
Journal of Machine Learning Research 26 (2025) 1-55 Submitted 7/23; Revised 1/24; Published 7/25

Sparse SVM with Hard-Margin Loss: a Newton-Augmented
Lagrangian Method in Reduced Dimensions

Penghe Zhang penghe.zhang@polyu.edu.hk
Department of Data Science and Artificial Intelligence
The Hong Kong Polytechnic University
Hung Hom, Hong Kong

Naihua Xiu nhxiu@bjtu.edu.cn
School of Mathematics and Statistics
Beijing Jiaotong University
Beijing, China

Hou-Duo Qi∗ houduo.qi@polyu.edu.hk

Department of Applied Mathematics

Department of Data Science and Artificial Intelligence

The Hong Kong Polytechnic University

Hung Hom, Hong Kong

Editor: John Shawe-Taylor

Abstract

The hard-margin loss function has been at the core of the support vector machine research
from the very beginning due to its generalization capability. On the other hand, the
cardinality constraint has been widely used for feature selection, leading to sparse solutions.
This paper studies the sparse SVM with the hard-margin loss that integrates the virtues of
both worlds, resulting in one of the most challenging models to solve. We cast the problem
as a composite optimization with the cardinality constraint. We characterize its local
minimizers in terms of pseudo KKT point that well captures the combinatorial structure of
the problem, and investigate a sharper P-stationary point with a concise representation for
algorithm design. We further develop an inexact proximal augmented Lagrangian method
(iPAL). The different parts of the inexactness measurements from the P-stationarity are
controlled at different scales in a way that the generated sequence converges both globally
and at a linear rate. To make iPAL practically efficient, we propose a gradient-Newton
method in a subspace for the iPAL subproblem. This is accomplished by detecting active
samples and features with the help of the proximal operator of the hard margin loss and
the projection of the cardinality constraint. Extensive numerical results on both simulated
and real data sets demonstrate that the proposed method is fast, produces sparse solution
of high accuracy, and can lead to effective reduction on active samples and features when
compared with several leading solvers.
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1. Introduction

This paper is concerned with one of the most challenging formulations in the study of
support vector machines (SVM):

min
w∈Rn,b∈R

1

2
‖w‖2 +

1

2
b2 +λ

m∑
i=1

h
(

1−yi(〈w,xi〉+b)
)
, s.t. S := {w ∈ Rn | ‖w‖0 ≤ s} , (1)

where {(xi, yi)}mi=1 are the sample data with xi ∈ Rn and yi ∈ {1,−1} being its label. The
separating hyperplane is 〈w,x〉+ b = 0 and the loss function is the hard-margin loss:

h(t) =

{
1, if t > 0,
0, if t ≤ 0.

Furthermore, the model aims to seek a hyperplane of sparse features selected by the `0-norm
‖ · ‖0 with a user-specified sparsity level s ≥ 1 and S is known as the s-sparse set. Vapnik
(1998) discussed the hard-margin loss (also known as the 0/1-loss), which is to construct the
hyperplane that makes the smallest number of separating errors. However, the optimization
of it is NP-complete. The use of `0-norm is getting popular in selecting sparse features. The
first two terms in the objective is to maximize the separation gap in the (w, b) space rather
than in the feature space of w. This objective has been promoted by Mangasarian and
his collaborators (see, Mangasarian and Musicant (2001); Fung and Mangasarian (2001);
Lee and Mangasarian (2001)). Due to its strong convexity in both w and b, Newton’s
method has been the core of those studies for the ridge/hinge-loss function. The purpose of
this paper is to extend Newton’s method to the sparse SVM with hard-margin loss under
the framework of augmented Lagrangian method with proved convergence. This section is
organized as follows. We will first conduct a literature review, followed by an explanation
of our numerical approach.

1.1 Related work

There exists extensive research on SVMs. We refer to Vapnik (1998); Cristianini et al.
(2000); Smola and Schölkopf (2004); Steinwart and Christmann (2008); Chang and Lin
(2011) for many of the models and the solvers. We restrict our review to the sparse SVM
with the hard-margin loss and the related numerical methods. We split the papers into
three groups. The first is the reformulation and relaxation approach. The second group is
to treat (1) as a composite optimization and the augmented Lagrangian method is a natural
choice. The last group is on Newton’s method for such composite optimization.

(A) Reformulation and convex relaxation. The advantage of simultaneously addressing
the 0/1-loss and the `0-norm for feature selection was thoroughly justified by Ustun and
Rudin (2016) for a medical scoring problem. In this application, both the solution accuracy
(controlled by the 0/1-loss) and solution sparsity (controlled by the `0-norm) are crucial
to yield a reliable medical score. The solution method is to reformulate the problem as a
mixed integer programming (MIP) by using the old trick: Big-M constraint on both the
0/1-loss and the `0-norm. We refer to Liittschwager and Wang (1978); Bajgier and Hill
(1982); Brooks (2011) for earlier works along this line. Another trick for MIP reformulation
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is based on the following fact:

(complementarity reformulation) ‖w‖0 = min
v∈Rn

n∑
i=1

vi, s.t. wi(1− vi) = 0, vi ∈ [0, 1], (2)

see Feng et al. (2018); Kanzow et al. (2022). One potential drawback for the smooth
approach is the drastic increase in the dimensionality, especially when Newton’s method
is applied, see Section 7.4 of Kanzow et al. (2022) for a numerical example. One can
imagine that this drawback would get worse when the 0/1-loss is also represented by the
complementarity reformulation. It is worth pointing out that exciting progress has been
made in a recent MIP approach (e.g., via Big-M constraint) by Dedieu et al. (2021), who
cleverly combines a continuous approach and MIP to develop a fast algorithm for an `0-
norm minimization problem. It remains to be seen how the approach would be adapted to
problem (1), which involves both `0-norm and the 0/1-loss.

More recently, Cui et al. (2023); Han et al. (2024) systematically studied a class of com-
posite optimization involving 0/1-loss and developed several lifted reformulations, which are
tractable with computationally verifiable stationary points. Among many is an important
result that local minimizers of such nonconvex problems can be completely characterized in
terms of epi-stationary points under a convex-like property. We will show that the concept
of the epi-stationary point is intrinsically related to our proposed pseudo KKT points for
(1). The development leads to one of the strong claims of this paper that our algorithm is
capable of computing local minimizers of (1).

Extensive work has been done in relaxing the `0-norm by its convex surrogate `1-norm
see, e.g., Zhu et al. (2003); Fung and Mangasarian (2004); Shao et al. (2019); Yuan et al.
(2010); Dedieu et al. (2022). Although the approximation models are easier to tackle,
they may not exactly recover the solution to the original `0-based model. For example,
comparison studies on linear regression and convex quantile regression show that `0-norm
has better performance than `1-norm on feature selection, see Johnson et al. (2015); Dai
(2023). Therefore, for applications that require higher solution accuracy, solving problem
(1) directly seems necessary as done in Ustun and Rudin (2016). However, MIP approach
has drawbacks on scalability and computational speed for problem (1).

(B) Augmented Lagrangian methods for nonconvex problems. From the perspective
of constrained optimization, it is natural to consider the augmented Lagrangian method
(ALM) of Hestenes (1969); Powell (1969) for problem (1). ALMs have become standard text-
book material (see, e.g., Bertsekas (1996); Nocedal and Wright (2006); Birgin and Mart́ınez
(2014)). However, direct application is not possible due to the problem being a type of
nonsmooth, nonconvex, and composite optimization. Despite this, significant progress has
been recently made for this type of problems by Bolte et al. (2018):

min f(x) + θ(F (x)), (3)

where f : Rn 7→ R is continuously differentiable (C1 class), F : Rn 7→ Rm (m ≤ n) is also C1,
and θ : Rm 7→ (−∞,+∞] is a proper and lower-semicontinuous (lsc) function. A key mes-
sage delivered in Bolte et al. (2018) was that adaptive Lagrangian-based multiplier methods
can be developed with guaranteed convergence properties. An essential requirement is that
the primal iterates are kept close to the so-called information zone, where certain regularity
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conditions are assumed. This requirement is often met when the subproblems are solved
exactly. Other developments also appear in Li and Pong (2015); Wang et al. (2018); Boţ
and Nguyen (2020) for unconstrained composite optimization.

Another possible solution method for (1) is to follow the framework of the augmented
Lagrangian method of Kanzow et al. (2021); De Marchi et al. (2023); Jia et al. (2023) for
composite optimization covering the cardinality constraint (i.e., `0-norm constraint). One of
the techniques used is to represent the cardinality constraint as a smooth complementarity
system in the spirit of (2). Similarly, the hard-margin loss can also be represented by a
system of complementarity. This would drastically increase the dimensions of the resulting
formulation.

Our problem (1) can be put in the framework of (3) by making use of the indicator func-
tion on the sparse constraint. The number of smooth functions in F (·) would be (n + m),
violating the requirement of m ≤ n in Bolte et al. (2018). It is also not clear how the
primal iterates would be kept close to the problem information zone as we are simultane-
ously dealing with both the hard-margin loss and the `0-norm constraint. Furthermore,
Mangasarian’s original proposal for introducing the quadratic objective in the (w, b) space
is for Newton’s method to be used as its Hessian matrix is diagonal (i.e., sparse). Therefore,
our proposal in this paper is to develop an augmented Lagrangian method sharing similar
convergence properties as in Bolte et al. (2018) while allowing Newton’s method to be used.
Additionally, we allow the subproblem to be solved inexactly, enhancing the practicality.

(C) Newton’s method for composite optimization. We briefly discuss our own work on
this aspect. For the application of compressed sensing with cardinality constraint, we devel-
oped a Newton-based hard-thresholding method in Zhou et al. (2021b), which is also proved
to be globally convergent. For the hard-margin loss, we were only able to prove its local
quadratic convergence in Zhou et al. (2021a). Our recent attempt of Zhang et al. (2023)
studies an ALM for a hard-margin loss composite optimization without any constraints.
The current paper can be seen as an extension to the constrained case with the cardinality
constraint. Extension of optimization methods from unconstrained optimization to con-
strained counterpart is sometime very challenging. The difficulty lies with the challenge of
simultaneously handling both the sparse set and the hard-margin loss, both of which are of
combinatorial nature. This paper resolved this difficulty in the venue of SVMs.

1.2 Main contributions

The review above establishes that (1) is a very useful yet challenging model to solve. There
lacks efficient numerical methods for it especially for large data sets. Since we are not
following the MIP approach, we are contented with being capable of computing a local
minimizer. Our first contribution is on the characterization of local minimizers of (1). This
is explained below with other innovative contributions.

(i) On the concept of stationarity. Since problem (1) is essentially a nonconvex com-
posite optimization with a cardinality constraint, it has various formulations (e.g., via the
complementarity systems as we review above). One good example to follow is the recent
paper of Cui et al. (2022). In a series of papers by Gómez et al. (2023); Cui et al. (2023);
Han et al. (2024), various stationary points including pseudo-minimizer, B-stationarity and
epi-stationarity have been proposed for a class of composite optimization with 0/1-loss. A
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very encouraging message is that local minimizers of such non-convex, nonsmooth prob-
lems can be completely characterized under a convex-like property. We prove a similar
result in terms of pseudo-KKT point for (1). Furthermore, among the pseudo-KKT points,
we investigate a group of points, termed as P-stationary points, that have more concise
structural representation and can be computed efficiently. The relationship between those
stationary points has been thoroughly studied and summarized in Figure 2. Moreover, the
P-stationarity extends the previous stationarity concepts of Beck and Eldar (2013); Pan
et al. (2015); Zhou et al. (2021b) on sparse optimization to the hard-margin case.

(ii) Inexact framework of proximal augmented Lagrangian method. To make the pro-
posed ALM implementable, we solve its subproblem inexactly in a way that the generated
iterates should enjoy the best known convergence properties, namely global convergence
to a stationary point with a linear rate. It turns out that the accuracy of different parts
of the stationarity measurement of the iterates should satisfy certain relationship between
them. In other words, a new set of computable stopping criteria for solving each subproblem
of ALM is developed. Unlike the case where each subproblem is solved exactly in terms
of satisfying its optimality condition, the inexactness of the approximate solution creates
some unavoidable obstacles in applying the traditional convergence analysis tools. A new
Lyapunov function is constructed by adding a proximal term to the standard augmented
Lagrangian to prove the global convergence as well as the linear rate of convergence under
certain regularity conditions often met by data with n� m.

(iii) Optimization methods in reduced dimensions. Since problem (1) is highly combi-
natorial defined by the both hard-margin loss and the sparse set, a (local) solution should
stay in a subspace when the iterates are close to it. This raises the question whether we
can develop a subspace-based optimization method for each of the subproblems in the ALM
framework. Intuitively, it is possible. However, for thus generated sequences to have good
convergence properties as stated in (ii) above requires delicate tracking of the true underly-
ing space. We achieved this tracking by making use of a sharp observation that the optimal
solution should satisfy some complementarity conditions. Those conditions naturally define
a subspace at each iteration. We then apply a gradient descent method in this subspace to
get a sufficient decrease in the Lyapunov function. To speed up the convergence, we further
update the iterate by Newton’s method in the same subspace. The generated iterate is
guaranteed to meet the stopping criteria discussed in (ii). The Newton method enjoys the
quadratic convergence under the assumption of strict complementarity condition.

The resulting algorithm is highly efficient and is benchmarked against several leading
SVM solvers on both simulated and real data sets. The proposed method is capable of
computing a sparse solution with high classification accuracy and a smaller number of
support vectors. And it is fast due to the fact that subproblems were often solved in a
much smaller subspace rather than the full space.

1.3 Organization

In next section, we explain the notations used in the paper and present the basic properties
of the projection operator to the s-sparse set and the positive hard-thresholding operator
for the hard-margin loss function. Section 3 introduces the P-stationary and pseudo KKT
point and presents their relationship with other stationarity and local minimizer of problem
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(1). Section 4 develops the inexact framework of the proximal augmented Lagrangian
method (iPAL) and conducts its convergence analysis. In Section 5, we propose an efficient
numerical strategy to solve the subproblem in iPAL in a subspace. The strategy consists
of two parts: first apply a gradient descent to guarantee a sufficient decrease, followed by a
Newton step. Both are computed in a well defined subspace. We also conduct convergence
analysis of this numerical strategy. We report extensive numerical experiments in Section
6.

The new algorithmic framework does not rely on any external optimization solvers for
its subproblems. The design of the algorithm is constructive and is active-set based. It
requires a new set of convergence analysis. We provide all the detailed proofs in Appendix.

2. Preliminaries and Positive Hard-Thresholding Operator

2.1 Notation and Definitions

We use boldfaced lowercase letters to denote vectors. For example, w ∈ Rn is a column
vector of size n and w> is its transpose. Let wi or [w]i denote the ith element of w. The
norm ‖w‖ denotes the Euclidean norm of w and for a matrix A, and ‖A‖ is the induced
norm by the Euclidean norm so that we always have ‖Aw‖ ≤ ‖A‖‖w‖. For two column
vectors w and ξ, we will commonly use the shorthand symbol u := (w, ξ) to denote the
new vector pair concatenating w and ξ (similarly, u∗ := (w∗, ξ∗)). The neighborhood of
w∗ ∈ Rn with radius δ > 0 is denoted by N (w∗, δ) := {w ∈ Rn | ‖w − w∗‖ ≤ δ}, where
“:=” means “define”. We let I denote the identity matrix of appropriate dimension. N
(resp. N+) denotes the set of all natural (resp. positive natural) numbers.

Let [n] denote the set of indices {1, . . . , n}. For a subset T ⊂ [n], |T | denotes the
number of elements in T (cardinality of T ) and wT denotes the subvector of w indexed
by T . We also let T denote the set of indices not in T (i.e., T = [n] \ T ). Given Γ ∈ [m]
and A ∈ Rm×n, AΓ,T denotes a submatrix of A with row and column indexed by Γ and T
respectively. Particularly, AΓ: (resp. A:T ) is the submatrix with full column (resp. row)
index.

We recall from (Rockafellar, 1976, Definition 1.22) that the Moreau envelop for a proper
and lower semi-continuous function f : Rn → R with % > 0 is defined as

Φ%
f(·)(ξ) := min

q∈Rn
f(q) +

1

2%
‖q− ξ‖2.

The set of the solutions achieving the value Φ%
f(·)(ξ) is denoted by Prox%f(·)(ξ) (the proximal

operator of f). Throughout the paper, we only deal with functions whose Moreau envelop
is always achieved.

2.2 Projection onto the s-sparse set

The orthogonal projection onto the s-sparse set S is known, see (Beck, 2017, Sect. 6.8.3).
We use a different (but equivalent) description below. For a given w ∈ Rn, let |w| be
the vector whose element is the absolute value of the corresponding element in w. Let
|w|(i) denote the ith largest value in |w|. Define Ts(w) to be the collection of all sets, each
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consisting the s indices which give rise to the largest s elements in |w|:

Ts(w) :=
{
{i1, . . . , is} | |wi1 | = |w|(1), . . . , |wis | = |w|(s)

}
(4)

For example, for w = [10; 20; 10], we have T2(w) = {{2, 1}, {2, 3}} . The orthogonal pro-
jection onto S is given by

ProjS(w) =

{
q ∈ Rn | q =

∑
i∈T

wiei, T ∈ Ts(w)

}
, (5)

where ei is the ith standard unit vector in Rn. An easy consequence of this description is
the following result, see also (Pan et al., 2015, Table 1).

Lemma 1 (Fixed-point characterization of the s-sparse set) Given vectors w,q ∈ Rn and
α > 0, we have

w ∈ ProjS(w − αq)⇐⇒

{
qi = 0, if wi 6= 0,

|qi| ≤ |w|(s)/α, if wi = 0,
(6)

Moreover, for such pair (w,q), the complementarity condition holds:

wi × qi = 0, ∀ i ∈ [n].

2.3 Positive hard-thresholding operator

For the ease of description, we define the following function J : Rm 7→ R:

J(ξ) :=

n∑
i=1

h(ξi),

where h(t) is the hard-margin loss. The proximal operator of the h(t) has a simple charac-
terization (it can be computed directly through its definition) for β > 0:

Proxβh(·)(t) = H√2β(t), where Hν(t) :=


min{0, t}, if t < ν,
t, if t > ν,
{0, t}, if t = ν.

(7)

The operator Hν(t) with ν > 0 treats small positive values t as zero and is very similar to
the well-known hard-thresholding operator that treats small absolute values of t as zero,
see (Beck, 2017, Example 6.10). We call Hν(t) the positive hard-thresholding operator.
Consequently, the proximal operator of J(·) is given by

ProxβJ(·)(ξ) = H√2β(ξ1)× · · · × H√2β(ξn). (8)

Noting that Hν can be further simplified as

Hν(t) :=


t, if t ∈ (−∞, 0] ∪ (ν,+∞),
{0, t}, if t = ν,
0, if t ∈ (0, ν),

(9)
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we can derive t 6∈ Hν(t) whenever t ∈ (0, ν). Consequently, we have

ξ 6∈ ProxβJ(·)(ξ) if and only if there exists an index i ∈ [m] such that ξi ∈ (0,
√

2β).

Equivalently, we have

ξ ∈ ProxβJ(·)(ξ) if and only if ξi ∈ (−∞, 0] ∪ [
√

2β, ∞) for all i ∈ [m]. (10)

We extend this result to a more general situation and it will be used in characterizing the
stationary point of our problem (1) .

Lemma 2 (Fix-point characterization of the hard-margin loss) Suppose β, λ are two posi-
tive constants. Let ξ,v ∈ Rm be given. It holds that

ξ ∈ ProxβλJ(·)(ξ + βv)

if and only if

ξ ∈ ProxβλJ(·)(ξ) and

{
vi = 0, if ξi ∈ (−∞, 0) ∪ [

√
2βλ, ∞)

vi ∈ [0,
√

2λ/β], if ξi = 0.

Consequently, the complementarity condition holds for such pair (ξ,v):

ξi × vi = 0, ∀ i ∈ [m].

3. Stationarity Characterization of Local Minimizers

For the sake of simplicity, it is without loss of generality that we merge the variable b into w
in (1): w := [w; b] (Matlab notation). Define the corresponding matrix A with its ith row
being Ai: = −yi[x>i , 1], i = 1, . . . ,m. We still treat thus defined vector w as n-dimensional
vector (to save us from using (n + 1)) and A is m × n data matrix. 1 is a vector with
appropriate dimension and all entries being one. problem (1) then becomes

min
w

f(w) :=
1

2
‖w‖2 + λJ(Aw + 1), s.t. ‖w‖0 ≤ s. (11)

By introducing the auxiliary variable ξ ∈ Rm, we consider the following reformulation:

min
w,ξ

1

2
‖w‖2 + λJ(ξ) + δS(w), s.t. Aw + 1 = ξ, (12)

where δS(·) is the indicator function of the set S. The augmented Lagrangian function of
(12) is

Lρ(w, ξ, z) :=
1

2
‖w‖2 + 〈z, Aw + 1− ξ〉+

ρ

2
‖Aw + 1− ξ‖2 + λJ(ξ) + δS(w),

where z ∈ Rm is the Lagrange multiplier and ρ > 0 is a penalty parameter. We will
interchangeably refer to (11) and (12) depending on the situation whether ξ is needed or
not. Next we will define a pseudo KKT point of (12) for optimality analysis. This definition
is based on a class of nonlinear programming.
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Given a reference point u∗ := (w∗, ξ∗) belonging to the feasible region of (12), let us
define the following index sets

S∗ := {i ∈ [n] : w∗i 6= 0}, I∗− := {i ∈ [m] : ξ∗i ≤ 0}, T∗ := {T ⊆ [n] : T ⊇ S∗, |T | = s}.

Taking T ∗ ∈ T∗, we consider the following nonlinear programming associated with T ∗

(abbreviated as NLP-T ∗)

min
w,ξ

1

2
‖w‖2, s.t. wT

∗ = 0, ξI∗− ≤ 0, Aw + 1 = ξ. (NLP-T ∗)

We notice that when ‖w∗‖0 = s, T∗ is singleton, whereas it has more than one elements if
‖w∗‖0 < s. For each T ∗ ∈ T∗, the Lagrange function of (NLP-T ∗) is denoted by

LT ∗(u,qw,qξ, z) :=
1

2
‖w‖2 + 〈qw,wT

∗〉+ 〈qξ, ξI∗−〉+ 〈z, Aw + 1− ξ〉,

where (qw,qξ, z) ∈ R|T
∗| × R|I∗−| × Rm are multipliers associated with the corresponding

three constraints in (NLP-T ∗). Thereby, the KKT system of (NLP-T ∗) can be represented
as 

(w +A>z)T ∗ = 0, wT
∗ = 0,

zI∗− ≥ 0, ξI∗− ≤ 0, 〈zI∗− , ξI∗−〉 = 0, zI∗−
= 0,

Aw + 1− ξ = 0, qw = −(w +A>z)T ∗ , qξ = zI∗− .

(13)

We say (w, ξ) satisfying (13) is a KKT point of (NLP-T ∗) with Lagrange multipliers
(qw,qξ, z). For convenience, we give the following definition.

Definition 3 A point u∗ = (w∗, ξ∗) is called a pseudo KKT point of (12) if it is a KKT
point of (NLP-T ∗) for all T ∗ ∈ T∗.

Remark 1 The definition of pseudo KKT point is similar to that of the pseudo B-stationary
point proposed by Cui et al. (2023) for a type of Heaviside composite optimization. In the
Proposition 14 of Appendix B, we show that for problem (12), these two stationary points
are equivalent when ‖w∗‖0 = s, whereas the pseudo KKT point is stronger when ‖w∗‖0 < s.

Han et al. (2024) recently defined an epi-stationary point for a class of convex-like Heaviside
optimization, and further showed that it is equivalent to the local minimizer (see Han et al.
2024, Corollary 3). Actually, their model includes (12) as a special case. The next theorem
establishes the equivalence of epi-stationary point and pseudo KKT point for problem (12).

Theorem 4 For problem (12), u∗ = (w∗, ξ∗) is an epi-stationary point (see Han et al.
2024, Definition 1) if and only if it is a pseudo KKT point.

We note that it is not a trivial task to establish the equivalence. However, its implication
is very important because together with (Han et al., 2024, Corollary 3), the pseudo KKT
points are the local minimizers for (12). Furthermore, the characterization leads to an
important property, which is illustrated in the following example.
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Example 1 (i) Consider problem (12) with m = 2, n = 3, s = 2, λ = 1, and

A = A1 =

[
−1 0 1
−1 0 −1

]
.

The index set T ∗ for the associated (NLP-T ∗) can only be taken from {{1, 2}, {1, 3}, {2, 3}},
while I∗− can only be taken from {{1, 2}, {1}, {2}}. Then we can use (13) to verify that
there are only four pseudo KKT points. The corresponding w-components are included in
the following set

Ω∗w = {(0, 0, 0)>, (1, 0, 0)>, (0.5, 0,−0.5)>, (0.5, 0, 0.5)>}.

Next let us consider the local minimizers of (12). We notice that w2 = 0 must hold, and
thus we just need to compute the local minimizer of following simplified problem

min
w1,w3

(w2
1 + w2

3)/2 + h(−w1 + w3 + 1) + h(−w1 − w3 + 1). (14)

This problem is graphed in Figure 1, from which we can check that the local minimizers of
(14) are (0, 0), (1, 0), (0.5,−0.5), (0.5, 0.5). Therefore, we can conclude that in this case, the
local minimizer and pseudo KKT point sets are identical.

Figure 1: The objective function of problem (14) and overhead view

(ii) Now let us pick up one pseudo-KKT point, say w∗ = (1, 0, 0)>, for closer examina-
tion. Taking u = (w, ξ = A1w + 1) ∈ N (u∗, 1/2) with ‖w‖0 ≤ 2, we must have w1 6= 0
while either w2 = 0 or w3 = 0. We compare the objective values f(w∗) and f(w). We
consider two cases: A1w + 1 = ξ ≤ 0 and A1w + 1 = ξ � 0. For both cases, we can verify
the following bound:

‖w‖2/2 + λJ(ξ) ≥ ‖w∗‖2/2 + λJ(ξ∗) + ‖w −w∗‖2/2.

Such bound is known as the quadratic growth condition. It turns out that the growth condi-
tion holds at any pseudo-KKT point and this important result is stated below.

10
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Theorem 5 (Equivalent characterization of local minimizers) Consider problem (12). The
point u∗ = (w∗, ξ∗) is a local minimizer if and only if it is a pseudo KKT point. Moreover,
each local minimizer u∗ is a strict local minimizer satisfying the following quadratic growth
condition

f(w) ≥ f(w∗) + c∗

(
‖w −w∗‖2 + ‖A(w −w∗)‖2

)
, ∀ w ∈ N (w∗, ε∗) ∩ S, (15)

where c∗ and ε∗ are some positive constants.

Although pseudo KKT point is an equivalent characterization of local minimizer for
problem (12), its definition involves unknown index set T ∗ ∈ T∗. When T∗ is not a singleton,
for each T ∗ ∈ T∗, the Lagrange multplier of system (13) might be different. Taking these
factors into account, we next define a proximal-type (P-)stationary point with more concise
structure for our algorithm design.

Definition 6 A point u∗ := (w∗, ξ∗) is called a P-stationary point of problem (12) if there
exists a Lagrange multiplier z∗ and two positive constants α > 0 and β > 0 such that

w∗ ∈ ProjS(w
∗ − α(w∗ +A>z∗)),

ξ∗ ∈ ProxβλJ(·)(ξ
∗ + βz∗),

Aw∗ + 1− ξ∗ = 0,

(16)

For convenience, we also call (u∗, z∗) a P-stationary pair of problem (12).

Remark 2 (i) The notation of P-stationarity has its reference to the projection and prox-
imal operators used in its definition. The first inclusion relationship in (16) characterizes
the stationarity with regarding to the s-sparse set S. The projection operator is actually the
proximal operator of the indicator function δS(·). The second inclusion relationship is about
the hard-margin loss function. Proximal operators have been used to characterize stationary
points in sparse optimization, see Beck and Eldar (2013); Zhou et al. (2021b). We also
note that if the P-stationary condition (16) is satisfied for some α = α0 and β = β0, then it
is also satisfied with any α ≤ α0 and β ≤ β0. This follows from the fixed-point characteri-
zations in Lemmas 1 and 2. Therefore, the proper α and β can be taken on whole intervals
whose upper bounds are determined by w∗, ξ∗ and z∗.

(ii) If we denote S∗ := {i ∈ [n] : w∗i 6= 0} and Γ∗ := {i ∈ [m] : ξ∗i 6= 0}, then by using
Lemmas 1 and 2, we can derive z∗Γ∗ = 0 and (w∗ + A>z∗)S∗ = 0 from (16), which further
leads to

w∗S∗ = −A>
Γ
∗
,S∗z

∗
Γ
∗ and w∗S∗ = 0.

This means that Γ
∗

actually includes all the support vectors of z∗.

The subsequent theorem shows that a P-stationary point is stronger than a pseudo KKT
point (or local minimizer) of problem (12), unless the KKT systems (13) share a common
set of Lagrange multipliers for all T ∗ ∈ T∗.

11
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Theorem 7 Let (u∗, z∗) ∈ Rn+m × Rm be a P-stationary pair of (12), then u∗ is a
pseudo KKT point. Moreover, all the (NLP-T ∗) with T ∗ ∈ T∗ share common multipli-
ers (q∗w,q

∗
ξ , z
∗), where

q∗w =

{
[w∗ +A>z∗]S∗ , if ‖w∗‖0 = s,

0, if ‖w∗‖0 < s
and q∗ξ = z∗I∗− . (17)

Now let us give an example to intuitively demonstrate the relationship of pseudo KKT
point and P-stationary point.

Example 2 Let us first consider problem (12) with m = 2, n = 3, s = 2 and

A = A2 =

[
−1 −2

√
2 1

−1 0 −1

]
Given w∗ = (1, 0, 0)>, we can identify T∗ = {{1, 2}, {1, 3}} and I∗− = {1, 2}. The associated
(NLP-T ∗) problems are as follows:

min
w,ξ

1

2
‖w‖2 s.t. w3 = 0, A2w + 1 = ξ ≤ 0, (18)

min
w,ξ

1

2
‖w‖2 s.t. w2 = 0, A2w + 1 = ξ ≤ 0. (19)

We can check that w∗ is KKT point of the above two problems, and thus it is a pseudo
KKT point. However, it is not a P-stationary point because the optimal multiplier of (18)
and (19) are (1, 0)> and (1/2, 1/2)> respectively.

To end this section, let us give the relationships of all the aforementioned stationary
points for problem (12)

P-stationary pseudo KKT

local minimizer

epi-stationary

pseudo B-stationary

‖w∗‖0 = s ‖w∗‖0 = s

Figure 2: Relationships of five types of stationary points for problem (12).

4. Inexact Proximal Augmented Lagrangian Method

As mentioned in Introduction, problem (1) can be put in the framework of composite
optimization. Therefore, general principle for developing augmented Lagrangian methods
(ALM) set in Bolte et al. (2018) serves a guidance for us. In this part, we develop an
implementable ALM, which is based on the following important innovations.

12
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(i) The subproblems of our ALM are solved inexactly. Computable stopping criteria are
designed and are sufficient for the generated sequence to have both global and local
linear convergence rate. This is the most challenging part of our method.

(ii) In general, ALM generates infeasible iterates. Our problem has two constraints:

w ∈ S and Aw + 1 = ξ.

We treat the first constraint as “hard” constraint, which mus be met. In other words,
we will generate feasible iterates wk ∈ S. However, we allow the second constraint
be only approximately satisfied. This gives us much freedom to control the quality of
the iterates that satisfy some decrease condition.

(iii) We take the advantage of the combinatorial nature of the hard-margin loss function to
define a subspace sufficiently big enough to contain a local minimizer of problem (12).
This subspace is potentially much smaller than the full space at each iteration. The
benefit is that the ALM subproblems can be efficiently solved by Newton’s method.

The consideration above results in a new ALM. We first describe the framework of the
ALM and then state its convergence properties.

4.1 Framework of iPAL.

Throughout, we denote u := (w, ξ) ∈ Rn+m and uk := (wk, ξk) for each iterate. We further
define the Lyapunov function Mρ,µ : Rn+m × Rn × Rn → R by

Mρ,µ(u, z,v) := Lρ(u, z) +
µ

2
‖w − v‖2

=
1

2
‖w‖2 + 〈z, Aw + 1− ξ〉+

ρ

2
‖Aw + 1− ξ‖2 +

µ

2
‖w − v‖2︸ ︷︷ ︸

=:g(u,z,v)

+δS(w) + λJ(ξ),

where z represents the Lagrangian multiplier and v is a point that acts as a proximal term
to w. The function g(u, z,v) is the smooth part of the Lyapunov function.

Suppose the current iterate is (uk, zk). We obtain uk+1 by

uk+1 ≈ arg min
u

Mρ,µ(u, zk,wk) = arg min
u

g(u, zk,wk)︸ ︷︷ ︸
:=gk(u)

+δS(w) + λJ(ξ), (20)

and the Lagrange multiplier is updated according to the usual rule. The question now is how
accurate uk+1 should be calculated. We must come up with a reasonable and computable
criterion for it. Suppose problem (20) were to be solved exactly and let ûk+1 denote its
solution. Then it must satisfy the following first-order optimality condition for some α > 0
and β > 0: {

ŵk+1 ∈ ProjS(ŵ
k+1 − α∇wgk(û

k+1))),

ξ̂
k+1
∈ ProxβλJ(·)(ξ̂

k+1
− β∇ξgk(û

k+1)).
(21)

Both the projection and the proximal operators in (21) have been well studied in Lemmas
1 and 2, where the complementarity relationships show the different magnitudes of the

13
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quantities involved. Let us expand those quantities in order to derive a good approximation
to (21).

Given a point u, let us define its gradient step by

w̃k(u) := w − α∇wgk(u) and ξ̃
k
(u) := ξ − β∇ξgk(u).

Pick the index sets Tu and Γu respectively by

Tu ∈ Ts(w̃k(u)) and Γu = {i ∈ [m] | [ξ̃
k
(u)]i ∈ (−∞, 0) ∪ (

√
2βλ,∞)},

where Ts is defined in (4). We simply use T and Γ instead of Tu and Γu when no confusion
is caused. Using the representation of projection on S (see (5)) and proximal operator of
J(·) (see (8) and (9)), we know that a sufficient condition of (21) is

R1(ûk+1) = 0, R2(ûk+1) = 0, and R3(ûk+1) = 0,

where 
R1(u) := ‖[∇T gk(u); wT ]‖,
R2(u) := ‖[∇Γgk(u); ξΓ]‖,

R3(u) := (β/2)‖∇ξgk(u)‖2 + λJ(ξ)− Φβ
λJ(·)(ξ − β∇ξgk(u)),

and we denote∇T gk(u) := [∇wgk(u)]T and∇Γgk(u) := [∇ξgk(u)]Γ. We note that the resid-
ual R3 involves the Moreau envelop of the hard-margin loss λJ(ξ) and plays an important
role in our analysis. We now present our inexact ALM in Alg. 1.

Algorithm 1 (iPAL: inexact Proximal Augmented Lagrangian Method)

Initialization: Given positive constants c1, c2 and initial point (u0, z0). Select a positive
sequence {ϑk}k∈N converging to zero.
for k = 0, 1, · · · do

1. Primal step: Starting with (uk, zk), solve the subproblem (20) for uk+1, which
satisfies the following criteria:

Mρ,µ(uk+1, zk,wk) ≤Mρ,µ(uk, zk,wk) and ‖wk+1‖0 ≤ s
R1(uk+1) ≤ c1‖wk+1 −wk‖,
R2(uk+1) ≤ c2‖wk+1 −wk‖2,
R3(uk+1) ≤ ϑk.

(22)

2. Multiplier step:

zk+1 = zk + ρ(Awk+1 + 1− ξk+1). (23)

end for

Remark 3 The algorithm iPAL follows the standard framework of ALM having both the
primal and the multiplier steps. The only difference is that the subproblem was solved inex-
actly, but increasingly accurate. In particular, the residual R2 is one order more accurate
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than R1. This requirement is crucial in ensuring the generated sequence to converge lin-
early. We will design Newton’s method for the subproblem in the next section to meet those
criteria. For now, we present the convergence results.

4.2 Convergence of iPAL

As rightly emphasized in Bolte et al. (2018), certain regularity is needed on the constraints
in composite optimization for global convergence of ALMs. We need the following regularity
assumption. Let r := bs/2c and define Θ := {T ⊆ [n] : |T | = r}, where b·c is the floor
function.

Assumption 1 For any T ∈ Θ, A:T has full row rank. Consequently, there exists γ > 0
satisfying γ2 = minT∈Θ λmin(A:,TA

>
:,T ).

The assumption is particularly useful when the sample data is small (i.e., m � n).
This has been confirmed in our numerical experiments for such data. The assumption
can be weakened to certain rows of A associated with Γk in Alg. 1. A further result (see
(70)) indicates that Γk can be seen as an approximation of the support vector index set Γ

∗

(defined in Remark 2), which is usually much smaller than m. This increases the chance
for the assumption to hold. The general assumption significantly simplifies our analysis.

Parameter Setup: Let c1 and c2 be two constants used in Alg. 1. Given µ > 0, set ρ and
η as follows:

ρ ≥
{

2

γ2
,
8(c2

3 + c2
4)

µ

}
, η =

4c2
4

ρ
, (24)

where c3 := (2c1 + µ+ 2)/γ and c4 := (2c1 + µ)/γ.
Our first result states that Alg. 1 leads to a sufficient decrease in the function value of

the Lyapunov function Mρ,η(·). Let

Mk+1 :=Mρ,η(u
k+1, zk+1,wk), for k = 0, 1, . . . , .

Proposition 8 Suppose that Assumption 1 holds and parameters are chosen as in (24). If
{(uk; zk)}k∈N is a sequence generated by iPAL. The following hold.

(i) (Sufficient decrease) The sequence {Mk}k∈N+ is nonincreasing and

Mk −Mk+1 ≥
µ

4
‖uk+1 − uk‖2. (25)

(ii) (Sequence boundedness) The sequence {(uk; zk)}k∈N is bounded. Moreover

lim
k→∞

‖uk+1 − uk‖ = 0 and lim
k→∞

‖zk+1 − zk‖ = 0. (26)

Remark 4 If the Lyapunov function Mρ,η(u, z,v) is bounded from below by a constant
M∞, then (25) would imply

µ

4

∑
k

‖uk+1 − uk‖2 ≤
∑
k

(Mk −Mk+1) ≤M1 −M∞ ≤ ∞.

Then (26) would be a direct consequence.
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Those results ensures the global convergence as well as linear convergence rate of iPAL.

Theorem 9 (Global Convergence) Suppose that Assumption 1 holds and parameters are
chosen as (24). Let {(uk; zk)}k∈N be a sequence generated by iPAL. Then the whole sequence
converges to a P-stationary pair (u∗, z∗) of (12). Furthermore, u∗ is a strict minimizer of
(12).

Since the whole sequence {(uk; zk)}k∈N converges and the Lyapunov sequence {Mk}k∈N+

is nonincreasing, there must exist a limit, denoted by M∗. Actually, we can prove M∗ =
Mρ,η(u

∗, z∗,w∗). For more details, please refer to Corollary 17 in Appendix.

Theorem 10 (Linear rate of convergence) Under the premise in Theorem 9, the following
estimations hold with a constant q ∈ (0, 1).

(i) (Linear convergence in Lyapunov function) There exists a positive constant cm and a
sufficiently large index k∗ such that

Mk −M∗ ≤ cmqk, ∀k ≥ k∗. (27)

(ii) (Linear convergence in iterative sequence) There exist a sufficiently large index k∗ and
positive constants cw, cξ and cz such that for any k ≥ k∗, it holds

‖wk −w∗‖ ≤ cw
√
qk, ‖ξk − ξ∗‖ ≤ cξ

√
qk, and ‖zk − z∗‖ ≤ cz

√
qk. (28)

5. Projected Gradient-Newton Method for Subproblems

The algorithmic framework of iPAL looks promising in terms of its global and linear con-
vergence. To make it practically effective, we need to address how the subproblem (20)
can be efficiently solved so as to meet the stopping criteria (22). As mentioned earlier, our
ultimate purpose is to apply Newton’s method in reduced dimensions. However, it is widely
known that Newton’s method is a local method. This motivates us to use a gradient descent
method to initialize the computation. We put those considerations in precise formulation.

First, the subproblem (20) takes the following form:

min
u:=(w,ξ)

G(u) := g(u) + δS(w) + λJ(ξ), (29)

where we dropped the dependence of g on the iterate k. The main purpose is to solve (29).
It is very important to note that (i) the gradient ∇g(u) is Lipschitzian continuous with
constant `g:

‖∇g(u)−∇g(v)‖ ≤ `g‖u− v‖ ∀ u,v ∈ Rn

and (ii) g(u) is strongly convex with constant σg:

g(u) ≥ g(v) + 〈∇g(v), u− v〉+
σg
2
‖u− v‖2 ∀ u,v ∈ Rn.
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Now suppose uj = (wj , ξj) be the current iterate. For given two constants α > 0 and
β > 0 (they serve as stepsizes respectively for w and ξ), the new iterate by the gradient
step is given by

ŵj := wj − α∇wg(uj) and ξ̂
j

:= ξj − β∇ξg(uj). (30)

We then project ŵj to the s-sparse set S and compute the hard-margin proximal of ξ̂
j

and
denote them by uj+1/2 = (wj+1/2, ξj+1/2)

wj+1/2 = ProjS(ŵ
j) and ξj+1/2 ∈ ProxλβJ(·)(ξ̂

j
). (31)

We only consider those indices where wj+1/2 and ξj+1/2 are not zero:

Tj ∈ Ts(ŵj) and Γj =
{
i ∈ [m] | [ξ̂

j
]i ∈ (−∞, 0) ∪ (

√
2λβ,∞)

}
. (32)

Consequently, when restricting to the subspace:{
u = (w, ξ) ∈ Rn × Rm | wT j

= 0, ξΓj
= 0
}
,

the objective function G(u) is locally twice continuously differentiable at uj+1/2 =
(wj+1/2, ξj+1/2). Newton’s method is well defined at uj+1/2 on this subspace. The resulting
algorithm is called the projected gradient-Newton method, which is detailed in Alg. 2

Algorithm 2 (PGN: Projected Gradient-Newton Method)

Initialization: Set α, β ∈ (0, 1/`g), take initial point u0 := (w0, ξ0) ∈ Rn+m with ‖w0‖0 ≤
s.
for j = 0, 1, · · · do

1. Identification step: Compute ŵj and ξ̂
j

by (30). Select Tj and Γj by (32)

2. Gradient step: Compute uj+1/2 = (wj+1/2, ξj+1/2) by (31).

3. Newton step: Denote Υj := Tj∪Γj and compute ũj+1 := (w̃j+1, ξ̃
j+1

) by solving
the following reduced Newton equation in u := (w, ξ){

Hj+1/2(u− uj+1/2)Υj = −∇Υjg(uj+1/2)

wT j
= 0, ξΓj

= 0,
(33)

where Hj+1/2 := [∇2g(uj+1/2)]Υj ,Υj .
4. Update step: Update uj either by the Newton step or the gradient step as
follows:

uj+1 =

{
ũj+1, if G(uj+1/2)−G(ũj+1) ≥ (σg/4)‖uj+1/2 − ũj+1‖2

uj+1/2, otherwise
(34)

end for
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Remark 5 (i) Computational complexity of the gradient step. Assuming the gradient of
g(u) is available, the complexity of selecting Tj and Γj is O(ns). According to Lemmas 1
and 2, the gradient update is computed by

w
j+1/2
i =

{
[wj − α∇wg(uj)]i, if i ∈ Tj ,
0, otherwise.

ξ
j+1/2
i =

{
[ξj − β∇ξg(uj)]i, if i ∈ Γj ,

0, otherwise.

(35)

Therefore, the overall complexity for computing uj+1/2 is O(ns).

(ii) Computational complexity of the Newton step. We expand the Newton equation (33)
as follows:[

[(µ+ 1)I + ρA>A]Tj ,Tj −ρ(AΓj ,Tj )
>

−ρAΓj ,Tj ρI

] [
dw
dξ

]
= −∇Υjgk(u

j+1/2) =

[
bw
bξ

]
with variable d = [dw; dξ] ∈ R|Υj | to be computed. By using Schur complement theorem, it
is equivalent to { (

(µ+ 1)I + ρA>
Γj ,Tj

AΓj ,Tj

)
dw = bw + (AΓj ,Tj )

>bξ,

dξ = 1
ρbξ +AΓj ,Tjdw.

(36)

The computational complexity for solving this linear system is O(|Γj ||Tj |2). We can also
apply Sherman-Morrison-Woodbury formula to this linear equation when |Γj | � |Tj | and
the corresponding computational complexity will be O(|Γj |2|Tj |).

Theorem 11 (Global Convergence of PGN) Let {uj}j∈N be the sequence produced by
PGN. The following statements hold.

(i) (Sufficient decrease) We have

G(uj)−G(uj+1) ≥ ζ‖uj+1/2 − uj‖2 + (σg/4)‖uj+1 − uj+1/2‖2, (37)

where ζ := min{(1/α− `g)/2, (1/β − `g)/2}. This further leads to

lim
j→∞

‖uj+1 − uj‖ = 0 and lim
j→∞

‖uj+1/2 − uj‖ = 0 (38)

(ii) (Convergence to stationary point) The sequence {uj}j∈N converges to a P-stationary

point û := (ŵ, ξ̂) of problem (29) satisfying{
ŵ ∈ ProjS(ŵ − α∇wg(û)))

ξ̂ ∈ ProxβλJ(·)(ξ̂ − β∇ξg(û))
(39)

where α, β ∈ (0, `g) are consist with the parameter setting in Alg. 2.
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The global convergence theorem indicates that when PGN is applied to solving the (k+1)-th
subproblem produced by iPAL, the generated sequence {uk,j}j∈N with initial point uk,0 =
uk will converge to a P-stationary point ûk+1 of (21). In practice, for each iterate uk,j with
j ≥ 1, the first line of stopping criteria (22) must hold by the sufficient decent property
(37), and thus we just need to check whether uj,k satisfies

R1(u) ≤ c1‖w −wk,0‖,
R2(u) ≤ c2‖w −wk,0‖2,
R3(u) ≤ ϑk.

For a fixed k ∈ N, we can prove that limj→∞Ri(uk,j) = 0 for i = 1, 2, 3 (see proof of
Corollary 12 in Appendix I). If wk,0 6= ŵk+1 (initial point does not equal to the limit
point), then limj→∞ ‖wk,j − wk,0‖ > 0 holds. This means the stopping criteria must be
met in finite iterates when k is fixed.

Corollary 12 (iPAL is well defined) When PGN is applied to solving the (k + 1)-th sub-
problem generated by iPAL, if wk,0 6= ŵk+1, then there exists a sufficiently large index jk
such that ujk satisfies the stopping criteria (22).

Remark 6 The above corollary ensures that each element of {jk}k∈N is finite. However,
it is still unclear whether this sequence is bounded, i.e. the existence of a uniform maximal
iterates for all the inner subproblems. Generally, this kind of result relies on the global
convergence rate of subroutine and the upper bound of residuals. The interested reader can
refer to the iterate complexity analysis of ALM for convex or differentiable constrained op-
timization problems (see e.g. (Xu, 2021, Lemma 6), (Xie and Wright, 2021, Theorem 3)).
However, for the nonconvex and nonsmooth constrained programming, the global conver-
gence rate analysis of subroutine is a challenging task, and thus most related works only
discuss the finiteness of jk when k is fixed (e.g. (Song et al., 2020, Theorem 3.3), (Chen
et al., 2017, Theorem 3.4)). Due to problem (29) involving nonconvex and discontinuous
term δS(·) and J(·), the associated global convergence rate analysis of PGN requires further
investigation. We will provide a local quadratic convergence of PGN in Theorem 13.

We consider the situation near the stationary point û in (39). It follows from Lemma 2
that ξ̂ and ∇ξg(û) must satisfy the complementarity condition. We assume further that
they satisfy the strict complementarity condition:

ξ̂i + [∇ξg(û)]i 6= 0, ∀i ∈ [m]. (40)

Under this assumption, we can prove that Newton’s step is always accepted when j ≥ jk
and hence PGN is quadratically convergent.

Theorem 13 (Local Quadratic Convergence of PGN) Let {uj}j∈N be a sequence

converging to a P-stationary point û of (20). Suppose that ξ̂ and ∇ξg(û) satisfy strictly
complementary condition (40), then there exists sufficiently large integer jk such that New-
ton’s step will always be accepted for all iterations j ≥ jk. Moreover, we have

‖uj+1 − û‖ ≤ O(‖uj − û‖2) for j ≥ jk.
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This may be the best result one may hope for when Newton’s method is used. The
question now is whether the Newton equation can be efficiently solved. Our numerical
results demonstrate that it is the case for many types of data.

6. Numerical Experiments

In this section, extensive numerical experiments will be conducted by using Matlab 2022a
on a laptop with 32GB memory and Intel CORE i7 2.6 GHz CPU.

6.1 Benchmark Methods and Experimental Setting

To implement iPAL, we need to set up two types of parameters. One type called model
parameters of (12) contains λ, ρ, µ and s. To simplify the parameter tuning, we will set
λ = ρ. The best choices are often dependent on data, and thus we will give more details
about the selection in the subsequent experiments. Another type of parameters appearing
in Alg. 1 and Alg. 2 is called algorithmic parameters. We set

c1 = c2 = 0.1, γ = 0.1 min{‖ai‖|i ∈ [m]}, εk = λ/k (41)

and η is taken as (24). We adopt (w0, ξ0, z0) = 0 as initial point and iPAL will stop if the
following criterion holds

‖wk −wk−1‖+ ‖ξk − ξk−1‖+ ‖zk − zk−1‖
‖wk‖+ ‖ξk‖+ ‖zk‖

< 10−3

We also select six efficient algorithms for numerical comparison. Together with iPAL,
the associated SVM models to be solved are summarized in Table 1

Table 1: Benchmark Algorithms and Their Models

Algorithm Reference Loss Function Regularizer Constraint

iPAL This work Hard margin `2 `0
ADMM0/1 Wang et al. (2021) Hard margin `2 –

LISVM Yuan et al. (2010) Squared hinge `1 –
NLPSVM Fung and Mangasarian (2004) Hinge `1 –
PDLSVM Shao et al. (2019) Least square `1 Linear

ZFPR Themelis et al. (2018) Squared hinge `0 –
NMAPG Li and Lin (2015) Squared hinge `0 and `2 –

Four metrics are used for evaluating performance of the algorithms. They are classifi-
cation accuracy: Acc := 1 − J(Aw)/m, CPU time (Time), the number of support vectors
(nSV), and the number of nonzero elements nnz := ‖w‖0. As LISVM, ZFPR and NMAPG
solve the primal optimization without introducing dual variables, these three solvers does
not provide a dual solution and thus we do not record the nSV for them.

6.2 Experiments on Simulated Data

In this subsection, we will test all the solvers on data sets generated by the following
example.
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Example 3 Samples with positive (resp. negative) labels are drawn from the normal dis-
tribution N(µ1,Σ1) (resp. N(µ2,Σ2)), where the parameters µ1 ∈ Rn (resp. µ2) are mean
vectors, and Σ1 ∈ Rn×n (resp. Σ2) are diagonal covariance matrices. We then flip r
percentage (noise ratio) of those samples, making them be marked with reverse labels.

6.2.1 Convergence Test

In this part, we will observe how the model parameters (λ, ρ, µ and s) influence the
convergence of iPAL. We will use the following metric to judge the violation of first-order
optimality condition of (12) for an iterate

VFC := max{r1, r2, r3},

where

r1 := dist(wk,ProjS(w
k − α(wk +A>zk)))

r2 := dist(ξk,ProxβλJ(·)(ξ
k + βzk)),

r3 := ‖Awk + 1− ξk‖,

where dist is the distance from a point to a nonempty set. A simulated data set with
m = 1000 and n = 2000 is generated as the way described in Ex. 3. As mentioned at the
beginning of Subsection 6.1, we will set λ = ρ with the model parameters selected from the
following sets:

Ωρ = {10−3, 10−2, · · · , 103}, Ωµ := 10−2 × {20, 21, · · · , 210}, Ωs = {20, 40, · · · , 200}

We have the following comments.

(i) From Fig. 3, we can observe that VFC decreases faster when ρ grows. However, the
Time v.s. Iteration graph in Fig 3 shows that a large ρ does not always leads to a
smaller Time. In fact, when ρ increases, the conditional number of linear equation
(36) becomes bigger and thus it takes more time to solve.

(ii) We illustrate how the change of µ influence the convergence of iPAL. As shown in Fig
4, iPAL with larger µ tends to converge slower. But it might spend less Time because
the linear system (36) admits smaller conditional number. For example, a medium
value µ = 0.32 leads to the least Time in this simulation.

(iii) We can see from Fig. 5 that the convergence rate shows a faster decreasing trend
when the s grows. This is because the matrix dimension in linear system (36) is s×s.
A smaller s will lead to a significant reduction in dimension and computation. That
is why iPAL with s = 20 (the smallest value of s) runs much faster than other cases
(see Time v.s. Iteration in Fig. 5 ).
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Figure 3: VFC and Time of iPAL along with iteration when µ = 10−2, s = 20 and
ρ = λ ∈ Ωρ.
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Figure 4: VFC and Time of iPAL along with iteration when ρ = λ = 1, s = 20 and µ ∈ Ωµ.
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Figure 5: VFC and Time of iPAL along with iteration when µ = 10−2, ρ = λ = 1 and
s ∈ Ωs.

6.2.2 Numerical Comparison

In this part, we will generate data sets with various m, n and r (noise rate) by the method
in Ex. 3. The performance of all the seven algorithms will be compared. Half of the
samples will be chosen as training set, and the rest of the samples are used for testing. In
the following three tests, for iPAL, we set λ = 1, ρ = 1, µ = 10−2. As s will influence
the Time and nnz of iPAL, we will set s = 10, 20, 30, 40 and then record the corresponding
performance of iPAL in this subsection. Other algorithms used their default parameter
settings.

Test I. We fix m = 1000, r = 0.1 and vary n ∈ {5000, 10000, · · · , 30000}. In this test,
we can see from Fig. 6 that Acc of NLPSVM and NMAPG are lower than other algorithms.
iPAL spends the least amount of Time with the fewest nSV. Those algorithms adopting `0
norm for feature selection, including iPAL, ZFPR and NMAPG, compute solutions with
smaller nnz. ADMM0/1 is the second fastest solver in this test, but its nnz is much larger
and increases as n grows. This is because this algorithm is designed for a SVM problem
without a sparsity constraint on its solutions. PDLSVM also shows a significant increase
on nnz when n rises, whereas nnz of the other three solvers remain stable. As the number
of samples m is fixed, the numbers for nSV of all the algorithms are steady.

Test II. We fix n = 1000, r = 0.1 and alter m ∈ {5000, 10000, · · · , 30000}. Please
refer to Fig. 7 for the discussion below. Our iPAL spends the shortest Time computing the
solution with highest Acc. ZFPR, iPAL and NMAPG all have smaller nnz, but the Time

of iPAL is significantly shorter than the other two algorithms in all values of s. A possible
reason is that, in addition to the sparse cardinality constraint contributing to a low nnz, the
proximal operator of hard margin loss simultaneously helps iPAL reduce nSV, consequently
leading to a diminished computational cost. In particular, Time of iPAL is almost one order
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Figure 6: Comparison results on simulated data set with m = 1000, r = 0.1 and
n ∈ {5000, 10000, · · · , 30000}.
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faster than that of ADMM0/1 and LISVM. When m becomes larger, there are significant
increases on nSV of NLPSVM and PDLSVM, as well as on nnz of LISVM and NLPSVM.
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Figure 7: Comparison results on simulated data set with n = 1000, r = 0.1 and
m ∈ {5000, 10000, · · · , 30000}.

Test III. We fix m = 1000, n = 10000 and vary r ∈ {0.11, 0.12, · · · , 0.16}. The
numerical results are illustrated in Fig. 8. It can be observed that with the increase of noise
rate, the Acc of all the algorithms drops. Particularly, the Acc of NLPSVM, ZFPR and
NMAPG are more sensitive to noise rate than other solvers. The nSV, nnz and Time of all
the algorithms are relatively stable with the change of r. We can see that when we increase
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s from 10 to 40, the nSV, Time and nnz of iPAL will slightly rise, but the Acc remains stable.
The similar phenomenons can be also observed in Test I and II.

The numerical experiments on the simulated data seem to suggest that iPAL is very
competitive in terms of the four evaluating metrics. Similar behaviour of iPAL has also
been consistently observed with the real data as we report below.
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Figure 8: Comparison results on simulated data set with m = 1000, n = 10000 and
r ∈ {0.11, 0.12, · · · , 0.16}.
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6.3 Experiments on Real Data

In this section, we will conduct numerical comparison on the real data sets listed in Table
2.

Example 4 We select the data sets in Tables 2 and 3 with large number of features. Apart
from gli and dex, all other data sets are preprocessed by feature-wise scaling to [-1,1].

Table 2: Real binary classification data sets with n > m

ID data set Source number of features number of instances

all ALLAML feature selection database1 7129 72
col Colon feature selection database 2000 62
gli GLI85 feature selection database 22283 85
pro Prostate feature selection database 5966 102
smk SMK187 feature selection database 19993 187
dor Dorothea uci2 100000 1950
dex Dexter uci 20000 2600
dbb Dbworld bodies uci 3721 64
dbs Dbworld subjects uci 229 64
abu AP Breast Uterus openML3 10936 468
alk AP Lung Kidney openML 10936 368
aou AP Ovary Uterus openML 10936 322
ove OVA Endometrium openML 10936 1545
ovk OVA Kidney openML 10936 1545
ovo OVA Ovary openML 10936 1545
bre Breast openML 24482 97
ova Ovarian openML 15155 253
dbc Duke breast cancer openML 7129 44
ge1 Gse2280 refine.bio 4 11868 27
ge2 Gse7670 refine.bio 11868 54
ge3 Gse25099 refine.bio 16738 79
ge4 Gse27612 refine.bio 11868 195

In the following experiments, for iPAL, we set λ = 1, ρ = 1, µ = 10−2 and s was
chosen from {d0.001ne, d0.002ne, · · · , d0.01ne, d0.02ne, · · · , d0.1ne, d0.2ne · · · , n}, where d·e
is the ceil function. For ZFPR and NMAPG, the regularization parameter of `0 norm
will be selected from {2−10, 2−9, · · · , 210}. For all other algorithms, the regularization
parameters used for trade-off between regularizer and loss function were chosen from
{10−5, 10−4, · · · , 105}. We conduct five-fold cross-validation on all the data sets in Ta-
bles 2 and 3, and the average results are summarized into Table 4, 5 and 6. Some comments
about these results are given as follows.

1https://jundongl.github.io/scikit-feature/
2https://archive-beta.ics.uci.edu/datasets
3https://www.openml.org/
4https://www.refine.bio/
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Table 3: Real binary classification data sets with n < m

ID data set Source number of features number of instances

chr Christine openML 1636 5418
jas Jasmine openML 144 2984
mad Madeline openML 259 3140
phi Philippine openML 308 5382
hiv Hiva Agnostic openML 1617 4229
gui Guillermo openML 4296 20000
evi Evita openML 3000 20000
bio Bioresponse openML 1776 3751
sw1 Swarm Aligned uci 2400 24016
sw2 Swarm Flocking uci 2400 24016
sw3 Swarm Grouped uci 2400 24016
int Internet-Advertisements uci 1559 3279
qar QSAR aquatic receptor uci 1024 8992
qot QSAR oral toxity uci 1024 1687

(i) On Acc. iPAL has the best Acc on most of data sets. When compared with
ADMM0/1, iPAL achieves higher Acc with much smaller nnz. This means that the
cardinality constraint is beneficial to improving performance of SVM when the num-
ber of features is large. ZFPR or NMAPG also achieve best Acc on some data sets
with n > m, for example chr and qar.

(ii) On Time. iPAL shows competitive Time in this comparison. For example, on the
all, gli and ge4, Time of iPAL is less than 1/3 that of LISVM and even less than
1/5 that of ZFPR and NMAPG with `0 regularizer. The high speed of iPAL mainly
benefits from the reduction on nSV and nnz, which are accomplished by the proximal
operator of hard margin loss function and projection of cardinality constraint.

(iii) On nSV. Both iPAL and NLPSVM have small nSV. However, NLPSVM tends to be
aggressive on reducing nSV and causes the low Acc, see, for instance, all, dbb and
bre. We can also observe that iPAL has smaller nSV than that of ADMM0/1 on
almost all the data sets. A possible explanation is that when the redundant features
are eliminated, it is easier for a classifier to identify support vectors.

(iv) On nnz. We can see that iPAL, LISVM, NLPSVM, ZFPR and NMAPG show sig-
nificant reduction on nnz of solution. Particularly, iPAL has better performance on
feature selection in the case of n � m, because it finds solution with smaller nnz

while higher Acc. NLPSVM or LISVM has smaller nnz than that of iPAL in some
cases such as chr, gui and qar, but iPAL has better Acc in those cases. ZFPR and
NMAPG also show competitive performance on feature selection, but they do not find
a sparse solution on some data sets such as bre, chr and gui.
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7. Conclusion

This paper aims to solve a nonsmooth and nonconvex problem (1). We define a pseudo
KKT point to equivalently characterize its local minimizer. A sharper P-stationary point
is further defined for algorithm design. To find such a stationary point, we develop an
inexact proximal augmented Lagrangian method (iPAL), which comprises a primal and
multiplier step. Based on the P-stationarity of the primal step, the inexactness measurement
is carefully designed to ensure iPAL converges both globally and at a linear rate. To make
the iPAL practically efficient, we design a projected gradient-Newton method (PGN) for
computing the primal step with global and local quadratic rate. By the virtue of proximal
operator of hard margin loss function and the projection of cardinality constraint, active
samples and features can be identified to reduce the dimension of data matrix in PGN. In
the extensive numerical comparison, iPAL shows effective reduction on active samples and
features while ensuring high classification accuracy and fast computational speed.

This research brings new insights on nonconvex composite optimization with cardinality
constraint. An interesting question is how to extend the convergence result to a more
general model in which the quadratic term of (1) is replaced by a smooth function. In such
an extension, the nice features of the strong convexity as well as the separable property of
the quadratic function would be lost. Therefore, some proof techniques developed in this
paper would not be applicable anymore. We leave the extension to future research.
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Appendix A. Proof of Lemma 2

Proof It follows from (8) and (9) that ξ ∈ ProxβλJ(·)(ξ + βv) if and only if one of the
following cases occurs for each i = 1, . . . , n:

(i) ξi = 0, 0 ≤ vi <
√

2λ/β
(ii) ξi < 0, vi = 0
(iii) ξi >

√
2βλ, vi = 0

(iv) ξi = 0, vi =
√

2λ/β
(v) ξi =

√
2βλ, vi = 0.

Combing those cases leads to{
vi = 0, if ξi ∈ (−∞, 0) ∪ [

√
2βλ, ∞)

vi ∈ [0,
√

2λ/β], if ξi = 0.

This means that ξi must satisfy

ξi ∈ (−∞, 0] ∪ [
√

2βλ, ∞)
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The characterization (10) implies that ξ ∈ ProxβλJ(·)(ξ). This proves the necessity part of
the lemma. The sufficiency part is by direct verification.

Appendix B. Relationship of pseudo KKT and pseudo B-stationary
points

Proposition 14 For problem (12), let us consider a reference point u∗ = (w∗, ξ∗).
(i) When ‖w∗‖0 = s, the point u∗ is a pseudo KKT point if and only if it is a pseudo

B-stationary point.
(ii) When ‖w∗‖0 < s, if u∗ is a pseudo KKT point, then it is a pseudo B-stationary

point, while the converse is not necessarily true.

Proof From (Cui and Pang, 2021, Definition 6.1.1), u∗ = (w∗, ξ∗) is a pseudo B-stationary
point of (12) if it is a B-stationary point of the following problem

min
w,ξ

1

2
‖w‖2, s.t. wS∗> ≥ 0, wS∗< ≤ 0, wS∗ = 0, ξI∗− ≤ 0, ξI∗−

≥ 0, Aw + 1 = ξ, (42)

where S∗> := {i ∈ [n] : w∗i > 0} and S∗< := {i ∈ [n] : w∗i < 0}. A direct observation is
that (42) has stricter constraints than (NLP-T ∗) for each T ∗ ∈ T∗. Since (42) is convex
programming, u∗ is also a KKT point of this problem. Let us denote the corresponding
optimal multipliers as q∗(i), i = 1, · · · , 5 and z∗ in sequential order. Considering w∗S∗>

> 0,

w∗S∗<
< 0 and ξ∗I∗−

> 0, the KKT system of (42) at u∗ can be simplified as

(w∗ +A>z∗)S∗ = 0, w∗S∗ = 0,

z∗I∗− ≥ 0, ξ∗I∗− ≤ 0, 〈z∗I∗− , ξ
∗
I∗−〉 = 0, z∗I∗−

= 0,

Aw∗ + 1− ξ∗ = 0, q∗(1) = 0, q∗(2) = 0,

q∗(3) = −(w∗ +A>z∗)S∗ , q∗(4) = z∗I∗− , q∗(5) = 0.

(43)

We can derive the relationships in (i) and (ii) by comparing (43) with (13).

Appendix C. Proof of Theorem 4

Let C be a nonempty closed set and u ∈ C, then we denote the tangent cone of C at u as
Ξ(u, C).
Proof Define ϕ(u) := ‖w‖2/2 + λJ(ξ), then according to (Han et al., 2024, Definition 1),
u∗ is an epi-stationary point of (12) if (u∗, ϕ(u∗)) is a B-stationary of the following problem

min
(u,t)

t s.t. ‖w‖2/2 + λJ(ξ) ≤ t, ‖w‖0 ≤ s, Aw + 1 = ξ. (44)

Let us denote the feasible region of the above optimization problem as Ω. Taking T ∗ ∈ T∗,
let us define

ΩT ∗ :=

{
(u, t)

∣∣∣∣ 1

2
‖w‖2 + λ|I∗−| ≤ t, Aw + 1 = ξ, ξI∗− ≤ 0, wT

∗ = 0

}
.
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Taking a sufficiently small δ∗ > 0, the following relationships hold for any (u, t) ∈
N ((u∗, ϕ(u∗)), δ∗)

S∗ ⊆ {i ∈ [m] : wi 6= 0} (45)

{i ∈ [m] : ξ∗i > 0} ⊆ {i ∈ [m] : ξi > 0} (46)

|t− ‖w‖2/2− (ϕ(u∗)− ‖w∗‖2/2)| ≤ λ/2 (47)

Now let us prove that there exists a neighborhood N ((u∗, ϕ(u∗)), δ∗) such that

N ((u∗, ϕ(u∗)), δ∗) ∩ Ω = N ((u∗, ϕ(u∗)), δ∗) ∩ (∪T ∗∈T∗ ΩT ∗) (48)

The “ ⊇ ” conclusion can be verified by T ∈ T∗ and (46). To prove “ ⊆ ”, for any (u, t)
taken from the left-hand side of the above relationship, ‖w‖0 ≤ s and (45) imply that
there exists T ∗ ∈ T∗ such that wT

∗ = 0. Moreover, λJ(ξ) ≤ t − ‖w‖2/2 and (47) leads
to λJ(ξ) ≤ λJ(ξ∗) + λ/2. This together with (46) implies J(ξ) = J(ξ∗) and ξI∗− ≤ 0.

Therefore, the relationship (48) holds. Then following from (Ban et al., 2011, Proposition
3.1), the tangent cone of Ω at (u∗, ϕ(u∗)) can be represented as

Ξ((u∗, ϕ(u∗)),Ω) =
⋃

T ∗∈T∗

Ξ((u∗, ϕ(u∗),ΩT ∗),

Then according to (Han et al., 2024, Proposition 5), u∗ is an epi-stationary point of (12)
if and only if it is a B-stationary point for all (NLP-T ∗) with T ∗ ∈ T∗. Since (NLP-T ∗) is
convex programming, we can conclude that the epi-stationary point is equivalent to the
pseudo KKT stationary point for (12).

Appendix D. Proof of Theorem 5

Before the proof, let us first show that (NLP-T ∗) naturally satisfies the second-order nec-
essary condition (SOSC, see e.g. Nocedal and Wright 2006, Theorem 12.5), which is well
defined for smooth optimization.

Lemma 15 Given a KKT pair (u∗,q∗w,q
∗
ξ , z
∗) of (NLP-T ∗) with T ∗ ∈ T∗, the following

SOSC naturally holds

[dw; dξ]>∇2
u,uLT ∗(u∗,q∗w,q

∗
ξ , z
∗)[dw; dξ] > 0, ∀ [dw; dξ] ∈ C∗\{0}, (49)

where C∗ := {(dw,dξ) ∈ Rm+n : Adw = dξ, dw
T

∗ = 0,dξI∗0
≤ 0, dξI∗+

= 0} is the critical cone

of (NLP-T ∗), I∗0 := {i ∈ [m] : ξ∗i = 0, z∗i = 0} and I∗+ := {i ∈ [m] : ξ∗i = 0, z∗i > 0}.

Proof The Hessian of the Lagrangian of (NLP-T ∗) with respect to u can be written as

∇2
u,uLT ∗(u∗, z∗w, z

∗
ξ , z
∗) =

[
I 0
0 0

]
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Thus, (49) actually means

‖dw‖2 > 0 ∀ [dw; dξ] ∈ C∗\{0}.

Notice that dw 6= 0 must hold. Otherwise Adw = dξ would imply 0 = (dw,dξ), contradict-
ing with the assumption that it is not zero. Therefore ‖dw‖2 > 0 and the SOSC naturally
holds.

Proof of Theorem 5. We define the feasible regions of (12) and (NLP-T ∗) as

F := {u = (w, ξ) : ‖w‖0 ≤ s,Aw + 1− ξ = 0},
FT ∗ := {u = (w, ξ) : wT

∗ = 0, ξI∗− ≤ 0, Aw + 1− ξ = 0}.

(a) local minimizer =⇒ pseudo KKT point. Let u∗ := (w∗, ξ∗) with ξ∗ = Aw∗ + 1 be
a local minimizer of (12), there exists ε∗ > 0 such that

1

2
‖w‖2 + λJ(ξ) ≥ 1

2
‖w∗‖2 + λJ(ξ∗), for all u ∈ N (u∗, ε∗) ∩ F . (50)

Given T ∗ ∈ T∗, we have FT ∗ ⊆ F and let us consider u ∈ N (u∗, ε∗) ∩ FT ∗ . Since FT ∗ ⊆ F
and J(ξ∗) ≥ J(ξ), we have the following inequality from (50)

1

2
‖w‖2 ≥ 1

2
‖w∗‖2, for all u ∈ N (u∗, ε∗) ∩ FT ∗ ,

which means that u∗ is also a local minimizer of (NLP-T ∗). Noticing that for each T ∗ ∈
T, (NLP-T ∗) is a smooth nonlinear optimization problem with linear constraints, we can
further deduce that for any T ∗ ∈ T∗, u∗ is a KKT point of (NLP-T ∗). Thus, u∗ is a pseudo
KKT point of (12).

(b) pseudo KKT point =⇒ local minimizer. Let u∗ = (w∗, ξ∗) with ξ∗ := Aw∗+ 1 be a
KKT point of (NLP-T ∗) for each T ∗ ∈ T∗. Meanwhile, noticing that the SOSC (49) holds,
it follows from (Nocedal and Wright, 2006, Theorem 12.6) that there exists εT ∗ > 0 and
cT ∗ > 0 such that

1

2
‖w‖2 ≥ 1

2
‖w∗‖2 + cT ∗‖u− u∗‖2, ∀u ∈ N (u∗, εT ∗) ∩ FT ∗ . (51)

Denote c∗ := minT ∗∈T∗ cT ∗ . Now we take a radius ε∗ satisfying

ε∗ < min
T ∗∈T∗

εT ∗ and c∗ε∗2 < λ/2. (52)

We also assume that ε∗ is small enough such that for any u ∈ N (u∗, ε∗), the following
relationships hold

S∗ ⊆ {i ∈ [m] : wi 6= 0} and {i ∈ [m] : ξ∗i > 0} ⊆ {i ∈ [m] : ξi > 0}, (53)

|‖w‖2 − ‖w∗‖2| < λ, (54)

where the inequality follows from the continuity of ‖ · ‖2. Particularly, (53) further leads to

J(ξ) ≥ J(ξ∗). (55)
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Denoting F∗ :=
⋃
T ∗∈T∗ FT ∗ ⊆ F , then from (51) and (55), we can obtain

1

2
‖w‖2 + λJ(ξ) ≥ 1

2
‖w∗‖2 + λJ(ξ∗) + c∗‖u− u∗‖2, ∀u ∈ N (u∗, ε∗) ∩ F∗.

If we take u ∈ N (u∗, ε∗) ∩ (F\F∗), considering S∗ ⊆ {i ∈ [n] : wi 6= 0} in (54) and
‖w‖0 ≤ s, there must exists T ∗ ∈ T∗ such that wT

∗ = 0. This together with u /∈ F∗ lead to
ξI∗− � 0. There exists an index i0 ∈ I∗− such that ξi0 > 0. Combining this with (53) leads

to J(ξ) ≥ J(ξ∗) + 1. Then taking (54) and (55) into consideration, we have

1

2
‖w‖2 + λJ(ξ) ≥ 1

2
‖w∗‖2 + λJ(ξ∗) + λ/2

(52)

≥ 1

2
‖w∗‖2 + λJ(ξ∗) + c∗‖u− u∗‖2.

Overall, we have obtained

1

2
‖w‖2 + λJ(ξ) ≥ 1

2
‖w∗‖2 + λJ(ξ∗) + c∗‖u− u∗‖2, ∀u ∈ N (u∗, ε∗) ∩ F .

Finally, (15) follows from the definition of F . �

Appendix E. Proof of Theorem 7

Proof If u∗ is a P-stationary point of (12), then there exists a P-stationary multiplier z∗

such that (u∗, z∗) satisfies (16). Let us first prove (w∗ +A>z∗)T ∗ = 0 and w∗
T

∗ = 0.

The claim w∗
T

∗ = 0 directly follows from T ∗ ⊇ S∗. If ‖w∗‖0 = s, then T ∗ ∈ T∗ = S∗.
By the definition of S∗, (6) implies (w∗ + A>z∗)T ∗ = 0. We can take the multipliers
q∗w = [w∗ + A>z∗]S∗ and q∗ξ = z∗I∗−

. If ‖w∗‖0 < s, then |w∗|(s) = 0 and w∗ + A>z∗ = 0

holds from (6). The second line of (13) can be obtained from Lemma 2. We can take the
multipliers q∗w = 0 and q∗ξ = z∗I∗−

.

Appendix F. Proofs on Global Convergence of iPAL

In this part, our ultimate goal is to prove Theorem 9. It is beneficial to briefly explain the
main ideas behind our proofs.

• First, we will prove Proposition 8, including the sufficient decrease of Lyapunov func-
tion in (25), boundedness of the sequence {(uk, zk)}k∈N, and the convergence of dif-
ference of successive iterates (26).

• The boundedness of sequence ensures that there must exist an accumulated point.
The inexact criteria (22) actually means that each iterate approximately satisfies a P-
stationary system and the degree of approximation can be measured by ‖wk+1−wk‖.
For such a sequence, each accumulated point is a P-stationary point of (12) by using
(26) and the proximal behavior (Rockafellar, 1976, Theorem 1.25). This result is
referred to as a subsequence convergence property (see Lemma 16).
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• We will mainly use (Kanzow and Qi, 1999, Proposition 7) to prove that the whole
sequence generated by iPAL is convergent. The requirements for using this proposition
are (26) and the isolatedness of accumulation points. The isolatedness property follows
from Theorem 5.

Proof of Proposition 8. By the definition of gk and (23), we have

∇wgk(u
k+1) = wk+1 + µ(wk+1 −wk) +A>zk+1 (56)

∇ξgk(u
k+1) = −zk+1. (57)

These facts will be frequently used in the following proofs.

(i) First, we need to estimate an upper bound for ‖zk+1 − zk‖. If |Tk+1 ∩ Tk| ≥ r, from
(56), we have

A>:,Tk+1∩Tk(zk+1 − zk+1) =[∇wgk(u
k+1)−∇wgk−1(uk)− (wk+1 −wk)

− µ(wk+1 −wk) + µ(wk −wk−1)]Tk+1∩Tk

Using Assumption 1, we can further estimate

γ‖zk+1 − zk‖ ≤‖A>:,Tk+1∩Tk(zk+1 − zk)‖ ≤ ‖∇Tk+1
gk(u

k+1)‖+ ‖∇Tkgk−1(uk)‖

+ ‖wk+1 −wk‖+ µ‖wk+1 −wk‖+ µ‖wk −wk−1‖
(22)

≤ (c1 + µ+ 1)‖wk+1 −wk‖+ (c1 + µ)‖wk −wk−1‖. (58)

If |Tk+1 ∩Tk| < r, then taking |Tk+1| = |Tk| = s into account, |Tk+1 ∩T k| = |T k+1 ∩Tk| ≥ r
holds. By (56) and Assumption 1, we can obtain

γ‖zk+1‖ ≤‖A>
:,Tk+1∩Tk

zk+1‖
(56)

≤ ‖∇Tk+1∩Tk
gk(u

k+1)‖+ ‖[wk+1 + µ(wk+1 −wk)]Tk+1∩Tk
‖ (59)

(22)

≤ c1‖wk+1 −wk‖+ ‖wk+1
Tk+1∩Tk

‖+ µ‖wk+1 −wk‖

≤(c1 + µ)‖wk+1 −wk‖+ ‖[wk+1 −wk]Tk+1∩Tk
‖+ ‖wk

Tk+1∩Tk
‖

(22)

≤ (c1 + µ+ 1)‖wk+1 −wk‖+ c1‖wk −wk−1‖.

γ‖zk‖ ≤‖A>
:,Tk+1∩Tk

zk‖
(56)

≤ ‖∇Tk+1∩Tkgk−1(uk)‖+ ‖[wk + µ(wk −wk−1)]Tk+1∩Tk‖
(22)

≤ c1‖wk −wk−1‖+ ‖wk
Tk+1∩Tk

‖+ µ‖wk −wk−1‖

≤(c1 + µ)‖wk −wk−1‖+ ‖[wk+1 −wk]Tk+1∩Tk‖+ ‖wk+1
Tk+1∩Tk

‖
(22)

≤ (c1 + µ)‖wk −wk−1‖+ (c1 + 1)‖wk+1 −wk‖.
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Adding the two inequalities above yields

γ‖zk+1 − zk‖ ≤γ‖zk+1‖+ γ‖zk‖
≤(2c1 + µ+ 2)‖wk+1 −wk‖+ (2c1 + µ)‖wk −wk−1‖.

Combining this inequality and (58) leads to

‖zk+1 − zk‖ ≤ c3‖wk+1 −wk‖+ c4‖wk −wk−1‖. (60)

By using arithmetic mean and quadratic mean inequality, we can obtain

‖zk+1 − zk‖2 ≤ 2c2
3‖wk+1 −wk‖2 + 2c2

4‖wk −wk−1‖2. (61)

From the definition of Lyapunov function and the first line of (22), we have the following
chain of inequalities

Lρ(uk, zk)− Lρ(uk+1, zk+1) =Lρ(uk, zk)− Lρ(uk+1, zk) + Lρ(uk+1, zk)− Lρ(uk+1, zk+1)

(22,23)

≥ µ

2
‖wk+1 −wk‖2 − 1

ρ
‖zk+1 − zk‖2

(61)

≥ (
µ

2
− 2c2

3

ρ
)‖wk+1 −wk‖2 − 2c2

4

ρ
‖wk −wk−1‖2.

Then we can further estimate

Mk −Mk+1 =Lρ(uk, zk) +
η

2
‖wk −wk−1‖ − Lρ(uk+1, zk+1)− η

2
‖wk+1 −wk‖

≥(
µ

2
− 2c2

3

ρ
− η

2
)‖wk+1 −wk‖2 + (

η

2
− 2c2

4

ρ
)‖wk −wk−1‖2

(24)

≥ µ

4
‖wk+1 −wk‖2

(ii) From (56), we can obtain

A>:Tk+1
zk+1 = [∇wgk(u

k+1)−wk+1 − µ(wk+1 −wk)]Tk+1

Using Assumption 1 and (22), we derive

γ‖zk+1‖ ≤ c1‖wk+1 −wk‖+ ‖wk+1‖+ µ‖wk+1 −wk‖ ≤ ‖wk+1‖+ (c1 + µ)‖wk+1 −wk‖.

By using arithmetic and quadratic mean inequality, we have

‖zk+1‖2 ≤ 2

γ2
‖wk+1‖2 +

2(c1 + µ)2

γ2
‖wk+1 −wk‖2 (62)
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The following chain of inequalities holds by (25) and the definition of the Lyapunov function

M1 ≥Mk+1 =
1

2
‖wk+1‖2 + 〈zk+1, Awk+1 + 1− ξk+1〉+

ρ

2
‖Awk+1 + 1− ξk+1‖2

+
η

2
‖wk+1 −wk‖2 + δS(w

k+1) + λJ(ξk+1)

≥1

2
‖wk+1‖2 +

ρ

2
‖Awk+1 + 1− ξk+1 + zk+1/ρ‖2 +

η

2
‖wk+1 −wk‖2 − 1

2ρ
‖zk+1‖2

(62)

≥
(

1

2
− 1

ργ2

)
‖wk+1‖2 +

(
η

2
− (c1 + µ)2

ργ2

)
‖wk+1 −wk‖2

+
ρ

2
‖Awk+1 + 1− ξk+1 +

1

ρ
zk+1‖2. (63)

Taking (24) into account, both quantities (1/2− 1/(ργ2)) and (η/2− (c1 + µ)2/(ργ2)) are
positive. Thus the sequences {wk+1}k∈N, {wk+1 − wk}k∈N and {Awk+1 + 1 − ξk+1 +
zk+1/ρ}k∈N are bounded. Then (62) leads to the boundedness of {zk+1}k∈N. The bound

‖ξk+1‖ ≤ ‖Awk+1 + 1− ξk+1 + zk+1/ρ‖+ ‖A‖‖wk+1‖+ ‖1‖+ ‖zk+1‖/ρ

implies the boundedness of {ξk+1}k∈N. Overall, the generated sequence {(uk, zk)}k∈N is
bounded.

Finally, let us prove the successive changes of the sequence converge to zero. Actually,
(63) implies Mk+1 ≥ 0 for all k ∈ N. Combining this and the nonincreasing property
(25), it follows from the monotone convergence theorem that sequence {Mk+1}k∈N must
be convergent. Therefore, limk→∞ ‖wk+1 −wk‖ = 0. Considering that (60) holds, we have
limk→∞ ‖zk+1 − zk‖ = 0. Finally, by using (23), we can obtain

‖ξk+1 − ξk‖ ≤ (‖zk+1 − zk‖+ ‖zk − zk−1‖)/ρ+ ‖A‖‖wk+1 −wk‖.

which implies limk→∞ ‖ξk+1 − ξk‖ = 0 by limk→∞ ‖wk+1 −wk‖ = 0 and limk→∞ ‖zk+1 −
zk‖ = 0. �

Lemma 16 (Subsequence Convergence) Suppose that Assumption 1 holds and parameters
are chosen as (24). Let {(uk; zk)}k∈N be a sequence generated by iPAL, then each of its
accumulations points is a P-stationary pair of (12). Furthermore, u∗ is a strict local min-
imizer of (12).

Proof Suppose that (u∗, z∗) is an accumulation point of {(uk; zk)}k∈N. Then there exists
a subsequence {(uk; zk)}k∈K with limk∈K, k→∞(uk, zk) = (u∗, z∗). It follows from (26) that
{(uk+1, zk+1)}k∈K also converges to (u∗, z∗). Let us take

wk+1 :=

[
[wk+1 − α∇wgk(u

k+1)]Tk+1

0

]
and ξ

k+1
:=

[
[ξk+1 − β∇ξgk(u

k+1)]Γk+1

0

]
.

By the definition of Tk+1 and Γk+1, wk+1 and ξ
k+1

actually satisfy

wk+1 ∈ ProjS(w
k+1 − α∇wgk(u

k+1)) and ξ
k+1 ∈ ProxβλJ(·)(ξ

k+1 − β∇ξgk(u
k+1)). (64)
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We can also estimate

‖wk+1 −wk+1‖ = ‖[α∇Tk+1
gk(u

k+1); wk+1
Tk+1

]‖ ≤ max{c1α, c1}‖wk+1 −wk‖

‖ξk+1 − ξk+1‖ = ‖[β∇Γk+1
gk(u

k+1); ξk+1
Γk+1

]‖ ≤ max{c2β, c2}‖wk+1 −wk‖2.

Considering (26), limk→∞ ‖wk+1−wk+1‖ = limk→∞ ‖ξ
k+1−ξk+1‖ = 0 hold. This together

with limk→∞,k∈K ‖uk+1 − u∗‖ = 0 leads to

lim
k→∞,k∈K

wk+1 = w∗ and lim
k→∞,k∈K

ξ
k+1

= ξ∗. (65)

Besides, passing k →∞ for k ∈ K on both sides of (56), (57) and (23) leads to

lim
k∈,k→∞

∇wgk(u
k+1) = w∗ +A>z∗

lim
k∈K,k→∞

∇ξgk(u
k+1) = −z∗.

Aw∗ + 1− ξ∗ = 0.

(66)

Since (64), (65) and (66) hold, it follows from (Rockafellar, 1976, Theorem 1.25) that
(u∗, z∗) will be a P-stationary pair satisfying (16). Finally, using Theorem 5, we can
conclude that u∗ is also a strict local minimizer of (12).

Proof of Theorem 9 Let us first prove that {uk}k∈N converges to a P-stationary point of
(12). Let u∗ = (w∗, ξ∗) be an accumulation point. Lemma 16 and the proof of Theorem 5
indicate that w∗ is the unique solution of the following problem

min
w,ξ

1

2
‖w‖2, s.t. wT

∗ = 0, (Aw + 1)I∗− ≤ 0,

because the objective ‖w‖2/2 is strongly convex. Considering T ∗ ⊆ [n] and I∗− ⊆ [m],
there are only finite accumulation points in sequence {uk}k∈N, and thus each accumulation
point is isolated. Moreover, taking (26) into account, (Kanzow and Qi, 1999, Proposition
7) implies limk→∞ uk = u∗. We further estimate

‖w∗
Tk+1
‖ ≤ ‖[wk+1 −w∗]Tk+1

‖+ ‖wk+1
Tk+1
‖

(22)

≤ ‖wk+1 −w∗‖+ c1‖wk+1 −wk‖

Taking limit as k → ∞ on both sides of above inequality leads to limk→∞ ‖w∗Tk+1
‖ = 0,

which means that w∗
Tk+1

= 0 when k is sufficiently large. We then have

Tk+1 ⊇ S∗ := {i ∈ [n] : w∗i 6= 0}. (67)

Suppose that z∗ is a P-stationary multiplier associated with u∗. Now let us prove
limk→∞ zk = z∗. To achieve this goal, we need to give an upper bound for ‖zk+1− z∗‖. We
claim that the following equation holds when k is sufficiently large

(w∗ +A>z∗)Tk+1
= 0.
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Indeed, if ‖w∗‖0 = s, then the Tk+1 = S∗ follows from (67) and |Tk+1| = s. This and (6)
further leads to the above equation. If ‖w∗‖0 < s, then we have w∗ + A>z∗ = 0 by (6).
Moreover, considering that |Tk+1| = s holds, we can use Assumption 1 and (56) to derive

γ‖zk+1 − z∗‖ ≤‖[A>(zk+1 − z∗)]Tk+1
‖

≤‖[∇wgk(u
k+1)− (wk+1 −w∗)− µ(wk+1 −wk)]Tk+1

‖
≤‖∇Tk+1

gk(u
k+1)‖+ ‖wk+1 −w∗‖+ µ‖wk+1 −wk‖

(22)

≤ (c1 + µ)‖wk+1 −wk‖+ ‖wk+1 −w∗‖. (68)

Considering that we have proved limk→∞ uk = u∗, taking limit on both sides of the above
inequality yields limk→∞ zk = z∗. Overall, we have verified limk→∞(uk, zk) = (u∗, z∗).
Using Lemma 16 and Theorem 5, we can arrive at the desired conclusion. �

Appendix G. Corollary from global convergence

Corollary 17 Under the premise of Theorem 9, the following holds.

(i) For k is sufficiently large, it holds

‖w∗
Tk+1
‖ = 0,

{
Tk+1 ⊇ S∗, if ‖w∗‖0 < s,

Tk+1 = S∗, if ‖w∗‖0 = s.
(69)

‖ξ∗
Γk+1
‖ = 0, ‖z∗Γk+1

‖ = 0, J(ξk+1) = J(ξ∗) (70)

‖∇wgk(u
k+1)‖ ≤ c5‖wk+1 −wk‖+ c6‖wk+1 −w∗‖, if ‖w∗‖0 < s (71)

(ii) It holds

lim
k→∞

Mk =M∗ :=Mρ,η(u
∗, z∗,u∗) =

1

2
‖w∗‖2 + λJ(ξ∗).

Proof. (i) Formulas (69) has been proved in Theorem 9. Moreover, ‖ξ∗
Γk+1
‖ = 0 and

‖z∗Γk+1
‖ = 0 can be derived from R2(uk+1) ≤ c2‖wk+1 − wk‖2 by a similar procedure as

that of ‖w∗
Tk+1
‖ = 0. We will first prove J(ξk+1) = J(ξ∗) when k is large enough. From

the last line of (22) and the definition of Moreau envelop, we have

(β/2)‖∇ξgk(u
k+1)‖2 + λJ(ξk+1) ≤Φβ

λJ(·)(ξ
k+1 − β∇ξgk(u

k+1)) + ϑk

≤ 1

2β
‖w∗ − (wk+1 − β∇ξgk(u

k+1))‖2 + λJ(ξ∗) + ϑk.

Taking the superior limits on both sides of the above inequality implies

lim sup
k→∞

J(ξk+1) ≤ J(ξ∗).

Combining this with the lower semi-continuity of J(·) leads to limk→∞ J(ξk+1) = J(ξ∗).
Since the values of J(·) can only be taken from [m], we can derive (70).
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Now we will prove (71). If ‖w∗‖0 < s, then from (67), Tk+1 ∩ S
∗ 6= ∅ holds. By the

definition of Tk+1, we have the following chain of inequalities

‖[wk+1 − α∇wgk(u
k+1))]

T
k+1‖ ≤|T k+1||[wk+1 − α∇wgk(u

k+1))]i| for any i ∈ Tk+1 ∩ S
∗

≤(n− s)‖[wk+1 − α∇wgk(u
k+1))]Tk+1∩S

∗‖

≤(n− s)(‖[wk+1 −w∗]Tk+1∩S
∗‖+ α‖[∇wgk(u

k+1)]Tk+1∩S
∗‖)

(22)

≤ (n− s)(‖wk+1 −w∗‖+ αc1‖wk+1 −wk‖), (72)

where the first inequality follows from the fact that Tk+1 contains the best s largest elements
of wk+1 − α∇wg(uk+1) in absolute value. Then we can estimate

‖∇Tk+1
gk(u

k+1)‖ =‖[wk+1 − (wk+1 − α∇wgk(u
k+1))]

T
k+1‖/α

≤(‖wk+1

T
k+1‖+ ‖[wk+1 − α∇wgk(u

k+1))]
T

k+1‖)/α
(72)

≤ (c1‖wk+1 −wk‖+ (n− s)‖wk+1 −w∗‖+ αc1(n− s)‖wk+1 −wk‖)/α.

This result further leads to

‖∇wgk(u
k+1)‖ ≤‖∇Tk+1

gk(u
k+1)‖+ ‖∇Tk+1

gk(u
k+1)‖

(22)

≤ c5‖wk+1 −wk‖+ c6‖wk+1 −w∗‖,

where c5 := c1/α+ c1(n+ 1− s) and c6 := (n− s)/α.

(ii) Applying the fact limk→∞(uk, zk) = (u∗, z∗), δS(w
k+1) = δS(w

∗) = 0 and (70), we
can derive limk→∞Mk =M∗. �

Appendix H. Proof of Theorem 10 on Convergence Rate of iPAL

The main steps for convergence rate analysis is as follows.

• To prove Theorem 10 (i), we will first estimate an upper bound of Mk+1 −M∗ (see
(76)). This, together with the sufficient descent property (25), leads to a recursion
formula (77). This will give rise to the linear convergence rate of the Lyapunov
function value sequence, see (27).

• For the linear convergence rate of iterate sequence, we will first investigate the rela-
tionship between ‖wk+1 −w∗‖ and Mk+1 −M∗ (see (78)). Then we will use (27) to
derive linear convergence rate of ‖wk+1−w∗‖. Following a similar procedure, we can
prove linear convergence rate of ‖ξk+1 − ξ∗‖ and ‖zk+1 − z∗‖.

Proof of Theorem 10. (i) We start with several inequalities. The first one is a direct
computation

1

2
‖wk+1‖2 − 1

2
‖w∗‖2 + 〈wk+1,w∗ −wk+1〉 = −1

2
‖wk+1 −w∗‖2. (73)
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We now estimate an upper bound for |〈∇ξgk(u
k+1), ξk+1− ξk〉|. Since the sequence bound-

edness has been proved in Theorem 8 (ii), we can assume ‖(uk+1; zk+1)‖ ≤ τ for τ > 0.
Using the (57) and ξ∗

Γk+1
= 0 for sufficiently large k, we obtain

|〈∇Γk+1
gk(u

k+1), [ξk+1 − ξ∗]Γk+1
〉| =|〈∇Γk+1

gk(u
k+1), ξk+1

Γk+1
〉| ≤ ‖∇Γk+1

gk(u
k+1)‖‖ξk+1

Γk+1
‖

≤τc2‖wk+1 −wk‖2

|〈∇Γk+1
gk(u

k+1), [ξk+1 − ξ∗]Γk+1
〉| ≤‖∇Γk+1

gk(u
k+1)‖(‖ξk+1

Γk+1
‖+ ‖ξ∗Γk+1

‖)

≤2τc2‖wk+1 −wk‖2.

Adding the above inequalities implies

|〈∇ξgk(u
k+1), ξk+1 − ξk〉| ≤ 3τc2‖wk+1 −wk‖2 (74)

We shall also derive an upper bound for |〈∇wgk(u
k+1),wk+1 −w∗〉|. If ‖w∗‖0 = s, using

Tk+1 = S∗ and (22), we can derive

|〈∇wgk(u
k+1),wk+1 −w∗〉|

=|〈∇Tk+1
gk(u

k+1), [wk+1 −w∗]Tk+1
〉|

≤‖∇Tk+1
gk(u

k+1)‖‖[wk+1 −w∗]Tk+1
‖ ≤ c1‖wk+1 −wk‖‖wk+1 −w∗‖.

If ‖w∗‖0 < s, using Tk+1 ⊇ S∗, we have

〈∇wgk(u
k+1),wk+1 −w∗〉

=〈∇Tk+1
gk(u

k+1), [wk+1 −w∗]Tk+1
〉+ 〈∇Tk+1

gk(u
k+1), [wk+1 −w∗]Tk+1

〉

=〈∇Tk+1
gk(u

k+1), [wk+1 −w∗]Tk+1
〉+ 〈∇Tk+1

gk(u
k+1),wk+1

Tk+1
〉.

Then from (71) and (22), the following chain of inequalities holds

|〈∇wgk(u
k+1),wk+1 −w∗〉|

≤‖∇Tk+1
gk(u

k+1)‖‖[wk+1 −w∗]Tk+1
‖+ ‖∇Tk+1

gk(u
k+1)‖‖wk+1

Tk+1
‖

≤c1‖wk+1 −wk‖‖wk+1 −w∗‖+ c1(c5‖wk+1 −wk‖+ c6‖wk+1 −w∗‖)‖wk+1 −wk‖
≤c1c5‖wk+1 −wk‖2 + (c1c6 + c1)‖wk+1 −wk‖‖wk+1 −w∗‖.

These two cases lead to

|〈∇wgk(u
k+1),wk+1 −w∗〉| ≤c1c5‖wk+1 −wk‖2

+ (c1c6 + c1)‖wk+1 −wk‖‖wk+1 −w∗‖
(75)
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Now let us consider Mk+1 −M∗. For sufficiently large k, using definition of Lyapunov
function, J(ξk+1) = J(ξ∗) and Aw∗ + 1− ξ∗ = 0, we have

Mk+1 −M∗

=
1

2
‖wk+1‖2 − 1

2
‖w∗‖2 + 〈zk+1, Awk+1 + 1− ξk+1〉+

1

2ρ
‖zk+1 − zk‖2 +

η

2
‖wk+1 −wk‖2

=
1

2
‖wk+1‖2 − 1

2
‖w∗‖2 + 〈zk+1, Awk+1 + 1− ξk+1 − (Aw∗ + 1− ξ∗)〉

+
1

2ρ
‖zk+1 − zk‖2 +

η

2
‖wk+1 −wk‖2

=
1

2
‖wk+1‖2 − 1

2
‖w∗‖2 + 〈A>zk+1,wk+1 −w∗〉 − 〈zk+1, ξk+1 − ξ∗〉

+
1

2ρ
‖zk+1 − zk‖2 +

η

2
‖wk+1 −wk‖2.

Applying (56) and (57), we can further derive

Mk+1 −M∗

=
1

2
‖wk+1‖2 − 1

2
‖w∗‖2 − 〈wk+1,wk+1 −w∗〉+ 〈∇ξgk(u

k+1), ξk+1 − ξ∗〉+
η

2
‖wk+1 −wk‖2

+ 〈∇wgk(u
k+1),wk+1 −w∗〉 − µ〈wk+1 −wk,wk+1 −w∗〉+

1

2ρ
‖zk+1 − zk‖2

Then we can use the previous inequalities (61), (73), (74), (75) as well as the fact −µ〈wk+1−
wk,wk+1 −w∗〉 ≤ µ‖wk+1 −wk‖‖wk+1 −w∗‖ to obtain

Mk+1 −M∗

≤− 1

2
‖wk+1 −w∗‖2 + (c1c6 + c1 + µ)︸ ︷︷ ︸

:=c7

‖wk+1 −wk‖‖wk+1 −w∗‖

+ (3τc2 + c1c5 +
η

2
+
c2

3

ρ
)︸ ︷︷ ︸

:=c8

‖wk+1 −wk‖2 +
c2

4

ρ
‖wk −wk−1‖2

=− 1

2
(‖wk+1 −w∗‖ − c7‖wk+1 −wk‖)2 + (c8 +

c2
7

2
)‖wk+1 −wk‖2 +

c2
4

ρ
‖wk −wk−1‖2

≤τ1(‖wk+1 −wk‖2 + ‖wk −wk−1‖2), (76)

where τ1 := c8 + c2
7/2. Now taking the descent property (25) into account, we can estimate

(Mk−1 −M∗)− (Mk+1 −M∗) =Mk−1 −Mk +Mk −Mk+1

≥µ
4

(‖wk+1 −wk‖2 + ‖wk −wk−1‖2).

Combining this with (76) leads to

Mk+1 −M∗ ≤
1

1 + µ/(4τ1)
(Mk−1 −M∗). (77)
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This means that there exists a sufficiently large k∗ such that (27) holds for constants

q :=

√
1

1 + µ/(4τ1)
and cm := (1/q)k

∗+1(M0 −M∗).

(ii) Suppose that index k is sufficiently large. It follows from (76) that√
Mk+1 −M∗ ≤

√
τ1(‖wk+1 −wk‖2 + ‖wk −wk−1‖2)

≤
√
τ1(‖wk+1 −wk‖+ ‖wk −wk−1‖).

Using this relationship and the concavity of
√

(·), we can obtain

εk :=
√
Mk −M∗ −

√
Mk+1 −M∗

≥Mk −Mk+1

2
√
Mk −M∗

≥ µ‖wk+1 −wk‖2

8
√
τ1(‖wk −wk−1‖+ ‖wk−1 −wk‖)

,

This further leads to

‖wk+1 −wk‖ ≤
(

8
√
τ1εk
µ

(‖wk −wk−1‖+ ‖wk−1 −wk−2‖)
) 1

2

≤1

4
(‖wk −wk−1‖+ ‖wk−1 −wk−2‖) +

8
√
τ1

µ
εk.

Let us consider the sum of the above terms from ` = k + 2 to ` = k̃.

k̃∑
`=k+2

‖w`+1 −w`‖ ≤1

4

k̃∑
`=k+2

‖w` −w`−1‖+
1

4

k̃∑
`=k+2

‖w`−1 −w`−2‖+
8
√
τ1

µ

k̃∑
`=k+2

ε`

≤1

4

k̃∑
`=k+2

‖w`+1 −w`‖+
1

4

k̃∑
`=k+2

‖w`+1 −w`‖+
8
√
τ1

µ

k̃∑
`=k+2

ε`

+
1

2
‖wk+2 −wk+1‖+

1

4
‖wk+1 −wk‖

After some algebraic manipulation, we have

k̃∑
`=k

‖w`+1 −w`‖ ≤3

2
‖wk+1 −wk‖+ 2‖wk+2 −wk+1‖+

16
√
τ1

µ

k̃∑
`=k+2

ε`

≤ 3
√
µ

√
Mk −Mk+1 +

4
√
µ

√
Mk+1 −Mk+2 +

16
√
τ1

µ

√
Mk+2 −M∗

≤(
7
√
µ

+
16
√
τ1

µ
)
√
Mk −M∗.

The taking k̃ →∞ for above inequality yields

‖wk −w∗‖ ≤
∞∑
`=k

‖w`+1 −w`‖ ≤ (7/
√
µ+ 16

√
τ1/µ)︸ ︷︷ ︸

:=τ2

√
Mk −M∗. (78)
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Since (27) holds, we can derive the R-linear convergence rate for {wk}k∈N in (28) with
constant cw := τ2

√
cm.

Next, we will prove the R-liner convergence rate of {zk}k∈N. From (68), we can estimate

γ‖zk − z∗‖≤(c1 + µ)‖wk −wk−1‖+ ‖wk −w∗‖
(25),(78)

≤ (2(c1 + µ)/
√
µ)
√
Mk−1 −Mk + τ2

√
Mk −M∗

≤ (2(c1 + µ)/
√
µ+ τ2)︸ ︷︷ ︸

:=τ3

√
Mk−1 −M∗.

By using (27), we can arrive at ‖zk − z∗‖ ≤ cz
√
qk with constant cz := (τ3/γ)

√
cm/q.

Finally, we prove the linear convergence rate of {ξk}k∈N. Using (23) and Aw∗+ 1− ξ∗ = 0,
we can estimate

‖ξk − ξ∗‖ ≤‖A‖‖wk −w∗‖+ ‖zk − zk−1‖/ρ
(60)

≤ ‖A‖‖wk −w∗‖
+ (c3/ρ)‖wk −wk−1‖+ (c4/ρ)‖wk−1 −wk−2‖

(78,25)

≤ ‖A‖τ2

√
Mk −M∗ +

2c3

ρ
√
µ

√
Mk−1 −Mk +

2c4

ρ
√
µ

√
Mk−2 −Mk−1

≤
(
‖A‖τ2 +

2(c3 + c4)

ρ
√
µ

)
︸ ︷︷ ︸

:=τ4

√
Mk−2 −M∗.

This means ‖zk − z∗‖ ≤ cz
√
qk can be verified with cz = τ4

√
cm/q2. �

Appendix I. Proofs on Convergence Properties of PGN

First we explain the general ideas for the proof of Theorem 11.

• To prove Theorem 11 (i), we first show the objective function G enjoys sufficient
descent (81) on the proximal gradient iterate uj+1/2. Then if Newton step is accepted,
G also enjoys the sufficient descent (34). These results lead to (37). We then show
the convergence of {G(uj)}j∈N, which further implies (38).

• The procedure to prove (ii) is similar to the global convergence of iPAL. First, we
show that the sequence {uj}j∈N is bounded. Second, the boundedness ensures the
existence of accumulated points and we will prove each of them is a P-stationary
point of subproblem (29). Finally, we will utilize (Kanzow and Qi, 1999, Proposition
7) to show the whole sequence is convergent. Again, this proposition requires (38)
and isolatedness of the P-stationary points, which we will show in the following proof.

Proof of Theorem 11 (i) Let us first prove the descent property of G. From (31), and
the definition of projection and proximal operator, we have

1

2α
‖wj+1/2 − (wj − α∇wg(uj))‖2 ≤ α

2
‖∇wg(uj)‖2

1

2β
‖ξj+1/2 − (ξj − β∇ξg(uj))‖2 + λJ(ξj+1/2) ≤ β

2
‖∇ξg(uj)‖2 + λJ(ξj).
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By some simple algebraic manipulation, the following inequalities can be deduced
〈∇wg(uj),wj+1/2 −wj〉 ≤ − 1

2α
‖wj+1/2 −wj‖2

〈∇ξg(uj), ξj+1/2 − ξj〉+ λJ(ξj+1/2)− λJ(ξj) ≤ − 1

2β
‖ξj+1/2 − ξj‖2.

(79)

Using the descent lemma (Beck, 2017, Lemma 5.7) on function G yields

g(uj+1/2) ≤ g(uj) + 〈∇g(uj),uj+1/2 − uj〉+
`g
2
‖uj+1/2 − uj‖2. (80)

Taking δS(w
j+1/2) = δS(w

j) into account and adding (79) and (80), we obtain

G(uj)−G(uj+1/2) ≥ ζ‖uj+1/2 − uj‖2. (81)

Then in each case of the update step (34), we have

G(uj+1/2)−G(uj+1) ≥ (σg/4)‖uj+1/2 − uj+1‖2 (82)

Adding the above two inequalities directly leads to (37).

Since g is strongly convex, and δS(·) and J(·) are lower bounded, we can conclude G
is also bounded below. Then {G(uj)}j∈N is a nonincreasing and bounded sequence, which
implies the sequence is convergent. This result together with (37) yields (38).

(ii) We will prove the global convergence of {uj}j∈N according to the three steps men-
tioned at the beginning of this section.

Step 1. Since g is strongly convex, it is also coercive, i.e. lim‖u‖→∞ g(u) = ∞. Com-
bining this with the lower boundedness and lower semi-continuity of δS(·) and λJ(·) implies
that G is lower semi-continuous and coercive. It follows from (Mordukhovich and Nam,
2013, Theorem 4.10) that {uj}j∈N is bounded.

Step 2. Suppose that û is an accumulation point of {uj}j∈N. Then there exists a
subsequence {uj}j∈J converging to û. It follows from the continuous differentiability of g
that

lim
j∈J

wj − α∇wgk(u
j) = ŵ − α∇wgk(û) and lim

j∈J
ξj − β∇ξgk(u

j) = ξ̂ − α∇wgk(û).

Since ‖uj+1/2 − û‖ ≤ ‖uj+1/2 − uj‖+ ‖uj − û‖, by using limj→∞,j∈J uj = û and (38), we
have

lim
j→∞,j∈J

uj+1/2 = û

Finally, it follows from (Rockafellar, 1976, Theorem 1.25) that û must satisfy system (39).

Step 3. Let û be an accumulation point of {uj}j∈N. We define Î− := {i ∈ [m] : ξ̂i ≤ 0}
and select T̂ ∈ T := {T : T ⊇ Ŝ, |T | = s}. We consider the following convex programming.

min
u:=(w,ξ)

g(u) s.t. ξÎ− ≤ 0, wi = 0, i /∈ T̂ . (83)
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Since the objective function g is strongly convex and the constraints are linear, if a point
u satisfies the following KKT system, then it must be the unique global minimizer of the
above convex programming

[∇wg(u)]
T̂

= 0, wi = 0, i /∈ T̂
ξÎ− ≤ 0, −[∇ξg(u)]Î− ≥ 0, 〈ξÎ− , [∇ξg(u)]Î−〉 = 0

[∇ξg(u)]i = 0, i /∈ Î−

Considering that the accumulation point û satisfies (39), Lemmas 1 and 2 imply that û
must satisfy the above KKT system, and thus it is the unique global minimizer of (83).
Since the numbers of the choices of Î− and T̂ are finite, the number of accumulation for
{uj}j∈N is also finite. Therefore, each accumulation point must be isolated. Finally, taking
(38) into account, it follows from (Kanzow and Qi, 1999, Proposition 7) that the whole
sequence {uj}j∈N must converge to û. �

Since we have proved that the sequence {uj}j∈N converges to a P-stationary point of
(29) and the inexact criteria is just an approximation of the P-stationary system. Then
the iterate can satisfy the inexact criteria after finite steps. This is what we will prove in
Corollary 12.

Proof of Corollary 12. By Theorem 11 (ii), {uj}j∈N must converge to a P-stationary
point û of (29). Let us first prove

lim
j→∞

J(ξj+1/2) = lim
j→∞

J(ξj+1) = J(ξ̂). (84)

From (31) and the definition of proximal operator, we have

1

2β
‖ξj+1/2 − ξj + β∇ξg(uj)‖2 + λJ(ξj+1/2) ≤ 1

2β
‖ξ̂ − ξj + β∇ξg(uj)‖2 + λJ(ξ̂).

Taking the superior limits on both sides of above inequality implies lim supj→∞ J(ξj+1/2) ≤
J(ξ̂). Combining this with the lower semi-continuity of J(·) leads to limj→∞ J(ξj+1/2) =

J(ξ̂).
From (82) and the fact δS(w

j+1) = δS(w
j+1/2) = 0, we have

g(uj+1) + λJ(ξj+1) + (σg/4)‖uj+1/2 − uj+1‖ ≤ g(uj+1/2) + λJ(ξj+1/2).

Taking the superior limits on both sides of the above inequality, we have

lim sup
j→∞

J(ξj+1) ≤ lim sup
j→∞

J(ξj+1/2) = J(ξ̂).

This together with lower semi-continuity of J(·) leads to limj→∞ J(ξj+1) = J(ξ̂).
We now show limj→∞Ri(uj) = 0 for i = 1, 2, 3. The first line of (22) directly follows

from (37) and (31). Furthermore, we have

R1(uj) = ‖[∇Tjgk(uj); w
j

T j
]‖ ≤ max{1/α, 1}‖wj+1/2 −wj‖

R2(uj) = ‖[∇Γjgk(u
j); ξj

Γj
]‖ ≤ max{1/β, 1}‖ξj+1/2 − ξj‖,

(85)
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where Tj and Γj are corresponding index sets for the j-th identification step. Then we
derive limj→∞R1(uj) = limj→∞R2(uj) = 0 by using (38). Applying the definition of
Moreau envelop and (31) yields

lim
j→∞

R3(uj) = lim
j→∞

β

2
‖∇ξgk(u

j)‖2 + λJ(ξj)− Φβ
λJ(·)(ξ

j − β∇ξgk(u
j))

= lim
j→∞

β

2
‖∇ξgk(u

j)‖2 + λJ(ξj)− 1

2β
‖ξj+1/2 − ξj + β∇ξgk(u

j)‖2 − λJ(ξj+1/2)

= lim
j→∞

− 1

2β
‖ξj+1/2 − ξj‖2 − 〈∇ξgk(u

j), ξj+1/2 − ξj〉+ λJ(ξj)− λJ(ξj+1/2)
(84)
= 0. (86)

Meanwhile, we can derive limj→∞ ‖wk,j −wk‖ = ‖ŵ −wk‖ = ‖ŵ −wk,0‖ 6= 0. Combing
this with (85) and (86), we arrive at the desired conclusion. �

Next we will prove the local quadratic convergence rate of PGN. The main ideas for this
proof are presented as follows.

• The changeable index sets Tj and Γj in (33) brings difficulties for convergence rate
analysis. We will show that they exactly contain nonzero elements of the solution
(active sets) after finite iterate (see Lemma 18 below).

• Newton step plays a crucial role to ensure quadratic convergence rate. We will prove
the update condition (34) always holds after finite iterations. Thus Newton step is
accepted (see the first part of Theorem 13).

• Once the above two points prove to be true, the Newton iteration will be always
performed on a fixed subspace. Then considering the strong convexity of g, the local
quadratic convergence of PGN just follows from classical theory. It is also noteworthy
that there is a gradient step before Newton step and both of them are performed on
the same subspace

uj −→ uj+1/2 (gradient step) −→ uj+1 (Newton step).

We shall show the gradient iteration will not influence the quadratic convergence rate
(see, the second part of Theorem 13).

Lemma 18 (Finite Identification) Let {uj}j∈N be a sequence converging to a P-stationary

point û of (29). Suppose that ξ̂ and ∇ξg(û) satisfy strictly complementary condition (40),

then there exists sufficiently large integer ĵ such that

Γj = S(ξj+1/2) = S(ξ̂),

{
Tj = S(wj+1/2) = S(ŵ), if ‖ŵ‖0 = s,

Tj ⊇ S(wj+1/2) ⊇ S(ŵ), if ‖ŵ‖0 < s,
∀j ≥ ĵ, (87)

where S(·) includes indices of nonzero elements for a given vector.

Proof Let us first prove the relationship involving Tj . Since limj→∞ uj = û and (38),
we know that limj→∞ uj+1/2 = û also holds. Then when j is sufficiently large, we have
S(wj+1/2) ⊇ S(ŵ). The relationship Tj ⊇ S(wj+1/2) directly follows from (35), and thus
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Tj ⊇ S(wj+1/2) ⊇ S(ŵ) always holds when j is sufficiently large. When ‖ŵ‖0 = s, |Tj | = s
indicates Tj = S(wj+1/2) = S(ŵ).

We now prove Γj = S(ξ̂). From limj→∞ uj = û, S(ξj+1/2) ⊇ S(ξ̂) holds when j is large

enough. Noticing that (31) and (32) lead to S(ξj+1/2) = Γj , we can obtain Γj ⊇ S(ξ̂).

Finally, we need to prove Γj ⊆ S(ξ̂). Suppose for the contradiction that there exists an

infinite index set Ĵ such that Γj 6⊆ S(ξ̂) for any j ∈ Ĵ . Then considering |Γj | ⊆ [m] is

finite, without loss of generality, we can assume that there exists a fixed index î ∈ Γj but

î /∈ S(ξ̂) for all j ∈ Ĵ . From (35), we have [∇ξg(uj)]̂i = −[ξj+1/2 − ξj ]̂i/β. Passing limit

j → ∞ on both sides of this equality leads to [∇ξg(û)]̂i = 0. Since î /∈ S(ξ̂), ξ̂î = 0 must

hold. This contradicts to the strictly complementary assumption. Therefore, Γj = S(ξ̂)
holds.

Proof of the first part in Theorem 13. Let us first prove [∇g(û)]Υj = 0. Indeed,
[∇wg(û)]Tj = 0 follows from (87) and (6). [∇ξg(û)]Γj = 0 can be verified by (87) and
Lemma 2.

Denote H(t) := [∇2g(û + t(uj+1/2 − û))]Υj ,Υj . We analyze the relationship between

‖ũj+1 − û‖ and ‖uj+1/2 − û‖ below.

‖ũj+1 − û‖ (87)
= ‖[ũj+1 − û]Υj‖ = ‖[uj+1/2 − û]Υj − (Hj+1/2)−1[∇g(uj+1/2)]Υj‖

≤ 1

σg
‖Hj+1/2[uj+1/2 − û]Υj − [∇g(uj+1/2)]Υj‖

≤ 1

σg
‖Hj+1/2[uj+1/2 − û]Υj − [∇g(uj+1/2)−∇g(û)]Υj‖

≤ 1

σg
‖
∫ 1

0
(Hj+1/2 −H(t))[uj+1/2 − û]Υjdt‖ ≤

1

σg

∫ 1

0
Lg(1− t)‖uj+1/2 − û‖2dt

≤ Lg
2σg
‖uj+1/2 − û‖2, (88)

where the first inequality is derived by using σg-strong convexity of g and the fourth inequal-
ity follows from the Lipschitz continuity of ∇2g. Then limj→∞ ũj+1 = û directly follows
from limj→∞ uj+1/2 = û. We also have the following equations by using (87) and (34) when
j is sufficiently large

J(ξ̃
j+1

) = J(ξ̃
j+1

Γj
) = J(ξ̂Γj

), J(ξj+1/2) = J(ξ
j+1/2
Γj

) = J(ξ̂Γj
).
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Finally, we prove that the descent property in (34) when j is sufficiently large, and thereby
the Newton step will always be adopted.

G(ũj+1)−G(uj+1/2)

=g(ũj+1)− g(uj+1/2) + λJ(ξ̃
j+1

)− λJ(ξj+1/2)

(87)
= 〈[∇g(uj+1/2)]Υj , [ũ

j+1 − uj+1/2]Υj 〉+
1

2
[ũj+1 − uj+1/2]>Υj

Hj+1/2[ũj+1 − uj+1/2]Υj

+ o(‖ũj+1 − uj+1/2‖2)

(34)

≤ − 1

2
[ũj+1 − uj+1/2]>Υj

Hj+1/2[ũj+1 − uj+1/2]Υj + o(‖ũj+1 − uj+1/2‖2)

≤− σg
2
‖[ũj+1 − uj+1/2]Υj‖2 + o(‖ũj+1 − uj+1/2‖2)

(87)
= − σg

2
‖ũj+1 − uj+1/2‖2 + o(‖ũj+1 − uj+1/2‖2) ≤ −σg

4
‖ũj+1 − uj+1/2‖2,

where the second inequality follows from the σg-strong convexity of g and the last inequality
is derived form limj→∞ ‖ũj+1 − uj+1/2‖ = 0.

Proof of the second part in Theorem 13. Notice that (88) has indicated the relation-
ship between ‖uj+1 − û‖ and ‖uj+1/2 − û‖. To prove the quadratic convergence, we just
need to analyze the relationship between ‖uj+1/2 − û‖ and ‖uj − û‖. By using (35), (87)
and [∇g(û)]Υj = 0, we have the following estimation:

‖wj+1/2 − ŵ‖ =‖[wj+1/2 − ŵ]Tj‖ = ‖[wj − ŵ − α∇wg(uj)]Tj‖
=‖[wj − ŵ − α(∇wg(uj)−∇wg(û))]Tj‖
≤‖wj − ŵ‖+ α`g‖uj − û‖ ≤ (1 + α`g)︸ ︷︷ ︸

:=ζ2

‖uj − û‖,

‖ξj+1/2 − ξ̂‖ =‖[ξj+1/2 − ξ̂]Γj‖ = ‖[ξj − ξ̂ − β∇ξg(uj)]Γj‖

=‖[ξj − ξ̂]Γj − β[∇ξg(uj)−∇ξg(û)]Γj‖

≤‖ξj − ξ̂‖+ β`g‖uj+1/2 − û‖ ≤ (1 + β`g)︸ ︷︷ ︸
:=ζ3

‖uj − û‖.

These two results lead to

‖uj+1/2 − û‖2 = ‖wj+1/2 − ŵ‖2 + ‖ξj+1/2 − ξ̂‖2 ≤ (ζ2
2 + ζ2

3 )‖uj − û‖2,

which combining with (88) implies local quadratic rate. �
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