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Abstract

We consider the paradigm of unsupervised anomaly detection, which involves the identifi-
cation of anomalies within a dataset in the absence of labeled examples. Though distance-
based methods are top-performing for unsupervised anomaly detection, they suffer heavily
from the sensitivity to the choice of the number of the nearest neighbors. In this paper, we
propose a new distance-based algorithm called bagged regularized k-distances for anomaly
detection (BRDAD), converting the unsupervised anomaly detection problem into a con-
vex optimization problem. Our BRDAD algorithm selects the weights by minimizing the
surrogate risk, i.e., the finite sample bound of the empirical risk of the bagged weighted
k-distances for density estimation (BWDDE). This approach enables us to successfully ad-
dress the sensitivity challenge of the hyperparameter choice in distance-based algorithms.
Moreover, when dealing with large-scale datasets, the efficiency issues can be addressed by
the incorporated bagging technique in our BRDAD algorithm. On the theoretical side, we
establish fast convergence rates of the AUC regret of our algorithm and demonstrate that
the bagging technique significantly reduces the computational complexity. On the practi-
cal side, we conduct numerical experiments to illustrate the insensitivity of the parameter
selection of our algorithm compared with other state-of-the-art distance-based methods.
Furthermore, our method achieves superior performance on real-world datasets with the
introduced bagging technique compared to other approaches.
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1. Introduction

Anomaly detection refers to the process of identifying patterns or instances that deviate
significantly from the expected behavior within a dataset (Chandola et al., 2009). It has
been widely and carefully studied within diverse research areas and application domains,
including industrial engineering (Fahim and Sillitti, 2019; Wang et al., 2021), medicine
(Fernando et al., 2021; Tschuchnig and Gadermayr, 2021), cyber security (Folino et al.,
2023; Ravinder and Kulkarni, 2023), earth science (Luz et al., 2022; Chen et al., 2022), and
finance (Lokanan et al., 2019; Hilal et al., 2022), etc. For further discussions on anomaly
detection techniques and applications, we refer readers to the survey of Nassif et al. (2021).

Based on the availability of labeled data, anomaly detection problems can be classified
into three main paradigms. The first is the supervised paradigm, where both the normal and
anomalous instances are labeled. As mentioned in Aggarwal (2016a) and Vargaftik et al.
(2021), researchers often employ existing binary classifiers in this case. The second is the
semi-supervised paradigm, where the training data only consists of normal samples, and the
goal is to identify anomalies that deviate from the normal samples. (Akcay et al., 2018;
Zhou et al., 2023). Perhaps the most flexible yet challenging paradigm is the unsupervised
paradigm (Aggarwal, 2016a; Gu et al., 2019), where no labeled examples are available to train
an anomaly detector. For the remainder of this paper, we only focus on the unsupervised
paradigm, where we do not assume any prior knowledge of labeled data.

The existing algorithms in the literature on unsupervised anomaly detection can be
roughly categorized into three main categories: The first category is distance-based methods,
which determine an anomaly score based on the distance between data points and their
neighboring points. For example, k-nearest neighbors (k-NN) (Ramaswamy et al., 2000)
calculate the anomaly score of an instance based on the distance to its k-th nearest neighbor,
distance-to-measure (DTM) (Gu et al., 2019) introduces a novel distance metric based on
the distances of the first k-nearest neighbors, and local outlier factor (LOF) (Breunig et al.,
2000) computes the anomaly score by quantifying the deviation of the instance from the local
density of its neighboring data points. The second category is forest-based methods, which
compute anomaly scores based on tree structures. For instance, isolation forest (iForest)
(Liu et al., 2008) constructs an ensemble of trees to isolate data points and quantifies the
anomaly score of each instance based on its distance from the leaf node to the root in the
constructed tree and partial identification forest (PIDForest) (Gopalan et al., 2019) computes
the anomaly score of a data point by identifying the minimum density of data points across
all subcubes partitioned by decision trees. The third category is kernel-based methods
such as the one-class SVM (OCSVM) (Schélkopf et al., 1999), which defines a hyperplane to
maximize the margin between the origin and normal samples. It has been empirically shown
(Aggarwal and Sathe, 2015; Aggarwal, 2016b; Gu et al., 2019) that distance-based and forest-
based methods are the top-performing methods across a broad range of real-world datasets.
Moreover, experiments in Gu et al. (2019) suggest that distance-based methods show their
advantage on high-dimensional datasets, as forest-based methods are likely to neglect a
substantial number of features when dealing with high-dimensional data. Unfortunately, it is
widely acknowledged that distance-based methods suffer from the sensitivity to the choice of
the hyperparameter k (Aggarwal, 2012). This problem is particularly severe in unsupervised
learning tasks because the absence of labeled data makes it difficult to guide the selection
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of hyperparameters. To the best of our knowledge, no algorithm in the literature effectively
solves the aforementioned sensitivity problem. Besides, while distance-based methods are
crucial and efficient for identifying anomalies, they pose a challenge in scenarios with a high
volume of data samples, owing to the need for a considerable expansion in the search for
nearest neighbors, leading to a notable increase in computational overhead. Therefore, there
also remains a great challenge for distance-based algorithms to improve their computational
efficiency.

In this paper, we propose a distance-based algorithm, bagged regularized k-distances for
anomaly detection (BRDAD), which formulates the weight selection problem in unsupervised
anomaly detection as a minimization problem. Specifically, we first establish the surrogate
risk, a finite-sample bound on the empirical risk of the bagged weighted k-distances for density
estimation (BWDDE). At each bagging round, we determine the weights by minimizing the
surrogate risk on a subsampled dataset. Then, using an independently drawn subsample
of the same size, we compute the corresponding k-distances. By combining the learned
weights and these k-distances, we obtain the regularized k-distance. The final anomaly scores
are derived by averaging these regularized k-distances, referred to as bagged regularized k-
distances. BRDAD ranks the data in descending order of these scores and identifies the
top m instances as anomalies. BRDAD offers two key advantages. First, the surrogate
risk minimization (SRM) approach effectively mitigates the sensitivity of parameter choices
in distance-based methods. Second, the incorporation of bagging enhances computational
efficiency, making the method scalable for large datasets.

The contributions of this paper are summarized as follows.

(i) We propose a new distance-based algorithm BRDAD, that prevents the sensitivity of
the hyperparameter selection in unsupervised anomaly detection problems by formulating it
as a convex optimization problem. Moreover, the incorporated bagging technique in BRDAD
improves the computational efficiency of our distance-based algorithm.

(ii) From the theoretical perspective, we establish fast convergence rates of the AUC re-
gret of BRDAD. Moreover, we show that with relatively few bagging rounds B, the number
of iterations in the optimization problem at each bagging round can be reduced substan-
tially. This demonstrates that the bagging technique significantly reduces computational
complexity.

(i4i) From an experimental perspective, we conduct numerical experiments to evaluate
the effectiveness of our proposed BRDAD method. First, we empirically validate the rea-
sonableness of SRM by demonstrating similar convergence behaviors for both SR and MAE.
Next, we compare BRDAD with distance-based, forest-based, and kernel-based methods
on anomaly detection benchmarks, highlighting its superior performance. Finally, we per-
form a parameter analysis on the number of bagging rounds B, showing that selecting an
appropriate B based on the sample size leads to improved performance.

The remainder of this paper is organized as follows. In Section 2, we introduce some
preliminaries related to anomaly detection and propose our BRDAD algorithm. We provide
basic assumptions and theoretical results on the convergence rates of BRDDE and BRDAD
in Section 3. Some comments and discussions concerning the theoretical results will also
be provided in this section. We present the error and complexity analysis of our algorithm
in Section 4. Some comments concerning the time complexity will also be provided in
this section. We verify the theoretical findings of our algorithm by conducting numerical
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experiments in Section 5. We also conduct numerical experiments to compare our algorithm
with other state-of-the-art algorithms for anomaly detection on real-world datasets in this
Section. All the proofs of Sections 2, 3, and 4 can be found in Section 6. We conclude this
paper in Section 7.

2. Methodology

We present our methodology in this section. Section 2.1 introduces basic notations and
concepts. In Section 2.2, we propose the bagged weighted k-distances for density estimation
(BWDDE) to demonstrate how bagged weighted k-distances can be applied to anomaly
detection. Section 2.3 reformulates the weight selection problem for density estimation as
a surrogate risk minimization problem, aiming to minimize the finite-sample bound of the
empirical risk of BWDDE. Finally, the weights obtained by solving the SRM problem are
utilized to construct our main algorithm, named bagged reqularized k-distances for anomaly

detection (BRDAD).

2.1 Preliminaries

We begin by introducing some fundamental notations that will frequently appear. Suppose
that the data D,, := {Xy,...,X,,} are independent and identically distributed (i.i.d.) and
drawn from an unknown distribution P that is absolutely continuous with respect to the
Lebesgue measure p and admits a unique density function f. In this paper, we assume
that f is supported on [0,1]%, which we denote as X. Recall that for 1 < p < oo and a

vector z € R?, the £,-norm is defined as ||z||, := (2} + --- + 25)/P, and the le-norm is
defined as ||z|o = max;—; . q4|zi|. For a measurable function g : X — R, we define the

Lp-norm as ||gll, == ( [y |9(2)[? dx)l/p. Let B(x,r) := {2’ € R?: |2’ — z|]z < r} denote
a ball in Euclidean space R? centered at x € R? with radius r € (0, +00). We use Vj to
denote the volume of the d-dimensional closed unit ball. In addition, for n € Ny, we write
[n] :={1,...,n} as the set containing integers from 1 to n and W, := {(w1, ..., w,) € R™:
S w; =1, w; >0, i € [n]}. For any z € R, let [x] be the largest integer less than or
equal to z and [x] be the smallest ingeter larger than or equal to x.

Throughout this paper, we use a V b = max{a,b} and a A b = min{a, b}. Moreover, we
use the following notations to compare the magnitudes of quantities: a,, < b, or a,, = O(by,)
indicates that there exists a positive constant ¢ > 0 that is independent of n such that
an < cby; an 2 by, implies that there exists a positive constant ¢ > 0 such that a, > cby;
and a, =< b, means that a, < b, and b, < a, hold simultaneously. In this paper, we focus
on the case of a fized dimension, allowing the constant ¢ to depend on the dimension d.
Finally, we use C, C’, ¢, and ¢’ to represent positive constants.

2.2 Bagged Weighted k-Distances for Anomaly Detection

The learning goal of anomaly detection is to identify observations that deviate significantly
from the majority of the data. Anomalies are typically rare and different from the expected
behavior of the data set. In this paper, we adopt the contamination model proposed by
Huber (1965) and further discussed in Huber (1992, Section 1):
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Assumption 1 The data D, consists ofi.i.d. samples drawn from a distribution P satisfying
the contamination model:

P=(1-1)-Py+1I-Py, (1)

where Py and Py denote the distributions of normal and anomalies, respectively, and I1 €
(0,1) is the contamination proportion. Additionally, we assume that Py has a probability
density function fo, while Py is uniformly distributed over [0,1]¢ with density function fi.

Assumption 1 describes a contamination model where the observed data is drawn from
a mixture of normal and anomalous distributions. Assuming Py to be uniform on [0, 1]¢
a common choice, reflecting an uninformative prior on anomalies (Steinwart et al., 2005).
Within this framework, anomaly detection reduces to identifying low-density regions, as the
density of normal data shares the same family of level sets as the density of the contaminated
model. This classical assumption facilitates theoretical analysis and underpins several well-
known unsupervised methods, including OC-SVM (Scholkopf et al., 2001) and deep learning-
based approaches (Ruff et al., 2021).

Building on this framework, we explore the distance-based method for unsupervised
anomaly detection, motivated by the connection between distance functions and k-nearest
neighbor (kNN) density estimations highlighted by Biau et al. (2011). This method leverages
the distances between data points and their nearest neighbors to assess anomalies. For any
z € R? and a dataset D,,, we denote Xk (w5 Dy) as the k-th nearest neighbor of z in D,,.
We then define R, () := |z — Xy (z; Dn)H2 as the distance between x and Xy (x; Dy),
referred to as the k-nearest neighbor distance, or k-distance of x in D,,.

Distance-based methods are important and effective for anomaly detection. However,
when handling large datasets, the number of nearest neighbors that need to be searched
grows substantially, leading to significant computational overhead. To mitigate this issue,
we incorporate the bagging technique by averaging the weighted k-distances computed on
multiple disjoint sub-datasets randomly drawn from the original dataset D, without re-
placement. Let B be the number of bagging rounds pre-specified by the user, and {Dg}ég:l
be B disjoint subsets of D,, each of size s. Since the sub-samples are disjoint and the
data D,, is supposed i.i.d., this procedure is mathematically equivalent to taking the first
s samples for bag 1, the following s samples for bag 2, etc. In each subset D% b € [B],
let Rg,(k) (x) == Ha: = X (3 Dls’)H2 be the k-distance of x in D’ for any integer k < s, and

let the weighted k-distance be defined as RY’(z) := S wiRl @) (z), with w® € W;. The
bagged weighted k-distances are obtained by averaging these weighted k-distances across the
B sub-datasets:

B

RB(z) = % S RO ().

b=1

Then, we introduce the bagged weighted k-distances for density estimation (BWDDE) as

726 = (53 St 2)

b=1 i=1
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where V; = 7%2/T(d/2 + 1) is the volume of the unit ball and

T+ 1/d)T(s + 1)
T T DT (s + 1+ 1/d) 3)

Here, 75, represents the expected value of the d-th root of the beta distribution Beta(i, s +
1 — 4), which is associated with the probability of a ball having a radius of Rg,(i) (). The
choice of v, ; facilitates the derivation of the concentration inequality for BWDDE. A detailed
discussion is provided in Section 4.1. Potential anomalies can be identified in regions of low
density using BWDDE. More specifically, the dataset D,, = {X1,...,X,} can be sorted
in ascending order based on their BWDDE values, denoted as {X7,..., X/}, such that
fB(X]) < --- < f£B(X!). If the number of anomalies is predetermined as m, then the m
data points with the smallest BWDDE values are identified as anomalies.

2.3 Bagged Regularized k-Distances for Anomaly Detection

A key challenge in using bagged weighted k-distance for density estimation (2) is selecting
appropriate weights for the nearest neighbors. These weights play a crucial role in deter-
mining the accuracy of the density estimate and, consequently, the precision of anomaly
detection. The simplest way is to take B = 1 and, for a fixed in advance k, set wy = 1 and
w; = 0 for i € [n]\ {k}. In this case, BWDDE reverts to the standard k-NN density estima-
tion (Moore and Yackel, 1977; Devroye and Wagner, 1977; Dasgupta and Kpotufe, 2014).
Notably, the standard k-NN density estimation relies solely on the distance to the k-th near-
est neighbor, disregarding information from other neighbors. To address this limitation, a
more general approach was proposed by Biau et al. (2011), which investigated the general
weighted k-nearest neighbor density estimation by associating the weights with a given prob-
ability measure on [0, 1]. More specifically, for a given probability measure v on [0, 1] and
a sequence of positive integer {k,}, the weights are defined as w; = f((i_l) Jhoni on] v(dt), for
1 <i < k,, with w; = 0 otherwise.

Challenges for the weight selection. Since density estimation is an unsupervised prob-
lem, we lack access to the true density function for direct hyperparameter selection. Existing
literature has proposed two common approaches to address this challenge:

1. ANLL-based Approach: A common approach is to optimize hyperparameters by
minimizing the Average Negative Log Likelihood (ANLL) (Chow et al., 1983; Lopez-Rubio,
2013; Silverman, 2018), which is equivalent to minimizing KL divergence. This approach
assumes that the density estimate integrates to one over R%. However, this assumption does
not hold for our BWDDE. Given the dataset Dy, let M := max;c[,] [|X;2. By the definition
of the bagged weighted k-distances, for any = € R%, we have:
1< 1< 1<
RE@) = 5 Y RYN@) < 5 R (@) < 5 S (lella + M) = [l + M.

b=1 b=1 b

Therefore, the density estimate satisfies
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for any x € R% Notably, the integral of fZ(x) over R? diverges, rendering the ANLL
approach unsuitable.

2. Lo Risk Approach: An alternative approach is leave-one-out cross-validation based on
Ly risk of the density estimate (Tsybakov, 2009; Biau et al., 2011), defined as

/ (FP@) — f@) de= | fP@)de—2 / By f@yde+ | fa)?ar.
R Rd R Rd

The last term is independent of fZ and can be ignored in the optimization. The second
term can be estimated by —2 """, ff(_i) (X;)/n, where ff(_i) (x) is the density estimator
with the i-th observation removed. Thus, we define the cross-validation loss as

2 n
Loviif) = [ P de =2 IAEIE)

However, computing [pq fB(x)? dx requires Monte Carlo methods, which becomes infeasible
in high dimensions due to the absence of a closed-form expression for this integral.

In summary, existing hyperparameter selection methods are not well-suited for BWDDE
in high-dimensional cases due to the lack of closed-form integrals. To address this, we
propose the Surrogate Risk Minimization (SRM) approach, which allows automatic weight
selection through a more computationally feasible optimization, distinguishing our method
from other nearest-neighbor-based density estimators.

Surrogate risk. In the context of density estimation, we consider the absolute loss func-
tion L : X xR — [0, 00), defined as L(z,t) := | f(x) —t|, to measure the discrepancy between
an estimate and the true density function f. Let DF = UEZIDS denote the union of the B
sub-datasets, where each D% = {X? ... X%}. The empirical risk of f2 with respect to D
is given by

B s
Rupp(f2) = 2= S S P(x!) — f(xD)]. (1

b=1 =1

As noted in Devroye and Lugosi (2001); Hang et al. (2018), the absolute loss is a reasonable
choice for density estimation due to its invariance under monotone transformations. More-
over, it is proportional to the total variation metric, providing a more interpretable measure
of proximity to the true density.

Since the underlying density function f in (4) is unknown, standard optimization tech-
niques for parameter selection cannot be directly applied to weight selection in density
estimation. To address this, we seek a surrogate for the empirical risk in (4) and minimize it
to determine the nearest neighbor weights. To proceed, we introduce the following regularity
assumptions on the underlying probability distribution P.

Assumption 2 Assume that P has a Lebesque density f with support X = [0,1]¢.

(i) [Lipschitz Continuity] The density f is Lipschitz continuous on [0,1]%, i.e., for all
x,y € [0,1]%, there exists a constant cy, > 0 such that |f(z) — f(y)| < crllz — yll2-
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(ii) [Boundness| There exist constants ¢ > ¢ > 0 such that ¢ < f(z) <€ for allx € X.

The smoothness assumption is necessary for bounding the variation of the density func-
tion and is a common approach in density estimation (Dasgupta and Kpotufe, 2014; Jiang,
2017). This assumption helps prevent overfitting and provides a more stable density esti-
mate. The assumption of lower boundedness of the density has been commonly employed in
prior work, such as (Dasgupta and Kpotufe, 2014; Zhao and Lai, 2022), to establish finite-
sample rates for k-NN density estimation. This assumption simplifies deriving finite-sample
bounds for k-distances (see Lemma 12), thereby providing a clearer characterization of the
surrogate risk in the following Proposition. We emphasize that although this assumption
aids theoretical analysis, our proposed algorithm remains applicable in broader settings.
Further discussions can be found after Theorem 3.

Under these assumptions, along with additional conditions on the weights, the next
proposition presents a surrogate for the empirical risk (4).

Proposition 1 (Surrogate Risk) Let Assumption 2 hold, and let L denote the abso-
lute value loss. Let {Db}b 1 be B disjoint subsets randomly drawn from D,, with Db =

{xb ..., X Y, and define R = R (Xb)/s as the average i-distances for any in-

teger i < s on the subset Dg. Furthermore, let f be the true density function and f2 be the
BWDDE as in (2). Moreover, let k¥ := k(w®) := sup{i € [s] : w} # 0}, k := minye(p k
and k = maXpc|p] kY. Finally, suppose that the following four conditions hold:

7

(i) There exists a sequence ¢, < logn such that Z w? < (logn)/k° for all b € [B);
1=1

(i) k Z (logn)?, k=< k, B> 2(d*+4)(logn)/3, B < (k/(logn))'*2%/¢ logs =< logn, and
s > max{c}, 2k}, where c’l is a constant defined in Lemma 12;

(iii) |wbs > (kb)) andel/d b= (k) for b e [B);

=1

() There exist constants Cp; such that in?];?w S Cpi fori € [s] and E it/ 1/20
€
=1

TVd-1/2
Then, there exists N € N, specified in the proof, such that for alln > N and Xf satisfying
B(Xb RY . (XD)) € [0,1)¢ for all ¥ € [B], there holds

7) SV (logs)/B - |u’lls + RYY(XT),  iels], be (B, (5)

with probability PB* at least 1 — 4/n%. Furthermore, we have

5, (k")

Rppp(f2) S Ry (f5) = Z(\/ o5 )/ - [l + - ZR?”(X?))

b=1 =1

| =

B
b=

Z<\/<logs>/B s + sz’R’;(i)). (6)

1 i=1



BAGGED REGULARIZED k-DISTANCES FOR ANOMALY DETECTION

The term on the right-hand side of (6) is referred to as the surrogate risk. A smaller surrogate
risk clearly corresponds to higher accuracy in BWDDE. Condition (i) and (7i) imply that
S w? — 0 as n — oo for all b € [B]. This ensures that the weights are not overly
concentrated in the first ¢, nearest neighbors, promoting a more balanced distribution of
weights across the data points. The first requirement in (77) ensures that the number of
nearest neighbors at each bagging round is at least of the order (logn)?, which aligns with
the condition & — oo in Moore and Yackel (1977); Dasgupta and Kpotufe (2014). The
second requirement mandates that the number of non-zero nearest neighbors across different
subsets remains of the same order. The third and fourth requirements impose lower and
upper bounds on the number of bagging rounds B. Since the subsets are drawn without
replacement, a very large B can result in a small sample size in each subset, which would
increase the estimation error. Conversely, if B is too small, the density estimator may
not benefit sufficiently from bagging. The last two conditions in (i) impose bounds on s
for similar reasons. Condition (iii) on the relationship between w®’ and k° is satisfied for
commonly used weight choices for nearest neighbors. Finally, condition (iv) requires that the

moments of the weights be bounded by powers of k. The condition B(X?, Rl:(kb,)(Xf’)) C

[0,1]¢ for all ¥’ € [B] ensures that the kY-distance ball is fully contained within the cube
[0,1]¢ for &' € [B]. This is crucial because if the ball extends beyond the cube, the density
estimator may not be consistent under Assumption 2.

While the conditions in Proposition 1 may appear complex, they encompass commonly
used weight choices. For example, under a uniform weight distribution for the nearest
neighbors, we have w? = 1{i < k}/k for i € [s] and b € [B], where k € [s] is fixed. Under
this setting, condition (i) is directly satisfied, and condition (7i) holds with appropriately
chosen parameters. Regarding condition (i), we obtain |Jw®|s = (k‘b)_l/2 = 1/vk and
S it = S VA =< kY for all b € [B]. If we set Cp; = 1{i < k}/k for
i € [s], it follows that S35 ¢V/4-1/2C, ; = 2K j1/d=1/2 ) = g1/d=1/2 implying that all
conditions hold for bagged uniformly weighted k-distance density estimation. With minor
modifications, these arguments extend to the more general case w; = f((i_l) Jhesi /] v(dt), for
1 < ¢ < k, with w; = 0 otherwise, where v is the probability measure associated with
Beta(a, 1) for a > 1.

These conditions are primarily used to derive our surrogate risk, which leads to a new and
effective algorithm without hyperparameter tuning. In fact, Proposition 5 in Section 4.2.1
ensures that our proposed method satisfies these conditions with high probability, making
it unnecessary to verify them in practical applications.

Surrogate risk minimization (SRM). From the expression of the surrogate risk in (6),
minimizing the surrogate risk is equivalent to solving the following optimization problems:

w”* = argmin /(logs)/B - ||[w®||2 + waﬁzy(i), be [B]. (7)

wbEW;s i=1

A closer examination of the optimization problems in (7) reveals that each consists of
two components. The first term is proportional to the fo-norm of the weights w?, while the
second term represents a linear combination of these weights.
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Without the first term, the optimization objective in (7) reduces to the second term,
i w; R ,(5)» Which attains its minimum when w® = (1,0,...,0). In this case, the weighted
k-distance simplifies to RY"’(z) = Rg’(l)(:z:), representing the dlstance from x to its nearest
neighbor. This often leads to overfitting in density estimation, as it fails to incorporate
information from other nearest neighbors.

By introducing the [w®||2 term into the minimization problem (7), we mitigate the
overfitting issue. The fy-norm ||w’||y attains its maximum value of 1 when all weight is
assigned to a single nearest neighbor, i.e., when wf =1 for some i € [s] and w? = 0 for all

j # i Conversely7 it reaches its minimum value of n~'/2 when the weights are uniformly
distributed as w® = (1/n,...,1/n). Consequently, incorporating this term encourages the
weights to be dlstrlbuted across multiple nearest neighbors, thereby preventing overfitting.
As a result, ||w®||2 serves as a regularization term in the minimization problem (7).

Solution to SRM. Notice that (7) is a convex optimization problem solved efficiently
from the data. For a fixed b € [B], considering the constraint Lagrangian, we have

- —b
(Pl )= g9 B ol + Sty 4 (1= 3t ) - Z o

i=1 i=1

where ;® € R and l/% ,...v2 > 0 are the Lagrange multipliers. Since (7) is a convex opti-
mization problem, the solution satisfying the KKT conditions is a global minimum. Setting
the partial derivative of £(w®, u?, 1/*) with respect to w? to zero gives:

—b
(log s)/B - wl/|[w’ |2 = u* + ! — Ry - (8)

Since w®* is the optimal solution of (7), the KKT conditions imply that if wb’* > 0, then

I/Zb = 0. Conversely, if wf’ = 0, then ub > 0, which implies R () = ub. Therefore, wb is
proportional to u? —Eb () for all nonzero entries. This together with the equality constraint
O w =1 yields that w * has the form

- (1" — Re ) - L{Ro gy < 1)
S (b = R ) - L{Re oy < it}

for i € [s]. Since RZ,@) becomes larger as ¢ increases, the formulation above shows that wf’*
becomes smaller as i increases. Moreover, the optimal weights have a cut-off effect that only
nearest neighbors near x, i.e. Rl;(i) < P are considered in the solution, while the weights
for the remaining nearest neighbors are all set to zero. This is consistent with our usual
judgment: the closer the neighbor, the greater the impact on the density estimation.

There are many efficient methods to solve the convex optimization problem (7). Here,
we follow the method developed in Anava and Levy (2016); Dong et al. (2020); Sheng and
Yu (2023). The key idea is to add nearest neighbors in a greedy manner based on their
distance from x until a stopping criterion is met. We present it in Algorithm 1.

10



BAGGED REGULARIZED k-DISTANCES FOR ANOMALY DETECTION

Algorithm 1: Surrogate Risk Minimization (SRM)

. —=b .
Input: Average i-distances Rsy(i), 1<i<s.

Let r; = /B/log s -Rg(i), 1<i<s.
Set up =r1 + 1 and k = 0.
while pg > g1 and k <s—1do

k<+—k+1,
o= (s + b+ (S )2 — k03 k.
end

Compute A =37 (e — 74) - 1(ri < pg))-
Compute w?’* = (g — i) - 1(ri < p) /A, 1 <i<s.
Output: Weights w”*.

Density estimation. The discussions above indicate that the minimization problem (7)
provides a practical method for determining the weights of nearest neighbors in density
estimation.

However, these weights depend on the data, introducing statistical dependence between
the weights w?’* and the i-distance Rgm (x) for i € [s] in each bag b € [B]. Such dependence
complicates the theoretical analysis of weighted k-distances and density estimation within
the framework of statistical learning theory.

To address this issue, we employ distinct subsets of the data for computing the k-
distances, ensuring their independence from the optimized weights. For simplicity, we as-
sume that n = 2Bs, which facilitates a more straightforward theoretical derivation without
loss of generality. This assumption ensures that each subset is of equal size; if n is not
exactly divisible by 2B, minor modifications to the partitioning scheme can be applied
without affecting the theoretical conclusions. We randomly partition D,, into B disjoint
pairs of subsets {(D?, 52)}521, where each subset has size s and D21 D? = () for each b. Let
w®* represent the weights obtained by solving the optimization problem (7) using {Dg}szl,
and let ]Aég »(x) denote the i-distance of x computed using {52}1)3:1 for i € [s]. Then, we
define the regularized k-distances as follows:

Ry (z) = RV M(a) = Y wl R (). 9)
=1

We refer to the weighted average of these k-distances as the bagged regularized k-distance
1B
RP*(x) := B > RY(x). (10)
b=1

By incorporating the w®* and RE’*(.T) into the BWDDE formula (2), we are able to obtain
a new nearest-neighbor-based density estimator called bagged reqularized k-distances for
density estimation (BRDDE), expressed as

1 1 S d
B () = — ( w?’*%,i> . 11
(z) VoRE (2)d BZ (11)

b=1 =1

11
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Algorithm 2: Bagged Regularized k-Distances for Anomaly Detection (BRDAD)
Input: Data D = {X1,---, X, }; Number of anomalies m;
Bagging rounds B; Subsampling size s.
Randomly partition D,, into B disjoint pairs of subsets, denoted as {(D?, 52)}{)3:1,
such that DY N DY = @ for each b.
for b € [B] do
Compute weights w®* using D by (7);

Compute the regularized k-distances RZ’*(XZ-) for 1 <4 < n using (9), based on
w* and 52
end
Compute the bagged regularized k-distances R *(X;) by (10) for 1 <i < n.
Sort the data D,, = {X1,..., X, } as {X{],..., X} } in descending order according to
their bagged regularized k-distances, i.c., RE™(X]) > --- > RE™*(X)).
Output: Anomalies { X/}, .

This minimization approach distinguishes our BRDDE from existing nearest-neighbor-based
density estimators. Specifically, they suffer from the sensitivity to the choice of the hyper-
parameter k, since the selection of k is inherently difficult due to the lack of supervised
information. On the contrary, when the number of bagging rounds B is fixed, SRM enables
the calculation of the weights of nearest neighbors in each subset DIS’ by solving the con-
vex optimization problem based on the average i-distance El;(i) as in equation (7). As a
result, we successfully address the hyperparameter selection challenge without changing the
unsupervised nature of the problem.

Anomaly Detection. By applying BRDDE to all samples, anomalies can be identified as
instances with lower BRDDE values. However, explicit density estimation is not necessary
for anomaly detection. Since density estimates serve as anomaly scores, any monotone
transformation preserves their ranking (possibly in reverse) and maintains the same family
of level sets, leading to identical AUC values. Thus, bagged regularized k-distances provide a
sufficient and practical alternative for anomaly detection. They can be accurately computed
in high-dimensional spaces, and their associated weights can be efficiently optimized from
(7), making them an effective approach for density-based anomaly detection.

We now introduce our anomaly detection algorithm, bagged reqularized k-distances for
anomaly detection (BRDAD). The dataset D, is sorted into the sequence {X7i,..., X}
based on their bagged regularized k-distances in descending order, i.e. Rf X)) > >
RE™(X!). Given the pre-specified number of anomalies m, the first m instances {xX/ym,,
are considered as the m anomalies. The complete procedure of our BRDAD algorithm is
presented in Algorithm 2. As illustrated above, SRM mitigates the challenge of hyperpa-
rameter selection in density estimation. Consequently, BRDAD retains the advantages of
BRDDE by using the same weights to address the sensitivity of hyperparameter selection
in nearest-neighbor-based methods for unsupervised anomaly detection.

Algorithm 2 is based on the assumption that P; follows a uniform distribution. However,
when prior knowledge about the density function of anomaly is available, anomalies can still

12
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be detected using the bagged regularized k-distances Rf *(z). Consider the Huber model
in (1), where P, Py, and P; have densities f, fo, and fi, respectively. Defining h := fo/fi
and p := II/(1 —1I), Steinwart et al. (2005, Corollary 3) establishes that instances in the set
{X; : h(X;) < p} can be recognized as anomalies with theoretical guarantees. This set can
be equivalently written as {X; : f(X;)/f1(X;) < 2II}, based on the relationship between the
densities. Since RE™*(x)? is inversely proportional to the density estimate f*(z), anomalies
can be identified by sorting the data according to:

AXDYIRE*(X1) > - > f(XL)VIRE* (X)),

where the top m instances { X/}, are considered anomalies. Furthermore, the theoretical
results in Section 3 can be extended to this setting with minor modifications, ensuring the
generality of our approach.

3. Theoretical Results

In this section, we present theoretical results related to our BRDAD algorithm. We first
investigate the Huber contamination model in Section 3.1, in which we can analyze the
performance of the bagged regularized k-distances from a learning theory perspective. Then,
we present the convergence rates of BRDDE and BRDAD in Section 3.2 and 3.3, respectively.
Finally, we provide comments and discussions on our algorithms and theoretical results in
Section 3.4. We also compare our theoretical findings on the convergences of both BRDDE
and BRDAD with other nearest-neighbor-based methods in this section.

3.1 Huber Contamination Model

In the Huber contamination model (HCM) in Assumption 1, for every instance X from
P, we can use a latent variable Y € {0,1} that indicates which distribution it is from.
More specifically, Y = 0 and Y = 1 indicate that the instance is from the normal and the
anomalous distribution, respectively. As a result, the anomaly detection problem can be
converted into a bipartite ranking problem where instances are labeled positive or negative
implicitly according to whether it is normal or not. Let P represent the joint probability
distribution of X x Y. In this case, our learning goal is to learn a score function that
minimizes the probability of mis-ranking a pair of normal and anomalous instances, i.e. that
maximizes the area under the ROC curve (AUC). Therefore, we can study regret bounds for
the AUC of the bagged regularized k-distances to evaluate its performance from the learning
theory perspective. Let r : X — R be a score function, then the AUC of r can be written as

AUC(r) =E[1{(Y = Y")(r(X) — r(X") > 0)} + L{r(X) = r(X")}/2]Y £Y"],

where (X,Y), (X’,Y") are assumed to be drawn i.i.d. from P. In other words, the AUC of r
is the probability that a randomly drawn anomaly is ranked higher than a randomly drawn
normal instance by the score function r. Given the HCM in (1) and the assumption that
P; is uniformly distributed over [0,1]¢ in Assumption 1, the posterior probability function
with respect to P is given by

Hf1 (33‘)

= x _1.
0~ (o) + TR @ (12)

nz):=PY =1|X =a) =
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Then, the optimal AUC is defined as

1
AUC* := sup AUC(r) =1

R = i ) e i () = 9(X), (X (1 = n(X))].

Finally, the AUC regret of a score function r is defined as
RegVC(r) := AUC* — AUC(r).

As discussed in Section 2.2, BRDAD is a density-based anomaly detection method. To
establish its convergence rates under the Huber contamination model, we first derive the
theoretical convergence rates of BRDDE in (11), which are presented in the next subsection.

3.2 Convergence Rates of BRDDE

The convergence rates of BRDDE are presented in the following Theorem.

Theorem 2 Let Assumption 2 hold. Suppose that the dataset Dy, is randomly partitioned
into B disjoint pairs of subsets, denoted as {(D%, D%)}B_ || such that D2N D% =0 for each b.
Let f be the true density function, and let f,?’* be the BRDDE defined in (11). If we choose

§ = (TL/ log n) (d+1)/(d+2) and B = ’)’Ll/(d+2) (log n) (d—i_l)/(d"'Q)7 (13)

then there exists Ny € N, which will be specified in the proof, such that for all n > N3, with
probability P™ at least 1 — 4/n?, we have

[ 1824@) = @)l de £ V@D og ) @902,
X

The convergence rate of the Li-error of BRDDE in the above theorem matches the
minimax lower bound established in Zhao and Lai (2021) when the density function is
Lipschitz continuous. Therefore, BRDDE attains the optimal convergence rates for density
estimation. As a result, the SRM procedure in Section 2.3 turns out to be a promising
approach for determining the weights of nearest neighbors for BWDDE.

Moreover, notice that the number of iterations required in the optimization problem (7)
at each bagging round depends on the sub-sample size s. In Theorem 2, the choice of s is
significantly smaller than n, indicating that fewer iterations are required at each bagging
round. This explains the computational efficiency of incorporating the bagging technique if
parallel computation is employed. However, due to the dependence in d, this improvement
becomes less and less significant in high dimension. Further discussions on the complexity
are presented in Section 4.3.

3.3 Convergence Rates of BRDAD

The next theorem provides the convergence rates for BRDAD.

Theorem 3 Let Assumptions 1 and 2 hold. Suppose the conditions in Theorem 2 hold,
including the dataset partitioning and choice of parameters s and B. Let RE* be the bagged
reqularized k-distances returned by Algorithm 2. Then there exists N5 € N, as specified in
Theorem 2, such that for all n > N3, with probability P" at least 1 — 4/n%, we have

RegAUC (RE,*) ,S, nfl/(2+d) (log n)(d+3)/(d+2) )
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Theorem 3 establishes that, up to a logarithmic factor, the AUC regret of BRDAD
converges at a rate of O(n~Y(4+2)) provided that the number of bagging rounds B and
the subsample size s are chosen as in (13). Notably, the parameter choices and convergence
rates in Theorem 3 align with those in Theorem 2 for BRDDE. This follows from the fact
that BRDAD is a density-based anomaly detection method built upon BRDDE.

Although surrogate risk minimization is formulated under Assumption 2, we note that
these assumptions can be relaxed, and similar convergence rates for our BRDDE and BR-
DAD remain valid under more general conditions. In particular, Lipschitz continuity natu-
rally extends to manifolds: if the data is supported on a d’-dimensional manifold M with
density f absolutely continuous with respect to the manifold’s volume measure, then f is Lip-
schitz continuous on M if there exists a constant ¢z, > 0 such that |f(z)— f(y)| < crdm(z,y)
for all z,y € M, where da(z,y) denotes the geodesic distance. This assumption aligns with
that in the prior literature (Berenfeld and Hoffmann, 2021). Additionally, the assumption
of lower boundedness can be relaxed with suitable conditions on the tail behavior of the
density, as discussed in Zhao and Lai (2022). Since geodesic distances on manifolds are
well approximated by Euclidean distances within a small neighborhood (Niyogi et al., 2008;
Berenfeld and Hoffmann, 2021), our theoretical results for SRM and the convergence rates
of BRDDE and BRDAD can be extended to cases where both assumptions are relaxed.
However, our current focus remains on hyperparameter sensitivity in density estimation;
therefore, a detailed exploration of these extensions is beyond the scope of this paper.

3.4 Comments and Discussions

By reformulating the analysis of bagged regularized k-distances in terms of BRDDE within
a statistical learning framework (van der Vaart and Wellner, 1996), we establish convergence
rates for the AUC regret of bagged regularized k-distances under the Huber contamination
model, assuming mild regularity conditions on the density function (Theorem 3). Notably,
our findings reveal that the convergence rate of the AUC regret of BRDAD matches that
for density estimation, indicating the effectiveness of BRDAD.

In contrast, previous theoretical studies on distance-based methods for unsupervised
anomaly detection did not establish a connection between distance-based algorithms and
density estimation, leaving the convergence rates unaddressed. For instance, Sugiyama and
Borgwardt (2013) introduced a sampling-based outlier detection method and analyzed its
effectiveness compared to traditional k-nearest neighbors approaches, but without a rigorous
theoretical foundation. More recently, Gu et al. (2019) conducted a statistical analysis of
distance-to-measure (DTM) for anomaly detection under the Huber contamination model,
assuming specific regularity conditions on the distribution, and showed that anomalies can
be identified with high probability. However, since these studies did not derive convergence
rates for the AUC regret, their results are not directly comparable to ours.

4. Error and Complexity Analysis

In this section, we present the error analysis of the AUC regret and the complexity analysis of
our algorithm. In detail, in Section 4.1, we provide the error decomposition of the surrogate
risk, which leads to the derivation of the surrogate risk in Proposition 1 in Section 2.3.
Furthermore, in Section 4.2, we illustrate the three building blocks in learning the AUC

15



CA1, YANG, MA, HANG

regret, which indicates the way to establish the convergence rates of both BRDDE and
BRDAD in Theorem 2 and 3 in Section 3.3. Finally, we analyze the time complexity of
BRDAD and illustrate the computational efficiency of BRDAD compared to other distance-
based methods for anomaly detection in Section 4.3.

4.1 Error Analysis for the Surrogate Risk

In this section, we first provide the error decomposition for the BWDDE fZ(z) in (2). Then,
we present the upper bounds for these error terms.
Let the term (I) be defined as
S

d—1 B
(I): VdRB dZ(;ZZwVSZ> Vl/df( )1/dRB( ))d 1 J (14)

Jj= b=1 i=1

Using the triangle inequality and the equality

d—1
wl =yt =(w—y) )ty (15)
=0
we obtain
1 B s
£5(@) - @) = VdRT (53w~ VarwRE
b=1 i=1
‘ Zw Yoi = V' F (@) RE ()
b=1 =1
‘ Zw%,— LS S ) R o
b=1 i=1 b 1i=1
> (I) Z Zw ’Ysz_vl/df( )Ung (z)( ))‘ (16)
=1 b 1

If the terms (/1) and (III) are defined respectively as

(11 Z Zw ¥si — P(B(x, Rb()( )))Vd)a (17)
=1

(I11) Z Zw B(a, R ()" = V() VIR ) ()] (18)
=1

then applying the triangle inequality to (16) yields the error decomposition
|7 (x) = f(@)] < (1) - (1) + (1) - (I1]). (19)

We emphasize that vs; = E[P(B(z, R (i )( )9 for a fixed x € X, b € [B], and i € [s].
Therefore, standard concentration mequahtles can be applied to establish the convergence
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rates for term (/). The derivation of this equality is explained as follows: Since P has a
density over [0, 1]¢ with respect to the Lebesgue measure, the random variable | X — x| is
continuous for a fixed x € X. By the probability integral transform, P(B(z, || X — z||2)) is
uniformly distributed over [0,1]. For any b € [B], note that X!,..., X? are i.i.d. with the
same distribution P. Let U, ..., U? be i.i.d. uniform [0, 1] random variables. Then

(P(x, [|X? = ])2), ..., P(z, | X? — 2]2)) 2 (U, ..., U0).

Reordering the samples such that HXE’U(QU) —zllpg <0 < HX&) (x) — x||2, we obtain

(P(B(z, B, (1)(2))), ... . P(B(z, B () 2 (UL..... UL, (20)

where U(bl.) is the i-th order statistic of U?, ..., U?. This reduces the study of P(B(z, Rl;(i) (2)))
to the study of U(bi). By Corollary 1.2 in Biau and Devroye (2015), U(bz.) ~ Beta(i, s+ 1 —1).
Hence, E[P(B(I,Rg(i)<l’)))1/d] = E[(U(bi))l/d] = Vs.i-

In the literature on weighted nearest-neighbor density estimation (Biau et al., 2011;
Biau and Devroye, 2015), the expression (i/s)'/? is often used in place of Vs,i, introducing
an additional error term |7 ; — (i/s)"/¢|. While this error is negligible in the absence of
bagging, it slows the convergence rate of term (/1) when bagging is employed. Therefore,
using 7, ; enables a clearer demonstration of the benefits of bagging in density estimation.

The following proposition provides the upper bounds for the error terms (I), (I71), and
(III), respectively.

Proposition 4 Let Assumption 2 hold. Furthermore, let (I), (II), and (I11) be defined as
n (14), (17), and (18), respectively. Let k, k, and k be defined as in Proposition 1. Suppose
that the conditions (i) — (iv) in Proposition 1 hold. Then there exists N1 € N, which will be
specified in the proof, such that for all n > Ny and x satisfying B(x, ng(kb)(x)) c [0,1]¢ for

all b € [B], the following statements hold with probability PP* at least 1 — 2/n?:
- —1/d
(1) 5 (R/s)"""

(1) < (R/s) " ((logn)/(RB))"*;
(I11) S (logn) 1/ /(s1/9%) + (R /s)2/".

4.2 Learning the AUC Regret: Three Building Blocks

Recalling that the central concern in statistical learning theory is the convergence rates of
learning algorithms under various settings. In Section 3.1, we show that when the probability
distribution P follows the Huber contamination model (HCM) in Assumption 1, we can use
a latent variable Y to indicate whether it is from the anomalous distribution. Moreover, the
posterior probability in (12) implies that in HCM, anomalies can be identified by using the
Bayes classifier with respect to the classification loss, resulting in the set of anomalies as

S:={zcR:nx)>1/2} ={z e R If(z)"' >1/2} = {z e R?: f(z) < 20I}.
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This set can be estimated by the lower-level set estimation of BRDDE at the threshold 2IT
asin (11), i.e., 8 := {z e RY: f2*(2) < 21T} with £ () as defined in (11). If we choose

B s

1 b,*
RN o S
1/d 2 e
(2V,4II) /1B o

then we have
{z e RY: RB*(2) > 0} = {z e R?: fP¥(2) < 211} = S.

This implies that the upper-level set of bagged regularized k-distances, ie., {z € R?
RE *(z) > 6}, equals the estimation S with the properly chosen threshold. As a result,
the unsupervised anomaly detection problem is converted to an implicit binary classification
problem. Therefore, we are able to analyze the performance of RE *(z) in anomaly detection
by applying the analytical tools for classification. Since the posterior probability estimation
is inversely proportional to the BRDDE as shown in (12) in Section 3.1, the problem of
analyzing the posterior probability estimation can be further converted to analyzing the
BRDDE. Therefore, it is natural and necessary to investigate the following three problems:

(i) The finite sample bounds of the optimized weights w”* by solving SRM problems.

(ii) The convergence of the BRDDE as stated in Theorem 2, that is, whether ff * converges
to f in terms of Li-norm.

(iii) The convergence of AUC regret for RE " ie., whether the convergences of BRDDE
ff " imply the convergences of the AUC regret of RE*.

1£7 = fllzuxy) =0

AUC/( pB,*
Reg™ " (R,") = 0 (Theorem 2)

SRM

Figure 1: An illustration of the three fundamental components of AUC regret. The left block represents the
consistency of AUC regret, the middle block signifies the consistency of BRDDE, and the right
block corresponds to the statistical analysis of SRM, aligning with Problem (iii), (ii), and (i),
respectively.

The above three problems form the foundations for conducting a learning theory analysis
on bagged regularized k-distances and serve as three main building blocks. Notice that
Problem (ii) is already provided in Theorem 2 in Section 3.2. Detailed explorations of the
other two Problems (i) and (iii), will be expanded in the following subsections.

4.2.1 ANALYSIS FOR THE SURROGATE RISK MINIMIZATION

The following Proposition ensures that the solution to the surrogate risk minimization sat-
isfies the conditions in Proposition 1 with high probability, thereby addressing Problem (i)
and validating the effectiveness of our algorithm.

Proposition 5 Let Assumption 2 hold. Let {DZS’}bB:1 be B disjoint subsets of size s randomly
drawn from the data set D,,. Moreover, let w** be defined as in (7), and k> := k(w®*) :=
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sup{i € [n] : wf’* # 0}. If we choose s and B as in (13) in Theorem 2, then there exists
Ny € N, which will be specified in the proof, such that for all n > Ns, the following two
statements hold with probability PP* at least 1 — 1/n?:

1. The conditions (i) — (iv) in Proposition 1 hold for w®* and kb*.
2. Furthermore, we have k** =< (n/logn)Y4+2) for b € [B].

4.2.2 ANALYSIS FOR THE AUC REGRET

Problem (iii) in the left block of Figure 4.2 is solved by the next proposition, which shows
that the problem of bounding the AUC regret of the bagged regularized k-distances can be
converted to the problem of bounding the Li-error of the BRDDE.

Proposition 6 Let Assumptions 1 and 2 hold, and let f be the true density function. Let
RE* be the bagged regularized k-distances as in (10) and ff’*(aj) be the BRDDE as in (11).
Suppose that there exists a constant ¢ > 0 such that | f£"*|lcc > ¢. Then, we have

RegAVC(RE") < /X £ () — f(o)|da.

The results in Proposition 6 apply broadly to any density estimator that is lower bounded
and whose weights satisfy the conditions outlined in Propositions 4 and 5. Indeed, this
means any sufficiently good (weighted) A-NN density estimator meeting these conditions
would achieve similar theoretical guarantees. Therefore, our proposed estimator does not
claim a faster convergence rate than existing methods. Instead, its primary advantage lies
in reducing sensitivity to hyperparameter selection in practice, as thoroughly discussed in
Section 2.3. The theoretical guarantees established in Proposition 6 play a crucial role in
validating the consistency of our estimator in comparison to standard approaches.

4.3 Complexity Analysis

To deal with the efficiency issue in distance-based methods for anomaly detection when deal-
ing with large-scale datasets, Wu and Jermaine (2006) proposed the iterative subsampling,
i.e., for each test sample, they first randomly select a portion of data and then compute
the k-distance over the subsamples. They provided a probabilistic analysis of the quality of
the subsampled distance compared to the k-distance over the whole dataset. Furthermore,
Sugiyama and Borgwardt (2013) proposed the one-time sampling for the computation of
the k-distances over the dataset for all test samples, which is shown to be more efficient
than the iterative sampling. Although these sub-sampling methods improve computational
efficiency, these distance-based methods fail to comprehensively utilize the information in
the dataset since a large portion of samples are dropped out. By contrast, the bagging
technique incorporated in our BRDAD not only addresses the efficiency issues when dealing
with large-scale datasets but also maintains the ability to make full use of the data. In the
following, we conduct a complexity analysis for BRDAD in detail to show the computational
efficiency of BRDAD.

As a widely used algorithm, the k-d tree (Friedman et al., 1977) is commonly employed
in NN-based methods to search for nearest neighbors. Given n data points in d dimen-
sions, Friedman et al. (1977) showed that constructing a k-d tree requires O(ndlogn) time,
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while searching for & nearest neighbors takes O(klogn) time. Below, we analyze the time
complexities of the construction and search stages in BRDAD to demonstrate how bagging
reduces computational complexity.

(i) In each bagging round, BRDAD constructs a k-d tree using s data points. Taking
s as the order in Theorem 2, the construction time per k-d tree is O(dslogs) =
O(dn(HHD/(4+2) (Jog n)/(442)) when parallelism is applied. In contrast, without bag-
ging, constructing a single k-d tree requires O(dnlogn) time. Thus, bagging reduces
the construction time complexity.

(77) The time complexity of regularized k-distances at each bagging round consists of two
main components: (i) computing the average k-distances, and (i) solving the SRM
problem. The first part, querying k%* neighbors, takes O(k"*logs) time. For the
second part, Anava and Levy (2016, Theorem 3.3) shows that Algorithm 1 finds the
solution in O(k®*) time. Consequently, the search stage requires at most O(k%* log s)
time. From the order of k»* and s in Proposition 5 and Theorem 3, the search complex-
ity with parallel computation across subsets {D?}2 | is O(n!/(4+2) (log n)(@+1)/(d+2)),
In contrast, without bagging, the search complexity is O(n?/(@+2)(log n)(24+2)/(d+2))
from the order of £* in Lemma 20 in Section 6.2, This result shows that bagging also
improves the search efficiency.

In summary, with proper parallelization, the overall complexity is dominated by the con-
struction stage at O(dn+9/(4+2)(logn)1/(@+2)) compared to O(dnlogn) without bagging.
Thus, bagging enhances computational efficiency when fully leveraging parallel computa-
tion. However, due to its dependence on d, the computational improvement becomes less
significant in higher dimensions.

For popular distance-based anomaly detection methods like standard k-NN and DTM
(Gu et al., 2019), the primary computational cost comes from constructing a k-d tree and
searching for k nearest neighbors. If k is set to the optimal order O(n?/(4+2)(log n)¥/(4+2))
for standard k-NN density estimation, the construction stage takes O(ndlogn) time, while
the search stage requires O(n?(4+2)(logn)24+2)/(d+2)) time. For another distance-based
method, LOF, in addition to constructing a k-d tree and searching for k nearest neighbors,
there is an extra step of computing scores for all samples, which adds a time complexity of
O(n) (Breunig et al., 2000). A straightforward comparison shows that these methods are
significantly more computationally intensive than BRDAD. In contrast, the construction and
search stages of BRDAD have much lower complexities of O(dn+®/(4+2)(1og n)1/(@+2)) and
O(n'/(4+2) (log n)(+D/(@42)) " yespectively.

5. Experiments

This section presents numerical experiments. In Section 5.1, we perform synthetic data
experiments on density estimation to illustrate the convergence of the surrogate risk and
mean absolute error of BRDDE as the sample size grows. Section 5.2 focuses on real-
world anomaly detection benchmarks, where we compare BRDAD with various methods
and explain its advantages. Our empirical results demonstrate that bagging enhances the
algorithm’s performance.
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5.1 Synthetic Data Experiments on Density Estimation

In this section, we empirically demonstrate the convergence of both the surrogate risk (SR)
and the mean absolute error (MAE) of BRDDE as the sample size n increases. The re-
sults are presented in Figures 2(a) and 2(b). As established in Theorem 1, the surrogate
risk is expected to exhibit a convergence behavior similar to that of the MAE for BRDDE.
To investigate this, we sample n data points from the A(0,1) distribution, with n set to
{300, 1000, 3000, 5000, 10000} for training. The surrogate risk for each n is computed using
Algorithm 1 with B = 1. Additionally, we randomly sample 10,000 instances to calculate
the MAE to assess BRDDE’s performance. Each experiment is repeated 20 times for every
sample size n. The results in Figure 2(a) show that the surrogate risk decreases mono-
tonically as n increases, while Figure 2(b) exhibits a similar convergence pattern for the
MAE. Furthermore, we plot the ratio of SR to MAE for each sample size n in Figure 2(c),
which indicates that the ratio stabilizes when n exceeds 3000, further confirming the simi-
larity in their convergence behaviors. To extend this analysis to more complex distributions
and higher dimensions, we conduct additional experiments using a mixture distribution,
0.4 x N(0.314,0.0114) + 0.6 x N (0.714,0.00251,), across dimensions d € {1,3,5,7,9}. The
ratio of SR to MAE for each sample size n is plotted in Figure 2(d), revealing convergence
toward a dimension-dependent constant. This result reinforces the generalizability of our
optimized weights across diverse settings.

We provide an illustrative example on a synthetic dataset to demonstrate the sensitiv-
ity of choosing the hyperparameter k in other nearest-neighbor-based density estimation
methods, including the k-NN density estimation (k-NN) and the weighted k-NN density
estimation (WkNN) (Biau et al., 2011). In accordance with Biau et al. (2011), we take v as
the measure of U®, where U is uniform on [0, 1] and o > 0 is a parameter. Given an integer
k, the weights of WENN are defined by w; = f((i—l)/k,z‘/k} v(dt) = (i/k)V> — ((i — 1)/k)"/,
for i € [k], with w; = 0 otherwise. We generate 1000 data points to train the density estima-
tors and an additional 10,000 points to compute the MAE from a Gaussian mixture model
with the density function 0.5 x N(0.3,0.01) 4+ 0.5 x A(0.7,0.0025). We vary the hyperpa-
rameter k from 3 to 500 to observe its effect on the MAE for both k&-NN and WENN. The
results in Figure 3 illustrate that the performance of these density estimators is significantly
influenced by the choice of k, regardless of . Only a narrow range of k values leads to op-
timal results. In contrast, our proposed estimator, BRDDE, mitigates this sensitivity. The
black dashed line in Figure 3 represents the MAFE performance of BRDDE, demonstrating
that it achieves near-optimal results comparable to the best-tuned nearest-neighbor-based
methods—without requiring fine-tuning of k.

5.2 Real-world Data Experiments on Anomaly Detection
5.2.1 DATASET DESCRIPTIONS

To provide an extensive experimental evaluation, we use the latest anomaly detection bench-
mark repository named ADBench established by Han et al. (2022). The repository includes
47 tabular datasets, ranging from 80 to 619326 instances and from 3 to 1555 features. We
provide the descriptions of these datasets in the Table 1.
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Table 1: Descriptions of ADBench Datasets

Number ‘ Data ‘ # Samples ‘ # Features ‘ # Anomaly ‘ % Anomaly ‘ Category
1 ALOI 49534 27 1508 3.04 Image
2 annthyroid 7200 6 534 7.42 Healthcare
3 backdoor 95329 196 2329 244 Network
4 breastw 683 9 239 34.99 Healthcare
5 campaign 41188 62 4640 11.27 Finance
6 cardio 1831 21 176 9.61 Healthcare
7 Cardiotocography 2114 21 466 22.04 Healthcare
8 celeba 202599 39 4547 2.24 Image
9 census 299285 500 18568 6.20 Sociology
10 cover 286048 10 2747 0.96 Botany
11 donors 619326 10 36710 5.93 Sociology
12 fault 1941 27 673 34.67 Physical
13 fraud 284807 29 492 0.17 Finance
14 glass 214 7 9 4.21 Forensic
15 Hepatitis 80 19 13 16.25 Healthcare
16 http 567498 3 2211 0.39 Web
17 InternetAds 1966 1555 368 18.72 Image
18 Ionosphere 351 32 126 35.90 Oryctognosy
19 landsat 6435 36 1333 20.71 Astronautics
20 letter 1600 32 100 6.25 Image
21 Lymphography 148 18 6 4.05 Healthcare
22 magic.gamma 19020 10 6688 35.16 Physical
23 mammography 11183 6 260 2.32 Healthcare
24 mnist 7603 100 700 9.21 Image
25 musk 3062 166 97 3.17 Chemistry
26 optdigits 5216 64 150 2.88 Image
27 PageBlocks 5393 10 510 9.46 Document
28 pendigits 6870 16 156 2.27 Image
29 Pima 768 8 268 34.90 Healthcare
30 satellite 6435 36 2036 31.64 Astronautics
31 satimage-2 5803 36 71 1.22 Astronautics
32 shuttle 49097 9 3511 7.15 Astronautics
33 skin 245057 3 50859 20.75 Image
34 smtp 95156 3 30 0.03 Web
35 SpamBase 4207 57 1679 39.91 Document
36 speech 3686 400 61 1.65 Linguistics
37 Stamps 340 9 31 9.12 Document
38 thyroid 3772 6 93 2.47 Healthcare
39 vertebral 240 6 30 12.50 Biology
40 vowels 1456 12 50 3.43 Linguistics
41 Waveform 3443 21 100 2.90 Physics
42 WBC 223 9 10 4.48 Healthcare
43 WDBC 367 30 10 2.72 Healthcare
44 Wilt 4819 5 257 5.33 Botany
45 wine 129 13 10 7.75 Chemistry
46 WPBC 198 33 47 23.74 Healthcare
47 yeast 1484 8 507 34.16 Biology
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Figure 2: (a)(b) show that SRM leads to the convergence of both surrogate risk (SR) and mean absolute
error (MAE). Furthermore, (c¢) shows that as the sample size n increases, the ratio of SR to
MAE becomes stable, indicating similar convergence behaviors for both SR and MAE by applying
Algorithm 1.
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Figure 3: Illustration of parameter k’s sensitivity.

5.2.2 METHODS FOR COMPARISON

We conduct experiments on the following anomaly detection algorithms.
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BRDAD is our proposed algorithm, with details provided in Algorithm 2. The choice of
B depends on the sample size: for n € (0,10, 000], (10,000, 50, 000], and (50, 000, +c0),
we set B = 1, 5, and 10, respectively. In practice, when B is fixed, we randomly divide
the data into B subsets, each containing either |n/B]| or |n/B] + 1 samples. Each
subset is then further split into two parts such that their sizes are equal or differ by at
most 1. This process ensures that the full dataset is partitioned as evenly as possible.

Distance-To-Measure (DTM) (Gu et al., 2019) is a distance-based algorithm which
employs a generalization of the k nearest neighbors named “distance-to-measure”. We
use the author’s implementation. As suggested by the authors, the number of neighbors
k is fixed to be k = 0.03 x sample size.

k-Nearest Neighbors (k-NN) (Ramaswamy et al., 2000) is a distance-based algorithm
that uses the distance of a point from its k-th nearest neighbor to distinguish anomalies.
We use the implementation of the Python package PyOD with its default parameters.

Local Outlier Factor (LOF) (Breunig et al., 2000) is a distance-based algorithm that
measures the local deviation of the density of a given data point with respect to its
neighbors. We also use Py0OD with its default parameters.

Partial Identification Forest (PIDForest) (Gopalan et al., 2019) is a forest-based al-
gorithm that computes the anomaly score of a point by determining the minimum
density of data points across all subcubes partitioned by decision trees. We use the
authors’ implementation with the number of trees 7' = 50, the number of buckets
B =5, and the depth of trees p = 10 suggested by the authors.

Isolation Forest (iForest) (Liu et al., 2008) is a forest-based algorithm that works
by randomly partitioning features of the data into smaller subsets and distinguishing
between normal and anomalous points based on the number of “splits” required to
isolate them, with anomalies requiring fewer splits. We use the implementation of the
Python package PyOD with its default parameters.

One-class SVM (OCSVM) (Schélkopf et al., 1999) is a kernel-based algorithm which
tries to separate data from the origin in the transformed high-dimensional predictor
space. We also use Py0D with its default parameters.

Note that as BRDAD, iForest, and PIDForest are randomized algorithms, we repeat
these three algorithms for 10 runs and report the averaged AUC performance. DTM, k-NN,
LOF, and OCSVM are deterministic, and hence we report a single AUC number for them.

5.2.3 EXPERIMENTAL RESULTS

Table 2 presents the performance of seven anomaly detection methods on the ADBench
benchmark, evaluated using the AUC metric. The last two rows summarize each algo-
rithm’s rank sum and the number of top-ranking performances. A lower rank sum and a
higher number of first-place rankings indicate better performance. BRDAD demonstrates
exceptional results across both evaluation metrics. Specifically, it achieves the lowest rank
sum of 145, significantly outperforming other methods, with DTM and iForest scoring 160
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Table 2: Experimental Comparisons on ADBench Datasets

BRDAD DTM k-NN LOF PIDForest iForest OCSVM
ALOI 0.5427 0.5440  0.6942 0.7681 0.5061 0.5411  0.5326
annthyroid 0.6516 0.6772  0.7343 0.7076  0.8781 0.8138  0.5842
backdoor 0.8490 0.9216 0.6682 0.7135  0.6965 0.7238  0.8465
breastw 0.9883 0.9799 0.9765 0.3907 0.9750 0.9871  0.8052
campaign 0.6711 0.6908  0.7202 0.5366 0.7945 0.7182  0.6630
cardio 0.9142 0.8879  0.7330  0.6372  0.8258 0.9271  0.9286
Cardiotocography 0.6302 0.6043  0.5449  0.5705  0.5587 0.6973  0.7872
celeba 0.5896 0.6929  0.5666  0.4332 0.6732 0.6955  0.6962
census 0.6394 0.6435 0.6465 0.5501  0.5543 0.6116  0.5336
cover 0.9301 0.9277 0.7961 0.5262  0.8065 0.8784  0.9141
donors 0.7858 0.8000 0.6117  0.5977  0.6945 0.7810  0.7323
fault 0.7591 0.7587 0.7286  0.5827  0.5437 0.5714  0.5074
fraud 0.9552 0.9583 0.9342 0.4750  0.9489 0.9493  0.9477
glass 0.7993 0.8688 0.8640 0.8114  0.7913 0.7933  0.4407
Hepatitis 0.6954 0.6303 0.6745 0.6429 0.7186 0.6944  0.6418
http 0.9943 0.0507  0.2311  0.3550  0.9870 0.9999 0.9949
InternetAds 0.7274 0.7063 0.7110 0.6485 0.6754 0.6913  0.6890
Ionosphere 0.9113 0.9237  0.9259 0.8609  0.6820 0.8493  0.7395
landsat 0.6176 0.6184 0.5773  0.5497  0.5245 0.4833  0.3660
letter 0.8426 0.8417 0.8950 0.8872 0.6636 0.6318  0.4843
Lymphography 0.9988 0.9965 0.9988  0.9953  0.9656 0.9993 0.9977
magic.gamma 0.8205 0.8214 0.8323 0.6712 0.7252 0.7316  0.5947
mammography 0.8132 0.8301 0.8424 0.7398  0.8453 0.8592 0.8412
mnist 0.8335 0.8630 0.8041 0.6498  0.5366 0.7997  0.8204
musk 0.7583 0.9987 0.6604  0.4271  0.9997 0.9995  0.8094
optdigits 0.3912 0.5474  0.4189 0.5831 0.8248 0.6970  0.5336
PageBlocks 0.8889 0.8859  0.7813 0.7345 0.8154 0.8980 0.8903
pendigits 0.9174 0.9581 0.7127 0.4821 0.9214 0.9515  0.9354
Pima 0.7291 0.7224 0.7137  0.5978  0.6842 0.6803  0.6022
satellite 0.7449 0.7375 0.6489 0.5436  0.7122 0.7043  0.5972
satimage-2 0.9991 0.9991 0.9164 0.5514  0.9919 0.9935  0.9747
shuttle 0.9898 0.9442  0.6317 0.5239  0.9885 0.9968 0.9823
skin 0.7570  0.7177 0.5881 0.5756  0.7071 0.6664  0.4857
smtp 0.8506 0.8854  0.8953 0.9023 0.9203 0.9077  0.7674
SpamBase 0.5687 0.5663  0.4977 0.4581 0.6941 0.6212  0.5251
speech 0.4834 0.4810 0.4832 0.5067 0.4739 0.4648  0.4639
Stamps 0.8980 0.8594 0.8362 0.7269  0.8883 0.8911  0.8179
thyroid 0.9353 0.9470  0.9508  0.8075  0.9687 0.9771 0.8437
vertebral 0.3236 0.3663  0.3768  0.4208 0.2857 0.3515  0.3852
vowels 0.9489 0.9667 0.9797 0.9443 0.7817 0.7590  0.5507
Waveform 0.7783 0.7685 0.7457 0.7133  0.7263 0.7144  0.5393
WBC 0.9972  0.9930 0.9925 0.8399 0.9904 0.9959  0.9967
WDBC 0.9841 0.9773  0.9782 0.9796 0.9916 0.9850  0.9877
Wilt 0.3138 0.3545  0.4917 0.5394 0.5012 0.4477  0.3491
wine 0.8788  0.4277 0.4992 0.8756  0.8221 0.7987  0.6941
WPBC 0.5188 0.5101  0.5208 0.5184  0.5283 0.4942  0.4743
yeast 0.3717 0.3876  0.3936  0.4571 0.4019 0.3964  0.4141
Rank Sum 145 160 192 243 187 159 228
Num. No. 1 11 8 5 ) 9 6 3
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and 159, respectively. In terms of first-place rankings across datasets, BRDAD ranks first in
11 out of 47 tabular datasets, outperforming PIDForest (9/47) and DTM (8/47). Overall,
BRDAD exhibits outstanding performance, excelling over previous distance-based methods
while competing effectively with forest-based approaches.

e On the one hand, BRDAD outperforms distance-based methods such as DTM and k-
NN in some datasets. For example, on the Satellite dataset, while DTM achieves a high
AUC of 0.7375, BRDAD further improves it to 0.7449. Similarly, on the InternetAds
dataset, BRDAD achieves an AUC of 0.7274, outperforming k-NN’s score of 0.7110.

e On the other hand, BRDAD remains competitive even in datasets where distance-
based methods perform poorly while forest-based methods excel, such as the Stamps
and Wine datasets. On Stamps, DTM and k-NN achieve AUC scores of 0.8594 and
0.8362, respectively, whereas forest-based methods like PIDForest and iForest attain
0.8883 and 0.8911. Surprisingly, despite being a distance-based method, BRDAD
surpasses them all with an AUC of 0.8980. Similarly, on the Wine dataset, PIDForest
and iForest achieve AUC scores of 0.8221 and 0.7987, respectively, while distance-
based methods DTM and k-NN perform significantly worse, with scores of 0.4277 and
0.4992. Remarkably, BRDAD not only outperforms other distance-based methods but
also surpasses forest-based methods, achieving the highest AUC of 0.8788.

These results empirically demonstrate BRDAD’s superiority over both distance-based and
forest-based anomaly detection algorithms.

5.2.4 PARAMETER ANALYSIS

In this section, we analyze the impact of the bagging rounds B on BRDAD’s performance
using the ADBench datasets. Following the sample size categorization in Section 5.2.2, we
classify the datasets into three groups: small datasets with n € (0,10, 000], medium datasets
with n € (10,000, 50,000], and large datasets with n € (50,000, 4+00). We evaluate BRDAD
with different values of B € {1,5,10,20} and record the rank sum for each setting.

Table 3: Experimental Comparisons for BRDAD with different B on ADBench Datasets

B=1 B=5 B=10 B=20

Small 95 112 106 102
Medium 25 25 26 26
Large 26 25 25 26

Table 3 indicates that the effect of B on the rank sum metric varies with sample size.
For small datasets, B = 1 significantly outperforms other choices, as bagging reduces the
already limited sample size. In contrast, for medium and large datasets, a slightly larger B
yields marginally better performance. This aligns with our theoretical findings in Theorem
3, which suggest that B should increase with sample size. These results also validate the
effectiveness of our chosen values of B in real-world datasets, as discussed in the previous
subsection.
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6. Proofs

In this section, we present proofs of the theoretical results in this paper. More precisely, we
first provide proofs related to the surrogate risk in Section 6.1. The proofs related to the
convergence rates of BRDDE and BRDAD are provided in Sections 6.2 and 6.3, respectively.

6.1 Proofs Related to the Surrogate Risk

In this section, we first provide proofs related to the error analysis of BWDDE in Section
6.1.1. Then in Section 6.1.2, we present the proof of Proposition 2.3 concerning the surrogate
risk.

6.1.1 PROOFS RELATED TO SECTION 4.1

Before we proceed, we present Bernstein’s inequality Bernstein (1946) that will be frequently
applied within the subsequent proofs. This concentration inequality is extensively featured
in numerous statistical learning literature, such as Massart (2007); Cucker and Zhou (2007);
Steinwart and Christmann (2008); Cai et al. (2023).

Lemma 7 (Bernstein’s inequality) Let B > 0 and o > 0 be real numbers, and n > 1 be
an integer. Furthermore, let &1, ..., &, be independent random variables satisfying Ep&; = 0,
|¢illoo < B, and Epé2 < 02 for alli=1,...,n. Then for all T > 0, we have

1< /2027 2Bt
P({ - ;> — | <e .
(nggl_ n * 3n > =

Although Bernstein’s inequality is a powerful tool for establishing finite-sample bounds
for random variables, the resulting bounds may not be tight enough for random variables
with vanishing variance. To address this limitation, we employ the sub-exponential tail
bound, which provides sharper concentration results for such random variables.

We begin by introducing the definition of sub-exponential random variables as stated in
Wainwright (2019, Definition 2.7) as follows.

Definition 8 (Sub-exponential variables) A random variable X with mean p =EX is
sub-exponential if there exist non-negative parameters (, ) such that

E[e*X =] < SN2 for all |A\| < 1/a.

This condition on the moment-generating function, together with the Chernoff technique,
leads to concentration inequalities that bound the deviations of sub-exponential random
variables. The following lemma gives this result (Wainwright, 2019, Proposition 2.9).

Lemma 9 (Sub-exponential tail bound) Suppose that X is sub-exponential with pa-
rameters (C,a). Then for all 0 < 1 < (?/(2a?), we have

P(|X — pu| > ¢V2r) <2e77.

To measure the complexity of the functional space, we first recall the definition of the
covering number in van der Vaart and Wellner (1996).
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Definition 10 (Covering Number) Let (X,d) be a metric space and A C X. Fore >0,
the e-covering number of A is denoted as

N(A,d,e) := min{n >1:3x1,...,xn € X such that A C UB(I’Z‘,6)},
i=1

where B(x,e) := {2/ € X : d(z,2") < e}.

The following Lemma, which is taken from Hang et al. (2022) and needed in the proof
of Lemma 12, provides the covering number of the indicator functions on the collection of
balls in R,

Lemma 11 Let B := {B(z,7) : « € RYr > 0} and 15 := {1 : B € B}. Then for any
e € (0,1), there exists a universal constant C such that

N@g, || |5y (q»e) < Cd + 2)(4e) 2@
holds for any probability measure Q.

The following lemma, which will be used several times in the sequel, provides the uni-
form bound on the distance between any point and its k-th nearest neighbor with a high
probability when the distribution has bounded support.

Lemma 12 Let Assumption 2 hold. Furthermore, let {Dg}le be B disjoint subsets of size
s randomly drawn from the data set Dy, where D = {X?,..., X%} and R (@) (x) denotes the

i-distance of = in the subset D% for i € [s]. Additionally, let the sequence c, = [48(2d +
9)logn + 48log 2+ 144]. Suppose that s > ¢} := max{de,d+2,C}, where C is the constant
specified in Lemma 11. Then, there exist constants 0 < cy < c§ such that, with probability
PBs at least 1 —1/n?, for allx € X, b € [B], and ¢, <i < s, the following inequalities hold:

dy(i/s)* < RY ;) (w) < dy(i/s) " (21)
and
P(B(x, RY y(x))) = i/s. (22)

Proof [of Lemma 12| For € X and ¢ € [0, 1], under the continuity of the density function,
as stated in Assumption 2, the intermediate value theorem guarantees the existence of a
unique px(g) > 0 such that P(B(z, pz(q))) = ¢.

Let 7:= (2d 4+ 9)logn +log 2 + 3 and ¢,, := [487] = [48(2d + 9) logn + 481log 2 + 144].
Let ¢ be an integer fixed in the sequel with ¢ > ¢,,, which ensures that ¢ > 37. Accordingly,
we consider the set B; := {B(z, ps((i — V37i)/s)) : 2 € X} C B. Lemma 11 implies that
for any probability measure Q and € € (0, 1), there holds

N - Ny e) SN s || Ny €) < Cld +2)(4e) 2@, (23)
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By the definition of the covering number, there exists e-net {Aj_}j:1 C B; with J :=
|C(d 4 2)(4e)?+2e (@D | "and for any = € X, there exists some j € {1,...,.J} such that

[1{B(z, ps (i - V3ri)/s))} — 1A]._HL1(D§) S €. (24)

Let j € [J] and b € [B] be fixed for now. For any ¢ € [s]|, define the random variables
Cop=1 e (X9) — (i—+/37i)/s. We have Ep&rp =0, [[€rpllco < 1, and EpéZ, < (i —+/37i)/s.
Applying Bernstein’s inequality in Lemma 7, we obtain

%Z Ly (XD) — (i = V/Bri)) /s < \/2r(i — VB70)/5 4 27/(35) (25)
/=1

for Aj_ with probability P at least 1—e~". The union bound then implies that this inequality

holds for all A;, j=1,---,J with probability P* at least 1 — Je™7. Combining this result
with (24), we obtain the following bound:

éZl{Xﬁ € B, pa((i — V370)/5)) } — (i — \/370)) /5

/=1
<\/27(i — V37i)/s +27/(35) + € (26)

for all x € X with probability P® at least 1 — Je™".

Let € = 1/s. Since |z| < x and s > max{4e,d + 2,C}, it follows that log J < logC' +
log(d + 2) + (d + 2)log(4e) + (d 4+ 1)logs < (2d + 5)logs. Since 7 = (2d + 9)logn +
log2 + 3 and s < n, we have the following lower bound on the probability: 1 — Je™7 >
1 — 82445 /(2e3n20+9) > 1 — 1/(2n*). Therefore, for fixed ¢, < i < s and b € [B], inequality
(26) holds for all z € X with probability P* at least 1 — 1/(2n*).

Next, note that since 7 > 3 and i > [487| > 487, a straightforward calculation gives

\/27(i — V/37i) /5 4+ 27/(35) + € < V27i/s + (27/3 + 1) /s
<V27i/s+7/s <NV27i)s + \/Ti/48)s = (V2 + /1/48)VTi/s < \/37i/s. (27)

The first inequality holds trivially without requiring ¢ > [487]. However, when considering
the set B := {B(z, p.((i + V37i)/s)) : € X}, the condition i > [487] is necessary
to establish i + v/37i < 5i/4, allowing us to proceed with a similar argument. Combining
(27) with (26), we get >_;_; 1{X} € B(z, p,((i — V37i)/s)) }/s < i/s for all z € X with
probability P* at least 1 — 1/(2n*). By the definition of Rl;(i) (x), there holds

R (@) 2 p((i = V37 /). (28)

Now, let V; denote the volume of the d-dimensional closed unit ball and p denote the
Lesbegue measure. By the definition of p, and the condition f(z) < ¢ for all x € X, as
stated in Assumption 2, we have

(i—\/?E)/s:P(B(x,pm((i—\/ﬁ)/s))) = f(u)du
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< ¢ pu(B(z, ps((i — V37i)/5)) = eVapl((i — V37i)/s). (29)

Since i > [487] > 487, we have (i —v/374)/s > (i —+/3i%/48) /s = 3i/(4s). Combining this
with inequality (29), we get €Vgpl((i — V/37i)/s) > 3i/(4s). Therefore, we obtain

pe((i = V37i)/5) > (3/(4Vie)) /(i /).

Combining this with (28), we have R’ 0) (z) > pa((i — V37i)/5)) Z (i/s)/ for all z € X
and fixed i and b with probability P* at least 1 — 1/(2n*). Therefore, by a union bound
argument over ¢ and b, for all i > ¢,, x € X, and b € [B], we have

R} (@) = pu (i = V37i) /) Z (i/ )"/ (30)

with probability PP at least 1 — 1/(2n?).
On the other hand, to obtain the upper bound for Rg (@) (x), we consider the set Bf =

{B(x,,ox((i + \/3Ti)/8)) T x € X}. Using similar arguments, we can show that for all
cn <i<s,ze€X, and b€ [B], it holds that

R} iy (@) < pu((i +V3ri) [5) S (if )/ (31)

with probability PP* at least 1 — 1/(2n?). Combining (30) and (31), we obtain that (21)
holds for all ¢, < i < s, xz € X, and b € [B] with probability PZ* at least 1 — 1/n2.
Furthermore, (30) and (31) implies

(i = V37i) /s = P(B(z, po((i — V37i)/5))) < P(B(x, R ;) (2)))
< P(B(x, ps((i + V370)/3))) = (i + V37i)/s.

Since v37i < Vilogn < i and i — /371 > i — /3i2/48 = 3i/4 for ¢, < i < s, we get
P(B(z, R® (i) ())) < i/s. This completes the proof of Lemma 12. [ ]

S

The following lemma, which is needed in the proof of Lemma 17, shows that the proba-
bility P(B(z, R ( )(x))) is a Lipschitz continuous function for fixed i € [s] and b € [B]. This

%
Lemma is necessary to establish the uniform concentration inequality in Lemma 17.
Lemma 13 Suppose that Assumption 2 holds. For i € [s] and b € [B], let R® 0 () denote
the i-distance of = in the subset D® = {X? ... XY, Then for any x,2’ € X and allb € [B],
we have |P(B(x, R (@) — P(B(z/, R (Z.)(x’)))‘ < 26Vy - 34 V2| — 2f||o, where Vy

s,(%
denotes the volume of the d-dimensional closed unit ball.

Proof [of Lemma 13| We first show that R () (x) is a Lipschitz continuous function of z.
Let t = RZ (@) (x). By the triangle inequality the ¢ nearest neighbors of = are at distance at

most d(x,x’) +t of 2/. Therefore there are at least ¢ points at at most this distance from z/,
hence the i-th nearest neighbor of 2’ is also at distance less than d(x,z’) +t, in other words,

R o (a') < R () + d(z, o).
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By symmetry, we also have RZ’(Z.) (x) < ng(i)(:c’) + d(z,2’), implying that RS()( x) is a
Lipschitz continuous function.

Next, we aim to show the continuity of P(B(:U,Rls”(i) (x))). For any z, 2’ € X, given
|| fllco <€ from Assumption 2, we have:

[P(B(x, R (;y(2))) — P(B(', R} ;) (2)))] < e[u(B(x, R, () (2)) AB(2', R ;y(2)))],  (32)

where the notation A represents the symmetric difference between the two sets, i.e. AAB :=
(A\ B)U (B\ A), and p denote the Lesbegue measure. Using geometric considerations,
the Hausdorff distance between B(xz, R? (i) (x)) and B(2/, Rb( )( 2')) can be bounded by ¢ :=

|z — /|2 + \RZ’(Z.) (x) — RZ,(Z.) (2')|. Therefore, we have

n(Bla, B! ) () \ B, B (2')) < Va((BY iy (@) +6)* = R (2)7).

Applying the Lagrange mean value theorem, there exists £ € [Rg,(i) (x), ng(i) (x) + ] such
that (Rg’(i) (x) + 5)d - Rif’(i) ()? < d¢9=15. From the Lipschitz continuity of Rls”(i)(x) and
the assumption X = [0,1]%, we know that § < 2|z — /||y < 2d'/? and Rg(i)(:c) < d'/2.
This implies & < Rb G )( x)+0 < 3d'/2. Substituting this into the above inequalities, we get

w(B(x, Rb ( )\ B(a', R (i )( 2'))) < Vg-d-(3d/?)?1.§. Since § < 2|z — 2/||2, this yields

(B, R ) () \ Bla', B ) (a"))) < V- 3%d D2 e — oo,

By symmetry, we can similarly bound pu(B(a/, RZ (Z

2'))\ B(z, R (»(%))). Combining these

bounds, we obtain:
(B, Ry (2) AB(, R ) (2)] < 2V 3804V 0 — o

Finally, substituting this into (32), we obtain the desired assertion. |

By (20), the study of P(B(z, Rl:(Z (x))) reduces to analyzing U(bi), where U(bz.) ~ Betal(i, s+
1 —1i). Consequently, term (II) in (17
the “sample” refers to P(B(z, Rb (x)
finite-sample bounds for each 1.

To achieve this, we leverage the sub-exponential property of the d-th root of the beta
distribution. However, this problem is challenging due to the complexity of the integral in
its moment-generating function. To the best of our knowledge, no existing results provide
such bounds for this distribution.

To address this gap, we introduce a new approach to derive an upper bound for the
moment-generating function. Specifically, we establish upper bounds on the p-th absolute
central moment of the beta distribution for p > 1 in Lemma 14, following Skorski (2023).
We then extend these results to its d-th root in Lemma 15, leading to the sub-exponential
property established in Lemma 16. This property serves as the foundation for our finite-
sample bounds in Lemma 17.

) represents a sum of sample mean deviations, where
))'/4 across b € [B]. and our objective is to establish
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Lemma 14 Let s and i be integers with s > 2i. Let X ~ Beta(i,s +1 —1i) and p =EX =
i/(s+1). Define
2 1—2 ] 1—1
- (s+ z)’ . 1(3—1—2 i) ' (33)
(s+1)(s+3) (s+1)2(s+2)
Then X is sub-exponential with parameters (24/v,2u). Furthermore, for all p > 1, we have
E[|X — ul?] < 4+ (py/o)".

Proof [of Lemma 14| We define the moment generating function ¢x(A) := E[exp(A(X —
EX))] and its logarithm ¢(\) := log ¢x(A). Since s > 2i, we have s + 1 — i > 4. Therefore,
for the Beta distribution Beta(i, s + 1 — ¢) with v and u as defined above, the first case in
Skorski (2023)[Claim (43)] provides the bound:

b(N) < —%(UA +log(1—u))), 0<A<1/u. (34)

Define g(x) = log(1 —x)+x+2x2 for 0 < z < 1/2. Then we have ¢/(z) = z(3—4x)/(1—z) >
0. Therefore, g(x) is increasing, and thus g(z) > ¢g(0) = 0 for 0 < = < 1/2. Hence, for
0 < X < 1/(2u), we have log(1 — u)) > —uX — 2u?\2. Substituting this into (34), we get

P(N) <2002, 0< A< 1/(2u). (35)

Next, we extend the bound to A < 0. Since X ~ Beta(i,s + 1 — i), it follows that
1—X ~ Beta(s+1—1i,i). Applying the second case in Skorski (2023)[Claim (43)], we have

¥(A) =logE[exp((—=A) - (1 — X —E[1 - X]))] <wvA?/2, —1/(2u) <A <O0.
Combining this with (35), we conclude
$(A) <2007, A < 1/(2u).

Therefore, X is sub-exponential with parameters (2/v, 2u).
Next, we turn to bound the moments. It is clear to see that for x > 0 and a > 0, we
have e** > azx. For x > p and p > 1, this implies

T p (z—p)/(4pv/v) (z—p)/(4v/) —(z—p)/(4y/)\1/P
< < + .
41)\/6 € (6 € )

By symmetry, this yields
|z — plP < (4p\/5)P(e(ww)/(4\/ﬂ) + ef(xfu)/(zl\/ﬂ)).

Given s > 2¢, we have

1 (s+1)vs+2 PERE \/34—72< (s+1)(s+2) - (s+1)(s+3) _ 1
44/v 4 i(s+1—4) 4 s+1—1 7 4(s+1—1) 4(s+ 1 — 24) 2u
Taking expectation with respect to X and using the sub-exponential property, we obtain
E[|X — ulP] < (4py/)P (E[eX 1/ (V)] 4 e~ (X—m/vo))
< 2eM¥(dpy/o)P < 4P (py/o)P

This completes the proof. |
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Lemma 15 Let i, s, and d be integers with s > 2i. Let X ~ Beta(i,s + 1 —1i) and s, be
defined as in (3). Then for all p > 1, we have

E[|X1/4 — uil7) < 3- (8p)P (i7/2H195 1)

Proof [Proof of Lemma 15| For all z,y € R and p > 1, by Jensen’s inequality, we have
(|lz| + |y|)P < 2P~ Y(|=|P + |y[P). Therefore,

E[IX14 — 5y ] < 27 E[XM4 — (3/(s+ 1))VAP] + 201G/ (s + 1))V = yal?. (36)
Bounding the First Term: By equality (15), we have

d—1
X = /(s + D] = XY= (i s+ 1)V ST (X040 5+ 1)) 01
j=0

> (i (s + 1) XYE— i/ (s + 1)),
Therefore, we get
E[IXY9 — (3/(s + 1)) < (i/(s + 1)) PV B[IX — /(s + D)P].  (37)

Lemma 14 implies that E[|X —i/(s+1)[P] < 477! (py/v)P, where v is specified in (33). Since
v < i/(s+ 1)2, combining this with (37) gives

2 E[| XY — i/ (s + 1)) <2070/ (s + 1) TPETD L gpTIpp (12 (s 4 1))
=2-(8p)P- (i‘1/2+1/d(5 + 1)—1/d)p.

Bounding the Second Term: Using Gautschi’s inequality (Gautschi, 1959) for Gamma func-

tions, we have
1 Vd 7+ 1/d) 1\ /¢
Ly Iie+1/d) 1
(z—i—d > < 0 < (z—l—d>

41 Y Tet14y/d) o142 v
T T(s+1) d) -

and

By the definition of 7, ; in (3), we conclude that

i+1/d—1 1/d< (it 1/d (38)
s+1+1/d TS \s¥1/d)

Rewriting the left bound:
i+ 1/d—1\Y" i\ (1/d—1)/i — (1/d)/(s + 1)\ /*
<s+1+1/d> _(s+1) '(H 1+ (1/d)/(s + 1) > - (89

33




CA1, YANG, MA, HANG

Since s > 2i, we have

(1/d=1)/i— (1/d)/(s +1) ‘ <
1+ (1/d)/(s + 1) =

Yd 1fd—1] _1jd 1-1/d
s+1 i 2 7
_ 2—-1/d <1_ i
2 2d
Define g(z) = (1+2)"? for z € [-1+1/(2d),1—1/(2d)]. Then, its derivative satisfies ¢'(z) =
(14-x)Y/4=1/d < 21-1/d/q1/4 < 2. By the mean value theorem, we have |(1+z)"/?—1| < 2|z|
for x € [-1+1/(2d),1 — 1/(2d)]. This implies

i+1/d—1\"" [ 1/d<2(2—1/d) i 1/d<g i\ (40)
s+1+1/d s+1 =2 s+1) ~“i\s+1)

Next, we rewrite the right bound in (38) as

i+ 1\ o Ve (1/d)/i+ (1 —1/d)/(s+ 1)\ ¢
<s—|—1/d> B <s+1> <1+ 1—(1—1/d)/(s+1) > '
For s > 2i > 2, we derive 1 — (1 —1/d)/(s+1) >1—-1/(s+1) =s/(s+1) > 2/3 and

(1/d)/i+ (1 —1/d)/(s + 1) > 0. Using the inequality (1 + z)/¢ < 1+ z/d for z > 0, we
obtain

1 (1/d)/i+ (1=1/d)/(s + 1)
d  1—(1—1/d)/(s+1)

<142 (W+1_1/d>

(1/d)/i+ (1 —1/d)/(s+ 1)\ "¢
<1+ 1—-(1-1/d)/(s+1) ) <1+

2d 2
(1/d + 1‘)~(1/d) < 1+3.,
49 21

where the second inequality follows from 1 — (1 —1/d)/(s + 1) > 2/3 and s > 2i and the
last inequality follows from z(1 + z) < 2 for = € [0, 1]. Therefore, we obtain

i+1/d\ e i 1/d<2 i\ M
s+1/d s+1 T i\s+1 ’

Combining this with (40), we conclude that
|(Z/(S + 1))1/d i ’Ys,i‘ < 2Z-71+1/d(8 + 1)71/d < 2Z~71/2+1/d(s + 1)71/d_

3
=1+

Therefore, we have
27 (s + 1)V ul? < (89 (172 s 4 1)
Finally, combining the bounds for both terms and using (36), we obtain
E“Xl/d _ 757i‘p] <3. (8p)p(i71/2+1/d5—1/d)p_

This concludes the proof. |
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Lemma 16 Let s and i be integers with s > 2i. Let X ~ Beta(i,s + 1 —i). Then X'/ is
sub-exponential with parameters (16e/3i—1/2+1/dg=1/d 16e;=1/2+1/dg=1/d)

Proof [of Lemma 16| Define the moment generating function (MGF) as
o(A) = ElexpA\(X 7 —75:))]

and its logarithm () := log ¢(A), where 75 ; is defined in (3). To verify the sub-exponential
property, we evaluate the MGF.
Using the Taylor expansion of the exponential function, we write

> AP Xl/d_ Sip
E[exp ()\(Xl/d—’)/s,i)ﬂ =K 1+)\(X1/d_’75,i)+z ( ! 77)

p=2
Since E[X'/¢ — ~,;] = 0, the linear term vanishes, and we bound the higher-order terms
using Lemma 15 as follows

PE(] Xl/d—vsz\ ] >, 3(8i~1/2+1/dg=1/d| \|yppp

1+Y ;.

p=2

E[exp (MX Y — ) <1+Z X

IN

Using Stirling’s approximation p! > (p/e)P for p > 1, we obtain

E[exp (AXY4 = 70))] <143 (8ei 1/2H1/ds=1/d|x))p
p=2

The geometric series sums to

6462,L'—1+2/d8—2/d)\2

-—1/2+1/d .—1/d P _
(861 S ’)‘D 1— 86i_1/2+1/d8_1/d|>\| ’

M8

||
N

p

For |\ < il/2-1/dgl/d/(16¢), we have 8ei~!/2t1/dg=1/d|\| < 1/2. ensuring convergence.
Substituting this bound, we get

Efexp (MX Y4 — ;)] < 1+ 384e%i~112/ds72/d)2,
Since 1 + x < e* for z € R, we get
1+ 38427 1+2/dg2/d)\2 < oxp (384627 1H2/d572/d\2),
Therefore, we have
E[exp ()\(Xl/d —¥s,4))] < exp(384e2i1H2/dg=2/d)\2) )| < i1 /2711 (16¢).

This establishes that X/¢ is sub-exponential with parameters ¢ = 16ev/3i~1/2+1/dg=1/d anq
o = 16ei1/2t1/dg=1/d This completes the proof. |

35



CA1, YANG, MA, HANG

Lemma 17 Let Assumption 2 hold. Additionally, let {DZS’}bB:1 be B disjoint subsets of size

s randomly drawn from data D,,. Let Rg @) (z) be the i-distance of x in the subset D®. Define
k as in Proposition 1. Suppose that B > 2(d? + 4)(logn)/3, s > 2k. Furthermore, assume
that there exists constants C, ; such that w? < Cy,; for allb € [B] and i € [s]. Then, there

exists ny = 2d¢ 4+ 1, such that for all z € X, 1 < i < k, and all n > ny, the following
statement holds with probability PP at least 1 —1/n?:
NS
<sc, <Z> e (41)

S 1B

Zw 5()( )))l/d—%,i)

Proof [of Lemma 17] We first prove (41) holds for a fixed # € X and a fixed 1 <4 < k. For
any b € [B], by (20), we have

(P(B(z, R. 1) (2))), ..., P(B(z, R’ ) (x))) 2 (U}y),....UL,).

where U(bl.) is the 4-th order statistic of i.i.d. uniform [0, 1] random variables. By Biau and
Devroye (2015, Corollary 1.2), U(bi) ~ Beta(i,s +1 —1i). Let & := P(B(«, ng(i) (x))). Since
{Db}B | are independent, {&}2 | are independent random variables following Beta(i, s +
1 —4). The desired inequality (41) then reduces to the concentratlon inequality for w; f 1/d,
To prove this, we begin by showing that & Zb LWy ( y '75,1) is a sub-exponential random
variables. Since &, are independent, we have

[exp( < Zw (6" =54 )ﬂ HIE [exp(Mu? (& = 754)/B)].

Since s > 2k, it follows that s —i+ 1 > i for 1 < i < k. Given the condition w <!

nz’

have |\w?/B| < it/?=1/ds1/d/(16e) for all |\ < 1/2-1/d 1/“lB/(lﬁ.eC’;m-). By leveragmg the

sub-exponential property of 52/ 4 stated in Lemma 16, we obtain

384¢2(C"2 i 112/d )2 1/2-1/dg1/dp
1/d . n,t 1 S
|:6Xp( ( ZU} _7571)>>:| S exp< BS2/d )7 ‘)\‘ S 166—%

This shows 5 Zb LWy ( ;/ d_ ’Ys,z') is sub-exponential. Applying the sub-exponential tail

bound in Lemma 9, we have
d AR
( Zw (6" = 7s0)| = 16ef60;m-<5> \/;> < 2T,

for all 0 < 7 < 3B/2. Since B > 2(d? + 4)(logn)/3, it follows that 3B/2 > (d* + 4) logn.
Taking 7 := (d? + 4) logn and replacing & with P(B(z, R 0 (x))), for a fixed x € X and a

fixed 1 < i < k, we have
.\ 1/d
, [0 logn 2
son(f) VE) 2 2 @)

PBS<

1 B
B;w% (B(z, RY () (2))) /" = 7s4)
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To extend the upper bound to all z € X, consider a 1/n%net {zj}}’:l of [0,1]%. A
1/n%net is a finite subset of X such that for any = € X, there exists zj in the net with
|z — zj|la < 1/n?. The construction of such a net can be done by placing grid points spaced
1/(dn?) apart in each of the d dimensions. This results in at most dn? grid points per
dimension, and thus the total number of grid points satisfies J < (dn?)? < din®. By (42),
the bound holds for each z; with j € [J], and using the union bound, it holds for all j € [J]
with probability P5¢ at least 1 — 2d¢/n*.

Since {Zj}}'le is a 1/n%net, for any = € X, there exists z; such that ||z — ;|2 < 1/n?
By Lemma 13, we have }P(B(CE,RZ(Z«)(CC))) - P(B(zj,R;(i)(zj)))} < 1/n? for all b € [B].
Using the Minkowski inequality, this implies

[P(B(x, B 3y ()4 = P(B(zj, RS (5 (z5))"]
< |P(B(x, B ;) () — P(B(z5, B iy ()] < 1/m.
Combining this with the triangle inequality and the error bound for z;, we obtain

1 B
ng’-’( (B, RY 3y ()4 — 7.)

ézw (B o (2))) /4 — (P(B(25, B 5 (25))) /)

. Zw B(zj, b()(zj)))l/d—%,i)

1/d
S sz,i(z> " floen 4 Cni

s 1B n

;_n

for all € X and a fixed i with probability PP* at least 1 —72dd /n*. By applying the union
bound over 4, the same holds for all z € X and 1 < i < k with probabilzcy PBs at least
1-— 2dd/n3. For n > nq := 2d% + 1, we note that ilogn > 1 for all 1 <+¢ < k. This implies

i\ e logn S 1_1/d\/z’logn \/ilogn 1 1
L en _ (2 > >0/ —=>-.
s iB i Bs? =V Bs2 ~Vns n

Combining this with the previous inequality, we conclude

< @ 1/d logn
~ T s iB

forall z € X, 1 <i <k, and n > nj, with probability P?* at least 1 — 2d?/n3 > 1 — 1/n?2.
This completes the proof. |

B
;;w% (B, B 5 () = 5,)

Proof [of Proposition 4] Let €1 denote the event defined by (21) and (22) in Lemma 12,
and let 29 denote the event defined by (41) in Lemma 17. By applying the union bound, the
event 21 N2y holds with probability PBs at least 1 —2/n2 for all n > nq, where n; = 2d%+1.
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The condition ZZ Lwbil/d < (k) Y iy (i74) implies the existence of a constant ¢ > 0
such that Y7 wp(i /s)l/d > ¢ (kb/s)'/? for all b € [B]. On the other hand, the condition
S w? S (log n)/kb in (i) and the bound k > (logn)? together imply the existence of
ng € N such that for all n > ng, we have y ;" w? < /2 and k* > ¢, for all b € [B], where
cn is the sequence specified in Lemma 12. Hence, we consider the subsequent arguments
under the assumptions that the event ©; N Q9 holds and that n > N; := max{ni, na}.

Proof of Bounding (I). Let (IV') and (V') be defined as follows:

d—1
(IV): Z( ZZU} i/s) 1/d> (Vi f () V4RE (2)) T and (V) := VyRE (2).
7=0 b=1 i=1

By the equality (14), in order to derive the upper bound of (I), it suffices to derive the
upper bound of (IV) and the lower bound of (V).

Let us first consider (IV)). By condition (i), we have 7, wl(i/s)V/? < (k¥/s )1/d
(k/s) Y for b e [B]. Consequently we get

B s j
1 ] J . i 1d
<B E E wf(z/s)l/d> < (k‘/s)]/ . (43)
b=1 i=1
On the event €2y, we have

RYb(x ZwbR‘; o (@ Z wlRY Z wiRY

1=cn+1

<R, Z wlRY ) (2) S (en/9)0+ " wl(ifs) V< (R/s) !
1=cn+1 =1

for all z € X, where the last inequality follows from 3 5_; w?i!/¢ < /" in condition (4i7)
and k > (logn)? in condition (7). Consequently we obtain

w, 1/d
=B ZR "(x) < (k/s)" (44)
for all x € X. Combining this with (43) and || f]|coc < € from Assumption 2, we derive
(IV) £ I (R fs) ! (Rys) T S (Rys) D (45)

Next, let us consider (V). On the event §2;, for any b € [B], we have

s

RYY(x Z wbRg l) Z z/sl/d Zw /sl/d Zw /sl/d

1=cn+1 i=cnp+1
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for all x € X. From earlier arguments in the second paragraph of this proof, we have

Soiy wh(i/s)h > (RP/s) 4 and Yo wl(ifs) T < (ea/s) 05 wh < (kP /s)1/2
for all n > Ni. Therefore, we have

R (a) 23 wl(i/s)Vh =3 wl(ifs)V > (k0 /s) 2 (46)
=1 =1
for all z € X. This implies
ZR” blx) > (k/s)M9 (47)

for all z € X. Therefore, we get (V) = VyRZ (x)?

condition (%), we conclude that (I) = (IV)/(V)
bounding (7).
Proof of Bounding (II). Since w? = 0 for all i > k and b € [B], it follows that

>l

=1

> k/s. Combining with (45) and k < k in
S

k/ 3)71/ ¢ This completes the proof of

B

Zw 2 By () = 50)| = 30| 5 S wl(P(Ba, By (@) = 54) .

By applying (41) on the event o, for all x € X', we have

Sy on()"
1B

=1

B
5 2wl (BB, B ()"~ 7)

Given Y5, €y it/47Y2 < (k) YA=1/2 4 condition (iv), we obtain

>l

=1

Zw R o (@))Y4 = 0| S (R/s)Y ((logn)/ (kB)) ">,

This completes the proof of bounding (7).

Proof of Bounding (I1I). Let b € [B] be fixed for now. We analyze two cases separately:
1<i<e,andec, <i<Kkb.

We begin with the case 1 < i < ¢;,. On the event Q;, we have RZ,(i) () < Rg,(cn)(x) S
(cn/s)"/4 and P(B(w,Rl;(i)(x))) < P(B(z, R (cn )( x))) < ep/s for all z € X by using (21)
and (22). These bounds imply

d
[P(B(x, B ) (@) =V f(a) VIR, ) (2)] S (ea/s)"/? S (logm) /).
Therefore, we have

cn—1

ST W P(B(, B gy ()4 — VI () VR ()] < (

i=1

S

logn>1/d o
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< (logn)/kb from condition (i) and k < k from condition (i), we obtain

d logn 1+1/d
> Wl PBte I ) V3 ) R 0] 5 (49
for all z € X.

Now, we consider the case ¢, < i < kP. Using (15) and the condition ||f|le > ¢ from
Assumption 2, we get

P(B(x, R ) () =V fo) VIR ) ()]
[P(B(a, Ry () — Vaf (0) B2 1 ()1 o
Z;l;é (P(B(:p, R?(i) (x)))]/dR;(i) ($)d71ﬂ>
for all z € X. Next, consider z such that B(z, R? (kb)(x)) C [0,1]% for all b € [B]. Using the
Lipschitz smoothness from Assumption 2, we obtain

/ F(y)dy / 7(2) dy‘ </ ) = £(2)|dy
B(:B,R;(i)(:p)) B(:L',RZ (i)(z)) B( s,( )(‘T))

<er / ly — alla dy S B ()™
B(x,RZy(i)(m))

On the event y, we have R () (z) < (i/s)"? for ¢, < i < k. This implies

[P(B(z, R (;)(2))) — Vaf (2) R ;) (2)] S (i/)'+14. (50)
Moreover, using ||f|o > ¢ in Assumption 2 and R 0 (z) =< (i/s)"/? on the event ©;, we
have P(B(z, R® (Z)( x))) 2

i/s for ¢, < i < kP. Consequently, we obtain

5 1( /S)J/d(Rg (@ ))dil 7 dz:l( i/5)7/ 4. (i)s) 410D > (/) (d=D)/d,
j=0 j=0

This together with (49) and (50) implies

[P(B(x, RY (@) = V) f(2) VIR ()| < (i) (51)

for ¢, < i < kP Therefore, using Y5, w?i'/? < (k%) Y4 i1 condition (797), we have
kb

> whl(P(B, B gy (@) =V f @) R ) ()]

i=cCn,

< Z /8 2/d < k/S 1/dzw /8 l/d < (k/s)l/d (k‘b/ )1/d (E/S)Q/d.
1=Cn =1
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Combining this with (48), we obtain

(log n)1+1/d

Zwb\P B, B (o)) = Vg @) RS ()] S

+ (k/s)?/?,

for all z € X and a fixed b € [B]. Averaging over b € [B], we have

B kb 1+1/d

1
722 W [P(B(x, Rb )))1/d7le/df(x)1/dRz;(i)(x)’ < (Ogn)i n

k/s)?/4.
b=1 i=1 s1/9k ( /S)

This completes the proof of bounding (I17), and hence the proof of Proposition 4. [ |

6.1.2 PROOFS RELATED TO SECTION 2.3

To prove Proposition 1, we require the following lemma, which establishes an upper bound
on the number of instances near the boundary.

Lemma 18 et {Dg}szl be B disjoint subsets of size s randomly drawn from the data D,
with DY = {X%, ..., X} for b € [B]. Define A, := [cy(k/s)Y/4,1 — c4(k/s)" /U2, where ¢y is
the constant from Lemma 12 and k is as defined in Proposition 1. Assume that the condition
k > (logn)? holds. Define I° := {i € [s] : X} € A,} and n® := |Z°|. Then, for all n > Ny
with Ny specified in Proposition 4, there holds 1 —nb/s < (k/s) 1/d for all b € [B] with
probability PB* at least 1 — 1/n?.

Proof [of Lemma 18| Let A¢ := [0,1]\ A,. Let b € [B] be fixed. For ¢ € [s], we define
op = 1ac (X}) — P(X € A%). Then we have Ep&yj, = 0 and Ep[£y,)? < P(X € AS). Given
| flloo < € in Assumption 2, we have P(X € A¢) < eu(AS) < (k/s)Y/9. Therefore, we have
Eplérp]? < (k/s)'/?. Applying Bernstein’s inequality in Lemma 7, we obtain

- Z 1ac (X)) — P(X € AS) S v/2(k/s)Y7 /s + 27/ (35)

with probability P* at least 1 — e~7. Setting 7 := 3logn and using P(X € A%) < (k/s)Y/,
we obtain

1-nb/s== ZlN (X)) < (k/s) 1/d+ \/ (k/s)Y/d(logn)/s + (logn)/s.

with probability P* at least 1 — 1/n3. By the definition of N; in Proposition 4, we have
k > ¢, for all n > Ny, where ¢, is specified in Lemma 12. Therefore, we obtain (k/ s)l/d >
k/s > k/s > c,/s. This yields

1 —nbfs S (R/s)""" +\/(R/s)/4(logn) /5 + (logn) /s S (R/s)"/".
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with probability P® at least 1 — 1/n. Using the union bound, this inequality holds for all
b € [B] with probability PP* at least 1 — 1/n?. This completes the proof. [ |

Proof |of Proposition 1| Let €1 denote the event defined by (21) and (22) in Lemma 12.
Furthermore, let 23 be the event defined by the inequality for the upper bound of (1),
(II), and (III) in Proposition 4, and let €4 be the event defined by the inequality for
the upper bound of 1 — n®/s in Lemma 18. By applying the union bound argument on
Lemma 12, 18, and Proposition 4, the event Q1 N Q3 N Q4 holds with probability P2* at
least 1 — 1/n? — 1/n? —2/n? > 1 —4/n? for all n > Nf := Ny, where N is specified in
Proposition 4. The subsequent arguments assume that € N Q3 N Q4 holds and n > Ny

For X! satisfying B(X?, Rb/(kb,)( %)) c [0,1]¢ for all ¥ € [B], using the bound of (I),
(II), and (III) on the event 3 and (19), we get

L(X2, f8) = | fP(XD) — f(xXD)| S (1) - (I1) + (I) - (111)
< ((logn) /R 4 ((logn) /(kB))/? + (R/s)/%. (52)
The condition B < (k/(logn))'*%/¢ implies that
((logn)/B)"* 1% < ((logn)/ (kB)) /. (53)

The conditions [|w®(|s > (kb)~ Y2 forb e [B] and k = k yield that ||w®||y > (k)~'/2 > (k)~1/2.
Combining this with the condition log s < logn in (ii), we obtain

((logn)/(kB))'? < \/(log 5)/B - [[w®||2. (54)

By (46) in the proof of Proposition 4 and the condition k < k in (ii), we obtain that for all
n > Ny,

(k/s)'/" < (k/5)"" S RVM(XD).
on the event ;. Combining this with (52), (53), and (54), it follows that

|2 (X7) = F(XD)| S V/(log s)/B - w2 + RYP(XD).

This completes the proof of (5).
Next, let us turn to the proof of (6). Let A, Z%, and n® be defined by Lemma 18. Then,
it is clear to see that

B s
Rupp(£) = 530 {3120 — fx)
b=1
B
1Zi(2\f5<xf>—f<xf>|+ > Ipad-shl). o)
b=1 1€Zb i€[s]\Z?

Let b € [B] be fixed for now. We consider the first term on the right-hand side of (55). For
any i € Z° we have X? € A,,. Consequently, for any ¢’ € [B] and y € B(X?, Rb/(kb,)( "),
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we obtain d(y, R\ [0,1]%) > ¢ (k/s)"/¢ — R (kb')( %) > 0 on the event ;. This implies
that y € [0, 1]? and thus B(X?, RY XP)) c [0,1]? for all i € Z° and V' € [B]. Therefore,
by (5), we have

LIt - x| S 1 Y (Viows)/B - ol + R )

i€Zb i€Zb

(k"')(

< oz ) /B -l + = 30 REMKY). (56)

i=1

Now, we consider the second term on the right-hand side of (55). The condition ) ; ity b=

(kb)l/d, b € [B], together with (47) in the proof of Proposition 4 implies that for all
x € [0,1]%, there holds

B(z) = <1 ZB:ZS:M (i/5) 1/d> < K/s “1
n VdRB B2 ~ RB(z)d ~

1 =1

on the event ;. Combining this with || f||cc <€ in Assumption 2, on the event Q3, we get

SN - FXD| SH#H{iels]: XP € ALY =s—nP S sk /)Y < s(k/s)V7
i€[s]\I?

By (46) in the proof of Proposition 4, we have (k/s)Y/¢ < Réu’b(Xf’) for all i € [s] on the
event (1. Consequently, we obtain
1 - I
B DoY) - FXD] S RV S ngs (X))
iels]\z? i=1
Combining this with (55) and (56), we obtain
B 1 s
RuopUf) 5 Rihpf) = 3 (VIR B Iafll+ {3 RGKD)
b=1 i=1

Since 137, R?’b(Xf’) =37, wbRS [(5)» We obtain the desired assertion. [ |

6.2 Proofs Related to the Convergence Rates of BRDDE

We present the proofs related to the results concerning the surrogate risk minimization in
Section 6.2.1. Additionally, the proof of Theorem 2 are provided in Section 6.2.2.

6.2.1 PROOFS RELATED TO SECTION 4.2.1

The following lemma, which will be used several times in the sequel, supplies the key to the
proof of Proposition 5.
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Lemma 19 Let Els)’(i) be defined as in Proposition 1, and let w** and k** be defined as in

Proposition 5. Then, for each b € [B], there exists a constant u® > 0 such that EZ’(kb,*) <

b < Eg(kb,*_i_l). (For simplicity, we set R?(i) = o0 for all i > s.) Moreover, the optimal
weights satisfy
b_RY
wht = PTG g o b (57)

] kb

Zi:1 (Hb - Rls),(i))

Moreover, the weights w?’* are bounded as follows:

—b —b —b —=b
R, by — R, (; . R, b1 — Rg
e A I B LN G 1)
Y1 (Rovesn) — RBop) >oim1 (R oy = Ry i)
Additionally, the following inequality holds:
k‘b’* 1 k‘b’*
—b =b 2 _logs —b —b N2

> (B = Rop)” < 5 = > Bepeerny — Row) ™ (59)
=1 =1

Proof [of Lemma 19| By Theorem 3.1 in Anava and Levy (2016), for each b € [B], there
exists a constant u® > 0 such that the weights satisfy the formula in (57). This inequality,
together with (57), implies that the bound in (58) holds. Moreover, by (8), we have

* * *b
V(logs)/B - w)* [|w*|s = ub + vf — R, 5.

For 1 < i < kb*, we have w?’* > 0, this implies that Vf’ = 0 by the KKT condition.
Therefore, we have

V(logs)/B - w!™ /|| wh*

Now, summing over i from 1 to k»*, we get

2= —EZ,@, 1<i <k

kb,* k’b’*
—b 2 logs b log s
D (W= Re)” = = Do) I = == (60)
: B < B
i=1 i=1
This, along with the inequality E&(kb,*) <ub < sz(kb,*ﬂ), establishes (59). [

Proof [of Proposition 5| Let ¢, and ¢ be the constants defined in (21), and let {¢,,} be the
sequence from Lemma 12. Define ¢} := (ch/c5)% < 1. Since s =< (n/logn)@t1)/(4+2) and
B < n!/(@+2) (1og n)(@+1)/(d+2) "there exists constants ¢k, cj, and ¢ such that

S

/
€5 < (n/ log n)@+D/(@+2)

< ¢ and B > chn'/(@+2) (1og n)ld+1)/(d+2) (61)

The choice of s implies that log s 2 log(n) — log(logn) = logn. Consequently, we have

2(d+1) _ 4d+6
2/d1=2/dog g > pat@+) (logn)~ ad+2)

S

44



BAGGED REGULARIZED k-DISTANCES FOR ANOMALY DETECTION

Using the order of B, we know that there exists n3 € N such that for all n > ng, there holds
s2/e, 12 U log 5) /(324 (e 2, M) > B (62)

Furthermore, from the order of s and B, we see that there exists ny € N such that for all
n > ny, the following three inequalities hold:

ch(n/logn) /@D > o (63)
hn/ (@42 (1og n) @D/ (@+2) > 9(42 4+ 4)(logn)/3, (64)
PRI 1 _d_
cy((c5)?ch)z+a \J1/2

where ¢} is the constant specified in Lemma 12. As we will demonstrate in the second part
of this argument, the inequalities (63) and (65), together with the condition n > [(cf)?+?],
guarantee that the lower bound for s is satisfied. Similarly, inequality (64) ensures that the
lower bound for B holds.

Additionally, by the divergence of the sequence ¢, there exists n5; € N such that for all
n > ns, we have

1

Cn

<

N | —

1
/ P41 — 174y gy, (66)
1/2

Let Q1 denote the event defined by (21) and (22) in Lemma 12. By Lemma 12, the event
Q0 holds with probability PP¢ at least 1 — 1/n%. For the remainder of the proof, we assume
that Q; holds and that n > Ny := max{ns, n4, ns, [ (c5)>*?]}. We proceed with the proof of
statement 1.

Verification of Condition (i): We first show that k®* > [2¢,/c,] for all b € [B] by con-
tradiction. Suppose that k** < [2¢,/c,] for some b € [B]. Since ¢, < 1, it follows that
cn/Cy > ¢, > 2. Therefore, we have k** + 1 < [2¢,/c}] + 1 < 2¢, /¢ + 2 < 3¢,/c). This
leads to the bound Eg(kb,*_;'_l) < A ((K2* +1)/s)V4 < 31/dcgc£f1/d(cn/s)1/d on the event Q4.
Therefore, we obtain

kb’*

—b —=b 12 « (b 2 —1-2/d _
Z (Rs,(kbv*-i-l) _Rs,(i)) < kb (Rs,(kb»*—i-l)) < 32/d+1(cg)2c’4 / 0711+2/d8 2/d.
i=1

Combining this with (62), we conclude that Zf: (RZ,(kb,*H) - R’;,(i))Q < (logs)/B. How-

ever, by (59) in Lemma 19, we know that (logs)/B < Zf’iI (Eg7(kb,*+1) — E’;,(i))? This
leads to a contradiction, implying that

kb > [2¢,/¢,] > ¢n, Vb e [B]. (67)

Let b € [B] be fixed. By Lemma 19, we have

b

—b —b
Cn CZ R y¥ - RS i
Yol < Zoleroy “ Foo) (68)
i=1 dic1 (Rs,(kb»*) - Rs,(i))
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On the event €2y, we have the following upper bound for the numerator:

Cn

—b —b —b .
D (R i) — Boiy) < caBy oesny S cnl(k” /)1, (69)
i=1

Next, we establish the lower bound for Zfi; (sz(kb,*) — Rg(i)). Since k¥* > ¢, by (67), we

have Ei(kb,*) > (k) s) d _ ch (cykP*/s) Vi > h([hk>*]/s) Y4 and RZ,(@‘) < dy(ifs)'/?
for ¢, <i < s on the event ;. Therefore, we obtain

—b —b . 1/d .
Ry ey — Roy > ch (L] /) = chifs) /7. (70)
for ¢, <1 < s. Since Lcﬁlkl”*J > 2¢, by (67), we obtain

oo |k ] Lk ]

= R 7 o> [ kb I\ Y i\ Ve
> (Bony = Fow) 2 D (Rogeny —Rew) 2 ) 5 -3
i=1 i=cn i=cn
S (k.b,*)l/dJrl 1 Lejk” ] i 1/d
. - .
st/d Lcyk] 2 ( ( Leyk] > >

1=Cp
Since g1 (t) :=1— 1/ is a monotonically decreasing function for 0 < ¢ < 1, we have

k‘b‘*

- — (kb,*)l/d—i-l 1
R L e L TCL
; (ko) (4) sl/d e L)
pheyL/del 1 . B
2 B [ p0az @y

Combining this with the upper bound in (69) and inequality (68), we get Y ", wf’* <
(logn)/kb>* for b € [B]. Hence, we verify condition (i) in Proposition 1.

Verification of Condition (ii): Let b € [B] be fixed. Since k** > ¢, by (67), we have

kb’* kb’*
D (B ueiny = Ruo)” S 3 (Rugunesn)” S (R4
i=1 i=1

on the event €;. Combining this with (59) in Lemma 19, we have (log s)/B < (kb*)%/dt+15=2/d,
which implies the lower bound k¥* > s2/(2*d)((log s)/B)%(>*4) Combining this with the
choice of s and B, we get the lower bound k®* > (n/logn)'/(@+2),

Next, we derive the upper bound of k»*. Using the lower bound in (70) again, we have

L —b 2 i) —b —b N2
> (Rogery = Ro)” = D (Roer) — Roi)
=1 i=Cn
c b,
/2L4k : ! 7.b% 1/d .y \1/d)\2
> (c5) Z ((Lhk>*]/s) " = (i/s)M?)
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L)

_ ()Pt S (- 1y 2
- g2/d Lcﬁlkbﬂ*J {Cﬁ;kb’*J :

1=Cn

Since |cjk%* | > 2¢, > 144 by (67), we have |c}k>*| > ¢} kP* /2. Therefore, we get
kb’*

b — 9 (Cl )2(0/ )2/d+1 1 . B
Z (Rs,(kb’*) — Rs,(i)) > 322# //2(1 _ tl/d)2 dt - (k> )2/d+18 2/d.
i=1

Combining this with (59) in Lemma 19, we obtain

log s (CQ)Q(CQ)Q/dH 1 Lo e )
B~ 9+ /1/2(1—t ) dt - (k77) s (72)

Since n > Ny > (c)?+4, using the choice of s in (61), we get

d+1
log s < log ¢ + diQ logn < logn.

Using this bound with the choices of B and s in (61), and the inequality (72), we derive

d d
2 1 “dt2 flog s\ dt2 _2
bx _1/dy2 g -2
k S —C ( é)Zd/(2+d) </1/2(1 t ) dt> < B S d+2

: <?(>6)></1/12(1 _tl/dydt)db <1Zn> - 28<l§n> )

Combining the lower and upper bounds of k**, we conclude

kb = (n/logn)Y @2 b e [B]. (74)

The inequalities (61) and (63) ensure that s > ¢} for all n > Ny. Combining the upper
bound of k»* in (73) with the choice of s in (61) and the inequality (65) yields s > 2k for
all n > Na. Therefore, we have s > max{c}, 2k} for all n > Ny and it is straightforward to
verify that logs =< logn. Additionally, the choice of B in (61) combined with (64) ensures
that B > 2(d? + 4)(logn)/3 for all n > Nj. Moreover, using (74) and the choices of B
and s, we obtain B < (k/(logn))'*?/¢. This complete the verification of condition (i7) in
Proposition 1.

Verification of Condition (iii): Fix b € [B]. By inequality (58) in Lemma 19, we have
kb 1 /d (b 2 b kb* 174 (b b
Zz 1? /d(Rs,(kb**) S, %) < Zzl/d byx Z’L 1! /d(Rs,(kb’*-l-l) - RS,(l))
kb b - kb* b :
Zi:l (Rs,(kb’“rl) Rs (z)) i=1 Zz’:l (Rs

We first evaluate the numerator on the left-hand side. Since ¢, < 1 and |¢}k*] > 2¢, by
(67), we have

75)
— (
(k) — B (i)

K b —=b LCikb7*J —=b
Zzl/d cney = Ru) 2 30 (R oy~ Regy)
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Applying inequality (70), we obtain

o [k
—b _ . * .
Z -1/d (Rs (k:b *) _ Rs,(z)) Z 3 l/d Z Zl/d(Lcﬁlkb7 Jl/d —Zl/d)
i=1 i=cCp
1 LK™ ; 1/d ; 1/d
“1/d7.b,4\2/d+1
TR o 2 (Lc&k”’*J) (1 - (Lc%’**J) )

Define g(t) := t'/¢(1 — t/9) for ¢ € [0,1]. Since go(t) < 1 for t € [0,1], we obtain the lower
bound

Ko bye\2/d+1 1

1/d (50 —b (k ’ ) 2
DM (R — Row) 2 — (/( g2(t) dt — ] ) (76)
i=1

en—1)/|cikb* ]

From (66) and (67), we have Lcﬁlkbv*J <1/(2¢p) < f1/2 ga(t)dt/4 and (c, — 1)/ k>*] <
1/2 for all n > Njy. Therefore, we obtain the following lower bound:

K> b \2/d+1 b,x)2/d+1
1 b (k") (K”7)

Z e (Rs (kb*) = Rs,(i)) 2 951/d /1/2 g2(t)dt 2 sl/d

i=1

On the other hand, on the event , since k®* > ¢, by (67), we have the upper bound:

kb,*
> (B i) = Bagi) < KR o) S (R0 10714,
i=1
Combining these bounds with (75), we obtain Z 1 /dy, b > (bl /4. By similar argu

ments, we can also derive the upper bound Ei:l zl/d f* < (kb*)l/d from the right-hand
term of inequality (75). Hence, we verify the first part of condition (7).

Using the formula for wf’* in (57), along with the equality (60), and noting that RZ’(kb,*) <

ub < Ez’(kb,*ﬂ) from Lemma 19, we obtain

w®* 12

b,*
VSRR (tomsy/B) ((og 5)/B)1
kby* b b kb b —b < kbx —==b —=b :
2i=1 (M — R ) X (- Ri@)  Xim1 (B oy — Ry i)
Combining this with (71), the choice of B and s, and the order of k** in (74), we derive
lw®* |2 S ((log 5)/B)Y/?/ (kP*) /4157 14) < (k%) 12,

b,*H% < kb’*

Finally, using the Cauchy—Schwarz inequality, we obtain 1 = ||w w*||3. This
implies the lower bound ||w*||y > (k®*)~1/2. Therefore, combining the upper and lower
bounds for ||w®*||2, we verify the second part of condition (4i). This completes the verifi-
cation of Condition (%ii) in Proposition 1.
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Verification of Condition (iv): Let c§ be the constant specified in Lemma 12, and let ¢§ be
the constant defined in (65). We define hy, := [cg(n/(logn))'/(¢+2) /2] + 1, and define the
following sequence

C .= cé(hn/s)l/da 1 <i< (hnAs);
m 0, otherwise.

By (73), we have k®* 41 < c4(n/logn)*/(4+2) /2 4-1 < h,, for all b € [B]. Therefore, for
1 <i < kb*, we have i < (hy, A s), and thus C,,; = c4(hn/s)Y% By (67), we have k* > ¢,
for all b € [B]. Therefore, on the event €1, we have

Cros = /)" > y(K +1) /)9 > R oe (77)

for 1 <4 < k»* and b € [B]. Using the expression for k** in (74), the choice of s, and the
inequality (71), we derive

kb’* 1(/jd+1 _léd+1

—p —b n +2 n i
> o -T2 (o) T () T 2L
=1

Consequently, using (58) from Lemma 19 and inequality (77), we obtain

—b —b
b < Ry (kv 41) — Ry ()

w’i — o ,—b —=b
SR (B kve) — R )

—b —b —b
5 RS,(k‘b’*-‘rl) - RS,(’Z) S RS,(ka’*-f—l) S Cn,i

for 1 < i < k" and b € [B]. Since w?’* =0 for i > k>* and b € [B], we conclude that
wl™ < G for all b e [B] and i € [s].
We now analyze the summation » 7 ; il/d_l/sz. Since hy, A s < h,, we have

s hn/\s
S AR, =y 3 MR )14 S Y2 ()11 S (1 Togm)
=1 =1

On the other hand, from (74), we know that & > (n/logn)'/(#*+2) which implies EANe >

1/d—1/2 —1/d—
(n/logn)~ @¥2z . Therefore, we conclude that >>5_, i'/471/2C;, ; < A VT completes
the verification of condition (7v) in Proposition 1.
Finally, statement 2 has been verified in (74), completing the proof of Proposition 5. B

Within the same theoretical framework as the preceding proof, the following lemma
establishes a finite sample bound on the number of nonzero weights returned by SRM without
bagging. This result is essential for the comparison of search complexity in Section 4.3.
Following the approach in Section 2.3, we randomly partition the data into two disjoint
subsets—one for weight selection and the other for computing k-distances. For convenience,
we assume without loss of generality that n is an odd number in the following lemma.
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Lemma 20 Let Dy be a subset of size s = n/2 randomly drawn from the dataset D,,. Define
R iy as the average i-distance for any integeri < s on the subset Ds, following the definition
in Proposition 1. Furthermore, let w* be the solution to the following SRM problem.:

—argmln Vl1og s - ||U’H2+sz 5.(i)

and define k* := sup{i € [s] : w} # 0}. Then, there exists an integer N3 € N such that for
all n > N3, with probability P* at least 1 — 1/n?, we have k* =< n?/(4+2)(log n)4/(@+2),

Proof [of Lemma 20| Let ¢§ denote the constant specified in Lemma 12, ¢ denote the
constant introduced in the proof of Proposition 5, and {c,} denote the sequence defined in
Lemma 12. By the definition of ¢, there exists ng € N such that for all n > ng, we have

(n/2)¥ e, 12 log(n/2) /(371 ()2, M) > 1. (78)

Define N3 := max{[2c]] + 2,n¢}, where ¢} is as specified in Lemma 12. Let Q; denote the
event defined by (21) and (22) in Lemma 12 with B = 1 and s = n/2. By Lemma 12, for
all n > N3, we have s > ¢}, ensuring that the event ; holds with probability P at least
1 — 1/n2. In the subsequent argument, we assume that €2; holds and n > Nj.

Since (78) is analogous to (62) in the proof of Proposition 5, a similar argument as
in the “Verification of Condition (i)” part of that proof shows that k* > [2¢,/c)] b
contradiction. Following the reasoning in the “Verification of Condition (iz)” part, we
obtain logs = (k:*)2/d+15*2/d. Substituting s = n/2 into the above inequality yields
k* = n?/(4+2) (log n)4/(4+2)  This completes the proof of Lemma 20. |

6.2.2 PROOFS RELATED TO SECTION 3.2

In this section, we present the proof related to BRDDE. The weights w?* are derived using
SRM based on the data for BRDDE, whereas Proposition 4 assumes that the weights are
fixed and independent of the data. As a result, Proposition 4 cannot be directly applied
to establish the convergence rate of our density estimator. However, Proposition 5 ensures
that the weights returned by SRM satisfy the required conditions in Proposition 1 with high
probability. Therefore, by making slight modifications to the proof of Proposition 4, we can
establish the error decomposition of BRDDE as stated in Proposition 21.

Before proceeding, we introduce additional notation. Regarding the expression of f5*(z)
n (11), we define the error term (I'), (I1'), and (II1") as follows, corresponding to (I), (IT),
and (III) in (14), (17), and (18):

d—1

" 1 wb? 1/d g 1/d B ()41
)= e Z( bzz %Z> (V@) VIRBA (@) (79)
(11 : Z Zwb*%z— Bz, B ()], (80)
=1
(111 : Z Zwb* 2, RE o ()4 =V f () VIR ()] (81)
=1
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Following a similar derivation as in (19), we obtain the error decomposition:
|[f2* (@) = fa)| < (I') - (1) + (I') - (11T). (82)

Proposition 21 Let Assumption 2 hold. Let (I'), (I1"), and (I11") be defined in (79), (80),
and (81), respectively. Then, there exists an integer Ny € N such that for alln > Ny and any
x satisfying B(z, ﬁg(kb,*)(x)) C [0,1)¢ for all b € [B], with probability P"™ at least 1 — 2/n?,
(I"), (IT"), and (I1I') have upper bounds of the same asymptotic order as (I), (II), and
(IIT) in Proposition 4.

Proof [of Proposition 21| Let {25 denote the event defined by the statements in Proposition 5.
Applying Lemma 12 to the subset { D%}2 | we obtain that, with probability at least 1—1/n?,
the following holds: ¢ (i/s)'/¢ < Rl;(i) (z) < c4(i/s)"/¢ and P(B(x, Rf;(i) (x))) =< i/s for all
r € X, b€ [B], and ¢, <i<s. We define this event as (.

Since the datasets D? and DY are independent for b € [B] and w®* is the solution to the

SRM in (7), we have

E[w}* (P(B(x, R. ) (2))/* = 75,)|2]
= E[w}*|Q5] - E[(P(B(z, R? () ()4 — 75:] = 0

for a fixed z € X, where the last equality follows from (20) and the expectation is taken
with respect to the empirical measure Dg, conditional on the event €25. Following the proof
of Lemma 17 and conditioning on the event Qs, for all n > n; = 2d? + 1, we have

i\ logn 1
P sup SCnil - B Q| 21— —.
zE€X ig[k] n

s i
Since Proposition 5 ensures that P(Q5) > 1 — 1/n?, applying the conditional probability

formula yields
N\ 1/d
i logn 2
< | > _
NC’”<3> VB > =10

p" sup
TEX €[ k]

for all n > ny V Ny, where Ny is the integer specified in Proposition 5. Denote this event as
Q7. By the union bound, the event Q5N Qs N7 holds with probability P™ at least 1 —4/n?
for all n > nq1 V Na. Since the events {2g and €27 correspond to the events {21 and 25 in the
proof of Proposition 4, respectively, and given that conditions (i) — (iv) in Proposition 1
hold for w®* and k»* on s, there exists Ny € N such that the upper bound for (I'), (I1"),
and (111') follow for all n > Ny by similar arguments as in the proof of Proposition 4. (Note
that Ny may differ Ny in that proposition.) The details are omitted. |

LS8 (BB, B ()~ s)

1 . ~
5 2w (P(Ba, R gy ()Y = )
b=1

Proof |of Theorem 2| Let Qs5, 26, and Q7 be the events defined in the proof of Proposition
21. Following the arguments therein, the event 25 N Qg N 27 holds with probability P" at

least 1 — 4/n? for all n > N,. For the remainder of the proof, we assume that the event
Q5 N N Q7 holds and that n > N3 := Ny.
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From (73) in the proof of Proposition 5, we have k < c§(n/ log n)V/(4+2) /2 Define
Ay = [dy(ch(n/ logn) (42 /(29))/9, 1 — ¢i(c5(n/ logn) /) /(25)) /).
On the event Qg, for all z € A,, and any b € [B], we have
R (o) () < (K /)11 < ch(cy(n/ Togn) V(T2 /(25)) /1.
Thus, for any y € B(z, RY (kb*)(m)), we have
Ay, RN [0,1)%) > h(ch(n/ log ) /D /28))14 — B . () > 0.
This implies that B(w,ﬁg(kb,*)(x)) C [0,1]¢ for all z € A, and b € [B]. Therefore, from
Proposition 21 and inequality (82), we obtain
£ (@) = £(@)] £ (ogm) /W) 4 (o) /(RB))'* + (R/)/, @ € A

Using k¥* = (n/logn)Y(@+2) from Proposition 5 and substituting the choices of B and s,
we obtain

F57(@) — f(@)] S n VD logm) @D e,

Integrating over A,,, we get

/A B (@) — f(@)) de < /@42 (log ) @43/ (@42) (83)

On the other hand, on the event Qs5, condition (iii) in Proposition 1 holds for w”* and
kb*, which implies that Y7, w?’*il/d < (kb)Y for all b € [B]. Since vs; < ((i +1/d)/(s+
1/d))/ < (2i/s)1/d by (38), we have

*ZZ wi Ysi S 5 Zzwb* i/ S & Z(kb’*/S)”dS(E/S)l/d~
b=1 i=1 b 1i=1

Following similar arguments as in (47) from Proposition 4, we obtain Ry ™*(z) > (k/s)/4
for all z € X on the event €25 N Q. This implies
B s

d
. 1 1 _
W) = e <B 2 Wf’*vs,i> SEES1,  wex.

B %
Valy™ (z)? \ B (1=

Since || f||oe < € from Assumption 2, we conclude that || /2™ — f||s is bounded by a constant.
Therefore, we have

/ fB4(2) — f(2)|de S (X \ Ay) S ((n/logn)t/ (@2 /5)1/d
xX\A,
< n—l/(d+2) (log n)(d+3)/(d+2) )

Finally, combining this with (83), we have

- siohan= ([ + . Y- ok o1
X X\A,

which completes the proof. |
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6.3 Proofs Related to the Convergence Rates of BRDAD

In this subsection, we first present the proofs for learning the AUC regret in Section 6.3.1.
Then we provide the proof of Theorem 3 in Section 6.3.2.

6.3.1 PROOFS RELATED TO SECTION 4.2.2

Proof |of Proposition 6] Under the Huber contamination model in Assumption 1, let n(x)
be defined as in (12), and define f(z) = II - f*(z)~!. By the expression of f*(z) in
(11), it follows that 1{R5™(X) — RE™*(X’) > 0} = 1{j(X) — 7(X’) > 0} and 1{RE*(X) =
R (X} = 1{f(X) = f(X")}. Consequently, we obtain

AUC(RE™)

=E[L{(Y - Y')(R*(X) = R*(X') > 0)} + H{R"(X) = R*(X)}/2]Y £ Y]

=E[1{(Y - Y)#(X) = (X)) > 0)} + 1{7i(X) = §(X")}/2]Y #Y'] = AUC(®).
Therefore, we have RegAUC(RE *) = Reg®VC(%). Applying Agarwal (2013, Corollary 11),
we obtain

RegAUC(RE’*) RegAUC(U / [n(z x)|dP x (z). (84)

From Assumption 2, we have || f||so > ¢, and given that ||f£*||s > ¢, it follows that

O (@) — fo)]
f " (@) f(x)

Combining this with (84) and the condition || f||s < ¢ from Assumption 2, we establish the

desired result. [ |

S|f2 (@) = f(a)].

6.3.2 PROOFS RELATED TO SECTION 3.3

Proof [of Theorem 3| Let Q5, Q6, and Q7 be the events defined in the proof of Proposition
21. Following the arguments therein, the event Q5 N Qg N 27 holds with probability P™ at
least 1 — 4/ n? for all n > Ny4. For the subsequent arguments, we assume that Q5 N Qg N Q7
holds and that n > Nj = Ny.

Let {c,} denote the sequence from Lemma 12. On the event g, for all z € X', we have

R (2 Zwb*Rb Zwb*RS (i) Z w R

i=cn+1

<R Z wb*Rb cn/s) Ud—l—Zw (i/s)4/,

i=cn+1

By Proposition 5, on the event Q5, we have Y ;7 ; w?’*il/d < /% and k > (logn)?. This
implies that R2*(z) < (cp/s)Y4 + (E/s)l/d < (k/s)'/?. Averaging over b in [B], we obtain

RB* ZRb* k/s)l/d (85)
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On the other hand, using (38), we have

S

S . 1/d S
b,* b,* Z+1/d_1 byx . 1/d
PV b (2D /T > b, ,
i:1wz Vs,i ;wz (S+1+1/d N;wl (7’/8)

where we use the inequality (i + 1/d —1)/(s+1+1/d) > (i—1)/(s+2) > (i — 1)/(2s).
Applying Proposition 5 again, we get > ;_; wf’*il/ d> e Averaging over b in [B], we have

B s
% Z Z wi i Z (B/s)M.

b=1 i=1

Combining this with (85), we conclude that f,? *(z) is lower bounded by a constant for
x € X. Consequently, by Theorem 2 and Proposition 6, we obtain the desired assertion. H

7. Conclusion

In this paper, we propose a distance-based algorithm, Bagged Regularized k-Distances for
Anomaly Detection (BRDAD), to address challenges in unsupervised anomaly detection.
BRDAD mitigates the sensitivity of hyperparameter selection by formulating the problem
as a convex optimization task and incorporates bagging to enhances computational efficiency.
From a theoretical perspective, we establish fast convergence rates for the AUC regret of BR-
DAD and show that the bagging technique substantially reduces computational complexity.
As a by-product, we derive optimal convergence rates for the Li-error of Bagged Regularized
k-Distances for Density Estimation (BRDDE), which shares the same weights as BRDAD,
further validating the effectiveness of the Surrogate Risk Minimization (SRM) framework
for density estimation. On the experimental side, BRDAD is evaluated against distance-
based, forest-based, and kernel-based methods on various anomaly detection benchmarks,
demonstrating superior performance. Additionally, parameter analysis reveals that choos-
ing an appropriate number of bagging rounds improves performance, making the method
well-suited for practical applications.
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