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Abstract

We establish frequentist properties, i.e., posterior consistency, asymptotic normality, and
posterior contraction rates, for the distributed (non-)Bayesian inference problem for a set of
agents connected over a network. These results are motivated by the need to analyze large,
decentralized datasets, where distributed (non)-Bayesian inference has become a critical
research area across multiple fields, including statistics, machine learning, and economics.
Our results show that, under appropriate assumptions on the communication graph, dis-
tributed (non)-Bayesian inference retains parametric efficiency while enhancing robustness
in uncertainty quantification. We also explore the trade-off between statistical efficiency
and communication efficiency by examining how the design and size of the communica-
tion graph impact the posterior contraction rate. Furthermore, we extend our analysis to
time-varying graphs and apply our results to exponential family models, distributed logistic
regression, and decentralized detection models.

Keywords: Distributed inference, Bayesian theory, Bernstein von Mises, communication
efficiency, estimation over networks

1. Introduction

Modern datasets are frequently generated and stored by distributed systems, including so-
cial media, sensor networks, blockchain, and cloud-based databases. However, transmission
costs make analyzing these datasets on a centralized machine prohibitively expensive and, in
some cases, infeasible. To address this challenge, researchers have turned to distributed al-
gorithms that enable decentralized data-driven decision-making under communication con-
straints (Borkar and Varaiya, 1982; Tsitsiklis and Athans, 1984; Gubner, 1993). In such
systems, a set of agents operates within a communication network structure, where each
agent can only share information locally with its neighbors. The agents sequentially ana-
lyze the data, with each agent performing inference independently and sharing the results
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through edges defined by the network structure, which may vary over time (Nedić et al.,
2017; Uribe et al., 2022b).

Decentralized or distributed Bayesian inference originates in statistics (DeGroot, 1974;
Gilardoni and Clayton, 1993). However, it wasn’t until the massive advances in computing
power in the past decade that the ideas of distributed inference started regaining interest
in the statistics community (Uribe et al., 2022a,b). There is a growing line of works on
Distributed Bayesian inference, which aims to develop scalable and efficient algorithms for
posterior computation on large datasets (Jordan et al., 2018). One of the main challenges in
this area is to design data-parallel procedures that can handle massive datasets by breaking
them into smaller blocks that can be processed independently on individual machines. Much
of the current literature focuses on “one-shot” or “embarrassingly parallel” approaches,
which involve only one round of communication between local machines and a central node
at the end of the computational pipeline. These approaches compute estimators or posterior
samples in parallel on local machines, then communicate the estimates to a central node to
form a global estimator or approximation to the posterior (e.g., by computing a Wasserstein
barycenter of the posteriors computed on local machines).

From the Markov chain Monte Carlo (MCMC) perspective, there have been several
developments in parallel MCMC methods for distributed Bayesian inference (Neiswanger
et al., 2013; Wang and Dunson, 2013; Minsker et al., 2014; Wang et al., 2015; Rabinovich
et al., 2015; Scott et al., 2016; Li et al., 2017; Minsker et al., 2017). These methods draw
samples from the subset posterior in parallel agents and combine the samples to obtain an
approximation to the posterior measure for the complete data.

From the variational Bayes perspective, algorithms such as stochastic variational infer-
ence (Hoffman et al., 2013) have been proposed for distributed Bayesian inference. These
algorithms distribute the data across machines, implement the local variational updates in
parallel through stochastic gradient descent (SGD), and update the global variational pa-
rameters as a weighted average of local optima. The variational interpretation of the Bayes
rule (Walker, 2006) allows the representation between the variational optimization problem
and posterior to go both ways.

In parallel to the success in the statistics community, Distributed Bayesian inference
has also been studied in microeconomics under the name “non-Bayesian social learning.”
Notable works in this area have focused on its axiomatic foundations (Epstein et al., 2010),
conditions for achieving consensus (Acemoglu et al., 2011), various learning rules (Golub
and Sadler, 2017), and the effects of information aggregation (Molavi et al., 2018). This
cross-disciplinary interest underscores the broad relevance and applicability of Distributed
Bayesian inference techniques. Here, the agents represent individuals seeking to learn about
an underlying state of the world θ. Unlike traditional Bayesian approaches, where each agent
makes inferences based on the full data, the “non-Bayesian learning” (as economists call it)
model captures how individuals make inferences in the presence of other decision-makers,
often with limited access to information and interaction with social networks. The Bayesian
distributed learning framework offers a promising solution that retains the desirable prop-
erties of Bayesian learning, such as ease of uncertainty quantification and flexibility, while
incorporating a form of information aggregation that aligns with realistic behavioral assump-
tions. Indeed, the distributed Bayes rule has been shown to reflect reasonable assumptions
about individual behavior in society (Jadbabaie et al., 2012). The distributed framework is
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analytically tractable under certain distributional assumptions and computationally feasible
in general. For a more comprehensive literature review, see (Molavi et al., 2018).

Although economic theory addresses social learning in various strategic environments, it
is almost entirely behavioral, with little data involved. Recent work in the signal processing
community has explored the statistical properties of social learning in greater depth, much
of which focuses on finite parameter spaces. For example, Braca et al. (2010) studies the
relative efficiency of binary testing based on a distributed test statistic under local alterna-
tive hypotheses and establishes an asymptotic normality result for the test statistic. In the
non-Bayesian social learning setting, Shahrampour et al. (2015) assumes a finite parameter
space and provides non-asymptotic bounds on the KL divergence between distributed and
centralized beliefs. Lalitha et al. (2014) establishes the exponential convergence of beliefs to
the truth from a large-deviation perspective. Bordignon et al. (2021) studies the asymptotic
normality of agents’ beliefs in the regime of vanishing step sizes. In contrast, Inan et al.
(2022) investigates the consistency and convergence rate of agents’ beliefs toward the truth
when the communication graph is random.

The technique for establishing concentration bounds in the discrete finite parameter
space relies heavily on bounding the KL divergence between two candidate distributions.
Work beyond the finite, discrete parameter space has been sparse. One example is Uribe
et al. (2022a,b), which establishes consistency and concentration bounds for pjt (θ) when Θ
is discrete or compact, respectively.

Our work studies the asymptotic properties of non-Bayesian social learning in the regime
of continuous parameter spaces (as a subset of Rp), the sample size (or time) tending to
∞. Although this regime is underexplored in the social learning literature, it is arguably
more natural from the perspective of classical asymptotic theory (Van der Vaart, 2000).
Establishing such a theory fills the gap in the existing social learning literature and builds
a connection with the distributed Bayesian inference literature in statistics.

Distributed Bayesian procedures have attracted substantial interest across disciplines
such as electrical engineering, statistics, and economics. Yet, the broad adoption of these
methods in the statistical community has been hindered by a lack of rigorous analysis of
their statistical properties. Moreover, understanding these properties is key to deepening
our knowledge of the consensus behavior of agents within varying communication patterns,
a topic of interest to the electrical engineering and economics communities. In this paper,
we investigate the distributed Bayesian procedures that arise from applying the stochastic
mirror descent (SMD) algorithm to statistical estimation problems (Uribe et al., 2022a,b).
Our work fills a crucial gap by establishing the Frequentist properties of such distributed
Bayesian procedures, including posterior consistency, asymptotic normality, and posterior
contraction rates. We also explore the tradeoff between statistical efficiency and communi-
cation cost by investigating the relationship between the posterior contraction rate and the
structure of the communication graph. Furthermore, we illustrate practical applications
of the Bernstein von Mises results to emphasize their utility in uncertainty quantification.
Ultimately, we hope to stimulate further interest in distributed Bayesian methods within
the statistical community and to establish a solid theoretical foundation for distributed
Bayesian inference in fields such as economics and electrical engineering.

The rest of the paper is outlined as follows: Section 2 introduces the distributed Bayesian
inference problem from an optimization-centric viewpoint and rigorously defines the dis-
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Table 1: Table of Notation

Functions:

DKL , Kullback–Leibler divergence,

L , loss function,

〈., .〉 , L2 inner product, as in 〈f, g〉 =
∫

R f(x)g(x)dx.

Probability Distributions:

P,p , data generating measure, data generating density,

Pf(X) , expectation of f(X) when X ∼ P, same as EPf(X),

Π, π , prior measure, prior density.

P, p , posterior measure, posterior density,

P jt , p
j
t , posterior measure, density for agent j at iterant (time) t,

Others:

G,A,Aij , Graph, adjacency matrix and its (i, j)th entry,

λj(A) , jth largest eigenvalue of A,

1 , the vector of all ones.

tributed Bayesian posterior. In Section 3, we outline sufficient conditions for the consistency
and asymptotic normality of the distributed Bayesian posterior. Section 4 establishes the
consistency of the distributed Bayesian posterior (Theorem 3). Section 5 establishes the
Bernstein von Mises theorems under both correct (Theorem 10) and incorrect model speci-
fications(Theorem 14). Section 6 provides both the abstract and concrete upper bounds on
the posterior contraction rate (Theorem 15 and Theorem 18), with an emphasis on model
misspecification. Our analysis is extended to time-varying graphs in Section 7, where we
establish posterior contraction rates under various communication frequency regimes (The-
orem 20). In Section 8, we demonstrate the practical use of our findings by establishing
Bernstein von Mises results for three statistical models, including exponential family (Propo-
sition 24), logistic regression models(Proposition 25), and the distributed detection problem
(Proposition 27)- a canonical problem in electrical engineering. The paper concludes in Sec-
tion 9 with a discussion on future research directions following our findings.

2. Preliminaries

Suppose we observe a sequence of i.i.d. random variables X1, X2, · · · all taking values in
a probability space (X ,B,P0) where the true distribution P0 is unknown. Moreover, let a
family of probability distributions be given in the form of {Pθ : θ ∈ Θ} where (Θ,A) is a
measurable space. Each Pθ is a probability measure defined on (X ,B) and the mapping
θ → Pθ(B) is measurable for every B ∈ B. We refer to {Pθ : θ ∈ Θ} as the statistical model.
The parameter space Θ is typically taken as a subset of the Euclidean or Hilbert space to
avoid any measurability issue with {Pθ : θ ∈ Θ} (Ghosal and Van der Vaart, 2017).
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The centralized statistical estimation problem is to find a subset Θ0 ⊆ Θ such that for
θ0 ∈ Θ0, Pθ0 is the “closest” to P0 with respect to a metric. Geometrically, the goal is to find
a point in the subset of the probability measures {Pθ : θ ∈ Θ} closest to P0 under a given
topology. The topology is often defined by divergence on the space of probabilities, such as
the Kullback-Leibler (KL) divergence, Rényi divergence, etc. The definition of KL, Rényi
divergence, and other divergence functions is reviewed in Section A.1 of the Appendix.

Arguably, the most natural estimation problem to consider is based on KL divergence:

θ0 ∈ arg min
θ∈Θ

DKL(P0 ‖ Pθ). (2.1)

Equation (2.1) is equivalent to maximum likelihood estimation (MLE) at the population
level. For example, if the true distribution P0 is standard normal N(0, 1) and the parametric
family Pθ is the normal location family N(θ, 1); θ ∈ [−1, 1], the optimal value is θ0 = 0.

There are two main challenges in solving (2.1). First, since P0 is unknown, it is typically
replaced with samples drawn from the distribution. The resulting approximation error in-
fluences the sample complexity of MLE, which has been extensively studied in the statistics
literature (Van der Vaart, 2000). The second challenge is computational. When the set Θ is
discrete, non-smooth, or disconnected, default approaches such as first-order optimization
methods cannot be directly applied to solving Equation (2.1), even at the population level.

Instead of minimizing over Θ, a common approach is to “lift” the problem by minimizing
over the probability distributions on Θ.

Let ∆Θ be the space of probability density functions defined on Θ. Then

min
θ∈Θ

DKL(P0 ‖ Pθ) = min
p∈∆Θ

∫
Θ
p(θ)DKL(P0 ‖ Pθ)dθ, (2.2)

where ∆Θ is the (hypothetical) space of all probability distributions over Θ, and
∫

Θ p(θ)dθ = 1,
with p(θ) ≥ 0. If θ0 solves Equation (2.1), p∗ = δθ0 solves Equation (2.2), thus the two
problems are equivalent. The advantage, however, is that Equation (2.2) is a continuous
optimization problem regardless of the topology in which Θ is defined; that is, Θ could be
a finite discrete set.

Equation (2.2) introduces an equivalent formulation of the statistical estimation as a
minimization problem over the space of probability measures on Θ. Given the linearity
of the expectation functional, the Riesz representation theorem implies the existence of an
inner product 〈., .〉 that characterizes the expectation over Θ. We then reformulate the
KL-minimization problem in terms of linear stochastic optimization up to a constant:

min
θ∈Θ

DKL(P0 ‖ Pθ)
c
= min

p∈∆Θ

EP0〈p,− log pθ(x)〉. (2.3)
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Note that

min
θ∈Θ

DKL(P0 ‖ Pθ) = min
p∈∆Θ

∫
Θ
p(θ)DKL(P0 ‖ Pθ)dθ

= min
p∈∆Θ

∫
Θ
p(θ)

∫
X

p0(x) log
p0(x)

pθ(x)
dxdθ

= min
p∈∆Θ

∫
X

p0(x)

∫
Θ
p(θ) log

p0(x)

pθ(x)
dθdx, by Fubini’s theorem

= min
p∈∆Θ

∫
X

p0(x)

∫
Θ
p(θ)[log p0(x)− log pθ(x)]dθdx

c
= min

p∈∆Θ

−
∫
X

p0(x)

∫
Θ
p(θ) log pθ(x)dθdx.

In the reformulated problem, ∆Θ is the probability simplex over Θ and 〈p,−pθ(x)〉
represents the inner product between the simplex vector p and the negative log-likelihood
pθ(x), taken with respect to the expectation under P0.

The resulting problem can be efficiently solved using computational methods from the
stochastic optimization literature. One approach is the stochastic mirror descent (SMD)
algorithm (Uribe et al., 2022a,b, Algorithm 6), which iterates through a KL-regularized
optimization problem:

pt+1 = arg min
p∈∆Θ

{−〈p, log Pθ(xt+1)〉+ αDKL(p ‖ pt)} . (2.4)

At time t, the agent’s goal is to maximize the expected log-likelihood while staying close to
the belief pt. The trade-off between these two objectives is governed by the learning rate α.

Equation (2.4) is also the variational representation of generalized Bayesian inference.

pt+1 = arg min
p∈∆Θ

DKL(p ‖ p̃), p̃ ∝ (Pθ(xt+1))
1
α pt(θ). (2.5)

A generalized posterior is a probability distribution p(θ | X1, . . . , Xt) ∝ π(θ)L̃t(θ), where
π is a prior and L̃t is a surrogate likelihood (Miller, 2021). The stochastic mirror descent
update in Equation (2.4) produces a generalized Bayesian posterior:

pt+1(θ) ∝ (Pθ(xt+1))
1
α pt(θ). (2.6)

The result follows from a standard variational Bayes argument (Knoblauch et al., 2022).
The result above suggests a fascinating interplay between stochastic optimization and

generalized Bayesian inference. The parameter α serves as both the step size in the SMD
update and a temperature parameter in the generalized Bayes’ rule. When α is set to 1,
we recover the standard Bayes’ theorem. In the sequel, we explore the connection between
generalized Bayes and SMD to formulate a distributed Bayesian posterior based on the
distributed SMD algorithm.

2.1 Distributed Bayesian Inference

In this section, we introduce the distributed Bayesian inference problem. Consider a set
of m independent agents, represented by the index j = 1, ...,m. Each agent independently
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observes a sequence of random variables at discrete time steps t = 0, 1, 2, .... The random
variable observed by agent j at time t is denoted as Xj

t . The random process observed by
agent j is denoted as Xj . The collection of random variables all agents observe at time t is
denoted as Xt. In general, each Xj may be endowed with a different probability space with
a common parameter space. For simplicity, we assume that the set of all random variables
Xj
t are i.i.d. draws from the probability space (X ,B,P) with density p.

Given a common set of parameters Θ, the private parametric statistical model that
agent j can access is defined as PjΘ = {Pjθ : θ ∈ Θ}. Each model PjΘ has the same support
for all j ∈ [m].

At time t, the agents interact through an undirected communication graph Gt = (V,Et),
where V = [m] denotes the set of agents. An edge (j, i) ∈ Et implies that agent j can
communicate with agent i at time t.

The weighted adjacency matrix associated with Gt is denoted by At. We assume that
At is a doubly stochastic matrix obtained by normalizing the matrix A′t, where [A′t]ij = 1
if there exists a communication link between agent i and agent j and [A′t]ij = 0 otherwise.
For undirected graphs, one can always construct a doubly stochastic matrix by normalizing
the adjacency matrix, so At is guaranteed to exist.

In our framework, agents share information by communicating their beliefs, represented
by pjt (θ). This notation represents the posterior distribution of θ as perceived by agent j at
time t.

Similar to the centralized case, we formulate distributed statistical inference as a dis-
tributed optimization problem:

min
θ∈Θ

m∑
j=1

DKL(P0 ‖ Pjθ). (2.7)

For each agent j ∈ [m], let πj represent their initial belief or prior. Therefore, we
have pj0 = πj . Similar to the statistical estimation for a single agent, the distributed
statistical inference problem admits a reformulation via the distributed stochastic mirror
descent algorithm (Uribe et al., 2022a,b). The belief of the agent j at time t+ 1 is obtained
through the following mirror descent update.

pjt+1 = arg min
p∈∆Θ

{
−〈log pjθ(x

j
t+1), p〉+

m∑
i=1

[At]ijDKL(p ‖ pit)

}
, (2.8)

which is solved via the update

pjt+1(θ) ∝ pjθ(x
j
t+1)

m∏
i=1

(pit(θ))
[At]ij . (2.9)

The derivation from (2.8) to (2.9) is identical to that of the case of a single agent (2.4)–(2.6).

Equation (2.9) is aptly referred to as the distributed Bayes rule, as it generalizes the
Bayesian rule to a distributed setting. This distributed Bayes rule induces a distributed
Bayesian posterior pjt+1, which might be viewed as the belief of each agent after updating
its prior belief based on the new data and information received from its neighbors.
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Despite its name, the distributed Bayesian posterior is not a standard posterior distri-
bution. The classic Bayes rule is a special case of the distributed Bayes rule where the
communication graph has no edges, i.e., At = Im. Then, each agent updates independently,

pjt+1(θ) ∝ pθ(x
j
t+1)pjt (θ).

At the other extreme, where the communication graph Gt is fully connected, each agent can
communicate with every other agent. Then, the distributed Bayes rule effectively acts as
a weighted Bayesian update rule, with equal weights assigned to all agents. The resulting
posterior is a product of the likelihood of the incoming data and a “tempered” posterior
with power 1/m

pjt+1(θ) ∝ pθ(x
j
t+1)

m∏
i=1

t∏
k=1

(pθ(x
i
k))

1/m
m∏
i=1

πi(θ)1/m.

These examples show that a distributed Bayesian posterior can adapt to the underlying com-
munication structure, balancing individualistic updates (when there are no communications)
and collective updates (when the communication happens according to the network).

Our strategy is to analyze pjt+1(θ) through the lens of the generalized posterior. In
the next section, we provide the measure-theoretic definition of the distributed Bayesian
posterior as a generalized Bayesian posterior.

2.2 Distributed Bayesian Posterior

This section provides a rigorous definition of the distributed Bayesian posterior we study
throughout this paper.

Define the prior measure Π as follows:

Π(B) =

∫
B

∏m
j=1 π

j(θ)1/mdθ∫
Θ

∏m
j=1 π

j(θ)1/mdθ
.

For each t and j, denote zjt =
∫

Θ pjθ(x
j
t )
∏t−1
k=1

∏m
i=1 piθ(x

i
k)

[
∏t−1
τ=k Aτ ]ijΠ(dθ) and assume

zjt <∞.
The distributed Bayesian posterior is defined as the probability measure P jt such that

for B ∈ B,

P jt (B) =
1

zjt

∫
B

pjθ(x
j
t )

t−1∏
k=1

m∏
i=1

piθ(x
i
k)

[
∏t−1
τ=k Aτ ]ijΠ(dθ). (2.10)

The measure-theoretic definition of distributed Bayesian posterior is equivalent to the re-
cursive formulation (2.9). The definition shows that the distributed Bayesian posterior is
the product of the prior distribution and a surrogate likelihood.

The asymptotic properties of posteriors with surrogate likelihood have been studied
in Miller (2021), which establishes sufficient assumptions for the generalized posterior to
achieve consistency, asymptotic normality (Bernstein von Mises), and correct frequentist
coverage. However, the one key difference between the distributed Bayesian posterior and
the setting in (Miller, 2021) is that the latter depends only on a sample of size t. In contrast,
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the surrogate likelihood used in distributed Bayesian posterior depends on the sample size
mt, the statistical model PjΘ, and the communication graph structure G. Therefore, the
theoretical analysis of distributed Bayesian posterior requires careful adjustments of the
standard results for generalized posteriors for new constraints and challenges.

We define the following surrogate loss functions f jt , ft, f on Θ.

f jt (θ) = −1

t
log pjθ(x

j
t )−

1

t

t−1∑
k=1

m∑
i=1

[
t−1∏
τ=k

Aτ

]
ij

log piθ(X
i
k), j ∈ [m], (2.11)

ft(θ) = − 1

mt

t∑
k=1

m∑
i=1

log piθ(X
i
k), (2.12)

f(θ) = − 1

m

m∑
i=1

P0 log piθ. (2.13)

The function f jt plays the role of a generalized likelihood, ft corresponds to the empirical
mean of log pjθ(X) and a special case of f jt when the adjacency matrix has weights of all

1/m. Informally, f jt and ft are asymptotically indistinguishable under mild assumptions,
but ft has much nicer statistical behaviors, so one should expect the distributed Bayesian
posterior to behave like a generalized posterior with likelihood given by ft.

3. Assumptions

Throughout the paper, we impose the following assumptions:

(i) Θ is an open subset of Rp with standard Euclidean metric d .

(ii) There exists a unique parameter θ0 ∈ Θ that minimizes Problem (2.7), that is,

θ0 = arg min
θ∈Θ

m∑
j=1

DKL(P0 ‖ Pjθ). (3.1)

The remaining assumptions fall into four categories: communication graph structure, regu-
larity of private statistical models, prior mass assumptions, and consistent testing assump-
tions. The latter three are standard in Bayesian asymptotics with a well-established history
(see Appendix Section A.2). The assumptions on the communication graph are relaxed in
Section 7 to allow for temporal dependence.

We assume that the communication graph Gt, t ≥ 1 is static and undirected, i.e., Gt =
G = (V,E).

Assumption 1 (Graph Assumptions) The communication graph Gt is static and undi-
rected, i.e., Gt = G = (V,E), t ≥ 1. Moreover, G and the adjacency matrix A satisfy

(a) A is symmetric and row stochastic.

(b) A has positive diagonal entries, i.e., aii > 0 for all i ∈ [m].

(c) G is connected, i.e., a directed path exists from any agent i to any agent j.
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The assumption of connectedness is standard in the literature on network communication
to ensure information flow between agents (Shahrampour et al., 2015; Nedić et al., 2017).
The three assumptions ensure that the Markov chain with transition matrix A is irreducible
and aperiodic.

We proceed to establish a result for the convergence of At to 1
m11T and an upper bound

on the convergence rate of ‖At − 1
m11T ‖1.

Lemma 1 [Acemoglu et al. (2011); Nedić et al. (2017)] Let Assumption 1 hold. The matrix
A satisfies

lim sup
t→∞

t∑
k=1

m∑
j=1

|[At−kij ]− 1

m
| ≤ 16m2 logm

ν
, i ∈ [m]

where ν is the smallest positive entry in A.

Lemma 1 states that given fixed A, the sum
∑t

k=1

∑m
j=1 |[A

t−k
ij ] − 1

m | is uniformly

bounded in t, and scales in the order of m2 logm. The argument for Lemma 1 relies
crucially on the geometric convergence rate of an irreducible, aperiodic Markov chain. See
Section C.4 in the Appendix for the proof.

The next group of assumptions concerns the smoothness of the log-likelihood of the
private statistical models.

Assumption 2 (Regularity Assumptions) The regularity assumptions on the statisti-
cal model Pjθ = {Pjθ, θ ∈ Θ} involve, for every j ∈ [m] and almost surely [P0],

(a) For every θ ∈ Θ, P0| log pjθ| < ∞, i.e., the expectation of | log pjθ(X)| is finite under
X ∼ P0.

(b) The mapping θ 7→ log pjθ is convex for every x in a neighborhood of θ0, and the
entrywise inequality ∇f(θ0 − ε) < 0 < ∇f(θ0 + ε) holds.

(c) The statistical model Pjθ is differentiable in quadratic mean at θ0 with nonsingular

Fisher information matrix V j
θ0

.

(d) there exists a measurable function sj with P0[sj(X)]2 <∞ such that, for every θ1, θ2

in a neighborhood of θ0,

|∇ log pjθ1 −∇ log pjθ2 | ≤ s
j(x)‖θ1 − θ2‖

(e) the mapping θ 7→ log pjθ is twice continuously differentiable for every x in a neighbor-

hood of θ0, and the Fisher information matrix V j
θ0

exists and is nonsingular.

(f) the mapping θ 7→ log pjθ is three-times continuously differentiable for every x in a

neighborhood of θ0, the Fisher information matrix V j
θ0

exists and is nonsingular, and
the third-order partial derivatives uniformly bounded by an integrable function in a
neighborhood of θ0.
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The regularity conditions described in Assumption 2 are common prerequisites for the
asymptotic analysis of posterior distributions (Van der Vaart, 2000). The intuition is
that the differentiability or convexity of the log-likelihood ensures the consistency of the
maximum likelihood estimators, and the quadratic means differentiability enables a valid
second-order Taylor expansion around the truth. This allows us to describe the asymptotic
properties of the posterior using properties of the MLEs.

The next group of assumptions is typically referred to as the prior mass or prior thickness
assumption.

Assumption 3 (Prior Assumptions) For every j ∈ [m], the prior distribution Πj sat-
isfies

(a) Πj(Uε) > 0 for all ε > 0, where Uε = {θ ∈ Θ : 1
m

∑m
j=1DKL(P0 ‖ Pjθ) < ε}.

(b) the density πj is continuous and positive at θ0.

The first assumption states that prior puts a sufficient amount of mass in a KL neighbor-
hood of the target distribution P0. An extra continuity assumption of the density π at θ0 is
sometimes assumed to connect the first assumption to a statement about the neighborhood
of θ0 (Van der Vaart, 2000).

Uniform, consistent testing assumptions enable θ0 to be distinguished with a sequence
of test functions. This assumption ensures that asymptotically negligible mass is placed
outside a neighborhood of θ0.

Assumption 4 (Uniform Consistent Testing) Let Θ ⊆ Rp. For each j ∈ [m],

(a) For all ε > 0, there exists δ > 0 such that limt→∞ P0(inf‖θ−θ0‖>δ |f
j
t (θ) − f jt (θ0)| ≥

ε) = 1.

(b) There exists a sequence of test functions φt such that Pjθ0(1 − φt(X(mt))) → 0 and

sup‖θ−θ0‖≥ε Pjθ(1− φt(X
(mt)))→ 0 for every ε.

Assumption 4(b) is attributed to Theorem 10.1 in Van der Vaart (2000), and Assumption
4(a) is given first in Ghosh and Ramamoorthi (2003). The two assumptions in 4 play an
identical role in the theory but are slightly different. We mainly use Assumption 4(a).

4. Posterior Consistency

This section establishes the posterior consistency for the distributed Bayesian posterior.
Theorem 3, to be presented next, provides a general concentration result for the distributed
Bayesian posterior P jt over the measurable space (Θ,A). The proof of Theorem 3 takes
its cues from Schwartz’s theorem (Schwartz, 1965). This fundamental theorem implies two
supporting findings. Corollary 4 shows that Theorem 3 holds under model misspecification
and alternative definitions of the neighborhood around the true parameter. Moreover,
Lemma 5 lays down more user-friendly sufficient assumptions for the regularity assumption
on the log-likelihood (Assumption 2(a)) in Theorem 3.

First, we introduce a supporting lemma to demonstrate that the surrogate loss functions
f jt and ft are asymptotically equivalent, and both converge to the population loss function

11
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f . This lemma suggests that under the conditions of a connected communication graph
and a first-moment condition satisfied by the statistical model, the distributed Bayesian
posterior P jt becomes asymptotically equivalent to a posterior derived from ft.

Lemma 2 Let Assumptions 1 and 2(a) hold. Then f jt and ft converges to f on Θ in
[P0]−probability.

The proof can be found in Section C.1 of the Appendix. The argument is based on a
distributed version of the law of large numbers and geometric convergence of the adjacency
matrices described in Lemma 1.

We are ready to state the main result of this section.

Theorem 3 (Consistency) Let θ0 ∈ Θ be defined in (3.1), ε > 0, and denote Uε = {θ ∈
Θ : 1

m

∑m
j=1DKL(P0 ‖ Pjθ) < ε}. Moreover, let Assumptions 1, 2(a), 3(a) hold. Then, the

distributed Bayesian posterior P jt defined in (2.10) has the following property:

lim
t→∞

P jt (Uε) = 1,

in [P0]−probability for each ε > 0 and j ∈ [m].

See Section C.1 for the proof. The proof uses the standard technique based on Schwartz’s
theorem (Miller, 2021). The primary insight is that, given the defined regularity assump-
tions on private statistical models and the presence of a connected communication graph,
the distributed Bayesian posterior concentrates at the same point as the 1

m−geometric av-
erage of the individual Bayesian posteriors.

Theorem 3 does not assume correct model specification. When the model is misspecified,
the distributed Bayesian posterior concentrates around the unique minimizer θ0 of Problem
(2.7), which is assumed to exist.

Under additional assumptions, the neighborhoods on the space of probability measures
used in stating Theorem 3 can be substituted with neighborhoods on Θ.

Corollary 4 Let (Θ, d) be a metric space, θ0 ∈ Θ, ε > 0, and denote Nε = {θ ∈ Θ :
d(θ, θ0) < ε}. Moreover, let Assumptions 1, 2(a), 2(b), 3(c) hold. Then the distributed
Bayesian posterior P jt defined in (2.10) has the following property

lim
t→∞

P jt (Nε) = 1,

in [P0]−probability for each ε > 0 and j ∈ [m].

The result follows directly from Theorem 3 of Miller (2021). Hence, the proof is omitted.
In practice, Assumption 2(a) is challenging to verify due to the lack of information

on the moments of the unknown distribution. The expectation may not exist under a
heavy-tailed distribution like the Cauchy distribution. In the result below, we provide an
information-theoretic equivalent of Assumption 2(a) that is easier to check.

Lemma 5 Assumption 2(a) is equivalent to either of the following assumptions:

(a). P0 is absolutely continuous with respect to Pjθ for all θ ∈ Θ,

12
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(b). DKL(P0 ‖ Pjθ) <∞ for all θ ∈ Θ.

When P0 has a density p0, the absolute continuity assumption is equivalent to the
assumption that if pjθ(x) > 0, then p0(x) > 0 for every x (Cover, 1999). The second
assumption is the minimum assumption for the problem of distributed statistical estimation
to be tractable. Both assumptions are easy to check, as illustrated by the following example.

Example 1 Assume that Pjθ = {N(θ, σ2
j ), θ ∈ Θ} for known σ2

j > 0 and P0 = N(θ0, σ
2
0) for

unknown mean θ0 and variance σ2
0. The Gaussian distribution with positive variance has

support on the whole real line. Then P0 is absolutely continuous with respect to Pjθ for all j.

For the second assumption, the KL divergence between Pjθ and P0 has an explicit formula:

DKL(Pjθ ‖ P0) =
1

2

(
(θ − θ0)2

σ2
0

+
σ2
j

σ2
0

− 1− log
σ2
j

σ2
0

)
.

For finite σ2
j , σ

2
0, θ0, the KL divergence is finite for every θ ∈ R.

5. Asymptotic Normality

The Bernstein von Mises (BvM) theorem states that under certain conditions on the prior,
the posterior distribution approximates a Gaussian distribution centered at a consistent
estimator, such as the maximum likelihood estimator, as data increases. This theorem
is pivotal in Bayesian statistics for at least two reasons. First, it provides a quantitative
description of how the posterior contracts to the truth. Second, this theorem justifies
Bayesian credible sets as valid frequentist confidence sets, i.e., sets of posterior probability
1− α contain the true parameter at the confidence level 1− α.

In this section, we establish Bernstein von Mises theorems for the distributed Bayesian
posterior defined in Equation (2.10). Our results address the asymptotic normality of the
distributed Bayesian posterior under both correct and incorrect model specifications. We
consider scenarios where all agents accurately specify the model, and some agents gather
observations from a ’true distribution’ that does not belong to their statistical models.

Theorem 10 provides sufficient assumptions for the distributed posterior to converge to
a normal distribution centered around a sequence of M-estimators θ̂jt . Theorem 14 generates
an analogous result under classical assumptions, with the normal approximation centered
around θ0 (defined in Equation (3.1)). The supporting lemmas are provided preceding the
main results. Given the abstract nature of the assumptions, Theorem 10 is supplemented by
Corollary 11 and Corollary 12, which outline more user-friendly assumptions that guarantee
the same Bernstein von Mises (BvM) results.

The Bernstein von Mises argument relies critically on the following sequence of M-
estimators:

θ̂jt = arg min
θ∈Θ

f jt (θ). (5.1)

The existence and consistency of θ̂jt is not always guaranteed; one set of sufficient assump-
tions is provided as follows.

13
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Lemma 6 Let Assumptions 1, 2(a), 2(f), 3(b) hold. Then the probability that the equation
∇f jt (θ̂jt ) = 0 has at least one solution converges to 1 as t→∞, and there exists a sequence

of solutions θ̂jt such that θ̂jt
P0→ θ0.

This is a direct consequence of Theorem 5.42 of Van der Vaart (2000); thus, the proof
is omitted. Lemma 6 states that the sequence of M estimators exists under third-order
smoothness assumptions on the log-likelihood. From now on, we assume the existence of M
estimators θ̂jt that satisfy (5.1) for every t, j.

The high-order smoothness assumptions on the private log-likelihoods (Assumption (f))
is a strong assumption for guaranteeing consistency. It can be replaced with a more relaxed
and amenable convexity assumption (Assumption 2(b)).

Lemma 7 Let Assumptions 1, 2(a), 2(b) hold. Then θ̂jt
P0→ θ0.

The next two lemmas are useful in the proof of Theorem 10.

Lemma 8 Let Assumptions 1, 2(c), 4(a) hold and θ̂jt
P0→ θ0. Then for every ε > 0, there

exists δ > 0 such that

lim
t→∞

P0( inf
‖θ−θ̂jt ‖>δ

|f jt (θ)− f jt (θ̂jt )| ≥ ε) = 1

The result states that if a sequence of estimators θ̂jt is consistent at θ0, then the existence
of uniformly consistent tests at θ0 (Assumption 4(a)) implies an analogous result at θ̂jt .

Lemma 9 Let θ̂t ∈ Rp such that θ̂t
P0→ θ0 for some θ0 ∈ Rp, πt be a density with respect to

Lebesgue measure on Rp. Suppose qt is the density of at(θ−θ̂t) where θ ∼ πt and a−1
t = o(1).

If
∫
|qt(x) − q(x)|dx → 0 in [P0]−probability for some probability density q, then for every

ε > 0,
limt→∞Πt(Nε) = 1,

where Nε is the neighborhood of θ0 defined in Corollary 4.

The proofs of Lemma 6, Lemma 7, Lemma 8, and Lemma 9 can be found in Section C.2
of the Appendix. Lemma 6 and 7 rely on the usual consistency argument of M - estimators.
Lemma 8 and Lemma 9 use measure-theoretic arguments.

Our first main result of the section provides general sufficient assumptions under which a
distributed Bayesian posterior exhibits asymptotic normality and an asymptotically correct
Laplace approximation, along with the posterior concentration at θ0.

Theorem 10 (BvM) Let Θ be an open subset of Rp. Assume that there exists θ0 ∈ Θ
such that P0 = P jθ0 for every j ∈ [m]. Moreover, let Assumptions 1, 2(a), 2(c), 2(d), 3(b),

4(a) hold. If the sequence θ̂jt defined in (5.1) satisfies that θ̂jt
P0→ θ0, then

f jt (θ) = f jt (θ̂jt )−
1

2
(θ − θ̂jt )T V̂

j
t (θ − θ̂jt ) + rjt (θ − θ̂

j
t ), (5.2)

where V̂ j
t is a sequence of matrices that converges in probability to the average Fisher in-

formation matrix Vθ0 = 1
m

∑m
i=1 V

i
θ0

, and |rjt (h)| = O(|h|3) for large enough t.
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Let Equation (5.2) and Assumption 3(b), 4(a) hold. As t→∞, we have∫
Bε(θ0)

pjt (θ)dθ
P0→ 1 ∀ε > 0. (5.3)

that is, the distributed Bayesian posterior pjt is weakly consistent around θ0.

Let qjt be the density of
√
t(θ − θ̂jt ) when θ ∼ P jt . Then,∫

Θ

∣∣∣qjt (x)−N(0, V −1
θ0

)
∣∣∣ dx P0→ 0. (5.4)

i.e., the total variational distance between qjt and N(0, V −1
θ0

) vanishes in [P0]−probability.

See Section C.2 for the proof. The assumptions of Theorem 10 involve structural and
statistical assumptions that are in line with the Bernstein von Mises literature. These in-
clude a connected communication graph (Assumption 1), bounded entropy condition of the
private statistical models (Assumption 2(a)), a distributed version of the differentiable in
quadratic means (DQM) assumption (Assumption 2(c)) and the Lipschitz gradient regular-
ity assumption on the log-likelihood around θ0 (Assumption 2(d)). The M-estimators, θ̂jt ,
are assumed to be consistent, with sufficient conditions outlined in Lemmas 6 and 7. These
regularity assumptions are fairly mild and applicable to, for example, most exponential
family models. They serve as the foundation for Equation (5.2), which mirrors the local
asymptotic normality assumption in classical BvM theory (Cam et al., 2000). Addition-
ally, we specify a prior mass assumption (Assumption 3(b)) and an assumption related to
uniform, consistent testing (Assumption 4(a)). The prior mass assumption (Assumption
3(b)) is slightly different from the one used in Theorem 3, but they are equivalent when f is
continuous at θ0. These, together with Equation (5.2), are the main sufficient assumptions
for the BvM results in Equations (5.3) and (5.4).

The result establishes a sampling complexity of
√
t, indicating that all agents achieve

parametric efficiency when performing distributed inference in a fully connected network
comparable to a single-node network. While parametric efficiency is not surprising from
BvM, our result also shows that communication among agents enhances the robustness of
uncertainty quantification. In Theorem 10, the precision matrix of the limiting Gaussian
is the average of the Fisher information Vθ0 across agents. The intuition here is that each
agent’s uncertainty about the ground truth eventually aligns with the network’s average
level of uncertainty, regardless of the agent’s initial uncertainty or the specific statistical
model they use. This suggests that communication can act as a protective mechanism in
adversarial settings, where the posterior of a few agents might suffer from abnormally high
uncertainty due to data contamination.

In the social learning context, Theorem 10 extends existing asymptotic results to a
large-time, continuous Θ setting. Previous results, such as Uribe et al. (2022a,b), estab-
lished consistency and concentration bounds for pjt (θ) when Θ is discrete or compact. In
comparison, Theorem 10 assumes Θ to be an open subset of Rd. Beyond recovering poste-
rior consistency, Theorem 10 provides a richer asymptotic characterization of the distributed
posterior in the sense that it guarantees 1) the frequentist coverage of posterior credible sets
and 2) (rate-)efficient and robust inference under the distributed posterior.
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The differentiability in quadratic means (DQM) assumption (Assumption 2(c)) in The-
orem 10 may be difficult to verify in practical settings. We replace the abstract DQM
assumptions with a second-order smoothness assumption on the private log-likelihoods (As-
sumption 2(e)).

Corollary 11 Theorem 10 holds if Assumption 2(c) is replaced with Assumption 2(e).

Both differentiability in quadratic means (DQM) assumption (Assumption 2(c)) and
the Lipschitz gradient assumption (Assumption 2(d)) can be replaced with a third-order
smoothness assumption (Assumption 2(f)) which is often called the classical condition for
asymptotic normality of M - estimators (Van der Vaart, 2000).

Corollary 12 Theorem 10 holds if Assumption 2(c) and 2(d) are replaced with Assumption
2(f).

The proofs of Corollary 11 and Corollary 12 are based on bounding the second and third-
order terms in the Taylor expansion of f jt (θ), respectively. We can substitute more model
regularity assumptions by bounding higher-order terms in the Taylor expansion.

The classical Bernstein von Mises theorem relies on a stochastic version of the Local
Asymptotic Normality(LAN) assumption (Van der Vaart, 2000). For social learning, we
introduce a distributed version of the stochastic LAN condition. A distributed family of

statistical models
(
{Pjθ}j∈[m], G

)
satisfies stochastic LAN at θ ∈ Θ if, for every j ∈ [m], and

with respect to a non-singular scaling factor εjt → 0, there exists a random vector ∆j
t,θ and

a non-singular matrix Vθ such that ∆j
t,θ is bounded in probability and for every compact

subset K ⊂ Rp, as t→∞,

sup
h∈K

∣∣∣∣−tf jt (θ + εjth) + tf jt (θ)− hTVθ∆j
t,θ +

1

2
hTVθh

∣∣∣∣ P0→ 0. (5.5)

The random vector ∆j
t,θ is often called the “local sufficient statistics,” and Vθ in our

case corresponds to the average of Fisher information. It’s worth noting that the Vθ matrix
is required to be the same across all agents. The scaling factor εjt is chosen to ensure ∆j

t,θ

is bounded in probability, and Vθ converges to a nonsingular matrix. A default choice is
εjt = 1√

t
. However, an agent-dependent choice of εjt is available if any private statistical

model has a different rate of contraction.

A sufficient assumption for the distributed LAN is a distributed version of the differen-
tiable in quadratic means (DQM) condition.

Lemma 13 Let Assumptions 1, 2(a), 2(c) hold. The distributed family of statistical models,

denoted as
(
{PjΘ}j∈[m], G

)
, is stochastically locally asymptotically normal (LAN) at θ0.

We now extend the BvM result to the case where the true data-generating distribution
P0 6= Pjθ0 for some j ∈ [m]; in other words, we allow at least one agent to have a misspecified
model.
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Theorem 14 (Misspecified BvM) Let θ0 ∈ (Θ, d) be the true parameter defined in Equa-
tion (3.1). Moreover, let Assumptions 3(b), 4(b) hold, and assume that the distributed
stochastic LAN (5.5) holds at θ0. Let a sequence of constants εjt satisfy that for any
Mt →∞,

P jt

(
θ : d(θ, θ0) ≥Mtε

j
t

)
P0→ 0. (5.6)

If qjt is the density of (θ − θ0)/εjt when θ ∼ P jt , then∫
Θ
|qjt (x)−N(0, V −1

θ0
)|dx P0→ 0,

for Vθ0 defined in Equation (5.5).

Since the covariance matrix Vθ0 in the misspecified Bernstein von Mises theorem fails to
match the average of sandwich covariance matrices, the posterior credible sets derived from
P jt do not have valid frequentist coverage. While these sets may be properly centered at θ̂jt ,
their width may be inaccurate, and they don’t typically correspond to confidence sets with
level 1− α.

The sequence εjt that satisfies Equation (5.6) is called a posterior contraction rate of the
distributed Bayesian posterior P jt . This quantity determines the convergence rate of P jt to
the unknown parameter θ0. Results to control the contraction rates are provided in the
next section.

6. Contraction Rate

Contraction rates quantify the speed at which a posterior distribution approaches the true
parameter of the data-generating distribution. Controlling the contraction rates not only
refines our understanding of posterior consistency but also helps control the sampling com-
plexity in the misspecified Bernstein von Mises Theorem (Theorem 14). Unlike the previous
sections, which focus on asymptotic results, we provide non-asymptotic bounds and scaling
laws of the posterior contraction rates in this section. Our results involve the sample size
t, dimension p, and the number of agents m.

For two positive sequences xt and yt, we use xt . yt to denote the existence of a constant
c, independent of n, such that xt ≤ cyt. Furthermore, we write xt � yt when xt . yt and
yt . xt.

Let (Θ, d) be a metric space. A sequence of constants εjt is a posterior contraction rate
for P jt at the parameter θ0 if, for every Mt →∞,

P jt

(
θ : d(θ, θ0) ≥Mtε

j
t

)
P0→ 0, (6.1)

The posterior contraction rate is not a unique quantity. Any rate slower than a contrac-
tion rate is also a contraction rate. Although the fastest rate is desirable, it may be hard
to find. The natural goal is to establish a close upper bound for the ”optimal” rate. We
refer to this upper bound as the contraction rate.

We define a probability measure Pθ on the product space Xm. For a measurable set
A ⊆ Xm, we have

Pθ(A) =

∫
A

∏m
j=1[pjθ(x

j)]
1
mdx1 . . . dxm∫

Θ

∏m
j=1[pjθ(x

j)]
1
mdx1 . . . dxm

.
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The density is given by pθ(x) =
∏m
j=1[pjθ0(xj)]

1
m for x ∈ Xm. Given the prior measure Π,

we define the distributed ideal posterior Pt as the posterior measure corresponding to Pθ
and Π. For a measurable set B ⊆ Θ, we have

Pt(B) =

∫
B

∏t
k=1 pθ(xk)Π(dθ)∫

Θ

∏t
k=1 pθ(xk)Π(dθ)

=

∫
B

∏t
k=1

∏m
j=1[pjθ(x

j
k)]

1
mΠ(dθ)∫

Θ

∏t
k=1

∏m
j=1[pjθ(x

j
k)]

1
mΠ(dθ)

, (6.2)

Let Dρ(p ‖ q) denote the ρ−Rényi divergence, as defined in Section (A.1) of the Ap-

pendix. We establish a contraction rate of the distributed Bayesian posterior P jt given by:

ε2m,t +
1

mt
P0DKL(P jt ‖ Pt) +

1

m2t

m∑
i=1

DKL(P0 ‖ Piθ0). (6.3)

Here εm,t is the contraction rate of the distributed ideal posterior Pt. The second term
quantifies the approximation error when the distributed Bayesian posterior is approximated
by the corresponding distributed ideal posterior under the true distribution P0. The last
term captures the minimum average discrepancy between the distributed models and the
true data-generating distribution.

The main theorem of the section is stated under the “prior mass and testing” framework.
The assumptions are sub-exponential refinements of the assumptions for Bernstein von Mises
theorems: (a) The prior is required to put a minimal amount of mass in a neighborhood of
the true parameter. (b) Restricted to a subset of the parameter space, there exists a test
function that can distinguish the truth from the complement of its neighborhood; (c) The
prior is essentially supported on the subset described in (b).

Theorem 15 (Contraction Rate) Suppose εm,t is a sequence such that mtε2m,t ≥ 1. Let
C0, C1, C2, C3 > 0 be constants such that C0 > C2 +C3 + 2. Let the following assumptions
hold:

1. For any ε > εm,t, there exists a set Θt(ε) and a testing function φt such that:

Pθ0φt(X
(mt)) + sup

θ∈Θt(ε)
d(θ,θ0)≥C1ε2

Pθ(1− φt(X(mt))) ≤ exp
(
−C0tε

2
)
. (C1)

2. For any ε > εm,t, the set Θt(ε) above satisfies:

Π (Θt(ε)
c) ≤ exp

(
−C0tε

2
)
. (C2)

3. For some constant ρ > 1:

Π

θ ∈ Θ,
1

m

m∑
j=1

Dρ(P
j
θ0
‖ Pjθ) ≤ C3ε

2
m,t

 ≥ exp
(
−C2tε

2
m,t

)
. (C3)

Then, for the distributed Bayesian posterior P jt defined in (2.10), we have:

P0P
j
t d(θ, θ0) ≤ C

ε2m,t + γ2
j,m,t +

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0)

 , (6.4)
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for some constant C depending on C0, C1, where the quantity γ2
j,m,t is defined as:

γ2
j,m,t =

1

mt
P0DKL(P jt ‖ Pt).

The proof of Theorem 15 can be found in Section C.2 of the Appendix. It is a conse-
quence of support lemmas that make use of the Gibbs variational representation and the
subexponential decay of sub-exponential decay of d(θ, θ0) under Pt.

Assumption (C1) and (C2) is a refinement of assumptions 4 for the uniform consistent
testing and states that there is a sequence of tests such that the sum of Type I and Type II
errors decrease exponentially with sample size, where the alternative hypothesis is taken in
a large enough set under the prior. Assumption (C3) refines the prior mass assumptions 3
by stating that the prior mass decreases exponentially away from a ρ−Rényi neighborhood
of the true distribution. This assumption is slightly stronger than the equivalent assumption
stated with the KL neighborhood because Dρ(P ‖ Q) > DKL(P ‖ Q) for ρ > 1.

The contraction rate is the sum of three terms. The first term ε2m,t is the contraction rate
of the distributed ideal posterior. The second term γ2

j,m,t characterizes the distance between

the distributed Bayesian posterior P jt and the ideal posterior Pt. A larger or less connected
communication graph means more deviation between the two distributions, which slows the
contraction rate. The last term 1

m2t

∑m
j=1DKL(P0 ‖ Pjθ0) penalizes the rate by the average

discrepancy between the truth and its distributed approximation.
We can show by Markov inequality that the upper bound on P0P

j
t d(θ, θ0) is indeed the

contraction rate for the distributed Bayesian posterior P jt . This allows us to obtain a point
estimate θ̂ that converges to the KL minimizer θ0 at the same rate for convex loss functions.

Corollary 16 Under the assumptions of Theorem 15, for any diverging sequence Mt →∞,
we have

P0P
j
t

d(θ, θ0) > Mt

ε2m,t + γ2
j,m,t +

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0)

→ 0.

Furthermore, if d(θ, θ0) is convex in θ, the distributed posterior mean θ̂ =
∫

Θ θdP
j
t (θ) sat-

isfies

P0d(θ̂, θ0) ≤ C

ε2m,t + γ2
j,m,t +

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0)

 ,

where C is the same constant in (6.4).

The contraction rate defined in Theorem 15 is somewhat abstract because the terms
such as ε2m,t and γ2

j,m,t do not directly inform the design of the underlying communication
network. For practical purposes, it’s preferable to characterize the rate in terms of design
parameters such as m, t, and ν to guide the design of a statistically efficient network
structure. To this end, the following section offers more concrete upper bounds on the
terms ε2m,t and γ2

j,m,t.

The upper bounds for ε2m,t can be directly borrowed from the existing theory on posterior
contraction rates under model misspecification (Kleijn and van der Vaart, 2012). For finite-
dimensional models denoted by {Pθ, θ ∈ Θ}, the optimal contraction rate is given by t−1/2.
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However, this result does not follow from Theorem 15 because it requires a more restric-
tive metric entropy assumption involving the 2nd-order KL divergence. See, for example,
Theorem 2.2 of Kleijn and van der Vaart (2012).

The general theory for posterior contraction rates typically combines a prior mass as-
sumption, often in the form of C3, with either a model entropy assumption or a consistent
testing assumption in the form of C1 and C2. For a review of the theory of posterior
contraction rates, see Chapter 8 of Ghosal and Van der Vaart (2017) and the references
therein.

As touched upon in Section 2.2, one should expect the distributed Bayesian posterior to
be well approximated by the distributed ideal posterior as the sample size increases. The
next result provides a uniform bound on the approximation error γ2

j,m,t.

Lemma 17 Let Assumptions 1 and 2(a) hold. For P jt defined in (2.10) and Pt defined in
(6.2), we have

γ2
j,m,t ≤

16m logm

νt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
The upper bounds on γ2

j,m,t consist of two terms: the first term depends on the structure of
the graph, and the second term depends on the graph and the worst-case model misspec-
ification error, denoted by maxi∈[m] infθ∈ΘDKL(P0 ‖ Piθ). The intuition is that there is a
tradeoff between the size of the communication network and statistical efficiency, and the
communication cost could be much higher if one or more agents in the network use mis-
specified models. If all models are correctly specified, the contraction rate degrades with m
at a rate of m logm. If the term maxi∈[m] infθ∈ΘDKL(P0 ‖ Piθ) scales at a rate of m2, then
the contraction rate decreases at a much higher rate of m3 logm.

Suppose we ignore the constants and focus on the scaling law. In that case, the contrac-
tion rate of the distributed Bayesian posterior is a function of the sample size, the number
of agents, the smallest positive adjacency weight (spectral gap), the worst-case model mis-
specification error, and the average model misspecification error. We formalize this in the
following result.

Theorem 18 (Practical Contraction Rate) Let Assumptions 1, 2(a), and the assump-
tions of Theorem (15) hold. Let the distributed ideal posterior Pt satisfy a contraction rate
of ε2m,t . t−1. For the distributed Bayesian posterior P jt defined in (2.10), we have:

P0P
j
t d(θ, θ0) .

1

t
+
m logm

νt

(
1 + max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
+

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0).

The result follows directly from Theorem 15 and 17. Thus, the proof is omitted.
This theorem outlines how design parameters determine the contraction rate of dis-

tributed Bayesian posteriors. The second term of the formula is arguably the most interest-
ing. As the number of agents m increases, the contraction rate diminishes proportionally
to m logm and inversely to ν, the smallest positive adjacency weight. This shows that both
the scale of the agent network and the minimal communication bandwidth (spectral gap)
critically influence the posterior’s contraction rate. Additionally, the error scales linearly in
the worst-case and average model misspecification errors, which shows that deviations from
the ideal model assumptions penalize the contraction rate.
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7. Extension to Time-Varying Graphs

This section extends our theory to a specific time-varying connectivity scenario: an alter-
nation between a fully connected graph and a “fully isolated agents” graph. While this is
a simplistic setting, it is theoretically rich enough to reveal a phase transition behavior
of inference under time-varying communication.

Let Gt = (V,Et), t ≥ 1 be a sequence of time-varying graphs, where the node set V is
fixed, but the edge set Et changes over time.

Assumption 5 Let Assumption 1 be satisfied for graph G with the adjacency matrix A.
We assume that Gt and At are independent, random graphs and matrices such that Gt = G
and At = A with probability λ ∈ [0, 1], respectively, and At = Im otherwise, where Im is the
identity matrix.

Assumption 5 proposes a setting useful for various reasons. Theoretically, this setting
leads to a rigorous study of the tradeoff between statistical efficiency and communication
cost. It allows us to explore what constitutes an ”optimal” level of communication, given
a targeted level of statistical efficiency. On the practical side, this setting can be concep-
tualized as a network experiencing complete failure with probability λ. In such scenarios,
the primary objective is to quantify how this level of intermittent connectivity impacts the
overall learning quality within the system.

We provide an analogous result to Lemma 1 in the Assumption 5 setting.

Proposition 19 Let Assumption 5 hold and m ≥ 2. Then with probability 1, the sequence
of adjacency matrices (At) satisfies the following scaling law:

If λ ≥ 2
m , then

lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− 1

m

∣∣∣∣∣∣ ≤ 16m2 logm+ 8m2 log λ

λν
, ∀i ∈ [m]

If 0 < λ < 2
m , then

lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− 1

m

∣∣∣∣∣∣ ≤ 4m3

ν
, ∀i ∈ [m]

If λ = 0, then

lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− 1

m

∣∣∣∣∣∣ =∞, ∀i ∈ [m]

In these inequalities, ν denotes the smallest positive entry of A.

Proposition 19 provides the scaling laws for three communication regimes. Consensus
can be reached as long as the communication occurs with a non-zero probability. However,
suppose the goal is to achieve optimal scaling behavior relative to the size of the commu-
nication graph (m). Then communication needs to happen with a minimum probability of
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2
m , with a higher frequency being more desirable. On the other hand, if there is a need to
adhere to the low-frequency regime (0 < λ < 2

m) due to constraints such as high communi-
cation costs, the optimal strategy becomes one of minimal communication. Notably, within
this regime, a decrease in communication frequency does not affect the rate of attaining
consensus among the agents.

Recall that the contraction rate of P jt is decomposed into three pieces.

ε2m,t +
1

mt
P0DKL(P jt ‖ Pt) +

1

m2t

m∑
i=1

DKL(P0 ‖ Piθ0).

The structure of the communication network affects the contraction rate through the second
term. The following Corollary illustrates this.

Corollary 20 Let Assumptions 5 and 2(a) hold. For P jt defined in (2.10) and Pt defined
in (6.2), the following holds with probability 1:

If λ ≥ 2
m , then

1

mt
P0DKL(P jt ‖ Pt) ≤

16m logm+ 8m log λ

λνt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
.

If 0 < λ < 2
m , then

1

mt
P0DKL(P jt ‖ Pt) ≤

4m2

νt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
.

In Corollary 20, the term “with probability 1” is relative to the measure defined over
the sequence A1, A2, . . ., where each At is an independent random matrix drawn from two
deterministic matrices with probability λ. Importantly, this is the same probability measure
that underlies Proposition 19, and we continue to use this measure in the sequel.

Varying the communication frequency λ affects the statistical efficiency of performing
distributed Bayesian inference over the network. In the following result, we demonstrate
the impact of λ on the contraction rates.

Corollary 21 Let Assumptions 5, 2(a), and the assumptions of Theorem 15 hold.Let ε2m,t .

t−1. Then for the distributed Bayesian posterior P jt defined in (2.10), the following holds
with probability 1:

If λ ≥ 2
m , then

P0P
j
t d(θ, θ0) .

1

t
+
m logm+m log λ

λνt

(
1 + max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
+

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0).

If 0 < λ < 2
m , then

P0P
j
t d(θ, θ0) .

1

t
+
m2

νt

(
1 + max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
+

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0).
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The distributed ideal posterior Pt does not depend on the communication graph; thus,
Theorem 15 holds, and the assumption that ε2m,t . t−1 is still justified. Since the only term
in the contraction rate that depends on the communication graph is γ2

j,m,t, the argument
for Corollary 21 directly builds on Theorem 15 and Corollary 20. See Section C.3 in the
Appendix for the proof.

Theorem 21 is, to our knowledge, the first result on the impact of time-varying commu-
nication networks on the efficiency of distributed statistical inference. The result somewhat
defies intuition. One might naturally expect a communication-statistical tradeoff, where
increasing the communication frequency leads to faster posterior contraction rates. While
higher communication frequencies (λ ≥ 2

m) do indeed result in faster contraction rates,

scaled by a factor of log λ
λ , the situation is different when the frequency is below 2

m . In this
regime, the communication efficiency λ no longer has any effect, and the contraction rate
depends solely on the number of agents m—with a rate of m2 rather than m logm.

This suggests the possibility of a “phase transition” phenomenon at λ = 2
m , worth

exploring for future research. In practical terms, if the goal is to balance communication
efficiency and statistical performance in a large network, a communication frequency of
λ∗ = 2

m appears to be the optimal choice.

8. Illustrative Examples

8.1 Exponential Family Distributions

Let the distributed statistical models
(
{PjΘ}j∈[m], G

)
be well - specified, and the Assumption

1 be satisfied for G. Let η : Θ → Rp and T : X → Rp be some sufficient statistics and let
ψj : Θ → R, h : X → R be normalizing functions. We assume that Pjθ is a member of the
canonical exponential family

pjθ(x) = h(x) exp
(
〈θ, T j(x)〉 − ψj(θ)

)
. (8.1)

The exponential family includes commonly used Gaussian, exponential, gamma, chi-
square, Beta, Dirichlet, Bernoulli, categorical, Poisson, Wishart, inverse Wishart, and geo-
metric distributions. In this section, we only consider the canonical exponential family and
interchangeably refer to the exponential and canonical exponential families.

Exponential family distributions are helpful for Bayesian inference because of their con-
jugate properties. For example, the posterior is a member of the exponential family if the
prior and likelihood are members of the exponential family. This property is preserved in
the distributed setting.

Let us consider a scenario where the beliefs of all agents at time t belong to the natural
exponential family. In this setting, the belief of agent i concerning the parameters θ can be
described as follows:

pit(θ) ∝ exp
(
〈θ, χit〉 −Bi(θ)

)
,

whereχit represents the sufficient statistic for agenti at timet, andAi(θ) is the log-partition
function.
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We update the one-step-ahead posterior pjt+1 with the distributed Bayes rule,

pjt+1(θ) ∝ log pθ(X
j
t+1)

m∏
i=1

pit(θ)

∝ exp(〈θ, T (Xj
t+1)〉 − ψj(θ)) exp(〈θ,

m∑
i=1

Aijχ
i
t〉 −

m∑
i=1

Bi(θ))

∝ exp

(
〈θ, T j(Xj

t+1) +
m∑
i=1

Aijχ
i
t〉 − ψj(θ)−

m∑
i=1

Bi(θ)

)
.

The distribution pjt+1 is a member of the exponential family with sufficient statistic T j(Xj
t+1)+∑m

i=1Aijχ
i
t and the log-partition function ψj(θ) +

∑m
i=1B

i(θ). This provides an easy-to-
implement algorithm to learn the distributed Bayesian posterior.

Let the prior be a member of the natural exponential family.

π(θ) = g(u) exp
(
〈θ, u〉 − ψ0(θ)

)
. (8.2)

Leveraging the conjugate property of the exponential family, we derive a closed-form ex-
pression for the density of the distributed Bayesian posterior P jt .

Lemma 22 Let assumption (1) hold. Assume that the likelihood piθ has an exponential
family form given by Equation (8.1). Assume that the prior Π has an exponential family
form given by Equation (8.2). Then the distributed Bayesian posterior P jt defined in (2.10)
is given by the following formula:

pjt (θ) = h(X(mt)) exp(〈θ, χjt + u〉 −Bj
t (θ)− ψ0(θ)), (8.3)

where

χjt =
t∑

k=1

m∑
i=1

[At−kji ]T i(Xi
k), Bj

t (θ) =
t∑

k=1

m∑
i=1

[At−kji ]ψi(θ), (8.4)

are the sufficient statistics and the log-partition function, respectively.

An exponential family is full-rank if no linear combination of the sufficient statistic is con-
stant. For example, we say the distribution piθ in Equation (8.1) is full-rank if no linear
combination of the D−dimensional sufficient statistic T i(X) = [T i1(X), · · · , T iD(X)] leads
to a constant. This is a mild assumption on the form of the exponential family.

Lemma 23 Assume that int(Θ) 6= ∅. Assume that the likelihood Pjθ given by Equation (8.1)

and prior Π given by Equation (8.2) belong to exponential families with full rank. Then P jt
belongs to an exponential family of full rank. Moreover, the gradient of the log-partition
function ∇Bj

t is invertible on the interior of Θ.

Lemma 23 establishes the conditions under which the distributed Bayesian posterior belongs
to the full-rank exponential family. Critically, the invertibility of ∇Bj

t is instrumental for
constructing a sequence of consistent M-estimators for θ0. These estimators serve as the
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centering sequence for the Laplace approximation, which is key in proving our Bernstein
von Mises result.

Let θ̂jt be the M-estimators corresponding to f jt , as defined in Equation (2.11).

θ̂jt = arg max
θ∈Rp

〈θ, χjt 〉 −B
j
t (θ).

The closed-form expression for θ̂jt can be obtained as follows:

θ̂jt = (∇θBj
t )
−1(χjt ), (8.5)

where χjt , B
j
t are defined in Equation (8.4).

We now state the asymptotic property of the distributed Bayesian posteriors for expo-
nential family distributions.

Proposition 24 Let Θ be an open subset of Rp. Assume that there exists θ0 ∈ Θ such that
P0 = Pjθ0 for every j ∈ [m]. Moreover, let Assumptions 1, 2(a) hold. Let the sequence of

estimators θ̂jt be defined in Equation (8.5). Let qjt be the density of
√
t(θ− θ̂jt ) when θ ∼ P jt

Then, ∫
Θ
|qjt (x)−N(0, V −1

θ0
)|dx P0→ 0,

where Vθ0 is the average of the covariance of T i evaluated at θ0, i.e., Vθ0 = 1
m

∑m
i=1 Cov(T i).

The BvM result suggests a sample-based Laplace approximation to the distributed Bayesian
posterior that belongs to the canonical exponential family. One example of such an approx-
imation is the normal distribution with mean given by the moment estimator θ̂jt and covari-

ance given by as
(

1
m

∑m
i=1 V̂ (T i)

)−1
, where V̂ (T i) is the bootstrapped sample covariance

of T i. By Proposition 24 and Slusky’s theorem, we obtain that the total variational dis-

tance between P jt and the normal distribution N

(
θ̂jt ,
(

1
m

∑m
i=1 V̂ (T i)

)−1
)

asymptotically

converges to zero.
Laplace approximation enables direct calculation of an asymptotically valid credible

region. Let χ2
α,p be the critical value from a χ2 distribution with p degrees of freedom. If

θ ∼ N
(
θ̂jt , V

−1
θ0

)
, a credible region for θ at level 1− α is given by the set of θ that satisfies

(θ̂jt − θ)T
(

1

m

m∑
i=1

V̂ (T i)

)
(θ̂jt − θ)T ≤

χ2
α,p

t
,

where V̂ (T i) can be replaced by any consistent estimator for Cov(T i). By Proposition 24
and Slusky’s theorem, the credible region has asymptotic coverage of 1− α under P jt .

8.2 Distributed Logistic Regression

We consider i.i.d. observations Dj
k = (Xj

k, Y
j
k ) for k ∈ [t] and j ∈ [m] where covariates

Xj
k ∈ X for X ⊆ Rp and responses Y j

k ∈ {0, 1}. Let θ0 ∈ Rp be the true and unknown
parameter. A logistic regression model generates the data.

Y j
k ∼ Ber(νjk), log

(
νjk

1− νjk

)
= θT0 X

j
k. (8.6)
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For a logistic regression model with coefficient θ, the conditional distribution pθ(y
j
k | x

j
k)

after marginalizing out νjk is expressed as:

pθ(y
j
k | x

j
k) = exp

(
〈θ, xjky

j
k〉 − σ(〈θ, xjk〉)

)
, (8.7)

where σ(η) = log(1 + eη). The function σ(η) is strictly convex, since σ
′′
(η) = eη

(1+eη)2 > 0.

Conditioned on the covariates, the model (8.7) aligns with the canonical form of the
exponential family. This allows us to apply the results from Section 8.1.

For each agent j, we let the statistical model PjΘ be a logistic regression model (8.7) with
prior π(θ) supported on Rp. By aggregating the log-likelihood, we obtain the closed-form
expression for the distributed Bayesian posterior:

pjt (θ) = exp
(
〈θ, T jt 〉 −B

j
t (θ)− log π(θ)

)
, (8.8)

where

T jt =

t∑
k=1

m∑
i=1

[At−kji ]Xi
kY

i
k , Bj

t (θ) =
t∑

k=1

m∑
i=1

[At−kji ]σ(〈θ,Xi
k〉).

In settings where sampling from the distribution (8.8) is expensive, a Laplace approxi-
mation serves as a useful surrogate for posterior inference. Next, we present the BvM result
that provides this approximate distribution.

Let θ̂jt be the solution to the following maximization problem:

θ̂jt = arg max
θ∈Rp

〈θ, T jt 〉 −B
j
t (θ). (8.9)

The objective function in (8.9) is strictly concave, which guarantees the uniqueness of θ̂jt .
Moreover, we can use gradient-based optimization methods to compute θ̂jt .

Proposition 25 Let Θ = Rp. Let Dj
k = (Xj

k, Y
j
k ), k ∈ [t], j ∈ [m] be a sequence of i.i.d.

paired random variables generated according to the model (8.6). Let Assumptions 1, 2(a)
hold. Under these conditions, the estimator sequence θ̂jt defined in Equation (8.9) converges
to θ0 in [P0]−probability.

Define qjt as the density of
√
t(θ − θ̂jt ), where θ ∼ P jt . If the following assumptions are

satisfied:

i) Pθ0X
1
1X

1T
1 exists and is finite and nonsingular.

ii) Pθ0 |X1
k,aX

1
k,bX

1
k,c| <∞ holds for all a, b, c ∈ [p],

then we have ∫
Θ

∣∣∣qjt (x)−N(0, V̂ −1
θ0

)
∣∣∣ dx P0→ 0. (8.10)

The matrix V̂θ is computed as

V̂θ =
1

m

m∑
i=1

XiTW i(θ)Xi, (8.11)
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where W i(θ) is the diagonal matrix defined by

W i(θ) = diag

 e
∑p
j=0 θjx

i
1j(

1 + e
∑p
j=0 θjx

i
1j

)2 , . . . ,
e
∑p
j=0 θjx

i
tj(

1 + e
∑p
j=0 θjx

i
tj

)2

 .

The proposition relies on two model-specific assumptions. Assumption i) focuses on the
regularity of the private Fisher information. It is a standard prerequisite in Generalized
Linear Models (GLMs) to ensure that the model parameter θ is identifiable (Example 16.8,
Van der Vaart (2000)). Assumption ii) imposes a more stringent condition requiring a
bounded third moment for the covariates. This assumption is used to verify Assumption
2(f) and is generally reasonable in most applications.

Let χ2
α,p be the critical value from a χ2 distribution with p degrees of freedom. Propo-

sition 25 specifies an asymptotically valid credible region for the parameter θ under the
probability measure P jt at level 1− α. The region is given by the set of θ that satisfies

(θ̂jt − θ)T V̂θ0(θ̂jt − θ)T ≤
χ2
α,p

t
,

where θ̂jt is the estimator in Equation (8.9) and V̂θ0 is defined in Equation (8.11).

Proposition 25 strengthens the robustness of distributed logistic regression models. The
averaging Fisher information in the approximate covariance ensures that extreme covariate
values do not overly influence the approximate uncertainty. The model-specific assumptions
i) and ii) also serve as robustness checks for when the distributed logistic regression model
attains the desired asymptotic property. In practice, checking the assumptions and using the
Laplace approximation provides an efficient and reliable approach to statistical inference in
distributed logistic regression models, making it more resilient to various data irregularities.

8.3 Distributed Detection

In this example, we extend the distributed source location scenario from Nedić et al. (2017)
to demonstrate our theoretical results in a real-world context. Consider a communication
network spread over a unit square [0, 1] × [0, 1], comprised of m sensor agents located at
points Zj , j ∈ [m]. The agents are interconnected via a connected undirected graph G,
represented by the adjacency matrix A. The goal is to locate a target at an unknown
position θ0 ∈ (0, 1)× (0, 1). This target generates data X1

t , . . . , X
m
t ∼ δθ0 at time t, as seen

by the agents. However, agents do not receive the data Xj
t directly; instead, the jth agent

receives a noisy version of |Xj
t −Zj |, which is the Euclidean distance between the data point

Xj
t and the agent’s location Zj .

The goal is for the agents to identify the unknown location parameter, θ0, collectively.
Due to noise and data corruption during transmission, the jth agent employs a statistical
model to describe the observed signal |Xj

t − Zj |. Specifically, this signal is modeled as a
normal distribution N(|θ − Zj |, σj2), σj > 0 truncated to the interval [0, |Zj |+ 1

2 ].
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Let the parameter space be Θ = (0, 1)2. For each θ ∈ Θ, the jth agent’s statistical model
is given by:

pjθ(X
j
k) =

φ
(
|Xj
t−Zj |−|θ−Zj |

σj

)
σj
[
Φ
(
|Zj |+ 1

2
−|θ−Zj |
σj

)
− Φ

(
−|θ−Zj |

σj

)]I (0 ≤ |Xj
t − Zj | ≤ |Zj |+

1

2

)
. (8.12)

Before collecting any data, the agents collectively decide on a uniform prior for the unknown
location parameter θ:

π(θ) = I(θ ∈ [0, 1]2). (8.13)

The statistical models from Equation (8.12) are based on truncated normal distributions
with fixed support, which belong to the exponential family. The sufficient statistic for
|θ − Zj | is |Xj

t − Zj |.
We can express the generalized likelihood function f jt (θ), up to a constant, as:

f jt (θ) = −1

t

t∑
k=1

m∑
i=1

[At−kji ]

[
(|Xj

t − Zj | − |θ − Zj |)2

2σj2
+ log

(
Φ

(
|Zj |+ 1

2 − |θ − Z
j |

σj

)
− Φ

(
−|θ − Zj |

σj

))]
.

The M-estimators for the loss function f jt are denoted by θ̂jt , and they minimize f jt (θ)
over the parameter space [0, 1]2:

θ̂jt = arg min
θ∈[0,1]2

f jt (θ). (8.14)

Due to the continuity and strict concavity of the objective function f jt , there exists a
unique θ̂jt , which enables efficient numerical methods like the Newton-Raphson algorithm
for its calculation.

Care is needed when f jt achieves its minimum at the corners of [0, 1]2, namely at the
points (0, 0), (0, 1), (1, 0), (1, 1). In these scenarios, θ̂jt does not belong to Θ. Including this
technicality is primarily to ensure that our definition of θ̂jt satisfies the conditions of the
Argmax Theorem (Theorem 3.2.2 in van der Vaart and Wellner (2023)).

Subsequent results confirm that the sequence of estimators θ̂jt is consistent with θ0,
allowing us to disregard the concern about the extreme corner cases with probability one.

Lemma 26 Let θ0 ∈ Θ be given. Under Assumption 2(a), the sequence of estimators θ̂jt
defined in Equation (8.14) converges to θ0 in [P0]−probability. Moreover, limt→∞ P0(θ̂jt ∈
Θ) = 1.

We can use the Bernstein von Mises theorem for the distributed location detection problem.

Proposition 27 Let the private statistical models be given by Equation (8.12) and the prior
be given by Equation (8.13). Let Assumption 1, 2(a) hold. For the sequence of estimators
θ̂jt defined in Equation (8.14), define qjt as the density of

√
t(θ − θ̂jt ), where θ ∼ P jt . Then

we have ∫
Θ

∣∣∣qjt (x)−N(0, V −1
θ0

)
∣∣∣ dx P0→ 0, (8.15)
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where Vθ0 is given by

Vθ0 =
1

m

m∑
j=1

(θ0 − Zj)(θ0 − Zj)T

σj4 |θ0 − Zj |2

 φ(
|Zj |+ 1

2
−|θ0−Zj |
σj

)− φ(−|θ0−Z
j |

σj
)

Φ(
|Zj |+ 1

2
−|θ0−Zj |
σj

)− Φ(−|θ0−Z
j |

σj
)

2

. (8.16)

Let χ2
α,p denote the critical value from a chi-squared distribution with p degrees of freedom.

Proposition 27 delineates an asymptotically valid credible region for the parameter θ under
the probability measure P jt at a confidence level of 1− α. The credible region is defined as
all values of θ that satisfy the following inequality:

(θ̂jt − θ)>V̂θ0(θ̂jt − θ) ≤
χ2
α,p

t
,

where θ̂jt represents the estimator defined in Equation (8.9). Furthermore, V̂θ0 serves as the
empirical analogue of the covariance matrix Vθ0 , as defined in Equation (8.16), with the
true parameter θ0 replaced by its estimate θ̂jt .

9. Discussion and Future Directions

We have studied the frequentist statistical properties of distributed (non-Bayesian) Bayesian
inference in terms of “posterior” consistency, Bernstein von Mises theorems, and “poste-
rior” contraction rates. Our results provide the first rigorous insights into the statistical
efficiency of distributed Bayesian inference and its dependence on the design parameters
of the underlying communication network, such as the number of agents and the network
topology. The promising results offer several avenues for future research.

Future work should investigate the frequentist statistical properties of the distributed
Bayesian posterior under more complex time-varying network structures, such as networks
with single link failures (Shahrampour et al., 2015) or under other random graph struc-
tures such as Erdős–Rényi graphs (Erdős et al., 1960). Understanding how distributed
Bayesian inference adapts to such scenarios will be crucial for applying theoretical insights
in unpredictable or adversarial settings.

Another compelling direction is to explore the frequentist coverage properties of the
distributed Bayesian posterior. This could include analyses of confidence intervals or hy-
pothesis tests when the underlying model is well-specified and misspecified. Understanding
how the distributed Bayesian posterior aligns with frequentist criteria can offer additional
validation and robustness checks for the model.

There are various settings to extend our results within the context of social learning. For
example, Bordignon et al. (2021); Hu et al. (2023) introduce a step size in the distributed
update rule (2.8) and establish an asymptotic normality result under a vanishing step size
with fixed n. One could combine our results with theirs to study limiting distributions
under joint asymptotic regimes of time and step size. Another extension could involve
proving a Bernstein von Mises theorem for a discrete, finite parameter space Θ, as explored
in Bordignon et al. (2021); Hu et al. (2023). Additionally, agent-specific weights could
be introduced in the likelihood term during the posterior update, similar to Bordignon
et al. (2023), to explore how such an updating rule affects the limiting distribution and
contraction rate compared to using agent-independent weights.
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One could potentially connect our work with the microeconomics theory of social learn-
ing, such as the results in Molavi et al. (2018). Insights from non-Bayesian frameworks like
variants of the DeGroot model (DeGroot, 1974; Acemoglu et al., 2011) could shed light on
the convergence properties of distributed Bayesian methods, especially in settings where
agents have heterogeneous prior beliefs or are influenced by external signals.

Our work adds to the literature on frequentist distributed inference that focuses on com-
munication efficiency. Future studies could integrate insights from this body of work, includ-
ing communication-efficient methods (Jordan et al., 2018) and high-dimensional distributed
statistical inference (Battey et al., 2015), to design and analyze distributed Bayesian meth-
ods.

Lastly, our theoretical findings could inform the design of communication networks in
practical applications. Specifically, an analytical understanding of how the number of agents
and communication costs interact could guide the construction of more efficient and robust
distributed Bayesian systems.
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Appendix A. Review of concepts

A.1 Distances and Divergences

This section reviews a class of divergence functions.

Definition 28 (Rényi divergence) Let ρ > 0 and ρ 6= 1. The ρ-Rényi divergence be-
tween two probability measures P1 and P2 is defined as

Dρ(P1 ‖ P2) =

 1
ρ−1 log

∫ (
dP1
dP2

)ρ−1
dP1 if P1 � P2,

+∞ otherwise.

The relations between the Rényi divergence and other divergence functions are summarized
below:

1. When ρ → 1, the Rényi divergence converges to the Kullback–Leibler divergence, de-
fined as

DKL(P1 ‖ P2) =

{∫
log
(
dP1
dP2

)
dP1 if P1 � P2,

+∞ otherwise.

2. When ρ = 1/2, the Rényi divergence is related to the Hellinger distance by

D1/2(P1 ‖ P2) = −2 log (1−H(P1, P2)) ,

and the Hellinger distance is defined as

H(P1, P2) =

√
1

2

∫ (√
dP1 −

√
dP2

)2
.

3. When ρ = 2, the Rényi divergence is related to the χ2-divergence by

D2(P1 ‖ P2) = log
(
1 + χ2(P1 ‖ P2)

)
,

and the χ2-divergence is defined as

χ2(P1 ‖ P2) =

∫ (
(dP1)2

dP2
− 1

)
.

Definition 29 (Total variation) The total variation distance between two probability mea-
sures P1 and P2 is defined as

TV (P1, P2) =
1

2

∫
|dP1 − dP2|.
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A.2 An (incomplete) Summary of Previous BvM Results

The history of the Bernstein von Mises (BvM) theorem is marked by steady evolution, ex-
panding its reach to wider contexts with weaker assumptions. The origins of the Bernstein
von Mises (BvM) theorem trace back to Laplace (1809). Earlier works on the BvM theorem
are restricted to well-specified, i.i.d. statistical models with fixed, finite-dimensional param-
eters and use assumptions that involve up to fourth-order derivatives of the log-likelihood
(LeCam, 1953; Bickel and Yahav, 1969; Cam et al., 2000)).

This classical Bernstein von Mises theorem for i.i.d., finite-dimensional data was bril-
liantly summarized in (Van der Vaart, 2000, Chapter 10). The Theorem relies on three
assumptions: the existence of a sequence of consistent estimators, local asymptotic nor-
mality (LAN), and uniform consistent testing. One typical sufficient assumption for LAN
is differentiable in quadratic means (DQM), which involves only first-order derivatives of
the log-likelihood to achieve a desirable quadratic expansion. In addition to the LAN
assumption, Schwartz Schwartz (1965) proposed the concept of uniformly consistent test
assumptions around the true parameter θ0.

The contemporary wave of research has extended BvM theorems beyond the canon-
ical settings. These studies have broached areas such as model misspecification (Kleijn
and van der Vaart, 2012), semiparametric models Shen (2002); Bickel and Kleijn (2012);
Panov and Spokoiny (2015); Castillo and Rousseau (2015), and parameters placed at the
boundary of the parameter space (Bochkina and Green, 2014). Among these explorations, a
particularly relevant line of inquiry has focused on BvM for non-standard Bayes procedures
(Knoblauch et al., 2022), including generalized posteriors (Miller, 2021), Bayes rules de-
rived from optimization perspectives, and variational Bayesian posteriors (Wang and Blei,
2019; Medina et al., 2022). Another emerging thread of work establishes BvM theorems for
high-dimensional models, with the most recent results allowing the dimension to grow at
the order d2 . n (Panov and Spokoiny, 2015; Katsevich, 2023).

Appendix B. Simulating distributed Bayesian logistic regression

We illustrate the practical implication of our theory through an exponential family model,
where the results are explicitly proven in Section 8.1.

We posit an improper prior π(θ) ∝ 1. Then the distributed posterior is given by

pjt (θ) = exp
(
〈θ, T jt 〉 −B

j
t (θ)

)
, (B.1)

where

T jt =
t∑

k=1

m∑
i=1

[At−kji ]Xi
kY

i
k , Bj

t (θ) =
t∑

k=1

m∑
i=1

[At−kji ]σ(〈θ,Xj
k〉).

The gradient of the energy function is given by

−∇θ log pjt (θ) = −
t∑

k=1

m∑
i=1

[At−kji ]Xi
kY

i
k +

t∑
k=1

m∑
i=1

[At−kji ]
exp

(
〈θ,Xj

k〉
)

1 + exp
(
〈θ,Xj

k〉
)Xj

k,

where A0
jj = 1, A0

ji = 0 for i 6= j.
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With −∇θ log pjt (θ) in hand, we implement the Langevin Monte Carlo (LMC) algorithm
to sample from the distributed posterior log pjt (θ). Since log pjt (θ) is strictly concave, the
samples generated by LMC are guaranteed to converge to the stationary distribution pjt (θ).
The final histograms were generated using 1,000 samples from LMC. Figure 1 shows the 10
marginals for the exact posterior sampled under LMC and the BvM approximation derived
in Theorem 25 for one agent, which are closely aligned.

For the problem setting, we simulate a static connected graph with 10 nodes, generating
500 data points under a logistic regression model with the ground truth θ0 ∈ R5 sampled
from a standard normal distribution.
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37



Wu and Uribe

Appendix C. Proofs

C.1 Proofs of Results in Section 4

Proof [Lemma 2] Define vector - valued functions φt(θ) =
[
f1
t (θ), · · · , fmt (θ)

]T
and

log pθ(Xt) =
[
log P1

θ(X
1
t ), · · · , log Pmθ (Xm

t )
]T

.
Since P0| log Piθ| = P0(log Piθ)+ + P0(log Piθ)− <∞, we have

f jt (θ) = −1

t

t∑
k=1

m∑
i=1

[At−kji ] log piθ(X
i
t) =

1

t

t∑
k=1

〈
[At−kj,. ], log Pθ

〉
.

and φt(θ) =
1

t

t∑
k=1

At−k log pθ(Xk)

By Lemma 34 [Distributed law of large numbers],

φt(θ)
P0→ 1

m

m∑
i=1

P0 log Piθ = f(θ)1.

which implies the coordinate-wise convergence f jt (θ)
P0→ f(θ) for every j ∈ [m].

Proof [Theorem 3] Let ε > 0 be given. If we define µjt (B) =
∫
B exp(−tf jt (θ))Π(dθ), then

P jt (B) =
µjt (B)

µjt (Θ)
and µjt (Θ) = zjt <∞.

In the proof, we consider the Θ = Θ\Unull where π(θ) = 0 for every θ ∈ Unull. This null
set should be of little importance because the set has zero weight under P jt .

We now show that there exists α > 0 such that infθ∈Ucε f
j
t (θ) ≥ f(θ0) + α for all t large

enough. By lemma 2, we get that there exists T such that f jt (θ)−f(θ) < ε
2 for t > T . Given

that infθ∈Ucε f
j
t (θ)− f(θ0) = infθ∈Ucε [f jt (θ)− f(θ)] + [f(θ)− f(θ0)], infθ∈Ucε f

j
t (θ)− f(θ0) > ε

2
for t > T because for θ ∈ Ucε , f(θ)− f(θ0) > ε.

The result shows that for t > T , for all θ ∈ Ucε , exp(−t(f jt (θ)−f(θ0)−α)) ≤ 1. Therefore,
for t > T ,

exp(t(f(θ0) + α))µjt (Ucε ) =

∫
Ucε

exp(−t(f jt (θ)− f(θ0)− α))Π(dθ) ≤
∫
Ucε

Π(dθ) ≤ 1

For any θ ∈ Aα/2, limt→∞ f
j
t (θ) − f(θ0) − α = f(θ) − f(θ0) − α < −α/2 < 0. Thus,

exp(−t(f jt (θ) − f(θ0) − α)) → ∞ as t → ∞. By Fatou’s lemma, since Π(Aα/2) > 0 by
assumption 2,

lim inf
t

et(f(θ0)+α)µjt (Aα/2) = lim inf
t

∫
Aα/2

exp(−t(f jt (θ)− f(θ0)− α))Π(dθ) =∞.

Since µjt (Θ) ≥ µjt (Aα/2), we obtain et(f(θ0)+ε)µjt (Θ)→∞.
Combining the two results,

1− P jt (Uε) = P jt (Ucε ) =
µjt (Ucε )

µjt (Θ)
=

exp(t(f(θ0) + α))µjt (Ucε )

exp(t(f(θ0) + α))µjt (Θ)
→ 0,
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as t→∞.

Proof [Lemma 5] Let j and θ be fixed. If P0 � Pjθ, then DKL(P0 ‖ Pjθ) < ∞. This

implies that P0 log pjθ > −∞. Likewise, the expectation of log P0 under P0 is also finite,
i.e., P0 log P0 <∞.

Since the KL divergence is non-negative, DKL(P0 ‖ Pjθ) ≥ 0, it follows that the expecta-

tion of log pjθ under P0 is less than or equal to the expectation of log P0 under P0. Therefore,

P0 log pjθ ≤ P0 log p0 <∞, and this completes the proof.

C.2 Proofs of Results in Section 5

Proof [Lemma 7] Suppose U is a neighborhood of θ0, within which θ 7→ log Piθ is convex

for all i ∈ [m]. Being a linear combination of convex mappings, f jt (θ) retains convexity in
U . As a convex function, f jt is Lebesgue-almost surely differentiable on U . According to

Lemma 2, f jt
P0→ f , and since f is also convex, it remains differentiable a.s. on U . Given that

∇f jt (θ) is non-decreasing a.s. on U for every coordinate, ∇f jt (θ0 − ε) < −η and θ̂jt ≤ θ0 − ε
implies ∇f jt (θ̂jt ) < −η, which has probability tending to 0 for every η > 0 if f jt (θ̂jt ) = od(1).
This shows that for every ε, η > 0,

P (‖θ̂jt − θ0‖ > ε) + o(1) ≥ P (∇f jt (θ0 − ε) < −η,∇f jt (θ0 + ε) > η)

Since ∇f(θ0 − ε) < 0 < ∇f(θ0 + ε), taking 2η to be the smallest coordinates of ∇f(θ0 − ε)
and ∇f(θ0 + ε) makes the right hand side converge to 1.

Proof [Lemma 8] Using the consistency of θ̂jt along with Lemma 13, given the scaling
factor εjt = 1√

t
, we have

f jt (θ̂jt ) = f jt (θ0) +
1√
t
(θ̂jt − θ0)TVθ0∆j

t,θ +
1

2
(θ̂jt − θ0)TVθ0(θ̂jt − θ0) + od(1) = f jt (θ0) + od(1),

by applications of Slusky’s theorem.

By Lemma 2, f jt (θ0) converges to f(θ0) in probability so f jt (θ̂jt ) = f(θ0) + od(1).

Assumption 4(a) assures the existence of δ > 0 such that:

inf
θ∈Bε(θ̂jt )c

(f jt (θ)− f jt (θ̂jt )) = inf
θ∈B2ε(θ0)c

(f jt (θ)− f jt (θ̂jt ))

= inf
θ∈B2ε(θ0)c

(f jt (θ)− f(θ0)) + od(1)

> 2δ + od(1)
t large
> δ.

hence inf
θ∈Bε(θ̂jt )c

(f jt (θ)− f jt (θ̂jt )) > δ with probability tending to 1 under [P0].
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Proof [Lemma 9] For any ε > 0 and δ > 0,

Qt(Bδ(0)) = Πt(Bδ/at(θt)) ≤ Πt(Bε(θ0)),

for all t sufficiently large. Therefore, since Qt → Q in total variational distance, we obtain

Q(Bδ(0)) = lim
t→∞

Qt(Bδ(0)) ≤ lim inf
t

Πt(Bε(θ0)).

Take δ arbitrarily large shows that limt→∞Πt(Bε(θ0)) = 1.

Proof [Theorem 10] For each j ∈ [m], the sequence of estimators θ̂jt are chosen to satisfy
the equation

t∑
k=1

m∑
i=1

[At−kij ]∇ log pi
θ̂jt

(Xi
k) = 0.

The function f jt (θ) admits the following quadratic expansion.

f jt (θ) = −1

t

t∑
k=1

m∑
i=1

[At−kij ] log piθ(X
i
k)

= −1

t

t∑
k=1

m∑
i=1

[At−kij ]{log pi
θ̂jt

(Xi
k) +∇ log pi

θ̂jt
(Xi

k)(θ − θ̂
j
t )

− 1

2
(θ − θ̂jt )∇ log pi

θ̂jt
(Xi

k)
(
∇ log pi

θ̂jt
(Xi

k)
)T

(θ − θ̂jt )T +Op(|θ − θ̂jt |3)}

= f jt (θ̂jt ) +
1

2
(θ − θ̂jt )


1

t

t∑
k=1

m∑
i=1

[At−kij ]∇ log pi
θ̂jt

(Xi
k)
(
∇ log pi

θ̂jt
(Xi

k)
)T

︸ ︷︷ ︸
V̂ jt


(θ − θ̂jt )T −Op(|θ − θ̂

j
t |3)︸ ︷︷ ︸

rjt (θ−θ̂
j
t )

.

The sequence of local estimates θ̂jt ∈ Θ satisfies the consistency requirement. By denot-
ing the remainder term as rjt (θ − θ̂

j
t ), it immediately holds that

rjt (h) = Op(|h|3).

By Theorem 7.2 of Van der Vaart (2000), Assumption 2(c) implies the existence of the non-
singular Fisher information matrix V i

θ0
for any i ∈ [m]. The average of Fisher information

matrix, defined as Vθ0 = 1
m

∑m
i=1 V

i
θ0

, is also nonsingular and positive definite. It remains

to show that V̂ j
t

P0→ Vθ0 .

We represent the sequence of matrices V̂ j
t as:

V̂ j
t =

1

t

t∑
k=1

m∑
i=1

[At−kij ]∇ log pi
θ̂jt

(Xi
k)
(
∇ log pi

θ̂jt
(Xi

k)
)T

.
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Using Lipschitz continuity of the gradient (Assumption 2(d)), we can decompose V̂ j
t as:

V̂ j
t =

1

t

t∑
k=1

m∑
i=1

[At−kij ]
(
∇ log piθ0(Xi

k) + si(Xi
k)(θ̂

j
t − θ0)

)(
∇ log piθ0(Xi

k) + si(Xi
k)(θ̂

j
t − θ0)

)T
.

Applying the distributive property, we can decompose this into three terms:

V̂ j
t =

1

t

t∑
k=1

m∑
i=1

[At−kij ]∇ log piθ0(Xi
k)
(
∇ log piθ0(Xi

k)
)T

+ (θ̂jt − θ0)
1

t

t∑
k=1

m∑
i=1

[At−kij ]si(Xi
k)∇ log piθ0(Xi

k)
T

+ (θ̂jt − θ0)(θ̂jt − θ0)T
1

t

t∑
k=1

m∑
i=1

[At−kij ][si(Xi
k)]

2.

By Lemma 34, we have

1

t

t∑
k=1

m∑
i=1

[At−kij ]∇ log piθ0(Xi
k)
(
∇ log piθ0(Xi

k)
)T P0→ Vθ0 ,

and
1

t

t∑
k=1

m∑
i=1

[At−kij ]si(Xi
k)∇ log piθ0(Xi

k)
T P0→ P0[si∇ log piθ0 ],

and By the Cauchy-Schwarz inequality, we have:

P0[si∇ log piθ0 ] ≤
√

P0[si]2
√
V i
θ0
<∞,

thus the second term is o(1).

1

t

t∑
k=1

m∑
i=1

[At−kij ][si(Xi
k)]

2 P0→ P0[si(Xi
k)]

2.

Finally, since θ̂jt − θ0 = op(1), the second and the third term are op(1). Combining all these
results, we have

V̂ j
t

P0→ Vθ0 .

Note that qjt (x) = pjt (θ̂
j
t + x/

√
t)t−p/2. Define

gjt (x) = exp(−t[f jt (θ̂jt + x/
√
t)− f jt (θ̂jt )])π(θ̂jt + x/

√
t)

= exp(tf jt (θ̂jt ))q
j
t (x)zjt t

p/2.

recalling that zjt <∞ by assumption and define

g0(x) = exp(−1

2
xTVθ0x)π(θ0)
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Let α ∈ (0, λ), where λ is the smallest eigenvalue of Vθ0 . Let ε > 0 small enough that ε <
α/(2c0), ε < ε0 and π(θ) ≤ 2π(θ0) for all θ ∈ B2ε(θ0). Let α = lim inft inf

θ∈Bε(θ̂jt )c
(f jt (θ) −

f jt (θ̂jt )), noting that δ > 0 with asymptotic probability 1 by lemma 8. Let Ajt = V j
t − αI

and A0 = Vθ0 − αI, define

hjt (x) =

{
exp(−1

2x
TAjtx)2π(θ0) if |x| < ε

√
t

exp(−1
2 tδ)2π(θ̂jt + x/

√
t) if |x| ≥ ε

√
t

h0(x) = exp(−1

2
xTA0x)2π(θ0)

We show that

1. gjt → g0 and hjt → h0 almost surely

2.
∫
hjt converges to

∫
h0

3. gjt = |gjt | ≤ h
j
t with asymptotic probability 1, and

4. gjt , g0, h
j
t , h0 ∈ L1(dx) with asymptotic probability 1.

By the generalized dominated convergence theorem, these results imply that
∫
gjt

P0→
∫
g0

and
∫
|(gjt )1/m − g0|dx

P0→ 0 with [P0]−probability. Assuming these results are true, we

want to show how asymptotic normality follows. Since
∫
qjt = 1, the definition of gjt implies

that

exp(tf jt (θ̂jt ))t
p/2zjt =

∫
gjt →

∫
g0 = π(θ0)

(2π)p/2

|mVθ0 |1/2
.

where |Vθ0 | = |det(Vθ0)| and therefore

zjt ≈
exp(−tf jt (θ̂jt ))π(θ0)

|mVθ0 |1/2
(
2π

t
)p/2.

as t→∞. For any ajt → a ∈ R, we have that
∫
|ajtg

j
t − ag0| → 0 since∫

|ajtg
j
t − ag0| ≤

∫
|ajtg

j
t − a

j
tg0|+

∫
|ajtg0 − ag0| = |ajt |

∫
|gjt − g0|+ |ajt − a|

∫
|g0| → 0

Therefore, if we let ajt = (exp(tf jt (θ̂jt ))t
p/2zjt )

−1 and a = (π(θ0) (2π)p/2

|Vθ0 |
1/2 )−1, we have shown

that ajt → a and thus ∫
|qjt (x)− |Vθ0 |

1/2

(2π)p/2
exp(−1

2
xTVθ0x)|dx P0→ 0.

This shows asymptotic normality. Finally, the posterior consistency at θ0 follows from
Lemma 9. It remains to show statements 1 to 4 above.

1) Fix x ∈ Rp. For t sufficiently large, |x| ≤ ε
√
t. It follows that

hjt (x) = exp(−1

2
xTAjtx)2π(θ)→ exp(−1

2
xTVθ0x)2π(θ0) = h0(x).
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since Ajt → A0 almost surely. For gjt , first note that π(θ̂jt + x/
√
t) → π(θ0) since π is

continuous at θ0 and θjt → θ0 and x/
√
t→ 0. By the uniform convergence of f jt to ft,

t(f jt (θ̂jt + x/
√
t)− f jt (θ̂jt )) = −1

2
xTV j

t x+ trjt (x/
√
t)→ −1

2
xTVθ0x.

because V j
t → Vθ0 and |x/

√
t| < ε0 for all t sufficiently large. We then infer a bound on rjt ,

|trjt (x/
√
t)| ≤ tc0|x/

√
t|3 = c0|x|3/

√
t→ 0.

as t→∞. Therefore, gjt (x)→ g0(x).
2) By the definition of hjt , letting Bt = Bε

√
t(0),∫

hjt =

∫
Bt

exp(−1

2
xTAjtx)2π(θ0)dx+

∫
Bct

exp(−1

2
nδ)2π(θ̂jt + x/

√
t)dx.

Since Ajt → A0 almost surely and A0 is positive definite, for all t sufficiently large, Ajt is
also positive definite and the first term equals

2π(θ0)
(2π)p/2

|Ajt |1/2
P (|(Ajt )−1/2Z| < ε

√
t)

a.s.→ 2π(θ0)
(2π)p/2

|A0|1/2
=

∫
h0.

where Z ∼ N(0, 1). The second integral converges to 0, since it is nonnegative and has an
upper bound as ∫

Rp
exp(−1

2
tδ)2π(θ̂jt + x/

√
t)dx = exp−

1
2
nδ np/2 → 0.

using the fact that π(θ̂jt + x/
√
t)t−p/2 is the density of

√
t(θ − θ̂jt ) where θ ∼ π.

3) With P0−probability going to 1, |θjt−θ0| < ε thus the bound on rjt applies, inf
θ∈Bε(θ̂jt )c

(f jt (θ)−
f jt (θ̂jt )) > δ. Let x ∈ Rp be given again. If |x| > ε

√
t, then f jt (θ̂jt + x/

√
t) − f jt (θ̂jt ) > δ/2,

and thus,

gjt (x) ≤ exp(−1

2
tδ)π(θ̂jt + x/

√
t) = hjt (x).

In the meantime, if |x| < ε
√
t, then π(θ̂jt + x/

√
t) ≤ 2π(θ0) by our choice of ε, and

t(f jt (θ̂jt + x/
√
t)− f jt (θ̂jt )) ≥

1

2
xTV j

t x+ trjt (x/
√
t)

≥ 1

2
xTV j

t x−
1

2
αxTx =

1

2
xTAjtx.

since |trjt (x/
√
t)| ≤ 1/2α|x|2, by the fact that |x/

√
t| < ε < ε0 and ε < α/(2c0). Therefore,

lim
t→∞

P0

(
gjt (x) ≤ hjt (x)

)
= 1.

4) Since Vθ0 and A0 are positive definite,
∫
g0 and

∫
h0 are finite. Since

∫
hjt →

∫
h0, we

have limt→∞ P0(
∫
gjt ≤

∫
hjt < ∞) = 1. The measurability of gjt , h

j
t with respect to P0

follows from the measurability of f jt and π.
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Proof [Corollary 11] In the proof of Theorem 10, the differential in quadratic means as-
sumption (Assumption 2(c)) is only used to establish Equation (5.2). Assumption 2(e)
states that each log piθ is twice continuously differentiable with nonsingular Hessian matri-

ces. Since f jt (θ) is a positive linear combination of log piθ, f
j
t (θ) is also twice continuously

differentiable with a nonsingular Hessian matrix. Therefore, Equation (5.2) holds when we
replace Assumption 2(c) with Assumption 2(e).

Proof [Corollary 12] Denote 〈·, ·〉 as the tensor inner product, and ⊗ as the tensor product.
Let Assumption 2(f) hold.

We have a third - order Taylor expansion of f jt (θ) around θ̂jt with nonsingular quadratic
terms:

f jt (θ) = f jt (θ̂jt ) +
1

2
(θ − θjt )T∇2

θf
j
t (θ̂jt )(θ − θ

j
t ) +

1

6
〈∇3

θf
j
t (θ̃), (θ − θjt )⊗ (θ − θjt )⊗ (θ − θjt )〉,

for some θ̃ between θ0 and θ̂jt .
Under Assumption 2(f), we have |∇3

θ log pjθ(x)| ≤ φj(x) for integrable φ in a neighbor-

hood N j of θ0. Define N = ∩mj=1N j . The consistency assumption implies that P0(θ̂jt ∈
N )→ 1. For all θ ∈ N , we have

P0|∇3
θf

j
t (θ̃)| ≤ P0

1

t

t∑
k=1

m∑
i=1

[At−kji ]|∇3 log pjθ(X
j
k)| ≤ P0

1

t

t∑
k=1

m∑
i=1

[At−kji ]φj(Xj
k) <∞.

By the uniform law of large numbers (Theorem 1.3.3, Ghosh and Ramamoorthi (2003)) and
Lemma 34, we have

sup
θ∈N

∥∥∥∥∥∇3
θf

j
t (θ̃)− 1

m

m∑
i=1

P0∇3 log piθ

∥∥∥∥∥→ 0.

In the limit, we have 1
m

∑m
i=1 P0|∇3 log piθ| ≤

1
m

∑m
i=1 P0φ

i, hence ∇3
θf

j
t (θ̃) is asymptotically

tight and the cubic term is op(1).
We also have that

∇2
θf

j
t (θ̂jt ) ≤ ∇2

θf
j
t (θ0) +

1

t

t∑
k=1

m∑
i=1

[At−kji ]|〈φj(Xj
k), θ̂jt − θ0〉|,

hence ∇2
θf

j
t (θ̂jt ) = ∇2

θf
j
t (θ0) + op(1).

Finally, we have f jt (θ̂jt ) = f jt (θ0) + op(1) by the continuous mapping theorem (Theorem
18.11, Van der Vaart (2000)).

Putting the terms together, we conclude that

f jt (θ) = f jt (θ0) +
1

2
(θ − θjt )T∇2

θf
j
t (θ0)(θ − θjt ) + op(1).

Thus, Equation (5.2) holds when substitute Assumption 2(c) and 2(d).
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Proof [Lemma 13] By Theorem 7.2 from Van der Vaart (2000), differentiability in quadratic
means implies that P0∇ log pjθ0 = 0 and the Fisher information matrix V j

θ0
= P0∇ log pjθ0(∇ log pjθ0)T

exists and is non-singular.
By the central limit theorem, we have

1√
t

t∑
k=1

∇ log pjθ0(Xj
k)

d→ N(0, V j
θ0

)

Let’s define Vθ0 as the average Fisher information matrix, i.e., Vθ0 = 1
m

∑m
j=1 V

j
θ0

.

If we choose εjt = 1√
t
, then by Taylor expansion,

tf jt (θ0 + εjth)

= −
t∑

k=1

m∑
i=1

[At−kij ] log pi
θ0+εjth

(Xi
k)

= −
t∑

k=1

m∑
i=1

[At−kij ]

{
log piθ0(Xi

k) + hT
∇ log piθ0(Xi

k)√
t

− 1

2
hT
∇ log piθ0(Xi

k)∇ log piθ0(Xi
k)
T

t
h+Op(|

h√
t
|3)

}

= tf jt (θ0)− hT
∑t

k=1

∑m
i=1[At−kij ]∇ log piθ0(Xi

k)√
t

+
1

2
hT
∑t

k=1

∑m
i=1[At−kij ]∇ log piθ0(Xi

k)∇ log piθ0(Xi
k)
T

t
h

−Op(
|h|3√
t

).

Define ∆j
t,θ0

and Vt as:

∆j
t,θ0

=
1√
t
V −1
θ0

(
t∑

k=1

m∑
i=1

[At−kij ]∇ log piθ0(Xi
k)

)
, and

V j
t =

1

t

(
t∑

k=1

m∑
i=1

[At−kij ]∇ log piθ0(Xi
k)∇ log piθ0(Xi

k)
T

)
.

Substituting these terms in the Taylor expansion, we have:

tf jt (θ0 + εjth) = tf jt (θ0)− hTVθ0∆j
t,θ0

+
1

2
hTV j

t h+ op(|h2|).

By Lemma 35 (distributed central limit theorem), we have

∆j
t,θ0

d→ N(0, (mVθ0)−1),

thus ∆j
t,θ0

is bounded in [P0]-probability by Prokhorov’s theorem (Theorem 2.4, Van der
Vaart (2000)).

By Lemma 34 (distributed law of large number),

V j
t

P0→ Vθ0 .
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This establishes the stochastic LAN:

sup
h∈K

∣∣∣∣−tf jt (θ0 + εjth) + tf jt (θ0)− hTVθ0∆j
t,θ0

+
1

2
hTVθ0h

∣∣∣∣ = sup
h∈K

op(|h|)→ 0.

Proof [Theorem 14] Since P jt (A) is uniformly bounded by 1 in L∞, the set {P jt (A)}t∈N is
uniformly integrable. Then assumption (5.6) implies that

P0P
j
t

(
θ : d(θ, θ0) ≥Mtε

j
t

)
→ 0.

The rest of the proof is split into two parts: in the first part, we prove the assertion
conditional on an arbitrary compact set K ⊂ Rp, and in the second part, we use this to
prove the asymptotic normality convergence. Throughout the proof, we denote the posterior
for hjt = (θ − θ0)/εjt when θ ∼ P jt by Qjt . For all Borel sets B, the posterior for hjt follows
from that for θ by

Qjt (h
j
t ∈ B) = P jt

(
θ − θ0 ∈ εjtB

)
.

The assumption that (5.5) holds at θ0 means that for all j ∈ [m], there exists non-singular
V j
θ0

and asymptotically tight sequence ∆j
t,θ0

such that for every compact set K ⊂ Rp, as
t→∞,

sup
h∈K

∣∣∣∣−tf jt (θ0 + εjth) + tf jt (θ0)− hTV j
θ0

∆j
t,θ0

+
1

2
hTV j

θ0
h

∣∣∣∣ P0→ 0. (C.1)

We denote the normal distribution N(∆j
t,θ, V

−1
θ0

) by Φj
t . For a compact subset K ⊂ Rp

such that Qjt (h
j
t ∈ K) > 0, we define a conditional measure QjK,t of Qjt by QjK,t(B) =

Qjt (B ∩K)/Qjt (K). Similarly, we define a conditional measure Φj
K,t corresponding to Φj

t .

Let K ⊂ Rp be a compact subset of Rp. For every open neighborhood U ⊂ Θ of θ0,
θ0 +Kεjt ⊂ U for large enough t. Since θ0 is an interior point of Θ, for large enough t, the
random function ψjt : K ×K 7→ R

ψjt (h, h
′) =

∣∣∣∣∣1− φt(h
′)

φt(h)

qjt (h
′)

qjt (h)
exp

(
tf jt (θ0 + εjth)− tf jt (θ0 + εjth

′)
)∣∣∣∣∣

+

is well-defined, where φt : K → R is the Lebesgue density of the distribution N(∆j
t,θ0
, V −1

θ0
),

qjt : K → R is the Lebesgue density of the prior for the centered and rescaled parameter hjt ,
and f jt : K → R is the random functions defined in (2.11).

By the distributed LAN assumption (C.1), we have for every h ∈ K,

tf jt (θ0 + εjth)− tf jt (θ0) = hTVθ0∆j
t,θ0
− 1

2
hTVθ0h+ oP0(1).
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For any two sequences ht, h
′
t ∈ K, limt→∞ q

j
t (ht)/q

j
t (h
′
t) = 1 implies that

log

(
φt(h

′
t)

φt(ht)

qjt (ht)

qjt (h
′
t)

)
+ tf jt (θ0 + εjtht)− tf

j
t (θ0 + εjth

′
t)

= (h′t − ht)TVθ0∆j
t,θ0
− 1

2
hTt Vθ0ht +

1

2
h′t
T
Vθ0h

′
t + oP0(1)

+
1

2
(h′t −∆j

t,θ0
)TVθ0(h′t −∆j

t,θ0
)− 1

2
(ht −∆j

t,θ0
)TVθ0(ht −∆j

t,θ0
)

= oP0(1),

as t→∞.

Since all functions ψjt depend continuously on (h, h′) and K×K is compact, we conclude
that,

sup
h,h′∈K

ψjt (h, h
′)

P0→ 0, as t→∞, (C.2)

where the convergence is in outer probability.

Assume that K contains a neighborhood of 0 (to guarantee that Φj
t (K) > 0) and let Ξjt

denote the event that Qjt (K) > 0. Let η > 0 be given and define the events:

Ωj
t =

{
sup

h,h′∈K
ψjt (h, h

′) ≤ η

}
.

Consider the inequality (recall that the total-variation norm || · ||TV is bounded by 2):

P0‖QjK,t − Φj
K,t‖TV 1

Ξjt
≤ P0‖QjK,t − Φj

K,t‖TV 1
Ωjt∩Ξjt

+ 2P0(Ξjt \ Ωj
t ). (C.3)

As a result of Equation (C.2), the second term is o(1) as t→∞. The first term on the
r.h.s. is calculated as follows:

1

2
P0‖QjK,t − Φj

K,t‖TV 1
Ωjt∩Ξjt

= P0

∫ (
1−

dΦj
K,t

dQjK,t

)
+

dQjK,t1Ωjt∩Ξjt

= P0

∫
K

(
1−

∫
K

φjK,t(h)qjt (h
′)sjt (h

′)

φjK,t(h
′)qjt (h)sjt (h)

dΦj
K,t(h

′)

)
+

dQjK,t(h)1
Ωjt∩Ξjt

,

where sjt : K → R is the function defined as sjt (h) = exp(tf jt (θ0 + εjth)), and qjt : K → R is
the Lebesgue density of the prior for the centered and rescaled parameter hjt .

Note that for all h, h′ ∈ K, φjK,t(h)/φjK,t(h
′) = φt(h)/φt(h

′), since on K, φjK,t differs
from φt only by a normalization factor. Using Jensen’s inequality (with respect to the
Φj
K,t-expectation) for the convex function x 7→ (1− x)+, we derive:
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1

2
P0‖QjK,t − Φj

K,t‖TV 1
Ωjt∩Ξjt

≤ P0

∫ (
1− sjt (h

′)qjt (h
′)φt(h

′)

sjt (h
′)qjt (h

′)φt(h′)

)
+

dΦj
K,t(h

′)dQjK,t(h
′)1

Ωjt∩Ξjt

≤ P0

∫
Ωjt∩Ξjt

sup
h,h′∈K

ψjt (h, h
′)dΦj

K,t(h
′)dQjK,t(h

′)

≤ η.

Combination with (C.3) shows that for all compact K ⊂ Rp containing a neighborhood
of 0,

P0‖QjK,t − Φj
K,t‖TV 1

Ξjt
→ 0. (C.4)

Now, let (Kn) be a sequence of balls centered at 0 with radii Mn → ∞. For each n ≥ 1,
the Equation (C.4) holds. Hence, the intuition is that if we choose a sequence of balls
(Kt) that traverses the sequence Kn slowly enough, the convergence of the expected total
variational distance to zero can still be guaranteed. Moreover, the corresponding events
Ξjt = {Qjt (Kt) > 0} satisfy P0(Ξjt )→ 1 as a result of assumption (5.6).

We conclude that there exists a sequence of radii (Mt) such that Mt →∞ and P0‖QjKt,t−

Φj
Kt,t
‖TV

P0→ 0 (where the conditional probabilities on the l.h.s. are well-defined on sets
of probability growing to one). The total variation distance between a measure and its
conditional version on a set K satisfies ‖Q − QK‖TV ≤ 2Q(Kc). Combining this with
assumption (5.6) and the Hellinger integral test, we conclude that

P0‖Qjt − Φj
t‖TV → 0,

which implies the main result.

Proofs of Results in Section 6

Lemma 30 For any function f ≥ 0 and two probability measures P,Q, we have∫
f(x)dQ(x) ≤ DKL(Q ‖ P ) + log

∫
exp(f(x))dP (x).

Proof [Lemma 30] By the definition of KL divergence,

DKL(Q ‖ P ) + log exp(f(x))dP (x) =

∫
log

(
dQ(x)

∫
exp(f(y))dP (y)

dP (x)
dQ(x)

)
=

∫
log

(
dQ(x)

∫
exp(f(y))dP (y)

exp(f(x))dP (x)
dQ(x)

)
+

∫
f(x)dQ(x)

= D(Q ‖ P ′) +

∫
f(x)dQ(x) ≥

∫
f(x)dQ(x)
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where P ′ is given by

dP ′(x) =
exp(f(x))dP (x)∫

exp(f(y)dP (y)
.

Lemma 31 For P jt defined in (2.10) and Pt defined in (6.2), we have the following upper
bound on the expected loss under P jt and P0.

P0P
j
t d(θ, θ0) ≤ inf

a>0

1

amt

P0DKL(P jt ‖ Pt) + log Pθ0Pte
amtd(θ,θ0) +

1

m

m∑
j=1

DKL(P0 ‖ Pjθ0)

 .
Proof [Lemma 31] By Lemma 30, we have

amtP jt d(θ, θ0) ≤ DKL(P jt ‖ Pt) + logPt exp(amtd(θ, θ0)),

for all a > 0. Taking expectations on both sides, we have

amtP0Ptd(θ, θ0) ≤ P0DKL(P jt ‖ Pt) + P0 logPt exp(amtd(θ, θ0)),

By Lemma 30 and the tenderization property of KL divergence, we have

P0 logPt exp(amtd(θ, θ0)) ≤

 1

m

m∑
j=1

DKL(P0 ‖ Pjθ0)

+ log Pθ0Pt exp(amtd(θ, θ0)).

Putting it all together, we have

P0P
j
t d(θ, θ0) ≤ inf

a>0

1

amt

P0DKL(P jt ‖ Pt) +
1

m

m∑
j=1

DKL(P0 ‖ Pjθ0) + log Pθ0Pt exp (amtd(θ, θ0))

 .

Lemma 32 Let the assumptions of Theorem 15 hold. We have

Pθ0Pt(d(θ, θ0) > C1ε
2) ≤ exp(−C0tε

2) + exp(−λtε2) + 2 exp(−tε2),

for all ε ≥ ε2m,t, where λ = ρ− 1 in assumption (C3).

Proof [Lemma 32] We define the sets

U = {θ : d(θ, θ0) > C1ε
2}, Kt = {θ :

1

m

m∑
j=1

D1+λ(Pjθ0 ‖ Pjθ) ≤ C3ε
2
m,t}.

Let Π̃ be a probability measure defined as Π̃(B) = Π(B∩Kt)
Π(Kt)

. Define the event

At = {X(mt) :

∫
Θ

pθ
pθ0

(X(mt))dΠ̃(θ) ≤ exp(−(C3 + 1)tε2)},
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Let Πj
t and φt be the set and testing function in (C1). We bound Pθ0Pt(U) by

Pθ0Pt(U) ≤ Pθ0φt(X
(mt)) + Pθ0(At) + Pθ0(1− φt(X(mt)))Pt(U)I(At)c

= Pθ0φt(X
(mt)) + Pθ0(At) + Pθ0(1− φt(X(mt)))I(At)c

∫
U

pθ
pθ0

(X(mt))dΠ(θ)∫
Θ

pθ
pθ0

(X(mt))dΠ(θ)
.

By (C1), we bound the first term by

Pθ0φt(X
(mt)) ≤ exp(−C0tε

2).

By Jensen’s inequality, we have

Dρ(Pθ0 ‖ Pθ) =
m∑
i=1

1

ρ− 1
log

∫
[dP iθ0 ]

ρ
m [dP iθ0 ]

1
m
− ρ
mdµ

≤ 1

m

m∑
i=1

1

ρ− 1
log

∫
[dP iθ0 ]ρ[dP iθ0 ]1−ρdµ =

1

m

m∑
i=1

Dρ(P
i
θ0 ‖ Piθ)

Using the definitions of event At and Markov inequality, we have

Pθ0(At) = Pθ0

((∫
Θ

pθ
pθ0

(X(mt))dΠ̃(θ)

)−λ
< exp(λ(C3 + 1)tε2

)

≤ exp(−λ(C3 + 1)tε2)Pθ0

(∫
Θ

pθ
pθ0

(X(mt))dΠ̃(θ)

)−λ
≤ exp(−λ(C3 + 1)tε2)

∫
Θ

(∫
Xmt

(pθ0(x(mt)))λ

(pθ(x(mt)))λ
dPθ0(x(mt))

)
dΠ̃(θ)

= exp(−λ(C3 + 1)tε2)

∫
Θ

exp(λD1+λ(

t∏
k=1

Pθ0 ‖
t∏

k=1

Pθ))dΠ̃(θ)

= exp(−λ(C3 + 1)tε2)

∫
Kt

exp(λtD1+λ(Pθ0 ‖ Pθ))dΠ̃(θ)

≤ exp(−λ(C3 + 1)tε2)

∫
Kt

exp(λt
1

m

m∑
j=1

D1+λ(Pjθ0 ‖ Pjθ))dΠ̃(θ)

≤ exp(−λ(C3 + 1)tε2 + λC3tε
2
m,t)

≤ exp(−λtε2).

Let’s analyze the third term. Conditioned on (At)
c, we have∫

Θ

pθ
pθ0

(X(mt))dΠ(θ) ≥ Π(Kt)

∫
Θ

pθ
pθ0

(X(mt))dΠ̃(θ) ≥ exp(−(C2 + C3 + 1)tε2),
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where the last inequality follows from C3. It follows that

Pθ0(1− φt(X(mt)))I(At)c

∫
U

pθ
pθ0

(X(mt))dΠ(θ)∫
Θ

pθ
pθ0

(X(mt))dΠ(θ)

≤ exp((C2 + C3 + 1)tε2)Pθ0

∫
U

pθ
pθ0

(X(mt))dΠ(θ)

≤ exp((C2 + C3 + 1)tε2)

[∫
U∩Θt(ε)

Pθ(1− φt(X(mt)))dΠ(θ) + Π (Θt(ε)
c)

]
≤ exp((C2 + C3 + 1)tε2)(exp(−Ctε2) + exp(−Ctε2)),

where the last inequality follows from C1 and C2. Since C0 > C3 + C2 + 2, we obtain the
upper bound for the third term.

Pθ0(1− φt(X(mt)))I(At)c

∫
U

pθ
pθ0

(X(mt))dΠ(θ)∫
Θ

pθ
pθ0

(X(mt))dΠ(θ)
≤ 2 exp(−tε2).

Putting the bounds all together, we have

Pθ0Pt(U) ≤ exp(−C0tε
2) + exp(−λtε2) + 2 exp(−tε2)

Lemma 33 (Sub-exponential Bound) Let the random variable X satisfy

P(X ≥ δ) ≤ c1 exp(−c2δ),

for all δ ≥ δ0 > 0. Then, for any 0 < a ≤ 1
2c2, we have

E exp(aX) ≤ exp(aδ0) + c1,

Proof [Lemma 33] Define Y = exp(aX) for some 0 < a ≤ 1
2c2. For any C > 0,

EY ≤ C +

∫ ∞
C

P(Y ≥ y)dy = C +

∫ ∞
C

P(X ≥ 1

a
log y)dy ≤ C + c1

∫ ∞
C

y−c2/ady.

Take C = exp(aδ0). Since a ≤ 1
2c2, we have

EY ≤ exp(at) + c1 exp(−aδ0) ≤ exp(aδ0) + c1.

Proof [Proof of Theorem 15] By Lemma 32, for all δ ≥ δ0, we have

Pθ0Pt(d(θ, θ0) > δ) ≤ c1 exp(−c2δ).
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Take c1 = 4, c2 = mtmin(λ, 1)/C1 as C0 > C1 + C2 + 2 > 1 and δ0 = C1mε
2
m,t. By Lemma

33, we have
Pθ0Pt exp(amtd(θ, θ0)) ≤ exp(amtC1ε

2
m,t) + 4,

for all a ≤ min(λ, 1)/(2C1).
Take a = min(λ, 1)/(2C1). By Lemma 31, we have

P0P
j
t d(θ, θ0) ≤

mtγ2
j,m,t + log(4 + exp(aC1mtε

2
m,t)) + 1

m

∑m
j=1DKL(P0 ‖ Pjθ0)

amt

≤
γ2
j,m,t

a
+ C1ε

2
m,t +

4 exp(−aC1mtε
2
m,t)

amt
+

∑m
j=1DKL(P0 ‖ Pjθ0)

am2t

≤ C

ε2m,t + γ2
j,m,t +

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0)

 ,

for some C that depends only on C0, C1, λ.

Proof [Corollary 16] The first result is a consequence of Markov’s inequality.

P0P
j
t

d(θ, θ0) > Mt(ε
2
m,t + γ2

j,m,t +
1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0))


≤ P0P

j
t d(θ, θ0)

Mt(ε2m,t + γ2
j,m,t + 1

m2t

∑m
j=1DKL(P0 ‖ Pjθ0))

≤ C

Mt
→ 0

The second result follows from Jensen’s inequality

P0d(P jt θ, θ0) ≤ P0Ptd(θ, θ0) ≤ C(ε2m,t + γ2
j,m,t +

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0))

Proof [Lemma 17] We have

P0DKL(P jt ‖ Pt) = P0P
j
t

(
t∑

k=1

m∑
i=1

[At−kij ] log Piθ(X
i
k)−

1

m

t∑
k=1

m∑
i=1

log Piθ(X
i
k)

)

= P jt P0

(
t∑

k=1

m∑
i=1

[At−kij ] log Piθ(X
i
k)−

1

m

t∑
k=1

m∑
i=1

log Piθ(X
i
k)

)

= P jt

(
t∑

k=1

m∑
i=1

[At−kij ]P0 log Piθ −
1

m

t∑
k=1

m∑
i=1

P0 log Piθ

)

=

t∑
k=1

m∑
i=1

{
[At−kij ]− 1

m

}
P jt P0 log Piθ

=

t∑
k=1

m∑
i=1

{
[At−kij ]− 1

m

}{
P0 log p0 − P jt DKL(P0 ‖ Piθ)

}
.
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For each j, we have

P0DKL(P jt ‖ Pt) ≤
t∑

k=1

m∑
i=1

|[At−kij ]− 1

m
|
∣∣∣∣P0 log p0 −max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

∣∣∣∣
≤

t∑
k=1

m∑
i=1

|[At−kij ]− 1

m
|
{
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

}
.

By Lemma 1, we get

P0DKL(P jt ‖ Pt) ≤
16m2 logm

ν

(
|P0 log p0|+

1

m

m∑
i=1

DKL(P0 ‖ Piθ0)

)
.

By Assumption 2(a), we have

γ2
j,m,t ≤

16m logm

νt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
.

C.3 Proofs of Results in Section 7

Proof [Proposition 19]
Define T ⊆ [t] as the set of τ where Gτ = G. This allows us to break the left-hand side

of the inequality into two parts:

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− λ

m

∣∣∣∣∣∣ =
t∑

k=1

m∑
j=1

∣∣∣∣∣∣
 ∏
τ∈[k,t−1]∩T

A


ij

− λ

m

∣∣∣∣∣∣ =
t∑

k=1

m∑
j=1

∣∣∣∣[A|[k,t−1]∩T |
]
ij
− λ

m

∣∣∣∣ .
As t→∞, |T |/t a.s.→ λ and |[k, t− 1] ∩ T | a.s.→ λ(t− k). Then with probability 1, we have

lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− λ

m

∣∣∣∣∣∣ = lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣[Aλ(t−k)
]
ij
− λ

m

∣∣∣∣ .
Define δ = max(|λ2(A)|, |λm(A)|). The spectral radius of A is 1, thus δ < 1 by the Perron-
Frobenius theorem. Under the assumptions 1, by the standard property of stochastic ma-
trices (see e.g. Rosenthal (1995)), the diagonalizable matrix A satisfies

‖eTi Aλt −
1

m
1‖1 ≤ mδλt. (C.5)

for any i ∈ [m], using the fact that 1
m1 is the stationary distribution of the Markov chain

with transition matrix A.
Assume that λ ≥ c

m . For any t− k ≥ t̃ =
log m

c
+log λ

−λ log δ ,

mδλ(t−k) ≤ mδλt̃ ≤ m
m
c λ
≤ c

λ
.
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Since ‖eTi Aλt − 1
m1‖1 ≤ 2 by the double stochasticity of A, we use (C.5) to break the

quantity of interest
∑t

k=1

∑m
j=1 |[A

λ(t−k)
ij ]− 1

m | into two parts. For any i ∈ [m],

t∑
k=1

m∑
j=1

|[Aλ(t−k)
ij ]− 1

m
| =

t∑
k=1

‖eTi Aλ(t−k) − 1

m
1‖1

=
t−t̃∑
k=1

‖eTi Aλ(t−k) − 1

m
1‖1 +

t∑
k>t−t̃

‖eTi Aλ(t−k) − 1

m
1‖1

≤
t−t̃∑
k=1

mδλ(t−k) + 2t̃ ≤ mδλt̃

1− δ
+ 2t̃ ≤ c

λ(1− δ)
+

2 log m
c + 2 log λ

−λ log δ
.

Noting that 1− δ ≤ − log δ and δ = 1− ν
4m2 for any doubly stochastic matrix A, we get

t∑
k=1

m∑
j=1

|
[
Aλ(t−k)

]
ij
− 1

m
| ≤

c+ 2 log m
c + log λ

λ(1− δ)
≤

4m2c+ 8m2 log m
c + 8m2 log λ

λν
.

When λ ≥ 2
m , the optimal bound is achieved when c = 1

2 ,

lim sup
t→∞

t∑
k=1

m∑
j=1

|
[
Aλ(t−k)

]
ij
− 1

m
| ≤

8m2(1 + log m
2 ) + 8m2 log λ

λν
≤ 16m2 logm+ 8m2 log λ

λν
.

When λ < 2
m , the optimal bound is achieved when c = λ,

lim sup
t→∞

t∑
k=1

m∑
j=1

|
[
Aλ(t−k)

]
ij
− 1

m
| ≤ 4m3

ν
.

Finally, when λ = 0,

lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− λ

m

∣∣∣∣∣∣ = lim sup
t→∞

t∑
k=1

m− 1

m
=∞.
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Proof [Corollary 20] We have

P0DKL(P jt ‖ Pt) = P0P
j
t

 t∑
k=1

m∑
i=1

[
t−1∏
τ=k

Aτ

]
ij

log Piθ(X
i
k)−

1

m

t∑
k=1

m∑
i=1

log Piθ(X
i
k)


= P jt P0

 t∑
k=1

m∑
i=1

[
t−1∏
τ=k

Aτ

]
ij

log Piθ(X
i
k)−

1

m

t∑
k=1

m∑
i=1

log Piθ(X
i
k)


= P jt

 t∑
k=1

m∑
i=1

[
t−1∏
τ=k

Aτ

]
ij

P0 log Piθ −
1

m

t∑
k=1

m∑
i=1

P0 log Piθ


=

t∑
k=1

m∑
i=1


[
t−1∏
τ=k

Aτ

]
ij

− 1

m

P jt P0 log Piθ

=
t∑

k=1

m∑
i=1


[
t−1∏
τ=k

Aτ

]
ij

− 1

m

{P0 log p0 − P jt DKL(P0 ‖ Piθ)
}
.

For each j, we have

P0DKL(P jt ‖ Pt) ≤
t∑

k=1

m∑
i=1

|

[
t−1∏
τ=k

Aτ

]
ij

− 1

m
|
∣∣∣∣P0 log p0 −max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

∣∣∣∣
≤

t∑
k=1

m∑
i=1

|

[
t−1∏
τ=k

Aτ

]
ij

− 1

m
|
{
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

}
.

This implies that

P0DKL(P jt ‖ Pt) ≤ lim sup
t→∞

t∑
k=1

m∑
j=1

∣∣∣∣∣∣
[
t−1∏
τ=k

Aτ

]
ij

− 1

m

∣∣∣∣∣∣
(
|P0 log p0|+

1

m

m∑
i=1

DKL(P0 ‖ Piθ0)

)
.

Applying Proposition 19 gives us the desired results.

Proof [Corollary 21] Since Pt does not depend on the communication graph, Theorem 15
still holds. This implies the following upper bound on the contraction rate:

P0P
j
t d(θ, θ0) . ε2m,t + γ2

j,m,t +
1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0). (C.6)

The only term depending on the communication graph is γ2
j,m,t. By Corollary 21, we have

the following upper bounds with probability 1 (with respect to the probability measure of
A1, A2, · · · ).

If λ ≥ 2
m , then

γ2
j,m,t ≤

16m logm+ 8m log λ

λνt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
.
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If 0 < λ < 2
m , then

γ2
j,m,t ≤

4m2

νt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
.

Combining the upper bounds with Equation (C.6), we have:

If λ ≥ 2
m , then

P0P
j
t d(θ, θ0) .

1

t
+

16m logm+ 8m log λ

λνt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
+

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0).

If 0 < λ < 2
m , then

P0P
j
t d(θ, θ0) .

1

t
+

4m2

νt

(
|P0 log p0|+ max

i∈[m]
inf
θ∈Θ

DKL(P0 ‖ Piθ)

)
+

1

m2t

m∑
j=1

DKL(P0 ‖ Pjθ0).

This is the desired result after we remove the constants.

C.4 Proofs of Results in Section 8

Proof [Lemma 22] By Definition (2.10),

log pjt (θ) = tf jt (θ) + π(θ) + const.

for f jt defined in Equation (2.11).

We can compute f jt (θ) explicitly ,

f jt (θ) = −1

t

t∑
k=1

m∑
i=1

[At−kji ] log piθ(X
i
t)

= −1

t

t∑
k=1

m∑
i=1

[At−kji ]
[
〈θ, T i(Xi

k)〉 − ψi(θ)
]

+ const

= −1

t

[
〈θ,

t∑
k=1

m∑
i=1

[At−kji ]T i(Xi
k)〉 −

t∑
k=1

m∑
i=1

[At−kji ]ψi(θ)

]
+ const.

This implies that

log pjt (θ) = −tf jt (θ) + π(θ) + const

= 〈θ,
t∑

k=1

m∑
i=1

[At−kji ]T i(Xi
k)〉 −

t∑
k=1

m∑
i=1

[At−kji ]ψi(θ) + 〈θ, u〉 − ψ0(θ) + const

= 〈θ,
t∑

k=1

m∑
i=1

[At−kji ]T i(Xi
k) + u〉 −

t∑
k=1

m∑
i=1

[At−kji ]ψi(θ)− ψ0(θ) + const.
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This shows that pjt is a member of the exponential family of the form (8.3) with sufficient
statistic χjt + u and log-partition function Bj

t (θ) + ψ0(θ) as defined in Equation (8.4).

Proof [Lemma 23] By Lemma 22, P jt is a member of the exponential family given by
Equation (8.3). The full rankness of P jt follows directly from the definition of full-rank
exponential family and the compact representation (8.3). By Lemma 4.5 of Van der Vaart
(2000), the log-partition function Bj

t : Θ → R is infinitely differentiable with the gradient
being the mean parameter of χjt and the Hessian is the covariance matrix of χjt . Since P jt
is full-rank, it is equivalent to the nonsingularity of the covariance matrix for χjt Van der
Vaart (2000). This implies that the gradient ∇θBj

t is one-to-one in the interior of Θ, thus,
∇θBj

t is invertible.

Proof [Proposition 24] By Lemma (23), the sequence of estimators θ̂jt is well-defined with
[P0]−probability tending to 1. By Theorem 4.6 of Van der Vaart (2000), the sequence of
estimators θ̂jt has a limiting distribution

√
t(θ̂jt − θ0)

d→ N(0, Ij
−1

θ0
),

where Ijθ0 is the Fisher information for Pjθ at θ0. This corresponds to the Sandwich covariance
matrix.

Ijθ0 =
[
φ
′−1

θ0 Covθ0(χjt )φ
−1
θ0

]−1
= Covθ0(χjt ).

Since Bj
t is infinitely differentiable in a neighborhood of θ0, the Fisher information Ijθ must

be uniformly bounded. Thus, ∇ log pjθ is Lipschitz around θ0 and Assumption 2(d) is
satisfied.

When int(Θ) 6= ∅, the exponential family PiΘ satisfies the differential in the quadratic
mean Assumption 2(c) by Example 7.7 of Van der Vaart (2000). Given that θ0 ∈ int(Θ)
and π have support on Θ, the prior π puts positive mass on every neighborhood of θ0, thus
Assumption 3(b) is satisfied.

Under the full-rank assumptions on Pjθ, the Hessian ∇2
θ log pjθ is negative definite for all

θ. Thus, the Hessian of f jt is negative definite as a positive linear combination of ∇2
θ log pjθ.

We have that f jt is strictly concave on Θ with a unique maximizer at θ̃jt . The strict concavity
implies that

lim
t→∞

P0( inf
‖θ−θ̂jt ‖>δ

|f jt (θ)− f jt (θ̂jt )| ≥ ε) = 1

By Lemma 7, θ̃jt is consistent at θ0. Then Assumption 4(a) is satisfied as a consequence of
Lemma 8.

The assumptions of Theorem 10 are all satisfied. Considering the sequence of random
variables θ ∼ P jt centered at the moment estimator θ̂jt , we have∫

Θ
|qjt (x)−N(0, V −1

θ0
)|dx P0→ 0,

where qjt is the density of
√
t(θ − θ̂jt ), and Vθ0 = 1

m

∑m
i=1 Cov(T i).
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Proof [Proposition 25] The prior π is assumed to have full support over Rp, which trivially
satisfies Assumption 3(a).

Define functions f jt , ft, and f on Θ as per Equations (2.11)–(2.13). By Assumption

(2)(a), the function f exists and we note that f jt (θ)
P0→ f(θ).

The estimators θ̂jt and the true parameter θ0 are respectively given by:

θ̂jt = arg min
θ∈Θ

f jt (θ), θ0 = arg min
θ∈Θ

f(θ).

The gradient of f jt is given by

∇f jt (θ) = −1

t
T jt +

1

t

t∑
k=1

m∑
i=1

[At−kji ]Xi
ke
〈θ,Xi

k〉

1 + e〈θ,X
i
k〉

,

and the Hessian is

∇2f jt (θ) =
1

t

t∑
k=1

m∑
i=1

[At−kji ]Xi
kX

iT

k e
〈θ,Xi

k〉(
1 + e〈θ,X

i
k〉
)2 .

Given that ∇2f jt (θ) > 0, the function f jt is strictly convex in θ. This implies that the
minimizer θ̂jt is unique, and we have θ̂jt ∈ int(Θ).

The gradient of f is given by

∇f(θ) = Pθ0

[
X1

1e
〈θ,X1

1 〉

1 + e〈θ,X
1
1 〉
−X1

1Y
1

1

]
= Pθ0

[
X1

1

(
e〈θ,X

1
1 〉

1 + e〈θ,X
1
1 〉
− e〈θ0,X

1
1 〉

1 + e〈θ0,X
1
1 〉

)]
,

The differentiation and expectation are interchanged by the Lebesgue-dominated conver-
gence theorem since |∇f(θ)| ≤ |X1

1 | and P0|X1
1 | <∞ by Assumption ii).

Since ∇f(θ) is strictly increasing in θ, we have ∇f(θ − ε) < 0 < ∇f(θ + ε) in each

coordinate. Hence, Assumption 2(b) is satisfied. By Lemma 7, we have θ̂jt
P0→ θ0.

Let E = {η ∈ R : |σ(η)| < ∞}. The set E is open and nonempty. Additionally, η is
identifiable, as σ(η) is a one-to-one function. Trivially, the set Θ is open and convex, and
θTx ∈ E for all θ ∈ Θ and x ∈ X .

For all η ∈ E , we have 0 < σ(η) < 1 and

|σ′′′(η)| = |σ(1− σ(η))(1− 2σ(η))2 − 2σ2(1− σ(η))2

(1− σ(η))2
| ≤ 3.

After algebraic manipulations, we have

∇3
θ log pjθ(. | x

j
k)a,b,c = σ

′′′
(〈θ, xjk〉)x

j
k,ax

j
k,bx

j
k,c ≤ 3xjk,ax

j
k,bx

j
k,c,

for all θ ∈ Θ, xjk ∈ X and a, b, c ∈ [p]. Thus, ∇3
θ log pjθ is uniformly bounded by an integrable

function.
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The Fisher information for agent j is given by

V j
θ0

= −P0∇2
θ log pjθ(. | X

j
k) = P0

XjT

k e〈θ,X
j
k〉Xj

k(
1 + e〈θ,X

j
k〉
)2

 .
By Assumption i), V j

θ0
exists and is nonsingular. Hence, Assumption 2(f) is satisfied.

Assumption 2(c), 4(a) are satisfied with the same argument as Proposition 24. By
Corollary 12 and Slusky’s theorem, we have∫

Θ

∣∣∣qjt (x)−N(0, V̂ −1
θ0

)
∣∣∣ dx P0→ 0.

where V̂θ0 is the finite-sample version of 1
m

∑m
j=1 V

j
θ0

. Specifically,

V̂θ =
1

mt

m∑
i=1

XiTdiag

 e
∑p
j=0 θjx

i
1j(

1 + e
∑p
j=0 θjx

i
1j

)2 , . . . ,
e
∑p
j=0 θjx

i
tj(

1 + e
∑p
j=0 θjx

i
tj

)2

Xi.

Proof [Lemma 26] By Lemma 2, f jt (θ)
P0→ f(θ) for each θ ∈ Θ. For all θ ∈ [0, 1]2, f jt are

uniformly bounded.

|f jt (θ)| ≤ 1

t

t∑
k=1

m∑
i=1

[At−kji ]

[
(|Xj

t − θ|)2

2σj2
+ log

(
Φ(
|Zj |+ 1

2

σj
)− Φ(

−
√

2− |Zj |
σj

)

)]

≤ 1

t

t∑
k=1

m∑
i=1

[At−kji ]

[
1

σj2
+ log

(
Φ(
|Zj |+ 1

2

σj
)− Φ(

−
√

2− |Zj |
σj

)

)]

≤

[
1

σj2
+ log

(
Φ(
|Zj |+ 1

2

σj
)− ‘Φ(

−
√

2− |Zj |
σj

)

)](
1 +

16m2 logm

ν

)
.

The gradient ∇f jt (θ) is uniformly bounded over [0, 1]2. To see this, consider

∇f jt (θ) = A+B,

where A,B are given by

A =
1

t

t∑
k=1

m∑
i=1

[At−kji ]

[
θ − Zj

σj2
− |X

j
t − Zj |(θ − Zj)
|θ − Zj |σj2

]
,

B =
1

t

t∑
k=1

m∑
i=1

[At−kji ]
(θ − Zj)

[
φ
(
|Zj |+ 1

2
−|θ−Zj |
σj

)
− φ

(
−|θ−Zj |

σj

)]
σj |θ − Zj |

[
Φ
(
|Zj |+ 1

2
−|θ−Zj |
σj

)
− Φ

(
−|θ−Zj |

σj

)] .
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Applying the following upper bounds on A and B,

A ≤ 1

t

t∑
k=1

m∑
i=1

[At−kji ]

√
2

σj2
,

B ≤ 1

t

t∑
k=1

m∑
i=1

[At−kji ]
φ
(
|Zj |+ 1

2

σj

)
− φ

(
−
√

2
σj

)
σj
[
Φ

(
|Zj |+ 1

2
−
√

2

σj

)
− Φ

(
−
√

2
σj

)] ,
we obtain

‖∇f jt (θ)‖ = ‖A+B‖ ≤


√

2

σj2
+

φ(
|Zj |+ 1

2

σj
)− φ(−

√
2

σj
)

σj
[
Φ(
|Zj |+ 1

2
−
√

2

σj
)− Φ(−

√
2

σj
)

]
(1 +

16m2 logm

ν

)
.

Then f jt is uniformly equicontinuous in t, as f jt is Lipschitz. By Lemma 36, we have

‖f jt − f‖∞
P0→ 0.

Note that θ̂jt = arg minθ∈[0,1]2 f
j
t (θ) and θ0 = arg minθ∈[0,1]2 f(θ). By the Argmax theo-

rem (Theorem 3.2.2, van der Vaart and Wellner (2023)), we have θ̂jt
P0→ θ0.

Since θ0 ∈ Θ, for small enough ε, we have

P0(|θ̂jt − θ0| > ε) = P0(|θ̂jt − θ0| > ε, θ̂jt /∈ Θ) + P0(|θ̂jt − θ0| > ε, θ̂jt ∈ Θ)

= P0(θ̂jt /∈ Θ) + P0(|θ̂jt − θ0| > ε, θ̂jt ∈ Θ)→ 0,

thus P0(θ̂jt /∈ Θ)→ 0.

Proof [Proposition 27] The prior π is assumed to have full support over Θ, which trivially
satisfies Assumption 3(a).

From the proof of Lemma 26, we proved that ∇f jt is uniformly bounded for all t, thus
f jt is uniformly equicontinuous. By definition, there exists δ > 0 such that ‖θ − θ̂jt‖ > δ
implies that |f jt (θ)− f jt (θ̂jt )| > ε. This verifies Assumption 4(a).

The gradient of log pjθ is given by

∇ log pjθ(X
j
t ) =

θ − Zj

|θ − Zj |σj2

|θ − Zj | − |Xj
t − Zj | −

φ
(
|Zj |+ 1

2
−|θ−Zj |
σj

)
− φ

(
−|θ−Zj |

σj

)
Φ
(
|Zj |+ 1

2
−|θ−Zj |
σj

)
− Φ

(
−|θ−Zj |

σj

)
 .

This allows us to derive the Fisher information of pjθ.

V j
θ = P0[∇θ log pjθ∇θ log pj

T

θ ]

=
(θ − Zj)(θ − Zj)T

σj4 |θ − Zj |2

|θ − Zj | − |θ0 − Zj | −
φ(
|Zj |+ 1

2
−|θ−Zj |
σj

)− φ(−|θ−Z
j |

σj
)

Φ(
|Zj |+ 1

2
−|θ−Zj |
σj

)− Φ(−|θ−Z
j |

σj
)

2

.
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At θ0, the Hessian simplifies to V j
θ0

= (θ0−Zj)(θ0−Zj)T

σj4 |θ0−Zj |2

[
φ(
|Zj |+ 1

2−|θ0−Z
j |

σj
)−φ(

−|θ0−Z
j |

σj
)

Φ(
|Zj |+ 1

2−|θ0−Z
j |

σj
)−Φ(

−|θ0−Zj |
σj

)

]2

which is nonsingular. Thus, Assumption 2(e) is satisfied.

Reusing the argument in the proof of Lemma 26, we have

sup
θ∈[0,1]2

‖∇ log pjθ‖ ≤
√

2

σj2
+

φ(
|Zj |+ 1

2

σj
)− φ(−

√
2

σj
)

σj
[
Φ(
|Zj |+ 1

2
−
√

2

σj
)− Φ(−

√
2

σj
)

] .
This implies that ∇ log pjθ is a continuously differentiable function over a compact do-

main [0, 1]2. Thus, it is Lipschitz continuous. Assumption 2(d) is satisfied.

The Hessian for f jt is simply the average of agent Fisher information:

∇2f jt (θ) =
1

t

t∑
k=1

m∑
i=1

[At−kji ]V i
θ .

Recall that in the proof of Since f jt is uniformly equicontinuous,

We define the event Et as

E = {X(mt) : θ̂jt ∈ Θ}.

Conditioning on Et, by Corollary 12 and Slusky’s theorem, we have∫
Θ

∣∣∣qjt (x)−N(0, V −1
θ0

)
∣∣∣ dx P0→ 0,

for qjt defined as the density of
√
t(θ − θ̂jt ) and Vθ0 defined in Equation (8.16).

By Lemma 26, limt→∞ P0(Et) = 1. This completes our proof.

Appendix C. Supporting Results

Proof [Lemma 1] Define δ = max(|λ2(A)|, |λm(A)|). The spectral radius of A is 1, thus
δ < 1 by the Perron-Frobenius theorem. Under the assumptions 1, by the standard property
of stochastic matrices (see e.g. Rosenthal (1995)), the diagonalizable matrix A satisfies

‖eTi At −
1

m
1‖1 ≤ mδt (C.7)

for any i ∈ [m], using the fact that 1
m1 is the stationary distribution of the Markov chain

with transition matrix A.

For any t− k ≥ t̃ =
log m

2
− log δ ,

mδt−k ≤ mδt̃ ≤ m
m
2

≤ 2
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Since ‖eTi At− 1
m1‖1 ≤ 2 by the double stochasticity of A, we use (C.7) to break the quantity

of interest
∑t

k=1

∑m
j=1 |[A

t−k
ij ]− 1

m | into two parts, that is, for any i ∈ [m],

t∑
k=1

m∑
j=1

|[At−kij ]− 1

m
| =

t∑
k=1

‖eTi At−k −
1

m
1‖1

=
t−t̃∑
k=1

‖eTi At−k −
1

m
1‖1 +

t∑
k>t−t̃

‖eTi At−k −
1

m
1‖1

≤
t−t̃∑
k=1

mδt−k + 2t̃ ≤ mδt̃

1− δ
+ 2t̃ ≤ 2

1− δ
+

2 log m
2

− log δ

Noting that 1− δ ≤ − log δ and δ = 1− ν
4m2 for any doubly stochastic matrix A, we get

t∑
k=1

m∑
j=1

|[At−kij ]− 1

m
| ≤

2 + 2 log m
2

1− δ
≤ 4 logm

1− δ
≤ 16m2 logm

ν

Lemma 34 (Distributed Law of Large Numbers) Assume that Sit , t ≥ 1 are i.i.d.
random variables where E[|Sit |] exists and is finite, for all i ∈ [m]. Under Assumption
1, for any j ∈ [m], the random variables

Zjt =
1

t

m∑
i=1

t∑
k=1

[At−kij ]Sit

converge in probability to 1
m

∑m
i=1 E[Si1] as t→∞.

Proof Let Zt = [Z1
t , · · · , Zmt ]T and St = [S1

t , · · · , Smt ]T . Since E[|Sit |] < ∞ exists and is
finite, we have

Zt =
1

t

t∑
k=1

At−kSk.

Using the property of stochastic matrices (Rosenthal, 1995), the diagonalizable matrix A
satisfies

‖eTi At −
1

m
1‖1 ≤ mδt.

for all i ∈ [m] and some δ < 1.
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This implies that∥∥∥∥∥Zt −
t∑

k=1

1

m
11TSk

∥∥∥∥∥ =

∥∥∥∥∥1

t

t∑
k=1

At−kSk −
1

m
11TSk

∥∥∥∥∥
≤ 1

t

t∑
k=1

‖(At−k − 1

m
11T )Sk‖

≤ 1

t

t∑
k=1

max
i∈[m]

∥∥∥∥eTi At−k − 1

m
1

∥∥∥∥max
i∈[m]

|Sik|, by Cauchy - Schwarz inequality

≤ 1

t

t∑
k=1

mδt−k max
i∈[m]

|Sik|

≤ m

t

t∑
k=1

m∑
i=1

δt−k|Sik|

≤ m

t

t∑
k=t−c+1

m∑
i=1

δt−k|Sik|+
m

t
δc

t−c∑
k=1

m∑
i=1

|Sik|,

for some fixed constant c.
By the strong law of large numbers,

∥∥∑t
k=1

1
m11TSk − 1

m

∑m
i=1 E[Si1]

∥∥ = od(1). Then∥∥∥∥∥Zt − 1

m

m∑
i=1

E[Si1]

∥∥∥∥∥ ≤
∥∥∥∥∥Zt −

t∑
k=1

1

m
11TSk

∥∥∥∥∥+

∥∥∥∥∥
t∑

k=1

1

m
11TSk −

1

m

m∑
i=1

E[Si1]

∥∥∥∥∥
=
m

t
δc

t−c∑
k=1

m∑
i=1

|Sik|+
m

t

t∑
k=t−c+1

m∑
i=1

δt−k|Sik|+ od(1)

≤ m

t
δc

t−c∑
k=1

m∑
i=1

|Sik|+ od(1)

≤ mδc
m∑
i=1

E[Si1] + od(1).

Since this is for arbitrarily large c, we conclude that
∣∣Zt − 1

m

∑m
i=1 E[Si1]

∣∣ = od(1), that is

Zt →
1

m

m∑
i=1

E[Si1] in probability.

Lemma 35 (Distributed Central Limit Theorem) Assume that Sit , t ≥ 1 are i.i.d.
random variables with E[Sit ] = µi and cov[Sit ] = Σi exist and are finite, for all i ∈ [m].
Under Assumption 1, for any j ∈ [m], the random variables

Zjt =

√
m

t

(
1

m

m∑
i=1

Σi

)−1/2 m∑
i=1

t∑
k=1

[At−kij ](Sit − µi)
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converge in distribution to a standard normal distribution as t→∞.

Proof The proof applies the Linderberg central limit theorem. Without loss of generality,
assume that µi = 0. Let Σm,t be the sum of covariances. We have

Σm,t =

t∑
k=1

m∑
i=1

Cov([At−kij ]Sit) =

t∑
k=1

m∑
i=1

[At−kij ]2Σi.

The matrix Σm,t is asymptotically equivalent to the scaling factor Σ∗m,t = t
m2

∑m
i=1 Σi.

(
Σ∗m,t

)−1
Σm,t =

m

t

(
1

m

m∑
i=1

Σi

)−1 t∑
k=1

m∑
i=1

[At−kij ]2Σi

= m

(
1

m

m∑
i=1

Σi

)−1 m∑
i=1

Σi

∑t
k=1[At−kij ]2

t

= m

(
1

m

m∑
i=1

Σi

)−1 m∑
i=1

Σi

∑t
k=1[Akij ]

2

t

By Assumption 1, limt→∞A
k
ij → 1

m , thus limt→∞[Akij ]
2 → 1

m2 .Then we have

lim
t→∞

(
Σ∗m,t

)−1
Σm,t = m

(
1

m

m∑
i=1

Σi

)−1 m∑
i=1

Σi lim
t→∞

∑t
k=1[Akij ]

2

t

= m

(
1

m

m∑
i=1

Σi

)−1 m∑
i=1

Σi 1

m2
= Im.

It remains to verify the Lindeberg condition

lim
t→∞

t∑
k=1

m∑
i=1

E

[
‖Σ−1/2

m,t [At−kij ]Sit‖2I‖Σ−1/2
m,t [At−kij ]Sit‖>ε

]
= 0, ∀ε > 0.

The condition is equivalent to

lim
t→∞

t∑
k=1

m∑
i=1

E

[
‖Σ∗−1/2

m,t [At−kij ]Sit‖2I‖Σ−1/2
m,t [At−kij ]Sit‖>ε

]
= 0, ∀ε > 0.

Since limt→∞Σ∗m,t = ∞, limt→∞Σm,t = ∞ and I‖Σ−1/2
m,t [At−kij ]Sit‖>ε

converge to 0 almost

surely.
Because maxi∈[m] supt[A

t
ij ]

2 <∞, we have

max
i∈[m]

sup
t
tE
[
‖Σ∗−1/2

m,t [At−kij ]Sit‖2
]

= max
i∈[m]

sup
t

E

[
‖m(

1

m

m∑
i=1

Σi)−1[At−kij ]Sit‖2
]

≤ m(max
i∈[m]

sup
t

[Atij ]
2)‖( 1

m

m∑
i=1

Σi)−1‖op max
i∈[m]

‖Σi‖op

64



BvM for Distributed Bayes

By the Lebesgue dominated convergence theorem, we have

lim
t→∞

tE

[
‖Σ∗−1/2

m,t [At−kij ]Sit‖2I‖Σ−1/2
m,t [At−kij ]Sit‖>ε

]
→ 0.

The Cesáro sums also converge to 0:

lim
t→∞

m∑
i=1

1

t

t∑
k=1

tE

[
‖Σ∗−1/2

m,t [At−kij ]Sit‖2I‖Σ−1/2
m,t [At−kij ]Sit‖>ε

]
= 0, ∀ε > 0.

This completes the proof.

Lemma 36 (Miller (2021)) Suppose that hn : E → F for n ∈ N, where E is a totally
bounded space and F is a normed space. If hn converges pointwise and is equicontinuous,
then it converges uniformly.

65


	Introduction
	Preliminaries
	Distributed Bayesian Inference
	Distributed Bayesian Posterior

	Assumptions
	Posterior Consistency
	Asymptotic Normality
	Contraction Rate
	Extension to Time-Varying Graphs
	Illustrative Examples
	Exponential Family Distributions
	Distributed Logistic Regression
	Distributed Detection

	Discussion and Future Directions 
	Acknowledgments
	Review of concepts
	Distances and Divergences
	An (incomplete) Summary of Previous BvM Results

	Simulating distributed Bayesian logistic regression
	Proofs
	Proofs of Results in Section 4
	Proofs of Results in Section 5
	Proofs of Results in Section 7
	Proofs of Results in Section 8


