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Abstract

We introduce Markov chain Monte Carlo (MCMC) algorithms based on numerical ap-
proximations of piecewise-deterministic Markov processes obtained with the framework
of splitting schemes. We present unadjusted as well as adjusted algorithms, for which
the asymptotic bias due to the discretisation error is removed applying a non-reversible
Metropolis-Hastings filter. In a general framework we demonstrate that the unadjusted
schemes have weak error of second order in the step size, while typically maintaining a
computational cost of only one gradient evaluation of the negative log-target function per
iteration. Focusing then on unadjusted schemes based on the Bouncy Particle and Zig-Zag
samplers, we provide conditions ensuring geometric ergodicity and consider the expansion
of the invariant measure in terms of the step size. We analyse the dependence of the leading
term in this expansion on the refreshment rate and on the structure of the splitting scheme,
giving a guideline on which structure is best. Finally, we illustrate promising results for our
samplers with numerical experiments on a Bayesian imaging inverse problem and a system
of interacting particles.

Keywords: MCMC algorithms, piecewise deterministic Markov processes, splitting
schemes, non-reversible samplers, subsampling

1. Introduction

Piecewise deterministic Markov processes (PDMPs) are non-diffusive Markov processes
combining a deterministic motion and random jumps. They appear in a wide range of
modelling problems (Cloez, Bertrand et al., 2017; Lemaire et al., 2020; Lécherbach and Mon-
marché, 2022) and, over the last decade, have gained considerable interest as Markov Chain
Monte Carlo (MCMC) methods (Peters and De With, 2012; Monmarché, 2016; Bierkens
and Roberts, 2017; Bouchard-Cété et al., 2018; Durmus et al., 2020; Vanetti et al., 2017).
Their dynamics can be described by their infinitesimal generator, which is of the form

Lf(z) = (2(2), V. f(2)) + /\(Z)/(f(y) — f(2)Q(z,dy), (1)
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where F is the state space and, in this work, ® is a smooth and globally Lipschitz vector
field, A : E — [0,00) is a continuous function and @) is a probability kernel. The associated
process follows the ordinary differential equation (ODE) Z = ®(z) and, at rate \(z), jumps
to a new position distributed according to Q(z,-). We refer to Davis (1984) and Durmus
et al. (2021) for general considerations on PDMP. We denote the deterministic dynamics
by ¢y, the integral curve of ®, that is the solution to

d
ggot(z) =®(p(2)), wolz) =2, forallt>0,z¢€FE,

which exists since @ is globally Lipschitz. We also assume that ¢ leaves F invariant. For
T ~ Exp(1), the random time of the next jump, 7, is given by

T = inf {t >0: /Ot)\(gos(z))ds > T} . (2)

This work addresses the question of the simulation of a PDMP with generator (1). The
classical method is to use a Poisson thinning procedure (Lewis and Shedler, 1978; Lemaire
et al., 2017) to sample the jump times, and then to solve the ODE exactly if possible, or
otherwise by a standard numerical scheme. Similar to rejection sampling which requires
a good reference measure, an efficient Poisson thinning algorithm requires the knowledge
of good bounds for the jump rate A along the trajectory of the ODE. In this work, we
focus on the case in which such bounds are not available, or are so crude that thinning
would not be numerically efficient. In Section 6.1 we give a concrete example of the latter
situation, showing how in a high dimensional setting the Poisson thinning approach makes
the exact simulation of a PDMP prohibitive even when the negative log-target distribution is
gradient Lipschitz (see Equation (31) for more details on the bounds, which in the considered
case have efficiency that decreases polynomially with the dimension of the process). In
this setting, the random event times have to be approximated even if the ODE can be
solved exactly. This question has recently been addressed in Bertazzi et al. (2022), Pagani
et al. (2024), Corbella et al. (2022) with three different schemes. In this paper we define
approximations of PDMPs by taking advantage of the core ideas behind splitting schemes,
which are widely used and studied for other dynamical systems such as Hamiltonian or
underdamped Langevin processes (Leimkuhler and Matthews, 2012; Leimkuhler et al., 2016;
Monmarché, 2021), but that have not been considered in the context of PDMPs before.
Following the principle of splitting a PDMP into its elementary components, we obtain
novel MCMC algorithms which, as we shall prove, have a numerical error which is of order
2 in the step-size. Moreover, it is a flexible framework and thus such schemes can be
easily combined with multi-time-step or factorization methods (Leimkuhler et al., 2013) or
integrated in hybrid PDMP /diffusion schemes (Monmarché et al., 2020; Monmarché, 2020).
Note that, by using a numerical approximation, we lose one of the interests of PDMP for
MCMC purpose, which is the exact simulation by thinning, while in our case the invariant
measure of the scheme will have a deterministic bias with respect to the true target measure.
However, we still benefit from the good long-time convergence properties of the ballistic
non-reversible process and, contrary to Hamiltonian-based dynamics, it is still possible to
factorize the target measure and define efficient schemes in terms of number of computations
of forces while using a single step-size (see Monmarché et al. (2020); Monmarché (2020) and
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Section 6.2). We shall also show how the correct stationary distribution can be recovered
by means of a non-reversible Metropolis-Hastings acceptance/rejection step (see Section
1.2). Moreover, for classical velocity jump processes used in MCMC, since the norm of the
velocity is constant (between possible refreshments which are independent of the potential),
these schemes are numerically stable (see the numerical experiments in Section 6 where
the step-size of PDMP schemes can be taken larger than for the classical ULA), even for
non-globally Lipschitz potentials.

The core idea of splitting schemes is first to split the generator in several parts such that
a process associated to each part can be simulated exactly. For instance, when the ODE
can be solved exactly, one can write £L = Lp + L7 with

Lof(z) = (8(2), V. f(2),
L1(2) = A(2) /E (f(0) — [(2)Q(z.dy)

in which case the process associated to Lp is simply the solution of the ODE, hence D
stands for drift, while the process associated to Ly is a continuous-time Markov chain, for
which the jump rate is constant between two jumps (so that the jump times are simple
exponential random variables), hence J stands for jumps. Then, one approximates the
semigroup of the true process by a Strang splitting

5 5
Ps = SLDHLS) g 05LD LT 5LD (3)

for a small step size § > 0. Therefore, over one time step the approximation follows Lp for
time 0/2, then L£; for time ¢ and finally £p again for time 6/2. Given a step size J, now
we illustrate how the (n + 1)-th iteration works. Starting at time t,, = nd at state Z;, the
process first moves deterministically for a half step:

Zy, 16/ = 0s2(Z1,)-

Then we simulate the pure jump part of the process: we generate an event time 71 ~
Exp()\(zgnﬂg/g)) and, if ; < §, we set Ztn+6/2 ~ Q(ZWF(;/Q, -). Then we repeat this step
as long as ), 7; < d, though, since we are interested in second order schemes, it is enough
to limit ourselves to two jumps per time step. Note that the rate is updated after every
jump and is constant between jumps. We conclude the iteration by a final half step of
deterministic motion:
Ztnir = 05/2(Z1,15)2)

We refer to this scheme as the splitting scheme DJD, where consistently with above D
stands for drift and J for jumps. When the ODE cannot be solved exactly, any second-
order numerical scheme can be used instead of ;. Moreover, in some cases (typically for the
Hamiltonian dynamics) the generator £Lp can be further divided in several ODEs. Similarly,
for computational purpose, it can be interesting in some cases to split the jump part Lj
in several operators. It is also possible to keep in Lp a combination of ODE and jump,
simulated e.g. by thinning, while some parts of the jump are treated separately in L (it
could make sense for instance in the context of Monmarché et al. (2020)). When there are
more than two parts in the splitting of £, a scheme is obtained by starting from (3) and

. [ ) .
using e.g. 9L e3FaedlBesla if Lj=La+ Lp, etc.
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Such splitting schemes can be used to simulate any PDMP. For some modelling problems,
it can be interesting to have estimates on the trajectorial error between the approximated
process and the two process, for instance when dynamical properties (like mean squared
displacement or transition rates) are of interest. However, in this work, we have mainly in
mind the PDMPs which are used for MCMC methods, in particular our recurrent examples
will be the Zig-Zag sampler (ZZS) (Bierkens and Roberts, 2017; Bierkens et al., 2019a)
and the Bouncy Particle sampler (BPS) (Peters and De With, 2012; Monmarché, 2016;
Bouchard-Coté et al., 2018). As a consequence, we will not discuss trajectorial errors but
rather focus on what is relevant for MCMC purposes, namely the long-time convergence of
the Markov chain (which should scale properly as the step size vanishes) and the numerical
bias on the invariant measure and on empirical averages of the chain.

MAIN CONTRIBUTIONS OF THE PAPER

The main contributions of this paper are the following;:

e We introduce a novel approach to approximate PDMPs based on splitting schemes, an
idea which had not been previously considered for processes of this type and that, as
we prove in Theorem 6, has the key advantage of giving an approximation of second
order at the cost of one gradient evaluation per iteration.

e We define an unbiased version of our splitting schemes by introducing a non-reversible
Metropolis adjustment based on the skew detailed balance condition, thus giving a way
to eliminate the discretisation error. For these adjusted algorithms we characterise
the average rejection rate.

e We prove geometric convergence of the law of the unadjusted splitting schemes to the
unique invariant measure and we carefully characterise the dependence of the rate of
convergence on the step size (these are Theorems 8 and 10).

e We study the asymptotic bias in the invariant measure of the unadjusted schemes and
determine what structure of splitting scheme performs best and is most robust to poor
choices of the refreshment rate, an important tuning parameter of our algorithms.

o We demonstrate the advantages of our algorithm based on ZZS on sampling problems
in Bayesian Imaging and Molecular Dynamics. In particular, in the imaging con-
text our algorithm gives faster uncertainty quantification compared the unadjusted
Langevin algorithm thanks to its better stability in the step size. In the molecular
dynamics setting, we show how to decompose the pairwise interactions between the
N particles to reduce the cost of iterations of our algorithm to O(N), compared to
the O(N?) of the Hamiltonian Monte Carlo algorithm.

ORGANISATION OF THE PAPER

The article is organised as follows. We conclude this introduction by presenting the algo-
rithms we focus on in this paper. In Section 1.1 we discuss our two main examples and their
approximation with splitting schemes. In Sections 1.2 and 1.3 we discuss respectively how
we can Metropolis-adjust our schemes in a non-reversible fashion and how we can modify
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the algorithms to do subsampling. We conclude our introduction with Section 1.4, where
we describe how boundaries can be treated with our splitting schemes. Section 2 is devoted
to the analysis of the weak error for the finite-time empirical averages of the scheme DJD.
The main result, Theorem 6, states that for this scheme the weak error is of order 2 in
the step-size. The geometric ergodicity of splitting schemes based on our main examples is
established in Section 3, with a consistent dependency of the estimates on the step-size. In
Section 4, we provide a formal expansion (in terms of the step-size) of the invariant mea-
sure of the schemes depending on the choice of the splitting, in the spirit of Leimkuhler and
Matthews (2012), with a particular focus in Section 4.2 on three one-dimensional examples
where everything can be made explicit. In Section 5 we study the average rejection rate of
our adjusted schemes, then verifying our theoretical results with numerical simulations on
two Gaussian distributions. Numerical experiments for applications in Bayesian Imaging
and Molecular dynamics are provided in Section 6. Finally, technical proofs are gathered
in an Appendix.

COMPARISON TO RELATED WORKS

Comparison to PDMP based approaches. The work in this paper can be seen as a contin-
uation of the work that two of the authors started with their coauthors in Bertazzi et al.
(2022), in which a general framework to approximate PDMPs is introduced and studied.
In this previous work, the focus is not a specific scheme and thus the results are mostly
general and not tailored for particular processes or schemes, though the ZZS and BPS are
considered as recurrent examples. In particular, the schemes introduced in Bertazzi et al.
(2022) leave considerable freedom to the user in the choice of some crucial components of
the algorithm, namely an approximation of the switching rates or a numerical integrator
in place of the exact flow map. On the other hand, in this paper we follow the philosophy
of splitting schemes to describe a simple recipe to approximate PDMPs, an approach that
was not considered in Bertazzi et al. (2022). The main advantage of splitting schemes is the
second order of accuracy with one gradient evaluation per iteration, whereas second order
algorithms considered in Bertazzi et al. (2022) relied on approximations of second order of
the switching rates, which can be usually obtained with the expensive computation of the
Hessian of the negative log-target. Moreover, in this work we describe how to remove the
bias introduced by our approximation with a non-reversible Metropolis-Hastings step. Two
other works Pagani et al. (2024); Corbella et al. (2022) focus on approximate simulation
of the Zig-Zag sampler, which is one of our two main examples. In Pagani et al. (2024)
the authors suggest to approximate event times by using numerical approximations of the
integral of the rates along the dynamics (2), as well as a root finding algorithm. In Cor-
bella et al. (2022), the authors suggest using a numerical optimisation algorithm at each
iteration to obtain a suitable bound that enables the use of Poisson thinning. The first
difference is that we mainly consider our approximations as discrete time Markov chains,
whereas the processes of Pagani et al. (2024) and Corbella et al. (2022) are interpreted in
continuous time, although neither resulting process is a Markov process due to the nature
of the numerical algorithms that are used. Naturally, one could interpret our algorithms
as continuous time processes, which again would not be Markov processes. Secondly, with-
out assuming any properties that we do not verify, we derive theoretical justifications of
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our proposed algorithms, such as bounds on the weak error and existence, uniqueness, and
geometric convergence to a stationary distribution. Moreover, we introduce Metropolis ad-
justed algorithms to eliminate the error introduced by the numerical approximations, while
this aspect is not studied in previous works.

Comparison to SDE based approaches. As far as theoretical results are concerned, notice
that over the past few years non-asymptotic efficiency bounds for MCMC algorithms like
HMC or Langevin-based methods have been obtained, particularly in high-dimensional set-
tings and for specific families of target measures (e.g. Gaussian, log-concave or mean-field
models) see for example Gouraud et al. (2025a); Leimkuhler et al. (2024); Bou-Rabee et al.
(2020); Camrud et al. (2023); Cheng et al. (2018); Durmus and Moulines (2016) and refer-
ences within. In this paper, we prove a number of theoretical results for our new algorithms.
Our theorems are certainly less quantitative and specialised compared to the aforementioned
literature, and this is natural for several reasons. First of all, many results known for HMC
and Langevin are not yet established even for continuous-time PDMPs. For instance, direct
Wasserstein coupling methods are very efficient for ordinary or stochastic differential equa-
tions, but more delicate to implement when the process involves non-homogeneous Poisson
jumps (see Monmarché (2023, Section 4.3) in this direction with a result for a mean-field
Z78S). In particular, for Gaussian targets the HMC and unadjusted Langevin algorithms
give Markov chains that are Gaussian, therefore the study boils down to linear algebra and
sharp non-asymptotic bounds can be obtained, see for example Gouraud et al. (2025a);
Leimkuhler et al. (2024). This is not true for PDMPs. In the recent Bierkens et al. (2025),
some asymptotic study is provided for badly-conditioned Gaussian targets (in a fixed di-
mension, focusing mainly on the 2-dimensional case) for BPS and ZZS, and in Deligiannidis
et al. (2021) the marginals of the BPS with separable target are shown to converge to a
randomized HMC process in high dimension. These results are only asymptotic, restricted
to very specific targets, and require involved technical proofs. It should be possible to adapt
them to splitting schemes of PDMP, but this requires a study on its own. On the other
hand, our theoretical results provide the necessary qualitative convergence guarantees for
the algorithms, similar to classical results for Langevin-based algorithm as Leimkuhler and
Matthews (2012) and Talay (1990).

1.1 Main examples

Let us now introduce two examples from the computational statistics literature. In this
setting we have a target probability measure with density 7(z) o exp(—(z)) for z € RY.

Example 1 (Zig-Zag sampler, Bierkens et al. (2019a)) Let E = R?x{+1, —1}?. For
any z € E, we write z = (x,v) for x € R?, v € {+1, —l}d, where x s interpreted as the
position of the particle and v denotes the corresponding velocity. The deterministic motion
of 278 is determined by ®(x,v) = (v,0)T, i.e. the particle travels with constant velocity v.
Fori=1,...,d we define the jump rates \i(x,v) := (v;0;9(x))+ +7i(x), where v;(z) can be
any non-negative function and is often chosen to be zero. The corresponding (deterministic)
Jump kernels are given by Q;((z,v), (dy, dw)) = (4 g,v)(dy, dw), where 6, denotes the Dirac
delta measure and R; is the operator that flips the sign of the i-th component of the vector
it is applied to, that is Rijv = (v1...,Vi—1, =V, Vit1,...,0q). Hence the i-th component of
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Algorithm 1: Splitting scheme DBD for ZZS
Input : Number of iterations N, initial condition (z,v), step size 9.
Output: Chain (X;,,V,)N,.
Set n =0, (Xo, Vo) = (z,v);
while n < N do
Set X¢,,, = X¢, + 3V
Set th+1 = th;
fori=1...,ddo
With probability (1 — exp(—dX; (X1, Vi) set Vi, = RV, s

end
Set th+1 - th+1 + gvtn—O—l;
Set n =n + 1;

end

the velocity is flipped with rate \;. The ZZS is described by its generator

d

‘Cf(xvv) = <U, vmf(xa U)> + Z)‘z(‘ra U)[f(:l:, Rﬂ)) - f(:c,v)] (4)

=1

Simulating the event times with rates of this form is in general a very challenging problem.
We can apply the splitting scheme above as follows. For simplicity we consider the
process with canonical rates, i.e. v; =0 for all i. Then we can split the generator as

Lpf(x,v) = (v, Vo f(x)),

d
ﬁBf('CC?'U) = Z)‘Z<x7v)[f(x7Rlv) - f(l','l))]
i=1

Here we define the scheme DBD, where B stands for bounces. Given (Xt,,V4,), we start
by a half step of deterministic motion:

_ N
Xpprs =Xtn + 5V

Then fori=1,...,d we draw T; w Exp(Xi(Xy, 452, Vi), which are homogeneous expo-
nential random variables. Then let T(;) = minT; and set

V o th if’i‘(l)>(5
TRV, if Ty <6

where Ry = Hie] R; and I is the set of indices i for which ; < §, and Rjv = v when I is
the empty set. Observe that for canonical rates flipping the sign of a component does not
affect the other switching rates, and thus it is not possible to have two flips in the same
component when v; = 0. Finally, set

_ _ 5
Xtpr = th+g + §th+1v

7
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Algorithm 2: Splitting scheme RDBDR for BPS
Input : Number of iterations N, initial condition (z,v), step size 9.
Output: Chain (X;,,V,)N,.
Set n =0, (Xo, Vo) = (z,v);
while n < N do
Set th+1 = th 3
With probability (1 — exp(—)\rg)) draw V., ~ Unif(S41) ;
Set Ytn+1 = Ytn + %th+1;
With probability (1 — exp(—dM (X4, 1, Vi) set Vi, = R(Xe, . ) Vi
Set Ytn-&-l = Ytn+1 + thnH;
With probability (1 — exp(—)\r%)) set Vy,,, ~ Unif(S91) ;
Set n =n+ 1;
end

which concludes the iteration. The procedure is described in pseudo code form in Algo-
rithm 1. An interesting feature of the algorithm is that the jump part of the chain can be
computed in parallel, since in that stage a velocity flip in one component does not affect the
other components of the process.

Example 2 (Bouncy Particle Sampler, Bouchard-Cé6té et al. (2018)) Let E =
R? x R?, and for any z € E we write z = (z,v) for x € R?, v € R The determinis-
tic motion is the same as for ZZS: ®(x,v) = (v,0)T. The BPS has two types of random
events: reflections and refreshments. These respectively have rates \i(z,v) = (v Vyp(z))4
and \o(z,v) = N\ for A, > 0, and corresponding jump kernels

Q1((ZL’, ’U), (dy> dw)) = 5(:(:,R(x)v) (y> ’LU), QQ((JZ', U)? (dyv dw)) = 5$(dy)y(dw)>

where v is a rotation-invariant probability measure on R (typically the standard Gaussian
measure or the uniform measure on S*1), and

(v, Vo) ()
Vatp(2)[?

The operator R reflects the wvelocity v off the hyperplane that is tangent to the contour
line of v passing though point x. Importantly, the norm of the velocity is unchanged by the
application of R, and this corresponds to an elastic collision of the particle on the hyperplane.
The BPS has generator

Rx)v=v—-2 V().

Lf(z,v)=(v, Vo f(x)) + Ai(z,v)[f(z, R(z)v) — f(z,v)] + >\2/(f(w, w) = f(z,v))v(dw).
In this case we split the generator in three parts:

Lpf(x,v) = (v, Vaf(z)),
Lpf(z,v) = Xi(z,0)[f(z, R(x)v) = f(z,v)],
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Laf(a,0) = X / (F,w) — f(@,v))w(dw),

We then define the scheme RDBDR, where R stands for refreshments. Starting at time
tn = nd at state (Xy,,Vy,) we begin by drawing 71 ~ Exp(\.) and setting

W ifm<6/2

tatd

7 {th ifT1>5/2

for Wi ~ v. Then the process evolves deterministically for time §/2:

X %:Ytn—i—

tn+ tntg

2

At this point, we check if a reflection takes place by drawing 1o ~ Exp()\l(yt Lo,V Ls))
nta nt2
and set

_ _ ‘;;nJrg ifTQ >0
tnt3 R(Ytn-i-g)f/tn-i- if o <6

s
2

Importantly, A\ (X, +§,Vt +§) = 0 if a reflection takes place and thus at most one reflec-
nta nra
tion can happen. This is a consequence of the fact that (R(z)v, Vip(x)) = — (v, Vio(x)) by

definition of the reflection operator. After this we set

th+1 = thJrg +

)

N >

and finally conclude the iteration drawing T3 ~ Exp(\,) and letting

th+1 =

th_’_g if T3 >0/2
WQ ZfT3§5/2

where Wy ~ v. The pseudo code can be found in Algorithm 2.

1.2 Metropolis adjusted algorithms

Naturally, the use of splitting schemes to approximate a PDMP introduces a discretisa-
tion error. In this section we discuss how to eliminate this bias with the addition of a
Metropolis-Hastings (MH) acceptance-rejection step. In Section 1.2.1 we describe the gen-
eral procedure, which is a non-reversible MH algorithm, and then apply this to ZZS and
BPS. Similarly this can be applied to other kinetic PDMPs used in MCMC.

1.2.1 NON-REVERSIBLE METROPOLIS-HASTINGS

The classical MH algorithm builds a p invariant Markov chain P by enforcing detailed
balance (DB): for all z,y it holds that u(dx)P(x,dy) = u(dy)P(y,dz). The chain is then
said reversible. PDMPs such as BPS and ZZS do not satisfy DB and are said to be non-
reversible. Since this property can lead to a faster converging process (see e.g. Diaconis et al.
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(2000)), it is reasonable here to Metropolise our splitting schemes in a non-reversible fashion.
Moreover, as we shall see below, for our chains based on splitting schemes of PDMPs it is
not possible to use the standard MH framework, as in general the chain cannot go back to
the previous state. For this reason, we rely on a different balance equation known as skew
detailed balance: considering a chain for which the state can be decomposed as z = (x,v),
for all z,v,y,w

(dar, dv) P((w, v), (dy, dw)) = (dy, dw) P((y, —w), (dz, —dv)). (5)

Integrating both sides with respect to x and v we can see that u is a stationary measure for
the chain P. This condition is at the basis of the classical non-reversible HMC algorithm of
Horowitz (1991) and was considered in several works on the lifting approach, as for instance
Turitsyn et al. (2011); Vucelja (2014); Hukushima and Sakai (2013); Michel et al. (2014).
More generally, skew detailed balance holds when we compose a reversible kernel with a
measure preserving involution (see e.g. Neklyudov et al. (2020) or Thin et al. (2020)), which
in our case is the operator that flips the sign of the velocity vector. Here we wish to construct
skew-reversible Markov chains P by Metropolising kernels Q which are unadjusted splitting
schemes of BPS and ZZS. Because we only need to adjust the DBD part, it is sufficient to
consider kernels Q of the form

Q((a:, U)v (y7 w)) = ij(.%', 'U)]l(y,w):Fj(x,v) ’
7=1

where p; is the probability of applying operator Fj, > 7" | p;j(z,v) = 1 for all (z,v) € E, and
finally F; : E — E are volume preserving maps. Note that this is a more general setting
than that of the HMC algorithm, which corresponds to the case n = 1 with F} being a
splitting scheme for the Hamiltonian dynamics. For O as above the skew-DB holds as long
as the move from (z,v) to (y,w) = Fj(z,v) is accepted with probability

M(% —U))pj(y, _w) ) (6)

a((z,v), (y,w)) = 1A p(z,v)pj(z,v)

If the proposal (y,w) is rejected, the new state of the chain becomes (x, —v), in which case
(5) is trivially satisfied.

1.2.2 NON-REVERSIBLE METROPOLIS ADJUSTED ZZS

Taking advantage of the skew-reversible Metropolis-Hastings framework described above we
now define an exact version of splitting DBD of ZZS. Recall that the splitting DBD of
Example 1 proposes moves from (z,v) to states of the form

(X,f/) = (:L‘ + g(v + R[U),R[U).

As we shall motivate below, in this case the acceptance probability (6) becomes

a((z,v),(X,V)) =1 Aexp <z/1(x) — (X)) +6 ) vidnp(x + v5/2)> . (7)
i¢l

10
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Algorithm 3: Non-reversible Metropolis adjusted ZZS
Input : Number of iterations N, initial condition (z,v), step size 9.
Output: Chain (X;,,V,)N,.
Set n =0, (Xo, Vo) = (z,v);
while n < N do
Set Ytn—‘ré/Z = Ytn + %th,
Set V = th;
fort=1...,d do
‘ With probability (1 — exp(—0Xi(Xy, +5/2, V) set V = R;V;
end
SetX*Yt +5/2 T %1
Set (Xtp1s Vi) = (X, V) with probability

1A

d
exp (52 (X, +6/29 Vi) — )\j(ytnw/z, —V)> )
7j=1

else set (Xy,,,, Vs
Set n=n+1;
end

n+1) = (ytnﬁ _th);

In case of rejection the state is set to (x, —v). The pseudo-code for the resulting adjusted
scheme is shown in Algorithm 3, where an equivalent expression of the acceptance proba-
bility is used.

Derivation of (7). Let xy/5(w,v) := x+v5/2. After one iteration the algorithm proposes
state (X, V) = (w172 + Rrv6/2, Ryv) with probability

exp (-5 > Ailwyya, U)) [Tt —exp(=i(y 2, 0)). (8)

igl iel
The classical MH scheme is not directly applicable, as in general the probability that the
process goes from (X,V) to (z,v) is 0. Hence we enforce skew-DB by first computing

the probability that the chain goes from (X, —V) to (x, —v). This can only be achieved by
following the same path of (z,v) — (X, V) backwards, hence flipping the sign of the velocity
components in I. Noticing that z/5(7,v) = x1/2(X, —V), we find that the probability of

this path is the same as (8) but where terms A;(z;/2,v) are substituted by A;(z1 s, -V).
Observe that for i € I it holds that V; = —v; and thus \i(z/2,v) = Ai(21/2, —V'), while for
i ¢ I we have V; = v; and hence \;(z1/2,v) — Ai(71/2, =V) = v;0¢(z1 2). Therefore applying
(6), we find that the acceptance probability of state (X, V') is (7).

1.2.3 NON-REVERSIBLE METROPOLIS ADJUSTED BPS

Here we consider scheme RDBDR. of BPS and derive the appropriate acceptance proba-
bility (6). The resulting procedure is written in pseudo code form in Algorithm 4.

11
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Algorithm 4: Non-reversible Metropolis adjusted BPS
Input : Number of iterations N, initial condition (z,v), step size 9.
Output: Chain (X;,,V,)N,.
Set n =0, (Xo, Vo) = (z,v);
while n < N do
Set Vi, 152 = Vi, ;
With probability (1 — exp(—A-0/2)) draw V; 52 ~ Unif(S*1) ;
Set Xy, 452 = Xy, + 5V turo/2;
Set V.=V 152
With probability (1 — exp(—=6A1(Xy,45/2,V))) set V = R(Xy, 15/2)V;
Set X = X + gf/;
Set (Xt,.1, Vtna) = (X, V) with probability

(X) x exp(=0AX 1, 152, =V))

1A — - —
m(Xt,) x exp(—=0A(X¢, 1572, Vitn))

else set (Xt,,1, Vi, 1) = (Xt,, Vi, i52)
With probability (1 — exp(—A;6/2)) set Vi, ,, ~ Unif(S*?) ;
Set n =n + 1;
end

Derivation of Algorithm 4. First observe that the refreshment steps ensure irreducibility
but do not alter the stationary distribution of the process, thus we focus on the DBD part.
Recall the notation xl/z(:v, v) = x + 6v/2. According to DBD, the process moves from an
initial condition (z,v) to

9
(z + dv,v) with probability exp(—dA(wy/9,)). ©)

(£.7) {(1‘1/2 + %R(wl/g)v, R(xy/2)v)  with probability 1 — exp(=dA(zy1/2,v)),
Observe that for both states in (9) it holds zy/5(z,v) = $1/2(X, V) = Ty/5. We now
compute the acceptance probability (6) in either of the two cases.

Consider first the case in which a reflection took place, which corresponds to the first
line of (9). The process goes from (X,—V) back to (z,—v) with the same probability
with which the process has a reflection at xy,5. Recall that by definition of A, it holds
that A(w1/2,v) = A(®1/2, —R(z1/2)v) and therefore the probability that the process goes
from (X,—V) to (z,—v) is the same of going from (z,v) to (X, V). This gives that the
acceptance probability (6) is

(w12 + SR(x12)v)
m(x)

1A

=1Aexp <¢(az) — ¢ (212 + 6R(21/2)0/2) ) (10)

Consider now the second case in (9). The probability that the process goes from (z +
ov, —v) to (z,—v) is exp(—=dA(z1/2, —v)), while the probability of going from (z,v) to (z +

12



PIECEWISE DETERMINISTIC SAMPLING WITH SPLITTING SCHEMES

6v,v) is exp(—dA(zy/2,v)). Observing that A(zy/2,v) — A(w1/2, —v) = (v, Vi(21/2)) we find
that in this case the MH acceptance probability is

m(x + 0v) X exp(—0A(zy /2, —v))
m(x) X exp(f6)\(x1/2,v))

= 1Aexp <¢(x) — P(z + v8) + 5{v, V¢(m1/2)>).
(11)

Hence we have shown that the unadjusted proposal (X' , V) is accepted with probability
a((,0), (X, 7)) = 1 A exp ((2) = 9(X) + 60 1/2,0) = Mo, 7)) (12)

1.3 Algorithms with subsampling

One of the attractive features of ZZS and BPS is exact subsampling, i.e. the possibility when
the potential is of the form v (z) = 4 Z]Nil j(x) of using only a randomly chosen 1); to
simulate the next event time. The typical application of this technique is Bayesian statistics,
where () is the posterior distribution, x is the parameter of the chosen statistical model
and, when the data points are independent realisations, 1; can be chosen to depend only
on the j-th batch of data points and not on the rest of the data-set. For large data-sets,
this technique can greatly reduce the computational cost per event time. In essence, this
property is a consequence of the fact that the ZZS with non-canonical rates

1 M

Nilw,v) = 77 > (wids(x))y fori=1,....d (13)
j=1

is invariant with respect to m o exp(—1) (Bierkens et al., 2019a). If the functions ¢ —
(vi0;j(x + vt)) 4 can be bounded independently of j, then one can generate proposals for
the next event time using the Poisson thinning technique. A proposal is then accepted
evaluating a term (v;0;10(x))4+ for J that is picked uniformly at random from {1,..., M}.
Overall, this procedure has O(1) cost. Bayesian statistics is not the only area where this
structure of ) arises, see e.g. the interacting particle system of Section 6.2, where subsam-
pling corresponds to a splitting of the forces.

Algorithm 1 can be modified to allow for subsampling by adapting the B part, that
is the simulation of the jumps. Here we describe two approaches to achieve this, and we
give the pseudo-codes for the corresponding modified jump part in Appendix A. Whenever
(vi0;9;(x))4+ can be bounded by a constant § independently of j (and wv;), then we can
take advantage of Poisson thinning similarly to the case of the continuous-time ZZS. In this
case, we can simulate the jump part exactly for each component ¢ by the following iterative
procedure, to be repeated until the end of the time-step: (i) draw a proposed jump time
with rate 8, (ii) if the proposed time is smaller than the time left to the current time-step,
then we accept it with probability 371(v;0;45(z))+ for a random J ~ Unif({1,..., M}),
and flip the corresponding sign of the velocity, which becomes —v;. A consequence of the
non-canonical rates (13) is that for each component multiple jumps can happen at each
time step. We will discuss a concrete example where this approach can be followed in
Section 6.2. When this procedure is not applicable, then one can simply simulate for each
component i = 1,...,d a jump process with rate (v;0;1;(x))+, where J is refreshed after
each jump. This approach does not achieve exact simulation of the jump part of ZZS, hence

13
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it introduces further numerical inaccuracies. We remark that this is similar to the algorithm
discussed in Example 5.7 of Bertazzi et al. (2022). A splitting scheme with subsampling
based on BPS can be defined with similar ideas.

1.4 PDMPs with boundaries

Another interesting feature of PDMPs such as BPS and ZZS is that, thanks to the sim-
ple deterministic dynamics, boundary conditions can be included and hitting times of the
boundary can be easily computed (see Davis (1993) or Chevallier et al. (2024) for a discus-
sion of PDMPs with boundaries). Here we illustrate how to simply adapt splitting schemes
to these settings by adding the boundary behaviour to the D part of the scheme.

Boundary terms appear for instance when the target distribution 7 is defined on a
restricted domain (Bierkens et al., 2018). In this case, Algorithms 1 and 2 can be modified
by incorporating the boundary term in part D of the splitting scheme, as the boundary can
be hit only if there is deterministic motion. Hence, the continuous deterministic dynamics
are applied as in the exact process, while other jumps are performed in the B steps.

Another example of this setting is when 7 is a mixture of a continuous density and a
discrete distribution on finitely many states, as in Bayesian variable selection when a spike
and slab prior is chosen. Sticky PDMPs were introduced in Bierkens et al. (2022a) to target
a distribution of the form

d
p(dz) o< exp(— H (dz; + 50 (dz;)),
=1

which assigns strictly positive mass to events {z; = 0}. The sticky ZZS of (Bierkens et al.,
2022a) is obtained following the usual dynamics of the standard ZZS and in addition freezing
the i-th component for a time 7 ~ Exp(¢;) when z; hits zero. The simulation of this process
is challenging for the same reasons of the standard ZZS, since the two processes have the
same switching rates \; for ¢ = 1,...,d. The i-th component is either frozen, which is
denoted by (x;,v;) € A;, or it evolves as given by the usual dynamics of ZZS. The generator
can then be decomposed as £L = Lp + L where Lp = Z?:l Lp;and Lp = Zle LB,

»CD zf(x U) - vlaizf(x U)ILAC($Z’ Ul) + Cl(f(Ti(x7v)) - f(fL',’U))]lAi (xiavi)a

Lpif(z,v) = N(z,v)[f(z, Riv) — f(x,v)]]lAlc(:vi,vi),

and T;(x, v) corresponds to unfreezing the i-th component (we refer to Bierkens et al. (2022a)
for a detailed description). An iteration of the scheme DBD in this case proceeds by a first
half step of D, which is identical to the continuous sticky ZZS but with \; temporarily set
to 0. Hence frozen components are unfrozen with rate ¢; and then start moving again, or
unfrozen components move with their corresponding velocity v; and become frozen for a
random time with rate ¢; if they hit z; = 0. Then a full step of the usual bounce kernel
B is done for the components which are not frozen, while for the frozen components, that
is (xj,v;) € A;, the generator Lp; does nothing and so the velocity cannot be flipped. So
unfreezing is not possible in this step. The iteration ends with another half step of D in a
similar fashion to the previous one.

14
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These ideas are more general than the two specific examples we considered and do not
introduce further difficulties for our schemes. Finally, notice that a Metropolis correction
can be added following Section 1.2, and subsampling is possible following Section 1.3.

2. Convergence of the splitting scheme

In this section we prove that under suitable conditions the splitting scheme DJD described
in Section 1 is indeed a second order approximation of the original PDMP (1).

Note that in this section we have a PDMP defined on some arbitrary space E therefore
it is not clear what it means to have a derivative, indeed we will typically be interested in
the setting £ = R? x V for some set V which may be a discrete set. Instead of working with
a full derivative we will define the directional derivative, Dg, in the direction ® as

Dag(2) = lim  glg(2))

for any g € C(FE) for which ¢ — g(¢i(z)) is continuously differentiable in ¢ for every z.
Note if E is a subset of R? for some d and ¢ is continuously differentiable then Dgg(z) =
®(2)T'Vg(z). We extend this definition to multi-dimensional valued functions G : E —
R™ by defining DpG(2) = (DoG¥(2))™,. We define the space Cg’m to be the set of all
functions g : F — R which are k times continuously differentiable in the direction ® with
all derivatives D4g(z) up to order k bounded by a polynomial of order m. We endow this
space with the norm
l9(2)| + 3261 1D5g(2)|

1+ |z|™ '

19llcrm := sup
Ca 2€E
Let us make the following assumptions.

Assumption 1 Let ® be a globally Lipschitz vector field defined on E and assume that
Dg® is well-defined.

Assumption 2 The switching rate A : E — [0,00) is twice continuously differentiable in
the direction ® and X\, DA, D<21>)‘ grow at most polynomially. We denote by my a constant
such that || Al| z.my < oc.

23

Assumption 3 Let QQ be a probability kernel defined on E. We shall consider the operator
Q :Cp(E) — Cy(E) defined by

Qu(z) = / 9(5)Q(=,d3),  for any g € Cy(E). (14)

Moreover we assume that Q has moments of all orders and Qg has at most polynomial
growth of order m whenever g has at most polynomial growth of order m. For any m € N,
and g € Cé’m we assume the following distribution is well-defined:

(D2Q)g(2) = Da(Qg)(2). (15)

As an abuse of notation we shall write Dg @ also as a kernel. We assume for any m € N,
and g € Cé’m
Q9(ps(2)) = Qy(2)] < Cs(1 +[2]")lgllc1m, (16)
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and also that there exists a constant C' such that for any g € Cém
|Qa(ps(2)) — Qu(2) — sDaQg(2)] < Cs*(1 +[2[™)gllczm- (17)

Assumption 4 The closure (L, D(L)) of the operator (L,CL(E)) in Lz generates a Cp-

semigroup Py. If g € Ci’o then we assume that Pyg is also twice continuously differentiable
in the direction ® and LP:g is continuously differentiable in the direction ®. Moreover
we assume D3Prg and DeLPrg are both polynomially bounded for finite t and for some
C>0,ReR,mpeN

|DePrg(2)| + [DgPrg(2)| + [DeLPrg(2)| < C(1 + |Z\m7’)€RtHch§;0-

Assumption 5 Let Z;, denote the approzimation obtained by the splitting scheme DJD.
Assume that for each k, Z;, has moments of all orders and moreover for every M € N there
exists some Gy such that

sup E.[[Z0, ™) < Ga ().
m<M

Theorem 6 Let Z; be a PDMP corresponding to the generator (1). Assume that As-
sumption 1 to Assumption &5 hold. Then there exist constants C, R such that for any
g€ Ci’o N D(L) we have for some M € N

zgplE[g(Ztk)] —Elg(Zu))| < Ce™Gar(2)8°nl|gl gz0-

Proof The proof follows a similar approach to Bertazzi et al. (2022, Theorem 4.24) and
can be found in Appendix B.1. [ |

The Theorem shows that splitting schemes of the form DJD give second order ap-
proximations of PDMPs, under the assumptions we stated. Indeed, the term §°n equals
8t,,, where t, is the time horizon of the continuous time process, and thus we find a 62
dependence. Compared to Bertazzi et al. (2022) our estimate contains a term that is ex-
ponentially increasing in the time horizon. This term could be handled by assuming e.g.
geometric convergence of the derivatives of the semigroup for the continuous time PDMP.
To the best of our knowledge, aside from the results in Bertazzi et al. (2022) there are no
known results establishing such estimates for PDMPs. The technical nature of our proof
also makes the application of this idea challenging, but we see no reason why this approach
should not give a uniform in time estimate of the weak error similarly to Bertazzi et al.
(2022). Finally, let us comment on the choice of the class of test functions for which our
result holds, that is Cé’o N D(L). This choice is explained by the fact that it is necessary to
consider functions that are twice differentiable in the direction of the deterministic motion
to obtain bounds on the error over one time step. For this reason, it cannot be expected to
have a result e.g. in Wasserstein distance, which is not suited for (continuous time) PDMPs
as we discussed previously.
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Example 3 (ZZS continued) Recall the Zig-Zag sampler from Ezample 1 let us verify
the Assumption 1 to 5 in this case. In order to have a smooth switching rate we replace
Ai(x,v) by

Ni(w,v) = log (1 + exp(:d ()

This is shown to be a wvalid switching rate in Andrieu and Livingstone (2021). We will
assume that 1 € C% with bounded second and third derivatives. Let us now consider each
assumption in turn.

Assumption 1: In this case ®(x,v) = (v,0)T which is smooth and globally Lipschitz.

Assumption 2: Since \; is the composition of smooth maps and v we have that \; has
the same smoothness in x as 1 and hence x +— X\;(x,v) is C2. As s+ log(1 + €*) grows at
most linearly, has first and second derivatives bounded by 1 we have that \;, Vi) and V2)\;
are all polynomially bounded.

Assumption 3: The proof of this can be found in Appendix B.2.

Assumption 4: By Andrieu and Livingstone (2021) we have that Py is a strongly continu-
ous Semigroup on Li with generator (L, D(L)) given as the closure of (L,C}(E)). Moreover
we have that the assumptions of Durmus et al. (2021, Theorem 17) are satisfied and hence
Pig(x,v) is differentiable in x. Following the proof of Durmus et al. (2021, Theorem 17)
one also has

VaPrgl < CQU+ 2l ™)™ o

Note here since Dgg(x,v) = v1 Vg we have that Cg’o coincides with the space of continuous
functions which are k-times continuously differentiable in the variable . By the same
arguments one can also obtain

ViPigl < C(1+ |2]™)e™lgllzo-

Assumption 5: This will be established in Theorem 21 (see Lemma 24 ), in which we show
that the chain satisfies a geometric drift condition for a function that bounds any power.

3. Ergodicity of splitting schemes of BPS and ZZS

We shall now focus on results on ergodicity of splitting schemes of BPS and ZZS. In par-
ticular we show existence of an invariant distribution, characterise the set of all invariant
distributions, and establish convergence of the law of the process to such distributions with
geometric rate. Importantly, we make sure that the geometric convergence has the expected
dependence on the step size and that the estimates are stable as § decreases to 0. The state-
ments can be found in Section 3.1, respectively in Theorems 8 for BPS and 10 for ZZS. We
obtain our theorems applying the classical theory of Meyn and Tweedie (1993), which is
based on minorisation and drift conditions. In Section 3.2 we explain the strategy that we
follow to obtain such results.

3.1 Main results

Let us now state more precisely the result on ergodicity we shall obtain for splitting schemes
of BPS and ZZS. For a given probability distribution p, we define its V-norm as ||ully :=
sup|gj<v |1(g)]. We shall show that the chains admit a unique invariant distribution ps and
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that there exist constants C”,k,0y > 0 and a function V such that for n > 1 and any
probability distributions u, u’ it holds

|uPy — W PPy < C"&"|lu— v, for all § € [0, 6. (18)

Note that C”, &, dp, V are all independent of 6. Clearly, taking 1/ = us we obtain geometric
convergence to the invariant distribution of the splitting scheme.
For splitting schemes of the BPS, we work under the following condition.

Assumption 7 The dimension is d > 2, the velocity equilibrium v is the uniform measure
on ST, There exists C > 0 such that

1 1
Sl - C< @) < CP +C, Sl - C < V()| < Clal + C

for all z € RY. Moreover, ||V?9||co < 00 and, without loss of generality, inf1) = 1.

Notice that, when d = 1, the BPS and the ZZS coincide, in which case we refer to
Theorem 10 below. Our result of ergodicity for splitting schemes of the BPS is the following.

Theorem 8 Consider any scheme of the BPS based on the decomposition D,R,B. Under
Assumption 7, the chains have a unique stationary distribution and there exist oy, C" >
0,% € (0,1) and V : R x S¥=1 — [1, +00) satisfying

for all z € R%, v € 771, e /g <V (x,v) < el
for which (18) holds.

Proof The proof can be found in Appendix C. [ |

More care is required for the DBD scheme of the ZZS since this Markov chain has
periodicity and is not irreducible, which is reminiscent of the discrete-space Zig-Zag chain
studied in Monmarché (2020). Let us illustrate this behaviour by considering the one
dimensional setting. Let (z,v) be the initial condition of the process. Since v has magnitude
1, the position component x can only vary by multiples of the step size §. Thus for a fixed
initial condition (z,v) the process remains on a grid (z + 6Z) x {—1,1}. Moreover, after
a single step of the scheme there are two possible outcomes: either the velocity does not
change, in which case x moves to x + dv, or the velocity is flipped and the position remains
the same. This means that the change in the position (by amounts of §) plus half the
difference in the velocity always changes by £1 each step and hence is equal to the number
of steps in the scheme up to multiples of two, i.e.

Xws—x 1 —
20 T L 2 (Vs — v) € 0+ 2Z.
0 2
As a consequence, with probability 1 the chain alternates between two disjoint sets, de-
pending on whether n is even or odd. Therefore, the chain is periodic and not ergodic.
To overcome this issue, we consider the chain with one step transition kernel given by
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P(;Q = PsPj, i.e. we restrict to the case of an even number of steps. For a given initial
condition (z,v) € R? x {—1,1}¢, the Markov chain P? lives on the following grid

D(z,v) = {(y,w) € C x {£1}¢: (yi,w;) € Dy(xy,v;) forall i =1,...,d}, (19)
where Dy (x;,v;) := Dy (z,v;) U D_(x;,v;), with

Dy (x5, v;) = {(yi, w;) : wy = 4, yi = x; + md, m € 27},
D_(x;,v;) = {(yi, w;) : wy = —v;, y; = x; + mo, m € 2Z + 1}.

Hence the Markov chain P52 is aperiodic, though it is not irreducible on R% and therefore
has (infinitely) many invariant measures which depend on the initial condition (z,v). The
ergodicity of P52 can nevertheless be characterised as, for a given initial condition (z,v),
it is irreducible on D(x,v). Notice that the chain at odd steps lives on the disjoint set
{(y,w) :y =2 +mé, meEZ, wec {£1}4}\ D(z,v).

In this case we show in Theorem 10 that the Markov chain with transition kernel P52 is
irreducible on D(z,v), has a unique invariant measure, 7r§’”, and is geometrically ergodic.
Now we can characterise all the invariant measures of the Markov chain with transition
kernel P? defined on R? x {—1,1}% as the closed convex hull of the set {r;"" : z € R%, v €
{-1,1}4}. Now consider the Markov chain with transition kernel P} on R? x {—1,1}¢. For
any initial distribution p we have convergence of MP(;Q” to some measure ﬂg‘ as n tends to
oo and 7§ is given by

7(p) = (ur™") (i) = /

Rix{—1,1}4 /]Rdx{—l 1} SO(y, w)ﬂ—émyv(dya dw)M(diL’, dv) (20)

We use the next assumption to verify that Theorem 11 applies for initial conditions
drawn from probability distributions with support on D(z,v).

Assumption 9 Consider switching rates \i(xz,v) = (v;0ip(x))+ + vi(x) for i =1,...,d.
Y € C2(RY) and the following conditions hold:

(a) There exists a scalar § > 0 such that for all y >y

A(y) := min Ai(z,v) > 0.

min
i=1,..,d  (z,w):2v€[G,y], |x;|€[F,y] for all j#i

(b) For |z| > R for some R >0

sup sup e(t2(l(v+w)TV2¢(y1))i\+2t|(wv2w(yz))iI)%(x + ut)elidiv @ <y < 1.
t€(0,1) yy ,ya € B(x,t\/d),
v,we{—1,1}¢
(21)
(c) Denote as B(x,5v/d) the ball with centre at x and radius 5v/d. Then
i ep LIV
lel=o0 4 e Blasva) |0 (y2)]

0 forall0 <0 <dg,i=1,...,d,

where 6y = 2(1 +~0) ™Y, for q0 as in part (b).

19



BERTAZZI, DOBSON, AND MONMARCHE

Part (a) in Assumption 9 is inspired by Bierkens and Roberts (2017, Assumption 3) and is
used to show that a minorisation condition holds. This condition is either a consequence of
properties of the target, or else can be enforced by taking a non-negative excess switching
rate, in which case 7;(x) can be chosen to be a continuous function 7; : R — (0,00). In
principle one could prove a minorisation condition using the techniques of Bierkens et al.
(2019b), but this is beyond the scope of this paper. Part (b) is a condition on the decay
of the refreshment rate, while Part (c) is similar to Growth Condition 3 in Bierkens et al.
(2019b) and is satisfied for instance if v is strongly convex with globally Lipschitz gradient.
These two conditions are used to show that a drift condition holds.

Theorem 10 Consider the splitting scheme DBD for ZZS. Suppose Assumption 9 holds.
Then there exist C", 80 > 0,% € (0,1) and V : R% x {—1,1}¢ — [1,00) satisfying
d 1 Vx,v) d
for all (z,v) € R4x{—1,1}¢, 1+200(x)]) 2 < ———+— < 1+ 2|0 (x
(z,v) {-1,1} il_[l( |0ip()]) xp (5 (1)) iHl( |0ip()])

for all B € (0,1/2) such that, for all 6 € (0,dp], the following holds:

N

1. Fiz (z,v) € R? x {=1,1} and consider P? = PsPs, transition kernel on D(z,v).
Then P52 admits a unique invariant distribution and the inequality (18) holds with Ps
replaced by PZ with these C" K,V for any p, p' having support on D(x,v).

2. For any probability measure p on R x {—1,1}* with u(V) < oo, we have that Pz
converges asn — 0o to the measure 7§ given by (20) where 75" is the unique invariant
measure of P? on D(z,v) and we have

(P2 — x|y < C"& / 180y — 72 v plde, dov) (22)
Proof The proof can be found in Appendix D.1. |

Under similar assumptions we establish geometric ergodicity of schemes DRBRD,
RDBDR of ZZS, where the switching rates in the B part are \i(z,v) = (v;0;9(x))+,
i.e. the canonical rates, while refreshments in the R part are independent draws from
Unif ({£1}4) with rate y(x) : R — [0, 00). The rigorous statement of this result, Theorem
26, and its proof can be found in Appendix D.2.

3.2 Proof strategy

Let us start by stating the following classical result, due to Meyn and Tweedie (see Meyn
and Tweedie (1993) for the original result, while here the specific statement is based on
Hairer and Mattingly (2011, Theorem 1.2), see also Durmus et al. (2020, Theorem S.7) for
the explicit constants).

Theorem 11 Consider a Markov chain with transition kernel P on a set E. Suppose that
there exist constants p € [0,1), C,a > 0, a function V : E — [1,400) and a probability
measure v on E such that the two following conditions are verified:
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1. Drift condition: for all x € F,

PV (z) <pV(x)+C. (23)

2. Local Dobelin condition: for all x € E with V(x) < 4C/(1 — p),

0P > av.
Then, for all probability measures p, i’ on E and all n € N,
n ! pn C n /
1P~ WPy < = (24

where k = max(1 — /2, (3+ p)/4). Moreover P admits a unique stationary distribution pu.
satisfying p«(V') < oo.

Remark 12 Under the Drift condition (23) alone, following the proof of Hairer and Mat-
tingly (2011, Theorem 1.2) in the case a« = 0 we get that for all probability measures p, p’
on FE,

P = 1 Pllv < (p+2C) |l = /v -

We use this inequality in the discussion that follows.

We prove geometric ergodicity of our splitting schemes by showing that the assumptions
of Theorem 11 are satisfied. More precisely, both in the case of BPS and of ZZS, we obtain
a local Doeblin (or minorisation) condition with constant « after n, = [t./d] steps, where
t, > 0 plays the role of physical time and n, is the number of steps needed to travel for an
equivalent time. Here t,, a are independent of §. On the other hand, we show that the drift
condition holds for one step of the kernel with constants p = 1 — bd and C = DJ, where
b, D and the Lyapunov function V are independent of 4. This implies that for any s > 0
and any ¢ € (0, do)

[5/8]-1 D
PPV < (=) TV + D5 YT (1-b8)F <eV + +-
k=0

Applying Theorem 11, we get for P a long-time convergence estimate which is uniform
over d € (0, 0], that is for all § € (0, 9] and n > 1 we find

/

C
i (B5)" = (B5)" v < " Ml = 1l

where O’ = D/b and k = max(1—a/2, (3+e7%*)/4). Observe that the rhs does not depend
on 0. Using the observation in Remark 12, we can get convergence in V-norm for P*. Indeed
for n = mn, + r with r < n, we have

!/

C
|uP§ — W PPlly < Eﬂmllng—u’PgHv

C, ! m !
< ;(1+2C)H I — ' llv
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< C"ERM||lp— v,

where & = x!/(t=+%0) € (0,1) and C” = C" (1 + 2C") /() are independent from 8. Here we
used that with computations identical to above we get the drift condition P{V < (1—-b6)V +
D(1—(1-0b6)")/b <V 4", which is enough for the current purpose. As a conclusion, the
estimates given in Theorems 8 and 10 (or in Appendices C and D for more details) give the
expected dependency in § for the convergence rate of the process toward equilibrium.

4. Expansion of the invariant measure of splitting schemes for BPS and
778

In this section we investigate the bias in the invariant measure of different splittings of BPS
and ZZS and draw conclusions on which schemes are to be preferred. This analysis sheds
light on the dependence of the bias on the structure of the splitting scheme as well as on the
refreshment rate, which is the only parameter of our algorithms other than the step size.
Our theoretical and numerical investigations highlight how poor choices of the refreshment
rate can have a negative effect on the bias of some schemes. In practice it is hard to define
good values of A, a priori, as this is case-dependent and theory only exists for factorised
targets (Bierkens et al., 2022b). For these reasons, we shall focus on the robustness of
the various schemes to this parameter. In this section we assume the following condition
on pgs, which is motivated by Theorems 8 and 10, giving existence and uniqueness of a
stationary distribution pgs, and Theorem 6, leading to the conjecture that us is a second
order approximation of p.

Assumption 13 The processes corresponding to our splitting schemes have an invariant
distribution with density

/,65(113,'0) - /’L(x7v>(1 _52]‘.2(‘737@) +O(54))7 (25)
where p(x,v) = v(v)w(x), 7 is the target and v is a distribution on the velocity vector.

Remark 14 In Section § we discuss cases where a splitting scheme may admit more than
one invariant measure. In such cases it is not immediately clear what the expansion (25)
means. In order to make (25) consistent as § — 0, in those cases we consider us as the
limit of the law of the splitting scheme as the number of steps tends to infinity when the
process s started according to p.

Remark 15 In order to establish Assumption 15 rigorously one would typically rely on
estimates on the semigroup, for instance establishing decay of its derivatives. For diffusion
processes analogous results have been established using a variety of techniques (Crisan and
Ottobre, 2016; Kopec, 2014), but adapting these techniques to PDMPs is challenging. One
of the main reasons for this is that PDE based approaches often make use of smoothing
and, unlike diffusion processes, PDMPs do not have smoothing properties (for example,
the proof in Kopec (2014) relies on use of the Bismut-Elworthy formula, which is not true
for PDMP). One result in this direction is Theorem 5.13 in Bertazzi et al. (2022), which
establishes convergence of the first order derivative for the semigroup of a ZZS. Notice that
in order to establish (25) we would also require higher order derivatives.
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Finding a function f as in (25) allows us to compare the asymptotic bias of different
splitting schemes of BPS and ZZS and is thus crucial to determine which splitting scheme to
use for MCMC computation. Due to the complexity of the equations, we obtain an explicit
expression for fs only in specific cases such as the one-dimensional setting. The extension
to the higher dimensional setting is left for future work.

In Section 4.1 we give the general, analytic expression for f for one-dimensional splitting
schemes in the case in which the velocity takes values 1. Observe that in this context the
BPS with velocity on the unit sphere and the ZZS coincide, hence this result applies to
either process. For the explicit statement we refer the reader to Proposition 16, which is
obtained following the approach of Leimkuhler and Matthews (2012). In Section 4.2 we
give a heuristic argument suggesting that the scheme RDBDR, that is Algorithm 4 in the
case of BPS, performs well compared to the alternatives and is robust to poor choices of
the refreshment rate. We support this argument considering a one-dimensional standard
normal target distribution and plotting the TV distance to the truth as given by Proposition
16, as well as giving the results from a numerical simulation. We remark that in the case of
77S the refreshment rate can be set to 0 and thus we prefer the splitting DBD. In Section
4.3 we follow a different approach and fully characterise the invariant measure of splitting
scheme RDBDR with A\, > 0 in the one-dimensional case. The result, which can be found
in Proposition 17, is obtained verifying that RDBDR is skew-reversible with respect to a
particular perturbation of the true target.

4.1 Main result

In order to obtain fo we follow the approach of Leimkuhler and Matthews (2012), which
we now briefly illustrate before stating our main result. First, using the Baker-Campbell-
Hausdorff (BCH) formula (see e.g. Bonfiglioli and Fulci (2012)) we can find £y such that

Eeolf(Xs, V)] = f(2,0) + 5Lf(x,0) + 63 Laf(x,v) + O(*).

Here L is the infinitesimal generator of the continuous time process. Integrating both sides
with respect to pus and using that ps is an invariant measure for the splitting scheme we
obtain

/f(x,v)m(a:, v)dzdv = /f(a:, v)ps(z,v)drdo + 5/£f(x,v),u5(a:,v)dwdv
+ 53/£2f(:n, v)ps(z, v)dzdv + O(5%).
Substituting pus with the expansion (25) we have
0= 6/£f(x,v)u(:):, v)drdy — 53/£f(x,v)u(:):, v) fo(x,v)dxdv
o3 / Lof (2, 0)p(x, v)dwdo + O(5)
and since y is an invariant measure for BPS we have [ £fdpu = 0 which gives
L (pf2) = Lop. (26)
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Here £* and L} are the adjoints of £ and L in L? with respect to Lebesgue measure!. A
compatibility condition is required to ensure that there is a unique solution to (26). Because
both us and p are probability densities, integrating (25) gives the requirement

/f2<$, v)pu(z,v)dxdv = 0. (27)

Solving the problem defined by (26)-(27) is much more complicated for PDMPs than
for the Langevin case considered in Leimkuhler and Matthews (2012). This is due to the
difficult expressions for the adjoint £*, which in general is an integro-differential operator.
Nonetheless, we are able to obtain fo restricting to the one dimensional case with velocity
in {£1}. We are ready to state the main result of this section.

Proposition 16 Consider the one-dimensional setting with state space R x{£1} and target
distribution p(z,v) = w(x)v(v) with m < exp(—) and v = Unif({+1}). Let A, > 0 be the
refreshment rate. Then the function fo that solves (26)-(27) is

At =150+ [ (5 + Covms ) o) - LD ay

f2($7 _1) = f2(x7 +1) + g(l‘),

where

olo) = exp (uia)) [ (FEE L ERUTE o iy)yay

o= [ (524 [ (5 + oot ) o) - LD ) riaa

Proof The proof can be found in Appendix E.2. |

Therefore, fo can be obtained for any splitting scheme by plugging the corresponding
L5 and the particular choice of target 7 in Proposition 16. For example, in the case of
RDBDR an application of Proposition 16 and substitution of the appropriate term L3
(see Proposition 31 in Appendix E.3) gives

e +) = ol =1 = g ([~ s - v'@)) (29)

We observe that in the one dimensional case the second order term of the bias of scheme
RDBDR is always independent of the refreshment rate and of v.

4.2 Comparison of splitting schemes

Proposition 16 gives the analytic expression for fa(x,v), but it remains difficult to conclude
which scheme has the smallest bias for a given target due to the complexity of the operators

1. Note that one could alternatively work in the weighted space L?(u). This proved useful in the case of
Langevin diffusions, as shown in Leimkuhler et al. (2016).
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Figure 1: Left: total variation distance to the target up to second order obtained with
Proposition 16, and right: square root MSE in the estimation of the radius statistic, i.e.
22, for a one-dimensional standard normal target distribution. In both plots § = 0.5, while
for the right plot the number of iterations is N = 2 - 10°, the position is initialised at the
target distribution and the velocity from the uniform distribution on the unit sphere, and
the experiment is repeated 300 times.

L3 (see Proposition 31 in Appendix E.3). Here we give a heuristic argument suggesting
that scheme RDBDR is in general a reasonable choice, and support this in the standard
Gaussian case from a theoretical and numerical point of view (see Figure 1).

First recall that, neglecting refreshment events, ZZS and BPS can be interpreted as limits
of lifted Metropolis-Hastings algorithms based on the deterministic proposal mechanism
(z,v) = (z + vd,v), where in fact the jump mechanism arises as limits of the acceptance-
rejection steps (Bierkens and Roberts, 2017). Hence, the jump part B of ZZS and BPS
corrects the error incurred by the drift part D and it is then sensible to expect a smaller
bias for schemes which divide the drift term in two half steps, interrupted by a correction
step B, as opposed to taking a full step of D all at once. Moreover, intuitively it seems
best to introduce the refreshment part R without disrupting the interaction between parts
D and B. This motivates incorporating refreshment half-steps at the beginning and end of
each iteration. For these reasons we expect scheme RDBDR (or alternatively DBD in the
case of ZZS) to have the smallest bias.

In Figure 1 we consider a standard normal target and confirm our intuitive arguments
comparing scheme RDBDR with schemes DRBRD and DBRBD, which include the
refreshment part in between the DBD part, and also with scheme BDRDB, which violates
our intuitive principles but is in fact equivalent to RDBDR up to a shift of a half-step.
All these schemes have the same cost of one gradient computation per iteration, since
in BDRDB it is sufficient to keep track of the gradient at the previous iteration. In
Figure 1 we consider both the error incurred in the estimation of a test statistic and the
theoretical TV distance between the limiting distribution of the schemes and the standard
normal distribution. The TV distance is derived from the analytic expression of fo as
follows. By marginalising ps with respect to v = Unif({£1}) we obtain 75(z) = w(x)(1 —
(8*/2)(fa(, +1) + fa(x, —1))) +O(6%). Hence we can express the TV distance between m and
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Ts as
2

)
|m — sl = — sup
A

5 /A(fg(x,—l—l)—i—fg(:c,—l))w(a:)dx + O(8%). (29)

The 62 contribution of the TV distance can be computed by plugging in the expressions for
f2 found in Proposition 16, where we substitute for each splitting scheme the corresponding
operator £3 obtained in Proposition 31 in Appendix E.3.

The test statistic we use for this example is the radius statistic, i.e. T'(z) = ||z|| the
Fuclidean norm of the position component. For each time algorithm we estimate the radius
statistic using the ergodic average of that chain, i.e.

L 1M
T(X) = N ZT(th)
n=1

this is compared to the true radius 7(7") = 1. By repeating this over M = 300 independent
realisations X', ..., XM of the algorithm we obtain an estimate for the root mean square
error (MSE) as

1L
= 3 B (Xm) — ().
m=1
Figure 1 suggests that indeed RDBDR compares well to the other schemes. In partic-

ular, its bias is independent of the refreshment rate, contrarily to schemes DRBRD and
DBRBD. Finally, scheme BDRDB has a positive bias which is independent of the choice
of A\,. We notice that the theoretical and numerical behaviour show similar dependence on
the structure of the scheme and on the refreshment rate, even though the plots in Figure 1
show a different metric for each case. We refer the reader to Appendix E.4 for further
comparisons, which corroborate our heuristic arguments further.

4.3 Characterisation of the invariant measure of RDBDR in one dimension

In fact, in 1D, for the scheme RDBDR, we can get an explicit expression for the invariant
measure. Note that the result is independent of A, and holds also for the case A, = 0, in
which case the scheme coincides with DBD.

Proposition 17 Consider the scheme RDBDR for BPS or ZZS in one dimension, where
the wvelocity is refreshed from v = Unif({£1}). For some x € R and § > 0, define the
probability distribution ps with support on the grid {y € R : y = x +nd, n € Z} x {1}
given by

ps(y, v) oc e W),

where Ps(z) = Y(x) and for y =x +nvd, n € N

Gs(y) = v(@) + 00> ¥ (a + (¢ — 1/2)00).

(=1

Then the distribution ps is stationary for the chain which is initialised at x and with step
size §. Moreover, under the conditions of Theorem 10 we obtain that pgs is ergodic, in the
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sense that for all bounded functions

hm N Z f th’ th) (f) Px,v — Qa.S.
Proof The proof can be found in Appendix E.5. -

Once again it is clear that the scheme is unbiased in the Gaussian case ¥ (x) = 22/(202)
(in the sense that ¥5(y) = ¥ (y) for all y = x 4+ ndv, i.e. the BPS is ergodic with respect to
the restriction of the true Gaussian target to the grid, and moreover the target measure is
invariant for the scheme). More generally, for y = x + vnd with n € N we get

no§/2
Uy) = Y@+ W (x +v(l —1/2)0 + u)du
=17-9/2
= 1” 5/2u2 (3)$ vl — U n5
. ¢()+2Z/m Y3 (2 +v(f —1/2)8)du + O(né®)

= / YO (wydu+ 064z —y)) .

Setting = = 0 this gives 15 = ¥ + 62 fo + O(6*) with fa(y) = (1/24)(¢" (y) — 1" (0)), which is
the same as what follows from Proposition 16 (see Equation (28)) since the term £, (0) in
(28) was introduced to make exp(—1)(1+462fs) a probability distribution and would appear
also in the present context. Hence Propositions 16 and 17 agree.

5. Scaling of the rejection probability of adjusted algorithms

In this section we study the average rejection probability of Algorithms 3 and 4, focusing in
particular on its dependence on the step size. The main results of the section are Proposition
18 and Proposition 19, dealing with ZZS and BPS respectively. In both cases we consider
the average rejection probability, where the initial state is fixed and the randomness is in
the proposal for the next state, and prove it has dependence on the step size of order three.
This behaviour is akin to each step of the leapfrog integrator used in HMC, as shown by
Stoltz and Trstanova (2018).

We begin considering the average rejection rate of the Metropolis adjusted ZZS (Algo-
rithm 3).

Proposition 18 Suppose i is smooth and its derivatives are growing at most polynomially
and let § € [0, o] for g > 0. The average rejection probability of Algorithm 3 satisfies

E[l — a((z,v), (X,V))] = °G(z,v) + G(z,v,),
where G = G1 + Go,
d
Gi(z,v) = fmax Z ) vlzuk@w
i=1 k#i
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1
Gg(x,v):ﬂmax 0, — Z D% (z)v™ |,

o:|a]=3
while G(x,v,8) ~ O(6*) for any x,v and grows at most polynomially in x for any § € [0, 5.
Proof The proof can be found in Appendix F. |

In the next example we apply Proposition 18 to a factorised target, for which we find
that in stationarity the expected value of G is proportional to v/d for large d.

Example 4 (Factorised target distribution) Consider a potential of the form i (z) =
Zle Wi(z;). Proposition 18 gives for (z,v) ~

d
G(z,v) 4 imax (0, Zviwgg)(xi)> .
i=1

Clearly, this equals zero if 1 is an independent Gaussian distribution, in which case by the
proof of the Proposition we also find G = 0 and DBD has the correct stationary distribution.

Alternatively, consider the assumption ]1/11(3)] < M. In this case maX(O,Zgzl vﬂ/JZ-(g) (x)) <
Mmax(O,Zf:1 v;) and we can write Z?:1 v; = 2Bin(d, 1/2) — d where the equality is in
distribution and Bin denotes the binomial distribution. In the large d regime Zle v; 18
approximately distributed as a centred Gaussian distribution with variance d, hence

M
—&Vd
24 v,

By [G(z,v)] ~
which means that the leading order of the acceptance rate is stable if & scales as d=s.
Now we focus on the Metropolis adjusted BPS, stating a similar result to Proposition 18.

Proposition 19 Suppose 1) is smooth and its derivatives are growing at most polynomially,
and moreover that for the points for which ||V (z)|| = 0 it holds that det(V2y(x)) # 0. Let
d € 10,00] for 5o > 0. Consider an initial condition x which is a draw from a distribution
that is absolutely continuous with respect to w. Then the average rejection probability of
Algorithm /4 satisfies

E[1 - a((z,v), (X, V))] = 6°G(z,v) + G(z,v,6),
where G = G1 + Go,

Gi(z,v) = é)\(x, v) max (0, (v, V2ip(x)v) — (R(x)v, VQw(a:)R(x)w)

1
Gg(x,v):ﬁmax 0,— Z Dp(z)v” |,

a:|a|=3
while G(z,v,8) ~ 0(6%) for any x,v and grows at most polynomially in x for any § € [0, 5.
Proof The proof can be found in Appendix F. |
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6. Numerical experiments

In this section we discuss some numerical simulations for the proposed samplers. The
codes for all these experiments can be found at https://github.com/andreabertazzi/
splittingschemes_PDMP.

6.1 Image deconvolution using a total variation prior

In this section we test the unadjusted ZZS (Algorithm 1) on an imaging inverse problem,
which we solve with a Bayesian approach. In the following we shall refer to an image either
as a N x N matrix or as a vector of length d = N2, which is obtained by placing each
column of the matrix below the previous one. In both cases each entry corresponds to a
pixel. Now denote as x € R? the image we are interested in estimating and y € R¢ the
observation. The observation is related to = via the statistical model

y=Ax +¢§,

where A is a d X d-dimensional matrix which may be degenerate and ill-conditioned and &
a d-dimensional Gaussian random variable with mean zero and variance 02I;. The forward
problem we consider is given by a blurring operator, i.e. A acts by a discrete convolution
with a kernel h. In our examples h will be a uniform blur operator with blur length 9. The
likelihood of y given x is

(o 1
plle) o), for f(x) = 5l Aw — g

As prior distribution on  we choose the total variation prior: p(z) oc e=9(%), where g(x) =
0||x||rv for 8 > 0 and ||z||7y is the total variation of the image = (see Rudin et al. (1992))
and is given by

N-1

lzllrv == (|wisry — gl + |wije1 — i)

ij=1
The total variation prior is a log concave non-differential improper prior often used as
a benchmark for Bayesian Imaging problems (Pereyra et al., 2020; Oliveira et al., 2009;
Pereyra, 2016). The total variation prior corresponds to the £!-norm of the discrete gradient
of the image and promotes piecewise constant reconstructions. Note that this prior is not
smooth and hence we cannot directly apply the gradient based algorithms such as the
unadjusted Langevin algorithm (ULA) or ZZS. Therefore we approximate g with a Moreau-
Yosida envelope

M) mi T
) = min {902 + 55— 211}

By Rockafellar and Wets (2009, Proposition 12.19) we have that g is Lipschitz differentiable
with Lipschitz constant A~! and

1

Vo (z) = X(a: — prox,(z)), where prox,(z) = arg ;Iéﬁ@ {g(z) + %Hx — 2H2} .
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Using Bayes theorem, we have the posterior distribution

p(z|y) e fu(@) =09 ()

We select the optimal 6 by using the SAPG algorithm (Vidal et al., 2020; De Bortoli
et al., 2020) and we choose A\ based on the guidelines given in Durmus et al. (2018), which
set A = 5/Ly where Ly is the Lipschitz constant of f,. Despite this being a log concave
probability distribution, sampling from this model using MCMC schemes is difficult because
x is usually very high dimensional and the problem is ill-conditioned. In order to be able
to characterise the nature of the conditioning we introduce a strongly convex term to the
posterior, and consider as target distribution

() o e~ Fu(@) =00 @)= 3mllel* (30)

In this case the unadjusted Langevin algorithm can be very expensive to run since the step
size is limited by 2/L, where L = Ly + A~14+m is the Lipschitz constant of Vlogw. The
values of the parameters in the considered example are summarised in Table 1.

We are interested in drawing samples from the distribution (30), and in particular
we compare the unadjusted ZZS (Algorithm 1, abbreviated as UZZS in the plots), ULA,
the continuous ZZS, as well as the discretization of the underdamped Langevin Algorithm
considered by Sanz-Serna and Zygalakis (2021), which is a strongly second order accurate
integrator abbreviated as UBU in the plots.

To implement the continuous ZZS we can compute the Lipschitz constant of the gradient
of the negative log-posterior, L, and thus we can implement the exact ZZS using the Poisson
thinning technique based on the simple bound

Ai(z 4+ vt,v) < tLVd 4 Ai(2,v). (31)

In order to compare the computational cost of the continuous ZZS to the unadjusted
77S, ULA and UBU we count each proposal for an event time obtained by Poisson thinning
as a gradient evaluation and thus as an iteration. Indeed, an update of the computational
bounds requires the evaluation of A;(z,v) for some i and thus the proximal operator has to
be calculated. This is the most relevant cost in the algorithm so we view it as equivalent
cost to one step of ULA, UZZS and UBU. To estimate the posterior mean for the continuous
778 we compute the time average 7! fOT Xidt. For each of these algorithms ULA, UZZS
and continuous ZZS we have used 10° gradient evaluations to obtain the estimates, this
includes a burn in phase which uses 10% of the iterations.

In order to have the best convergence speed for ULA we use a step size of L™!, for UZZS
there is not a stability barrier so we may take much larger step size and for these experiments
we use 2L71/2 as the step size. For UBU the performance based on theoretical guarantees
is not competitive since this algorithm scales poorly with the conditioning number (Cheng
et al., 2018; Durmus and Moulines, 2016), which is very large in these examples. However
we have implemented UBU with a friction parameter v = 2, which is outside the range
covered by the theoretical guarantees, and with step size L™2. Note that although the
convergence rate for the discretisation is not known for this regime, the continuous SDE
converges with a rate O(y/m) for m-strongly log-concave probability measures (Cao et al.,
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o | L | d | A | 6 |m]
0.0024 | 2.12 x 10° | 65536 | 2.83 x 107> | 10.74 | 1 |

Table 1: Summary of the problem parameters for Section 6.1.

2023). Therefore using a step-size of O(L_%) has the potential of achieving a convergence
rate O(m_%). For comparison of the bias we have used a long run (107 iterations) of the
MYMALA algorithm (Durmus et al., 2018) which produces unbiased samples of 7 including
the Moreau-Yosida approximation of g, and we use these samples as our reference for the
true distribution. Note that MYMALA mixes substantially slower than ULA, UZZS, and
UBU hence is not competitive with these algorithms in terms of convergence speed.

Algorithm | IMMSE of posterior IMMSE of posterior IMMSE of posterior
mean vs x mean vs MALA standard deviation
vs MALA
ULA 1.9x 1073 6.4 x 107° 3.1x107°
UZZS 1.9 x 1073 5.9 x 1072 2.9 x107°
UBU 1.9x 103 5.9 x 107° 2.9 x107°
cts ZZS | 5.2 x 1073 2.7x1073 2.7 x 1073

Table 2: A summary of the error calculated by the IMMSE for two different statistics: the
posterior mean and the pixelwise posterior standard deviation. We compare the posterior
mean against the ground truth x and against the posterior mean obtained using a long run

of MYMALA. For the pixelwise posterior standard deviation we compare against a long
run of MYMALA.

Figure 2 shows the ground truth image x, the observed data y, the estimated posterior
mean using the different samplers and the true posterior mean obtained using a long run of
MYMALA. These figures show that the posterior mean obtained via UZZS, UBU or ULA
appear visually the same as the true posterior mean whereas the continuous ZZS sampler
has clearly not converged after 10° gradient evaluations. We have plotted the standard
deviation for each pixel which provides an indication of the level of confidence in each pixel
value, as measured by the model and the results are shown in Figure 3. Using the long
run of MYMALA for comparison we see that ULA and UZZS provide a good estimate of
the standard deviation of the model, however, looking closely at the boundary of the image
one can see that ULA, UBU and UZZS are overestimating the standard deviation at these
pixels. As a measure of distance between two images we use the image mean square error

(IMMSE) defined as

N
1
IMMSE(z, y) = 2 Z i — il
ij=1
The IMMSE between the pixelwise standard deviation is reported in Table 2 along with the
IMMSE of the posterior mean, these show UZZS consistently has smaller error than ULA

and both have significantly smaller IMMSE than continuous ZZS.
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(d) ULA (e) UBU (f) UZZS (g) ZZS continuous

Figure 2: Results for the reconstruction of cameraman image using a TV prior. The first
row shows the original image x, the data y and the posterior mean using a long run of
MYMALA. Each panel (d)-(i) shows the posterior mean obtained after 10° iterations with

the labelled algorithm.
0.12 .
0.1 X
0.08 .
0.06 .
0.04 .
) UBU

) UZZS (d) MYMALA

(a) ULA

Figure 3: Results for the pixelwise standard deviation for the cameraman image using a
TV prior.

The convergence is further investigated in Figure 4. Figure 4 shows the IMMSE using
MYMALA as the truth for the mean and pixelwise variance by each algorithm (ULA,
UBU, UZZS and continuous ZZS). These show that UZZS converges the fastest of the four
algorithms in terms of the standard deviation while UBU performs the best for the first
moment. This is likely due to the fact that the step size of ULA must be very small or
otherwise the process explodes to infinity, while for UZZS larger step sizes can be selected
and in these experiments the step size is 500 times larger for UZZS. This constitutes a
major difference because every iteration is computationally intensive since the dimension is
very high (see Table 1) and notably each iteration involves solving an optimisation problem,
which in our simulations is solved by the Chambolle-Pock algorithm (Chambolle and Pock,
2011).

Finally, let us compare the unadjusted ZZS with the continuous time ZZS. It is clear
from our experiments that ZZS performs poorly compared to its discretisation. The reason
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Figure 4: IMMSE between posterior mean (left) and pixelwise posterior standard deviation
(right) estimated by the algorithms ULA, UBU, UZZS, and the continuous ZZS using a
long run of MYMALA as a reference for the truth.

is twofold. First, the major drawback of Poisson thinning using the bounds (31) is that
a considerable proportion of the proposed event times are rejected (in our examples the
rejection rate is around 70 — 80%). Moreover, the rates )\; are very large in the current
framework and the process can have even 10° switches per continuous time unit. In com-
parison, the ULA requires 2 x 10° iterations per unit time, while UZZS and UBU require
460 iterations per unit time for this example. This means that significantly more gradient
computations are required to travel a reasonable distance for the continuous time ZZS and
thus the process itself is expensive to run. The combination of these two phenomena implies
an important loss of efficiency, which explains the results of our simulations.

6.2 Chain of interacting particles

In this section we consider a problem which will serve as an illustration of a typical context
where ZZS is favoured with respect to other samplers. This toy model presents features that
are similar to the molecular system considered in Monmarché et al. (2020), where splitting
schemes involving velocity bounces have proven efficient. We consider a chain of N particles
in 1D, labelled 1 to N. The particles interact through two potentials: a chain interaction,
where the particle 7 interacts with the particles i — 1 and 7+ 1; and a mean-field interaction,
where each particle interacts with all the others. For z € RY, the potential is thus of the
form

N-1 1 N
¢($) - - V(wz - -TH-I) + ﬁ 'Zl W(xl - x]) )
1= L,)=

where V' is the chain potential and W is the mean-field potential. In the following we take

V(s) = s, W(s)=—V1+s2,

for s € R, i.e. the chain interaction is an anharmonic quartic potential which constrains
two consecutive particles in the chain to stay close, while the mean-field interaction induces
a repulsion from the rest of the system. Although this specific ¥ is an academic example
meant for illustration purpose, its general form is classical in statistical physics.
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This target distribution presents two significant challenges: the term representing the
mean-field interactions requires O(N?) computations, which becomes impractical for large
N; the quartic potential causes numerical instabilities for standard diffusion-based samplers,
which then require truncations of their drifts to avoid diverging at infinity. Our samplers
are able to tackle both challenges without any modifications.

We shall consider as test statistic the empirical variance of the system of particles around
their barycentre, that is

o) = gig O (i —2)° (32)

Notice that 1 is invariant by translation of the whole system, so that e~% is not integrable
on RY. However, we are interested in a translation-invariant function, so we consider e~ ¥
as a probability density on the subspace {z € RN z = 0}, which amounts to looking at
the system of particles from its centre of mass. In practice, we run particles in RY without
constraining their barycentre to zero, which does not change the output as long as we
estimate the expectations of translation-invariant functions.

The forces Vi) can be decomposed in two parts, one of which (the chain interaction) is
unbounded and not globally Lipschitz but is relatively cheap to compute (with a complex-
ity O(NV)), while the second part (the mean-field interaction) is bounded but numerically
expensive (with a complexity O(N?)). If this decomposition is not taken into account and
we simply run a classical MCMC sampler based on the computation of Vi, then the step
size is required to be very small due to the non-Lipschitz part of the forces, leading to a
poor numerical efficiency since the costly mean-field force has to be computed at each step.
Alternatively, in order to simulate a continuous-time PDMP (e.g. the BPS) via thinning
for this model, the non-Lipschitz part of the potential would induce high-order polynomial
bounds on the jump rate, leading to many jump proposals and a poor numerical efficiency.
This issue would be even more critical with 3D particles and singular potentials such as the
Lennard-Jones one considered in Monmarché et al. (2020).

Now, as was already discussed in Section 1.3 for subsampling, PDMPs and their splitting
schemes can be used with a splitting of the forces?. Let us illustrate the idea for ZZS. We
consider a ZZS where the switching rate of the i-th velocity has the form

)\i(a:, 1)) = (vi(V’(xZ- — a;i+1) — V/(%'i_l — xz)))+ + %Z (WW’(%‘ — $j>)+ ,
J#i

where for the particles 1 and N we set zg = 21 and xny4+1 = N to cancel out the corre-
sponding terms. The corresponding continuous-time ZZS has the correct invariant measure
(once centred) as shown by Bierkens et al. (2019a). We consider our DBD splitting to ap-
proximate this ZZS. In particular, we shall take advantage of the fact that |[WW/(s)| < 1 for

2. The word splitting is here used for two different notions which should not be confused; one the one hand,
the Strang splitting (3) used to define a discrete-time scheme, and on the other hand the decomposition
of the forces V4 in several parts, each part being treated with a jump mechanism. It is possible to
do a splitting scheme of a PDMP without splitting the forces, as it is possible to sample by thinning a
continuous-time PDMP with splitted forces (e.g. the ZZS where V4 is splitted on the canonical basis).
By contrast, for multi-time-step methods for HMC, splitting forces is directly related to splitting the
operator —Vi) - V.
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all s € R to use the Poisson thinning technique (Lewis and Shedler, 1978) to deal with the
mean-field interactions. We can sample the jump times of the i-th velocity as follows. First,
we sample two jump times with rates respectively (v;(V'(z; — x441) — V(2,1 — 24))) . and
1. The latter rate is an upper bound for the mean field force. If both times are larger
than the step size d, then the velocity is not flipped. Else, if the time corresponding to
the first rate is smaller than ¢ and than that corresponding to the second, then we flip
the i-th velocity. Alternatively, if the second time is smaller than § and than the first,
we draw J ~ Unif({1,...,N}) and we flip the sign of the i-th velocity with probability
(viW'(x; — 7)), . Since in this case the rates are not canonical due to the splitting of
forces, more than one jump per component is possible and thus this procedure is repeated
until the end of the time step has been reached. This results in O(1) computations per
particle on average, hence O(N) for the whole system. For BPS, we consider the splitting
scheme RDBDR, where part B uses similar ideas as above. The main difference lies in the
fact that jumps due to the mean-field interaction are obtained using the reflection operator
that is defined by the same force that caused the event time. Pseudo-codes for the jump
part of ZZS and BPS can be found in Appendix G.

We shall compare our methods to a suitable Hamiltonian Monte Carlo (HMC) algo-
rithm. First of all, we consider the variant of HMC that has refreshments from the Laplace
distribution (Nishimura et al., 2024), since this is more suitable to deal with the quartic
interaction (Livingstone et al., 2019). Then, we introduce a splitting of the forces and con-
struct a multi-time-step method in accordance to the ideas introduced e.g. in Tuckerman
et al. (1992); Morrone et al. (2010); Neal (2011); Leimkuhler et al. (2013); Shahbaba et al.
(2014); Lagardere et al. (2019). The general idea is to split the generator as £ = L1 + Lo,
where £ represents the Hamiltonian dynamics with only the “cheap” part of the forces
V), denoted as Vi1, while Lo = Vo - V,, where Vi)o represents the most expensive part
of the forces. Given a step-size 6 and some K € N, one starts with a Strang splitting
approximation

s 5 K 5
9L ~ e3t2 (e?£1> ealz

Then, we use a splitting scheme to approximate e%cl, and we take a stochastic gradient
version of the expensive force in Lo, that is we draw J ~ Unif({1,..., N}) and we consider
only the force between each particle and the J-th particle. This approximation is then
repeated M times for some M € N. The reason we do this stochastic gradient approximation
is that otherwise HMC is prohibitively slow due to the O(N?) complexity of the mean-field
interaction. The pseudo-code for this HMC algorithm is given in Appendix G.

We observe that the ZZS and the HMC algorithm described above are obtained with
similar ideas, but applied in a different order. Indeed, the ZZS was derived first splitting the
forces at the level of the continuous-time process and then applying our splitting scheme,
whereas for the HMC algorithm the forces were split at the level of the discretisation (cf.
previous footnote). Hence, in the case of ZZS we do not introduce an additional numerical
error since we are approximating a continuous-time PDMP that has the right invariant
distribution. Moreover, ZZS naturally adapts the (random) step-size for the expensive part
of the forces by leveraging the Poisson thinning technique, avoiding tuning an additional
parameter that arises from multi-time-step procedures. For more comparisons between
random jumps and deterministic multi-time-step splitting methods in some practical cases,
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(a) Results for N = 25. The ZZS has step-size le — 2, BPS has step-size 5e — 3 and refreshment
rate A\, = 1, while HMC has step size 3.3e —3, M = 5, K = 3. The plots show the average over 100
simulations.

IS
S

60

— 775 1

—BPS
2 ——HMC

107

Relative MSE

Relative MSE

[ 500 1000 1500 2000 0 500 1000 1500 2000
Run time Run time

(b) Results for N = 100. The ZZS has step-size le — 2, BPS has step-size 5e¢ — 3 and refreshment
rate A\, = 1, while HMC has step size 3¢ — 2, M = 5, K = 3. The plots show the average over 5
simulations.

Figure 5: Numerical simulations in the setting of Section 6.2. In all plots the y-axis shows
the relative mean square error (MSE), that is the MSE normalised by the square of the true
value, which in this case corresponds to a long run of the Metropolis-adjusted BPS. The
left and right plots show the relative MSE for the estimation respectively of the mean and
variance of the test function (32). The initial position of each particle is obtain drawing
from the standard Gaussian distribution.

we refer to Monmarché et al. (2020) and to Gouraud et al. (2025b) which was released after
(and motivated by) the present work.

The results of our simulations are shown in Figure 5. The parameters of all samplers are
obtained by performing a grid search over the parameter space. It is clear from Figure 5 that
Z7S gives cheaper and more accurate estimates of the mean and variance of the empirical
variance in both cases considered. In particular, we see that ZZS clearly outperforms
HMC and BPS. This holds even though the calibration of ZZS is considerably simpler
since it involves only the tuning of the step size, while for HMC and BPS one has to tune
additionally respectively K and M, and A,. We remark that, in our simulations, BPS is
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robust to “reasonable” choices of A\.. BPS is competitive for N = 25 particles, but for
higher N it requires a step size that is too small to match the accuracy of ZZS, making its
convergence slow. This is possibly due to the stochasticity in the reflection operator of BPS
corresponding to the mean field interactions. More refined schemes for BPS might improve
its performance, but these are outside of the scope of this paper, where we are interested
in testing our general-purpose splitting schemes.
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Appendix A. Pseudo-codes for the algorithms with subsampling

Here we give pseudo-codes for the ZZS algorithms with subsampling described in Section 1.3.

Algorithms 5 and 6 are suited for scenarios where the target distribution is of the form

m(z) o exp(—4; jj‘il Yj(x)). Algorithm 5 in addition requires availability of a function

Bi(x,v;) such that

(vi0ij(x))+ < Bi(z, vi)
for all j € {1,...,M}. These can be extended to the case of BPS by using a stochastic
version of the reflection operator, which is of the form

(v, Vatpj(2))
|Vatpj (@)

when the jump is caused by the j-th term of ¢, that is ;.

Rj(x)v=v—2 V()

Algorithm 5: Part B for the ZZS with subsampling and Poisson thinning
Input: Initial condition (z,v) € R? x {41}4, step size 6.
Output: Updated velocity vector v.
for i+ 1to ddo

1«0

Compute the Poisson thinning bound g;(z, v;)

7 ~ Exp(Bi(z, vi))

while 7 < § —t do

t+—t+T7

J ~ Unif({1,...,M})

U ~ Unif[0, 1]

if U < 0@t thep

= Bilzv)

L Vi < —U;
| 7~ Exp(Bi(z,v:))

return v

Appendix B. Proofs of Section 2
B.1 Proof of Theorem 6
Fix g € Cé’o N D(L). By a telescoping sum we have

n—1

Ez[g(Ztn)} - Ez[g(Ztn)] = Z(EZ[Ptn_tk+1g(7tk+1)] - E, [Ptn_tkg(étk)])'
k=0

For each k € {0,...,n — 1}, set fr(y,s) = Pt,—t,—s9(y) then we have

n—1

E:[9(Z+,)] = E:l9(Ze,)] = ) Balfu(Zt6) = fi(Zu,, 0)].
k=0
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Algorithm 6: Part B for the ZZS with subsampling without Poisson thinning
Input: Initial condition (z,v) € R? x {41}, step size 6.
Output: Updated velocity vector v.
for : <+ 1 to N do

t<+0

J ~ Unif({1,...,M})

7 ~ Exp((vi0iYs(z))+)

while 7 < § —t do

t<—t+7

Vi < —U;

J ~ Unif({1,...,M})

7 ~ Exp((vi0iYs(7))+)
return v

By conditioning on Z;, it is sufficient to prove that
[E:[f1(Z5,0)] = fi(2,0)| < R(L+ |2|")lgl|g200”. (33)

Indeed if we have that (33) holds then by Assumption 5 we have

n—1

[E-lo(Z,,)] - E:lo(Z,,)]| < C8* Y M WE.[G(Z,,)
k=0
< Clgllggoe”™ 6*nGius (=),

which gives the desired result. It remains to show that (33) holds.
As done in Bertazzi et al. (2022) we rewrite the lhs as

E.(fe(Zs,0)] = fulz,0) = Ez[fe(Z5,0)] — fu(ps(2),0) + fulps(2),0) — fu(2,0).  (34)

In particular, with identical steps to Bertazzi et al. (2022) we can rewrite the last two
terms on the left hand side of (34) using the fundamental theorem of calculus and that

asfk(zv 8) = _Efk(zv 3):

fr(ps(2),0) = fi(2,0) = //\sor fr(m)(er(2)) = frler(2),7)]dr.

Then we compute the expectation in the right hand side of (34), collecting a term for the
case of no jumps, a single jump and the case of multiple jumps

/ / Qlps/al2) d2)<fk(<pa/z() 8) — fi(05(2),8) ) s al2))e M52 e (0= g
(1
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+ ZEZ[(fk(Z(Sa 5) - fk(()o(;(z)? 5))]l{€ events}] (i)
(=2
5
—/0 Aler (D[RR () (er(2)) — frleor(2), 7)]dr. (1)

Observe that the sum in the second term (i) can be truncated from ¢ = 3 onward as we
only wish to get an order §° local error. Indeed, we have |f| < |lg|/co and hence

Zé; fk(%( ) 6))1{5 events}]

d—s1 d—s1—S82
< 2”9”00// / / )\((’05/2(,2))e_SIA(%;/z(z)))\(21)6_52>\(21))\(22)6_83>\(z2)
0 0 0
Q((p(;/g(z), dz1)Q(z1, dz2)Q(22,dz3) ds1dsadss

< 2|[glloo /(1 — e P @s2G)) (1 — M) (1 — e NN Q(59(2), d21)Q(21, dz2)

< 2||g]|0oP2(£ > 3 events)

< 25 / Aes/2(2) Az A(22)Q(032(2), d1) Q21 dzo)

< 26¥g]loo / Aes2(2)A(20)Q52(2), dz1) QA1)

< 26%||glloo Aps/2(2)) QA()QA()) (@s/2(2))

where we used that 1 —exp(—z) < z for z > 0. By Assumption 3 we have that AQ(AQM) is
polynomially bounded and therefore we can bound (1) by

-/ Q(%/Q(Z)ale)Q(Zhd22)(fk(905/2(2’2)75) ~ fuls(2),9)):

d—s
/ / 1 805/2 s1>\(<,05/2(z)))\(Zl)e—sz)\(z1)e—(5—s1—sg)A(zz)ds2 dsy
+ O(llglloo (1 + |Z|3mk)53)

Here and throughout we use the notation F(z,9,g) = (HgHCz (14 12]™)d™) to mean that

lim sup sup sup IF(z9,9)] <
550 zeB g |g9llezd™(1+ [2|™)

We Taylor expand several terms in order to verify that the local error is of order 63. We
use repeatedly the following expansions:

Meps(2)) = AM(2) + sDaA(2) + s°R(z, 5; \),
fe(ws(2),0) = fu(z,0) + sDa fr(2,0) + s>R(z, 5; f1),
R(z, 5 9) = D3g(ps(2))/2,

fu(z,8) = fu(2,0) = sLfr(2,0) + s> L fi(2, ) /2,

for some § € [0, s] (note that § may vary with each term so when we use these expansions
we include an index to distinguish different incidents of 5). Note that by Assumption 4 we
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have kaHcé < Celltn=te) (1 4 |2|mP) HgHCio which gives us a bound on the remainder terms.

Applying the expansions above to () we obtain

52 0
(1) = [ QUesya(d2)(Fol2.0) — LA(E0) + 5 L2Au(5.52) + 5 Do ful2,0)
2 2 2
R 505 ) — u,0) + 5L fu(2,0) = & L2z, 55) — D fu(=,6) — & R(z, 53 i)

8
’ 5 1 i
| (30 + 5Du) + 2Rz 500)
(1 - 5A(2a2(2) — (5~ NE) + 5 (sA(ga72(2)) + (5 — A% ds
0
= [ Qespp(. 9 (2.0 = £u20)) [ (M) + 2 Da(=)) (1 - sM(2) — (6 )A(2))ds
48 [ Qespa()d2)( = LA(E0) + 3D i(20) + LFi(2,0) ~ Daful=,0))

’ 0 _ s (3 Rltn—t1) My 53
/()\(z)+2Dq>)\(z)>(l ()~ (5~ ME) )ds + e Olllgllgzo(1 + |=1*)5)
0

where we used

1 € [0,sA(p5/2(2)) + (6 — 5)A(2)]
in the first equality and further Taylor expansions to obtain the second equality. Here
M = 3my + mp. Now using Assumption 3 we can expand the @ term

(1) = [ (Qd2) + 5 Do) (1(2.0) — fu(=.0)
/0(S ()\(z) + qubA(z)) (1 —sA(2) — (6 — S)A(z))ds
43 [ Qids) (= L1(E0) + 5Dofel2.0) + Lfi(2.0) - Dafi(z.0)
/06 ()\(z) + gD¢A(z)) (1 —sA(z) — (6 — s)A(E))ds + eREO(gllan (1 + |21M)8°)
Term (I) can be expanded as

6 pd—s1
(4) = / Qos/2(2), d2)Qe1. dz2) (fi(z2,0) — fulz,0)) /0 /0 (A(2) + 6D (M) (93, () A(=1)

(1 + (=515 2(2)) — s2A(z1) — (6 — 51 — sz)A(ZQ))e—ﬁ)d@ ds1
+ eR(tn—tk)O(HgHC;;O(l + |Z|m’p+3m>\)53)

:52/Q<905/2(Z),d2)Q(Zl,d22)(fk(ZQ,0) — fk(Z,0)>/\(z)/\(z1)

+ eR(tn—tk)O(HgHC;;O(l + |Z|mp+3m>\)53)

2
_52/Q(Z,le)Q(Zl,dZ2)(fk(22,0) —fk(z,O)))\(z))\(zl)
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+ MO gl o (14 |27 6%),
P

where

¢ e [0, 81/\(<p5/2(2)) + 82/\(2’1) + (0 — 51— SQ))\(ZQ)].

By Assumption 3 we can expand the term (If) as follows:
6
(1) =~ [ Ao (@A) + 1 [ DaQEad) ) = il () ) dr
+ MO gl| 20 (1 + [2[™)).
By Taylor’s theorem

)
() = - /0 Aer(2)) (kac,oxz) —r / Qe d2)LFi(2,0) + 7 / DaQ(z,d2)(fs(2,0) — rﬁfk@,f))) .

— (fr(2,0) +rDg f(2,0) — rLf1(2,0))) dr
+ eR(t"_t’“)O(53|\g|!c§;0(1 + |2 ™R,

Note that [ DeQ(z,d2)Lfr(Z,7) = Q(DaLfi(-7))(2) = eBa=t)O((1 + [2™P) lgllz0)-
Using this and Taylor expanding A(¢,(2)) we have

1
(1= [ A2(@A606) ~r [ QL0 + 1 [ D=2 52.0)

5
— (fx(2,0) +7Dg fi(2,0) — rLfr(2,0)) )dT —/0 Do (2) (Qfk(,0)(2) — fr(2,0)) dr

+ =08 |gll gz (1 + [2]™ 7).
Evaluating the integral over r
(1) == A() (@000 - 30 [ Qed2)Lilz0) + 50 [ DuQe A0

~ (08 + 32 D0f(0) = LA 0)) ) = 3D QA0 - fl.0)

+ =) O (83| g|| 20 (1 + |2 FMP).
P

First order terms. Terms of order § appear only in (f) and (i) and clearly they
cancel out.

Second order terms. In (f) we can further expand terms of the form Dg(f)(Z,d) and
rearrange as

Order 6% of (1) =02 [/A(z)( — Q(z,d2)Lfr(2,0) + Q(z, di)%Dq,fk(Z, 0)

n % DaQ(z,d2)(fx(Z,0) — fr(z, 0)))
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+ A(2)(Lfr(z,0) — Dg fr(2,0)))

+/Quﬂauuzm—m@m»({}@xxa+xww+;uwwnl

52 [//\(Z)< — Q(z,d3)Lf(2,0) + Q(z, d,%)%l)bfk(zv 0))

+ 5 DaQzd2) (fel2.0) — fil(.0)))
Term A
+ A(2) (Efk(z,O) — Dg fr(2,0)) — ;/\(2)/@(2> dz)(f(%,0) = f’“(z’o)))
Term B
4 ;Dcp)\(z)/Q(z,di)(fk(f,O) — f1(2,0))

Term C

—;/@@ﬁmmam—ﬁ@mu@mal

——
Term D

For term (1) we have

Order 62 of (1) = ;52/Q(Z,le)Q<21,dZQ)(fk(Z2,0) — fe(2,0)A(2)A(21).

N——
Term D
Similarly for (1) we have
Order 62 of (1) = ( / Dg(Q 2)(fx(2,0) = fi(z,0))
Term A
+ [ Qe d D ((2.0) - flz,0)
Te?g C

Term B

After cancellations we obtain

Order 6% of (1) + (1) + (i) = 0°A(2) (/ ( — Q(z,d2)Lfi(2,0) + Q(z, di)%Dcp(fk)(ia 0))

— ;/Q(z,di)fk(é,o /Q 2,d2)Q(Z,dz2) fr(z2,0)A /Q z,dZ)Lfr(Z, O))

_ 152)\(z)</Q(z dz)( Lfi(3,0) + Do (f)(5,0) + A(3 /Q 2, dzo)[f(22,0) — fi (3, o>])>
5 ;
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where the last equality follows by the definition of the generator of the PDMP. Therefore
we have shown that second order terms cancel out.

B.2 Proofs for Example 3
Let us verify that Assumption 3 holds. Note that

(DeQ)(g)(z,v —UTZV (

(m, Riv)> .

Therefore by Taylor’s theorem we have for some 1 between x and = + sv

V.
T=n

Qo + 5v,v) — Qg(arv) — (Da@)(g) (. v) = 22 ry 2( ))< Rv))

It remains to show that %,Vx ( (( ))) V2 (’\((j:))> are bounded. It is clear that 0 <

Ai/A < 1. Let us consider the first derivative. Set Z(s) = log(1 + €®) so that \;(z,v) =
E(v;0;¢(x)) and note that

='(s) =(s)
0<—-<<1 0<— <1
E(s) E(s)
Now
\VA )\i(flf,’U) _ vx>\z($7v) o )\i(x,’l))va(l’,’U) v )‘ Z
T\ AMa,v) )| Ma,v) Az, v)? Az — | Az,v)

So it remains to show that V,\;/A is bounded. Using the bounds on E we have

‘Vx)\i(x,v) < Vei(z,v) _ = (v;0:(x))
Mz, v) | 7| Ai(z,v) E(v;0i(x))

This is bounded by our assumptions on 1. Let us now consider V2 ( i(2, v)):

Az,0)
v (5| -

ViV 0ih(x)| < |V0:()] .

V2\i(z,v) B 2V i, ) VX (@,v)T
Az, v) Az, v)?

2Xi (7, V)V M@, v) Ve (z,0) T Ni(2,0)VEA(z,0)

Az, v)3 Az, v)?

Using the bound on V \;/\ we can bound all the terms aside from the one involving the
second derivative of A so it suffices to consider

‘ V2\i(z,v) | 2N (o (x))
Az,v) | > E(v05¢(x))
< | Vali (@) Valii() | + [ V30 ()]

E'(vi0i9 ()

250 (x
IYE G

V2 0i(2) V0t ()T

This is bounded since 1 has bound second and third order derivatives.
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Appendix C. Proofs of ergodicity for splitting schemes of the BPS

To fix ideas, we consider a splitting scheme for a BPS with unitary velocity with generator
L decomposed as L = L1 + Lo + L3 with

Elf($7v) = vTvzf(:U?’U)a
Laf (o) = (79()), (7 R()o) — Flao0)
Laf(z,0) = A, / ()~ Fa,v)) dw.

Write P/ = e£i the associated semi-groups for j € [1,3]. We shall show the following
statement, which implies Theorem 8.

Theorem 20 Consider any scheme of the BPS based on the decomposition D,R,B. Under
Assumption 7, the following hold:

1. There exist a,b,C,dy > 0 and a function V (with a,b,C,dy,V depending only on 1)
and Ay, but not on &) such that, for all x,v,

/e /o <V (x,v) < ae®®!
and for all 6 € (0,0¢] and all x,v,
PsV(z,v) < (1 =b0) V(z,v)+C6. (35)

2. For all R > 0, there exist ¢,09 > 0 and a probability measure v on E such that for all
x,v with |x| < R and all 6 € (0,00], setting n. = [4R/J],

Op b5 = cv. (36)

C.1 Lyapunov function

In this section, we prove (35). Under Assumption 7, let W(x) = /¢ (x) so that VW is
bounded and, as || — oo, liminf |[VW (z)| > 0 and V2W (x) — 0.

PARAMETERS

Let ¢y > 0 be such that |[VW (z)| > e for |z| large enough. Let

q = / 1w1<_1/2dw > 0.
Sd-1

Let ¢ € C%(R) be a non-decreasing function such that ¢'(0) > 0 and

=1 for 0 < —%cv
)¢ >2—1 for6>—1cy
=2 for 6 > 1.

Let
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(where we used that ¢'(0) > 0 so that the denominator is positive). Finally, let

oo Ma
16]/"[loo

and let R > 0 be such that for all z € R? with |z| > R,

VW (x)| > ew , 2W (x) > M, and  ||[V*W(z)| <e.

PRELIMINARY COMPUTATION

In all this section we denote by the same letter C' various constants (independent from t)
that change from line to line and we assume that ¢ € (0, o] with d9 = 1/(||[VW||sk). We
consider a Lyapunov function

Vix,v) = e”W(m)go(G(aj, v)), O(z,v) =vI VW (z).

This choice is inspired by the Lyapunov function of the continuous time BPS that was
studied in Durmus et al. (2020). Notice that |0 is bounded by ||[VW||o. More generally,
for a non-negative C? function g, we bound

P (eWgob) (z,v) = W @) g G TTW (2 + tv)),
using that e” <14 tr + rztze"‘so/Q for t < dg as
kW (z+tv)

k(W (2)+toT VW (2)+ 32| VW |00 )

e (@) (1 + tko! VW (z) + Ct?)

e

VAN/AN
]

and, similarly,

glv-VW(z +tv)) < g0(z,v))+ o VW (2)vg (0(z,v)) + Ct?
< 9(0@,0)) + (ellglloo + Cligy<n) t+ CF*

(here and below the successive constants C' implicitly involve the suprema of g, |¢’| and |g”|

over [—||[VW||s, [VW||x]). Combining these two bounds and using that |tkf| < 1, we get
P (eWgod) <e™ (1 +1tr0)gob +elg|oot + Ct?) + Ct. (37)
Second, for any function g,
P (e gob) (z,v)
= W@ (—tTVe@)1 g (VT (1)) + (1 — et V)4 R(z)v)TVW (2
g (z) 9 (R(z)v) (z)
= W@ (g0, 0)) + (1= e 2WOHED) (g (—g(z,0)) - g (0(,0))) -

In the second equality we used (vI'V(x))y = 2W (z)(vT VW (z))s. In particular, if g is
non-decreasing,

P? (e”Wg 00) (z,v)
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N

A (g(6(w, ) + (1= €M) (g (-0(,0)) - 9 (02, 0) + 0T )
< W) (g(0(a,v)) + MO, (2, ) (g (~0(z,v)) — g (6(,0))) + C#2) +1CT . (39)
Third, for any function g, similarly,

P} (e gob) (z,v)
— W (@) (g (0(z,v)) + (1 - e_)"“t> ( /S g YW (@))dw — g (8(a, v))>>
< (@) 4 at ([ oo W0 - g0 0)) +02) (@)

In particular, for g = ¢, using the rotation-invariance of the uniform measure on the sphere
and the fact that ¢ is increasing and with values in [1, 2], we bound

/Sdl o(w- VW (z))dw = /Sdl o(w1 | VW (x)])dw < Liy<r+A

with
A= sup / e(w | VW (x)|)dw .
Sd-1

jal >R

As a consequence, using that e”W(x’“)]l|x|< r is bounded, we obtain
PP (eWpob) <e™ (pobf+ \t(A—pob)+Ct?) +Ct (40)

COMBINING THE COMPUTATIONS

Now, to fix ideas, let us start with the DRBRD case. In the following, for convenience,
we write f(0) = f o6 for functions f. From our previous computations, using first (37) and
then (39) and (40) (keeping track only of the terms of order 0 or 1 in ¢, the higher order
ones being bounded and gathered in the term t2C),

PIP3PL P3PV
PIPPPPE (e (1 +tk0)p(0) + te||l¢||oo + t2C)) + tC

PIPPPS (e (1 +t60)(0) + Mt(A — 9(0)) + te||¢' || oo + £2C)) + tC
= P'P’P;, ("W U(9)) +tC,

NN

where we defined

U(z) = (14 tkz)p(2) + Mt(A — (2)) + te]|¢'||oo + t2C.

Assume that t < 1/(2\, + 2||VW/||sk). Under this condition ¥ is non-decreasing on
[—[| VW00, IVW |loo] (which, we recall, contains the image of 6), since ¢ is non-decreasing
and (1 +t(kz — A)) > 01if |2| < ||VW/||s. Thus, applying (38) but with ¢ replaced by 2t)
and then (39), (40) and (37) again,

P!P}PLPPV
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3
% %

(e"W (T(0) + 2t MO, (T(—0) — T(0)) +°C)) +tC
3(“ (W(0) + 2tMO (p(—0) — p(8)) + t2C)) + tC
W((1+t60)p(0)+20 (A — p(0))+2t MO (p(—0) —p(0)) + tel|¢' |0 + tC) ) +tC
e” ((1+2t1<;9)<p(0)+2)\rt(14 — @(0))+2t MO (0(—0) — 0(0)) + 2te||¢/|| oo + t2Co) +tC,

1

3
- 3

NN NN
N“U

for some Cy, C' > 0 (in the last inequality, we use that ¢ is small enough so that the function
which multiplies " is non-negative in order to apply (37)). The choice of & ensures that

42| |loo < Arq/4 =: 1.

So, if we have that, for all r € R,

R+ AMA = p(r) + Mry (p(=r) = ¢(r)) < =, (41)

then, using that ¢(0) € [1, 2], we will conclude that, for ¢ < min(n/Co, 1/(A\r + ||W]|sok))/2,
1 1 tn
P'P}PLPPIV < eV (w(a) — 2t + ot + 27775) +tC < <1 - 2) V+1tC,

which will conclude the proof of the first part of Theorem 8 for the scheme DRBRD.

Let us check what happens for different splitting orders. The computations are similar,
in particular an important point is to check that the bound for P} (resp. P?) is always
used for a function g which is non-negative (resp. non-decreasing in ), which is ensured
each time by the assumption that ¢ is small enough, as in the previous DRBRD case. For
instance, for BDRDB, we get, for £ small enough,

P?P} P} PPV

< PP/ PP/ (eﬁw (0(0) + MO (p(=0) — p(0)) + tzc)) +1C

< PEPIPS, ( W1+ tk0)p(0) + tel|¢'||loo + tMO4(p(—0) — () + t2C)) +tC

< PP} (e (1 +th0)p(0) + 2\ t(A — 0(0)) + tel|¢|oo + tMO4(p(—0) — () + t2C)) +tC
< P2 (™ (1 + 2tk0)p(0) + 2X\t(A — 0(0)) + 2te]|¢[| oo + MO (p(—0) — () + t2C)) + tC
<™ ((1+ 2tk0)(0) + 20t (A — @(0)) + 2te||¢’||oo + 2tMO4 (p(—0) — ¢(0)) + t2C) +tC,

which is exactly the same bound as in the DRBRD case, as expected since we only keep
track of the first order terms in ¢, which coincide for all splitting orders. The other cases
are similar.

Conclusion

Let us check that (41) holds with our choices of parameters. Using that ¢(r) < 2 for all
r € Rand ¢(r) =1 for all r < —cy/2 and that |VV(z)| > ey if || > R,

A<gx1+(1—q)x2=2—q.
Then, for r > —cy /4, since p(r) > 2 — q/2,

A—op(r)<—q/2.

48



PIECEWISE DETERMINISTIC SAMPLING WITH SPLITTING SCHEMES

The choice of k ensures that, for all r < —cy /4,
K+ A(A = o(r) < rr+A(1—q) < =Arq.
For r € [ev /4, qAr/ (4K)],
KT 4 A (A = (r)) <R —Arq/2 < =Apg/4.
Finally, for r > g\, /(4k), the choice of M ensures that
1+ Ar(A = (1)) + Mr (p(=r) = ¢(r))

(w2 ()

< —/\rQ/2 ’

which concludes the proof of the first part of Theorem 8.

C.2 Doeblin condition

In this section we establish (36). The proof is an adaptation from Monmarché (2016,
Lemma 5.2) (see also Durmus et al. (2020, Lemma 11)), with the additional difficulty that
time is discrete. The proof essentially relies on a controllability argument: the point is to
construct trajectories starting at any point of a given ball and reaching any point of another
suitable ball. Since we only need to lower bound the transition probability, we can focus
for simplicity on particular trajectories. Specifically, in the following, we will be interested
in trajectories which, during the time 4R (i.e. in the first n, iterations), have exactly three
refreshments, occurring at times close to 0, 2R and 4R, and no bounces (cf. the events A;
and As below). Then, for these trajectories, the density of the final state will essentially
be given by the densities of the velocities Vi, Vi, V3 sampled at the refreshment events (the
densities of V7 and Vs providing the density of the final position, while the density of V3
gives the density of the final velocity).

We formalise this argument. Fix R > 0 and consider an initial condition (z,v) €
RY x S with |z| < R. We want to prove that the law of the process at time n, = [4R/§]
is bounded below by a positive constant (independent from § small enough) times the
Lebesgue measure on some domain, uniformly in z with |z| < R. Since the process moves
at unitary speed, for all n € N, |X,,| < R+ nd, and thus

PP (no bounce in the n first steps) > e
with h(t) = sup{||Vy(z)|, |x| < R+t}. In the absence of bounces, depending on the splitting
order, the chain behaves either as the chain given by the splitting DRD or RDR. To fix
ideas, we only consider the DRD case in the following (corresponding either to DRBRD),
DBRBD or BDRDB), the proof being similar in the other case.

For k > 1, denote by T}, the number of transitions of the chain between the (k — 1)
refreshment and the k™ one, so that (T})rey is an ii.d. sequence of geometric random
variables with parameter 1 — e 9, independent from the random variables used to define
the bounces. Similarly, let (Vi)ren be the ii.d. sequence of random variables uniformly
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distributed on the sphere used to define the velocities at the refreshment times. For a small
parameter n > 0 to be fixed later on, consider the events

A ={Th +T>+ T3 < ny, [0T; — 2R| < nR for j = 2,3}
Ay = {6(Ty — 1) > 2nR, no bounce in the n, first steps} .

In particular, under Ay N.As, exactly three refreshments occur during the n, first transitions.
Then, for all Borel set B of R% x S¢1,

P (Zn* IS B) > P (Zn* c B,Al,Az)
= P((X,V3) € B, A1, A)
= IP)(AQ)]P) ((Xv VES) € 87A1>

with, in the DRD case for instance,

- 1

X::c+5<<T1—2>v+T2V1+T3V2+ (n*—Tl Ty — 15+ >V3> .
(Indeed, the DRD scheme starts and ends with a half step of transport). Notice that P(.As)

is lower bounded uniformly in § € (0,1] as

P(Ay) > e MR o= (2nRH1)
On the other hand, writing
T = {(t1,t2,t3) € N>, t +to +t3 < ma, |[6t; — 2R| < R for j = 2,3},
we get

p ((X,v?,) €B,A)

5)\7' 75)\T(t1+t2+t373)

T
1 1
/ <$ +4 (<t1 — > v+ tovy + 1302 + (n* —t1 —tyg —t3+ > 7)3) ,7)3) dvidvedug
(Sd 1 2 2
T

(D\T 75/\T(t1+t2+t373) inf / 1gp (CC/ + (5(7527)1 + tgvg), Ug) dvidvedus .
|z’ |<R(1+2n) (Sd-1)

By the rotation invariance of the uniform measure on the sphere, for fixed ¢,s > 0, sV; +tV5
has the same distribution as Vj|sw + tVa2| where w is a fixed unitary vector. Then, |sw +
tVa|? = 52 + t2 + 25tV w and Vil w has on [—1,1] the probability density proportional to
u— (1 —u?)¥2-1 (this is here we use that d > 2), which is lower bounded by a positive
constant on [~1+4¢,1 —¢] for all £ > 0. Assuming that 7 < 1/4 and considering for y € R?
the ring R(y) = {z € R, 4nR < |z — y| < 4R(1 — 2n)}, we get that sVi + tV3 has a
density which is lower bounded on R(0) by a constant o > 0 which is independent from
t,s € [R(2—n),R(2+n)).
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As a consequence, for (t1,t9,t3) € T and 2’ € R? with |2/| < R(1 + 27), the law of
(x' + §(t2V4 + t3V2), V3) has a density lower bounded by a on R(z') x S¥~1. Assuming
that n < 1/16, let R' = {y € RY, R(1 +67) < |y| < R(3 — 10n)} (which has a non-zero
Lebesgue measure). The triangle inequality implies that R’ € R(2') if |2'| < R(1+2n). As
a consequence,

P ((X',Vg,) e B, Al) >P(A) a/ 15(y, v)dydv,
R xSd-1

which concludes the proof of (36) since (A1) converges to a positive constant as § — 0.

Appendix D. Ergodicity for splitting schemes of ZZS
D.1 Splitting DBD

In this Section we focus on splitting scheme DBD for ZZS. In order to prove Theorem 10 we
prove a drift condition for the one step transition kernel Py, implying a similar conclusion
for Pf, as well as a minorisation condition after an even number of steps n*. These two
statements, together with the aperiodicity of P?, enable us to conclude on the geometric
ergodicity of the kernel P2.

Theorem 21 Consider the splitting scheme DBD for ZZS. Suppose Assumption 9 holds.
Then the following hold:

1. Let B € (0,1/2), ¢(s) = 3sign(s)In (1 + 2|s|) and

d
V(z,v) = exp (wm +3 ¢<waz-w<x>>> . (42)

=1

There exist constants b € (0,1),C < oo such that for all (x,v) and all § € (0,dy) with
S0 = 2(1+70) 71, where o is as in Assumption 9(b), it holds that

PsV(z,v) < (1 =0b0)V(z,v)+ C6. (43)

2. For any R > 0 consider a set C = [—R, R]d. For some L > 0 and for § as in
Assumption 9(a) let

Ny 1= 2+

ik, [Lw . (44)

5 5

which satisfies n, € 2N. For (z,v) € C x {£1}? define the set D(x,v) given by (19).
Then for any (y,w) € D(z,v) N (C x {£1}%) and § € (0, ¢ for dg > 0 it holds that

OywPs™ = cv.
where c is independent of & and v is uniform over D(z,v) N (C x {£1}9).

We observe that the Lyapunov function defined in (42) is the same of the continuous
time ZZS of Bierkens et al. (2019b). In Section D.1.1 we prove the minorisation condition,
in Section D.1.2 we prove the drift condition, while in Section D.1.3 we prove Equation
(22).
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D.1.1 MINORISATION CONDITION

We now prove a minorisation condition for splitting scheme DBD of ZZS. In the following
Lemma we consider the one-dimensional setting, for which the reasoning is similar to that of
the proof of a minorisation condition for the continuous ZZS done in Bertazzi and Bierkens
(2022, Lemma B.2).

Lemma 22 Consider the splitting scheme DBD of ZZS with step size § < dg. Suppose
Assumption 9(a) holds for some § > 0 and consider a set C = [-R,R] for R > 0. For
L > 0 and for g as in Assumption 9(a) let n, as in (44). For (x,v) € C x {£1} define the
set D(z,v) := Dy(x,v) UD_(z,v), where

(y,w) :w=v,y=x+md, m € 2L}, (45)
(y,w) 1w =—v,y=x+md, me 2Z+ 1}.

Then for any (y,w) € D(xz,v) N (C x {£1}) it holds that
P(y,w)((XTL*vVn*) € ) > bl/()
where b is independent of § and v is uniform over D(x,v) N (C x {£1}).

Proof Let C'=[—R,R] for a fixed R > 0 and let z € C. We shall consider only the case
of v = +1, as the same arguments extend to the symmetric case v = —1. In particular
observe that if the process is started in set D(z,+1) (respectively D(z, —1)), then after an
even number of iterations it will again be in D(x,+1) (D(z,—1)). This means that the
process lives on D(z,+1) (respectively on D(z,—1)). To shorten the notation we denote
by D, D_ the sets Dy (z,+1),D_(x,+1) as defined in (45). Below we focus on the case
of an initial condition in D4, while the case of D_ follows with an identical reasoning and
obvious changes.
Let ny as in (44) and define

A := max max Ay, v)
2eC y:|ly—z|<n.dv==+1
which is the largest switching rate that can be reached within n, iterations starting in C.
Note that our definition of n,, that is (44), implies that n.d is upper bounded by a constant
as 8 < 6y and thus X can be chosen independently of the step size §. Recall A > 0.

From here on we shall denote the initial condition as (y,w) € D, and without loss
of generality we shall assume § = x + £ for some ¢ € N, where 4 is as in Assumption
9(a). We want to lower bound the probability that after n, iterations the process is in
measurable sets B C D. We consider two cases: in the first one the final state of the
process is of the form (X,,,V,,) = (2,—1) € D_nN (C x {£1}), while in the second case
(X V) = (2,+1) € D4 N (C x {il})'

FIRST CASE

Consider the case in which the final state has negative velocity, i.e. V,,, = —1. To lower
bound the probability of reaching this state, we consider the case in which only one switching
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event takes place. Let z = y + md with m € N odd. Then in order to have (X,,,V,,) =
(z,—1) with exactly one event taking place at time N; it must be that

y+ (Ny—1)6 — (ne — N1)d = 2.

Thus we find that the event should take place at

z—y ne+1

26 2
In order to guarantee the switching rate is strictly positive it must also be that Xy, > v,
ie. y+ (Ny—1)0 >y and thus Ny > 1+ (g —y)/d. Note N; < n, as required. Denote the
position at the time of the switching event by & = y + 6(N; — 1/2). Then the probability
of exactly one event taking place at iteration N; is given by

Ny =

0
/0 A&, 1) exp(—sA(Z,1)) exp(—(6 — 8)A(&, —1))ds > 6 A exp(—dN).

The probability of this path is simple to lower bound, since upper bounding the switching
rates gives a smaller probability:

Ni—1
Py +1)((Xn,, Vo) = (2,-1)) > H exp(—0A(y + (n +1/2)8)) x dAexp(—dA) x
n=0 —
a jump at N
no jump before Ny
ns«—N1
x J] exp(—=0A(y + (N1 — 1 —n)d))
n=0

no jump after Ny
> exp(— (N1 — 1)dX) Sdexp(—6X) exp(—(n. — N1)6N)
> 2exp(—(ne — 1)0%) Aexp(—6oX) x @5]\]‘44)
> 2exp(—(ns — 1)0A) Aexp(—G&oA) (2R — 9) (V(—l) X ]\14> ,

where M € N is the number of points in Dy N (C x {£1}). In the last line we used that
OM > 2R — 6. Recall that § < §p. This concludes as (n, — 1)0 < 49 + R + 2L + 3y and
2R — 6 > 2R — 0.

SECOND CASE

We now focus on the case in which V,,, = +1. We shall find an appropriate lower bound
by restricting to the case in which exactly two switching events take place. Denoting the
times of the two events as N1, o, if the final position is z it must be

y+(N1—1)5—(N2—1)5+(n*—N1—N2)5:z

which implies

+ =, (46)
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Moreover, at event times the process should be in regions with strictly positive switching
rate:

y+ (N1 —1/2)6 > 7,
y+ (Ny—1)6 — (Na—1/2)6 < —3.

These imply respectively

le%ﬂzzﬂl,

N2Z%+N1~

Since Ng is determined by (46), we enforce that the second inequality holds:

Y—2 T Yy+y
e YTY L N
9% o = 5 Tn

which implies

ne Y+209+=z —
NN < ——-—"— " —=:Nj.
1= 26 !

Now to obtain the right dependence on §, we shall take n, such that N1 — N, is increasing
as 1/0. It holds

ne—2 4dy—y+=z

Ni—Ny=—5 2

and thus it is sufficient to take

47 — L
n*:2+yy+z+2{ w

5 8
for some constant L > 0, as with this choice Ny — Ny = [L/d].
Using the results above we find

By (X, Vi) = (5 41) 2 S | T] exp(=6A(y + (n + 1/2)8)) x S exp(~02) x

Nl :ﬂl

Ny [Nl—l
n=0

a jump at Ny
no jumps before Ny

Na—1
x I exp(=6A(y + (N1 — 1 = (m + 1/2))6)) x 6Aexp(—5A)

m=0 ———

-~ a jump at No
no jumps until No

nx—N1—Nao

x ]  exp(=dA(y+ (N1 — 1 — (Ny — 1) + (£ + 1/2))5))
=0

no jumps after Na
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Ny
> Z exp(—0An.6))82 A% exp(—20N)
N1:ﬂ1

= [s—‘ exp(—M40))62 A% exp(—26N)
> Lexp(—0An,))A? exp(—200)d

> 2L exp(—06An,))A? exp(—260X) (2R — &) <1/(—|—1) X ]\1/[> .

Similarly to above it is now sufficient to note that n,d < 499 4+ 4y + 2R + 2L.

CONCLUSION

To conclude it is sufficient to observe that the conditions above hold for any choice of
x,y,z € C since n, is as in (44). [ |

MULTIDIMENSIONAL CASE

To extend to the higher dimensional setting, first observe that it is possible to apply the same
ideas in the proof of Lemma 22 to each component, in particular requiring that the events
happen when all components of the process are outside of the rectangle [—7, +7]?. This
implies that Assumption 9(a) can be used to lower bound the probability of flipping each
component of the velocity vector. Hence each coordinate can be controlled independently of
the others. It is clear that the following minorisation condition is implied: let C' = [~ R, R]?
for R > 0, (x,v) € C x {£1}¢, and let D(x,v) as in (19); then for all (y,w) € (z,v) it holds
that
]P)(y,w)((Xn*v V’m) € ) > b? Vd(')v

where n,, b are as in Lemma 22 and v, is the uniform distribution over states in the grid

D(z,v) N (C x {£1}9).

D.1.2 DRIFT CONDITION

Let us first characterise in the following Lemma the law of the jump part of the process.
This result is then used to prove the wanted drift condition in Lemma 24 below.

Lemma 23 Let Y;;x denote the PDMP corresponding to the generator Lo (for this process
x acts as a parameter). Suppose that \i(x,v) is independent of v; for j # i. Then for any
w € {£1}* we have

]P) ‘73: d )\z(;v’ RﬂU) + %)\l(x7 fu)ef()‘i(xvv)+)\i(z’Riv))t
oV =w) _;[[1 Ai(z,v) + \i(z, Riv)

Proof To simplify notation we will suppress the dependence on x and set A;(v) = Ai(v) +
Ai(—v) = Ai(z,v) + Xi(z, Rjv). Since V;* jumps according to A; which does not depend on
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v; we have that the coordinates of 17? are all independent. Hence it is sufficient to show

SN Ai(—w;) + %)\i(vi)e_f\i(”i)t
Py, (V) = w;) = Al(v)

Therefore it is sufficient to consider the setting d = 1. Define for any ¢t > 0,v,w € {1,—1}

A—w) + L\(v)e At
or(v;w) = AU(U) )

If we show that for all t > 0,v,w € {1,—1}
Opr(v;w) = Lagy(v;w),  po(v;w) = Ly (v), (47)
then ¢; coincides with the semigroup applied to 1,, and we have the desired result
pr(v;w) = Eoipo(Vi; w)] = Po[V; = w].

It is straightforward to confirm the initial condition ¢g(v; w) = 1,(v) holds. So it remains
to show that ¢; satisfies the PDE (47). Note that

Ot (v;w) = —%)\(v)eﬁ\(”)t

Lopr(v;w) = A(v) (pr(—v;w) — @i(v;w))

w) — LX\(—v)e M) —w) + LA(v)e AW!
) (M =Bt M) 230 )
WA (—p)e— M) WA ()e—A)E w
= ) < e A()v) " U)\(A)(v) > = A0S e
Therefore we have that (47) holds. [ |

Lemma 24 Consider the splitting scheme DBD of ZZS. Let \i(x,v) = (v;0;9(x))+ + vi(x)
and let Assumption 9 be verified. Let V' be the function defined in (42). Then there exist
constants p € (0,1),C < oo such that for all (x,v) and all t € (0,ty) with to < (1+79) "

PV (z,v) = PPPEPPV (x,v) < (1 — pt)V(x,v) + Ct. (48)

Proof We start the proof by deriving a first bound for P;V, where V is the function
defined in (42) and which it is our goal to prove is a Lyapunov function for the chain.
This will result in the inequality (51). Afterwards, we divide our proof in two cases, based
on whether we are considering an initial condition (x,v) which is inside or outside of a
large enough compact set. In both cases we shall prove that (48) holds with the right
time dependence. The most challenging case is when (x,v) is outside of a large set, where
involved computations are required.
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For a function g(x,v) conditioning on the event v = w and using Lemma 23 we have

Pig(z,v) = Z g(x + vt + wt, w)
we{£1}4

ﬁ Ai(@ +vt, Riw) + T (@ + ot, v)e(’\i(*’H”tv”)*’\i(‘”“ﬂi”))t]
i=1

Ai(z 4 vt,v) + Ni(x + vt, R;v)
Plugging in our Lyapunov function V' we have

PV (z,v) 3 V(z + vt + wt,w)

Vi) A V@)

i1

By Taylor’s theorem there exists Z; = Ty (z, v, w,t) € B(z,t/d) such that

(49)

(z + vt, Ryw) + Tt Ai(x + vt, v)e~(ilEtobo)+Ai(ztut Riv))t
i(x + vt,v) + Ai(z + vt, Rjv)

2

2 v+ w)TV20(@1) (v + w).

Y(x + vt + wt) = Y(z) + t(v +w, Vip(x)) + 5

Therefore we can rewrite (49) as

5} d
PtV(.I', ’U) ﬁ(U-Fw)TVQlﬁ(El)(v-i-w) t(vi+w;) B0 () +¢(w; 0 (z+vi+wt)) —d(v;0i9p(x))
—_— e 2 e 2 K3 (2 1Y 1Y
V(:U’ ’U) we{z:l:l}d zl;[l

Xi(x + vt, Riw) 4+ 2\ ( 4 vt, v)e” MileTbo) Aol Riv))t

% Xi(x + vt,v) + \i(x + vt, Ryv)

(50)
Since |¢/(s)| <1 for all s, by Taylor’s Theorem we have

¢(wi8iw(x+vt—l—wt)) —qf)(vlaﬂf)(.’l))) S \wi&w(x+vt~l—wt)—wi6m(x) |+¢(w18z1j}(x)) —gb(vz&,@b(x))

Then we can write

P,V
% ( < > K H I(i (51)
we{+1}4 =1
with
K| = 2 (04w) T V(@1 ) (v+w) ot [widig(etvt+wt) —w;dit ()]
I(6) = U1+wi)ﬁai¢(x)+¢(wiai¢(x))_¢(”iai'¢($))
Aiz + vt, Rjw) + TNz + vt v)e~ Qi(@tut)+Ai(e+ot, Riv))t
. iz 4+ vt,v) + Ni(x + vt, Rjv)

We shall now use the bound (51) as a starting point, focusing first on the setting in which
(z,v) is outside of a large enough compact set.
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Bound outside of a compact set
We split the product in (51) into four cases: (i) w; = v; and v;0;¢(x + vt) > 0; (ii)
w; = v; and v;0Y(x + vt) < 0; (iii) w; = —v; and v;0;0(x 4+ vt) > 0; (iv) w; = —v; and
’Ulaﬂf}(ﬂf + Ut) < 0.

Consider first case (i). Let ¢ be such that w; = v; and v;0;%(z + vt) > 0. Then

oot Mla 0L Biv) £ il ot p)em (et (et
iz + vt,v) + Ai(x + vt, Rv)

1(i)
Using the form of \; we can write this as

Vi (ZL‘ + vt)eQEtviaid)(z)(l o e—(|8¢1,[)(a7+”ut)\+2’yi(aj+vt))t)

I(3) = =19 (@4vt)[+2vi (z+vt) )i+ 2tv; BOib (z)
(@) 1050(x + vt)] + 27i(x + vt) e

Using that 1 —e™* < z for all z > 0 (note we make use of this inequality several times in
the following computations) we find

I(Z) < (:C + Ut)e25tvz‘3¢¢($)t + e~ (10i(z+uvt)[+27i(z+ovt))t+2tv; B0 (2)

By Assumption 9(b) we can bound ~; for |z| > R with R sufficiently large and we have
v;0ip(x + vt) > 1 4 v;(z + vt) which gives

16) < 1+ (vi0ip(z + vt) + iz + vt)) o0 (@ o) 14200 O (@) < 910t (@tut) [+ 2tv F(x)
|01 (x 4 vt)| 4+ 2vi(z + vt)

For case (ii), let ¢ be such that w; = v; and v;0;9(z + vt) < 0. Then

_ 280 [0 (@ +v0)| + i+ 0t) + il - vt)e Oty

(i) |0 (x + vt)| + 27i(z + vt)

For case (iii), let ¢ be such that w; = —v; and v;0;¢(x + vt) > 0. Then

(N (z4vt,w)+ N (z+vt,Riv))t

I(i) = eP(-vid(@) (D (x) Ai(@ +vt,v) — Ai(z + vt v)e”
)\Z(CC + Ut, ’l)) + )\Z(.CC + Ut, RZU)

For s > 0 it holds that ¢(—s) — ¢(s) = —In(1 4 2s) and hence

Ni(z +ot,v) 1 — e~ Kiletobn)tAi(ztot,—v))t Ai(x 4+ vt, v)

I(7) = .
(@) 1+ 200;9(x) Ai(x 4+ vt,v) + Ai(x + vt, Riv) — 1+ 20;0;9(x)

For case (iv), let ¢ be such that w; = —v; and v;0;¢(z + vt) < 0. Then

Ai (z4vt,0)+X; (z+vt,R;v))t

1(i) = bl it o) @+ 1) — (@ + vt)e™!
Ai(z +vt,v) + Ni(z + vt, Rv)

For s < 0 we have ¢(—s) — ¢(s) = In(1 + 2|s|), and thus we obtain

I(i) < iz +vt)(1 + 2|00 (x)|)t.
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Combining these estimates we have for |z| > R with R sufficiently large

Pt ( Z K H (%. (33 + vt)eQBtviai¢($)t + e—(|3i¢(x+vt)H-Q%'(x+vt))t+2tviﬁaiw(x))
we{£1}d  iw;=v;,v;0;9>0

5 Ai 2
I e Mt [I  e+o)(+200@))r

1w =v;, v;0;1<0 Lw;=—v;,v;0;9>0 Lw; =—v;, v;0; <0

Now consider K. By Taylor’s theorem there exists T € B(x,2v/dt) such that

d
K < exp (Z (|<<v+w>Tv2 (@)l + (V2 (z >>i|>|vi+wi|).

i=1
Using this bound and the four cases above we now obtain
PV (z,v)

T < [] 221CTTHENHOTEN (4, 4 ) 2PWOFE; 4 (2D obterule 2y
xT,v
’ 1:0;0;40>0

» H 6(é(2|vTv2¢(51))i|+2t\(uv%(@))i|)+25tv¢6i¢(w) + Z tHiwiFvi

103039 <0 we{£1}9\{v}
« H e(t2(|(v+w)TV2w(il))¢|+2t|(wv2w(fz))i|) (viz + vt)emtviaiw(x)t + e—(l—%)l&-w(ﬁvt)\t—2w(x+vt)t)
1:w; =;,0;0;1 >0

=Y. — . s Ai(x + vt,v)

% o (P (1(0+w) V29 (@1))i [ +2t| (w2 (T2))il) , 28801059 (2) AT T UL Y)
i:wi:vil_U[ié?ﬂ/)<0 H 1+ 2v18ﬂb(m)
I et s 200 ),

i:wi:—vi,vi@-w<0

By (21) we have

i:wi:—vi,viai1jz>0

PtV(ﬂfﬂ))_ H (,Yot_i_62t2\(vTV2¢(§1))i|+%\(vVQw(Ez))i|67(1726)|6ﬂ/}(:p+vt)\t72'y¢(x+vt)t)
Viz,v) §:0;0;9>0

< ] o (5 T T26(@0))il 421l (07 246(@2) )il ) +2Bt0:000(2)

1:030;9<0

+ Z tHiwiAvi}| H (wure(t2(l(v+w)TV2w(fl)>i|+2t|(wvzw(@))i|)e—(1—2@)|aiw(w+vt)\t—2w(:v+vt)t)
wE{:I:l}d\{fu} 1:w; =;,0;0;1 >0

(£ 0+0)T 92 (@0)): [+ 2] (V0 T2)l) 26t0:01(2) Aiz vt v)
* H ‘ ‘ H 1+ 2v;0;9(x)

11w =v;,0;0;1<0 Lw; =—v;,0;0;1>0

) 1 e~ tol0m @ HI(1 4 2]9,0p(2)|).

LW =—V;,V4 81-7,Z)<0

Since 5 < 1/2, by Assumption 9(c) there exists 51 such that for || > R with R sufficiently
large

PV (z,v) 8118 (atvt) |t —B110it ()|t
VAL, v) < t 1105 1107
V(z,v) — Il Gote )AL

3:0;0;1>0 1:0;0; <0
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+ Z tHEwiFvi}| H (ot + 6—51|5i¢(x+vt)|t) H e~ P1tlip ()|
we{£1}\{v} W =v;,v;0;%>0 i =v;,0;0;9<0

iz + vt v) —to|ds(z+ut)| ,
8 H 1+2U¢8@'¢(w) ) H € (1—|—2|aﬂ/)(z)|)

W =—v;,v;0;1>0 Bw; =—v;,0;0;1<0
For |z| > R with R sufficiently large \;(z + vt,v)/(1 4 2v;0;4(x)) < 1 and by (21) we have
vi(x)(1 + 2|07 (z)|) < 1. We also have that |Vi(x + vt)| > M for any M > 0 for |z| > R
with R sufficiently large. Then we have
PV (z,v)
V(z,v)
+ Z tHiwiAvi}] H (Yot + e—ﬁ1Mt) H e~ PitM

we{x1}4\{v} 1w =v;,0;0;9>0 :w; =v;,0;0;9 <0

< ('YOt + e—BlMt)\{i:viﬂiw(az+vt)>0}\e—ﬁlMt|{i:vi8iz/)(x+vt)<0}\

Since e Mt < 4ot 4 e ALME e obtain
PV (z,v)
V(z,v)
4 Z t\{iiwﬁévi}\ (fYOt 4 6—/51]\/”)|{i3wi=Ui,vi5i¢(I+Ut)>0}| (7075 4 e_/BlMt)‘{i:wi:viyvi8i¢(x+vt)<0}|.
we{£1}9\{v}

Hence
PV (z,v)
V(z,v)

< ('Yot + efﬁlMt)|{i:vi8¢1/1(x+vt)>0}|(,yOt + ef,é’lMt>|{i:v¢8iw(z+vt)<0}|

IN

(,yot+e—,5'1Mt)d+ Z t|{i:wi3ﬁvi}‘(,yot_~_€—61Mt)d—‘{’i:wi7$’ui}‘
we{x1}4: w#v
_ Z tl{i:wﬁém}‘(’yot + 6—51Mt)d—\{i:wi7éfui}\
we{+1}4
4 (d
A Ty—
k=0
ui\ @
= ((1 +70)t + e A t) .
To show that (48) holds for |z| > R it is sufficient to show that (1 + )t +e P Mt < 1 — pt
for some p > 0. Indeed in that case 1 — pt < 1 and thus

(1 +70)t + e MY < (1 — pt)d <1 — pt.

Note that for ¢ < to, with ¢y € [0,1], it holds that e=#Mt < 1 — ¢t for ¢ = %. Then
for ¢t <ty we have
(I+70)t+e M <1 —t(c—1—r).
Then it is needed that ¢ > 1 + g, that is ¢y should be such that
1 — e~ P1Mto
I > 14 7. (52)

Note we can always increase M by taking R larger. Choose M such that e /1Mt <
1 —to(1+ 7o), which is possible since tq < (1+9) !, then (52) holds. Hence (48) holds for
|z| > R with p = (1 — e MMyl 1 — .
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Bound inside of a compact set

It remains to show that (48) holds for |z| < R. Let C = {z : |z| < R} x {£1}¢. Recall
t < 1 and ¢ € C?. We shall use the inequality e’ < 1+ tr + t2r2e"/2 < 1+ t(r + €37 /2),
which holds for for ¢ < 1,7 > 0. First of all we consider the term in the sum corresponding
to the case w = v. Bounding the probability of this event by 1 we find

d
K, HI(i) < o220 V(@1 )0+ 3 L 0 (a+20t)—0i(2)[+2t(v, Vi (x))
i=1
< 14 t(A(z, v, t) + 3@ 19),

where A(z,v,t) = 20T V2 (Z1)v + (2/2) E?:ﬂ(v,v&;w(@))\ + 28(v, Vip(z)). Taking the
maximum of A over (z,v,t) € C x {£1}¢ x (0,1) we find

d
Ky [[16) <1+tA
=1

Let us now consider the remaining elements in the sum. Here we take advantage that
a velocity flip is an order ¢ event. Consider for the moment only the i-th component of the
velocity vector. The probability that this is flipped (i.e. w; = —wv;) satisfies

N+ vt Riw) — Aila + vt v)e- Mot X ot R
iz +vt,v) + Ni(x + vt, Rjv)
Ni(x + vt,v)(1 — e~ HOiv(+tv)|+2vi(z+tv)))
- |0t (x + tv)| + 27 (z + tv)
< tAi(z + vt,v)

<t max Ai(z + vt v).
i=1,...,d, (z,v)€Cx{£1}4,t€(0,1)

Here we used that 1 —exp(—z) < z for z > 0. All other probabilities can be bounded by 1
and hence

d
; V(x + vt + wt, w)
K I(7) <t Ni(x + vt, '
1;} ' E (0) < i=1,...,d, (x,v)re%axx{il}d,te(o,l) (4 vt,0) g;v V(z,v)

Since V is continuous under our assumptions we proved that for every compact set
C x {£1}¢ there exists a constant B > 0 such that for all (z,v) € C x {£1}¢ it holds

PV (z,v) < (1+tB)V(z,v). (53)

Therefore we have (48) holds for all z € R, v € {£1}4. [ |
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D.1.3 PROOF OF EQUATION (22)

Let us prove (22). Fix a probability measure p on R? x {£1}¢, and let (x,v) be a point in
the support of p. Then we can construct the set D(z,v) corresponding to (z,v) and given
by (19). By Theorem 10 there is a unique invariant measure 7r Y for the Markov process
with kernel P(s7 and by (18) for any probability measures v,v/ on D(z,v)

C
v P = v' P v < —F" ||y = v'|[v.

Setting v = 6,0, V' = 77" and using that 77" is an invariant measure for the kernel P? we
g MU F) g Fy d
have

~nd ||V

C
H‘Sw,vpd% - 7T5 ||V < E’i V/HV

Then integrating with respect to the probability measure 1 we obtain

/ (P2g(z,0) — 75" (g)]u(dz, dv)

|uPs" — prs™’ ||y = sup
lg|<V

< / sup [P2g(x,v) — 7" (g)| u(da, dv)
lgI<V

S / Hax,vp(?n —W(?’v“vﬂ(d;p’ dy)
~n5 /H(sxv) W§7U‘yvﬂ(d$,dv).

D.2 Other splitting schemes

In this Section we consider splitting schemes DRBRD and RDBDR of ZZS and prove
geometric ergodicity in Theorem 26. The minorisation and drift conditions are proved in
Sections D.2.1 and D.2.2 respectively. We shall work under the following assumption.

Assumption 25 There exists g € (0,00) such that the following conditions for the re-
freshment rate hold:

(a) there exists R > 0 for which for any |xz| > R it holds that
d
H (1 +1[0;4(z)]) < 0.

(b) For |x| > R for some R > 0 it holds that

d
sup(z + vt) el TE@I T 0-0)T VR (0--) V02| [T+ 2102 ()]) < 7,
i=1

where the supremum is over t € (0,1), y1,y2 € B(z,tVd), v,w € {—1,1}%
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Theorem 26 Consider splitting schemes DRBRD and RDBDR of ZZS. Suppose As-
sumption 9(a), (c) holds for switching rates \i(z,v) = (v;0;¢(x))+. Suppose moreover that
the refreshment rate v satisfies Assumption 25(a) for scheme RDBDR and Assumption
25(b) for scheme DRBRD. Then statements (1) and (2), as well as Equation (22), hold.
In particular (2) holds with 6o < 2(1+2v0+72)~* for RDBDR and with 6o < 2(1+27p)~!
for DRBRD.

D.2.1 MINORISATION CONDITION
SpLITTING DRBRD

The chain obtained by DRBRD has the same periodic behaviour of DBD. Hence this case
can be treated in the same way and a minorisation condition follows by the same reasoning
used in Section D.1.1 for splitting DBD.

SpLITTING RDBDR

In this case we give a sketch of the proof. The chain obtained by RDBDR breaks the grid
behaviour exhibited by DBD because of the two refreshment steps at the beginning and
end of each step. Indeed, consider the one-dimensional case and recall the definition of the
grid D(x,v) as in Lemma 22. Since v = +1, there are two disjoint grids: D(x,+1) and
D(z,—1), with the idea being that after even steps of DBD the process lives on the same
grid it started from. However, the process RDBDR can swap between one grid and the
other by having a velocity refreshment. Indeed, starting the process at (x,+1) and having a
velocity flip due to a refreshment at the end of the first step and having no other jumps, we
find the state of the process is (X2, V2) = (x,—1). Therefore after even steps this process
lives on the grid D(z) = {y : y = © + md, m € Z}. If the initial and final condition are on
the same grid D(x,v), then no refreshment is required and one can simply use the proof
of the scheme DBD. On the other hand, if the two states are on different grids, i.e. one is
on D(z,+1) and the other on D(z, —1), then a refreshment is required to choose the right
grid.

In order to maintain the right dependence on the step size 4 it is required to give the
process additional (%1 iterations, for a constant M > 0. Indeed with this modification the
probability of having a refreshment in the first (%} is constant has a lower bound which
is independent of ¢, assuming § < g for some g > 0 (see for instance the second case
in the proof of Lemma 22). After the first [%] iterations the process is on the right grid
and Lemma 22 can be applied with the further constraint that no (more) refreshments take
place. Note that this event again has a lower bounded probability independent of §. Since
in the first [2] iterations the process can go out of the initial compact set C = [—R, R], it
follows that the Lemma should be applied with set C' = [-R — M, R + M].

The extension to the multidimensional case follows by applying this same intuition to
every component.

D.2.2 DRIFT CONDITION

Let us start with an auxiliary result.
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Lemma 27 Suppose the refreshment rate v satisfies Assumption 25(a). Then PRV <
(1 +vt)V 4+ Mt, where gy is as in Assumption 25 and M independent of t.

Proof Let V be as in Lemma 24. Applying the transition kernel P to V we find
1

PRV (2,v) = V(z,v)e @) 4 = 5 (1—e @) Z V(z,w)
wHv
3 _ 1 V(z,w)
=V(z,v)e " 4 (1-¢ tW(I))V(m,v)—d Z -
20 =~ V(z,v)
= Vi) (e 4 (1 - LS T (i)
WHV JvjFW;
d
< V(z,v) ) 4ty (x H 1+ |0;9(x

Clearly for z inside of a compact set this implies PRV (z,v) < (1 4 Bt)V(z,v) by taking
maximum over x. Outside of a compact set we use Assumption 25 to obtain

PRV (2,0) < V(z,v)(1 + ty0).

Lemma 28 Consider the splitting scheme RDBDR of ZZS. Suppose Assumptions 9(c)
and 25(a) hold. Then there exist a function V and constants p € (0,1), C > 0 such that
for any t € (0,t0) with tg < (1 + 2y +73) ! it holds that

PEPPPEPPPEV (z,v) < (1 — pt)V(z,v) + Ct.

Proof Let V be as in Lemma 24. In the current context the result of the Lemma is that
for all t € (0,tp) with o < 1 it holds that PP Pf PPV (z,v) < (1 — pt)V (x,v) + Bt where
p=(1—e By, L' _1 for R sufficiently large such that p > 0. Applying Lemmas 24 and
27 we obtain

PEPPPEPP PRV (x,v) < (1 + tyo)PEPP PE PPV (x,v) + Mt
(14 t90)(1 = pt) PV (2, 0) + H(M + (1 +0) B)

<
< (1+t790)*(1 = pt)V (z,v) + t(M(2 +70) + (1 +70)B).

It is left to ensure that (1 + tvy9)2(1 — pt) < (1 — pt) for p > 0. We have

(1+t%)*(1—pt) < (1 —tp— 270 —13))-

Hence it is needed that
(1-— e_RtO)

—1> 29473
to
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and thus that e R < 1 —¢o(1 + 2o + 78), which is valid as R can be taken as large as
needed and to < (1 + 2y +~3) 7%
|

Lemma 29 Consider the splitting scheme DRBRD of ZZS. Suppose Assumptions 9(c)
and 25 hold. Then there ezist a function V and constants p € (0,1), C > 0 such that for
any t € (0,tg) with tg < (1 + 2v)~! it holds that

PPPEPEPEPP V(x,v) < (1 - pt)V(z,v) + Ct.
Proof Let V be as in Lemma 24. Observe that by Lemma 27 we have that
PEPPV (z,v) = PEV (z + vt,v) < (1 +4ot)V (z + vt,v) + Mt
and thus P/*PPV (x,v) < (14 ~ot) PPV (x,v) + Mt. Then
PPPEPEPEPPV (2,v) < (1 4 yot)PP PEPE PPV (2, v) + Mt
and
PPPEPEPPV (x,v) = e+ pP PE PPV (1, v)
1 V(z+ ot + wt,w)

+ V(x,v)(1 — ety o 7o)
we{+1}d v

The first term corresponds to the case of no refreshments, while in the second term a
refreshment takes place. For the first term we can directly apply Lemma 24, which in the
current context shows that for t < tq < 1 it holds PP P PPV (x,v) < (1 — pt)V (z,v) + Mt
for p = (1 — e 1Moyl — 1. The second term can be rewritten as in (50), that is for
71 = 71 (z,v,w,t) € B(x,tV/d)

V(z + vt + wt, w)
V(z,v)

d
= exp <ﬁ(¢($ + ot +wt) = (@) + Y (Swidipp(w + vt +wt)) — ¢(vi0ﬂ/}(f€)))>
i=1
— et|V¢(a))|+§(v-‘,—w)TVQ’gZJ(El)(U—&—w)—l—‘V’gZ)(Eg)| ﬁ(l + 2|95 (2)]).

=1

Using Assumption 25(b) we find

izt 1 V(x+ vt +wt,w 1 V(z + vt +wt,w
(1—6 ty(z+ t)) Z ? ( V(:C?v) ) St’y(x—i—vt) Z ﬁ ( V(xjv) )

we{*1}d we{+1}d

< to.
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Therefore we have shown
PPPEPEPEPPV < (1 +~0t)(1 — pt +ty0)V + Mt < (1 —t(p — 2v))V + Mt.

Hence it is sufficient to ensure that p > 27y, which can be done similarly to the proof of
Lemma 28. |

Appendix E. Proofs of Section 4

In this section we collect statements and proofs that are not included in Section 4.

E.1 The generator of BPS and its adjoint

The generator of BPS and its adjoint play an important role in the proofs below and
therefore we recall them in this section. Recall the generator of BPS:

Lppsf(z,v) = (v,Vyf(z,v)) + A\ (z,v)[f(z, R(x)v) — f(z,v)]
+)\,~/ (f(z,w) = f(z,v))v(w)dw.

The adjoint of Lgpg in L?, that is the operator £} pg such that [ gLppsf = [ fLEpgg, is
given by

Lppsg(r,v) = —(v, Vag(z,v)) + ((9A1) (2, R(x)v) = (9h1) (2, v))
o (v0) [ sty = glo0))
which can be written as L3 pgg(z,v) = (L + L5 + LF)g(x,v) for

Lpg(x,v) = —(v,Vyg(x,v)),
B9(x,v) = g(z, R(x)v) A1 (2, R(z)v) — g(2,v) A1 (2, ),

Chate.0) = (v(0) [ ataniy — gla.0)) .

E.2 Proof of Proposition 16

We start by focusing on the left hand side of (26), i.e. Lhpg(pf2). We find since p is
rotationally invariant in v

Lpps(pf2)(x,v) = M(i&v){@a V() fa(,0) = (v, Vo fo(2,0)) + (= (v, Vi(2))) 1 fa(, R(2)v)
~ 0.V alr0) + A [ Falagr(dy) = M falo )}
We shall consider the case of v = £1, hence v = (1/2)d41+(1/2)d_;. In particular this choice

satisfies Assumption 30 below. Introduce the notation f, () = fa(w, 1), f5 (z) = fa(x, —1).
We have in the 1-dimensional setting

Lops(uh) e, +1) = =, +D{ 5 @) + (<00 + M /2 fF ) = /24 (8 (@)1 5 (@)},
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Laps(uf2)(@, 1) = +p(z, ~D{ (7)) @) + (/@)1 + /25 (@) = (/2 + (+8 (@)1 f5 (@) }-

Define function h such that h = Liu, and also h*(z) = h(z,41) and A~ (z) = h(z,—1).
Therefore we wish to solve the following system of ODEs

{(f;)’(w) = —(A/2+ (=¥ (2)4) f2 (@) + (M /2 + (=0 (2)) 1) f5 () = b (2), (54)
(f2) (@) = =\ /2 4 (+0' (@) ) 5 (@) + (A /2 + (9 (2)) ) fo (@) + 7 (2),
with compatibility condition (27), which in this case can be written as

| U@+ g5 @)nterds =0 (55)

with m(x) = pu(z,1) + p(x, —1). Let us find a solution to (54) for a generic (continuous and
locally lipschitz) function h. Start by subtracting the first line to the second line in (54):

(f2) (@) = () (@) = (¥ (@)4 = (=¥ (@) ) (f5 () = f5 (@) + hs(), (56)

where hs(z) = h*(z) + h~(x). Define g = f, — £, and notice that (¢/(x)); — (=¢/(x))4 =
Y'(x). Then we can rewrite (56) as

g'(x) = ' (z)g(x) + hs(2).

Solving this ODE using an integrating factor we find

g(x) = exp (Y(z)) lim [exp (=t (y)) g(y)] + exp (1#(56))/_1 hs(y) exp(—(y))dy.

Yy——00

Recall that g = f~ — f™ and f, f~ satisfy (55). In order for f5 to define a proper density
we require

/OO g(x)m(2)dz < co.
For this to hold it must be that hm;o_oo exp (—1(y)) g(y) = 0 and thus
o) = exp (0(a)) [ halw)exp(-vlo)d. (57)
Since f; (x) = f3 (z) + g(z) and plugging this in the first equation of (54) we obtain the
o (5)(@) = On/2+ (—0/ (@) )g(@) — b* (@)

which can be integrated as
@ = 0+ [ (On/2 4 (00D )9) ~ 1 ) d. (58)
It follows that
@) = 50+ [ (/2 (00 )atw) — @) d
e (0(e)) [ hely) expl-v ().
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Finally we compute f;"(0) enforcing the compatibility condition (55). Plugging (58) and
(59) in (55) we find the condition

O == [~ (a2 [ (/24 (0 ))o) ~ b)) dy)adde. (60

—00

E.3 Computing L3

In this section we obtain the terms L3 for the splitting schemes DBRBD, RDBDR,
DRBRD, BDRDB. This is necessary in order to find the analytic expression of fs given
by Proposition 16. We shall focus on the case of BPS with a general dimensionality of the
process. Recall that in the one-dimensional case this coincides with the ZZS.

Let us consider the following assumption on the invariant distribution of the velocity
vector.

Assumption 30 The invariant measure for the velocity component v satisfies the following
conditions:

1. Invariance under rotations: v(w) = v(v) for any v,w such that |v| = |w|;
2. Mean zero: E,[V] =0;
3. Isotropic: for some b > 0 it holds that Cov, (V') = bl.

These properties hold for instance if v is the standard Gaussian distribution, as well as if v
is the uniform on the unit sphere (in that case b = 1/d). We find the following expressions
for L3.

Proposition 31 Let Assumption 30 hold and define

Al 0) = D0 (V9P — Ab(a)) + 200, Vo) i (o, Ba)o) + (v, V20()0)),

B(z,v) = S, R(w)o) (o, V() — (R()o, V() R@)e)) + 5 (v, Ve (o, V2b(ae)),
C(a,v) = 3N (w, R@)v) (= 2(v, V2 (@)} + (v, Vi(a))2) = (v, V((v, V2p(2)0)),

D(z,v) = A (BV(@)? ~ A(@)) +{v, V(o) + (v, V(o) (Ao, R(2)o) + Ma(a,0)) ).

The splitting scheme DBRBD satisfies

su(x,v) = u(:lcév) (A(x,v) + B(z, v))

The splitting scheme RDBDR satisfies

Liu(x,v) = 'u(fév) B(z,v).

The splitting scheme DRBRD satisfies

sz, v) = “(fé” (D(x,v) + B(z,v) + ng, w(a:») .
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— Splitting DBD
—— Splitting BDB
——-BPS

Error radius

Step size

Figure 6: Error for the radius statistic for a one-dimensional standard Gaussian target. Here
Ar = 0 for both schemes DBD and BDB. The dashed, blue line corresponds to second order
convergence. The time horizon is fixed to T' = 105 and the number of iterations is N = T'/4.

The splitting scheme BDRDB satisfies

st = POV (L aa0) + C(e0).
Remark 32 Clearly, if L5 = 0 then fo must be a constant that satisfies (27) and hence it
must be that fo = 0, i.e. the second order term in us is zero. This is the case for instance
for scheme RDBDR when the target is a multidimensional standard Gaussian. Indeed in
Section 1.2 we proved that RDBDR is unbiased for standard Gaussian targets, thus this is
a consistent result. In the same setting, we observe that fo = 0 for schemes DBRBD and
DRBRD when the refreshment rate is A\, = 0. This is an expected result, as when A\, =0
these schemes coincide with RDBDR. In Figure 6 we confirm that, for a one-dimensional
standard Gaussian and when A, = 0, the scheme DBD is unbiased, while the scheme BDB
s of second order.

In Proposition 31 we consider symmetric splitting schemes of the form

) ) ) )
LS — o5LA 5L OLC 5B 5 LA

For such schemes, the Baker-Campbell-Haussdorff formula gives that the adjoint of the
generator of the chain satisfies the following decomposition:

Lg=L"+ D ([Ec, (Lo, L+ L] + L, [Cr, LAl] + [£¢, £, LA]] + [Lh [Los L24]]
— 51L5, L5, L8]] = S1L4, 164, £2]] - 51L4, 14, £5]]) + O(5")
= L* +6°L5 + O(5Y).
where £* = L% + L + L is the adjoint of the generator of the process with generator
L=Ls+ L+ Lc. In order to prove Proposition 31 it is then sufficient to compute the
commutators above for the four schemes we are interested in. In Section E.3.1 we obtain

the first and second order commutators of BPS, while in Section E.3.2 we use the BCH
formula and the obtained results to prove Proposition 31.
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E.3.1 COMPUTING THE COMMUTATORS OF BPS

In this section we compute the first and second order commutators for the various compo-
nents of the adjoint of the BPS.
In the following we shall rely on the following equalities

Lpp(z,v) = (v, Vip(x))p(z, v),
pr(E,v) = = (v, Vi(z)) p(, v),
ri(,0) = 0.

To obtain L£},u(z,v) we used the trivial, but useful, identity
va::u’(xv ’U) = —Vw(x)ﬂ(ﬂfv ’U).
The following lemma groups two other useful identities.

Lemma 33 For A(z,v) = (v, Vi(x))4 it holds that

Az, R(z)v) = Mz, v) = —(v, Vip(2)),
A (z, R(x)v) + A1 (z,v) = +|(v, Vip(x))]. (62)

First order commutators. Let us start computing the three first order commutators
(L%, LD, (L5, L], and [LF, L], which are essential to compute higher order commutators.
This is done below respectively in Lemmas 34, 36, 37.

Lemma 34 Let g be a suitable function. It holds that

(L5, Lplg(z,v) = =(R(x)v, (Vag) (2, R(x)v)) M (2, R(x)v) + (v, Vag(z,v)) M (2, v)
+ (v, Vy (g(x,R(x)v))q(m, R(x)v) — g(x, v))\l(x,v)>>.

In particular if g = p
(£, Lplp(x,v) = u(x,v)(@,V¢($)>(<v,vw(iﬂ)> — (v, Vip(2))]) — <U,V2¢J($))U>)~

Remark 35 Alternative ways to write [LF;, L,]p(z,v) can be found using the identities in
Lemma 33. We find

(L5, Lplu(x, v) = p(z,v)

— (e, v)

M@, R(z)v) = M(z,v) + (v, Vib(2))? — (v, Vzl/}(fﬂ)@)

(@, R@)v) = Mz, v) + (v, (V@) V(@) = V2b(a))v) ).

7/ N 7N

Proof We have

(LB, LDplg(z,v) = LB(—(v, Vag(z,v))) — Lp(9(z, R(z)v) M (2, R(z)v) — g(z,v) M (2, v))
= —(R(x)v, (Vz9)(z, R(z)v)) M\ (z, R(z)v) + (v, Vzg(z,v)) A1 (2, 0)

(
+ (0, (9(@, R@)o)h (2, R()o) = gla, )M (@,0)))
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and hence

[, Llu(e,v) = —u(fr 0)(o, w(x»w < > )+ M (w,0))
Ve (@, v) (e - Xi(z,0))))
- u(x v)(A%@c Rl - <w v>>
— (0, Vo (2, v) {0, V() )).

Then note that
(0, Va (i, 0) (0, V(@) ) = (0, V2 ()0 = V() (v, V() ol v).
and hence

(L5, Lplu(z, v) = M(%v)((v,V%b(ﬂﬁ)((v,Vw(x)) — {0, Vip(2))])) - <U,V2¢(fv))v>)-

Lemma 36 Let g be a suitable function. It holds that

(L Lplate,0) = o) (0. [ Faglan)dy) — [ 0. Vgl )y
In particular if g =
[ LpIa(E, ) = — Ao, VO(@)a(z,v).
Proof We find
£ £lo(o.0) = Lt Vagla, o)) = £ (A () [ ateppay = ot ) )
=, () [0 Feotoin — (0. 9ot
00 Va((0) [ glv)dy — gla,0))

=\ (0)((t0, [ Vagte,w)dn) = [ (9. Vaglo.)s)

and thus

(LR, Lplu(x, v) = Lx((v, Vi () p(z, v)) = =Ar (v, Vi (2)) p(, 0)
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Lemma 37 Let g be a suitable function. It holds that

(LR LBlg(z,v) = A (V(v) /(g(w, R(x)y) i (z, R(z)y) — g(x, y)\i(z,y))dy

= (vt [ oty <v,w<w>>>.
In particular if g =

(LR, LIz, v) = =[LR, LD]u(z, v) = Ar(v, Vi (2)) (2, v).
Proof Compute

(LR, LBlg(x,v) = Li(g(z, R(z)v) A1 (z, R(z)v) — g(x,v) A1 (z,v))

=2 (0 (v [ stetn - o)) )
=, (40) [ (gl Ry (o R@)y) = (o)A (.9))dy
— gl R(@)o)\i (@, R(2)v) + g(z, v)hi (x,v) )

A B

- »( (uuz(x)v) / 9. y)dy — g(a, R<x>v>> M (e, R(z)v)

A

- (V(v)/g(w,y)dy g(xm)) Al(ﬂ«“ﬂ)))-
N——

B

It is now sufficient to cancel out the terms denoted by A and B that appear twice with
opposite signs to obtain the final statement. To compute g = u, we can use that Lp + Lp
and Lp both preserve the invariant distribution, hence [L};, L]z, v) = —[LF, L]p(z, v).
[ |
Higher order commutators. Let us now compute higher order commutators.
Lemma 38 It holds that
5 (L Lol v) = Arpa(,v) (0, V(@) (A, R(@)v) + (2, 0))
+btx(Tih(a) (Vi (@) — V2(x)) ).

Proof Applying Lemma 36 we obtain

[C5. [ LIz, v) = =ML ({0, V@)ae,v)) + Lk, £5] ({0, V(@) u(e,v))
= A ((R(@)v, Tb(@)p(e, 0) A (2, R(z)o) — (0, Vo)), 0) (z,v)
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A0) (0 Vi [ Vo@Dt ))dy) = [ Vol Vo)) dy)
= Aepi(,v) (o, V(@) (A (@, R@)v) + A ()

i) ([ (o VPla)y) ~ (0. Vola)*)wdy) )
= opa(,0) ({0, V(@) (M (2, R(2)v) + M (2, 0))

+ bt (Vo) (Vi) - V2(a)) ).

Note that in the last line we used that (a, b)? = (a,bb”a) and that

d d
[t (To@) v - Vi) ~3 N (v - V@) [v(ay)
7j=1/4=1
— btr(Vi(a — V2(x ))

(63)
which is a consequence of Assumption 30. |
Lemma 39 It holds that

[‘C*R7 [‘C*R7 ﬁ*BH/L(l', U) = —Az/j,(.%', 'U)<’U, Vw(x»
Proof Since Lu(z,v) = 0 we easily find
(L3, (L3, LBz, v) = LR (v, V() p, ) = =Ap(z, v) (v, Vip(z)).
|
Lemma 40 It holds that
(L, [LR, LDz, v) = N p(z,v) (v, Vip(x)).
Proof The result follows from Lemma 39. [ |

Lemma 41 [t holds that
(L [£5, £hl)a(z, v) = Aepa(a, ) (btr(vwx)w(asf - V()
= (M, R(2)) = X (w,0) + (v, (Tb(2) V(@) — v2w<x>>v>)>
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Proof Taking advantage of Lemma 34

(L (L5, Lolln(z, ) = Lk (e, v) (M (e, R(z)o) = Mz, 0) + (v, (V@) V(@) = V2(x))) ))

= Aesi(,0) ( [ (3@ R@) = Xi(a.) + 0. (V) V@)~ T20(a))a))v(dy)

— (M@, R(a)) = X(z,0) + (v, (Vi (@) V()" - v2w<x>>v>)).
Observe that for A = {y : (y, Vi(z)) > 0} we have

[0t @) = Nwawian) = [ To@ vy - [ . I0@) v
=0.

This can be seen by the change of variables ¢y = R(x)y in the first integral. The result
then follows by using (63). |

Lemma 42 [t holds that
[ﬁ*B7 [‘CE7 ﬁ%“ﬂ(xv U) = _Arﬂ(xv 1))<1), VT/J(HT»(M(% R(x)v) + A\ (1‘, U))
Proof Consider now

(L5, [LR, Lpllu(x,v) = Lp(Ar{v, V() (2, v)) + [LR, LB]((v, Vib(2)) pu(, v))

= Arpla.v) (<R<x>v, V() . R(2)0) — (0, V() A (. v)
+ [ (R Vo@)nite, Bay) — (o o)) )vidy

+ [, w<x>>u<dy><v,w<x>>>.
The last term equals zero as v has mean zero. Then observe that by Identity (61)
[ (B@w. Vo@)xi @ Bl - (o, Vo)l vidy) =
—— [ V@)t R@h) + X))

=~ ([ Ml Ry Potdy) ~ [ MaGePvian)
=0,

where the last equality follows by invariance under rotation of v as required in Assumption
30. Hence we have obtained the statement. |
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Lemma 43 It holds that
[£5, [ Lplln(e, ) = 2pu(w, )M (@, R(@)o) (0, V(@) = (v, V2(x))
— (R(2), VY2 (2) R(x)0) ).
Proof By Lemma 34 we find
(L5, (L5, Lollule,v) = L3 (1@, 0) (N (@, R(z)) = X(z,0) + (v, V(@) - (v, v2w<x>v>>))
o
+ (L5, £5] (v, Vo @)ule,v) ). (%)

Let us treat the two terms separately, starting with (*). After applying £3 and using that
R(z)(R(x)v) = v the first term becomes

() = nla,0) [ (3, v) = (@, R@)o) + (R@)v, Vb (@))? = (R(@)o, V20(@) R(2)v) ) A (@, Rw)o)
= (M, R(@)o) = M(w,0) + (0, V(@) = (v, V20(@)0)) ) M (2, v)]
= ()| (N (@, v) = N (z, R(@)v) O (2, R(2)0) + X1 (2, 0))
v, Vi())* (A (, R(x)v) — i (2, v))
R(x)v, V4 (@) R()o) A (@, R(@)v) + (v, VAb(@)o) A (@,0)]
Using Identity (61) we obtain that
(v, Vib())? (M (, R(x)v) — i (2,0)) = (N (2, v) — Az, R(2)v) (M (@, R(2)0) + A (x,0))

and thus cancelling out the corresponding terms in (*) it follows that

+
—{

(%) = ulw, v) (v, V2e(@)0) M (2, 0) = (R(w)v, V26(2) R(@)0) s (2, R(2)v) ).
Focusing now on (**), we apply Lemma 34 to find

(**) = —(R(z)v, Va ({v, V¢( )l U))( ( Ju))Ai(z, R(z)v)
+ (v, Va ((v, Vb (2)) e, v) ) ) M (

+ (0,7, (R, vw@:»u( ,v>A1<x,R< o) = (v, Vo)), v)hi (2,0) ).
Recalling that
Va0, V(@) u(, v) = pl, 0) (V2 ()0 = V) (v, Ve(a))),
we find
() = e, v) | (~(R(@)v, V20(2)R@)o) + (o, Vi (@))) M (@, R(z)v)
+ (o, V2 (@)v) — (0, Vib(@))?) i (z,0)|
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— (0,9, (v, Ve (@)l v) (o, ib(@))])).

In particular we used Lemma 33 to write the last term more compactly. The derivative in
the last term can be computed as follows

~ (0, Ve (o, V@) u(a, )] (0, V@) )) =
= —pu(a, v) (v, V2p(e)ul(v, Vi(@))] = V() (v, Vo)) (v, Vib(a))]
+ (v, V() sign( (v, Vi (2))) V2 (2)o)
= (e, v) (= (0, V(@) |, Ve(@)] + 0, V(@) ({0, V(@) + (v, Vi (@)sign((v, Vi(@))) )
(= 0, V@) I, V@) + (v, V2 @)0)2] (v, Vo))
0, V()| (v, V()2 - 200, Vh(a)v)).
Hence re-applying Lemma 33 we find

= —u(z,v)
= plz, v)[{
() = ule,0)| = (R(2)o, V2U(@)Ra)o) M (@, R(a)v)

+ 2(v, Vip(x))2 M1 (z, R(x)v) — (2A1(z, R(z)v) + M (2, v)) (v, VQw(x)v)].

The proof is now concluded by summing (*) and (**). |

Lemma 44 It holds that
LD, [Lh, Lllp(z,v) = Al v) ((v, V(@) = (v, V2(x)v)) -
Proof Consider now [L},, [Lh, L3]]:

(LD, [£R, Lpllu(x, v) = Lp(Ar(v, V(@) p(2, ) = [Lr, L5]({v, Vi (2)) (i, v))
= —(v, Va(Ar (v, Vo (2)) (2, v)))

() [ (0 TH@N e, Bla)y) + A )od)
= Arﬂ(xav) (<U7 V¢($)>2 - (Uv VZIZJ(‘T)U» :
In particular we used that
[t TN Oue, i) + Ml n)wldn) = [ MilePotdy) = [ 2o R@p)v(dy) =0

which was shown in (64). [ |

Lemma 45 It holds that
(£, [ Lollule, v) = Arpa(w,0) ({0, V20(@)0) = (0, Tib()?
+btr (V2(x) - Ve(2)Vi(2)") )
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Proof By Lemma 36
(LD, LR, Lpllix, v) = =\ L ({0, Vi (2))p(w, v)) = [LR, LD]((v, Vi (2)) pl(x, v))

— Al v) (<v, V() — (v, V()

+ /(<y, V2 (z)y) — (v, Vw(w)>2)1/(dy)>-

The statement follows by Equation (63). [ |

Lemma 46 It holds that
(LD, [L, LD]] = n(z, U)( — 40, Vp(2))* M1 (2, R(x)v) + 7(v, V(2)v) M (2, R(z)v)
+ (v, Vo ((v, V2(2))v))) + (R(z)v, Vzv,b(ac)R(:c)v))\l(x,R(x)v)).

Proof By Lemma 34 together with Lemma 33

(L5, 15, Lol v) = £ (e, ) (v, T (@) (0, V(@) = o, V@) - (v, V() ))

— £, Lol ((v, V(@) p(z, v)). (1)
= (1) = (1)

Consider the two terms separately, starting from the first one:
(1) = ( v) o, Vib(@)) (v, V@) (v, V@) = (v, Ve(@)]) = (v, T20(2)0))
— p(, ) (v, 2(0, Vi (2)) V2 ()0 — 2V (2)o| (v, Vi (2))] = Va({v, V2(2))0)))
= u(z, v)( = 2(v, V()2 M (, R(x)v) + (v, V2 (2)) (=3 (v, Vip(x)) + 2| (v, Vip(x))|)
+ (0, Val (v, V2(2)0))))

The second term (f7) is the same as term (**) in the proof of Lemma 43. The statement
follows taking the difference of the two terms (1) and (1) and using Lemma 33. [ |

E.3.2 PROOF OF PROPOSITION 31

Now we apply the expressions for the commutators derived in Section E.3.1, thus obtaining
the expressions for £3 of Proposition 31.
Let us start with splitting DBRBD:

* 1 * * * * * * * * * * * * *
Lop(z,v) = 1 <[£R> (LR, LD + LBl + L, (L, LD]] + LR, [£5, LD]] + [L, [LR: LD]]
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— 5168 £, £31) — 31£5, 15, 3] - 51C5, (€5, £3])
_ ) @A (btx (Vi) V()T — V20(x)) + 200, Vi) e, R(ao) + (o, V20(x)0) )

+ D, R(w)o) ({0, V26()e) — (Rla)o, V(@) R@))) + 3 (0, Val (o, v2¢<:c>v>>>).
Then focus on splitting BDRDB:

* 1 * * * * * * * * * * * * *
Lop(z,v) = 1 ([£R7 (LR, LD + LBl + (LD, (LD, LB]] + [Lr, LD, LB + LD, [Lr, LB]]

— S1E5 1Ch, L3 — L5, 15, £3] - 51C5 (£, £3])
— “(51”2'”) < 0 (pir(Ve@) T @) — V20(@) + 2o, Vo) i, Ra)) + (v, V20()0))

+ 3\, B(x)o) (= 200, VAp()o) + (0, Vo (@)?) = (v, V(o v2w<x>v>>>> .

Consider now RDBDR:
ks
12
— 51£5. 15, L8] = 5Lk (L5 L8]] = 5 (L0 (L5 £5])

Lop(z,v) = ([573, (L5, Lk + LDl + (£, [£ps LR + (£ [£D, LRI + [£D, [£5, LR

_ ) @m? R(a)o) ({0, V29()0) — (R(z)o, V(@) R()o) ) + 5 (0, Tal v2w<x>v>>>>.

Finally focus on DRBRD:

* 1 * * * * * * * * * * * * *
20T, V) = By ~By~D R Ry ~R>%~D By |~R>~D Ry ~B>*~D
Lip(z,v) B (L5, [Ls, LD + LR + LR, [LR, LD + L5, [LR LD]] + LR, [L5: LD]]

— S5 [ L3 2 1C5. 1D, £3) — 1 Ch (£, £3))
_ M(fév) (‘;)\ (btr(w(x)w(x)T — V() + (v, V(@) (3M (z, R(z)v) + A ()

+ (v, VZw(x)v)) + gmx, R(z)v) ((v, V2y(z)0) — (R(z)v, VQw(x)R(:c)U>>

+ %@, V({v, V2(z)v))) + gxim W(x)>> :

E.4 Application of Proposition 16 to three one-dimensional targets

In this section we give analytic expressions for fs for the four splitting schemes considered
in Section 4.2 for three different one-dimensional target distributions, together with various
numerical simulations.
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Figure 7: Square root of the MSE in the estimation of the radius statistic, 22, with a

one-dimensional standard Gaussian target. The step size is set to § = 0.5, the number of
iterations is N = 2 x 10°, and the experiment is repeated 300 times. The schemes BDB
(left) and DBD (right) correspond to including the refreshment part in B. In schemes
B_DR_B (left) and DR_.B_DR (right) we denote by B the standard bounce part, by DR
the transition kernel which corresponds to having refreshments and deterministic motion
together, and we use underscores to divide these two kernels.

The heuristic argument of Section 4.2 and the numerical simulations of Figure 7 sug-
gest that schemes having DBD as their limit as the refreshment rate goes to zero have a
smaller bias in the x component compared to those that converge to BDB. Similarly to
Section 4.2, here we focus on schemes RDBDR, DBRBD, DRBRD, as well as BDRDB.
For these four schemes we computed £} in Proposition 31 and give the corresponding ana-
lytic expressions of fo for three one-dimensional targets: a standard normal distribution (see
Proposition 47), the distribution corresponding to the potential ¢)(x) = z* (see Proposition
48), and the Cauchy distribution (see Proposition 49). The results, both according to the
theory and numerical simulations, are shown in Figure 9.

Let us comment on these results. First of all, the theoretical results and the numerical
simulations of Figure 9 are consistent, in the sense that they report the same behaviour
although they consider two different metrics. In particular, the bias of schemes RDBDR
and BDRDB appears to be independent of the refreshment rate, while DBRBD and
DRBRD have respectively linear and quadratic dependence. In the one-dimensional case,
the plots show that it is best to choose A, = 0, which is possible as in this case BPS is
irreducible. However, in higher dimensional settings it is necessary to take A, > 0 and
thus it is essential to use schemes that have good performance for most values of A,. From
Figures 1 and 9 it is also clear that RDBDR typically has the smallest bias out of all the
considered splittings. The experiments in Figure 10 suggest that the findings of the one-
dimensional case extend to multi-dimensional targets. In particular, RDBDR has either a
better performance than other splittings or behaves very similarly to BDRDB both on an
independent as well as a correlated Gaussian.

E.4.1 GAUSSIAN TARGET

Let us start with a one-dimensional Gaussian target with mean zero and variance o > 0.
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Figure 8: Results for the target distribution with potential ¢(x) = z*. The left plot shows
the TV distance up to the second order term according to Proposition 48. Here § = 0.5,
the number of iterations is N = 2 - 10°, and the experiment is repeated 50 times.
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Figure 9: Results for a Cauchy target distribution with v = 1. Left: TV distance up to
the second order term according to Proposition 49; right: square root of the MSE for the
estimation of the truncated radius statistic 2 A 2. Here § = 0.5, the number of iterations
is N =4-10°, and the experiment is repeated 200 times.

Proposition 47 Let v(z) = 2%/(20?) for 0% > 0. Then:
o For the splitting scheme DBRBD it holds that
A [ 2vV2 a3
5 | == — —sien(z) | .

:24 o\/T O

fQ(SL', —l—l) = fQ(ZE, —1)

e For the splitting scheme BDRDB it holds that
1 1

fa(z, +1) = 352 @1‘21x<0,
1 1
fa(z,—1) = 357 @ﬁﬂmo-

o For the splitting scheme RDBDR it holds that
fg(l’, +1) = fg(x, —1) = 0.

80



PIECEWISE DETERMINISTIC SAMPLING WITH SPLITTING SCHEMES

4 |——splitting DBRBD —— Splitting DBRBD

Splitting RDBDR sr Splitting RDBDR
—— Splitting DRBRD
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— - Splitting BDRDB
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(a) p=0. (b) p=10.7.

Figure 10: Square root of the MSE for empirical estimates of the radius statistic for splitting
schemes of BPS with a 5-dimensional Gaussian target with covariance ; = 1, ¥;; = p for
i # j. The step size is § = 0.5 and the number of iterations is N = 2 - 105. The position
vector is initialised with a draw from the target distribution and the velocity from a draw
from the uniform distribution on the unit sphere.
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Figure 11: Plots of the theoretical invariant measure up to second order for a standard
Gaussian target, as given by Proposition 47. The step size is § = 0.5.

e For the splitting scheme DRBRD it holds that

Ao 2v2 2P A2 z?
fal@, +1) = falw, =1) = 39 ovr ot ) 6

E.4.2 NON-LIPSCHITZ POTENTIAL

Now we focus on a target distribution with non-Lipschitz potential.

Proposition 48 Let ¢(x) = x*. Then:
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For the splitting scheme DBRBD it holds that
A 1 ) 1 (/T(3/4)
1) = D=2 = 9,7 - —z?).
Pt 1) = o= = 3 g7y =25t ) + 5 (7 )

For the splitting scheme BDRDB it holds that
_ 5I'(3/4) B
- 2I(1/4)
_ 5I'(3/4)
Ja(@=1) = 55 /1

fo(z, +1) z? — 42%1,,

1'2 - 41'6]1120 .

For the splitting scheme RDBDR it holds that

ol ) = e 1) = gl 5

For the splitting scheme DRBRD it holds that

e +1) = e =) = 7 (g~ %se0i)) + 5 (g )
+ A <1 - x4> :
8 \ 4

Finally we consider a Cauchy distribution m(z) = /(7 (y% + 2?)) for v > 0.
Proposition 49 Let ¢(x) = In(7? + 22). Then:
e For the splitting scheme DBRBD it holds that

. . )\r ™ ’y’l’| 1
folw, 41) = fole, —1) = o~ <4 larctan(z/y)| + 5 = 77)

1 1 x2 — 2
+ ==+t 53
12 \4v2 (2 +22)?
e For the splitting scheme BDRDB it holds that

.1‘2—3 2\2 .%'4—54.ZU2 2+94
f2(x,v) — <<7)> ]]-I’U<O _|_ ( "Y ’7 > ]l;wzo-

E.4.3 HEAVY TAILED TARGET

4872 (22 + 12)2 4872 (22 + 2)2
o For the splitting scheme RDBDR it holds that
1 1 x?— 72
1) = -=—|-—S+——7=]-

e For the splitting scheme DRBRD it holds that

A

fa(z,+1) = fa(z, —1) = i <Z — |arctan(z/7v)| + 727—|f|x2 B 71r>

1 1 z? — 52 A2 x?
—(=+—=——L )+ (m4a-m(1+=)).
12 <472+(72+w2)2>+ 8 (n n( +72>>
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E.5 Proof of Proposition 17

Fix z € R, 6 > 0 and let G(z,6) := {(z,v) € R x {1} : (x — z)/6 € Z} be the state space
of the chain with initial position z. For now, let 5 be any probability measure on G(z, §)
such that ps(y,w) = ps(y, —w) for all (y,w) € G(z,d), and let us give a sufficient and
necessary condition for it to be invariant by the chain. Since such a pg is invariant by the
refreshment step, it is invariant for the scheme RDBDR if and only if it is invariant for the
scheme R’DBD, where R’ is a deterministic flip of the velocity (which, as R, preserves ps).
Besides, from a state (y,w) € G(z,d), one transition of R’DBD can only lead to (y,w)
or (y + dw, —w), from which it can only stay or come back to the initial (y,w). In other
words the pair {(y,w), (y + dw, —w)} is irreducible for this chain, and thus ps is invariant
for R’DBD if and only if its restrictions on all these sets for (y,w) € G(z,d) are invariant
by this scheme, which by definition reads

Yy, w) € G(x,8),  psly,w)e MITOB0) = sy + Gw, —w)e A FWO/BT),

It turns out that this is exactly the skew detailed balance condition (5) for the scheme DBD.
Writing that ps(y, w) o< exp(—1s(y)) for some 5 and recalling that A\(y,w) — A(y, —w) =
wi (y) for all y,w, this is equivalent to

Y(y,w) € G(x,9), sy + ow) — ¥s(y) = dwy’ (y + dw/2) .

Up to an additive constant, the only function 5 which satisfies this is the one given in the
statement of Proposition 17. As a conclusion, we have proven that a probability measure
on G(z,d) which is independent from the velocity is invariant for the scheme RDBDR if
and only if it is the one given in the proposition, which concludes the proof of the first
statement.

Now we focus on the convergence of empirical means, assuming that the conditions of
Theorem 10 are met. The reference position = € R is still fixed. The long-time convergence
established in Theorem 10 (for P? where Pjs is one step of the scheme) is well-known
to imply an ergodic Law of Large Numbers. In particular, for all initial conditions in
G(z,6) and all bounded f, distinguishing odd and even indexes, we see that % Zi\[zl f(Z,)
(where (Zy, )ken is a trajectory of the scheme) converges almost surely as N — oo to
fs(f) == (W5(f) + uf(f))/2, where p} and pf are the unique invariant measures of P# on
each periodic component of the state space. In particular, fis is an invariant measure for
Ps. In dimension 1, the scheme DBD is such that for all y, for all times, the number of
visits of the points (y,1) and (y, —1) differ at most by 1, which implies by ergodicity that
is(y, w) = ps(y, —w) for all (y,w) € G(z,0), and we conclude thanks to the first part of
the proof.

Appendix F. Proofs of Section 5
F.1 Proof of Proposition 18

Recall the expression for the acceptance rate (7) for given initial state (z,v) and proposed
state (X, Rjv), as well as our notation /9 = = + vd/2. Let us rewrite the exponent in

the acceptance probability using Taylor’s theorem. Expanding 1(X) as well as 9;1(z, /2)

83



BERTAZZI, DOBSON, AND MONMARCHE

around z we find

(@) = Y(X) + 0> vt (1)2) Zvl > Oib(a); + S H(x,v) + O(6"),  (65)
¢l z%] jel
where
H(x sz v, V20 () Z D (x) (v + Ryv)°.
Z¢I a:a|=3

By O(6*) we denote a remainder term that depends on fourth derivatives of v, is uniform
in § € [0, ], and under our assumptions increases at most polynomially in z.

We shall compute the probability of rejecting the proposed state by partitioning the
state on whether there are no events, or one or more components of the velocity are flipped.
Consider first the case of no events. In this scenario the second order term in (65) equals 0
since [ is the empty set. Recalling that =, — 1'3_/2 <1l—-1Ae* <z wefind

E[(1 — a((z,v), (X, ‘N/)))Ilno events) = Max (O, exp(—dA (712, v))é?’H(x, v)) + (’)(54)

1
= §° max 0.~ > D¥(zp® | + 0.

o:|a|=3

On the complementary event we find

E[(1 - a((z,v), (X, V)))ILZ 1 events]

2
*imax 0, Z Zle@]w ij(1—exp(d)\i(xl/z,v)))Hexp(é)\j(:rl/g,v))

L<|I|<d i¢gI  jel iel jer
+ O(8Y)

5 &
= Emax O,z_;)\i(xl/z,v)vigvkﬁikw(x) + 0(54)

In the last line we focused on the terms corresponding to only one component of the velocity
being flipped, as these are the only situations with leading order, and we expanded the
exponential terms. The term \;(z;/9,v) can be substituted by the term A;(x,v) because
the function max(0,a) is Lipschitz and ¢ is smooth. We obtain the statement in the
proposition by summing the case of no events to that of one or more events.

F.2 Proof of Proposition 19

The proof is similar to that of Proposition 18, so we only give the main steps. Observe
that we only need to focus on the DBD part of the splitting scheme, as refreshments do
not affect the rejection probability. Similarly to Proposition 18 we distinguish two cases
based on whether a jump happens or not. In the case in which no rejections take place we
have that the proposal is X = 2 +vd. We rewrite the exponent in (11) replacing (X)) and
Vi(xy /2) with their Taylor expansions around x. This gives

(@) = P(X) + 6(v, V(21 2)) =——53 > Dp(a)u” + O(8%).

a:lal=3

84



PIECEWISE DETERMINISTIC SAMPLING WITH SPLITTING SCHEMES

Following a similar reasoning of Proposition 18, we find that in this case

~ o~ 3
IE[(lfa((oc,v),(X,V)))Ilnomﬂection]:‘2s max [ 0,— > D%(x)v™ | +O(").
a:la]=3

On the complementary event we shall use the following Taylor expansion:

0@) (e + (0 R(e1j2)0)6/2) = —3 o+ Rl jo)o, Vib(ar o)
2
O (0, V20 j2)0) — (Rl ), V2 (o) Rl ) + O,

Notice that the first order term equals zero by definition of the operator R. Hence on the
event that a reflection takes place we find

E[(l - a((xu U)7 (Xa v)))ﬂreﬂection]

3
58max (0 )\(331/27 )(<U7V2¢($1/2)U> - <R(331/2)U7V21/1(331/2)R($1/2)U>)) + 0(54)-

It remains to show that we can replace x5 by = which follows if the 0% term is continuous
in z1/5. Using the definition of A and R we find that

F(y) :== Ay, v) ((v, V2 (y)v) — (R(y)v, V2 (y)R(y)v))

Vii(y) Vi(y) , ()
=2max | 0,{ ——5,v v, 3 v, VY 5
( <|w<y>|s >>< Voly >\3>< (y)ww( >|s>
v) Vi(y) V)
—max |0 =,V v, S Vyly), Vyly) ——=—= ) .
( <|w< T >>< Voy >>< W (y)rv¢<y>rs>

Since 1) is smooth and z/|z|*/® is Holder continuous with exponent 1/5 the above function

is the composition of smooth and Holder continuous functions, and hence the difference
F(x1/2) — F(z) converges to zero as § tends to 0.

F.3 Bounds on the rejection probability for log-concave targets

Consider a log-concave target distribution for which the potential is gradient L-Lipschitz
and the Hessian satisfies ml; < V2 (z) < M1y, where I; is the d-dimensional identity
matrix. We suppose G is the leading term in G, which is for instance the case when ;3,1
is non-zero only for a small number of indices, and obtain a bound as follows.

Example 5 (Algorithm 3) Observe that
d d

D Nl vy Y odith(x) =Y Az, v) ((v, V2e(2)v) — (Riv, V2 (2) Riv)) .

i=1 ki i=1
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Using the bounds (v, V*(z)v) — (Ryv, V9 (z)Riv) < d(M —m) and max(0,a) < |a| twice
we find

d
A —m) 3" B [0:0(2)]) < SVI(M —m).

=1

EulGi(z,v)] <

| =

In the second inequality we applied Jensen’s inequality to Dalalyan (2017, Lemma 2), which
gives B, [|0;¢(x)]] < VL. Alternatively, we can assume that for all v € {£1}¢ it holds
Vi D gz Ot ()| < M for all i = 1,...,d, where M is independent of d. This holds
e.g. for a correlated Gaussian distribution. With this assumption we find with similar
computations as above E,[G1(z,v)] < LdvVLM.

Example 6 (Algorithm 4) In order to have a fair comparison between BPS and ZZS, we
consider BPS with Gaussian velocity. This choice ensures that the Euclidean morm of the
velocity vectors of the two samplers are equal (on average). Similarly to Example 5, under
the assumption that V4 is L-Lipschitz and ml; < V2 (x) < MI, it is not hard to obtain

the bound E,[G1(z,v)] < Md;

Appendix G. Pseudo-codes for Section 6.2

Here we give the pseudo-codes for the jump parts of ZZS and BPS considered in Section 6.2.
These are respectively Algorithm 7 and Algorithm 8. Both algorithms take as input the
gradients Vi1 and Vg, which are defined as follows:

Vi (z (Z V(x; — wi41) )
Via(@, ) <ZW o )

The pseudo-code for HMC is given in Algorithm 9.
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Algorithm 7: Part B for the ZZS considered in Section 6.2

Input: Initial condition (x,v), step size d, gradients Vi1, Vibo.
Output: Updated velocity vector v.
for i + 1 to N do

t<0

71 ~ Exp((v;0;¢1(2))+)

7o ~ Exp(1)

while min(7,72) <0 —t do

if 1 < 7 then

t<—t+m

Vi < —U;

T < T2 — T1

T1 < OQ

else

t—t+m

J ~ Unif({1,...,N})

U ~ Unif[0, 1]

if U < (v;0;¢2(x,J))+ then
Vi < —U;
71 ~ Exp((vidiv1(2))+)

else

L T < T1 — T2

79 ~ Exp(1)

return v
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Algorithm 8: Part B for the BPS considered in Section 6.2

Input: Initial condition (z,v), step size §, gradients Vi1, V)a.
Output: Updated velocity vector v.

t<0

B+ VN|v|

71 ~ Exp((Vihi(z),v)4)

72 ~ Exp(B)

while min(m,72) <0 —t do

if 71 < ™ then
t+—t+m

v<—v—2<|vv1v/;f1 2 L4 (z)

To < T9 — T]
T1 < OQ
else
t+—t+m
J ~ Unif({1,...,N})
U ~ Unif][0, 1]
if U < @Vt then

V4= v — 27<\UVZ¢(21(93J|2 Vipo(z, J)
71 ~ Exp((V{)1 (), v)+)
else
L T < T1 — T2
| T2~ Exp(B)
return v
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Algorithm 9: HMC algorithm considered in Section 6.2
Input: Initial condition x, step size J, number of iterations niier, parameters M, K,
gradients Vi1, Vi)s.
Output: Markov chain (X,,),".
for j + 1 to nj., do
Refresh v from the standard Laplace distribution
for £k + 1 to M do
J ~ Unif({1,...,N})
v v — $6Vipo(x, J)
for [ < 1 to K do
V- U — %5V@ZJ1($)
T4+ % - sign(v)
V- v — %V@bl (x)
J ~ Unif({1,...,N})
v v — 56Vs(x, J)

Xj%.%’

Niter

return (X)), "
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