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Abstract

Dynamic treatment regimes or policies are a sequence of decision functions over multiple
stages that are tailored to individual features. One important class of treatment policies in
practice, namely multi-stage stationary treatment policies, prescribes treatment assignment
probabilities using the same decision function across stages, where the decision is based on
the same set of features consisting of time-evolving variables (e.g., routinely collected disease
biomarkers). Although there has been extensive literature on constructing valid inference
for the value function associated with dynamic treatment policies, little work has focused
on the policies themselves, especially in the presence of high-dimensional features. We aim
to fill the gap in this work. Specifically, we first obtain the multi-stage stationary treatment
policy by minimizing the negative augmented inverse probability weighted estimator of the
value function to increase asymptotic efficiency. An L; penalty is applied on the policy
parameters to select important features. We then construct one-step improvements of the
policy parameter estimators for valid inference. Theoretically, we show that the improved
estimators are asymptotically normal, even if nuisance parameters are estimated at a slow
convergence rate and the dimension of the features increases with the sample size. Our
numerical studies demonstrate that the proposed method estimates a sparse policy with a
near-optimal value function and conducts valid inference for the policy parameters.

Keywords: Augmented inverse probability weighted estimator, dynamic treatment regime,
high-dimensional inference, policy parameter, sparse estimation

1. Introduction

Dynamic treatment regimes (DTRs) or policies have recently attracted considerable atten-
tion in precision medicine. They are a sequence of decision functions to prescribe treatments
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over stages based on an individual’s features which can evolve over time. When the indi-
vidual’s features consist of clinical variables that are routinely collected over stages, one
important class of policies, which we name as multi-stage stationary treatment policies
(MSTPs), are to prescribe from the same set of treatments using the same decision func-
tion over all stages. Moreover, the policies are stochastic, meaning that individuals receive
recommended treatments with a probability close but not equal to one. An MSTP is partic-
ularly critical for delivering interventions in mobile health (mHealth), where users receive
treatments across multiple treatment stages, and the policy’s effectiveness over all stages
must be optimized. For example, OhioT1DM (Marling and Bunescu, 2020) is a dataset
developed to support health research for individuals with Type 1 Diabetes (T1D). The
physiological and behavioral information, including the current blood glucose level, meal
times, exercise intensity, and other self-reported events, is available at each stage. An MSTP
that considers these features can guide decisions on insulin delivery, helping to maintain
blood glucose levels within the target range over the long term. We focus on MSTPs in this
paper because they are particularly useful for treating chronic diseases in clinical practices.
First, the policies use the same decision function and the same set of variables so they are
convenient for both implementation and interpretation. Second, the policies are dynamic
by incorporating individual’s evolving features in decisions, which are often known to be
important for disease prognostics and thus are routinely collected during clinical visits or
lab tests. Third, using stochastic decisions or stochastic policies is more flexible than relying
on a deterministic policy whose estimation is known to be sensitive to evidence bias and
noise. Moreover, stochastic policies can be deployed in future studies, as they satisfy the
positivity assumption required for estimating treatment effects (Boruvka et al., 2018) and
support efficient offline policy learning (Gao et al., 2022) in between-study or after-study
analysis.

Many approaches have been developed to estimate optimal DTRs using data from a
multi-stage study. For example, Q-learning derives the DTR by maximizing the optimal
Q-function, which is the expected optimal cumulative reward for each treatment given the
current features (Murphy, 2005; Zhao et al., 2011; Moodie et al., 2012; Zhu et al., 2019). The
Q-function is typically estimated using regression in a backward fashion when the number
of treatment stages (also called the horizon) is finite. On the other hand, A-learning poses
assumptions only on the interaction effect between the treatments and actions, and thus
avoids potential problems of misspecified treatment-free effect (Murphy, 2003; Shi et al.,
2018; Jeng et al., 2018). Policy search methods find the DTR within a function class
that directly maximizes the value function, which is estimated using inverse probability
weighted (IPW) estimator (Zhao et al., 2015) or the augmented inverse propensity weighted
estimator (AIPWE) (Zhang et al., 2013; Liu et al., 2018b). The latter is often called the
doubly robust estimator. However, these methods typically focus on a small number of
treatment stages where the environment is generally non-stationary and a time-dependent
policy is preferred. In the reinforcement learning (RL) literature, Nie et al. (2021) proposed
learning a non-stationary policy using a doubly robust estimator for finite-horizon problems
without assuming Markovian dynamics, and provide bounds on the convergence rate of the
advantage function. Value iteration algorithms (Antos et al., 2007) and doubly robust
methods (Luckett et al., 2020; Liao et al., 2022) have been proposed to find the optimal
stationary policy in infinite horizon Markov decision processes (MDPs) using off-policy data.
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A comprehensive review of DTRs and RL can be in found in Kosorok and Laber (2019)
and Sutton and Barto (2018). However, none of the above provide inferential results for
the policy.

In addition to DTR estimation, a number of studies have considered obtaining valid
inference for the value function associated with the estimated DTR. For example, Luedtke
and Van Der Laan (2016); Zhu et al. (2019) and Shi et al. (2020a) studied value infer-
ence, allowing for situations where the treatment is neither beneficial nor harmful for a
subpopulation. Similar inference has been investigated in the RL framework under MDP
assumptions (Kallus and Uehara, 2020; Luckett et al., 2020; Liao et al., 2021; Shi et al.,
2021, 2022; Kallus and Uehara, 2022). There are few methods to conduct inference for
the treatment policies themselves. This is especially important for studying MSTPs with
many features: clinicians typically favor simple and parsimonious decisions due to concerns
about implementation and the cost of collecting disease biomarkers during routine visits or
lab tests. Jeng et al. (2018); Zhu et al. (2019) derived the asymptotic distribution of the
parameters in Q-learning or A-learning under the assumption that the regression models
are correctly specified, which may not be plausible in the presence of many features. More
recently, Liang et al. (2022) studied inference for deterministic treatment decisions in a
high-dimensional setting but restricted their analysis to a single stage.

This work aims to address the gap by obtaining valid inference for MSTPs with high-
dimensional features. We assume the data come from micro-randomized trials (MRTs),
where treatments are randomly assigned according to a known behavior policy at each
stage. Our stationary treatment policy is defined as a probability function of a linear
combination of the features, and a tuning parameter is used in this function to approximate
a deterministic decision. For inference, we first estimate the value function using the AIPWE
(Bang and Robins, 2005), with a discussion on different constructions of the augmentation
term. Jiang and Li (2016); Thomas and Brunskill (2016) first proposed this estimator for off-
policy evaluation (OPE) of a fixed target policy. Kallus and Uehara (2020) further proved
that this estimator based on the ratio between the behavior policy and the target policy
achieves semiparametric efficiency in non-Markovian decision processes, and proposed an
improved estimator that uses a marginalized density ratio of the current state and action
to achieve semiparametric efficiency for MDPs. Furthermore, to find a sparse estimator of
MSTP, we impose an L; penalty for variable selection. The classical inferential theory fails
in this case due to the presence of high-dimensional parameters. The asymptotic distribution
of the estimated parameter becomes intractable due to the non-ignorable estimation bias and
the sparsity effect of the nuisance parameters. To validate the inference for the parameter
estimators, we adopt the idea of one-step estimation (Zhang and Zhang, 2014; Ning and
Liu, 2017) to remove bias in the regularized estimators.

Our main contributions are summarized as follows. (1) We learn a sparse policy based on
high-dimensional features and conduct statistical inference on it. To the best of our knowl-
edge, this is the first work that considers inference for multi-stage treatment rules themselves
within policy search methods, especially in high-dimensional settings. (2) Theoretically, we
show that the final estimators for the policy parameters are asymptotically normal even if
the dimension of the features increases exponentially with 4/n, or the models for Q-functions
are misspecified and their parameters are estimated at a rate arbitrarily slow. The theo-
retical analysis is more involved than general high-dimensional inference problems as in
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Ning and Liu (2017), since we need to account for the high-dimensional plug-in estimator
of the nuisance parameters and the high-dimensional policy parameters. The augmentation
in our first step shares a similar spirit with debiased machine learning methods in Cher-
nozhukov et al. (2018a), where nuisance parameters (Q-functions) are decorrelated from the
policy parameters, except that we do not rely on data-splitting to ensure stable estimation
with limited data. The one-step improvement in our second step further decorrelates the
parameter of interest from the remaining high-dimensional parameters in MSTP. In other
words, our proposed method incorporates two decorrelation procedures for inference. (3)
The optimization and inference of multi-stage policies with off-policy data are computa-
tionally challenging. The importance sampling weight (Liu and Lee, 2017), also known as
the cumulative density ratio (Kallus and Uehara, 2020), is used to adjust for discrepancies
between the behavior policy used to collect the data and the target policy being optimized.
The variance of the weights increases with the number of treatment stages. We leverage
several techniques to stabilize the estimated asymptotic variance, including using the dif-
ference quotient (Lax and Terrell, 2014) to estimate the gradient and Hessian matrix of the
loss function.

The rest of this paper is organized as follows. In Section 2, we define the objective of our
problem and describe our method for learning the MSTP. Then we introduce the procedure
for constructing the one-step estimator in theory and specify some implementation details.
In Section 3, we show that the one-step estimator is asymptotically normal and provide its
confidence intervals (CI). In Sections 4 and 5, we demonstrate our method in simulation
studies and a real data example. Finally, we conclude this paper with some discussion in
Section 6.

2. Methodology

We consider selecting treatment policies for T' stages, where the feature space A and the
treatment space A = {—1,1} are the same across stages. At each stage, X = [X1,4] € X
is a d-dimensional feature vector, A € A is the treatment, and R € R is the reward. Here,
we use the notation i : j to represent the index set ¢,...,j, where the indices i, 7 € N. The
distributions of the feature X and the treatment A may vary across stages. An MSTP is
defined as a mapping 7 : X — P(A) from the feature space to the space of probability
distributions over the action space, which assigns treatments with the same function in all
stages. Specifically, m(a|X) denotes the probability of assigning treatment a € A when the
feature is X.

We assume that data are obtained from an offline, T-stage MRT, so the observed tra-
jectory of the i-th subject is denoted as

D; ={X;1,Ai1,Ri1, Xip, Aio, Rio, ..., X1, AiT, RiT},

where the reward R;; € R is an unknown function of the data {X; 1., Ai 1.4, Ri1:4—1)} Ob-
served prior to or at time t. Let the domain of D; be defined as D := (X x A x R)T.
Assume there are n subjects and their trajectories {D;}!" ; are independent and identi-
cally distributed. In addition, each action A;; is taken randomly with a known probability
pe(Ai|Hiyt), which depends on the history H;; = { X 1.4, A 1:(¢—1), Rij1:t—1) }- The collec-
tion p := [p1.7| is sometimes called the behavior policy in the RL literature.
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An important metric to evaluate an MSTP 79(a|X) with parameter 8 is called the value
function, which is defined as the sum of rewards V(0) = Eo(Zthl R;). The optimal MSTP
in a policy class II, whose parameter is denoted as €*, is the one maximizing V' (6), i.e., the
optimal parameter 8* € argmaxg.,ecr V (0). We focus on the policy class

e09(X,0)/7

— 6. 0 —
H—{ﬂ' s (a|X)—1+eag(X70)/T,H0||2§1,aEA,X€X},

where 8 = [0y.4] and 7 is a constant scaling parameter. The function g is taken to be
linear, defined as g(X,0) = 6y + Z?:l X;0;. It provides direct interpretability regarding
the influence of each feature and ensures estimation efficiency with limited sample sizes,
both of which are essential in clinical practices. Note that the scaling parameter 7 adjusts
the strength of influence of parameters on the action probability. A smaller 7 leads to a
decision closer to a deterministic policy. The constraint [|@]|, = 1 ensures boundedness of
the optimal policy within the class II. Without such constraints, the optimal policy 78" will
have 8* — oo to approximate the deterministic policy. Without confusion, we use E? to
denote the expectation under the policy indexed by 8, and use E to denote the expectation
under the behavior policy. Our goal is to estimate the optimal MSTP and obtain a proper
inference for the policy parameter 6.

To infer the optimal MSTP using the observed data, we make the following three stan-
dard assumptions (Robins, 2000; Murphy, 2003; Nie et al., 2021). Denote X;;(a1.;) and
Ry(a14) as the potential outcomes if an action sequence aj; € A' were taken.

Assumption 1 (Sequential ignorability) The potential outcomes {Xt’—i-l(Al:(tfl)a ag.y),
Ry (Ar: -1, at:t/)}fzt 1s independent of the treatment A; given {Xlzt,Al:(t_l)} for all a; €
A, te{l:T}.

Assumption 2 (Consistency) The observed outcomes are consistent with the potential
outcomes, Xp11 = Xp11(A1.), Ry = Re(Ayy) for allt € {1:T}.

Assumption 3 (Positivity) There exists a constant pg > 0 such that p(a|Hy) > po for
allae Aandte{1:T}.

Note that Assumption 3 holds if the data are from an MRT, which we assume for the
subsequent development.

2.1 Estimate Policy Parameter with Variable Selection

To estimate the value function V'(0) using the data with known i, we first denote Q (¢, a;)
as some function of rewards given X; = xy and A; = a4. For example, Qi (x,ar) =
Ee{zg:t Ry | X; = @, Ay = a;} represents the Q-function at stage ¢t under the policy 7.
In general, Q; may depend on the parameter 8, as in the Q-function of the policy 7. In
such cases, it is often first obtained based on an initial estimate 6, and then plugged in
during the subsequent estimation of 8, as will be further discussed in Section 2.3.

Let the expectation of @)y given X; be

Ut(l't) = E {Qt(XhAt)‘Xt = ZDt} s
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where A; ~ We(-\Xt). Denote Q := [@Q1.7] and U := [Uy.p]. Then, based on the AIPWE
given in Kallus and Uehara (2020), we construct the following estimator for V' (8):

Z Z {Pl Ge(H i, Ait)[Rie — Qi(Xit, Aig)] + Pz’f(t,l)(Hi,t—ly Ai,t—l)Ut<Xi,t)} ;

'thl

where pf’f‘ J(Hiyg, Aig) == I 1 (A 4 ::f{ ’“; is often called the importance sampling weight.
For each stage t, to adjust for the dlfference between the behavior policy p and the target
policy 7 V(O) uses the step-wise weight for each reward within a trajectory. Compared to
the trajectory-wise weight, which is the weight for the entire trajectory, the step-wise weight
marginalizes over the weights for future actions and thus reduces the variance of the value
estimator (Jiang and Li, 2016). One major advantage of using the AIPWE for estimating
V(0) is that the estimator V() is unbiased for arbitrary @, as long as U; is correctly
evaluated as the conditional expectation of Q;. To see this, notice that the expectation of

V(0) is

T T
0) :Ee {ZRl’t} {Z zt I;Ai,t—l)'
t=1

[ ?(Aig| Xis)

(Aid Hi) } }

given any @; and U;. The first term on the right-hand side follows from inverse probability
weighting, and the second term follows from the tower property of conditional expectation.
Now by the definition of Uy,

J

E{WG(Ai,t!Xi,t)
Mt(Ai,t|Hi,t)
al X;
= Z#t a|Hzt ™l t)Q (Xit,a) —U(Xit) =0
acA (a|HZ t)

once Uy(X; ) = E[Q¢(Xit, Ait)| Xiy]. Therefore, EV(G) = V(0) for any @Q;. In OPE for
any fixed policy 7 in non-Markov decision processes, the value function estimator V(O)
is semiparametrically efficient when ; is defined as the Q-function Qf of 79 at stage t,
and is estimated using sample splitting with a rate condition or without sample splitting
with a Donsker condition. Besides, V(H) is a doubly robust estimator, which guarantees
y/n-consistency even if one of the nuisance parameters g and Q is misspecified in an obser-
vational study (Kallus and Uehara, 2020).

The above property implies that we can always obtain a consistent estimator for 6*
with any working model for ();. However, a good choice of (); may improve the asymptotic
efficiency of the estimated policy parameter 6. We will discuss the different methods for
estimating Qt in Section 2.3. To ensure the relatlonshlp between Q)¢ and U; to be correct,
we estimate U; using Uy(x) = >aea a]ac)Qt(ac a). After plugging Q; and U, into the

Q (X’Lt7A7, t) Ut(Xi,t)

Qe( X, Aig) — U(Xit)

expression of V(H), we aim to maximize V(O), or equivalently, minimize the function

=1
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where 1) := Q is the nuisance parameter, and

A~

T
1i(0,7n) == — Z {PZi‘;Lt(Hz',t, Ai)[Rip — Qu( X, Aig)] + Pz’ff(t,l)(Hz’,t—ly Ai,t—l)Ut<Xi,t)} :
=1
(2)

Now we have E[¢(0,n)] = —V(0) for any 1. Assume 1 € H, where H is a convex subset of
some normed vector space. Suppose the estimator 7 converges in probability uniformly to
some deterministic limit 7. Notably, only the limit 77, and not the true value n*, will appear
in the asymptotic distribution of 6. Since 0 is high-dimensional, we include an Li-penalty
to obtain a sparse MSTP. Specifically, we estimate 0 as

6 = argminlt(8.7) + X 0], st. 6], <1. (3)

where A\g is a tuning parameter for 8. The L, penalty is primarily chosen due to its convexity
and the availability of efficient optimization methods such as proximal gradient descent (Sra
et al., 2011). Other nonconvex penalties like MCP (Zhang, 2010) and SCAD (Fan and Li,
2001) can also be incorporated into the proposed method (Ning and Liu, 2017).

2.2 Statistical Inference for Sparse High Dimensional Parameters

To obtain valid inference, we follow Ning and Liu (2017) to construct a one-step improve-
ment of the estimator obtained in the previous section. Note that the classical Rao’s score
test is based on the asymptotically normal distribution of the profile score function under
the null hypothesis. However, in high-dimensional settings, the asymptotic distribution
becomes intractable due to the estimation bias in regularized estimators.

When the parameter of interest is 0;, we denote v; := (91:(]‘—1)>9(j+1):d) and let £ :=
(0;,v;). Now both 1 and v; can be viewed as nuisance parameters. Let the corresponding
optimal parameters of §; and v; be 9;-‘ and 1/;-‘ . Given the estimated nuisance parameter
7, we can define the matrix I := E[Veel(0,m)]. With Ipe,, 19,0, 1u,u;, 11,9, being the
corresponding submatrices of I with respect to the partition of the parameters, let Ip |, =
Io;0; — o;u, I;jl,/j I,0;- Next, a decorrelated score function is defined as

T
Sj(ej, I/j, ’I’]) = VQJ.E(GJ‘, I/j, ’I’]) — 'wj VVJ[(H]-, Vj, ’I’]),
where 'w;‘.r =1Tp,u, ,jjl,/j.
The definition comes from the Taylor expansion of the score function, and ensures that
S; is uncorrelated with the nuisance score function. The decorrelated score function is
guaranteed to have asymptotic normality under the null hypothesis that Hy : 9; = 0, and

can be used for hypothesis testing. Given the estimated parameters 6 and 7}, the sparse
estimator w; of w; can be obtained using the Dantzig estimator

w; = argmin [w; ], st ||V3,, 60,9) - w] V2, ¢0,7)

where Ay, is tuned by cross-validation for each j separately. This Dantzig estimator (4 is
essentially the best sparse linear combination of the nuisance score function V,,J[(Qj, vj,n)
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that approximates the score function ngé(Hj, v;,mn) of the parameter of interest with error
Aw;. It can also be estimated by penalized least squares using the gradient or Hessian
matrix of ¢ (see Ning and Liu, 2017, Remark 3). Let v; := (1, —uAJJT)T. Then S;(0;,vj,7M)
can be estimated as

805, 05,1) = Vo, 085,05, 7) — w] Vo, £(6;,05,7) (5)
by plugging in é, 1 and w;.
Finally, building on the sparse estimator @ introduced in the previous section, a one-step
estimator is defined as

0; :=0; — S;(0;,05,7)/Ig,,,  where Iy, =V, £(0,9) —w] Vo £(6,7)  (6)

for j € {1 : d}. This estimator solves the equation S’j(Hj,ﬁj,ﬁ) = 0 through a computa-
tionally efficient one-step method. Directly solving for the root of the decorrelated score
function can be computationally demanding, especially when the score function is non-
convex or has multiple roots. The one-step method provides an efficient alternative by
solving the estimating equation S’j(éj, vj,n) + f9j|,,j (0; — é]) = 0. The resulting estimator
is asymptotically equivalent to fully iterative solutions of the decorrelated score function.
For the true parameter 6, define the matrix I* := E[V¢elo(0*,7m)] and the vectors

w; = I;“,Jf,}]_ ijaj, vi = (1, —w;T)T where [ is an independent copy of I; for any 7. Now let
2% = Var[Velo(0",n)] and o] = 'v;TE*'vj. (7)

In general, 3* could be different from I* since our loss function is not the negative log-
likelihood. As will be shown in Section 3, 6; is asymptotically normal with mean 9;-‘ and

asymptotic variance o7 /[nl, *2 ], which can be used for constructing the CIs. Note that

0;lv;

after the decorrelation, the one-step estimator éj is still a consistent estimator of 0;.
We summarize the theoretical steps of estimating the high-dimensional parameters and
making inference with one-step estimators in Algorithm 1. Note that the confidence level
applies to each individual CI rather than to multiple Cls simultaneously. Implementation

methods will be specified in Section 2.3.

2.3 Implementation

The implementation of the theoretical method described in Algorithm 1 is particularly
challenging due to several reasons. First, the importance sampling weight pg’l’ft in (1)
is unstable in numerical computation since it is a product of ¢ probability ratios. The
variance of the value estimator can thus grow exponentially with T (Liu et al., 2018a).
This problem is exacerbated in our case because the true optimal parameter 8* may be
away from the behavior policy, further increasing the variance of the loss function. Second,
an ideal nuisance parameter ) might depend on the parameter 6 to be optimized. For
example, as mentioned in Section 2.1, estimating Q as the Q-functions of 7 ensures that
the value function estimator V(B) is semiparametrically efficient (Kallus and Uehara, 2020).
However, solving (3) becomes computationally expensive when 6 appears both in the policy
7% and in the Q-function Qf , and this can further exacerbate numerical instability. Third,
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Algorithm 1: Optimization and inference of high-dimensional MSTP parameters

Input : n trajectories Dy.,.

Output: The sparse estimator é, the one-step estimator éj with its CI for
je{l:d}.

Estimate Q using an arbitrary working model;

[uy

Estimate the policy parameter 6 by solving (3) with Q, where )\g is tuned via
cross-validation;

N

3 for j € {1:d} do
4 Partition the sparse estimate 8 as (6o, 0;,7;);
5 Obtain the Dantzig-type estimator w; by solving (4);
6 Compute the decorrelated score function Sj (05,04,m) using (5);
7 Calculate the one-step estimator 9~j using (6);
8 Construct the (1 — a) x 100% CI for 60; as
. /5 /5.
<9j—<1>1(1—a/2) 0, +071(1 —a/z)ﬁ>, (8)
f 0, ‘UJ \/EIQj\uj
where ® is the cumulative distribution function of the standard normal
distribution, and
&; = [ ngz (0,7)Veli(, ﬁ)T] (1, —w) )"
9 end

the function (3) itself is difficult to maximize due to the non-convexity of the loss function
0(0,7), the non-differentiability of the L; penalty, and the Lo constraint. Examples of
non-convex loss functions are provided in Section 4 and Appendix B.4. In this section, we
will address these challenges.

Stabilizing the importance sampling weight. The importance sampling weight pg’l’ft
appears in the loss function ¢(6,7) in (3) when finding the sparse estimator 6, and also
appears in the gradient and Hessian matrix of £(6,7) in (4), (5), (6), and (8) when con-
structing the Cls for éj (see Appendix D.1 for the gradient and Hessian matrix of (6, 7)).
A practical solution for stabilizing the weight is to use the weighted importance sampling
(Thomas and Brunskill, 2016), which scales the probability ratio by the average ratio across
all episodes at this stage. Specifically, the sparse estimator 6 can be found by

T o.u
pz A Pi o
0 = arg mln{ - = E > “ Riy — Qe(Xip,Ai)] + 719(2 D0(Xi)
i=1t=1 ¥ Wit—1 9)

+>\0|!9!1} st 0]l <1,
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where we p—1 E =1 ,0] K and Ag: Mg are tuning parameters for the initial and final sparse
estimators respectlvely Sunilar weighted ratios have been used and discussed in Precup
(2000); Thomas (2015); Thomas and Brunskill (2016).

In addition, our simulation shows that the gradient and the Hessian matrix can be more
unstable than the loss function due to the product of more terms of probabilities. Therefore,
we propose two amendments to solve this problem in practice. First, for the gradient and
the Hessian matrix in (4), (5), and (6), we calculate them numerically using the symmetric
difference quotient (see Appendix A.4). Since the f3-norm of 0 is restricted to be 1, we
carefully handle the special case when 6y = 0, where only Newton’s difference quotient is
available. Second, we use bootstrap to numerically find the CI of 0~j in step (8). That is, we
randomly select B bootstrap samples and compute the sparse estimator éb and the one-step
estimator éb,j for j € {1 :d} on each bootstrap sample. The CI of éj is then constructed as
the a/2 and 1 — /2 quantiles of {6, ;}2_, corresponding to a confidence level of (1 — ).

Estimating the nuisance parameters. When the nuisance parameter Q depends on
the policy parameter 8, we propose to estimate Q using an initial estimator 6 that does not
depend on Q and is a consistent estimator of 8*. For example, the initial estimate 6 could
be the one optimizing the same function (3) by setting Q; = 0, i.c., without augmentation.
Similar to (9), the weighted importance sampling is used for numerical stability. Then the
initial estimator 6 is found by

Pi,
O—argmm{—zz e ,t+)\9H0H1} s.t. 0], < 1. (10)

i=1 t=1
This estimate is consistent when the behav1or policy p is known and does not require
estimation of the nuisance parameters.

Based on this initial estimate 0, we model the nuisance parameter @ using a linear
model of basis functions for each stage separately. Assume that ¢(x;) is a basis function of
the covariates x; at some stage t of dimension d’ and it includes an intercept. In practice,
¢(x;) can be taken to be the linear function, polynomial function, Gaussian radial basis
functions, splines, wavelet basis, etc. of x; (Luckett et al., 2020; Shi et al., 2022). Let
(X4, Ar) = [T (Xy), Ar - 7 (X)]" and we can fit the model Q:(Xy, Ay) = ®(Xy, Ay) T B;
at stage t, where 3; is in the dimension 2d’. We discuss three different ways for defining
the nuisance parameter Q.

In the first method, we define Qf(xs,a;) = EO[S]_, Ri|X;: = @, Ay = a4] as the
Q-function at stage t. Based on the tower property of conditional expectation, we have
QY (x4, a;) := E° [Rﬁ—QtH(XtH, At+1)|Xt = x4, Ay = a4]. Following the idea of Q-learning

(Zhu et al., 2019), we can estimate Br, ..., B backwardly by plugging in the initial 6.
Denote the estimated Q-function at stage ¢ for policy 79 as
g0y = Rig+ Y 7%(a Xi s )®(Xip41,0)" Brya, (11)
acA

where BT+1 is taken as the zero vector. To find a sparse estimate of 3;, we minimize the
square loss function with the L; penalty, i.e.,
n

. 1 5 2
B = argmin — > {af, = (Ko, Ai) B} + A 1Bl (12)
Bit€R2d n i=1 ¢

10
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where A B is a tuning parameter.

The second method is a heuristic algorithm to minimize the variance of the estimator
V:(6,m) of the value function at stage ¢, where

. . 1< .
‘/;5(9, 77) = n Z {pz 1: t[ Qt(Xz ts Az t)] z’llf(t_l)Ut(Xi,t)} .

=1

Note that the variance can be decomposed as Var(V;(8,7)) = E{V;(8,7)}*> — {EV;(8,7)}>.
Since EV; (0,7) = EPR; for any 7, the second term is irrelevant to the nuisance parameter
1. For computational efficiency, we only need to minimize E{Vt(& 7)}? using the sample
average. With initial estimate  and the weighted importance sampling, we have

6152) =arg min — Z { L1t R;—
Bicr2d TV T
(13)

o1 T 2
P',u 1 (t—1)
[ Zéu (X, Ai) — fte-y ZW (a| X)) (X, a )] /Bt} —1—)\[352)“515”1,

wl:’t (t 1) acA

where )\B<2) is a tuning parameter.

Note Ehat both methods are essentially minimizing the asymptotic variance of the value
function estimator. While the first method estimates @Q; as the Q-function of 7%, which
achieves semiparametric efficiency (Kallus and Uehara, 2020), the second method directly
minimizes the finite sample variance, which will converge to the asymptotic variance. Fur-
thermore, (12) and (13) both minimize the square loss with an L; penalty, and can be easily
solved by existing Lasso packages with properly constructed predictors and responses. To
improve the finite sample performance, we refit Bt on its nonzero components for all ¢ using
linear regression. A refitted Lasso estimator means that we re-estimate the parameter on
the support of the original Lasso estimator using the original loss function without the L4
penalty. It has been shown that a refitted Lasso estimator usually leads to better finite
sample performance than the original Lasso estimator (Zhang and Zhang, 2014; Ning and
Liu, 2017). This refitted estimator may be less biased and less sensitive to the choice of
tuning parameters of the penalty.

In the naive method, we can take A\ oy = 0, so that QQ; = 0 for all £. Then the estimated

t

nuisance parameter QQ; at stage t is
Q™ (X, A) = @(X, Ary) T B™ (14)

for methods m = 0,1, 2.

Optimizing constrained nonconvex nondifferentiable functions. To solve for
and 6, note that (10) and (9) are both constrained nonconvex nondifferentiable optimization
problems. To deal with the L; penalty, we use the proximal coordinate descent algorithm
(Sra et al., 2011). To ensure that the Ly norm of the estimated parameter is bounded by
one, we normalize the parameter by its Ls norm in each iteration of the coordinate descent.
Since nonconvex problems may converge to a local minimizer, we start the optimization

11
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Algorithm 2: Implementation for the optimization and inference of high-
dimensional MSTP parameters
Input : n trajectories Dj.,, the number of bootstrap iterations B, the confidence
level 1 — «, the method m for estimating the nuisance parameter.
Output: The sparse estimator é, the one-step estimator 9~j with its CI for
je{l:d}.
1 Obtain an initial estimator by solving (10) using Algorithm 4, where Ag is tuned
by cross-validation;
2 Estimate the nuisance parameter Q(m) with @ using Algorithm 3, where
Mgy - -+, Ag, are tuned by cross-validation at each stage t € {1 : T'};

Obtain the sparse estimator 6 by solving (9) with ng) using Algorithm 4, where
Ag is tuned by cross-validation;

w

4 for j € {1:d} do

5 Calculate the one-step estimator 9~j following the steps in (4), (5), and (6),
where Ay, is tuned by cross-validation, and the gradient and Hessian matrix
are estimated numerically by (17) and (21);

6 end

7 for be {1: B} do

8 Randomly draw a bootstrap sample of size n;

9 Obtain the bootstrap estimator 6, by refitting (9) with the bootstrap sample,

Agm) and Ag using Algorithm 4;

10 for j € {1:d} do

11 Calculate the one-step estimator 9~ij following the steps in (4), (5), and (6)
with Ay, and the numerically estimated gradient and Hessian matrix;

12 end

13 end

14 for j € {1:d} do

15 Obtain the (1 — a) x 100% CI of §; by finding the a/2 and 1 — a/2 quantiles of

{0,,12 ..

—r

16 end

from different starting points for better numerical results. Similar to the procedure for
estimating the nuisance parameters, we refit @ and 6 on their support using the trust-
region constrained algorithm, which is suitable for minimization problems with constraints.
Although we require [|@2 < 1, the estimated @ actually has [|@]] = 1 to approximate a
deterministic policy. The optimization algorithm is summarized in Algorithm 4.

The full implementation algorithm for finding the estimate and the CI of high-dimensional
policy parameters is summarized in Algorithm 2. Note that all the tuning parameters are
selected using the full dataset and then fixed during bootstrap.

12
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3. Theoretical Results

Denote s¢ := [|0*[jo and sw; = [|w][lo to be the numbers of nonzero elements in the
corresponding vectors. We assume the following assumptions hold for the variables and the
convergence rate of the nuisance parameters.

Assumption 4 Assume the rewards R, are bounded in the sense that || Ri||co < r for some
r >0 and for allt € {1:T}. Assume the covariates are bounded such that || X¢||co < z and
|'v;TXt\ < z for some z > 0 and for allt € {1 :T}. Suppose that there exists some constant
u > 0 such that |6§| > w.

Assumption 5 We assume that (s¢+sw;) logd/+/n — 0. In addition, suppose that n € H,,
with probability no less than 1 — A,,, where

Hp={ncH:|nlleoo <7l —lle2 < 0n for allty,
and 0, = o(1), A, = o(1) are positive constants.

Assumption 6 Assume V() is k-strongly concave at 6*. That is, there exists kK > 0 such
that (VeV(0%), Ag) — [V (0" +0g) -V (0)] > & HA£||§ for all A¢ € B(R) for some radius R,

where B(R) is the ball with radius R defined by the Ly norm, and Ag = (£4/1 — ||A£||§, Ag)
is the concatenated error bound for 0.

Assumption 4 requires the boundedness of the variables. The conditions about the
covariates X; follow the example of generalized linear models in Ning and Liu (2017). We
assume that the random policy that assigns both actions with equal probabilities will not
be the optimal policy. Without loss of generality, we assume the intercept is nonzero to
achieve this. If the intercept is zero, we can shift the jth feature by a constant u/6; for
some coordinate j where 0; # 0.

Assumption 5 deals with the convergence rate of the nuisance parameters. Since we
assume that we are using data from an MRT and p is known, we do not need the model
for Q: to be correctly specified. Moreover, Qt can converge to its limit at any rate. This
assumption can be easily satisfied by almost all learning methods, including regularized
methods like Lasso, ridge regression, or elastic net.

Assumption 6 is used to verify the restricted strong convexity, which is one of the
sufficient conditions for proving the convergence of parameters regularized by the L; penalty.
The local concavity at 8* is empirically verified with numerical examples in Appendix B.4.

Lemma 1 Under Assumptions 1-6, when A\g ~ +/logd/n, we have
1€ = €¥[l = Op(sg/log d/n). (15)

Lemma 1 shows that the sparse estimator é , which is a permutation of é, is a consistent
estimator of £*. We will then show that the one-step estimator 6; is a consistent estimator
of 07 with a y/n convergence rate.

Assumption 7 Suppose that the covariance matriz 3* = Var[Velo(0*,m)] is positive defi-
nite and finite.

13
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Assumption 7 is used in the multivariate central limit theorem to prove the asymptotic
normality of the score function. We follow the proof of Ning and Liu (2017) to decorrelate
v;j from the parameter 6; that we are interested in, and the assumptions will be used to
verify the conditions in Theorem 3.2 (Ning and Liu, 2017). The main challenge lies in the
nuisance parameters 17, which need to be estimated and are also high-dimensional. We will
use the technique in Chernozhukov et al. (2018a) to decorrelate the nuisance parameters.

Theorem 2 Under Assumptions 1-7, the one-step estimator éj satisfies

Vil — 001, Joi = N (0,1) (16)

for j € {1:d}, where o7 is defined in (7).

Theorem 2 shows that the plug-in one-step estimator is asymptotically normal. Since
f(;j‘,,j is consistent for 1, ;lej and 6 is consistent for o7, we can construct Cls as in (8) based
on the theorem. Note that o depends on the nuisance parameter 7. Therefore, although
the limit and the convergence rate of 17 do not affect the convergence rate of éj, the limit i

does influence the asymptotic variance of éj.

4. Simulation Study

In this section, we test our proposed algorithm for the optimization and inference of low-
dimensional parameters in high-dimensional settings in two simulated scenarios.

Assume that the data are from an MRT, and the action A;; takes values from {—1,1}
with equal probability at each stage ¢ for all individuals i. The variable X;; ; represents
the jth variable of individual i at stage t. The first two variables for j = 1,2 are important
variables that influence the reward, while the other variables for j > 3 are noise variables.
The initial states are generated from a multivariate normal distribution, i.e., X;; ~ N (0, X)
for each individual ¢ € {1 : n}. In the covariance matrix 3, the variance of variable j is
Yj;=4for all j € {1:d}. To allow dependence between high-dimensional features, the
covariance between the important variables is 31 2 = Y91 = 1, and the covariance between
variables j — 1 and j is ¥;_1; = ¥, ;-1 = 0.2 for j € {3 : d}. Other entries in ¥ take a
value of zero. For stages t € {2 : (T' + 1)}, the variables and the rewards are generated as
follows. In Scenario 1,

Xipg =0.8X;4 11+ 034 1Xip11+02X; ¢ 12+ €1,
Xit2 =0.8X;4-12— 034 1X; 12+ Aig1tanh{(X; 11 — Xi1-12)/2} + €ir2,
Xitj :O'QXi,t—l,j +e€j, je{3:d},
Ri—1 =log {1+ exp(Xit1 + Xir2)} — 0.5A;,
and in Scenario 2,
Xit1 =0.8X;-11+0.34;, 1 X111 +0.1X54-12 + €ir1,
Xito =0.8Xi4-1,1 +0.24;, 1 X412+ 0.2X;4-12 + €02,
Xitj =0.9Xi1-1; +€irj, J€{3:d},
Ri,t—l ZXi,t71 + Xi,t,2 - O.6Ai,t,

14
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for i € {1:n}. Here, Xi,m is the sequence of exponentially weighted moving averages of

Xi4; such that X;1; = X;1; and X;,; = 0.2X;,-1; + 0.8X,,, for all j € {1 : d} and

t> 2. Let € g N(0,0.4%) for all 4, j, and ¢t > 2. Under these scenarios, the Markov

assumption is violated since the reward R;; is a function of Xj;; 1, which depends on the
states in all previous stages.

In this simulation, we experiment with three different constructions of the nuisance
parameter ) as discussed in Section 2.3. The number of stages T is taken to be 1, 5, or 10.
The dimension is fixed at d = 50. The sample size n ranges among 200, 400, 800, 1600, and
3200. In our simulation, the scaling parameter 7 is fixed at 0.2, since our experiments show
that a larger 7 leads to a stochastic policy far from the true optimal deterministic policy,
and a smaller 7 may cause unstable computation. We take the number of bootstraps to be
B = 100. The value function of each estimated policy is calculated based on an independent
test set of size 200,000 generated by this policy. We repeat the whole procedure W = 100
times for each scenario.

The simulation results for Scenario 1 and Scenario 2 are presented in Figures 1 and 2,
respectively. We report the average reward for the policy 7 based on the sparse estimator
é, and the mean absolute deviation (MAD) and the coverage probability of the one-step
estimator §. We find the true minimizer 6* of the loss function within the class II by
grid-search for each T'. In particular, we estimate the value function on an independent test
set of size 200,000 for 8 on the grids inside the unit ball. The true value of 8* in different

scenarios is reported in Appendix B.4.

We compare our proposed method with Penalized Efficient Augmentation and Relax-
ation Learning (PEARL) (Liang et al., 2022) when 7' = 1. PEARL is a method for estimat-
ing the optimal Individualized Treatment Rule (ITR) and conducting statistical inference
from high-dimensional data in single-stage decision problems. It utilizes the data-splitting
method to account for the slow convergence rate of nuisance parameter estimations. In
addition, it follows the inference procedure in Ning and Liu (2017), first finding a sparse
estimator and then obtaining the one-step estimator. We use the package ITRInference
for implementation (Liang et al., 2022). Since an ITR generated by PEARL takes the se-
lected treatment with probability one, any positive multiplication of éPEARL will yield the
same I'TR. However, due to the strict convexity of their loss function, the estimated optimal
parameter épEARL is always unique. Therefore, the package does not impose requirements
on the scale of the parameters. Their simulation study estimated the coverage probability
of the constructed CI based on the limit of parameter estimates, which may not be identical
to the true parameters for data generatlon In practice, we rescale all parameters so that
the average one-step estimator 1/ WZ 9PEARL,w,1 at coordinate j = 1 matches 6] at
7 =1, where 8* is the true optimal parameter of a deterministic policy.

For a better comparison across different values of 1T, we report the average reward
V() = £V (8) instead of the value function V(). The first rows in Figures 1 and 2 present
the mean of V(O) and its 95% CI based on the standard error across W rephcatlons The
sparse estimator 6 constructed using different nuisance parameters Q(®, QM. Q@ is com-
pared with the random policy used to generate the data. We observe that in both scenarios,
the nuisance parameter Q) yields the largest average reward and the smallest standard
error, compared to the other two nuisance parameters and the random policy. Although
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Figure 1: The first row presents the average reward of MSTP, PEARL, and the random
policy in Scenario 1. The second and third rows show the MAD and coverage probability of
#1. The columns correspond to different values of T. The dotted line indicates the nominal
coverage probability for 6.

both QM) and Q® essentially minimize the asymptotic variance of the value function esti-
mator, Q3 depends on the importance sampling weight and becomes numerically unstable
as T increases. When T = 1, we further compare with PEARL, since it is only applicable
in single-stage decision problems. PEARL estimates a deterministic policy, which yields a
higher average reward in Scenario 1. Although the proposed method estimates a stochastic
policy, it is stable when 7' = 1 and yields a larger average reward in Scenario 2.

We further report the MAD and the coverage probability of the important variable 6;
in the second and third rows of Figures 1 and 2. The MAD and the coverage probability of
the second important variable 5 and the noise variables 63.4 are reported in Appendix B.1.
For the one-step estimator of PEARL, the MAD is approximated as dpgary/1.4826, where
OpEARL 1S the estimated standard deviation in the asymptotically normal distribution of
the one-step estimator. We observe that the coverage probabilities of 6 are concentrated
near the nominal coverage of 95% when the sample size is large enough. When T is small,
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Figure 2: The first row presents the average reward of MSTP, PEARL, and the random
policy in Scenario 2. The second and third rows show the MAD and coverage probability of
#1. The columns correspond to different values of T. The dotted line indicates the nominal
coverage probability for 6.

the CIs achieve the nominal coverage probability even with a small sample size. However,
the difficulty of policy learning and inference increases as T increases. More samples are
needed to learn the optimal policy and reach the nominal coverage probability. The MAD
generally decreases with the increasing sample size if the sparse estimator is well estimated.
The MAD of MSTP with Q® or Q© may be small when n = 200,400 for j = 1,2 since
01 or 0y are estimated to be zero on a large portion of bootstrap samples, but the one-step
estimator cannot correct the bias with a small sample size. The MAD of 0 based on QW
is smaller than that of the other two nuisance parameters and PEARL, while achieving a
coverage probability even closer to the nominal value. Therefore, the above experiments
demonstrate the influence of the nuisance parameters on the asymptotic efficiency, and the
advantage of using QW) in the doubly robust estimator.

17



GAO, LIU AND ZENG

5. Real Data Analysis

The OhioT1DM dataset is a collection of data from individuals with T1D collected through
continuous glucose monitors (CGMs), insulin usage, and self-reported events (Marling and
Bunescu, 2020). It is designed to support research in blood glucose prediction, diabetes
management, and related healthcare applications. In the 2018 cohort, 6 patients partici-
pated in an 8-week study. We apply the proposed method to the OhioT1DM dataset to
learn a treatment policy for patients with T1D.

After excluding extremely rare events, we use 12 features to construct the MSTP, includ-
ing the current glucose level, the long-acting basal insulin level, carbohydrate estimate for
a meal, and others. Since the glucose level, heart rate, galvanic skin response (GSR), skin
temperature, air temperature, and step counts are recorded every 5 minutes using CGM,
the treatment decision is defined as whether to deliver short-acting bolus insulin every 5
minutes. The reward is defined as a function of the glucose level in the next 5 minutes, fol-
lowing Shi et al. (2020b). We take T' = 12, so that the value function is the sum of rewards
over one hour. The detailed description of the features and the data cleaning methods are
provided in Appendix C.

Based on the results in Section 4, we use the nuisance parameter Q) in Algorithm 2. In
our analysis, the propensity score is estimated using logistic regression with an Lq penalty.
All features have been standardized. The reward is standardized before the analysis but is
returned to the original scale in the following results.

To estimate the mean and standard error of the average reward, we merge the training
and test examples in the original dataset and obtain a combined dataset of 7824 trajectories.
We then randomly split the combined dataset into training and test sets with probabilities
0.8 and 0.2 for W = 100 replications. The average reward of the behavior policy is estimated
by taking the average of all rewards in the training set. The average reward of the estimated
policy is calculated using the IPW estimator with normalized weights on the test set. After
applying Algorithm 2 for policy learning, the average reward for the behavior policy is
—6.260, with a standard error of 0.008; the average reward for the estimated policy is
—2.367, with a standard error of 0.100. This suggests that the estimated policy could
significantly improve upon the behavior policy.

We use the training and test set splitting in the original dataset to construct the policy
using the sparse estimator 0 and to construct the CIs of 0 which are reported in Table 1.
Based on the results in Table 1, the current glucose level, meal, hypoglycemic episode, heart
rate, and GSR are selected, but only the glucose level is significant. The estimated policy
suggests delivering bolus insulin when the current glucose level is high and avoiding it when
the glucose level is already low. Since “hypoglycemic episode” indicates low glucose levels,
one might expect its coefficient to be negative, but the estimated coefficient is positive.
This discrepancy arises because hypoglycemic episodes are self-reported, reflecting patients’
awareness of the condition and prompting them to consume meals or snacks immediately.
Out of 78 self-reported events in the entire dataset, patients consumed a meal in 74 events.
As a result, “hypoglycemic episode” becomes an indicator of an increase in blood glucose
levels in subsequent times. Nevertheless, the coefficient is not significant based on its CI,
as this variable is highly correlated with glucose levels.
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j Feature 0; éj CI of 0~j

0 Intercept 0.000

1 Basal 0.000 -0.001 (-0.354, 0.039)
2 Glucose level 0.872 0.870  (0.302, 0.991)
3 Meal 0.463 0.460 (-0.032, 0.553)
4 Sleep 0.000 -0.001 (-0.093, 0.045)
) Work 0.000 -0.001 (-0.057, 0.060)
6 Hypoglycemic episode 0.084 0.081 (-0.041, 0.113)
7 Exercise 0.000 -0.000 (-0.061, 0.290)
8 Heart rate 0.102 0.097 (-0.196, 0.171)
9 GSR 0.084 0.079 (-0.194, 0.547)
10 Skin temperature 0.000 -0.002 (-0.119, 0.085)
11 Air Temperature 0.000 -0.002 (-0.095, 0.091)
12 Steps 0.000 -0.000 (-0.150, 0.772)

Table 1: The estimated sparse policy parameter éj and the Cls of the one-step estimator
0.

6. Discussion

In this work, we focus on the multi-stage decision problem and propose a method for
estimating the high-dimensional MSTP and the ClIs of its parameters. We first estimate the
MSTP based on the ATIPWE of the value function with an Lq penalty to encourage sparsity
and an Lo constraint to avoid unboundedness. Then, we compute the one-step estimators,
which are asymptotically normal and suitable for statistical inference. The proposed one-
step estimator is shown to achieve nominal coverage probabilities in simulation studies.
While the choice of nuisance parameter estimation does not affect the convergence rate of
the low-dimensional policy parameter, it influences the asymptotic efficiency. We compare
different estimators @ in the simulation study and show that @Q; constructed as the Q-
function generates the highest value function and the smallest MAD of the estimated policy
parameters. Our code for the simulation study and real data analysis can be accessed at
https://github.com/DgGao/MSTP.

We assume that the behavior policy p is known, as in MRTs. When data from an
observational study are used for learning, p is unknown and needs to be estimated. Our
framework naturally extends to observational studies. The one-step estimator can still
achieve the y/n convergence rate as long as either the Q-function or the propensity score is
correctly specified. Since we are most interested in the significance of the selected variables,
we focus on constructing confidence intervals for each parameter separately. Similar meth-
ods can be used to construct confidence regions for multi-dimensional parameters (Ning
and Liu, 2017), if the joint effect of multiple features is of interest. In this work, we focus
on binary treatments. Extending the method to multiple treatments is an interesting open
problem (Qi et al., 2020; Ma et al., 2022, 2023). A possible approach is to replace the
sigmoid probability in the policy class II with a softmax probability, but the conditions for
valid statistical inference require further investigation.
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For decision problems with a long horizon T, the ratio p‘lg:’t“ can become extremely
unstable, especially when the feature dimension d is large. To handle this instability, an al-
ternative method based on the marginalized distribution of the current state and action has
been proposed in Liu et al. (2018a); Kallus and Uehara (2020); Liao et al. (2022). However,
it requires the Markov assumption, which is often violated in mHealth applications (Shi
et al., 2020b). Moreover, this approach requires either the estimation of a marginal distri-
bution for each stage t, or the convergence of the offline data to the stationary distribution
(Kallus and Uehara, 2020; Liao et al., 2022). Particularly, estimating the marginal distri-
bution becomes challenging with high-dimensional continuous features. Due to the curse of
dimensionality (Hastie et al., 2009), the data for density ratio estimation can be very sparse.
Luckett et al. (2020) only uses the importance sampling weight at one decision stage based
on the Bellman optimality equation, but it requires the value function to be estimated at
each step of the gradient descent algorithm with respect to the policy parameters. Another
approach under the Markov assumption is to use partial history importance weighting with
assumptions on mixing and overlap between the behavior and target policies (Hu and Wa-
ger, 2023). If the Markov chain under the target policy mixes quickly, the policy before
mixing has little impact on later rewards. Thus, only the importance sampling weight after
mixing is needed, efficiently reducing the variance of the value function estimator for a long
horizon.
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Appendix A. Implementation Details

In this section, we present the implementation details omitted in Section 2.3.

A.1 Estimating the Nuisance Parameters

In Section 2.3, we discussed three different methods for estimating the nuisance parameter
Q. In Algorithm 3, we present the full algorithm for estimating Q™ for m = 0,1,2. The

tuning parameter )\gtn) is selected as the one that minimizes the mean squared error in
(12) or (13) on the validation set. While for the method m = 1, the parameters Bgl) must

be estimated backwardly from the last stage to the first one, the parameters ,6752) for the
method m = 2 do not require a specific estimation order.

A.2 Optimization with L; Penalty and L, Constraint

We present the optimization method for a nonconvex loss function with an L; penalty and
Ly constraint as described in Section 2.3 in Algorithm 4. Notice that to find the global
minimizer of a nonconvex function, we need to try different starting points. Since running
the full algorithm from multiple starting points is computationally heavy, we compare the
function values of multiple points for each coordinate separately at the beginning.
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Algorithm 3: Estimate the Nuisance Parameter Q

Input : The method m, the initial estimate @, the tuning parameter )\gtn).

] . : A(m) — [Hm)
Output: The estimated nuisance parameters Q™ = [Q{"7].
1 if m =0 then
2 Take X\ ) = 0;

t

3 else if m =1 then
fort=1T,...,1do

5 Obtain qgt with By by (11);

6 Estimate Blgl) by solving (12) with 6 and )\gt) using a Lasso solver;
7 Refit BAt(l) on its nonzero components using linear regression;

8 end

9 else if m = 2 then
10 for eacht € {1:T} do

11 Estimate ﬁgz) by solving (13) with 6 and )\gt) using a Lasso solver;
12 Refit Bgz) on its nonzero components using linear regression;

13 end

14 end

15 Find ng) by plugging Bgm) into (14) for each t.

The tuning parameter \; for the initial estimator 6 or \g for the sparse estimator 0 is
selected as the one that maximizes the estimated value function ‘7(0) on the validation set.
Note that for A\;, Q; = 0 in V(0). We use the function scipy.optimize.minimize with
method=‘trust-constr’ in Python to solve the constrained minimization problem when
refitting  and 6 on their support.

A.3 Obtaining the One-Step Estimator

The tuning parameter Ay, is chosen for each feature j separately. It is selected as the
value that minimizes the projection error in (4) on the validation set. To estimate the
Dantzig-type estimator in (4), we use the package cvxpy to solve the constrained convex
minimization problem.

A.4 Numerical Computation of the Gradient and Hessian matrix of the Loss
Function

The direct estimation of the gradient and Hessian matrix of pfi‘ft is unstable due to the
probability product, which may cause even larger variability when constructing Cls for the
one-step estimator and lead to undercoverage of the true parameter. Therefore, we propose
to calculate them numerically. An estimate of the partial derivative at the coordinate
j € {1:d} is calculated using the symmetric difference quotient as

E(BJF? 77) — Z(077 77)

%9j€(07n) = 2 )
J

(17)
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Algorithm 4: Optimization of a Loss Function with L1 Penalty and Lo Constraint

© W N OO ok W=

10

Input : A loss function ¢ to be minimized with L; penalty and Ly constraint, the

tuning parameter A for the L; penalty, a starting point 8(9), the error
threshold e, the maximum number of iterations M.

Output: The estimated parameter 6 or 6.

for each coordinate j € {0:d} do

Find the best starting point of the coordinate j using grid search;
end
Normalize 81 by its fo-norm;
Initialize the number of iterations m = 1;
while m < M and ||0™ —0m=D|, > e do

m << m+1;

for each coordinate j € {0:d} do

Find the minimizer of £ with respect to the current coordinate using the

BFGS algorithm

J

Shrink é;(m) using soft-thresholding

(M) _ onlg/(m j/(m) .
0,7 = sign{0;" } max(|¢;"| — A, 0);

(m)_p(m=1)

Normalize (6, (j+1):d) by its f3-norm;

end

11 end

12 Re-estimate 6 or 6 by minimizing the loss function ¢ with the Lo constraint on the

support of 8(™) using the trust-region constrained algorithm;

where

and 6~ can be defined similarly with 6, = 6; — h;. Here, 1 /v/nT is the common value for
hj used in numerical computations. However, since the ¢>-norm is restricted to be 1 in our
case, h; sometimes needs to be even smaller depending on the initial estimate 6;. If 6y = 0,

1
h; =min{ ——, [1— 02 — 16, >,
J \/niT Z l ‘]’

1#£0,7
05 = 0;+ hj,
of = sign{eo}\/1 = 02— (6)2, (18)
1#£0,j
0 =6, forl#0,j, (19)

then /1 =37, 62 — |6;] = 0. In this case, when 6; # 0, we estimate the gradient using
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Newton’s difference quotient as

£(0+7 77) — 6(07 77)
*hj Sign{Hj} ’

Vo,L(0,m) =
where
h; = mi {1 210 |}
; = min , il
J /TlT J
0] =0; — hysign{0;},

and the other coordinates 0l+ for | # j are calculated as in (18) and (19). When 6y = 6, = 0,
we use the gradient of @ as an approximation, where

Oh=0, 65=——, 6 =0,/1-(0)2for #£0,j. (20)

Similarly, we use the symmetric difference quotient to find an estimate of the Hessian

e €0+ m) — (0" ) — (O, m) + L0 m)
- ) — ,n) - - + -,
v@jekg(ean) = (2h 'k)2 : (21)
J
When j # k,
X . 1 1=4/20 07
i = min , ,
ik vnT \/5
G;H_ =0; + hjk, QI;H_ =0 + hjk,
05t =sign{f} [1— D 62— (0/1)2— (6), (22)
1#0,7,k
0, =6, forl+#0,jk, (23)
and 67~,07",07~ can be defined similarly with
(9;__ = 9j + hjk, 92-_ =0 — hjk,
07" =0; —hjr, 0.7 =0k + hyp,
0,7 =0 — hjk, 0, =0k — hjp
When j =k,
hjj = min 71 ,f 1— Z 92 |0]‘ s
Vil 2 140,
ot = 9]‘ + 2h]j,
o5t = 1= 02— (67)> (24)
1#0,j
91++ =0 forl#0,j,k, (25)
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and 677,077,607~ can be defined similarly with

If 0p = 0 and 6}, 0), # 0, we instead use Newton’s difference quotient to estimate the Hessian
matrix as

E(B—H_a 77) B €(0+.a 77) — 6(0.—’—’ 77) + 6(0’ 77)
(hji sign{0;})(hk sign{fy}) ‘

Vo,0.0(0,m) =

When j # k,

1
hip = min{ —,2(0;],2 |0k ¢,
o= min{ 216216

6j+ = 9] - h]k 81gn{9]}, 0;;4» = ek - h]k sign{@k},

and the other coordinates 0l++ for [ # 0 are calculated as in (22) and (23). Similarly,
07,0~ can be defined with

6;_ = (9j + hjk; (9;_ = 0,

05" =0, ;" = 0 + hjy.

When j =k,

1
hj;j = min{ ——, [0;] b,
33 mm{ T ’]|}
G;FJF = 9]' - 2hjj sign{é?j},

and the other coordinates 6" " for [ # 0 are calculated as in (24) and (25). Similarly,
07,0 can be defined with

Q;F = 0]+ = 9]' - h]'j sign{ej}.

When 6y = 6; = 0 and 0 # 0, we use the gradient of 8’ for approximation, where 6’ is
defined in (20). When 6y = 0; = 0, = 0, we use the gradient of 6" for approximation, where

1 1
"no__ "no__ " _
00_07 ej_ ek_mv

nT’
0 = el\/l —(07)* = (07)? for I #0,j,k.

Appendix B. Additional Details in Simulation Study

In this section, we provide the simulation details in Section 4.

B.1 MAD and Coverage Probability

In this section, we present the MAD and the coverage probability of the second important
variable f» and their average over the noise variables 63.; in Figures 3 and 4. The conclusion
is similar to that for 6;. Note that the coverage probability of 63.4 remains 100% for all
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Figure 3: The MAD and coverage probability of s and their average over 3.4 in Scenario
1. The columns correspond to different values of T, and the rows correspond to different
metrics. The dotted line indicates the nominal coverage probability.

sample sizes when 7' = 5 and 7' = 10. This result is due to the bootstrap estimation
procedure. Each bootstrap estimate 6y ; of the one-step estimator is obtained by refitting

the sparse estimator éb on the bootstrap sample and conducting one-step estimation again.
Since 0y for j € {3 : d} are estimated to be zero in most bootstrap samples, the one-step
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Figure 4: The MAD and coverage probability of s and their average over 3.4 in Scenario
2. The columns correspond to different values of T', and the rows correspond to different
metrics. The dotted line indicates the nominal coverage probability.

estimators cover the true value well enough. This is not an overestimation since the MAD
of 3.4 is much smaller than the MAD of 8; and 6. For the one-step estimator of PEARL,
after rescaling the Cls based on 64, 6, achieves the nominal coverage probability. However,
the CI of 9~2 cannot cover 8* well in Scenario 1. This is because the average ratio 9~2 / 0~1 for
PEARL changes from -0.226 when n = 200 to -0.675 when n = 3200.
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Figure 5: Comparison of the coverage probability of the Cls for the sparse estimator 6 and
the one-step estimator @. The columns correspond to different values of T', and the rows
correspond to different simulation scenarios.

B.2 Failure of the Sparse Estimator in Statistical Inference

In this section, we show that the sparse estimator 6 does not provide valid statistical
inference results. Specifically, we use bootstrap to construct a CI for each éj, je{l:d},
where the nuisance parameter is constructed using Q). Figure 5 provides the coverage
probability of the Cls for éj and 0~j for j = 1,2, and the average coverage probability of
6’A3;d and ég;d over the noise variables. The results suggest that the CI based on éj does not
achieve the nominal coverage probability, especially when T = 10. This demonstrates the
failure of the sparse estimator in statistical inference and the necessity of using the one-step
estimator.

B.3 Validation of the Estimated MAD

In this section, we compare the estimated MAD and the empirical MAD of the MSTP
estimated with Q). The estimated MAD refers to the MAD of the B bootstrap estimators
0~b,j, averaged over W replications. The empirical MAD refers to the MAD of the W one-
step estimators éj. Figure 6 shows that the estimated MAD and the empirical MAD are
approximately equal, verifying that the bootstrapped CI is a valid approximation for the
CI of éj. Although the bootstrapped CI might be overly conservative when T' = 10 and n
is small in Scenario 1, the estimated MAD still recovers the empirical MAD as the sample
size increases.
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Figure 6: Comparison of the estimated and empirical MAD. The columns correspond to
different values of T, and the rows correspond to different simulation scenarios.

B.4 True Value Function

Tables 2 and 3 provide the optimal parameter 8* and the optimal average reward V* =
maxg V() in the simulation experiments in Section 4, where V(0) = £V (). Figures 7
and 8 present the true average reward for all V(). To find 8* within the class I, we estimate
the average reward V() on an independent test set of size 200,000 for each 8 = [y, 61, 62],
where 61,60y take values on the grids inside the unit ball and 6y = £+/1 — 9% — 9%. The
figures empirically verify that the value function is generally non-concave over the whole

parameter space ||@|]2 < 1, but it is locally concave around the true optimal parameter 6*.

T 1 ) 10

5 -0.81 -0.38 -0.22
0r 053  0.67 0.61
05 -0.26 -0.64 -0.76
V* 2200 3455 5.791

Table 2: The optimal policy parameter 8* and optimal average reward V* in Scenario 1.
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T 1 5 10

; -0.84 -0.54 -0.33
o; 044 073 0.83
63 031 042 045
V* 0794 1.599 2.978

Table 3: The optimal policy parameter 8* and optimal average reward V* in Scenario 2.

Appendix C. Additional Details in Real Data Analysis

In this section, we present the details of the features, actions, and rewards. The latest
OhioT1DM dataset contains two cohorts: a 2018 cohort and a 2020 cohort. The two
cohorts used different fitness bands, which provide access to different physiological data.
Since the basis heart rate, basis air temperature, basis steps, and sleep quality data are not
available for the 2020 cohort, we focus on the 2018 cohort for analysis.

There are 17 relevant features recorded in the original dataset. We use the following
12 features to construct the MSTP. For a detailed description of the OhioT1DM dataset,
please refer to Marling and Bunescu (2020).

Glucose level. The CGM data, recorded every 5 minutes.

Basal. The rate of continuous delivery of basal insulin. This rate remains constant
for several hours until a new rate is set. The temporary basal variable is incorporated
into this variable by superseding the normal basal rate.

Meal. The self-reported carbohydrate estimate for meals. To represent the long-
term effect of a meal, the carbohydrate estimate is passed along the next hour but
discounted at a rate of 0.9. Specifically, if a patient has consumed a meal between the
(t — 1)th and the tth decision time, the feature is defined as Xears = 0.9° " Xpeal s
forse{t: (t+11)}.

Sleep. The sleep quality at the decision time. If a patient is awake at this time, the
variable takes a value of zero. This variable uses only the sleep quality detected by
the fitness band to ensure access to real-time data.

Work. The physical exertion during work time.

Hypoglycemic episode. Whether a hypoglycemic event occurred before the decision
time.

Ezercise. The physical exertion during exercise time.

Heart rate. The heart rate, aggregated every 5 minutes.

GSR. The galvanic skin response (GSR), aggregated every 5 minutes.
Skin temperature. The skin temperature, aggregated every 5 minutes.

Air temperature. The air temperature, aggregated every 5 minutes.
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Figure 9: The autocorrelation of the initial glucose level for each hour across the 6 users in
the 2018 cohort.

o Steps. The step count, aggregated every 5 minutes.

Although some features in the OhioT1DM dataset, including work time and its physical
exertion, hypoglycemic episodes, and exercise time and duration, are self-reported after the
event, a functional fitness band would be able to assess these features in real time. Hence,
we still use these variables in estimating the MSTP, assuming that real-time data will be
available to apply the estimated policy in future studies.

The self-reported sleep quality is omitted from the feature set since the automatic mea-
sure is already provided by the fitness band. The variable finger stick is omitted since it
represents blood glucose values measured by self-monitoring and conveys similar informa-
tion to the CGM data. The variable stressor, which represents the time of self-reported
stress, is omitted because there were only 5 self-reported stress events across all 6 users.
The variable illness is omitted because illness typically occurs over a period of time, but
the ending time of each illness is missing. Additionally, there were only 11 self-reported
illness events for the 6 users in total.

We define the treatment A; based on whether bolus insulin is delivered or not, regardless
of the dosage. Let j be the coordinate of the glucose level in the feature vector, and let
X j represent the glucose level at time t. The reward is defined as the Index of Glycemic
Control,

—55(80 — Xiy14)%, Xi1,5 < 80,
Rt = 0, 80 S Xt—‘rl,j S 140,
_%(XH*LJ' — 140)1'35, Xt+1,j Z 140,
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following Shi et al. (2020b).

Since we assume each trajectory is independent in theory, we separate the 8-week data
of each user into multiple episodes. Figure 9 plots the autocorrelation function of the initial
glucose level of each hour. We observe that the autocorrelation decreases to zero after 4
hours for most users. Therefore, we use the first hour of data from each 4-hour block for
the real data analysis, while excluding the remaining 3 hours of data. In this way, temporal
dependence across treatment stages is allowed within each trajectory, but independence is
generally preserved between trajectories.

Appendix D. Theoretical Proofs

D.1 Gradient and Hessian Matrix of the Loss Function

In this section, we provide the theoretical gradient and Hessian matrix of the loss function.
By the fact that any estimated 6 will satisfy the equation [|@||, = 1 to approximate a

deterministic policy, we can rewrite the intercept as 6y = j:\/ 1—6%—-- — 93. When 6y is
nonnegative, the gradient and Hessian matrix of the loss function are

n T

]- v T 4 XZ ~

Vel(0,9) = = { el Ty 7 (Ai k| Xin)] Riy — On(Xin, Ars)]
= Hk 1/%( zk|sz)

vﬁ[Hk 1T (Aivk’XZk ZTF a\thQt( ity @), (26)
T e (Aikl Hig) 2

T2 70 Akl Xik)
+ : v 71- a‘XZt)Qt( Zta ) )
Tz (A | H ) ;4

(R — Qu(Xiy, Aiy)]

n T
1 Vgg Hk 1 70 (Ai k] Xip)]
Veel(0.m) =——> {

[Ty e (Ai | Hik)
\Y% m Al Xz',
4 gg[l_[kl ( k| k)]z
[T (i Hig) =

v{[Hk 17T( i’k’XZk ZVS’]T a|X7,t)Qt( ity @ )7
1) Ak Hig) 2

T2 70 Akl Xik)
’ V 77 a‘XZt)Qt( Zta ) )
[Tz (A i,k‘|H’Lk)a€Z_A =

=1 t=1

7% (a|X;4)Qe( Xy, a),
(27)

_l’_
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where
Ve [H 779(%|mk)] _ [H Fe(ak|a:k)] [Z ap(xy —ai/Tio/)T/T] ’
k=1 k=1 =1 1+ %%k
! ¢ ¢ t T
Vi [H w0<ak1mk>] _ [H 0 (ak|xk)] { [Z ol — i/Teeo/z/T] [Z ox(mk &), /T]
k=1 k=1 P U S =14 e T

_ i (1+ e@0/m)ay / (700)T + 10/ [ay (i — &/00) /7] [ax(zk — £/00)/7)" }

— (1 + eakfli{@/T)Q

Similarly, we can find the gradient and Hessian matrix when 6 is negatwe Note that the
nuisance parameter 1 = Q1.7 is estimated using the initial estimator @ and is then fixed in
when minimizing the loss function. Therefore, the gradient and Hessian matrix with respect
to € does not involve the gradient of 7 with respect to &.

D.2 Proof of Theorem 2

Since R; is bounded for all ¢ by Assumption 4, we know that 1 is bounded by r with
probability one. For a real valued function f : D +— R, write the empirical process as

1 n
G = —= ZZJf(Di) —Ef(D;)].

Denote [-]; as the jth dimension of a vector and [-]; the jth row of a matrix.

For H := {n —n : n € H} define the pathwise derivative of the nuisance parameter
Dg:H — RY,

Dyln — 0] :=VE[Vel(0,n+q(n—mn))], neH,

for all ¢ € [0,1). This derivative exists by our construction of . We will use the Neyman
orthogonality to decorrelate the high-dimensional nuisance parameters. The definition is
taken from Chernozhukov et al. (2018a).

Definition 3 (Neyman orthogonality) The score V¢l obeys the orthogonality condition
at (0*,m) with respect to the nuisance realization set H, € H if

E[Vel(0%,m)] =0

and the pathwise derivative map Dg[n —n)| exists for all ¢ € [0,1) and n € H,, and vanishes
at ¢ = 0; namely,
Dyln —n] =0, for allm € H,.

Lemma 4 Under Assumptions 1-4, the gradient V¢l satisfies the Neyman orthogonality.
In addition, the following results hold for the nuisance parameters:

sup || V2, E[Vel(0°, 7+ q(n—a))]| =0, (28)
ﬂGquG(OJ)
sup  [|VE[Veel(8*, 7+ q(n — 7))l = 0. (29)

Nn€Hn,q€(0,1)
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Proof Since E[¢(0,7n)] = —V(0) for any n and V¢V (0*) = 0 by the definition of 8*, we
have E[V¢£(6*,m)] = 0 for any 1, when the regularity conditions are satisfied. Therefore,

Doln — 71l = VQE[Vel(0".n))ly—n-(n —7) = 0

since VQE[V¢£(0*,71)] = 0.
Similarly, for each dimension j we also have VQQQE[V(;],E(H*, n)] = 0 since E[Vy,£(6*,7)]
is a constant zero. Consequently,

[V2 EVel(®". 7+ a(n — )],
=V B[V, 00,7+ q(n — 7))
=(n— )" VaoE[Ve, (6", 71+ q(n — 0))]l(n — 1)
-0

and (28) follows. Since E[V¢el(0*,m)] = VeV (0*) for any ), we have that
ViE[Veel(0%, 1+ q(n — 1)) = VqVeeV (67) = 0

and thus (29) follows. [ |

Lemma 5 Under Assumptions 1-5, we have

Sup IVel(67,m) — Vel(07,n)ll,,, = op(1/v/n), (30)
n<Hn
sup ||v] Tv&e(e n) — U;Tvzgﬁ(e*,ﬁ)Hw = op(+/logd/n). (31)

nEHn

Proof To show (30), first note that

N
IVet(e"m) ~ Veo" )l <
+[E[Vel(©".m) — Vel(0". )l (3)

1Gn[Vel(67,m) = Vel(67, m)]ll (32)

for any n € H,,. We will bound (33) using Neyman orthogonality and bound (32) using the
results of empirical process.
To bound (33), define

hy(q) == E[Vel(0",n + q(n —n)) — Vel(07,7)]
for ¢ € [0,1). By Taylor’s expansion, there exists ¢ € (0,1) such that
1 -
hn(l) = hn(o) + thn(o) + §V3qhn(Q)-

We have hy(0) = 0 by definition and V,hy,(0) = 0 by Lemma 4. In addition, the second
derivative satisfies || V2 hy(G)||cc = 0 by Lemma 4. Therefore, [|hy, (1), = 0 for any n € H,
and thus

sup |[E[Vel(6*,m) — Vel (0%, n)]l|,, = o(1/v/n).

NEHn
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To bound (32), define
I (@) = Vel(0%,m1 4 q(n2 —m1)) — Vel(07,m1)
for any 11,m2 € H,. Then we have
Gnime(1) = Vel(07,m2) — Vel(67,m1).

By Taylor’s expansion, there exists ¢ € (0,1) such that

g”hﬂ?z(l) = Gn,m2 (O) + ngm,nz (Q) = v%,ng(O*v m + (.7(772 - 771))(772 - 771)
since gy, n,(0) = 0 by definition. Hence by Cauchy-Schwartz inequality we have

[Vel(0*,m2) — Vel(0",m)]; < [|[Vont(0" m +ad(mz —m))ljllzlme —mll,  (34)

for the jth dimension, which implies that the functions [V¢0(6*,m)]; and [V¢(0*,1) —
Vel(0%,7m)]; are Lipschitz in the parameter 1. Note that with Assumption 4 and the
boundedness of Qt, we have

||V3,nf(9*7771 +q(m2—m))l2 <C,

where C' is a constant.
Therefore, the bracketing number Njj(e, Gy, j, L2(P)) of the function set

Gnj = A{[Vel(07,m) = Vel(07,m)]; - m € Hau}

is upper bounded by the covering number N(e/(2C), Hn, ||-||5) of the nuisance parameter
set H, (van der Vaart and Wellner, 1996, Theorem 2.7.11). Since ||n — 7|, = op(1), the
covering number of the nuisance set N(e/(2C), Hp, ||-||5) is finite. Let

)
Jp(8,Gn g, 1) 12/0 \/1+10gNn(€,gn,j,H‘H)dé

be the bracketing integral. The minimum envelop function of class G, ; is defined as
Ghnj(2) = supycg, ; |9(x)]. Suppose Gy ; is covered by the brackets Iy, u1],..., [In., un],
where N, := Njj(€,Gn,j, L2(PP)) is the bracketing number for any € > 0. Then we can write
the minimum envelop function as

Gnj(z) = l , .
J(a) = max {Jin (@) ux. (=)}

The Lpy norm of Gy, j(x) is then
|G lli, = EG, (D) <EY (B3(D) + uj (D).

Note that
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for some g € G,, ; contained in the jth bracket for any j € {1: N.}. According to (34),
Eg*(D) < C%|ln — 7llp.2 < 0n
by Assumption 5 and thus
El3(D) < 2[€* + 6y,].
The same holds for upper brackets u;. Since

€ 2C
Ne< N (g o lHlz) < 007
we get that

1
|G jllp 5 < 4% + 0n] Ne < A[e® + 6] - 208,
So ||Gn7j||]%>2 — 0 when n — oo. Since

E* sup Gn(g) < J)IGnjllp 2 Gn.js La(P)) (35)
g n,j

by van der Vaart and Wellner (1996, Theorem 2.14.2), the left-hand side of (35) is in the
order of o(1). Finally, by Markov’s inequality,

Jup \}ﬁGn[Vgﬁ(e*, n) — Vel(07,0)]; = op(1/v/n).

The bound on (32) follows by taking the maximum over all the dimensions.
Combining the upper bounds of (33) and (32) we can show (30).
For (31), note that

|v;TVEl(0%,m) — v VEL(0%,0)|| (36)

1
<o [Gnlv;TVEcl(6%,m) — viTVEL(O%, 7] (37)
+ ||E[v; T VEel(6*,m) — v Vil (0%, m)]|| (38)

for any n € H,,.
To bound (38), define

hn(q) = B[} VEel(0%, 7 + q(n — 1)) — v} Viel(6*,7)]
for ¢ € [0,1). By Taylor’s expansion, there exists ¢ € (0,1) such that

By (1) = hy(0) + Vyhn(q).
We have h,,(0) = 0 by definition and V,hy,(§) = o(r/logd/n) by Lemma 4.

Using similar arguments as that for (32), we can conclude that (37) is in the order of
op(1/4/n). Combining the upper bounds of (38) and (37) gives the results. [ ]
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Lemma 6 (Concentration of the gradient and Hessian) Under Assumptions 1-5, we

have
[Vel(07,m) — EVel(67,0)] , = Op(y/logd/n), (39)
;T VEcl(0%, 1) — E(v]T VE (0", 7)) = Op(+/logd/n). (40)

Proof Since P(n ¢ H,) < A,, and A,, converges to zero, we can focus on the event when
n € H,. To prove (39), note that

[Vel(0%,m) — EVL(0%,7)|l
<|[Vel(0*, 1) — Vel(0*, 7)) + | Vel(6™,m) — EVL(6™, 1), -

By (30) in Lemma 5, we only need to show that
[Vel(0*,n) —EVeL(07, 1), = Op(v/logd/n). (41)

Write
h(Dl:n) = —V€€(9*, T_’)a

which is a d-dimensional real-valued function, and denote the j-th dimension of h as h;.
According to (26), we have

n T
h(D1:n) = Z Z {st’z VP Rie = (X, As)) + [Vert ) |0 Xi)
=1 t=1
+ ot Vel X}
where Uy (X;¢) = Y acA 7%(a, X )(Xi ¢, a). When 6§ > 0, since
-1

Aip(Xikg = 07/%)/7| _ 2z —u
1+e 7,,kX~L’k9 /T o ’

o _ 1
POk < —
i, 1:t p6

and ‘

T

t

we have that the jth dimension of Vgpi@;’.; is upper bounded by :7. Besides, we know
st 0

that |R;r — 7¢(Xi ¢, Ai¢)|< 2r since 7; is bounded by r according to Assumption 4 and the
definition of 7;. Thus the jth dimension of the first part is changed by

T

1 0" ia _ 0" ia _

- > ‘[Vgpi,lif]j[Ri,t — (X, Aie)] = [Vepir 3[R, — (X, Aé,t)})
t=1

if the ith trajectory Dj; is changed into D/. Similarly, since |[V¢n? (alz)];|< ——, we
have
r(t—1)(z —u™t)

t—1
Tpo

Verl il iU Xie)l<
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and
2r(z —u1)

TPo '
Therefore, the upper bound on the change of h; when changing D; is ¢; := C/n for some
constant C' > 0 depending on r,z,pg,7,T. We have similar results when 65 < 0. By
McDiarmid’s inequality, we get that

100 ) Vel X)) <

2¢?

Z?:l C?

for some constant C’ > 0. Now the union bound inequality yields

P (|hj(D1:n) — Ehj(D1.,)| > €) < 2exp {— } < 2exp {—C"neQ}

P (||h(D1:n) — ER(D1:n)| o > €) < 2dexp {—C'ne’} .

With ¢ = C"4/logd/n for some C” > 0, we have h(Dy.,) = Op(1/logd/n) and equation
(41) follows.
Similarly, by (31) in Lemma 5, we only need to prove

[0iT Vel (6, 1) — E(v;T Ve L(0%,m))| . = Op(+/logd/n)

for (40). Now v;‘TVéE(e*, 1) can be divided into 5 parts. When 7; is upper bounded by
the constant r, each dimension for each part is bounded by C” /n for some constant C” > 0,
since v* is a constant. The result follows from the same arguments as before. |

Lemma 7 (Central limit theorem for the score function) Under Assumptions 1-3
and 7, it holds that
VvtV el(8*,7) = N(0,07),

where aj > C for some constant C > 0.
Proof Since EV¢£(6*,7m) = 0, note that

VAVel(0%,7) = ValVel(8®, 1) — Vel(8", 7)) + v/a[Vel(0°,7) — EVel(0%, 7). (42)

The equation (30) in Lemma 5 shows that the first difference on the right-hand side of (42)
is in the order of op(1) when © € H,. Besides, the probability of 1 ¢ H, converges to
zero. For the second difference in (42), when 3* is finite by Assumption 7, the multivariate
central limit theorem (Ferguson, 2017, Theorem 5) shows that

VAlVel(0",7) — EV(6%,7)] = N(0,%).
The convergence follows since N (0, U;TZ*U;) +op(l) =N (O,U;Tz*’l};). In addition, As-

sumption 7 guarantees that 'v;-‘ TE*'U;‘ > (), since ’v;‘T is nonzero at least in its first argument.
|
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Lemma 8 Under Assumptions 1-6, when \g ~ +/logd/n, we have
(€ — €)' Veel(6.1)(€ — &) = Op(s¢logd/n). (43)

Here, we present the proof for Lemmas 1 and 8 together.
Proof Denote Ag := § —&*. Let S¢ and Sy, be the support set of £* and wj respectively.
According to Chernozhukov et al. (2018b, inequality (88)), we have

(Vet(6,9), Ac) <e(€"lh — €)= Ae(llg5 I — €5, + Aes, I — |Aesee ) »
DelllAesl — 1Agseelln):

Define the empirical symmetric Bregman distance as

Since all variables are bounded, by Taylor’s expansion on each dimension we have

Sup [Veet(0,m) — Veel(0,7)|| < L|n—n',

for any 1,17’ € H,. Therefore, the empirical symmetric Bregman distance is Lipschitz in
the nuisance parameters:

|H(&, &) — HE & n)| < L|n—|,1&- &} (45)

for any n,n’ € H,, and for any & (Chernozhukov et al., 2018b, Lemma 3).
By Assumption 6, we know E{(0,7) = —V (&) is k-strongly convex at £*. We will use
Chernozhukov et al. (2018b, Lemma 2) to prove the restricted strong convexity:

H(E" + D¢, £°1) > ] A3 — sl Ael (46)

holds with probability 1 — ¢ for all Ag € B(R) and 7, 5 ~ 1/(d+/n). To verify the condition,
we need to show that

sup [V eet(8.7) — v TEVeel(8.7)|| . < s
ge{&*+Ag:Ac€B(R)}

with probability 1 — . Similar as the bound for (32), for each dimension j, we can use
Taylor’s expansion to show that Veef(0,7) is Lipschitz in the parameter £ with constant
C. Consequently, the bracketing number Njj(¢, Gy, j, L2(P)) of

Gnj = {[v]" Veel (0" + g, M)]; - A € B(R)}

is upper bounded by the covering number N(e/(2C),B(R), ||-||,). For a finite R, the set
B(R) is bounded and N (e, B(R), ||-||5) = (1/€)?. Therefore,

E* sup Gnlg) < J)(IGnllpa s Gng: L2(P)) < Jj(00,Gn g, La(P)) < o0
g n,J
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by van der Vaart and Wellner (1996, Theorem 2.14.2). By Markov’s inequality and union
bound inequality, we get that

Tns = dJ)([|Gnjllp o Gn.j, L2(P))/(6v/n).

Combining the Lipschitz bound (45) and the restricted strong convexity bound (46), we
have

H(E, € 0) >H(E €,7) — L|n — al2llAe|?
>k||A¢ll3 — (Tns + Ll — 11ll2) || Ael3-

On the other hand,
el Agsel = 1Agseelln) + V@, 0) ], 1Al
according to (44). The assumption that A\¢ ~ 4/logd/n and Lemma 6 implies
[Vel(07, )|, < Ae/2
with high probability. Conditioning on this event, the above two bounds yield
. e - ) S

kil Aell3 S§(3HAs,ssHl — [ Agseellt) + (Tns + Ll — ll2) | Ae]I?

3>‘£ A N A 112

<228 sl Al + (rns + Ll — ) sell Al

Since P(n ¢ H,,) — 0, we focus on the events when n € H,,. When n is large enough such
that (75,5 + Lon)se < k/2, we have

A 3\
|8¢ll> < =5 vsg = /s logd/n.

Besides, since

A P " K. oA
5 BlAeselln — 1Aeseeln) > SlIA¢ll3 >0,
we also have HAg,S§CH1 < 3HA§,3£H1 and thus

1Ael < 4Agscll < 4y/5ell Agsll2 < ser/logd/n.

Now consider the randomness of ||V¢£(0*,7)|| and we have HAng = Op(sg+/logd/n).
To show (43), note that

HE &) — AVELO" DA
AL [V3l6 + (1 - 0)0" ) — V30" )| A

AL [VEt(ad + (1 - 90" 0) — Vielo"m)||

<

A
El

40



ASsYMPTOTIC INFERENCE FOR MSTPS WITH VARIABLE SELECTION

by Taylor’s expansion for some ¢ € [0, 1] as in the proof for Lemma 5. Define
9i(d) = AL [ V3 0130 + (1 - 90" + (1 - ¢)8", )]
for coordinate j. Then we have
6;(1) = AT [V, 00 + (1 — 96", )],

and R
9;(0) = AL | V4, 00", m)| .
With mean value theorem again, there exists ¢’ such that

w@=w®+$w@)

ie.,
AT [ V25,030 + (1 — 96", 1) — V35, 0(6", )] -
=A£Vaﬁ@@aawé+<l—@0ﬂ+<r—¢Wﬂﬁ»—Véﬁwiﬁﬂ4Ae
for some ¢’ € [0, 1]. Since all variables are bounded, we have
ATV [ V30100 + (1 — D67) + (1 - )6, ) — V3, £(67,7) | A¢ < CALVE(6", i)Ag
for some constant C' for all j. Hence,
HE.&",7) — ALVEUO" )Ae| < CALVEL(0", ) A || Ae (48)
Since [|Agll1 = Op(ser/logd/n),
ALVEL(O", 1) A¢(1 — Csev/logd/n) < H(E,€",n).

Finally, since

D VI . .
H(&,8% 1) < 35(3”A£,SEH1 —[Agseell) < AellAg sl = Or(sg log d/n),
we conclude that AgVégé(B*, 1) A¢ = Op(s¢logd/n). [ |

Lemma 9 Under Assumptions 1-5, when Ay; ~ 4/log d/n, we have

[w; — wjllL = Op((s¢ V 5w,)v/10gd/n), (49)
(9 — v))" Veel(07,1)(9; — v}) = Op((s¢ V sw,) logd/n), (50)
(05 — ;)" Vel(8,0)(9; — v}) = Op((s¢ V sw,) log d/n). (51)
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Proof Let ij 1= w; — wj and Ay, 1= 0; — v}. Since [|w]||1 > [|l;l|;, we have
Do lwilz Y gl Yl = Y fwil = Y (Aw gl Y gl
J€Suw, €Suw, JE€S, J€Suw, €Suw, jESG,

Hence

D 1Aw gl = D il = Y Al

FESw, €S, €85,

that is, [|Aw, s5, 1 < [Aw,,s,, [I1- Therefore, |Aw,|li < 2[|Aw,s, |1 Consider the fol-
J

lowing function
T o2 A~ A
ANy, V3,0, 00,1 A,
= V3.,00.7) — w;TV2, 00.7)| A, — [V3,,60,7) — 6TV, 00,5)| Au,
=11 + I.
According to the definition of A, ;
Iy < ||V5,,06,7) — @] Vi, 060,7) ol Au; 11 < Auw; [| Ay 1

Note that for Iy,

I =0TV, (0%, 7)Aw, + v} [VE,, 0(0,0) — VE, (0%, 7)]Aw, =: T + Ia.

Since
B[V} (0%, n)v;] =T, o — T}, w} =0,

viv; =]

we can use the similar proof of Lemma 6 to show that
1] < 0T VE, (0%, 1) ol Aw, Il £ log d/n|Aw, 1.
For I52, use similar trick as in (47) and we have
|[Li2| € AEVE, 0(0°,0) A, = AEVEL(O%,9)A,,

By Assumption 6, £(6*,7) is positive semidefinite when n is large enough. By the Cauchy-
Schwartz inequality,

R s Y27 . a2
1ol < |AEVEL0" A | A4, Vel0n )

< \/selogd/n AL V2, V/(e*,ﬁ)ij]l/Q.

Combine the bounds for Iy1, I12, I>,

. R . 1/2
AL V2, 00.7)Aw,; < \/ogd/nl|Aw,|li +1/s¢logd/n [AT V2, 06°,7) Ay ]
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Further notice that
AT N 2 * A T % A A
AL [V2,,,06.7) = V2,067 0)| Au,| < sevlogd/n [AL [V2, 00", 9)| A,
using similar trick as in (47) and HAng = Op(s¢g+/logd/n). Therefore,
AL V2, 007, 0) Ay, (1 — Cser/logd/n) < AL V3, £(0,9)Ay, (52)
for some constant C' > (. Consequently,

L . . L 71/2
AL V2, 00,7)Aw,; < \/logd/nl|Aw,|li +4/s¢logd/n [AT v,%JV/(e,n)ij] . (53)

L q1/2
Consider two cases. If [AT V2 00, ﬁ)ij] < /8¢ log d/n, according to Lemma 10,

viv;

~

suy | A, 5, 11 < (AL V2, 006,7)A,)12.

ViV

Combine the upper and lower bounds of AT V2 K(é,ﬁ)Aw]., we have Hij,Sijl <

A/ 5w;s¢ logd/n. Therefore, we have o
12w, I < 2[Aw; 5,11 S (sw, V s¢)v/logd/n.
It AT V,%Jujﬁ(é )A 2 +/s¢logd/n, (53) is equivalent to
(8,92, 0008, { (A, 92, 000080, = \fsgloza/n} < oz dnlldu, 1.

Since Hij\h < 4HAwJ,Sw 17 < 43wJHAwg,Sw [ Sw]AT Vi, 00, ﬁ)Aw]a

viv;

~

[Aﬁjvijwe(é,ﬁ)%]m - \/85 logd/n < \/swj logd/n.

Hence, we have

- L 712
[Aﬁjvij,,jz(a, n)ij] < \/ (5S¢ + Su,) log d/n.
Using the same arguments as in the first case,
||ijH1 < (8w; + 8¢)y/logd/n.

In both cases, we can conclude that Hij 1 < (5w, V s¢)y/logd/n and that

AT Vij,,yﬁ(é )A - S (8¢ V sw;) logd/n.

Finally, according to (52), we have
AT V2 E(G*,ﬁ)A S (s¢ V sw;) logd/n.
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Lemma 10 Denote

12
su, W] Vi, 000, 7)w;]?

KD (Sw;) = min

e RT1\{0}, lwisg, [ < Elwjsu, e

w,
fosca ],

where € is a positive constant. Under Assumptions 1-6, /@D(sw].) > /@/\/ﬁ with probability
tending to one.

. 1/2 1/2
Proof Since v;s,, 1 < s, |vjs., ll2 < si; [[v]]2, we have

T2 ) A

| w; V40, n)w;

D (Sw,) > mm{ J Vﬂ:ﬁ, H27 ! w; € R0}, lwj.sg, I < €llwjs,, 11 p -
Jll2

Note that
wj]rvlzljlljg(é’ ﬁ)w] _ w?—’vl%jlljé(a*’ ﬁ)w] w‘,jT[vIQJJVJK(é7 ﬁ) - v,%jng(e*, ﬁ)]w

2 - 2 2
[[w;ll [l [Jw;ll

and
wl V2, 0(0,7) — V2, (6", 9)lw; = Op(sey/Tog d/n) = op(1)
by similar proof as (48). Therefore, with probability tending to one,

wl'V2, 0(0,7)w; RELAPLORIL

vivj
- 2
ijHg 4 ||'w]||2
—SwJTI”J"’jwj [Vz ﬁ(@*,f]) IVjVj]wj
== ] B
4 flwglly 4 e
3 ’w]T[V%Jij(H* A) y]yj]wj
> Amin(Lw,) = 7
[
Z§ [KQ ij” Hv”?”j (0*72ﬁ)_lvjw|o°]
! w3

In addition, from

lw; 1 < (€ + 1)?[lwjsu, If < sw, €+ 1)? w3

we get
wfv,%jyjﬁ(e,ﬁ)wj - 3

2 2 .
e 2 [ € IS 07 ) T ]

Similar to the proof of Lemma 6, we can obtain
V5,0, £00%,1) = Ly, llo = Op(y/log d/n).
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Hence we have HV,QJJ_VJ_E(O*, 1) —Iuu;llc0 = op(1) by Assumption 5. When n is large enough,
V5,0, 0%, 71) = L lloo < #%/[3(6 +1)7).

Therefore, kp(sw;) > K/ V2 with probability tending to one. [ |

Lemma 11 (Local smoothness conditions on the loss function) Based on Assump-
tions 1-3 and 5, we have

viT[Vel(8,7) — Vel(6%,0) — V(0" 7)(0 — )] = Op((s¢ V sw,) logd/n),  (54)

J
(9 —v})" [Vel(8,9) — Vel(8™,0)] = Op((s¢ V sw,) logd/n). (55)

The same results hold for éo = (60,0, IQJT)T, where 0; is the parameter we are interested in.

Proof Using the similar proof as (47),

v;T[Vel(8,9) — Vel(8*,0) — V3l(6",7)(8 — 6]

0T [VEl(@0 + (1 - 0)6", 1) A¢ — VEcL(6",7) A
<10} LA V20", ) Aellow < (¢ V 50,) log d/n

for some ¢ € [0, 1] by (43). For (55), we have

() = v))T[Vel(8,1) — Vel(6", )]

Ao, V(30 + (1 - 6%, )A¢]

<

By, V30", )Ag| + Ay, [VELD + (1~ 00", 7) — VEc(0", )] Ag

by Taylor’s expansion. For the first term on the right-hand side of the inequality, the
Cauchy-Schwartz inequality yields

Ay, V3et(07, 1) A

1/2 1/2

o
<|Ay, V06" A,

<y/selog dfny/ (56 V sw,)10g d/n = Os((s¢ V sw,) log d/n)

Agvgge(o*, M) A¢

by (43) and (50) and the positive semidefiniteness of £(8*,7). For the second term on the
right-hand side, similar proof as (47) yields

A, [VEl(0 + (1 - 6", 7) — Vil (6", )] Ae
SlAw; 1A Va0, 1) Aglloo
S(s¢ V sw;)v/logd/n)((se V suw,;) logd/n)
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by (43) and (49). [ |

Finally, we give the proof of Theorem 2.
Proof For the assumptions needed in Ning and Liu (2017, Theorem 3.2), Lemmas 1 and 9
satisfy Assumption 1, Lemma 6 satisfies Assumption 2, Lemma 11 satisfies Assumption 3,
and Lemma 7 satisfies Assumption 4. Now we only need to verify that f9j| v, — 1, ;jh/j = op(1).

First note that X R )

I9j|uj = Vg]ﬂjg(gvﬁ) ATV ;0 £(0,n)
and
Ig-luj =1Ig,9, — 'uf?TI,/j@j7 where w? = I’ -1 T 9;-

J ViV TV

For the second part of Lg v; and [ 9 vy

W]V 0 0(0,9) —wi'T;

< |(e; — w) V2, 0,7 ]+ [wi IV £0.7) — V2, €6, 7)]
+ IW*T & ,0,0(0%,1) — I}, 4 ]
=1+ T+ s,
With e = [1,0,...,0],
i = | AT V(0 0)e| < | AT VO m)A, || VEct0,me| < /(se v 5w, ) logd/n

by the Cauchy-Schwartz inequality, the bound (51) and the boundedness of the variables.
Using similar arguments as in (47),

Jo <

v V2 0(0°,7)(0 - 0] .

Similarly, with the Cauchy-Schwartz inequality, the bound (43) and the boundedness of the

variables,
, < 4/selogd/n

Using similar arguments as the proof of (40), we have that

J3 < +/logd/n.

In addition, similar arguments also imply that
|v§j0]‘£(é’ ﬁ) - Igjej‘ S V 10g d/n

Therefore, ‘fgjll,j - I;j|yj| < \/(85 V Sw;)logd/n = op(1) and thus NG —0%) I;‘ A/ C T =
N(0,1).

T2 < |6 - )" VE(0,7)(6 - )
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