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Abstract

We propose a novel hybrid procedure for constructing a randomly weighted nearest
neighbour classifier for semi-supervised learning. The procedure first uses the labelled
learning set to predict a probability distribution of class labels for the unlabelled learning
set. This turns the unlabelled set into a pseudo-labelled set, on which a sequentially
weighted nearest neighbour classifier can be trained. The vote proportions calculated by
this sequentially weighted nearest neighbour classifier and the standard weighted nearest
neighbour classifier trained on the labelled set alone are then linearly combined to build
a hybrid classifier. Our theory shows that, given a sufficiently large set of unlabelled
data, the hybrid classifier has an optimal regret converging at a faster rate than that of
the optimally weighted nearest neighbour classifier and hence of the optimal bagged or
k-nearest neighbour classifier. We also show that the hybrid classifier can be revised by a
dislabelling strategy to achieve the fastest possible rate of regret irrespective of the size of
the unlabelled set, which may even be empty. Simulation studies and real data examples
are presented to support our theoretical findings and illustrate the empirical performance
of the hybrid classifiers constructed using uniform weights. We also explore the effects of
pseudo-labelling by hypothesized class probabilities as a supplement to our main findings.

Keywords: classification, nearest neighbour, semi-supervised learning, machine learning,
optimal rate.

1. Introduction

Supervised classification aims to predict the class of a test point z € X, based on algorithms
trained on a learning set consisting of n data points, X1,...,X,, € X, which have been
categorised into known classes. The learning set is said to be labelled. A popular algorithm
for supervised classification is provided by the k-nearest neighbour classifier, introduced by
Fix and Hodges (1951), which assigns a test point x to the jth class if a majority of the
k learning observations nearest to x belong to the jth class. It has been applied to a wide
range of statistical problems including, for example, gene classification (Li et al., 2001) and
object recognition (Belongie et al., 2002). More generally, the k-nearest neighbour classifier
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can be viewed as a special case of a weighted nearest neighbour classifier, on which we shall
focus in this paper. The weighted nearest neighbour classifier places heavier weights on
learning observations which are closer to x. Dudani (1976) demonstrates the benefits given
by placing non-uniform, distance-dependent, weights on the k nearest neighbours. Under
some mild assumptions, the weighted nearest neighbour classifier is Bayes consistent (Stone,
1977; Gadat et al., 2016). The choice of weights has been the focus of many works. Biau
and Devroye (2015) survey the key ideas and state the consistency theorems for weighted
nearest neighbour classifiers. Samworth (2012) derives a formula for the optimal weight
vector which minimises asymptotically the misclassification rate in excess of the Bayes risk,
among all choices of deterministic weight vectors. Berrett and Samworth (2019) propose an
efficient two-sample functional estimator based on weighted nearest neighbours.

Recent years have seen increasing attention paid to semi-supervised classification, which
finds applications in many machine learning problems where a set of unlabelled data points
is available in addition to a labelled learning set, with both the labelled and unlabelled sets
drawn from a common marginal distribution. Generally speaking, semi-supervised learning
seeks to leverage information extracted from the unlabelled data to improve upon super-
vised learning based solely on the labelled data. Development of semi-supervised methods
has become all the more imperative when many contemporary applications have found an
abundant supply of unlabelled data, while labelled data are difficult or expensive to ac-
quire. A general introduction to semi-supervised learning and a survey on its advances can
be found in Zhu and Goldberg (2009) and van Engelen and Hoos (2019), respectively. In the
context of classification, a vast amount of works exist across different fields regarding the
application of semi-supervised learning. One common approach makes use of the unlabelled
data to modify and strategically optimise a loss function: see, for example, Vapnik (1998),
Joachims (1999), Berthelot et al. (2019) and Rebuffi et al. (2020). Other approaches con-
sider semi-supervised classification under specialised settings. Examples include co-training
(Blum and Mitchell, 1998) and parametric approaches such as EM-based incomplete like-
lihood maximisation under generative models (Nigam et al., 2000) or minimum entropy
regularisation under discriminative models (Grandvalet and Bengio, 2004).

Given its long-standing prominence in the standard methodology of nonparametric su-
pervised learning, nearest neighbour classification has naturally aroused research interests
in its potential extensions to a nonparametric semi-supervised setting. Such extensions
have been studied by, for example, Wang et al. (2010), Wajeed and Adilakshmi (2011),
Liu et al. (2013) and Tu et al. (2016). None of the above works, however, consider formal
statistical properties of their proposed methods. One exception is Cannings et al. (2020),
who estimate the marginal density of the feature vector based on an unlabelled learning set
and use the estimate to construct a local choice of k for a k-nearest neighbour algorithm.
They show that their classifier has an excess risk converging at the minimax rate under
weaker conditions, provided that the size of the unlabelled set diverges at some rate faster
than n?.

Soleymani and Lee (2014) propose a sequential algorithm for bagging a generic super-
vised classifier. When applied to the nearest neighbour method, their algorithm gives rise
to a randomly weighted nearest neighbour classifier which is more stable than the con-
ventional bagged nearest neighbour classifier. Inspired by their findings, we propose in this
paper a hybrid weighted nearest neighbour procedure for semi-supervised classification, and
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show that the classifier, if optimally tuned, yields a faster convergence rate for the excess
risk compared to that of any deterministically weighted nearest neighbour classifier. To
construct the hybrid classifier, we first train a weighted nearest neighbour classifier on the
labelled data and use it to assign pseudo-labels, in the form of class probabilities, to the
unlabelled data. Next we build a sequentially weighted nearest neighbour classifier in the
manner of Soleymani and Lee (2014), by training another nearest neighbour classifier on
the pseudo-labelled data. Our hybrid classifier is finally constructed by linearly combining
the nearest neighbour classifier trained on the labelled data and the sequentially weighted
nearest neighbour classifier trained on the pseudo-labelled data. Our theory shows that the
performance of the hybrid classifier is determined critically by the weights employed in the
two constituent weighted nearest neighbour classifiers, as well as the coefficients used for
combining the two classifiers. It also enables us to derive the optimal tuning parameters
which minimise the misclassification rate of the hybrid classifier.

The rest of the paper is organised as follows. Section 2 introduces our proposed hybrid
weighted nearest neighbour classifier. Section 3 illustrates with a toy example the empirical
performance of the hybrid classifier in comparison with its two constituents. Section 4
establishes theoretical results on the regret, or excess risk, of our hybrid classifier when
its constituent weighted nearest neighbour classifiers are constructed using exponential and
uniform weights, respectively. Section 5 presents empirical results obtained from simulation
studies and three real data examples. Section 6 concludes our findings. All proofs are given
in the Appendix.

2. Hybrid weighted nearest neighbour classifier

Let X1,...,X,,2Z4,...,Z,, denote independent data points drawn from K possible distri-
butions on X € R%. To each X; is attached a class label Y; € {1,..., K} if X; is drawn
from the Y;-th distribution. Let £ = Lg U Ly be a semi-supervised learning set, where
Ls ={(X;,Y;):i=1,....,n} and Ly = {Z; : i = 1,...,m} denote the labelled and
unlabelled parts of the learning set, respectively.

Consider for simplicity a two-class problem with K = 2. For any € X, let {(X ;) (x), Y(;(2)) :

i=1,... ,n} be a permutation of Lg such that X ;(z) is the ith nearest point among
{X1,...,Xn} to . Similarly, Z;(x) denotes the ith nearest point among Ly to z. For
a given vector of weights w, = (wn1,..., W) With wy; > 0 and > wy,; = 1, a

weighted nearest neighbour classifier Ty, , trained on Lg, assigns = to the first popula-
tion if the weighted vote proportion p(z) = Y77, wn1{Y(;)(x) = 1} > 1/2, and to the
second population otherwise, where 1{-} denotes the indicator function. Formally, we de-
fine Ty, (Ls,x) = 1+1{p(x) < 1/2}. Using the above formulation, the k-nearest neighbour
classifier corresponds to the choice of uniform weights wy,; = k™11{i < k}. Stone (1977)
obtains sufficient conditions on w,, for L"-convergence of p(z) to the conditional class prob-
ability P(Y; = 1|X; = x). The M out of n bagged nearest neighbour classifiers, constructed
using infinitely many bootstrap resamples drawn from Lg, correspond to setting
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if resampling is done with replacement, or

, ~1
n—1i n , .
wn’i:<M—1><M> 1{i<n-M+1}, i=1,...,n, (2)

if resampling is done without replacement. Hall and Samworth (2005) show that the M out
of n bagged nearest neighbour classifier converges to the Bayes rule provided that M — oo
and M/n — 0. Biau et al. (2010) show that the optimal rate of convergence of the vote
proportions can be achieved by the k-nearest neighbour classifier or the M out of n bagged
nearest neighbour classifier if k£ or M is chosen to diverge at an appropriate rate.

Given any weight vectors wy, = (wn,1,...,Wnn) and wy, = (wy, 1, ..., wy, ,,), We train a
sequentially weighted nearest neighbour classifier (Soleymani and Lee, 2014) on the semi-
supervised learning set £ as follows. By training T, first on the labelled set Lg, we
calculate for each point Z; in the unlabelled set Ly the weighted vote proportion p(Z;), for
j=1,...,m. Treating the p(Z;)’s as pseudo-labels for Ly, the weighted nearest neighbour
classifier Ty is trained next on Ly to predict the class of any given z € X. Thus, the
sequentially weighted nearest neighbour classifier assigns x to the first population if and
only if the sequentially weighted vote proportion §(x) = > 7%, wy, ;6(Zj)(x)) > 1/2. The
crux of the above sequential construction is the labelling of the data points in the unlabelled
set Ly by class probabilities p(Z;) estimated using the labelled set Lg, which has the effect
of stabilising the weighted nearest neighbour classifier.

Define, for a tuning parameter ¢ € R, a hybrid weighted nearest neighbour classifier to
be

T (Ly) = 1+ 1{cp() + (1 - )8(x) < 1/2],

which assigns x to class 1 if and only if a linear combination of the two weighted vote
proportions of class 1, calculated respectively by Ty, and the sequentially weighted nearest
neighbour classifier, exceeds 1/2. Note that the above linear combination is not restricted
to be convex. In fact, we shall show later that the tuning parameter ¢ has an optimal value
bigger than 1.

We may view 7, ¢ as a generalised version of a weighted nearest neighbour classifier
Tw:+(Ls, ), with weights w;* = (w;", ..., w;",) given by

n,l»

Wi = cwni + (1 =) Y Y wppwh, ; X (Z)(x) =Xp(2)}, i=1,....n,

i'=1j=1

which are random, depend on (x,X1,...,Xn,Z1,...,2Z,,), satisfy > ", wy’; =1 and may
assume negative values.

Figure 1 illustrates the workflow of our hybrid classifier 7, ¢, with Ty, and Ty
set to be the 3- and 4-nearest neighbour classifiers, respectively. At the pseudo-labelling
step, the four unlabelled points nearest to the test point x are assigned by Ty, the vote
proportions p(Z1y(z)) = 1/3 and p(Z(9)(2)) = p(Z3)(x)) = p(Z 4y (x)) = 2/3. This gives
rise to the sequentially weighted vote proportion §(z) = 47! Z;;lp(z(j) (a:)) = 7/12 for x.
Combining §(z) with the vote proportion p(x) = 1/3 predicted by Ty, , our hybrid classifier
Tn.m.c would assign x to class 1 if ¢/3 4+ 7(1 —¢)/12 > 1/2.
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Figure 1: Workflow of hybrid weighted nearest neighbour classification of test point x, based
on 3- and 4-nearest neighbour classifiers.
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3. A toy experiment

We conduct a numerical experiment to compare the hybrid classifier .7, ,, ¢ with its two
constituents, that is the weighted nearest neighbour classifier Tp,, and the sequentially
weighted nearest neighbour classifier derived from Ty , in an application to the classical
two-moon toy data set. We set wy,; = k; '1{i < k;} and wy, ;= ky'1{i < ko}, so that
Tw, and Ty: amount to the ki- and ks-nearest neighbour classifiers, respectively. Recall
that a test point x is assigned class 1 by T, if p(z) > 1/2, by the sequentially weighted
nearest neighbour classifier if §(z) > 1/2 and by 7, p ¢ if ¢p(z) + (1 —<)s(x) > 1/2. The
tuning parameters (k1, ko) are selected from a grid of pilot values, which may differ between
different methods. The mixing coefficient ¢ is set to be 1+ (kym)/(kan), an optimal choice
for the two-dimensional case as derived in Section 4.3.

The two-moon labelled data are generated by setting P(Y = 1) =P(Y =2) =1/2 and

cosU 1 —cosU
X=1{Yy =1} [sinU} +1{Y =2} [0‘5 _din U} + 0.5¢€,

for U uniformly distributed over [0, 7] and € bivariate standard normal, with Y, U, € inde-
pendent of each other.
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Figure 2: Two-moon data example — classification boundaries of Bayes rule, kj-nearest
neighbour classifier, sequentially weighted nearest neighbour classifier and hybrid weighted
nearest neighbour classifier, estimated by averaging over 50 simulated semi-supervised learn-
ing sets, each consisting of 10 labelled and 100 unlabelled data points. A typical set of
labelled data is shown in the background for reference.

Figure 2 displays a typical set of labelled data, with the blue and red points generated
from the first and second populations, respectively. The white curve on the figure indicates
the classification boundary of the Bayes rule, given by the set {z : P(Y = 1|X = z) = 1/2}.
The figure also shows the average positions of the classification boundaries given by the
three methods, trained on n = 10 labelled data points and, for the sequentially and hybrid
weighted nearest neighbour classifiers, an additional set of m = 100 unlabelled points. They
are given by {z : E[p(z)] = 1/2}, {z : E[s(x)] = 1/2} and {z : E[sp(x) + (1 —¢)s(z)] =
1/2}, respectively, where the expectations are approximated by averaging over 50 random
repetitions. In each repetition, k; and ks are fixed at the values which minimise test error
over the pilot grid for each method.

We see that both the sequentially weighted and hybrid weighted nearest neighbour
classifiers yield classification boundaries close to the Bayes boundary in general. They
clearly outperform the ki-nearest neighbour classifier over the low-density area. The above
comparison points towards an improvement brought by semi-supervised learning through
judicious use of an additional set of unlabelled data.

We next investigate the rates of correct classification achieved by the ki-nearest neigh-
bour classifier Ty, and our hybrid classifier .7, p, ¢, respectively, applied to a test set of size
200. The learning set is made up of a labelled set of size n = 10 and an unlabelled set of
size m € {5,10,100,500}. As before the tuning parameters k; and ko are set to be the pilot
values which minimise test error under each scenario. Note that T;,, depends only on k;
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and does not involve the unlabelled data in its training. The whole experiment is repeated
500 times and the results reported in Table 1.

Table 1: Two-moon data example — correct classification rates (CC) and optimal values of
(K1, k2) for ki-nearest neighbour classifier and hybrid weighted nearest neighbour classifier,
averaged over 500 replications. Standard deviations are given in parentheses.

k1-NN, To,, hybrid, Z, m¢
m CC k‘l CC kl kQ
5 | 0.866 (0.003) 2.232 (1.94) | 0.877 (0.002) 2.46 (1.81) 1.92 (1.36)
10 | 0.867 (0.003) 2.252 (1.90) | 0.878 (0.002) 2.54 (1.81)  3.18 (2.69)
100 | 0.869 (0.002) 2.132 (1.75) | 0.879 (0.002) 2.40 (1.72) 32.06 (19.18)
500 | 0.865 (0.003) 2.092 (1.82) | 0.877 (0.002) 2.02 (1.61) 71.66 (43.59)

The hybrid classifier .7, ., . shows a stable performance across the four choices of m
and is in each case more accurate than the kj-nearest neighbour classifier, pointing again
towards an advantage of our proposed semi-supervised learning approach, even when the
number m of unlabelled points is as small as 5.

In the next section we establish asymptotic results to clarify the effects of m and the
neighbour weights w,, and wy},, on the performance of .7, y, .

4. Theory

4.1 Assumptions

For a theoretical investigation of .7, , ¢ we adopt the framework laid by Samworth (2012).
Suppose that proper densities, f and g say, exist for populations 1 and 2, and that the prior
probabilities of these populations are 7y € (0,1) and 7y = 1 — 7 respectively. Then the
Bayes rule assigns z € X’ to the first population if and only if

7Tff(l‘) 1

a(z) = mrf(x) + meg(x) > 2 (3)

Let R be a compact d-dimensional manifold in X', which has boundary R and satisfies
(R1) S=RN{z:q(x)=1/2} #0;
(R2) the restriction of g to OR has nonzero gradient on {z € IR : q(z) = 1/2}.

Our focus is on the regret of a classifier (£, z), defined to be the misclassification rate of
T in excess of the Bayes misclassification rate over R, that is

REGRETR(T)=P(T(L,X)#Y, X € R) —E[min{q(X),1 —¢(X)}; X € R],

where (X,Y’) denotes a new observation having the same distribution as (X, Y;), indepen-
dent of L.
Assume that f, g satisfy the following conditions.

(C1) [y llzll°{f(z) + g(2)} dz < oo for some & > 0.
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(C2) For some subset Ay open in X and containing R, f,g are four times continuously
differentiable on Xp, infex, f(z) > 0, infyex, g(z) > 0 and ¢ has nonzero gradient on

{z € & :q(x) =1/2}.

The regularity conditions (R1), (R2), (C1) and (C2) together ensure that the regret over
R is determined essentially by the behaviour of the classifier over S, on which classification
becomes most erratic.

Samworth (2012) shows under the above conditions that

min REGRETR (T, ) = n~ Y ) Cyyn {1 + o(1)}, (4)
Wn,

where minimisation is over deterministic, non-negative, weight vectors w,, satisfying certain
regularity conditions, and Cynyx > 0 is a constant independent of n. The optimal weights
which achieve the minimum (4) have the form
14 d/2 — (d/2)k= 24124 — (i — 1)F2/4Y], i=1,...,k, )
0, i=k+1,...,n,

for some positive integer k growing at the rate n*/ (44 Samworth (2012) also shows that the
optimal M out of n bagged nearest neighbour classifier and the optimal k-nearest neighbour
classifier, both constructed using deterministic weights and trained on Lg, have asymptotic
regrets equal to some multiples of the same n~%(4+4) rate, with the multiplicative factors
bigger than Cy ny for any finite d. Qiao et al. (2019) propose a big nearest neighbour
classifier which achieves the same rate for its regret.

Remark 1 If we remove the assumption of non-negativity on the weights w, ;, Samworth
(2012) shows that it is possible to improve the optimal order of REGRETR(Ty, ) from
O(n=#(@+4)) to O(n=8/(448)) or, more generally, to O(n~*/(@+47)) under additional smooth-
ness conditions with » > 1. However, as commented by Samworth (2012), such accommo-
dation of negative weights requires careful tuning of the dominating bias term and may not
be a practically palatable approach to classification. Application of our hybrid procedure
might introduce yet more tuning parameters, further complicating the computational al-
gorithm for its practical implementation. For this reason, we do not pursue this approach
further in the present work.

We consider in the next sections two special classes of deterministic, non-negative, weights
for the construction of the hybrid classifier 7, ,, ¢, and derive for each class an asymptotic
expansion of the regret of 7, p, c.

For any real sequences {a,,} and {b,}, we write a,, < b, or b, >~ a, if a,, = o(b,), a, < b,
or b, » ay if a, = O(by,), and a, < by, if a,, < by, and a,, = by,.

4.2 Exponentially weighted nearest neighbour
Define, for ¢ > 0 and any positive integer N,

Vags = (22 Nty N 6
NJi — 1_6_N£ € ) t=1,..., ) ()
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which constitute a set of deterministic weights decaying exponentially as i increases. For
any £ = (51,62) (0,00)?2, denote by ynE t the hybrid classifier .7}, . With wy; = Vi, 0,
(i=1,....n)and wy, ;= Vi, ; (j=1,...,m).

We note that 7, E L shares the same asymptotic properties with any hybrid bagged
nearest neighbour cla551ﬁer constructed using weights given by either (1) or (2), and resam-
ple sizes Mg and My for Lg and Ly, respectively, provided that £ = (Mg/n, My /m) —
(0,0) and Mg, My — oo. The same also holds for hybrid classifiers built by geomet-
ric weights wy,; =< (1 — ¢)""! and wy, ;= (1 — €9)7 7L, provided that ¢1,fs — 0 and
’I’Lfl, mfg — Q.

Assume that the unlabelled sample size m increases with the labelled sample size n at
a polynomial rate, so that

(M) n% <m = nAo for some constants Ay > ag > 0.

Let Q41 be the (d — 1)-dimensional volume measure induced on S. Write for brevity
fr =mpf + myg. Theorem 1 below establishes an expansion for the regret of TE with

n,m,s,€’
the tuning parameter ¢ set at 14 {(mfy)/(nfy)}?/?. Its proof is given in the Appendix.

Theorem 1 Assume that m satisfies (M), f,g satisfy (C1) and (C2), and the compact
manifold R satisfies (R1) and (R2). Let ¢ = 1+ {(mfy)/(nl1)}*/%. Then, for any fized
€€ (0,{(d+6)Ag} ") and £ = (¢1,(2) satisfying

€1n6 + €2m€ + (n£1>_1nd6 + (még)_lmde + mﬁg(nfl)_l = O(l), (7)
we have
REGRETR(’Z@mgl) ‘%’R(’gnmcl)—i_‘%ﬁ,(’gnmcl)
where
AT Ecd) =87 01+ o)} [ 190007 u(0) 01 2)
+ O{(nly) Y4 (mby) 2% + ly(nty) "2/ 4)
and

BR( T ce) = O + 6+ (mie) ™/} (nty) 7).

n

It can be seen from (A19) and (A20) in the proof that the two components of the re-
gret, Z% (%Em < l) and Z5 (%Em . e) stem respectively from the variance and squared bias
of the hybrid vote proportion gp( )+ (1 —¢)s(x) as an estimator of ¢(z), with p(x) =
> it Ve i H{Y () (x) = 1} and 3(x) = 3770, Ving, j9(Zj)(2)). The expansion (A20) for
%’B(ﬁnmd) suggests that setting ¢ = 1 + {(mfy)/(nl1)}?/? succeeds in eliminating its
leading term. It is noteworthy that the above choice of ¢, which has a value bigger than 1,
depends only on £, the dimension d and the sample sizes m,n and can therefore be com-
puted exactly in practice. The above consideration motivates our recommendation of setting
¢ = 1+ {(mts)/(nty)}*/. It follows from Theorem 1 that REGRET® (7, md) O(6y),

n
where

9n _ El + (n£1)74/d(m£2)72/d +€2(n€1)*2/d‘
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We next proceed to minimise 6,, with respect to £ = (¢1,¢2) under different asymptotic
regimes of m. The following corollary summarises the results. The optimal decaying rates
of £ are deferred to Appendix A.5.

Corollary 2 Assume the conditions of Theorem 1. Then min{6,} =< 0, where the mini-

mum is taken over ({1,02) satisfying (7) and the optimal rate 6} is specified below across
different ranges of m.

(i) 0% < n=2/ (A2 —d(1=de)/(d+2) yf p < p2/{d+A—(d*+6d+d)e}
(ii) 0% = (n4d+4m2d)—1/(d2+6d+4) if n2/{d+4—(d?>+6d+4)c} <m < n(d+4)/(d+6)

(iii) 0F = n~0/(d+6) i gy = p(d+4)/(d+6)

The change of the optimal regret rate 67 with the unlabelled sample size m is clarified in
Figure 3 (solid lines) on the log,, scale. In general, the convergence rate of } increases as the

(i)d>5 (i) d = 3,4

—2/(d+4) —2/(d+4)}

~2/(d+2)

~2/(d+2)|
AS
AS
—4/(d+4)
4/ d4+ ) === = Na— =N == fm i e e
—6/(d+6) | —6/(d+6) |
0 2 4 d+12 d+4 1 0 2 1 d+4 1
d+4 d+4 2d+12 d+6 d+4 2 d+6
logm/logn logm/logn
(ili) d = 1,2
2/(d+4)
~2/(d+2)
—4f(d+1) _‘—\ (L PRIy SR, [ - .
— 2(8 —d)
—(d+4)/(2d+4) = 6+ 2d— &
AT Tl I S — —
0 _2 1 2(d+4) d+4 d+4 1
1+4 2 T6+2d-a d+6  2d+4
logm/logn

Figure 3: Plots of log#/logn (dashed line) and logi)/logn (solid line) against
logm/logn, with € set at 0.001. Dash-dotted line indicates level —4/(d + 4) achieved
by optimally weighted nearest neighbour classifier trained on Lg alone.

divergence rate of m increases, and stabilises at n~6/(@+6) when m grows at a rate faster than
n(d+4)/(d+6) - Ag a benchmark, Figure 3 shows also the optimal rate n=%/(4+4) achievable by

10
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training the weighted, bagged or k-nearest neighbour classifier on the labelled set Lg alone.
It is found that the optimal hybrid classifier has a regret converging at a faster rate than
n~4/(@+4) that is min,p REGRETR(ZE  ,) < minw, REGRETR(Tw, ), provided that m

n,m,s,¢
has an order exceeding n?/(*t%_ As can be seen from the proof of Theorem 1, the hybrid
classifier achieves a faster convergence rate essentially by exploiting the prediction made
by the sequentially weighted nearest neighbour classifier to correct the bias of the standard
classifier Ty,

Remark 2 (Bootstrap perspective) We may view the hybrid classifier from a novel boot-
strap perspective. Let {(Z, f Y*):j=1,...,m} be a bootstrap sample generated for the
unlabelled set Ly such that the bootstrap class labels Y}, ... Y, are independent with
]P’(Y* = 1|£) = p(Z;). Setting ¢ = 1+ {(mts)/(nt;)}?/?, the hybrid vote proportion

sp(z) + (1 — ¢)8(x) can be rewritten as

B(@) = {(m2)/ (nt:) Y/ {E[p" (x)|£] — p()}, (8)

where p*(2) = >0 Ving, l{Y(’]‘)(x) = 1} is the bootstrap analogue of p(z) and Y(j)( x)
denotes the bootstrap class label assigned to Z(;(z). Viewed as an estimator of ¢(z),
the expression (8) corrects for the bias of the supervised estimator p(x) by subtracting
a bootstrap bias estimate {(mf2)/(nf;) }Q/d{IE[p )|£] — p(x)}, where the scaling factor
{(mty)/(nl1)}?/?* adjusts for the difference in size between Lg and Ly. Since E[p*(z)|£] =
> i1 Vimes i D(Z (jy(2)) is explicitly available, (8) can be computed exactly without the need
for simulating any bootstrap samples in practice.

Remark 3 (Dislabelling strategy) Although our theory requires that the unlabelled sam-
ple size m be at least of an order higher than n%/ (44 if the hybrid classifier is to outperform
the optimal Ty, trained on the labelled sample Lg alone, in practice the condition can al-
ways be met by randomly “dislabelling” a sufficient amount of labelled data points and
transferring them to the unlabelled set so as to raise m up to the required order. Indeed,
the results of Corollary 2 suggest that if m = O(n?/(#+49), the optimal convergence rate
of REGRETR(ZE ) can be further accelerated to the best possible order n=6/(4+6) 1y

n,m,s,¢
increasing m to at least the order n(4t4/(d+6) Ty this end it suffices to transfer, for ex-
ample, a fixed proportion of data points from Lg to Ly, thereby increasing the size of the
revised Ly to m =< n. Since the size of the trimmed Lg retains the same order as that of
the original Lg, the apparent loss of information due to the removal of labels is therefore
ratewise inconsequential.

Remark 4 The dislabelling strategy can be applied to our hybrid classifier even under a
purely supervised learning setting, that is m = 0, to reduce the regret of the optimal Ty,
trained on the original labelled sample. To this end we first create an artificial unlabelled set
Ly by dislabelling a fixed proportion of the original sample. Training the hybrid classifier
on the trimmed labelled sample (Lg) and the artificial unlabelled sample (L) yields a

regret of order O(n~=%/(446))  which converges strictly faster than the standard optimal
order n~4/(d+4)

11
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Remark 5 Many of the existing semi-supervised learning approaches make use of unla-
belled data to estimate the feature density f,, knowledge of which may help improve upon
supervised learning: see, for example, Lafferty and Wasserman (2007), Sokolovska et al.
(2008), Azizyan et al. (2013), Kawakita and Kanamori (2013) and Cannings et al. (2020).
To bring out such improvement, a large unlabelled sample size m = n is typically required
to provide a sufficiently accurate estimate of f,. By contrast, utilisation of unlabelled data
is markedly different in our hybrid semi-supervised procedure. Instead of providing an esti-
mate of f,, the unlabelled data are used to create a bootstrap-type environment conducive
to a correction for the bias of the supervised classifier. Ratewise improvement induced by
such bias correction can be achieved with an unlabelled sample size m much smaller than
the labelled sample size n.

4.3 Uniformly weighted nearest neighbour

We investigate in this section the effects of our hybrid procedure when applied to standard
k-nearest neighbour classifiers, with weights w,,; = kl_ll{i < k1} and w,*mj = k;ll{j <
ka2}. Denote by ﬂnUm ok the resulting hybrid weighted nearest neighbour classifier, where
k = (k1, ko) denotes a pair of positive integers with k1 < n and ko < m.

The following theorem states an expansion for the regret of ﬁnUm .k analogous to that

given in Theorem 1, with the tuning parameter < set at 1+ {(ki/n)/(ko/m)}* <.

Theorem 3 Assume the conditions of Theorem 1. Let ¢ = 1+ {(k1/n)/(k2/m)}?/®. Then,
for any sufficiently small constant € > 0 and k = (k1, ka) satisfying

(k1 /m)n® + (kg /m)m® +n*/ D [ky 4 m® @D [y 4 (ky fn) (ka/m) ™ = O(1),  (9)
we have

REGRETR(Z5 k) = 2% (T 0 k) + ZR(TE k)

n,m,ck m,s.k n,m,s,k

where

B (Tymck) = (4k1)7! /S IVa(@)]| " fr () dq-1(2){1 + o(1)} + O{ (k1 /n)*/

+ (ke /n) Y (kay/m) log n + ky 2 (k1 fn) Y log n + ky /2 (ky /n)?/ 4 (ko /m)* @ log )}

and
BR(Tmcn) = Of (k1 /)" (ka /m) "/}
As with me&e, setting ¢ = 14 {(k1/n)/(k2/m)}*/? helps eliminate a leading term in the

squared bias %g(ﬁ v ) and yields REGRETR(ZLU ) = O(vy,), where

n,m,s,k m,s.k
Py = kl_l + (kl/n)6/d + (kl/n)4/d(k2/m) logn
+ ke 2 (ke )2 (o fm) 2 M log m + (1 /n) Y (e fm) /<.

Thus, the hybrid classifier %Um .k also entertains a bootstrap interpretation as discussed

in Remark 2, with the scaling factor changed to {(k1/n)/(ko/m)}?/?.
A counterpart of Corollary 2 is given below for the optimal order v} of ¢, while the
corresponding optimal diverging rates of k are presented in Appendix A.6.

12
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Corollary 4 Assume the conditions of Theorem 3. Then min{vyy,} =< ¢}, where the mini-

mum is taken over (ki, k) satisfying (9) and the optimal rate 1, is specified below across
different ranges of m.

(i) Ford>5, ¢ <

(i.1) n~2/( @+ —{1=e0=4/D}/2 150 1y if < (n2/(d+4) logn)Q/{l’E(1*4/d)},-
(i.2) {n~4m—d+e(d=9) (log n)2d}1/(2d+4) if
(/@) 16g )2 A=c0=4/D} <y < (2/(@H4) 1 )2/ {1=e(d+8)/(d+0)},
(i.3) {nm(logn)~2}~+/(@+8) if
(n2/(@+) 16g )2/ A1=e(d48)/ (@0} <y < (d412)/(24412) (10 )2,
(i.4) n—6/(d+6) if m = n(d+12)/(2d+12) (log n)Q.

(11) For d= 3,4, ¢; <

(ii.1) (nm?) =2/ Jogn if m < n'/2(logn)+4/4;

(i.2) , then {n?>m*¥/(d+4) (og n)—d}-1/(d+2) 4f
n1/2(logn)1+d/4 <m < (nlogn)(d+4)/(d+6);
(i0.3) {n8~Im(logn)—2¢}~1/(d+8) 4f
(nlog n)HD/EH6) <y < plAFD/(EH6) (166 )2,
(ii.4) n~6/(0+6) jf i = p(@+4)/(d+6) (Jog )2,
(i1i) Ford=1,2, ¢} <

(iii. 1) (nm2)=2/ @D logn if m < n}/2(log n)1+4/1;

(iii.2) {n2m4/(@+9) (1og n)=d}=1/(d+2)
n1/2(10gn)1+d/4 <m < (nlogn)Q(d+4)/(16+2d—d2);

(iii.8) {nim®/(d+4) (1og n)=d}=1/(d+4) ;f
(nlog n)z(d+4)/(16+2d—d2) <m = (nlogn)(d+4)/(2d+4);

(iii.4) {n"(logn) ="}~/ @D if m = (nlogn)(*H4)/ (24D,

13
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A comparison between Corollaries 2 and 4 suggests that the optimal order of the regret

of fnUm <k changes with m in a similar way as that of the regret of ﬂnm s The op-
timal regret of 9” m.ck COnverges faster than that of %Em ¢ if and only if d > 5 and

{n%*8(logn) A( +6d-+4) /(@2 +4d+8) gy < p(d+0)/(d+6) I all cases, the optimal regret of
ﬂnUm <k drops to a constant order when m grows at a rate faster than n® for some ¢ < 1.
For d > 3, this constant order is nn~6/(4+6) the same as that of %Em <o For d € {1,2}, the
constant order is {n®*(logn)~9} /(2444 which is slightly inferior to the corresponding
order n~0/(d+6) of T B ' In case m is not big enough, the dislabelling strategy (Re-
marks 3, 4) can hkevvlse be applied to fn mck 1O reduce its regret to the constant order,

which is strictly smaller than the best order n=%(@+4) achievable by training a conventional
weighted nearest neighbour classifier on Lg alone. See Figure 3 for a graphical comparison
between the optimal regrets of 7Y e and TE

n,m,s, n,m,cL°
4.4 Pseudo-labelling by hypothesized class probabilities
Let ¢' be a non-negative function on X and satisfy the regularity conditions:

/ lul®q" (u) du < oo, 1é1/£ ¢'(u) >0, V¢ #0on {zey:q(x)=1/2},
X 0

where 0 > 0 is as specified in (C1). Suppose that the class probabilities ¢(Z;) on the
unlabelled set £ are hypothesized to be ¢f(Z ;) (4 =1,...,m), constructed independently
of the labelled set Lg. By assigning to £y pseudo-labels ¢'(Z; ) in place of p(Z ), we may
construct a hybrid classifier analogous to ﬂn .. Of the form 7; meg =1+ 1{11% ryp(@) <
1/2}, where

My p o —ngm ¥ (@) = 11+ 1 =) Y Vineagd' (Z)-
j=1

Define A = [, |¢ (u)—q(w)|{f(u)+g(u)} du, which provides a measure of the mis-specification
error of ¢f.

By setting (n,¢1,(1) = (00,0,0) in the expansions related to §(x) and noting indepen-
dence between » 1, V¢, i 1{Y{(3)(x) = 1} and 3°7°, Vint2,j4'(Z )), the proof of Theorem 1
can be adapted to show that
E[ly 5 (2)] = a(x) + {s(nf) ™/ + (1 — ) (mbz) >}V 4a-1T(1 + 2/d)

x {Vq(@) "V fr(@) + fa(@)tr (V2q(2)) /2} fr(z) 721
+5O((nl1) 2% + (nb1) ™Y + (1 — ) O((mba) "y + (mla) =Y + A)

and

Var(ﬁfIYByg(x)) = ¢%q(x z){1 —q(z }Z g”—l-c O((ny) =214y + (ny)6/4)

+(1— g)20((ng) 2/% + (mily) 5/,

14
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The above results suggest setting ¢ = {1 — (mfs)*%(nl1)~2/?}~1 in order to eliminate the
leading bias term. It then follows that REGRETR(TE _,) = O(9,), where

n,m,s.8

On = {1 = (mbo)*(ny) 42

x {01+ (nby) "% 4 Lo (nty) =Y A (mb) ¥+ (ny) =Y (mby) "H 4 (ny) TV (mby) YV IA?)
The following corollary derives the minimum order of REGRETR(ﬁfm. L
Iy, over (£1,42). The optimal choices of (¢1,¢3) are given in Appendix A.7.

) by minimising

Corollary 5 Assume the conditions (M), (C1), (C2), (R1), (R2) and (D). Let ¢ = {1 —
(mly)¥ 4 (nty)=2/4} =1 with mly # nl1{1 + o(1)}. Then we have min{d,} =< ¥}, where the
minimum is taken over ({1,03) satisfying

01n€ + Lom® + (nl1) " tnd + (mby) " tmd = 0(1),

for any fized € € (O, {(d+6)A0}_1), and the optimal rate I specified below across different
ranges of m.

(i) Ford>2, 9} <

7

(i.1) n—4/(d+4)m—2d/(d+4)2{1 + m6/(d+4)A2} if m = n(d+4)/(d+6)

i.9) n—20d=2)/{(d+2)(d+6)} ), —4/(d+2) 4 A2 jf 1 = p(d+4)/(d+6)
(i.2) + A2 ifm =
(i) Ford=1, I =

(ii.1) n=>m=2/25{1 4+ mO/P A2} if m < nd/12;
(i.2) m~2 + A% if m = n®/12,

According to Corollary 5, if the mis-specification error A has a sufficiently small order, or
more precisely,

m—3/(d+1) = (d=2)/{(d+2)(d+6)},, =2/(d+2)  ynder case (i),

A< {m3/5, under case (ii.1),

m~t under case (ii.2),

the optimally tuned 7;E

mack outperforms the optimally tuned ﬂnEm ¢¢ in yielding a regret
of a strictly smaller order, except when d > 2 and m =< n(@t4/(d+6) in which case both
’7:5m7 ot and %Em . vield optimal regrets of the same order.

Under cases (i.1) or (ii.1) of Corollary 5 when the pseudo-labelled set Ly is small com-
pared to the labelled set Lg, we have ¢ < 1 and 1 — ¢ < 1, reflecting a relatively small
contribution made by Ly to %Em ¢~ Under cases (i.2) or (ii.2) when m grows at a suffi-
ciently fast rate, we have ¢ < 1 and 1 — ¢ < 1, implying that 7;57”7“ becomes dominated
by the classifier trained on Ly, whereas the weight given to Lg shrinks to zero. Thus, the

order of the optimal regret of 7% . ¢ continues to decrease without bounds as the diverging

n,m
rate of m increases. This is in marked contrast to the optimally tuned ZlEm ¢» Where the

weights always satisfy 1 < ¢ = 1 —¢, so that the contribution made by Lg never diminishes

15
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asymptotically and hence the optimal regret of ﬂnE ) stabilises at a fixed order eventually,
no matter how fast m diverges.

Similar results also hold for the case of uniform weights. Consider a hybrid classi-
fier constructed using pseudo-labels ¢'(Z;) and uniform weights, namely TV =1+

n,m,s,k
I{HHYBg( x) < 1/2}, where

My () = sy 121{}/ ) =1+ (1 -9k 12‘]

The proof of Theorem 3 enables us to show that

E [y 5 (2)] = a(x) + {s (k1 /m)*? + (1 = &) (ko /m)* T}V %a1T(1 + 2/d)
x {Vq(x) "V fr(a) + fr(x)tr (Viq(x))/2} fr(z) 1724
+5O((k1/m)* %) + (1 = )O((k2/m)** + A)

and

Var(Ily 5o () = 2k (@) {1 = q(@) } + <2 O (k1 /m) 4k fn + by /) logn}
+(1=9) O{ ko /)Y (key fm + ky / )logn}.
Setting ¢ = {1 — (kl/n)z/d(krz/m)_2/d}_1 eliminates the leading bias term of ﬂII{IYB,g(x)7
yielding
REGRETR(Emgk) On = {1 — (kl/n)Q/d(k2/m)—2/d}—2
x Lk 4 (b /m) Y (ky fn+ ko + by 2 4y ) logm
+ (k1 /n) 4 4 (k1 /n)Y 4 (ko /m)Y e + (ko fm)~H1A2)}.

Analogous to Corollary 5, the following corollary establishes the minimum order of REGRETR(’];L
by minimising ¢,, over (ki, k2), with the optimal choices of the latter given in Appendix A.8.

Corollary 6 Assume the conditions (M), (C1), (C2), (R1), (R2) and (D). Let ¢ = {1 —
(k1 /n) 2/ (ko/m) =241 with mky # nka{1 + o(1)}. Then we have min{p,} = ol where
the minimum is taken over (ki, ko) satisfying

(k1/n)nS + (ko /m)m® + n* @4 /gy 4 (@D /1, — O(1),

for any sufficiently small constant € > 0, and the optimal rate <p;rl is specified below across

different ranges of m.
(i) For d > 8, SOIL =
(i.1) n=4 @+ (m(log n)~ 2}_4d/{(d+4)(d+8)}[1+{m(10gn)_2}8/(d+8)A2] ifm =< n(logn)~%2;
(i.2) n~4 4 md=8(logn) =44} ~4/(&+8d) o (1 /n)4/AA2 if n(logn)~%2 < m < n;

(i.3) {n?8m+8(logn) 44} ~4/(@+8d) L A2 if n < m < {n*(log n)?}(dH4/(2d+16)
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(14) {n(logn)72}74/(d+8)m74/(d+4) + A2 if m = {n4(logn)d}(d+4)/(2d+16).
(i) For5<d<T7, ol =
(ii.1) n=4( @+ I (log n) =2} A/ UHDEE 1 4 {m(logn) 2}/ (8 A?] if

(2d+4-16)/(d+-24) ( )(d2+4d+32) /(2d+48)

m=3n logn

(ii. 2) N+ Jogn + A2 if

(24+16)/(d+24) ( d®+4d+32)/(2d+48) < <{ d}(d+4)/(2d+16);

log n) n*(logn)

(i1.3) {n(logn)~2}~/(E$)m=1/@+) & A2 if m = {n! (log m) T}/ 26+10)
(iii) For d =4, oh =

(iii.1) (n/logn)=?m=1/6{1 + m?/3(logn) =A%} if m < (nlogn)%/7;
(iii.2) m~3/*logn + A% if (nlogn)/7 < m < n/3;
(iii.3) n=3m=21logn + A% if m = n*/3.

(iv) For2 <d <3, @Lx

fi0.1) {mbm/3(log m) =}V {1 4 /69 (logn)~1A2) if m < (nlogn)!2/15-);
(iv.2) m~6/(@) Jogn + A2 if (nlogn)12/(18=d) <y < (nlogn) (@ +4d)/(4d+8) .
(iv.8) {n(logn)=d=1}~V/@dt0m=1/(d+D) 4 A2 jf m = (nlogn)(@+1d/(1d+8),

(v) Ford=1, oh =<

(v.1) n=4Pm=Y25(logn)Y/5{1 + (m/logn)A?} if m < (nlogn)®;
(v.2) n=/5m=4/5(logn)%/% + A2 if m = (nlogn)®/S.

As with T

n,m,s,8’
tuned '7; Mmook outperforms the optimally tuned .7V ok 0 general, except when 1 < d <2

n,m,
and (nlog n)(2d+8)/(16+2d ) < m = (nlogn)@t9/(2d+4) iy which case both TV ek and
TV

s yield optimal regrets of the same order.
A comparison between Corollaries 5 and 6 shows that, provided that the order of A is

sufficiently small, 7; _ has an optimal regret of an order strictly smaller than that of

Emgklfand only if d =1,2 or

we see from Corollary 6 that if A has a sufficiently small order, the optimally

{n(d2+10d+40)/(4d+24)(log n)=d-2}(@+D/([@d+8) g > 5

d>3 and m > n8/5(logn)*6, d=14
n161/144(10g n)—49/167 d=3
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5. Numerical examples

5.1 Simulation study 1

We conduct a simulation study to compare the performance of our hybrid semi-supervised
classifier %Um ok (Section 4.3) with two existing supervised classifiers, namely the standard
k-nearest neighbour classifier and the optimally weighted nearest neighbour classifier (Sam-
worth, 2012) constructed using weights (5). Throughout the study the mixing coefficient ¢
is set to be 1 + {(kl/n)/(kg/m)}2/d.

Our study covers a variety of scenarios, under dimensions d € {5, 10, 15,20}, labelled
sample sizes n € {50,100, 200,500} and unlabelled sample sizes m € {0, 2, 10, 40, 100, 200}.
Under each scenario, both the labelled and unlabelled samples are generated from two
distinct populations such that one half of each sample belongs to class 1 and the other half
to class 2. We consider four different model settings for the two densities, f and g, of the
two populations. They are detailed below, with W (a, b) denoting the Weibull distribution
with shape parameter a and scale parameter b, L(a,b) denoting the Laplace distribution
with mean a and scale parameter b, and N (g, ) denoting the, possibly multivariate, normal
distribution with mean vector g and covariance matrix 3.

1. f(z1,...,2q) = H?Zl fo(z;) and g(x1,...,24) = H?Zl go(x;), where fy and g are the
L(0,1) and N(1,1) densities, respectively.

2. f and g are densities of the d-variate normal mixtures 3 N(Oeg, X) + 2 N(3e4,2%) and

%N(%ed, ¥)+ %N(%ed, 251, respectively, where eq = [1,...,1]T and ¥ is set to be the
d x d Toeplitz matrix with its (1, j)th entry given by (0.6)77L.

3. flxy,...,zq) = Hle fo(x;) and g(xq,...,24) = Hle go(x;), where fo is the density of
the Weibull mixture W (1,1)+3W (3, 1) and go is the density of the Laplace-Weibull
mixture 1L(3, 1) + 3W(5,3).

— T7¢ . — Tyld/2] 4 d 4

4. f(xla o 7xd) - Hi:l fO('rZ) and g(xlv s ,.Z'd) - Hi:l fU(xZ> X Hi:Ld/2J+1 gO(£’L)7
where fj is the Cauchy density with location parameter 3/2 and scale parameter 1,
and go is the L(0,2) density.

In addition to the formal hybrid classifier ZlUm <k We include in our study a revised version,
denoted %LU;L . x» motivated by the dislabelling strategy described in Remark 3, for the cases
Ux

with m < n. Specifically, we construct 77"

by the following procedure:

Step 1. Select randomly a subsample of size (n — m)/2 without replacement from the
labelled set, dislabel them and merge them with the unlabelled set, resulting in a pair
of revised labelled and unlabelled sets of the same size (n +m)/2.

Step 2. Train %Um .k on the revised labelled and unlabelled sets obtained at Step I, and

predict the test points.
Step 3. Repeat Steps 1 and 2 J times to obtain J predictions for each test point.

Step 4. Determine the final prediction for each test point by a majority vote among its J
predictions.

18



HYBRID WNN CLASSIFIER FOR SEMI-SUPERVISED LEARNING

Our empirical results show that fixing J to a number between 20 and 100 is sufficient for a
stable prediction made by %Uﬂ*; <k We fix J = 20 in the study.

In each scenario and for each replication of simulation, we find the rate of misclassifying
a set of 1000 test data points under each pilot combination of tuning parameters, and extract
the lowest rate to exemplify the best possible performance achievable by each method under
optimal tuning. The whole process is replicated 1000 times. The regret of each method
under each scenario is then approximated by the average of the lowest misclassification
rates over the 1000 replications less the Bayes risk, which is approximated by the rate of
misclassifying a random sample of 107 data points using the Bayes rule. To assess the
improvement made by the revised hybrid classifier relative to a particular method, we
calculate the ratio regret(other method)/regret(.7V* k)

n

Figures 4-7 show the relative improvements of .7 U m.ck OVEr the other three methods,
namely the k-nearest neighbour classifier, the optlmally Welghted nearest neighbour classifier
and the original hybrid classifier 9 ek under labelled sample sizes n = 50, 100, 200 and
500, respectively. Note that the orlglnal hybrid classifier is undefined in the absence of
unlabelled data and is therefore omitted from the case m = 0.

We see that the revised hybrid classifier 7 U <k Succeeds in reducing regret of nearest
neighbour classification under all settings, eveh ’1f1 the case m = 0 where no additional
unlabelled data are available. The reduction is biggest under setting 1 and smallest under
setting 4. The improvement made by the optimally weighted nearest neighbour classifier
over the standard k-nearest neighbour classifier is less significant than that made by both of
our hybrid classifiers ZLU* & and ZL mack Indeed, under setting 3, the optimally weighted
nearest neighbour cla881ﬁer has the blggest regret among all the methods. This corroborates
our theoretical findings that the hybrid classifier enjoys a faster convergence rate for its
optimal regret than that of the k-nearest neighbour classifier, while optimal weighting fails
to improve upon the latter ratewise. We also observe, by comparing ﬂn ek against 971 ek

that the dislabelling strategy is effective in boosting the performance of the original hybr1d
method in general.
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nearest neighbour classifier (OWNN), for n = 50.
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Figure 6: Relative improvement in regret of revised hybrid classifier (Balanced) vs original
hybrid classifier (Unbalanced), k-nearest neighbour classifier (KNN) and optimally weighted
nearest neighbour classifier (OWNN), for n = 200.
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nearest neighbour classifier (OWNN), for n = 500.
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5.2 Simulation study II

In practice, the numbers of nearest neighbours need to be determined empirically for the
various nearest neighbour classification methods. We have conducted a second simulation
study to compare the revised hybrid classifier %Un*; ok against the k-nearest neighbour and
optimally weighted nearest neighbour classifiers, with their respective tuning parameters
k and k fixed by 5-fold cross-validation. In particular, the optimally weighted nearest
neighbour classifier is tuned by the modified 5-fold cross-validation algorithm described in
Samworth (2012). We set in this study n € {50,100}, d € {5,10,15,20} and m = 0. The
hybrid classifier ZLUr*n ck is constructed using J = 100 iterations of the dislabelling step.
Figure 8 shows the improvements in regret of ZLUTTL ok relative to the other two methods.

Generally speaking, ZLU;L ok has a smaller regret than that of the optimally weighted nearest
neighbour classifier, by a margin that grows with the dimension d. The same holds for its
improvement over the k-nearest neighbour classifier, except under setting 3 where the latter
has the smallest regret among the three methods. The above findings suggest that cross-
validation works satisfactorily to bring forth the theoretical advantages of our proposed

hybrid method in practical applications.
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5.3 Real data applications

Six real data sets are selected from the UCI repository (Lichman, 2013) to benchmark the
revised hybrid weighted nearest neighbour classifier ZLU;L .k against the k-nearest neighbour

IR

and optimally weighted nearest neighbour classifiers. They are, respectively,

1. Post-operative patient data set, used for determining where patients in a postoperative
recovery area should be sent to next;

2. Ecoli data set, used for predicting protein localisation sites in Gram-Negative bacteria;
3. Wisconsin breast cancer database, used to diagnose breast cancer;

4. Yeast data, used for predicting cellular localisation sites of proteins;

5. Musk data, used for predicting whether new molecules will be musks or non-musks;

6. MAGIC gamma telescope data, use to simulate registration of high energy gamma
particles in an atmospheric Cherenkov telescope.

To find the best tuning parameters for the proposed method, we fixed the k1 and ko values
to the largest possible values for each fold in the 5-fold cross-validation and used a scan
search to find the k-nearest neighbours for each point in the labelled set and the unlabelled
set. This approach allows us to obtain predictions for the out-of-sample points of the cross
validation process for any values of k1 and ko that are less than the largest possible values
without rerunning the k-nearest neighbour search. We select the best-performing k1 and ko
from this cross-validation to predict the test set.

We modify the Post-operative data set by removing observations with missing values,
and the Ecoli and Yeast data sets by combining rare classes having small numbers of in-
stances. For the musk data we removed molecule name and conformation name. The data
points in each set are all labelled, scaled and then randomly assigned to a learning set and a
test set with probabilities 0.3 and 0.7, respectively. Tuning parameters k and k are selected
by cross-validation. Except for the MAGIC data which we set the repetition to 100, for
each method and each data set, the average of misclassification rates over 1000 repetitions
of train-test assignments is reported in Table 2.

Our results show that the hybrid classifier ZLU;L ok gives a lower average misclassification
rate than the other two methods, although the margin of improvement appears not very
significant.

6. Concluding remarks

We have introduced a hybrid weighted nearest neighbour classifier .7, ,,, ¢ for semi-supervised
learning. It linearly combines a standard weighted nearest neighbour classifier, trained on a
labelled sample of size n, and a sequentially weighted nearest neighbour classifier, trained on
a pseudo-labelled sample of size m. When optimally tuned, .7, ,, . has a regret converging
at a faster rate than that of the optimally weighted nearest neighbour classifier, and hence
that of any k-nearest neighbour classifier, provided that m exceeds an order of the form
n¢, for some ¢ € (0,1) depending on the dimension d and the type of weights chosen for
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Table 2: Misclassification rates, averaged over 1000 train-test assignments, of revised hybrid
classifier (Balanced), optimally weighted nearest neighbour classifier (OWNN) and k-nearest
neighbour classifier (KNN), trained on three selected UCI repository data sets. Columns
n, d, and K show the labelled sample size, the number of predictors and the number of
response classes, respectively. Standard deviations are given in parentheses.

Data set n d K Balanced OWNN KNN

Post Operative 85 8 2 0.310 (0.047) 0.377 (0.064) 0.314 (0.053)
Ecoli 336 7 6 0.171 (0.023) 0.181 (0.027) 0.174 (0.022)
Cancer 569 30 2 0.056 (0.011) 0.057 (0.011) 0.056 (0.011)
Yeast 1484 9 7 0.444 (0.014) 0.449 (0.022) 0.453 (0.014)
Musk 476 168 2 0.190 (0.026) 0.197 (0.027) 0.192 (0.023)
MAGIC 19020 10 2 0.199 (0.004) 0.206 (0.003) 0.206 (0.006)

the classifier. We have also proposed a dislabelling strategy to revise .7, ... The regret
of the resulting revised classifier achieves the optimal rate, which is faster than that of
the optimally weighted nearest neighbour classifier, under any unlabelled sample size m
including the purely supervised case m = 0. The above theoretical findings are supported
by empirical results obtained from simulations and real data applications. We have also
shown that standard cross-validation provides a practically reliable approach to tuning of
neighbour weights for the hybrid classifier.
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Appendix

A.1 Proof of Theorem 1

Recall that p(x) = Y311 Vi i1{Y(s)(z) = 1} and 3(x) = 30, Vine, j D(Z(j)(7)). Define
fIHYBS(x) = ¢p(x) + (1 —¢)8(x). Then, for all z € X, TE  (L,xz) = 1 if and only if

N n,m,s €
Hpype(z) > 1/2.
Define, for 2, 21,20 € R? and a,b > 0, pa(2) =P(|| X — 2| < a),

0ab(21,22) = ]P’(HX -zl <a, || X — 2| < b),
02(a,b, z1, 22) ]P’(HX -z <a, || X — 22 > b) = pa(21) — 0ap(21, 22),
o3(a,b,z1,29) = IP’(HX —z1]| > a, | X — 2| < b) = pp(22) — 0ap(21, 22),
04(a,b,21,22) = 1 — pa(21) — pp(22) + Qap(21, 22)-
Define, for n € (0, emin{4/d,1}),

Xy = {x —I—tHVq(x)HAVq(a;) st < n*"/(‘ld), mf |z -yl <n ”/(4d 1/2}
ye

Define, for any z, z1, 20 € X, any «, £ > 0, any positive integer NV, and any smooth functions
hon &, , and H on &, , x &, satisfying H(z1, z2) = H(22, 21),

Mo, ne(z;h) ZVNZZ (@) (A1)
and
) N
MN,E(Zh 2925 H) = Z VN,Z,iVN,Z,i’ {E [H(Z/(l) (21), Z/(Z) (21)); Z/(z) (Zl) = Z,(Z/)(ZQ)]
ii'=1
E[H(Z{5)(21), Z (s (22)): Z (5 (21) # Z{yy (22)] }
= Iny(21, 22 H) + TN (21, 22 H), (A2)
where (Z1,...,2Z",) denotes a random sample drawn from the density fr.
We first establish expansions for (A1) and (A2) under the assumption /N¢+(N¢)~I Nd€ =
o(1).

Let V; = 7%2I'(1 4+ d/2)~! denote the volume of the unit ball in R% Writing ¢ =
(NVy)~'/?, we have

et \a
Move(eih) = (1) N [{h(e+0) = o)l 1)
X {1 — (1 — eiae)th”(Z)} dt + h Z VNﬁz
¢

— (7= 5) N6 [ (he + ) = )l + )

e*NfannuH (Z){l + O } du + h Z VNZ i (A3)
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Similarly, writing Ho(z) = H(z,z), we may express the expectations in (A2) in integral
forms such that

N
Ing(z1,22; H) = Z VN,K,iVN,Z,i’/HO(Zl FO)GIN i 2 g (E) (A4)
ii'=1
and
N
II]\M(Zl7 zo; H) = Z VNV i // H(z +t 20+ S)QJI\TI,i,i’,zl,ZQ (t,s)dtds, (Ab)
ii'=1
where
0
g]IV,i,i’,zl,ZQ (t) = 9t P( /(i)(zl) <zt t5Z,(i)(Z1) = Z/(i’)(ZQ))
= Nfﬂ(zl + t)

min{i,i’}—1
XY My st (R = 1=k 1=k, N —i— i + k4 1),
k=max{0,i+i'—N—1}

62
IN iyt 21,25 (1 8) = 95017 P(Z{;) (1) < 21+ 1,20 (22) < 22+ 5,203 (21) # Z{30)(22))
= NN =1)fx(z1 + 1) fx(22+ 5) [1{||21 — 22+t > |Isl], |22 — 21 + s|| > It]|}
min{N—1,3,s'}—1
X > Mo sl (ki =1 = ki = 1=k N —i—i +k)
k=max{0,i+i'—N}
+1{[lz1 — 22 +tl| < |sll, le2 — 21 + s|| < [1¢]]}
min{i+i'—2,3,i' }—2
XY My o shene (ki =2 =k =2k, N —i—i' + k+2)
k=max{0,i+i'—N—2}
+1{[lz1 — 22+t > Isll, le2 — 21 + sl| < [1¢]]}
min{i—2,s'—1}
XY Musajsee (ki =2 = ki = 1=k N —i—i 4 k4 1)
k=max{0,i+i—N—1,#—N+1}
+ {21 =z + 2] <[lsl, lz2 — 21+ sl| > [|¢][}
min{i—1,i’—2}
XD Moo sl (ki1 = ki = 2= kN —i =i+ ki + 1)]
k=max{0,i+i'—N—14i—N+1}

and My o822 (-) denotes the multinomial (N; 00,8(21,22), Pa(21) — 0a,8(21, 22), Dp(22) —

0a,8(21,22),1 — pa(21) — pa(22) + Qa76(21,22)) mass function, for any «, 8 > 0, positive
integer N and z1, 2o € R%. We note, in particular, that

// gJI\/'I,i,i’,zl,zg (t,s)dtds = P(Z/(i)(zl) # Z,(i’)(ZQ)) =1- /g}’\/,i,i’,zl,zg () dt.
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Interchanging summations and integrations, and setting ¢ = (u and s = (v in the integrals,
(A4) and (A5) reduce to

N
Iny(21,20; H) = Ho(21) Z VN,Z,iVN,Z,i’/g}’V,z‘,i’,zl,zg(t) dt

iyi'=1
1—e™ 2 d
+ <1—7@—N€) NG [ {Ho(z1 + Cu) — Ho(z1)}
X frolz1 + gu)e*Nf{pguuH(21)+p|\zl_zg+<uu (Z2)}{1 +0(0)} du (A6)
and
Iy (21,205 H)
N
= H(z1, 22) Z VN iV { /g][V,i,i’,zl,zg (t) dt}
1—e*t
F NV = D5 ) [ 1G4 a4 o) = Hon)
X fr(21 + Cu) fr (22 + Cu)e VP COFPai 21 4+ O(0)) du dv, (A7)
respectively.

Let (; = (nf1 V)~ and (o = (mfyV,;)~Y/%. Define, for any a > 0, any z € X,y and
any smooth function h on A, ,,

U0 / ]| e rPerul (®) gy,
Ji(wih) = ¢ / {h(x + C1u) — h(@)} fr(z + Cru)e Pl @ gy,

Define 19 (x) and Ja(z; h) similarly, with (n, 1, (1) replaced by (m, €2, (2). Taylor expand-
ing h and f, about x, and using the fact that p,(z) = fr(z)V4a®{1 + O(a?)} as a | 0,
uniformly over x € X, ,, it can be shown that tj,(-) < 1 and J;(-) < 1, j = 1,2. By
repeated use of (A3) with a = 1, we have

1- 1—et
=q(z) + (1_76,%) n¢i 2T (w; q) + (Hicimg?)mcgﬁjz(x;q)
1

e~ _eh
(2 ) (A (o () + O + ) (AS)

uniformly over x € &, ;.
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For any real-valued function g on X, denote by ¢® the function mapping (z,y) € X x X
to q(x)1{z =y} + q(z)q(y)1{x # y}. Using (A2), (A6) and (A7), we have

E[g(w)g] = Mm,éz (ZL‘, € Mn,ﬁl (5 q®))

~ 1—et
= Mn7€1($,l’;q®) —|—m(m— 1)(1_67_% / fﬂ- ﬂj—l-Czu)fﬂ(:L'—{—sz)
X A My, (7 + Gu,x + (v;%) — My g, (2,25¢%)}
x e APe Il @ e o1 @)} gy dy 4+ O(£9¢3). (A9)

Again using (A6) and (A7), and Taylor expanding ¢%, we have, for u # v,

My, (x + Gou, 4 Cov; ¢®)
1—ef\2 d
— (1) et [t + Gt Gu) = gl + o)} ol + Gou + o)
x e~ Py jlwl| (r+<2")+PH<2(u—v>+cle(27+C2v)}{1 +O(t)} dw

_ el
i 1) (1 ) G+ u )i+ ovsa)

+ GGa(z + Gu)Ji(z + Cviq) / Fr(@ + Gu+ Gu)e " Pelul H62) gy

+ Gz + Gu) T (z + Gu; q) / frlx + Gu + (it)e ™Pa ¢ (Z+C20) dt}

+ q(z + Qu)g(z + Gv) + q(z + Qu){1 — q(z + (v) Hp g, (2 + Gou,  + (v; 1)
+0(6:¢F) (A10)

and

Mg(wa:q)

1—eh

= q(z)? + q(x){1 — q(z }Z elz‘*‘””_l)(m)zﬁd

x {ijl(:v;q) - 2(1(1(93)51(:6;(1)/fw($ + Grw)e MPa e (@) dw} +0(6¢F).  (A11)

Substituting (A10) and (A11) into (A9), and using the expansion

1—- e_g1

Ing, (x4 Qu, o + Gu; 1) = (1_7_% n¢f /fw (z + Gu + Gw)

x P (PHCUFPIG - el @FRUI 4 O(4)} dw,
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we have

l—et

= q(2)” + q(2){1 - gq(x }Z £”+nn_1)<m>2 2
x {730 + 2C4(0) R (3.9) / ol Gupe e g
()
X {Céjz(x; q)* + 2G3q(x) T2 (: q) / Fr (@ + Cou)e™2Pelul (@) du}

L—e N2 1—e N2 500 0009
+2nmn = 1(m - 1) ({=m) (Toms) G

X {q(w)fw(w)bl,o(ﬂf)% (2; 71(559) + T (25 9) T2 (25 ¢ fri10) }fn(:c)bz,o(w)
+ O + 0G5 + £aC3 + (762). (A12)

Noting the identity [&([|ull)du = dVy [3° &(r)r¢~tdr, for any integrable function &(||ul|)
over u € R%, and the expansion

Pa(®) = Voo fr(x) + a™2(2d + 4) " Wytr (V2 fr(2)) + O(a™), a >0,
it can be shown that, for j = 1,2 and a > 0,
talx) = Val (1 + a/d) fr(2) 17" + O((F),
Vit fr(@)io(x) = 1= GG (2d +4)7'T(2 4 2/d) fr () 72/ % (V2 fr(2)) + O(()),
) =
(

Ti(@:h) = d " {Vh(z)"V fr(2) + fx(2)tr (V2h(2))/2}152(2) + O((F).
It then follows from (A12) and (A8) that, uniformly over x € &, ,,

Var (3(z)) = q(z){1 - q(= }Z o T2V (e ZCJJqu

X |:Cj_2{vd_ Fr(@)ejo(z) =1} +d7Vy ltr (V2 frl@ ))Lﬂ(x)/ﬂ
+ O3 + 0163 +52C2 +¢8 +n7l)

=q(z){1 - q(x }Z wii FOW+0G +6E+E+n7'¢). (A13)

Analogous results can be obtained for the exponentially weighted vote proportion p(x) =
> ic1 Ve il{Y(5)(z) = 1} by applying the same arguments to E[ﬁ(x)] = M 0, (z;¢) and
E[p(2)?] = My, (z,2;¢%), yielding

—_e
E[p(x)] = qle) + (11_*_%) nGi i) + O(0CD), (A14)
Var(p(z)) = g(z){1 — g(= Z 28 F O+ D). (A15)
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Noting the identity E[p(z)5(z)] = M1 me, (x;Mmgl (z,;¢®)) and using (A3), (A1l) and
(A10) (with v set to 0), the above proof can be adapted to show that

—_eh
E[5(2)3(2)] = q(a)? + q(@){1 — qle }Z 2l =11 ) G

— e_ngl

X {ijl (259)* + 2q(x) J1 (; Q)/fw(w + Gw)e MPalu) (@) dw}
—l>

1 1—ef\2
+m<17767m@>ﬁz [Czq( )‘72(x;q)+n(n—1)(1776) 20422

efn&

X {Q(w)fn(x)bl,o(x)%(x; J1(5q)) + i 9) T (ar;qu,o)}]

O + 0 + 66 + 66+ {HE),
which implies, by recalling (A8) and (A14), that

Cov(p(z), 3(x)) = {1 —q(x)} Z nei T O (63 + 0G5 + oG+ (163). (A16)
It follows from (A13), (A15), (A16) and the fact ¢ = 1 + ¢?¢; 2 that

Va.r(ﬂHYB7g(-r)) =q(x l_q }Z n,01,i

oG + 4 C1C2 + 06+ 06, (A17)

and from (AS8) and (A14) that
1

R El 1_ 742
E[HHYB,g(x)] = q(x) + (l_eie_%)ng'{“ajl(l‘; q) + (1 — C) (?6—77%)7” g+2

1—
X [Jz(x;q) +n<ﬁ>Cf+2j2($ J( ))}
+50(li¢F) + (1 = O ¢F + £263)
2) + {(n0) ™"+ (1 = o) (mba) "NV, T (w5 q)
+ 001G + (T + (133, (A18)
Substitution of the expressions (A17), (A18), noting that » ;" , nfl ;=2710{1+0(h)}

and ¢(x) = 1/2 on S, and invoking asymptotic normality of IIzy B,¢(2) uniformly over x
in a neighbourhood of S, Steps 3 to 5 of the proof of Samworth (2012, Theorem 1) can be
adapted to obtain

REGRETR(‘Z@mCl) ’%R(gmgé)—f—'%?%(gmgé)

n n

where
BY(TE ) /S IVa(@)]| (@) Var (zy e () 2 (2){1 + (1))

— 8710 {1 4+ o(1)) /S IVa(@)|~ £ () dSur () + O(CAGE + £5¢2) (A19)
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and
RE(TE, ) = /S IV g~ fr ) {E [ty .o (2)] — )} 2d2 1 (2)1 + (1)}
= d VYT (1 + 2/d)* {1 + o(1)}
x /S IVa(@) |7 (@) Y V) TV fr () + fra)tr (V2(2)) 12}

x [(n6) 24+ (1= Q) (mly) ™ + O(01F + 663 + CF¢3)] A1 ()
= O(61GF + 66 + (163,

which proves Theorem 1.

(A20)

A.2 Proof of Corollary 2
We outline a general strategy for minimising 6,, subject to (7). Note that we may write
O = 0n(€) = D Oi(n,m, 0)05° + Y Oi(n,m, 0)05% + Y bi(n,m, {),
ieENT iEN ™ ieNO

for some constants «; > 0 and some positive functions éz(n, m, ¢1). Then we have, subject
to the bounds (7),

. s 0 a;(de—1 0. ;e o —Q;
ml}n{Gn} = ngn{ EZN; 0;(n, m, £1)m* (@1 4 GZN: 0i(n, m, {){m€ +m* (nly)"*}

+ ) Oi(nym, )+ > {Bi(n,m, 02)%96;(n, m,€1)a"}1/(ai+aj)}
1eNO (4,5)ENT XN~

= min{6;"(61)} say,
1

where 0*(¢1) depends only on (n,m,¢;) and can, analogous to 6, (£), be expressed as

0:1*(61) = Z I;Z<TL, m)ff’ + Z @i(TL?m)el_Bi"i_ Z 1;Z<nﬂ m)v

ieM+ ieM= ieMO
for constants 3; > 0 and some positive functions 9;(n, m). It then follows that
m}n{@n} =0

= Z ¥i(n, m)nfide=1) 4 Z Yi(n, m)n

Z€M+ lEM_
+ Z 1&1(”, m) + Z {&Z(n’ m)ﬁjq/;j(n,m)ﬁi}l/(ﬁrl—ﬁj).
ieMO (i,§) EMF X M~

The optimal solution ¢] can be traced by identifying the dominating term in 6. Specifically,
we set £1 = n%~1 n=¢and {Qﬁj(n, m) /i(n, m)}l/(ﬁﬁﬁj) if the dominating term arises from
the index sets M, M~ and M™ x M~ respectively. With ¢% thus set, the optimal solution
0% can be derived in a similar fashion by identifying the index set, N*, N~ or N x N7,
which contains the dominating term in 6} (¢7).
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A.3 Proof of Theorem 3

The proof follows closely that of Theorem 1. We highlight below the steps which require
different treatments. Throughout the proof we denote by C' a generic positive constant
which may vary from occasion to occasion.

Recall that under the k-nearest neighbour setting, we have

k1 k2
Pl@) =k > Yy (x) =1} and 3(z) = k'Y pZ() ().
=1 j=1

Define M,y and MN,k = Iy + IIny as in (Al) and (A2), respectively, with Vi g,
replaced by k=11{i < k}.

Write p*(+|M, p) for the binomial (M, p) mass function. Define, for a > 0, z € R? and
any positive integers i < M+1, qariq(x) = Z;;%) p* (j|M,pa (x)) By Bernstein’s inequality,

1— e—f‘/[{i/f‘/f—pa(70)}2/[Pa(~’6‘){1—pa(90)}-*-{1'/1\/[—1%(90)}/3]7 pa(z) < i/M,

e MM o a1 2a@ @i/ o) > ijar oD

dM.i,a (.73) {

IN IV

Let ¢; = {(N — 1)Vd/i}_1/d. For N"/* < j < N we have

Per(@) = i(N — 1) "l (@) + {i/ (N — D)}F4442 24 4 4)~ 1y 2 (V2 £, ()
+ O(¢H Ay, (A22)

It follows from (A21) and (A22) that

L (NS D/ 1) pe @)
qN-14cr(T) > 1 P [ per (@) {1 = per(@)} + {i/(N = 1) — pe,p(2)}/3

i{{1 = fa(@)r}2 + O((i/N)*)}
21| - L+ O{(i/N )2/} |
>1- o—Cili/N)¥(log N)>2 (A23)

for 0 < r < fr(z)"Y4{1— (i/N)?/?log N}, and

(N — D{i/(N — 1) — pe (@)}
-1 (@) < exp | — e =T
H{ o ()r (1 — 271 (6/N)2 log N) — 112
a (3/2)rd —1/3 }
< e—Ci(i/N)4/d(log N)? (A24)

<exp

for r > fr(z)"Y4{1 + (i/N)*4log N'}.
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Assume henceforth that (k/N)N€ 4 N¥(@+4) /i = O(1). It follows by normal approxi-
mation to the binomial distribution function and the bounds (A23) and (A24) that

My (23 h) = K Oh(z) + k~ON / {h(z 4 8) = h(2)} e + Danrgeg (2) dt
= K'0h(2) + kNG TN 1 k(2 0) + O{Glk /2 log N

1 kfl/Q(IOg N)A(Ckcg(logz\f)? i Clgeka(;‘(logN)z}]? (A25)
where

In-1k(z;h) = C;;Q /{h(Z + Cru) — h(2)} fr (2 + Gru)
k—1—(N—=1pe,ju)(2)

X O du =1
(\/(N = Doyl ({1 = ey jpuy (2)}

and ® denotes the standard normal distribution function.

Define, for a, 3 > 0 and 21,20 € RY, YN a,8,21,2 0 be the joint distribution function of
(N14 N2, N1+ N3), where (N1, Na, N3, N4) has the multinomial mass function My o8 2, 2, -
In the rest of the proof we shall use the following facts related to normal approximation to
VN o.8,21,2- For o, 8 sufficiently small, a multivariate Berry-Esseen bound (Rai¢, 2019) can
be invoked to show that

IP((N7 + Noy, Ny + N3) € S) —P(W € S)| < ON"Y2{pa(21) "% + ps(22) 12} (A26)

for any measurable convex S C R?, where W = (W1, Ws) denotes a bivariate normal vector
with the joint distribution function

w1 — Npa(21) )@( wy — Npg(z2) )
VNpa(z1){1 = palz1)} VNDs(22){1 = pp(22)}
w1 — Npa(21) > ( wy — Npp(22) )
VNpa(20){1 = palz1)}/ N/ Npa(22){1 — ps(22)}
" (w1 — Npa(21)) (w2 — Npg(22))
Nv/pa(z0){1 = pa(21)}ps(22){1 — ps(22)}

and ¢ denotes the standard normal density function.
Analgous to (A4) and (A5), we may write

P(W1 < wy, Wa < wg) = q;(

— 0a,8(21, 22) gb(

+ O{pa(z1)* + pg(22)*}

IN7k(z1, 292, H) = Nk}2/H0(21 + t)fﬂ(zl + t)
X \I]N—I,Ht||,||z1—z2+t||,z1,z2 (k -1k - 1) dt, (A27)
IINJC(Zl, z9; H) = N(N — 1)k:_2/H(z1 +t,20+ 8) fr(z1 + 1) fr(z2+5)

X {\I]N—27||tH,||s||,zl,z2(k - 1,k— 1) + Reml(Ht”> ”8”7 21, ZZ)} dtds, (A28)
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where

Remu(|[tl], [Isll, 21, 22) = L{llzr — zo + 2] < llsl], [lz2 = 21 + s]| < [|¢]1}
k—1
XD Mol sz (k= 1= 06, N =k —i—1)
=0
—1{||lz1 — 22+ t]| <|Is]]}
X D Mg il sl (k= 1= 6,0, N =k —i—1)
i<i!
= Y|lz2 — 21 + sl < I¢]|}
XY My o sl (B = 1= 6,8, N =k — i — 1),

12>

We first establish a bound on the last term in (A28). Letting £(z1, 22) = {(u,v) € RTxR?:
Fr)V Nl < L+ fr(z2)l[oll 9] + (k/N)?/*log N}, we have

> Mol G,z (b = 1 =86, N~k —i— 1)

1</

IN

N—k-1,

Peellull (21) = 0¢ Jjull i Il (215 Z2)>

k—1
(k= 1N = 2,pg oy (22) D_p* (Z L= py ) (22)
k|lv

1=

< P (k= 1N = 2,pg ) (22))
kGl -2 (k/N)2 P 10g N)—1)}2

X [1{(u,v) € E(z1,22) } 4+ 1{(u,v) & E(21,22) }e @/2)fx DIl =173 }

It then follows by normal approximation to p* (k:—l }N =2, D¢, o] (zg)) (Siotani and Fujikoshi,
1984) that for «, 8 > 0,

// [l 018 S My ol v a6 — 1= 5 N — b — i — 1) dudo

i<d!

= C/””Hﬁp*(’f— 1N = 2, pe o (22)) {1+ [[o]| 7 + e OG8Ny gy
K2 {1 — fr(z2) o]}
SC]CI/Z/ U51+Ud+a¢ w22
[ (22) /0] =1 <k=1/2(log N)2/3 el {2+ 1) ( Fr(z2)V/2||v]|/2 )
{1+ O(k~"?(log N)?)} dv + Ce~Clloa )™
< Ck!(log N)%3. (A20)

Similarly, the same bound can be shown to hold if the summation in the integrand in (A29)
is taken over 7 > ¢/ or 0 < ¢ < k — 1, respectively.
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Consider next the distribution function ¥y o 4., .,. Writing * = (k/N)??log N and
using (A23), (A24) and (A26), we have

qjNkaT’th"’QyZleQ (k - 1,k- 1)
= 1{’f7r(21)1/d7“1 -1/ < 5*,f,r(z2)1/dr2 <1-— 5*}

k—1— Npgr, (21) d . 1-1/2 . —Ck¢i(log )Y |
x | ® kT +O{¢t + k12 4 ¢~ ChCi(log N)
L (\/NkaTl(Zl){]' p(m’l(zl)}> { F }
+1{’f7r(22)1/d7"2 -1/ < 6*,fw(z1)1/dr1 <1-— 5*}
k—1— Npgr,(22) d_ 7.1 —Cki(log )21 |

x | ® kT2 +O0{¢d + |12 4 ¢~ Ok (log N)

L (\/NkaT’Q(Z?){]' _kaTQ(ZZ)}> { b }_
+1{|fa(z))Vr; — 1| < ¥, j = 1,2}
[ ( k_l_NkaT‘1(z1) )@( k_l_NkaTQ(ZQ) )
L NV Npgr (20{1 = per (21) N/ NDgr, (22){1 = gory (22) }

+O(G + k”z)] +1{ .g%%}{fw(zﬂ”%} > 1+ " 10 e CRéilos V)
] b

X

+1{ max {fa(z)Yr} <1 = e*} {1 + O{e_Ckgg(logN)Q}]. (A30)
jefL2}

k=1 (N — Dpg ) (2)
VO = Dpg ()1 = g (=)}

We are now ready to establish expansions for the mean and variance of §(x). Let
€1 = (MVg/k1)" Y4 and & = (mVy/k2) =4, so that kj_l = O(f;l), j = 1,2, according to (9).
It follows by setting a = 1 in (A25) that, uniformly over z € &, ,,

du.

Define also Ky_1x(z) = [ fr(z + Qw)@(

E[8(z)] = M1, (2 M1y, (559))
= q(z) + k7' Ty (30) + Ky ' m&S T T 1k, (739)
+ ki ey TS Ty (2 T 1 (45.0))
+O(k; et ogn + ky €4 logm). (A31)

Consider next E[§(az)2] = Mmkg (:U,:l:; ]\an’kl(-, -;q®)), which has, by (A27) and (A28), the

expansion
ky ta(x)® +m(m — 1)k 2€3
X / fr (@ 4+ &u) fr (2 + E0){ My 1y (z + Eou, 2 + E205¢%) — My, (2, 25¢%)}
X {‘Ifm—2,52Huu,52||u||,x,x(/€2 — 1Lk —1)+ Reml(&HUH’&HUH,90756)} du dv
o Wy (507 {1 - mkrfﬁé’/fw(m W)Wt gl ol (B2 — Lk = 1) du}

+O0(ky '3 + kT kY. (A32)
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Applying the results (A27)—(A30), we obtain

M, 1, (% + &u, 2 + 205 %)
— k2l / {4z + Eu + €10) — q(@ + )} (@ + Eau + E1w)

XU 1wl €2 (u—v)+ 1wl ot auateao(F1 = 1, k1 = 1) dw

+ k% n(n — DET G Tnmop (@ + Lo Q) Tn—2 4, (7 + L2035 q)

+q(7 + &0) Tn—2.k (7 + §2u; Q)2 1y (T + 20)

+q(x + &u) Tn—a, (T + £20; Q) Kn—o g, (z + Lou) } + q(z + Su)g(z + &)

+k1 q<$+€2u {l_q x+§20 } Z /gnzz’$+£2ua:+€zv( )dt

’Llf

+O{eb (el + k) logn + k'€ (log )Y (A33)
and

M, e, (2,73 ¢%)
— q(a:)2 + kl_lq(x {1 —q(z } + O{fl §1 + k_l/Q) logn + kl_lff(logn)wg}
+ kl_Zn(n —1)¢ %d+2{£1~7n72,k1 (z; q) +2q(x )‘-7774*27]61 (z; Q)’Cn72,k1 (33)} (A34)

Substituting (A33) and (A34) into (A32), using (A29), (A30) and the fact that Ky_1 x(2) =
(k/N)(];d + O(k™1/2¢% log N), we have

E[3(z)%] = q(z)* + &, 'q(@) {1 — q(2)} + 2nmky Hhy 1ET2ESH?
X (@) Tm—2.ks (23 Tn—20, (0)) + Tn—2,61 (%3 Q) Tim—2,k5 (239) }
+ 02k 26 Tno ke, (39)? + 2kin ™6 Yq(2) Tmo iy (59) }
+m?ky 2526 Trno ke (230) + 2kom ™ &5 0q(2) T ey (5.0) }
+ O{ky et ogn + €48 + ky ) logn + 268 (A35)

Subtracting the square of (A31) from (A35) yields

Var(é( ))—k:l q(x {1—q )}
+O{k; Petlogn + €563 + ky ) logn + €363}, (A36)

uniformly over x € &), ;. Similar, but simpler, arguments show that

E[p(2)] = Mk (259) = q(2) + by '€ 2 T g, (230) + O(ky el logn),  (A37)
Var(f)(x)) = M, gy (2, 25 ®) — M, ok (T q)*
— k() {1 — (@)} + Ofel(el + k; /%) logn ). (A38)
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Applying again (A25) with a = 1, (A27), (A28), (A33) and (A34), we have
E[p(2)3(z)] = My gy (23 My i, (5 4%))
— q(gc)2 + k:flq(a:){l —q(z } + 2k, n§d+2q(:v)k7n_27k1 (x;q)

+ky ' m&G (@) Tk (3 0) + k202G T o (25.0)% + Ky ey Taméf T2

X A Tn—2,00 (@3 @) Tn—1,ks (23 @) + 0(@) Trn—1.k5 (25 Tn—2.0: (1)) }

+O{€dky P logm + 1€l + ki) logn + €1€2},
so that

Cov(p(x), 3(2)) = k1 'a(x){1 — q(2)}
+O{ky Pedlogn + €1Ed + k) logn + €163} (A39)

Combining the results (A31), (A36), (A37), (A38), (A39) and noting that ¢ = 1 + 5%552,

we obtain

Var(f[HYB,C(:L')) _kl q {l_q )}

+O{€8 + 61 (Ed + k) logn + by PE2¢3 1og ) (A40)
and, by substituting the leading terms of the functions J,,—1 %, and Jpm—1 ks,
]E[f.[HYBg( )] _ +{ kl/n 2/d+ (1 - g)(kz/m 2/d} d+2 _IV;2/d
X fr(@) ™ 2/d{fﬂ )t (V2g(2)) /2 + V fr(2) T Va(2) } + O(663). (A41)

Theorem 3 then follows by applying the same arguments as given in the last part of the
proof of Theorem 1, with (A17) and (A18) replaced by (A40) and (A41), respectively.

A.4 Proof of Corollary 4
Corollary 4 is proved by applying the same strategy as has been outlined in the proof of
Corollary 2. We omit the details here.

A.5 Supplement to Corollary 2

Under the conditions of Corollary 2, the optimal rates of (¢1,¢2) which minimise 6,, are
given below:

(i) If m < n2/{d+47(d2+6d+4)e}7 then
01 =< n =242y —d(1=de)/(d+2) g~y —1tde,
(i) If n2/{d+a=(@+6d+0)c} < 1y < (d+4)/(d46) | then
0 = (n4d+4m2d)*1/(d2+6d+4) 0y = (nzdm2d+4),1/(dz+6d+4)'

(iif) If m >= n(d+D/(@+6)  then

0y = n6/@H6) g pd/(d+6) —1

The change of the optimal £ with the unlabelled sample size m is plotted in Figure 9 on the
log,, scale.
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o 2
2
s
< —2/(d+2)
o0
2
—4f(d+4) ==
—6/(d +6)
0 2 d+4 1
d+4 d+6
logm/logn

Figure 9: Plots of optimal log¢;/logn against logm/logn, with € set at 0.001. Dashed
line indicates level —4/(d + 4) required by optimally weighted nearest neighbour classifier
trained on Lg alone.

A.6 Supplement to Corollary 4

Under the conditions of Corollary 4, the optimal rates of (k1,k2) which minimise v, are
given below:

(i) For d > 5,

(1) if m < (nZ/(d+4) log n)Z/{l—e(1—4/d)}’ then ky = n#/(@+_ ky = ml—e

(1.2) if (n?/ (@9 log n)2/ P =c=4/D} <y < (n2/ (4D 1og 1) 2/ A1 =e(d+8)/ (4D} then
I (O e
(.3) if (n?/(@+9) 1og )2/ (1=e(d+8)/(d+0)} <y < p(d+12)/(24+12) (165 )2, then
ky = {nm(logn) 2} @+8) k) = {nm(log n)2T4/2}4/(d+8),
(i4) if m = n(@+12)/(d+12) (o )2, then ky = n/(@+6) |y = p=d/(2d+12)p,
(ii) For d = 3,4,

(ii.1) if m < n'/2(logn)" ¥4 then ky = n¥ @+ fy < md/(d+4),
(ii.2) if n/2(log n)+4/4 < m < (nlog n)(d+4)/(d+6)’ then
ky = {n2m4d/(d+4) (log n)fd}l/(dﬂ)’ by = A/ (@+9)

(ii.3) if (nlogn)d+H/(d+6) <y < p(d+4/(d+6)(1ogn)2, then

kg = {nsfdmd(logn)72d}1/(d+8)’ fey = {(nlogn)dmfdf4}f2/(d+8);
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(ii4) if m = n(D/(@6) (10gn)2, then ki = n6/(@H6) | ky = mt/(@+1),
(iii) For d = 1,2,

(iii.1) if m < n/2(logn) ¥4, then ky < n®/ (4| ky < m¥/ @+,

(1.2) if n/2(log n)+ 4/ < 1m < (nlog )X/ 16+24-E) then

ki = {n2m4d/(d+4) (log n)—d}l/(d+2), ko = m4/(d+4)

(iii.3) if (nlogn)2(@+4/(16+2d-d%) <y < (n]ogn)(@+4)/(2d+4)  then
ky = {n4md2/(d+4)(logn)fd}l/(d+4)’ ko = m4/(d+4);

(iii.4) if m > (nlogn)@+4/(2d+4) then

k= {nd+4(10g n)fd}l/(2d+4)’ ke = (nlog n)fd/(2d+4)m‘

The above optimal orders of k are displayed in Figure 10.

() d>5 (iif) d = 3,4
k.
2 6/(d+6) ky -
6/(d +6) ks ki B Y e R ——
&y —— | B
~ ~
oy <&
& & k
2 = 2
k2
0 0 4 d+12 1 0 0 1 d+4 1
d+a 24+ 12 2 d+6
logm/logn logm/logn
(i) d = 1,2
ki
(d+4)/(2d + 4) . 16 —2d
Y@+ )| —— e [ — — — — |16+2d—a
> 2/(d+2)
S
~
=
o0
2
ko
1 2d+8 d+4 1
2 T6+2d—& 2d+4
logm/logn

Figure 10: Plots of optimal log k;/log n against logm/logn, with € set at 0.001. Dashed
line indicates level 4/(d + 4) required by optimal k nearest neighbour classifier trained on
L alone.
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A.7 Supplement to Corollary 5

Under the conditions of Corollary 5, the optimal rates of (¢1,¢2) which minimise 1, are
given below:

(i) For d > 2,

(i.1) If m < p(d+D/(d46) then ¢4 = n =4/ (d44) gy =2d/(d+4)% g gy =4/ (d4+4)

(1.2) 1f m = n(@HD/[@46) then ) = n=6/(d46) g, < p=20/{(d42)(d+6)}y, ~2/(d+2),
(ii) For d =1,
(ii.1) If m < n®1'2 then f; =< n=45m =2/ (5 = m=4/5.

(ii.2) If m = n®12 then ¢; = n=4/5m2=39/5 ) < m—.

A.8 Supplement to Corollary 6

Under the conditions of Corollary 6, the optimal rates of (k1,k2) which minimise ¢,, are
given below:

(i) For d > 8,
(i.1) If m < n(logn)~%2, then

Ky = n4/(d+4){m(log n)—2}4d/{(d+4)(d+8)}’ ko = {m4(log n)d}Q/(d—i-S).

(12) If n(log n)_d/2 <m =< n, then k1 < ky < {m4(10g n)d}Q/(d“‘S).
(i.3) If n < m < {n*(logn)?}(@H4/ 16 then ky < ky = {n*(logn)?}2/(@+8),
(i4) If m = {n4(log n)d}(d‘f'4)/(2d‘|'16)7 then

ky = {n*(log n)}2/ @) oy = m#/(d+9),

(ii) For 5 <d <7,

(ii.1) If m =< n(2d+16)/(d+24) (log n)(d2+4d+32)/(2d+48), then
Ky = n4/(d+4){m(log n)—2}4d/{(d+4)(d+8)}’ ko = {m4(10g n)d}Q/(d-i-S)_
(ii.2) If n(2d+16)/(d+24)(10g n)(d2+4d+32)/(2d+48) < m =< {n*(log n)d}(d+4)/(2d+16)7 then
{n4(log n)—d}l/(d+4)m2d/(d+4)2 <k < nm_d/(2d+8)(10g n)d/4, ko = mA/(d+4)
(ii.3) If m >= {n*(logn)9}(@¢+4)/(2d+16) "then
ki = {n*(log n)@}2/(4+8)  ky = /(@)
(iii) For d =4,

(iii.1) If m < (nlogn)%7, then ki =< (n/logn)/2m!/6, ky = m?/3,
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(iii.2) If (nlogn)7™ < m < n*/3, then
(n/log n)1/2m1/8 <k =< nm_1/4, ko = ml/2.
(iii.3) If m = n/3, then ky = n?/3, ky < m1/2.
(iv) For 2 <d <3,

(iv.1) If m < (nlogn)'?/(8=d) then k; = {n*m®¥3(logn) =4}/ (@44 ky = m?/3,
(iv.2) If (nlogn)'?/(18=d) < m < (nlogn)(@+4d)/(4d+8) then

{n4(log n)—d}l/(d+4)m2d/(d+4)2 <k < nm_z/(d+4), ko = mA/(d+4)

(iv.3) If m = (nlogn)(@+4d)/(4d+8) then
kl — {nd+4(log n)*d}l/(QdJrll)7 kQ = m4/(d+4)‘
(v) Ford=1,
(v.1) If m < (nlogn)5/6, then ky = n*>m/?>(logn)=1/5, ko =< m*/®.

(v.2) If m > (nlogn)®®, then ky = n®/6(logn)~1/6, ky < m*/>.
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