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Abstract

We study policy gradient for mean-field control in continuous time in a reinforcement
learning setting. By considering randomised policies with entropy regularisation, we derive
a gradient expectation representation of the value function, which is amenable to actor-
critic type algorithms, where the value functions and the policies are learnt alternately
based on observation samples of the state and model-free estimation of the population
state distribution, either by offline or online learning. In the linear-quadratic mean-field
framework, we obtain an exact parametrisation of the actor and critic functions defined
on the Wasserstein space. Finally, we illustrate the results of our algorithms with some
numerical experiments on concrete examples.

Keywords: Mean-field control, reinforcement learning, policy gradient, linear-quadratic,
actor-critic algorithms

1. Introduction

Mean-field control (MFC in short), also called McKean-Viasov (MKV in short) control
problem is concerned with the study of large population models of interacting agents who
are cooperative and act for collective welfare according to a center of decision (or social
planner). It has attracted a growing interest over the last years with the emergence of mean-
field game, and there is now a large literature on the theory and its various applications
in economics/finance, population dynamics, social sciences and herd behavior. We refer to
the seminal two-volume monograph Carmona and Delarue (2018a)-Carmona and Delarue
(2018b) for a detailed treatment of the topic.
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Mean-field control problems lead to infinite dimensional problems in the Wasserstein
space of probability measures, and analytical solutions are rarely available. It is then crucial
to design efficient numerical schemes for solving such problems, and in the past few years,
several works have proposed numerical methods in a model-based setting based either on
forward-backward SDE characterisation of MKV from Pontryagin maximum principle, or
Master Bellman equation from dynamic programming, and often relying on suitable class
of neural networks, see e.g. Carmona and Lauriere (2022), Germain et al. (2022a), Germain
et al. (2022b), Han et al. (2024), Reisinger et al. (2021), Pham and Warin (2024a), Dayanikli
et al. (2024).

The question of learning solutions to MFC in a model-free setting, i.e. when the environ-
ment (model coefficients) is unknown, has recently attracted attention, see Carmona et al.
(2023, 2019), Gu et al. (2021), Angiuli et al. (2022, 2023), and this is precisely the purpose
of Reinforcement learning (RL): learn optimal control by trial and error, i.e., repeatedly try
policy, observe the state, receive and evaluate the reward, and improve the policy. There are
two main approaches in RL: (i) Q-learning based on dynamic programming, and (ii) Policy
gradient based on parametrisation of policies, and a key feature in RL is the exploration of
the unknown environment to broaden search space, which can be achieved via randomised
policies. RL is a very active branch of machine learning and we refer to the second edition
of the monograph Sutton and Barto (2018) for an overview of this field.

Most algorithms in RL are limited to discrete-time frameworks for Markov decision
processes (MDP) or mean-field MDP, and the study of RL in continuous time has been
recently initiated in Wang et al. (2020), Jia and Zhou (2022b), Jia and Zhou (2022a) for
controlled diffusion processes. In line with these works, we provide in this paper a theo-
retical treatment of policy gradient methods for MFC in continuous time and state/action
space by relying on stochastic calculus that has been recently developed for MKV equations.
Our main theoretical result is to obtain a policy gradient representation for value function
with randomised parametric policies and entropy regularisers for encouraging exploration.
Based on this representation, we design model-free actor critic algorithms involving either
the whole trajectories of the state (off-line learning), or the current and next state (online
learning). In the mean-field context, a key issue is to handle the population state distri-
bution, which is an input of the policy (actor) and value function (critic), and instead of
assuming that we have at disposal a simulator of the state distribution as in Carmona et al.
(2023), we estimate it in a model-free manner as in Angiuli et al. (2022, 2023), which is more
suitable for real-world applications. We next study the linear quadratic (LQ) case for which
we derive explicit solutions, and this can be used for proposing an exact parametrisation
of the critic and actor functions that is incorporated in stochastic gradient when updating
the policies and value functions. The explicit solutions in the LQ setting are served as
benchmarks for the numerical results of our algorithms in two examples. More numerical
examples in the multi-dimensional case and beyond the LQ setting are provided in Pham
and Warin (2024b).

The rest of the paper is organized as follows. In Section 2, we formulate the mean-
field control problem in continuous-time with randomised policies and entropy regularisers,
and state the partial differential equation (PDE) characterisation of the value function in
the Wasserstein space. We develop in Section 3 policy gradient methods by establishing
a policy gradient representation, and its implication for actor-critic algorithms. Section 4
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is devoted to the linear-quadratic setting, and we present in Section 5 numerical results
on two examples to illustrate the accuracy of our algorithms. Finally, proofs of the policy
gradient theorem are detailed in Appendix A, while the derivation of the explicit solution
in the LQ case is shown in Appendix B.

Notations. The scalar product between two vectors x and y is denoted by = -y, and | - | is
the Euclidian norm. Given two matrices M = (M;;) and N = (N;;), we denote by M : N
= Tr(M™N) = >_, ; M;;Nj; its inner product, and by |M| the Frobenius norm of M. Here
T is the transpose matrice operator. Let M = (M, iyi;) € R91X92%ds he a tensor of order
3. For p = 1,2,3, the p-mode product of M with a vector b = (b;) € R%, is denoted by
M e, b, and it is a tensor of order 2, i.e. a matrix defined elementwise as

d1 d2
(M o] b 1213 = Z MZ1’LQ7,3b1,17 (M 2 b)lllg Z M111,2Z3b7,27 (M o3 b 1112 Z Mzugzg
i1=1 ig=1 i3=1

The p-mode product of a 3-th order tensor M € R4 *%Xd with a matrix B = (Bij) €
R%*4 also denoted by M e, B, is a 3-th order tensor defined elementwise as

(M ®1 B Zzzzs Z MZlZ?“ i1£ (M *2 B 21&3 Z MZ”223 il
i1=1 10=1
d3
(M o3 B)iyiye = > Miiniy Bise-
i3=1

Finally, the tensor contraction (or partial trace) of a 3-th order tensor M € R1*dzxds
whose dimensions d,, and d, are equal is denoted as Tr, ,M. This tensor contraction is a
tensor of order 1, i.e. a vector, defined elementwise as

d1
(Try, 2M Z Mgy, (Try, 3M Z Myiye, (Tro, 3M Z M;, 0.
=1 =1

2. Exploratory formulation of mean-field control

Let us consider a mean-field control problem where the R%valued controlled state process
X = X¢ is governed by the dynamics

dX, = b(Xs, Px,,as)ds + o(Xs, Px,, a5)dWs, s>0, (2.1)

with W a standard p-dimensional Brownian motion on a probability space (€2, F, P) equipped
with the filtration F = (F%)¢>0 generated by W, and augmented with a o-algebra G rich
enough to support a uniformly distributed random variable independent of W. The control
a = (ay4)¢ is an F-progressively measurable process with a; representing the action of the
agent at time ¢, and valued in the action space A C R?. Here, Px, denotes the marginal law
of Xy, PQ(Rd) is the Wasserstein space of probability measures p with a finite second order
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moment, i.e., Ma(p) := ([ |x\2,u(dx))% < 00, equipped with the Wasserstein distance W,
and the coefficient b (resp. o) is a measurable function from R x Py(R?) x A into RY (resp.
R4*P), Equation (2.1) is a controlled McKean-Vlasov equation that extends the standard
controlled diffusion dynamics, by incorporating the dependence upon the state distribution.
It represents via the law of large numbers (propagation of chaos) the limit when the number
N of interacting particles/agents goes to infinity of the following system
dXN = p(XPN 1N abNyds + o (XN ul abNYawld, i=1,... N,

where pV = % Z;VZI 0.~ is the empirical measure of the N-particle state (XLN7 cen XN’N),
Wt i=1,...,N, are independent Brownian motion representing idiosyncratic noises, and
o is the control followed by particle/agent i = 1,..., N.

Throughout the paper, we make the standard Lipschitz assumptions on the coefficients b
and o to ensure the existence and uniqueness of a strong solution to the stochastic differential
equation (SDE in short) (2.1) given any initial condition ¢ with law u € Po(R9).

The objective of a mean-field control problem on finite horizon T' < oo, is to minimize
over the control o an expected total cost of the form

T
E| / e F(Xo, Px,. 0)ds + ¢ Tg(Xr, Bx,)|.
0

Here f is a running cost function defined on R% x Py(R?) x A, while g is a terminal cost
function on R? x Py(R?), and 3 € Ry is a given discount factor. This total cost is the
limiting cost of the central planner who aims to minimize over (a™,...,a™") the social
cost

N T

1 , . :

N > E[/O e P fXEN il afM)ds + e Tg (X, i) |
=1

In a model-based setting, i.e., when the coefficients b, o, and the functions f, g are known,
the solution to MFC control problem can be characterised by a forward backward SDE
arising from the maximum principle (see Carmona and Delarue (2015), or by a Master
Bellman equation arsing from dynamic programming principle (see Pham and Wei (2017)).
Moreover, the optimisation over F-progressively measurable process a (open-loop control),
or feedback (also called closed-loop) controls a, i.e., in the form oy = 7(t, X3, Px,), 0 <t <
T, for some deterministic policy 7, i.e., a measurable function 7 : [0,7] x R? x Po(R?) —
A, yields the same value function.

In a model-free reinforcement learning (RL) setting, when the coefficients are unknown,
the agent can only rely on observation samples of state and reward in order to learn the
optimal strategy. This is achieved by trial and error where the agent tries a policy, receive
and evaluate the reward and then improve performance by repeating this procedure. A
critical issue in reinforcement learning when the environment is unknown, is exploration in
order to broaden search space, and a key and now common idea is to use randomised (or
stochastic) policies: in a mean-field setting, this is defined by a probability transition kernel
from [0, T] x RY x P (RY) into A, i.e., a measurable function 7 : (t, z, u) € [0, T] x R% x Py(R%)
— m(.|t,x, 1n) € P(A), the set of probability measures on A. We then say that the process o =
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()¢ is a randomised feedback control generated from a stochastic policy 7, denoted by o ~
m, if at each time ¢, the action oy is sampled from the probability distribution 7 (.|t, X, Px, ).
Note that the sampling is drawn at each time from the o-algebra G rich enough to support
a uniformly distributed random variable independent of W. More precisely, it is defined
as follows: given a probability transition kernel 7w, one can associate a measurable function
br 1 [0,T] x RE x Po(R?Y) x [0,1] — A such that the law of ¢ (¢, z,u, U) is 7(.|t, 2, )
where U is an uniform random variable on [0,1]. We would then naturally define the
control process by a; = ¢-(t, Xy, Px,,U;), 0 < t < T, for a collection of G-measurable
i.i.d. uniform random variables (U;):, but this raises some measurability issues as (t,w) —
Ui(w) is not jointly measurable in the usual product space ([0,7] x Q, B ® G,dt ® P).
To cope these issues, one can use the notion of Fubini extension, see Sun (2006). We
consider an atomless probability space ([0,7], T, p) extending the usual Lebesgue measure
interval space ([0, T, Bjg 17, dt), and a rich Fubini extension ([0,T] x Q, T X G, pXP) of the
product space ([0,7] x Q, T ® G, p®P). Then, from Theorem 1 in Sun (2006), there exists
a T X G-measurable map U : [0,7] x Q — [0, 1] such that the random variables U; = U(t, .)
are essentially pairwise independent, and uniformly distributed on [0, 1]. Denote by F the
filtration generated by (W, U), and consider the controlled process governed by

dX, = b(Xs,Px,,05)ds + 0(Xs, Px., os)dWs, (2.2)

where ay = ¢ (t, X¢,Px,,U) ~ w(.|t, Xt,Px,), 0 < t < T, is F-progressively measurable.
Here, to alleviate notations, we write p(dt) = dt.

Moreover, in order to encourage exploration of randomised policies, we shall substract
entropy regularisers to the cost term, as adopted in the recent works by Wang et al. (2020),
Guo et al. (2022), by considering the Shannon differential entropy defined as

Elnlltan) = — [ ogplt.pa)m(dalta. ),

by assuming that 7(.|¢, z, u) admits a density p(¢, z, i, .) with respect to some measure v on
A. The goal of the social planner is now to minimise over randomised policies 7 the cost

T
J(m) = EOM[/O e[ f( X5, Px,, a5) — AE(n(.]s, X5, Px,)) ] ds + e_fBTg(XT,IP’XT)P.B)

where A > 0 is a temperature parameter on exploration. Here, the notation in Eyr].]
means that the expectation operator is taken when the randomised feedback control « is
generated from the stochastic policy 7, and X = X is driven by the dynamics (2.2).

Let us now introduce the dynamic Markovian version of the above mean-field problem.
Given a stochastic policy 7, an initial time-state-distribution triple (¢, z, 1) € [0,7] x RY x
P2(RY), and ¢ € L%(F;RY) (the set of square-integrable F;-measurable random variables
valued in R%) with distribution law u (€ ~ p), we consider the decoupled state processes
{Xﬁ’g,t <s<T} and {Xﬁ’x’f,t < s < T} given by

S S
X =4 / b(XPE, P e, ap)dr + / o(XEE P re, o) AW,
t s s

s Yo (2.4)
X?J»‘,M =T+ / b(Xi’LM?PXﬁ‘f?O‘HdT +/ U(Xﬁ’x#vPXﬁ’ﬁvar) dW,, t<s<T,
t t

5
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where « is a randomised feedback control generated from 7w, i.e., ay is sampled at each
time s from W(.\S,Xﬁ’z’“,PXt,g) (here, to alleviate notations, we omit the dependence of

X5 and X5®* in o ~ 7). We make the standard Lipschitz regularity assumptions on the
coefficients b and o to ensure the existence and uniqueness of a strong solution to (2.4)
given any initial condition ¢, &, x. By weak uniqueness, it follows that the law of the process
(Xg’g)se[t,T} given by the unique solution to the first SDE in (2.4) only depends upon &
through its law p. It thus makes sense to consider (IP’X?&) seft,7] as a function of p without
specifying the choice of the random variable £ that has p as distribution. In particular, for
any 0 <t < s <T, the random variable X5 depends on & only through its law u. As a
consequence, we can define the cost value function of the stochastic policy 7 as the function
defined on [0,7] x RY x Py(R?) by

T
Vo (trsp) = B [ €7D [FOXE Py 0) = A (s, XE. B ) ds

+ e*B(T*t)g(X;l%N’PXl}’&)} . (25)

Since X£’£’§ = X;’g a.s., the initial cost value in (2.3) when starting from some initial random
state & € L2(G; RY) with law p is equal to J(m) = Eeo, [V™(0,&, p)).

We complete this section by characterizing the cost value function V7, for a given
stochastic policy , in terms of a linear parabolic partial differential equation (PDE) of
mean-field type stated in the strip [0,7] x R? x Py(R?). We first introduce the coefficients
associated to the dynamics and the value function, given a stochastic policy 7, namely

br(ty 2, 1) = /Ab(:v,uva)ﬂ(dalt,fb,u), Y(t, 1) = /A(UUT)(SC,uva)ﬂ(dalt,%u),

felty o) = /A F(@ ma)n(dalt,z, 1), Bty ) = — /A log p(t, 2, 1, a)m(dalt, 7, 1)

and let o, := Z}F/Q.

Before presenting the regularity assumptions, we introduce some notations regard-
ing the Wasserstein derivative (also called L-derivative) of a real-valued smooth map U
defined on P2(RY). We follow the common practice of denoting by 8,U(u)(v) € R?
the Wasserstein derivative of U with respect p evaluated at (u,v) € Po(RY) x R Tts
ith coordinate is denoted by 8ZU(M)(U). We will also work with higher order deriva-
tives. For a positive integer n, a multi-index X\ of {1,---,d} of dimension n, a n-tuple
of multi-indices v = (1, , V) of {1,--- ,d} and v = (vy,--- ,v,) € (RY)", we denote by
aﬁ‘U(,u)(’u) the derivative 8‘))”[ - [aﬁlU(,u)](vl) (o). v 8;)U(,u)('v) is smooth, we
write 93 0,U (1) (v) for the derivative 877 - - - 9} 93U (1) (v).

We will often deal with maps that depend on additional time and space variables. In
particular, we will work with the two spaces C22(R%x Py(R?)) and C122([0, T] x R? x P2 (R?))
and refer the reader to Carmona and Delarue (2018a) Chapter 5 for more details.

Having these notations at hand, we make the following regularity assumptions on the
coefficients b, o, the cost functions f;, g and the Shannon differential entropy E. Below,
7:[0,T] x RY x Py(RY) — P(A) is a fixed stochastic policy.
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Assumption 2.1 (i) For any h € {bﬁr,afﬁj,i =1,---,d,j = 1,--- ,p}, the following
derivatives

Ouh(t, z, 1), O2h(t, 2, 1), uh(t, z, 1) (v), Op[0uh(t, z, 1)](v),

exist for any (t,z,v,p) € [0,T] x (RY)?2 x Py(R?), are bounded and locally Lipschitz
continuous with respect to x, p, v uniformly in t € [0,T]. Moreover, h(t,.) is at most
of linear growth, uniformly in t € [0,T], namely, there exists C < oo such that for all
t,x, W

Bt 2] < CL+ Jo] + Ma(a)).

(i) For anyt € [0,T), fx(t,.), Ex(t,.), g € C*2(R? x Py(RY)).

(iii) There exists some constant C < oo, such that for any (t,z,v,u) € [0,T] x (R%)? x
Pa(RY),

|fr(t, 2, )| + [Ex(t, 2, 0)| + |g(z, p)| < C(1+ |z + Ma(p)?),

|a:vf7r<t7x7//’)| + ‘@Ew(ta%/i)’ + ’accg(xvu)’ < C(l + ’1" + M2(/’L)q)7
‘@Afw(@%ﬂ)(”)’ + ’auEﬂ(t7$7M)<v)‘ + ]@Lg(x,,u,)(vﬂ S C(l + |x‘ + ’U| + M2(M)q),

’au[aufﬂ'(t? z, M)](U)|+|agfﬂ'(tv z, :u)‘ =+ ‘8'0 [a,ltEﬂ'(t? z, M)](U)‘ + ‘6£E7T(ta z, :u)’
+100[0ug (@, W) (v)] + 1039 (x, p)] < C(L+ Ma(n)?),

for some q > 0.

Remark 2.1 [t is readily seen from the integral form of by, Xx, fr, Er that if for anya € A,
the functions (x,p) — b(z, u,a),o0(x, p,a), f(z,u,a) and the density (xz,u) — p(t,z, p,a)
of the probability measure w(dalt, z, 1) are smooth with derivatives satisfying some adequate
estimates then Assumption 2.1 is satisfied. In particular, this will be the case when the
coefficients b, o are linear functions and f together with g are quadratic functions of the
variables of x, fRd zu(dz) and a and if p is a Gaussian density with a smooth mean and a
time-dependent covariance-matriz as in the linear quadratic framework developed in Section

4.
We now have the following PDE characterisation of the cost value function V™.

Proposition 2.1 Under Assumption 2.1, the function V™ defined by (2.5) belongs to C*22([0, T x
RY x Po(R%)) and satisfies the following linear parabolic PDE

LalVTI(t, 2, 1) + (fr = ABx)(tz, 1) =0, (8,2, 1) € 0,T) x RY x Po(RY), (2.6)

with the terminal condition V™(T,xz, u) = g(x, 1), where Ly is the operator defined by

1
Lelol(t,x,p) = —Bo(t,x, u) + Op(t,x, 1) + br(t,z, 1) - Dpp(t, x, 1) + ng(t,w, ) : D2p(t, z, )

+ B [belt, € 1) Ouplt, 2, 1)(€) + 5 (16,10 - oyt 7, 1)(6)]-

7
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Remark 2.2 In particular, the above result indicates that provided the coefficients by, >,
the functions fr, Ex and the terminal condition g are smooth with derivatives satisfying
some appropriate estimates, the solution V™ to the Kolmogorov PDE (2.6) is smooth. In
this sense, it preserves the regularity of the terminal condition.

However, one can weaken the regularity assumption on the terminal condition (and ac-
tually of the coefficients themselves) by benefiting from the smoothness of the underlying
fundamental solution (or the transition density of the associated stochastic process) un-
der some additional non-degeneracy assumption. We refer e.g. to Crisan and McMurray
(2018), Chaudru de Raynal and Frikha (2022), Chaudru de Raynal and Frikha (2021) in the
uniformly elliptic diffusion setting and to Frikha et al. (2021) in the case of non-degenerate
stable driven SDE.

Proof. See Appendix A.1 (|

3. Policy gradient method

We now consider a parametric family of randomised policies mg, with densities pg, 0 € O,
© being a non-empty open subset of R”, for some positive integer D, and denote by J(6)
= J(mp) the associated cost function, viewed as a function of the parameters 6, recalling
that J is defined by (2.3). The principle of policy gradient method is to minimize over 6
the function J(#) by stochastic gradient descent algorithm. In our RL setting, we aim to
derive a probabilistic representation of the gradient function VyJ(#) that does not involve
model coefficients b, o, but only observation samples of state X;, state distribution Py,, and
rewards f; := f(X¢,Px,, ), g7 := 9(Xr7,Px,) when taking decision o ~ 7.

3.1 Policy gradient representation

We make the following assumptions on the parametric family of randomised policy and
coefficients.

Assumption 3.1 (i) For any h € {bﬁre,air’g, ror Ergy gyt = 1,-++- ,d,j =1,--- ,p}, any
multi-indices o, B, X of {1,--- ,d} such that 0 < |a] < 2,0 < |B] <1, A being of length
n, 0 < n <2, any n-tuple of multi-indices v = (Y1, ,Yn) with 0 < ||+ -+ |y <
2, denoting by hg(t,z, 1) the value of h at (0,t,x, 1), the following derivatives

0y 020 O ho(t, , ) (v), 0505 0F O3 ho(t, , ) (v), 050395 Oy ho(t, x, ) (v), 05039,0) ho(t, z, ) (v),

030500 ho(t, , ) (v), 032029 ho(t, 2, 1) (v), 0300 0% ho (t, 2, 1) (v), O 0y DY o (t, , 1) (),
0 03050 ho(t, , ) (v), 03 05 02 0pho (t, , 1) (v), 03 02D Opho (t, , ) (v), Dy OO Opho (t, , 1) (v),

nx

exist for any (t,0,z,v, 1) € [0,T] x © x (R x Py(RY) and are locally Lipschitz
continuous with respect to 0, x, u, v uniformly in t € [0, T]*. Moreover, if h = bfrs or

oz, the aforementioned derivatives of order greater or equal to one are bounded.

1. Hence, according to Clairaut’s theorem, these partial derivatives are equal.
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(ii) The estimates of Assumption 2.1(iii) are satisfied for the family of policies {my, 0 € O},
locally uniformly in 0, i.e. for any 0 € K, K being any compact subset of ©. Addi-
tionally, there exists some constant C' < oo, such that for any h € {fr,, Ex,}, any
(t,, ) € [0,T] x Po(RY) x R, any v = (v1,v2) € (RY?, any 0 € K, K being any
compact subset of ©, any multi-index X\, |\ = 2, any multi-index X\ = (A1, \2) of
{1,--+,d}, any couple of multi-indices v = (y1,72)

[Bpho(t, x, )| < C(1+ |z]* + Ma(p)?),

|060xho(t, z, )| + [0eg (2, p)| < C(1 + || + Ma(p)?),
|060uho(t, ;1) (01)[+10,0zhe (L, 2, ) (01) |H10u0zg (2, 1) (01)| < C(A+[z[+|vr[+Ma(p)?),

|898v16#h9(t7x7 M)(Ul)’ + |8983%h9(t7 z, p)| + |8H6§h9(t7xa M)(’Ul)’ + |8,382h9(t, ac,,u)(v)]
+ |00, Opg (2, 1) (01)| + (029 (=, )| + 107 Opg(t, 2, p) (v)] < C(1+ Ma()?),

for some ¢ > 0.

As shown in Appendix A.2, Assumption 3.1 guarantees that the derivatives (¢,0, x, u, v)
— 898tV9(ta x, /’L)v 69V9(t, €T, ,LL), 89896V9(t7 €, /‘)7 698“\/9(15, xz, M) (U)7 6983%\/9@3 €, /’L)v aeavaﬂve(t7 €, ,LL) (U)7
where Vy(t,z, u) := V™ (t,z, u) defined by (2.5) with = = 7y, exist, are continuous and sat-
isfy suitable growth conditions.

Remark 3.1 In practical applications, one must select both the parametric family w9 and
the parameter set © such that the minimum of the function § € © — J(0) = J(myg) exists and
satisfies the identity mingecg J(0) = min, J(7). Under Assumption 3.1, it is then natural
to develop a stochastic algorithm to compute a value 0* for which VoJ(0*) = 0. We refer
the reader to Section 4 for a detailed presentation in the linear-quadratic setting, and to
Section 5 for two practical applications in finance.

We then let VgJ(0) = E[Gg(0,&, u)] where Gy(t, z, p) := Vo Vy(t, z, ). The main result
of this section provides a probabilistic representation of the gradient function Gy.

Theorem 3.1 Suppose that Assumption 3.1 holds. Assume moreover that for any t,z, i, a,
the map © > 0 — py(t,x,p,a) is differentiable with a derivative satisfying the following
estimates: for some constant C' < co and some q > 0, for any (t,z, p) € [0, T] x R? x Py (RY)
and any compact subset I C ©.

Aggﬁ{lvepe(t,%ma)(|b($»ﬂaa)| +(00) (2, 1, )] (3.1)

+ [ f (2, a)| + [log(po(t, , 1, a))|) v (da) < oo,

and
/Alve log(po(t, z, 1, a))|*|o(x, u, a) | po(t, @, p, a) v(da) < C(1+ |z|? + Ma(p)?).  (3.2)

9
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Then, it holds

T
Go(t,z,p) = anm[/t e Py, logpg(s,Xﬁ’x’“,IPXé,g,as){dV(;(s,Xﬁ’x’“,PX?g) (3.3)

X Pyre, o) + Mog po(s, X071, P e, a) = BVo(s, X004, P 1)) s}

T
[ eI OU Va5 X0 By )],
t S
for any (t,x,11,0) € [0,T] x R% x Po(R?) x © and & ~ u, where Hg is the operator defined
by
HG [80] (ta xz, /’L) = ]E§~u [Vebe (ta 57 /’L)T H(P(ta z, /’L)(f) (34)
1
+ 5t (VoSo(t, &, 1) @1 8,0,0(t, z, 1) (€))],

and we set bg(t, x, 1) = [, b(x, u,a) mg(dalt, z, u), Bo(t,x, 1) = [,(o07)(x, 1, a) me(dalt, z, p).
ij
Here VoY = (%ZTZ)i,j,k € R&IXD s g tensor of order 3, and we used the product tensor

notations e1 recalled in the introduction.

Remark 3.2 (On the martingale property of the policy gradient) The representa-
tion in Theorem 3.1 also means that the process

S
{6’8(8t)Gg(S,Xz’x’“,PXé,g)—i-/ e*ﬁ(T*t)Vglogpg(r,Xﬁ’x’“,IP’Xﬁ,g,ar){dVg(r,Xﬁ’x’“,PXﬁ,g)
t

+ [f(Xﬁ’x#a ]P)Xg,fa a?“) +A 108?106(7“7 X:#U,M’ PXﬁ,ﬁa ar) - BVQ(T, Xﬁ7$7uv PX:}&)] dT}

+ /t e P Hg Vo (r, X}, P e)dr, £ < s < T

s a martingale, for any given a ~ .

Proof. See Appendix A.3 O

In the next section, we show how the probabilistic representation formula of the gradient
function Gy provided by Theorem 3.1 can be used to design two actor-critic algorithms for
learning optimal cost function and randomised policy by relying on samples of the actions,
states and state distributions.

3.2 Actor-critic Algorithms

Actor-critic (AC) methods combine policy gradient (PG) and performance evaluation (PE).
Compared to most existing works on RL for mean-field problems, mainly based on Q-
learning (see e.g. Carmona et al. (2023), Elie et al. (2020), Gu et al. (2021)) we do not
assume that the agent (the social planner) has at disposal a simulator for the state distri-
bution, but instead will estimate the distribution of the population from the observation

10
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of the state of the representative player and by updating the distribution along repeated
episodes. More precisely, for each episode : = 1,2,..., N, from the observation of the state
ka of a representative player i at time t;, we update the state distribution according to

Hy = (1= Py + pisx; » (3.5)

where (p%); is a sequence of learning parameters in (0,1), e.g. p% = 1/i. It is expected
from the propagation of chaos, that when the number of episodes N goes to infinity, ,uf\,i
converge to the limiting distribution Py, of the population. Notice that a similar estimation
procedure was recently proposed in Angiuli et al. (2022) in the context of a MFC control
problem in discrete time with finite state and action spaces over an infinite horizon.

In addition to the family of randomised policies (¢, z, u) — mp(dalt, z, u) = pe(t, z, u)v(da),
with parameter 6, we are given a family of functions (¢,z, i) +— J7(t,z, ) on [0,T] x RY x
Po(RY), with parameter 7, aiming to approximate the optimal cost value function. AC
algorithm is then updating alternately the two parameters to find the optimal pair (6*,7*),
hence determining the approximate optimal randomised policy and the associated cost value
function. On the one hand, the loss function in the PE step for learning J”, for fixed policy
7y, is based on the martingale formulation of the process

t
{e_BtJ"(t,Xf’“,]P)th) + / e hr [f(Xf’“,PX;g,Oér) + Alog py(r, Xff’“,]P’Xg,ar)]dr, 0<t<T},
0

and on the other hand, the objective (here a cost) function in the PG step for learning yp,
for fixed J”, is based on the martingale formulation of the process

t
{e_ﬁtGg(t,Xf’“,IP’Xf)—i— / ¢PVg log po(r, X2 P e, ) [dJ”(r,Xf’“,IP’Xg) (3.6)
O s

+ (FXPHPye,ar) + Mogpy(r, XP#, Py, ap) = BI(r, X4, o)) dr |

+ Ho[I)(r, XP#, P e)dr, 0 <t < T}.

Here, we denote X®# = X%%# (resp. X¢ = X0¢) when the initial time of the flow is t =
0. We emphasise that these loss functions are minimised by training samples of the state
trajectories Xfo’g, actions a ~ 7y, estimation i of P ¢ according to (3.5), and observation
of the associated running and terminal costs. '

We first develop AC algorithms in the offline setting where all state trajectories are
sampled. In this case, given 6, the proposed loss function for the PE step is

T
LPE(”) = Eowwe[/o )eiﬁ(Tit)g(XTapXT)

T 2
+/ e PO (X, Px,, ap) + Aogpg(r, X, Px, , )| dr — J(t, Xy, Px,) dt},
t

which leads, after time discretisation of [0, 7] on the grid {t; = kAt,k =0,...,n}, and by
applying stochastic gradient descent (SGD) with learning rate pg, to the following update

11
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rule:
n—1 n—1
n < n + PE Z (e_ﬂ(n_k)Atgtn + Z e—ﬁ(i—k)At [ftg + >\ lOg Do (tfa th? ,Utha atz)] At
k=0 l=k

— Jn(tk, th,/.ttk)>ann(tk, th,/,ttk)At,

where we set f;, = f (th7]P)Xte7atg)7 as the output running cost at time t,, for an input
state Xy, action ay,, ¢ =0,...,n—1, and gr = g(Xr,Px, ) the terminal cost for an input
Xp. Given n, the learning in the PG step relies on the gradient representation (3.3), and
(after time discretisation) leads to the update rule

0 « 60— pGGG7
n—1
with Gg = Y e P Vylogpy(ts, Xy, i, o, {J"(tkH,thH,Mtkﬂ) — (g, Xey o pury,)
k=0

- (fo -+ Nog po(ts Xy i ) = BIM b Xy, 1,)) At | + HolI") (b Xy i, )AL

The pseudo-code is described in Algorithm 1.

In the above offline algorithm, the critic parameters n are learned by minimizing a
martingale loss derived from the terminal condition of the value function. Specifically, the
loss enforces that the difference between the predicted value at the initial time and the
cumulative target is zero in expectation. However, this formulation can suffer from high
variance in practice, as it aggregates uncertainty over long trajectories into a single loss
term.

To address this, we introduce an online variant of the martingale loss where only past
sample trajectory is available. Instead of comparing the initial and terminal values, this
version enforces the martingale condition locally, by minimizing the discrepancy between
the critic’s prediction at consecutive time steps, and so the parameters (6, 7) are updated
in real-time incrementally. In this case, given a policy 7y, we consider at each time step tp,
k=0,...,n—1, aloss function for PE given by

szE(n) = Eowﬂe[

Jn(tk‘-i-la thJrl 3 Pth+1 ) - Jn(tk‘a th ) ]P)th )
2
+ (f(th7]P)th y atk) +A ].ngg(tk, thv}Pth ) atk) - ﬁ‘]n(tkv th,Pth ))At) :| .
Concerning PG, we note that when 6 is an optimal parameter, we should have Gg = 0.
Therefore, from the martingale condition in (3.6), this suggests to find 6 such that at any

time t, k=0,...,n—1

EO&NW@ {ve logpe(tlm th ) ]P)th ) atk) [Jn(tk+17 th+1 9 ]P)th+l ) - Jn(tlm th ) ]P)th)

+ (f(tha]P)th7atk) + )\logpe(tkatha]P)th ) atk) - BJn(tkatha]P)th))At] + H@[Jn](tkathmutk)At}
= 0.

The pseudo-code is described in Algorithm 2.

12
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Algorithm 1: Offline actor-critic mean-field algorithm

Input data: Number of episodes N, number of mesh time-grid n (<> time step At
= T'/n), learning rates pg, p%, piG for the state distribution, PE and PG
estimation, and function of the number of episodes ¢. Parameter \ for entropy
regularisation. Functional forms J” of cost value function, py of density policies.
Initialisation: sy, : state distribution on R?, for k = 0,..., N, parameters 1, 6.

for each episode i = 1,..., N do
Initialise state Xg ~ g

for k=0,...,n—1do
Update state distribution: i, <+ (1 — pl)pue, + piséxtk
Generate action ay, ~ mo(.|tg, Xt,, it
Observe (e.g. by environment simulator) state X, ,, and cost fi,
If k = n — 1, update terminal state distribution: p, <+
(1 = ps)pt, + psdx,, , and observe terminal cost gy,

kE+k+1
end
Compute
n—1 n—1
An = (e_lg(n_k)Atgtn + Z e—ﬁ(f—k)At [fte + A logp9 (tfa th? ,U’tga ate)] At
k=0 l=k
- Jn(tk, tha Ntk)) vﬂ‘]n(tka th ) //th)At
n—1
G@ = Ze_ﬁthQ IOgPG(tk,tha,utkaatk) |:Jn(tk+17th+1aMtk+1) - Jn(tkathnutk)
k=0

+ (ftk + )\logpe(tkathnutkaatk) - BJn(tkathnutk))At}
+ HolJ"|(tk, Xty bty ) AL

Critic Update: n < n+ P%An; Actor Update: 0 < 6 — Picéa
end
Return: J7, my

13



FRIKHA, GERMAIN, LAURIERE, PHAM AND SONG

Algorithm 2: Online actor-critic mean-field algorithm

Input data: Number of episodes N, number of mesh time-grid n (<> time step At
= T'/n), learning rates piS, piE, p"G for the state distribution, PE and PG
estimation, and function of the number of episodes . Parameter \ for entropy
regularisation. Functional forms J” of cost value function, py of density policies.
Initialisation: p,: state distribution on R?, for k = 0,...,n, parameters 7, 6.

for each episode i = 1,...,N do
Initialise state Xy ~ pg

for k=0,....n—1do
Update state distribution: ju, < (1 — p%)pus, + plséxtk
Generate action ay, ~ mo(.[tg, Xt,, tit,)
Observe (e.g. by environment simulator) state X, ,, and cost f;,
If k = n — 1, update terminal state distribution: g, , <

(1= pg)pity,, + P50xy,,,, and observe terminal cost g, ,,
Compute

o = JMkt1s Xtgyrs btry) — I (e, Xay, piay,)

+( fu, + MNogpo(t, Xy, pray s ) — BIN bk, Xuy, pay,)) At
Aﬁ = 5nann(tk,th, Mtk)
Ag 0,V log po(te, X, tiey, > oy ) + HolI"| (tky Xy, ey, ) AL,

with the constraint that when k = n — 1, J7(tpq1, Xey 1, Mtery) = Gty -
Critic Update: n < n+ ppA,; Actor Update: 0 < 0 — piAyg
k+—k+1
end

end
Return: J7, g

Remark 3.3 The practical updating of the state distribution would require in general a
suitable parametrization for approximating the measure, for example by its first £ moments,
or by a cylindrical function of the measure. Alternatively, one could discretize the state
space and approzimate the distribution by a histogram. In the numerical experiments in
the next sections, we consider a linear-quadratic setting where it is sufficient to update the
mean and variance of the measure.

Moreover, to access the value of V,J" which appears in the algorithm, we compute it
either explicitly when using exact parameterization or by automatic differentiation when
approzimating J, by neural network.

Remark 3.4 (Entropy Regularization and Temperature Annealing) In our actor-
critic algorithms, we introduce an entropy regularization term with a temperature parameter
A > 0 in the policy objective. This term encourages stochasticity in the policy, fostering
exploration of the action space, especially during early training when the value function is
uncertain. In practice, we employ an annealing schedule for A\, starting from an initial value
of A = 0.1 and gradually decreasing it as training progresses. This allows the agent to explore
more broadly at the beginning and to shift toward exploitation and policy refinement later
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on. We found this schedule empirically stabilizes training and improves convergence across
tasks. The use of entropy regqularization and its annealing is further supported by recent
theoretical developments. In particular, Tang and Zhou (2024) analyze the regret of entropy-
reqularized q-learning and identify a fundamental tradeoff: a large X\ increases exploration
bias but reduces the policy improvement error. Their results justify the strategy of decaying A
over time to balance these effects, ultimately reducing regret. This theoretical insight aligns
with our empirical findings and provides a principled foundation for incorporating entropy
reqularization with a decreasing temperature in continuous-time actor-critic learning.

Remark 3.5 (About the choice of actor and critic parametric functions) In the actor-
critic algorithms, we have to specify a parametric family of randomised policies Ty, and a
parametric family of critic functions J7. In general, for critic functions, one can consider
cylindrical neural network functions in the form

Itz p) = Uto, < pu>), (tz,p) €[0,T] x RY x Py(RY), (3.7)

where U is a feedforward newral network from [0,T] x R x R* into R, and ¢ is another
feedforward neural network from R? into R* (called latent space), and we use the notation
< ¢,p > = [@(x)u(dz). The set of parameters n is the union of the parameter sets
for the two neural networks ¥ and . This choice is motivated by the density property of
the set of cylindrical functions, i.e. functions in the form (3.7) with continuous functions
U and o, with respect to continuous functions on [0,T] x R? x Po(R?) as shown in Guo
et al. (2023), and the universal approxzimation property of feedforward neural networks on
finite-dimensional space, see Hornik et al. (1989).

Concerning the policies, notice that when the temperature parameter for exploration X is
zero, the optimal policy is of pure (non randomised) feedback form as a function of (t,x, ).
When A > 0, the optimal policy is in general truly randomised, and the larger is X, the
larger is the exploration in the sense that the variance of the randomised policy increases.
We can then take for the parametric family of randomised policies, for example Gaussian
distributions:

W@(.‘t,w,ﬂ) = N(m(tvxau);ﬁ()‘))7

where m is a cylindrical neural network function on [0, T] x R% x Py(R?) valued in A C R™,
and 9(.) is a given symmetric matriz-valued function, nondecreasing w.r.t. X\, with ¥(\)
positive-definite for A > 0, and ¥(0) = 0.

In some particular mean-field models, we may know a priori the structural form of the
optimal value function and optimal randomised policy, and this suggests alternately some
specific form for the parametric family of actor and critic functions. This is typically the
case of the linear quadratic model, as presented in the next section.

Remark 3.6 The above actor-critic algorithms involve the computation of the term Hg[J"]
at each time t, and along the observed state X, and estimated state distribution ji, .
This additional term, compared to the actor-critic algorithms designed in Jia and Zhou
(2022a) for standard stochastic control without mean-field interaction, involves the operator
Hy defined in (3.4). Such term is due to the decoupling of the critic as a function of the state
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and state distribution, and arises from the Ité formula along flow of probability measures in
a continuous-time setting. Notice that it does not show up in actor-critic methods for mean
field control in finite space and discrete time, see Carmona et al. (2025); Gu et al. (2024)
where value functions are defined only as functions of the state distribution.

In the separable form case, namely when the coefficients of the mean-field process are in
the form

b(%%a) = b(:U,,u)—l—C(a), (UUT)(Z',/L,G) = Z(x7ﬂ)+F(a)a

where C and F are known functions from A into R%, resp. R¥%, we notice that
Vololt.oi) = VoCaltag), with  Cotoag) = [ Clamldalt,n, ),
VoXo(t,z, ;) = VoFy(t,z,p), with Fy(t,x,p) = /F(a)ﬂg(da|t,a},u),

are known functions, and consequently also the function Hgl[J"]. Another important case
where the term Hg[J"] is a known computable function is given in the linear quadratic
framework as presented in the next section.

4. The linear quadratic case

We focus on the important class of MFC control problem with linear state dynamics and
quadratic reward, namely

b(z,pu,a) = Br+ B+ Ca, o(x,pu,a) = v+ Dx+ Djp+ Fa,
f(z,p,a) = 27Qx + a"Qfi + aNa + 2a" Iz + 2a7Ifi + 2M.x + 2H.a, (4.1)
g(z,u) = 2"Px+ p"Pp+2L.2,

for (z,p,a) € R x Py(R?) x R™, where we denote by i = [zu(dz), B, B, D, D are
constant matrices in R4*?¢, C, F are constant matrices in R4*™, ~ is a constant in R%, N
is a symmetric matrix in S, I, I e R4 Q, Q, P, P are symmetric matrices in S, with
Q>0,P>0, M,LecR? HecR™

In this case, the optimal value function to this LQ MFC problem with entropy regu-
larisation when minimizing over randomised controls a functional cost as in (2.5), is given

by
otz p) = (x— p)TK@)(z — @) + pTA()p + 2Y (t).x + R(1),

where K (valued in S%), A (valued in S%), Y valued in R?, and R valued in R, are solutions
to a system of ordinary differential equations on [0, T] given in (B.1). Moreover, the optimal
randomised control is of feedback form with Gaussian distribution:

w () = N (S0 U0+ V() - U@+ 0m): 250,

where

S(t) = N+ FTK(t)F, O(t) = H+CY(t)+ FTK(t)y
Ut) = I+C'K(t)+ FTK(t)D, W(t) = I+1+C"A(t)+ F'K(t)(D + D).
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This is an extension of the mean-field LQ control without entropy and control random-
ization, and the proof that adapts arguments in Basei and Pham (2019) is reported in
Appendix B.

In a RL setting, the coefficients of the LQ model (4.1) are unknown, thus K, A, Y,
and R cannot be solved from the system of ODEs, and S, O, U, and W are also unknown.
We shall then employ our RL algorithms to solve the LQ problem in a model-free setting.
In view of the above structure of the optimal value function and randomised policy, we
parametrise the cost value function by

J(tz,p) = (2 —p)"K"t)(x — p) + p"A"(t)p+ 2Y"(t).x + R"(t), (4.2)

for some parametric functions K", A", Y R" on [0,T], with parameters n € RP. On the
other hand, we parametrise the randomised policies by

mo(t, 2, 1) = N(¢](t)x + o5 (t) + 5(1); X0 (1)), (4.3)

for some parametric functions (;S?, (;Sg, (;Sg, »? on [0, T], with parameter 6 € RY.

The parametric functions K7, A7, Y, R", and (b(f, (bg, (bg, ¥%, could be in general neural
networks on [0, 7], but depending on the examples, we could take more specific forms, as
discussed in the next section.

For parametrisation of the cost value function and randomised policies as in (4.2), (4.3),
we see that

8,0 (t,x, p)(a') = —2K"(t)(x — i) + 2Anfi, and so 8,49,J"(t,x, p)(2') =0,
Vobo(t,z, 1) = CVodi(t) o2 + CVodh(t) o2 fi + CVdi(t)

and then
HolJ")(t, ) = 2[(Vod(t) + Vooh(t)) o2 i+ Vodi(t)]"CT( = K"(t)(x — i) + A"fi),

which only involves, up to the knowledge of C, known functions of (¢,z,u). Notice also
that when qﬁ? = —qﬁg, and gbg = 0 (see below the example of mean-field systemic risk), then
Hey[J7] = 0.

5. Numerical examples
5.1 Example 1: mean-field systemic risk
We consider a mean-field model of systemic risk introduced in Carmona et al. (2015). This
fits into a LQ MFC with
B=-B>0,C=1,v>0,D=D=F=0
I=—I1>0,Q4+Q=0,N=- M=H=L=0, P+P=0,

—_

5)
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and Q > 2I%2. We also take Xo ~ N(0,1). In this case, the solution to the system of ODEs
(B.1) yields the analytic expression:

114 _VAsinh(VA(T — 1)) + (B + 21 + 2P) cosh(VA(T — 1))
K(t) = —5|B+2r \/K\/Kcosh(\/K(T—t))+(B+2[+2P)sinh(\/E(T—t))]’
R(t) = fln[cosh(\/Z(T_t)H]Mjgﬂjsinh(\/x(T_t)) - (BT -0

AT

—2_75) log(27A)

with VA = /(B +2I)2 +2Q — 412, and A = Y = 0, while the optimal randomised policy
is given by
f(tz,p) = N(o@t)(x—p);A), with ¢(t) = —2(K(t) + I).
In view of these expressions, we shall use critic function as
M) = K1) - 5)?+ RI(),

for some parametric functions K7 and R" on [0,T] with parameters 7, and actor functions
as

7r9("t7x7lu’> = .’13—/._1,),)\),
a— ¢ (t)(x — p)|?
2\ ’

L
ie. logpy(t,z,p,a) = —3log(2mA) —

for some parametric function ¢’ on [0, 7] with parameter . As shown in Section 4, we
notice that Hy[J"7] = 0.
We shall test with two choices of parametric functions:

1. Exact parametrisation:

. sinh(m (T'—t))4n2 cosh(n1 (T —t))
() = —3 [ —m gt onm -4,

RI(t) = mmhmmm 1)) + o sinh(n (T — 1)) | = nema(T — 1) = 252 log(27))

sinh (61 (T —t))+602 cosh(01 (T —t
(b (t) = 03— 0 COSh((ell((Tft))))+922 sinhEOiETftg;’

(5.1)
with parameters = (n1,72,73,m4) € RL, and 6 = (61,62,05) € R3, so that the
optimal solution in the model-based case corresponds to 7y = \/> 772 B+2I+2P,

= B+2I,n} =~%/2, and 0} = VA, 05 = B+ 21 + 2P, 0} =

2. Neural networks: for K", R" and ¢?, with time input.
We implement our actor-critic algorithms with a simulator of X for coefficients equal to
T=1~v=1,B=-B=06,1=04, P=Q =1,
The simulator for X is based on the real mean-field model:

dXt = (B(E[Xt] — Xt) + Oét)dt + "}/th
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M 72 73 74 01 02 03
exact | 1.8221 | 1.8660 14 0.5 1.8221 | 1.8660 0.6
learnt | 1.4197 | 2.0536 | 0.9997 | 0.4824 | 1.6204 | 1.9167 | 0.3660

Table 1: Learnt vs exact parameters of the critic and actor functions.

Since a ~ 7%, we note that E[oy] = ¢?(t)(E[X;] — E[iz]) = 0. We deduce that under such
a, dE[X;] = 0, hence E[X;] = E[X(]. From the above mean-field dynamics of X, we deduce
that

BA 1 _ e—BAt tk+1 B
th“ — E[XO] = e t(th — E[Xo]) + oy, (T) + ’Y/ e (tk+1—3)dW5
ti
BA 1— e Bat BA
~ € t(th - E[XO]) + atk( B ) + 76_ tAWtk
The cost is simulated according to
1
fo. = Q(Xy, —E[Xo])> + 507, + 20y, I1(Xy, —E[Xo]), gr = P(Xr —E[X])*

2

We first present the numerical results of our offline Algorithm 1 when using the exact
parametrisation (5.1). The derivatives w.r.t. to n of K", R" hence of J7, as well as the
derivative w.r.t. 6 of logpy have explicit analytic expressions that are implemented in the
updating rule of the actor-critic algorithm.

Here we used the following parameters: i, was initialized at 0; the number of episodes
was N = 2100; the time horizon was T' = 1 and the time step At = 0.02. The values of
the model parameters were as described above. The learning rates (pg, pE, pg) and A were
taken as pg = 0.2 constant, and at iteration ¢,

(0.03,0.05,0.03) if i < 7000
, (0.01,0.1,0.01, 0.2) if i < 500 , (0.01,0.01,0.01) if 7000 < i < 10000
pe(d) = {(0.1,0.1,0.1,0.1) if 500 < i < 21000 pald) = (0.005,0.01,0.005) if 10000 < ¢ < 14000
(0.002,0.002,0.002) if 17000 < i < 21000

and
0.1 if 7 < 8000,

A() = < 0.01 if 8000 < i < 14000,
0.001 if 14000 < 7 < 21000

Moreover, after i+ = 14000 iterations, we also increase the size of the minibatch from 20
to 40. In Table 1, we give the learnt parameters for the critic and actor functions, to be
compared wih the exact value of the parameters.

In Figure 1, we see that, even though the parameters 7 and 6 (shown with full lines) are
slightly different from the true optimal values (shown in dashed lines), the functions K, R
and ¢ are matched almost perfectly.
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Initial cost (Std dev.) | Rel. error
Learnt with exact parameterization 0.625 (0.006) 2.00%
Learnt with NN 0.632 (0.006) 3.10%
Exact value 0.613

Table 2: Initial costs when following learnt policies vs optimal ones

We also display one realization of the control and of the cost. These are based on
evaluating the control and the cumulative cost along one trajectory of the state. We first
simulate 10 realizations of a Brownian motion. Based on this, we generate trajectories for
one 10* population of agents using the learnt control and one population of 10* agents using
the optimal control. For the population that uses the learnt control, the control is given by
the mean of the actor, namely, ¢?(¢)(z — fi). In the dynamics, the cost and the control, the
mean field term is replaced by the empirical mean of the corresponding population at the
current time. We can see that the trajectories of control (resp. cost) are very similar.

Next, we present in Figure 2 and Figure 3 the numerical results of our online Algorithm 2
when using neural networks. In this case, the derivatives w.r.t. to n of K", R", hence of J7,
as well as the derivative w.r.t. 0 of log pg are computed by automatic differentiation. We use
neural networks with 3 hidden layers, 10 neurons per layer and tanh activation functions.
We take n = 30, N = 15000 iterations, batch size 500 (10000 for the law estimation in the
simulator), constant learning rates 1073, except wg = 1. We change ) along episodes: \ =
0.1 for the first 3334 ones, then 0.01 for the next 3333 ones, then 0.001 until the end.

Finally, we test in Table 2 the learnt policies from the exact and NN parametrisation
by computing the associated initial expected social costs. We simulate 10 populations,
each consisting of 10* agents. All the agents use the control function with the parameters
learnt by the algorithm. For the dynamics, the cost and the control, the mean field term is
replaced by the empirical mean of the corresponding population at the present time step.
For each population, we compute the social cost. We then average over the 10 populations
in order to get a Monte Carlo estimate of the social cost. We report in the table the
value of this average social cost, the standard deviation over the 10 populations, and the
relative error between the average social cost and the optimal cost computed by the formula
Kg*Var(Xo) + Rg* with the optimal parameter n*.

5.2 Example 2: optimal trading

We consider an optimal trading problem where the inventory is governed by
dXt = Oétdt + ’yth,
and we aim to minimize over randomised trading rate a ~ 7 the cost functional

T
E[/ of +2Hoy — A\ (my)dt + PVar(X7)|.
0

where v > 0, H > 0 is the transaction price per trading, P > 0 is a risk aversion parameter,
and A > 0 is the temperature parameter. This model fits into the LQ framework, and the
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Figure 1: Convergence of the learnt value function and policy with exact parametrisation for
the offline Algorithm 1. Top: learned parameters of critic (left) and associated critic functions
K", R" (right) vs optimal parameters and associated functions. Middle: learned parameters
of actor (left) and associated actor function ¢? vs optimal parameters and associated function.
Bottom: one realization of the control (left) and one realization of the cost (right) vs the optimal
ones, respectively along a state trajectory controlled by the learnt control and a state trajectory

controlled optimally (both using the same realization of the Brownian motion).
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Figure 2: Learnt critic cost function with neural networks for the online Algorithm 2. Left
panel: Neural network functions K", R" vs optimal one. Right panel: Neural network function
¢? vs optimal one.
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Figure 3: Learnt actor policy function with neural networks for the online Algorithm 2. Left
panel: One realization of the control vs the optimal non-randomised one with A = 0 Right panel:
Plot of one realization of ¢ — J7(¢, X¢,Px, ), respectively along a state trajectory controlled by
the learnt policy and a state trajectory controlled optimally (both using the same realization of
the Brownian motion).
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solution to the system of ODEs (B.1) is given by

P

RO = 1 pa =y

A
R(t) = y*log(1+ P(T —t)) — (H* + 3 log (7)) (T —t),
A =Y = 0, while the optimal randomised policy is given by

Rt p) ~ (K@@ -5~ H ).

In a RL setting, the coefficients o, H and P are unknown, and we use critic function as
Itz n) = K't)(x—p)* + R(1),

for some parametric functions K7 and R" on [0,7] with parameters 7, and actor functions
as

molltmn) = N0 - )+ 60 )

_ 2
a = ¢°(t)(x — 1) — $5(1)]
)\ )
for some parametric functions ¢?, (;Sg on [0,7] with parameter 6. Given such family of
parametric actor/critic functions, we have

HolJ"|(t,x, ) = —2CK"(t)(x — @) Vod5(1).

1
ie. logpy(t,z,p,a) = —ilog(ﬂ)\)—

We shall test with two choices of parametric functions:

1. Exact parametrisation:

R(t) = malog(1+m(T — 1)) — (n3 + 3 log(w\)) (T —t) (5.2)
() = —traqr Kt = —6s,

with parameters 7 = (11, 72,73) € (0,00)3, 8 = (01,62) € (0,00)2, so that the optimal

solution in the model-based case corresponds to (1}, n5,n5) = (P,~%, H?), and (05, 65)
— (P, H).

2. Neural networks: for K", R", ¢, and qbg with time input. Actually, we take for ng a
constant function.

We first present the numerical results of our offline Algorithm 1 when using the exact
parametrisation (5.2). The derivatives w.r.t. to n of K", R" hence of J7, as well as
the derivative w.r.t. 6 of logpy, and Hg[J"] have explicit analytic expressions that are
implemented in the updating rule of the actor-critic algorithm. Here we used the following
parameters: the learning rates (pg, pg, pc) and A were taken as pg = 0.2 constant, and at
iteration 1,

(0.005, 0.005) if i < 8000
pc(i) = { (0.001,0.001) if 8000 < i < 13000

(0.0005, 0.0005) if 8000 < i < 13000

6 = (0.05,0.05,0.05) if i < 8000
PE (0.05,0.05,0.01) if 8000 < i < 20000
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m 2 73 61 02
exact 3 1 4 3 2
learnt | 2.9864 | 0.9637 | 3.9154 | 3.0161 | 2.0016

Table 3: Learnt vs exact parameters of the critic and actor functions.

and
0.1 if ¢ < 8000,
A7) = ¢ 0.01 if 8000 < 7 < 13000
0.001 if 13000 < ¢ < 20000

e, was initialized at 0; the number of episodes was N = 20000; the time horizon was T =1
and the time step At = 0.02. The values of the model parameters are: P = 3, H = 2,
v =1, and Xo ~ N (1,1).

In Table 3, we give the learnt parameters for the critic and actor function to be compared
with the exact values, when using the learnt policy with learnt empirical distribution from
the algorithm.

In Figure 4, we see that the parameters and, hence, the functions K, R and ¢ are
matched almost perfectly. We also display one realization of the control and of the cost.
These are based on evaluating the control and the cumulative cost along one trajectory
of the state. We first simulate 10* realizations of a Brownian motion. Based on this,
we generate trajectories for one 10* population of agents using the learnt control and one
population of 10* agents using the optimal control. For the population that uses the learnt
control, the control is given by the mean of the actor, namely, ¢%(t)(x — i) + ¢4(¢). In the
dynamics, the cost and the control, the mean field term is replaced by the empirical mean
of the the corresponding population at the current time. We can see that the trajectories
of control (resp. cost) are very similar.

Next, we present in Figure 5 and Figure 6 the numerical results of our online Algorithm 2
when using neural networks. In this case, the derivatives w.r.t. to n of K", R", hence of J7,
as well as the derivative w.r.t. 0 of log pg are computed by automatic differentiation. We use
neural networks with 3 hidden layers, 10 neurons per layer and tanh activation functions.
We take n = 30, N = 15000 iterations, batch size 300 (10000 for the law estimation in the
simulator), constant learning rates 1073, except wg = 1. Again, we change \ along episodes:
A = 0.1 for the second 3334 ones, then 0.01 for the next 3333 ones, then 0.001 until the end.

Finally, we test in Table 4 the learnt policies from the exact and NN parametrisation
by computing the associated initial expected social costs. We simulate 10 populations,
each consisting of 10* agents. All the agents use the control function with the parameters
learnt by the algorithm. For the dynamics, the cost and the control, the mean field term is
replaced by the empirical mean of the corresponding population at the present time step.
For each population, we compute the social cost. We then average over the 10 populations
in order to get a Monte Carlo estimate of the social cost. We report in the table the
value of this average social cost, the standard deviation over the 10 populations, and the
relative error between the average social cost and the optimal cost computed by the formula
K[ Var(Xo) + R with the optimal parameter 7*.
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Figure 4: Convergence of the learnt value function and policy with exact parametrisation for
the offline Algorithm 1. Top: learned parameters of critic (left) and associated critic functions
K" R" (right) vs optimal parameters and associated functions. Middle: learned parameters
of actor (left) and associated actor function ¢° vs optimal parameters and associated function.
Bottom: one realization of the control (left) and one realization of the cost (right) vs the optimal
ones, respectively along a state trajectory controlled by the learned control and a state trajectory
controlled optimally (both using the same realization of the Brownian motion).
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Figure 5: Learnt critic cost function with neural networks for the online Algorithm 2. Left
panel: Neural network function K" vs optimal one. Right panel: Neural network function R" vs
optimal one.
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Figure 6: Learnt actor policy function with neural networks (NN) for the online Algorithm

2. Left up panel: NN ¢° vs optimal one. Right up panel: NN ¢4 vs optimal one. Bottom panel:
(left) One realization of the control vs the optimal non-randomised one with A = 0, and (right)
one realization of the cost t — J"(¢, X, Px,) , respectively along a state trajectory controlled
by the learnt policy and a state trajectory controlled optimally (both using the same realization
of the Brownian motion).

Social cost (Std dev.) | Rel. error
Learnt with exact parametrisation —1.861 (0.025) 0.11%
Learnt with NN —1.787 (0.035) 4.08%
Exact value —1.863

Table 4: Initial social costs when following learnt policies vs optimal one.
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Appendix A. Proofs of some representation results
A.1 Proof of Proposition 2.1

Step 1: For a fixed policy 7, we introduce the non-linear McKean-Vlasov SDE with dynamics
~ s ~ s ~
X =¢ +/t b (r, X%, P gre) dr +/t o (r, X7 Pgre) AW, (A1)
recalling that o, = 271/ 2, as well as its associated decoupled SDE with dynamics
s s
Xbor — g 4 /t b (r, XP™H, P i) dr + /t o (r, XPPH, P ) AW (A.2)

Under Assumption 2.1(i), the coefficients b, and o, are Lipschitz-continuous and with at
most linear growth with respect to the variable x and p locally uniformly in time. Hence,
the SDEs (A.1)-(A.2) admit a unique strong solution.

Denoting by PP the probability measure on C([0, 00), R?) (the space of continuous func-
tions defined on [0,00) taking values in R%) induced by the unique solution to the SDE
(A.1) and by P(¢) its marginal at time ¢, its infinitesimal generator is given by

d
Lip(r) = ;/Abz‘(l‘,P(t),a)ﬂ(da\t,fﬂ,P(t))axiw(x)

1 d
+ 5 3 [ (o PO, wldalta PR, ().

1,j=1

Now, coming back to the dynamics of the McKean-Vlasov SDE (2.4), we importantly point
out that since at each time s, the action «y is sampled from the probability distribution
(s, Xie, P+.¢) independently of W, the infinitesimal generator at time ¢ of (2.4) is exactly

given by ﬁf Hence, it follows from the uniqueness of the martingale problem associated to
L™ that X*¢ and X»¢ have the same law 2.
We thus conclude that V™ can be written as

T
VT(tap) = E| / e P (fr = AEx)(5, XE™ P i) ds + e PT0g(Xp" Py |
t
(A.3)

Step 2: We know, see e.g. Crisan and McMurray (2018) or Chassagneux et al. (2022), that
Assumption 2.1(i) guarantees the existence of a modification of X*%# such that:

X5t

e The map z — X5 is P-as. twice continuously differentiable,

2. This was formally shown by law of large numbers in Wang et al. (2020) in the standard diffusion case.
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e for any x € R% 0 <t < s, and any p > 1, the map Po(RY) > p X LP(P) is
differentiable and the map R? 3 v ++ 9, X" (v) € LP(P) is differentiable,

e for any p > 1, the derivatives (¢, x, p, v) — 9, X™*, 2X0™F 9 X”’”( ), 81,[8“5(;’95’”](11) €
LP(PP) are continuous.

Moreover, the following estimates hold for n = 1,2 and any p > 1

sup (002 ey + 10, K0l ) + 100, K@) 1oy} < 0.
0<t<s<T,(z,v)€(RD)2 nePo(RY)

We thus deduce that the functions z — fr (s, X2, ]P’X;,g), E,(s, X", IP’X?&), g(X;x’”, ]P’X;lg)
are P-a.s. twice continuously differentiable with derivatives that belong to LP(P), for any
p > 1, uniformly in z, p and t € [0,s]. The dominated convergence theorem eventually
guarantees that x +— V7™ (¢, z, u) is twice continuously differentiable with

M=

T
O V™ (t, 2, 1) = E[ / e PN "0y, (fr = AER) (8, X™H, P c6) 0, (XL ds
t S

i

1

+ e_B(T t)za tw"LL ]:P)Xt,f)axi()z’;"‘z"u)k Y (A4)
k=1

and

a:%i,;tj Vﬁ(m Zz, ,LL) =E |:/ e (s Z Th, zz AE )(Sv X?%M’ PXﬁ"g)a’ri (X;ﬁ,:v,,u)kaxj (X?%M)fds
k=1

t , t t N7V
= Ei e IXET B ), (X5 0y, (XE™)
k=1

A S ek

b BT0S N 0, (R Bt (R
k=1

It follows from the above expression and again the dominated convergence theorem that
(t,z,p) — 0z, V™ (t,x, 1), &%ijw(t,x, @) are continuous.
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Similarly, note that under the current assumption, the functions p — h(t, XL P Xt,g),
g(XbEm P X%g), where h € {fr, Er}, are L-differentiable with derivatives satisfying

O h(s, X1 P oe)](v) = 3 0, hils, KT c0e) 0L [(X54)H] (0)

|
o[

% =
o M-

aﬁh(s, X’?m,u’ PX;,s)(fﬁ’”’“)ﬁxi ()?Ev,u)k}

d
> Ofh(s, XL, P ) (X MK ) ()| p(dX"),

k=1
d
81[ (Xtﬂcu]P tg Zaxkg Xtmu]P) tg)&l[(thu) o)
k=1
o~ d - . R
+ED Oug (X7 P ) (X5 0, (K7
k=1
o~ d -
" /R B g (X" P re) (X )05 [(X5#)F)(0)] p(dX),
k=1

(A.5)
where (Xﬁ’x’”)se[tyT] stands for a copy of (Xé’m’“)se[t;p] defined on a copy (9, F,P) of the
original probability space (£2, 7, P). Under Assumption 2.1, it follows from the above iden-
tities that (¢, z, u,v) — @L[h(s,Xﬁ’aj’“,IP’Xt,g)](v), Oulg(Xp™H P ere)l(v) € LP(P), p > 1, are

s T
continuous and satisfy
|0, X, P oee)](0)] < K (14 | X054 [o] + Ma(Pgre)) (1 + |8, X5 (v)])
< K(1+ [X3™H] + o] + Ma()D) (1 + [0, X054 (0)]),

and
\%[Q(X?m’“’]?x;s)]( )| < K1+ [ X535 + |l + M (P gee)?) (1 + |0, X7 (0)])
K (1+ X35 + [v] + Ma(p)? )(1 +10, X755 (0)]),

where we used the fact that Ma(Pgr¢) < K(1 + Ma(u)), for any s € [t,T7], for the last in-
equality. Similarly, it follows from (NA.5) and the dominated convergence theorem that
v = Oy[h(t, X§7$7M,PX15,§)]<’U), Oulg(X7"" P cie)](v) are continuously differentiable with
s T
derivatives being continuous with respect to their entries and satisfying
1000 (s, Xo™H, P ore)](0)] < K (L4 [XP™H] + o] + Ma(u)?),
1000, g (X" Pree)l(v)] < K(1+ | X75 + ol + Ma(p)?).

Coming back to (A.3) and using the above estimates together with the dominated con-
vergence theorem allows to conclude that p — V7 (¢, z, u) is L-differentiable and that v —
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0, V™ (t,x, 1) (v) is differentiable. Moreover, both derivatives 9,V ™ (¢, x, )(v), 0,0, V™ (t, z, 1) (v)
are continuous with respect to their entries and satisfy

e {10, V7,2, p) ()] + 1000, VT (&, p) (0)[} < K1+ Ja| + |v] + Ma(p)?). (A.6)

We thus conclude that V™ € C%22([0,T] x RY x Py(RY)).
Step 3: Let us now prove that (¢t,z,p) — V™(t,z,u) € CH22([0,T] x R x Py(R?)). From

the Markov property satisfied by the SDE (A.1), stemming from its strong well-posedness,
for any 0 < h < t, the following relation is satisfied

t
VT(t — hya,p) = e*ﬁhE[ / e P (fr — NEg) (s, XD P oyne)ds
t—h 8

_ ot—h,,
te BhE[V“(t,Xt “,P&t,h,g)].

Now, combining the fact that V7 (¢,.) € C>?(R? x Py(R?)) with (A.6) guarantees that one
may apply Itd’s rule, see e.g. Proposition 5.102 Carmona and Delarue (2018a). We thus
obtain

h’_1<V7r(t —h,z, M) - Vﬂ(ta w,,u))

t ~
=P [ IR (fr— ABg) (s, KT P o) ds
t—h ’

e PR [W(t, X Py e) = V(¢ u)}
t
+h N e =)V (¢, @, p) (A7)

t
— o Bhp-1 / e—ﬂ(S-ﬂ[E[(f7T — AE;)(s, Xg_h’w’”, Pthh,g)] ds
t—h ’

t
+ e Phpl /t . E [L:[V”] (t, Xi-hon Pﬁ_h,g)} ds
+ RN e =)Vt 2, ),

where

1
Lelo)(t,x,pu) = ba(t,z,p) - Dp(t, o, 1) + §Ew(t,$,u) : D2o(t, @, )

1
+ Eemp | 0x (8, &, 1) - Ouip(t, z, 1) (&) + §Ew(t,£,u) : 0uOup(t,z, 1) (€) .

Letting A | 0 in (A.7), from the continuity and quadratic growth of fr, F, as well as the
continuity of L[V™|(t,.), we deduce that ¢t — V7 (t, z, y) is left-differentiable on (0,T’). Still
from the continuity of fr, E, and £[V7], we eventually conclude that it is differentiable on
[0,T) with a derivative satisfying

VT (t,a, ) — BV (t, 1) + LoVt 1) + (fr — AEx)(t, x, 1) = 0.

The proof is now complete.
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A.2 Differentiability of the parametric critic function

Under the standard assumption that the coefficients by, (t,.), ox,(t,.) are Lipschitz-continuous
on R? x Py(RY) uniformly in ¢ € [0, 7] and 6 € O, the system of SDEs (2.4) admits a unique
strong solution when o ~ my. We will denote by (X*(8), X5™(6)) the solution taken at
time s. We will also use the more compact notation

X£7§(9)25+/ Zgg T, Xt tf(G))de
XETh(g) = 34 / Z Ga(r, XE7(0), P v p)) AWH, t<s<T,
£ T

with g9 (t, 2, 11) = b, (£, 1), g (t, 0, 1) = 03 (t, 2, ), AW, = (AWP, -+, AWP) with AW =
dr.

Lemma A.1 Under Assumption 3.1, the derivatives (t,0,x, j1,v) 89836)2;’3;’“(0), D, 0p XM (0),
0902 X5 1(0), 0306 X5"(0), 0p[0, X5 (0)](v), Du0p X5 (8)(v), 00, [0, X5 (6)](v), and
Oy [8 D X" (0)](v) € LP(P) exist and are locally Lipschitz continuous for all p > 1.

Proof. The proof of the existence and continuity of the derivatives of the flow X5%%()
with respect to the parameters x, u, v and 6 is rather standard but quite mechanical and
actually follows similar lines of reasonings as those employed for the proof of Theorem 3.2
in Crisan and McMurray (2018). We thus omit it. 0

With the same notations as Lemma A.1, under Assumption 3.1, taking hy = fr,, Ex, or
g(z, 1), we deduce from the above result that the derivatives (¢, 0, z, i, v) — 9y [ho(s, XL""(0), P

X;’ﬁ(g))]a
aﬁta@[he(sv X?%M(a)v P)ﬂﬁ(g))]a 898M [h9<57 Xﬁ’ﬁ’ﬂ(g)v Pj(;’i(g))] (U)’ a,uae [h’9(57 X§7x7u(9)’ IP)ng(g))] (U)7
DpDpOpulho(s, X5 (0), Pgre 0))(v), 850,05[ho (s, X™(0), Pgre 0))(v) € LP(P), for any p >
1 and any 0 <t < s < T, exist and are continuous. For instance, standard computations
give

Do, 0z, [ho (s X5™H(0), Pgrep)]

—Zaela%he (KL 0), P o )0, (KEPH(0))
+ 3002 s, XE0). P e )0, (X14(8))70p, (X7 (0)) "

+ 3 B[[0,00, ho(s, XE(0), Prc o))k (X4 (0)) 00, (RE(0))* |0, (XE7(6)7
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691 8}1 [h9(57 X?%M(e)’ ]P)Xﬁi(a))] (U)

d
= 00,00, hols, XE"H(0), Pre ) (XE7H(0))

j=1

Z o Do (8, X0PH(0), P e )07 (X274 (9)) D, (X7H(6))
7,k=1

d
37 BI040, has, KE7(0), Py k(K14 (8))00, (XE€(0))*] 81, (Xm(0))

jk=1

d
+ > 0y ho(s, XoP(0), P s ) 00, 00 (X174 (6)))

j=1

d
+ 3 E(0h, 0o (s, X5 (0), Py ) (XL0(8)),, (XL04(6))7]
j=1

:Ek#

B[O, 0 o s, X" (0), Pgy.c(g)) (XL (0))0u (KL (0)) 100, (X7

el
[y

ﬁM& RTM&

EE[0}0%ha (s, X7H(0), P g ) (XEPH(6), X14(0))0, (X1 (0)) 05, (X5(0))F]

—

E[0,, 0] ho(s, X27(0), P gre ) (XL (0)y, (XL (0))7 9y, (X4(0))"]
E[a;;he<s,X;vrv*%e),PX;,%)(X;’”’"(e))aelaw()?z’"v“w)m
d o~ . ~ o~
+3 / E[05,0] o (s, XL (0), P o ) (X0 (0))9), (XL (8)) (0)] p(dX)
d ~ . ~ A~ ~ . A~ .
+y / B[00, 05 ho (s, XL (0), P g ) (X271 (6))0p, (XL (6)) 0, (X1 (0) (0)] u(dX")
+ / BIE[050] ho (s, XE71(0), P ge ) ) (XL 14(0), XE€(0) L (XL () (v)Dp, (X1E(0))¥] p(dX)

B[00, 0o (5, XL (0). B g ) (X0 4(0))0p, (X7 (0)) 0, (X1 (0))7 (0)] p(dX)

%\
=)

(3500 (s, XL7H(8), P e ) (X0 4 (6)) 9o, 0, (XL H(8)) (0)] p(dX"),

+
Mg
§\
=)

In the above 1dent1ty, X L (0) stands for a random variable independent of (X XL xhonr , X XhH )
with the same law as Xs

Then, starting from the expression of Vg in (A.3) (with 7 = 7p), the dominated conver-
gence theorem guarantees that the derivatives (¢, 0, x, u, v) — 090y Vo (t, x, p), 009 Vo(t, x, 1),
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00OV g(t, , 1), D209V (t,x, 1), 890, Vo(t,z, 1) (v), 0,09Vo(t, z, 1)(v), 9p0y0,Vo(t,x, u)(v),
0y0,,0§Vo(t, x, u)(v) exist and are locally Lipschitz continuous. Hence, from Clairaut’s the-
orem, we deduce that 9pd,Vy(t,z, 1) = 0,00Ve(t,x, 1), 002Vy(t,z, 1) = 0209Ve(t, x, 1),
0p0uVa(t,z, 1) (v) = 0,0 Ve(t, x, p)(v) and 0g0,0,Ve(t,x, 1)(v) = 040,09 Ve(t, x, p)(v) for
all t,x, 1, 0,v.

Moreover, from Assumption 3.1 and Lemma A.1, there exist ¢ and C' such that for any
t,x, u,v and any 6 € K, IC being a compact subset of ©

06Vo(t, z, 1)) < C(1+ |z + Ma(p)9), (A.8)
1090V (t,x, u)| + 1090, Vo(t, v, 1) (v)| < C(1 + |z + o] + Ma(p)?), (A.9)

and
0602V o(t, 2, 1)| + 09000, Vo (t, m, 1) (v)| < C(1 4 |v| + Ma(p)?). (A.10)

Now, differentiating with respect to 6 both sides of (2.6), we deduce that 6 — 9, Vy(t, z, 1)
is differentiable with a derivative dg0yVy(t, x, 1) being continuous with respect to ¢, x, p, .
Also, taking m = my and differentiating with respect to 6 both sides of the identity of
(A.7) (using Lemma A.1 together with the estimates (A.8), (A.9), (A.10) and the domi-
nated convergence theorem to differentiate the right-hand side therein) and then passing
to the limit as h | 0, we get that t — 0gVy(t,z,n) is differentiable with a derivative
0t09Vy(t, x, 1) being continuous with respect to t,x, u, 0. We thus conclude that the two
derivatives 0p0;Vo(t, x, ) and 0:0pVy(t, z, u) coincide for all ¢, z, pu, 6.

A.3 Proof of Theorem 3.1
Step 1: We start from the PDE characterisation of Vg in Proposition 2.1 that we write as

/A (L8Ol (b o) + (@, 1, @) + Mogpo(t, 2, 1, a)} ma(dalt,z,p) = 0, (A.11)
where
Llgl(t ) = —Bi(t,,0) + Duplt, ) + bz 1) - Dasplt,, 1) + 3007 (o ) = Dp(t, 1)
+ Eemp [bo(t,6,) - uplt, 2, 1)(E) + 3 5(t,6,10) £ oyl 2, 1) €],
recalling that by (t, z, ) = [, b(x, p, a) me(dalt, z, n), Le(t, z, 1) = [4(007)(x, p, a) me(dalt, x, ).

For any fixed ¢, x, 1, we now differentiate w.r.t. § € © both sides of (A.11) to get a new
system of linear PDEs satisfied by Gy. In particular, using the identity

Vo[ £5IVol(t, 2, )] = L§[Gol(t, 2, 1) + Mo Vo (t, 2. ),
together with (3.1) and the dominated convergence theorem, we get
[ {esicaltt o + Halvil e,z

+ [»Cg[Vg](t,ﬂZ,u) + f(InU’a CL) + )\logpg(t, Z, W, CL)]V@ 1ng9(t,a?,[t,d)}ﬂ'g(d@“,fl), /'L) = 0,
(A.12)
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with terminal condition Gy(T,x, ) = 0. Note that we have used the fact that

/ Vo log po(t, z, j, a)mo(dalt, 2, 0) = Vi / ro(dalt, 7, 1) = 0,
A A

and the above PDE is a system of D equations, where £§[Gy| denotes the operator applied
to each component of the RP-valued function Gg.

Step 2: Denote by

FH(t7$7M7 a) = {ﬁg[ve](tamvu) + f(xvlu'u a) + )‘logpe(t7$7,ua a)}Vg 10%190(75,1’7/% a)
+ HQ[VQ](t,iL',M),

and
fwe(t,$,ﬂ) = / Fe(t7$7#¢a)770(da|t7xau)a
A
so that the linear PDE (A.12) satisfied by Gy now writes

EWQ[G9](ta$aM)+f7r9(t7xnu) = 0,

with terminal condition Gy (7, z, ) = 0. Observe that the above PDE is similar to (2.6). In
order to obtain the announced probabilistic representation formula, we first apply the chain
rule formula on the strip [t,T] x R? x Py(R?), see e.g. Proposition 5.102 in Carmona and
Delarue (2018a), to (e_ﬁng(s,XE’I’“,PXt,g))SE[t,T] using the estimates (A.8) and (A.10).
We thus obtain ’

d(e P*Gy(s, XboH, Pgre)) = —e P (s, Xbom Pgre)ds
+e 700, G5, X0 Pire) 0y (X™H, Pire) AW

S

Observe that (A.9) together with the fact that for any 0 € RP| |o,, (z,u)| < C(1 +
|z| + Ma(p)), for some constant C, directly yields that the stochastic integral is a square
integrable martingale. Hence, integrating from ¢ to T both sides of the above and using the

facts that Go(T',z, u) = 0 and P P Potoy = IP’X?;C,H , we eventually deduce

5{';75 = Xé’g’ X

T
Go(t, 2, p) = an[ / e PO Fy(s, XLUIP i, ) ds|
t S

Step 3: On the other hand, applying again the chain rule formula to Vg(s,Xﬁ’z’“,IP’th,g),
when a ~ 7, see e.g. Proposition 5.102 in Carmona and Delarue (2018a), we have

AVo(s, XE" Pyre) = (L£5°[Vol(s, X0 P re) + BVg(s, XETH, P i) ds

+ DyVio(s, XE™, Pyie) o (X0 Pyve, 00) dWs, £ <5< T,

34



ACTOR-CRITIC LEARNING FOR MEAN-FIELD CONTROL

and thus by definition of Fy
T ~
/ e*ﬁ(s*t)Fg(s, XLk, Pyre, as) ds
t S
T
= / e POV log(py(s, X™H, Pyie, as)) (dVg(S, XUPH Py re) — BVp(s, X0 P yre)
t
+ Ho Vo] (s, XEOH, th,g)) ds
T
—i—/ e Py, log(pe(s, Xz’x’“,PX?g, as)) <f(X§’x’“,IP’X§,g, as) + )\log(pg(s,Xz’x’“,]P’X?g,as))) ds
t
T
— / e POV, log(py(s, Xo™H, Pyre, 5)) DaVo(s, XoPH, P ) o (X0 Py, ag) AW,
t

Note that (3.2) as well as the bound |D,Vy(s,x,u)| < C(1+ |x| + |u|?), for some ¢ > 0,
directly deduced from the identity (A.4) and Assumption 2.1, guarantees that the stochas-
tic integral appearing in the right-hand side of the above identity is a square integrable
martingale. Hence, taking expectation in both sides of the above identity eventually yields

T
Go(t,z, ) :== anwg[/ e Py, logpg(s,Xﬁ’x’“,]P’Xz,g,as){dVQ(s,Xg’x’“,IP’Xg,g)
t

+ [f(Xé””’“,IP’X?g,ozs) + Alog py(s, XE’I’M,PX;:@, as) — ﬁVg(S,X;’I”u,PXﬁ,g)]dS}

T
+ /t e P [ V) (s, XETH, IPXé,g)ds} .
This proves the announced probabilistic representation formula for Gy.

Appendix B. Linear quadratic mean-field control with randomised
controls and entropy regularisation

A stochastic policy is a probability transition kernel from [0, 7] x R? x Py(R?) into A = R™,
i.e., a measurable function 7 : (t,z, 1) € [0,T] x R? x Po(R?) = 7(.|t, x, n) € P(R™). We
denote by II the set of stochastic policies m with densities p with respect to the Lebesgue
measure on R™: w(dalt,z,pu) = p(t,x,u,a)da. We say that the process a = (ay); is a
randomised feedback control generated from a stochastic policy 7 € 11, denoted by a ~ 7, if
at each time ¢, the action «y is sampled (according to the o-algebra G) from the probability
distribution 7(.|t, X¢,Px,). The dynamics X = X follows a linear mean-field dynamics
with coefficients b(z, i1, a) = b(z, i, a), o(x, p,a) = &(x, [i,a) in the form

b(z,%,a) = Bx+ Bz + Ca, &(z,%,a) = v+ Dx+ Dz + Fa,

for (z,p,,a) € R x Py(R?) x R? x R™, where we denote by i = [wzu(dz), B, B, D, D
are constant matrices in R¥¢, C', F are constant matrices in R?*™, ~ is a constant in R

Given a stochastic policy w € II, we consider the functional cost V™ with entropy
regulariser defined in (2.5) with quadratic functions f(z,u,a) = f(z,1,a) and g(z,pu) =
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g(@, f1):
f(z,2,0) = 2'Qr +2Q% +a"Na +2a" Iz + 24717 + 2M.x + 2H.a,
g(x,2) = 2"Pxz +2"PZ +2L.x,
where NN is a symmetric matrix in S, I, I e R™*4 Q. Q, P, P are symmetric matrices in
St M, L € RY, H € R™, assumed to satisfy the conditions:
(H1) (i) There exists § > 0 s.t.

N > é6l,, P>0, Q-I'N"'I>o.

or(i)n=m=1,I=0,F#0,Q>0,P>0.
(H2) (i) There exists § > 0 s.t.

N > 6L, P+P >0, (Q+Q) —-(UI+I'N ' (I+1I) >0
or (i) I+I=0,F#0,Q+Q>0,P+P>0,P >0.

The solution to the LQ mean-field control problem with entropy regulariser is then given
by the following theorem:

Theorem B.1 Let Assumptions (H1)-(H2) hold. Then, the value function is equal to

ot ) = inf Vit ) = (o — @K@ - 5) -+ EAG+2Y (1) + R(),

for (t,z, 1) € [0, T]xRYx Py(RY), where the quadruple (K, A, Y, R) valued in (S¢,S%,R%, R)
is solution on [0,T] to the system of Riccati equations:

K(t)—BK(t)+Q+ K(t)B+ B'K(t) + DK (t)D

—(I + C’TK(t) + FTK(t)D)"(N + FTK( V)Y I+ C'K(t)+ FTK(t)D) = 0,
A(t) — ( ) + Q+ A(t)B+ BTA(t) + DK (t)D
—~(I+CTA(t) + FTK(t)D) (N + FTK (t)F)~ (I + CTA(t) + FTK(t)D) = 0
(t) B ()+M+BT (t) + DK (t)y

—(I+CTA(t) + FTK(t)D ) (N+FTK( )F)—l(H+CTY(t) +FK(t)y) =0
R(t) = BR(t) + 77K (t)y + 25 log(27) — log\m\
—(

D
B

(B.1)

h<

H+C’TY()+FTK() )T (N+FTK( V) LW (H +CY(t)+ FTK(t)y) = 0

\

with the terminal condition (K(T'), A(T),Y(T),R(T)) = (P, P,L,0), where we set I :=
I+I,B:=B+B,D:=D+D,Q:=Q+Q, P:=P+P.
Moreover, the optimal stochastic policy follows a Gaussian distribution:

() = N( = SO U0+ (U() - Ui+ O)); gsu)—l), (B.2)

where we set

S(t) := N+ FTK(t)F, O(t) == H+C'Y(t)+ F'K(t)y
Ut) .= I+C'K(t)+ FTK{t)D, U(t) := I+C"A(t) + FTK(t)D.
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Remark B.1 Conditions (H1) and (H2) ensure the ezistence and uniqueness of a solution
(K,A) to the matriz Riccati equation in (B.1) satisfying K > 0, A > 0 (hence S(t)~! is
well-defined). Given (K, \), the equations for (Y, R) are simply linear ODEs.

Proof of Theorem B.1. We adapt the arguments in Basei and Pham (2019) to our case
with randomised controls and entropy regulariser.

Step 1. Let us consider the function defined on [0, T x R? x Po(R?) by w(t, x, ) = w(t, z, i),
where w is defined on [0, 7] x R? x R? by

w(t,z,3) = (z—2)K(t)(x—7)+3Ab)T +2Y (t)z + R(t),

for some functions (to be determined later) K, A, Y and R on [0, 7], and valued on S‘j’r, S‘_{,
RY, and R. Fix (¢, 0, o) € [0,T] x R? x Po(R?), and & € L2(F;y;RY) ~ pg. Given 7 €
IT with density p, and a randomised control o« ~ 7, we consider the process

t
Sto‘ = e—ﬁ(t—to)w(t,Xtto,mo,uo,Xtto,MO)+/ e—ﬁ(s—to) [f(Xgo’xO’“O,Xgo’“‘),as)
to

+ )\/m (Iogpt(a))pt(a)da} ds,

for ty) <t < T, where we set p;(a) = p(t, X:07x07“0,PXt0,§0,a), and )_(fo”“’ = EaNW[XZO’&’]
t

which follows the dynamics:
dX; = (BX;+ Cay)dt,

with O_ét = EQNW [Oét}.

Step 2. We apply It6’s formula to S for a ~ 7, and take the expectation to get
AdEq-r[S] = e PER,,  [DYdt, (B.3)
with

Dta = _ﬁw(t7 X, Xt) + %vaﬂ'[w(tv X, Xt)] + f(Xt7 Xt’ at) + )\/ (log pt(a))pt(a)da’

m

where we omit the dependence on tg, zg, o of X and X to alleviate notations. By applying
Itd’s formula to w(t, Xy, Xy), recalling the quadratic forms of w, f, and using the linear
dynamics of X and X, we obtain similarly as in Basei and Pham (2019) (after careful but
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straightforward computations):

Eanr[Df] = Eanr | (X; = X0)7 (K( +Q+ K()B+ BTK(t) + DK (t)D) (X, — X)
+ X7 (A(t) - /3A(t) +Q+ A( )B + B'A(t) + D'K(t)D) X,
+ 2(Y(t) = BY (t) + M + BTY (t) + DK (t)y)"X; + R(t) — BR(t) + K (t)y
+ afS(t)ay +20] (Ut)(Xe — X3) + U(t)X: + O(1)) + A /m(log pt(a))pt(a)da}

= Bamr [(X = X7 (K (1) = 6K(1) + Q + K(1)B + BTK(1) + DK (1) D) (X, — Xi)
+ X7 (A(t) — BA(t) +Q + A(t)B + B™A(t) + D'K(t)D) X;
+ 2(Y(t) = BY (t) + M + B'Y (t) + DK (t)y)"X; + R(t) — BR(t) + K (t)y

+ [ 16i@) + Mogpu(a)lpu(a)da]. (B.4)

where we used in the last equality the fact that v ~ 7, and set ¢¢(a) := a"S(t)a + 2ax:
with x; := U(t)(Xy — Xi) + U(t) Xy + O(t).

Step 3. Let ¢ be a quadratic function on R™: ¢(a) = a™Sa+ 2aTx for some positive-definite
matrix S € ST, and x € R™, and denote by Dy(R™) the set of square integrable density
functions on R™, i.e., the set of nonnegative measurable functions p on R™ s.t. [, p(a)da
=1, and [, |a[*p(a)da < co. Let us consider the cost functional on Dy(R™) defined by

Colp) = [ [9() + Mogp(a)lp(a)da.

Then, the minimizer of Cy is achieved with p* € Dy(R™) given by

a€R™,
which corresponds to the density of a Gaussian distribution
* —1 A -1
T :N<—S X;§S ) (B.5)

We refer to Lemma 13 in Jia and Zhou (2023) for this derivation. The infimum of Cy is
then equal to

inf Cy(p) = Cy(p") = —x"S7y — )\—m log(27) — & log| A

——| (B
peD2(R™) 2 2 7' 2det(S) - (B

Step 4. Notice that under (H1), the matrix S(¢) = N + FTK(t)F is positive-definite for K
> 0, and pt(.) € D2(R™) a.s. for t € [to,T]. From (B.4) and (B.6), we then have for all =
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eI,

Eor[D}]
= Bor | (Xi = X0)T(K (1) = BK(t) + Q + K(H)B + B'K(t) + D'K(1)D) (X, - X))
+ XT(A(t) = BA(t) + Q + A(t)B +BM>.UKUmX
+ 2(Y(t) = BY (1) + M + BY () + DK (1)) X, + R(t) — BR() + 7K (1)
+ Coulpy)]

> Eans | (Xe = X7 (K (1) = BE() + Q + K()B+ BUK(t) + D'K()D — U()'S() ™ U () (X,

- XT(A(t) —BA{)+Q+A)B+ B'A(t) + D'K(t)D - U(t)"S(t)'U(t)) X.
+ 2(Y(t) = BY(t) + M + BY (t) + DK (t)y — O(t)"S(t)"'U (1)) X;

R(t) = BR(t) + 7K (t)y = O(1)TS(t) ' O(t) — /\Tm log(2m) — - (B.7)

A og|— X
2 %815det (5(1))

Therefore, by taking (K, A,Y, R) solution to (B.1), we see that the r.h.s. of (B.7) vanishes,
which means that for all 7 € II, E,~.[D§*] > 0. Moreover, from (B.5), the equality in (B.7)
holds true for the choice of 7* € II as defined in (B.2), and thus

inf BEqr[Df] = Eaqur[DP] = 0, t€ [to,T).
well

From (B.3), this means that the function ¢ — Eqy~-[Sf] is nondecreasing on [tg, 7] for any 7
€ I1, and constant on [tg, T| for 7 = 7*. By definition of S, V7, and noting that @w(T, z, T)
= g(x, ) from the terminal condition on (K, A,Y, R), it follows that

w(t()ax()vu()) = ’U_}(to,iljo,/._l,o) - EaNW[Sto:)] < EQNW[S’%] = Vﬂ(t()ax(]vu())v (BS)

for any 7w € II, with equality in (B.8) for 7 = 7*. We conclude that

;Ielg V™(to,z0, o) = V™ (to, w0, o) = w(to, o, o)
= (:L’o — ﬂQ)TK(to)(l’o — /fo) + ﬂoTA(tO)ﬂo + 2Y(t0)TCC() + R(to).
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