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Abstract

Non-stationary online learning has drawn much attention in recent years. In particular,
dynamic regret and adaptive regret are proposed as two principled performance measures for
online convex optimization in non-stationary environments. To optimize them, a two-layer
online ensemble is usually deployed due to the inherent uncertainty of non-stationarity, in
which multiple base-learners are maintained and a meta-algorithm is employed to track the
best one on the fly. However, the two-layer structure raises concerns about computational
complexity — such methods typically maintain O(logT) base-learners simultaneously for
a T-round online game and thus perform multiple projections onto the feasible domain
per round, which becomes the computational bottleneck when the domain is complicated.
In this paper, we present efficient methods for optimizing dynamic regret and adaptive
regret that reduce the number of projections per round from O(logT) to 1. The proposed
algorithms require only one gradient query and one function evaluation at each round. Our
technique hinges on the reduction mechanism developed in parameter-free online learning
and requires non-trivial modifications for non-stationary online methods. Furthermore, we
study an even stronger measure, namely “interval dynamic regret”, and reduce the number
of projections per round from O(log2 T) to 1 for minimizing it. Our reduction demonstrates
broad generality and applies to two important applications: online stochastic control and
online principal component analysis, resulting in methods that are both efficient and optimal.
Finally, empirical studies verify our theoretical findings.

1. Introduction

Classic online learning focuses on minimizing the static regret, which evaluates the online
learner’s performance against the best fixed decision in hindsight (Hazan, 2016). However, in
many real-world applications, the environments are often non-stationary. In such scenarios,
minimizing static regret becomes less attractive, since it would be unrealistic to assume the
existence of a single decision behaved satisfactorily throughout the entire time horizon.

To address the limitation, in recent years, researchers have studied more strengthened
performance measures to facilitate online algorithms with the capability of handling non-
stationarity. In particular, dynamic regret (Zinkevich, 2003; Zhang et al., 2018a) and
adaptive regret (Hazan and Seshadhri, 2009; Daniely et al., 2015) are proposed as two
principled metrics to guide the algorithm design. We focus on the online convex optimization
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(OCO) setting (Hazan, 2016), which can be deemed as a game between the learner and
the environments. At each round ¢ € [T, the learner submits her decision x; € X from a
convex feasible domain X C R% and simultaneously environments choose a convex function
ft + X — R, and subsequently the learner suffers an instantaneous loss fi(x¢).

1.1 Dynamic Regret and Adaptive Regret

Dynamic regret is proposed by Zinkevich (2003) to compare the online learner’s performance

against a sequence of any feasible comparators uy,...,ur € X. Formally, it is defined as
T T
D-ReGr(uy,...,ur) = > filx) = Y fi(w). (1)
t=1 t=1

Dynamic regret minimization enables the learner to track changing comparators. A favorable
dynamic regret bound should scale with a certain non-stationarity measure dependent on
the comparators such as the path length Pr = )", ,|lus — w—1][2. Notably, the classic static
regret can be treated as a special case of dynamic regret by specifying the comparators as
the best fixed decision in hindsight.

Adaptive regret is proposed by Hazan and Seshadhri (2009) and further strengthened
by Daniely et al. (2015), which measures the regret over any interval I = [r,s] C [T] with a
length of 7 = |I| and hence is also referred to as the interval regret. The specific definition is

r4+7—1 r+7—1
A-Rpar(I) = max { > fix) - min 3 ft<u>}. )

[ryr4+7—1]C[T P

Since the minimizers of different intervals can be different, adaptive regret minimization
also ensures the capability of competing with changing comparators. A desired adaptive
regret bound should be as close as the minimax static regret of this interval. Algorithms
with adaptive regret matching static regret of this interval up to logarithmic terms in T are
referred to as strongly adaptive (Daniely et al., 2015). Moreover, it can be observed that
adaptive regret can include the static regret when choosing I = [T.

Substantial research has been devoted to optimizing these two measures, including
algorithms for dynamic regret (Zinkevich, 2003; Hall and Willett, 2013; Gyorgy and Szepesvéri,
2016; Zhang et al., 2018a; Zhao et al., 2020, 2021, 2024; Baby and Wang, 2021; Jacobsen and
Cutkosky, 2022; Zhao et al., 2022a; Bai et al., 2022; Zhang et al., 2023; Li et al., 2024; Zhang
et al., 2025) and adaptive regret (Hazan and Seshadhri, 2009; Daniely et al., 2015; Adamskiy
et al., 2016; Jun et al., 2017; Zhang et al., 2018b, 2019; Cutkosky, 2020; Zhang et al., 2021;
Yang et al., 2024). It is worth noting that the relationship between dynamic regret and
adaptive regret in online convex optimization (OCO) remains largely unclear (Zhang, 2020,
Section 5), even though a black-box reduction from dynamic regret to adaptive regret has
been established for the simpler prediction-with-expert-advice setting (i.e., online linear
optimization over simplex) (Luo and Schapire, 2015, Theorem 4). As a result, the two
measures are typically developed independently.

To achieve the best of both worlds, several studies (Zhang et al., 2020; Cutkosky, 2020)
have proposed optimizing both measures simultaneously by optimizing an even strengthened
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metric called interval dynamic regret, defined as

r+7—1 r+7—1
INTERVAL_D_REGT(m;ul,...,uT):[ maﬁccm{ ST oflx)— > ft(ut)}. (3)
rr+r =l t=r t=r

This measure requires the online algorithm to compete with a sequence of time-varying
comparators over any interval.

1.2 Two-layer Online Ensemble and Projection Complexity Issue

The fundamental challenge of optimizing the above non-stationary regret measures is the
uncertainty of environmental non-stationarity. Concretely, to ensure robustness in unknown
environments, dynamic regret aims to compete with any feasible comparator sequence, while
adaptive regret examines the local performance over any intervals; with interval dynamic
regret is even more ambitious. The unknown comparators or/and unknown intervals bring
considerable uncertainty to online optimization. To address the issue, a two-layer online
ensemble structure is usually deployed to optimize the measures (Zhao et al., 2024), where a
set of base-learners are maintained to handle the different possibilities of online environments
and a meta-algorithm is employed to combine them all and track the unknown best one.
Such a meta-base framework successfully achieves many state-of-the-art results, including the
O(+/T(1 + Pr)) dynamic regret (Zhang et al., 2018a) and the O(/(F} + Pr)(1 + Pr)) small-
loss dynamic regret for smooth functions (Zhao et al., 2020), where Pr = ZLQ\\ut — w12

is the path length and Fp = Zthl ft(uz) is the cumulative loss of comparators; as well as
the O(y/|I]1log T') adaptive regret (Jun et al., 2017) and the O(v/F7log Frlog Fr) small-loss
adaptive regret for smooth functions (Zhang et al., 2019) for any interval I = [r, s] C [T'], where
Fr = mingex y ;_, fr(x) and Fp = mingecx ZZ;I fi(x). Besides, an O(+/|I|(logT + Pr))
interval dynamic regret is also achieved by a two-layer (or even three-layer) structure (Zhang
et al., 2020), where Pr = >_;_ |lu; — ws—1||2 is the path length over the interval.

The two-layer online ensemble methods have demonstrated great effectiveness in tackling
non-stationary online environments, whereas the gain is at the price of heavier computations
than the methods for minimizing static regret. While it is believed that additional computa-
tions are necessary for more robustness, we are wondering whether it is possible to pay for a
“minimal” computation overhead for adapting to the non-stationarity. To this end, we focus
on the popular first-order online methods and aim to streamline unnecessary computations
while retaining the same regret guarantees. Arguably, the most computationally expensive
step of each round is the projection onto the convex feasible domain, namely, the projection
operation Ix[y] = argmin,.y|/x — y|2 for a convex set X C R?. Typical two-layer non-
stationary online algorithms require maintaining N = O(log T') base-learners simultaneously
to cover the possibility of unknown environments. Define the projection complezity of online
methods as the number of projections onto the feasible domain per round. Then, those
non-stationary methods suffer an O(logT') projection complexity, whereas standard online
methods for static regret minimization require only 1 projection onto the feasible domain
per round such as online gradient descent (Zinkevich, 2003).
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1.3 Our Contributions and Techniques

In this paper, we design a generic mechanism to reduce the projection complexity of many
existing non-stationary methods from O(logT') to 1 without sacrificing regret optimality,
thereby matching the projection complexity of stationary methods. Our reduction is in-
spired by recent advances in parameter-free online learning (Cutkosky and Orabona, 2018;
Mhammedi et al., 2019). The idea is simple: we reduce the original problem learned in
the feasible domain X to an alternative one learned in a surrogate domain Y O X where
projection is much cheaper, e.g., simply choosing ) as a properly scaled Euclidean ball;
and moreover, a carefully designed surrogate loss is necessary for the alternative problem
to preserve the regret optimality. We reveal that a necessary condition for our reduction
mechanism to deploy and reduce the projection complexity is that the non-stationary online
algorithm shall query the gradient once and evaluate the function value once per round.
Several existing algorithms for obtaining the worst-case (problem-independent) dynamic
regret or adaptive regret already satisfy the requirements, and our reduction immediately
yields efficient counterparts with the same regret guarantees but only one projection per
round. However, many non-stationary algorithms, particularly those designed for small-loss
bounds, do not satisfy this condition, requiring non-trivial efforts to make them compatible.
To this end, we develop a family of algorithms that achieve worst-case/small-loss dynamic
regret and adaptive regret with with one projection, one gradient query, and one function
evaluation per round.

Despite that the reduction mechanism of this paper has been studied in parameter-free
online learning, applying it to non-stationary online learning requires new ideas and non-trivial
modifications. Here we highlight the technical innovation. The main challenge comes from
the reduction condition mentioned earlier: since the surrogate loss involves the projection
operation, our reduction requires the algorithm query one gradient and evaluate one function
value at each round. However, many non-stationary algorithms do not satisfy the requirement,
which is to be contrasted to the parameter-free algorithms such as MetaGrad (van Erven and
Koolen, 2016) or its variants (Wang et al., 2019; Mhammedi et al., 2019) that naturally satisfy
the condition. For example, the SACS algorithm (Zhang et al., 2019) enjoys the best known
small-loss adaptive regret, yet the method requires IV gradient queries and N + 1 function
evaluations at each round, where N = O(logT) is the number of base-learners. Thus, we
have to dig into the algorithm and modify it to fit our reduction. First, we replace their
meta-algorithm with Adapt-ML-Prod (Gaillard et al., 2014), an expert-tracking algorithm
with a second-order regret with excess losses to accommodate the linearized loss that is used
to ensure one gradient query per round. Second, we introduce a sequence of time-varying
thresholds to adaptively determine the problem-dependent geometric covers in contrast to a
fixed threshold used in their method. In particular, we register the cumulative loss of the
final decisions rather than the base-learner’s one to compare it with the changing thresholds,
which renders the design of one function value evaluation per round and also turns out to be
crucial for achieving an improved small-loss bound that can recover the best known worst-case
adaptive adaptive regret (by contrast, SACS cannot obtain optimal worst-case adaptive
regret). Our algorithm only requires one projection/gradient query/function evaluation
at each round, substantially improving the efficiency of SACS algorithm that requires NV
projections/gradient queries/function evaluations per round.
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Table 1: Summary of different small-loss regret results for smooth functions. The third
column lists the number of projections required per iteration. The fourth and
fifth columns indicate the number of gradient and function value queries per
round, respectively, with “~” denoting that function values are not required. The
sixth column presents the regret bounds for different algorithms, where F; =
mingex Y, [e(x), FI* =>;_, fr(us), and Pr = ;7 |lus — us_1]|2 are problem-
dependent quantities over the interval I C [1,7]. For simplicity, we use Fr to
denote Fig (similarly defined for Pr and F7).

Measure Reference # Proj | # Grad | # Value Regret Bound
Zhao et al. (2024) | O (logT) 1 - O(/(Fp+ Pr)(1+ Pr))
D-Reg
Theorem 3 (ours) 1 1 O(/(F2+ Pr)(1+ Pr))
AR Zhang et al. (2019) | O(logT) | O(logT) | O(logT) O(V/Fylog Frlog Fr)
-Reg
Theorem 4 (ours) 1 1 1 O(min{y/Fylog Fy log Fr, /|I|log T})
Interval | Zhang et al. (2020) | O(log®>T) | O(log?T) | O(log?®T) O/ T(log T + Pr))
D-Reg | Theorem 5 (ours) 1 1 1 O(/(FF + Pr)(log(FF + Pr) - Tog(F + Pr) + P)))

In this paper, extending our preliminary conference version (Zhao et al., 2022c), we
further study a stronger measure, interval dynamic regret, and develop an efficient method
that reduces its projection complexity from (9(log2 T) to 1 using our reduction mechanism.
Analyzing interval dynamic regret requires techniques similar to those for adaptive regret,
along with additional refinements in the geometric covering intervals and base-algorithm to
handle the more complex structure. Table 1 summarizes our main results in comparison
with existing ones, in which we focus on the small-loss bounds for convex and smooth
functions. Our reduction mechanism demonstrates great generality and can be applied to
two important applications: (i) online non-stochastic control (Agarwal et al., 2019a), and (ii)
online principal component analysis (Warmuth and Kuzmin, 2008). In both applications, the
projection operation is complicated and time-consuming, which becomes even worse when
leveraging these methods to handle non-stationary environments, since typically O(logT")
projections per round are required by following previous methods (Zhang et al., 2019; Zhao
et al., 2023). We explore the structure of these two problems and propose efficient methods
with 1 projection per round to solve them under non-stationary environments, while ensuring
optimal theoretical guarantees.

1.4 Assumptions

In this part, we list several standard assumptions used in OCO (Shalev-Shwartz, 2012; Hazan,
2016). Notably, not all these assumptions are always required. We will explicitly state the
requirements in the theorem.

Assumption 1 (bounded gradient). The norm of the gradients of online functions over the
domain X is bounded by G, i.e., |V fi(x)]2 < G, for all x € X and ¢t € [T].

Assumption 2 (bounded domain). The domain X C R contains the origin 0, and the
diameter of the domain X is at most D, i.e., |x — x'||2 < D for any x,x" € X.
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Assumption 3 (non-negativity and smoothness). All the online functions are non-negative
and L-smooth, i.e., for t € [T], the online function f; : R? — R satisfies |V f;(x) =V fi(x')||2 <
L|x — x'|| for any x,x’ € R4

Note that in Assumption 3 we assume that the online functions are smooth over the entire
space R?. This is primarily for technical reasons, as it ensures the self-bounding property
(described in Lemma 20) holds when deriving small-loss regret bounds (Srebro et al., 2010;
Orabona et al., 2012; Zhang et al., 2019; Zhao et al., 2020). The constraint on the feasible
domain remains valid, as it can be understood by noting that, while the online functions
may be defined over R?, the decisions are only feasible within a subset X C R, which is also
the case in our two applications as discussed in Section 5.

In fact, it is possible to relax Assumption 3 by requiring it to hold only over an extended
domain X', which is slightly larger than the original domain X. Specifically, this extended
domain is defined as X’ = {x +y | x € X,y € R? ||y|l2 < G/L}; in other words, X’ is the
Minkowski sum of the original domain X and a small Euclidean ball.

1.5 Paper Outline

The remainder of the paper is structured as follows. In Section 2, we delineate the reduction
mechanism and illustrate its application to dynamic regret minimization. Section 3 offers
efficient methods for optimizing adaptive regret. Subsequently, Section 4 gives the results for
optimizing an even stronger performance measure — interval dynamic regret. In Section 5
we provide two applications of our proposed reduction mechanism for non-stationary online
learning. Experimental validations are reported in Section 6. Finally, we conclude the paper
and make several discussions in Section 7. All the proofs and omitted details for algorithms
are deferred to the appendices.

2. The Reduction Mechanism and Dynamic Regret Minimization

We start from the dynamic regret minimization. First, we briefly review existing methods
in Section 2.1, and then present our reduction mechanism and illustrate how to apply it to
reducing the projection complexity of dynamic regret methods in Section 2.2.

2.1 A Brief Review of Dynamic Regret Minimization

Zhang et al. (2018a) propose a two-layer online algorithm called Ader with an O(1/T'(1 + Pr))
dynamic regret, which is proved to be minimax optimal for convex functions. Ader maintains
a group of base-learners, each performing online gradient descent (OGD) (Zinkevich, 2003)
with a customized step size specified by the pool H = {n1,...,nn}, and then uses a meta-
algorithm to combine them all. Denoted by By, ..., By the N base-learners. For each i € [N],
the base-learner B; updates by

Xer1, = Ha[xes — 0V fir(xe)], (4)

where 7; € H is the associated step size and I1x|-] denotes the projection onto the feasible
domain X with IIy[y] = argmin,cy||ly — x|l2. Notably, all the base-learners share the
same gradient V fi(x;) rather than using their individual one V fi(x;;). This is because



EFFICIENT METHODS FOR NON-STATIONARY ONLINE LEARNING

Ader optimizes the linearized loss ¢;(x) = (V fi(x¢), x), which enjoys the benign property of
Vﬂt(xt,i) = Vft(xt) for all i € [N]l

Furthermore, the meta-algorithm evaluates each base-learner by the linearized loss
li(xti) = (Vfi(x¢), %) and updates the weight vector p;y1 € An by the Hedge algo-
rithm (Freund and Schapire, 1997), namely,

pri exp(—e(V fi(x¢), X¢.i))
S b exp(—e(V fu(x1), X 5))

where € > 0 is meta-algorithm’s learning rate. The final prediction is obtained by x;11 =
Zfi 1 Pt+1,iXe4+1,4- The learner submits x;41 and receives the loss fi41(x¢+1) and the gradient
V fi+1(x¢+1) as the feedback of this round. With a suitable step size pool H and learning
rate ¢ = O(y/(In N)/T) with N = O(log T'), Ader enjoys an O(1/T'(1 + Pr)) dynamic regret
using 1 gradient query per round (Zhang et al., 2018a, Theorem 4).

For smooth functions, Zhao et al. (2024) demonstrate that an O(\/(Fp + Pr)(1 + Pr))
small-loss dynamic regret can be achieved where F7 = Ethl fi(uy) is the cumulative loss of
the dynamic comparators. This bound safeguards the minimax rate in the worst case, while
it can be much smaller than O(1/T(1 + Pr)) bound in the benign environments.

Piyli = , Vi€ [N, (5)

2.2 The Reduction Mechanism for Reducing Projection Complexity

As demonstrated in the update (4), all the base-learners require projecting the intermediate
solution onto the domain X to ensure feasibility. As a result, O(logT) projections are
required at each round, which is generally time-consuming particularly when the domain X’
is complicated. To address so, we present a generic reduction mechanism for reducing the
projection complexity and apply it to dynamic regret methods. Our reduction builds upon the
seminal work (Cutkosky and Orabona, 2018) and a further refined result (Cutkosky, 2020),
who propose a black-box reduction from constrained online learning to the unconstrained
setting (or another constrained problem with a larger domain).

Reduction mechanism. Given an algorithm for non-stationary online learning Algo whose
projection complexity is O(log T'), our reduction mechanism builds on it to yield an algorithm
Efficient-Algo with 1 projection onto X' per round and retaining the same order of regret. The
central idea is to replace expensive projections onto the original domain X with other much
cheaper projections. To this end, we introduce a surrogate domain ) defined as the minimum
Euclidean ball containing the feasible domain X, i.e., Y = {x | [|x||2 < D} 2 X. Then, the
reduced algorithm Algo works on ) whose projection can be realized by a simple rescaling.
More importantly, to avoid regret degeneration, it is necessary to carefully construct the
surrogate loss ¢g; : Y +— R as

gt(Y) = <vft(xt))3’> - ]l{<Vft(Xt),Vt><0} : <vft(xt)’vt> ) SX(Y)? (6)

where Sy (y) = infxex||y — x||2 is the distance function to X and v, = (y: — x¢)/|ly: — x¢||2
is the vector indicating the projection direction.

The main protocol of our reduction is presented as follows. The input includes original
functions {f;}1_,, the feasible domain X, and the reduced algorithm Algo.

1. We refer to the improved approach presented in Section 3.4 of Zhang et al. (2018a).



ZHAO, XIE, ZHANG, AND ZHOU

fort=1,...,7T do
receive the gradient information V fi(x);
construct the surrogate loss g; : ) — R according to Eq. (6);
obtain the intermediate prediction y;y1 = Algo(g:(-), ¥+, V);
submit the final prediction x;41 = Uy [ysy1];

end for

Our reduction enjoys the regret safeness due to the benign properties of surrogate loss.

Theorem 1 (Theorem 2 of Cutkosky (2020)). The surrogate loss g¢ : Y — R defined in (6)
is convex. Moreover, we have ||[Vgi(yi)||2 < ||V fi(x¢)|l2 and for any vy € X

(Vfi(xe), %t —ar) < ge(ye) — ge(ar) < (Vge(ye), ye — w). (7)

The theorem shows the convexity of the surrogate loss ¢:(y) and we thus have fi(x;) —
fr(uy) < (Vge(ye),yt — ug), which implies that it suffices to optimize the linearized loss
l(y) = (Vai(yt),y). Moreover, the property |[Vg:(yi)ll2 < ||V fi(x¢)]|2 established in
Theorem 1, is crucial for achieving the small-loss bound, as will be demonstrated later in
Theorem 3. Furthermore, we have the following lemma that specifies the gradient calculation.

Lemma 1. For any 'y € Y, Vgi(y) = Vfi(xi) when (Vfi(xi),ve) > 0; and Vg (y) =

Vfe(xt) = (V fe(xt), ve) - (y — Hxly))/lly — Dx[y]lle when (V fi(x¢),vi) <0. Here vy = (yt —
x¢) /|yt — X¢||2- In particular, Vgi(ye) = V fi(xe) — (V fi(x¢), ve) - vi when (V fi(xy), ve) < 0.

Reduction requirements. An important necessary condition for the reduction is to
require the reduced algorithm satisfying one gradient query and one function evaluation at
each round. Indeed, the reduction essentially updates according to the surrogate loss {gt}z;l.
Note that the definition of surrogate loss involves the distance function Sx(y), see Eq. (6).
Thus, each evaluation of g;(y) leads to one projection onto X due to the calculation of Sx(y).
Similarly, each gradient query of Vg;(y) also contributes to one projection, see Lemma 1 for
details. To summarize, we can use the reduction to ensure a 1 projection complexity, only
when the reduced algorithm satisfies the requirements of one gradient query and one function
evaluation per round. Below, we demonstrate the usage of our reduction mechanism for two
methods of dynamic regret minimization that satisfy the conditions, including the worst-case
method (Zhang et al., 2018a) and the small-loss method (Zhao et al., 2024).

Application to dynamic regret minimization. Algorithm 1 summarizes the main
procedures of our efficient methods for optimizing dynamic regret, which is an instance of
the reduction mechanism by picking Algo as Ader (Zhang et al., 2018a). More specifically,
Lines 6 — 8 are essentially performing Ader algorithm using the surrogate loss {g;}1_; over
the surrogate domain ). Note that the base update in Line 6 is essentially performing OGD
with projection onto ), a scaled Euclidean ball, and thus the projection admits a simple
closed form. The overall algorithm requires projecting onto X only once per round, see Line 9.
Our method provably retains the same dynamic regret.

Theorem 2. Set the step size pool as H = {n; = 21 (D/G)+/5/(2T) | i € [N]} with
N = [27tlogy(1 + 2T/5)] + 1 and the learning rate as ¢ = \/(In N)/(1 + G2D2T). Under

Assumptions 1 and 2, our algorithm requires one projection onto X per round and enjoys

T T
>~ filx) =Y filw) <O (VI(T+Pr)). ®)
t=1 t=1
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Algorithm 1 Efficient Algorithm for Minimizing Dynamic Regret
Input: step size pool H = {n1,...,nn}, learning rate of meta-algorithm ¢; (or simply a
fixed one g; = ¢€).
1: Initialization: let x; and {y1,;}}¥, be any point in X; Vi € [N],p1; = 1/N.
2: fort=1to T do
3:  Receive the gradient information V f;(x¢).
Construct the surrogate loss g; : ) — R according to Eq. (6).
Compute the gradient Vg;(y;) according to Lemma 1.
For each i € [N], the base-learner B; produces the local decision by

Yirti = Yei —0V9e(Yt), Yerii = Y1, (]1{||9t+1,i||2gp} + : ]l{HytH,iHQzD})-

1¥t+1,ill2

7. Meta-algorithm updates weight by pyy1; o exp(—err1 Y1 (Vs(¥s), ¥si)), i € [N].
8:  Compute y;1 = sz\il Dt+1,iYt+1i-

9:  Submit x4y; = x[yi+1]. > the only projection onto feasible domain X" per round
10: end for

For smooth and non-negative functions, the Sword+-+ algorithm (Zhao et al., 2024)
achieves an O(y/(F® + Pr)(1 + Pr)) small-loss dynamic regret, which requires one gradient
and one function value per iteration.? However, notice that the surrogate loss g;(-) in Eq. (6)
is neither smooth nor non-negative, which hinders the application of our reduction to
their method. Fortunately, owing to the benign property of ||Vg:(y¢)|l2 < [V fe(xt)]|2

(see Theorem 1), we can still deploy the reduction via an improved analysis and obtain a
projection-efficient algorithm with the same small-loss bound.

Theorem 3. Set the step size pool as H = {n; = 2=1\/5D?/(1+ 8LGDT) | i € [N]} with
N = [27ogy((5D? + 2D?T) (1 + 8LGDT)/(5D?))] + 1 and the learning rate of the meta-

algorithm as e; = \/(ln N)/(1+ D220 Vgs(ys)l3). Under Assumptions 1, 2, and 3, our
algorithm requires one projection onto X per round and enjoys the following dynamic regret:

T T
> i) = 3 fitw) < 0 (\/(Fp+ P+ ).
t=1 t=1

where F2 = ST  fi(w) is the cumulative loss of the dynamic comparators.
t=1

3. Adaptive Regret Minimization

In this section, we present our efficient methods to minimize adaptive regret. First, we briefly
review existing methods in Section 3.1, and then present our efficient methods to reduce the
projection complexity of adaptive regret methods in Section 3.2.

2. The Sword++ algorithm is primarily designed to attain gradient-variation dynamic regret, incorporating
advanced components like a correction term and optimism into its algorithmic design (Zhao et al., 2024).
Nonetheless, it can be verified that when seeking a small-loss bound only, the algorithm’s complexity can
be reduced by omitting both the correction term and optimism.
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3.1 A Brief Review of Adaptive Regret Minimization

Adaptive regret minimization ensures that the online learner is competitive with a fixed
decision across every contiguous interval I C [T]. Typically, an online algorithm to achieve
this consists of three components:

(i) base-algorithm: an online algorithm attaining low (static) regret in a given interval;

(i) scheduling: a series of intervals that can cover the entire time horizon [T, which might
overlap. Fach interval is associated with a base-learner whose goal is to minimize static
regret over the duration of that interval (from its start to end);

(iii) meta-algorithm: a combining algorithm that can track the best base-learner on the fly.

By dividing the entire algorithm into these three main components, it becomes more conve-
nient to compare various algorithms and highlight the effectiveness of individual components.

For the worst-case bound, the best known result is the O(\/|I|logT) adaptive regret
achieved by the CBCE algorithm (Jun et al., 2017). We omit its details but mention that
CBCE requires multiple gradients at each round. Wang et al. (2018) improve CBCE by
employing the linearized loss for updating both meta-algorithm and base-algorithm. This
revision allows it to require only one gradient per iteration while maintaining the same
adaptive regret. Furthermore, this improved CBCE algorithm evaluates the function value
only once per iteration. As a result, our reduction can be directly applied, yielding a
projection-efficient variant with the same adaptive regret.

Now, we focus on the more challenging case of small-loss adaptive regret. The best
known result is the O(y/Fylog Frlog Fr) adaptive regret for any interval I = [r,s] C [T]
obtained by the SACS algorithm (Zhang et al., 2019), where F; = mingex > ,_,. fi(x) and
Fr = mingey Z?:l fi(x). However, SACS does not satisfy our reduction requirements. This
is because it requires N gradient queries (specifically, V fi(x;;) for i € [N]) and N + 1
function evaluations (specifically, fi(x;;) for i € [N], and f;(x;)) at round ¢ € [T]. Here, N
denotes the number of active base-learners, and x;; denotes the local decision returned by
the i-th base-learner. Therefore, we have to modify the algorithm to fit our purpose.

To this end, we need to review the construction of the SACS algorithm. First, SACS
uses the scale-free online gradient descent (SOGD) (Orabona and Pal, 2018) as its base-
algorithm, which ensures a small-loss regret in a given interval. Second, SACS employs
AdaNormalHedge (Luo and Schapire, 2015) as the meta-algorithm, which supports the
sleeping expert setup and also the small-loss regret. Finally, SACS introduces a novel
scheduling strategy called the problem-dependent geometric covering intervals. This ensures
that the number of maintained base-learners also depends on small-loss quantities. Owing
to these designs, SACS can achieve a fully problem-dependent adaptive regret of order
O(\/Frlog Frlog Fr), which scales according to the cumulative loss of comparators.

However, there are also some pitfalls. SACS also suffers from an O(logT") projection
complexity in the worst case due to its two-layer structure. Further, it can be observed
that SACS only attains an O(y/|I|log|I|logT) bound in the worst case, which exhibits an
O(y/log|I|) gap compared with the best known result of O(y/|I|logT) (Jun et al., 2017).

In the next subsection, we will present an efficient algorithm for small-loss adaptive regret
minimization, which resolves the above two issues simultaneously.
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Figure 1: Geometric Covering Intervals (Zhang et al., 2019, Figure 2).

3.2 Efficient Algorithms for Adaptive Regret

Since SACS involves multiple gradient and function queries in all its three components, we
need to make modifications to achieve an algorithm that attains the same small-loss adaptive
regret while demanding merely one gradient query and function evaluation per iteration.
Once equipped with such an algorithm, we can deploy our reduction scheme to obtain an
efficient method with 1 projection complexity.

The overall procedures of our proposed algorithm are summarized in Algorithm 2. Below,
we will present the details of the three components. In particular, we will elucidate the
scheduling design, i.e., the construction of covering intervals, which is paramount in achieving
a fully problem-dependent bound (even improving upon the previously best known result
of Zhang et al. (2019)) and reducing the number of gradient and function evaluations needed.

By the reduction mechanism, it is noticeable that we only need to consider the input
online functions as surrogate loss {g;}1_;, where g; : J +— R is defined in Eq. (6).

Scheduling. Adaptive regret examines every contiguous interval I C [T'], which demands a
rapid adaptation to potential environment changes. A natural way to construct the scheduling
is to initiate a base-learner at each round and enable her to make predictions till the end of the
whole time horizon (Hazan and Seshadhri, 2007). While this approach can effectively maintain
many base-learners to handle the non-stationarity, it is computationally expensive due to
maintaining O(t) base-learners at round ¢. For enhanced efficiency, alternative scheduling is
proposed to set the length of each learner’s active time in a geometric manner (Hazan and
Seshadhri, 2007; Daniely et al., 2015). To elucidate the design, we introduce two concepts: the
unit interval and the marker. The unit intervals partition the time horizon [T'], of which the
adaptive algorithm chooses geometric many to construct the active time as illustrated later.
The markers denote the starting and ending time stamps of the unit intervals. Formally, the
i-th unit interval is represented by [s;, s;+1 — 1] with the time stamps s1, ..., sy determining
the intervals (referred to as markers). Notice that, these unit intervals are disjoint and
consecutive. The second and third rows of Figure 1 provide an illustrative example of unit
intervals and markers. Based on the two concepts, we can then illustrate how to generate
geometric covering intervals, also referred to as the scheduling above. The distinction between
unit intervals and geometric intervals merits emphasis. The geometric covering intervals are
the active time of each base-learner, and our adaptive algorithm manages the prediction
period of the base-learners according to these intervals. The unit intervals partition the time
horizon, and the covering intervals are generated based on these unit intervals by selecting

11
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a geometric number of them. The adaptive algorithm initializes a base-learner once at the
beginning time of each unit interval, say at time stamp s,,, and determines the active time
based on the indexes of the markers,

[Si2%s S(ig1).20 — 1], (9)

where m = i-2¥ k € {0} UN and k is the largest number made the factorization. The
setting indicates that the base-learner initialized at time s,, remains active across 2¥ — 1 unit
intervals, leading to an exponentially number of unit intervals. This scheduling diversifies
multiple base-learners to capture the non-stationarity across different time durations, and
meanwhile ensures that at most O(logT") base-learners are maintained per round.
Conventionally, previous studies set s; = ¢ (Hazan and Seshadhri, 2007; Daniely et al.,
2015), where the increasing of markers coincidences with one of the time stamps. This leads
to the standard geometric covering intervals C as shown in Figure 1, formally defined below,

€=U, 0 G Where Ci = {[i 2k (1) 28 — 1] | s odd} for k€ NU {0}, (10)

which are derived from Eq. (9) by registering the marker at each round. However, this
manner of initializing base-learners is problem-independent, which introduces a v/log T factor
to the adaptive regret bound of order O(y/|I|logT), given that the meta-algorithm requires
combining O(T') (sleeping-)experts in total. To address the issue, Zhang et al. (2019) propose
the problem-dependent scheduling aiming to achieve a small-loss adaptive regret. In this
paper, we further refine their design in order to reduce the gradient and function value
queries at each round, which also helps improve their small-loss bound slightly.
Specifically, we aim to develop a fully data-dependent adaptive regret bound of order
O(v/Frlog Fylog Fr) with 1 projection complexity. This bound replaces the O(y/log T') factor
by O(y/log Frlog Fy), which under specific beneficial conditions is considerably smaller. We
postpone the discussion of the additional factor O(y/log F7) in Remark 1. To achieve this
result, the SACS algorithm (Zhang et al., 2019) modifies the generation mechanism of the
markers, which registers a marker only when the cumulative loss exceeds a pre-defined fized
threshold, instead of setting s; = t. As a result, the number of active base-learners relates to
the small-loss quantity, leading the overall algorithm to achieve a fully problem-dependent
adaptive regret. The underlying rationale for this design stems from the potential inefficiency
of the prior scheduling mechanism (which sets s; = ¢ and initializes a base-learner at each
round), since it is unnecessary to initialize a fresh new base-learner when the environment is
relatively stable, or more precisely, when the cumulative loss is not large enough. Figure 2
provides an illustrative example of problem-dependent geometric covering intervals. Therefore,
we are in the position to determine the threshold. SACS sets the threshold by monitoring
the cumulative loss of the latest base-learner f;(x; ;1) with it being the latest base-learner’s
index, but this will introduce an additional function evaluation in addition to f;(x;) at each
round. To avoid the limitation, we design the following two important improvements:

e we register markers and start a new base-learner according to the cumulative loss of
final decisions, i.e., { fi(x¢)}}_,, bypassing the additional function evaluation;

e we introduce a sequence of time-varying thresholds with a careful design, instead of
using a fixed threshold over the time horizon.

12
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Figure 2: Problem-dependent Geometric Covering Intervals (Zhang et al., 2019, Figure 4).

This configuration of covering intervals realizes the condition of one function evaluation per
round. Additionally, the new design of the thresholds mechanism is crucial to ensure that
the small-loss bound can simultaneously recover the best known worst-case guarantee, which
cannot be achieved by prior best small-loss adaptive regret bound (Zhang et al., 2019). More
discussions are presented in Remark 1.

We are now ready to introduce our efficient algorithm for optimizing the small-loss
adaptive regret. Let C1,Cs, (5, ... denote the sequence of thresholds, determined by a
threshold generating function G(-) : N +— R4, which we will specify later. Our problem-
dependent geometric covering intervals are defined as follows. We initialize the setting by
s1 = 1. We set sg as the round when the cumulative loss of the overall algorithm (namely,
S| fs(xs)) exceeds the threshold C} and then initialize a new instance of SOGD starting
at this round. The process is repeated until the end of the online learning process. We
thus generate a sequence of markers {si, so,...}. See the condition in Line 7, registration of
markers in Line 9, and the overall updates in Lines 7 — 11 of Algorithm 2. Those markers
specify the starting time (and the ending time) of base-learners and further we can construct
the problem-dependent covering intervals as

C= UkeNu{o} Ck, where Cj = {[Si,2k, S(i1)2x — 1] |7 18 odd} for all k € NU{0}. (11)

This construction matches exactly the method of selecting geometric many of the unit
intervals as described in Eq. (9). It is worth noting that the problem-dependent covering
intervals, unlike the standard ones which set s; = t, are constructed using markers that cannot
be specified with exact time stamps in advance. Instead, they are determined according to the
learner’s performance on the fly. However, this does not hinder the practice of our algorithm,
as it activates or deactivates base-learners based on the marker indices it maintains.

Base-algorithm. We employ SOGD as the base-algorithm, running with a linearized loss
(Vgi(ye),y) over the surrogate domain ). Denote by A; the set of active base-learners’
indices, then the base-learner B; updates by

Vit1i = Uylyei — neiVar(ye)],

with 7 ; = D/\/(5 + ZEZHHVgS(yS)H%), where 7; denotes the starting time of the base-
learner i € A;. The projection onto ) can be easily calculated by a simple rescaling if needed.
Notably, owing to the convexity of the surrogate loss g;, we can use the same gradient Vg, (y¢)
for all the base-learners at each round, ensuring one gradient query of V f;(x;) at each round.
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Algorithm 2 Efficient Algorithm for Problem-dependent Adaptive Regret
Input: threshold generating function G(-) : N +— R.
1: Initialize total intervals m = 1, marker s; = 1, threshold C; = G(1); let x; be any point
in X; let A; denote the set of indexes for the active base-learners at time ¢.
2: fort=1to T do

3:  Receive the gradient information V f;(x¢).

4:  Construct the surrogate loss g; : Y — R according to Eq. (6).

5. Compute the (sub-)gradient Vg;(y:) according to Lemma 1.

6: Compute L; = Ly—1 + fi(x¢).

% constructing Problem-dependent Geometric Covers(PGC)

7. if L; > C,, then

8 Set L; = 0, remove base-learners By, whose deactivating time stamp is before the
registration of (m + 1)-th marker.

9: Set m < m + 1, register marker s,, < ¢, update threshold C,, = G(m).

10: Initialize a new base-learner whose active span is [s,,.9k, S(nt1)-2k — 1] where m =
n-2% k€ {0} UN and k is the largest number made the factorization.

11: Set v = In(1 4 2m), wym = 1, Nt = min{1/2, /7, } for the meta-algorithm.

12:  end if

13:  Send Vg (y:) to all base-learners and obtain local predictions y;41, for i € A;.

14:  Meta-algorithm updates weight pry1 € Aj4,, ;| by Eq. (12), Eq. (13), and Eq. (14)
15:  Compute yii1 =3 ;e a,,, Pt+1,iYt+1,i-

16:  Submit x441 = Iy [ys+1]. > the only projection onto feasible domain X per round
17: end for

Meta-algorithm. SACS uses AdaNormalHedge (Luo and Schapire, 2015) as its meta-
algorithm, but this choice is not suitable for us. To ensure only one projection per iteration,

At

we cannot rely on multiple function values {gt(ym)},li:tl for the meta-algorithm to evaluate

the loss. Instead, we can only use the linearized loss value, namely, {(Vgt(yt),yt,ﬁ}ﬁtll

in the meta update. The small-loss bound in SACS crucially depends on access to the
original function values, which are unavailable here. Technically, with only linearized losses,
it is difficult to establish a squared gradient-norm bound and then convert it to the small-
loss bound due to the first-order regret bound of AdaNormalHedge. This key observation
motivates us to instead use the Adapt-ML-Prod algorithm (Gaillard et al., 2014) as our
meta-algorithm. The main advantage is that it enjoys a second-order regret while also
supporting the sleeping expert setup. Adapt-ML-Prod maintains multiple learning rates
M+1 € [0, 1]|At+1| and an intermediate weight vector wyy; € Rl4t+1l updated as follows: for
any active base-learner i € Az 1,

41,4

. 1 ; ~ ,
Mi+1,; = Min {27 \/ Ji )? }7 Wig1,5 = (wt,z’(l + 1 (b — &,z’))) i (12)
— L

where v; = In(1 + 2i) is a certain scaling factor and the feedback loss is constructed in the
following way, for i € Ay, set

Zﬁ = (Vg(yt),y)/(2GD), and bi = (Vai(yt), y,i)/ (2GD). (13)
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The final weight vector pi11 € Ay, | is obtained by

Wt+1,i * Mt+1,i
Dje Ay Wil M1,

Dit1,i = (14)

Notably, the meta update only uses one gradient at round ¢, namely, Vg;(y¢).

Finally, we compute y;+1 = Eie Apyr P+1,iYe41,i a8 the overall prediction in the surrogate
domain Y and calculate x;1+1 = I x[y¢+1] to ensure the feasibility. This is the only projection
onto X at each round. Algorithm 2 summarizes the main procedures of our efficient method
for small-loss adaptive regret. Albeit with a similar two-layer structure as SACS, our
algorithm exhibits salient differences in meta-algorithm and covering intervals. As a benefit,
we can successfully deploy our reduction mechanism and make the overall algorithm project
onto the feasible domain & once per round, see Line 16. Our method retains the same
small-loss adaptive regret as (Zhang et al., 2019).

Theorem 4. Under Assumptions 1-3, setting the threshold generating function G : N — R,
G(m) = (54GD + 168D?L) In(1 4 2m) + 168D?Ly2 + 18GDur + 6DV6 + 672D?L, (15)

where pr = In(1 4+ (1 +1In(1 4+ 7'))/(2¢)) and thus G(m) = O(logm), Algorithm 2 requires
only one projection onto the feasible domain X per round and enjoys the following small-loss
adaptive regret for any interval I = [r,s] C [T]:

th(xt) — th(u) < O(min{\/FI log Fylog Fr,/|I| logT}), (16)

where Fr = mingex > ,_, ft(x) and Fp = mingey Zthl ft(x).

Remark 1. Note that the O(y/F}log Fylog Fr) small-loss bound of Zhang et al. (2019)
becomes O(+/|I|log|I|logT) in the worst case, looser than the O(y/|I|logT) bound (Jun
et al., 2017) by a factor of y/log|I|. We show that this limitation can be actually avoided by
the new design of the threshold mechanism and a refined analysis, both of which are crucial
for obtaining the additional O(\/|I|logT') worst-case regret guarantee. Indeed, our result
in (16) can strictly match the best known problem-independent result in the worst case.

4. Interval Dynamic Regret Minimization

As mentioned in Section 1.1, adaptive regret and dynamic regret are not directly comparable
under the general OCO settings. Therefore, researchers consider optimizing them simultane-
ously using a more stringent measure called interval dynamic regret, which competes with
any changing comparator sequence over any interval (Zhang et al., 2020; Cutkosky, 2020).

4.1 A Brief Review of Interval Dynamic Regret Minimization

Zhang et al. (2020) propose the AOA algorithm to optimize the interval dynamic regret
and obtain a worst-case bound of Y 7 fi(x:) — >/, fr(u) < O(/|I|(logT + Pr)) for
any interval I = [r,s] C [T], where P = Y77 |lu; — u;_1]|2 denotes the path length.
The overall structure of AOA is similar to the adaptive algorithm framework described in
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Section 3.2. The major difference is that AOA uses Ader (Zhang et al., 2018a), a two-layer
structure algorithm, as the base algorithm to minimize dynamic regret over a given interval.
As a result, the projection complexity of their method is (’)(log2 T), since each base-learner
requires O(logT") projections, and AOA employs O(logT) such base-learners.

Cutkosky (2020) achieves an O(1/|I[(1 + P;)) interval dynamic regret through a fun-
damentally different framework based on parameter-free online learning, where 6() hides
the polynomial dependence on log T factors. In fact, Cutkosky (2020) derives a gradient-
norm bound (scaling with Y, /||V f¢(x¢)||?) for interval dynamic regret, which can be easily
converted into a small-loss bound (scaling with ), ; f;(u;)) when the online functions are
non-negative and smooth. However, we note that, even in this case, their small-loss bound
is not favorable enough, as the regret guarantee is not fully problem-dependent — it still
exhibits polynomial dependence on logT" terms.

4.2 Efficient Algorithms for Interval Dynamic Regret

In this part, we present efficient algorithms for optimizing interval dynamic regret. We begin
by discussing the worst-case interval dynamic regret, which is relatively straightforward to
achieve. Next, we focus on the more challenging small-loss regret bound.

Worst-case interval dynamic regret. Although AOA itself does not satisfy the condition
of one gradient query and one function evaluation per round, it can be verified that simply
using a linearized loss for AOA achieves the same bound while meeting the reduction
requirement. Consequently, applying our reduction mechanism yields an efficient algorithm
for optimizing the interval dynamic regret. This algorithm retains the same worst-case bound
as AOA but significantly reduces the projection complexity from O(log? T) to 1.

Small-loss interval dynamic regret. Regarding the small-loss type bound, the only
relevant result in the literature is the gradient-norm bound presented by Cutkosky (2020),
which can be further converted into a small-loss bound of order (5(\/ (FP+ Pr)(1+ Pr))
when the online functions are non-negative and smooth, where F' = 3, ; fi(u;) and
Pr =3 crllug —ug_1|]2. However, it is only a partially problem-dependent bound, as the

O(+) notation still hides polynomial dependence on log T factors.

In the following, we present the first fully problem-dependent small-loss bound for
optimizing the interval dynamic regret, building on the AOA algorithm (Zhang et al., 2020).
Importantly, our algorithm requires only a single projection onto the feasible domain X
per round.?> To achieve this, we employ the same structure as AOA, but with several
modifications. Specifically, we use a linearized loss for the base-learners and Adapt-ML-Prod
as the meta-algorithm. Additional effort is required to construct the problem-dependent
geometric covers. Algorithm 3 summarizes the main procedures. The structure of this
algorithm is similar to our algorithm for small-loss adaptive regret (see Algorithm 2), with
the key difference that we replace the base-algorithm from SOGD with our efficient method for
dynamic regret (i.e., Algorithm 1). This change is necessary to manage the dual uncertainties
inherent in interval dynamic regret minimization, arising from both the unknown interval and

3. Our reduction mechanism can also be applied to reduce the projection complexity of the method proposed
by Cutkosky (2020), but the variant still exhibits a less favorable regret and higher computational
complexity compared to the one presented here. Further details can be found in Remark 3 and Remark 4.
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Algorithm 3 Efficient Algorithm for Problem-dependent Interval Dynamic Regret

Input: step size pool H = {n1,...,nn}, learning rate setting €; ; for the i-th base-learner,
and the threshold generating function G(-) : N — R,

1: Set total intervals m = 1, marker s; = 1, threshold C7 = G(1); let x; € X be any point;
let A; denote the set of indexes for the active base-learners at time ¢.

2: fort=1to T do

3:  Receive the gradient information V f;(xy).
4:  Construct the surrogate loss g¢ : Y — R according to Eq. (6).
5. Compute the (sub-)gradient Vg,(y;) according to Lemma 1.
6:  Compute Ly = Ly—1 + fr(x¢).
% constructing Problem-dependent Geometric Covers(PGC)
7. if L, > (), then
8 Set Ly = 0, remove base-learners By, whose deactivating time stamp is before the
registration of (m + 1)-th marker.
9: Set m < m + 1, register marker s,, < t, update threshold C,, = G(m).

10: Initialize a new base-learner according to Eq. (17) and Eq. (18), whose active span
is [Sp.ak, S(ny1).2r — 1] where m =n - 2F k € {0} UN and k is the largest number
made the factorization.

11: Set the required inputs with step size pool H, learning rate for Hedge used in
base-algorithm as €;; with i = m.

12: Set v = In(1 4 2m), wi;m = 1, Nt = min{1/2, /7, } for the meta-algorithm.

13:  end if

14:  Send Vg (y:) to all base-learners and obtain local predictions y;41, for i € A;.

15:  Meta-algorithm updates weight p;y1 € A4, by Eq. (12), Eq. (13), and Eq. (14).
16:  Compute yii1 = ;e a,,, Pt+1,i¥t+1,i-

17: Submit x;41 = Hx[yi+1]. > the only projection onto feasible domain X per round
18: end for

the unknown comparator sequence. Intuitively, the design of this interval dynamic algorithm
can be thought of as a three-layer structure, because, in addition to using Adapt-ML-Prod
to combine the base-learners’ decisions, each base-learner also generates her own decision
by combining several maintained subroutines (OGD) with a meta-algorithm (Hedge with
time-varying learning rates). The details are as follows.

Scheduling and Meta-algorithm. To attain the small-loss interval dynamic regret, we
employ the same scheduling mechanism and meta-algorithm as Algorithm 2 (which is designed
for small-loss adaptive regret), namely, we use the problem-dependent geometric covering
intervals determined by a sequence of time-varying thresholds and use the Adapt-ML-Prod
as the meta-algorithm. One can refer to Section 3.2 for detailed elaborations.

Base-algorithm. As mentioned, we now employ our efficient method for dynamic regret
minimization (i.e., Algorithm 1) as the base-algorithm, which consists two layers. We specify
the update procedure of the i-th base-learner. At round ¢ + 1, the base-learner will submit
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.. N
the decision as yei1,, = > ;1 Piyq 4 ;¥t+1,,5, Where

base:base-level: yii1i; =1y [yii1.i5 —n;Vae(ye)l,j € [N], (17)
t
base:meta-level: pj i, ; X exp <—€i,t+1 Z <Vgs(ys),ys7i7j>> ,J € [N], (18)

S=lstart

We use the prefix “base:” to indicate updates performed within the base-algorithm utilized
by Algorithm 3. The local decision y¢41,,; is returned from the j-th base:base-learner in the
base-algorithm, N denotes the number of base:base-learners, isa,¢ denotes the starting time
stamp for the i-th base-learner and p;y1;; denotes its corresponding combination weight.
Note that these base-level updates are conducted within the domain ), where the algorithm
can benefit from a rapid projection. Moreover, it is also worth mentioning the choice of
step size n;. Ideally, it should be scaled with the length of the active interval |I| of the
associated base-learner, nevertheless, we actually set it based on 7" in Theorem 5 due to the
problem-dependent covering intervals. Technically, since the active time of each base-learner
is determined on the fly, we can only set potentially over-estimated learning rates to ensure
that the dynamic regret is guaranteed whenever the base-learner is deactivated. As shown in
Lemma 8, this setup ensures that each base-learner enjoys an anytime dynamic regret bound.

With these components in place, the following theorem establishes the small-loss interval
dynamic regret of Algorithm 3.

Theorem 5. Under Assumptions 1-3, employing the step size pool for base:base-algorithm
(defined at Eq. (17)) as H = {n; = 274 /5D2/(1+8LGDT) | j € [N]} with N =
271 logy((5D%+2D?T)(1+8LGDT)/(5D?))] + 1, setting the meta-algorithm’s learning rate

of the i-th base-learner (defined at Eq. (18)) ase;+ = \/(ln N)/1+D2 2 [ Vgs(ys)|2)

S=lstart
with igqrt denoting its starting time stamp, setting the threshold generating function

G(m) =T7L (12Dx/ln(1 +2m) + 4Dy + 6DVIn N)2

3(6 + G*D?)VIn N
2

(19)

+ 54GD1In(1 + 2m) + 18GDpur + + (630L + 23)D? + 9,

where pp = In(14+ (1+1n(14+7))/(2¢)) and thus G(m) = O(logm), Algorithm 3 requires only
1 projection onto X per round and ensures that the interval dynamic regret Y ;. fi(x¢) —
Soie, fr(ug) is upper bounded by

(’)<\/(FI“ + Pr)- (PI + log (rl{un{F%1 + PT})) -log (rlrlun{FI“ + PI})>, (20)
1.T T:5
which holds for any interval I = [r,s] C [T] and any comparator uy,--- ,ur € X. Here,

Pr=3% . illui—us_1l|2 denotes the path length, F}* = 377_ f;(u;) denotes the comparators’
cumulative loss, ming,, {F}' + Pr} = miny, ., {Zf:r fr(ug) + Zf:T_HHut — ut_1||2}, and
we abbreviate Py and Fjy.7) by Pr and Fr respectively.

The proof can be found in Appendix D. Given Theorem 3 and Theorem 4, a natural
conjecture of interval dynamic regret bound might be O(\/(F} + Pr) - (Pr + log F}}) - log F).
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Nonetheless, our analysis reveals that in the context of interval dynamic regret, FJ' + Py
should actually be treated as a combined quantity and estimated together when designing
the threshold mechanism. A precise analysis can be found in Lemma 10 and Lemma 11.
The obtained result is versatile. When competing with a fixed comparator, the path
length Py = 0 and interval dynamic regret (20) becomes O(/F7log Fylog Fr), recovering the
small-loss adaptive regret exhibits in Theorem 4. Moreover, when considering the entire time
horizon with I = [1,T], the regret bound becomes 6(\/(F}‘ + Pr)(1+ Pr)), which nearly
matches the O(y/(F® + Pr)(1 + Pr)) dynamic regret in Theorem 3 up to logarithmic factors
in miny,, . {F} + Pr}. We note that a similar logarithmic gap of O(logT') also exists in the
study of the problem-independent interval dynamic regret (Zhang et al., 2020, Theorem 5).
Algorithm 3 requires only one gradient query, one function value, and one projection
operation, improving the oracle query complexity over previous method (Zhang et al., 2020)
for interval dynamic regret minimization. Moreover, Algorithm 3 needs to maintain (’)( logT'-
log(miny, , {FP + Pr})) instances of online gradient descent, where log(miny, . {F} + Pr})
can be a constant if the environments are favorable. This approach enhances the efficiency over
that of Zhang et al. (2020), which requires O(log? T') instances. Compared to Algorithm 2,
which is designed for minimizing adaptive regret and requires O(log Frr) instances, we
demonstrate that miny, . {F} + Pr} < Fr, since the choices of uy = --- = up = u* €

argmin, . y Zle fi(x) will lead to F'} + Pr = Fr, which may not be the optimal solution
to miny,.,, {F} + Pr}. Therefore, Algorithm 3 can even have the computational advantage
over the two-layer structure algorithm if Fr > miny,  {F} + Pr}, which may occur in
non-stationary environments, e.g., where the best decision in each round xj is drifting slowly.
Cutkosky (2020) achieves an interval dynamic regret bound with techniques from
parameter-free online learning. It is worthwhile to examine the subtle differences between
our findings and those of Cutkosky (2020); the following remarks provide this comparison.

Remark 2. Algorithm 3 actually enjoys the same gradient-norm bound as Cutkosky (2020,
Theorem 7) (in fact even stronger by logarithmic factors in 7') under Assumptions 1 and 2
(without requiring the smoothness assumption). More specifically, our analysis is conducted
in terms of ||Vg(y¢)|l2 (see Eq. (65) and Eq. (66)), which can then be related to ||V fi(x¢)||2
by Lemma 1. Following the same convention of Cutkosky (2020), who uses the O(-)-notation
to hide the logarithmic dependence in 7', Algorithm 3 can obtain an (5(\/ (Gr+ Pr)(1+ Py))
interval dynamic regret for any interval I = [r,s] C [T] without any modification on the
learning rates, where Py = Y7 luy —w_1f]2 and Gr = Y77 ||V fi(x0)]]3.

Remark 3. The interval dynamic regret bound obtained by Cutkosky (2020) essentially
implies a small-loss bound O(y/(F}* + Pr)(1 + Pr)) when assuming the smoothness of loss
functions. However, the (5() notation hides problem-independent factors such as logT'. In
contrast, our result in Theorem 5 is fully problem-dependent, replacing the quantity such as
log T' by log(miny,,,. {F} + Pr}), through our techniques of constructing problem-dependent
covering intervals and corresponding threshold designs. These problem-dependent quantities
can be much smaller under nice environments, and it remains unclear how to adapt our
techniques to the method of Cutkosky (2020) due to a different framework.

Remark 4. The proposed Algorithm 3 requires only one projection onto the original domain,
whereas the method by Cutkosky (2020) requires multiple projections onto a more complex,
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lifted domain per round, raising concerns about computational efficiency. In Appendix D.1,
we present how to apply our reduction mechanism to the method of Cutkosky (2020),
replacing most of the potentially costly projections onto the lifted domains by projections
onto cylinders. However, one projection onto the complex domain remains necessary.

5. Applications

In this section, we provide two applications of our proposed reduction mechanism for non-
stationary online learning, including minimizing the dynamic regret of online non-stochastic
control and minimizing the adaptive regret of online principal component analysis.

It is important to note that both problems are adaptations of the standard online learning
settings with essential modifications. Specifically, there are three key points worth mentioning:
(i) both problems operate over the matrix space instead of the vector space studied in previous
sections; (ii) for online non-stochastic control, our reduction mechanism is further enhanced
to account for the switching cost of algorithmic decisions (Anava et al., 2015; Agarwal et al.,
2019a), a crucial characteristic of this decision-theoretic problem; (iii) for online principal
component analysis, we actually present the first strongly adaptive regret result (still with
one projection per round), improving the regret bound upon the previously best known
result (Yuan and Lamperski, 2019) that only achieves weakly adaptive regret.

5.1 Online Non-Stochastic Control

In this part, we apply our reduction mechanism to an important online decision-making
problem, online non-stochastic control, which attracts much attention these years in online
learning and control theory community (Agarwal et al., 2019b; Foster and Simchowitz, 2020;
Hazan et al., 2020; Gradu et al., 2020; Zhao et al., 2023; Hazan and Singh, 2022).

5.1.1 PROBLEM FORMULATION

We focus on the online control of linear dynamical system (LDS) defined as 411 = Axy+ Buy+
wy, where x; is the state, u; is the control, w; is a disturbance to the system. The controller
suffers cost ¢;(x¢, u;) with convex function ¢ : R x R R. T hroughout this subsection,
we follow the convention of notations in the non-stochastic control community to use unbold
fonts to represent vectors and matrices. In online non-stochastic control, since there are no
statistical assumptions imposed on system disturbance w; and additionally the cost function
can be chosen adversarially. The adversarial nature of the control setting hinders us from
precomputing the optimal policy, as is possible in classical control theory (Kalman, 1960),
and therefore requires modern online learning techniques to tackle adversarial environments.

We adopt dynamic policy regret (Zhao et al., 2023) to benchmark the performance of the

designed controller with a sequence of arbitrary time-varying controllers my,...,mp € I,
T
D-REG(71,...,77) = Z ey, up) — Z ce(xpt,ugt). (21)
=1 t=1

For this problem, the pioneering work (Agarwal et al., 2019a) investigates the static regret
as (21) with my,...,mp € argmin, q Zthl ct(x],uf). The authors propose a gradient-based
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controller with (5(\/?) static regret. Specifically, they propose to employ the Disturbance-
Action Controller (DAC) policy class w(K, M), which is parametrized by a fixed matrix
K € R%*d= and parameters matrix tuple M = (MU, ... M) e (R%*d=)H with a memory
length H. At each round, DAC makes the decision as a linear map of the past disturbances
with an offset linear controller u; = —Kx; + Zl}il MUy, ;. This parametrization makes the
action as a linear function of the past disturbances and further can reduce the online non-
stochastic control to online convex optimization with memory (OCO with Memory) (Anava
et al., 2015) with truncated loss, and thus one can further apply techniques developed for
OCO with memory to handle the non-stochastic control.

For online non-stochastic control, Zhao et al. (2023) propose an online control approach
with an O(/T'(1 + Pr)) dynamic policy regret, where Pr = ZZ;QHM;‘_I — M}||p denotes the
cumulative variation of comparators. The algorithm leverage an online ensemble structure
equipped with O(log T') base-learners, which leads to an O(logT') projection complexity. In
the sequel, we will investigate the computational complexity of the projection operation.
Our aim is to refine the method through our efficient reduction mechanism, obtaining an
algorithm that retains the same regret guarantee while requiring one projection per round.

5.1.2 PROJECTION COMPUTATIONAL COMPLEXITY

Previous studies project the parameters matrix tuple M onto the following domain,
H .
M={m 2 el ) € (RE<E) T Moy < e, (22)

where ||-||op denotes the operator norm and ¢; is some fixed constant. The projection can
be done by projecting each matrix M Wi e [H], onto spectral norm ball with radius ¢;
sequentially. For each MU, the projection involves the dominant process of diagonalization
and project the singular values onto ¢, ball. Thus, the projection computational complexity
onto M is in order of O (H min{d2d,, d,d2%}), which dominates the computational expense
in the base-learners, given that the gradient descent step requires O(H - d,d,) time only.

5.1.3 EFFICIENT REDUCTION

In this part, we apply our efficient reduction mechanism to Scream.Control (Zhao et al.,

2023), which can improve the projection complexity and maintain the theoretical guarantee.

The algorithm is summarized in Algorithm 4 and we introduce the main ingredients below.
To facilitate the efficient reduction, we design the following surrogate domain,

H .
M’ = {M = (M0, MY € (Rduxdw) || MU < Ci\/g}a (23)

as the replacement of the original one defined at Eq. (22), where we denote by d = min{d,, d, }.
Notice that Scream.Control already satisfies the reduction requirements of querying only one
function value and one gradient value per round (Zhao et al., 2023). Also, this algorithm
utilizes linearized cost function to perform update for meta-learner and base-learners, enabling
the extension of surrogate loss defined at Eq. (6) to matrix version g;(-) : MT+2 s R:

(M) = (VF(M). M) ~ L 0 7 viy <oy - (VIO Vi) - S (M), (24)
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Algorithm 4 Efficient Control Algorithm for Dynamic Policy Regret
Input: Scream.Control algorithm A.
1: Initialization: let A project onto domain M’; submit My € M in [1, H] rounds.
2: fort=H+1toT do
3. Observe ¢(-,-) and calculate the gradient of truncated loss function V f;(M;).
4:  Construct the surrogate loss g¢(-) according to Eq. (24).
5. Compute the (sub-)gradient Vg;(M/) by Lemma 1 with extension to matrix.
6:  Send linearized loss hy(M) = tr (Vg (M{) - M) to A for update.
7
8

Obtain decision M/, from A and submit M,y = Iy M]].
: end for

where Sp(M) = infaem||A — M||p is the distance function to M and we denote by
Vi = (M{ — My)/||[M{ — M|l the projection direction with M, M defined in Algorithm 4.
We denote by fi(-) the unary truncated loss function constructed from cost ¢(-,-) and refer
the interested readers to Section 5.3 of Zhao et al. (2023) for more details, as in this paper
we mainly focus on the projection issues. It is worth emphasizing that the truncated loss
circumvents the growing of memory length with time, enabling the application of techniques
from OCO with memory, while the gap between f(-) and ¢ (-, -) will not be too large.

The caveat to apply efficient method to Scream.Control remains that we should ensure
the adoption of surrogate loss and surrogate domain will not ruin the transformation from
non-stochastic control to OCO with memory, which requires the algorithm to account for the
switching cost || M;—1 — My||r between parameters as well. Inspecting the algorithm derived
from the efficient reduction closely, for two parameters M/ _;, M] in the surrogate domain and
the submitted parameters M;_ = IIy[M/]_,], My = I p[M{], the nonexpanding property
of the projection operator in the Hilbert space implies that ||[IIp[M{_;] — TIm[M{]|lr <
|M/_, — M{||r (Nemirovski et al., 2009), meaning that the switching cost || M1 — M;||r can
be controlled when applying efficient reduction mechanism. Therefore we can safely apply
the efficient reduction to Scream.Control and improve the projection efficiency. Algorithm 4
enjoys the following theoretical guarantee with the proof sketch presented in Appendix E.1.

Theorem 6. Under Assumptions 4-6, by choosing H = ©(logT), Algorithm 4 enjoys the
dynamic regret of Zthl ce(wy, ug) — Ethl cr(apt,ugt) < 5( T(1+ PT)), with one projection
per round. Here, the comparators can be any feasible policies in Il = {n(K, M) | M € M}
with my = w(K, M}) fort € [T], and Pr = 3.} ||M;_ | — M ||y measures the variation.

Remark 5. The original algorithm of Zhao et al. (2023) requires maintaining O (logT")
base-learners, resulting in a computational cost of O (H -log T - min{d?d,, dudi}) per round.
In our variant algorithm, it permits the base-learners to project onto M’, which can be
achieved by simply rescaling the matrix. Consequently, the computational complexity can
be significantly reduced by a factor of O(logT') as depicted in Algorithm 4.

Remark 6. Note that this part focuses on optimizing dynamic regret of online non-stochastic
control, rather than interval dynamic regret. We now explain why. Due to the switching cost,
optimizing non-stationary regret is significantly more challenging than in standard OCO.
The meta-base structure studied in this paper can be used to optimize the dynamic regret
with injected correction terms, as demonstrated in (Zhao et al., 2023). On the other hand,
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optimizing adaptive regret of OCO with switching cost requires a different approach. The
current method (Zhang et al., 2022b) builds on parameter-free online learning (Cutkosky,
2020) to optimize the adaptive regret and tolerant the switching cost (so it may be possible
to apply our reduction mechanism to (Cutkosky, 2020), as discussed in Appendix D.1, to
reduce certain projection complexities). However, it remains unclear whether the meta-base
approach can effectively optimize adaptive regret. Therefore, we focus on dynamic regret
to streamline the projection complexity of the algorithm proposed in (Zhao et al., 2023).
The result demonstrates the effectiveness and practicality of reducing projection complexity,
especially given the complications of the feasible domains in non-stochastic control.

5.2 Online Principal Component Analysis

Principal Component Analysis (PCA) is a crucial dimensionality reduction technique, widely
used in data processing, machine learning, and many more. Unlike the conventional offline
PCA, online PCA is designed for scenarios where data arrive sequentially, thereby necessitating
to conduct dimensionality reduction in an online manner.

5.2.1 PROBLEM FORMULATION

Online (uncentered-)PCA problem requires algorithms to forecast the optimal projection
subspace upon receiving a series of streaming data on the fly (Warmuth and Kuzmin, 2008;
Arora et al., 2013; Nie et al., 2016). Concretely, at each time ¢ the algorithm receives an
instance x; € R? (or in a more general setting, the algorithm receives an instance matrix
X; € RdXd) and needs to project it onto a k-dimensional subspace (k < d) represented by a
rank-k projection matrix Py € Pr. The domain of rank-k projection matrices is defined as

Py = {P e s%| 0i(P) € {0,1}, rank(P) = k} , (25)

where S¢ denotes the set of real-valued d x d symmetric matrices and o;(-) denotes the i-th
eigenvalue of the given matrix.

Online PCA uses compression loss fi(P) = ||Px; — x¢||3 to measure the reconstruction
error at round t. Many prior works considers minimizing static regret for the online PCA
problem, which benchmarks the cumulative compression loss of the learner against the fixed
projection matrix in hindsight. However, in many environments the online data distributions
can change over time, it is crucial to consider the non-stationarity issue in the algorithmic
design. To this end, we investigate the adaptive regret for online PCA, which requires the
algorithm to perform well for any interval I C [T] with length 7 = |I|, defined as

r+7—1 r+7—1
A-REG(|I[) =  max { Z fie(Py) — 113379 Z ft(P)} . (26)
t=r L —

[ryr+7—1]C[T]

Yuan and Lamperski (2019) examine a regret notion similar to but weaker than Eq. (26),
defined as WA-REG(T) = maxy. qcir) {2, ft(P:) — minpep, > 7, fi(P)}. This variant
is usually termed as the weakly adaptive regret (Hazan and Seshadhri, 2007; Zhang et al.,
2018b), which lacks the guarantee for intervals with |I| < O(v/T). It should be noted

that Yuan and Lamperski (2019) propose an algorithm with an O(v/T) weakly adaptive
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regret for online PCA, and to the best of our knowledge, current literature lacks algorithms
with an O(\/m) strongly adaptive regret for online PCA. We not only design the first
algorithm with such a strongly adaptive regret guarantee, but also implement our reduction
mechanism to ensure that it enjoys a projection complexity of 1.

5.2.2 PROJECTION COMPUTATIONAL COMPLEXITY

Before delving into the efficient projection mechanism concerned in our paper, we initiate
with a brief overview on the projection challenge (due to the non-convexity issue) and its
solution in the existing online PCA literature.

Notice that the feasible domain Py defined in Eq. (25) is inherently non-conver, making
it hard to apply OCO techniques. To remedy this, the convex hull of Py is usually employed
as a surrogate during the update, defined as Py = {Pesi|o=xP=Ltx(P) =k}
Nonetheless, the online PCA protocol requires the algorithm provide the decision within
Pr. To this end, the pioneering study of Warmuth and Kuzmin (2008) decomposes P into a
convex combination of, at most, d rank-k projection matrices represented as P= E?:l NP,
where \; € [0, 1] constitutes a distribution, and each P; € Py is a rank-k projection matrix.
Following this decomposition, one can leverage the composite coefficients \; to sample a
projection matrix as the submitted decision.

The gradient descent algorithm (Nie et al., 2016) can obtain O(vET) static regret for
online PCA, which mainly consists of the following steps:

P£+1 = Pt — ﬁVft(Pt), Pt+1 = arg minpeﬁk HP — P;JrlHF,

where 1 > 0 represents the step size and V f;(P;) denotes the gradient with respect to P;.
Then the algorithm samples a rank-k projection matrix based on f’t+1 to submit. The
gradient descent step requires O(d?) time expense, while the primary bottleneck is the
projection step onto 7/5k, which typically demands O(d?) computational complexity, owing to
the matrix diagonalization process, as illustrated by Lemma 13 in Appendix E.2.

5.2.3 EFFICIENT REDUCTION

In this part, we provide our efficient algorithm for online PCA with the strongly adaptive
regret guarantee. The algorithm is presented in Algorithm 5 and we introduce the necessary
components in the below paragraphs.

By inspecting the convex surrogate domain 73k carefully, onto which the algorithm projects,
we propose the surrogate domain ﬁ,‘z defined by the Frobenius norm as,

Pi={Pes!||IP|r < vk}, (27)

which admits a fast projection by a simple rescaling.
At first glance, the compression loss f;(P) = ||Px; — x| seems to be quadratic, but
indeed it is coordinate-wise linear with parameter P as shown below,

fi(P) = ||Px; — xt||% =tr ((I — P)2th;r) =tr ((I — P)xtx;r), (28)

where the second equality is by the property of projection matrix P. To ensure our algorithm’s
adaptability across varied scenarios, we consider a general setting, where the algorithm receives
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Algorithm 5 Efficient Algorithm for Adaptive Regret under PCA Setting

1: Initialization: let Py = ].31 be any point in Py; let A; denote the set of indexes for the
active base-learners at time t.
2: fort=1to T do

3. Receive instance matrix X; € S%.

4:  Construct the surrogate loss g:(-) according to (29).

5. Compute the (sub-)gradient Vg (P$) by Lemma 1 with extension to this problem.

6:  Remove base-learners whose deactivating time is ¢ according to C defined at Eq. (10).

7. Initialize base-learner whose start time is ¢ + 1 and set the learning rate for her
Mer1 = % where ;41 is the active span according to C defined at Eq. (10).

8:  Send Vg, (P) to each base-learner for update.

9:  For each i € A;, the base-learner updates the decision within 73,2’ defined at Eq. (27),

DS,/
Pt+1,i

Vk
(]1{||13?+’1,ms¢%}+ 1P,

=P;;—niVa(P}), Pii1; = P}
+1llr

b+ ]l{uﬁi;’l,ﬁwwm)'
10:  Meta-algorithm updates weight p;1 € A4, | according to Eq. (12), Eq. (13),

(1
and Eq. (14) with f; = tr (Vgt(f’f) : f’g‘) /2v/F and £y; = tr (Vgt(f’f) . ﬁg,i) /2.

11:  Compute Piy =3 "c 4, i1 Piyy,, and Py =115 [Py ]
12:  Sample a projection matrix Py11 ~ Pyy1 to submit.
13: end for

any semi-positive matrix X; € R?*? as input instance rather than vector. Therefore, the loss
function considered at Eq. (28) becomes f;(P) = tr ((I — P)X;). We extend the surrogate
loss defined at Eq. (6) to online PCA as

9(P) = (VFi(Py) - P) = Ly o, Byviy<oy “ tH(VIe(Pr) - Vi) - S5, (P), (29)
where Sz (P) = infq 5 [P — Q|[p is the minimum distance from P to the domain Py
and V; = (l?’t - f’f)/Hf’t - f’fHF denotes the matrix indicating the projection direction
with f’t, f’f defined in Algorithm 5. This surrogate loss enjoys the benign properties, as
illustrated by Theorem 1 and Lemma 1. These two theoretical results are indeed consistent
with the nearest-point projection in the Hilbert space. As for online PCA, the loss function
is defined by the trace operator, and we employ the Frobenius norm as the distance metric
for projection, which implies our optimization operates within a Hilbert space, making the
aforementioned results directly applicable.

Given the absence of a strongly adaptive algorithm for the online PCA problem in the
literature, we offer a detailed description of our algorithm (as opposed to the black-box
reduction style for online non-stochastic control). We propose the algorithm by incorporating
the gradient descent method (Nie et al., 2016) as the base-algorithm, Adapt-ML-Prod as
the meta-algorithm, and the covering intervals defined at Eq. (10). Our efficient online PCA
algorithm satisfies the following theorem, and we provide a proof sketch in Appendix E.2:
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Theorem 7. Assuming that | X¢||p < 1 for any t € [T] and k < &, then Algorithm 5 requires

only one projection onto the domain Py per round and enjoys the following adaptive regret for
any interval I = [r,s] C [T]: E[>7_, fi(Py)] — minpep, >p_, fi(P) < O(V/k - [1]), where
we adopt the general setting by choosing fi(P) = tr (I — P)X;) and the expectation is due to
the randomness introduced by the sampling of the algorithm.

Remark 7. The projection operation onto 7/5k is dominated by the matrix diagonalization
which is of O(d?) under general instances assumption. The vanilla adaptive PCA algorithm
incurs O(d3log T') computational cost by maintaining O(logT') base-learners. Our efficient
algorithm requires one projection and improves the computational cost to O(d?) per round.

Remark 8. For online PCA, we focus on strongly adaptive regret to provide a strict improve-
ment over Yuan and Lamperski (2019) — we achieve a reduction in projection complexity
from O(logT') to 1 per round and meanwhile improving the regret guarantee (previous result
only considers weakly adaptive regret), significantly enhancing both computational efficiency
and regret performance. While extending the analysis to interval dynamic regret for online
PCA is feasible, it would complicate the process. Instead, we focus on adaptive regret
to highlight the primary contributions of our method, particularly in terms of projection
efficiency, which is crucial given the complexity of the feasible domain in online PCA.

6. Experiment
In this section, we provide empirical studies to evaluate our proposed methods.

General Setup. We conduct experiments on the synthetic data. We consider the following
online regression problem. Let 7" denote the number of total rounds. At each round ¢ € [T
the learner outputs the model parameter w; € YW C R% and simultaneously receives a data
sample (x4, ;) with z; € X C R? being the feature and y; € R being the corresponding label.*
The learner can then evaluate her model by the online loss fi(w;) = %(:ctT w; — 1 )? which uses
a square loss to evaluate the difference between the predictive value x] w; and the ground-
truth label 1, and then use the feedback information to update the model. In the simulations,
we set T" = 20000, the domain diameter as D = 6, and the dimension of the domain as d = 8.
The feasible domain W is set as an ellipsoid W = {w € R | w'Ew < A\pin(E) - (D/2)%},
where E is a certain diagonal matrix and A\pin(E) denotes its minimum eigenvalue. Then, a
projection onto W requires solving a convex programming that is generally expensive. In
the experiment, we use scipy.optimize.NonlinearConstraint to solve it to perform the
projection onto the feasible domain.

To simulate the non-stationary online environments, we control the way to generate the
date samples {(x,y;)},_;. Specifically, for ¢ € [T], the feature z; is randomly sampled in an
Euclidean ball with a diameter D same as the feasible domain of model parameters; and
the corresponding label is set as y; = ;] W} + &;, where &; is the random noise drawn from
[0,0.1] and w; is the underlying ground-truth model from the feasible domain W generated
according to a certain strategy specified below. For dynamic regret minimization, we simulate

4. With a slight abuse of notations, we here use w to denote the model parameter and W to denote the
feasible domain, and meanwhile we reserve the notations of x and X to denote the feature and feature
space following the conventional notations of machine learning terminologies.
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Figure 3: Performance comparisons of existing methods and our methods (indicated by
“efficient” prefix) in terms of cumulative loss and running time (in seconds). The
first two figures plot the results of methods for dynamic regret minimization, while
the latter ones are for adaptive regret.

piecewise-stationary model drifts, as dynamic regret will be linear in T" and thus vacuous
when the model drift happens every round due to a linear path length measure. Concretely,
we split the time horizon evenly into 25 stages and restrict the underlying model parameter
w; to be stationary within a stage. For adaptive regret minimization, we simulate gradually
evolving model drifts, where the underlying model parameter w;, | is generated based on the
last-round model parameter w; with an additional random walk in the feasible domain W.
The step size of random walk is set proportional to D/T to ensure a smooth model change.

Contenders. For both dynamic regret and adaptive regret, we directly work on the small-
loss online methods. We choose the Sword algorithm (Zhao et al., 2024) as the contender of
our efficient method for dynamic regret (Algorithm 1) and choose the SACS algorithm (Zhang
et al., 2019) as the contender of our efficient method for adaptive regret (Algorithm 2).

Results. We repeat the experiments for five times with different random seeds and report
the results (mean and standard deviation) in Figure 3. We use a machine with a single
CPU (Intel(R) Core(TM) 19-10900K CPU @ 3.70GHz) and 32GB main memory to conduct
the experiments. We plot both cumulative loss and running time (in seconds) for all the
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methods. We first examine the performance of dynamic regret minimization, see Figure 3(a)
for cumulative loss and see Figure 3(b) for running time. The empirical results show that our
method has a comparable performance to Sword without much sacrifice of cumulative loss,
while achieving about 10 times speedup due to the improved projection complexity. Second,
as shown in Figure 3(c) and Figure 3(d), a similar performance enhancement also appears in
adaptive regret minimization, though the speedup is slightly smaller due to the fact that
fewer learners are required to maintain for adaptive regret. To summarize, the empirical
results show the effectiveness of our methods in retaining regret performance and also the
efficiency in terms of running time due to the reduced projection complexity.

7. Conclusion

In this paper, we design a generic reduction mechanism that can reduce the projection
complexity of two-layer methods for non-stationary online learning, thereby approaching a
clearer resolution of necessary computational overhead for robustness to non-stationarity.
Building on the reduction mechanism, we develop a collection of online algorithms that
optimize dynamic regret, adaptive regret, and interval dynamic regret. All the algorithms
retain the best known regret guarantees, and more importantly, require a single projection
onto the feasible domain per iteration. Notably, due to the requirement of our reduction, all
our algorithms only perform one gradient query and one function evaluation at each round as
well, making them particularly attractive in scenarios with limited feedback and a need for
lightweight updates. Furthermore, we present two applications with light project complexity,
including online non-stochastic control and online principal component analysis. Finally, our
empirical studies also corroborate the theoretical findings.

One important open question remains regarding another type of problem-dependent bound
that scales with gradient variation, defined as Vi £ 23;2 supye x|V fi(x) = V fi—1(x)||3 (Chi-
ang et al., 2012; Yang et al., 2014). This bound plays a crucial role in achieving fast
convergence in zero-sum games (Syrgkanis et al., 2015; Zhang et al., 2022a). While Zhao et al.
(2024) introduced a two-layer method that attains gradient-variation dynamic regret with
only one gradient and one function value query per iteration, developing a projection-efficient
variant in this context remains an open challenge. As mentioned, the reduction requirement
is necessary but not sufficient, and integrating optimistic online learning into our reduction
mechanism is notably difficult due to the constrained feasible domain and the complexity
of the two-layer structure. Another important problem is to understand the minimal com-
putational overhead required for robustness to non-stationarity. For instance, is it possible
to design a single-layer algorithm that achieves optimal dynamic regret, adaptive regret,
or even interval dynamic regret, similar to the ensemble methods presented in this paper?
Preliminary results suggest that a single-layer algorithm with a wavelet-based restarting
scheme can achieve optimal dynamic regret in certain regimes, provided the online learner has
access to noisy feedback about the comparators (Qian et al., 2024). However, its applicability
to more general settings remains unclear. Extending this approach to broader scenarios would
be valuable. Alternatively, information-theoretic arguments demonstrating the necessity of
more complex structures would also be highly interesting.
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Appendix A. Omitted Details for Reduction Mechanism

In this section, we provide the proofs of Theorem 1 and Lemma 1.

A.1 Properties of Distance Function

Before presenting the proofs, we here collect two useful lemmas regarding the distance
function used in the surrogate loss, which will be useful in the following proofs. The proofs
of the two lemmas can be found in the seminal paper of Cutkosky and Orabona (2018).

Lemma 2 (Proposition 1 of Cutkosky and Orabona (2018)). The distance function Sx(y) =
infyex||y — x||2 is conver and 1-Lipschitz for any closed convex feasible domain X C R,

Lemma 3 (Theorem 4 of Cutkosky and Orabona (2018)). Let X C R? be a closed convex
set. Giveny € R? andy ¢ X. Let x = Ilx[y]. Then we have {ﬁ} =0Sx(y).

A.2 Proof of Theorem 1

Theorem 1 is originally due to Cutkosky (2020), and for self-containedness we restate their
proof using our notations.

Proof. When (V fy(x;),v¢) > 0, by the definition of the surrogate loss defined in Eq. (6), we
have ¢:(y) = (V fi(x¢),y), which is linear in y and thus convex. It is clear that ||Vg:(y:)||2 =
|V fe(x¢)]]2 and thus satisfies the claimed inequality of gradient norms in the statement.
Moreover, the inequality (7) holds evidently due to the linear surrogate loss in this case.

Let us focus on the case when (Vfi(x;),v¢) < 0. First, it can be verified that the
surrogate loss ¢:(y) = (Vfi(xe),y) — (Vfe(x¢),vt) - Sx(y) is convex due to the convexity
of Sx(y) shown in Lemma 2 and the condition of (V fi(x¢),v¢) < 0 in this case. Next, the
gradient of g;(-) at the y; point can be calculated according to Lemma 1 as

Vai(yt) = Vfi(xe) = (Vfi(xe), ve) - ve

where v; = (y:—x¢)/||y+—%¢||2. Notice that ||v¢||2 = 1 and Vg,(y:) is an orthogonal projection
of V fi(x¢) onto the subspace perpendicular to the vector v¢, so we have ||[Vg.(y:)|l2 <
||V fi(x¢)]|2. Finally, we proceed to prove the inequality (7) in this case. Since the comparator
u; € X is in the feasible domain, we have Sx(u;) = |[Jus — wlj2 = 0 and get

<Vft(Xt , Xt —

< tXta

Yy — X _ ARTY
(Vfi(xe )m) lye — xell2 = (Vfe(xt), ue)

uy)

1) AV fi(xe),xe — ye) — (Vfe(xe), wp)

t) —

1) — (Vfe(xe),vie) - Sa(ye) — (Vfe(xe), we) + (V fi(xt), ve) - Sa(ur)

)

()
< t(xt)u
< t(xt)a

= gi(yt) — gr(ut)
(Var(ye), yt — ae),

where the last inequality holds owing to the convexity of the surrogate loss proven earlier.
Combining the two cases finishes the proof. O
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A.3 Proof of Lemma 1

Lemma 1 is originally due to Cutkosky and Orabona (2018), and for self-containedness we
restate their proof using our notations.

Proof. With a slight abuse of notations, we simply use Vg;(y) to denote the (sub-)gradient
of surrogate function g;(-) at point y, no matter whether the function is differentiable.
When (V fi(x¢), v¢) > 0, the surrogate loss is ¢:(y) = (V fi(x¢),y) by definition in Eq. (6).
Therefore, the gradient simply becomes Vg, (y:) = V fi(xy).
When (V fi(x¢), ve) < 0, the surrogate loss becomes g;(y) = (V fi(x¢),y) — (V fe(x¢), v¢) -
Sx(y) according to definition in Eq. (6). By Lemma 3, the gradient can be calculated by

y — ILx[y]
ly — Tx[y][l2’

where the computation needs the projection onto domain X. In particular, for y;, we have

Vai(y) = Vi(xt) = (Vfe(xt), ve) -

Yt — Xt
[yt — x|

This ends the proof. O

Vai(yt) = Vfi(xt) = (Vfi(xt), ve) - = Vfi(xt) = (Vfi(xt), Vi) - ve.

Appendix B. Omitted Details for Dynamic Regret Minimization

In this section, we provide the proofs for the theorems presented in Section 2. Specifically,
we first prove the worst-case bound (Theorem 2) and then the small-loss bound (Theorem 3).

B.1 Proof of Theorem 2

Proof. Notice that Zhang et al. (2018a) propose the improved Ader algorithm (see Algorithm 3
and Algorithm 4 in their paper), which uses the linearized loss as the input which allows the
online algorithm to require one gradient and one function value. So the algorithm satisfies the
requirements of our reduction mechanism, and our algorithm (Algorithm 1 with specifications
in Theorem 1) can be regarded as the improved Ader equipped with the projection-efficient
reduction. As a consequence, we can directly obtain the same dynamic regret guarantee and
meanwhile ensure 1 projection complexity by following the same proof of the improved Ader
as well as the reduction guarantee (Theorem 1). O

B.2 Proof of Theorem 3

Proof. By the reduction guarantee shown in Theorem 1, we have the following result that
decomposes the dynamic regret into the two terms.

T T T T T
th(Xt)—th u) < th Z Z Vi (ye), ye — ug)
=1 t=1 t=1 t=1 t=1

T

1
N

(Vou(ye), ye — yei) + Z(vgt(Yt)> Yti — W), (30)
=1

w
Il
—_

v Vv
meta-regret base-regret
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where in (30) the first term is called meta-regret as it measures the regret overhead of
the meta-algorithm to track the unknown best base-learner, and the second term is called
the base-regret to denote the dynamic regret of the base-learner ¢. Note that the above
decomposition holds for any base-learner index i € [N].

Upper bound of meta-regret. Since the meta-algorithm is essentially FTRL with time-
varying learning rates and a negative entropy regularizer, we apply Lemma 18 to obtain the
meta-regret upper bound by choosing ¢ ; = (Vg(y+),y+i) and obtain that

T T
G2D?\/In N
> (Voilye),ye — yi) < 3,|InN (1 + ZDQHVgt(Yt)’§> t—
t=1 t=1
T
6 + G?D?)yv/In N
<30\ 10 31t + 0D
t=1

T
< 3D\ N Y [V fi(xe)|[3 + O(1)

t=1

T
< 6D\ LInN Y filxe) + O(1), (31)

D?||Vg:(y:)||3 by Cauchy-Schwarz inequality and ||Vg;(y:)|l2 < |V fi(x¢)|l2 < G by Theo-
rem 1, and the last inequality is due to the self-bounding properties of smooth functions
(see Lemma 20). Note that O(In N) = O(loglogT') can be treated as a constant following
previous studies (Luo and Schapire, 2015; Gaillard et al., 2014; Zhao et al., 2024)

where the first inequality holds because we have [|€]|2, = max;enj((Vge(ye), yei))? <

Upper bound of base-regret. According to Lemma 14 and noticing that the comparator
sequence uy,...,uyr € X C ) and the diameter of ) equals to 2D by definition, with slight
modifications, we have the following dynamic regret bound.

T 2 pl T
S (Varly) v ) < o 23y i+ YVl
t=1 L (g t=1
5D2 D d
< o T ZHut — w12+ 4?7iLth(Xt),
KU t=1

where the last inequality uses the property of || Vg:(y¢)|l2 < |V fi(x¢)|2 in Theorem 1 and
the self-bounding property of smooth functions (see Lemma 20).

Upper bound of dynamic regret. Combining the upper bounds meta-regret and base-
regret together yields the following dynamic regret:

T T
5D2+2DPT
; ; +(u;) < 6D LlnN;ft X )+ 2m+4mL;ft x¢)+0O(1), (32)
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which holds for any base-learner’s index i € [N].

Next, we specify the base-learner &; to be compared with. Indeed, we aim at choosing

5D212DPr

the one with step size closest to the (near-)optimal step size n* = TTSLF%

, where we

denote by F¥ = Ethl ft(x¢) the cumulative loss of the decisions. By Assumption 1 and
Assumption 2, we have F¥ € [0, GDT] and then the possible minimum optimal and maximum
step size are

D2
> and Tmax = V 5D2 + 2D2T.

Mmin =\ T RLG DT

The construction of step size pool is by discretizing the interval [9min, Jmax] With intervals
with exponentially increasing length. The step size of each base-learner is designed to be
monotonically increasing with respect to the index. Consequently, it is evident to verify that
there exists an index i* € [N] such that n;x < n* < 1«41 = 21m+. As the upper bounds of
meta-regret and base-regret hold for any compared base-learner, we can choose the index as
i* in particular. Then the second and the third terms in the inequality (32) satisfy

5D2 + 2D Py
2
- 5D? +2DPr

= i

+ 4 LF

1
< \/(5D2 +2DPr)(1 4+ 8LFX) + 5\/(5D2 +2DPr)(1 + 8LFY)

<3\/2(5D2 +2DPr)(1 + LF). (33)

Substituting inequality (33) into inequality (32), we have,

T T
> filx) = fulwy)
t=1 t=1

< 6D\/LTn NFf +3,/2(5D% + 2DPr)(1 + LF§) + O(1)
< <6D\/L In N + 3v/2L(5D? + 2DPT)) VFF +3y/2(6D2 + 2DPr) + O(1)
< 0(\/(1 + Pr)(F2+\/Pr+O(1)) + Pr + 1)

= o(\/(Fy + Pr)(1 + Pr)),

where the last inequality holds by Lemma 25. Hence, we complete the proof of Theorem 3. [

Appendix C. Omitted Details for Adaptive Regret Minimization

In this section, we present omitted details for minimizing the worst-case and small-loss
adaptive regret bounds with a focus on proving the main theorem of small-loss bound,
i.e., Theorem 4. Appendix C.1 provides key lemmas, Appendix C.2 presents the proof of
Theorem 4, and Appendix C.3 — Appendix C.6 give the proofs of these key lemmas.
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C.1 Key Lemmas

In this part, we present three key lemmas for proving Theorem 4, based on which we prove
Theorem 4 in Appendix C.2. We will prove those lemmas in the following several subsections.

The first lemma gives the second-order regret bound for the meta-algorithm (Adapt-ML-
Prod) (Gaillard et al., 2014), which plays a crucial role in applying our reduction. Though
Adapt-ML-Prod can be applied to the sleeping-expert setting directly, we need more careful
analysis to obtain the fully small-loss adaptive regret bound, otherwise the direct reduction
of results from Gaillard et al. (2014) will incur an undesired O(logT') factor.

Lemma 4. Under Assumptions 2 and 3, for any interval I = [i,j] € C in the geometric
covers defined in Eq. (11) at the beginning of which we suppose the m-th base-learner is
wmitialized, Algorithm 2 ensures

ZQT yr) = 97 (Yrm) < Z Vgr(yr),yr = Yrm)

T=1

t
LY f(x7) + 18GDIn(1 + 2m) + 6G Dy

T=1

< 4D (3 (L + 2m) + ’”)
In(1 4+ 2m)

=0 log(m Zfﬂ' x7) +log(m) | ,

T=1

where we denote p; = In(1+ (1 4+ 1In(1 +¢))/(2e)).

Combining the above lemma with the regret bound for base-learners, we can obtain the
adaptive regret for any interval in the geometric covering intervals C defined in Eq. (11).

Lemma 5. Under Assumptions 1, 2, and 3, for any interval [i,j] € C in the geometric
covering intervals defined in Eq. (11), at the beginning of which we assume the m-th base-
learner is initialized, Algorithm 2 ensures for any time t € [i,j] and any comparator u € X,

D frxe) =3 fr(w)

< 4D <3\/ln(1 ¥ 2m) + e + 2)

t

=0 | \[log(m) > fr(x;) +log(m) | ,

T=1

L Z fr(x,) +18GDIn(1 4 2m) + 6G Dy + 4DVS

T=1

where we denote py = In(1 4 (1 +In(1 4+ ¢))/(2¢)).
Also, Algorithm 2 ensures the bound in terms of the cumulative loss of the comparator,

D frx) =0 fr(w)
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§4D(\/m+,ut+2>

+ (27GD + 72D%*L) In(1 + 2m) + 72D%Ly? + 9GDyy + 6DV + 288D*L  (34)

=0 [ ,|log(m fo ) + log(m)

It is worth emphasizing that, the regret bound in terms of the cumulative loss of final
decisions {x;} plays a key role in proving the worst-case adaptive regret bound in Theorem 4.

The next lemma states that by the smooth and non-negative nature of loss functions, we
can estimate the cumulative loss of any comparator u € X by the markers maintained by
the problem-dependent scheduling.

Lemma 6. Under Assumptions 1, 2, and 3, for any interval [Sp,, Sm+1 — 1] determined by
two consecutive intervals sy, and Spmy1, where we denote by sy, the m-th marker, Algorithm 2
ensures that for any comparator u € X,

Sm41— 1

> filw)

t=sm
where Cp, = G(m) is the m-th threshold with the threshold function G(-) defined at Eq. (15).

The above lemmas rely on the unknown variable of m, which represents the number
of base-learners initialized till time stamp ¢. The following lemma shows that m is of the
same order with the cumulative loss ZtT=1 fr(u) of any comparator u € X', owing to the
construction of the problem-dependent covering intervals.

(35)

.JAH—‘

Lemma 7. Under Assumptions 1, 2, and 3, for any interval [i,j] € C and any t € [i, j], the
variable m specified in Lemma 4 and Lemma 5 can be bounded by

m<1+aummeT = F[lt])

where C is a constant calculated by the threshold function as C; = G(1) defined in Eq. (15).
Moreover, for any t € [i,j] Algorithm 2 ensures,

t

Zfr(u) =0 <\/F[i,t] 10gF[1,t]> )

T=1

t ¢
ZfT(XT) - Egg(lZfT(u) <a(t)+8(t)
where

t
8
a(t) = (271GD + 72D*L) In (3 + = > fT(u)> +72D?Ly? + 9G Dy + 6DV + 288D?L,
1
T=1

t
B(t) = 4DVL | |In <3+ ;Zﬂ@)) 2|,
=1

=In(1+ (1 +1In(1+1¢))/(2e)), and Fi,p) = mingex Ei:a fr(u) denotes the cumulative
loss of the comparator within the interval [a,b] C [T].
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C.2 Proof of Theorem 4

Proof. The statement in Theorem 4 consists of two parts, including a small-loss bound of
O(V/Frlog Frlog Fr) and a worst-case bound of O(y/|I|logT). Below, we present the proofs
of the two bounds respectively.

Small-loss regret bound. Given any interval [r,s] C [T], we will identify a series of
intervals Iy, ..., I, in the schedule C that almost covers the entire interval [r, s]. Then, we
can use Lemma 7 to ensure low regret over these intervals. By further demonstrating that
the regret on the uncovered interval can be well-controlled and that the number of intervals
v is not large, we can ultimately achieve the desired bound. Below, we provide formal proof.
Recall in the algorithmic procedures, the algorithm will register a series of markers
s1,52,.... Let s, be the smallest marker that is larger than r, and let s, be the largest
marker that is not larger than s. As a result, we have s, 1 <r < s, and s; < 5 < 5441.
We bound the regret over the interval [r, s, — 1] that is not covered by the schedule as

sp—1 sp—1 sp—1 sp—1
TR =Y A <D fil) < D filxt) < Cp1 + GD. (36)
t=r t=r t=r t=sp—1

The first and the second inequalities are by the non-negative property of loss functions.
The last inequality is due to fi;f, L fr(xy) < Cp—1, which is determined by the threshold
mechanism, and the fact that f;(x;) < GD by Assumptions 1 to 3.

Next, we focus on the interval [s, s], which can be covered by geometric covering intervals.
By Lemma 19, we can find v consecutive intervals

Il = [Si178i2 — 1], IQ = [Si278i3 — 1], . ,Iv = [Siuasiu+1 — 1] < 5, (37)
such that i1 = p, i, < ¢ <iyy1,and v < [loge(q — p + 2)]. Also notice that,
q<ipt1=>q+1<ip1 =501 —-1<s5,,, —1=s5<s5,,, — L

By Lemma 7, our algorithm has anytime regret bounds on intervals I to I, since they
belong to the covering intervals C,

s s v—1
ST RG) =D L) =D (k) = fi(a) + D (filxe) — fil(w))
t=sp t=sp k=1tely tE[Si, 8]
v—1
<3 (alsiss = 1)+ Blsiey = DVFL, ) +als) + 8()/Fle
=1
v—1

[\
/N
Q
B
+
ey
=
3
N——
+
Q
B
+
ey
=
%

&

<
w
X

(
< wva(s) + B(s)\/vFy, (39)

where the second inequality is because a(-), 3(+) are monotonically increasing, and the last
inequality is by the non-negativity of loss functions.

40



EFFICIENT METHODS FOR NON-STATIONARY ONLINE LEARNING

Combining (36) with (39), the adaptive regret on any interval [r, s] will be

s sp—1
th(xt th Z (fe(xt) — )+ Z fe(xt) (u))
t=r t=r t=sp
< Cp-1 4+ GD +va(s) + B(s)V/vEr. (40)

Furthermore, we show that C},_1 and v are of order O(log Frr) and O(log Fj,. ,)) respectively.
By the definition of the time-varying threshold (see the threshold generating function Eq. (15))
and the upper bound of m in Lemma 7, the threshold can be bounded as,

8
Cp—1 < (54GD + 168D?*L) In (3 + CFM> + 168D% L2 + 18G Dy + 6DVS + 672D%L,
1

with Cy and pr defined in Lemma 7. Notice that, we treat upr = O(loglogT) as a constant
following previous studies (Luo and Schapire, 2015; Gaillard et al., 2014; Zhao et al., 2024).

Through [s;,, s — 1], the algorithm registers ¢ — p markers, i.e., s, Sp11, ..., Sq—1, then by
Lemma 6 we can lower bound the cumulative loss of comparator u* £ argmingcy > ;. fi(u)
by the corresponding thresholds,

sq—1

q—1 q—
S rw) =Y Y Az iZci > g -p)
t=sp 1=p t€[s;,5541—1] 1=p

where the the last inequality is because the thresholds are monotonically increasing. The
above inequality immediately implies that ¢ — p < Cil e ! 5 Jt(u¥) < Cil i, fi(u*) by the
non-negativity of loss functions. We estimate the number of intervals v with Lemma 19,

4
v < [logo(g —p+2)] < {logz (ClF[r,s] + 2)} = O(log F;. ). (41)

Combining the upper bounds of Cj,_; and v, the adaptive regret bound in (40) as well as
the definition of «(-), (-) in Lemma 7 yields,

> filx) =) fu(u) < Cpy +vals) + B(s)\/vF; + GD
t=r t=r

< O (log Fr) + O (log Frlog Fr) + O <\/F110gFIlogFT> +0(1)

=0 <\/F110gF110gFT> ,

where the last step is true as we follow the same convention in (Zhang et al., 2019) to treat
the O(log Frlog Fr) as the non-leading term. We finish the proof for small-loss regret bound.

Worst-case regret bound. The above proof aims at obtaining small-loss type regret
bound, and one of the key steps is to use Cauchy-Schwarz inequality to bound (38), which
results in an additional O(,/log Fj, 4) term. Next, we show that asymptotically this extra
term can be avoided thanks to the new-designed thresholds mechanism. Thus, our algorithm
achieves the same worst-case adaptive regret as the best known result (Jun et al., 2017).
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The primary insight for this proof lies in employing the summation for a geometric series
instead of using the Cauchy-Schwarz inequality to combine the regret bounds on the intervals
Ii,...,I,. The crucial ingredient is to demonstrate that the worst-case regret bound on each
interval scales with the number of markers within it, and that the number of these markers
within each interval constitutes a geometric series.

From Lemma 5, we have that for any interval I = [i, j] in problem-dependent schedule
defined in (11), the adaptive regret is at most

J J
fi(xe) = ) fi(u) <O (/logT - F¥ . +logT), (42)
> i) = 3 f ((loeT- B +1057)

where we use the notation F[);,b] = Zi’:a fi(x¢) to denote the cumulative loss of the final
decisions within the interval [a, b] C [T], and we apply Lemma 7 to upper bound m < O(T)
as only the worst-case behavior matters now.

For the intervals Iy, = [s;,, si,., — 1],k € [v] defined in (37), we have the following facts:

. . . . 1. .
i1 < 2-ig, Vk € [v], and |igy1 — ig] < §|zk+2 —igs1|, Vk € [v—1]. (43)

The first inequality above, which can verified by the construction of cover defined in (11), is
used to show that the time-varying thresholds do not grow too fast. The second inequality,
which can be found in the proof of (Zhang et al., 2019, Lemma 11), indicates that the number
of markers within each interval decreases exponentially from I, to I7.

For any interval I}, with k € [v — 1] in (37), our algorithm’s cumulative loss within the
interval can be upper bounded as

Sigyr 1 tp1—1
> filba) =) ( > ft(Xt)> + fsar1—1(Xsqy1-1)
t=s;, a=iy t€[sa,8a+1—2]
ipp1—1
< < > ca> + GDligt1 — x| < (GD + Cipry—1) i1 — ikl (44)
a=1

where the first inequality is by the threshold mechanism and the fact that f;(x) € [0, GD].

We then split a given interval [r, s] into three parts to analyze, namely, the consecutive
v —1 intervals I1 to I,_1, interval [r, s, — 1], and [s;,, s], where notably the last two intervals
are not fully covered by any interval in geometric covering intervals,

s s sp—1 Siy—1 s
o filxe) =D fiw) =Y filxe) = fiw)+ > i) = fr(w) + > filxe) — fi(w)
t=r t=r t=r t=sp t=8;,,
sp—1 v—1 S
=" filx) = DD filxe) — frlw)+ Y filxe) — fo(u).
t=r k=1tely t=s;,
terx:;(a) term- (b) term- (c)

(45)
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We analyze term-(b) first, since it is the most intricate part in this proof. From interval Iy
to I,—1, beginning with Eq. (42) we have

-1

v
@) (,/10gT~F}; —l—logT)
k=1

v—1
< ZO (\/10gT iyt - i1 — x| + 1OgT)
k=1

v—1 . .
Ty — Ty
@ (\/lOgT . Civ—l . |21}1k” + lOgT>

term-(b) <

IN

k=1
<0 <vlogT+\/logT Ci_1- Z,/ i Z” 1')
<0 (vlogT + /log T~ Ci, 1 -Jiw — z'u_lr) , (46)

where the second inequality is by (44) and together with the monotonically increasing
property of thresholds, the third inequality is by the second inequality listed in (43), and the
last inequality is by the summation of geometric sequence. We emphasize that the second
inequality is upheld due to the newly-designed problem-dependent schedule mechanism. This
mechanism, which monitors the cumulative loss of final decisions {f;(x;)}, enables us to
associate the FJ' factor with the number of markers lik+1 — ix| and further to apply the
summation of geometric series.

In the subsequent analysis, our objective is to demonstrate that C;, _1 - |iy —iy—1| = O(|1]).
Employing the mechanism of the time-varying threshold as defined in Eq. (15), we have

Ci,—1 = G(iy — 1) < O(log(iy)).

Moreover, since |i,, — i,—1| denotes the number of markers generated by our algorithm during
the interval I,_1, it can be bounded above by

DI|I D|I
|Z'v—iv71|§G | ’=O<G 1] )

C: log(iy—1)

ty—1

This stems from the fact that the cumulative loss of the algorithm over I does not exceed
GD|I|, and we leverage the smallest threshold C;, , during the interval I,_; to determine
the upper limit on the number of markers.

Plugging the upper bounds for C;, 1 and |i, — i,—1| into Eq. (46), we have

term-(b) < O (v log T + \/logT < Ciyq iy — iv,1|>
I

<O (vlogT + {[logT -log(iy) - L

log(iy—1)

1
S(’)(vlogT—i-\/logT-m(l—i- . ))
log iy—1
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<O <log|1|logT1L V| logT) .

The third inequality follows from the first inequality presented in (43). The concluding
inequality is by the fact that v < O(log Fj, ) < O(log |I]) as proved in (41). This is true
because the variable v is introduced in our analysis by Lemma 19, which is independent of
the worst-case analysis.

As shown in Eq. (36), we can upper bound the term-(a) as,
term-(a) < Cp—1 < O(logT).

Using again Lemma 7, the term-(c) is bounded as,

term-(c) <O (logT + 1/ Flsi, 5] logT) <O (logT + || logT) .

Now we are ready to derive the worst-case adaptive regret by plugging the upper bounds
from term-(a) to term-(c) into Eq. (45),

> flx) =D filu)

sp—1 v—1 s
= > filxe) = i) £ fulxi) = fi(w) + Y filxe) —
t=r k=1tely t=s4,

<O(logT) + O (logm log T + \/mlogT) e <logT—|— V1] logT)
=0 (\/\I\ logT—l—log\IHogT) =0 <\/(]I] +log T - log? |11) logT) = O/|I|logT).

The last step holds by considering the following cases.

e When the interval length is |I| = ©(T®) with « € (0, 1]. Then,
0 W(m +log T - log? 1)) 1ogT)
—0 (\/ (T + a2log? T) log T)
=0 (VT*10gT ) = O(\/[TIog 7).

e When the interval length is |I| = ©(log” T'), and note that § € [1,400) as |I| = Q(log T)
is the minimum order to ensure the adaptive regret to be non-trivial. Then,

(@] <\/(]I| +log T - log? |11) logT>

\/ log? T + 321og T - (log log T)?) log T)

=0 <\/ (log? T + 52 1og T) logT)
=0 ( 1ogﬁTlogT> O(v/I]1ogT).
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Hence we finish the proof for the worst-case adaptive regret bound. Combining both small-loss
bound and the worst-case safety guarantee, we complete the proof of Theorem 4. O

C.3 Proof of Lemma 4

Proof. First we introduce some useful variables to help us prove the adaptivity of Adapt-ML-
Prod under sleeping-expert setting. Similar to the proof technique of Daniely et al. (2015),
for any interval [z, j] € C in the geometric covers defined in (11), on which we suppose the
m-th base-learner is active, we define the following pseudo-weight for the m-th base-learner,

0 T <1,
~ 1 T =1,
w‘rm = —~ nr,m
7 (a’r—l,m(l + nT—l,m(gT—l - ET—I,m))) Tretme <17 < j+1,
wj+17m T>741.

In addition, we use Wt = Eke[T] wy ; to denote the summation of pseudo-weights for all
possible base-learners up to time ¢t. As for the problem-dependent geometric covers, in the
worst case there are at most T' base-learners generated, we use [1] to denote the indexes for
all the base-learners. Notice that the pseudo-weight w; is defined as 0 for asleep base-learners
till time ¢, so we can include all possible ones safely in the definition even though they are
not generated in practical implementations of the algorithm.

Below, we use the potential argument (Gaillard et al., 2014) to prove the desired result.
Specifically, we establish the regret bound by lower and upper bounding the quantity In Wt+1.

Lower bound of InW;,1. We claim that for ¢ € [i, ] it holds that

t
~ 2
In Wit1m 2 Me+1,m E (TT,m - nT,mTT’m)'

T=1
We prove the above inequality by induction on t. When ¢ = ¢, by definition,

Ni+1,m ln( ) > Ti+1,m ( 2.2

~ 2
I Wit1,m = 14 mrim NmTim — MaTsam) = MitLom (Tim — T m)

i,m im

where the inequality is because of In(1 + x) > z — 22,V > —1/2.
Suppose the statement holds for Inw; ,,, then we proceed to check the situation for ¢ + 1
round as follows. Indeed,

~ Tt+1, ~
N Wyi1m = Mians L (In W+ 1In (1 4 e em))
77t,m
Nt+1, ~ 2 .2
> 2rom (ln Wem + NemTtm — nt,mrt,m)
Tt,m
Mi+1, ~ 2
=" Wt m + Nt+1,m (Tt,m - 771t,mT’t,m)
Tt,m
7 t—1
t+1,m 2 2
> 777 (nt,m Z(rﬂm - nT,mrT,m>> + Net+1,m (rt,m - nt,mrt,m)
t,m :
) T=1
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t
= Ni+1,m Z(TT,m - nT,er,m>- (47)

T=1

Then, as Wi41,m is positive for any m-th base-learner, we have In /W7t+1 > InWiy1,m. Thus
by (47) we obtain the desired lower bound of In Wy ;.

Upper bound of In Wt+1. By the construction of the geometric covers as specified
in Eq. (11), we know that there will be at most 2m base-learners initialized for the m-
th base-learner active on interval [i, j] till her end. This is because m-th base-learner is
initialized when m-th marker is recorded, and she will expire before the moment when 2m-th
marker is recorded, as demonstrated by the construction of cover defined in Eq. (11). Owing
to this property, we have WtH = ZkG[Qm] Wi41,k as others’ pseudo-weight equals to 0 by

definition. So we can upper bound Wy as,

Wi = Y @rpe= Y, Wikt D, Wk
]

ke[2m ke2m]iip=t+1 ke[2m]:i, <t
= 1{new alg. at t + 1} + Z W1 ks (48)
k‘G[Qm}ZikSt

where we denote by [ix, jx] € C the active time for k-th base-learner.
For the second term in (48), we have

> Wrag = > ik + >, Wik

ki<t ke2m]:t€lik, gk ke2m]:t>
= Y W+ Y, Wk
ke2m]:t€[ik,jx] ke2m]:t>jy

_ 1 Nk -
< Y b (o) Y a

Mt+-1,k

ke2m]:t€li,jk] ke[2m]:t>jy,
N _ 1/ Mk
=W; + Z Nt kWt kTt kT Z - < - 1) ) (49)
k — .. — . € \Th+1k
€2m]:t€ik, k] ke2m]:t€lir,jk]
=0

where the first equality holds by the definition of w41k, the second inequality is by the

updating rule of w1 and Lemma (26), and the second term in the last equality equals to

0 due to the weight update rule in (14) and the fact of w; = wyy, for any ¢ € [ig, ji).
Combining (48), (49) and by induction, we obtain the following upper bound:

1 min{t,jj }
W1 S142m+- Y <77T”“—1>. (50)
€ rem] T=i ML

We now turn to analyze the third term in (49). Indeed, Gaillard et al. (2014) have
analyzed it under the static regret measure. For the sake of completeness, we present the
proof with our notations. For any k € [2m], for any 7 € [ig, min{t, ji }], the relationship
between 7, and 7,41 5 can be considered as three cases,
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® Nrk = Nr+1,k = 1/27

o Drrie = /(L + Xii, 120) <ok = 4,

® Nri1k <Nk < 1/2

In all cases, the ratio 0, /1,415 — 1 is at most

in{¢,jx } in{t,j } 2
— T—1
T=ip nT+1’k T=1} 1 + Zu:zk T"%yk
min{¢,j } 2
- Y st
T:ik 1 + Zu:ik Tu,k;
in{¢,jx} 2
< lmmz:]k "k
> 1 2
2 T:ik‘ 1 + ZZZZ)C ru,k
1 mln{tn]k}
§§ I1+In |1+ Z Ti,k —1In(1)
U=tg
1
< S(+In(1+1), (51)

where the second inequality uses /1 + 2 < 1+ x/2 and the third inequality follows from
Lemma 22 with the choice of f(z) = 1/z. Substituting (51) into (50), we get

Wit S1+2m+%(1+1n(1+t))§(1+2m) <1+21€(1—|—1n(1+t))>. (52)

Further taking the logarithm over the above inequality gives the upper bound of In Wt+1.

Upper bound of meta-regret. Now, we can lower bound and upper bound In Wt+1
by (47) and (52). Then, rearranging the terms yields the upper bound of scaled meta-regret,

t t
In(1+2m) 4+ p
E Trm < E nT’er,m + ( ) t
T=1 T=1 Mi+1,m

In(1 +2m) +

(53)

Nt4+-1,m

t
14> 2+ 2In(1 4 2m) + doym + 24

T=1

< In(1 4 2m) + e + 2vm
B VvV Im

< (3T 20 + )

t
14> 12, +6In(1 +2m) + 2,

T=1
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where we denote p; = In(1 4 (1 4+ In(1 +¢))/(2e)).The second inequality is by Lemma 22
and choose f(z) = 1/y/x. The last inequality is by the choice of /7, = /In(1 + 2m) >
In(3) > 1. As for the third inequality, there are two cases to be considered:

o when /1+>_. 72, > 2y/Ym, we have that (53) is at most 2/, 1+3¢ T2

In(1+2m)+
ROt 14+ 512

e when \/14—27 Zer < 2\/Ym, we have that m41,,, = 1/2 and (53) is at most
2In(1 4+ 2m) + 4y, + 24
Taking both cases into account implies the desired inequality.

Finally, we end the proof by evaluating the meta-regret in terms of the surrogate loss.
¢

> (Vo(ye),Yr — Yrm)

T=1%

t
=2GD - Z Trm

T=1

<2GD (3\/1n(1Tm) + Mt)

¢
1+ Z 72, +12GD1In(1 +2m) + 4G Dy

t

< (3\/1n(1 +2m) + Mt> Z(VQT(yT), Yr — Yrm)? + 18GD1In(1 + 2m) + 6GDyy

T=1

t

< (3\/111(1 +2m) + Nt> Z4D2||Vg7-(y7-)|\% +18GDIn(1 + 2m) + 6G Dy

T=1

t
<2D <3\/1n(1 +2m) + Mt> ZHVfT(XT)H% +18GD1In(1 + 2m) + 6G Dy

T=1

t
<4D <3\/ln(1 +2m) + pt> LZ ft(x¢) + 18GDIn(1 + 2m) + 6G Dy,

T=1

where the second inequality is true because 1 < /In(1 + 2m) < In(1 + 2m) holds for any
m > 1, the third inequality is by Cauchy-Schwarz inequality, the forth inequality is by
Theorem 1 and the last inequality is due to the self-bounding property of smooth and
non-negative functions (see Lemma 20). O

C.4 Proof of Lemma 5

Proof. We start the proof by decomposing the adaptive regret into meta-regret and base-regret
in terms of the surrogate loss by Theorem 1,

ZfT(XT) - ZfT(u) < ZQT(XT ZQT = Z Vgr(yr),yr —u)
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t t

= Z<v97(y7')7 Yr — yT,m> + Z<v97(y'r)7 Yrm — u>7 (54)

T=1 T=1

meta-regret base-regret

where our analysis will be performed by tracking the m-th base-learner, whose corresponding
active interval is exactly the analyzed one. Our analysis is satisfied to any interval since
there is always a base-learner active on it ought to our algorithm design.

Upper bound of base-regret. Since the base-algorithm (SOGD) guarantees anytime
regret, direct application of Lemma 16 with the assumption of surrogate domain ) can upper
bound the base-regret,

t t

Z<VQT(YT)aYT,m —u) <4D, |0+ ZHVQT(YT)H% <8D LZfT(XT) +4DV5, (55)

T—i =4 T=%

where we skip some steps for transforming | Vg, (y-)||3 into 4L f;(x;). The similar arguments
can be found in the proof of Theorem 3.

Upper bound of meta-regret. By Lemma 4, we can upper bound the meta-regret as

t

Z<VQT(YT)a Yr — YT,m>

T=1

< 4D (3\/111(1Tm)+ ut)

; (56)

LY fr(xr) + 18GDIn(1 + 2m) + 6G Dy,

T=1

where we denote p; = In(1+ (1 4+ In(1 +1¢))/(2¢)).
Upper bound of adaptive regret. Substituting (55), (56) into (54) obtains

DS = fr(w)

t
LY fr(x7) + 18GDIn(1 + 2m) + 6G Dy, + 4DV'6

T=1

< 4D (3\/111(1 F2m) + e+ 2)

=0 log(m) ’ Z fT(XT) + log(m) ) (57>

T=1

which proves the first part of the results.

Furthermore, by applying the standard technical lemma presented in Lemma 25, we can
convert the cumulative loss of final decisions in the above regret bound, Zi:z fr(x7), into
the comparator’s cumulative loss, >-°_ f-(u),

me—me
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< 4D\/E<\/ln(1 +2m) + s + 2> Z fr(u) + 18GD In(1 4 2m) + 6G Dy + 4ADV6

2
+ 18GD In(1 + 2m) + 6GDyy + ADV6 + 16D°L (x/ln(l +2m) 4 pr + 2>

+ (27GD + 72D*L) In(1 + 2m) + 72D*Ly? + 9GD s + 6DV + 288 DL

The second inequality makes use of va +b < v/a + Vb and Vab < (a + b)/2. The last
inequality holds by (a + b+ ¢)? < 3(a® + b? + ¢2). O

C.5 Proof of Lemma 6

Proof. For interval [s,,, $;m+1 — 1], there must exist an interval [i, j] € C such that [Sms Sm+1 —
1] C [i,j] with ¢ = s,,. Therefore, we can apply Eq. (34) presented in Lemma 5 to upper
bound the regret during [s;,, Sm+1 — 1] for any comparator u € X,

Sm41—1 Sm41—1

> flbx)= Y filu <4D(\/m+MT+2>

t=sm t=sm

+ (27GD + 72D*L) In(1 + 2m) + 72D* Ly + 9G Dyr
+ 6DV + 288D?L, (58)

where we use the monotonically increasing property that ps,, ., 1 < pr.
Incorporating some basic inequalities, specifically ab < a?/4 + b and (a + b + c)? <
3(a® 4 b* 4 ¢*), we can isolate Y ;" 1" ! ft(u) from the square root in (58):

Sm4+1—1 Sm+41—1
> flx) <2 > fi(u) + (27GD + 84DL) In(1 + 2m)
t=sm t=58m

+ 84D? L2 + 9GDup + 3DV6 + 336 DL

Sm+4+1— 1

=2 Z fr(u (m), (59)

t=sm

where the equality is by the definition in Eq. (15).
By the problem-dependent schedule mechanism, as stated in Lines 7, the cumulative
loss between [i, j] exceeds the threshold Cp, = G(m), i.e., >y " fi(x¢) > Cyn. Therefore,
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together with Eq. (59), we can lower bound the cumulative loss of comparator u as,

Sm41—1 Sm+1—1
Y filw)= ( > Jfelxe —*g( )) < m—éQ(m)) :iCm,

t=sm t=8m

where the last equality is by the definition of threshold. O

C.6 Proof of Lemma 7

Proof. We assume that the m-th base-learner is initialized at the beginning of interval
[i,7] € C. , in other words, i = s,,, where s,, denotes the m-th marker. Before time stamp i,
the schedule has registered m — 1 markers, i.e., from s; to s,;,—1. By Lemma 6, we can lower
bound the cumulative loss of any comparator u € X as,

Sm—1 m—1

3 o) > Ckz% —1).

T=51 k:l

The second inequality holds since C} is monotonically increasing with respect to its index,
see the threshold generating function in Eq. (15).
Therefore, rearranging the above inequalities gives upper bound of quantity m,

Sm—1 t

m<1+72f7 S éZfT(u)v

T=81 T=1

where the last inequality makes use of the non-negative assumption on loss functions.
Choosing u € arg min, ¢ y Zf—:l fr(a) as the minimizer for the given interval [i, j] gives

<14 = 2 60
m<1+ lumel§2f (60)

Plugging Eq. (60) into Eq. (34) in Lemma 5, we prove the second result in this lemma,

=0 (\/Fiiylog Fuy) .

D frlxe) —mind | fr(w) < aft) + () | min} | fr(w)

where

t
8
a(t) = (271GD + 72D*L) In (3 + = > fT(u)> + 72D*Ly? + 9GDpy 4+ 6DV6 + 288D?L,
1
=1

B(t) = 4DVL 1n<3+ZfT >+Mt+2;

with gy = In(1+ (1 +In(1 +1¢))/(2e)). O
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Appendix D. Omitted Details for Interval Dynamic Regret Minimization

In this section, we first discuss the method of Cutkosky (2020) in Appendix D.1, another
algorithm designed for optimizing interval dynamic regret in the literature, and present a
projection-efficient variant. Then, we provide the proof of Theorem 5, the small-loss interval
dynamic regret bound with 1 projection complexity. Key lemmas supporting this proof are
detailed in Appendix D.2, with further key proofs found in Appendix D.3.

D.1 Projection-Efficient Variant for the Method of Cutkosky (2020)

As discussed in the main text, Cutkosky (2020) proposes an algorithm to optimize interval
dynamic regret, which significantly differs in its algorithmic framework from the meta-base
structure of the AOA algorithm(Zhang et al., 2020). In this appendix, we further demonstrate
how our reduction mechanism can be applied to achieve a projection-efficient variant of this
algorithm. Additionally, we provide a computational comparison with our algorithm designed
for optimizing interval dynamic regret (i.e., Algorithm 3).

Reviewing the method of Cutkosky (2020). Unlike the meta-base type algorithm
(such as AOA (Zhang et al., 2020)) which combines decisions using a weighted vector
p: € Ay from the meta-algorithm as x; = Zf\il priXe,i, Cutkosky (2020) aggregates the
decisions from base-learners sequentially, submitting the decision as x; = Zf\il Xt with
the number of base-learners N = O(logT"). Their method relies on the specific beneficial
properties of parameter-free online learners (Cutkosky and Orabona, 2018). Specifically, with

xgkfl) = Zf;ll X;,; representing the aggregated decisions of the first £ — 1 base-learners, the
k-th base-learner then makes a decision (y, 2+ %) on a (d + 1)-dimensional lifted domain

Vt(k) defined as

VP = {(y,2) e R4 [0,1] | xF D 4y — 2. xFD e ) CRHL (61)
The decision of the k-th base-learner is x; 1, = yrr — 21k - ng_l). The projection onto V;(k)
ensures that the updated decision ng) = xgk_l) + X 1, remains within the feasible domain

X. Generally, projecting onto Vt(k) is not simpler than projecting onto the original feasible
domain X. Moreover, each round requires O(logT') projections onto this lifted domain,
significantly increasing computational costs.

Projection-Efficient Variant. By applying our reduction method to the approach of Cutkosky
(2020), we can reduce the computation of the projection. Specifically, as discussed in Sec-
tion 2.2, we can construct a surrogate domain ) D X with a simpler structure, e.g., Y is
often chosen as an Euclidean ball. Then, for £ € [N — 1], we allow the base-learners to
project onto the lifted domain constructed over ):

V= {(y,2) e R x [0,1] | x¥ Y by — 2. xED ey (62)
If we choose Y to be an Euclidean ball, the corresponding lifted domain Vt(k) becomes a
cylinder, which simplifies the projection for the base-learners. In this approach, we only
require the N-th base-learner to project her decision onto the lifted domain constructed

over X, to ensure the final submitted decision x; = X%N) = 25\;1 Xt € X to lie within &'

52



EFFICIENT METHODS FOR NON-STATIONARY ONLINE LEARNING

After submitting x;, we send the gradient g; = V f;(x;) to the method of Cutkosky (2020)
with the aforementioned revision. Thus, our reduction mechanism can improve efficiency by
requiring only 1 projection onto the complex lifted domain associated with X’ (as defined
in (61) for £ = N), while performing O(logT) projections onto simpler lifted domains (as
defined in (62) for k=1,--- ,N —1).

Comparisons. Even with our reduction mechanism applied, the variant of Cutkosky
(2020)’s method still necessitates at least 1 projection onto the complex lifted domain
associated with X', which is more complicated than the simple projection onto X required
by our method. Furthermore, although performing O(log T') projections onto simpler lifted
domains is easy and feasible, it is still more complex than the simple rescaling operation our
method uses for projections onto the (surrogate) Euclidean ball.

D.2 Key Lemmas

This part collects several key lemmas for proving small-loss interval dynamic regret (Theo-
rem 5). The first lemma shows that our base-algorithm enjoys an anytime dynamic regret.

Lemma 8. Under Assumptions 1, 2, and 3, setting the step size pool as H = {77j =
2971/5D?/(1+ 8LGDT) | j € [N]} with N = [27 log,y((5D?+2D*T)(148LGDT)/(5D?))]+
1 and ¢;, = \/(lnN)/(l + D? ZZ;ZI Vgs(ys)l|3), assume that the m-th base-learner de-

scribed in Algorithm 8 is initialized at the beginning of an interval [i,j] € 5, then this
base-learner ensures the following dynamic regret

t

Z<VQT (¥r): Yrm —ur)

- - (6 + G2D?)VIn N
< 6D\/L(1n N)E, + 3\/2(51)2 +2DPy)(1+ LFZ,) + 5
=0 (\/Fr, 0+ Piy)),
which holds for any time stamp t € [i, j] and any comparators sequence u;,...,uy € X. In

above, y; ., denotes the decision of the m-th base-learner at time stamp T, F[Z’."t] = Z’;:Z fr(xr)

denotes the cumulative loss of the decisions and Py; y = ZtT:iH |lur —ur_1]2 is the path-length
of comparators within the interval [i,t].

Combining the above lemma with the analysis of the meta-algorithm Adapt-ML-Prod (see
Lemma 4), we can obtain the  interval dynamic regret for intervals in the problem-dependent
geometric covering intervals C.

Lemma 9. Under Assumptions 1, 2, and 3, for any interval I = [i,j] € C in the geometric
covers defined in Eq. (11), at the beginning of which we assume the m-th base-learner is
initialized, Algorithm 3 ensures

S Frloxe) = ()
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< (12D In(1 4 2m) + 4Dy + 6DVIn N + 3\/2(51)2 + 2DP[¢,t})) LEGy

3L 2
— (12D\/1n(1 +2m) +4Dpy + 6DVIN N +3,/2(5D? + 2DPM))
3(6 + G*D?)VIn N

9
+27GDIn(1 + 2m) + 9G Dy + 5\/2(5D2 +2DPy ) + : (63)
=0 <\/F[‘2."t] (P[i,t] + log m) + P[M]) ,
which holds for any time stamp t € [i,j] and any comparators sequence w;,...,u; € X.

In above, Fii'y = St f-(u,) denotes the cumulative loss of the comparators and Piyg =

Zi:i_HHuT — U,_1l||2 is the path-length of comparators within the interval [i,t].

As an analog to Lemma 6, with the components at hand, we would like to estimate
the cumulative loss ), ; fi(u¢) in terms of the thresholds. However, our analysis shows
that, we cannot estimate the cumulative loss alone, instead with the path length together,
FPr+Pr =73 cr fi(ug) + > ,c/llug —us_1||2 when comparing with a sequence of time-varying
comparators. Indeed, a similar phenomenon appears also in the generalization of small-loss
static regret to dynamic regret (Zhao et al., 2024).

Lemma 10. Under Assumptions 1, 2, and 3, for any interval [Sm,, Sm+1 — 1] determined by
two consecutive intervals sy, and Spyy1, where we denote by s, the m-th marker, Algorithm 3

ensures that for any comparators us,,, ..., us,, ;-1 € X, we have
Sm+1—1 Sm41—1 1
2 ;; fr(uy) + (126L + 5)t ZHHut — a2 > S,
=Sm =Sm

where Cy, = G(m) is the m-th threshold with the threshold function G(-) defined at Eq. (19).

Lemma 11. Under Assumptions 1, 2, and 3, for any interval I = [i, j] € C in the geometric
covers and any time stamp t € [i, j|, the variable m specified in Lemma 9 can be bounded by

m<O (F[‘it] n PM) :

for any comparators uy,...,u € X. This result can further imply that Algorithm 8 satisfies

t t
Z fr(xr) — Z fr(ur) <O (\/ Fiig <P i +log (min{F3 ) + P[uﬂ’)) + P[w]) :

where Fil, = S, fr(a,) denotes the cumulative loss of the comparators, Pig= EiziHHuT—
u,_1||2 is the path-length of comparators within the interval [i,t], and miny, ,{FJ* + Pr} =
Mily, | u, {Z:—:l fe(ur) + Ztr:Q”uT - uT_1||2}.

D.3 Proof of Theorem 5

Proof. The proof closely follows that of Theorem 4, with only the key steps outlined here.
For a comprehensive understanding of the techniques, readers may check the proofs in
Appendix C.2, where the problem setting is simpler with only a fixed comparator considered.
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By a standard argument, we can identify markers s, and s, such that s,_1 <7 <5,
and s, < s < s441. Drawing upon Lemma 19, a sequence of intervals Iy, ..., I, exists where
i1=p, 0y < q <iypt1, and v < [logy(qg —p+2)].

For the interval [r,s, — 1], we can directly bound the regret by the threshold of the
cumulative loss and obtain that Zfi:l fe(xe) — fi;l fi(ay) < Zfi;;l fi(xt) < Cpo1+GD,
due to the threshold mechanism and the non-negative property of loss functions. The threshold
generating function specified in Eq. (19) further indicates Cp—1 < O (log(Fr + Pr)).

By Lemma 11, since I; to I,, belong to the covering intervals, then our algorithm can enjoy

O(Pr, + \/ij(PIk + log(Pr, + Fr,))) regret bound for k € [v]. Summing up the interval
dynamic regret from I to I, gives

s s v—1
M filxe) = D filw) =D 0N (fila) = felw)) + Y (filxe) — filur))

t=sp t=sp k=1tely tE([Siy 8]
v—1
< @ (P[k + \/F}Ilc <P1k + log ({lnm{Fr_‘F‘ + PT})>
=1 1:T

+0 (P[iv,s] + \/F[‘Z1 g (P[ims] + log (min{F%‘ + PT})>)
b up.r
<O (PI - \/F}‘ (PI + log (min{F} + PT})> -v) :
ur.t

where the last inequality makes use of Cauchy-Schwarz inequality and v denotes the number
of combined intervals. With Lemma 10, we can upper bound v through following steps,

. 15 o
min {F[sp,sq—l] + Plspsg—1]} = 1 ZCz‘ > —(q—p)

Uspisg—1 - 4
spisq i—p

=0 < flogslq —p+2)] = 0 (log (gin{ 7} + 7))

Combining the upper bounds of Cj,_; and v yields the following interval dynamic regret,

7 hilx) =Y filw)

IN

@ (PI + \/FI“ (PI + log (min{FqEl + PT})) : v> +Cp—1+GD
up.t

<O (PI + \/FI“ <P1 + log (min{F® + PT})> -log (min{F} + PI})> +0 <10g (min{F} + PT})>
uj.r Ur:s up. T

=0 <\/(FI“ + PI) (PI + log (gnln{FI‘ﬂl + PT})> -log (rgnn{FI“ + PI})> .
1:T T8
We mention that using a similar worst-case regret analysis to that in Appendix C.2 can

ensure a safety guarantee, which can strictly match the worst-case interval dynamic regret
bound in (Zhang et al., 2020). Details are omitted here. O
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D.4 Proof of Lemma 8

Proof. The proof is closely analogous to that of Theorem 3, except that this result can enjoy
the anytime dynamic regret. For any time stamp t € [i, j], we can decompose the dynamic
regret into meta-regret and base-regret, and bound them respectively. Notice that, we add
the prefix “base:” to indicate that the regret analysis is over the base-algorithm level, as
Algorithm 3 actually has three layers.

t t t

D (Ve (ye) Yrm — ur) = > (Vgr(ye), Yram — Yeamk) T 3 (VGr(¥r): Yrmpk — ur), (64)

T=1 T=1 T=1

base:meta-regret base :bas‘;—regret
where y, ,, 1 denotes the k-th decision maintained by the m-th base-learner in Algorithm 3.

Upper bound of base:meta-regret. Notice that the meta-algorithm used for our dy-
namic algorithm is Hedge with self-confident tuning learning rates, so we have

t t
6+ G*D?)vInN
S (Ve (¥). Yrin — Yroma) 3D, N Y |Vao (v )3 + 5 :

=1 T=1

(6 + G?D?)vVIn N

t
<6D,|LInN > fr(x-) + 5

T=1

(65)

for any base:base-learner k € [N]. The above reasoning is similar to Eq. (31).

Upper bound of base:base-regret. By Theorem 8 and Lemma 14, it is easy to verify
once the learning rate is set, OGD ensures the following dynamic bound before tuning,

t
5D?
Z<V97(YT)aYT,m,k u;) < - — + — Z [ur—1 —urll2 +m ZHVQT Yr HQ

T=1 o2 T= H—l
5D?
< 27‘}'7 Z Hu‘r 1— uT||2+47]k:LZfT XT (66)
Mk "Ik T=1+1 T=%

for any base:base-learner k € [N].

Upper bound of anytime dynamic regret. Plugging (65) and (66) into (64), we can
obtain the dynamic regret by tracking k-th base-learner,

t

Z<VQT (yr), Yrm — u;)

T=1

5D? +2DP,,

t

6+ G2D?)VIn N

T Lpan,Ly fT(xT)+( + JVin N
k —i

2

t
<6D,|LInN > fr(x-) +

T=1

(67)

Next, we specific the base-learner to compare with. We are aiming to choose the one

with a step size closest to the (near-)optimal step size till time ¢, nf = %

[i,¢]

, Where
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we denote FF, = St f-(x;). With the same argument as the proof of Theorem 3, we can
identify the base-learner k satisfying ni < nj < 2n;. Tuning Eq. (67) with learning rate n
specified above demonstrates that the dynamic regret can be upper bounded by

(6 + G*D?*)VIn N
5 .

6D LlnNZfT X, +3\/2 5D2 + 2D Py )(1+ LEY,) + (68)

This ends the proof. O

D.5 Proof of Lemma 9

Proof. By Theorem 1 and the combination of our algorithm, we can upper bound the interval
dynamic on interval I into two terms as before,

ZfT(XT) - Zf‘r(ur) < Z<VQT(YT)7YT - u‘r)

t
- Z <ng—(y7—), yr— YT,m> + <v9T(y’F)a Yrm — uT>7

T=%

Vv
meta-regret base-regret

where the base-learner’s decision y ,, comes from m-th base-learner, namely the efficient
dynamic algorithm, which is also a combination of several OGD algorithms and active on the
considered interval. Our algorithm is a three-layer structure indeed, but we hide the details
of the efficient dynamic algorithm by Lemma 8.

Upper bound of meta-regret. Our interval dynamic algorithm uses essentially the same
meta-algorithm and cover as efficient adaptive algorithm (see Algorithm 2), so we can directly
use Lemma 4 to upper bound the meta-regret,

t

S (VG (yr) Yr = Yrum) < 4D (3\/m+ ut) JLFS, +18GDIn(1 +2m) + 6G Dy,

T=1

where we denote p; = In(1+ (14 In(1+1¢))/(2e)) and FRy = Zﬁza fr(xr).

Upper bound of base-regret. By the step size pool setting and Lemma 8, we know that
for any t € [i, j], our base-algorithm ensures anytime dynamic regret,

t

> (Var(yr),¥rm —wr) <6D, /LI NFZ, + 3\/2L(5D2 +2DR)F

(6 + G*D?*)VIn N
5 :

+3,/2(5D2 + 2D Py ) +

Upper bound of interval dynamic regret. Combining the meta-regret and base-regret
discussed above, applying Lemma 25 and omitting tedious calculations, we have

Zfr X’T f’T uT)
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< (12D In(1 4 2m) + 4Dy, + 6DVIn N + 3\/2(5D2 + 2DP[i,t])) LEZy

3(6 + G2D?)\/In N
4

3L 2
+ 5 (12D\/ln(1 +2m) +4Dpy + 6DVINN +3,/2(5D? + 2DPM))

<O (\/F[‘i"t] (P[i,t] + log m) + Py + log m) .

9
+27GDIn(1 + 2m) + 9GDy; + §\/2(5D2 +2DP ) +

D.6 Proof of Lemma 10

Proof. We introduce the notation Fj,; = th):a ft(ug) to denote the cumulative loss of

comparators and P,y = Z?:a-s-l |luy — ui—1]|2 to denote the path length of comparators. By
Lemma 9 and derivations, we can isolate F; and P; from the square root in (63), where we
choose I =[Sy, Sm+1 — 1] as there always exists an interval in the schedule to cover it:

S fulx) <23 filw) + (1261 + 5)DPy + JG(m),
tel tel

where G(+) is the threshold function defined at Eq. (19). By the threshold mechanism, we
know that the cumulative loss within I exceeds C),, which implies

1 1 1
2Fu 12L DP> - = > m - 5 = 5Vm,
7+ (126L +5)DPp > tezlft(xt) 2g(m) =>C 2g(m) 5C
where we denote by Fi* = >, ; fi(uy). O

D.7 Proof of Lemma 11

Proof. We assume that the m-th base-learner is initialized at the beginning of interval
[i,j] € C (in other words, i = s,,), where s,, denotes the m-th marker. Before time stamp
i, the schedule has registered m — 1 markers, i.e., from s to s;,—1. By Lemma 10, for any
comparators, we have

-1

(2Fu + (126 L + 5)DP[$k75k+1_1]) 2

-1

3
3

Cy 2
1

(m—1).

[skySk+1—1]
1 u

G
2

El
Il
N | =

Rearranging the above inequality provides the upper bound of m as

9 m—1
m< 14 o (Z 2H5, ) T (126L + 5>Dp[su,su+1—11>

u=1

2
=1+ a <2F[?175m_1

2 (o
<1+ & (2 + (1261 +5)DPy)

|+ (126L + 5)DP[517SW_1])

Substituting the upper bound of m into Lemma 9 finishes the proof. O
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Appendix E. Omitted Details for Efficient Projection Examples

In this section, we present the omitted details for the two applications of our proposed
efficient projection scheme.

E.1 Online Non-stochastic Control

In this subsection, we provide the required assumptions for online non-stochastic control and
then provide the proof of Theorem 6.

E.1.1 ASSUMPTIONS

The following assumptions are required by Theorem 6, which are commonly used in the
non-stochastic control analysis (Hazan and Singh, 2022; Zhao et al., 2023).

Assumption 4. The system matrices are bounded, i.e., ||Allop < k4 and ||Bllop < KB.
Besides, the disturbance ||w¢|| < W holds for any ¢ € [T7.

Assumption 5. The cost function ¢;(x,u) is convex. Further, when ||z||, ||u|| < D, it holds
that |c;(z,u)| < BD? and ||Veci(z,u)|, |Vuci(z,u)|| < G.D.

Assumption 6. DAC controller 7(K, M) satisfies

1. K is (k,~)-strongly stable, i.e., there exist matrices L, H satisfying A— BK = HLH !,
such that,

(a) The spectral norm of L satisfies ||L|| < 1 —~.

(b) The controller and transforming matrices are bounded, i.e., [|[K]| < k and
HH |, 1 EH] < 5.

2. M € M such that {M = (MW, .. MUy e (Rdwxd )| A o < pr3(1 — ’y)i}.

E.1.2 PROOF OF THEOREM 6

The challenge in proving Theorem 6 lies in accounting for the switching-cost while improving
the efficiency. The crucial observation is given by |[M;—1 — My||p < ||M{_; — M{||r. This
relationship is derived by the nonexpanding property of projection operator (Nemirovski et al.,
2009). This implies that the switching-cost within the original domain can be constrained by
that in the surrogate domain, which the algorithm is designed to minimize.

Proof. The proof mainly follows the one of Scream.Control. We present the essential steps
to demonstrate the application of efficient reduction here and refer interested readers to
Appendix C.2.3 in Zhao et al. (2022b) for comprehensive proof.

We denote by fi(-) : MH+2 = R the truncated loss and the dynamic regret enjoys the
following decomposition:

D clmu) =) alal uft)

t=1 t=1
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ct(x{((ME)k:tfl% ug((M(Tt))

WE

co(zf (Moz—1),ut (Moxt)) —

I
B

=1 =1
T T T T
= Z cr(@f (Mo:—1), up* (Moy)) — Z Se(Mi—1—m:t) + Z Se(My—1—pe) — th(Mt*_1_H;t)
=1 =1 =1 =1
AT BT
T T
+th 1) th o (M), up (Mgy)) .
=1 =1 .
CT

Notice that Ap and Cp represent the approximation error induced by the truncated loss,
which does not involve the efficient reduction and can be bounded effectively. As for Br:

T

T T
ST ROE) AN Moy~ Ml + A [ ME — Mg
t=1 t=2 t=2

IA
MH
=

Br

&~
Il
—

T T
(VI (M0, My = M7 ) + 2" [ Mimy = Millp + A3 | M7y = M7
t=2 =2

M=

H
Il
—_

T T
(Ve (M), M{ = M)+ 2D | Moy = Myllg + XY || M7y — M|,
t=2 t=2

M=

)
I

M%

(Vau (M), M] = M) HZHMél M’HFHZHMt*l Mg
t=2 t=2

i
I

where A = (H + 2)?Ly is a constant. The first inequality is by the coordinate-Lipschitz
continuity of truncated function f;(-). The third inequality is by the reduction mechanism
and the final inequality is by || M;_1 — M;||p < ||M{_; — M{||p derived from the nonexpanding
property of projection (Nemirovski et al., 2009) and that one can verify in general this
property holds for nearest point projection in Hilbert space.

Remind that Scream.Control employed in Algorithm 4 aims at minimizing the dynamic
regret with switching-cost in domain M/, which can guarantee (5( T(1+ Pr)) regret bound
by Theorem 4 in Zhao et al. (2022b). Thus, by taking into account that [|Vg; (M{)|r <
IV fe (My)||r by the efficient reduction mechanism, which is true under non-stochastic control
setting since the algorithm optimizes the linearized loss and employs the Frobenius norm as
the projection distance metric, we can derive our result. O

E.2 Online Principal Component Analysis

This section provides omitted details for the online PCA problem. In Appendix E.2.1 we
provide the guarantee for base-algorithm and the lemma justifying the projection complexity.
Appendix E.2.2 presents the overall proof of Theorem 7.

E.2.1 KEy LEMMAS

The following lemma presents the base-regret for the employed gradient-based algorithm.
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Lemma 12. Assuming [|X||lp <1 and k < %, then any base-algorithm employed in Algo-
rithm & specified as,

s,/ _ As As = Sl
P, =Pl —niVa(P}), Piii, =Py,

) Vi
( {”P::"ilz”FS\/E}—’_ Hist—&-l”F {HP2111||F>\/E})’

which is active during time span I = [r,s] C [T] and is indezed by number i € [T], ensures
the following regret bound for any comparator P € Py by tuning learning rate as n = I

zj:tr (Vau(®) - B, - Ztr (Vo) P) <O (VE-1TI)

The above claim can be verified by the proof in Appendix. B of Nie et al. (2016) together
with |V (P5)||r < |Vf:(Py)||lp, which can be verified by noticing that the loss function
ft(P) is coordinate-wise linear with P and we use Frobenius norm as the distance metric.

The following lemma provides the details to project decision onto domain 73k

Lemma 13 (Lemma 3.2 of Arora et al. (2013)). Let P’ € R™*? be a symmetric matriz, with
eigenvalues o, ..., 0}, and associated eigenvectors vi,...,vl, . Its projection P = 15, [P]

onto the domain 7/514: with respect to the Frobenius norm, is the unique feasible matrix which
has the same eigenvectors as P’, with the associated eigenvalues o1, ..., 04 satisfying:

o; = max (0, min(1, 0] + 9)) ,i € [d],

with S € R being chosen in such a way that Z?:l o; = k. Moreover, there exists an algorithm
to find S in an O(dlogd) running time complexity.
E.2.2 PROOF OF THEOREM 7

The proof of Theorem 7 enjoys much similarity as the one of efficient adaptive algorithm.
We refer the readers to Appendix 3 for more details.

Proof. We mainly present the key steps for applying our reduction. For any interval I =
[r,s] C [T] and any comparator P € Py, starting with the linearity of expectation, we have,

Y Ef(P)] — fi(P) =) Eftr (I-Py)Xy)] - tr (I~ P)Xy)

t=r

= i tr <(I - 13t)Xt) —tr (I -P)Xy)

t=r

- itr (vft(f)t) f)t) —tr (Vft(f’t) .P>

t=r

<Yt (Vo) - Py) —tr (Vau(P)) - P)

t=r
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_Ztr (Vgt (P}) PS) Ztr (Vgt (P}) 13?,2)

meta-regret

+ Ztr (Vgt Ps P;?l> Ztr (Vgt )

base-regret

where the first inequality is by Theorem 1, which is true under online PCA setting, since the
optimization operates within the Hilbert space.
Since we employ Adapt-ML-Prod and standard geometric covering schedule to ensem-

ble the base-learners, then one can expect that meta-regret < O (\/k- |I| - log T). By

Lemma 12, the base-regret is of order base-regret < O(\/k - |I|). Combining these two
bounds together, we finish the proof. O

Appendix F. Useful Lemmas

This section collects some lemmas useful for the proofs.

F.1 OGD and Dynamic Regret

This part provides the dynamic regret of online gradient descent (OGD) (Zinkevich, 2003)
and scale-free online gradient descent (SOGD) (Orabona and Pal, 2018) from the view of
online mirror descent (OMD), which is a common and powerful online learning framework.
Following the analysis in (Zhao et al., 2024), we can obtain dynamic regret of OGD and
SOGD in a unified view owing to the versatility of OMD. Specifically, OMD updates by

Xiy1 = arg gin ne(V fi(x¢), %) + Dy (x,Xy), (69)
x€

where 7; > 0 is the time-varying step size, f;(-) : x — R is the convex loss function, and Dy(-, -)
is the Bregman divergence induced by #(-) defined as Dy (x,y) = ¥ (x)—¢(y)— (VY (y), x—y).
OMD enjoys the following dynamic regret guarantee (Zhao et al., 2024).

Theorem 8 (Theorem 1 of Zhao et al. (2024)). Suppose that the regularizer ) : X — R is
1-strongly convex with respect to the norm || - ||. The dynamic regret of Optimistic Mirror
Descent (OMD) whose update rule specified in (69) is bounded as follows:

E
=

T
*th U
1 t=1

T
1
Z eIV fi ()12 -I-Z (qu u, X¢) — Dy (ug, Xe11 ) Z*sz Xi+1,Xt),

— i

)
S

which holds for any comparator sequence uy,...,ur € X.
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Choosing 9(x) = 1||x||3 will lead to the update form of online gradient descent used as
base-learners in our algorithm:

. 1
Xt 41 = arg%m ne(V fe(xt), %) + §”X —x13, (70)
xE

where the Bregman divergence becomes Dy (x,%;) = 3[x — x;[|3. We proceed to show the
dynamic regret of online gradient descent (OGD),

Lemma 14. Under Assumption 2, by choosing static step size i, =n > 0, Online Gradient
Descent defined in Eq. (70) satisfies:

T T 7D2
S RG) =D flw) < ——+ = ZHut 1~ 2 +HZHVft x1)|l3
t=1 t=1

for any comparator sequence uy, ..., ur € X.

Proof. Applying Theorem 8 with the 1(x) = %[|x||3 and fixed step size 7, = n > 0 gives

T T
D flxe) =D felwy)
t=1 t=1
1 T T 1 T
<5 > ( luy — x¢|5 — [lu; — Xt+1H%> +0 Y IV (x5 - o > llxe = xeqal3
N t=1 t=1 n t=1
1 1 T T
T
<5 D (xell3 = Ixesalls) + =D (ke —x0) " w0 > |V Ailxo)ll3
n t=1 n t=1 t=1
1 1 e
< golbetll+ o (ehpur =) + 03w - w) T+ UZIIVft ()11
t=2
D2 D <& d
<t D ey —uglla + 1)) IV Filx)l3,
n n t=2 t=1
where the last inequality is due to the domain boundedness. This ends the proof. O

Lemma 15 (Stability Lemma). Suppose the reqularizer i) : X — R is 1-strongly convex with
respect to the norm ||-||. The subsequent decisions Xy1,X; specialized in the OMD update
rule (69) satisfy [|xer1 — xefl < nel|V fe(xe) |-

F.2 Self-confident Tuning

Orabona and Pal (2018) proved the regret bound of SOGD, and for completeness, we here
provide the regret analysis under the OMD framework. Indeed, SOGD can be treated as
OMD with a self-confident learning rate. Thus, we have the following lemma.
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Lemma 16. Under Assumptwns 1 and 2, the OMD algorithm defined in equation (69) with
the choices of reqularizer ¢(x) = 3||x||3 and time-varying learning rates 1, =

2x/6+2§=11 V£ (xs)I13
with § > 0 enjoys the following guarantee:

T

T T
D filx) =Y filw) 2D |5+ Y IV il 3.
t=1 t=1

t=1

Proof. Applying Theorem 8, we have that for any comparator u € X,

T
fxe) = > fulwy)
t=1

E

t=1
T 1 T T 1
<> o (lu=xil3 = =1 13) + D mlV AR = 3 g e = el
= 2 = 2
Ju— i3
§— u-—xq|5+ + V fe(x
=l Z(m =) 25 Zmll i)l
D2 D> (1 1
S+ |- Vfi(x
(o) ZmH )13

D? 5
= % + ;Wtuvft(xt)’b-

Then, applying Lemma 21 to the second term and using the definition of nr, we obtain the
following regret bound:

T T T T
th(xt Z )<D- 5+ZHVft(Xt)H§+D 5+Z||Vft(xt)H%—\/5
=1 =1 =1

t=1

T
<2p- |6+ S IVAG)Z
t=1

which completes the proof. O

To bound the meta-regret of our dynamic methods, we introduce the FTRL lemma (Orabona,
2019, Corollary 7.8) under the time-varying learning rates.

Lemma 17 (FTRL Lemma). Suppose that the regularizer function v : X — R is a-strongly
convez with respect to the norm || - ||. Let f; be a sequence of convex loss functions and

P(x) = E(w(x) — mingex (X)), where ni1 < m holds for t € [T]. Then the decision
sequence x; generated by the following FTRL update rule

X; = arg min {%(X) + g fT(X)}

xeX
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satisfies the following regret upper bound for any u € X,

T

T . T
> i) - 3 il < P T Rex 009 | L >V

=1 =1 Nr+1

Based on it, we can derive the regret upper bound for the Hedge algorithm with self-
confident learning rates.

Lemma 18. Consider the prediction with expert advice setting with N experts and the linear
loss fi(x) = (€;,x), where {; € R, Then the self-confident tuning Hedge, whose initial
decision is p1 = 1/N -1 and update rules are

t
. In N
Pt41,i X €Xp <€t+1 Z&,j) with g1 = \/

t
2 (S YANTATE

ensures the following regret guarantee: for any i € [N]

T T T

vVIin N
> (Pl =Y b <3N (14D )X ) + - max]|£ 2.
t=1 t=1 t=1 2 telT]

Proof. 1t is easy to verify that this Hedge update can be treated as a special case of the
time-varying FTRL algorithm by choosing ¢ (p) = Zévzl ps Inpg, which is 1-strongly convex
with respect to || - ||1, and ¢ (p) = éd)(p) Thus, by Lemma 17, we have
T T T
InN 1
> (pr, ) — ;m < +35 ;etnetnio

3
—1 —_ T+1

< In N n \/lnN'
€741 2

T
A0 T4 1112, + max]|[€]|Z,
=1 te[T)

T
Vin N
=3 1nN-<1+ZHetuzo)+ D a2,
t=1

2 te[T)

where the first inequality chooses u as the one-hot vector with all entries being 0 except the
i-th one as 1, and second inequality is by Lemma 23. O

F.3 Facts on Geometric Covers

Lemma 19 (Lemma 11 of Zhang et al. (2019)). Let [sp, sq| C [T] be an arbitrary interval
that starts from a marker s, and ends at another marker s,. Then, we can find a sequence
of consecutive intervals Iy = [s;,, Si, — 1], Io = [84,, 85, — 1], ..., Iy = [84,, 86,4, — 1] € C such
that iy = p, iy < q < iyt1, and v < [loge(q —p + 2)].
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F.4 Technical Lemmas

In this part, we present several technical lemmas used in the proofs.

Lemma 20 (Lemma 3.1 of Srebro et al. (2010)). Suppose f : R? — R is an L-smooth
function, then for any x € R%, we have

1960l < 22+ (760~ min £ ) @
Furthermore, when the function is non-negative, we have |V f(x)|l2 < /2L - f(x).
Lemma 21 (Lemma 3.5 of Auer et al. (2002)). Let l1,...,lr be non-negative real numbers.
Then

T lt

T
—F— <2 0+ l, — V0o
;\/5+Z§1li ;t

Lemma 22 (Lemma 14 of Gaillard et al. (2014)). Let ap > 0 and ay,...,an € [0,1] be real
numbers and let f : (0,+00) — [0,+00) be a non-increasing function. Then

m ao+ai+--+am
Zaif(a0+"‘+ai—1)Sf(ao)‘l'/ f(u) du.
i=1 ao

Lemma 23 (Lemma 4.8 of Pogodin and Lattimore (2019)). Let a1, as,...,ar be non-negative

real numbers. Then

<4 1+Zat+?€1[ajg]cat.
t=

T
tzz;\/l—i—zs La,

Lemma 24 (Lemma 5 of Shalev-Shwartz (2007)). For any z,y,a € Ry satisfying x —y <

vax, we have x —y < \/ay + a.

Based on Lemma 24, we can achieve the following variant.
Lemma 25. For any x,y,a,b € Ry satisfying x —y < var+b, xt —y < +ay+ab+a+0b.

Lemma 26 (Lemma 13 of Gaillard et al. (2014)). For allz >0 and a > 1, x < 2% + 21,
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