if the jth and the kth variables
are conditionally independent. Thus, estimating the exponential family graphical models
amounts to estimating 6;;. In principle, given n independent samples, an estimator of 0
can be obtained by maximizing the joint density of (1) for n independent samples. However,
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A(©, ) is computationally intractable even for moderate p in general, especially when ©
cannot be decomposed to smaller blocks. For example, for an Ising model, the log-partition
function involves evaluating the summation of 2P terms. To address the aforementioned
challenge, many authors have proposed to maximize the conditional distribution of each
variable, and then combine the resulting estimates to form a single graphical model (Mein-
shausen and Biithlmann, 2006; Ravikumar et al., 2010; Allen and Liu, 2012; Yang et al.,
2012; Chen et al., 2015).

More specifically, for any node j, let X_; = (Xl,...,Xj,l,XjJrl,...,Xp)T e Rr71,
Then, X follows the exponential family graphical model if for any node j, the conditional
density of X; given X_; is

p(zj | @—j) =exp {f] (zj) + xJOT - —D;j (9j,—j,fj)} ’ (2)

where 0; _; = (051, .,0;-1),0i(j+1), - - - » 0;p)T and D;(0; _;, f;) is the log-partition func-
tion that depends on 6; _; and f;. The exponential family graphical model can then be
constructed by estimating 6; _; for j € {1,...,p} through fitting p generalized linear mod-

els.

2.2 Exponential Family Graphical Models with Correlated Replicates and
Unmeasured Confounders

The pairwise exponential family graphical model in (1) assumes that all variables are ob-
served and that there are no unmeasured confounders. Moreover, (1) does not accommo-
date correlated measurements or replicates. In this section, we propose an extension of
the exponential family graphical model to accommodate both the correlated replicates and
unmeasured confounders. Let X; € RP and U; € RY be vectors of the observed and un-
measured confounding random variables for the tth replicate, respectively. For notational
simplicity, we assume that there are a total of T' replicates. We start with the following
assumption on the joint density of the replicates.

Assumption 1 The joint conditional density of the T replicates, given the unmeasured
confounders, takes the form

T

p@1,..or | uy,. . ur) =p ey |w) [[ o | @1, w).
=2

In other words, conditioned on the unmeasured confounders, the T replicates are assumed
to follow a one-lag vector autoregressive model. That is, the tth replicate depends only on
the (¢ — 1)th replicate of the observed random variables. Moreover, the observed variables
are conditionally independent of the unmeasured confounders across different replicates.
One scientific motivation for the above assumption is the wake-sleep example described in
the Introduction section. Brain activities (observed variables) are conditionally independent
under different states of mind (the unmeasured confounders across replicates), i.e., when the
subjects are awake or fall asleep. Moreover, we relax the one-lag autoregressive model for
the replicates in Assumption 1 to the o-lag vector autoregressive model with 1 <o < T —1
in Section B.
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Definition 2 A (p+q)-dimensional random vector (X*, UMY follows an exponential fam-
ily graphical model with correlated replicates and unmeasured confounders if the conditional
density of X; given Xy_1 and Uy is

p (wt ’ xt—lyut)

p D P q
= exp Z fij(xej:¢) + Z Z OjkTikre; + Z Z OkT(4—1)kTtj + Z Z 0 jmUtmTt;
k=1

j=1 ] 1 k#j 7j=1 j=1m=1
(3)
where fi;(-) is a node potential function, ® = {0 h<j<k<p 15 @ symmetric square matriz,
¢ is a matriz of parameters for fi;(-), and A(-) is the log-partition function such that the

conditional density function integrates to one. Then for each node j, the conditional density
of Xtj given Xy_j), Xi-1, and Uy is

p (xtj \ wt(—j)awt—laut)

- A(GaC)

p q
= exp q fij (z5) + Z Ojkrinee; + Z QjRT (1)KLt + Z Sjmutm@tj — Dij (Ojk, ks Gjms ftj) ¢

k] k=1 m=1
(4)
where Dy;(+) is the log-partition function such that the conditional density integrates to one.

Under the formulation in Definition 2, 6;;, encodes the conditional dependence relation-
ship between the kth and jth nodes. That is, 8, = 0 if and only if X;; and Xy, are
conditionally independent, given X;_;), X;—1, and U; for all replicates ¢ = 1,...,T. The
parameter i quantifies the strength of dependency between X(;_1y;, and X;. Fmally, Ojm
encodes the conditional dependence relationship between the mth latent variable and the
7th observed variable.

The proposed density functions (3) and (4) in Definition 2 generalize the exponential
family graphical models in (1) and (2) to accommodate unmeasured confounders and cor-
related replicates. As suggested in Section 2.1, computing the partition function A(-) is
computationally challenging and thus we will focus on estimating the parameter of interest
6, by utilizing the conditional density (4).

The form of the node potential function f;;(-) and the log-partition function Dy;(-) is
distribution specific. Let fij(xj) = Bigjxy + Bgtjibgj + Z? 3 BitjGrij(j) for some scalar
Byy; and function Giy (). For notational simplicity, let 7y = By + Zk;ﬁ] ik Tek +
Zk 1 QR (i~ 1)k T > 1 8jmUim. In the following, we provide three examples on Gaussian
graphical models the Ising model, and the Poisson graphical models.

Example 1 The Gaussian graphical model with correlated replicates and unmeasured con-
founders. The conditional distribution of Xy; given Xt(_j), Xi—1 and Uy with Boyj = -1/2
s given by:

1
p (xtj | Xt(—j)7 Xt—1, ut) = exp {—2.%?]' + Ntj Tty — Dtj (ntj)} (.’L‘tj S R) s (5)

where fij(x;) = Bigjwy — :U?j/Q and Dyj(ni;) = 77%/2 +log(2m)/2. The mean is n; and the
variance is 1. Moreover, ® = [0;;] is positive definite for a valid distribution.

9
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Example 2 The Ising model with correlated replicates and unmeasured confounders. The
conditional distribution of Xi; given Xt(,j), Xi_1 and Uy is:

p (ﬂftj | Xy(—j)> Xt—1, ut) = exp {mjzi; — Dij ()} (x5 € {0,1}), (6)
where ftj(xtj) =0 and Dt](nt]) — log(]_ + entj)'

Example 3 The Poisson graphical model with correlated replicates and unmeasured con-
founders. The conditional distribution of Xy; given Xy_jy, X¢—1 and Uy is:

P (245 | Xy(—j)s Xe—1, W) = exp {mgjzej — log (x45!) — Dyj ()} (245 € {0,1,...3),  (7)

where fij(x;) = Buyywy — log(wy!) and Dyj(nij) = exp(ngj). The parameter 8jy is con-
strained to be less than zero.

3. Method

3.1 Problem Formulation and Parameter Estimation

Suppose that there are n independent subjects ¢ = 1,...,n and each subject hast =1,...,T
replicates. For notational simplicity, we assume that all subjects have the same number
of replicates. The proposed method can be modified to accommodate different number
of replicates across the subjects. Let X;; € RP and U; € R? be the random observed
variables and unmeasured confounders corresponding to the ¢th replicate of the ith subject,
respectively. The primary goal is to estimate the conditional dependence relationships
among the observed variables given the latent variables.

Inspired by the literature on measurement error models (Carroll et al., 2006), we use
a functional approach to deal with the unmeasured confounders. Specifically, we treat the
realization of the unmeasured confounders Uj;; as nonrandom incidental nuisance param-
eters, which may differ from subject to subject. Such an approach is dated back to the
so-called Neyman and Scott’s problem in 1948; see Lancaster (2000) for a survey. However,
in this functional approach, the graphical model involves a large number of unknown nui-
sance parameters such that the estimation of 6, in (4) is often inconsistent. To alleviate
this problem, we further assume that for the same subject, the value of Uj; is piecewise
constant across t = 1,...,7T. In theory, this assumption may improve the estimation ac-
curacy by reducing intrinsic dimension of the unknown incidental nuisance parameters. In
practice, it is much less restrictive than assuming that the latent variables are constant
as assumed in Tan et al. (2016). For example, in the analysis of brain development for
children with attention deficit hyperactivity disorder, unmeasured covariates such as demo-
graphic factors can be treated as unmeasured confounders and their variation over scans
are piecewise constant.

Assumption 3 The unmeasured confounders are piecewise constant across replicates. That

18, we assume for the ith sample, we have I knots with unknown location denoted as ki1, ks, . . .

and let kio = 1, kijqy1) = T. Then the jth unmeasured confounder at the tth replicate for
the ith subject satisfies
I+1

Uitj = Zgiajﬂ(ki(a—l) <t < kia),
a=1

) kil
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where giq; is an unknown constant and 1(-) is an indicator function.

Figure 2 provides a schematic of the assumptions in Tan et al. (2016) and our proposal
for the ith sample. Figure 2(a) represents the assumptions in Tan et al. (2016): the tth
and (¢t — 1)th replicates for the observed variables are independent and the unmeasured
confounders are constant across replicates. Figure 2(b) depicts the assumptions for our
proposed method: the tth replicate of the observed variables are conditionally dependent
on the (¢ —1)th replicate, and the unmeasured confounders are piecewise constant that may
change across replicates.

We now reformulate the conditional density in (4) under Assumption 3. Let A; =
S djmUtm- Then, (4) in Definition 2 can be rewritten as:

p (CUtj | Xt(—j)» Xt—15 Atj)

p
=exp 4 foj (@) + > Ojptnej + Y ajpd_1)pTej + Az — Dij (06, s Ao, fij)
¥ k=1

(8)

We now construct a joint likelihood function for n subjects, each of which has T replicates
using (8) Let a; = (Oéjl, G2,y ...y Oéjp)T S Rp, Hj,_j = (9]'1, e 79j,j—17 9j,j+17 N ,ij)T S
Rp_l, and Aj = (A11j7 Algj, RN AlTj, Aglj, A22j7 ce AnTj)T e R, Thus, we estimate
0]'7_]', aj, and Aj by SO]Ving

CL 1
Juinimize {—nTl(Hj,—j,ag',Aj)+A||oj7—jH1+ﬁHajHl+7H(In®C)Aa‘Hl}7 (9)

T
where 1(0; _j, o, Aj) = D700 > log p(xitj|@ip(—j), i1y, Ditj). Here, A, 3, and v are
the sparsity inducing tuning parameters, I,, is an n-dimensional identity matrix, and C €

RTI=D*T is the discrete first derivative matrix defined as follows:
-1 1 0 --- 0 O
o -1 1 -~ 0 O
C =
0 o o --- —1 1

The penalty term H (I, ®C)A; Hl is essentially a fused lasso penalty on A;; = (A4, ..., AiTj)T
for each subject. In other words, we assume that the difference between two consecutive
elements of A;; is sparse, i.e., most of the values of Ajyyq); — Ay for t = 1,..., 7 — 1
is zero. Imposing the fused lasso penalty on A;; is motivated by the piece-wise constant
assumption on the unmeasured confounders u;;;. Note that we do not need to assume that
the association between the unmeasured confounders and the observed variables, ¢;,,, are
sparse. Additionally, all subjects share the same 6; _; and a;. However, for a given ¢ and
J, we allow Aj;; to be different across different subjects.

Remark 4 In practice, it may be more practical to allow the number of replicates to vary
across subjects. Our proposed method can be easily generalized to accommodate this. Specif-
ically, let T; be the number of replicates for the ith subject. The loss function can then be
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Figure 2: Panels (a) and (b) correspond to the assumptions on the replicates and unmea-
sured confounders of Tan et al. (2016) and our proposed method, respectively.
There are four replicates for each subject, i.e., t = {1,2,3,4}. Hollow circles
and squares represent the observed variables and unmeasured confounders, re-
spectively. In panel (b), the color of the unmeasured confounders changes from
gray to black, indicating that the value of unmeasured confounders are allowed
to change across replicates.

rewritten as
n T;

(65,5 05, g) = > > log pl@ij | Tin(— ), Tige—1), Ditg)-
i=1 t=1
The same algorithm described in the following section can be used to estimate 0 _;, o, and
Aj.

Remark 5 The piecewise constant assumption on the unmeasured confounders in Assump-
tion 8 can be restrictive to data applications in which the unmeasured confounders vary
across replicates rapidly. Assumption 8 can be relaxed to piecewise linear, quadratic, or
higher-order polynomials on the unmeasured confounders. This can be achieved by substi-
tuting the fused lasso penalty ||(I, @ C)Aj|1 in (9) by [|(I, ® CE*FDYA; |1, where CH*+D
is the discrete difference operator of order k + 1 (Tibshirani, 2014; Wang et al., 2016).
Using the aforementioned penalty with k = {0,1,2,3} encourages the effects induced by the
unmeasured confounders to be piecewise constant, linear, quadratic, and cubic, respectively.
We leave this for future work and refer the reader to Tibshirani (2014) for details on the
discrete difference operator.

3.2 An Algorithm for Solving (9)

In this section, we show that (9) can be transformed into a lasso problem and solved using
the R package glmnet. Our proposed method yields non-symmetric estimates of @ = [6,y].
The intersection or union rules described in Meinshausen and Biihlmann (2006) can be used
to construct a symmetric estimator for ®@. We start with the Gaussian graphical model in
Example 1.

Let xXj = (211, Z12j, - - -, T175, T2155 L2255 - - - L) | € R, Xi(—j) = (XKir(—5) Xiz(—j)s - - - 7XiT(—j))T €
RTX(p_l); and let Xi(T—l) = (XiOaXilv"'vxi(T—l))T € RTXP' In addition’ let X§] -

T T T T)x (p— ® _(xT T T r
(XT Ly Xp )T € ROTXP™D and let X3 ) = (X{ 7y, X )T € RO,
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Then, from Example 1, the canonical parameter n; = B; +X?j9j,_j —I—X%_laj + A, where
B; = 1,,®(Bi1j, B12j, - - -, Bir;)T and 1,, is an n-dimensional vector of ones. For simplicity,
we assume that the data is centered, such that B; = 0. In the context of Gaussian graphical
models, (9) reduces to

C 1
guniize  { s — 2+ 00,5, + Bl ol @e O A a0

Optimization problem (10) involves a fused lasso type penalty on A, and can be rewrit-
ten into a lasso problem by a change of variable. To this end, let E =1, ® 17T~ e R<(nT),
C = (I, ® C)T,ET)T ¢ RODx(nT) and H; = CA, = [{(I, ® C1C)A;}T, (EA))T|T €
R""'. Then, (10) can be rewritten as

L. 1
minimize {Mllxj —n5ll3 + A6l + Bl + VllHjlh} 7 (11)

0;,—j,05,H;

where n; = X‘%Oj,_j + X%_laj + élej and Hj; = (I, ® C)A; € R 71 To further
simplify (11), let x; = (X%,X?_l,é_l) and ©; = (Gg_j,aJT,H;-F)T. Then, (11) can be
rewritten as

grinimige {5l ~ 550513+ A6l -+ Bl +alHal b (02
which we solve using glmnet package in R by treating x; as response variable and X; as
covariates.

In the context of the exponential family graphical models, the loss function () in (9)
does not take the form of a squared error loss and is different for each distribution. We
derive a general algorithm for fitting exponential family graphical models by a quadratic
approximation on [(-) through the second-order Taylor expansion. That is, starting with
an initial value ﬁ? , we consider solving the following optimization problem iteratively until
convergence:

k E yrky _
(Oj,—juajaHj) =

argmin

SURPEEES S
mmin oy = LG A0l + Bl

L

1’

(13)

where n; = X§j9j7,j +X% @ +6_1Hj and L is chosen such that I”(n;) < LI. Note that
at the kth iteration, ﬁ;-“_l and D;- (ﬁ;?_l)/L are both constants. Thus, the loss function is
quadratic in 8;. Let y; = x;/L + ﬁ;‘?_l - D;- (ﬁ?_l)/L, then (13) can be rewritten as

L

ey~ %0, 2+ A6, + Alleg |, + B

(6% af, Hf) = argmin

j—i o (14)

3,=3 %Gt

which can be solved directly using the glmnet package in R by treating y; to be the response
and X; to be the covariates.

10
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Optimization problem (14) involves the specification of three tuning parameters: A, 3,
and ~. In practice, we propose to select these tuning parameters using a stability metric,
recommended by Lim and Yu (2016). Specifically, we partition the independent subjects
into five subsets, each of which consists of 80% of the total number of samples. Subsequently,
for each subset, we estimate the parameters and compute the estimation stability metric
for each variable as follows:

~ ~ (12
B 1) X .1

12
=1 Hmjiiz

; (15)

where ﬁf = X‘§j§§7_j + X?ilaf + 3;7 Here, 5?7_j, ag, and Ag are estimators obtained
by solving (14) using the ¢th subset of the data. Finally, we compute the mean estimation
stability metric ES = Z?:l ES;/p and select the set of tuning parameters that yields the
smallest mean estimation stability.

4. Theoretical Results

In this section, we derive non-asymptotic upper bounds for the estimation error of §j7_j,
a;, and 3 In particular, we aim to provide upper bounds for H@_] — 0;‘7_]”1 + H&j —
a;f ‘1 + (nT) -1/ QHA — A ; H2 under two scenarios in which the number of samples n is less
than and greater than the number of replicates T', respectively. Throughout this section,
we analyze the theoretical properties of the proposed estimator in the context of Gaussian
graphical models. While the general exponential family graphical models can be analyzed
in a similar way, the theoretical results are suboptimal compared to the Gaussian setting,
partly because it lacks a sharp bound due to the fused lasso penalty. We defer the theoretical
results for general exponential family graphical models and further discussion to Section E
of the Appendix.

Recall that, for the ith subject, tth replicate, and jth variable, we assume the model

Xitj = Xi(—)0j,—j + Xi-1) 0] + Ay + €irj, (16)

where the random noise €;; ~ N{0, (c¢ a5, t) } is independent of Xit(—j) and X;;_1). Note
that the random noise is independent but may not be identically distributed, i.e., the
random noise in (16) can have different variance. For notational simplicity, throughout

the manuscript, let (¢¢,)% = max ;{( o5 O} Let Ay, = max;y AL — T 1)3’ be the
maximum difference between two consecutive elements of the sequence Af ;, AfQ o A n

and let 7 = max; ; Y1, [(A? ity 7 Aj_1);) be the maximum number of jumps between the
consecutive elements A;‘t- and A* f—1);° Let Anax = Ay, + 1.

We start with imposing an assumption on the mean and the covariance matrix of the
replicates for each independent subject.

Assumption 6 For theith subject and jth variable, let X;; = (X, ... ,XiTj)T ~ N(pij, 3j;)-
Assume that the mean of Xy is bounded by a constant, i.e., |fitj| < fimax. In addi-

1
tion, assume that the ly-norm of pi; satisfies ||pij||, < pum min(c logé(2pnT)n%T%, VT)
with ¢5 = 2Amax7/m.  Finally, assume that there exists a constant k > 0 such that
maxi<;<p HEjoop < Kk, where ||X;jllop s the operator norm of 3j;.

11
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Recall that the mean p;; depends on the latent effect A}y, in (16). For technical con-
venience, similar to Hall et al. (2016), we assume that p;;; is bounded in order to control
Xitj. In addition, we further require that the f3-norm of p;; cannot grow too fast with T°

and n, which is mainly used to control the magnitude of Ethl Xitj(Aitj — AY) with some

*
itj
intermediate estimator Aitj. In Section F.4 of the Appendix, we provide someJ examples in
which Assumption 6 holds with high probability.

Next, we define some additional notation. Let w} = {(0;7_j)T, (aj)T}T and let S; =
{k : wj, # 0} be the active set. We denote s; = |S;| as the cardinality of S;. Let

Yiij = (Xig—j) Xie—y) € R and Y = (Y5, Y, YT, Y3 Y 0T €

. S¢
R*T*(2p=1)  Moreover, let wf] and wjj be subvectors of w; with indices §; and S¥, respec-
tively.

Assumption 7 Let &, = (Y; — U))T(Y; — U;)/(nT), where U; = E(Y,). With some
constants C and ¢qg, assume that

T <
(wj) Yjwrs; N 2Cs;log {nT (2p — 1)} w
bo dov/nT

@S|} < i

This assumption can be viewed as a variation of the compatibility assumption (Biihlmann
and Van De Geer, 2011), which is commonly used to show the ¢; convergence rate of the
lasso estimator. Since the rows of Y ; are dependent, verifying this assumption is technically
more challenging than that with independent and identically distributed data. In Section
F.5 of the Appendix, we have shown that Assumption 7 holds with probability at least
1—2/(nT)2.

In the following, we present our main results on the estimation error of our proposed
estimator under two scenarios, depending on the relative magnitude of the number of
replicates and the number of independent samples. For notational simplicity, let o, =
max{\/ﬂ, \/iafn, 1} where & is as defined in Assumption 6. Moreover, we will use the no-
tation C; for ¢ = 1,...,8 to denote some constants that do not depend on n, p, T, 7, Amax,
and o,,; see the proof in Section F.2 of the Appendix for the specific values of C;.

Theorem 8 Assume that T > c5log™!(2pn) log%(2pnT)n holds. Set the tuning parameters
as

v = Clam\/log(QpnT)/ max{1, [{cs log%(2pnT)/log(2pn)}§T%n§J}n*1T*%,
A=0=2log(T) log(nTp)nféTfé,
in (11). When

1 1 1
NG log%(anT),umaxn_%T_% + \/QCsj log {nT (2p — 1)} (nT)_% < T6¢§’
11 11 11
2max (cln 6T 3,con 61 3 +cgn” 2T 2) <1,

12
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n,T,p > 6, and under Assumptions 1-7, we have

1655 +la - o

1 N *
il + WHAJ‘ - A,

1 1 1 1 1 1
0;7,]-“1 < 2max (cln*ET*ich*ET*? + 03n*5T*§) ,

with probability at least 1—3 exp[—|{log(2pnT)AZ . . 7>Tn?/7?}/3|]—[(n4+1)p++/log(nT)]/[n(T—

1)\/log{n(T — 1)}]—2 exp(— min[log®(T) /{2075, v/ tax + (033)2}?,108(T) /1205 \/ s + (07%)2[]/2),

where

= Cao(1 4+ \/¢0)s; log(T) log(nT'p) /¢,
2 1
co = Cgamcg’ (Hmax + 1)? log™ (T log_ﬁ(nTp) + C50m (pmax + 1)ci 1o %(2pnT)

1
c3 = C50m\/log(2pnT) + C302,log ™ (T) + Cacd 02, (timax + 1) log™(T) log_é (nT'p).

Theorem 9 Assume that T < c5log™*(2pn) log%(anT)n holds. Set the tuning parameters

as
v = Ciom/log(2pnT) /(T — 1)n ' T2, and A = 8 = 2log(T) log(nTp)T~*/?,
n (11). When
1 1 1 1 L 1 1z
V/55C3 lmax log3 (2pnT)n~ 6T 5 + \/2Csj log{nT (2p—1)} (nT) % < 1—6¢§,

T2 > 2max {cll,c; + c;} ,
n,T,p > 6, and under Assumptions 1-7, we obtain
~ % ~ % 1 ~ % ’ / / _ 1
185cs = 05+ s =+ 1B - A < 2mas (e,
with probability at least 1 — [(n+ 1)p+ +/log(nT)]/[n(T — 1)\/log{n(T — 1)}] — exp{—(T —

1)} —2exp(— min[10g2(T)/{20%v [2ax 1 (05)212,108(T) /1205, 12rax + (075)211/2), where
= Ca(1 + \/¢0)s;log(T) log(nT'p)/ ¢o,
02 = C3Amax702, (fmax + 3)° logf(QnTp)/{log(an) log(T)},
cqg = C5A§1ax7'§ Tm (Hmax +4) log% (2npT)/ log% (2np).

The results in Theorems 8-9 are non-asymptotic results with explicit probability. In the
asymptotic setting in which n,T,p — oo, with probability 1, our estimation error is o,(1).

Remark 10 Since the estimator (0] —j,Qy, Aj) is obtained by solving a lasso type problem
in (11), one may follow the standard proof in Biihlmann and Van De Geer (2011) to establish
the error bound of (6;._;, a;, 3]) Howewver, this will lead to slower rates of convergence than
those obtained in Theorems 8-9 due to the structure of the fused lasso penalty not being fully
exploited. In a recent paper, Wang et al. (2016) established the sharp rates for the fused
lasso estimator based on the incoherence property of the discrete difference operator; see

13
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also Tibshirani (2014). Our proof strategy is partially inspired by their technique. However,
there are several important differences. First, we decouple the temporal dependence among
random variables using martingales. Second, due to the combination of lasso and fused lasso
penalties in (11), the error bound consists of both the estimation error of lasso (@7_j —
0;_]»,&]‘ — a;‘) and the error of fused lasso Bj — A;. To obtain a sharp rate, one needs
to carefully quantify and balance these two terms in the proof by choosing their tuning
parameters v, A, and [ in an optimal way. Our theorems reveal that the optimal choices
of v, A, and B differ depending on whether T exceeds cs log_1(2pn) log%(2pnT)n and vice
versa.

To further simplify the results in Theorems 8 and 9, assume that ¢g, o, Amax, and 7T
are all constants. Then, Theorems 8 and 9 imply that with probability tending to 1,

sjlog(T)log(nTp)n=YOT=1/3 if T > n,
sjlog(T) log(nTp)T /2, if T<n,
(17)
where the notation a,, < b, stands for a,, = Cb,, with C' being a constant and a, = b, is
defined similarly. Following the standard proof in Biithlmann and Van De Geer (2011), if
the incidental nuisance parameter A; is known, we can obtain the following error bound
for the lasso estimator

n * ~ * 1 N *
18518l +H1& -0l + =1 A5l < {

1655 = 05—ll, + s = eI, S 51082 (p)(nT) 12, (18)

where (0; _;, &;) minimizes the loss function (2nT)~Y|x; — ;|13 + A[|6;,—; 11 + B]la;|l1 with
A fixed and n; is as defined in (11), and nT" can be viewed as the sample size. Due to the
presence of a large amount of unknown incidental nuisance parameters A7, the rate in (17)
is nonstandard and slower than the regular lasso estimator, s; log!/?(p)(nT)~1/2.

In the literature on incidental nuisance parameters, it is often of interest to study the
estimator under the following two scenarios: (1) n is fixed and T' — oo; (2) T is fixed and
n — oo. Under the first case, we have 7' > n and therefore the estimation error in (17) is
of the order s;log(T)log(Tp)T~'/3. Moreover, if s; = O(1) and ignoring the logarithmic
factors, the rate reduces to O,(T~'/3), which agrees with the minimax optimal rate of
the fused lasso estimator (ignoring the logarithmic factors) (Tibshirani, 2014). Thus, the
estimation error in (17) is dominated by the fused lasso term \/%HAJ - A;HQ. Given the
results in Tibshirani (2014), the upper bound in (17) is non-improvable. Under the second
case, we have T' < n and the upper bound in (17) reduces to O{s;log(np)}, which does
not converge to zero, yielding an inconsistent estimator. The current setting corresponds
to the classical Neyman and Scott’s problem, in which the number of nuisance parameters
A increases too fast relative to the amount of data points nT". Moreover, we include a
numerical study to compare the scenarios where T' > n and T' < n in Appendix K, whose
conclusion is aligned with our discussion about (18) in this paragraph. Appendix I contains
more detailed discussions of the restrictiveness of assuming that ¢g, om, Amax, and 7 are
constants.

To conclude this section, we will show that our estimator is adaptive to the absence of
unmeasured confounders. Recall that if we know a priori that there are no unmeasured
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confounders, i.e., A; = 0, we can estimate (6 _;, a;) by the oracle lasso estimator with
A% = 0, which has an error bound in (18). The following proposition shows that if our
approach is applied to the setting when there are no unmeasured confounders, the rate of
convergence of our proposed estimator matches that of the oracle lasso estimator (18) up
to logarithmic factors.

Proposition 11 Assume that (16) does not contain any unmeasured confounders, i.e.,
A} = 0. Set the tuning parameters as

v = Crom/log(2pnT) log(2np)/log(T)n *T~2, and A = 8 = 2log(T) log(nTp)n~'/>T~1/2,

in (11). When

1
< q100
— 16
n2T? > 2max {c/ll log(T) log(nTp)s;, Ceo2, log%(QpnT)} ,

ST

\/2Css; log {nT (2p - D)}ég ® (nT)"

n,T,p > 6, and under Assumptions 1-7, we obtain

(SIS

1655 — 65ll, + ll& - A = A, < 55 log(T) log(nTp) (nT) 2,

oL
aij"\/ﬁ‘

with probability at least 1 — 2 exp{—|log(2pnT)/log(2pn)|} — [n(T —1)y/log{n(T — 1)}]~1 —
4/(1’LTp) _ 2T—1/(ZC7) min{log(T)/C7,1} __ 2/(7’LT)2

5. Numerical Studies

We conduct extensive numerical studies to evaluate the performance of our proposal on
two different types of conditional independence graph: (i) Gaussian graphical models, and
(ii) binary Ising models (Section H of the Appendix). For each model, we compare our
proposed method to some existing methods on latent variable graphical models. To evaluate
the performance across different methods, we define the true and false positive rates as the
proportion of correctly estimated edges and the proportion of incorrectly estimated edges
in the underlying graph, respectively.

For Gaussian graphical models, we compare our proposal with four different existing
methods: the graphical lasso (Friedman et al., 2008); the neighborhood selection approach
(Meinshausen and Biithlmann, 2006); the low-rank plus sparse latent variable Gaussian
graphical model (Chandrasekaran et al., 2010); and latent variable graphical models with
conditionally independent replicates (Tan et al., 2016). Friedman et al. (2008), Meinshausen
and Biithlmann (2006), and Chandrasekaran et al. (2010) do not explicitly model the repli-
cates: we therefore apply these methods by treating the replicates as independent samples.
Moreover, our proposal, Meinshausen and Biithlmann (2006), and Tan et al. (2016) yield
asymmetric estimates of the edge set. To obtain a symmetric edge set, we consider inter-
section and union rules in Meinshausen and Biithlmann (2006), and report the best results
for the competing methods. We report our results using the intersection rule.

All of the aforementioned methods have a sparsity tuning parameter: we apply all
methods using a fine grid of the sparsity tuning parameter values to obtain the curves shown
in Figures 4-5. There is an additional tuning parameter for Chandrasekaran et al. (2010),
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which models the confounding bias introduced by the unmeasured confounders. We set this
tuning parameter to equal a constant multiplied by the sparsity tuning parameter, and we
consider different values of constants and report the best results for Chandrasekaran et al.
(2010). Our proposal has two additional tuning parameters which model the correlated
data and the effect introduced by the unmeasured confounders. We detail the choice of
tuning parameters for different settings on replicates and unmeasured confounders in the
corresponding sections.

To assess the effects of correlated data and latent variables on graph estimation, we con-
sider three different data generating mechanisms: (i) correlated replicates without latent
variables; (ii) independent replicates with latent variables; and (iii) correlated replicates with
latent variables. Out of the aforementioned approaches, our proposed method is the only
method that models both correlated replicates and latent variables. Both Chandrasekaran
et al. (2010) and Tan et al. (2016) model only the latent variables and do not take into
account correlated replicates. We have also included additional numerical studies for sen-
sitivity analysis in the Appendix: (i) Comparison between our proposed method to that of
Tan et al. (2016) (assuming that location of piecewise constants are known) in Appendix J;
(ii) Comparison between our proposed method to that of Zapata et al. (2022) that considers
dependent data as functional data as described in Appendix L.

Recall that for Gaussian graphical models, the inverse covariance matrix encodes the
conditional dependence relationships among the variables. Let ® = X~!. We generate the
inverse covariance matrix ® by randomly setting 10% of the off-diagonal elements in © to
equal 0.3, and setting the others to zero. To ensure the positive definiteness of ®, we set
O;; = |Amin(®)| + 0.1 for j =1,2,...,p, where Apmin(©) is the minimum eigenvalue of ©.
Such a transformation ensures that @ is positive definite. We will use the aforementioned
to generate O, unless otherwise is specified. For all of the numerical studies, we set n = 50,
T = 20, and p = 100. The results, averaged over 100 independent data sets, are summarized
in Figures 4-5.

5.1 Independent Replicates with Unmeasured Confounders

We now consider the case when there are unmeasured confounders with independent repli-
cates. Let Uj;; be unmeasured confounders for the tth replicate for subject i. We consider
two settings:

1. The unmeasured confounders are constant across replicates within each subject, that
is U;1 = Ujp = -+ = Uyp. This simulation setting is considered in Tan et al. (2016).

2. The unmeasured confounders are piecewise constant. That is, we assume that U;; =
U, when t < [T/2] and Uy = Uy, when t > |T/2], where |T/2] is the largest
integer that is less than or equal to 7/2, and Uy, # Ujy,.

Similar to Tan et al. (2016), we generate the data by first partitioning 3 and © into

Yxx 2XU) <@XX @XU)
> = and O = ,
(2UX Yuu . Oux Ouyu

where Oxx, Oxy, and Opy quantify the conditional independence relationships among
the observed variables, between the observed variables and unmeasured confounders, and of
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the unmeasured confounders, respectively. We set 10% of the off-diagonal entries in © x x
and 80% of the off-diagonal entries in ®@x y and Oy to equal 0.3. To ensure positive
definiteness of ©, we set 0; = [Amin(©)| +0.2 for j =1,2,...,p.

For the scenario in which the unmeasured confounders are constant across replicates
within each subject, we first generate U; ~ N, (0, Xy7r7). Then, we generate T replicates for
each subject from a conditional normal distribution, i.e., Xj; | U; ~ N,(% XUZEIIJUZ-, Yyvx—
> XUEL_]}JEU x ). For the second scenario in which the unmeasured confounders are piece-
wise constant within each subject, we generate Uil,U? ~ Ng(0,Xpyy). Similarly to the
first setting, when ¢t < |T'/2|, we generate the |71/2] replicates for each subject from the
conditional distribution depend on U}, then generate the rest replicates according to Ui?.
Besides, let ¢ = 5, which means that we have 5 unmeasured confounders in total. Re-
call that our proposal has two additional tuning parameters: we set 8 € {0.05,0.1,0.15}
and v € {1,1.5,2}. Due to the high degree of overlap among the 9 lines representing our
proposal, making them difficult to distinguish, we have chosen to display only three lines
in Figure 3, corresponding to v = 1 with 8 € {1,1.5,2}. The complete set of results is
provided in Appendix M.

From Figure 3, we see that methods that account for unmeasured confounders out-
perform methods that do not model the unmeasured confounders. Specifically, Tan et al.
(2016) has the best performance in the case of independent replicates and constant unmea-
sured confounders in Figure 3(a). This is not surprising since Tan et al. (2016) is explicitly
designed to model such a setting. Our proposal reduces to that of Tan et al. (2016) as
v, — oo. Thus, our proposal has very similar performance to that of Tan et al. (2016).
However, when the unmeasured confounders are piecewise constant, our proposed method
is much better than that of Tan et al. (2016) and is comparable to that of Chandrasekaran
et al. (2010).

5.2 Correlated Replicates without Unmeasured Counfounders

In this section, we evaluate the effect of correlated replicates on graph estimation. We
assume that the replicates within each subject are correlated under an AR(1) process, i.e.,
we assume that

X~ Np(0,%), X | Xyp—1) ~ Np(AX(4-1), X), fort=2,....T, (19)

where A is a transition matrix that quantifies the correlation between X;; and X;;_1). We
consider two different types of transition matrix:

1. Diagonal transition matrix A with A;; = 0.9 for j = 1,...,p. In other words, each
variable at the tth replicate is conditionally dependent only with itself for the (t—1)th
replicate.

2. Sparse transition matrix A with 5% elements of A set to equal 0.3. That is, the jth
variable at the tth replicate is conditionally dependent with other variables at the
(t — 1)th replicate.

We generate the data according to (19). Similar to Section 5.1, we vary tuning parameter
B €{0.05,0.1,0.15} and v € {1, 1.5,2} to assess the performance of our proposal relative to
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Figure 3: Results for independent replicates with unmeasured confounders in Section 5.1.
Panels (a) and (b) correspond to the results for constant and piecewise con-
stant unmeasured confounders, respectively. For our proposal, we set v = 1.
We consider three different values of g: 5 = 0.05 (red solid), f = 0.1 (yellow-
green solid), and f = 0.15 (green solid). The other curves represent Friedman
et al. (2008) (purple dot-dashed); Meinshausen and Bithlmann (2006) (blue short-
dashed); Chandrasekaran et al. (2010) (indigo dots); and Tan et al. (2016) (pink
long-dashed).

existing methods. The complete set of results is provided in Appendix M, and we only show
the results with v = 1 and 8 € {0.05,0.1,0.15} in Figure 4. From Figure 4, we see that our
proposed method using different set of tuning parameters dominate all of the competing
methods that assume independent replicates. The results illustrate that not modeling the
correlation among the replicates can have a significant impact on the estimated graph
structure. This is especially apparent in Figure 4(b) when the correlation between two
replicates is modeled using a sparse transition matrix.

5.3 Correlated Replicates with Unmeasured Confounders

In this section, we allow replicates within each subject to be correlated, and that there
are unmeasured confounders. Throughout the numerical studies in this section, we assume
that the correlated replicates are modeled according to the sparse transition matrix A
as described in Section 5.2. We consider constant and piecewise constant unmeasured
confounders as described in Section 5.1. Specifically, we assume the model

Xi | Uit ~ Np(ZouE55 Ui, Exx — Exv 55 2ux),

_ _ (20)
Xit | Xi—1), Uit ~ Np(AX;4-1) + Doy Ui, Bxx — Exv S Sux).

We generate the data according to (20) using the same data generating mechanisms as
described in Sections 5.1-5.2. For the two additional tuning parameters in our proposal,
we vary 8 € {0.01,0.02,0.03} and v € {1,1.5,2}. We show the complete set of results in
Appendix M, and only show the results with v = 1 and € {0.01,0.02,0.03} in Figure 5.
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Figure 4: Results for correlated replicates without unmeasured confounders. Panels (a) and
(b) correspond to diagonal and sparse transition matrices, respectively. Other
details are as in Figure 3.

We can see from both Figures 5(a)—(b) that our proposal outperforms all existing meth-
ods when there are correlated replicates and unmeasured confounders. In fact, all existing
methods have area under the curves of approximately 0.5. From Figure 5(a), we see that
even when the unmeasured confounders are constant, Tan et al. (2016) can no longer esti-
mate the graph accurately since the conditional independent replicates assumption is vio-
lated. We see that not modeling either the correlated replicates or unmeasured confounders
can lead to biased estimation of the graph.

6. Data Application

In this section, we apply the proposed method to construct a brain connectivity network for
ADHD-200 data (Biswal et al., 2010). This dataset consists of resting state brain images and
the phenotypic information of the subjects, such as age, gender, and intelligence quotient.
After removing missing data from the original data set, we have 465 subjects, and each
subject has between 76 and 276 images. We select 150 independent subjects from the
groups of children and adolescent, respectively. Moreover, for computational convenience,
we select 10 consecutive images from each subject as replicates. Similar to Power et al.
(2011), we consider 264 brain regions of interest as the variables of interest.

Although the data set consists of several phenotypic variables, there may also be some
unmeasured phenotypic variables that can potentially serve as confounders. Ignoring the
unmeasured confounders or the observed phenotypic variables and directly fitting a Gaussian
graphical model using Meinshausen and Biithlmann (2006) may lead to a biased conditional
independence graph. Besides, the replicates from the same subject may be correlated and
ignoring the correlation among replicates may also lead to a biased estimation of graph. To
assess whether the unmeasured confounders and correlated replicates have effects on the
conditional dependency structure of the observed variables, we implement four methods
with different assumptions on the replicates and unmeasured confounders: (1) correlated
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Figure 5: Results for constant and piecewise constant unmeasured confounders with sparse
transition matrix A in Section 5.3. Panels (a) and (b) correspond to constant and
piecewise constant unmeasured confounders, respectively. For our proposal, we
set v = 1. We consider three different values of 5: 8 = 0.01 (red solid), 5 = 0.02
(yellow-green solid), and § = 0.03 (green solid).

Other details are as in Figure 3.

replicates with piecewise constant unmeasured confounders (our proposal); (2) independent
replicates with piecewise constant unmeasured confounders (our proposal by setting S to
be arbitrary large); (3) correlated replicates with constant unmeasured confounders (our
proposal by setting 7 to be arbitrary large); (4) independent replicates without unmeasured
confounders (Meinshausen and Bithlmann, 2006).

Our proposed method involves three tuning parameters, i.e., A, 3, and ~. As suggested
by both Theorems 8 and 9, we set A = 3, reducing the tuning parameters from three to two.
We consider a fine-grid of tuning parameters that yields the number of estimated edges in
the range of 100 — 200. Then use the stability metrics described in Section 3.2 to select
the tuning parameters. The selected tuning parameters for the children subsets of data are
A= =0.23 and v = 0.5, yielding a total number of 164 edges. On the other hand, the
tuning parameters for the adolescent subsets of data are A = 8 = 0.1 and v = 0.2, which
yields 189 edges.

We also implement the proposed method with either 8 or = set arbitrary large, and use
the aforementioned stability selection procedure to choose the remaining tuning parameters.
For model that ignores the correlation among replicates, the selected tuning parameters for
the children and adolescent subsets are A = 0.23,y = 0.5 and A = 0.05,y = 0.1, respectively.
For model that ignores the unmeasured confounders, the selected tuning parameters for
the children and adolescent subsets are A = § = 0.34 and A = 8 = 0.32, respectively.
Finally, we implement the proposal of Meinshausen and Biithlmann (2006) with the sparsity
tuning parameter selected using stability selection as described in Lim and Yu (2016). The
selected tuning parameter for the children and adolescent subsets are A = 0.46 and A = 0.41,
respectively.

20



GRAPHICAL MODELS WITH UNMEASURED CONFOUNDERS

To evaluate the results across the four different methods, we treat our proposed method
as the baseline approach and compare the estimated graph across the different methods.
Let E1,..., Ey be the set of edges obtained from methods (1)-(4). For k = {2,3,4}, we
define Emtk = E1 ﬂEk as a set of edges that are present in both El and Ek, Eextk = EY ﬂEk
as a set of edges that are not present in E1 but present in Ek, Elack, = E1 N EC as a set of
edges that are present in E1 but not in Ek. The results are summarized in Table 1.

Table 1: Number of edges in Ek, Einty, Eexty, and Elacky for the children and adolescent

groups.
Nunmber of edges FE, Eint, Eext, Elack,
our proposal, children 164
our proposal, adolescent 189
our proposal with # = 10°, children 164 164 0 0
our proposal with 3 = 109, adolescent 203 189 14 0
our proposal with v = 109, children 244 164 80 0
our proposal with v = 105, adolescent 247 182 65 7
Meinshausen and Bithlmann (2006), children 155 143 12 21
Meinshausen and Bithlmann (2006), adolescent 188 169 19 20

From Table 1, we see that the number of edges for adolescent is larger than that of the
children group across all methods. Using the estimated graph for our proposed method as
the baseline, we see that ignoring unmeasured confounders (our proposal with v = 10°) can
lead to very different estimated graphs with high Eexty, i.e., a high number of additional
edges are estimated that are not present in El. Moreover, the number of edges in the set
Elacky, is the largest for Meinshausen and Biihlmann (2006), indicating that ignoring both
the unmeasured confounders and correlated replicates can be detrimental.

To further compare the Meinshausen and Biihlmann (2006) with our proposed method,
we plot the difference between the estimated graphs in Figure 6. The estimated graphs
between the two methods are quite different for both children and adolescents. In Figure 6,
most edges in Elack, are located within the occipital lobe, the brain’s visual processing
region associated with sight, image recognition, and perception. Previous studies suggest
that individuals with ADHD may exhibit hyperactivation in the occipital lobe (Wang et al.,
2007), and abnormal activation or maturation in this region may contribute to visuospatial
difficulties and inattention commonly observed in ADHD (Chang et al., 2020). Therefore,
we anticipate a greater number of edges in the occipital lobe, consistent with our method’s
correct identification of more edges within this area. The edges in Eexty for children are
distributed across various brain regions, whereas for adolescents, these edges are more con-
centrated in Wernicke’s area, a region linked to the comprehension of written and spoken
language. However, as demonstrated by Lee et al. (2017), individuals with ADHD often
exhibit reduced connectivity in brain areas related to language processing. This aligns well
with our proposed method, which accurately estimates fewer edges in Wernicke’s area. Our
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Figure 6: Coronal, sagittal, and transverse snapshots of the difference between our proposal
and that of Meinshausen and Bithlmann (2006). Panels (a)—(c) are coronal, sagit-
tal, and transverse snapshots for children and panels (d)—(f) are coronal, sagittal,
and transverse snapshots for adolescent. The red and green lines represent the
edges in Eexty and Elacky, respectively.

results suggest that the potential bias introduced by the correlation across replicates and
unmeasured confounders can be large, and care must be taken when estimating a condi-
tional dependence graph. Finally, we acknowledge that Gaussian graphical models may
be inadequate for modeling the ADHD-200 data due to potential heavy-tailed noise and
outliers, and a more sophisticated techniques such as that of Lee and Xue (2018) can be
helpful.

7. Discussion

In some applications, one may be only interested in a subset of parameters such as 6; _;.
By carefully going through our analysis, we realize that the three estimation errors Hé\jv_j —
0;-"_]-H1, ||aj — a;f”l and ||33 — A;f”2 are entangled together in the proof and cannot be
separated. To the best of our knowledge, we are not aware of any analysis of lasso type
estimator that gives sharp convergence rate for a subset of high dimensional parameters.
While our analysis cannot provide a sharper rate for a subset of parameters such as
0, _;, it is possible to achieve this goal by using a different approach via thresholding debi-
ased /decorrelated estimators (Van de Geer et al., 2014; Zhang and Zhang, 2014). To be spe-
cific, for each component of 6; _;, say (6; _;);, we can construct the debiased/decorrelated
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estimators (BJ —j)e by treating the rest of parameters (6 _;)_¢ and a; and A; as the nui-
sance parameter. Under some regularity conditions, it can be shown that (6; _;), is asymp-

totically normal with mean (65 _;),, which can provide valid inference for (67 _;),. To obtain

a sharper rate for the subvector 8; _;, we can further leverage its sparsity assumption by
thresholdmg the debiased/decorrelated estimators ](0] —j)¢| at some appropriate level, e.g.,
C+\/log(p)/(nT) with some constant C' > 0, for 1 < ¢ < p—1. We expect that the resulting
estimator of 0;_; can be shown to attain a faster convergence rate in L; norm. The detailed
analysis is beyond the scope of this work. We leave it for future investigations.

Appendix A. Examples of Exponential Family Graphical Models

In this section, we provide three examples of commonly used exponential family graphical
models, which are given as follows:

Example 4 The Gaussian graphical model with mean zero has the joint density function

p(x) =exp |— Zg,x + = Zzejkxjxk+log

J L k#j (2m)

~ 1
0]

, ¢ €RP (21)

M|

where fj(xj;¢) = —Qa:?/Q and A(©,¢) = —log{|®|Y/2/(2x)P/2}. For the matriz ©, the
diagonal element éjj = (j, and the off-diagonal element gjk = —0i, for j # k. Besides, e)
should be positive definite for a valid distribution.

Example 5 The Ising graphical model can be written as:

p( = exp Z Z ajkxgl'k (9; C) , T E {0, l}p’ (22)

J 1 k#j

where fij(x;;¢) =0 and 6, € R.

Example 6 The Poisson graphical model can be written as:

= exp Z{ij] log (z;)} + = ZZQJRJJJ:UIC —A(©;¢)| =ze€{0,1,2,...}",
J 1 k#j

(23)
where f;j(z;;¢) = (xj —log(x;!). To ensure that the log-partition function is finite, i.e.,
A(O,() < o0, jj, is constrained to be negative. In other words, Poisson graphical models
capture negative conditional relationships between pairs of nodes. We refer the reader to
Yang et al. (2013) for variants of Poisson graphical models that are able to capture a richer
conditional dependence relationships between pairs of nodes.

Appendix B. Extension of One-lag Autoregressive Model

The one-lag autoregressive model for the replicates in Assumption 1 can be easily relaxed to
the o-lag vector autoregressive model with 1 < o < T'—1. Specifically, given the unmeasured

23



JIN, NING AND TAN

confounders, the joint conditional density of the T replicates can be written as

o T
p@1,..@r [ ur,. . ur) =p @ ) [[p@e @, mnw) [] pl@l e, @0 w).
=2 t=0+1
Thus, for each node j, the conditional density of X¢; given Xy_j), Up, Xi—1, ..., Xi—o 18

p (l‘tj | Lt(—5)s Uty Li—15- - - 7mt70)

p o q
=exp{ fij (@) + > Ojpaente; + 3 > inTao e + Y OimUim@tj — Dij Ok, s Sjms f15) ¢
m=1

k] k=1r=1
(24)

where h = (k —1)o +r and z_,);, =0 when t —r < 0.

Appendix C. Discussion about Extension to Mixed Graphical Models

The exponential family graphical models enforce all variables to belong to the same distri-
bution. However, such an assumption may be violated in many scientific applications. For
instance, in genomics data, variables from RNA-sequencing are count-valued and variables
from SNP-arrays are binary (Yang et al., 2014). To allow for mixed data types, the mixed
graphical models were proposed (Cheng et al., 2017; She et al., 2019; Chen et al., 2015;
Yang et al., 2014; Lee and Hastie, 2015). Using similar ideas in She et al. (2019) or Chen
et al. (2015), our proposed method can also be extended to the context of mixed graphical
models, and we leave this for future work.

Appendix D. Notation

In this section, we compile notation that are used throughout the main manuscript. We start
with notation in the proposed optimization problem. Let a; = (aj1, a5, . .. ,osz)T € RP,

9]'7_]' = (9]'1, - ,9]',]'_1, 9]'7]'_’_1, . ,Gjp)T S Rp_l, and Aj = (Allju Algj, ceey Alij AQ]_]', Aggj, -

R™T". For notational convenience, let ®; = (67

i o a;-F, HJT)T Let I,, be an n-dimensional
identity matrix, and define C € RT—DXT a9

-1 1 0 0 O

0 -1 1 0 O
C =

0 0 O -1 1

We now present notation that are commonly used in Section 2 of the main manuscript.

Let X = (X1,...,X,)T be the observed variables. Moreover, let X_; = (X1,..., X;j—1, Xj+1, - - -

Rpil, X; = (Xﬂ, e ,ti) € RP, Xt(—j) = (th, . 7Xt(j—1)7Xt(j+1)a e ,ti)T € RP1,
Denote U; = (U, ..., Uy) € R? as the unmeasured variables.
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We now proceed to notation used in Section 3 of the main manuscript. We define the
following notation for convenience:

(I11]7 L1255+ s L1T5, L2155 L2255« - - 7anj)T e ]RnT;
(Xll( ])’XZQ j) . 7XiT(—j))T € RTX(P—I);
(XZO’XZh e 7Xi(T71))T S RTXP;
= (X, 1( gy n( ])) e R (p=1),
T T
X% 1 — ( 1(T—-1)1 " n(Tfl)) c R(n )Xp

Moreover, let %; = (X2,,X%_,C7!). Let E = I, ® 1} € R, where 1,, is an n-
dimensional vector of ones. Additionally, we have C = ((I, ® C)T,ET)T ¢ R(T)x(nT)
H, = CA; = [{(I,® C'C)A;}T,(EA;)T)T e R"T and Hj; = (I, ® C)A; € R,
Finally, we present notation that are used in presenting the theoretical results in Sec-
tion 4 in the context of Gaussian graphical models. Let (0¢,)? = maxt’j{(ajji)z}, A, =
max; ¢, |Aj; _A?(tfl)j” T = max; j Z?:Q I(A},; # A;k(tq)j) and Apax = Ay +1. Let X5 =
(Xitjy - Xir) T ~ N(pig, B, |bitj| < fmax, and maxi<j<p szjHop < K, where || |lop
is the operator norm of 3;;. Lets(c.uj = {(0;7j)T, (a;)T}T, Sj = {k : wj; # 0} be the active
set and s; = |Sj]. let wfj and w jj be subvectors of w; with indices S; and S5, respectively.
Let Yirj = (Xiy(—j), Xi—1) € RV and Y; = (Y], Y5, -, YT, Y;FU, LY )T e
RMTXCr=1) Let .0 = Cov(Xij, X, /) with XU = (Xitj,- -, Xiry) T, and 20 = Cov(Xy5, X, )
w/ith X = (Xiojs - -+, Xi(r-1); )T. We define ' as max{max;  [|X|[op, max, » 2, |lop} <
k. Let U; = E(Y;) and ¥, = E{(Y,; —U;)T(Y; —Uj)}/(nT). Let qbo is a positive constant
and the upper bound of the smallest eigenvalue of 3. Let 0, = max{v/2k, V2 20¢,,1} where

k is as defined in Assumption 6. The notation a, 5 b, stands for a, = Cb, with C' is a
constant and a,, 2 b, is defined similarly.

Appendix E. Theoretical Results for Exponential Family Graphical
Models

In this section, we obtain non-asymptotic upper bounds for ||, _; — 07 il +lle; — ol +
||3 j— Ajll2/vnT in the context of exponential family graphical models. Based on the con-

ditional density (8), the joint density function for the exponential family graphical models
can be written as:

T p T p p
p(x) =expy f(x) + Z Z ijﬁftjﬂftk + Z Z Z QLT (t—1)kTtj + Z Z Agjri; — ( )

t=1 j=1 k#j t=1 j=1 k=1 t=1 j=1
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where = [x1,...,z7] € R™P and § = (91T7_1,...,9g7_p,a1T,...,aT A;F,...,AE)T. The

log-partition function A(8) is
. T p T p »p T p
A (0) log/ exp f(x)+ Z Z Z Ojkrejee + Z Z Z QR (1) Tty + Z Z Ajayj o dx.
t=1 j=1 kj t=1 j=1 k=1 t=1 j=1

Assume that we have n subjects. Similar to Yang et al. (2015), we impose Assumptions 12—
14 hold, which are standard conditions for exponential family graphical models about the
log-partition function for both the joint and conditional distributions.

Assumption 12 For notational simplicity, we write D(n;-"tj) = Dyj Ok, o, Agj, f1j), where
Dy (9]k,ajk,At],ftj) is the log-partition function in (8). We assume DU( ) > cq >0 and
maxXs,t,j D (771@) < Cu, where nzt] Zkyé] ]kmltk + Zk 1 ajkxl(t Dk + A

Assumption 13 Assume that max; E(X%) < ¢y

Assumption 14 Let

Avtj (u,6~?>
T p T p p T p
= log/ exp uxt] +f(z +ZZZejkxtjxtk —i-zzzajkw(tq)kxtj + ZZAtjxtj dx.
k#j t=1 k=1

t=1 j=1 =1 j=1 k= t=1 j=1

Assume that for j=1,...;,pandt=1,...,T,

max & Atj (u 0) < ¢y,

w:lu|<1 Ou?
Let ezt] Xty — D (07), GZ = (Q’vua .. .,egj)T, and ef](- = Xij — pij- Since D (nj;;) and

Hit; are the conditional and marginal mean of Xj;, respectively, we can treat eV and EX

as error terms. Assumption 15 controls the norm of 61’ and e . Define the ¥1-norm of a
random vector ¢ € R” as

[Plly, = Sl:op:l H (@, 1) H¢1 = inf {K >0: sup Eexp (‘ ((j},{t) D < 2} .

12l l[tlloo=1

We define another norm as

911z = g, = inf{K >0 Eexp (|2

T
I 1> = Eexp <z:t:[i,|¢t|> 32}.

Assumption 15 For Vi, j, maX{He llepr 5 ||(—: g} < KNVT, for some positive constant K.
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When the data are independent, such bounds are reasonable; see Zajkowski (2019)
for further details. Next, we impose Assumptions 16-17. Assumption 16 is about the
mean and covariance matrix of Xj;;, which is similar to Assumption 6 under the Gaussian
setting and Assumption 17 is the compatibility condition similar to Assumption 7. Let
C = max{16CcyK,2cq,8CK}, where C is a absolute constant, ¢; and K are constants
appearing in Assumptions 12 and 15.

Assumption 16 For the ith subject and jth variable, let X;; = (Xi;, .. .,XZ-TJ')T, Bij =
E(X;;) and 3;; = Var(X;;). Assume that the mean of X; is bounded by a constant, i.e.,

|titj] < pmax. In addition, assume that the {a-norm of pi; satisfies H;LZ-]-HQ < fmax\/ C At/ 2THA,

Assumption 17 Let f)j = (Y; — U)Y(Y; — U )/(nT). For some constant ¢y > 0 and

L Se ,
wi satisfying [|(w})77 |1 < 7||(w;-‘)sﬂ||1, we have

* T A *
b '
0

Theorem 18 establishes the estimation error in the context of exponential family graph-
ical models.

W[} <

Theorem 18 Set the tuning parameters as
v =2Clog(2npT)/(nVT), X = f = 2log(T) log(nTp)T /4.
When
max{cis; log (T) log (nTp) , &7 log (2npT) log ™! (T) + c3y/7 log (2npT)}T ™7 < 1,
Hmax\/ SjTéAmax <

1
¢oT'T 16°

n,T,p > 6, and under Assumptions 12-17, we have

1655 = 65,1, + ll&; - ISEE

1
i+ =
< max{cis; log (T') log (nTp) , G log (2npT) log ™" (T') + Ga/Tlog (2npT)}T 5, (26)

with probability at least 1 — 4(cycycq + cne2) /(AT ) — 4/(nTp) — 5/(n>T?3), where ¢ =
16/(Cd¢(2)) + 2/(Cd¢0)} 52 = 11202/6(1 + 4(2 + Hmax V 7/Cd)20Amax +16 \V 7Amax/cd02/3(2 +

tmax\/7/Cd), C3 = 145/cd+\/7/cd(2+,umam/7/cd)\/ éAmaX, C = max{16CcyK,2cq,8CK}

and C is a absolute constant.

If we assume that ¢g, 0, Amax, Umax, and 7 are all constants and n, T — oo, Theorems
18 is equivalent to that with probability tending to 1,

1655 = 65—l + ll&s - A = Al < 55 log(T) log(nTp)T ", (27)

i} 1
O‘jHlJrﬁ\
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where the notation a,, < b, stands for a,, = Cb,, with C' is a constant. We can see that this
rate is slower than Theorems 8 and 9 in the context of Gaussian graphical models. This
is mainly due to technical difficulties in the analysis of the fused lasso estimator under the
general exponential family distribution. Specifically, when the data are Gaussian, Lemma
22 provides a sharp bound for the inner product of the Gaussian error and fussed lasso error
Aij — Aj, by carefully truncating the eigenvalues of the difference operator C and applying
the Hanson-Wright inequality subsequently. However, such techniques are not available for
the general exponential family distribution, leading to a slower rate in the analysis of the
fused lasso error. Developing new techniques for the proof of such cases are out of the scope
of this manuscript and we leave it for future work.

Appendix F. Proof for Gaussian Graphical Models
F.1 Technical Lemmas

We first provide some technical lemmas to facilitate the proof of Theorems 8-9. Lemmas 19
and 20 control the tail behavior of interaction terms between the observed variable and
the random noise €. The proof of Lemma 19 is provided in Section F.3.1. The proof
of Lemma 20 is similar to Lemma 19 and is omitted. Recall from Section 4 that Xj;; ~
N(uitj,ajzﬁ) with || < prmax and (0X)? = max; (o th) Besides, let €;; ~ N{0, (o ]]t)Q}

and (0¢,)% = man,t{(agjyt)Q}.

Lemma 19 Assume XZt] ~ N('u’ltj’ ]2] t) and €itj ~ N{O ( 9535, t) } We have
<
1<k<p k;é] nT 2;% itk| < Ao,

with probability at least 1—exp(— min[logz(T)/{ZJﬁn\/u?nax + (6:5)2)2,log(T) /|206,\/ 12 0x + (05)2]]/2)—

expllog{2(p — 1)} — 3X2nT /{20 log(T) + 61og?(T)}].

Lemma 20 Assume X1y, ~ N (- 1)k,akkt 1) and €5 ~ N{O, (o th) }. We have

Z Z E’Ltj i(t—1)k
=1 t=1
with probability at least 1—exp(— min[log2 (T) /{205 \/ 12 ok + (0:5)2}2 Tog(T) /|20, \/ 112 0 + (0:5)2]]/2)—

expl(log(2p) — 365nT /{260 log(T) + 6log?(T)}].

Lemmas 21-22 establishes upper bounds for terms related to A;;. The proof of Lemma 21
is provided in Section F.3.2. The results in Lemmas 21 and 22 are similar, except that
Lemma 22 is a maximum bound. The proof of Lemma 22 is similar to Lemma 21, and is
hence omitted.

Lemma 21 Let n ~ N (0,Q) and D = 8/Tlog(nT)/(rw%io). Forig € {1,...,T —1} and

any deterministic vector A;j, we have

1 _ V2R, | Vio +1og(n) + /log (nT) Qll,,b
—n" (A — Aj) < p{ } T (Al + ey

T 18 = A+~

max — < B,

1<k<p nT
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with probability at least 1—[2n*(T—1)+/log{n(T — 1)} 1 =2 exp(—io)/n—1/{nT+/2log (nT)},
where ||Q||op is the operator norm of Q.

Lemma 22 Let n; ~ N (0,Q) and D' = 8\/Tlog(2pnT)/(r%y). Forig € {1,...,T —1}
and all deterministic vector A;j, we have that uniformly over 1 < j < p,

1 B
—=1; (Ay = Ay)
V2RI, { Vo +Tog@pn) + v/log 2pnT) | lQll,,0'
< — 1Ay = Al + = ([[CAy[, + [|CA4])

with probability at least 1—[8(T—1)p*n2\/log{2pn(T — 1)}] 1 —exp(—io)/(np)—1/{2pnT\/2log (2pnT)},
where ||Q||op is the operator norm of Q.

F.2 Proof of Theorems

F.2.1 PROOF OF THEOREM 8

Let 6% _. € RP~1 af € RP, and Aj € R be the true underlying parameters, and let

3= J
0] —j, @j, and A be the solutlon obtalned from solving (9) under the Gaussian loss. For
notational convenience, we write w; = {(67 ) , (a )T}T and w; = (é;r ],&?)T. Let

Sj = {k : wj;, # 0} be the active set and let s] |S;| be the cardinality of S;. To establish
an upper bound on the estimation error, we start with defining

N = Hé\.ﬂf.] - 0

;,—jH1+HaJ'_O‘ ‘A —Aj H2

1
it —7—=
i+ e
The goal is to show that N < M, where

1 1
M = 2max[cin” 8T 3s;log(T) log(nT'p),
11 2. _1 101
n 61" 3 {027'3 log™ " (T') log™ 3(nTp) + c573 log3(2pnT)}

tneTe {4480m\/10g(2pnT) + 358402, log (T + 037'% log™}(T) log_é (nTp)}],

where ¢; = (32 + 4v/@0)/do, ca = 358402,¢ (ftmax + 1)%, 3 = T168¢2 %02, (jimax + 1),
cy = [4A12nax/7r2]i and ¢5 = 4480y, (fimax + 1)04/3. Note that the constant ¢9 > 0 is the
same compatability-type constant that appears in Assumption 7. Let ( = M /(M + N) such
that 0 < ¢ < 1. Set

=0+ (106
a; = (o + (1= ()aj;
Aj=CAj+(1- QA

Then, it can be shown that (N = ||9_j7,j — 9;73-“1 + de — a;HI + HAJ — A;H2/\/nT. In

the following, we show that (N < M/2, which implies N < M
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Let @ (wj, A;) be the loss function in (9) under the assumption that the random vari-
ables are Gaussian, that is,

1 n
Q(w; &) = 51X = Yjew; = A5 + M6 51|, + Blle ], +7 D [CAy],  (28)
i=1

where w; = (OJT ], )T, Yitj = (th( i) Xz(t 1)), and Yj = (Y}‘IJWY;FQ]‘? NN ,Y;FTJ',YQTU, .o YET]) .

Since Q(-) is a convex loss, by convexity, we have

Q (@5, 4,) = Q{c@; + (1 - Qw}.CA; + (1-0Aj}
<¢Q (w], J)+1=0Q (A7)

where the last inequality follows from the fact that Q(wj, j) < Q(w}‘, A}k) Substituting
(16) and (28) into (29), and upon rearranging the terms, we have

* 2
277,THY (wﬂ j) HQ QHTHA - Aj HQ

1 - * * 2) * —
< € Y (@5 = ) + A (1655l = 105-511) + B (eIl — )

n
I
* 1 - * * A A
+Z el (A — AY) + —T(wj—wj)TYiTj(Aij—Aw)ﬂ(HCA = ICA;(1)
I,

(30)

We now establish upper bounds for I; and Is, respectively.
Upper Bound for [;: from the definition of Y;, we have

& Y;(wj —w;) =€ X2,(0;-; — 0;_j) +e; X7 () — af).

Iy I12

It suffices to obtain upper bounds for I;; and Ij5. By the Holder’s inequality, Lemma 19,
and picking A = 2log(T) log(nTp)n~/T=1/3 when n,T,p > 6 we have

L eIX® (6, - 00, <

2) * )‘ 2) *
nT €; Jy—J 6TX®3H Heb—j - ej,—jHl < 5“033—]' - 0j7—j‘ 1

— (31)

with probability at least 1—exp(— min[log?(T) /{205, \/112,ax + (0:X)2}2,10g(T) /1205, \/ 112, + (0:X)2]]/2)—

2/(nTp). Similarly, by an application of Lemma 20 and picking 5 = A, when n,T,p > 6 we
obtain

1 _ * ]- — * B — *
—m€ X7 (@ — o) < e XG || - llay = el < Slley — e, (32)
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with probability at least 1—exp(— min[log?(T) /{205, /12 .0x + (0:X)2}2,10g(T) /1205, 12 + (0:X)2]]/2)—
2/(nTp). Since A = B, substituting (31) and (32) into I; yields

B - . * -
I < §||wj - ij1 + 6 (”‘*’j [l — H‘*’jHl) ) (33)

with probability at least 1—2 exp(— min[log?(T") /{206, v/ 112ax + (0:5)2}2,10g(T) /1206, v/ 11210 + (0:5)2]]/2)—
, S¢

4/(nTp). Let wfﬂ and w;” be subvectors of w; with indices S; and S7, respectively. Then,

upon rearranging the terms, (33) can be rewritten as

, (34)

_ B
Il

1

with probability at least 1—2 exp(— min[log?(T)/{205,\/12,ax + (0:X)2}2,10g(T) /|205,\/ 1120 + (0:X)2]]/2)—
4/(nTp).
Upper Bound for [,: we start with providing an upper bound for e}}(&ij —A7)/(nT).
For ig € {1,...,T — 1}, let D = 8,/Tlog(nT)/(m2ip). Recall that e;; ~ N{0, (atej)Q} and
(0€,)? = maxm{(afj)Q}. By Lemma 21, we have

Violog(n) + y/log (nT) ¢ o€ D ~
" lag- 8yl + %2 (loag), +loagl).

(35)

€
_ T A _ A* < QO-m{
nTeij( 1] ij) =

with probability at least 1—[2n?(T—1)/log{n(T — 1)}] "' —2exp(—ip)/n—1/{nT+/2log (nT)}.
Next, we provide an upper bound for (@ —w;f)TY;I}(A;‘j —A;;)/(nT) inTy. Let E(Y;5) =
U;; and B(n,T) = fimax min(ci/3n1/3T1/6, VT). By Assumption 6, ||pll2 < B(n,T).

Recall that [|@; — w31 +[|Aj — A¥lle/vnT = (N < M with ¢ = M/(N + M). This implies
that H(:Jj — ;‘Hl < M. Coupling the above with the Holder’s inequality, we obtain

1 — * * A
(@5 - i)Y (Af - Ay)
1 - * * A
< ey —will - Y5 (A% = Ay) [l

IN

M .
Y (A = Ay) |

IN

M L
=l (Yi = U)" (Af - Ay)

I

M .
<2 b (ay - Ayl

M . A M o
< ﬁ” (Yi — Uit (A5 - Ay) ||+ T ax ||| AL — Al
2M\/E{\/io log(2pn) + +/log (2pnT) + B (an)} )
<

. M/kD’ ~ .
|ay - agl, + P (loay, +llcay],).
(36)

with probability at least 1—[8n%p(T—1)+/log{n(T — 1)}]~t—exp{—io}/n—1/{2nT+/2log (2npT)}.

Note that the last inequality follows by an application of Lemma 22 and Assumption 6. Let

nT
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om = max{2y/k,205,,1}. We have M < 1 by the condition that 2 max(cln*1/6T*1/3, con~1/6T=1/3 4
csn~/2T=1/2) < 1. Combining (35) and (36), we have

20,,
T (HCA il + lCAsl,)

(37)

with probability at least 1—[n?(T—1)+/log{n(T — 1)} ! =3 exp{—io}/n—2/{nT/log (nT)}.

Moreover, recall that 7 is the tuning parameter for [|(I, ® C)AJ[|;. Let v = 20m D’ /(nT)
and substituting (34) and (37) into (30), we have

2 {\/z'o log(2pn) + +/log (2pnT) + B (n, T)} Tm
I, <

- nT | Aij—A

ij”2

_ « _ 8§
Y @ - w) [+ oAy~ Adl+ 2|

36H_sj ( 5| 2%{\/1010% 2pn)+\/10g(2pnT)+B(n,T)}
! nT

14 = Ajll,

4am H

. ®C) A, (38)

with probability at least 1 — [n(T—1) log{n(T — 1)}t = 3exp{—io}—2/{T/log (nT)} —

4/(nTp) - exp(— min[log ( )/{20m \% :umax + (07)5)2}27 10g(T)/|20’fn V N%lax + (0-7)5)2“/2)

We now consider (38) under the following two cases:

QUm{\/zo log(2pn) +\/log(2pnT +B(n,T }

L T |8, - a5, + 22| (1@ ©) A3, < 48]j@; -
il
20m \/z log(2pn)+ \/log(QpnT +B(n,T) 4oy D’ . _

. ol 418, - a1, + 4232 @ 0 0) 51, > $ole, -

iy

Recall that (N = [|@; —w} |1 + 1A, — AZll2/vnT and the goal is to obtain (N < M/2. To
this end, we will derive upper bounds for [|@; — w31 and [|A; — A¥|l2/v/nT separately.

Case 1: in this case, (38) can be simplified to

1

oY @5 = @) 2+ oo l1As - A5+ Dl < Dla - @], 39)
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v s¢
Since [|w; — w1 = HcI)_fJ — (wj)sf 1+ [l@;” (|1, following an argument similar to Lemma
6.3 in Biithlmann and Van De Geer (2011), we have

2 — * 2 A * — *
Y (@ =) [+ *HA' = A3l + Blle; - i,

2 — * * j *SJQ
Y5 (@ =) |5+ HA - Al + Bl = @), + Bll@; |,
< 8pl|& — (@),
~ . . \/2Csj log {nT (2p — 1)}
<8 Y, (w; —w; 8 U, ¢ 8 —
B %0 TH i (@ w])H2+ & %0 TH (@; “’J)H2+ & Voo (n T)% H“’J w]Hl
, - . s-cg,umaXT% log% (2pnT) 2Csjlog{nT 2p—1)} |  _ .
<59 oI (@ ), 59 | YT B D VR CEOTI =D o,
92 B w2 86%s \/S>jC§Mm3XT% log% (2pnT) \/2C’sj log{nT 2p—1)} |, _ .
< —|Y; (w; — w: — W
< nTH J (wj w ) Hz ¢ \/QTOTLETE ﬁ(nT) ij WJ‘ 1
(40)

with probability at least 1 — [n(T —1)y/log{n(T — 1)}]~! =3 exp{—io} — 2/{T/log (nT)} —
4/(nTp)—exp(—min[log*(T) /{207, \/ ax + (93%)2}2, 10g(T) /1205 \/ e + (07%)2[]/2). The

first inequality follows from (39), the second inequality follows from Lemma 28, the third

inequality follows the Holder’s inequality and Assumption 6, and the last inequality follows

from the fact that uv < u?+v?/4 for any u,v > 0. To simplify (40), if 8\/37ci/3umaXTl/3 log!/3(2pnT) / (v/don /"
8+/2Cs;log{nT(2p — 1)} /{\/$o(nT)/*} < 1/2 and with probability at least 1 — [n(T —

1)y/log (T — 1)1~ =3 exp{—io}—2/{T/log (WT)}—exp(— min[logX(T)/{20%, /1w + (72}, log(T) /|20
4/(nTp),

* 8623]'

J Hl = b0
which directly implies [|w; — wi|l1 < 168s;/¢o and |1A; — A%ll2/vnT < 2B84/sj/do. Recall
that 8 = 2log(T) log(nTp)n~Y/T~1/3 and thus we have

1A - A+ H@j—w

(41)

(N = ||@; - < ¢15;log (T) log (NTp)n~6T~35,  (42)

il + Ay - Al
with probability at least 1 — [n(T —1)/log{n(T — 1)}]7! —3exp{—io} — 2/{T+/log (nT)} —
4(nTp) —exp(— min[log?(T) /{20%, \/1hs + (72212, 108(T) /1205 y/ 1o + (@21} /2) and
— (32 + 4V/d0) /.
Case 2: we first derive the upper bound of |A; — Axll2/ VnT. From the condition of
case (2), we have

H s | < 120y, {\/z'o log (2pn) + /log (2pnT) + B (n,T)}
e — (w?
2 J J 1= nT
240, D’
+ nT

14; = ajll,

H( ® C) A’ (43)

jlly-
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From (38), we obtain

m {\/io log (2pn) + \/log (2pnT) + B (n, T)}

QnTHA = H@Sj = (@)™, + T 4 = ajll,
40’” H " ®C) A%, (44)
Substituting (43) into (44), we have
1A, — A%k < 28%{\/20 log (2pn) + \/log (2pnT) + B (n,T) }HA — A, +560,D'|| (I, @ C) A%,
(45)

Let x = HAj—A;HQ, b = 280,,{+/i0 log(2pn)++/log(2pnT)+B(n, T)} and ¢ = 560,,D’||(1,®
C)A7[[1. Then (45) can be rewritten as 22 — bz — ¢ < 0. Since z is bounded by the larger
root of 22 —bx — ¢ < 0, we have

<b+\/b2+4c<b+\/b7+\/§
= 2 = 2

<b++e.

Thus, the upper bound for ||A; — A%ll2/vnT takes the form

L 2807 { \/iolog (2pm) + \/log (2pnT) + B (n, T } V360D || (1, © ©) A3,
A — A* :
/nTH J .7”2 /nT /nT
(46)
Next, we derive the upper bound for ||[@; — w}[[1 under case (2). Recall o, > 1, we
obtain
B 4 | 20m {\/20 log (2pn) + /log (2pnT) + B (n, T)} 40m .
o~ w3l < 4 v I8, - a5l + 220, 0 0)a;
< 2;;1; {\/zolog 2pn) + /log (2pnT) + B (n, n® C) A*H }
(47)

where the first inequality follows the assumption of Case (2) and the last inequality follows
from (46). Let Apax = max;y |Alt] A:(tfl)j| + 1 and assume that A;‘j are piecewise
constants with at most 7 different constants across the T replicates for each subject. Thus,
[(In ® C)AJ[[1 < Amax7n. Combining (46) and (47), we have

CN = [|@; — wj|, + FHA = Al
< 22? {\/ZO log (2pn) + /log (2pnT) + B (n,T) + \/m}

{\/z'o log (2pn) + \/log (2pnT) + B (n,T) + D'AmaXTn} , (48)

2
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where D' = 8,/T log(2pnT)/(2%ig). Since (48) holds for any value of 7o, next, we identify 4o
such that the upper bound (N at (48) is tight. For notational convenience, let h = 2(1)/  and

= /log(2pn)h? + 2¢c47/? log*(2pnT)TY*n/2h=1 + \/log(2pnT) + B(n,T), where
c4 = [2Amax/7r]1/2. Then, (48) can be rewritten as

22402 1120
N < m,2 4 ™.
A T N

The fact that f'(z) = 44802,z/(AnT) + 1120,,/v/nT > 0 implies that f(z) is an in-
creasing function of z, and thus it suffices to find the of h such that the value of z(h)
is minimized. Since z" (k) = 24/log(2pn) + 4car/?log"*(2pnT)T /40123 > 0, z is a
strictly convex function of h. It can be shown that the minimum of z(h) is achieved when
h = {eam 2 log" 4 (2pnT)T /4012 )\ /log(2pn) }1/3. Since g € {1,2,...,T — 1}, we need to
carefully select the value of g on its range. When T > 7log!/?(2pnT)c3n/ log(2pn), we
have ig = max{1, | (ca7/21log"*(2pnT )T /*n/2 /\/log(2pn))*/3|} < T — 1. Thus, it can be
shown that

Viiolog (2pn) + v/log (2pnT) + B (n, T) + v/ D' Apaxn

2
< 405’7% log% (2pnT) n3Ts + 44/log(2pnT) + 4B (n,T) . (49)

Recall that B(n,T) = fimax min(ci/?’Tl/3 log'/3(2pnT)n/3T/6 \/T). Then the upper bound
for (N at (48) is

(2pnT) nSTG + 4/log(2pnT) }
1120,, 2 1 1
+ 4 (fomax + 1) ¢ 73 log3 (2pnT) ndTﬁ + 4+/log(2pnT) (50)

=
=
kﬁ
—~
W
~—
INA
3
—
N
—
=
=]
o
"
+
=
B ol
Wl
OQ
W=

Recall that 8 = 2log(T) log(nTp)n—/$T—1/3 then (50) can be written as

min f (2)
2. 1 1 _2 1.1 11
< {027'3 log3 (2pnT) log™ (T)log™ 3 (nTp) + c573 log3 (anT)} n 61773

+ {4480m\/10g(2pnT) + 179202, log(2pnT) log ™ (T) log_l(nTp)} n"iT"2

+ {637'% log™! (T) log_% (nTp) log% (2pnT) } niT"% , (51)

where ¢y = 179202,c 4/ (pmax + 1)2, c3 = 358402/3 2 (ftmax + 1), c5 = 4480, (ftmax + 1) 2/3.

Recall the deﬁmtlon of M. Combining the upper bound for (N in (42) and (51) yields

M

N <5 (52)
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Since ¢ = M/(M + N), by (52), we obtain N < M. Recall that N = || _; — 6% _,||1 +
& — el + 1A — A¥[l2/v/nT, then

n * ~ * 1 N *
165, — 055l + lla — o], + WHAJ' - ajll,
<M

1 1
< 2max[cin” 6T 3s;log(T) log(nTp),

11 2. _1 1.1
n 613 {027'3 log™ " (T)log™ 3 (nTp) 4 c573 logs (2pnT)}
+n2Te {4480m\/10g(2pnT) + 3584072, log (T + cy73 log™}(T) 10g_% (nTp)}],

with probability at least 1—[n(T—1)+/log{n(T — 1)}] ' =3 exp[—| {log(2pnT) A2, 7>Tn?/x?}/3|]—
2/{T\/log (nT)}~4/(nTp)—2exp(— minflog*(T) /{205, v/ e + (07%)2}?, 108(T) /1205, v/ ifas + (07%)?[]/2),
as desired.

F.2.2 PROOF OF THEOREM 9

The proof of Theorem 9 is similar to the proof of Theorem 8. In particular, let

~ . N i 1 .~
N = 1655 = 05—, + 1185 — a5l + = llA; — Al

The goal is to show that N < M ’, where
M' = 2max {cll log(T') log(nTp)s;, o log ™ (2np) log~H(T) log% (2nTp) + C;T% log% (2npT) log*% (2np)} T*%,

where ¢ = 4(8 + 2v/@0) /o, y = 358402, Amax (ttmax + 3)% and cj = 448 AN A (max + 4).

Similar to the proof of Theorem 8, we require M < 1. Thus, we assume the condition
Tz > 2max (cll,c;) .

The proof is similar to that of Theorem 8 with the main difference being the choice of
B, A\, and ig. First, we choose § = X = 2log(T) log(nTp)T*1/2 to obtain the optimal upper
bound of (N, then (42) will reduce to

(N < ¢;log(T) log(nTp)sz*%, (53)

where ¢ = 4(842+v/@0)/¢o. Besides, under the condition 7' < 2log'/?(2npT) Apaxrn/ {7 log(2np)},
we choose ig =T — 1, then (49) can be rewritten as

Viglog (2pn)++/log (2pnT)+B (1, T)+v/ D' Apmaxt < (ftmax + 2) /T log (2pnT)+4\/AmaX7n log% (2npT).
(54)
Thus, the upper bound for (N in (48) will be

NI

(N < {0/27' log™!(2np) log™!(T) 1og% (2nT'p) + CéT% log% (2npT) log_% (2np)} T2, (55)
where ¢ = 358402, Amax (fimax + 3)% and ¢ = 448AN A0 (fmax + 4).
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Combining (53) and (55), the upper bound for (N is

(N < max {cll log(T') log(nTp)s;, o log ™ (2np) log~H(T) log% (2nTp) + C;)T% log% (2npT) log_% (2np)} T~z

!

M
<5 (56)

Recall the definition of ¢ and IV, we can obtain that

n * ~ * 1 N *
10— — 655l +|a; — 5], + WHAJ' - A,

N

< 2max {0/1 log(T') log(nT'p)s;, car log ™! (2np) log ™ (T') log
(57)

with probability at least 1—[n(T—1)/log{n(T — 1)}] ! —exp{—(T—1)}—2/{T\/log (nT)}—
4/(nTp) — 2exp(— minflog*(T) /{205, /iEax + (07%)2}?,108(T) /1207, / 11 + (0%)?11/2).

F.3 Proof of Technical Lemmas

F.3.1 ProoOF orF LEMMA 19

This proof is similar to the proof of Lemma 6 in Hall et al. (2016). Recall that for
k # 7, Xig ~ N(pitk, opy,,) with (0X)* = maxy (07, ), and e ~ N{0, (05;,)%} with

2 2 T
(05,)° = maxm{(a;j’t) }. Let € = (e115,€12j:---,€17),€215,---,€nrj)" and let Xp =
T . o . . _
(),(Hk/, Xlgk,.;.,XlTk,Xglk,...,Xn’_;pk) . For 51r¥1p11c1ty, we rew,rlte €; and Xk/ as € =
T _ T — .. — .
(elj,ezj,...,e(nT)j) and X, = (Xlk’X2k""7X(nT)k) , where ¢, = €;; and X} = Xy,

with [ = (i — 1)T" + t. Then, we have

1 n T nT
! I
max = —— g E €tiXik| = max — E € X - 58
1sksphz nT | T gk ganT | T (58)
1= = _

In this proof, our goal is to bound (58) by Lemma 23. First, we define notation Z,,, G¥,
and R,, needed by Lemma 23. Denote the sequence Z,, as

m

1 / /
Zm = ZZ; €15 X1k

Then we have

/

/ ’ / 1 / / / ’ /
E (Zm — Lm—1 61j7 [N 76(m—1)j7X1k’ PPN 7X(m—1)k> =—F <€m]ka}€1], ceey e(m—l)j7X1k7 PN ’X(m—l)k)

/

1 / /
- ()5

’
mj

where the second equality holds since € _ . is independent with X for j # k and elmj is

independent with e;j, for ] = 1,...,m — 1. Thus, we conclude that Z,, is a martingale.

37
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Recall that X, ~ N(u;lk,aik7m). Let |r| < 1/]205, v/ 12 ax + (0:X)?], then by smoothing

we have
E <6T6/7n.jX;1k) — E {]E (erein]'X:nk 6;71‘])}

’ ’ 1 ’ 2
- {erltmkemj—"_Q(TO’kkymEmj) }

l 27‘,umk mj \/ T‘O'kk m5m7) }
exp {2 (Tﬂmk%j m) }
- 2
1-2 (T‘Ujj’mdkhm)

2
1 2
532108,V 12 0+ (0:%)

IN

(59)

where the second equality holds with e,m- is independent with X/ i and the third equal-
ity holds with e/ . ~ N{O, (05; )2} and (e mj/%] )2 ~ x3. Therefore, we obtain that

’

€ X follows sub exponential with parameter |20¢, /2, + (0:%)2|, which we denote as
X, ~ SubE(|1205,v/121ax + (0X)2]). By Lemma 24, we have

/ / 1 . log? (T log (T’
6mj‘ka| > IOg(T)} < exp D) min ( ) . 2 ( )
{20\ + 0207

P

205\ 1o + (05)°

(60)

Let B =log(T)/(nT) and define sequence G¥, as

oS (i)

with probability at least 1—exp(— min[log2 (T) /{206, 12 o + (0:5)2)2 10g(T) /|206,\/ 12 ax + (0:5)2]]/2).

The inequality in (61) follows (60). Then for p > 0, let

| ...,e’(l_l)j,Xik,...,X{l_l)k} <|GE| <mB*,  (61)

ZOO ka / > (—1)k kafn "
k=2 k=2

Besides, we have

m (62)
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where the second inequality follows (61). The upper bound of |Z,,| is
P(|Zn| = 2) =P(Zy, > 2) + P(=Z), > 2)
<E (epZm) e P+ E (e_pZm) e P?

—F (epmeRm+Rm) e P 1R (eprmfR:n+R:n> o

< E (epmeRm) eRmfpz +E <€prmme) eRmfpz + Do

< 2eRm—p 63
< Ze =+ Do, (63)

with po = exp(— minflog?(T) /{205, \/ hhax + (07%)2}?,108(T) /2075, \/ ase + (07%)21]/2). The
first inequality follows Markov’s inequality, the second inequality follows (62) and the last
inequality follows Lemma 23. The next step of this proof is to find the value of p to minimize
the right hand side of (63). Recall the R,, = m(e”® — 1 — pB). Denote the right hand side
of (63) as

f(p) = 2e"m=P% 4 py = 2exp {m (e’® — 1 — pB) — pz} + po.
Since f(p) is strictly convex, f(p) obtains its minimizer at the root of f'(p) = 0, which is
p* =log{z/(mB) + 1}/B. Then (63) will be

P(|Zn| 2 2) < £ (5) = 2exp {=mg (=5 ) } + 1o,

mB
where g(x) = (14 z)log(1 + z) — x. Since g(z) > 322/{2(x + 3)} for z > 0, we have
322 3220272
P(|Zm| =2 2) <2 ———————— | +po =2 — + po,
(|Zm] = 2) P ( 2z2B + 6mB2> bo P { 22nT log (T) + 6mlog? (T) } po

(64)
where the equality follows the fact that B = log(T")/(nT). Let m = nT and z = X\g. By
(64) we have
nT

1 I !
1<kspk#j Nl —

3NnT

¥ T2\ log (T) + 61og? (T) } +po- (65)

Z/\0] SQ(P—l)eXp{

Recall pg, then we have
nT

1<kt 0T lz; i
with probability at least 1—exp(— min[log?(T)/{205,\/ 1120 + (0:X)2}2,108(T) /1205, \/ 112 0x + (0:X)2]]/2)—
expllog{2(p — 1)} — 3X2nT /{20 log(T) + 61og?(T)}].

< )\07

F.3.2 PrROOF OoF LEMMA 21

Let n ~ N(0,Q). The goal is to obtain an upper bound for nT(A;; — A;;)/(nT). Recall
that C is the discrete first derivative matrix,

-1 1 0 0 0

0o -1 1 0 O
C=

0 0 0 -1 1
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Let S.(1) = {W € row(C) : ||[CW]||; < 1}, where row(C) is the row space of C. The steps
in this proof are:

1. get the upper bound of nTW for VW € S.(1).
2. substitute W with a specific value related to Aij and Ayj.

Step (i): first, we would like to introduce some new notation. The singular value
decomposition of C is
C=U=EVT,

where both U € RT-DUx(T-1) and Vv e RT*T-D are orthogonal matrixes and = €
R(T=Dx(T-1) js a diagonal matrix with diagonal &, i € {1,2,...,T7 — 1}. Then the pseu-
doinverse of C is

ct=ve"lut.
For ip € {1,...,T — 1}, let [ig] = {1,...,io} and Pp;;; = V[ZO]V[Z |» where V) is a matrix

containing the first iy columns of V. Then nT W can be written as

W =n"Py W +n" (I-Py,)) W. (66)

Hl ]I2

To bound the term nTW, we would consider I; and I separately. Upper Bound for I; in
(66): by Holder’s inequality, we have

< Vgl - (Vi Wl (67)

Now, we would like to further bound the term ||V[€O]n||2 in (67). Recall n ~ N(0,Q). Since
Vgo}n ~ N (0, VEO]QV[io])> ||V[€O}n||2 can be written as
IVl = 2"V, QVii 2.
where Z ~ N(0,I). By Lemma 25, we have
[I!meHi E(|[VEmlly) > fio+log(n)} v]
[\ZTVT \QV()Z — EZTVE QV ;) Z| > {io + log(n)} y]

{io + log(n)}* 12 {i0+10g( )Hv
HV QV[iO]HF [zo QV[ZO]H ’

< 2exp | —min (68)

[iéo]

where || - || is the Frobenius norm and || - ||op is the operator norm. Set v = ||Q||OlD Since
B Viol3) = tr(V, QVW < il Vi @V llops Vi, QViaol [ < ol Vi, QViig I3
and HV Qv[lo Hop = ”Q”Op7 WIH be

[HV[ZO]nHz > 2 {ip + log(n HQH } < 2exp (—ip) /n. (69)

40
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Substituting (69) into (67), we have

L < /2 4o +log(m)} Q) [VE W, < /2 (o + log(m)} Q]

with probability at least 1 — 2exp(—ip)/n.

Upper Bound for I in (66): Recall that row(C) is the row space of C. Let P oy (c) =
C*C be the projection onto row(C), and for VW € S.(1), 3 vector L that W = P.ow(c)L-
Then we have

L =n" (1= Pliy) Prow(o)L < [[n" (1= Ppig)) C7[| - [CL|, < [In” (T-Ppy)) O,
(71)
where the first inequality holds with Holder’s inequality and the second inequality holds
with the fact that |CL||; = [|[CCTCW]||; = |CW||; < 1. To further bound Iy, let e; be
the jth canonical basis vector and g; = (I — P[io])CJrej. let u; = (uj1,ujo,. .. ,uj(T,l))T,
j=1,...,T—1, as the jth column of U, then we obtain

(70)

T-1 u2

lg; ]l =11 10, Vir—inig] B0 s[5 = > ?]2 (72)
i=19+1

where [0, V[T_l]\[io}] can be obtained by substituting first ¢g columns of V with 0. By relat-

ing C with finite difference operator, Wang et al. (2016) shows that u;; = \/2/T sin(mij/T)
and & = 2sin{n(i — 1)/(2T)}. Then the upper bound for ||g;|3 is

T-1 U?Z B 9 T-1 1
S S
e~ & T = &
i=ig+1 Z*Z()-i-l

1
T Z 4sin? (7 (i — 1) / (2T))

zz—i—l

(T—2)/T 1
(io—1)/T 4sin® (mx/2)
_cot{m(ip — 1)/ (2T}

™

4T
< — 73
- 7.(22'0’ ( )
where the first equality holds by sin(7ij/T) < 1 and the last inequality holds by cot (z) <
1/z and i9/(ip — 1) < 2. Recall that n ~ N(0,Q), then ngn ~ N(O,ngng). Since

I (1 - Pi))Ctloo = max |nTg;|= max |gTnl,

1<5<T-1 1<5<T-1
|1Ql|,, T1og {n(T -«
P mas lofnl > ¢ e < ; a7n] > 2/l g5 1o (o7~ 1)
T-1
< [}g}rnl > 2\/ngng log {n(T — 1)}]
j=1

< ! ,
= 202(T — 1)/log {n(T — 1)}

(74)
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where the first inequality follows that ngng = ||Q%QJH% < ||Qllopllg;ll3 and the last in-
equality follows Lemma 26.
Let D = 8y/Tlog(nT)/(n2iy), then the upper bound for I is

1], 2 (75)

with probability at least 1 — 1/[2n%(T — 1)y/log {n(T — 1)}]. Substitute (70) and (75) into
(66), we have

"W < /2 {io +log(n)} QL [W |, +/lQll,,D: (76)

with probability at least 1 — [2n2(T — 1)y/log {n(T — 1)}]~! — 2exp(—ig)/n.
Step (ii): since
1

_ 1 _
ﬁnT (A — Ayj) = ﬁnTme(C) (A — Ayj) + T

]Ig Iy
(77)

We bound I3 and I in (77) separately. Upper Bound for I3 in (77): substituting W =
Pow(c)(Aij — Aij)/[C(Ay — Ayj)l1 into (76) and applying Holder’s inequality several

times, we have
\/ op \/ OP

\/2 {io +log(n)} |Q],,
1]”1 nT HC

CAyl, +

«/ \QI Jiel,,p ,/ Jiel,,p V2o +log(m}[|Q]],,
CAll, + CAl|, + o 1A = Al
(78)

with probability at least 1 — [2n?(T — 1)/log{n(T — 1)}]7! — 2exp(—ig)/n. The second
inequality follows the fact that CTC is idempotent.

Upper Bound for Iy in (77):
2(|Ql|,, log (nT)
VA D)l 9

with probability at least 1 — 1/{nTy/2log (nT)}. The second inequality is obtained by,

T
B {171 — Prowie)ll > 2]QL, Tog (n) } = P{‘l\/g‘>\/2!!Q}loplog(nT)}

—p{[17| > \21B[Q]], log (n)}

< P{‘lTn} > \/21TQ110g (nT)}
I S
nT+/2log (nT)

1 _
I < niTHTIT (I - Prow(C)) H2 ’ HAU - Aij”Q <

IN
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Substituting (78) and (79) into (77), we have the desired conclusion

1 _
Lt (8- Ay
2., { /o + Togt) + Viog WD)} o
V19 - Hay - aly+ 0 (leay, + oAy,

with probability at least 1—[2n?(T—1)+/log{n(T — 1)}] "' —2exp(—ig) /n—1/{nT/2log (nT)}.

F.3.3 SOME TECHNICAL LEMMAS

In this section, we provide several lemmas that are useful for proving Theorems 8-9 and
Lemmas 19-21.

Lemma 23 (Lemma 3.3 in Houdré and Reynaud-Bouret (2003)) Let (Zy,, m € N) be a mar-
tingale. For all k > 2, let GF = Yt E{(Z - Z )| Fi_1}, where Fi_1 is the filter
containing all the information up to 1 —1. For ¥p > 0, let Ry, = > 5oy o*GE Jk! and
R, = S0, (= 1)k pkGE /K. If Zy = 0, then

E{exp (pZm — Rn)} <1; E {exp (—pZm — R;"b)} <1.

Lemma 24 (Bernstein's inequality in Rigollet and Hiitter (2015)) Let X ~ subE(v) and E(X) =

0, then for any t > 0,
1 . [t
P(’X‘ >t) §exp{—2m1n <I/27V>}‘

Lemma 25 (Hanson-Wright inequality in Rudelson and Vershynin (2013)) LetZ = (Zy,...,Z,) €
R™ be a random vector with independent components Z; such that E(Z;) = 0 and || Z;|y, <

K, where |||y, is the sub-gaussian norm. Let Q be an nxn matriz. Then, for everyt > 0,

we have

2
P{|Z'QZ -E(Z'QZ)| >t} <2 —cmi T ’
{27z - BZ7Q2) > 1} < exp{ C““(mnezui KQHQHop>}

where ||Q||r is the Frobenius norm and ||Q||op is the operator norm.

Lemma 26 (Proposition 1.1 in Rigollet and Hiitter (2015)) Let X ~ N(u,o?), then for any
t>0,

o 12
P(‘X—M‘ >t) < ?exp <_M> .

F.4 Verifying Assumption 6

In this subsection, we provide an example in which Assumption 6 holds under (16). Denote
X = (X, -, Xz-tp)T. Let us consider the following form

Xit = AX 1)+ Ay + &, (80)
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where A € RP*P Ay €RP and € ~ N(0, il) independent of Xj;_1. Since given X;;_1),
X;; is multivariate Gaussian. We can easily rewrite (80) as the model in (16), where

Ajij
Thus, it suffices to verify Assumption 6 under the model (80). Assume that Az‘lj =...=
Ajgj = 0 and Ajgp1y; = - = Airy = Ayy for some 1 < ¢ < T. So, the sequence
A;‘lj, A;-‘Qj, . ,A;‘Tj has a single jump at ¢ = ¢, which yields A,, = max; ¢ ; |A;-‘tj—A;‘(t_1)j| =

maxm ’Aij_ij,—j(i—j,—j)ilAi(—j)‘ and T = maxi’j 23;2 I(A:}] 7§ A;((t—l)j) =1. Thl].S7 un-
der mild conditions such as ]\f]j,,j(fl,j7,j)_1 l2 and ||A;||2 are bounded by some constants,
we can claim that Apax = Agp, + 1 is bounded by a constant.

Next, to compute pi; = E(Xi;), we further assume A = al,. Then (80) yields pi; =
E(Xitj) = aE(X;-1y;) + Eitj’ where for notational simplicity we let X;o; = 0. We have
pit; = 0 for t < q and p; = Zizq_ﬂ as_q_lAij for t > ¢+ 1. In the latter case, it is easily

.
1_1|3‘|a| :
we obtain that max |u;;;| is bounded by a constant. Apparently, the ¢5 norm of p;; satisfies
1245ll2 < VT = qlimax-

Finally, we can similarly compute the covariance matrix of Xj;;, i.e., 3;;. For simplicity,

shown that max || < max |A;;|. Thus, for any |a| < ¢ for some constant ¢ < 1,

assume Yj; = 1. It can be shown that (X;;)11 = 1 and (2j;)i = a®(2j;)—1)¢-1) + 1. For
the off-diagonal entries, we have (X;;)w = at'_t(Ejj)tt for t' > t. As a result, following
the similar calculation, we can show that the matrix ¢; (and {) norm of X;; is bounded

by a constant. By the matrix norm interpolation inequality (||Mng < |IM|¢, IM]le., ), the

operator norm of X;; is also bounded. Thus, the condition on the covariance matrix in
Assumption 6 holds.

F.5 Assumption 7 Holds with High Probability
In this subsection, we will show that Assumption 7 holds with high probability. Some mild

assumptions are needed, which are stated in Assumption 27.

Assumption 27 Let 5 = Cov(Xyj, X;) with Xij = (Xitj,..., Xirj)", and ;0 =

C/OV(XZ‘j, X,) with X, 0 = (Xaj, - .. , Xir—1);)T. We assume that max{max; ;/ [|3,[[op, max; » 3, |lop} <
K . Besides, let U; = E(Y;) and 3; = E{(Y;—U;)T(Y;-U;)}/(nT). Assumeminjeqy  py Amin(E;) >

¢0, where ¢g is a positive constant and Awin(X;) is the smallest eigenvalue of ;.

Lemma 28 shows that Assumption 7 holds with probability at least 1 —2/(nT)? under
Assumption 27. The proof of Lemma 28 is showed in Section F.5.1.

Lemma 28 Let f]j = (Y; - U,)T(Y,; —U;)/(nT). With sufficiently large positive constant
Co and under Assumption 27, we have

T <
(wj) Yjwrs; N 2Csjlog {nT (2p — 1)} Jw
bo dov/nT
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with probability at least 1 —2/(nT)?.

F.5.1 PROOF OF LEMMA 28

Under Assumption 7, we can easily obtain that

(1) =

W iW-S;
7 Vand V)
< -7 @

lwi [y = 2=
B (w;‘)T ﬁjw;sj <w;f>T (Ej — §J> w;-‘sj
- o0 %0
() S5 = Sl
=T % o =, (81)

where the last inequality follows holder’s inequality and ||[M||max = max;y [M;i| with M
is a matrix. For the next step, we will bound the term || X; — 3;||nax. Recall X;. Let

Xi—j) = Xi(—j) = Uig(y) and X1y = Xigeo1) = Uiy with Uye(—j) = B{Xjy(—} and
Uijt—1) = E{X¢—1)}- Then we have

-~ 1
S = — (Y- U)" (Y, - U))

_ LZR:Z fvlt( ) fvzt( —5) lt( ])X(t 1))
nT i=1 t=1 < i(t— 1)X t(—5) X(t—l) 1(t71)
s §J¥(_j)(_j) Sue-n-5) | (82)
zt(t—l)(—j) i(e-1)(t-1)

We will discuss the upper bound for each element in f]tt(_j)(_j) = 2y (=) f)t(t_l)(_j) —
Ett(—j)(—j) and E/gt_l)(t_l)—ztt(_j)(_j), separately The matrices Ett(—j)(—j) = E{Ett(—j)(—j)}a
2tt( N(=3 E{Et t—1)( ])} and 2tt( N(—7 IE{E(t 1)(t— 1)}

First, the (7,7 )th elernent in the matrlx Ztt( ) (—j) 18

7)

1 & 1
Y .

TZ;XMXU £ X)Xy,

where 3(/] = (Xlljy N ,Xlij e ,XHT]')T and 3(/]./ = ()lej" ce ,)NflTj/, e ’XnTj/)T' We
mainly use Lemma 25 to bound "7 27 Xitj Xy /(nT'). To convert 377 ST Xitj X5/ (nT)
into a formate of ZQZT, let )Aijj/ = ()?]-T, 3{; T, By some simple calculations, the random

vector Xj]./ has zero mean and variance

In X ij In & Ejj/

Q= T , (83)
(I” ® zjj’) L®Xy
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where 3;; = Cov(X;, Xjj), B, = Cov(Xy;, X, ) and X = Cov(XU ’ng 1). Next,

let Q/2Z = ()7?,)7}:)11 We d1V1de Z and Ql/2 Correspondmg to X; and X Let
Z=(zf,zH)" and

~L Qn 612
2 = | = = . 84
Q <Q1T2 sz) (84)

Then we have

<§9> - (911Z1 + 912Z2> and )/ZJTX =2z7T <811> (Q?Q QQQ) zZ= ZTQZ-

X QL7 + Qa2 12
(85)
Besides, to link the Q with (511, 6222 and (512,
~_ ALARL Qi + Q12Q12 611@12 + Q12@22
Q=Q:Q: =578 L0+ 0L ) 50
(Qan +Q2QL  QLQi+Q (86)

By Lemma 25, with sufficiently large Cy, the upper bound of jij)f(fj/ is

VnT

4C2(K')? log? {nT (2p — 1)} nT 2Cox log {nT (2p — 1)} vV/nT
Q% ’ 1Q[op

1 | ~pw = 2Cok log {nT (2p — 1)}
p{nT‘Xj X, fE(Xj Xj/) ‘ >

< 2exp (c min

2

_— . 87
~ {nT(2p - 1)) o
where the last inequality follows that
Q11 ~ o N Qll !
1Qllop = H ( erfz sz) = <Q1T2 Q22> O =[x, }Op ==, Hop <K,
op op
(88)

where the third equality holds by (83) and (86) and the inequality holds by Assumption 7.
R Following similar procedu/r\es, we could obtains the upper bounds for the other two terms
Et(t—l)(—j) - Ett(—j)(—j) and E(t—l)(t—l) - Ztt(—j)(—j)' For 2t(t—1)(—j)> the upper bounds for
the (4,7 )th elements is

n T n T l
1 - - 2Cok log{nT(Qp—l)}} 2
P — XZtXZ g — E XZth IRV > S .
{nT 2 2 KX, (ZZ i >)| VAT T
(89)
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For f](t_l)(t_l), the upper bounds for the (j,j )th elements is
n T n T ’
2Cok log{nT (2p—1)}
33 Hon s~ 2 (33 By )| » 20T
{ =1 t=1 < 1 t=1 / nT
2

<T@ D 0

Combining (87), (89) and (90), the upper bound for

sz - 2j”max < (91)

/'nT Con2T?

2Cok log {nT (2p — 1)}] ] 2

Substituting (91) into (81) yields

T <
p || S) H (w;‘) Xjwjs; N 2Cosik log {nT (2p — 1 }HW*H2 . 2
1= %0 dov/nT il n2T2

Appendix G. Proof of Theorem 18

G.1 Technical Lemmas

The proof of Theorem 18 will use Lemmas 29-30, which perform similar functions as Lem-
mas 19 and 20. Since the proof of Lemma 30 is similar to Lemma 29, we will only show the
proof of Lemma 29.

Lemma 29 Let eivtj = Xitj — D' (nz’ftj). We have

Z Z i Xtk

i=1 t=1

< )\07

1<k<p k;«é] nT

with probability at least 1—2(cycycqgtenc?) /(2T @) —expllog{2(p—1)}—3\2nT /{2 log(T)+
610g?(T)}).

Lemma 30 Let ¢/ = Xj1j — D' (m7;)- We have

< Bo,

ZZ ztj Z(t Dk

1<k:<p nT
=1 t=1

with probability at least 1 — 2(cycucq + cnc?) /(2T %) — expllog(2p) — 383nT /{280 log(T) +
61og(T)}].
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G.2 Proof of Theorem 18

The log-likelihood function of exponential family distribution can be written as
litj (wj, Ditj) = —nitg Xitj + D(nit), (92)

where 1;1; = Yiw; + Ay, Yy = (Xit(_j),X,-(t_l)) and w; = (OJT i ]T)T Then the
optimization problem of exponential family distribution is

mlnlmlze—ZZlm (wj, Aitj) +>‘H0J JHI—G—BHaJHI—I—'yZHCAUHl (93)

0 A
e L (| i=1

Next, we will apply Taylor expansion to obtain a similar equation as (30). By the convexity
of l;1j(@j, Ayj), we can easily have

Butj 2 litg (@, Bty ) iy (@], Aig) =il (@] A%y) (@5 — w)) =Tl (], A7) (Buty — Afy) >0
. (94)

Here, for notational simplicity, we just use @;, A;; to denote the convex combinations of

the estimators and the truth as in the proof of Theorem 8.

Besides, by (93), we have

sz (@5 Ba) + M85, + Bllas ], 43 CAy|,

=1
<*Zlm "" A:tj +)‘H J“1+ﬂ“a3‘}1+72"CA H1 (95)
=1

By simple calculation of (95), we can obtain

1 ~ N * *
T a {litj (%’;&tj) — litj (wjaAitj)}

<7 (1165511, = 185511, ) + 8 (e 1, — llas) +VZ(I|CA = ICAs],) - ©6)

=1
Combining (94) and (96) yields
1 1 * ~ N *
?IiT Z Bitj < - n7T Z vllitj w A’Ltj) ( j Z VQZ’LU zt]) (A’itj Azt])
it it

105l = 1854 ) + 8 (Ll = llall,) +VZ(HCA I~ I1caql,)-
=1
(97)
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By Taylor expansion of l;;(w;, ﬁitj), we can also have

LT Z B
it

~ 1 /\ * 1 N * 2 1 N * ~ *
> eq§ (@ —w)) Z Wi (@ =) + o p D (B = Aly) D (B - Aiy) Vi (@ - )
it it ,
(98)
By combining (97) and (98), we obtain that
2
% Z {Y;tj (&3] - 2 Z ( ity th)
ST Z ity (w5, Aly) (@; = ;) + 7 (116550, = 18531, + 8 (I, — llasll,)
Iy
* 2 N * ~ *
Z Valirj (@], M) (Am Am) - 770; (Az’tj - Az‘tj) Yiij (@) — wj)
it
Iz
+VZ (lleagl, - llcayl, ) (99)
We will establish upper bounds for I; and I, respectively.
Upper Bound for Ij: Recall (92). Let €. = Xy1j — D/(nl’-‘tj), then we have
1 ~ *
- ﬁZVllitJ wj, Ajy;) (@) — wj)
it
1 -~ *
= n—T Z Egj}fitj (w]- — wj)
* 1 -~ *
nT Z €itg X ( 5= ij—j> tor > e Xig (@ — )
it
1 v * 1 v ~ *
ST €itj Xit( HHJ, 033—1H1 ToT e Xie-v|| & =g,
i, 1, [eS)
<P .
<23, - will, (100

with probability at least 1—4(c,cycqtcnc?)/ (AT 4)—4/(nTp). The first inequality follows
Holder’s inequality, and the second inequality follows Lemmas 29-30 with n,T,p > 6 and
A\ = = 2log(T) log(nTp)T—'/*. Then the upper bound for I; can be written as

Biin . . .
I < 5ll@; =iy + 8 (el = 1@, (101)
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. s¢
Define wfj and wjj be the subvectors of w; with indices &; and Sf, respectively. The
equation (101) can be converted to

38 || ~S; _ 8¢
I < 36 Hw$3 — (W% || - g ij] (102)
with probability at least 1 — 4(cycucq + cnc?) /(2T %) — 4/(nTp).
Upper Bound for Is: Is can be rewritten as
I v L\, 2¢a ~ . . .
I[Q = 77,7T Z th (A A ) nT Z (Aitj - Aitj) Y;tj (wj — wj) . (103)

1= 7t
o

I21 Io2

We will discuss the upper bound for Is; and ls2, separately.
For Iy, let P = CTC € RT*T | then Iy is equal to

% 3 g] (By-ay) = — Z P (B —ay) + anzn:egj(IT -P) (&, - ay)
i= i=1

* N - 1 *
70| _lo (01~ 80) |+ 3 e —m| o -
i=1 2
(104)
where the last inequality holds by Holder’s inequality. Next, we will bound |’€thc+||oo and
le37;(Ir — P)||2, separately. Let C;f as the kth column of C*. We could bound |[&;C* o
as
P{ XJC+“ > 8CK VT log (nT)} =P {ml?x ‘egjc,j‘ > 8CK VT log (nT)}
T
< ZP{ chﬁ( > 8C KT log (nT)}
k=1
2
< 1
<2 (105)

where the last inequality holds by Lemma 31, Assumption 15 and the definition of 1 norm.
Following similar procedures, the bound of Hegj(IT —P)l2 is

P

By the union bound over ¢ and combining (105) and (106), the bound of Ig; is

e (tr—P) || > 80K 10 (nT)} < (106)

(D)

8CK log(nT) < 80K10g (nT) ~
n < === 3 (leagl+eBul,) + ZHA By, (107)
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with probability 1 —4/(n?T?). Let B(n,T) = ftmax\/ CApax™n/2TH4, We follow a similar
procedures as (107) and (36) to bound Ia9, then we have

160ch};§(2pnT) 3 (||CA I+ [lCAyl, ) 16CcaK log(QPZ;) +2¢4B(n,T) Az — Ay,
n i1 i=1
(108)

Iy <

with probability 1—1/(4n?p?>T3). Substituting (107) and (108) into (103), the upper bound
of Iy is

20 20 log(2pnT) { 2C + B(n, T)} log(2pnT) n

1 < 20058 57 (oay, + oy ,) + - > -

=1
(109)

with probability 1 — 5/(n?T?). The constant C = max{16CcyK,2c4,8CK}. Let v =
2C log(2pnT)/(n\/T), then by (109) and (102), (99) can be written as

C ~ w\ 1 2 C %
o Y (@ =)} + 2 S (Biy —a3,)’

1y

e R ] o R e LIS !

{25 + B(n, T)} log(2pnT)

+ nT

(110)

with probability at least 1 — 4(cycucq + cnc2) /(3T @) — 4/(nTp) — 5/(n?T3). Next, we
will consider (110) under two cases:

{25+B(n,T)} log(2pnT)

Ol 1, 5 0) A, + 2220

|5 = Ay, < 38]lw; - w

*|| .
Jhn

{25+B(n,T)} log(2pnT)
H 1 nT

2. MH 2 ® C) A

T HA; - AjHQ > iBH‘;’j _w;“1‘

Following similar proof steps at Cases 1-2 in the proof of Theorem 8, we could obtain that
with probability at least 1 — 4(cycucq + cnc?)/ (2T 4) — 4/ (nTp) — 5/(n>T3),

| — e 4, - Ajll,

1
N, + ——
R
< max{¢é; s;log (T) log (nTp) , éat log (2npT) log ™" (T) + ¢3/7 log (anT)}T_i, (111)

where ¢ = 16/(cq¢2)+2/(cado), ¢a = 11262/0d+4(2+ﬂmax\/7/Cd)25Amax+16\/7Amax/0d5'2/3(2+
tmaxy/7/cq) and ¢3 = 14(7/061 +/7/cq(2 + umaxx/7/cd)\/C~Tm.

51



JIN, NING AND TAN

G.3 Proof of Lemma 29
Similar to proof of Lemma 19, let EZ €. and Xlk = Xy with | = (i — 1)T + t. Besides,

denote the sequence 7N as Zy = an Zl 1€ Xlk The proof is similar to the proof of
Lemma 19 except

itg

1. Prove Zy, is a martingale;

2. Bound the term |ev XY |
To prove Zy, is a martingale, by smoothing we have

\Y4 Y4 \Y4 Y4 \Y4
E{ZZ—mel}elj,..., . Xlk,...,X(m_l)k}

1
VXV v XV XV
= n—E{ X k|€1],~--7€(m_1)j’ 1k> " (m—l)k}

1
— \ v v v v v
= —=E [ka]E{emj‘ka} [SYIRN AP, S/ ST G }

1
= —F [XZkE [E {exj\xit(,j),xi(t,l), Am} \XZ,J AN o ,X(Yn_l)k]
o (112)

where the last equality holds by the fact that X;;; follows exponential family distribution
with mean D’ (nm3;) and 61” Xitj — Dl(n;‘tj).
Next, to bound the term |6v XY,

P{len, Xyl =108 (1)} < P{el X5 > 10g (1)} + P{ef X5, < —log (1)} (113)

]Il ]I2

For Iy, we have

eAEZintk)
- e log(T)
!
AXivi Xigh—AXaw D' (0%

E [E {6 itj<Nitk tk (’ht]) Xit(—j)vxi(t—1)7Aitj}:|

- oM og(T)
/

E {eD(”i*tj*)‘Xitk)*D(”ftj)*’\XitkD ) }

B eAlog(T)
1" %
E {evX?tkD ("itj)}

< (114)

e og(T) ’

where the second inequality follows the definition of egj, the second equality follows the
fact that given Xy ), Xj1—1), Aitj, Xit; follows exponential family distribution, the last in-

equality follows Taylor expansion. To further bound (114), we will bound E[exp{\*X2, D" ( M) Y]
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first. Let A = /1/cq. For some a € [0, 1], by a simple calculation of moment generating

: 2
function of X,

E {eXithD” (nftj)/cd }

- Aitk {D” (n:t]) /Cd;w*u A*} - A/itk {0’ w*7 A*}

n "o« 2
_ D(Magitk {0;w*, A"} + WOQEM {a)\QD” (nftj) ;w*,A*}

Cd ou 3 ou?
C " " 2
< 70" (i) + 5 {0 () |
< oy o (115)
Cd Cd

where the second inequality follows Assumptions 13 and 14, and the last inequality follows
Assumption 12. Substitute (115) into (114) yields

CyCuCqd + chci

v V4
P {Eijmk > 10g (T)} < CZTl/Cd (116)
Similarly, the bound of I is
2
v v CyCyCq + CRC
Combining (116) with (117), we have
2¢,CuCq + cnc?
P{Jey, X3 2 log (1)} < =g oo (118)
cgLt/cd

G.4 Some Technical Lemmas

Lemma 31 (Proposition 3.5 in Zajkowski (2019)) Let Sq(z) = >0 . @iy iyiy - $iy and
A be a multi-indexed array of [ai, i, |7 —q with a;, . ;, € R. When ||@||y, < oo,

P{|Sq(¢) —ESq () ‘ >t} < 2e=90)

where
g(t) = { m’ if 0<t<4C|Sa(P)ly:,
st L > 401Su(8) e,

and C is the absolute constant.
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Appendix H. Binary Ising Model

In this section, we perform numerical studies for the binary Ising model with correlated
replicates and unmeasured confounders. We compare our proposal to that of Ravikumar
et al. (2011). We first generate © described in Section 5.1, but set non-zero entries in
® from a Uniform distribution with support [—0.5, —0.25] U [0.25,0.5]. Then, we generate
the piecewise constant unmeasured confounders U; as described in Section 5.1. Given Uj;
and ©, we apply Gibbs sampler to generate X1, Xo1,..., X1, i.e., the first replicate for
all subjects. Suppose that 711, 2712, . .., 271, are generated from the /th iteration of Gibbs
sampler and we have obtained X1, Xo1,..., X(;_1)1, then

exp (Qﬁ + D ks Oikmink + o 9jmuz'1m)

1+ exp (ij + D kg OkTnn + sz:qpﬂ 9jm“i1m)

X(141)1; ~ Bernoulli

)

where j = 1,...,p. Note that we take the first 10* generated samples as burn-in samples,
and collect one sample every 10? iterations (Ravikumar et al., 2010; Tan et al., 2014).

Then given the ith independent sample, we obtain X;o, X;3, ..., X;7 using similar Gibbs
sampler procedure but the distribution for (I 4 1)th iteration is now

exp (ij Dz 0wtk + 2oy Ojmttiom + >y O‘jkxi(t—l)k)

1+ exp <9jj Ykt Okwink + ooy Ojmttiom + Sy Oéjkwi(t—l)k)

Xi(141)j ~ Bernoulli

where j = 1,...,p, x; are samples obtained from the /th iterations and o is the jth row
of a diagonal transition matrix A described in Section 5.2.

We set n = 200, T'= 10, p = 20, and ¢ = 5 and the results are shown in Figure 7. For
our proposal, we consider a fine-grid of A, set 8 = 0.01, and vary = in three different values:
0.5, 1, and 2. We see that our proposal outperforms Ravikumar et al. (2011), which ignores
the correlated replicates and unmeasured confounders.

Appendix I. Restrictiveness of Forcing ¢q, 0,,, AL, and 7 as Constants

In this discussion, we address the implications and limitations of constraining ¢g, om,,
Apax, and 7 to be constants. The parameter oy, serves as an upper bound for both oy, , the
standard deviation of the error term, and ~, the upper bound for the operator norm of X,;.
It is a prevalent practice in statistical literature to treat o,, as a constant. The primary
limitation of this assumption is that it implies a bounded variation in the error term and
the data, a premise that is reasonable across numerous scientific disciplines.

The parameter ¢g, defined in Assumption 6, bounds the largest eigenvalue of the covari-
ance matrix of Y; for each j in the set {1,...,p}. Assuming a constant eigenvalue for data
covariance is also a common approach in statistical analyses. However, this assumption
might not be suitable when dealing with data that exhibits highly heterogeneous features
or where there is significant natural variability.

Regarding the parameters Apax and 7, Apax = Ay + 1, where A, is the maximum
difference between any two consecutive elements in the sequence A}, o A;}j, . ,A:.‘Tj. Sim-
ilarly, 7 is defined as the maximum number of jumps in the sequence, mathematically
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Figure 7: Result for binary Ising model with correlated replicates and unmeasured con-
founders. For our proposal, we set § = 0.01 and three different values of ~:
~v = 0.5 (yellow short-dashed), v = 1 (red short-dashed), and v = 2 (black short-
dashed). The line with green dots represent Ravikumar et al. (2011).

represented as 7 = max; ; Zthz I(Ay # A;‘(til)j). The primary constraint in fixing Apax

and 7 as constants lies in the assumption that unmeasured confounders do not exhibit ex-
cessive variability, and that the magnitude of these changes is finite. In conclusion, while
simplifying assumptions on ¢q, 0., Amax, and 7 enhance the tractability and comparability
of our model, they bring certain limitations, particularly in scenarios involving high data
variability and heterogeneity.

Appendix J. Numerical Study about Prior Knowledge of Knot Number
and Location

In this section, we compare our proposal with Tan et al. (2016), particularly focusing on
scenarios where Tan et al. (2016) have prior knowledge of knot number and location, while
our proposal operates without such information. This numerical study is divided into two
scenarios: independent replicates and correlated replicates, both with piecewise constant
unmeasured confounders. The data generation process follows the methods described in
Sections 5.1 and 5.3. Consistent with Section 5, we set n = 50, T' = 20 and p = 100.
In our proposal, 8 varies within {0.05,0.1,0.15} and 7 within {1,1.5,2}. For Tan et al.
(2016), we estimate the graph between adjacent knots, adhering to their constant confounder
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assumption, and assess the “or” and “and” rules for graph combination. We choose the
“or” rule for superior performance, as shown in Figure 8. As depicted in Figure 8(a), Tan
et al. (2016)’s method outperforms ours under conditions that perfectly align with their
assumptions and their knowledge of knot details. Conversely, in 8(b), our approach is more
effective in scenarios with correlated replicates, where Tan et al. (2016)’s assumption of
independent replicates does not hold.

o O | g OO |
g O z O
2 N 2 ]
2 < | 2 < |
L o L o
(0] [¢D)
> -]
[ I (= I
o _ o _
o | | | | | | o | | | | | |
0.0 0.4 0.8 0.0 0.4 0.8
False Positive Rate False Positive Rate

(a) (b)

Figure 8: Results for comparison between our proposal and Tan et al. (2016) when Tan
et al. (2016) have prior knowledge of knots number and location. Panels (a)
and (b) illustrate results for independent and correlated replicates with piecewise
constant unmeasured confounders, respectively. For our approach (solid line), we
adjust 8 within {0.05,0.1,0.15} and ~ within {1,1.5,2}. The results from Tan
et al. (2016) are depicted as a pink dashed line.

Appendix K. Numerical Study under Scenarios T'>n and T' < n

In this section, we explore scenarios where T > n and T" < n. This study considers
two scenarios: correlated replicates with both constant and piecewise constant unmeasured
confounders. For T" > n, the parameters are set to n = 10, T" = 100, p = 30, [ = 5 and
R = 2, while for T <« n, we use n = 100, T'= 10, p = 30, Il = 5 and R = 2. The data
generation process follows the approach detailed in Section 5.3. Within this framework,
B varies within {0.01,0.02,0.03} and ~ within {1,1.5,2}. The outcomes for constant and
piecewise constant unmeasured confounders are presented in Figures 9 and 10, respectively.

Figure 9 indicates that our proposal’s performance is similar in both T"> n and T' < n
settings. This suggests that when unmeasured confounders are constant across replicates,
the estimation error of our proposal is not significantly affected by the relationship between
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n and T. However, Figure 10 reveals a notably poorer performance in the T' < n scenario
compared to T' > n for piecewise constant unmeasured confounders. This finding aligns
with our previous analysis (17), which indicated that a convergence to zero in estimation
error requires 7" approaching infinity when 7" > n, and both T" and n approaching infinity

when T' < n.
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Figure 9: Results for evaluation of the performance of our proposal when 7' > n and T' < n,
both in the context of constant unmeasured confounders with a sparse transition
matrix A. Panels (a) and (b) illustrate the results for 7' > n and T' < n,
respectively. We vary f in the set {0.01,0.02,0.03} and ~ in the set {1,1.5,2}.

Appendix L. Numerical Study with Graphical Model Considering
Dependent Data

In this section, we compare our proposal with Zapata et al. (2022), focusing on estimating
graphical methods for dependent data. This study encompasses two scenarios: correlated
replicates both without and with unmeasured confounders, paralleling the discussions in
Sections 5.2 and 5.3.

Adhering to the settings in Section 5, we set parameters n = 50, T = 20, p = 100,
Il =5 and R = 2. The data generation process mirrors that used in Sections 5.2 and 5.3.
For our approach, we adjust 5 within {0.05,0.1,0.15} and ~ within {1,1.5,2}. For Zapata
et al. (2022), we utilize a fine grid to select the optimal tuning parameters and showcase
its best performance. We also include the results of Friedman et al. (2008), Meinshausen
and Biihlmann (2006), Chandrasekaran et al. (2010) and Tan et al. (2016) in this numerical
study for comparison. The outcomes are presented in Figures 11 to 12. Specifically, Figure
11 illustrates the scenario with correlated replicates without unmeasured confounders, and
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Figure 10: Results for evaluation of the performance of our proposal when T > n and
T < n, both in the context of piecewise constant unmeasured confounders with
a sparse transition matrix A. Panels (a) and (b) illustrate the results for T'>> n
and T < n, respectively. We vary f3 in the set {0.01,0.02,0.03} and ~ in the set
{1,1.5,2}.
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Figure 12 represents the scenario with correlated replicates with unmeasured confounders.
In both scenarios, our proposal demonstrates superior performance compared to Zapata
et al. (2022). Additionally, Zapata et al. (2022) outperforms other methods, with the
exception of our proposal, as shown in Figure 11. It displays comparable performance to
other methods in Figure 12. This outcome is reasonable, considering that only Zapata et al.
(2022) and our proposal are tailored to handle dependent data, and Zapata et al. (2022) do
not consider the existence of unmeasured confounders.
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Figure 11: Results for correlated replicates without unmeasured confounders. Panels (a)
and (b) correspond to diagonal and sparse transition matrices, respectively. For
our proposal (solid line), we set § within {0.05,0.1,0.15} and v within {1, 1.5, 2}.
Other details are as in Figure 3.

Appendix M. Numerical Study for Sensitivity Check

In this section, we conduct a sensitivity analysis for our tuning parameters 5 and . We
vary the values of these parameters to assess if there are significant performance differences
in our proposal under different tuning settings. The chosen sets of tuning parameters and
the corresponding results are showcased in Figures 13-15. Our analysis reveals that the
performance of our proposal is relatively unaffected by variations in 8 and ~.
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Results for constant and piecewise constant unmeasured confounders with sparse
transition matrix. Panels (a) and (b) correspond to constant and piecewise
constant unmeasured confounders, respectively. For our proposal (solid line),
we set 8 within {0.05,0.1,0.15} and ~ within {1,1.5,2}. Other details are as in
Figure 3.

True Positive Rate

Results for independent replicates with unmeasured confounders in Section 5.1.
Panels (a) and (b) correspond to the results for constant and piecewise constant
unmeasured confounders, respectively. For our proposal (solid line), we set [
within {0.05,0.1,0.15} and ~ within {1, 1.5,2}. Other details are as in Figure 3.
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Results for correlated replicates without unmeasured confounders in Section 5.2.
Panels (a) and (b) correspond to diagonal and sparse transition matrices, respec-
tively. For our proposal (solid line), we set 5 within {0.05,0.1,0.15} and « within
{1,1.5,2}. Other details are as in Figure 3.
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Results for constant and piecewise constant unmeasured confounders with sparse
transition matrix A in Section 5.3. Panels (a) and (b) correspond to constant
and piecewise constant unmeasured confounders, respectively. For our proposal
(solid line), we set S within {0.01,0.02,0.3} and ~ within {1,1.5,2}. Other
details are as in Figure 3.
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