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Abstract

Pairwise causal background knowledge about the existence or absence of causal edges and
paths is frequently encountered in observational studies. Such constraints allow the shared
directed and undirected edges in the constrained subclass of Markov equivalent DAGs to
be represented as a causal maximally partially directed acyclic graph (MPDAG). In this
paper, we first provide a sound and complete graphical characterization of causal MPDAGs
and introduce a minimal representation of a causal MPDAG. Then, we give a unified
representation for three types of pairwise causal background knowledge, including direct,
ancestral and non-ancestral causal knowledge, by introducing a novel concept called direct
causal clause (DCC). Using DCCs, we study the consistency and equivalence of pairwise
causal background knowledge and show that any pairwise causal background knowledge
set can be uniquely and equivalently decomposed into the causal MPDAG representing
the refined Markov equivalence class and a minimal residual set of DCCs. Polynomial-
time algorithms are also provided for checking consistency and equivalence, as well as for
finding the decomposed MPDAG and the residual DCCs. Finally, with pairwise causal
background knowledge, we prove a sufficient and necessary condition to identify causal
effects and surprisingly find that the identifiability of causal effects only depends on the
decomposed MPDAG. We also develop a local IDA-type algorithm to estimate the possible
values of an unidentifiable effect. Simulations suggest that pairwise causal background
knowledge can significantly improve the identifiability of causal effects.

Keywords: causal graphical model, pairwise causal background knowledge, Markov
equivalence class, causal inference, identifiability, IDA

1. Introduction

Causal background knowledge refers to the understanding or consensus of causal and non-
causal relations in a system. Such information, as a supplement to data, may be obtained
from domain knowledge or experts’ judgments (such as smoking causes lung cancer and
eating betel nuts causes oral cancer), from common sense (such as a subsequent event is not
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a cause of a prior event), or even from previous experimental studies (such as double-blind
experiments or A/B tests). Under the framework of causal graphical models, represent-
ing and exploiting causal background knowledge may improve the identifiability of causal
structures or causal effects in a study of causal discovery or causal inference (Meek, 1995;
Perkovi¢, 2020). For example, as shown in Figure 1, consider a simple causal chain with
three binary variables: smoking, bronchitis and dyspnea. With observational data only, it
is possible to consistently estimate a completed partially directed acyclic graph (CPDAG)
shown in Figure 1a, representing a set of statistically equivalent DAGs called Markov equiv-
alent. In this case, neither the causal structure among the three vertices nor the causal effect
of smoking on bronchitis is identifiable, since there are three Markov equivalent DAGs and
the causal effects estimated based on each of them are not identical. However, if we have
already known that smoking can cause dyspnea, then there is only one DAG in the Markov
equivalence class satisfying this causal constraint and thus the causal effect of smoking on
bronchitis is identifiable.

This paper focuses on representing pairwise causal background knowledge and incorpo-
rating this knowledge into causal inference assuming no hidden variables or selection biases.
We consider three types of pairwise causal background knowledge, including direct, ances-
tral and non-ancestral causal knowledge. A piece of direct causal knowledge is defined as
the presence of a directed edge in a DAG. Direct causal knowledge is natural and has been
studied extensively (Dor and Tarsi, 1992; Meek, 1995; Perkovié¢ et al., 2017; Henckel et al.,
2022; Perkovié¢, 2020; Witte et al., 2020; Guo and Perkovié¢, 2021). A piece of ancestral
(non-ancestral) causal knowledge is defined as the presence (absence) of a directed path in
a causal DAG. One can learn ancestral (non-ancestral) causal relations from observational
data (Fang et al., 2022), or from interventional data since when a variable is intervened,
its descendant variables could be changed while other variables usually keep unchanged
(He and Geng, 2008). Each non-ancestral relation essentially implies a causal topological
order between two variables. Thus, a causal topological order among variables, which is a
common type of causal background knowledge in literature (Park and Klabjan, 2017; Wang
and Michailidis, 2019), can be translated to pairwise non-ancestral relations equivalently:
each variable is not an ancestral variable of its preceding variables in the order.

Existing works on pairwise causal background knowledge mainly focus on direct causal
knowledge (Dor and Tarsi, 1992; Meek, 1995; Perkovié¢ et al., 2017; Henckel et al., 2022;
Perkovi¢, 2020; Witte et al., 2020; Guo and Perkovié, 2021). Meek (1995) proved that
the set of DAGs in a Markov equivalence class satisfying given direct causal knowledge is
non-empty if and only if it can be represented by a causal maximally partially directed
acyclic graph (MPDAG), which contains both directed and undirected edges. Benefiting
from the compact graphical representation, many researchers discussed the identifiability
and efficient estimation of a causal effect, or the estimation of all possible causal effects of a
treatment on a response with direct causal knowledge (Perkovié et al., 2017; Henckel et al.,
2022; Perkovi¢, 2020; Witte et al., 2020; Guo and Perkovi¢, 2021). Recently, Fang and He
(2020) further studied non-ancestral causal knowledge and proved that non-ancestral causal
knowledge can also be represented exactly by causal MPDAGs. However, causal MPDAGs
may fail to represent ancestral causal knowledge. The DAGs in a Markov equivalence class
satisfying given ancestral causal knowledge may satisfy some structural constraints that
cannot be posed by any causal MPDAG. An example is provided in Example 1.
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smoking —> bronchitis — dyspnea
smoking — bronchitis — dyspnea smoking <— bronchitis — dyspnea
smoking <— bronchitis «— dyspnea

(a) A CPDAG over three variables (b) Three Markov equivalent DAGs

Figure 1: A CPDAG over three variables including smoking, bronchitis and dyspnea is given
in Figure 1a, which represents the Markov equivalent class shown in Figures 1b.

Instead, the representation of ancestral causal knowledge remains under-explored. In
the existing studies, ancestral causal knowledge is generally regarded as a constraint on
the existence of directed paths (see, for example, Borboudakis and Tsamardinos, 2012).
Such a constraint is global in the sense that it imposes complex restrictions on the direction
of all edges along the paths connecting two nodes. As a result, it becomes challenging
to answer some basic queries, such as whether two pieces of ancestral causal knowledge
contradict each other, or whether one piece of ancestral causal knowledge can be inferred
from others. Existing literature often addresses these queries, as well as other issues related
to ancestral causal knowledge, by explicitly or implicitly enumerating all equivalent DAGs
within a given Markov equivalence class and examining the paths in each DAG (Borboudakis
and Tsamardinos, 2012). However, this enumeration-based approach is infeasible in high
dimensional settings, where the number of Markov equivalent DAGs grows exponentially
with the number of variables. This limitation also restricts the practical application of
pairwise causal background knowledge in causal inference.

In this paper, we first provide a sound and complete graphical characterization of causal
MPDAGs, together with their minimal representation. We establish sufficient and necessary
conditions under which a partially directed graph qualifies as a causal MPDAG. Next, we
introduce a novel representation of pairwise causal background knowledge, called direct
causal clauses, which provide a unified way to represent direct, ancestral, and non-ancestral
knowledge within a single framework. We further analyze the consistency and equivalence
of pairwise causal background knowledge represented by direct causal clauses, and show
that any set of pairwise causal background knowledge can be uniquely and equivalently
decomposed into (i) the causal MPDAG representing the subset of Markov equivalent DAGs
consistent with the given knowledge, and (ii) a minimal residual set of direct causal clauses.
We also provide sufficient and necessary conditions under which an MPDAG can exactly
represent pairwise causal background knowledge.

Leveraging direct causal clauses, we then propose polynomial-time algorithms for check-
ing the consistency and equivalence of pairwise causal background knowledge, as well as
for constructing the corresponding decomposed causal MPDAG and residual direct causal
clauses. To the best of our knowledge, these are the first polynomial-time algorithms that
address these tasks in the presence of all three types of pairwise causal knowledge.

Finally, we investigate the identifiability of causal effects when pairwise causal back-
ground knowledge is available. We find, perhaps surprisingly, that the identifiability de-
pends only on the decomposed MPDAG derived from the background knowledge. When a
causal effect is not identifiable, its possible values are determined jointly by the MPDAG
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and the residual set of direct causal clauses. For such cases, we develop IDA-type algorithms
to estimate the possible effects locally or semi-locally, building on new local orientation rules
for CPDAGs with direct causal clauses.

The following three subsections devote to some preliminaries. Unless otherwise stated,
we use capital letters such as X to denote variables or vertices or nodes, and use boldface
letters like X to denote variable sets or vectors. An instantiation of a variable or vector is
denoted by a lowercase letter, such as  and x. Weuse X CY, X CY and X £ Y to
denote that X is a subset, proper subset and not a subset of Y, respectively.

1.1 Causal Graphical Models

In this paper, we use V(G), E(G), E4(G), and E,(G) to denote the vertex set (or node set),
edge set, set of directed edges, and set of undirected edges of a given graph G, respectively.
Here, G can be a directed, undirected or partially directed graph. The skeleton of G is
the undirected graph obtained by removing all arrowheads from G. For any V' C V., the
induced subgraph of G over V', denoted by G(V’), is the graph with vertex set V' and
edge set E' C E containing all and only edges between vertices in V’. The undirected
subgraph and directed subgraph of G are denoted by G, and G, respectively. The former
is defined as the undirected graph obtained by removing all directed edges, while the latter
is the directed graph obtained by removing all undirected edges from G. An undirected (or
directed) induced subgraph of G over V' C V is the induced subgraph of G, (or G4) over
V.

In a graph G, X, is a parent of X; and Xj is a child of X; if X; — X, and Xj is a sibling
of X; if X; — X;. Two vertices X; and X are adjacent and called neighbors of each other if
they are connected by an edge. We use pa(X;,G), ch(X;,G), sib(X;,G), and adj(X;,G) to
denote the sets of parents, children, siblings, and adjacent vertices of X; in G, respectively.
A graph is called complete if every two distinct vertices are adjacent. A vertex is simplicial
if its neighbors induce a complete subgraph.

A path is a sequence of distinct vertices (Xi,---,X,) such that any two consecutive
vertices are adjacent. X; and X,, are endpoints and the others are intermediate nodes. A
path connecting X € X and Y € Y is proper if the intermediate nodes on the path are
not in X UY. If every two distinct vertices in a graph are connected by a path, then the
graph is connected. A path from X; to X, is partially directed if X; < X;;1 does not
occur in G for any i = 1,...,n—1 and X; — X, for some i =1,...,n—1. Moreover, a path
from X; to X, is possibly causal if X; < X; does not occur in G for any ¢,7 = 1,...,n
and ¢ < j, and is non-causal otherwise (Perkovi¢ et al., 2017). A path from X; to X, is
directed if X; — X;y1 for every ¢ = 1,...,n — 1, and is undirected if X; — X;;1 for every
i=1,..,n—1. A partially directed (directed, or undirected) cycle is a partially directed
(directed, or undirected) path from X; to X, together with a directed or an undirected edge
(a directed edge, or an undirected edge) from X,, to X;. A directed graph is acyclic (DAG)
if there are no directed cycles. A partially directed acyclic graph (PDAG) is a partially
directed graph without directed cycles. A chain graph is a partially directed graph with
no partially directed cycles (Lauritzen and Richardson, 2002). The length of a path (cycle)
is the number of edges on the path (cycle). A vertex X; is an ancestor of X; and X is a
descendant of X; if there is a directed path from X; to X; or X; = Xj; the sets of ancestors
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and descendants of X; in G are denoted by an(X;,G) and de(X;,G), respectively. A vertex
X is a possible descendant of X; if there is a possibly causal path from X; to X;. A chord
of a path (cycle) is an edge joining two nonconsecutive vertices on the path (cycle). An
undirected graph is chordal if it has no chordless cycle with length greater than three.

Let m = (Xy,--- ,X,,) be apathin G. X; (i # 1,n) is a collider on 7 if X; 1 — X; «
Xi+1, and is a definite non-collider on 7 if X;_1 < X;, or X; — X419, or X;_1 — X; — Xi1
but X;_; is not adjacent to X;11. Moreover, X; is of definite status on = if it is a collider,
or a definite non-collider, or an endpoint on 7 (Guo and Perkovié¢, 2021). A path 7 is of
definite status if its nodes are of definite status. For distinct vertices X;, X; and Xy, if
X; = X + Xj, and X; is not adjacent to X, in G, the triple (X;, X;, Xj) is called a v-
structure collided on X;. A definite status path 7 from X to Y is d-separated (blocked) by
Z (X,Y ¢ Z) if m has a definite non-collider in Z or 7 has no collider who has a descendant
in Z, and is d-connected given Z otherwise.

Two DAGs are Markov equivalent if they induce the same d-separation relations. Pearl
et al. (1989) proved that two DAGs are equivalent if and only if they have the same skeleton
and the same v-structures. A Markov equivalence class contains all DAGs equivalent to each
other. A Markov equivalence class can be uniquely represented by a completed PDAG, or
essential graph, defined as follows:

Definition 1 (Completed PDAG, Andersson et al. 1997) Given a DAG G, the com-
pleted PDAG (CPDAG) of G, denoted by G*, is a PDAG that has the same skeleton as G,
and a directed edge occurs in G* if and only if it appears in all equivalent DAGs of G.

We assume that the CPDAG G* of the Markov equivalence class containing the underlying
DAG G is provided, and use [G] or [G*] to represent the Markov equivalence class. Andersson
et al. (1997) proved that a CPDAG is a chain graph, and its undirected subgraph is the
union of disjoint connected chordal graphs, which are called chain components. A causal
DAG model consists of a DAG G and a distribution f over the same set V such that

f(xh 7‘7771) = H?:l f(xi‘pa(xh g))

1.2 Pairwise Causal Background Knowledge

In this paper, we mainly consider pairwise causal background knowledge, which can be
formally defined in terms of constraints as follows.

Definition 2 (Pairwise Causal Constraints) A direct causal constraint denoted by
X — Y is a proposition saying that X is a parent of Y, that is, X is a direct cause of
Y. An ancestral causal constraint denoted by X --+ Y is a proposition saying that X is
an ancestor of Y, that is, X is a cause of Y. A non-ancestral causal constraint denoted by
X -#+ Y is a proposition saying that X is not an ancestor of Y, that is, X is not a cause
of Y. Moreover, X is called the tail and Y 1is called the head in the above notions.

Non-pairwise causal background knowledge will be briefly discussed in Section 3.3. A
pairwise causal constraint set is also called a (causal) background knowledge set for short.
A pairwise causal constraint set over V consists of some of the constraints with heads and
tails in V. Given a DAG G, a pairwise causal constraint set B over V(G) is said to hold for
g, or equivalently, G is said to satisfy B, if every proposition in B is true for G. We define
the restricted Markov equivalence class induced by G* and B as follows.
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Figure 2: A visualization of Meek’s rules. If the graph on the left-hand side of a rule is
an induced subgraph of a PDAG, then orient the undirected edge such that the resulting
subgraph is the one on the right-hand side of the rule.

Definition 3 (Restricted Markov Equivalence Class) The restricted Markov equiva-
lence class induced by a CPDAG G* and a pairwise causal constraint set B over V(G*),
denoted by [G*, B], consists of all equivalent DAGs in [G*] that satisfy B.

If B is empty, then [G*, B] = [G*]. A restricted Markov equivalence class [G*, B] is empty
if none of the DAGs in [G*] satisfies B. For example, if two exclusive constraints, say both
X --»Y and X -+» Y, appear in B, we have that [G*, B] = @. Conversely, we say that B
is consistent with G* if [G*, B] # @.

A PDAG is maximal (MPDAG) if it is closed under the four Meek’s rules shown in
Figure 2 (Meek, 1995). Given a CPDAG G* and a pairwise causal constraint set 3 consistent
with G*, the causal MPDAG of [G*, B] is defined as follows.

Definition 4 (Causal MPDAG) The MPDAG H of a non-empty restricted Markov equi-
valence class [G*, B] induced by a CPDAG G* and a pairwise causal constraint set B is a
PDAG such that (1) H has the same skeleton and v-structures as G*, and (2) an edge is
directed in H if and only if it appears in all DAGs in [G*,B]. An MPDAG H is a causal
MPDAG if there exists a CPDAG G* and a pairwise causal constraint set B (possibly empty)
consistent with G* such that H is the MPDAG of [G*, B].

It is easy to verify that Definition 4 indeed defines an MPDAG. Clearly, the MPDAG
H of [G*, B] contains the common direct causal relations of all restricted Markov equivalent
DAGs in [G*,B]. Let [H] be the set of DAGs which contain all directed edges of H and
have the same skeleton and v-structures as H. Following Definition 4, if H is the MPDAG
of [G*, B], then every DAG in [G*, B] belongs to [H], that is, [G*,B] C [H]. An example
illustrating that [G*, B] may be a proper subset of [#] is shown by Example 1.

Example 1 Figure 3a shows a CPDAG G*, and G1 to G4 shown in Figures 3b to 3e are
DAGs in [G*] satisfying the ancestral causal constraint B = {X --» Y'}. That is, the
restricted Markov equivalence class [G*,B] = {G1,G2,G3,G4}. The causal MPDAG H of
[G*, B] is shown in Figure 3f, which has two directed edges A —Y and B —'Y as they are
both in Gy to G4. On the other hand, [H] consists of Gi to Gg, meaning that [G*,B] C [H].
In summary, B implies two direct causal relations, A — Y and B — Y, as well as a
constraint that X is a direct cause of either A or B. The MPDAG H does not imply the

latter constraint.
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Figure 3: An example of a causal MPDAG. Let B = {X --» Y} and H be the MPDAG of
[G*, B]. [G*, B] consists of the DAGs from G; to G4, while [H] consists of the DAGs from G;
to Gg, which indicates that [G*, B] C [H].

Definition 5 (Fully Informative MPDAG) A causal MPDAG H is fully informative
with respect to a restricted Markov equivalence class if the set [H] is identical to the restricted
Markov equivalence class.

When # is fully informative with respect to [G*,B], H can represent [G*, B] exactly.
When B only contains direct causal constraints, Meek (1995) proved that the MPDAG of
[G*, B] is fully informative, and the MPDAG can be constructed in polynomial time using
Meek’s rules. Fang and He (2020) further showed that any non-ancestral causal constraint
can be represented equivalently by some direct causal constraints and the corresponding
fully informative H can also be constructed from G* and B in polynomial time.

1.3 Intervention Calculus

In order to obtain the effect of an intervention on a response variable, Pearl (2009) employed
the notion of do-operator to formulate the post-intervention distribution as follows: given
a DAG G over the vertex set V ={X1,..., X} and X C V,

II flxilpa(zi,G))lx=x, if v|x =x,
f(v]do(X =x)) = XieV\X (1)
0, otherwise.

Here, f(v]|do(X = x)) (or f(v|do(x)) for short) is the post-intervention distribution over
V after intervening on X, by forcing X to equal x; v is an instantiation of V; v|x = x
means the value of X in the instantiation v equals x. The post-intervention distribution
f(y|do(x)) is defined by integrating out all variables other than Y in f(v|do(x)). Given
a treatment set X and a response set Y, if there exists an x # x’ such that f(y |do(x)) #
f(y|do(x')), then X has a causal effect on Y (Pearl, 2009). Following the notion of Pearl
(2009), we simply use f(y |do(x)) to represent the causal effect of X on Y.

Given the underlying causal DAG, the post-intervention distribution can be calculated
from observational distribution by using a number of criteria. For example, the post-
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intervention distribution of a single response Y ¢ pa(X,G) after intervening on a single
treatment X can be calculated by

£y do(x)) = / f(y| X =z, pa(X,G) = u) f (u)du. (2)

IfY € pa(X,G), then f(y|do(x)) = f(y|do(a’)) for any two instantiations z,z’ of X.
Equation (2) is a special case of the backdoor adjustment (Pearl, 1995, 2009), and pa(X, G) is
a backdoor adjustment set. However, if the underlying DAG is not fully known, f(v |do(x))
may not be identifiable (Pearl, 2009). Recently, the identifiability of a causal effect given an
MPDAG has been studied (Perkovi¢ et al., 2017; Perkovié¢, 2020). Perkovié¢ (2020) proved
that f(v|do(x)) is identifiable if and only if every proper possibly causal path from X to
Y starts with a directed edge in the given MPDAG.

If a causal effect is not identifiable, we can use the IDA framework to estimate all
possible causal effects. The original IDA enumerates all possible causal effects of a single
treatment X on a single response Y given a CPDAG by listing all possible parental sets of
X and adjusting for each of them. To decide whether a set of variables is possible to be
the parents of X, Maathuis et al. (2009, Lemma 3.1) provided a locally valid orientation
rule. Recently, Fang and He (2020, Theorem 1) extended the locally valid orientation rule
to MPDAGs and proposed a fully local extension of IDA to deal with direct causal and
non-ancestral causal constraints. For multiple interventions, Nandy et al. (2017) proposed
the joint-IDA. Compared with IDA, this extension is semi-local, which uses Meek’s rules to
check the validity of each candidate parental set. However, Meek’s rules are global in the
sense that they require an entire PDAG as input. Perkovié¢ et al. (2017) further extended the
joint-IDA to MPDAGs, and the algorithm is called the semi-local IDA. The recent work on
efficient adjustment (see, for example, Henckel et al., 2022) also motivates other extensions
of IDA, such as the works of Witte et al. (2020); Liu et al. (2020a); Guo and Perkovi¢
(2021).

In Section 2, we study the graphical characterization of causal MPDAGs and their
minimal representation. Section 3 then introduces direct causal clauses and demonstrates
how to use them to represent pairwise causal constraints. Algorithms for checking the
consistency and equivalence of pairwise causal constraints, as well as for constructing the
decomposed causal MPDAG and residual direct causal clauses, are presented in Section 4.
In Section 5, we focus on the identifiability of causal effects and the methods for locally or
semi-locally estimating all possible causal effects, with simulations also provided. Additional
algorithms and detailed proofs are given in the appendices.

2. A Graphical Characterization of Causal MPDAGs

In this section, we study the necessary and sufficient conditions for a partially directed graph
to be a causal MPDAG, as well as the minimal representation of a causal MPDAG. MPDAGs
serve as graphical tools for representing direct and non-ancestral causal constraints, and
they play a crucial role in identifying causal effects under pairwise causal constraints, as
demonstrated in Section 5.1. Before presenting the main results in Theorems 8 and 13,
we note that the results in this section are not directly used in the subsequent sections.
Readers primarily interested in the general representation may choose to skip this section
and proceed directly to Section 3.
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(a) A causal MPDAG #H (b) The chain skeleton H. of H (c) A DAG represented by H

Figure 4: Examples to illustrate the graphical characterization of causal MPDAGs.

We first introduce two concepts related to partially directed graphs.

Definition 6 (B-component) Given a partially directed graph G, a B-component C® of G
is an induced subgraph of G over the vertices which are connected by at least one undirected
path in G.

The letter “B” in “B-component” comes from “Bucket”. We note that, the definition
of a B-component is related to Bucket defined in Perkovi¢ (2020). A bucket is a maximal
undirected connected subset of the node set of an MPDAG (Perkovi¢, 2020). In an MPDAG,
the vertex set of a B-component corresponds to a bucket and the induced subgraph over
a bucket is a B-component. However, in contrast to buckets, which are defined solely
on MPDAGs, B-components are defined for general partially directed graphs. We also
remark that the B-component generalizes the concept of a chain component in a chain
graph. In fact, for a chain graph, the definition of a B-component degenerates to that of
a chain component. However, unlike chain components, a B-component may contain both
directed and undirected edges. For example, the MPDAG H shown in Figure 4a has three
B-components: the induced subgraphs of H over {A},{E}, and {B,C,D}. The directed
edges in a partially directed graph can be divided into two parts: the edges between two
B-components (such as A — B, A — E in Figure 4a), and the edges within a B-component
(such as C' — B in Figure 4a).

Definition 7 (Chain Skeleton) Given a partially directed graph G, the chain skeleton of
G, denoted by G, is the graph obtained from G by removing arrowheads of all directed edges
in every B-component of G.

According to the definition of a B-component, all undirected edges of G appear in B-
components of G, so the undirected subgraph of G, is a union of the skeletons of the B-
components of G. Figure 4b displays the chain skeleton of H illustrated in Figure 4a. In
Figure 4b, the induced subgraph of the chain skeleton H. over {B,C, D} is undirected.

Theorem 8 provides sufficient and necessary conditions for a partially directed graph
H = (V,E) to be a causal MPDAG.

Theorem 8 A partially directed graph H = (V,E) is a causal MPDAG if and only if H
satisfies the following conditions.

(i) The chain skeleton H. of H is a chain graph.

(i) The skeleton of each B-component of H is chordal.
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(iii) The vertices in the same B-component have the same parents in H..

(iv) For any directed edge X — Y in any B-component C* of H, pa(X,H) C pa(Y, H)\{X}
and adj(Y,C%) \ {X} C adj(X,C").

Comparing to the graphical characterizations of essential graphs (Andersson et al., 1997)
and intervention essential graphs (Hauser and Bithlmann, 2012), the conditions in Theorem
8 are weaker since these two types of graphs are also causal MPDAGs. That is, these condi-
tions are necessary but not sufficient for a graph to be an essential graph or an intervention
essential graph.

In Theorem 8, condition (i) states a global characteristic of the partially directed graph
‘H, that is, there are no partially directed circles in the chain skeleton H,. of H. The last three
conditions characterize the graphical structure related to B-components of #. Condition (ii)
states that the undirected induced subgraphs of H,. are chordal, and condition (iii) shows
that a vertex out of a B-component is either a parent of all vertices in the B-component, or
not a parent of any vertex in the B-component. Condition (iv) indicates that the neighbor
and parental sets of the two endpoints of a directed edge in a B-component must satisfy
some inclusion relations.

In Section 1.2, a causal MPDAG is defined as an MPDAG that can represent a restricted
Markov equivalence class induced by a CPDAG G* and a pairwise causal constraint set B.
Below, we first show that such a CPDAG G* is unique.

Proposition 9 Given a causal MPDAG H, any restricted Markov equivalence class that
can be represented by H is induced by the same CPDAG G* and some pairwise causal
constraint set. Moreover, there exists a direct causal constraint set Byg such that [H] =

[G*, Ba).

Following Proposition 9, we introduce the notions of a generator and a minimal gener-
ator.

Definition 10 (Generator and Minimal Generator) Let H be a causal MPDAG and
G* be the unique CPDAG of all restricted Markov equivalence classes that can be represented
by H. A direct causal constraint set (or equivalently, a set of directed edges) A is called a
generator of H if [H] = [G*, A]. A generator A is called minimal if the number of direct
causal constraints in A is less than or equal to that in any other generator of H.

Proposition 9 shows that every causal MPDAG has a generator. Below we will show that
the minimal generator is unique. A new concept called M-strongly protected is required.

Definition 11 (M-Strongly Protected) Let H be a causal MPDAG. A directed edge
X =Y in H is M-strongly protected if X — Y occurs in at least one of the five configura-
tions in Figure 5 as an induced graph of H.

The following proposition establishes the uniqueness of the minimal generator.

Proposition 12 Given a causal MPDAG H, a set of directed edges A is a minimal gen-
erator of H if and only if A is the set of directed edges which are not M-strongly protected
i H. Moreover, the minimal generator of H is unique.

10
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e

Figure 5: The five configurations of M-strongly protected edges.

Proposition 12 also provides a method to find the minimal generator of a given causal
MPDAG. For example, consider the causal MPDAG H shown in Figure 4a, the four directed
edges A - B,A — E,B — E and D — E are M-strongly protected and the other three
directed edges A -+ C,A — D and C — B are not, so A = {A - C,A — D,C — B} is
the unique minimal generator of . In summary, we have the following theorem.

Theorem 13 Let H be a causal MPDAG. Then, there exists a unique CPDAG G* and a
unique minimal generator By, such that [H] = [G*, Bp].

The first four configurations of M-strongly protected edges in Definition 11 are exactly
the configurations of strongly protected defined for essential graphs. Andersson et al. (1997)
proved that every directed edge in an essential graph is strongly protected. Therefore,
strongly protected can be used to figure out the directed edges that can be learned from
observational data. In contrast, from Proposition 12 and Theorem 13, in a causal MPDAG,
a directed edge can be learned from observational data, or can be inferred from the minimal
generator if the directed edge is M-strongly protected.

3. A Unified Representation of Pairwise Causal Constraints

Let G* be a CPDAG and B be a set of pairwise causal constraints consistent with G*. As
discussed in Section 1.2, a causal MPDAG H of [G*, B] may not be fully informative when
B contains ancestral causal constraints. That is, [G*, B] cannot be represented exactly by
any causal MPDAG. In this section, we first introduce a new representation, called direct
causal clauses, which can be used to represent all types of pairwise causal constraints, and
discuss the consistency and equivalence of direct causal clauses. Then, in Section 3.2, we
show that any pairwise causal background knowledge set can be equivalently decomposed
into a causal MPDAG plus a minimal residual set of direct causal clauses, and prove suf-
ficient and necessary conditions for a causal MPDAG H of [G*, B] to be fully informative.
Finally, Section 3.3 briefly discusses the representation of non-pairwise causal background
knowledge.

3.1 Direct Causal Clauses

In this section, we develop a non-graphical tool called direct causal clauses, which can
uniformly represent direct, ancestral, and non-ancestral causal constraints.

Definition 14 (Direct Causal Clause) A direct causal clause (DCC for short) k, also
denoted by ki = Ky, over a variable set 'V is a proposition saying that k; is a direct cause

11



FANG, ZHAO, Liu AND HE

of at least one variable in Ky, where kg € V is called the tail of k, and k), C 'V satisfying
Kt & Ky, is the head set whose elements are called the heads of k.

When the head set xj, of a DCC k is a singleton set, say kp = {D}, ki 2y gy s
equivalent to the proposition that k; is a direct cause of D, denoted by x; — D. For ease
of presentation, we will use k; — D or k; — D as a shorthand for r; — {D}, and we will
use them interchangeably throughout this paper. Given a DAG G and a DCC k over the
same variable set V, we say that x holds for G and G satisfies « if k, N ch(ky, G) # 2.

Proposition 15 For any DAG G over V, we have that (i) a DCC k over V with k, = @
never holds for G, and (ii) for any DCC k over V, k <= \/pc,. (s — D) for G.

The first statement of Proposition 15 naturally holds since for any s with x, = &,
kp N ch(ke, G) = @, no matter whether ch(k;,G) = & or not. Even if for a singleton graph
G = (K¢, @) containing k; only, k; — & does not hold for G. Proposition 15 also shows
that a DCC k holds for G if and only if there exists at least one variable D € xp such that
ke — D holds for G. It implies that a DCC is a disjunction of direct causal constraints.

To demonstrate that DCCs can represent pairwise causal constraints, we introduce the
concept of a critical set as follows.

Definition 16 (Critical Set) Let G* be a causal MPDAG, and let X andY be two distinct
vertices in G*. The critical set of X with respect to'Y in G*, denoted by Cxy (G*), consists
of all neighbors of X lying on at least one chordless partially directed path or chordless
undirected path from X toY.

This concept was first introduced for CPDAGs by Fang and He (2020). As an example,
consider the CPDAG shown in Figure 7a. The critical set of A with respect to Y consists
of Band C,as A— B — Y and A— C — Y are two chordless partially directed path from
A to Y. On the other hand, variable X is not in C4y(G*), since A— X — C — Y has a
chord A — C and A — X — B — Y has a chord A — B. Similarly, the critical set of D with
respect to Y is {A, X}, for D— A— B —Y and D — X — C — Y are chordless.

Theorem 17 Let G* be a CPDAG, X,Y € V(G*), and G € [G*]. Denote by Cxy(G*) the
critical set of X with respect to'Y in G*. Then, we have:

(i) X is a direct cause of Y in G if and only if X 25'Y holds for G.
(i) X is a cause of Y in G if and only if X = Cxy (G*) holds for G.
(i4) X is not a cause of Y in G if and only if C =5 X holds for G for every C' € Cxy(G*).

Theorem 17 extends Lemma 2 in Fang and He (2020) to all pairwise causal constraints.
Analogue to Definition 3, we can define the restricted Markov equivalence class [G*, K]
induced by a CPDAG G* and a set K of DCCs over V(G*), as the subset of [G*] in which
every DAG satisfies all DCCs in K. Likewise, the MPDAG of a non-empty [G*, K] can
also be defined analogously to Definition 4. Given a CPDAG and a set of pairwise causal
constraints, Theorem 17 proves that there is a set of DCCs which induces the same restricted
Markov equivalence class as the original constraints.

12
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Figure 6: A CPDAG over {4, B,C,D} and a DCC B = {A,C}, which is visualized by an
arc. This example shows that not every DCC can be translated back into pairwise causal
constraints.

From Theorem 17, the global path constraints are transformed to the local ones that only
put constraints on the edges between X and its neighbors. A polynomial-time algorithm
proposed by Fang et al. (2022, Algorithm 2) can be used to find critical sets, so we can
efficiently obtain the equivalent DCCs from a given CPDAG and pairwise causal constraints.

We remark that any pairwise causal constraint can be equivalently transformed into
a set of DCCs, but not vice versa. That is, not every set of DCCs can be translated
back into pairwise causal constraints. An illustrative example is provided in Figure 6,
where the DCC B = {A,C?} is not equivalent to any combination of pairwise causal
constraints. This example demonstrates that DCCs can encode more information than
pairwise constraints. Assuming that a set of DCCs can be translated back into pairwise
causal constraints, Appendix A.l presents a method for obtaining an equivalent set of
pairwise causal constraints.

Example 2 Consider the CPDAG G* shown in Figure 7a. Recall that Cay(G*) = {B,C'}
and Cpy(G*) = {A,X}. Suppose that A -+» Y holds for the underlying DAG, then by
Theorem 17, B A and C <5 A holds. Since B> A < B — A and C 25 A —
C — A, we can represent A -#» Y graphically by orienting B — A and C — A in G*.
Furthermore, if D --» Y holds, then by Theorem 17 we equivalently have D = {A, X},
meaning that D is a direct cause of A or X in the underlying DAG. Figures 7d to 7f
enumerate three possible orientations of the edges D— A and D—X in G* with the constraint
D > {A, X}. For any DAG in [G*,D --+ Y], the edge orientations of D — A and D — X
must be one of the three possibilities shown in Figures 7d to 7f. Conversely, every DAG in
[G*] whose edges between D and {A, X'} are identical to one of the configurations shown in
Figures 7d to 7f must satisfy the constraint D --+ Y.

Below, we discuss the consistency of a DCC set and the equivalence of two DCC sets
with respect to a given CPDAG. We first introduce the definition of consistency as follows.

Definition 18 (Consistency) Given a CPDAG G* and a set K of DCCs over V(G*), K
is consistent with G* if [G*, K] # @.

Following Definition 18, a set K of DCCs over V(G*) is consistent with G* if and only
if there exists at least one equivalent DAG G € [G*]| which satisfies all clauses in K. Below,
we give a definition of equivalence for two sets of DCCs, which allows us to discuss the
consistency of a DCC set via its equivalent reduced form.
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Figure 7: An illustration of a critical set and Theorem 17. Figure 7a shows a CPDAG.
Figures 7b and 7c show the equivalent DCCs to the pairwise causal background knowledge

A -#»Y and D --» Y, respectively. Figures 7d to 7f enumerate three possible orientations
of the edges D — A and D — X in G* with the constraint D 2 {4, X'}.

Definition 19 (Equivalence) Given a CPDAG G*, two sets K1 and Ko of DCCs over
V(G*) are equivalent with respect to G* if [G*,K1] = [G*, Kq].

Let s := k¢ — kj, be a DCC. Denoting [G*, {x}] by [G*, k] for convenience and assuming
that x is over V(G*), the following proposition gives several equivalent reduced forms of .

Proposition 20 For any CPDAG G* and any direct causal clause k := ki — Ky, we have
that (i) [G*, k] = [G*] if ch(ke, G*) Nk # D, (i1) [G*, K] = [G*, ke = (kn, Nadj(ke, G*))], and
(ZZZ) [g*?"{] = [g*v Kt — (’%h \pa(’%tag*))]'

In Proposition 20, the first result holds since every G € [G*] satisfies x when ch(r¢, G*)N
kp # @. Therefore, a DCC with ch(ky, G*) Nk # @ is redundant for G*. For any G € [G*],
G satisfies k if and only if there exists at least a variable D € kj, such that k; — D appears
in G. If such a variable D exists, it must be adjacent to k¢, so the second equation holds.
Similarly, the third equation holds since D must not a direct cause of x;. Consequently, we
give a reduce form of a set of DCCs K in Definition 21.

Definition 21 (Reduced Form) Given a CPDAG G* and a set of DCCs K over V(G*),
a reduced form of K with respect to G*, denoted by K(G*), is defined as follows.

K(G*) = {rt = (kp N sib(ke, G*)) | & € K and kp, O ch(ke, GF) = D} (3)
Specifically, K(G*) =@ if K = 2.

Proposition 22 (Equivalent Reduced Form) Given a CPDAG G* and a set of DCCs
K over V(G*), we have that K is equivalent to K(G*) defined in Equation (3) with respect
to G*.

Proposition 22 shows that the reduced form of K is equivalent to C with respect to G*.
Below, we define a subset of K restricted on an undirected induced subgraph of G*.
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Definition 23 (Restriction Subset) Suppose that U is an undirected induced subgraph
of a CPDAG G* over V(U) C V(G*), and K is a set of DCCs over V(G*). The restriction
subset of IC on U is defined by

KU) = {r € K(G") | {:} Urn S VU)}. (4)

It can be seen that IC(G*) = K(G;). Basically, K(U) consists of all clauses in (G*)
whose tail and heads are all in /. The following concept of a potential leaf node is of key
importance in checking consistency of a set of DCCs.

Definition 24 (Potential Leaf Node) Let G* be a CPDAG and K be a set of DCCs over
V(G*). Given an undirected induced subgraph U of G* and a vertexr X in U, X is called a
potential leaf node in U with respect to K and G*, if X is a simplicial vertex in U and X is
not the tail of any clause in K(U).

We note that if i/ = ({X}, @) only contains a singleton X, then X is trivially a potential
leaf node in U with respect to any K that does not contain any DCC of the form X = @.
A leaf node of a directed graph is a vertex that has no child. Analogously, a potential
leaf node defined above is a vertex that may have no child in at least one G in [G*, K] (see
Lemma 55 in Appendix for more details). Now, we present the sufficient and necessary
condition for a set of DCCs K to be consistent with G*.

Theorem 25 Let G* be a CPDAG and K be a set of DCCs over V(G*). Then, the following

two statements are equivalent.
(i) K is consistent with G*.

(ii) (Potential-leaf-node condition) Any connected undirected induced subgraph of G* has
a potential leaf node with respect to K and G*.

The proof of Theorem 25 also motivates a polynomial-time algorithm for checking con-
sistency of a set of DCCs. The details are given in Section 4.1. The potential-leaf-node
condition given in Theorem 25 is similar to the fact that any induced subgraph of a DAG
has a leaf node. Below we give an example to demonstrate this result.

Example 3 Recall that in Ezample 2 we show that, with respect to the CPDAG G* (Figure
7a), A -#+ Y is equivalent to C X Aand B A, and D --» Y is equivalent to D 2
{A, X}. Suppose that we have both A -+» Y and D --+Y, then the equivalent DCCs K
consists of C 25 A, B 25 A and D %5 {A, X}. However, since {D, A, X, B} induces an
undirected subgraph where none of the vertices is a potential leaf node with respect to K and
G*, K is inconsistent by Theorem 25.

Next, we give sufficient and necessary conditions under which two DCC sets, K1 and
Ko, are equivalent with respect to a CPDAG G*. We will show that these conditions can
be expressed both in terms of consistency and redundancy, where the latter is defined as
follows.
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Definition 26 (Redundancy) Given a restricted Markov equivalence class [G*,K] in-
duced by a CPDAG G* and a set K of DCCs over V(G*), a DCC k over V(G*) is redundant
with respect to [G*, K] if [G*,K] = [G*, K U{k}]. A set K of DCCs is redundant with re-
spect to a CPDAG G* if there exists at least one k € K that is redundant with respect to
[G*, K\ {k}]. Otherwise, the set K is non-redundant.

In the remainder of the paper, when the context is clear, we may occasionally omit G*
and simply say that “a DCC k is redundant with respect to K for brevity. If k; — s appears
in G* for some s € Ky, then k is redundant with respect to any DCC set. If K is inconsistent
with G*, then any DCC & is redundant with respect to [G*, K], as [G*, K] = [G*, KU{k}| = @.
However, an inconsistent DCC set K itself may not be redundant.

According to Definition 26, a DCC & is redundant with respect to [G*, K] if and only if
« holds for all DAGs in [G*, K]. With this concept, the following Theorem 27 discusses the
equivalence of two sets of DCCs.

Theorem 27 Given a CPDAG G* and two sets of DCCs K1 and Ko over V(G*), the
following statements are equivalent.

(i) K1 and Ko are equivalent given G*.

(i) Every DCC in K1, if exists, is redundant with respect to [G*,Ks], and every DCC in
Ko, if exists, is redundant with respect to [G*, K1].

(iit) For every k € K1, Uper,{D — K¢} UKo is not consistent with G*, and for every
k € K2, Upew,{D — kt} UKy is not consistent with G*.

Theorem 27 builds the relations among equivalence, redundancy and consistency. More-
over, using the third statement of Theorem 27, we can determine whether two sets of DCCs
are equivalent by checking the consistency of a series of DCC sets.

We end this subsection by showing that two equivalent non-redundant consistent DCC
sets must have the same number of DCCs. The following definition serves as a prerequisite.

Definition 28 (Minimal Redundancy) Given a restricted Markov equivalence class
[G*, K] induced by a CPDAG G* and a consistent set K of DCCs over V(G*), a DCC
k over V(G*) is minimally redundant with respect to [G*, K] if k is redundant with respect
to [G*,K], but either |ky| = 1, or for any proper subset s C iy, the DCC ry = s is not
redundant with respect to [G*, K].

With this definition, we give the following theorem that summarizes key properties of
equivalent non-redundant consistent DCC sets over a CPDAG.

Theorem 29 Suppose that G* is a CPDAG and K is a non-redundant consistent DCC' set
over V(G*). Then:

(i) There exists a unique non-redundant DCC set K' over V(G*) such that K is equivalent
to K' and k' is minimally redundant with respect to [G*, K| for any ' € K'. Moreover,
for every k € K, there exists a unique k' € K' such that k; = k; and k C ky; likewise,
for every k" € K', there exists a unique k € K such that k} = k; and Kk}, C K.
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(i) For every non-redundant DCC set K' over V(G*) which is equivalent to I, it holds
that |K| = |K'| and {k: | k € K} = {r; | K € K'}.

By definition, a non-redundant DCC set is subset-minimal, meaning that none of its
subsets can be inferred from the others. Furthermore, Theorem 29 establishes that a non-
redundant DCC set is also cardinality-minimal, implying that the cardinality of the DCC
set is the smallest among all equivalent DCC sets. Finally, the first statement of Theorem 29
guarantees the existence and uniqueness of a non-redundant and equivalent DCC set that
is element-wise head-minimal, meaning that every DCC in the set has the smallest possible
head.

3.2 Equivalent Decomposition of Pairwise Causal Constraints

Let G* be a CPDAG, B be a set of consistent pairwise causal constraints, Theorem 17
proves that B can be equivalently represented by a set of DCCs K. Let H be the MPDAG
of [G*,B]. By Definition 4 of MPDAGs, # represents all common direct causal relations
shared by all DAGs in [G*, B]. Due to the equivalence, [G*,B] = [G*,K]| = [H, K|, where
[H, K] denotes the subset of [H] consisting of DAGs satisfying all clauses in K. However,
given H, some of the DCCs in K may become redundant. The following result proves that

any set of consistent pairwise causal constraints can be equivalently decomposed into an
MPDAG and a non-redundant residual set of DCCs.

Theorem 30 (Equivalent Decomposition) Let G* be a CPDAG, B be a set of consis-
tent pairwise causal constraints, and H be the MPDAG of [G*,B]. Then:

(i) There exists a DCC set R such that [G*,B] = [H,R], where none of the DCC' k € R
is redundant with respect to Eq(H) U (R \ {k}).

(ii) Every DCC set R such that [G*, B] = [H,R]| and none of the DCC k € R is redundant
with respect to Eq(H) U (R \ {k}) contains the same number of DCCs.

(i7i) There exists a unique DCC set R* such that (1) [G*,B] = [H,R*], (2) none of the
DCC k € R* is redundant with respect to Eq(H) U (R*\ {k}), and (3) every k € R*,
if R* # @, is minimally redundant with respect to [G*, B].

(iv) For any DCC set R such that [G*,B] = [H,R| and none of the DCC k € R is
redundant with respect to Eq(H)U (R \ {k}), R # @ if and only if R* # &, and when
R # @, it holds that, (1) for every k € R, there exists a unique k* € R* such that
ki = k¢ and K}, C Ky, and (2) for every k* € R*, there exists a unique kK € R such
that ki = k¢ and K}, C ky,. Here, R* is the unique DCC set defined in (iii).

Given a CPDAG, Theorem 30 indicates that any set of pairwise causal constraints can
be equivalently decomposed into the MPDAG of the induced restricted Markov equivalence
class (which is unique), and a residual set of DCCs in which every DCC is non-redundant
with respect to the other DCCs and the directed edges in the MPDAG. Although the
decomposed residual sets of DCCs are not unique, they all contain the same number of
DCCs, which means they are all minimal in terms of cardinality. Moreover, the third

17



FANG, ZHAO, Liu AND HE

E—E—@ Q—@—® B—E—(@
oG g‘g

(a) A CPDAG G~ (b) G* and K (c) The MPDAG H

Figure 8: An example of a fully informative MPDAG.

statement of Theorem 30 establishes the existence and uniqueness of an element-wise head-
minimal residual set of DCCs where all DCCs are minimally redundant, meaning that
each DCC in the set contains the minimum possible number of heads, thereby generalizing
Theorem 13 in Section 2. Finally, the last statement characterizes the relationship between
the element-wise head-minimal residual set and the other residual sets.

Note that, since the MPDAG H contains all direct causal edges that appear in all DAGs
in [G*, B], every directed edge in the MPDAG of [G*, R] is also in ‘H. That is, R cannot
bring more directed causal edges other than those in H.

When the residual set of DCCs is empty, the MPDAG of the induced restricted Markov
equivalence class is fully informative. As mentioned in Section 1.2, a sufficient condition
that guarantees the emptiness of a residual set is when B only contains direct and non-
ancestral causal constraints. Yet, this condition is not necessary, as shown in the following
example.

Example 4 Figure 8a shows a CPDAG G*. Consider two ancestral causal constraints
B --» FE and D --» A. By Theorems 17 and 30, B --» E and D --+ A are equivalent to
B % {C,D} and D % {B, C}, respectively, which are visualized by arcs in Figure 8b. Let
K={B% {C,D},D > {B,C}}. We first find the MPDAG H of [G*,K]. If there is a
DAG G € [G*, K] where C — B is in G, then by the constraint B o {C,D}, B— D ising.
Likewise, by the constraint D =% {B,C}, D — C is in G. However, C — B — D — C is a
directed cycle. Therefore, every DAG in [G*, K] should have B — C, implying that B — C
is in H. Similarly, D — C is in H. Finally, by Meek’s rules we obtain the MPDAG shown
in Figure 8c. Notice that [H] only contains two DAGSs: one has B — D and the other has
D — B. Since both DAGs satisfy the constraints B --» E and D --» A, [H] C [G*,B]. On
the other hand, as mentioned in Section 1.2 that [G*,B] C [H], it holds that [H] = [G*, B].
Therefore, H s fully informative.

Below, we present the necessary and sufficient conditions for an MPDAG to be fully
informative.

Theorem 31 Suppose that G* is a CPDAG, K is a set of consistent DCCs, and H is the
MPDAG of [G*,K]. Then, the following statements are equivalent.

(i) H is fully informative with respect to K and G*.
(i) [H,2] =[G", B].

(iii) For any k € IKC, either k N sib(ky, H) induces an incomplete subgraph of H, or K N
Ch(ﬁt, H) 7é .
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We note that, in Section 4.2, we give a polynomial-time algorithm to find the MPDAG
given a CPDAG G* and a set K of DCCs. With the found MPDAG, the condition in
statement (iii) can also be verified in polynomial-time.

Example 5 Figure 9a shows a CPDAG G* and a set of DCCs K consisting of D ~= {E, B},
E 2% {ACY, EX {B,F} and G % {B, H}, and Figure 9b shows the MPDAG of [G*, K].
(How to find this MPDAG is left to Example 8, Section 4.2). Since E — A, E — F and
G — H are in the MPDAG, E % {A,C}, E % {B,F} and G =% {B, H} are redundant
given H. However, D = {B, E} is not redundant, as {B, E} induces a complete subgraph
of H. Therefore, in this example, the MPDAG H is not fully informative.

(b) The MPDAG #H (c) D% {B, E} is not redundant

Figure 9: An MPDAG which is not fully informative.

Notice that, given a DCC &, if kp N sib(k¢, H) induces an incomplete subgraph of H,
then ry N sib(k¢, G*) induces an incomplete subgraph of G*. Conversely, if kj, N sib(k¢, G¥)
induces an incomplete subgraph of G*, then by Rule 1 of Meek’s rules, x holds for all DAGs
in [G*], and thus & is redundant. For a given DCC set K, removing the above redundant
DCCs from the equivalent reduced form K(G*), we define a subset of K(G*) as follows.

KG;:) ={k |k € K(G,) and the induced subgraph G*(ky,) is complete}. (5)

Based on the above argument, we have the following corollary.

Corollary 32 Let H be an MPDAG representing the restricted Markov equivalence class
induced by a CPDAG G* and a set K of consistent DCCs, then [H] = [G*, K] if and only if
for any k € K(G2), ki N ch(ky, H) # @ holds.

3.3 Non-Pairwise Causal Background Knowledge

To end this section, we present some discussions on non-pairwise causal background knowl-
edge. Non-pairwise causal background knowledge is also common in practice. For example,
tiered background knowledge is non-pairwise. Suppose that T = {V1, Vg, ..., V,,} defines a
disjoint partition of the variable set V. The tiered background knowledge is a proposition
saying that for all X; € V; and X; € V; such that 1 <¢ < j < n, either X; --» X or X;
is not adjacent to X; (Andrews et al., 2020). Nonetheless, most non-pairwise causal back-
ground knowledge can be viewed as Boolean combinations of pairwise causal background
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knowledge. For instance, tiered background knowledge can be interpreted and denoted by

tbkT = N X X V(X » X AKX » X))

X;€V;, X;€EV;,
1<i<j<n

Moreover, given a CPDAG G*, as X; - X; A X; - X, holds for all DAGs in [G*] if and
only if X; ¢ adj(X;,G*), we have

tka <~ /\ X, — Xj.
X;€V, X;€V,
Xi€adj(X;,G%), 1<i<j<n

Thus, the results in the main text can be extended to tiered background knowledge.

Unfortunately, directly extending our results to an arbitrary Boolean combination of
pairwise causal background knowledge is difficult. Nevertheless, a possible solution exists.
Let B be a set of Boolean combinations of pairwise causal background knowledge. It is clear
that a DAG satisfies all constraints in B if and only if Ay < g b holds for the DAG. Since for
any b € B, b is a Boolean combination of pairwise causal background knowledge, Apecpb
can be reformulated into its disjunctive normal form,

Av=VI{Aeil ®)

beB iel \jeJ

where I, J are finite indicator sets, and each ¢; ; is a direct, non-ancestral or ancestral causal
constraint. For each i € I, let B; = {¢;; | j € J}, we can then extend our results to each
B; and combine them together. For example, to check the consistency of Ay b, it suffices
to show that there exists a consistent B;; to construct the MPDAG representing [G*, B],
one needs first construct the MPDAG for each B;, then subtract all common direct causal
relations from those MPDAGs.

We remark that the bottleneck of the above solution is the computation of Equation (6).
Generally, the disjunctive normal form is not unique, and the reformulation may be expo-
nential in complexity. How to efficiently represent Boolean combinations of pairwise causal
background knowledge is regarded as future work.

4. Polynomial-Time Algorithms

In this section, we present algorithms for checking the consistency and equivalence of DCCs,
and for finding the MPDAG and the minimal residual sets of DCCs given a CPDAG and
a set of consistent pairwise causal constraints. All proposed algorithms run in polynomial
time.

4.1 Algorithms for Checking Consistency and Equivalence

Recall that Theorem 25 provides a sufficient and necessary condition for consistency. The
proof of Theorem 25 also motivates an algorithm for checking consistency. Algorithm 1
shows the schema. The inputs of Algorithm 1 are a CPDAG G* and a set K of DCCs over
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Algorithm 1 Checking the consistency of a DCC set.

Require: A CPDAG G* and a set K of DCCs over V(G*).

Ensure: A Boolean value indicating whether /C is consistent with G*.
1: Set U = G and compute K(U) according to Equation (3) and Equation (4).
2: while U has a potential leaf node with respect to K and G*, do
3:  Find a potential leaf node in U with respect to K and G* and denote it by Y.
4:  Update U by removing Y and the edges connected to Y.

5. Update (U) by removing all clauses whose heads contain Y.

6

7

8

9

: end while
: if U is an empty graph, then
. return True.
. end if
10: return False.

V(G*). It first initializes U by G, and then sequentially removes potential leaf nodes from
U in lines 2-6, until no more potential leaf node can be found.

The complexity of computing K(U) is bounded by O(|K| - [V(G*)|?). Moreover, algo-
rithm 1 runs the while-loop at most |V (G*)| times. Every time it runs the while-loop, it
checks for each vertex in & whether the vertex is simplicial and not the tail of any clause
in K(U). The complexity of the former is bounded by O(|V(G*)[?), and the complexity
of the later is bounded by O(|K|- |V (G*)|). The complexity of removing Y, as well as the
clauses whose heads contain Y, is bounded by O(|V(G*)|) and O(|K|-|V(G*)|), respectively.
Therefore, the complexity of Algorithm 1 is upper bounded by O(|[V(G*)|* +|K|- |V (G*)|?),
which is polynomial to both |V (G*)| and |K]|.

Algorithm 1 is related to the perfect elimination ordering (PEO) of a chordal graph (Blair
and Peyton, 1993; Maathuis et al., 2009). In fact, when K is consistent, the ordering of
the removal potential leaf nodes is a PEO of the chordal graph G;. PEOs are important
to construct Markov equivalent DAGs. We refer the interested readers to Appendix B.1
for more details. We also remark that, when a pairwise causal background knowledge set
contains only direct causal constraints, Algorithm 1 degenerates to the algorithm proposed
by Dor and Tarsi (1992).

Example 6 (continued) We neat use Algorithm 1 to check the consistency of K = {C 2%
A, B> A, D2 {A, X}} with respect to G* illustrated in Figure 7a. We first set U = G,
which is the induced subgraph of G* over {A,B,C,D,X}. With respect to K, however, U
has no potential leaf node, meaning that the while-loop (lines 2-6) is not triggered. As U is
not empty, Algorithm 1 returns False.

In some circumstances, pairwise causal background knowledge is not obtained all at
once. Therefore, we also need an approach to sequentially check consistency. That is,
given a CPDAG G* and a consistent pairwise causal constraint set B, we want to determine
whether a newly obtained pairwise causal constraint set is consistent with G* together with
B. This issue will be investigated in Appendix A.2.

Finally, with Algorithm 1 and Theorem 27, we can check the equivalence of two DCC
sets, as shown in Algorithm 2. Note that, to accelerate the procedure, we first check the
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Algorithm 2 Checking the equivalence of two DCC sets.

Require: A CPDAG G* and two sets K; and K2 of DCCs over V(G*).
Ensure: A Boolean value indicating whether K1 is equivalent to Ko given G*.
1: if both K1 and Ko are consistent with G*, then
2: for k € K41, do
if Upek,{D — Kt} UKy is consistent with G*, then
return False.
end if
end for
for k € K9, do
if Upek,{D — Kt} UKy is consistent with G*, then
return False.
10: end if
11:  end for
12:  return True.
13: else if neither 1 nor Ko is consistent with G*, then
14:  return True.
15: else
16: return False.
17: end if

consistency of Iy and Ko separately. If neither Xy nor Ko is consistent with G* then they
are equivalent; if one of them is consistent with G* but the other is not, then they are not
equivalent.

4.2 Algorithms for Finding MPDAGs and Minimal DCC Sets

We first discuss how to find the MPDAG of [G*, K] induced by a CPDAG G* and a set
K of DCCs consistent with G*. By the definition of an MPDAG, it suffices to find all
common direct causal relations shared by all DAGs in [G*,K]. A new concept is needed
before proceeding.

Definition 33 (Orientation Component) Given a CPDAG G* and a DCC set K con-
sistent with G*. With respect to IC and G*, a connected undirected induced subgraph U of G*
is called an orientation component for a vertex X if X is the only potential leaf node in U.

Example 7 An orientation component is illustrated by this example. Figure 10a shows
a CPDAG G*. Consider K = {A % {X,B,D},B =% {X,A},B & {X,C,Y}, X &
{B,C}}. Since {X,B,D}Nsib(A,G*) ={X,B} and {X,C, Y} Nch(B,G*) # @, by Equa-
tion (3), K(G!) consists of A 2% {X,B}, B %% {X,A} and X =% {B,C}, which are
visualized by arcs in Figure 10b. First, consider the undirected induced subgraph U over
{A,B,X}. By definition, K(U) consists of A 2 {X,B} and B 2% {X, A}. Therefore,
there is only one potential leaf node in U, namely X, and thus U is an orientation compo-
nent for X. Next, consider the undirected induced subgraph U over {X,B,C}. KC(U) has
only one constraint X = {B,C}, hence U has two potential leaf nodes B and C. Finally,
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consider the entire undirected subgraph G. G has only one potential leaf node C, thus G
is an orientation component for C.

(a) CPDAG G* (b) G* with DCCs

Q@ Q@ © ®
& O & © O30
(¢) X - Bresults adi- (d) X — Aresultsadi- (¢) X — C is in the (f) The founded directed
rected cycle rected cycle MPDAG edges in the MPDAG

Figure 10: An illustration of an orientation component is given by this example.

The following proposition shows that an orientation component can be used to identify
some direct causal relations.

Proposition 34 Let G* be a CPDAG and K be a set of DCCs consistent with G*. For any
orientation component U for X with respect to K and G* with adj(X,U) # &, all variables
in adj(X,U) are direct causes of X in every DAG in [G*,K].

Together with the directed edges in the CPDAG, the orientation components can com-
pletely characterize the common direct causal relations given a CPDAG and a set of DCCs.

Theorem 35 Let G* be a CPDAG and K be a set of DCCs consistent with G*, then X — Y
is in every DAG in [G*, K] if and only if X — Y appears in G* or there exists an orientation
component for'Y containing X with respect to KC and G*.

Graphically, Theorem 35 shows all possible sources of the directed edges in an MPDAG.
Consider Figure 10b as an example. As discussed in Example 7, the undirected induced
subgraph over {A, B, X} and {A, B, X,C} are orientation components for X and C re-
spectively. If X — B is in a DAG G € [G*,K] (Figure 10c), then due to the constraint
B % {X, A} we must have that B — A is in G. Again, due to the constraint A = {X, B},
A — X isin G. However, X - B — A — X is a directed cycle, meaning that X — B is
not in any DAG G € [G*, K], and thus B — X should be in the MPDAG. Similarly, A — X
is in the MPDAG (Figure 10d). Since B — X and X 2% {B,C}, X — C is also in the
MPDAG (Figure 10e). Finally, applying Meek’s rules results A — C' and B — C (Figure
10f).

Theorem 35 provides an intuitive method to find the MPDAG by finding all orientation
components for all variables, but this method is time-consuming as the number of orientation
components for a variable may be very large. The following proposition gives a clue to
improve this method by finding the exact orientation component of interest.
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Algorithm 3 Finding the maximal orientation component for a vertex.

Require: A CPDAG G*, a set K of DCCs consistent with G*, and a vertex X in G*.
Ensure: The maximal orientation component for X with respect to K and G*.
1: Set Uy, to be the chain component containing X, and compute K, = K(Uy,).
2: while U,,, is not an orientation component for X, do
3:  Find a potential leaf node in U,, and denote it by Y.
4:  Update U,, by removing Y and the edges connected to Y.
5
6
7

Update IC,, by removing all clauses whose heads contain Y.
: end while
: return U,,.

Proposition 36 Let G* be a CPDAG and K be a set of DCCs consistent with G*. Suppose
that with respect to IC and G*, Uy and Us are two orientation components for the same vertex
X, then the undirected induced subgraph of G* over V(U1) UV (Uz) is also an orientation
component for X.

In some literature, the undirected induced subgraph of G* over V(U;) U V (Us) is called
the union of Uy and Us. Thus, Proposition 36 indicates that the union of two orienta-
tion components for X is still an orientation component for X. This result motivates the
definition of a maximal orientation component.

Definition 37 (Maximal Orientation Component, MOC) Given a CPDAG G* and
a set K of DCCs consistent with G*, with respect to K and G*, an orientation component for
a variable X is called mazximal if every orientation component for X is its induced subgraph.

Based on Definition 37 and Theorem 35, we have the following corollary.

Corollary 38 Let G* be a CPDAG and K be a set of DCCs consistent with G*, then X — 'Y
is in every DAG in [G*,K| if and only if X — Y is in G* or the mazimal orientation
component for' Y with respect to K and G* contains X .

Corollary 38 yields a method to find the MPDAG of a restricted Markov equivalence
class. The key step is to find the maximal orientation component for a variable, whose
procedure is given in Algorithm 3. Algorithm 3 is a generalization of Algorithm 1. The first
step of Algorithm 3 is to set U,, to be the chain component containing X, and compute
Km = K(Uy,). This is because the maximal orientation component for X is an induced
subgraph of the chain component to X belongs. If U, is an orientation component for X,
then it is definitely maximal. Otherwise, the while-loop begins. Since X is not the only
potential leaf node in U,,, based on Theorem 25, there must be another potential leaf node
Y in U,,. We then remove Y and the edges connected to Y. The resulting graph is the
induced subgraph of U,,, over V(U,,)\{Y '}, and we still denote it by U,,. Finally, we remove
from IC,, those clauses whose heads include Y. This is equivalent to setting K, = Ko (U )-
The while-loop ends when U,,, is an orientation component for X. Note that, since in each
loop we remove one vertex, U, will eventually become an orientation component for X in
the finite number of loops. The correctness of Algorithm 3 is guaranteed by the following
theorem.
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(g) The MOC for G (h) The MOC for H (i) The MPDAG H

Figure 11: An illustrative example to show how to use Algorithm 3 to find the MPDAG.

Theorem 39 The outputted undirected graph of Algorithm 8 is identical to the mazimal
orientation component for X with respect to K and G*.

Similar to Algorithm 1, the complexity of Algorithm 3 is upper bounded by O(|V (G*)|*+
IK| - [V(G*)?). Applying Algorithm 3 to each vertex separately, we can find the MPDAG
of a restricted Markov equivalence class based on Corollary 38, as shown by the following
example.

Example 8 Figure 11a shows a CPDAG G* and a set of DCCs K consisting of D ~
{E,B}, E % {A,C}, E % {B,F} and G % {B, H}. We first show how to use Algorithm
3 to find the maximal orientation component for A. Note that, since G* is undirected,
Gr=G"and K(G;) =K. As C, A, H are potential leaf nodes in G, G is not an orientation
component for A, which triggers the while-loop. In the first loop, we remove C and the
edges connected to C first, resulting the undirected graph U,, shown in Figure 11b, and
then remove E 2 {A,C} from K as it has a head not in Uy,. The remaining clauses are
D % {E,BY, E> {B,F} and G 25 {B, H}, which are visualized by arcs in Figure 11D.
Since H is still a potential leaf node in Uy, we remove H and the edges connected to H
from the current graph, and remove G 2 {B,H} from the current set of clauses. The
result is shown in Figure 11c. In the next two loops, we sequentially remove G (Figure 11d)
and F (Figure 11e). Finally, we have the undirected graph shown in Figure 11e, which is
the mazimal orientation component for A. Similarly, using Algorithm 8 we can find the
mazimal orientation components for F, G and H separately, which are shown in Figures
11f to 11h, respectively. Note that, The mazimal orientation components for the remaining
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variables are all singleton graphs. Therefore, by Corollary 38, ¥ - A, B - A, E = F,
B—-F F—-G,B—~G,B—~H,F— H, and G— H are all and only directed edges in
the MPDAG. The resulting MPDAG is given in Figure 11i.

Algorithm 4 Finding the MPDAG and the minimal residual set (Decomposing pairwise
causal constraints).

Require: A CPDAG G*, a consistent causal constraint set B.
Ensure: The MPDAG of [G*, B], a cardinality-minimal residual set of DCCs R, and the
unique element-wise head-minimal residual set of DCCs R*.

1: Construct the equivalent DCCs K based on Theorem 17.

2: Let H = G*.

3: for X € V(G*), do

4:  Find the maximal orientation component for X according to Algorithm 3 and denote
it by U.

5. forY € adj(X,U), do

6: Replace Y — X by Y — X in H.

7. end for

8: end for

9: Set R =K.

10: while R # @, do

11:  if there exists a k € R such that Upex, {D — ki } UE4(H) U (R \ {£}) is inconsistent
with G*, then

12: Set R =R\ {x}.

13:  else

14: break

15:  end if

16: end while

17: Set R* =R.

18: for k € R* do

19:  while there exists a D € kj, such that Upre,,\py{ D’ — £} UR" is inconsistent with

Gg*, do
20: Set kp, = ki \ {D}.
21:  end while
22: end for

23: return H, R and R*.

Algorithm 4 summarizes the procedure for decomposing pairwise causal constraints.
Lines 2 to 8 describe how to use Algorithm 3 to construct the MPDAG. To obtain a
cardinality-minimal residual set of DCCs R, we iteratively remove redundant DCCs x from
KC, as illustrated in lines 9 to 16. According to Theorem 27, k is redundant with respect
to Eq(H) U (R\ {x}) if and only if Upey, {D — ki} UEg(H) U (R \ {k}) is inconsistent
with G*. Algorithm 1 can be applied to check such consistency. Lines 17 to 22 detail the
procedure for obtaining the unique element-wise head-minimal residual DCC set. Starting
from the cardinality-minimal set R, we prune the heads of each DCC. Specifically, for each
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t € R, we check whether there exists a D € s, such that Upre,,\py{D" — ki} UR is

inconsistent with G*. If so, ky = iy \ {D} can be inferred from R. Since x; 2+ xy, \ {D}
implies k; — Ky, replacing £ in R with x; = & \ {D} yields a DCC set equivalent to
R. We repeat this pruning procedure until no further reduction is possible. After pruning
all DCCs in R, we obtain an element-wise head-minimal DCC set. The correctness of this
procedure is guaranteed by Definition 28 and statements (iii) and (iv) of Theorem 30.

According to Fang et al. (2022), the complexity of line 1 is at most O(|B| - [V(G*)|?).
Since Algorithm 3 is applied to each vertex separately to find the MPDAG, the complexity
of lines 3 to 8 is upper bounded by O(|V(G*)|° + |K| - [V(G*)|3). Next, the while-loop in
lines 10 to 16 runs at most |K| times, with each iteration taking at most O(|V(G*)[* +
(K] + [V(G")]) - [V(G*)|?) time. Thus, the total complexity of this while-loop is bounded
by O(IK| - [V(G*)|* + (K> + |K] - [V(G")]) - |[V(G*)[?). Similarly, the for-loop in lines 18 to
22 has complexity bounded by O(|K|- [V (G*)|]> + (K[> [V(G*)| + K| - [V(G")]?) - [V(G*)[?).
In summary, the overall time complexity of Algorithm 4 is polynomial in [V(G*)|, |K| and
|B|. Since the sizes of B and K are both at most quadratic in the number of vertices, the
worst-case time complexity of Algorithm 4 is bounded by O(|V(G*)|7).

5. Causal Inference with Background Knowledge

In this section, we study the causal inference problem when pairwise causal background
knowledge is available. It is well-known that the causal effect of a treatment (or multiple
treatments) on a response (or multiple responses) may not be identifiable given a CPDAG,
while additional information in background knowledge could make the causal effect identifi-
able or less uncertain. In Section 5.1, we study the identification condition of a causal effect
under restricted Markov equivalence represented by a CPDAG and a set of DCCs, and in
Section 5.2, when a causal effect is unidentifiable, we further extend the IDA framework to
estimate all possible causal effects.

5.1 Identifiability

We first present the definition of causal effect identifiability. This definition is a generaliza-
tion of Perkovi¢ (2020, Definition 3.1) to the restricted Markov equivalence class induced
by a CPDAG and background knowledge.

Definition 40 (Causal Effect Identifiability) Let G* be a CPDAG over the vertex set
V and B be a consistent pairwise causal constraint set (or a consistent DCC' set). Suppose
that X, Y C V are two disjoint vertex sets. The causal effect of X on Y is identifiable
from G* and B (or in [G*,B]), if and only if f(y|do(x)) is uniquely computable from any
observational distribution Markovian to any G € [G*, B].

Our main result of identifiability is given below.
Theorem 41 Let G* be a CPDAG and B be a consistent pairwise causal constraint set (or
a consistent DCC set). Denote by H the MPDAG of [G*,B]. For any two disjoint vertex

sets X, Y C V(G*), the causal effect of X on Y is identifiable in [G*, B] if and only if it is
identifiable in [H].
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Recall that [G*, B] C [H], Theorem 41 shows that although H carries less knowledge than
B, it is enough to identify all identifiable causal effects. In other words, the information
that cannot be represented by the MPDAG (that is, the residual set of DCCs defined in
Section 3.2) contributes nothing to the identifiability.

By Perkovi¢ (2020), the causal effect of X on Y is identifiable in [#] if and only if every
proper possibly causal path from X to Y in H starts with a directed edge. Therefore, one
can graphically identify causal effects by constructing the MPDAG from G* and B using
Algorithm 4 first.

Example 9 Consider the MPDAG ‘H with two DCCs A 2% {B,C} and C 2% {A, X}
shown in Figure 12a. By Theorem 41, the causal effect of X on'Y is not identifiable, as
X—A—=Y and X —C — Y are possibly causal paths on which the first edges are undirected.
To verify this result, we enumerate all possible parental sets of X in Figures 12b to 12e. It
can be seen that the causal effect of X on'Y is definitely zero in Figure 12b, while the causal
effects of X on'Y are possibly non-zero in Figures 12¢ to 12e.

Figure 12: An MPDAG H with two DCCs (depicted by arcs) is shown in Figure 12a, and
the four possible parental sets of X are shown in Figures 12b to 12e.

Perkovié¢ (2020) proved the following formula to calculate identifiable causal effects in
an MPDAG. This formula can be directly applied in our setting as Theorem 41 shows that
the causal effect identification condition for G* and B is the same as that for the MPDAG H
represents [G*, B]. Suppose that the causal effect of X on Y is identifiable in the MPDAG
H, then for any distribution f Markovian to G, it holds that

k
(5 [ do(x)) = [ ] £0b: | paby. H))ab.
=1

for values pa(b;, H) that are in agreement with x, where (By,...,Bg) = PCO(an(Y,H(V \
X)) and B = an(Y,H(V \ X)) \ Y. The definition of the operator PCO can be found
in Perkovi¢ (2020, Algorithm 1). This formula generalizes the g-formula of Robins (1986),
the truncated factorization formula of Pearl (2009), or the manipulated density formula
of Spirtes et al. (2000) to MPDAGsS.

The following corollary of Theorem 41 provides conditions under which a pairwise causal
background knowledge set can definitely increase the number of identifiable effects.

Corollary 42 Suppose that G* is a CPDAG over the vertex set V and K is a set of DCCs
consistent with G*, then the following two statements are equivalent.
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(i) At least one unidentifiable effect in [G*] becomes identifiable in [G*, K].

(ii)) The DAGSs in [G*,K] have at least one common direct causal relation that is not
encoded by a directed edge in G*.

In particular, if K is derived from a consistent pairwise causal background knowledge set
B and there is a direct or non-ancestral causal constraint in B which does not hold for all
DAGs in [G*], or there is an ancestral causal constraint X --»Y in B such that Y -+» X
does not hold for all DAGs in G*, then at least one unidentifiable effect in [G*| becomes
identifiable in [G*, K].

Another approach to calculate causal effect is through adjustment. The following theo-
rem gives a sound and complete adjustment criterion.

Theorem 43 Let G* be a CPDAG over the vertex set V and B be a consistent pairwise
causal constraint set (or a consistent DCC' set). Denote by H the MPDAG of [G*,B]. For
any pairwise disjoint vertexr sets X, Y,Z C V, Z is an adjustment set for (X,Y) with
respect to G* and B if and only if Z satisfies the b-adjustment criterion relative to (X,Y)
in H.

The definitions of the adjustment set and the b-adjustment criterion in Theorem 43 are
given below.

Definition 44 (Adjustment Set) Let G* be a CPDAG over the vertex set V and B be a
consistent pairwise causal constraint set (or a consistent DCC set). Suppose that X,Y,Z C
V are pairwise disjoint vertex sets. Then, Z is called an adjustment set for (X,Y) with
respect to G* and B if for any DAG G € [G*, B] and observational distribution f Markovian

to G, the interventional distribution f(y |do(x)) can be calculated by
_ [ J1yIx2)f(z)dz, if Z#2,
Fly | do(x)) = { fly|x), otherwise. (7)

Definition 45 (b-Adjustment Criterion, Perkovié et al. 2017) Let X, Y,Z C V be
pairwise disjoint vertex sets in an MPDAG H, and Forb(X,Y,H) be the set of variables
which are possible descendants of some W ¢ X lying on a proper possibly causal path
from X to Y in H. Then, Z satisfies the b-adjustment criterion relative to (X,Y) in H
if: (i) all proper possibly causal paths from X to Y start with a directed edge in H, (ii)
ZNForb(X,Y,H) =@, and (iii) all proper definite status non-causal paths from X to Y
are blocked by Z in H.

Notice that the adjustment criterion in Theorem 43 is the same as that in Perkovié¢ et al.
(2017, Theorem 4.4) for [H] induced by an MPDAG #H. As discussed by Perkovié¢ (2020),
when X or Y are non-singleton sets, there exist examples showing that some causal effects
of X on Y cannot be identified using adjustment, meaning that not all causal effects can
be identified through adjustment. However, under the condition that both X and Y are
singleton sets, the adjustment is sufficient and necessary for identifying causal effects.

Using Theorem 43, the results on optimal adjustment sets for MPDAGs can be naturally
extended to general pairwise causal background knowledge. The details can be found in
Henckel et al. (2022); Rotnitzky and Smucler (2020).
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5.2 Estimating Possible Causal Effects

When a causal effect is not identifiable, we can estimate its bounds by enumerating all
possible causal effects. Based on the proposed Algorithm 1 for checking consistency, it
is straightforward to extend the semi-local IDA (Perkovi¢ et al., 2017, Algorithm 2) to
estimate all possible causal effects of multiple treatments on multiple responses. Moreover,
by Theorem 43, the optimal IDA (Witte et al., 2020) and the minimal IDA (Guo and
Perkovi¢, 2021) can be similarly extended. Thus, in the following, we mainly focus on
extending the IDA framework to fully-locally estimate all possible causal effects of a single

treatment on a single target. The key result is the following local orientation rules for
CPDAGs with DCCs.

Theorem 46 Let KC be a DCC set consistent with a CPDAG G*, and H be the MPDAG of
[G*,K]. For any vertex X and S C sib(X,H), the following statements are equivalent.

(i) There is a DAG G in [G*, K] such that pa(X,G) = SUpa(X,H) and ch(X,G) =
sib(X,H) U ch(X,H) \ 8.

(ii) The restriction subset of CUDx on G*({ X }Usib(X,G*)) is consistent with G*({ X } U
sib(X,G*)), where Dx == {u — X |u € pa(X,H)U S} U{X — v |v e sib(X,H)U
ch(X,H)\ S}.

We remark that G*({X} U sib(X,G*)) is a chordal graph, which can be viewed as a
CPDAG (Andersson et al., 1997), and thus the consistency in statement (ii) is well-defined.
Theorem 46 provides a method to locally enumerate all possible parental sets of a given X,
which are then used to estimate all possible causal effects. Algorithm 5 shows the procedure.

Algorithm 5 The bgk-IDA algorithm.

Require: A CPDAG G*, a consistent pairwise causal constraint set 3, a treatment X, and
a response Y.
Ensure: ©x which stores all possible causal effects of X on Y.

1: Derive the DCC set K from G* and B based on Theorem 17.

2: Construct the MPDAG H of [G*, K].

3: for each S C sib(X,H) such that the restriction subset of £ U Dx on G*({X} U
sib(X,G*)) is consistent with G*({ X } Usib(X,G*)), where Dx is defined in Theorem 46,
do

4:  Estimate the causal effect of X on Y by adjusting for S U pa(X,H), and add the

causal effect to Ox.

5: end for

6: return Ox.

To illustrate Theorem 46, Figure 13 shows the four impossible parental sets of X in
the MPDAG shown in Figure 12a. Recall that X has 3 siblings, meaning that there are
totally 8 candidate parental sets of X. For example, if we let B — X and X — {A,C}
(Figure 13a) then C' % {X, A} indicates that C' — A, and further causes A — B by the
constraint A 2 {B,C}. Hence, CU{B — X, X — A, X — C} on G*({X} Usib(X,G*)) is
inconsistent with G*({X} U sib(X,G*)), as X — A — B — X is a directed cycle.
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© O]

Figure 13: The four impossible parental sets of X in the MPDAG shown in Figure 12a.

5.3 Simulations

We empirically study how pairwise causal background knowledge improves the identifiabil-
ity of a causal effect in this subsection. We use randomly sampled chordal graphs instead of
CPDAGS in our simulations since the impact of the clauses can be separately considered for
each chain component of the CPDAG after transforming pairwise causal background knowl-
edge into DCCs (please refer to Lemma 56 in Appendix for details). The chordal graphs
were sampled in a reject-sampling manner and the detailed algorithm is in Appendix C.1.

For each combination of n € {10,30} and e, where e € {10, 15,20,25} if n = 10 and
e € {30,45,60,75} if n = 30, we first sampled 500 chordal graphs with n vertices and e
edges. Next, for each chordal graph G*, we treated it as a CPDAG and sampled a DAG
G from [G*], and assigned each edge in G with a weight sampled from Uniform(0.5,2). G
was regarded as the underlying true DAG. Then, we sampled a treatment X as well as a
response Y. Finally, we enumerated all pairs of direct, ancestral, or non-ancestral causal
relations in G and randomly sampled b direct, ancestral, or non-ancestral causal constraints
from them as background knowledge, and used the bgk-IDA to compute the possible causal
effects of X on Y, where b € {0,1,2,3,4,5} for n = 10 and b € {0,3,6,9, 12,15} for n = 30.
We assumed the data generating mechanism is linear-Gaussian with equal variances, and
the causal effects were estimated from the true covariance matrix computed from G.

To measure the discrepancy between an estimated multi-set of possible effects and the
true effect computed with G, we examined four metrics including the causal mean squared
error (CMSE) introduced by (Tsirlis et al., 2018; Liu et al., 2020b), the number of possible
causal effects, the length of the interval determined by the minimum and maximum values
of a set of possible effects, and the Int-MSE introduced by Malinsky and Spirtes (2017).
Denote by 6 xy and fxy the estimated multi-set of possible causal effects and the true
causal effect, respectively. The CMSE is defined as

. 1 O r s
CMSE(@Xy, exy) = — [(91 - HXY)Q]a
mai3
where m = ]éxy’ and HAz €06 xy is an estimated possible causal effect. The CMSE is

calculated as a weighted average of the squared distances between the true effect and each
distinct estimated effect in the multi-set, with the weights corresponding to the frequency
of each distinct estimate’s occurrence in the multi-set. In practice, the CMSE may be
inflated if the number of possible effects in the multi-set is large, hence we examined the
number of possible causal effects as well as the length of the interval determined by the
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Figure 14: The rescaled CMSEs.

minimum and maximum possible effects. The Int-MSE, introduced by Malinsky and Spirtes
(2017), represents the mean absolute distance between the true effect, 6, and the interval
[émin, émax]. The distance d is defined as d = 0 if the interval covers the true effect and
d = min(|0 — Omin|, |0 — Omax|) otherwise. The Int-MSE thus evaluates whether an estimated
interval covers the true effect. For all four metrics discussed above, lower values indicate

higher identifiability of the causal effect.

Since the causal effects were estimated from the true covariance matrix derived from
G, and given the correctness of IDA-type algorithms, the range between the minimum and
maximum possible causal effects should contain the true effect. Therefore, the Int-MSE
should be (nearly) zero. In fact, in our simulations, all Int-MSE values are below 1078,
and non-zero Int-MSE values are due to numerical errors. This result also suggests the
correctness of Algorithm 5.

Except for Int-MSE, the other metrics show similar results. We focus on CMSE in what
follows, and the results for the other metrics are provided in Appendix C.2. For each sampled
DAG and variable pair (X,Y’), we computed three sequences of CMSEs corresponding to
three types of background knowledge. Each sequence contains six elements corresponding
to the six possible values of b. For each sequence, all CMSEs were normalized by the CMSE
at b = 0, yielding the so-called rescaled CMSE.

Figure 14 shows the sequences of rescaled CMSEs under different types of causal con-
straints. The rescaled CMSE decreases rapidly as the number of constraints increases.
Moreover, given the same number of constraints, the rescaled CMSE under ancestral causal
constraints is much lower than that under direct causal constraints, which in turn is lower
than that under non-ancestral constraints. This phenomenon occurs because ancestral
causal constraints are more informative than non-ancestral ones: if X is a cause of Y, then
Y cannot be a cause of X, but not vice versa.
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6. Discussion

Pairwise causal background knowledge is frequently encountered in real-world problems.
Assuming both pairwise causal background knowledge and a sufficiently large observational
data set are available, this paper systematically studies the representation of pairwise causal
background knowledge, and demonstrates the potential of exploiting pairwise causal back-
ground knowledge in causal inference. The main contribution of the paper is three-fold.

Firstly, we investigate the graphical characterization of causal MPDAGs. We present
sufficient and necessary graphical conditions for a partially directed graph to be a causal
MPDAG. MPDAGSs are important in representing common direct causal relations in a
restricted Markov equivalent class. Our graphical characterization generalizes the existing
results for essential graphs (Andersson et al., 1997) and intervention essential graphs (Hauser
and Biithlmann, 2012).

Despite the wide use of causal MPDAGs, they may fail to represent ancestral causal
knowledge exactly. Therefore, we develop direct causal clauses to represent all types of
pairwise causal background knowledge in a unified form. Because of the local nature of
the direct causal clauses, our new representation brings a lot of convenience. As a result,
we can now check the consistency of pairwise causal background knowledge, or the equiva-
lence of two pairwise causal background knowledge sets, in polynomial time. Moreover, we
prove that any pairwise causal background knowledge set can be decomposed into a causal
MPDAG and a minimal residual set of direct causal clauses, and the decomposition can be
achieved in polynomial time, too.

The decomposition of pairwise causal background knowledge plays an important role in
causal inference. The third contribution of our work is that, we show that the decomposed
causal MPDAG entirely determines the identifiability of a causal effect, and the residual
direct causal clauses alone contribute nothing to the identifiability, but may reduce the
possible values of an unidentifiable effect. We also develop IDA-type algorithms to locally
or semi-locally estimate possible causal effects. Using the proven sufficient and necessary
identification condition, the adjustment criterion, and the IDA-type algorithms, we can
identify causal effects as well as estimate their values or bounds.

There are also many topics worthy of further investigation. First, although the pro-
posed algorithms run in polynomial time, they may not be the most time-efficient. Deter-
mining the optimal time complexity for consistency checking and MPDAG construction, as
well as developing corresponding optimal algorithms, remains an important direction for
future research. Moreover, efficiently enumerating Markov equivalent DAGs that satisfy
given pairwise causal background knowledge remains an interesting open problem. The
local properties of the DCC representation may help prune the search space and facilitate
the design of more efficient enumeration algorithms. Furthermore, our approach assumes
that the pairwise causal background knowledge is consistent with the true CPDAG (or
the learned CPDAG). Extending our framework to accommodate inconsistent background
knowledge is another important direction. Finally, studying the representation of pairwise
causal background knowledge in the presence of hidden variables and selection bias is also
an interesting direction for future work.
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Appendix A. Additional Remarks

Some additional topics are discussed in this section.

A.1 From DCCs to Pairwise Causal Constraints

Assuming that [H, R] is equivalent to some set of pairwise causal constraints, we can obtain
the maximal equivalent set of such constraints by using Theorems 17 and 27 and Algo-
rithm 1.

We begin by enumerating all pairs of nodes X and Y, and checking whether X is an
ancestor of Y in all DAGs within [#,R]. This is done by transforming the proposition into
the corresponding DCC, X = C xv(G*), using Theorem 17, and then determining whether
X % Cxy(G*) is redundant given # and R, based on Theorem 27 and the consistency-
checking algorithm (Algorithm 1). If X 2% Cxy(G*) is found to be redundant, then X is
an ancestor of Y in all DAGs in [H, R/, indicating that the proposition “X is an ancestor
of Y” can be recovered from [H,R]. Similarly, we can check whether the proposition “X is
not an ancestor of Y holds in all DAGs in [, R]. Denote by B the set of all ancestral and
non-ancestral causal constraints that hold for all DAGs in [H,R]. This set B constitutes
the maximal set of pairwise causal constraints that can be translated back from [H, R].

Moreover, one can iteratively prune the redundant constraints in B to further obtain a
minimal equivalent set of constraints. More formally, for each b € B, we transform it into
its corresponding DCCs, denoted by x(b). We then apply Theorem 27 and the consistency-
checking algorithm (Algorithm 1) to determine whether (b) is redundant given the DCCs
derived from B\ b. The resulting subset of B constitutes a minimal set of pairwise causal
constraints equivalent to [H, R].

A.2 A Sequential Method for Checking Consistency

In this section, we present an approach to sequentially check consistency. Suppose that G*
is a CPDAG and K is a set of consistent DCCs, and H is the MPDAG representing [G*, K].
A set of DCCs K’ is called consistent with G* given K, if K’ U K is consistent with G*. For
any DCC (X % D) € K, it holds that,

KU {X 2 D} is inconsistent <= X 2% D does not hold for any DAG in [G*, K]
<= VG e|[G" K], ch(X,G)NnD =g
< VG e [G"K]|, D Cpa(X,G)
—=VGe[G"K],D—-X
<= D C pa(X,H).

Therefore, the consistency of K’ with G* given K can be checked sequentially: picking one
DCC from the current K" at a time; if the clause is consistent with G* given K, then adding
it to the current K and updating the current MPDAG based on K.

Example 10 Following Example 6, we now use the sequential method to check the consis-
tency of K= {C % A,B % A, D 25 {A, X}} with respect to G* shown in Figure 7a. If
the first DCC chosen from K is D 2 {A, X}, then the updated MPDAG, denoted by H, is
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Figure 15: An MPDAG given in Example 10.

the one shown in Figure 15. Since A — B and A — C are both in H, no matter what clause
will be chosen next, the procedure returns False. Similarly, if we choose B — A and C — A
in the first two loops, then based on Rule 4 of Meek’s rules, the resulting MPDAG must
have edges A — D and X — D. Hence, K is inconsistent once we consider the remaining
clause D =5 {A, X }.

Appendix B. Proofs

Before presenting all detailed proofs of the theorems, propositions and corollaries of the
main text, we introduce some helpful concepts and results in Appendix B.1. In the following
paper, for a variable X and a non-empty variable set Y, we will use the notion Y — X to
represent Y — X for all Y € Y, and use the notion X — Y to represent X — Y for all
Yey.

B.1 Preliminaries

We briefly review some graphical properties of chordal graphs and CPDAGs. In a graph,
a cycle with length three is called a triangle. A path is called unshielded if none of its
three consecutive vertices form a triangle. For a graph G over a vertex set V, M C V
is called a clique if M induces a complete subgraph. A clique is called maximal if it is
not a proper subset of any other cliques. Let C be a chordal graph over the vertex set
V(C). Any induced subgraph of C is chordal. It can be proved that any chordal graph has
a simplicial vertex, and moreover, any non-complete chordal graph has two non-adjacent
simplicial vertices (Blair and Peyton, 1993). A perfect elimination ordering (PEO) of C is
a total ordering of the vertices in V(C), denoted by 5 = (V1, Va,--- ,V},), such that for any
Vi,i=1,2,---,n, adj(V;,C) N {Vi, Vit1,---,V,} induces a complete subgraph of C. An
undirected graph is chordal if and only if it has a PEO.

Given a PEO g = (V1, Vo, -+, V,,) of C, if we orient the edges in C such that adj(V;,C)N
{Vi,Vit1,---,Vp} are parents of V;, then the resulting directed graph is acyclic and v-
structure-free. Conversely, any v-structure-free DAG who has the same skeleton as C can
be oriented from C according to some PEO of C.

Let G* be a CPDAG. It was pointed by Maathuis et al. (2009) that (i) no orientation
of the edges not oriented in G* will create a directed cycle which includes an edge or edges
that were oriented in G*, and (ii) no orientation of an edge not directed in G* can create a
new v-structure with an edge that was oriented in G*. As any orientation of the edges in G*
which does not create directed cycles or v-structures corresponds to a DAG in [G*], we can
separately orient the undirected edges in each chain component such that every resulting
directed graph is a DAG without v-structure.
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B.2 Proof of Proposition 9

We first prove Proposition 9 as it is required in proving Theorem 8.

Proof The first claim holds because the definition of a causal MPDAG implies that for
any restricted Markov equivalence class [G*, B] that can be represented by H, G* and H
have the same skeleton and v-structures.

To prove the second claim, let [G*, B] be a restricted Markov equivalence class that can
be represented by H, and let By = Eg4(H) \ Eq(G*). It is easy to verify that orienting
undirected edges in G* according to By does not introduce any v-structure or directed cycle
and the resulting PDAG is closed under Meek’s rules, as the resulting PDAG is exactly H.
Therefore, [H] = [G*, B4l [ ]

B.3 Proof of Theorem 8

We first introduce two properties of chordal graphs. For the completeness of the paper, the
proofs of these results are also provided.

Lemma 47 Let C be a connected chordal graph, then the following claims hold for C.
(i) For any simplicial vertex X in C, there is a unique maximal clique containing X .

(ii) If C is not complete, then for any non-simplicial vertex Y in C that is adjacent to
some simplicial vertex X, Y has a neighbor Z # X which is not adjacent to X .

Proof [Proof of lemma 47] For any simplicial vertex X in C, if there are two distinct
maximal cliques M;, M; containing X, then there exist X; € M; and X; € M, such that
X; and X; are not adjacent, since otherwise M; UM, is also a maximal clique. Note that
both X; and X, are adjacent to X, hence X is not simplicial, which is contrary to the
assumption. This completes the proof of the first claim.

We next prove the second claim. Let M; be the maximal clique containing X. Since X
is simplicial, Y is adjacent to X implies that Y € M;. Assume, for the sake of contradic-
tion, that every neighbor of Y other than X is adjacent to X, then adj(Y,C) C M;, which
means adj(Y,C) induces a complete subgraph of C. This contradicts the assumption that
Y is non-simplicial. Therefore, the second claim holds true. |

Next, we present Lemmas 48-54 in the following. These lemmas contribute to the proof
of the necessity of Theorem 8.

Lemma 48 (Necessity of Condition (ii)) The skeleton of C® is a chordal graph for any
B-component C® of a causal MPDAG H.

Proof [Proof of lemma 48] According to Proposition 9, the skeleton of each B-component

of a causal MPDAG is an induced subgraph of a chain component of a CPDAG. The result
comes from the fact that any induced subgraph of a chordal graph is still chordal. |
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Lemma 49 (Necessity of Condition (iii)) Let H be a causal MPDAG and C° be a B-
component of H. For any vertex X ¢ V(C®), if X — Y for some vertex Y € V(C?), then
X =Y for every vertex Y € V(C?).

Proof [Proof of Lemma 49] If [V(C®)| = 1, then Lemma 49 naturally holds. Assume
that |[V(C?)| > 1, then sib(Y,C?) # @ by the definition of a B-component. Since every
B-component is a connected graph, to prove Lemma 49 it suffices to show that X — Z
for every Z € sib(Y,C%). This is because every vertex in C® other than Y is connected to
Y by an undirected path. If the conclusion holds for every Z € sib(Y,C?), then the same
argument can be successively applied to every vertex along the path.

For any vertex Z € sib(Y, Cb), it is clear that X and Z are adjacent, since otherwise
by Rule 1 of Meek’s rules, it holds that ¥ — Z is in H, which is a contradiction to
Z € sib(Y,C%). As X ¢ V(C’), X and Z must be connected by a directed edge. If Z — X,
then Z — Y can be oriented as Z — Y by Rule 2 of Meek’s rules, which also contradicts to
7 € sib(Y,C). Thus, we have X — Z. [ |

Lemma 50 (Necessity of Condition (i)) Given a causal MPDAG H, the chain skeleton
He of H is a chain graph. Furthermore, H. is also an MPDAG.

Proof [Proof of Lemma 50] We first prove that the graph #,. is a chain graph, which suffices
to show that there are no partially directed cycles in H.. Assume that there is a partially

directed cycle in H., and the cycle is of the following form: X1; = Xo1—---—Xop, = -+ —
Xp1 — - — Xin, = Xin, — -+ — X11. Based on the definitions of . and B-component,
Xo1,-++,Xop, are in the same B-component while X;; is not in this B-component. By

Lemma 49, it holds that X117 — Xoap,. Similarly, Xo,, — X3p; — -+ = Xpn, — Xi1,
which together with X;; — Xa,, gives a directed cycle. Since all directed edges in H,. are
also in H, we have constructed a directed cycle in ‘H, which contradicts to the definition of
a causal MPDAG.

We then show that H. is an MPDAG. Since we have already proved that there is no
(partially) directed cycle in H,., H. is a PDAG. What remains is to show that . is closed
under the four Meek’s rules.

Figure 16: The cases discussed in the proof of Lemma 50

(i) If H. is not closed under the first Meek’s rule, then #. has an induced subgraph
X =Y —Z,in which X ¢ adj(Z,H.). By the construction of H., Y and Z are in the
same B-component of A while X is not in that B-component. According to Lemma
49, X — Z must be in H., which contradicts the assumption that X ¢ adj(Z, H.).
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(ii) If H. is not closed under the second Meek’s rule, then H. has an induced subgraph
consisting of X — Y — Z and X — Z. By the similar argument for (i), ¥ — X must
be in H., which leads to a contradiction.

(iii) If H. is not closed under the third Meek’s rule, then H. has an induced subgraph
with the configuration shown in Figure 16a. In this case, X,Y, Z1, Z5 are in the same
B-component. Again, by the construction of H., Y — Z5, Z1 — Z5 should not be in
H.. which leads to a contradiction.

(iv) If H. is not closed under the fourth Meek’s rule, then one of the configurations shown
in Figures 16b-16d must appear in H. as an induced subgraph. In the following,
we will prove that none of the configurations is in H.. In fact, if . has an induced
subgraph with the configuration shown in Figure 16b, then by the similar argument for
(iii), Z1 — Zs — Y should not be in H. as X, Y, Z;, Z, are in the same B-component
of H. If H. has an induced subgraph with the configuration shown in Figure 16¢,
then the induced subgraph of H. over X, Z5,Y is not closed under the second Meek’s
rule. Similarly, in Figure 16d, the induced subgraph of H. over Z1, Z>, X is not closed
under the second Meek’s rule either.

This completes the proof. |

Lemma 51 Given a causal MPDAG H, if a directed edge in H can be oriented by Rule 1
or Rule 4 of Meek’s rules, then the involved vertices of the corresponding Meek’s rule are
not in the same B-component.

We remark that, a directed edge Y — Z can be oriented by Rule 1 means that there is
an X ¢ adj(Z,H) such that X — Y is in H. In this case, X, Y, Z are the involved vertices
of Rule 1. The meaning of the expression that ”a directed edge can be oriented by Rule 4”
is similar. We also note that, the condition of Lemma 51 does not rule out the possibility
that the edge can also be oriented by Rules 2, 3 or from the background knowledge set.
Proof [Proof of Lemma 51] If a directed edge Y — Z can be oriented by Rule 1 of Meek’s
rules, then there exists a vertex X € V(#) such that X — Y and X ¢ adj(Z,H). We
need to prove that X,Y, Z are not in the same B-component of H. Assume, for the sake
of contradiction, that X,Y, Z are in the same B-component C?, then there is an undirected
pathY —Wj —---—W,, — Z connecting Y and Z where n > 1 and W; € C® fori =1,2,--- ,n.
Since Y — W is undirected, we have X € adj(Wy,H), otherwise we would have Y — W,
due to Rule 1 of Meek’s rules. Similarly, Y € adj(W,,,H) since Y — Z — W,, is in H.

Ifn=1o0r X € adj(W,,H), then W,, — Z should be in H by Rule 4 of Meek’s rules
(Figure 17), which contradicts our assumption. Now consider the case where n > 1 and
X ¢ adj(Wp,H). Since X — Y, by the first Meek’s rule we have Y — W,,. Moreover, since
Wyn—1 — Wy, it holds that Y € adj(W,—1,H). Let k = argmaxi<j<p—1 X € adj(W;, H)
denote the largest subscript of the vertex on the path which is adjacent to X, then by the
same argument we can show that Y — W, fori =k +1,--- ,n and Y € adj(Wj,H). Note
that, the induced subgraph of H over X, Y, Wi, and Wy, is the same as the left-hand side
of the fourth Meek’s rule, Wi — W41 is in ‘H, which is contrary to our assumption.
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Figure 17: An illustration of the graph structure discussed in the proof of Lemma 51. A
dashed undirected edge connecting two vertices indicates they are adjacent, but the direction
of the edge is not relevant to the proof.

If a directed edge X — Y can be oriented by Rule 4 of Meek’s rules but cannot be
oriented by Rule 1 of Meek’s rules, then there exist vertices Z1, Zo € ‘H such that H has an
induced subgraph shown in Figure 16b. Note that, Zo — Y can be oriented by Rule 1 of
Meek’s rules since Z; — Z5 and Zj is not adjacent to Y, Z1, Z5 and Y are not in the same
B-component by the first part of the proof. Thus, X, 71,75 and Y are not in the same
B-component, which completes the proof. |

Lemma 52 Let H be a causal MPDAG and C® be a B-component of H. If a directed edge
in C® can be oriented by Meek’s rules, then it can only be oriented by Rule 2 of Meek’s Rules,
and the directed edges in the configuration on the left-hand side of Rule 2 are all in CP.

Proof [Proof of Lemma 52] Let X — Y be a directed edge in C® that can be oriented
by Meek’s rules. If X — Y can be oriented by the first Meek’s rule, then there is a
Z ¢ adj(Y,H) such that Z — X is in H. By Lemma 49, Z € V(C?). However, this is
impossible based on Lemma 51. Therefore, X — Y cannot be oriented by the first Meek’s
rule.

If X — Y can be oriented by the third Meek’s rule, then there are 71, Zs € adj(X,H)
such that Z; — Y <« Z5 is a v-structure in ‘H while 77 — X <+ Z5 is not in H. If
Z1 ¢ V(C%), then Z; — X — Z» by Lemma 49 and the first Meek’s rule. On the other
hand, Zo — Y while Zy 4 X implies that Z, € V(C?) by Lemma 49. However, this
is impossible by Lemma 49, since Z; and Zs are not adjacent. Therefore, Z; € V(C%).
Similarly, Zs € V(Cb), meaning that X,Y, Z; and Zs are in the same B-component of H.
However, as implied by Proposition 9, any B-component is an induced subgraph of some
chain component of a CPDAG, and thus the v-structure Z; — Y <« Z5 is not allowed in
C’, leading to a contradiction.

If X — Y can be oriented by the fourth Meek’s rule but cannot be oriented by the first
Meek’s rule, then there are Z; € sib(X, H) and Zs € sib(X,H) such that X —Z; — Zo —» Y
and 7y ¢ adj(Y,H). Since Z; — X and Z; — X, we have that Z;, 75, X and Y are in the
same B-component C°. However, Zo — Y can be oriented by the first Meek’s rule, which is
contrary to Lemma 51. Therefore, X — Y cannot be oriented by the fourth Meek’s rule.

Finally, if X — Y can be oriented by the second Meek’s rule, then there is a Z such
that X — Z — Y is in H. By Lemma 49, Z is in C°. Thus, X — Z and Z — Y are all in
ct. ]
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Lemma 53 Given a causal MPDAG H and a B-component C° of H, let M; and M; be
two distinct mazimal cliques of C° such that M;; = M; N M; # (. For any vertex X €
M;\M;;,Y € My, the directed edge X —Y does not exist in ch.

Proof [Proof of Lemma 53] X € M;\M;; implies that there must be a Z € M; \ M;;
such that Z is not adjacent to X, since otherwise X is adjacent to every vertex in M; and
consequently X € M,;. Assume that such a directed edge X — Y exists in H, then such
a Z must be a child of Y in H based on the first Meek’s rule. This contradicts Lemma 52. B

Lemma 54 (Necessity of Condition (iv)) Suppose that H is a causal MPDAG and C
is a B-component of H. For any directed edge X — Y in C°, it can be proved that (i)
adj(Y,C*)\{X} C adj(X,C"), and (i) pa(X,H) C pa(Y, H)\{X}.

Proof [Proof of Lemma 54] We first prove the correctness of statement (i). For any directed
edge X — Y in a B-component C? of #, there is a maximal clique M; of C® containing
both X and Y. If adj(Y,C®)\{X} € adj(X,C"), then there exists a vertex Z satisfying
Z € adj(Y,C)\{X} but Z ¢ adj(X,C’), implying that Y and Z also belong to another
maximal clique M, of C’ which does not contain X. Hence, we have that X € M; \ M,;;
and Y € M,;;, which contradicts Lemma 53.

We next show that statement (ii) holds. When pa(X,H) = &, the result is trivial, so
we assume that pa(X,H) # @. For any vertex Z € pa(X,H), if Z ¢ C°, then Z — Y by
Lemma 49. If Z € C®, then we have Z € adj(Y,H), since otherwise Z — X — Y implies
that X — Y can be oriented by the first Meek’s rule, contradicted to Lemma 52. Therefore,
Z — Y appears in H by applying Rule 2 of Meek’s rules. |

Finally, we present the proof of Theorem 8.
Proof [Proof of Theorem 8] The necessity of conditions (i)-(iv) follows from Lemma 50,
Lemma 48, Lemma 49, and Lemma 54 , respectively. In the following, we will prove the
sufficiency of conditions (i) to (iv). Let H = (V,E) be a partially directed graph which
satisfies conditions (i)-(iv). Our goal is to show that H is an MPDAG and # is causal.

We first show that H is acyclic. That is, there is no directed cycle in . Assume, for the
sake of contradiction, that there exist directed cycles in H and let p = (X1, Xo, -+, X, X1)
be the shortest one. By condition (i), all the vertices on p are in the same B-component,
since otherwise the corresponding cycle of p in H. is a partially directed cycle, which
contradicts condition (i). If n = 3, then X3 € pa(X;,H) while X3 ¢ pa(X2,H), meaning
that pa(X1,H) € pa(Xa, H)\{X1}, which contradicts condition (iv). If n > 3, however,
condition (iv) implies that X,, — Xo, and thus X,, - X9 — X3 — -+ — X, is a directed
cycle of length n — 1, contrary to the assumption that p is the shortest. Therefore, H is
acyclic.

To prove that H is an MPDAG, it suffices to show that # is closed under Meek’s rules.
We will consider each rule separately in below.
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(i) If H is not closed under Rule 1 of Meek’s rules, then # has an induced subgraph
X =Y —Z, in which X ¢ adj(Z,H). Since Y and Z are connected by an undirected
edge, there exists a B-component C? of H such that Y, Z € C?. According to condition
(iii), X € C’ since otherwise X — Z should be in H. However, if X € C°, then
Z € adj(Y,C?) but Z ¢ adj(X,CP), which contradicts condition (iv). Thus, H is
closed under the first Meek’s rule.

(ii) If H is not closed under Rule 2 of Meek’s rules, then #H has an induced subgraph
consists of X — Y — Z as well as X — Z. By condition (iii), X,Y,Z are in the
same B-component. However, for the directed edge Y — Z, X € pa(Y,H) but
X ¢ pa(Z,H) \ {Y}, which contradicts condition (iv). Thus, H is closed under the
second Meek’s rule.

(iii) If H is not closed under Rule 3 of Meek’s rules, then #H has an induced subgraph shown
in Figure 16a. The vertices X,Y, Z1, Zo are in the same B-component C*. However,
this is impossible as Y € adj(Z2,C)\{Z} but Y ¢ adj(Zy,CP).

(iv) If H is not closed under Rule 4 of Meek’s rules, then # has an induced subgraph shown
in one of Figures 16b-16d. By the similar argument for (ii), no matter which induced
subgraph H has, the vertices X,Y, Z;, Z, are in the same B-component C°. However,
for the directed edge Z; — Z, we have Y € adj(Zo,C°)\{Z1} but Y ¢ adj(Z1,CP),
contrary to condition (iv). Hence, H is closed under the fourth Meek’s rule.

So far, we have proved that H is an MPDAG. It remains to show that H is causal. By
the definition of a causal MPDAG, it suffices to show that there is a DAG that has the
same skeleton and the same v-structures as H, or equivalently, there exists an orientation
of all undirected edges in H that does not create a new v-structure or a directed cycle.

We first claim that (1) no orientation of the undirected edges in H will create a directed
cycle which includes a directed edge or edges in H,. and (2) no orientation of an undirected
edge in H can create a new v-structure with an edge that was oriented in H.. In fact, the
first claim holds because of condition (i), and the second claim holds because of condition
(iii).

Based on the above two claims, to prove that H is causal, it suffices to show that the
skeleton of each B-component of H has a perfect elimination ordering whose corresponding
DAG contains the existing directed edges in that B-component.

Let C® be a B-component of H. If C’ is a complete graph with n vertices, then every
vertex is simplicial in C’. We claim that, there exists a vertex Vi in C® which has no
child in C’. In fact, if every vertex in C® has a child in C?, then there will be a directed
cycle in C?, which is impossible. Note that, the induced subgraph of C® over V(C?) \ {V1}
is still complete. Hence, repeat the above procedure we can find a sequence of vertices
Vi,Va, -+, V. It can be easily verified that the ordering of the vertices forms a PEO of C?,
and the corresponding DAG contains all directed edges in C°.

We then consider the case where C? is not a complete graph. Assume that every simplicial
vertex has a child in C°. Let X be a simplicial vertex and M; be the (unique) maximal clique
that contains X (Lemma 47). Denote by S the set of simplicial vertices of C* contained
in M;. Since M; induces a complete subgraph of C’, S C M; also induces a complete
subgraph of C?. If every simplicial vertex in S has a child which is also in S, then we can
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construct a directed cycle. Thus, there must be a simplicial vertex in S whose child is not
in S. Without loss of generality, we can assume that such a vertex is X. Notice that, C°
is an incomplete connected chordal graph, M; \ S # @, and thus X — Y is in C? for some
Y € M; \ S. As S consists of all simplicial vertices contained in M;, Y is not simplicial,
and thus there is a Z € adj(Y,C?) that is not adjacent to X (Lemma 47). This means that
adj(Y,C%) \ {X} ¢ adj(X,C"), which violates condition (iv).

Therefore, we can find a simplicial vertex, denoted by V7, that does not have any child
in C’. Since the induced subgraph of C® over V(C®) \ {V1} is still chordal, we can repeat

the above procedure and find a sequence vertices Vq, Va,--- , V. Again, it can be checked
that the ordering of the vertices forms a PEO of C?, and the corresponding DAG contains
all directed edges in C. This completes the proof. |

B.4 Proof of Proposition 12

Proof To prove the sufficiency, we first show that A is a generator of H, and then prove
its minimality.

Denote by G* the CPDAG with the same skeleton and v-structures as H. To prove
that A is a generator of H, or equivalently, to prove that H is the MPDAG of [G*, A], by
Corollary 38 it suffices to show that for every directed edge X — Y in E4(H)\ (Eq(G*)UA),
an orientation component for Y with respect to A and G* contains X.

By construction of A, the edges in E4(H)\ (E4(G*)UA) are all M-strongly protected. On
the other hand, as H can be viewed as the MPDAG of [G*, E4(H )], the maximal orientation
component for Y with respect to E4(H) and G*, denoted by U, contains X. In the following,
we will show that U/ is an orientation component for Y with respect to A and G*.

Suppose that, with respect to A and G*, U is not an orientation component for Y, then
by the definition of an orientation component, there exists another potential leaf node Z in
U with respect to A and G*. Such a variable Z must have the following properties.

(P1) Z is simplicial in Y.

(P2) If an undirected edge connected to Z in U is directed in A, Z is not the tail of that
directed edge.

(P3) For every sibling W of Z in U such that Z — W is in H (such a W definitely exists),
Z — W is not in A. (Note that, since every directed edge in A is also in H, Z — W
is in H implies that W — Z is not in A either).

The third property comes from that fact that, with respect to E4(H) and G*, U is the
maximal orientation component for Y.

Since Z — W is not in A, Z — W is M-strongly protected in H. Note that, Z and
W are adjacent in U, they are in the same chain component of G*. We first prove that
Z — W cannot occur in the configurations (b) and (d), and if it occurs in one of the
configurations (a), (c) and (e), the involved vertices in those configurations are all in the
same chain component of G*.
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If Z — W occurs in the configuration (a), then there exists a vertex Wa ¢ adj(W, H)
such that Wo — Z — W is in H. If W5 is not in the same chain component as Z
and W, then Wy — Z implies that Wo — W is also in H, which contradicts the
configuration (a).

If Z — W occurs in the configuration (b), then there is a vertex W ¢ adj(Z, H) such
that Z — W < Wj, which is a v-structure collided on W, is in . This means that
Ws is not in the same chain component as Z, and thus, Wy — Z should be in H,
leading to a contradiction.

If Z — W occurs in the configuration (c), then there is a vertex W such that Z —
Wo — W is in H. If W5 is not in the same chain component as Z and W, then
Wy — W implies that Wy — Z is also in H, which contradicts the configuration (c).

If Z — W occurs in the configuration (d), then there are vertices Wo, W3 € sib(Z,H)
such that W5 is not adjacent to W3 in H and Wy — W < Wj is in H. It is easy
to see that Wa, W3 and {Z, W} are in three different chain components, and thus,
Wy — Z < W3 should be in H. This contradicts the configuration (d).

If Z — W occurs in the configuration (e), then there are vertices Wo, W3 € sib(Z, H)
such that Wy — W3 — W and Ws is not adjacent to W in H. If W3 is not in the
same chain component as Z and W, then W3 — Z should be in H, contradicted to
the configuration. If W5 not in the same chain component as Z, W and Wj, then
Wy — Z should also be in H, contradicted to the configuration.

Below, we will consider the configurations (a), (c) and (e) separately and show that
although Z — W is M-strongly protected in H, Z — W cannot occur in any of these
configurations.

(i)

If Z — W occurs in the configuration (a), then there exists a vertex Wa ¢ adj(W, H)
such that Wy, Z and W are in the same chain component and Wy — Z is in H. If
Wy € V(U), then Z is not simplicial in &, which contradicts (P1). Thus, W ¢ V(U).
We claim that the induced subgraph of G* over V(i) U {Ws}, denoted by U’, is also
an orientation component for Y with respect to E4(H) and G*. In fact, with respect
to E4(H) and G*, since none of the vertices except for Y is a potential leaf node in
U, the vertices in V(U) \ {Y'} are definitely not potential leaf nodes in U’ either. On
the other hand, W5 is not a potential leaf node in U’, as Wo — Z is in E4(H), the
consistency of Eg(#H) with G* implies that the only potential leaf node in &’ must be
Y (Theorem 25). Therefore, U’ is also an orientation component for Y with respect
to Eg(H) and G*. This contradicts the maximality of U.

If Z — W occurs in the configuration (e), then there are vertices Wo, W3 € sib(Z, H)
such that Wy — W3 — W and W5 is not adjacent to W in H. If both W5 and W3 are
in V(U), then Z is not a simplicial vertex in ¢, which is again contradicted to (P1).
On the other hand, if either Wy or W3 is not in V(U), then by the similar argument
given in (i), the induced subgraph of G* over V(U) U {W5, W3} is also an orientation
component for Y with respect to E4(H) and G*. This is again contradicted to the
maximality of U.
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(iii) If Z — W occurs in the configuration (c), then there is a vertex Wy such that Z —
Wy — Wisin H. If Wy ¢ V(U), then by the similar argument given in (i), the induced
subgraph of G* over V(U)U{W>} is also an orientation component for Y with respect
to E4(H) and G*, contradicted to the maximality of U. Hence, Wy € V(U), and by
(P3), Z — Ws is also M-strongly protected in H. By the same argument given in (i)
and (ii), Z — W can only occur in the configuration (c). Repeat the above procedure
we can find a sequence of vertices Wo, W3, --- W, -+ in adj(Z,U), such that Z — W;
fori =2,3,--- and W < Wy + W3 < --- < W, --- <. Note that, since the above
procedure never ends, but there are only a finite number of vertices in adj(Z,U), a
subpath of W + W5 <+ W3 < --- must be a directed cycle, leading to a contradiction.

Therefore, although Z — W is M-strongly protected in H, Z — W cannot occur in any
of the configurations (a) to (e). This is impossible. Thus, ¢/ is an orientation component
for Y with respect to A and G*. Consequently, A is a generator of .

We then show that A is minimal. If there is another generator A~ of H such that of
|A=| < |A|, then there is a directed edge X — Y in A which is not in A~. Since A~
is a generator of H and X — Y isin H, X — Y is either in a v-structure of the form
X — Y « Z, or can be oriented by Meek’s rules. This means that X — Y occurs in at
least one configurations labeled by (a) to (e) as an induced subgraph of H. Hence, X — Y
is M-strongly protected in H, which is contrary to the assumption that X — Y is in A.
This completes the proof of sufficiency.

Next, we prove the necessity. Let A be a minimal generator of H. We first show that
A contains all directed edges in H that are not M-strongly protected. Suppose that there
is a directed edge X — Y ¢ A which is in ‘H but not M-strongly protected. Then, since .4
generates H, X — Y is either in a v-structure of the form X — Y <+ Z, or can be oriented
by Meek’s rules. This means that X — Y occurs in at least one configurations labeled by
(a) to (e) as an induced subgraph of H. That is, X — Y is M-strongly protected. This
contradicts our assumption. We next show that .4 only contains the directed edges in H
that are not M-strongly protected. In fact, if this is not the case, then the proper subset
of A which consisting of the directed edges that are not M-strongly protected in H is a
generator of H, meaning that A is not minimal, which is a contradiction.

Finally, the uniqueness follows from the fact that the set of directed edges in H that are
not M-strongly protected in H is unique. |

B.5 Proof of Theorem 13

Proof The conclusion follows directly from Propositions 9 and 12. |

B.6 Proof of Proposition 15

Proof Both claims hold by the definition of a DCC, and thus we omit the proof. |
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B.7 Proof of Theorem 17

Proof The first statement is clearly true and the third statement can be derived from Fang
and He (2020, Lemma 2). Since the second statement is the inverse of the third statement,
the proof is completed. |

B.8 Proof of Proposition 20
Proof The proof follows directly from the definition of a DCC. |

B.9 Proof of Proposition 22
Proof The proof follows from Proposition 20. [ |

B.10 Proof of Theorem 25

We first prove two lemmas.

Lemma 55 Let G* be a CPDAG, K be a set of consistent DCCs, and U be a connected
undirected induced subgraph of G*. For any DAG G € [G*, K], every leaf node in the induced
subgraph of G over V(U) is a potential leaf node in U with respect to K and G*.

Proof Denote by Gy, the induced subgraph of G over V(U). By the definition of an
undirected induced subgraph and the fact that G* has no partially directed cycle (Andersson
et al., 1997), U is the induced subgraph of G* over V(). Thus, two vertices are adjacent in
U if and only if they are adjacent in Gg,p. Let Viear be a leaf node in Ggyp,. By the definition
of a potential leaf node, the conclusion holds if adj(Vieas,Ud) = &. Therefore, to prove the
lemma it suffices to show that, (1) adj(Vieaf, ) induces a complete subgraph of U, and (2)
Vieat 18 not the tail of any DCC in K(U).

AS Viear is a leaf node in Ggup,, adj(Veaf; Gsub) — Viear are in Ggup. Since adj(Vieat, Gsub) €
51b(Vieat, G*), the configuration adj(Viear, Gsub) — Vieat contains no v-structure collided on
Vieat- Thus, adj(Vieat, Gsup) induces a complete subgraph of Gg,p,, meaning that adj(Vieas, )
induces a complete subgraph of &. This completes the proof of statement (1). On the
other hand, if there is a Vieat — Ky, in K(U), then by Equation (4), r, C adj(Vieas,U) =
adj(Vieat, Gsub) and Viear — Ky, is in K(G*). Notice that K is equivalent to K(G*), Viear — K,
must hold for G. Consequently, Viear — k, holds for Geup. However, Vieas is a leaf node in
Gsub, Which leads to a contradiction. |

Lemma 55 suggests that if a vertex is not a potential leaf node in some connected
undirected induced subgraph U, then it cannot be a leaf node in the induced subgraph over
V(U) of any restricted Markov equivalent DAG.

Lemma 56 Let G* be a CPDAG and K be a set of DCCs. Then, K is consistent with G*
if and only if IC(C) is consistent with C for any chain component C.
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Proof Suppose that [G*,K(G})] # @ and let G € [G*,K(G})]. For any chain compo-
nent C, let Gy, denote the induced subgraph of G over V(C). It is easy to verify that
Gsub € [C,K(C)]. Conversely, if [C,K(C)] # @ for any chain component C, then choose
Ge € [C,K(C)] arbitrarily for each chain component and orient undirected edges in G* ac-
cording to {Gc}. That is, orient X —Y in G* as X — Y if X is a parent of Y in the DAG
Gc, where C is the chain component containing X and Y. Notice that G is a union of
(disjoint) chain components, we have K(G;) = |J. K(C), where C is a chain component. It
is straightforward to show that the resulting DAG with the orientations defined above is in

g7, K(Ga)]- u

Finally, we present the proof of Theorem 25.

Proof [Proof of Theorem 25] We first prove the necessity. If K is consistent, then there is
a DAG G in [G*,K]. Let U be an arbitrary connected undirected induced subgraph of G*,
and denote the induced subgraph of G over V(i) by Ggup. Since any induced subgraph of a
DAG is still a DAG, Ggup is a DAG, and thus it must have a leaf node Viea. By Lemma 55,

we can conclude that Vie,t is a potential leaf node in U with respect to K and G*.

We next prove the sufficiency. By Lemma 56, K is consistent with G* if and only if I(C)
is consistent with C for any chain component C. Therefore, given a chain component C,
our goal is to prove that K(C) is consistent with C, providing that the potential-leaf-node
condition holds. Based on the analysis in Appendix B.1, we need to construct a PEO of
C such that the corresponding DAG satisfies all DCCs in K(C). By assumption, C has a
potential leaf node with respect to K and G*, denoted by V;. By the definition of a potential
leaf node, V; is simplicial in C . Next, consider the induced subgraph of C over V(C)\ {V1},
denoted by Cy. Cs is clearly connected. Hence, by assumption Cy has a potential leaf node,
denoted by V5. Following the above procedure, we have a sequence of undirected graphs
(C=0C4,C,- -+ ,Cyp) and a sequence of vertices (V1, Va,- -+, Vi), where m = |V(C)|. By the
construction, the ordering of the vertices in this sequence forms a PEO of C. Denote by G¢
the corresponding DAG of this PEO. If there is a V; 2+ x;, € K(C) which does not hold
for Ge, then kp — V; are in Ge. This means kp C {Viy1, Vigo, -+, Vin}, which contradicts
the construction of the vertex sequence as V; is definitely not a potential leaf node in the
induced subgraph C;. Therefore, G¢ € [C,K(C)]. This completes the proof of Theorem 25. B

B.11 Proof of Theorem 27

Proof The equivalence of statements (i) and (ii) follows from the definition of equivalence
and redundancy. Observed that when K is consistent with G*,

Kt —> Ky, is redundant with respect to [G*, K] <= VG € [G*, K], k¢ = kp holds for G
<= VG e [G" K], ch(k,G) Nkp # D
<= VG € [G", K], kn € pa(ke, G)
<= {kp — Kt} UK is inconsistent with G*.

(8)
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Therefore, statement (ii) is equivalent to statement (iii) if both K; and Ko are consistent
with G*. If neither K; nor Ky is consistent with G*, then statements (i) and (iii) hold
simultaneously. Finally, if Iy is consistent with G* but K9 is not, then statements (i) does
not hold. Thus, we need only to show that statements (iii) does not hold either. In fact, by
Equation (8), if Upeg, {D — k¢ } UK is not consistent with G* for every x € Kg, then every
k € Ko is redundant with respect to [G*, K;]. Consequently, Ko U Ky is equivalent to g
given G* and thus is consistent. However, this is impossible, as the union of an inconsistent
DCC and a consistent DCC is definitely inconsistent. |

B.12 Proof of Theorem 29

Some technical lemmas are required before we present the proof of Theorem 29.

Lemma 57 Let G* be a CPDAG and K be a set of DCCs consistent with G*, then a DCC
K holds for every DAG in [G*, K] if and only if either ky — s appears in G* for some s € Ky,
or there exists a connected undirected induced subgraph U of G* containing the vertices in
kp N sib(ke, G*) and kg such that with respect to IC and G*, every potential leaf node in U is
in kp N sib(ke, GF).

Proof We first prove the sufficiency. It is clear that x; — s appears in G* for some s € kp,
implies that x holds for every DAG in [G*, K]. On the other hand, if there exists a connected
undirected induced subgraph U of G* containing the vertices in kj, N sib(k¢, G*) and k; such
that with respect to K and G*, every potential leaf node in U is in xp N sib(ky, G*), by
Lemma 55, for every DAG G € [G*, K], there exists an s € kp, such that s is a leaf node in
the induced subgraph of G over V(U). Therefore, k; — s is in G, indicating that x holds
for G.

We next prove the necessity. By Theorem 27, Usey, {s — k¢ } UK is not consistent with
G*. Therefore, by Theorem 25, there is a connected undirected induced subgraph Uy of G*
which has no potential leaf node with respect to Usex,{s — K¢} UK and G*. If k; — s
appears in G* for some s € kp, then the proof is completed. Thus, we assume that k; - s
in G* forall s € kj,. Let P={s € kp | s — krisin G*} and Q = kp N sib(k, G*) = {s €
Kp | 8 — k¢ is in G*}. Since K is consistent with G*, Q # @ and Uy must contain x; and
at least one s € Q. Now consider the connected undirected induced subgraph U of G* over
V(Uy) U Q. With respect to Use, {s — K¢} UK and G*, none of the vertices in @ is a
potential leaf node as s — kK for s € @, and none of the vertices in V(Up) is a potential
leaf node as Uy has no potential leaf node with respect to Useg, {s = k¢ } UK and G*. As a
result, I/ has no potential leaf node with respect to Usey, {s = K¢} UK and G*.

However, U has potential leaf nodes with respect to K and G*. If a vertex p € V(Up) \ @
is a potential leaf node with respect to K and G*, then p is also a potential leaf node with
respect to Ugsep, {5 = K¢} UK and G*. Therefore, the potential leaf nodes in ¢ with respect
to K and G* are all in Q. [ |

The above lemma generalizes Theorem 35 and Corollary 38. When & is minimally
redundant with respect to [G*, K], we have the following corollary.
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Corollary 58 Let G* be a CPDAG and K be a set of DCC's consistent with G*, then a DCC
K 1is minimally redundant with respect to [G*, K| if and only if either k, = {s} is a singleton
set and Kkt — s appears in G*, or Kk, C sib(ke, G*) and there exists a connected undirected
induced subgraph U of G* containing the vertices in kp and k¢ such that with respect to K
and G*, Ky, are all and only potential leaf nodes in U.

The following lemma is the key to prove Theorem 29.

Lemma 59 Suppose that G* is a CPDAG and K, K' are two non-redundant consistent DCC
sets over V(G*), and k' is minimally redundant with respect to [G*, K] for any ' € K'.

(i) If k € K is redundant with respect to [G*,K' U (IKC\ {k})], then there exists a unique
DCC k' € K' such that k; = ki and K) C k. Moreover, for any DCC v € K such

that v # kK, either Ky # v or K}, L Yp.
(it) If [G*, K] = [G*, K], then |K| = [K'].

Proof [Proof of Lemma 59| By assumption, K’ U K and all of its subset are consistent
with G*. We first prove statement (i). Without loss of generality, in the following, we
assume that K = {ky1, -+ ,kn}, K' = {k}, -+, k., }, and K, is redundant with respect to
G*, K'U(K\{kn})]. Since &} is not redundant with respect to K'\{x}}, s}, Nch(x},,G*) = @.
Moreover, since x; is minimally redundant with respect to [G*, K], by Corollary 58, for every
K}, there exists a connected undirected induced subgraph U/ of G* containing the vertices
in k], and kf, such that with respect to K and G*, &}, are all and only potential leaf nodes
in U.

Assuming that the corresponding connected undirected induced subgraphs of &, - - , K},
which are denoted by U, --- ,U,, contain all vertices in ky; and Kpp N sib(Kne, G*), while
the remaining induced subgraphs Uj,_ ,--- ,U;, do not contain all vertices in i, and .
Since Ky, is redundant with respect to [G*, K' U (K \ {kn})], by Lemma 57 and the fact that
kp is not redundant with respect to [G*, K \ {k,}], there is a connected undirected induced
subgraph U,, of G* containing x,; and a subset s, of k,; such that all potential leaf nodes
in Uy, with respect to K'U (K \ {kn}), are in s,,. It is clear that, there is at least one DCC
k"™ € K’ satisfying that ;" and all vertices in s} N sib(k}*, G*) are in U, (this condition is
denoted by C1). Since otherwise, the restriction subset of K'U (K \ {s,}) on U, is identical
to that of I\ {k,}, which violates the assumption that K is not redundant.

Denote by {&/", -, k2*} the set of all DCCs in K’ satisfying the above condition C1. We
claim that {s7", -+, sy} NV {KY, -+, kL} # @. In fact, if {&7",--- K5} C {K)jpps Bl
by the assumption that U] for every | = k+1,---,m does not contain all vertices in xy
and Ky N sib(kne, G*), the restriction subset of IC on U] is identical to that of K\ {x,},
and hence k7, - - , K are redundant with respect to [G*, K\ {k,}]. On the other hand, the
restriction subset of X' U KC\ {k,} on U, is identical to that of {x}*, -+ ,kIF} U (K\ {kn}),
implying that r, is redundant with respect to [G*, {k]", -+ , KU (K \ {kn})]. As a result,
Kn, is redundant with respect to [G*, KC\ {k,}]|, which contradicts the non-redundancy of K.
This completes the proof of the claim.

Without loss of generality, we assume that {}", - |k} {x], - -, Kk} = {x], -, KL}
We next show that there is at least one s} € {s],--- ,/;} such that s}, N's, # @. Consider
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the undirected induced subgraph over V(Uj),--- , V(U}) and V (Uy,), which is also the union
graph of Uy, --- U} and U,,. With respect to K' U (KC\ {k,}), if a vertex is not a potential
leaf node in one of Uy, - - - U}, and Uy, then it is not a potential leaf node in the union graph
either. If a vertex is a potential leaf node in U (i = 1,--- , d) with respect to K'U(KC\ {k,}),
it must be in &, U{kn }. However, if kl, Ns, = &, the vertices in }, U{kn;} are not potential
leaf nodes in U, with respect to ' UK \ {k,}, and thus are not potential leaf nodes in the
union graph. Similarly, x/, N's, = @ for any ¢ = 1,--- ,d implies that the vertices in s, are
not potential leaf nodes in any U/, and thus are not potential leaf nodes in the union graph.
As a result, no vertex in the union graph is a potential leaf node under the condition that
ki, Ns, =@ for any i = 1,--- ,d , which is impossible as K' UK \ {£,} is consistent.

Assuming that &, ---x; (1 <1 < d) are all and only the DCCs such that s, N's, # @
(i=1,---,1). We will show that

!
S = ﬂm;hﬂsn#g.
i=1

Assume, for contradiction, that ﬂizl ki, N's, = &, and consider again the union graph of
Uy, --- U and Uy,. Using the same argument given above, we can prove that with respect
to K'U (K \ {kn}), any potential leaf node in U] (i =1+ 1,---,d) is not a potential leaf
node in the union graph. If a vertex h; is a potential leaf node in U (i = 1,---,1) but
not in s,, it is not a potential leaf node in the union graph either. However, if h; € s,
by assumption, the exists a /@9, j #iand j € {1,..,1}, such that h; ¢ m;h. Note that,
h; € sp C Kpp, meaning that h; # k. Therefore, in L{J/», with respect to K' U (K \ {kn}),
h; is not a potential leaf node as h; ¢ Ii;-h U {knt}, and thus h; is not a potential leaf node
in the union graph. Similarly, any potential leaf node in U, is not a potential leaf node
in at least one U/, i € {1,...,1}, and thus is not a potential leaf node in the union graph.
As a consequence, no vertex in the union graph is a potential leaf node, which leads to a
contradiction.

Since s # @, by the similar argument we can prove that every potential leaf node in
the union graph of Uy, --- U} and U,, with respect to ' U (K \ {ky}) is in s. According to
Lemma 57, x}, >+ s is redundant with respect to [G*, K’ U (K \ {x,})] for any i = 1,--- ,1,
and thus redundant with respect to [G*, K'UK]. Note that, ' UK is equivalent to K due to
the minimal redundancy of the DCCs in X', &/, 2, s is redundant with respect to [G*, K] for
any i = 1,--- ,l. Therefore, x}, =s for any i =1,--- 1, since otherwise s C &}, contradicts
to the minimal redundancy of /.

With «f, =s for any ¢ = 1,--- ,1, we claim that [ = d. Suppose that | < d, then with
respect to K'U (KC\ {k,}), any potential leaf node in U] (i =1+1,--- ,d) is not a potential
leaf node in the union graph of Uy, --- U} and Uy,. On the other hand, any potential leaf
node in U, is not a potential leaf node in U, ,--- , Uy as it is in s,. Since xj, =s C's,
for i = 1,---,1, any potential leaf node in U/, i = 1,---,l, is not a potential leaf node
in Uy, Uy, and U,,. Therefore, no vertex in the union graph is a potential leaf node,
which leads to a contradiction.

The next step is to prove that there exists a DCC x' € {k], - ,&};} such that x} = Ky
and k) C K. Assume, for contradiction, that none of the DCC in {x],--- ,x}} satisfies
the condition. Since we proved that ], =s C kpy for any ¢ = 1,--- ,d, by assumption,
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Kiy # knt for any ¢ = 1,---,d. Firstly, consider U,,. With respect to K' U (K \ {kn}),
since {kl,} are not potential leaf nodes, it holds that s, ¢ s,. Moreover, the restriction
subset of K'U (K \ {kn}) on U, is identical to that of {x}*,---,k} U (K \ {kn}), which
is further identical to that of {s],---,k},} U (K \ {kn}). The latter hols because U] for
ke {rf, - R\ {K], -+, K]} does not contain all vertices in Ky and Kpp N sib(Knt, G*),
implying that ] is redundant with respect to [G*, K\ {k,}]. Consequently, with respect to
{K],-- K} UK\ {kn}), sy are all and only potential leaf nodes in U,,. Since K}, # Kns
for any i = 1,--- ,d, with respect to IC\ {k,}, fns is not a potential leaf node in U,,. Next,
consider U] for i = 1,---,d. With respect to K\ {k,}, {k};} are not potential leaf nodes.
Therefore, in the union graph of Uf,--- ,U} and Uy, only the vertices in s, are potential
leaf nodes with respect to K \ {k,}. This implies that r, is redundant with respect to
[G*, K\ {kn}], leading to a contradiction.

Finally, to prove the uniqueness in statement (i), it suffices to show that none of the
DCC k" € K'\ {k},--- , K]} satisfies K} = kp and &}, C Kpp N 500(Kne, G¥). Assume, for
contradiction, that such a DCC «/ exists. Since U,, contains all vertices in kp;, N sib(kpt, G*)
and k¢, Up contains ), and wj, meaning that &' ¢ {x, ,,---,k;}. However, if ' €
{Kjs1> - s Fm ), since Uj does not contain all vertices in kyy and rpp N sib(knt, G*), '
is redundant with respect to [G*,K \ {kn}], and hence &, is redundant with respect to
[G*, K\ {kn}], which leads to a contradiction.

To complete the proof of statement (i), we assume, for contradiction, that there is
another DCC k; € K, i # n, such that kj = k; and K}, C K. It is clear that U’ contains all
vertices in K, and kj, since otherwise k; is redundant with respect to [G*, K \ {k;}]. Now,
consider U’ and Uy, , {8 = fint} U (K \ {kn}). It is easy to verify that none of the vertices
in U’ is a potential leaf node. Therefore, k, is redundant with respect to [G*, K \ {xn}],
which is contradicted to the non-redundancy k.

We then prove statement (ii). If [G*, K] = [G*,K'], then any xk € K is redundant with
respect to [G*, K'], and thus redundant with respect to [G*, K'U(KC\ {x})]. By statement (i),
n < m. If n < m, assume, without generality, that the unique DCC satisfies the condition

in statement (i) for «; is k, i = 1,2,--- ,n, then k; is redundant with respect to [G*, k}].
As a result, x/, is redundant with respect to [G*,{k], - , k), }], leading to a contradiction.
Therefore, n = m. [ ]

Proof [Proof of Theorem 29] We first prove statement (i). For any DCC k € K, let &’/
be the DCC such that (1) k; = k¢, (2) K}, € kp, and (3) £’ is minimally redundant with
respect to [G*, K]. Such a DCC always exists. In fact, one can first check whether x; — s
is redundant for some s € kp. If exists, then k; — s is minimally redundant, and if not
exists, one can further enumerate and check all 2-elements subsets of k. The enumeration
will end because ' = k is redundant with respect to [G*, K].

Let K’ denote the set of all x’ constructed above. It is clear that K’ is equivalent to
K and |K'| < |K]. If K is redundant, then its non-redundant proper subset K" C K’
is equivalent to K. By statement (ii) of Lemma 59, |K”| = |K|. This is not possible as
|K"| < |K'|. Therefore, K" is not redundant.

Assume that there is another non-redundant DCC set K" such that K is equivalent
to K and £ is minimally redundant with respect to [G*, K] for any «” € K. Then,
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K is also equivalent to K’ and " is minimally redundant with respect to [G*, K'] for any
k" € K". By the first statement of Lemma 59, for any ' € K, there is a unique DCC
k" € K" such that x}” =k} and k}/ C k},. Since «’ is also minimally redundant, )’ = &},.
Therefore, By the first statement of Lemma 59, K" = K'.

Finally, by the first statement of Lemma 59, for every k € K, there exists a unique
k' € K’ such that x} = k; and &}, C kp,; and for every £’ € K', there exists a unique x € K
such that x} = k; and Kk}, C Kp,.

We next prove statement (ii). By statement (i), there is a unique non-redundant DCC
set K" over V(G*) such that K is equivalent to K” and x” is minimally redundant with
respect to [G*, K] for any k" € K”. Since K’ is equivalent to I, K" is also the unique
non-redundant DCC set such that K’ is equivalent to K” and x” is minimally redundant
with respect to [G*,K'] for any £” € K”. By Lemma 59, |K| = |K"| = |[K'|. Moreover,
statement (i) of Lemma 59 indicates that {r; | k € K} = {k] | ¥’ € K"}. therefore,
{ki|keK}=A{r!| " e K"} ={kK} | K € K'}. [ |

B.13 Proof of Theorem 30

Proof We first prove statement (i). Theorem 17 proves that B can be equivalently rep-
resented by a set of DCCs K. By Definition 4 of MPDAGs, H represents all common
direct causal relations shared by all DAGs in [G*, B]. Due to the equivalence, [G*,B] =
[G*, K] = [H, K]. Now consider E4(H) UK. For any x € K, if k is redundant with respect to
E (H)U(K\ k), it can be removed from K, yielding a set E;(H) U (K \ k) that is equivalent
to E4(H) UK. By repeating this procedure, we can iteratively remove all redundant DCCs
from K until no DCC remains redundant given the others and E4(#). The remaining DCCs
in JC constitute the desired residual set R.

We next prove statement (ii). Let R1 and Rg be two residual DCC sets. By assumption,
every DCC k1 € Ry, if exists, is not redundant with respect to Eq(H) U (R1 \ {k1}), and
hence R1 NE4(H) = @. Following the similar pruning procedure in the proof of (i), we can
further remove redundant DCCs from E;4(#) U R; and obtain a non-redundant DCC set
A1 C Ey(H)URy with respect to G*. Clearly, A; is equivalent to E4(H) U R1, and A; can
be written as a union of two sets, say & and R}, where & C E4(H) and R} C R,. However,
if there is a k € Ry but k ¢ R then k is redundant with respect to & UR/, and therefore is
redundant with respect to Eq(H)UR1 \ {k}, which contradicts the assumption. Therefore,
R} =Ri and A; = & UR4. By Theorem 29, there is a unique DCC set A* such that A*
is equivalent to A; and every DCC in A* is minimally redundant with respect to [G*, A1],
which also means A* is minimally redundant with respect to [G*, B]. Based on statement
(i) of Theorem 29, for any k1 € Ry, if exists, there is a unique x* € A* such that k} = K1+
and kj C k1 p. If |k5| =1, then £* is a directed edge and x* € E4(#H). This means x1 € Ry
is redundant with respect to E4(H), which is contradicted to our assumption. Therefore, it
holds that |x7| > 1. Similarly, all directed edges in & are in A*, and hence A* = & UR*
where R* is the set of DCCs each of which has more than one head and uniquely corresponds
to a DCC in R;. By statement (i) of Theorem 29, |R*| = |R1|. Due to the uniqueness of
the element-wise head-minimal DCC set, applying the same technique given above, we can
prove that |R*| = |Rz|. This completes the proof of statement (ii).
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For statement (iii), notice that the DCC set R* in the proof of statement (ii) is a DCC
set satisfying conditions (1) to (3). The uniqueness comes from statement (i) of Theorem 29.
Finally, statement (iv) comes from the proof of statement (ii). [ |

B.14 Proof of Theorem 31

The proof of Theorem 31 requires the following lemma.

Lemma 60 Let H be a causal MPDAG. For any vertex X and S C sib(X,H), if S induces
a complete subgraph of H, then there is a DAG G € [H] in which S C pa(X,G).

Proof Without loss of generality, we assume that the skeleton of H, denoted by C, is a
connected chordal graph, and H is the MPDAG representing [C, B4] for some direct causal
constraints By (Proposition 9). That is, [H] = [C, Bg]. We first show that pa(X, H)USU{X}
induces a complete subgraph of H. In fact, if pa(X,H) = @, then pa(X,H) USU{X} is
complete. If pa(X,H) # @, then for any p € pa(X,H) and S € S, p and S are adjacent
in H, since otherwise X — S should appear in H due to the maximality of . Thus,
pa(X,H)US U{X} is also complete.

Fang and He (2020, Theorem 1) proved that for any vertex X and S C sib(X,H), the
following three statements are equivalent.

(i) Thereis a DAG G in [H] such that pa(X,G) = SUpa(X, H) and ch(X,G) = sib(X, H)U
ch(X,H)\S.

(ii) Orienting S — X and X — sib(X,H)\'S in H does not introduce any new v-structure
collided on X or any directed triangle containing X.

(iii) The induced subgraph of H over S is complete, and there does not exist an S € S
and a C € sib(X,H) \ S such that C — S is in H.

Denote by M a maximal clique containing pa(X,H) US U{X} (which definitely exists but
may not be unique) and let M, = M Npa(X,H) = pa(X,H), M. = M N ch(X,H) and
M, = MNsib(X,H). We first show that if M, = &, then there is a DAG G € [H] such that
pa(X,G) = Mg Upa(X,H) and ch(X,G) = sib(X,H) Uch(X,H) \ M. As M; C M, M,
induces a complete subgraph of . Suppose that thereisa P € Mg and a C € sib(X, H)\M;
such that C' — P, then C' is adjacent to every vertex in pa(X,H) U Mj, since otherwise
X — Plisin H for any P’ € pa(X,H) U M, which is not adjacent to C, and contradicts
the assumption that pa(X,H) U M, C pa(X,H) U sib(X,H). However, C is adjacent to
every vertex in pa(X,H) UM, implies that C' is adjacent to every vertex in M = M,UM,,,
meaning that M is not a maximal clique. This leads to a contradiction. The desired result
then follows from Fang and He (2020, Theorem 1).

On the other hand, suppose that M. # & for any maximal clique M containing
pa(X,H)US U{X}. In the following, we will construct a maximal clique M contain-
ing pa(X,H)US U{X}, such that orienting My — X and X — sib(X,H) \ M; does not
violate statement (iii) of Fang and He (2020, Theorem 1).
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Let M be an arbitrary maximal clique containing pa(X,H) U S U {X}. If orienting
M? — X and X — sib(X,H) \ M? does not violate statement (iii) of Fang and He (2020,
Theorem 1), then the proof is completed. If otherwise, let C° C sib(X,H) \ MY be the
set of vertices such that for any C € C° C — P for some P € Mg. Using the same
argument given in the last paragraph, we can prove that C is adjacent to every vertex in
pa(X,H)UM? for any C € C°. Likewise, it can be shown that any two distinct vertices in
CY, if exist, are adjacent. Hence, C° UMY U pa(X,H) is a clique.

Let M! be a maximal clique containing {X} U C® UMD U pa(X,H). By assumption,
M! # @ and S € M? C M!. If orienting M! — X and X — sib(X,H) \ M. does not
violate statement (iii) of Fang and He (2020, Theorem 1), then the proof is completed.
Otherwise, following the above procedure we can find a new maximal clique M? containing
{X}uC'UMLUpa(X,H), where C' C sib(X,H)\M.! be the set of vertices such that for any
C € C!,C — Pforsome P € M. Note that, S C M?C M! C --- C M. C --- C sib(X, H)
implies that the above construction will eventually stop as sib(X,H) is a finite set. That is,
we will finally find an M = M containing pa(X,H)USU{X} such that orienting M — X
and X — sib(X,H)\ Mj does not violate statement (iii) of Fang and He (2020, Theorem 1),
which completes the proof. |

Proof [Proof of Theorem 31] By definition, (i) is equivalent to (ii), and thus we only prove
(i) is equivalent to (iii) in the following.

By definition,  is fully informative with respect to  and G* if and only if k; — &,
holds for all DAGs in [H] for any k € K, where & == f; — Fy,.

If K, Nch(ke, H) # @, then k; =5 Ky, holds for all DAGs in [H]. If kj, Nsib(k¢, H) induces
an incomplete subgraph of H, then there exist Vi, Vo € Ky, N sib(ke, H) such that Vi, Vo are
not adjacent. By the first rule of Meek’s rules, for any DAG in [H], either V; or V3 is a
child of k;. Thus, k; — kp, N sib(ke, H) holds for all DAGs in [H].

Conversely, if k, Nch(k¢, H) = @ and the induced subgraph of H over kp N sib(ke, H) is
complete, then by Lemma 60, there is a DAG G € [H] in which kj, N sib(ke, H) C pa(ke, G).
Therefore, 2 Kk, does not hold for G. |

B.15 Proof of Corollary 32

Proof Corollary 32 follows from Theorem 31 and Equation (5). [ ]

B.16 Proof of Proposition 34

Proof By Lemma 55, for any DAG G € [G*, K], the leaf node in the induced subgraph of
G over V(U), denoted by Ggup, must be X, as X is the unique potential leaf node in U with
respect to K and G*. The result comes from the fact that adj(X, Gaup) = adj(X,U). [ ]
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B.17 Proof of Theorem 35

Proof The sufficiency follows from Proposition 34, and below we prove the necessity. Since
‘H has the same skeleton as G*, it suffices to prove that, for two adjacent variables X and
Y, if X — Y is not in G* and there is no orientation component for Y containing X with
respect to K and G*, then X — Y is not in H.

As X — Y isnot in G* but X and Y are adjacent, Y is either a parent or a sibling of X
inG*. f Y - X isin G*, then Y — X is in H, which completes the proof. Now consider
the case where X — Y is in G*. According to our assumption, with respect to K and G*,
every connected undirected induced subgraph containing X and Y is not an orientation
component for Y. If there is a such subgraph which is an orientation component for X,
then by Proposition 34 and the definition of an MPDAG, Y — X is in H.

On the other hand, with respect to X and G*, if every connected undirected induced
subgraph containing X and Y is neither an orientation component for X nor an orientation
component for Y, then by Theorem 25, it either has a potential leaf node which is neither
X nor Y, or has exactly two potential leaf nodes which are X and Y. In the following,
we will prove that there is a DAG G; € [G*, K] in which X — Y and there is also a DAG
Gs € [G*,K] in which Y — X. According to symmetry, we need only to prove that there is
a DAG G € [G*,K] in which X —» Y.

To prove this claim, it suffices to show that £ U {X — Y} is consistent with G*. By
Theorem 25, any connected undirected induced subgraph U has a potential leaf node with
respect to K and G*. If U does not contain X or Y, then it can be easily verify that the
potential leaf node of U with respect to K and G* is still a potential lead node with respect
to CU{X — Y} and G*. If U contains both X and Y, then we have that,

(i) if U has a potential leaf node with respect to K and G* which is neither X nor Y,
then by the definition of a potential leaf node, such a vertex is still a potential leaf
node with respect to KU {X — Y} and G*;

(i) if U had exactly two potential leaf nodes which are X and Y, then with respect to
KU{X — Y} and G*, Y is still a potential leaf node in U.

Therefore, any connected undirected induced subgraph of G* has a potential leaf node with
respect to KU {X — Y} and G*. The desired result follows from Theorem 25. [ ]

B.18 Proof of Proposition 36

Proof Since U; is an orientation components for X with respect to K and G*, for any
Y1 € V(Up) such that Y7 # X, either Y7 is a non-simplicial node in U, or there is a
k € K(Uy) such that x; = Y. Denote by Ujo the undirected induced subgraph of G* over
V() UV (Us). If Y1 is a non-simplicial node in Uj, then it is a non-simplicial node in
U192, as two non-adjacent vertices in U; remains non-adjacent in Uio. Moreover, if there
exists a k € K(U1) such that k; = Y7, then k € K(U12). Hence, Y7 is not a potential
leaf node in U2 with respect to K and G*. Following the same argument, none of the
vertices in V(Uz) \ {X} is a potential leaf node of U2 with respect to K and G*. How-
ever, due to the consistency, U2 should have at least one potential leaf node. Therefore, X
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is the only potential leaf node of U2 with respect to K and G*, which completes the proof. B

B.19 Proof of Corollary 38

Proof The conclusion follows directly from Proposition 36 and Theorem 35. |

B.20 Proof of Theorem 39

Proof It is easy to see that the outputted graph of Algorithm 3, denoted by Uyyt, is
an orientation component for X with respect to K and G*. Assuming that Uy, is not
maximal, then the true maximal orientation component for X with respect to X and G*,
denoted by Uirue, i a proper super graph of Uyy;. Recall that Algorithm 3 removes one
vertex from the current graph in each while loop until the current graph is Uyy. Since
V(Uout) C V(Usrue), let {Yi,,Yiy, -+, Y} = V(Urue) \ V(Uous), where the subscript of
each Y; indicates the number of loops when it is removed. Without loss of generality we can
assume that i1 < i < --- < ig. Based on Algorithm 3, the vertices that are removed before
Yi,, if exist, are not in V(Usyy), since otherwise the while loop ends before considering Y, .
Let U; be the undirected graph right before removing Y;,. By Algorithm 3, with respect
to K and G*, U is not an orientation component for X and Y, is a potential lead node in
U;. This means Y;, is a simplicial node in ¢; and there is no DCC in IC(U;) in which Yj, is
the tail. Note that Uiye is the induced subgraph of Uy over V (Uue) and Y, € V (Uirue),
Y;, is also a simplicial node in 'V (Uue). Moreover, there is no DCC in K(Uyye) in which
Y, is the tail, as K(Usrue) € K(U1). Thus, Y;, is a potential leaf node in Uiyye with respect
to K and G*, meaning that U, is not an orientation component for X. This leads to a
contradiction, and hence Uy is maximal. [ ]

B.21 Proof of Theorem 41
The key ingredient for proving the identifiability is the following lemma.

Lemma 61 Let H be an MPDAG representing [G*, K| induced by a CPDAG G* and a set
of consistent DCCs K. Then, for any vertex X, there is a DAG G in [G*,K] such that
ch(X,G) = sib(X,H) Uch(X,H).

Proof It suffices to show that LU {X — W | W € sib(X,H)} is consistent with G*.
For any connected undirected induced subgraph U of G*, a potential leaf node in U with
respect to K and G*, if it is not X, is still a potential leaf node in I/ with respect to
KU{X — W | W € sib(X,H)} and G*. On the other hand, if X is the only potential
leaf node in U with respect to K and G*, then adj(X,U) — X are in H. Consequently,
W is not in U since W € sib(X,H), and hence X is still the only potential leaf node in U
with respect to K U{X — W | W € sib(X,H)} and G*. The desired result follows from
Theorem 25. |
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Perkovié¢ (2020, Proposition 3.2) showed that,

Lemma 62 (Perkovi¢ 2020, Proposition 3.2) Let H be a causal MPDAG. If there is
a proper possibly causal path m = (X, W,U,....,Y) from X € X to Y € Y such that X —
W U — -+ =Y isin one DAG G € [H] and X «+ W - U — --- = Y isin
another DAG Gy € [H], then there exists a multivariate Gaussian density f over V(G*) such
that f1(y | do(x)) # fa(y | do(x)), where f1(y|do(x)) and f2(y|do(x)) are interventional
distributions computed from two causal models (G, f(V)) and (Ga, f(V)), respectively.

Lemma 62 results the following corollary.

Corollary 63 Let H be an MPDAG representing [G*, K| for a CPDAG G* and a set of
consistent DCCs K. If there is a proper possibly causal path m = (X,W,U,....,Y) from
X eXtoY €Y such that X - W — U — --- - Y is in one DAG G € [G*,K]
and X «+ W — U — .-+ = Y is in another DAG Gy € [G*,K], then there exists a
multivariate Gaussian density f over V(G*) such that fi(y | do(x)) # fa(y | do(x)), where
fily|do(x)) and fa(y|do(x)) are interventional distributions computed from two causal
models (Gy, f(V)) and (Ga, f(V)), respectively.

Corollary 63 holds because [G*, K] C [H], Thus, we omit the proof. Analogue to Corol-
lary 63, we have,

Lemma 64 Let H be an MPDAG representing [G*, K] for a CPDAG G* and a set of con-
sistent DCCs K. If there is a proper possibly causal path m = (X, W,U,....,Y) from X € X
toY €Y suchthat X - W < U — --- =Y and X — U are in one DAG G € [G*, K], and
X«W—=U-=-—=Y and X — U are in another DAG Gy € [G*, K], then there exists a
multivariate Gaussian density f over V(G*) such that fi(y | do(x)) # fa(y | do(x)), where
fily|do(x)) and fa(y|do(x)) are interventional distributions computed from two causal
models (G1, f(V)) and (Ga, f(V)), respectively.

Proof Let f be a multivariate Gaussian density determined by the following linear Gaussian
structural equation model,
Xi= Z BjiX;j + €,

Xjepa(X;,G1)

where §j; = 0 if X; — X; is neither X — U nor the edges on the corresponding path of
min Gy and 0 < Bj; < 1 otherwise, ¢; are Gaussian noises with zero means and variances
that makes every variable has variance one. (This is possible if we set /;;’s small enough.)
It is clear that f is Markovian to Go, and thus Markovian to G; as G; and Go are Markov
equivalent. Moreover, denote by G/ the DAGs obtained by removing from G; the edges that
are neither on the corresponding path of 7 nor X — U (i = 1, 2), it can be checked that f is
Markovian to G/ and f;(y | do(x)) = f!(y | do(x)), where f!(y | do(x)) is the interventional
distributions computed from the causal model (G, f(V)), i =1, 2.

Using the backdoor adjustment, it can be verified that Ey(y | do(X = 1)) = o4y and
Es(y | do(X = 1)) = (02y — Ouw0uwy)/(1 — 02,). By Wright’s rule (Wright, 1921), it can be
checked that o,y —(04y — Tzwowy)/(1 — 02,,) equals to the product of the edge weights along
the path X + W — U — --- = Y in G5. By our assumption, the edge weights are non-zero,
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Ei(y| do(X = 1)) # Ex(y | do(X = 1)), and consequently, f1(y | do(x)) # fa(y | do(x)). m

Finally, the proof of Theorem 41 follows a similar argument to that for Perkovi¢ et al.
(2017, Lemma C.1).

Proof [Proof of Theorem 41] Based on Perkovi¢ (2020, Theorem 3.6), the sufficiency of
the identification condition holds, since [G*, K] C [H] and the causal effect of X on Y is
identifiable from H when the condition holds.

To prove the necessity, let m be a possibly causal path from X € X toY € Y in H where
the first edge from the side of X is undirected. Denote by 7* = (X, W, U, ..., Y), a shortest
subsequence of m with length at least 1, such that 7* is also a possibly causal path from
X to Y, where the first edge from the side of X is undirected. It is clear that 7*(W,Y) is
unshielded. By Lemma 61, there is a DAG Gy € [G*, K] such that ch(W, Ga) = sib(W, H) U
ch(W,H). Hence, the corresponding path of 7* in Go is X + W — U — --- — Y, according
to the first Meek’s rule.

If X is not adjacent to U in H, then we consider a DAG G, € [G*, K| where ch(X,G;) =
sib(X,H) Uch(X,H). By Lemma 61, such a DAG exists. Since X is not adjacent to U, 7*
is unshielded, and thus the corresponding path of 7* in G; is X - W - U — --- =Y. By
Corollary 63, the causal effect of X on Y is not identifiable.

If X is adjacent to U, then X — U is in H, since otherwise X — U and 7*(U,Y) form
a possibly causal path shorter than 7*, which contradicts our assumption. If W — U is in
H, then we again consider a DAG G; € [G*, K| where ch(X,G1) = sib(X,H)Uch(X,H). In
G1, the corresponding path of 7* is X - W - U — --- =Y. f W — U is in ‘H, then we
consider the DAG G, € [G*, K] where ch(U,G1) = sib(U,H) U ch(U,H). Since X — U and
U— W arein G;, X — W is in G;. Thus, according to Lemma 64, the causal effect of X
on Y is not identifiable. u

B.22 Proof of Corollary 42

Proof We first prove that (ii) = (i). Assume that X — Y exists in every DAG in [G*, K],
but X —Y is in G*, then the causal effect of Y on X is not identifiable in [G*] but becomes
identifiable in [G*, K]. In fact, the causal effect of ¥ on X is 0 in every DAG in [G*, K].

Conversely, if the common directed causal relations of the DAGs in [G*, K] are all en-
coded by directed edges in G*, then by the definition of a causal MPDAG, H = G*. By
Theorem 41, an effect is identifiable in [G*] if and only if it is identifiable in [G*,K]. This
completes the proof of (i) = (ii).

Next, suppose that K is derived from a consistent pairwise causal background knowledge
set B. If there is a direct causal constraint in B which does not hold for all DAGs in [G*],
then it is clear that an unidentifiable effect becomes identifiable in [G*, K], as statement (ii)
holds. If there is a non-ancestral causal constraint in B which does not hold for all DAGs
in [G*], then by Theorem 17, statement (ii) also holds. Finally, since X --» Y implies
Y -»» X, B is equivalent to (Y -»» X) U B with respect to G*. Thus, if Y -»» X does not
hold for all DAG in [G*], then statement (ii) holds. [ |
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B.23 Proof of Theorem 43

Before proving Theorem 43, we first introduce some technical lemmas.

Lemma 65 (Perkovié et al. 2017, Lemma C.2) Let H be a causal MPDAG, and X,Y
are disjoint subsets of vertices of H. Suppose that the causal effect of X on'Y is identifiable
in [H], then

(i) Z N Forb(X,Y,H) = @ implies that Z N Forb(X,Y,G) = @ for any DAG G € [H],
and

(i) Z N Forb(X,Y,H) # @ implies that in H there exist X € X, Y € Y, U € ZnN
Forb(X,Y,H) and W such that there are a directed path from X to W and unshielded
possibly causal paths from W to'Y and U, respectively.

Lemma 66 (Perkovié et al. 2017, Lemma C.3) Let H be a causal MPDAG, and X, Y
are disjoint subsets of vertices of H. Suppose that the causal effect of X on'Y is identifiable
in [H] and Z N Forb(X,Y,H) = @, then there is a proper definite status non-causal path
from X € X toY € Y which is not blocked by Z in H implies that Z is not an adjustment
set for (X,Y) in any DAG G € [H].

Lemmas 65 and 66 result the following Corollaries 67 and 68, respectively.

Corollary 67 Let H be an MPDAG representing [G*, K] for a CPDAG G* and a set of
consistent DCCs IC, and X,Y are disjoint subsets of vertices of H. Suppose that the causal
effect of X on Y is identifiable in [G*, K], then

(i) ZNForb(X,Y,H) =@ implies that ZNForb(X,Y,G) = & for any DAG G € [G*, K],
and

(i) Z N Forb(X,Y,H) # @ implies that in H there exist X € X, Y € Y, U € ZnN
Forb(X,Y,H) and W such that there are a directed path from X to W and unshielded
possibly causal paths from W toY and U, respectively.

Corollary 68 Let H be an MPDAG representing [G*, K] for a CPDAG G* and a set of
consistent DCCs IC, and X, Y are disjoint subsets of vertices of H. Suppose that the causal
effect of X on'Y is identifiable in [G*, K] and ZNForb(X,Y,H) = &, then there is a proper
definite status non-causal path from X € X toY € 'Y which is not blocked by Z in H implies
that Z is not an adjustment set for (X,Y) in any DAG G € [G*,K].

The above corollaries hold since [G*, K] C [H] and Theorem 41 proves that the causal
effect of X on Y is identifiable in [G*, K] if and only if it is identifiable in [#]. We omit the
proofs here.

The proof of Theorem 43 is analogue to that of Perkovi¢ et al. (2017, Theorem 4.4).
Proof [Proof of Theorem 43] Based on Theorem 4.4 in Perkovi¢ et al. (2017) and the fact
that [G*, B] C [H], it is clear that Z satisfies the b-adjustment criterion relative to (X,Y)
in H implies that Z is an adjustment set for (X,Y) with respect to G* and B. To prove
the other direction, we use the proof by contradiction. First, Theorem 41 indicates that the
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first condition holds. Assuming the first condition holds but the second condition fails to
hold, then by Corollary 67, there exist X € X, Y € Y, U € ZNForb(X,Y,H) and W such
that there are a directed path from X to W and unshielded possibly causal paths from W
to Y and U, respectively. According to Lemma 61, there is a DAG G € [G*, B] such that
every sibling of W is a child of W in G. Thus, the unshielded possibly causal paths from
W toY and U are directed in G, which means Z NForb(X,Y,G) # @ for G. Consequently,
by Perkovié (2020, Theorem 4.4), Z is not an adjustment set for (X,Y) in G. Finally, the
necessity of the third condition is guaranteed by Corollary 68. |

B.24 Proof of Theorem 46
Maathuis et al. (2009) proved that,

Lemma 69 (Maathuis et al. 2009, Lemma 3.1) Given a CPDAG G*, a treatment X,
and S C sib(X,G*), there is a DAG G € [G*]| such that pa(X,G) = SUpa(X,G*) and
ch(X,G) = sib(X,G*) Uch(X,G*) \ S if and only if the induced subgraph of G* over S is
complete.

Given a CPDAG G*, a treatment X and S C sib(X,G*), and suppose that there is a
DAG G € [G*] such that pa(X,G) = SUpa(X,G*) and ch(X,G) = sib(X,G*)Uch(X,G*)\S.
Regarding S — X and X — sib(X,G*) \ S as direct causal constraints and denote them by
K, the MPDAG H of [G*,K] is a chain graph (He and Geng, 2008, Theorem 6). Suppose
that, apart from K, we have another DCC set K. The following lemma extends Theorem 25
and gives a sufficient and necessary condition to check whether K’ is consistent with G* given
K (that is, K’ U K is consistent with G*).

Lemma 70 Let G* be a CPDAG, X be a variable in G* and S C sib(X,G*). Let K =
{S—=X|SeStu{X — C|C e€sib(X,G*)\ S} and assume that K is consistent with G*.
Denote by H the MPDAG of [G*,K]. For any DCC set K', the following two statements
are equivalent.

(i) K' is consistent with G* given K.

(i) Any connected undirected induced subgraph of H has a potential leaf node with respect
to K" and H.

Note that, in the main text the potential leaf node is defined over a CPDAG instead
of an MPDAG. Therefore, for the sake of rigor, we extend the related definitions to chain

graph causal MPDAG in the following, where a chain graph causal MPDAG is a causal
MPDAG which itself is a chain graph.

Definition 71 Given a chain graph causal MPDAG H and a set of DCCs K over V(H),
a reduced form of K with respect to H, denoted by KC(H), is defined as as follows.

K(H) = {k: = (kp N sib(k, H)) | & € K and Ky, N ch(kg, H) = @} 9)
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Similar to Proposition 22, it is easy to verify that a DAG in [H] satisfies all constraints
in IC(H) if and only if it satisfies all constraints in K.

Definition 72 Given an undirected induced subgraph U of a chain graph causal MPDAG
H over V(U) C V(H), and a set of DCCs K over V(H), the restriction subset of K on U
given H is defined by

KU|H)={reKH)|{r}Urr, CVU)}. (10)

Definition 73 Let H be a chain graph causal MPDAG and K be a set of DCCs over V(H).
Given an undirected induced subgraph U of H and a vertex X in U, X is called a potential
leaf node in U with respect to K and H, if X is a simplicial vertex in U and X is not the
tail of any clause in K(U | H).

Proof [proof of Lemma 70] The proof is similar to that of Theorem 25. We first prove the
necessity. If X' is consistent with G* given K, then there exists a DAG G € [H] satisfying
all constraints in K'. Let U be an arbitrary connected undirected induced subgraph of H,
and denote the induced subgraph of G over V(i) by Ggup. Since any induced subgraph of a
DAG is still a DAG, Gg1, is a DAG, and thus it must have a leaf node Vig,r. As we assume
that H is a chain graph, following exactly the same argument for proving Lemma 55, we
can show that Vie,s is a potential leaf node in U/ with respect to K’ and H.

We next prove the sufficiency. Since H is a chain graph, no orientation of the edges
not oriented in H will create a directed cycle which includes an edge or edges that were
oriented in H. Moreover, based on statement (iii) of Theorem 8, no orientation of an edge
not directed in H can create a new v-structure with an edge that was oriented in H. Then,
following the same argument for proving Lemma 56, we can show that K’ is consistent with
G* given K if and only if K'(C | H) is consistent with C for any chain component C of H. The
desired result comes from the same construction of PEO given in the proof of Theorem 25. B

In order to prove Theorem 46, we prove the following Theorem 46’, which includes the
result provided in Theorem 46.

Theorem 46’ Let K be a set of DCC's consistent with a CPDAG G*, and H be the MPDAG
of [G*,K]. For any vertex X and S C sib(X,H), let

T ={X} U ((pa(X,H)US)Nsib(X,G%)),
and
Dx={u—X|u€pa(X,H)US}U{X —v|vesib(X,H)Uch(X,H)\ S}.
Then, the following statements are equivalent.

(i) There is a DAG G in [G*, K| such that pa(X,G) = SUpa(X,H) and ch(X,G) =
sib(X,H) U ch(X, H) \ S.

(i) The induced subgraph of H over S is complete and the restriction subset of K U Dx
on G*(Mr) given G* is consistent with G*(Mr) for all mazimal clique My of G*
containing 'T.

61



FANG, ZHAO, Liu AND HE

(11i) Given G*, the restriction subset of KU Dx on G*({ X} Usib(X,G*)) is consistent with
G*({X} Usib(X,G")).

Proof [Proof of Theorem 46| By Theorem 25, statement (i) implies statement (iii) and
statement (iii) = (ii). Thus, we only prove (ii) = (i) in the following.

To prove (ii) = (i), it suffices to show that L U Dx is consistent with G*. According to
Lemma 56, we can consider each chain component of G* separately. Therefore, without loss
of generality, we can assume that G* is a connected chordal graph, and that K is already in
its reduced form with respect to G*. This means we have that,

(P1) for any v € K, kp C sib(kt, G*) = adj(kt, G*), and the consistency of K with G*
indicates that ky # .

It can be seen from the definition of consistency that checking the consistency of CUDx
with G* is equivalent to the following two-steps procedure:

Step 1. checking whether Dx is consistent with G*, and if the consistency holds, then
Step 2. checking whether K\ Dx is consistent with G* given Dx.

Note that, the intersection of K and Dx may not be empty. Clearly, JC U Dx is consistent
if and only if neither of the above two steps returns a negative answer.

We first prove that Dy is consistent with G*, meaning that step 1 returns a positive
answer. Based on statement (ii), the induced subgraph of H over S is complete, indicating
that the induced subgraph of G* over S is complete as H and G* has the same skeleton. If
pa(X,H) = &, then pa(X,H)US induces a complete subgraph. If pa(X,H) # &, then for
any p € pa(X,H) and S € S, p and S are adjacent in H, since otherwise X — S should
appear in ‘H due to the maximality of H. Moreover, since we have assumed that G* is a
connected chordal graph, H has no v-structure as discussed in Appendix B.1, and thus,
pa(X,H) induces a complete subgraph. Therefore, it holds that,

(P2) pa(X,H)US induces a complete subgraph of G*.

By Lemma 69 and the definition of Dx, Dx is consistent with G*.

Below we will show that I\ Dx is consistent with G* given Dx. Note that, since Dx
contains direct causal constraints only, if we denote the MPDAG representing [G*, Dx| by
C*, then C* is a chain graph MPDAG and [C*] = [G*, Dx] (He and Geng, 2008, Theorem 6).
Now, consider the following four subsets of K \ Dx:

Kp={k € K\ Dx |3d € kp,kt = disin C*},
Ky={k e K\ Dx |Vd € kp,kt —disinC"},
Ke={k e K\ Dx |Vd € kp,d — k¢ is in C*},
Ky =K\ Dx\ (K, UK, UK,).

It is easy to verify that KCp, KCy, K¢ and K, are disjoint and

Ky ={k e C\Dx \ K, |3d € kp,d = k¢ is in C* and 3d € kp,,d — K¢ is in C*}.
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Since the DCCs in KC), are already satisfied given C*, to prove that K\ Dx is consistent with
G* given Dy, it suffices to show that I, U KC. U IC,. is consistent with G* given Dx.

We will give a proof by contradiction. Assuming that I, UK.UK, is not consistent with
G* given Dy, then either K, # @ or there exists a connected undirected induced subgraph
W of C* such that W has no potential lead node with respect to K, UK, and C*, as indicated
by Lemma 70.

Case 1. Suppose that K. # @. Let k € K. be an arbitrary DCC. By the definitions of
K. and C* as well as the maximality of C*, it holds that,

(P3) the maximal orientation component for x; with respect to G* and Dx, denoted by U,
satisfies that xp, C pa(ke,C*) = adj(ky, Uy).

pa(ke,C*) = adj(ke,U) is because we have assumed that G* does not contain any directed
edge. By (P1), k;, # &, and thus adj(k,U;) # @ and U, is not a singleton graph (that is,
U, has at least two vertices).

We first show that X € V(U;). Assume, for the sake of contradiction, that X ¢ V(U4,),
then the restriction subset of Dx on U; given G* is empty, as every DCC in Dx has X as
its tail or head. Thus, I; is not a maximal orientation component for x; with respect to
Dx and G*, since U; is chordal and any connected chordal graph has at least two simplicial
vertices. This leads to a contradiction.

Recall that U; is connected, hence X € V(U;) implies that adj(X,U;) # @. The remain-
ing proof is quite lengthy. We will consider two subcases: adj(X,U;) C pa(X,H)US =
pa(X,C*) and adj(X,Uy) € pa(X,H)US = pa(X,C*), and show that in both subcases
statement (ii) does not hold. That is, the restriction subset of X U Dx on G*(Mr) given
G* is not consistent with G*(Mr) for some My. This completes the proof for case 1.

Case 1-1. If adj(X,U;) C pa(X,H)US = pa(X,C*), then adj(X,U,;) is a clique in
U, based on (P2). Thus, X is a simplicial vertex in U;. On the other hand, adj(X,U;) C
pa(X,H)US implies that Dx (U;) = {u — X | u € adj(X,U;)}, hence X is a potential leaf
node in U; with respect to Dx and G*. By the definition of U, it holds that X = ;. Thus,
{X} Uk C{X}Upa(X,H)US C Mr for some maximal clique M of G* containing T.
Recall that k € K. C K, the restriction subset of U Dx on G*(Mr) given G* contains
X & iy, and Ky — X both, which is not consistent with G*(Mr).

Case 1-2. If adj(X,U;) € pa(X,H)US = pa(X,C*), then adj(X,U) N ch(X,C*) # @.
We first claim that,

(P4) none of the vertices in V(Us) \ ({kt, X} Upa(X,C*)) (possibly empty) is simplicial in
Uy.

In fact, with respect to Dx and G*, only X and the vertices in adj(X,U;) N pa(X,C*)
(possibly empty) can be the tails of DCCs in Dx (U;). By the definition of a potential leaf
node and U, the vertices in V(Uy) \ ({K¢, X} Upa(X,C*)) are non-simplicial as they are not
potential leaf nodes in U; with respect to Dx and G*.

Now, denote by L the set of potential leaf nodes of U; with respect to K, and G*, then
L C {kt, X} Upa(X,C*) based on (P4) as the vertices in L are simplicial in ;. However, as
kn C pa(ke,C*) = adj(ke,Uy), if X = Ky, then adj(X,U;) = pa(X,C*), contradicted to the
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assumption of case 1-2. Hence, X # k;. Since k € K.(U;), k¢ is not a potential leaf node in
U, with respect to K. and G*. Thus, it holds that,

(P5)

the set of potential leaf nodes of U; with respect to K. and G*, denoted by L, satisfies
that L C {X} Upa(X,C").

Case 1-2-1. If X is simplicial in Uy, then adj(X,U;) is a clique in U;. Recall that
adj(X,U;) Nch(X,C*) # &, we next consider two possibilities depends on whether a vertex
in adj(X,U;) N ch(X,C*) is simplicial.

First, suppose that there is a ¢ € adj(X,U;) N ch(X,C*) which is simplicial in U, then
by (P4), ¢ ¢ V(Us) \ ({kt, X} Upa(X,C*)), indicating that ¢ = k;. Thus, k¢ € adj(X,U).

(i)

(i)

(iii)

adj(X,U) = {kt}. We claim that this is an impossible case. In fact, it holds that
adj(ke,Uy) = {X}, since otherwise the vertices in adj(k¢,U;) are adjacent to X due
to the simplicity of k¢, which contradicts |adj(X,U;)] = 1. Thus, k, = {X} and
k¢ — X is in H, which contradicts the assumption that x; € ch(X,C*) = ch(X,H) U
sib(X,H) \ S.

adj(X,Up)\{ki} # @ and adj(X,U)\{k:} = pa(X,C*). Since k¢, X are both simplicial
in Uy, kp, C adj(ke,Uy) = { X} Uadj(X,U) \ {kt} = {X} Upa(X,C*) = T. Hence,
{ki} UT is a clique in G*. It is then straightforward to check that the restriction
subset of L U Dx on G*(Mrt) given G* is not consistent with G*(Mr) for any My
containing {r;} U T.

adj(X,U) \ {kt} # @ and adj(X,U) \ {kt} € pa(X,C*). Below we show that this is
also an impossible case. For any p € pa(X,C*) which is not in U;, p is not adjacent
to k¢, since otherwise p — k¢ is in C* by Rule 1 of Meek’s rules and p should be
included in U;. Denote by T the induced subgraph of G* over {p, k:} U adj(k¢,Uy).
As adj(ke,Ur) C {X} Upa(X,C*) and {X} Upa(X,C*) induces a complete subgraph
of G*, p € pa(X,C*) is adjacent to every vertex in adj(k¢,U;). Therefore, p and k;
are all and only simplicial vertices in 7. Moreover, due to the consistency of K. and
the fact that k € K., 7 is an orientation component for p with respect to K. and G*.
Therefore, adj(k,U;) — p are in H. In particular, X — p is in ‘H, which is contrary
to the assumption that p € pa(X,C*) C pa(X,H) U sib(X, H).

adj(X,Up) \ {ri} # @ and adj(X,U) Nch(X,C*)\ {kt} # &. This case is not possible
either. Notice that none of the vertices in adj(X,U;) Nch(X,C*)\ {k:} is simplicial in
U, we have that U, is not complete, and thus ; must have two non-adjacent simplicial
vertices. Since X and k; are two adjacent simplicial vertices in U, there must exist
another simplicial vertex w in U; which is not adjacent to X and not adjacent to k.
However, as w # X and w is not adjacent to X, w is not the tail of any DCC in
Dx. It implies that w # k; is a potential leaf node of U; with respect to Dx and
G*. This leads to a contradiction since we assume that Uf; is the maximal orientation
component for x; with respect to Dx and G*.

Next, suppose that none of the vertices in adj(X,U;) N ch(X,C*) is simplicial in U;.
Denote by R (possibly empty) the set of simplicial vertices in ; which are adjacent to X.
Let 7 be the induced subgraph of U; over V(i) \ R. We will show that,
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(P6) T is an orientation component for X with respect to . and G*.

Since X is a simplicial node in U;, X must be simplicial in 7. Hence, by Theorem 25 and
the consistency of K, it suffices to show that for any Y € V(7)\ {X}, Y is not a potential
leaf node in 7 with respect to K. and G*. The proof consists of two claims:

(i) For any Y € V(7)) \ {X}, Y is not simplicial in ¢ implies that Y is not simplicial
in 7. Suppose that there exists a Y € V(7)) \ {X} which is not simplicial in U;
but simplicial in 7, then adj(Y,U;) \ adj(Y,T) # @. This implies that R # & as
adj(Y,U)\adj(Y, T) C V(U;)\V(T) = R. On the other hand, since every vertex in R
is simplicial in Uy, R C adj(Y,U;), meaning that adj(Y,U;)\adj(Y,T) = R. Moreover,
R C adj(X,U;) implies that Y is also adjacent to X. Notice that adj(Y,T) is a clique
and X € adj(Y,T), adj(Y,U,) is also a clique, which contradicts our assumption.

(ii) For any Y € V(T)\ {X}, Y is simplicial in ; implies that Y is the tail of some
DCC in Ko(T). In fact, if Y ¢ RU {X} is simplicial in U, then it is simplicial in
T, and there is a DCC in K.(U;) whose tail is Y, since otherwise Y is a potential
leaf node in U; with respect to K. and G*, which means Y € adj(X,U;) N pa(X,C*)
and thus Y € R, according to (P5). If Y is not the tail of any DCC in K.(T), then
adj(Y,T) € adj(Y,U;), meaning that adj(Y,U;) "R # &. Since the vertices in R
are simplicial in U, and R C adj(X,U;), Y is adjacent to X in U;. Finally, as Y is
simplicial in U, by the construction, we have Y € R and hence Y ¢ V(T), which
contradicts our assumption.

In conclusion, 7 is an orientation component for X with respect to K. and G*. Note that
adj(X,U) N ch(X,C*) # @ and adj(X,U;) Nch(X,C*)NR = @, adj(X,U;) Nch(X,C*) C
adj(X,T). Hence, adj(X,U;) Nch(X,C*) — X are in H, which contradicts the assumption
that ch(X,C*) C ch(X,H) Usib(X,H)\ S.

Case 1-2-2. Suppose that X is not simplicial in U;. We first show that there is a
¢ € adj(X,U) Npa(X,C*) which is a potential leaf node in U; with respect to . and G*.
In fact, with respect to K. and G*, Uy, which is a connected undirected induced subgraph
of G*, must have a potential leaf node, since K. C K and K is consistent with G*. By (P5),
these potential leaf nodes are in {X} Upa(X,C*). However, as X is not simplicial in U; by
our assumption, the potential leaf nodes are all in pa(X,C*).

Now let ¢ € adj(X,U;) Npa(X,C*) be a potential leaf node in U; with respect to K. and
G*. Denote by R (possibly empty) the set of simplicial vertices in U, which are adjacent to
¢. Clearly, {¢}UR is a clique of U;. Let T be the induced subgraph of U; over V(U;)\R. By
the similar argument given to prove (P6), we can prove that 7 is an orientation component
for ¢ with respect to K. and G*. Note that X € adj(¢,U;) and X ¢ R, X € adj(o,T).
Hence, X — ¢ is in ‘H, which contradicts the assumption that ¢ € pa(X,H) U S.

Case 2. Suppose that K. = &, then there exists a connected undirected induced
subgraph W of C* such that W has no potential lead node with respect to IC,, U K, and C*
(Lemma 70). Note that, since C* is a chain graph, for any DCC in K, its heads and tail are
in the same chain component of C*. As K is consistent with G*, K, C K is also consistent
with G*. Then, by Lemma 70, we can conclude that,
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(P7) K, is consistent with G* given Dx because K, (C*) = K, = K,(G*) and any connected
undirected induced subgraph of C* is also a connected undirected induced subgraph
of G*.

Since W is undirected and connected, W must be an induced subgraph of some chain
component of C*. Denote by A the set of all potential leaf nodes of W with respect to K
and C*. As I, is consistent with G* given Dx, A # @. Notice that, (K, UK,)(W | C*) =
KoV | C*) UK. (W | C*), W has no potential leaf node with respect to I, U K, and C*
implies that every vertex in A is the tail of some DCC in K, (W | C*). That is,

(P8) for any a € A there is a DCC s := (a 25 k) € K, such that (i) sy, N sib(a,C*) # @
and kp, N sib(a,C*) C VW), (ii) Kk \ VW) # @ and kp \ VW) C pa(a,C*), and (iii)
rn © V(W) U pa(a,C*).

Now consider G* and Dx. For any a € A, let U, be the maximal orientation component
for a with respect to Dx in G*. It is clear that pa(a,C*) = adj(a,U,). Since C* is a
chain graph causal MPDAG and A C V(W) and W is an induced subgraph of some
chain component of C*, by Theorem 8, pa(a,C*) = pa(a’,C*) for any a,a’ € A. Thus,
adj(a,U,) = adj(a’,Uy) for any a,a’ € A.

On the other hand, following the same argument for case 1, it can be shown that
X € V(U,) for any a € A. Moreover, if adj(X,U,) N ch(X,C*) = @ for some a € A,
then we can prove that X is a potential leaf node in U, with respect to Dx and G*, which
means X = a, and consequently, X € V(W). As W is an induced subgraph of some chain
component of C* but X has no siblings in C*, V(W) = {X}. This is impossible since
V(W) = {X} implies that xj, N sib(a,C*) = &, contrary to (P8). Therefore, we have that,

(P9) for all a € A, adj(X,U,) Nch(X,C*) # 2.
Moreover, following the same argument for proving (P4), it can be shown that,

(P10) none of the vertices in V(U,) \ ({a, X} Upa(X,C*)) (possibly empty) is simplicial in
Ug.

The rest of the proof is similar to that for case 1-2. Let

F=VW) U V(Ua),
acA

and
N = J Vta) \ (X} UAUpa(X,C")).
acEA

Denote by F the induced subgraph of G* over F. Firstly, since V(U,) CF and N C F, by
(P10), it holds that

(P11) none of the vertices in N is simplicial in F.

Moreover, by the definition of A, every vertex in V(W) \ A is either non-simplicial in W,
or the tail of a DCC in K, (W | C*). Thus,
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(P12) w € V(W) \ A is non-simplicial in W implies that w is non-simplicial in F, and
w € V(W) \ A is the tail of a DCC in IC,(W | C*) implies that w is also the tail of a
DCC in K, (W | G*) based on (PT7).

Finally, for set A, we have that,
(P13) for any a € A, a is simplicial in F, and is also the tail of some DCC in I, (F | G*).

The first claim comes from the simplicity of a in VW as well as the fact that

adj(a, F) = adj(a, W) | J adj(d’,Uy) = adj(a, W) U adj(a,C*) = adj(a, W) U pa(a,C*),
a’€A

where the second equality holds because adj(a,U,) = adj(a’,U,) for any a,a’ € A, and the
third equality holds because of the definition of U,. The second claim holds because of the
above equation and (P8)-(iii).

Below we will consider two subcases depending on whether X is simplicial in F.

Case 2-1 (analogue to case 1-2-1). If X is simplicial in F, then adj(X,F) is a
clique in F. Recall that (P9) says that adj(X,U,) N ch(X,C*) # & for all a € A, we have
adj(X,F) Nch(X,C*) # @ based on the definition of F.

If there is a ¢ € adj(X, F) Nch(X,C*) which is simplicial in F, then ¢ € V(W) based on
(P11), (P12) and (P13). Since C* is a chain graph and W is an induced subgraph of some
chain component in C*, X — V(W) in C*. That is, VW) C ch(X,C*) Nadj(X,F). As X
is simplicial, V(W) is a clique in F.

(i) adj(X,F) = VOW). If there is an a € A C V(W) such that pa(a,C*) \ {X} # &,
then the vertices in pa(a,C*) \ {X} are adjacent to X, since a is simplicial in F
and pa(a,C*) C V(U,) € V(F). This contradicts adj(X,F) = V(W), and thus,
pa(a,C*) = {X}. Since pa(w,C*) = pa(w’,C*) for any w,w’ € V(W), we have
pa(V(W),C*) = {X}. It can be shown by (P12) and (P13) that the induced subgraph
of G* over {X} U V(W) is an orientation component for X with respect to IC,, U I,
and G*, thus V(W) — X are in H, which contradicts the assumption that V(W) C
ch(X,C*) C ch(X,H) Usib(X,H) \ S.

(ii) adj(X,F)\ VW) = pa(X,C*). We claim that the restriction subset of K U Dx on
G*(Mr) given G* is not consistent with G*(Mr) for any M containing T U V(W).
In fact, every vertex in TU V(W) = {X} Upa(X,C*) U V(W) is the tail of some
DCC in the restriction subset of K U Dx on G*(T U V(W)) given G*, because (1)
pa(X,C*) — X and X — V(W) are in the restriction subset of Dx on G*(TUV(W))
given G*, (2) every vertex in V(W) \ A is the tail of some DCC in the restriction
subset of IC,, on G*(T U V(W)) given G* according to (P12), and (3) every vertex in
A is the tail of some DCC in the restriction subset of K, on G*(T U V(W)) given G*
according to (P13) and (P8).

(iii) adj(X,F)\ VW) C pa(X,C*). Let p € pa(X,C*) such that p ¢ adj(X,F). It is clear
that none of the vertices in W is adjacent to p, since otherwise p — V(W) are in C*,
and in particular, p — A are in C* and p should be included in F. By the similar
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argument for proving case 1-2-1 we can show that the induced subgraph of G* over
{p, X}Uadj(X,F) is an orientation component for p with respect to K, UK,. In fact,
(1) p is simplicial in the induced subgraph of G* over {p, X} U adj(X, F) since p is
adjacent to the vertices in {X }Uadj(X, F)\ V(W) and {X }Uadj(X, F) is a clique, (2)
every vertex in {X} U adj(X,F)\ V(W) is non-simplicial in the induced subgraph of
G* over {p, X} Uadj(X, F) since p is not adjacent to any w € V(W) but both p and w
are neighbors of the vertices in {X } Uadj(X,F)\V(W), (3) every vertex in V(W) \ A
is the tail of some DCC in K,(W | G*), and (4) V(W)Upa(a,C*) C {p, X }Uadj(X, F)
for every a € A (since the simplicity of a in F implies that pa(a,F) C adj(X,F))
and (P8) implies that every a € A is the tail of some DCC in the restriction subset
of IC; on G*({p, X} Uadj(X,F)) given G*. Therefore, X — p is in H, which leads to
a contradiction.

(iv) adj(X,F)Nch(X,C*)\V(W) # @. Let ¢ € adj(X, F)\ V(W) such that ¢ € ch(X,C*).
It is clear that ¢ € N, and consequently, ¢ is not simplicial in F by (P11). This
indicates that F is not complete, and thus, there is a simplicial vertex w in F which
is not adjacent to X. However, this is impossible since every simplicial vertex in F
should be in F\ N C V(W) U pa(X,C*) U{X}, which is either X or adjacent to X.

Now assume that none of the vertices in adj(X, F)Nch(X,C*) is simplicial in F. Denote
by R (possibly empty) the set of simplicial vertices in F which are adjacent to X. Following
the same argument for proving (P6), we can show that the induced subgraph of F over F\R
is an orientation component for X with respect to K, U K, and G*. Hence, adj(X,F) N
ch(X,C*) — X are in ‘H, which leads to a contradiction.

Case 2-2 (analogue to case 1-2-2). Suppose that X is not simplicial in F. Denote
by L the set of potential leaf nodes in F with respect to K, UK, and G*. Since IC, U IC,. is
consistent with G*, L # @. Based on (P11), (P12), (P13) and the definition of a potential
leaf node, L C {X} U pa(X,C*). Moreover, since X is not simplicial in F, L C pa(X,C*).
Therefore, there is a ¢ € adj(X,F) N pa(X,C*) which is a potential leaf node in F with
respect to IC,, U IC,.. Denote by R (possibly empty) the set of simplicial vertices in F which
are adjacent to ¢. Following the same proof for case 1-2-2, it can be checked that the in-
duced subgraph of F over F \ R is an orientation component for ¢ with respect to IC,, U K,
and G*. Hence, X — ¢ is in H, which leads to a contradiction. |

Appendix C. Simulations

Some details of the simulations are presented in this section.

C.1 Generating Chordal Graphs

To generate a chordal graph with n nodes and e edges, where e > n, we first randomly
generate a connected undirected tree with n nodes using the following Algorithm 6. Al-
gorithm 6 successively adds n — 1 edges to a graph with n nodes but without any edge,
and every edge Algorithm 6 adds except the first one makes a singleton node connect to
the existing non-singleton connected component. Next, we sequentially and randomly add
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Algorithm 6 Generating a connected undirected tree.

Require: X, -, X, which are n nodes.

Ensure: A connected undirected tree over X1, -+, X,,.
1 Set @ = (X1) and P = (Xg, -+ X5,).
2: Set T be a graph with nodes X1,---, X,, and empty edge set.
3: for iin 2,--- ,n, do
4:  Randomly sample a node ¢ from Q and a node p from P.
5:  Add the undirected edge ¢ — p to the graph 7.
6:  Adding p to @ and removing p from P.
7: end for
8 return 7.

Algorithm 7 Generating a chordal graph.

Require: Xi,---,X,, which are n nodes, and e representing the number of edges.
Ensure: A connected chordal graph over X1, --, X, with e edges.
1: Sample a connected undirected tree T using Algorithm 6.
2: Set r=e—n+1.
3: while r # 0, do
4:  Randomly sample two non-adjacent nodes p and q.
5. Add the undirected edge ¢ — p to 7 and denote the resulting graph by Timp.
6 if Timp is chordal, then
7 Set r=1r—1.
8 Set T = Timp-
9: end if
10: end while
11: return 7.

e —n + 1 undirected edges to 7. Every time an undirected edge is added to 7, we check
whether the resulting graph is chordal, by calling networkx.is_chodal from the Python
package networkx. If the resulting graph is chordal, we accept the added edge, otherwise
we reject the added edge, re-sample an edge, and check the chordality again. The complete
procedure is summarized in Algorithm 7. In our implementation, we keep track of the
number of iterations of the while loop. If it exceeds a predefined maximum threshold, the
loop is terminated and FAIL is returned. In such case, we restart the process to sample a
new chordal graph.

C.2 Additional Results

Figure 18 shows the results of three metrics in the settings where n = 30, where the metrics
are the causal mean squared error (CMSE) introduced by (Tsirlis et al., 2018; Liu et al.,
2020b), the number of possible causal effects, and the length of the interval determined by
the minimum and maximum values of a set of possible effects. All scores are rescaled, as
described in Section 5.3.
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Figure 18: The results of the three metrics when n = 30.

The results of the above three metrics are similar, as shown in Figure 18. All scores
decrease rapidly as the number of constraints increases. Moreover, for the same number
of constraints, the scores of providing ancestral causal constraints are much lower than
those of providing direct causal constraints, which in turn are significantly lower than those
for non-ancestral constraints. This phenomenon arises because ancestral causal constraints
are more informative than non-ancestral causal constraints. Specifically, knowing that X
is a cause of Y implies that Y is not a cause of X, but the reverse implication does not
hold. In conclusion, pairwise causal background knowledge—particularly ancestral causal
background knowledge—can greatly enhance the identifiability of a causal effect.
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