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Abstract

A class of generative models that unifies flow-based and diffusion-based methods is introduced.
These models extend the framework proposed in Albergo and Vanden-Eijnden (2023),
enabling the use of a broad class of continuous-time stochastic processes called ‘stochastic
interpolants’ to bridge any two probability density functions exactly in finite time. These
interpolants are built by combining data from the two prescribed densities with an additional
latent variable that shapes the bridge in a flexible way. The time-dependent probability
density function of the stochastic interpolant is shown to satisfy a first-order transport
equation as well as a family of forward and backward Fokker-Planck equations with tunable
diffusion coefficient. Upon consideration of the time evolution of an individual sample, this
viewpoint immediately leads to both deterministic and stochastic generative models based
on probability flow equations or stochastic differential equations with an adjustable level
of noise. The drift coefficients entering these models are time-dependent velocity fields
characterized as the unique minimizers of simple quadratic objective functions, one of which
is a new objective for the score of the interpolant density. We show that minimization of
these quadratic objectives leads to control of the likelihood for generative models built upon
stochastic dynamics, while likelihood control for deterministic dynamics is more stringent.
We also construct estimators for the likelihood and the cross-entropy of interpolant-based
generative models, and we discuss connections with other methods such as score-based
diffusion models, stochastic localization processes, probabilistic denoising techniques, and
rectifying flows. In addition, we demonstrate that stochastic interpolants recover the
Schrodinger bridge between the two target densities when explicitly optimizing over the
interpolant. Finally, algorithmic aspects are discussed and the approach is illustrated on
numerical examples.
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1. Introduction

1.1 Background and motivation

Dynamical approaches for deterministic and stochastic transport have become a central
theme in contemporary generative modeling research. At the heart of progress is the idea to
use ordinary or stochastic differential equations (ODEs/SDEs) to continuously transform
samples from a base probability density function (PDF) py into samples from a target
PDF p; (or vice-versa), and the realization that inference over the velocity field in these
equations can be formulated as an empirical risk minimization problem over a parametric
class of functions (Grathwohl et al., 2019; Song and Ermon, 2019; Ho et al., 2020; Song
et al., 2021b; Ben-Hamu et al., 2022; Albergo and Vanden-Eijnden, 2023; Liu et al., 2023b;
Lipman et al., 2023).

A major milestone was the introduction of score-based diffusion methods (SBDM) (Song
et al., 2021b), which map an arbitrary density into a standard Gaussian by passing samples
through an Ornstein-Uhlenbeck (OU) process. The key insight of SBDM is that this process
can be reversed by introducing a backwards SDE whose drift coefficient depends on the
score of the time-dependent density of the process. By learning this score — which can be
done by minimization of a quadratic objective function known as the denoising loss (Vincent,
2011) — the backwards SDE can be used as a generative model that maps Gaussian noise
into data from the target. Though theoretically exact, the mapping takes infinite time in
both directions, and hence must be truncated in practice.

While diffusion-based methods have become state-of-the-art for tasks such as image
generation, there remains considerable interest in developing methods that bridge two
arbitrary densities (rather than requiring one to be Gaussian), that accomplish the transport
exactly, and that do so on a finite time interval. Moreover, while the highest quality
results from score-based diffusion were originally obtained using SDEs (Song et al., 2021b),
this has been challenged by recent works that find equivalent or better performance with
ODE-based methods if the score is learned sufficiently well (Karras et al., 2022). If made
to match the performance of their stochastic counterparts, ODE-based methods exhibit a
number of desirable characteristics, such as an exact, computationally tractable formula
for the likelihood and the easy application of well-developed adaptive integration schemes
for sampling. It is an open question of significant practical importance to understand if
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there exists a separation in sample quality between generative models based on deterministic
dynamics and those based on stochastic dynamics.

In order to satisfy the desirable characteristics outlined in the previous paragraph, we
develop a framework for generative modeling based on the method proposed in Albergo and
Vanden-Eijnden (2023), which is built on the notion of a stochastic interpolant x; used to
bridge two arbitrary densities pg and p;. We will consider more general designs below, but
as one example the reader can keep in mind:

= (1 —t)xg+tor + /2t(1 —t)z, tel0,1], (1.1)

where xg, 1, and z are random variables drawn independently from pg, p1, and the standard
Gaussian density N(0, Id), respectively. The stochastic interpolant x; defined in (1.1) is
a continuous-time stochastic process that, by construction, satisfies x;—9 = ¢ ~ pp and
Ti=1 = x1 ~ p1. Its paths therefore exactly bridge between samples from py at ¢ = 0 and
from p; at t = 1. A key observation is that:

The law of the interpolant x; at any time t € [0,1] can be realized by many
different processes, including an ODE and forward and backward SDFEs whose
drifts can be learned from data.

To see why this is the case, one must consider the probability distribution of the interpolant ;.
As shown below, for a large class of densities py and p; supported on R¢, this distribution is
absolutely continuous with respect to the Lebesgue measure. Moreover, its time-dependent
density p(t) satisfies a first-order transport equation and a family of forward and backward
Fokker-Planck equations in which the diffusion coefficient can be varied at will. Out of these
equations, we can readily derive generative models that satisfy ODEs and SDEs, respectively,
and whose densities at time ¢ are given by p(t).

Interestingly, the drift coefficients entering these ODEs/SDEs are the unique minimizers
of quadratic objective functions that can be estimated empirically using data from pg, p1,
and N(0, Id). The resulting least-squares regression problem allows us to estimate the drift
coefficients of the ODE/SDEs, which can then be used to push samples from pg onto new
samples from p; and vice-versa.

1.2 Main contributions and organization

The approach introduced here is a versatile way to build generative models that unifies and
extends many existing algorithms. In Sec. 2, we develop the framework in full generality,
where we emphasize the following key contributions:

e We prove that the stochastic interpolant defined in Section 2.1 has a distribution that is
absolutely continuous with respect to the Lebesgue measure on R?, and that its density
p(t) satisfies a first-order transport equation (TE) as well as a family of forward and
backward Fokker-Planck equations (FPEs) with tunable diffusion coefficients.

e We show how the stochastic interpolant can be used to learn the drift coefficients that
enter the TE and the FPEs. We characterize these coefficients as the minimizers of simple
quadratic objective functions given in Section 2.2. We introduce a new objective for the
score V log p(t) of the interpolant density, as well as an objective function for learning a
denoiser 7., which we relate to the score.
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Figure 1: The stochastic interpolant paradigm. Example generative models based on
the proposed framework, which connects two densities pg and p; using samples from both.
The design of the time-dependent probability density p(¢) that bridges between py and p; is
separated from the choice of how to sample it, which can be accomplished with deterministic
or stochastic generative models. Left panel: Sampling with a deterministic (ODE) generative
model known as the probability flow equation. Right panel: Sampling with a stochastic
generative model given by an SDE with a tunable diffusion coefficient. The probability flow
equation and the SDE have different paths, but their time-dependent density p(¢) is the
same. Moreover, the two equations rely on the same estimates for the velocity and the score.

e In Section 2.3, we derive ordinary and stochastic differential equations associated with the
TE and FPEs that lead to deterministic and stochastic generative models. In Section 2.4,
we show that regressing the drift for SDE-based models controls the likelihood, but
that regressing the drift alone is not sufficient for ODE-based models, which must also
minimize a Fisher divergence. We show how to optimally tune the diffusion coefficient to
maximize the likelihood for SDEs.

e In Section 2.5, we develop a general formula to evaluate the likelihood of SDE-based
generative models that serves as a natural counterpart to the continuous change-of-
variables formula commonly used to compute the likelihood of ODE-based models. In
addition, we give formulas to estimate the cross-entropy.

In Section 3, we discuss instantiations of the stochastic interpolant method. In Section 3.4
we first show that interpolants are equivalent to a class of stochastic bridges, but that they
avoid the need for Doob’s h-transform, which is generically unknown; we show that this
simplifies the construction of a broad class of generative models. In Section 3.2, we define
the one-sided interpolant, which corresponds to the conventional setting in which the base pg
is taken to be a Gaussian. With a Gaussian base, several aspects of the interpolant simplify,
and we detail the corresponding objective functions. In Section 3.3, we introduce a mirror
interpolant in which the base pg and the target p; are identical. Finally, in Section 3.4,
we show how the interpolant framework leads to a natural formulation of the Schrodinger
bridge problem between two densities.

In Section 4, we discuss a special case in which the interpolant is spatially linear in zq
and x1. In this case, the velocity field can be factorized, which we show in Section 4.1 leads
to a simpler learning problem. We detail specific choices of linear interpolants in Section 4.2,
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and in Section 4.3 we illustrate how these choices influence the performance of the resulting
generative model, with a particular focus on the role of the latent variable and the diffusion
coefficient. For exposition, we focus on Gaussian mixture densities, for which the drift
coefficients can be computed analytically. We provide the resulting formula in Appendix A.
Finally, in Section 4.4, we discuss the case of spatially linear one-sided interpolants.

In Section 5, we formalize the connection between stochastic interpolants and related
classes of generative models. In Section 5.1, we show that score-based diffusion models can
be re-written as one-sided interpolants after a reparameterization of time; we highlight how
this approach eliminates singularities that appear when naively compressing score-based
diffusion onto a finite-time interval. In Section 5.2, we show how interpolants can be used to
derive the Bayes-optimal estimator for a denoiser, and we show how this approach can be
iterated to create a generative model. In Section 5.3, we consider the possibility of rectifying
the flow map of a learned generative model. We show that the rectification procedure does
not change the underlying generative model, though it may change the time-dependent
density of the interpolant.

In Section 6, we provide the details of practical algorithms associated with the mathe-
matical results presented above. In Section 6.1, we describe how to numerically estimate
the objectives given empirical datasets from the base and the target. In Section 6.2, we
complement this discussion on learning with algorithms for sampling with the ODE or an
SDE.

We provide numerical demonstrations in line with these recommendations in Section 7,
and we conclude with some remarks in Section 8.

1.3 Related work

Deterministic Transport and Normalizing Flows. Transport-based sampling and
density estimation has its contemporary roots in Gaussianizing data via maximum entropy
methods (Friedman, 1987; Chen and Gopinath, 2000; Tabak and Vanden-Eijnden, 2010;
Tabak and Turner, 2013). The change of measure under such transformation is the backbone
of normalizing flow models. The first neural network realizations of these methods arose
through imposing clever structure on the transformation to make the change of measure
tractable in discrete, sequential steps (Rezende and Mohamed, 2015; Dinh et al., 2017;
Papamakarios et al., 2017; Huang et al., 2018; Durkan et al., 2019). A continuous time
version of this procedure was made possible by viewing the map 7' = X;(x) as the solution
of an ODE (Chen et al., 2018; Grathwohl et al., 2019), whose parametric drift defining the
transport is learned via maximum likelihood estimation. Training this way is intractable at
scale, as computing the gradient of the objective via the adjoint method requires simulating
an ODE. Various methods have introduced regularization on the path taken between the
two densities to make the ODE solves more efficient (Finlay et al., 2020; Onken et al., 2021;
Tong et al., 2020), but the fundamental difficulty remains. We also work in continuous
time; however, our approach allows us to learn the drift without simulation of the dynamics,
and can be formulated at sample generation time through either deterministic or stochastic
transport.

Stochastic Transport and Score-Based Diffusion Models (SBDMs). Complemen-
tary to approaches based on deterministic maps, recent works have realized that connecting
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a data distribution to a Gaussian density can be viewed as the evolution of an Ornstein-
Ulhenbeck (OU) process which gradually degrades samples from the distribution of interest
to Gaussian noise (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song and Ermon, 2019; Song
et al., 2021b). The OU process specifies a path in the space of probability densities; this
path is simple to traverse in the forward direction by addition of noise, and can be reversed
if access to the score of the time-dependent density V log p(t) is available. This score can
be approximated through solution of a least-squares regression problem (Hyvérinen, 2005;
Vincent, 2011), and the target can be sampled by reversing the path once the score has
been learned. Interestingly, the resulting forward and backward stochastic processes have an
equivalent formulation (at the distribution level) in terms of a deterministic probability flow
equation, first noted by Bakry and Emery (1985); Otto (2000); Kim and Milman (2010) and
then applied in Maoutsa et al. (2020); Song et al. (2021a); Kingma et al. (2021); Boffi and
Vanden-Eijnden (2023). The probability flow formulation is useful for density estimation
and cross-entropy calculations, but it is worth noting that the probability flow and the
reverse-time SDE will have densities that differ when using an approximate score. The
SBDM framework, as it has been originally presented, has a number of features which are
not a priori well motivated, including the dependence on mapping to a normal density, the
complicated tuning of the time parameterization and noise scheduling (Xiao et al., 2022;
Hoogeboom et al., 2023), and the choice of the underlying stochastic dynamics (Dockhorn
et al., 2022; Karras et al., 2022).

Stochastic bridges. Starting with (Peluchetti, 2022) there has been some recent ef-
fort (Liu et al., 2022, 2023a; Somnath et al., 2023) to remove the dependence of SBDMs
on the OU process via stochastic bridges, which can be used to connect two arbitrary
densities in finite time. As another step in this direction, we observe here that the key
idea behind SBDMs — the bridging of two densities via a time-dependent density whose
evolution equation is available — can be generalized to a much wider class of processes in a
straightforward and computationally accessible manner. This viewpoint highlights the key
property that the construction of the bridge between the two densities is decoupled from
the process used to sample it.

Stochastic Interpolants, Rectified Flows, and Flow matching. Variants of the
stochastic interpolant method presented in Albergo and Vanden-Eijnden (2023) were also
presented in Liu et al. (2023b); Lipman et al. (2023). In Liu et al. (2023b), a linear interpolant
was proposed with a focus on straight paths. This was employed as a step toward rectifying
the transport paths (Liu, 2022) through a procedure that improves sampling efficiency but
introduces a bias. In Lipman et al. (2023), the interpolant picture was assembled from
the perspective of conditional probability paths connecting to a Gaussian, where a noise
convolution was used to improve the learning at the cost of biasing the method. Extensions
of Lipman et al. (2023) were presented in Tong et al. (2023) that generalize the method
beyond the Gaussian base density. In the method proposed here, we introduce an unbiased
means to incorporate noise into the process, both via the introduction of a latent variable
into the stochastic interpolant and the inclusion of a tunable diffusion coefficient in the
associated stochastic generative models. We provide theoretical and practical motivation for
the presence of these noise terms.
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Optimal Transport and Schrodinger Bridges. There is both theoretical and practical
interest in minimizing the transport cost of connecting pg and p;. In the case of deterministic
maps, this is characterized by the optimal transport problem, and in the case of diffusive
maps, by the Schrédinger Bridge problem (Villani, 2009; Chen et al., 2021). Formally, these
two problems can be related by viewing the Schrodinger Bridge as an entropy-regularized
optimal transport. Optimal transport has primarily been employed as a means to regularize
flow-based methods by imposing either a path length penalty (Zhang et al., 2018; Onken
et al., 2021; Finlay et al., 2020; Tong et al., 2020) or structure on the parameterization itself
(Huang et al., 2021; Yang and Karniadakis, 2022). A variety of recent works have formulated
the Schrodinger problem in the context of a learnable diffusion (Bortoli et al., 2021; Su
et al., 2023; Chen et al., 2022b). For the case of Gaussians, recent work has also identified
an analytical solution (Bunne et al., 2022). In the interpolant framework, (Albergo and
Vanden-Eijnden, 2023; Liu et al., 2023b; Lipman et al., 2023; Tong et al., 2023) all propose
optimal transport extensions to the learning procedure. The method proposed in Liu et al.
(2023b); Liu (2022) allows one to sequentially lower the transport cost through rectification,
at the cost of introducing a bias unless the velocity field is perfectly learned. The method
proposed in Albergo and Vanden-Eijnden (2023) is an unbiased framework at the cost of
solving an additional optimization problem over the interpolant function. The statement
of optimal transport in Lipman et al. (2023) only applies to Gaussians, but is shown to be
practically useful in experimental demonstrations.

In the method proposed below, we provide two approaches for optimizing the transport
under a stochastic dynamics. Our primary approach, based on the scheme introduced in
Albergo and Vanden-Eijnden (2023), is presented in Section 3.4. It offers an alternative
route to solve the Schrodinger bridge problem under the Benamou-Brenier hydrodynamic
formulation of transport by maximizing over the interpolant (Benamou and Brenier, 2000).
However, we stress that this additional optimization step is not necessary in practice, as
our approach leads to bias-free generative models for any fixed interpolant. In addition,
Section 5.3 discusses an unbiased variant of the rectification scheme proposed in Liu et al.
(2023Db).

Convergence bounds. Inspired by the successes of score-based diffusion, significant
recent research effort has been expended to understand the control that can be obtained
on suitable distances between the distribution of the generative model and the target data
distribution, such as KL, W5, or TV. Perhaps the first line of work in this direction is Song
et al. (2021a), which showed that standard score-based diffusion training techniques bound
the likelihood of the resulting SDE model. Importantly, as we show here, the likelihood
of the corresponding probability flow is not bounded in general by this technique, as first
highlighted in the context of SBDM by Lu et al. (2022). Control for SBDM-based techniques
was later quantified more rigorously under the assumption of functional inequalities in a
discretized setting by Lee et al. (2022), which were removed by Lee et al. (2023) and Chen
et al. (2023) via Girsanov-based techniques. Most relevant to the PDE-based methods
considered here is Chen et al. (2022a), which applies similar techniques to our own in the
SBDM context to obtain sharp guarantees with minimal assumptions.
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1.4 Notation

Throughout, we denote probability density functions as po(z), pi(z), and p(t,z), with
t € [0,1] and = € R?, omitting the function arguments when clear from the context. We
proceed similarly for other functions of time and space, such as b(t, z) or I(t,zo,x1). We use
the subscript ¢ to denote the time-dependency of stochastic processes, such as the stochastic
interpolant z; or the Wiener process W;. To specify that the random variable xg is drawn
from the probability distribution with density pg, say, with a slight abuse of notations we
use xg ~ po. Similarly, we use N(0, Id) to denote both the density and the distribution of the
Gaussian random variable with mean zero and covariance identity. We denote expectation
by E, and usually specify the random variables this expectation is taken over. With a slight
abuse of terminology, we say that the law of the process z; is p(t) if p(t) is the density of
the probability distribution of x; at time t.

We use standard notation for function spaces: for example, C*([0,1]) is the space
of continuously differentiable functions from [0, 1] to R, (C?(R%))? is the space of twice
continuously differentiable functions from R¢ to R?, and ch (R9) is the space of compactly
supported functions from R? to R that are continuously differentiable p times. Given a
function b : [0, 1] x R? — R? with value b(t, ) at (t,z), we use b € C([0, 1]; (C%(R%))9) to
indicate that b is continuously differentiable in ¢ for all (¢,x) € [0,1] x R? and that b(t,-) is
an element of (C?(R%))? for all ¢ € [0, 1].

2. Stochastic interpolant framework
2.1 Definitions and assumptions

We begin by defining the stochastic processes that are central to our approach:

Definition 1 (Stochastic interpolant) Given two probability density functions po, p1 :
R? — R>0, a stochastic interpolant between py and py is a stochastic process x; defined as

Tt = I(ta anJ:l) +7(t)za te [07 1]5 (21)
where:

1. I € C%([0,1],C?(R? x RN satisfies the boundary conditions 1(0,z9,x1) = xo and
I(1,z0,21) = x1, as well as

4C7 < oo |8tl(t,:cg,x1)] < 01|IL’0 — 331’ V(t,l’o,ml) S [0, 1] X Rd X Rd. (2.2)
2. v:[0,1] = R satisfies v(0) = v(1) = 0, v(t) > 0 for all t € (0,1), and > € C?([0,1]).
3. The pair (xo,x1) is drawn from a probability measure v that marginalizes on py and p1,
1.e.

v(do, RY) = po(z0)do, v(RY, dxy) = p1(z1)dz; . (2.3)

4. z1is a Gaussian random variable independent of (xo, 1), i.e. z ~ N(0, Id) and z L (xo,z1).
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Eq. (2.2) states that I(t,zo,x1) does not move too fast along the way from xg at t = 0 to z1
at t = 1, and as a result does not wander too far from either endpoint — this assumption is
made for convenience but is not necessary for most arguments below. Later, we will find it
useful to consider choices for I that are spatially nonlinear, which we show can recover the
solution to the Schrodinger bridge problem. Nevertheless, a simple example that serves as a
valid I in the sense of Definition 1 is given in (1.1). The measure v allows for a coupling
between the two densities pg and p;, which affects the properties of the stochastic interpolant,
but a simple choice is to take the product measure v(dzg,dz1) = po(xo)p1(z1)drodry, in
which case x¢ and z; are independent. In Section 6 we discuss how to design the stochastic
interpolant in (2.1) and state some properties of the corresponding process x;. Examples of
stochastic interpolants are also shown in Figure 2 for various choices of I and ~.

Remark 2 (Comparison with Albergo and Vanden-Eijnden (2023)) The main dif-
ference between the stochastic interpolant defined in (2.1) and the one originally introduced
in Albergo and Vanden-FEijnden (2023) is the inclusion of the latent variable y(t)z. Many of
the results below also hold when we set y(t)z = 0, but the objective of the present paper is to
elucidate the advantages that this additional term provides when neither of the endpoints are
Gaussian. We note that we could generalize the construction by making v(t) a tensor; here
we focus on the scalar case for simplicity. Another difference is the possibility to couple pg
and p1 via v. While the latent variable can be drawn from any noise distribution, as we will
see, it will be convenient to choose it to be a Gaussian.

The stochastic interpolant x; in (2.1) is a continuous-time stochastic process whose
realizations are samples from pg at time ¢ = 0 and from p; at time ¢ = 1 by construction. As
a result, it offers a way to bridge pg and p; — we are interested in characterizing the law of x;
over the full interval [0, 1], as it will allow us to design generative models. Mathematically,
we want to characterize the properties of the time-dependent probability distribution p(t, dz)
such that

vte[0,1] o(x)pu(t, dz) = E[p(x;)] for any test function ¢ € CF°(RY), (2.4)
R4

where z; is defined in (2.1) and the expectation is taken independently over (xg,x1) ~ v,
and z ~ N(0, Id). To this end, we will need to use conditional expectations over z;!, as

described in the following definition.

Definition 3 Given any f : [0,1] x R? x RY x R? — R, its conditional expectation
E [f(t, x0, 21, 2)|2s = 2] is the function of x such that, for any test function ¢ € C§°(RY), we
have

vVt e[0,1] y d(x)E[f(t, o, z1, 2)|xr = 2] p(t, dx) = Elp(xy) f(t, x0, 21, 2)],  (2.5)

1. Formally, in terms of the Dirac delta distribution, we can write

E[f(t,xo0,z1,2)0(x — x¢)]

E[f(t,x0, @1, 2)|ws = 2] = E[5(x — z1)]

and in this notation we also have u(t,z) = E[d(x — z¢)].

10
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Without latent variable x, =1 =0xy+1x

= (1 —t)x0+l‘Z

Figure 2: Design flexibility. An illustration of how stochastic interpolants can be tailored
to specific aims. All examples show one realization of x; with one xg ~ pg, one z1 ~ p; (the
flowers at the left and right of the figures), and one z ~ N(0, Id). Top, Upper middle, and
lower middle: various interpolants, ranging from direct interpolation with no latent variable
(as in Albergo and Vanden-Eijnden (2023)) to Gaussian encoding-decoding in which the data
transitions to pure noise at the mid-point. Bottom: one-sided interpolant, which connects
with score-based diffusion methods.

where u(t,dz) is the time-dependent distribution of x; defined by (3), and the expectation on
the right-hand side is taken independently over (xg, 1) ~ v and z ~ N(0, Id) with z; given
by (2.1).

Vector-valued functions have conditional expectations that are defined analogously. Note
that, with our definition, E [f(t, zo,x1,2)|z: = x] is a deterministic function of (¢t,z) €
[0,1] x R%, not to be confused with the random variable E [f(t,zo, 21, 2)|z:] that can be
defined analogously.

Remark 4 Another seemingly more general way to define the stochastic interpolant is via
af = I(t,z0, 1) + N (2.6)

where N : [0,1] — R? is a zero-mean Gaussian stochastic process constrained to satisfy
Ni—g = Ni=1 = 0. As we will show below, our construction only depends on the single-time
properties of Ny, which are completely specified by E[N;N]. That is, if we take v(t) in (2.1)
such that E[NyN] = ~2(t)Id, then the probability distribution of x; will coincide with that

of z; defined in (2.6), x; 4 x$. For example, taking v(t) = \/t(1 —t) in (2.1) — a choice we

11
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empirical loss

’ sampler
N . 1 & o o S L
deterministic sampling (ODE) — = Z [b(t, @i )|? = 2b(tF, k) - (DI (t, ah, ah) + ~(t')2") %X,, = b(t, Xy)
I " =1
model class
empirical losses
. sampler
. . = I, i) P - 26(E k) - (B (E 7, 21) +3(t)2) dX; = b(t, X,)dt
stochastic sampling (SDE) ~—> i=1 - ;((i))r,z(t,X,,)dt
1 & L L B
o 2 st ) = 20t ) - 2 P
n
i=1

Figure 3: Algorithmic implementation. A simple overview of suggested implementation
strategies. For deterministic sampling, a single velocity field b can be learned by minimizing
the empirical loss in the top row. For stochastic sampling, the velocity field b, along with the
denoiser 7., can be learned by minimizing the two empirical losses specified in the bottom
row. To sample deterministically, off-the-shelf ODE integrators can be used to integrate the
probability flow equation. To sample stochastically, the listed SDE can be integrated using
standard techniques such as the Euler-Maruyama method or the Heun sampler introduced
in Karras et al. (2022). The time-dependent diffusion coefficient €(¢) can be specified after
learning to maximize sample quality.

will consider below in Sec. 3.4 — is equivalent to choosing Ny to be a Brownian bridge in (2.6),
i.e. the stochastic process realizable in terms of the Wiener process Wy as Ny = Wy — tWh.
This observation will also help us draw an analogy between our approach and the construction
used in score-based diffusion models as well as methods based on stochastic bridges. As we
will show in Sec. 3.4, it is simpler for both analysis and practical implementation to work
with the definition (2.1) for xy.

To proceed, we will make the following assumption on the densities pg, p1, and the
interplay between the measure v to the function I:

Assumption 5 The densities pg and p are strictly positive elements of C*(RY) and are
such that

/d |V log po(z)|*po(z)dx < oo and /d |V log p1(z)|*p1(z)dz < oc. (2.7)
R R

The measure v and the function I are such that

AMy, My < oo E[|8tl(t, 1,‘(),581)|4] < Mqy; E[\&f[(t,xo,xl)ﬂ < M,, Vte [O, 1},
(2.8)
where the expectation is taken over (xg,x1) ~ v.

Note that for the interpolant (1.1), Assumption 5 holds if pg and p; both have finite fourth
moments.

12
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2.2 Transport equations, score, and quadratic objectives

We now state a result that specifies some important properties of the probability distribution
of the stochastic interpolant x;:

Theorem 6 (Stochastic interpolant properties) The probability distribution of the stochas-
tic interpolant x; defined in (2.1) is absolutely continuous with respect to the Lebesgue measure
at all times t € [0,1] and its time-dependent density p(t) satisfies p(0) = po, p(1) = p1,
p € CY([0,1]; CP(RY)) for any p € N, and p(t,x) > 0 for all (t,z) € [0,1] x RY. In addition,
p solves the transport equation
op+ V- (bp) =0, (2.9)

where we defined the velocity
b(t,z) = Eli¢|zy = x] = E[OI(t, z0, 1) + Y(t) 2|21 = 2] (2.10)
This velocity is in C°([0, 1]; (CP(R%))?) for any p € N, and such that

we1] / 1b(t, 2) 2p(t, )z < oo, (2.11)
Rd
Note that this theorem means that we can write (2.4) as

vt e [0,1] ) o(x)p(t, x)dz = E¢(x;) for any test function ¢ € C°(RY). (2.12)
R
The transport equation (2.9) can be solved either forward in time from the initial condition
p(0) = po, in which case p(1) = p1, or backward in time from the final condition p(1) = p1,
in which case p(0) = po.

The proof of Theorem 6 is given in Appendix B.1; it mostly relies on manipulations
involving the characteristic function of the stochastic interpolant z;. The transport equa-
tion (2.9) for p lead to methods for generative modeling and density estimation, as explained
in Secs. 2.3 and 2.5, provided that we can estimate the velocity b. This velocity is explicitly
available only in special cases, for example when py and p; are both Gaussian mixture
densities: this case is treated in Appendix A. In general b must be calculated numerically,
which can be performed via empirical risk minimization of a quadratic objective function, as
characterized by our next result:

Theorem 7 (Objective) The velocity b defined in (2.10) is the unique minimizer in
C9(10,1]; (CYRY))Y) of the quadratic objective

1
Loff) = / E (316t 20)[* — (@1t 20,m) +4(1)2) - bit, ) ) dit (2.13)

where x; is defined in (2.1) and the expectation is taken independently over (xg,x1) ~ v and

2 ~ N(0, Id).

The proof of Theorem 7 is given in Appendix B.1: it relies on the definitions of b in (2.10),
as well as the definition of p in (2.12) and some elementary properties of the conditional
expectation. We discuss how to estimate the objective function (2.13) in practice in Section 6.
Interestingly, we also have access to the score of the probability density, as shown by our
next result:

13
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Theorem 8 (Score) The score of the probability density p specified in Theorem 6 is in
C([0,1]; (CP(RY))Y) for any p € N and given by

s(t,z) = Viog p(t,z) = —y L (#)E(z|zs = z) V(t,z) € (0,1) x R? (2.14)

In addition it satisfies
we0] / Is(t, ) 2p(t, w)da < oo, (2.15)
Rd
and is the unique minimizer in C*([0,1]; (C*(R9))?) of the quadratic objective

1
L8] = / E (%|.§(t,xt)|2 +~y7L(t)z - §(t,$t)) dt (2.16)
0
where x; is defined in (2.1) and the expectation is taken independently over (xg,x1) ~ v and
z ~ N(0, Id)

The proof of Theorem 8 is given in Appendix B.1. We stress that the objective function
is well defined despite the fact that v(0) = (1) = 0: see Section 6 for more details about
how to evaluate this objective in practice.

Remark 9 (Denoiser) The quantity
nz(t7 33) = E(Z|xt = $), (217)

will be referred as the denoiser, for reasons that will be made clear in Section 5.2. By (2.14),
this quantity gives access to the score ont € (0,1) (where ~y(t) > 0) since, from (2.14),

s(t,2) = =y (. (t, ). (2.18)

This denoiser is the minimizer of an equivalent expression to (2.16),

Lol :/O E (L[ (t,20)|? — 2 - fs(t, 22) dt. (2.19)

The denoiser n, is useful for numerical realizations. In particular, the objective in (2.19)
is easier to use than the one in (2.16) because it does not contain the factor y~1(t), which
needs careful handling as t approaches 0 and 1.

Having access to the score immediately allows us to rewrite the TE (2.9) as forward and
backward Fokker-Planck equations, which we state as:

Corollary 10 (Fokker-Planck equations) For any e € C°([0,1]) with €(t) > 0 for all
t € [0,1], the probability density p specified in Theorem 6 satisfies:

1. The forward Fokker-Planck equation

Ohp+ V- (bep) = €(t)Ap,  p(0) = po, (2.20)
where we defined the forward drift
be(t,x) = b(t,x) + €(t)s(t, ). (2.21)

Equation (2.20) is well-posed when solved forward in time fromt =0 to t = 1, and its
solution for the initial condition p(t = 0) = po satisfies p(t = 1) = p;.
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2. The backward Fokker-Planck equation
Orp+V - (bgp) = —€(t)Ap,  p(1) = p1, (2.22)
where we defined the backward drift
be(t,x) =b(t,x) — €(t)s(t, z). (2.23)

Equation (2.22) is well-posed when solved backward in time fromt =1 tot =0, and its
solution for the final condition p(1) = p1 satisfies p(0) = po.

In Section 2.3 we will use the results of this theorem to design generative models
based on forward and backward stochastic differential equations. Note that we can replace
the diffusion coefficient €(¢) by a positive semi-definite tensor; also note that if we define
pe(ts, ) = p(1 —tg,x), the reversed FPE (2.22) can be written as

Ope(ts, v)—V-(bg(1l — tg, x)pe(ts, ) = e(1-tg)Aps(ts,z),  pa(le =0) =p1, (2.24)

which is now well-posed forward in (reversed) time ¢g. So as to have only one definition of
time t, it is more convenient to work with (2.22).

Let us make a few remarks about the statements made so far:

Remark 11 If we set v(t) =0 in z; (i.e, if we remove the latent variable), the stochastic
interpolant (2.1) reduces to the one originally considered in Albergo and Vanden-FEijnden
(2025). In this setup, the results above formally stand except that we cannot guarantee the
spatial reqularity of b(t,x) and s(t, ), since it relies on the presence of the latent variable (as
shown in the proof of Theorem 6). Hence, we expect the introduction of the latent variable
v(t)z to help for generative modeling, where the solution to the corresponding ODEs/SDEs
will be better behaved, and for statistical approximation, since the targets b and s will be
more regular. We will see in Section 6 that it also gives us much greater flexibility in the
way we can bridge pg and p1, which will enable us to design generative models with appealing
properties.

Remark 12 We will see in Section 2.4 that the forward and backward FPE in (2.20) and
(2.22) are more robust than the TE in (2.9) against approximation errors in the velocity
b and the score s, which has practical implications for generative models based on these
equations.

Remark 13 We could also obtain b(t,-) at any t € [0,1] by minimizing
E (3[b(t @0)? = (Bl (t,w0,21) +4(1)2) - b(t.@)) ¢ €[0,1] (2.25)
and s(t,-) at any t € (0,1) by minimizing
E (318t z)* +7 ' (t)z - 3(t,2))  te€(0,1) (2.26)

Using the time-integrated versions of these objectives given in (2.13) and (2.16) is more
convenient numerically as it allows one to parameterize b and § globally for (t,z) € [0,1] x RY.
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Remark 14 From (2.10) we can write

b(t,x) = v(t,z) — y(t)y(t)s(t, x), (2.27)
where s is the score given in (2.14) and we defined the velocity field

v(t,x) = E(O(t, xo, 1)z = ). (2.28)

The wvelocity field v € C°([0,1]; (CP(R%))) for any p € N and can be characterized as the
unique minimizer of

1
L[] :/ E (Lo(t, 20)” — 0,1(t, 0, 1) - 9(t, 1)) dt (2.29)
0
Learning this velocity and the score separately may be useful in practice.

Remark 15 The objectives in (2.13) and (2.16) (as well as the ones in(2.19) and (2.29))
are amenable to empirical estimation if we have samples (xo,x1) ~ v, since in that case
we can generate samples of xy = I(t,xo,x1) + Y(t)z at any time t € [0,1]. We will use this
feature in the numerical experiments presented below.

Remark 16 Since s is the score of p, an alternative objective to estimate it is (Hyvdrinen,
2005)

/1 E (|5(t, 2) + 2V - 3(t, 2)) dt. (2.30)
0

The derivation of (2.30) is standard: for the reader’s convenience we recall it at the end of
Appendixz B.1. The advantage of using (2.16) over (2.30) is that it does not require us to
take the divergence of §.

Remark 17 (Energy-based models) By definition, the score s(t,x) = Vlog p(t,z) is a
gradient field. As a result, if we model 3(t,x) = —VE(t,x), we can turn (2.16) into an
objective function for E(t,x)

Lp[E] = /01 E (%va(t, e)2 + 7 ()2 - VE(t,a:t)) dt (2.31)

This objective is invariant to constant shifts in E and should therefore be minimized under
some constraint, such as ming E’(t, x) =0 for allt € [0,1]. The minimizer of (2.31) provides
us with an energy-based model (EBM) (LeCun et al., 2007; Song and Kingma, 2021) that
can in principle be used to sample the PDF of the stochastic interpolant, p(t,x), at any fized
t € [0,1] using e.g. Langevin dynamics. We will not exploit this possibility here, and instead

rely on generative models to sample p(t, ), as discussed next in Sec. 2.5.

2.3 Generative models

Our next result is a direct consequence of Theorem 6, and it shows how to design generative
models using the stochastic processes associated with the TE (2.9), the forward FPE (2.20),
and the backward FPE (2.22):
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Corollary 18 (Generative models) At any time t € [0,1], the law of the stochastic
interpolant x; coincides with the law of the three processes Xy, X§, and XB, respectively

defined as:
1. The solutions of the probability flow associated with the transport equation (2.9)

d
—X; =b(t, X 2.32
X = b(t X, (232)

solved either forward in time from the initial data Xi—g ~ po or backward in time from
the final data Xi—1 = x1 ~ p1.

2. The solutions of the forward SDE associated with the FPE (2.20)
dXT = be(t, XF)dt + \/2¢(t) dw;, (2.33)
solved forward in time from the initial data X[_q ~ po independent of W.
3. The solutions of the backward SDE associated with the backward FPE (2.22)
dXB = bg(t, XB)dt + \/2¢(t) dWE, WE =—-w_,, (2.34)

solved backward in time from the final data Xthl ~ p1 independent of WB; the solution
of (2.34) is by definition XP = ZF , where Zf satisfies

dZf = —bg(1 —t, Z] )dt + /2¢(t) dW;, (2.35)
solved forward in time from the initial data ZtF:O ~ p1 independent of W.

To avoid repeated applications of the transformation ¢ — 1 — ¢, it is convenient to work
with (2.34) directly using the reversed It6 calculus rules stated in the following lemma, which
follows from the results in Anderson (1982) and is proven in Appendix B.2:

Lemma 19 (Reverse It6 Calculus) If XP solves the backward SDE (2.34):
1. For any f € C1([0,1]; C3(Ry)) and t € [0, 1], the backward Ité formula holds

df(t, XB) = 0, f(t, XP)dt + VF(XB) - dXB — e(t)Af(t, XB)dt. (2.36)

2. For any g € C°([0,1]; (Co(Ry))?4) and t € [0,1], the backward Ité isometries hold:

2 1
t

where ES denotes expectation conditioned on the event XE | = .

1 1 2
B [ ot xP)-awf =0 B[ gt XP)aw ot. XP)|
t t

dt,
(2.37)

The relevance of Corollary 18 for generative modeling is clear. Assuming, for example,
that pp is a simple density that can be sampled easily (e.g. a Gaussian or a Gaussian mixture
density), we can use the ODE (2.32) or the SDE (2.33) to push these samples forward in
time and generate samples from a complex target density p;. In Section 2.5, we will show
how to use the ODE (2.32) or the reverse SDE (2.34) to estimate p; at any 2 € R? assuming
that we can evaluate py at any x € R%. We will also show how similar ideas can be used to
estimate the cross entropy between pg and p;.
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Remark 20 We stress that the stochastic interpolant z, the solution X to the ODE (2.32),
and the solutions X[ and XB of the forward and backward SDEs (2.33) and (2.34) are
different stochastic processes, but their laws all coincide with p(t) at any time t € [0, 1]. This
is all that matters when applying these processes as generative models. However, the fact that
these processes are different has implications for the accuracy of the numerical integration
used to sample from them at any t as well as for the propagation of statistical errors (see
also the next remark).

Generative models based on solutions X; to the ODE (2.32), solutions X/ to the forward
SDE (2.33), and solutions XP to the backward SDE (2.34) will typically involve drifts b, b,
and bg that are, in practice, imperfectly estimated via minimization of (2.13) and (2.16) over
finite datasets. It is important to estimate how this statistical estimation error propagates
to errors in sample quality, and how the propagation of error depends on the generative
model used, which is the object of our next section.

2.4 Likelihood control

In this section, we demonstrate that jointly minimizing the objective functions (2.29)
and (2.16) (or the losses (2.13) and (2.16)) controls the KL-divergence from the target
density p; to the model density pi. We focus on bounds involving the score, but we note
that analogous results hold for learning the denoiser 7, (¢, z) defined in (2.17) by the relation
n.(t,x) = —s(t,x)/v(t). The derivation is based on a simple and exact characterization of
the KL-divergence between two transport equations or two Fokker-Planck equations with
different drifts. Remarkably, we find that the presence of a diffusive term determines whether
or not it is sufficient to learn the drift to control KL. This can be seen as a generalization
of the result for score-based diffusion models described in Song et al. (2021a) to arbitrary
generative models described by ODEs or SDEs. The proofs of the statements in this section
are provided in Appendix B.3. These proofs rely on manipulation of the time derivative
of the KL divergence, which is a practice that has proven useful elsewhere in the literature
(Vempala and Wibisono, 2019).

We first characterize the KL divergence between two densities transported by two different
continuity equations but initialized from the same initial condition:

Lemma 21 Let py : RY — Rsq denote a fived base probability density function. Given two
velocity fields b,b € C°([0, 1], (CY(R%))9), let the time-dependent densities p : [0,1] x R? —
R>o and p: [0,1] x R — R>o denote the solutions to the transport equations

(2.38)

dp+ V- (bp) =0, p(0) = po,
Op+V-(bp) =0,  p(0) = po.

Then, the Kullback-Leibler divergence of p(1) from p(1) is given by
1
KL 150 = [ [ (V1og p(t,2) = Tlog ) - (bt ) = bit. )it ). (2.39

Lemma 21 shows that it is insufficient in general to match b with b to obtain control on
the KL divergence. The essence of the problem is that a small error in b — b does not ensure
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control on the Fisher divergence Fl(p(t) || p(t)) = [ga |V log p(t,z) — Vlog j(t, )| p(t, z)d,
which is necessary due to the presence of (Vlogp — Vlogp) in (2.39).

In the next lemma, we study the case for two Fokker-Planck equations, and highlight
that the situation becomes quite different.

Lemma 22 Let py : R — R>q denote a fized base probability density function. Given two
velocity fields bg, b € CO([0, 1], (C*(R%))4), let the time-dependent densities p : [0,1] x R? —
Rsq and p: [0,1] x RY — Rsq denote the solutions to the Fokker-Planck equations
Oip+V - (bpp) = €Ap, p(0) = po,
0ip+ V- (bpp) = eAp, p(0) = po.

where € > 0. Then, the Kullback-Leibler divergence from p(1) to p(1) is given by

(2.40)

1
KL(p() 1 0) = [ [ (F10mt.2) = Vo p(t,) - (be(t, ) = be(t.2)) . a) o

1
e[ [ o pltin) - iog pit. ) ot
0 R4

(2.41)
and as a result

~ 1 1
KL oy < 4 [ [

Lemma 22 shows that, unlike for transport equations, the KL-divergence between the
solutions of two Fokker-Planck equations is controlled by the error in their drifts. The
diffusive term in each Fokker-Planck equation provides an additional negative term in the
KL-divergence, which eliminates the need for explicit control on the Fisher divergence.

Putting the above results together, we can state the following result, which demonstrates
that the losses (2.13) and (2.16) control the likelihood for learned approximations to the
FPE (2.20).

be(t, 2) — be(t, )| p(t, z)dud. (2.42)

Theorem 23 Let p denote the solution of the Fokker-Planck equation (2.20) with e(t) =
e > 0. Given two velocity fields b, § € C°([0, 1], (C*(R))?), define

be(t, ) = b(t, ) + €d(t, z), o(t, ) = b(t, z) + v(£)5()3(t, z) (2.43)

where the function v satisfies the properties listed in Definition 1. Let p denote the solution
to the Fokker-Planck equation

Oip+V - (bep) = eAp,  p(0) = po. (2.44)
Then,
1 . .
KL(p1 || p(1)) < % (ﬁb[b] — mjnﬁb[b}) —1—2 <£S[§] — mjnﬁs[§]> , (2.45)
b 3
where Ly[b] and L4[3] are the objective functions defined in (2.13) and (2.16), and
1 su A (1) — €)?
KL(p | (1)) < 5 (Ev[ﬁ] - mﬁinﬁv[@]> + pte[o’”(gem /=9 (cs[g] ~ min cs[§]> .

(2.46)

where L,[0] is the objective function defined in (2.29).
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Remark 24 (Generative modeling) The above results have practical ramifications for
generative modeling. In particular, they show that minimizing either the losses (2.13)
and (2.16) or (2.29) and (2.16) mazimize the likelihood of the stochastic generative model

aXf = (b(t, XF) + es(t, X)) dt + v2eaw, (2.47)

but that minimizing the objective (2.13) is insufficient in general to mazximize the likelihood
of the deterministic generative model

A

X = b(t, Xy). (2.48)

Moreover, they show that, when learning b and 3, the choice of € that minimizes the upper
bound is given by

. , A\ 1/2
. ['b [b] — mlng ﬁb [b]
€= (ﬁs[é] " ming cs[§]> ! (249)

so that € > 1 if the score is learned to higher accuracy than b and € < 1 in the opposite
situation. Note that (2.49) suggests to take e =0 z'flg 1s learned perfectly but § is not, and
send € — 0o in the opposite situation. While taking ¢ = 0 s achievable in practice and
leads to the ODE (2.32), taking € — oo is not, as increasing € increases the expense of the
numerical integration in (2.33) and (2.34).

2.5 Density estimation and cross-entropy calculation

It is well-known that the solution of the TE (2.9) can be expressed in terms of the solution
to the probability flow ODE (2.32); for completeness, we now recall this fact:

Lemma 25 Given the velocity field b € C°([0,1], (CY(R9))9), let p satisfy the transport
equation

op+ V- (bp) =0, (2.50)
and let X (x) solve the ODE
d
%Xs’t(x) = b(t, X (), Xss(x) =z, t,s €[0,1] (2.51)

Then, given the PDFs pg and py:

1. The solution to (2.50) for the initial condition p(0) = pg is given at any time t € [0,1] by
t

p(t,x) = exp <—/ V- b(r, Xt7T(x))dT> po(Xto(z)) (2.52)
0

2. The solution to (2.50) for the final condition p(1) = p1 is given at any time t € [0,1] by
1

At 2) = exp < / v b(r, Xt,T(x))dT> 1 (Xea (@) (2.53)

t

20



STOCHASTIC INTERPOLANTS

The proof of Lemma 25 can be found in Appendix B.4. Interestingly, we can obtain a
similar result for the solution of the forward and backward FPEs in (2.20) and (2.22). These
results make use of auxiliary forward and backward SDEs in which the roles of the forward
and backward drifts are switched:

Theorem 26 Given ¢ > 0 and two velocity fields b, § € CO([0,1], (C*(R))9), define
be(t,z) = b(t,z) + €s(t,x),  ba(t,x) = b(t,x) — €d(t, x), (2.54)
and let Y\ and Y;B denote solutions of the following forward and backward SDEs:
Ay, = bg(t, Y, )dt + V2edW;, (2.55)
to be solved forward in time from the initial condition YtF:O = x independent of W; and
dY;B = be(t, YB)dt + V2edWp, WE=-w_,, (2.56)

to be solved backwards in time from the final condition Ytil =z independent of WB. Then,
given the densities pg and py:

1. The solution to the forward FPE
Oipr +V - (bepr) = eApe,  pr(0) = po, (2.57)

can be expressed att =1 as

1
pr(l,2) = EE <exp (—/ V- bF(t,YtB)dt> pO(Y;BO)> : (2.58)
0
where E§ denotes expectation on the path of YB conditional on the event Ytil =z.
2. The solution to the backward FPE
O+ V - (beps) = —eAps, pe(1) = p1, (2.59)

can be expressed at any t =0 as

pat0.2) = 5 (oo | 'V bs, V) (v ). (2.60)

where EE denotes expectation on the path of YtF conditional on Ytho =x.

The proof of Theorem 26 can be found in Appendix B.4. Note that to generate data
from either pp(1) or pg(0) assuming that we can sample exactly the PDF at the other end,
i.e. pg and p; respectively, we would still rely on the equivalent of the forward and backward
SDE in (2.33) and (2.34), now used with the approximate drifts in (2.54), i.e.

dXT = be(t, XT)dt + V2edWy, (2.61)
and . . )
dXP =bg(t, XP)dt +V2edWS, Wp=-W_, (2.62)
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If we solve (2.61) forward in time from initial data szo ~ pp, we then have X'tF:l ~ pr(1)
where pf is the solution to the forward FPE (2.57). Similarly If we solve (2.62) backward in
time from final data Xt'gzl ~ p1, we then have XtB:O ~ pg(0) where pg is the solution to the
backward FPE (2.59).

The results of Lemma 25 and Theorem 26 can be used to test the quality of samples
generated by either the ODE (2.32) or the forward and backward SDEs (2.33) and (2.34). In
particular, the following two results are direct consequences of Lemma 25 and Theorem 26,
respectively:

Corollary 27 Under the same conditions as Lemma 25, if p(0) = po, the cross-entropy of
p(1) relative to py is given by

Hip || (1) = = [ 1og p(1, 2)os(w)do
& (2.63)
= El /0 V . b(T, X177—(1‘1))d7' — El logpo(XLo(xl))

where Ey denotes an expectation over xy ~ pi. Similarly, if p(1) = p1, the cross-entropy of
p(0) relative to pg is given by

H(po || 5(0)) = — /R o (0, 2)pol)d
(2.64)

1
= —Eo/ V - b(1, Xo,7(z0))dT — Eg log p1(Xo,1(z0))
0

where By denotes an expectation over xg ~ po.

Corollary 28 Under the same conditions as Theorem 26, the cross-entropy of pr(1) relative
to p1 s given by

Hipn | (1) = = | oz je(1.a)p (o)
(2.65)

1
= —E; log EY <exp (— / V- bF(t,YtB)dt> po(YtiO)> :
0

where Eg' denotes an expectation over YB conditioned on the event Y2, = x1, and E,
denotes an expectation over x1 ~ p1. Similarly, the cross-entropy of pg(0) relative to py is
given by

H(po || ps(0)) = — /R log s (0, 2)pole)
(2.66)

1
~ molog B2 (exp [ V- 000300a1) V).
0

where E’éﬂ denotes an expectation over Yf conditioned on the event Y;F:O = xp, and Eg
denotes an expectation over xg ~ pg.
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If in (2.63), (2.64), (2.65), and (2.66) we approximate the expectations Ey and E; over
po and p; by empirical expectations over the available data, these equations allow us to
cross-validate different approximations of b and s, as well as to compare the cross-entropies
of densities evolved by the TE (2.50) with those of the forward and backward FPEs (2.57)
and (2.59).

Remark 29 When using (2.65) and (2.66) in practice, taking the log of the expectations
Eg' and Ef° may create difficulties, such as when using Hutchinson’s trace estimator to
compute the divergence of bp or bg, which will introduce a bias. One way to remove this bias
1s to use Jensen’s inequality, which leads to the upper bounds

1
H(p1 || pr(1)) < / EEg'V - be(t, Y,B)dt — E,Eg! log po(YE,), (2.67)
0

and

1
H(po || p8(0)) < ~EEg° / V- be( V)l - BgER log pr (V). (2.68)
0

Howewver, these bounds are not sharp in general — in fact, using calculations similar to the
one presented in the proof of Theorem 28, we can derive exact expressions that capture
precisely what is lost when applying Jensen’s inequality:

1
H(pu I e(1)) = / BB (V- be(t, Y2) — ¥ log pr (1, Y)[2) dt — EiE log po(VEo),
0
(2.69)

and

1
Hpo || B(0)) = —EoEg" / (V- bo(t, ) + €[V log pu(t, Y1) ) dt — BoEf? log p1 (V).
0

(2.70)
Unfortunately, since Vlog pr # § and V log pg # § in general due to approximation errors,
we do not know how to estimate the extra terms on the right-hand side of (2.69) and (2.70).
One possibility is to use § as a proxy for Vlog pr and Vlog pg, which may be useful in
practice, but this approrimation is uncontrolled in general.

3. Instantiations and extensions

In this section, we instantiate the stochastic interpolant framework discussed in Section 2.

3.1 Diffusive interpolants

Recently, there has been a surge of interest in the construction of generative models through
diffusive bridge processes (Peluchetti, 2022; Liu et al., 2022; Somnath et al., 2023). In this
section, we connect these approaches with our own, highlighting that stochastic interpolants
allow us to manipulate certain bridge processes in a simpler and more direct manner. We
also show that this perspective leads to a generative process that samples any target density
p1 by pushing a point mass at any zg € R? through an SDE. We begin by introducing a
new kind of interpolant:
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Definition 30 (Diffusive interpolant) Given two probability density functions pg,p1 :
R? — R>o, a diffusive interpolant between pg and py is a stochastic process z$ defined as

a8 = I(t,z0,21) +\/2a(t)B;,  t€0,1], (3.1)
where:
1. I(t,xp,x1) is as in Definition 1;
2. (xg,x1) ~ v with v satisfying (2.3) in Definition 1;
3. a(t) € C?([0,1]) with a(0) > 0 and a(t) >0 for all t € (0,1], and;

4. By is a standard Brownian bridge process, independent of xog and x1.

Pathwise, (3.1) is different from the stochastic interpolant introduced in Definition 1: in
particular, z¢ is continuous but not differentiable in time. At the same time, since B; is a
Gaussian process with mean zero and variance EB? = (1 —t), (3.1) has the same single-time
statistics and time-dependent density p(t,x) as the stochastic interpolant (2.1) if we set

() = v/2a(t)t(1 —t), ie.
xp = I(t,xo, 21) + /2a(t)t(1 —t)z with (zo,z1) ~v, 2~ N(0,Id), (zg,z1) L z. (3.2)

As a result, (3.1) and (3.2) lead to the same generative models. Technically, it is easier to
work with (3.2) than with (3.1), because it avoids the use of It6 calculus, and enables direct
sampling of x; using samples from pg, p1, and N(0, Id). However, (3.1) sheds light on some
interesting properties of the generative models based on (3.2), i.e. stochastic interpolants
with v(t) = \/2a(t)t(1 —t). To see why, we now re-derive the transport equation for the
density p(t, z) shared by (3.1) and (3.2) using the relation (3.1) using Fourier analysis. For
simplicity, we focus on the case where a(t) is constant in time, i.e. we set a(t) =a > 0
in (3.1).

To begin, recall that the Brownian Bridge B; can be expressed in terms of the Wiener
process Wy as By = Wy — tWy—1. Moreover, it satisfies the SDE obtained by conditioning on
B;—; = 0 via Doob’s h-transform (Doob, 1984):

B
dB; =~~~ dt +dW,,  Bio=0. (3:3)

A direct application of It6’s formula implies that

. V2aByy . | |
e = i - (@I (t,x0, 1) — %;)elk'ﬁdt — alk[Pe* et + v 2aik - Wt (3.4)

Taking the expectation of this expression and using the independence between (g, z1) and
B;, we deduce that

j vV2aBi\ )
OyRet = ik - E((@tf(t,xo,xl) — %)em"”g) — a\k\QEeZk"”g. (3.5)
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Since for all fixed t € [0, 1] we have B, g V(1 —t)z and ¢ < 1, with z; defined in (3.2),
the time derivative (3.5) can also be written as

. V2uat . .
B Eeih e — i . E((@tl(t, 20, 71) — ﬂ)al’%) — alk|2Eei*ar, (3.6)
V91—t
Moreover, since by definition of their probability density we have Eeika! = Eethat =

Jga €% p(t, x)dz, we can deduce from (3.6) that p(t) satisfies
dp+V - (up) = alp, (3.7)

where we defined

‘/Tatz’ L= ) (3.8)

Ry
v1—-t

For the interpolant z; in (3.2), we have from the definitions of b and s in (2.10) and (2.14)

ult,z) = B0 1(t, 2o, 1) -

that a(l —2t)z
b(t,a;) = E(a,d(t,xo,.%j) + m Ty = .Z'),
(3.9)
1
s(t,x) = Vlog p(t,z) = —mﬂi(z’ﬂ?t = 1),

As a result, u — s = b and (3.7) can also be written as the TE (2.9) using Ap =V - (sp).

Conditional sampling. Remarkably, the drift u defined in (3.8) remains non-singular for
all t € [0,1] (including ¢t = 0) even if pg is replaced by a point mass at xg; by contrast, both
b and s are singular at ¢ = 0 in this case. Hence, the SDE associated with the FPE (3.7)
provides us with a generative model that samples p; from a base measure concentrated at a
single xq (i.e. such that the density po is replaced by a point mass measure at = = x). We
formalize this result in the following theorem:

Theorem 31 Assume that I(t,xo,z1) = xo fort € [0,6] with some § € (0,1]. Given any
a >0, let
Vaatz|
/71 —¢ Te = .le),
where x¢ is given by (3.2) and where Ey, ,(-|z; = x) denotes an expectation over 1 ~ p; L
z ~ N(0, Id) conditioned on x; = = with x¢ € R? fived. Thenud(-,-,z0) € C([0, 1]; (CP(R%))%)
for any p € N and zo € RE. Moreover, the solutions to the forward SDE

w(t, z,z0) = By, (@I(t, X0, %1) — (3.10)

dX8 = ud(t, X8, zo)dt + V2a dW;, X4, = o, (3.11)
are such that X3_; ~ p1.

Note that the additional assumption we make on I(t,xo,x1) is consistent with the
requirements in Definition 1 and Assumption 5: this additional assumption is made for
simplicity and can probably be relaxed to 0;I(t = 0,z¢,z1) = 0.

The proof of Theorem 31 is given in Appendix B.5. It relies on the calculations that led
to (3.8), along with the observation that at ¢ = 0 and x = x,

ul(t = 0,20, 20) = By (I(t = 0,20,71)), (3.12)
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whereas at t = 1 and any z € R?, we have
ul(t =1,2,20) = 0 (t = 1,0, 2) + 2aV log p1 (), (3.13)

which are both well-defined. To put the result in Theorem (31) in perspective, observe that
no probability flow ODE with b € C°([0, 1]; (CP(R%))9) can achieve the same feat as the
diffusion in (3.11). This is because the solutions of such an ODE are unique, and therefore
can only map zy onto a single point at time ¢t = 1. Moreover, u4 (t,z,xz0) is the unique
minimizer of the objective function

. ! . V2at .
L4 [ud] = /0 Ez, - <|ud(t,xt,$0)|2 — 2<8tl(t,3:0,x1) — (1a_zt)> .ud(t,xt,x0)> dt.

3.2 One-sided interpolants for Gaussian pg

A common choice of base density for generative modeling in the absence of prior information
is to choose pg = N(0, Id). In this setting, we can group the effect of the latent variable z
with zg. This leads to a simpler type of stochastic interpolant that, in particular, will enables
us to instantiate score-based diffusion within our general framework (see Section 3.4).

Definition 32 (One-sided stochastic interpolant) Given a probability density function
p1: R — R>0, a one-sided stochastic interpolant between N(0, Id) and p1 is a stochastic
process Ty®

x® = at)z + J(t,x1), t €10,1] (3.14)

that fulfills the requirements:
1. J € C%([0,1], C?(R)9) satisfies the boundary conditions J(0,x1) =0 and J(1,21) = z1.
2. x1 and z are independent random variables drawn from py and N(0, Id), respectively.

3. a:[0,1] = R satisfies a(0) = 1, a(1) = 0, a(t) > 0 for all t € [0,1), and o? € C*([0,1]).

By construction, 9%, = z ~ N(0, Id) and x{°; = x1 ~ p1, so that the distribution of the
stochastic process z° bridges N(0, Id) and p;. It is easy to see that the one-sided stochastic
interpolant defined in (3.14) will have the same density as the stochastic interpolant defined
in (2.1) if we set I(t,z9,71) = Ji(z1) + 6(t)zo and take §2(t) + v2(t) = a?(t). Restricting
to this case, our earlier theoretical results apply where the velocity field b defined in (2.10)
becomes

b(t,z) =E(a(t)z + 0 (t,x1)|x5° = ), (3.15)

and the quadratic objective in (2.13) becomes

Ly]b] = /01 E (%\B(t, 2|2 — (G(t)z + 8 (t,21)) - bt xf)) dt. (3.16)

In the expression above, x§* is given by (3.14) and the expectation E is taken independently
over x1 ~ p1 and z ~ N(0, Id). Similarly, the score is given by

s(t,x) = —a (t)n.(t, ), n:(t, z) = E(z]23° = ), (3.17)
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where 7,(t,z) is the equivalent of the denoiser defined in (2.17). These functions are the
unique minimizers of the objectives

1
L[3] :/0 E (1[5t 29°)” + v ()2 - 8(t,2%°)) dt, (3.18)

1
L. [7:] =/ E (310 (t,a*)[? — 2 - ia(t,25%)) dt. (3.19)
0
Moreover, we can weaken Assumption 5 to the following requirement;:

Assumption 33 The density p1 € C*(R?), satisfies py(x) > 0 for all z € RY, and:

/Rd |V log p1(x)|?p1(z)dx < oco. (3.20)

The function J satisfies
301 < oo |0 J(t,21)| < Chlzy|  forall (t,zy) € [0,1] x RY, (3.21)
and

My, My < oo @ E[|0J(tx1)Y] < My; E[|07T(t,21)]?] < Ma, forall te€0,1],
(3.22)
where the expectation is taken over x1 ~ p1.

Remark 34 The construction above can easily be generalized to the case where pg = N(0, Cp)
with Cy a positive-definite matriz. Without loss of generality, we can then assume that Cy
can be represented as Cy = aoag where og is a lower-triangular matriz and replace (3.14)

zP® = a(t)ooz + J(t,x1), t e [0,1], (3.23)
with J and « satisfying the conditions listed in Definition 32 and where z ~ N(0, Id).

3.3 Mirror interpolants

Another practically relevant setting is when the base and the target are the same density p;.
In this setting we can define a stochastic interpolant as:

Definition 35 (Mirror stochastic interpolant) Given a probability density function p; :
R — R>0, a mirror stochastic interpolant between py and itself is a stochastic process x™"

M= K(t,x1) +y(t)z,  tel0,1] (3.24)
that fulfills the requirements:
1. K € C?([0,1], C%(R%)9) satisfies the boundary conditions K (0,x1) = x1 and K(1,21) = z1.
2. x1 and z are random variables drawn independently from py and N(0, Id), respectively.

3. v:10,1] = R satisfies v(0) = v(1) = 0, v(t) > 0 for all t € (0,1), and * € C*([0,1]).
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By construction, zMf = xM = 21 ~ p1, so that the distribution of the stochastic process 2"

bridges p; to itself. Note that a valid choice is K(t,z1) = a(t)x; with a(0) = a(1) =1 (e.g.
a(t) = 1): in this case, mirror interpolants are related to denoisers, as will be discussed in
Section 5.2.
It is easy to see that our earlier theoretical results apply where the velocity field b defined
in (2.10) becomes
b(t,z) = E(OK (t, 1) + () 2]z = ), (3.25)

and the quadratic objective in (2.13) becomes

1
Lofb) = /0 E (3160, )2 — (O (1) +4(0)2) - bt, 2™ ) e (3.26)

In the expression above, /"' is given by (3.24) and the expectation E is taken independently

over x1 ~ p1 and z ~ N(0, Id). Similarly, the score is given by
s(t,x) = =y (Ona(t,2),  na(t7) = E(z|2" = ), (3.27)

which are the unique minimizers of the objective functions

1 _ .
Lo3] = /0 E (L[5(t, 7)1 + 7 ()z - 5(t, ")) dt. (3.28)

1
Lol = [ B (Qatal )P — 2 (t,a")) dr (3.29)
0
Moreover, we can weaken Assumption 5 to the following requirement:

Assumption 36 The density p1 € C*(R?) satisfies p1(x) > 0 for all z € R? and

/ |V log p1(x)|?p1(z)dz < oo. (3.30)
R4
The function K satisfies

A0 < oo |0 K (t, 1) < O] for all (t,z1) € [0,1] x RY, (3.31)
and

M, My < oo ¢ E[|0uK(t,21)|Y] < My; E[|0FK(t,21)] < Ma, for all t€[0,1],
(3.32)
where the expectation is taken over x1 ~ p1.

Remark 37 Interestingly, if we take K(t,x1) = x1, then 0,K (t,x1) = 0, and the velocity
field defined in (3.25) is completely defined by the denoiser n,

b(t,x) =5(t)n:(t, x) (3.33)

Since the score s also depends on n,, this denoiser is the only quantity that needs to be
learned.

28



STOCHASTIC INTERPOLANTS

Remark 38 If py is only accessible via empirical samples, mirror interpolants do not enable
calculation of the functional form of p1. A notable exception is if we set K(t,z1) =0 for
t € [t1,t2) with0 < t1 < to < 1: in that case, v = y(t)z ~ v(t)N(0, Id) fort € [t1,ts], which
gives us a reference density for comparison. In this setup, mirror interpolants essentially
reduce to two one-sided interpolants glued together (with the second one time-reversed), or in
fact a regular stochastic interpolant when py = p1 and we set I(t,zo,x1) =0 for t € [t1,t2].

3.4 Stochastic interpolants and Schrodinger bridges

The stochastic interpolant framework can also be used to solve the Schrédinger bridge
problem. For background material on this problem, we refer the reader to Léonard (2014)
and the references therein. Consistent with the overall viewpoint of this paper, we consider
the hydrodynamic formulation of the Schrédinger bridge problem, in which the goal is to
obtain a pair (p,u), that solves the following optimization problem for a fixed € > 0

(t, (t, z)dxdt
mm/ /Rd z)2p(t, x)dx (3.34)
subject to: Op+ V- (up) = eAp, p0) =po p(l) = p1

Under our assumptions on pg and p; listed in Assumption 5, it is known (see e.g. Proposition
4.1 in Léonard (2014)) that (3.34) has a unique minimizer (p,u = V), with (p, \) classical
solutions of the Euler-Lagrange equations:

Op+ V- (VAp) =eAp, p(0)=po, p(1)=p1,

3.35
I+ S|VAP? = —eAN. (3.35)

To proceed we will make the additional assumption that the solution p to (3.35) can be
reversibly mapped to a standard Gaussian:

Assumption 39 There exists a reversible map T : [0,1] x R — RT with T,T~! €
C([0,1], (CHRY)?) such that:

Vte[0,1] : z~N(0,Id) = T(t,z)~pt); xr~pt) = Tt z) ~ N0, Id),
(3.36)
where p is the solution to (3.35).

We stress that the actual form of the map T is not important for the arguments below.
Assumption 39 can be used to show the existence of a stochastic interpolant whose density
solves (3.35):

Lemma 40 If Assumption (39) holds, then the solution p(t) to (3.35) is the density of the
stochastic interpolant

xy =T(t,at)TH0,20) + BT (1, 21)) + ()2, (3.37)
as long as o(t) + B2(t) +72(t) = 1.

The proof is given in Appendix B.6: (3.37) corresponds to choosing I(t,zg,z1) =
T(t,a(t) T (¢, 20)+B(t)T~1(t,21)) in (2.1). With the help of Lemma 40, we can establish the
following result, which shows how to optimize over the function I to solve the problem (3.34)
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Theorem 41 Pick some 7 : [0,1] — [0,1) such that v(0) = (1) = 0, v(t) > 0 for
t € (0,1), v € C*((0,1)) and * € C'([0,1)), and let &; = I(t,z0,x1) + Y(t)z, with
xo ~ po, 1 ~ p1, and z ~ N(0, Id) all independent. Consider the maz-min problem over
I € C'([0,1], (CHR? x RY))4) and @ € C°([0,1], (C1(RH))4):

1

max min / E (%m(t,@)\? - <8tI(t,x0,a:1) + (3(t) —effl(t))z) “alt, :z-t)) dt.  (3.38)
It Jo

If Assumption 39 holds, then all the optimizers (I,u) of (3.38) are such that the density of

the associated x; = I(t,zo,x1) +Y(t)z is the solution p to (3.35). Moreover, u = V, with A

the solution to (3.35).

The proof is also given in Appendix B.6. Note that if we fix I , the velocity u minimizing
this objective is the forward drift br defined in (2.21). Note also that if we set ¢ — 0,
the minimizing velocity field is b as defined in (2.10), and the max-min problem formally
reduces to solving the optimal transport problem. In this case, Assumption 39 becomes more
stringent, as we need to assume that that system (3.35) with e = 0 (i.e. in the absence of the
diffusive terms) has a classical solution. Theorem (41) gives a practical route towards solving
the Schrédinger bridge problem with stochastic interpolants, and we leave the numerical
investigation of this formulation to future work.

4. Spatially linear interpolants

In this section, we study the stochastic interpolants that are obtained when we specialize
the function I used in (2.1) to be linear in both zy and x1, i.e. we consider

i = a(t)zo + B(t)zy +y(t)z, (4.1)

where (zg,21) ~ v and z ~ N(0, Id) with (x,z1) L 2, and o, 3,7 € C?([0,1]) satisfy the
conditions

a(0) =B(1) =L al)=B0)=7(0) =71(1)=0; Vte(0,1) : v(t)>0.  (42)

Despite its simplicity, this setup offers significant design flexibility. The discussion highlights
how the presence of the latent variable v(¢)z can simplify the structure of the intermediate
density p(t). Since our ultimate aim is to investigate the properties of practical generative
models built upon ODEs or SDEs, we will also study the effect of time-dependent diffusion
coefficient €(t), which controls the amplitude of the noise in a generative SDE. Throughout,
to build intuition, we choose pg and p; to be Gaussian mixture densities, for which the drift
coefficients can be computed analytically (see Appendix A). This enables us to visualize the
effect of each choice on the resulting generative models.

4.1 Factorization of the velocity field

When the stochastic interpolant is of the form (4.1), the velocity b and the score s defined
in (2.10) and (2.14) can both be expressed in terms of the following three conditional
expectations (the third is the denoiser already defined in (2.17)):

not,z) = E(wolei™ = ©), m(t,x) = E(eilaf" =), n.(t,2) =E(zlai" =), (4.3)

30



STOCHASTIC INTERPOLANTS

Specifically, we have

b(t,x) = &(tymo(t, ) + By (t @) +3(O)n(t,2),  st,x) =" (On:(t2).  (4.4)

The second relation above holds for ¢ € (0,1) (i.e. when (t) # 0). Moreover, because
E(z¢|z; = x) = x by definition, the functions 7, 11, and 7, satisfy

V(t,z) € [0,1] xR a)no(t,z) + BE)m(t, z) + (). (t, z) = . (4.5)

This enables us to reduce computational expense: given two of the 7’s, the third can always
be calculated via (4.5). Finally, it is easy to see that the functions g, 71, and 7, are the
unique minimizers of the objectives

1 r . .
Loplio) = [ B [Hlin(t, ) = a0 (e, )] at,

1 r . .
Ly, (i) = /0 E 31 (6 2f) P = w1 -in(t2f")| at, (4.6)

1 r . .
£02) = [ B[4l = 2 is(r,a)] at,

where 2}" is defined in (4.1) and the expectation is taken independently over (zg,x1) ~ v

and z ~ N(0, Id).

4.2 Some specific design choices

It is useful to assume that both pg and p; have been scaled to have zero mean and identity
covariance (which can be achieved in practice, for example, by an affine transformation of
the data). In this case, the time-dependent mean and covariance of (4.1) are given by

Elz{"] =0,  Elz{"(2{")"] = (a*(t) + B°(t) + 7*(t))1d. (4.7)
Preserving the identity covariance at all times therefore leads to the constraint
vee[0,1] : a®(t) + BE() + () = 1. (4.8)

This choice is also sensible if pg and p; have covariances that are not the identity but are
on a similar scale. In this case we no longer need to enforce (4.8) exactly, and could, for
example, take three functions whose sum of squares is of order one. For definiteness, in the
sequel we discuss possible choices that satisfy (4.8) exactly, with the understanding that
the corresponding functions «, 3, and v could all be slightly modified without significantly
affecting the conclusions.

Linear and trigonometric o and 5. One way to ensure that (4.8) holds while main-
taining the influence of py and p; everywhere on [0, 1] except at the endpoints is to choose

at) =t, B(t) =1—t, y(t) = \/2t(1 —¢t). (4.9)
This choice was advocated in Liu et al. (2023b), without the inclusion of the latent variable
(v = 0). Another possibility that gives more leeway is to pick any v : [0,1] — [0, 1] and set

a(t) = /1 —~2(t) cos(3mt), B(t) = /1 —~2(t) sin(3mt). (4.10)
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Stochastic Interpolant a(t) B(t) ~(t)

linear 1—t t at(l —t)

Arbitrary po (two-sided) trig cos Tt sin Tt T

enc-dec COSQ(ﬂ't)l[O’%)(t) cos? (mt)1 1 45(2) sin?(rrt)

PR

linear 1-t¢ t 0
Gaussian pg (one-sided) trig cos Tt sin Tt 0
SBDM (VP) V1-1t2 t 0

Mirror 0 1 at(1—1t)

Table 1: Spatially linear interpolants. A table suggesting various linear interpolants.
In general, this paper describes methods for arbitrary pg and p;. In Section 4.4, we detail
linear interpolants for one-sided generation, where pg is a Gaussian and the latent variable z
can be absorbed into xg. Later, in Section 5.1, we discuss how to recast score-based diffusion
models (SBDM) as linear one-sided interpolants, which leads to the expressions given in the
table when using a variance-preserving parameterization. Linear mirror interpolants, where
po = p1 are equal, are defined by (3.24) with the choice K (t,z1) = a(t)z1.

With v = 0, this was the choice preferred in Albergo and Vanden-Eijnden (2023). The PDF
p(t) obtained with the choices (4.9) and (4.10) when py and p; are both Gaussian mixture
densities are shown in Figure 4. As this example shows, when pg and p; have distinct
complex features, these would be duplicated in p(t) at intermediate times if not for the
smoothing effect of the latent variable; this behavior is seen in Figure 4, where it is most
prominent in the first row with «(¢) = 0. From a statistical learning perspective, eliminating
the formation of spurious features will simplify the estimation of the velocity field b, which
becomes smoother as the formation of such features is suppressed.

Gaussian encoding-decoding. A useful limiting case is to devolve the data from pq
completely into noise by the halfway point ¢ = % and to reconstruct p; completely from
noise starting from t = % One choice that allows us to do so while satisfying (4.8) is

a(t) = cos2(7rt)1[0 1

72)(t)’ B(t) = COS2(7Tt)1(%,1] (t)v V(t) = Sinz(ﬂ-t)a (411)
where 14(t) is the indicator function of A, i.e. 14(t) =1if t € A and 14(¢t) = 0 otherwise.
With this choice, it is easy to see that x,_ 1= v(3)z ~ N(0,7%(3)), which seamlessly glues

together two interpolants: one between py and a standard Gaussian, and one between a
standard Gaussian and pj.
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Figure 4: The effect of v(t)z on p(t). A visualization of how the choice of (t) changes the
density p(t) of 2" = a(t)xo + B(t)z1 +(t)z when pg and p; are Gaussian mixture densities
with two modes and three modes, respectively. The first row depicts v(t) = 0, which reduces
to the stochastic interpolant developed in Albergo and Vanden-Eijnden (2023). This case
forms a valid transport between py and pq, but produces spurious intermediate modes in
p(t). The second row depicts the choice of v(t) = 1/2t(1 —t). In this case, the spurious
modes are partially damped by the addition of the latent varlable, leading to a simpler p(t).
The final row shows the Gaussian encoding-decoding, which smoothly encodes pg into a
standard normal distribution on the time interval [0,1/2), which is then decoded into p;
on the interval (1/2,1]. In this case, no intermediate modes form in p(¢): the two modes
in po collide to form N(0,1) at ¢ = %, which then spreads into the three modes of p1. A
visualization of individual sample traJectorles from deterministic and stochastic generative
models based on ODEs and SDEs whose solutions have density p(¢) can be seen in Figure 5.

Even though the choice (4.11)
encodes pg into pure noise on the in-
terval [0, 1], which is then decoded :f
into p1 on the interval [3,1] (and /\ ‘
vice-versa when proceeding back- 7 T
wards in time), the resulting ve-
locity b still defines a single con-
tinuity equation that maps pg to
p1 on [0,1]. This is most clearly
seen at the level of the probability

flow (2.32), since its solution X is a bijection between the initial and final conditions X;—g
and X;—1, but a similar pairing can also be observed in the solutions to the forward and

linear trig encoding-decoding  one-sided mirror

r f 1
time ¢ 10 time ¢ 10 time ¢ 10 time ¢ 10 time ¢

Figure 6: The functions «af(t), 5(t), and ~(t) for
the linear (4.9), trigonometric (4.10) with ~(¢)
\/2t(1 —t), Gaussian encoding-decoding (4.11), one-
sided (3.14), and mirror (3.24) interpolants.
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trigonometric: y(t) =0 trigonometric: y(t) = \/2t(1 —t) encoding-decoding: 7(t) = sin?(rt)

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

time time time

Figure 5: The effect of ¢ on sample trajectories. A visualization of how the choice
of € affects the sample trajectories obtained by solving the ODE (2.32) or the forward
SDE (2.33). The set-up is the same as in Figure 4: py and p; are taken to be the same
Gaussian mixture densities, and the analytical expressions for b and s are used. In the three
panels in each column the value of « is the same, and each panel shows trajectories with
different €. Three specific trajectories from the same three initial conditions drawn from pg
are also highlighted in white in every panel. As € increases but - stays the same, the density
p(t) is unchanged, but the individual trajectories become increasingly stochastic. While
all choices are equivalent with exact b and s, Theorem 23 shows that nonzero values of €
provide control on the likelihood in terms of the error in b and s when they are approximate.

backward SDEs (2.33) and (2.34), whose solutions at time ¢ = 1 or ¢ = 0 remain correlated
with the initial or final condition used. This allows for a more direct means of image-to-image
translation with diffusions when compared to the recent approach described in Su et al.
(2023). The choice (4.11) is depicted in the final row of Figure 4, where no spurious modes
form at all; individual sample trajectories of the deterministic and stochastic generative
models based on ODEs and SDEs whose solutions have this p(t) as density can be seen in
the panels forming the third column in Figure 5. We note that the elimination of spurious
intermediate modes can also be implemented by use of a data-adapted coupling v(dxg, dz1),
as considered in Albergo et al. (2023).

Unsurprisingly, it is necessary to have ~y(t) > 0 for the choice (4.11): for «(¢) = 0, the
density p(t) collapses to a Dirac measure at ¢t = % This consideration highlights that the
inclusion of the latent variable (¢)z matters even for the deterministic dynamics (2.32),
and its presence is distinct from the stochasticity inherent to the SDEs (2.33) and (2.34).
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4.3 Impact of the latent variable «(t)z and the diffusion coefficient ¢(t)

The stochastic interpolant framework enables us to discern the independent roles of the
latent variable v(t)z and the diffusion coefficient €(¢) we use in a generative model. As
shown in Theorem 6, the presence of the latent variable v(t)z for v # 0 smooths both the
density p(t) and the velocity b defined in (2.10) spatially. This provides a computational
advantage at sample generation time because it simplifies the required numerical integration
of (2.32), (2.33), and (2.34). Intuitively, this is because the density p(t) of z; can be
represented exactly as the density that would be obtained with «(¢) = 0 convolved with
N(0,72(t)Id) at each t € (0,1). A comparison between the density p(t) obtained with
trigonometric interpolants with v(¢) = 0 and ~(t) = y/2t(1 — t) can be seen in the first and
second row of Figure 4.

By contrast, the diffusion coefficient €(t) leaves the density p(t) unchanged, and only
affects the way we sample it. In particular, the probability low ODE (2.32) results in a
map that pushes every X;—g = x¢ onto a single X;—1 = x1 and vice-versa. The forward
SDE (2.33) maps each X[_, = ¢ onto an ensemble X/_; whose spread is controlled by the
amplitude of €(t) (and similarly for the reversed SDE (2.34) that maps each X2 | = x;
onto an ensemble X2 ). This ensemble is not distributed according to p; for finite €(t) —
like with the ODE, we need to sample initial conditions from pg to get solutions at time
t = 1 that sample p; — but its density converges towards p; as €(t) — oo. These features are
illustrated in Figure 5.

Remark 42 Another potential advantage of including the latent variable (t)z is its impact
on the velocity b at the end points. Since x—g = xo and T1—1 = x1, it is easy to see that the
velocity b of the linear interpolant xy defined in (4.1) satisfies

b(0,2) = &(0)z + B(0)E[z1|zo = 2] — %gr(l) y()y(t)so(x),

| L (4.12)
b(1,2) = &(1)E[xolar = a] + B(1)z — lim 1 (1) (1)s (2).

where sog = Vlog po and s1 = Vogp1. If v € C%([0,1]), because v(0) = v(1) = 0, the terms
involving the scores so and s1 in these expressions vanish. Choosing v* € C*([0,1]) but v
not differentiable att =0 or t =1 leaves open the possibility that the limits remain nonzero.
For example, if we take one of the choices discussed in Section 3.1, i.e.

~v(t) = vat(l —t), a >0, (4.13)

we obtain

li 1 (£)3() = — lim 5 (£)3(2) = 5. (4.14)

As a result, the choice (4.13) ensures that the velocity b encodes information about the score
of the densities pg and p1 at the end points. We stress however that, while the choice of
~v(t) given in (4.13) is appealing because of its nontrivial influence on the velocity b at the
endpoints, the user is free to explore a variety of alternatives. We present some examples in
Table 2, specifying the differentiability of v att =0 and t = 1. The function (t) specified
in (4.13) is the only featured case for which the contribution from the score is non-vanishing
in the velocity b at the endpoints. In Section 7, we illustrate on numerical examples that
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y(t) : at(l—t) t(1—1t) &(t) sin?(7t)
Clatt=0,1 X v v v

Table 2: Differentiability of ~(¢)z. A characterization of the possible choices of (t) with
respect to their differentiability. The column specified by () is sum of sigmoid functions,
made compact by the notation

6t)=a(ft—3+1) —a(ft—3) 1) —o(~L + 1)+ o(~L — 1), where a(t) = et/(1 + ¢
and f is a scaling factor.

there are tradeoffs between different choices of v, which might be directly related to this fact.
When using the ODE as a generative model, the score is only felt through b, whereas it is
explicit when using the SDE as a generative model.

4.4 Spatially linear one-sided interpolants

Much of the discussion above generalizes to one-sided interpolants if we take the function
J(t,z1) in (3.14) to be linear in 21 and define

25 = o)z + Bz,  te0,1] (4.15)

where o2, 8 € C?([0,1]) and a(0) = 3(1) = 1, a(1) = B(0) = 0, and «a(t) > 0 for all t € [0, 1).
The velocity b and the score s defined in (2.10) and (2.14) can now be expressed as

b(t,z) = &t)n(t,2) + f(nP(t2),  s(tx) = —a H({OnS(t @), (4.16)
where the second expression holds for all ¢t € [0,1) and we defined:
W2t w) = B(elay™™" =), P (te) = E(n " = o). (4.17)
Note that, by definition of the conditional expectation, 72° and 7n{® satisfy
Y(t,z) € [0,1] x RY = a(t)n>(t,z) + Bt)n(t, z) = . (4.18)

As a result, only one of them needs to be estimated. For example, we can express 7° as a
function of n2® for all ¢ such that 3(t) # 0, and use the result to express the velocity (4.16)
as

b(t.2) = ()5 (D + (6(0) — alDBO O)rS(tx) Ve - BB A0 (419)

Assuming that B(t) # 0 for all ¢ € (0, 1], this formula only needs to be supplemented at
t = 0 with '
b(0,z) = &(0)x + B(0)E[z1] (4.20)

which follows from (4.16) since x?i’g" = z. Later in Section 5.2 we will show that using the

velocity b in (4.19) to solve the probability low ODE (2.32) can be seen as using a denoiser
to construct a generative model.
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Finally note that 7, and/or n; can be estimated using the following two objective
functions, respectively:

1 . .
£, 129 = [ B [Hi(ea ) - o0 dr
0
1
Latit) = [ B

5. Connections with other methods

(4.21)

N[ =

(0 a2 00,0

In this section, we discuss connections between the stochastic interpolant framework and the
score-based diffusion method (Song et al., 2021b), the stochastic localization framework (El-
dan, 2013; El Alaoui and Montanari, 2022; Montanari, 2023)), denoising methods (Simoncelli
and Adelson, 1996; Hyvérinen, 1999; Kadkhodaie and Simoncelli, 2021; Ho et al., 2020), and
the rectified flow method (Liu et al., 2023b).

5.1 Score-based diffusion models and stochastic localization

Score-based diffusion models (SBDM) are based on variants of the Ornstein-Uhlenbeck
process

dZ'r - _ZTdt + \/idWTa ZT:O ~ P1, (51)

which has the property that the marginal density of its solution at time 7 converges to a
standard normal as 7 tends towards infinity. By learning the score of the density of Z,, we
can write the associated backward SDE for (5.1), which can then be used as a generative
model — this backwards SDE is also the one that is used in the stochastic localization process,
see Montanari (2023).

To see the connection with stochastic interpolants, notice that the solution of (5.1) from
the initial condition Z,—y = x1 ~ p1 can be written exactly as

Z, =10 T 42 / e TS AW. (5.2)
0

As a result, the law of Z. conditioned on Z,_y = x; is given by
Z; ~N(z1e™™, (1 — e 27)Id), (5.3)
for any time 7 € [0, 00). This is also the law of the process
yr =me  +V1—e2 2 z ~ N(0, Id), 7 € [0,00). (5.4)

If we let 1 ~ p1 with x1 L z, the process y, is similar to a one-sided stochastic interpolant,
except the density of y, only converges to N(0, Id) as 7 — oo; by contrast, the one-sided
interpolants we introduced in Section 3.2 converge on the finite interval [0, 1]. In SBDM,
this is handled by capping the evolution of Z, to a finite time interval [0, 7] with T < oo,
and then by using the backward SDE associated with (5.1) restricted to [0,7]. However,
this introduces a bias that is not present with one-sided stochastic interpolants, because the
final condition used for the backwards SDE in SBDM is drawn from N(0, Id) even though
the density of the process (5.1) is not Gaussian at time 7.
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We can, however, turn (5.4) into a one-sided linear stochastic interpolant by defining
t = e 7 and by choosing «(t) and S(t) in (4.15) to have a specific form. More precisely,
evaluating (5.4) at 7 = —logt,

Yre—logt = V1 — 22+ tx) = x?s’“n for a(t)=+v1-1t3, pBt)=t. (5.5)
With this choice of a(t) and 5(t), from (4.16) we get the velocity field

t
V1- 2
oS 0S

where 79° and 79° are defined in (4.17). This expression shows that the velocity b used
in the probability flow ODE (2.32) is well-behaved at all times, including at t = 1 where
A(t) is singular. The same is true for the drift bg(t,2) = b(t,x) + €(t)s(t, ) used in the
forward SDE (2.33), regardless of the choice of € € C°([0, 1]) with e(¢) > 0. This shows that
casting SBDM into a one-sided linear stochastic interpolant (4.15) allows the construction of
unbiased generative models that operate on ¢t € [0,1]. This comes at no extra computational
cost, since only one of the two functions defined in (4.17) needs to be estimated, which is
akin to estimating the score in SBDM.

It is worth comparing the above procedure to an equivalent change of time at the level of
the diffusion process (5.1), which we now show leads to singular terms that pose numerical
and analytical difficulties. Indeed, if we define ZP = Z —_logt, from (5.1) we obtain

b(t,x) = —

1z (t2) +n°(t, ) = ts(t, @) + n7°(4, ) (5.6)

dzB =t ZBdt + Vot—1awB, ZB | ~ p1, (5.7)

to be solved backwards in time. Because of the factor t~!, this SDE cannot easily be solved
until ¢ = 0, which corresponds to 7 = oo in the original (5.1). For the same reason, the
forward SDE associated with (5.7)

dz¥ =t='zFdt + 2t s(t, Z5)dt + V2t 1dW,, (5.8)

cannot be solved from ¢ = 0, where formally Zfzo 4 ZtB:0 = Zr—00 ~ N(0, Id). This means it
cannot be used as a generative model unless we start from some ¢ > 0, which introduces a
bias. Importantly, this problem does not arise with the stochastic interpolant framework,
because the construction of the density p(t) connecting py and p; is handled separately
from the construction of the process that generates samples from p(t). By contrast, SBDM

combines these two operations into one, leading to the singularity at ¢ = 0 in the coefficients
in (5.7) and (5.8).

Remark 43 To emphasize the last point made above, we stress that there is no contradiction
between having a singular drift and diffusion coefficient in (5.8), and being able to write
a nonsingular SDE with stochastic interpolants. To see why, notice that the stochastic
interpolant tells us that we can change the diffusion coefficient in (5.8) to any nonsingular
e € C°([0,1]) with e(t) > 0 and replace this SDE with

dXT =t ZFdt + (t7 + e(t))s(t, X[ )dt + /2¢(t)dWs, (5.9)
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This SDE has the property that XI_; ~ p1 if X[_q ~ po, and its drift is also nonsingular
at t = 0 and given precisely by (5.6). Indeed, using the constraint (4.18), which here reads
r =1 -2t z) + tn®(t,z) = —(1 — t3)s(t,x) + tn$5(t, x), it is easy to see that

t e+t s(t, ) = ts(t, ) + nP5(t, x), (5.10)
which is nonsingular at t = 0.

5.2 Denoising methods

Consider the spatially-linear one-sided stochastic interpolant defined in (4.15). By solving
this equation for z1, we obtain

z1 = B7(t) (x;’*““ - a(t)z) te (0,1 (5.11)

os,lin

Taking a conditional expectation at fixed x; " and using (4.17) implies that

Efwi]af™™) = (1,2 = 5710) (a8 — a(Ong=(t,2™™)  te (01]  (5.12)

while trivially E(z1|xzy> |'n) = E[z1] since ay> Io'n = z. This expression is commonly used in
denoising methods (Simoncelli and Adelson, 1996; Kadkhodaie and Simoncelli, 2021), and it
is Stein’s unbiased risk estimator (SURE) for 21 given the noisy information in 290%™ Stein
(1981). Rather than considering the conditional expectation of x;, we can consider an
analogous quantity for 22 for any s € [0, 1]; this leads to the following result.

Lemma 44 (SURE) For s € [0, 1], we have

E(.ISS I|n’ osIln) _ g((j;xlc:s,lin + <Oé(5) _ Oé(t)ﬁ(S)) 772 ( ’ ;)s Iin) te (0’ 1] (513)

and E(wgslm‘xoslm) _a( )xis:)m +B( ) [ ]

Proof (5.13) follows from inserting (5.11) in the expressmn for 22" and taking the
conditional expectation using the definition of 7% and 7% in (4.17). E(z3'" x?ign) =
als)ay g" + B(s)E[z1] follows from z;> l(;n = z together with (5 11). [ |

At this stage, equations (5.11) and (5.13) cannot be used as generative models: the
os,lln) ( os,lin x;s,lin)

is not a sample from p(s), the density of x5 . However, the following result shows that if

we iterate upon formula (5.13) by taking 1nﬁnitesimal steps, we obtain a generative model

consistent with the probability flow equation (2.32) associated with z}™ lin_

is not a sample of p;, and the random variable
os,lin

random variable E(x1|x

Theorem 45 Lett; = j/N withj € {1,..., N}, set X{" = 2, and define forj =1,...,N—

1}
B(tj+1)
B(t;)

a(ty)B(tj+1)
B(t;)

den __
Xden —

: xden | <a<tj+1> - ) (15, Xen). (5.14)

39



ALBERGO, BOFFI, AND VANDEN-EIINDEN

Then, (5.14) is a consistent integration scheme for the probability flow equation (2.32)
associated with the velocity field (4.16) expressed as in (4.19). That is, if N,j — oo with
Jj/N —te]0,1], then X;’e" — X; where

Xt =b(t,Xy) = @Xt + (d(t) -

B(t) at) et Xe),  Ximo = 2. (5.15)

In particular, if z ~ N(0, Id), then X" — 21 ~ py in this limit.

The proof of this theorem is given in Appendix B.7, and proceeds by Taylor expansion
of the right-hand side of (5.14).

5.3 Rectified flows

We now discuss how stochastic interpolants can be rectified according to the procedure
proposed in Liu et al. (2023b). Suppose that we have perfectly learned the velocity field b in
the probability flow equation (2.32) for a given stochastic interpolant. Denote by Xy(z) the
solution to this ODE with the initial condition X;—¢(z) = z, i.e.

d
%Xt(x) =b(t, Xy(z)), Xi—o(z) = =. (5.16)

We can use the map X;—; : R — R? to define a new stochastic interpolant
xi% = a(t)xo + B(t) Xi=1(x0), (5.17)

where o2, 3 € C%(]0,1]) satisfy a(0) = (1) =1, a(1) = B(0)w = 0, and a(t) > 0 for all t €
[0,1). Clearly, we then have 2}, = zg ~ po since X;—o(z0) = zo and x}*, = X¢=1(x0) ~ p1
by definition of the probability flow equation. We can define a new probability flow equation

associated with the velocity field
bec(t, ) = E[7|2!* = z] = a(t)E[zo|z!* = z] + B(t)E[X =1 (20)|x/ = z]. (5.18)

It is easy to see that this velocity field is amenable to estimation, since it is the unique
minimizer of

1
Liyec[b"] = /O E[L 16 (t, 2%)|? — (cu(t)wo + B(t) Xiz1(x0)) - b(t, 2)] dt, (5.19)

where zj¢ is given in (5.17) and the expectation is now only on zg ~ pg. Our next result

show that the probability flow equation associated with the velocity field (5.18) has straight
line solutions, but ultimately it leads to a generative model that is identical to the one based

on (5.16). To phrase this result, we first make an assumption on the invertibility of x}*c.

Assumption 46 The map x — M (t,x) where M(t,z) = a(t)z + B(t) Xi=1(z) with X(x)
solution to (5.16) is invertible for all (t,x) € [0,1] x RY, i.e. AN(t,-,) : R? — R? such that

V(t,z) € [0,1] xR = N(t,M(t,x)) = M(t,N(t,x)) = z. (5.20)
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This is equivalent to requiring that the determinant of the Jacobian of M (¢, z) is nonzero for
all (¢,z) € [0,1] x R? put differently, Assumption 46 requires that the Jacobian of X;—;(x)
never has eigenvalues precisely equal to —«(t)/3(t), which is generic. Under this assumption,
we state the following theorem.

Theorem 47 Consider the probability flow equation associated with (5.18),

d

Xt (@) = b (E X (2)), i=o(z) = . (5.21)
Then, all solutions are such that X/ (xo) ~ p1 if xo ~ po. In addition, if Assumption (46)
holds, the velocity field defined in (5.18) reduces to

bee(t, x) = &(t)N(t, ) + f(t) Xi=1 (N (¢, x)) (5.22)
and the solution to the probability flow ODE (5.21) is simply
X{(z) = a(t)r + B(t) Xi=1(x). (5.23)

The proof is given in Appendix B.8.

Theorem 47 implies that X;*°(z) is a simpler flow than X;(x), but we stress that they
give the same map, X;*9 = X;—1. In particular, X{*(x) reduces to a straight line between
x and Xy—1(z) for a(t) =1 —t and S(t) = t. We also note that the approach can be used to
learn a single-step map, since (5.22) and N(t = 0,x) = = give

bec(t = 0,z) = a(0)z + B(0) X1 (z), (5.24)

which expresses X;—1(x) in terms of known quantities as long as 3(0) # 0. For example, if
&(0) =0 and B(0) = 1, we obtain b"™¢(t = 0,z) = X;—1(z).

Remark 48 (Optimal transport) The discussion above highlights the fact that a proba-
bility flow equation can have straight line solutions and lead to a map that exactly pushes pg
onto p1 but is not the optimal transport map. That is, straight line solutions is a necessary
condition for optimal transport, but it is not sufficient.

Remark 49 (Gradient fields) The map is unaffected by the rectification procedure because
we do not impose that the velocity b™(t, x) be a gradient field. If we do impose this structure
by setting b(t,x) = Vo(t,z) for some ¢ : R4 = R, then X[ # Xy—1. As shown in Liu
(2022), iterating over this procedure eventually gives the optimal transport map. That is,
implemented over gradient fields and iterated infinitely, rectification computes Brenier’s polar
decomposition of the map (Brenier, 1991).

Remark 50 (Consistency models) Recent work has introduced the notion of consistency
models (Song et al., 2023), which distill a velocity field learned via score-based diffusion into
a single-step map. Section 5.1 and the previous discussion provide an alternative perspective
on consistency models, and show how they may be computed in the framework of stochastic
interpolants via rectification.
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6. Algorithmic aspects

The methods described in the previous sections have efficient numerical realizations. Here, we
detail algorithms and practical recommendations for an implementation. These suggestions
can be split into two complementary tasks: learning the drift coefficients, and sampling with
an ODE or an SDE.

6.1 Learning

As described in Section 2.2, there are a variety of algorithmic choices that can be made
when learning the drift coefficients in (2.9), (2.20), and (2.22). While all choices lead to
exact generative models in the absence of numerical and statistical errors, in practice, the
presence of these errors ensures that different choices lead to different generative models,
some of which may perform better for specific applications. Here, we describe the various
realizations explicitly.

Deterministic generative modeling: Learning b versus learning v and s. Recall
from Section 2.2 that the drift b of the transport equation (2.9) can be written as b(t,z) =
v(t,z) — y(t)¥(t)s(t, ). This raises the practical question of whether it would be better to

X

learn an estimate b of b by minimizing the empirical risk

A7 Lo~ (15 iV2 i A i
Ly(b) = = Z <2\b(ti,xti)\ —b(ts,xy,) - (O (ts, h, x7) + ()2 )) , (6.1)

i=1

or to learn estimates of © and § by minimizing the empirical risks

N
A 1 1, i N i RN )
£400) = 2 (G100t ab )P = ottt - 0Tt ) ) (6.2
=1
and
. 1 M/ . . .
£9) = 3 (Gl8C0 )P 00 s(001) -+ (63)
=1

and construct the estimate b(t,x) = d(t,z) — y(t)3(t)5(t,z). Above, ap = I(t;, xf, 2}) +
v(t;)z%, and N denotes the number of samples ¢/, :L'é, and x}. If the practitioner is interested
in a deterministic generative model (for example, to exploit adaptive integration or exact
likelihood computation), learning the estimate b directly only requires learning a single
model, and hence will typically lead to greater efficiency. This recommendation is captured
in Algorithm 1. If both stochastic and deterministic generative models are of interest, it is
necessary to learn two models for most choices of the interpolant; we discuss more suggestions
for stochastic case below.

Antithetic sampling and capping. In practice, the losses for b (2.13) and s (2.16) can
become high-variance near the endpoints ¢ = 0 and ¢ = 1 due to the presence of the singular
term 1/7(t) and the (potentially) singular term ~(¢). This issue can be eliminated by using
antithetic sampling, which we found necessary for stable training of objectives involving
7~1(t). To show why, we consider the loss (2.16) for s, but an analogous calculation can be

42



STOCHASTIC INTERPOLANTS

Algorithm 1: Learning b with arbitrary pg and p;.

Input: Batch size N, interpolant function I(¢, zg, 1), coupling v(dzg, dz1) to
sample zg, z1, noise function 7(t), initial parameters 6, gradient-based optimization
algorithm to minimize £; defined in (2.13), number of gradient steps N,.

Returns: An estimate b of b.

for j=1,...,N, do

Draw N samples (t;, x§, z%, z%) ~ Unif([0,1]) x v x N(0,1), for i = 1,..., N.

Construct samples zt = I(t;, x4, x%) +v(t;)2%, for i =1,..., N.
Take gradient step with respect to Ly, (6p, {z{}Y ;).
Return: b.

performed for the loss (2.13) for b or (2.19) for 1, (even though it is not necessary for this
last quantity). We first observe that, by definition of x; and by Taylor expansion, as ¢t — 0
ort—1

——z - s(t,xy) =

2(t) 2 sty 1(t, 20, 21) +7(0)2),

b
()
= 'y(lt)z (s(t, I(t,zo, 1)) +(t)Vs(t, I(t, x0,21))z + o(Y(1))), (6.4)

1
= WZ -s(t, I(t, zo,x1)) + 2 - Vs(t, I(t, x0,x1))z + o(1).
~
Even though the conditional mean of the first term at the right-hand side is finite in the
limit as ¢ — 0 or ¢t — 1, its variance diverges. By contrast, let ;" = I(t, o, z1) + v(t)z and
x, = I(t,x0,21) — y(t)z with 2o, x1, and z fixed. Then,

1 —
2+(t) (z-s(t, ) — 2z s(t, 7))
— 271@) (z-s(t, I(t,z0, 1) +(t)2)) — 2 - (L, I(t, w0, 21) — (t)2)),
- 271(75) 2+ (s(t, I(t, 0, 1)) + () Vs(t, I(t, 20, 21))z + o(y(1))) (6.5)
1

~ oy 1 20,20)) =y (Vs (t 1(t 20, 21))2 + 0(3(£)
=z-Vs(t,I(t,x0,21))z + o(1),

so that both the conditional mean and variance are finite in the limit as ¢t — 0 or t — 1
despite the singularity of 1/7(t). In practice, this can be implemented by using z;" and z;
for every draw of xg, 1, and z in the empirical discretization of the population loss.

Learning the score s versus learning a denoiser 7,. When learning s, an alternative
to antithetic sampling is to consider learning the denoiser 7, defined in (2.17), which is
related to the score by a factor of v. Note that the objective function for the denoiser in
(2.19) is well behaved for all ¢ € [0,1], and can be thought of as a generalization of the
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Algorithm 2: Learning 7, with arbitrary pg and p;.

Input: Batch size N, interpolant function I(t,zg, 1), a coupling v(dxg, dz1) to
sample xg, z1, noise function ~(¢), initial parameters 6,,_, gradient-based
optimization algorithm to minimize £, defined in (2.19), number of gradient steps
Ny.
Returns: An estimate 7, of 7,.
for j=1,...,N, do
Draw N samples (t;, z§, z%, z%) ~ Unif([0,1]) x v x N(0,1), for i = 1,..., N.
Construct samples zt = I(t;, z, %) + vy(t;)2", for i =1,..., N.
Take gradient step with respect to £, (6, {ai} ¥ 1)-

Return: 7,.

Algorithm 3: Learning n2° with Gaussian pg.

Input: Batch size N, interpolant function x?s’“", a coupling v(dxg, dx1) to sample

z,x1, initial parameters 0,0, gradient-based optimization algorithm to minimize
Lyes defined in (2.19), number of gradient steps N,.
Returns: An estimate 12° of n°.
for j=1,...,N,do
Draw N samples (t;, 2, 2%) ~ Unif([0,1]) x v, fori =1,..., N.
Construct samples zi = a(t;)z + B(t;)z}, fori=1,..., N.
Take gradient step w.r.t Lpes (6o, {z{} Y ;).
Return: 72°.

DDPM loss introduced in Ho et al. (2020). The empirical risk associated with this loss reads

£.00) NZ( it P i) (6:6)

A detailed procedure for learning the denoiser 7., e.g. for its use in an SDE-based generative
model is given in Algorithm 2. For the case of one-sided spatially-linear interpolants, the
procedure becomes particularly simple, which is highlighted in Algorithm 3.

6.2 Sampling

We now discuss several practical aspects of sampling generative models based on stochastic
interpolants. These are intimately related to the choice of objects that are learned, as well
as to the specific interpolant used to build a path between py and p;. A general algorithm
for sampling models built on either ordinary or stochastic differential equations is presented
in Algorithm 4.

Using the denoiser 7, instead of the score s. We remarked in Section 6.1 that learning
the denoiser 7, is more numerically stable than learning the score s directly. We note that
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Algorithm 4: Sampling general stochastic interpolants.

Input: Number of samples n, timestep At, drift estimates b and 7, initial time %,
final time ¢, noise function ~(t), diffusion coefficient €(¢), SDE or ODE timestepper

TakeStep.
Returns: {igl) 1, a batch of model samples.
Initialize
Set time t = tp. _
Draw initial conditions :fcg;) ~pofori=1,...,n.

Construct §(t, z) = —0(t,x)/v(t). K
Construct be(t,z) = b(t,z) + €(t)$(t,z). // Reduces to b for €(t) =0 (ODE).
while t <1y do
Propagate i‘gﬁm = TakeStep(t,a?Ei), bg,e,At) for i =1,...,n. // ODE or SDE
integrator.
| Update t =t + At.

Return: {#("}7 .

Algorithm 5: Sampling spatially-linear one-sided interpolants with Gaussian pg.
Input: Number of samples n, timestep At, denoiser estimate 7)., initial time tg, final
time ¢, noise function (), diffusion coefficient €(t), interpolant functions a(t) and
B(t), SDE or ODE timestepper TakeStep.
)

Returns: {igl

1, a batch of model samples.

Initialize
Set time t = tp. '
Draw initial conditions :f;g;) ~pofori=1,...,n.

Construct 8(t,x) = —0.(t,z)/a(t).

Construct b(t, z) = &(t)i%(t, ) + 51 (v — a(t)iZ®(t, 7).

| Construct be(t,z) = b(t, ) + €(t)3(t,z). // Reduces to b for e(t) =0 (ODE).

while ¢t <ty do

Propagate i‘gm = TakeStep(t,igi), bg,e,At) fori=1,...,n. // ODE or SDE
integrator.

| Update t =t + At.

Return: {#("}7_.

while the objective for 7, is well-behaved for all ¢ € [0, 1], the resulting drifts can become
singular at t = 0 and ¢ = 1 when using s(¢,x) = —n,(t,x)/v(t). There are several ways to
avoid this singularity in practice. One method is to choose a time-varying €(¢) that vanishes
in a small interval around the endpoints ¢ = 0 and ¢ = 1, which avoids this numerical
instability. An alternative option is to integrate the SDE up to a final time ¢y with ¢y < 1,
and then to perform a step of denoising using (5.13). We use this approach in Section 7
below when sampling the SDE.
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A denoiser is all you need for spatially-linear one-sided interpolants. As shown
n (4.19), and as considered in Section 5.2, the denoiser 72° is sufficient to represent the
velocity field b appearing in the probability flow equation (2.32).

Using this definition for b and the relationship s(t,x) = —n,(t,x)/v(t), we state the
following ordinary and stochastic differential equations for sampling

ODE: X; = a(t)n®(t, X;) + g( n2(t, Xt))

SDE: dXF = (a(t)2( XF) + 5“)( ~ ozt X))~ Woer(e, xF))ar

B(t)
+ \/ 6 th

Because (0) = 0, the drift is numerically singular in both equations. However, b(t = 0, )
has a finite limit

b(t =0,z) = &(0)x + B(0)E[x1], (6.8)

as originally given in (4.20). Equation (6.8) can be estimated using available data, which
means that when learning a one-sided interpolant, ODE and SDE-based generative models
can be defined exactly on the interval ¢ € [0, 1] using only a score or a denoiser without
singularity.

The factor of a(t)~! in the final term of the SDE could pose numerical problems at
t =1, as a(l) = 0. As discussed in the paragraph above, a choice of €(t) which is such that
e(t)/a(t) — C for some constant C' as t — 1 avoids any issue.

An algorithm for sampling with only the denoiser 19 is given in Algorithm 5.

7. Numerical results

So far, we have been focused on the impact of «, 8, and 7 in (4.1) on the density p(t), which
we illustrated analytically. In this section, we study examples where the drift coefficients
must be learned over parametric function classes. In particular, we explore numerically the
tradeoffs between generative models based on ODEs and SDEs, as well as the various design
choices introduced in Sections 3, 4, and 6. In Section 7.1, we consider simple two-dimensional
distributions that can be visualized easily. In Section 7.2, we consider high-dimensional
Gaussian mixtures, where we can compare our learned models to analytical solutions. Finally
in Section 7.3 we perform some experiments in image generation.

7.1 Deterministic versus stochastic models: 2D

As shown in Section 2.2, the evolution of p(t) can be captured exactly by either the transport
equation (2.9) or by the forward and backward Fokker-Planck equations (2.20) and (2.22).
These perspectives lead to generative models that are either based on the deterministic
dynamics (2.32) or the forward and backward stochastic dynamics (2.33) and (2.34), where
the level of stochasticity can be tuned by varying the diffusion coefficient €(¢). We showed
in Section 2.4 that setting a constant e(t) = € > 0 can offer better control on the likelihood
when using an imperfect velocity b and an imperfect score s. Moreover, the optimal choice
of € is determined by the relative accuracy of the estimates b and 3. Having laid out the
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Figure 7: The effects of v(¢) and ¢ on sample quality: qualitative comparison.
Kernel density estimates of p(1) for models with different choices of v and e. Sampling with
€ = 0 corresponds to using the probability flow with the learned drift b=10— v¥3, whereas
sampling with € > 0 corresponds to using the SDE with the learned drift b and score §. We
find empirically that SDE sampling is generically better than ODE sampling for this target
density, though the gap is smallest for the probability flow specified with v(¢) = \/t(1 — t),
in agreement with the Remark 42 regarding the influence of v on b at the endpoints. The
SDE performs well at any noise level, though numerically integrating it for higher e requires
a smaller step size.

evolution of p(t) for different choices of v in the previous section, we now show how different
values of € can build these densities up from individual trajectories. The stochasticity
intrinsic to the sampling process increases with €, but by construction, the marginal density
p(t) for fixed o, § and + is independent of e.

The roles of 7(t) and ¢ for 2D density estimation. To explore the roles of v and e,

we consider a target density p; whose mass concentrates on a two-dimensional checkerboard
and a base density pg = N(0, Id); here, the target was chosen to highlight the ability of the

4
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Figure 8: The effects of v(t) and ¢ on sample quality: quantitative comparison.
For each v and each e specified in Figure 7, we compute the mean and variance of the
absolute value of the difference of log p; (exact) and log p(1) (model). The model specified
with v(t) = \/t(1 —t) is the best performing probability flow (e = 0). At large ¢, SDE
sampling with the same learned drift b and score § performs better, complementing the
observations in the previous figure.

method to learn a challenging density with sharp boundaries. The same model architecture
and training procedure was used to learn both v and s for several choices of v given in
Table 2. The feed-forward network was defined with 4 layers, each of size 512, and with the
ReLU Nair and Hinton (2010) as an activation function.

After training, we draw 300,000 samples using either an ODE (e = 0) or an SDE with
e = 0.5, ¢ = 1.0, or ¢ = 2.5. We compute kernel density estimates for each resulting
density, which we compare to the exact density and to the original stochastic interpolant
from Albergo and Vanden-Eijnden (2023) (obtained by setting v = 0). Results are given in
Figure 7 for each v and each e. Sampling with € > 0 empirically performs better, though
the gap is smallest when using the ~ specified in (4.13). Moreover, even when ¢ = 0, using
the probability flow with v given by (4.13) performs better than the original interpolant
from Albergo and Vanden-Eijnden (2023). Numerical comparisons of the mean and variance
of the absolute value of the difference of log p; (exact) from log p(1) (model) for the various
configurations are given in Figure 8, which corroborate the above observations.

7.2 Deterministic versus stochastic models: 128D Gaussian mixtures

We now study the performance of the stochastic interpolant method in the case where the
target is a high-dimensional Gaussian mixture. Gaussian mixtures (GMs) are a convenient
class of target distributions to study, because they can be made arbitrarily complex by
increasing the number of modes, their separation, and the overall dimensionality. Moreover,
by considering low-dimensional projections, we can compute quantitative error metrics such
as the KL-divergence between the target and the model as a function of the (constant)
diffusion coefficient €. This enables us to quantify the tradeoffs of ODE and SDE-based
samplers.
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Experimental details. We consider the problem of

mapping pg = N(0, Id) to a Gaussian mixture with five 0.010

modes in dimension d = 128. The mean m; € R? of each 0.007

mode is drawn i.i.d. m; ~ N(0,0%Id) with ¢ = 7.5. To 0.005

maximize performance at high €, the timestep should be

adapted to €; here, we chose to use a fixed computational 0-003
0.000

budget that performs well for moderate levels of € to
avoid computational effort that may become unreasonable z

in practice. Each covariance C; € R%*? is also drawn

randomly with C; = éWZ-TWz‘ + Id and (W;)g ~ N(0,1) Figure 9: Gaussian mixtures:
for k,1 =1, ...,d; this choice ensures that each covariance target projection. Low-
is a positive definite perturbation of the identity with dimensional marginal of the tar-
diagonal entries that are O(1) with respect to dimension get density p; for the Gaussian
d. For a fired random draw of the means {m;}?_, and mixture experiment, visualized
covariances {C;}?_,, we study the four combinations of Via KDE.

learning b or v and s or 7, to form a stochastic interpolant

from py to p1. In each case, we consider a linear interpolant with a(t) =1 —t, B(t) = t,
and v(t) = 1/t(1 —t). For visual reference, a projection of the target density p; onto the
first two coordinates is depicted in Figure 9 — it contains significant multimodality, several
modes that are difficult to distinguish, and one mode that is well-separated from the others,
which requires nontrivial transport to resolve. In the following experiments, all samples were
generated with the fourth-order Dormand-Prince adaptive ODE solver (dopri5) for e =0
and by using one thousand timesteps of the Heun SDE integrator introduced in Karras et al.
(2022) for € # 0. When learning 7,, to avoid singularity at ¢ = 0 and ¢ = 1 when dividing by
v(t) in the formula s(t,z) = —n(t,z)/7(t), we set to = 10~* and ¢t; = 1 — to in Algorithm 4.
For all other cases, we set tg = 0 and ¢y = 1.

Quantitative metric To quantify performance, we make use of an error metric given by
a KL-divergence between kernel density estimates (KDE) of low-dimensional marginals of p;
and the model density pp; this error metric was chosen for computational tractability and
interpretability. To compute it, we draw 50,000 samples from p; and each p;. We obtain
samples from the marginal density over the first two coordinates by projection, and then
compute a Gaussian KDE with bandwidth parameter chosen by Scott’s rule. We then draw
a fresh set of N, = 50,000 samples {xl}ZN:el with each x; ~ p; for evaluation. To compute
the KL-divergence, we form a Monte-Carlo estimate with control variate

Ne

KLipn 1) % - 3 (10 pa(e) ~ o) (225 < 1) ). (7.1)

e i p1(wi)

We found use of the control variate p1/p1 — 1 helpful to reduce variance in the Monte-Carlo
estimate; moreover, by concavity of the logarithm, use of the control variate ensures that
the Monte-Carlo estimate cannot become negative.

Results. Figures 10 and 11 display two-dimensional projections (computed via KDE) of
the model density error p; — p1 and the model density p; itself, respectively, for different
instantiations of Algorithms 1 and 2 and different choices of € in Algorithm 4. Taken
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Figure 10: Gaussian mixtures: density errors. Errors p;(x,y)—pi(z,y) in the marginals
over the first two coordinates for all four variations of learning b or v and s or 7, computed
via kernel density estimation. For small €, the model densities tend to be overly-concentrated,
and overestimate the density within the modes and underestimate the densities in the tails.
As e increases, the model becomes less concentrated and more accurately represents the target
density. For € too large, the model becomes overly spread out and under-estimates the density
within the modes. Note: visualizations show two-dimensional slices of a 128-dimensional
density.

together with Figure 9, these results demonstrate qualitatively that small values of € tend
to over-estimate the density within the modes and under-estimate the density in the tails.
Conversely, when € is taken too large, the model tends to under-estimate the modes and
over-estimate the tails. Somewhere in between (and for differing levels of €), every model
obtains its optimal performance. Figure 12 makes these observations quantitative, and
displays the KL-divergence from the target marginal to the model marginal KL(p; || %)
as a function of €, with each data point on the curve matching the models depicted in
Figures 10 and 11. We find that for each case, there is an optimal value of € # 0, in line with
the qualitative picture put forth by Figures 10 and 11. Moreover, we find that learning b
generically performs better than learning v, and that learning 7 generically performs better
than learning s (except when e is taken large enough that performance starts to degrade).
With proper treatment of the singularity in the sampling algorithm when using the denoiser
in the construction of s(t,xz) = —n(t,x)/v(t) — either by capping t9 # 0 and t; # 1 or
by properly tuning €(¢) as discussed in Section 6.2 — our results suggest that learning the
denoiser is best practice.

7.3 Image generation

In the following, we demonstrate that the proposed method scales straightforwardly to
high-dimensional problems like image generation. To this end, we illustrate the use of our
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Figure 11: Gaussian mixtures: densities. A visualization of the marginal densities in
the first two variables of the model density p; computed for all four variations of learning
b or v and s or 1, computed via kernel density estimation. Note: wisualizations show
two-dimensional slices of a 128-dimensional density.
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Figure 12: Gaussian mixtures: quantitative comparison. KL(p; || 5) as a function of
e when learning each of the four possible sets of drift coefficients (b, s), (b,1), (v,s), (v,n).
The best performance is achieved when learning b and 7, along with a proper choice of € > 0.

approach on the 128 x 128 Oxford flowers dataset Nilsback and Zisserman (2006) by testing
two different variations of the interpolant for image generation: the one-sided interpolant,
using pg = N(0, Id), as well as the mirror interpolant, where py = p1 both represent the data
distribution. The purpose of this section is to demonstrate that our theory is well-motivated,
and that it provides a framework that is both scalable and flexible. In this regard, image
generation is a convenient exercise, but is not the main focus of this work, and we will leave
a more thorough study on other datasets such as ImageNet with standard benchmarks such
as the Frechet Inception Distance (FID) for a future study.
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€ = 4.0 5

€ = 4.0 2

Figure 13: Image generation: Oxford flowers. Example generated flowers from the
same initial condition xg using either the ODE with ¢ = 0 and learned b or the SDE for
various increasing values of € with learned b and s. For € = 0, sampling is done using the
doprib solver and therefore the number of steps is adaptive. Otherwise, 2000, 2500, and
4000 steps were taken using the Heun solver for ¢ = 1.0, 2.0, and 4.0 respectively.

Generation from Gaussian pg. We train spatially-linear one-sided interpolants z; =
(1 —t)z+txy and x; = cos(5t)z + sin(§t)x; on the 128 x 128 Oxford flowers dataset, where
we take z ~ N(0, Id) and x; from the data distribution. Based on our results for Gaussian
mixtures, we learn the drift b(¢, z), the score s(t, z), and the denoiser 7, (¢, x) to benchmark
our generative models based on ODEs or SDEs. In all cases, we parameterize the networks
representing 7, § and b using the U-Net architecture used in Ho et al. (2020). Minimization of
the objective functions given in Section 3.2 is performed using the Adam optimizer. Details
of the architecture in both cases and all training hyperparameters are provided in Appendix
C.1.

Like in the case of learning Gaussian mixtures, we use the fourth-order dopri5 solver
when sampling with the ODE and the Heun method for the SDE, as detailed in Algorithm
4. When learning a denoiser 7,, we found it beneficial to complete the image generation
with a final denoising step, in which we set ¢ = 0 and switch the integrator to the one given
in (5.14).

Exemplary images generated from the model using the ODE and the SDE with various
value of the diffusion coefficient € are shown in Figure 13, starting from the same sample
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Generated Image

5 Nearest neighbors in training set

Figure 14: No memorization. Top: An example generated image from a trained linear
one-sided interpolant. Bottom: Five nearest neighbors (in ¢; norm) to the generated image
in the dataset. The nearest neighbors are visually distinct, highlighting that the interpolant
does not overfit on the dataset.

Figure 15: Mirror interpolant. Example trajectory from a learned denoiser model
b = 4(t)7), for the mirror interpolant z; = 1 + () on the 128 x 128 Oxford flowers dataset
with y(t) = y/t(1 — t). The parametric form for 7, is the U-Net from Ho et al. (2020), with
hyperparameter details given in Appendix C. The choice of € in the generative SDE given in
(2.33) influences the extent to which the generated image differs from the original. Here,
e(t) = 10.0.

from pg. The result illustrates that different images can be generated from the same sample
when using the SDE, and their diversity increases as we increase the diffusion coefficient e.
To highlight that the model does not memorize the training set, in Figure 14 we compare an
example generated image to its five nearest neighbors in the training set (measured in ¢;
norm), which appear visually quite different.

Mirror interpolant. We consider the mirror interpolant x; = x1 + ~y(¢)z, for which (3.33)
shows that the drift b is given in terms the denoiser 7, by b(t,x) = 4(t)n.(t); this means
that it is sufficient to only learn an estimate 7, to construct a generative model. Similar
to the previous section, we demonstrate this on the Oxford flowers dataset, again making
use of a U-Net parameterization for 7,(t,z). Further experimental details can be found in
Appendix C.1. In this setup the output image at time ¢ = 1 is the same as the input image
if we use the ODE (2.32); with the SDE, however, we can generate new images from the
same input. This is illustrated in Figure 15, where we show how a sample image from the
dataset p; is pushed forward through the SDE (2.33) with €(¢) = e = 10. As can be seen the
original image is resampled to a proximal flower not seen in the dataset.
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8. Conclusion

The above exposition provides a full treatment of the stochastic interpolant method, as well
as a careful consideration of its relation to existing literature. Our goal is to provide a general
framework that can be used to devise generative models built upon dynamical transport
of measure. To this end, we have detailed mathematical theory and efficient algorithms
for constructing both deterministic and stochastic generative models that map between
two densities exactly in finite time. Along the way, we have illustrated the various design
parameters that can be used to shape this process, with connections, for example, to optimal
transport and Schrodinger bridges. While we detail specific instantiations, such as the mirror
and one-sided interpolants, we highlight that there is a much broader space of possible
designs that may be relevant for future applications. Several candidate application domains
include the solution of inverse problems such as image inpainting and super-resolution,
spatiotemporal forecasting of dynamical systems, and scientific problems such as sampling
of molecular configurations and machine learning-assisted Markov chain Monte-Carlo.

Acknowledgements

We thank Joan Bruna, Jonathan Niles-Weed, Loucas Pillaud-Vivien, and Cédric Gerbelot for
helpful discussions regarding stability estimates of dynamical transport. We are also grateful
to Qiang Liu, Ricky Chen, and Yaron Lipman for feedback on previous and related work,
and to Kyle Cranmer and Michael Lindsey for discussions on transport costs. We thank
Mark Goldstein for insightful comments regarding practical considerations when training
denoising-diffusion models. MSA is supported by the National Science Foundation under the
award PHY-2141336. EVE is supported by the National Science Foundation under awards
DMR-1420073, DMS-2012510, and DMS-2134216, by the Simons Collaboration on Wave
Turbulence, Grant No. 617006, and by a Vannevar Bush Faculty Fellowship.

Appendix A. Bridging two Gaussian mixture densities

In this appendix, we consider the case where pg and p; are both Gaussian mixture densities.
We denote by

N(z|m,C) = (2r)~¥?[det O]/ exp <—%(aj —m)'C Yz - m)) ,

Al
Sy pr—— =
R4

the Gaussian probability density with mean vector m € R?% and positive-definite symmetric
covariance matrix C' = CT € R¥? We assume that

No Nl
po(x) =Y pIN(@m,C),  pi(x) = piN(z|m},C}) (A.2)
=1 =1

where Ny, N1 € N, p? > 0 with Zf\fl p) =1, m) e RY, CY = (CNHT € R4 positive-definite,
and similarly for pzl7 m}, and Cl-l. We have:
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Proposition 51 Consider the process xy defined in (2.1) using the probability densities
in (A.2) and the interpolant in (4.1), i.e.

" = a(t)zo + B(t)z1 +4(1)z, (4.1)

where zg,~ po, 1 ~ p1, and z ~ N(0, Id) with zo L z1 L z, and o, 8,7 € C?([0,1]) satisfy
the conditions in (4.2). Denote

mij(t) = a(t)ym) + B(t)m], Cy(t) = >(t)C} + B*(1)C] + > (t)Id, (A.3)

where i = 1,...,Ng, j = 1,...,N1. Then the probability density p of x; is the Gaussian

mizture density
No Ni

=D 2 pipiN(almi;(), Cij (1)) (A.4)

i=1 j=1
and the velocity b and the score s defined in (2.10) and (2.14) are
S S plp (1 (1) + la-ja)cfl(t)(m —m(1)) ) N(alm; (1), Ci (1))

) , (A5
(t,2) ZNO j= 119119] N(x|mi; (t), Cij (1)) Y

S(t,x):_ZNO = 1%()ij () (@ — mii ()N (fﬂlmij(t),cij(t))' (4.6)
> it j= 1szJN(33‘mw() Ci;(1))

This proposition implies that b and s grow at most linearly in =, and are approximately
linear in regions where the modes of p(t, z) remain well-separated. In particular, if pg and
p1 are both Gaussian densities, pg = N(mg, Cy) and p; = N(my,C}), we have

b(t,z) = m(t) + 1CHC () (x — m(t)), (A7)
and
s(t,z) = —C7L(t)(x — m(t)), (A.8)
where
m(t) = a(t)mo + B(t)my, C(t) = &(t)Co + B2(t)C1 + ~*(t)Id. (A.9)

Note that the probability flow ODE (2.32) associated with the velocity (A.7) is the linear

ODE
d

X =n(t) + SCHCTHE) (X — m(t)). (A.10)

This equation can only be solved analytically if C(t) and C(t) commute (which is the case
e.g. if Cy = Id), but it is easy to see that it always guarantees that

EoX:(zo) = m(t), Eo[(Xt(xo) —m(t))(Xe(zo) — m(t))T} =C(t), (A.11)

where Xy () denotes the solution to (A.10) for the initial condition X;—g(zo) = z¢ and Eq
denotes expectation over xg ~ pg. A similar statement is true if we solve (A.10) with final
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conditions at ¢t = 1 drawn from p;. Similarly, the forward SDE (2.33) associated with the
velocity (A.7) and the score (A.8) is the linear SDE

dXT = m(t)dt + (3C(t) — ) CT (X — m(t))dt + V2edW,. (A.12)
and its solutions are such that
EoEPXT =m(t),  EoEE [(X] — m(t)(X] —m(t)"] = C(t), (A.13)

where Ef° denotes expectation over the solution of (A.12) conditional on the event Xy =m0
and Eg denotes expectation over xg ~ pg. A similar statement also holds for the backward
SDE (2.34).

Proof The characteristic function of p(t, ) is given by

No Ni
g(t, k) zk T Z Zp?p} ik-my;(t kTC’U (t)k (A14)

=1 j5=1

whose inverse Fourier transform is (A.4). This automatically implies (A.6) since we know
from 2.14 that s = Vlog p. To derive (A.7) use the function m defined below in (B.12):

No M . LT
=35 p0pk(ringj (1) + SiCij(t)k) e =2k C Ok, (A.15)

i=1 j=1

From (B.13), we know that the inverse Fourier transform of this function is bp, so that we
obtain

No N1
bt w)p(t.x) = 3 D pp} (s (8) + 5Ci (DO (1) @ = mi (1)) ) NCelmis (1), C5 ().
= (A.16)
This gives (A.5). u

Appendix B. Proofs

In this appendix, we provide the details for proofs omitted from the main text. For ease of
reading, a copy of the original theorem statement is provided with the proof.

B.1 Proof of Theorems 6, 7, and 8, and Corollary 10.

Theorem 6 (Stochastic interpolant properties) The probability distribution of the stochas-
tic interpolant xy defined in (2.1) is absolutely continuous with respect to the Lebesgue measure

at all times t € [0,1] and its time-dependent density p(t) satisfies p(0) = po, p(1) = p1,

p € CL([0,1]; CP(RY)) for any p € N, and p(t,x) > 0 for all (t,x) € [0,1] x RY. In addition,

p solves the transport equation

Bp+V - (bp) =0, (2.9)
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where we defined the velocity
b(t,z) = Eli¢|xy = x] = B[O (¢, 0, x1) + () 2|2 = x]. (2.10)

This velocity is in C°([0, 1]; (CP(R%))9) for any p € N, and such that
we1] / Ib(t, ) 2p(t, )z < co. (2.11)
R4

Proof Let g(t,k) = Ee?**t k € RY, be the characteristic function of p(¢,z). From the
definition of z; in (2.1),
g(t, k‘) _ Eeik([(t,xo,xl)—&—'y(t)z)' (Bl)

Using the independence between (zg,x1) and z , we have
ot ) = B (10207 ) (61007 = gt )20 (B.2)

where we defined

golt, k) = E (1m0 (B.3)

The function go(¢, k) is the characteristic function of I(t, xo, 1) with (zg, z1) ~ v. From (B.2),
we have

1 1
gt k)| = lgo(t, k)|e™ 27 O < =27 (DK (B.4)
Since y(t) > 0 for all £ € (0,1) by assumption, this shows that

WpeN and te(0,1) : / kPlg(t, k)|dk < oo, (B.5)
Rd

implying that p(t,-) is in CP(R?) for any p € N and all ¢ € (0,1). From (B.2), we also have

. 2
[Oeg(t, F) \ E[(ik - 9 Iy(wo, 21) — y(£)(t) k] Telmoan] |7 =7 DI
<2 (|KPE[|0: I (z0, 1) 2] + |7 ()5 (1) k| *) e 7" O (B.6)

< 2 (|k[2My + 4]y (8)5 () P [k[*) e O

and

102g(t,k)[? < 4 (IKPE[[07 Iu(x0, 21) 2] + (F(E)[? + v (£)F(£))|e[*) e 7 I
+8(1k\2E[|atft<xo,m>\4]+<v<> (£))*]K[®) e~ Ik
< 4 (KPMa + (501 + ()5 ()2 k) e Ok
+8 (JK[2My + (v(1)3(t)) k] ) pealls

(B.7)

where in both cases we used (2.8) in Assumption 5 to get the last inequalities. These imply
that

WpeN and te(0,1) / kPP |0ug(t, )|k < oo / P|02g(t, k)|dk < 0o (B.8)
R4 Rd
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indicating that d;p(t,-) and 0?p(t,-) are in CP(R?) for any p € N, i.e. p € C1((0,1); CP(R?))
as claimed. To show that p is also positive, denote by po(t, dz) the unique (by the Fourier
inversion theorem) probability measure associated with go(t, k), i.e. the measure such that

go(t, k) = /Rd e o (t, dx). (B.9)

From (B.2) and the convolution theorem it follows that we can express p as

e~ lz=yl?/(27* (1))
p(t,x) = /Rd Wuo(t,dy% (B.10)

This shows that p > 0 for all (t,z) € (0,1) x R%. Since ;-9 = x¢ and 2;—; = x1 by definition
of the interpolant, we also have p(0) = pp and p(1) = p1, which shows that p is also positive
and in CP(RY) at t = 0,1 by Assumption 5. Note that since p € C1((0,1); CP(R%)) and is
positive, we also immediately deduce that s = Vlogp = Vp/p € C1((0,1); (CP(R%))%).
To show that p satisfies the TE (2.9), we take the time derivative of (B.1) to deduce
that
Oeg(t, k) =ik -m(t, k) (B.11)

where m : [0,1] x R? — C? is the vector-valued function defined as
m(t,k) =E ((@I(t, x0,21) + "y(t)z)eik'”:t) . (B.12)

By definition of the conditional expectation, m(t, k) can be expressed as

m(t, k) = /Rd E ((&J(t, 0, 1) + A (t)2)e* |z = m) p(t,xz)dx
_ /R IR (011, 30,21) + 3(0)2)]n = ) plt, 2)d (B.13)
= / e p(t, 1) p(t, z)dx
Rd

where the last equality follows from the definition of b in (2.10). Inserting (B.13) in (B.11),
we deduce that this equation can be written in real space as the TE (2.9).

Let us now investigate the regularity of b. To that end, we go back to m and use the
independence between zq, x1, and z, as well as Gaussian integration by parts to deduce that

X 1
m(t, k) = E (@1 (t 20, 21) = iy(e)i(E)k)e™10mw0)) =7 O, (B.14)
As a result

. 2
Im(t, k)|* = \E ((EM (t,mo, 1) — iv(t)f'y(t)k)e’k'l(tﬁxl7930))‘ RG]k
< 2 (B[|0:I(t, 0, 1)) + |y (£)5(8)2|[?) e DIFF (B.15)

< oMy eIk
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and

|0em(t, k)[* < 4 (E[|07I(t, z0,21)]* + (y(m( )+72( £)?) ew2<t>|k|2

8K (BT (8, w0, 1) '] + (4(0)3(0))" k| *) e O (B.16)
< 4 (M + (DA +77() ) o |
+ 8IK[* (M + (1(1)3(1) K] *) O,
where in both cases the last inequalities follow from (2.8). Therefore
VpeN and te (0,1) / |k[P|m(t, k)|dk < oo, / |k[P|10ym(t, k)|dk < 0o, (B.17)
Rd Rd

which implies that the inverse Fourier transform of m is a function j : [0,1] x R? — R? that
satisfies j(,-) € (CP(R%))? for any p € N and any ¢ € (0,1) and can be expressed as

j(t,x) = (2m)~¢ /Rd e R em(t, k)dk = E (9 (t, xo, 1) + 7(t)z|zs = z) p(t, ) = b(t, x)ps ()

(B.18)
where the last equality follows from the definition of b in (2.10). We deduce that b €
C([0, 1]; (CP(R%))4) for any p € N since j € C°([0,1]; (CP(R9))9) and p € C*([0, 1]; CP(RY)),
and p > 0.

Finally, let us establish (2.11). By (2.8) we have

/ b(t, 2)2p(t, 2)dz — / I (OI(t, w0, 21) + 4() |20 = 7) [2p(t, 2)da
R4 R4

<2 / CE (0 (tzo,3)? + BOPPle = 2) plt,a)de (g 1)
< 2R[|0I (£, z0, 21)[% + [4(£)2]2?]
< 2M"? + 2d|5(t) [,

so that this integral is bounded for all ¢t € (0,1). To analyze its behavior at the end points,
notice that the decomposition (2.27) implies that

bo(x) = lim b(t, x) = E1[81(0, z, 21)] — lim 4 (2)y(t) so (),

t—0

bi(z) = lim b(t, z) = Eo[9 (0, o, )] — lim 5 (2)(t)s1(2),

t—1

(B.20)

where sg = Vlog pg, s1 = Vlogp1, Eg and E; denote expectations over xg ~ pg and z1 ~ p1,
respectively, and we used the property that z—g = xo and x4=1 = x1. Since limy_,0 1 ¥(t)7y(t)
exists by our assumption that v € C1([0,1]), by and by are well defined, and

/ |bo ()| po(z)dz < oo, / by ()2 p1(z)de < 0. (B.21)
R4 Rd

by Assumption 5. As a result, the integral in (B.19) is continuous at t = 0 and t = 1, so it
must be integrable on [0,1], and (2.11) holds. [ |
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Theorem 7 (Objective) The wvelocity b defined in (2.10) is the unique minimizer in
C9(]0,1]; (CY(R)Y) of the quadratic objective

1
£ofB) = /0 E (4160t 0] — QI (1,0, 21) +3(1)2) - b(t, ) ) (2.13)

where xy is defined in (2.1) and the expectation is taken independently over (xg,x1) ~ v and
z ~ N(0, Id).

Proof By definition of p, the objective £}, defined in (2.13) can also be written as

1
b| = Lib(t, 2)|? — I (T, xo, x ) Zl’tzm'A,ﬂ? » )T
£ofb] = /O /Rd(glb(u P = E (@I (t, 0, 21) +(0)2fre = ) - b(t, ) ) plt, ) dde b

:/01 /Rd (%|l§(t,x)|2—b(t,x)~3(t,x)) p(t, )dwdt

where we used the definition of b in (2.10). This quadratic objective is bounded from below
since

gb[i)]:;/ol/Rd

1
> —%/ / b(t, z)|* p(t, z)dedt > —co
0 Jrd

R 2 1
b(t,x)—b(t,g;)\ p(t, x)dudt — 1 / / Ib(t, 2)|2 plt, )dadt
0 R4

(B.23)

where the last inequality follows from (2.11). Since p; is positive the minimizer of (B.22) is
unique and given by b = b.
|

Theorem 8 (Score) The score of the probability density p specified in Theorem 6 is in
C([0,1]; (CP(RY))Y) for any p € N and given by

s(t,x) = Viegp(t,z) = —y L (®)E(z|z, = ) V(t,x) € (0,1) x R? (2.14)

In addition it satisfies
we01] / Is(t, ) 2p(t, w)d < oo, (2.15)
R4
and is the unique minimizer in C1([0,1]; (C*(R%))9) of the quadratic objective
1
L] = / E (L18(t, 20)|? + 71 (0)= - 5(t, 20)) dt (2.16)
0

where xy is defined in (2.1) and the expectation is taken independently over (xg,x1) ~ v and
z ~ N(0, Id)
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Proof Since p € C*((0,1); CP(R%)) and is positive by Theorem 6, we already know that
s = Vlogp = Vp/p € C((0,1); (CP(R%))?). To establish (2.14), note that, for ¢ € (0,1)
where v(t) > 0, we have

. . 1 1
E (270%2) = 7 (0)(i0) BN O = 1) (i) 37 OM = iy(tyhe 37 OM
(B.24)
As a result, using the independence between xzg, x1, and z, we have

E (zeik'$t) = iy(t)kg(t, k) (B.25)

where g is the characteristic function of x; defined in (B.1). Using the properties of the
conditional expectation, the left-hand side of this equation can be written as

E (zeik'“) = / E (zeik*’”lazt = x) p(t,x)dx = / E(z|lz; = x) ™ p(t, z)dz  (B.26)
R4 R4
Since the left hand side of (B.25) is the Fourier transform of —v(¢)Vp(t, z), we deduce that
E(zlzy = z) p(t, x) = —y(t)Vp(t, x) = —(t)s(t, z)p(t, ). (B.27)
Since p(t,z) > 0, this implies (2.14) for t € (0,1) where v(¢) > 0.
To establish (2.15), notice that

/ 18(t,2) o(t, 2)de = / E (v} (t)zlr = ) Pplt, 2)da
Rd R4

S/ Y 20E (|22 = ) p(t, )dx (B.28)
Rd
< dy72(t).

This means that this integral is bounded for all ¢ € (0,1). Since the integral is also continuous
at t = 0 and ¢ = 1, with values given by (2.7), it must be integrable on [0,1] and (2.15)
holds.

The objective L, defined in (2.16) can also be written as

1
i — Listt. )2 +~71 zloy =x) - 5(t, @ ,T)aT
el = [ [ (IR 497 OF Gla = 2) - 5(6,0)) ot a)dode o

1
:/ / (315(t,2))* — s(t, @) - 3(t, @) p(t, z)ddt,
0 Rd

where we used the definition of s in (2.14). This quadratic objective is bounded from below
since

1 1
5 =1 8(t,x) — s(t, )| p(t, x)dadt — 3 s(t, )| plt, @)dx
el =4 [ [l = st tentsai— 4 [ [ Jste.o pit.a)daat -

1
> —%/ / |s(t, z)|? p(t, z)dzdt > —o0
0 JRrd

where the last inequality follows from (2.15). Since p is positive the minimizer of (B.29) is
unique and given by § = s. |
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Corollary 52 (Fokker-Planck equations) For any e € C°([0,1]) with e(t) > 0 for all
t € [0,1], the probability density p specified in Theorem 6 satisfies:

1. The forward Fokker-Planck equation
Ohp+ V- (brp) = €(t)Ap,  p(0) = po, (2.20)
where we defined the forward drift
be(t,x) = b(t,x) + €(t)s(t, ). (2.21)

Equation (2.20) is well-posed when solved forward in time from t =0 to t = 1, and its
solution for the initial condition p(t = 0) = po satisfies p(t =1) = p1.

2. The backward Fokker-Planck equation
Oup+V - (bp) = —e(DAp,  p(1) = p, (2.22)
where we defined the backward drift
be(t,x) = b(t,x) — €(t)s(t, z). (2.23)

Equation (2.22) is well-posed when solved backward in time from t =1 to t =0, and its
solution for the final condition p(1) = p1 satisfies p(0) = po.

Proof The forward FPE (2.20) and the backward FPE (2.22) are direct consequences of
the TE (2.9) and (2.14), since the equality

e(t)Ap =€(t)V - (pVlogp) = €(t)V - (sp) (B.31)
can be used to convert between these equations.
|
B.2 Proof of Lemma 19
Lemma 53 (Reverse It6 Calculus) If XP solves the backward SDE (2.34):
1. For any f € C1([0,1]; C3(Ry)) and t € [0, 1], the backward Ité formula holds
df (t, XP) = 0 f(t, XP)dt + VF(XP) - dXP — e()Af(t, X7)dt.  (2.36)
2. For any g € C°([0,1]; (Co(Ry))?4) and t € [0,1], the backward Ité isometries hold:
1 1 2 1 2
B [ ot XP)-awp =0 Bg| [ gt xP)-awp| = [ g lofe.xP) ar
t t t
(2.37)

where BY denotes expectation conditioned on the event XB | = .
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Proof The SDE (2.33) and the ODE (2.32) are the evolution equations for the processes
whose densities solve (2.20) and (2.9), respectively. The equation that requires some
explanation is the backwards SDE (2.34), which can be solved backwards in time from ¢ = 1
to t = 0. As discussed in the main text, by definition, its solution is X2 = ZF_, where Zf
solves the forward SDE

dZF = —bg(1 — t, ZF)dt + v/2edW,. (B.32)

To see how to write the backward It6 formula (2.36) note that given any f € C'1([0, 1]; C2(R%)),
we have

df(1 —t,Zf) = =0, f(1 — t, ZD)dt + V(1 —t, ZF) - dZf + eAf(1 —t, Z7)dt
= -0 f(1 —t, Z0)dt + (—bB(l —t,Z5) VA —t,Z5) + eAf(1 -1, Zf)) dt

+V2eV (1 —t, ZF) - aw,
(B.33)
In integral form, this equation can be written as

f(la Z{:) = f(l - t>Z{:—t)

- /1 (00F(1 = 5.28) + be(1 = . 20) - VI (1 = 5, 20) — eAf(1 - 5, 25) ) ds
1-t
1
—V2e | Vf(l—s,25) dw,.
e (B.34)

Using X2 = fot and WP = —W;_; and changing integration variable from s to 1 — s, this
is

f(LXOB) :f(l_taXtB) _/1 <8tf(87XsB)+bB(S7XE)vf<3aXE) _EAf(SvaB)) ds
t

1
- \/%/ vf(87X38) ’ dWsB7
t

(B.35)
In differential form, this is equivalent to saying that

df(t, XP) = 0uf (t, XP)dt + V (£, XP) - dXP — eAf(XP)dt

= (0ur (. XPB) + ba(t, XP) - V(t, XE) = eAf(t, XP)) dt + VIV [(t, XF) - dW,
(B.36)

which is the backward Ito formula (2.36). Similarly, by the It6 isometries we have: for any
g € C[0,1]; (CY(Ry))?) and t € [0, 1]

2 1
:/ E?|g(s, Z7)|?ds.  (B.37)
1

—t

1
Ex/ g(s,25) -dwy=0, E®
1

—t

1
/ o(s, ZF) - dw,
1

—t

Written in terms of X2, these are (2.37). |
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Derivation of (2.30). For any ¢ € [0,1] the score is the minimizer of

| J3t2) = Viog x)|?p(t, x)dx

= /Rd (J3(t, z)> — 25(t, x) - Viog p(t, z) + |V log p(t, 2)|?) p(t, z)dx (B.38)
= /Rd (\é(t,x)|2 +2V - 5(t,x) 4+ |Vlog p(t,x)|2) p(t, z)dz,

where we used the identity §- Vlogpp = §- Vp and integration by parts to obtain the
second equality. The last term involving |V log p|? is a constant in § that can be neglected
for optimization. Expressing the remaining terms as an expectation over z; and integrating
the result in time gives (2.30).

B.3 Proofs of Lemmas 21 and 22, and Theorem 23.

Lemma 54 Let po : R? — R>o denote a fized base probability density function. Given two
velocity fields b,b € C°([0,1], (CY(R%))?), let the time-dependent densities p : [0,1] x R% —
R>o and p: [0,1] x R? — R>o denote the solutions to the transport equations

Op+ V- (bp) =0, p(0) = po, (2.38)
Po-

ap+V-(bp) =0,  H0)

Then, the Kullback-Leibler divergence of p(1) from p(1) is given by

1
KL(p(1)||[)(1)):/0 /R (Vlog (¢, ) — Vlog p(t,2)) - (b(t, ) — b(t, 2))plt, z)dadt. (2.39)

Proof Using (2.38), we compute analytically

DKL) 11 (1)) = [ o (Z) pdz

:/ ﬁ(a'ip— P28tﬁ> dw—i—/log </A)> Ospdx
i\ P (D) p
= —/ ('?) at[)d:v—i—/ log (ff) Oy pdx
Rd \ P Rd p
p . p
= PYV - (bp)de— [log (L) V- (bp)d
L (5) 7 () s fros(2) - 0mas
:—/ v(’f) -6ﬁdm+/(v1ogp—v1ogﬁ)-bpdg:
R4 p
:—/ (vAp—pr>~lA)[)d:L‘+/ (Vlogp — Vlogp) - bpdx
R4 P Rd

p
:/ (Vlogﬁ—Vlogp)-lA)pd:c—k/ (Vlogp — Vlogp) - bpdx
Rd Rd

:/Rd (Vlogp— Vlogp) - (b— b)pda.
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where we omitted the argument (¢, z) of all functions for simplicity of notation. Integrating
both sides from 0 to 1 completes the proof. |

Lemma 55 Let po : R? — R>o denote a fized base probability density function. Given two
velocity fields be, bg € C°([0, 1], (CY(R9))9), let the time-dependent densities p : [0,1] x R? —
R and p: [0,1] x RY — Rsq denote the solutions to the Fokker-Planck equations
dp+V - (bep) = eAp, p(0) = po,
0ip+V - (bep) = eAp, p(0) = po.
where € > 0. Then, the Kullback-Leibler divergence from p(1) to p(1) is given by

(2.40)

1
KL(p() 1 0) = [ [ (F108t2) = Vo p(t,) - (be(t,) = be(t.2)) . a) o

1
e[ [ 9o pltin) - Vow pit. ) o )t
0 R4
(2.41)
and as a result

A 1 1
KL(p(1) || (1)) < 45/0 /Rd

Proof Similar to the proof of Lemma 21, we can use the FPE in (2.40) to compute
%KL(p(t) || p(t)), which leads to the main result. Instead, we take a simpler approach,
leveraging the result in Lemma 21. We re-write the Fokker-Planck equations in (2.40) as
the (score-dependent) transport equations

p ==V - ((br — €Vlogp)p),
Orp = =V - (b — €V log p)p).
Applying Lemma 21 directly, we find that

be(t, ) — be(t, @) ’ p(t, z)dxdt. (2.42)

(B.39)

1
KL 1) = [ [ [(91085 = V1ogp) - (fir = eV oz ] — br = ¥ loz 1) | .
(B.40)
Expanding the above,

1
KL(p() 150 = [ [ [(7108 = V1og p) - (be — br)] o

1
—6/ / [\Vlogp—VIOg[)ﬂ pdxdt,
0 JRrd

which proves the first part of the lemma. Now, by Young’s inequality, it holds for any fixed

1 > 0 that
1 1
KL(p1 || (1 s//
(1 16(1) < 5 L

1
+ (%77 —€) /0 /]Rd IV log py — V log py|* pedadt. (B.42)

(B.41)

~ 2
be — bp‘ peddt
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Hence, for n = 2e,

<o lomy < g [

which proves the second part of the lemma. |

(B.43)

Theorem 23 Let p denote the solution of the Fokker-Planck equation (2.20) with €(t) =
e > 0. Given two velocity fields b, § € C°([0, 1], (C*(R%))?), define

be(t,x) = b(t, ) + €5(t,x),  B(t,x) = b(t,z) + y(t)¥()3(t, ) (2.43)

where the function v satisfies the properties listed in Definition 1. Let p denote the solution
to the Fokker-Planck equation

Oip+V - (bep) = eAp,  p(0) = po. (2.44)
Then,
KLipn [0 < 5 (&l = minafi) + 5 (£ - min ). 2a5)

where Ly[b] and L4[3] are the objective functions defined in (2.13) and (2.16), and

(E 6] min £, [@]) 4 Pecloa] (72(:) i) — o) (cs[g] ~ min cs[§]> .
(2.46)

KL(pn I 5(1) < 5

where L,[0] is the objective function defined in (2.29).

Proof Observe that by Proposition 18, the target density p; = p(1,-) is the density of
the process X; that evolves according to SDE (2.33). By Lemma 22 and an additional
application of Young’s inequality, we then have that

I .
KL(p1 || p(1)) < / / (|b b2+l s— §|2) pdzdt. (B.44)
2¢ 0 Rd
Using the definition of £;[b] and £,[3] in (2.13), and (2.16), we conclude that
Lo 1900 < g (€]~ min i) + § (£, - min £.5) . (Bay
which is (2.45). Using that b = v — v%s and b=10— ~v4§, we can write (B.43) in this case as
KL(pn I p(1) < o / 5= v — (Y(OF(E) — (6 — )| pdad, (B.46)
€ R4
/ [ (1= + (@0 = 015 - ) pdadt, (B.47)
R4
S(4) — 2
<= (ﬁ 6] — mlnﬁ b ]> n maxye(o,1](7(£)¥(t) — €) <£8[§] _ minﬁs[§]> ,
2e 2e b
(B.48)
which is the final part of the theorem. |
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B.4 Proofs of Lemma 25 and Theorem 26

Lemma 56 Given the velocity field b € C°([0,1], (C*(R%))%), let p satisfy the transport
equation

dp+V - (bp) =0, (2.50)
and let X, (x) solve the ODE
d
%stt(x) = b(t, Xs4(2)), Xss(z) =z, t,s €[0,1] (2.51)

Then, given the PDFs py and p;:

1. The solution to (2.50) for the initial condition p(0) = po is given at any time t € [0, 1] by
t
pit.) = exp (= [ 9000 X 0)dr ) (Xiaa) (2.52)
0
2. The solution to (2.50) for the final condition p(1) = p1 is given at any time t € [0,1] by
1
p(t,x) = exp (/ V- b(r, Xtﬂ—(l‘))d’l') p1(Xea(z)) (2.53)
t
Proof If j solves the TE (2.50) and X, ; solves the ODE (2.51), we have

iﬁ(ta Xop(2)) = 0up(t, Xsp(x)) + b(t, Xsp(2)) - Vp(t, Xs4(2))

dt (B.49)
==V b(t, Xg4(2))p(t, Xs1(2))
This equation implies that
d t
pn <exp (/ V- b(r, XS,T(ZL‘))CZ7‘> p(t, Xs,t(:v))> =0. (B.50)
Integrating (B.50) over [0, ] and setting s = ¢ in the result gives
t
p(t,z) = exp <—/ V- b(r, Xt77(x))d7'> p(0, Xy o(x)) (B.51)
0

If we use the initial condition p(0) = pg, this gives (2.52). Similarly, Integrating (B.50) on
[t,1] and setting s = t in the result gives

At 2) = exp ( /t R Xt,T(x))dT> A1, X1 (2)) (B.52)

If we use the final condition p(1) = p1, this gives (2.53).
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Theorem 26 Given e > 0 and two velocity fields b, € C°([0,1], (C*(R%))4), define
be(t,z) = b(t, x) + €5(t, ),  bg(t,x) = b(t,z) — e3(t, ), (2.54)
and let I and YtB denote solutions of the following forward and backward SDEs:
Ay, = bg(t, Y, )dt + V2edW;, (2.55)
to be solved forward in time from the initial condition Y;F:O =z independent of W; and
dY;B = be(t, YB)dt + V2edW B, WB=—-w_,, (2.56)

to be solved backwards in time from the final condition Yt'il =z independent of WB. Then,
given the densities pg and py:

1. The solution to the forward FPE
Oipr + V- (bepr) = eApr, pe(0) = po, (2.57)

can be expressed att =1 as

pe(t.n) =5 (o (- [ e Vi) m(v2o)) (259)

where E§ denotes expectation on the path of Y conditional on the event Ytil =z.
2. The solution to the backward FPE
Oips + V- (beps) = —eAps,  pa(1) = p1, (2.59)

can be expressed at any t =0 as

1
pe(0,) =B (oxp ([ 9 ba(e. e ) (V). (2.60)
0
where EE denotes expectation on the path of Y;F conditional on YtF:O =z.
Proof Evaluating dpr(t,Y,B) via the backward It6 formula (2.36) we obtain
dpr(t,Y,2) = 0ipr(t, V,2)dt + Vpe(t, V,P) - dY,P — eApr(t, V,7)dt

= Oupe(t, Y,2)dt + Ve (t,Y2) - be(t, V,P)dt + V26V pr(t, Y,2) - dWE — eApe(t, Y,P)dt

= =V b (4, Y,2) (1, Y2 )dt + V2V e (¢, V,P) - dWE.
(B.53)
where we used (2.56) in the second step and (2.57) in the last one. This equation can be
written as a total differential in the form

a (exp <_ /t ' bl Y,B>d7> ﬁF<t,YtB)>

) (B.54)
=V/2eexp <—/ V-BF(T,YTB)dT> Vie(t, YB) - dWg,
t
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which after integration over ¢ € [0, 1] becomes

1
Y2 —exp (= [ et BN ) (o
0

X o (B.55)
=V 26/ exp (—/ V- be(T, YTB)dT) Vi(t,Y;B) - dWg.
0 t

where we used p(0) = po. Taking an expectation conditioned on the event Y;2, = x and
using that the term on the right-hand side has mean zero, we find that

1
pr(1,YE) — Ef exp (— / V- be(t, Yf)dt) po(Yi2o) = 0. (B.56)
0

This gives (2.58).
Similarly, evaluating dpg(t, Y,\) via 1t&’s formula, we obtain

dps(t, V) = 0ipe(t, Y )dt + Ve(t, Yy ) - dYF + eApg(t, V])dt
= O (t, Y, )dt + Vpa(t,Y[7) - be(t, Vi )dt + V2eVpg(t, ) - dW: + eApg(t, Y )dt

= —V - be(t, V) (t, Y )dt + V2eVpa(t, Y[) - AW,
(B.57)
where we used (2.55) in the second step and (2.59) in the last one. This equation can be
written as a total differential in the form

a (exp < /0 'V b, Yf>d7> ﬁB<t,YtF>>

. (B.58)
= V2eexp (/ V - bg(r, Yf)dr) Vig(t, Y, - dw,.
0
Integrating the above on ¢ € [0, 1], we find that
1 ~
exo ([ 9 bo(0, ¥ )at) ;) - e (0.¥Ew)
0 (B.59)

1 t
= \/Z/ exp </ V - b(T, YTF)d7-> Vis(t, ) - dW;.
0 0

where we used p(1) = p;. Taking an expectation conditioned on the event Y,©, = z and
applying the It6 isometry, we deduce that

g (0 ([ 9 bole.00a) V) = (0.0 =0 (8.60)

This gives (2.60).
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B.5 Proof of Theorem 31
Theorem 31 Assume that I(t,xo,z1) = xo fort € [0,6] with some § € (0,1]. Given any

a >0, let
Vaaiz|
/71 —¢ Tt = .T),
where x¢ is given by (3.2) and where E,, ,(-|z; = x) denotes an expectation over 1 ~ p1 L
z ~ N(0, Id) conditioned on xy = x with g € R? fized. Then ud(-,-,zo) € C°(]0,1]; (CP(R?))%)
for any p € N and zo € RE. Moreover, the solutions to the forward SDE

dX?® = ud(t, X3 zo)dt + V2adWs, XL, = o, (3.11)

w(t, z,20) = By, (&J(t, X0, %1) — (3.10)

are such that Xf':1 ~ p1.

Proof Let us first consider what happens on the interval ¢ € [0, 6] where I(t, zg,z1) = z¢ by
assumption and the stochastic interpolant (3.2) with x( fixed and a(t) = a > 0 reduces to

x = o+ /2at(l —t)z with =zofixed, z ~ N(0, Id). (B.61)

The law of this process is simply

xy ~ N(xg, 2at(1 — t)1d), (B.62)
which means that its density satisfies for all ¢ > 0 the FPE
Op + 2atV - (s(t,x)p) = alp, (B.63)
where s(t,x) = Vlog p(t, z) is the score, which is explicitly given by
T — X0
tr)=———- for t J]. B.64
s(t) =g for 1€ (0.4 (B.64)

This means that the drift term in the FPE (B.63) can be written as
Tr — X
1—t
and this equality also holds in the limit as ¢ — 0. It is also easy to check that

T — I v 2at B

2at(1 —t) (1—1)
which is consistent with the drift in (3.10) on ¢ € [0, ] since 041 (t, xg, z1) = 0 on this interval.
Since the right-hand side of (B.65) is nonsingular at ¢ = 0 it also means that the SDE (3.11)
is well-defined for ¢ € [0, 4] and the law of its solutions coincide with that of the process x;
defined (B.61), X&' ~ N(xo,2at(1 — t)Id) for t € [0,0].

Considering next what happens on ¢ € (9, 1], since v(t) = \/2at(1 — t) is only zero at the
endpoint t = 1 where we assume that the density p; satisfies Assumption 5 we can mimick all
the arguments in the proof of of Theorem 6 and Corollaries 10 and 18 to terminate the proof. H

2ats(t,x) = —

for t € (0,46]. (B.65)

(z|xy = ) for t e [0,0] (B.66)

Note that this proof shows that is enough to have 9;I(t = 0, zg, 1) = 0, since this implies
that I(t, 2, 71) = 2o + O(t?). It also shows that, while it is key to use an SDE on t € [0, J]
so that the generative process can spread the mass away from z(, the diffusive noise is no
longer necessary and we could switch back to a probability flow ODE on ¢ € (4, 1] (using a
time-dependent a(t) to that effect with a(t) = 0 for ¢t € (4,1]).

70



STOCHASTIC INTERPOLANTS

B.6 Proof of Lemma 40 and Theorem 41.
Lemma 57 If Assumption (39) holds, then the solution p(t) to (3.35) is the density of the

stochastic interpolant
Ty = T(t7 Oé(t)T_l(O, .’L'()) + 6(t)T_1(1¢ xl)) + ’Y(t)zv (337)
as long as o*(t) + B2(t) + +*(t) = 1.
Proof By definition of the map T in (3.36), if z9 ~ pg and 1 ~ py, then T~1(0,29) ~ N(0, Id)
and T71(1,21) ~ N(0, Id). As a result, since zg, 71, and z are independent, and z ~ N(0, Id),
we have
a(t)T~H0, )+ BT (1, 21)+7(t)z ~ N(0, &*(t) Id+ 52 (t) Id+~*(t) Id) = N(0, Id) (B.67)

where the second equality follows from the condition a?(t) + 8%(t) + +*(t) = 1. Therfore,
using again the definition of the map T

T(t, ()T (0,20) + BT (L,a1) +1(1)2) ~ p(t), (B.68)

and we are done. [}

Theorem 41 Pick some « : [0,1] — [0,1) such that v(0) = (1) = 0, v(t) > 0 for
t € (0,1), v € C*((0,1)) and * € C'([0,1)), and let &; = I(t,z0,x1) + Y(t)z, with
xo ~ po, 1 ~ p1, and z ~ N(0, Id) all independent. Consider the maz-min problem over
1€ C([0,1], (CHR? x R and @ € C°([0, 1], (C* (RH))4):
1
max min / E(%m(t,@mt <8t.f(t,:c0,x1)+("y(t)—e'y_l(t))z> -a(t,fgt))dt. (3.38)
u Jo
If Assumption 39 holds, then all the optimizers (I,u) of (3.38) are such that the density of

the associated x; = 1(t,x0,x1) +Y(t)z is the solution p to (3.35). Moreover, u = V\, with A
the solution to (3.35).

Proof Denote by j(t,z) the density of &; and define the current 7 : [0,1] x RY — R? as
it,x) = E(@tft +y(t)z|x = &) p(t, ). (B.69)

The max-min problem (3.38) can then be formulated as the constrained optimization problem:

maxmln/ /R (Llat, 2)5(t, @) — a(t, @) - j(t, 2)) dadt

(B.70)
subject to: p+V-j=€Ap, pt=0)=py, pt=1)=p
To solve this problem we can use the extended objective
maxmm(/ / Slat, 2)|?p(t, x) — a(t, x) - j(t, z)) dedt
() R4
- / / Mt 2) (Dup(t, ) + V- i(t 7) — eAp(t, z)) dudt (B.71)
R4

+ [ i) (50.2) = la)) da = [ (@) (301,2) = @) dx)
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where A(t, z), no(x), and 71 (x) are Lagrange multipliers used to enforce the constraints. The
unique minimizer (p, j, A) of this optimization problem solves the Euler-Lagrange equations:

Op+V-j=elp, p(t=0)=po plt=1)=p
O+ 3|ul? = —eAN,
J=up
u=VA
We can use the last two equations to write the first two as (3.35), with « = V. Since under
Assumption 39 there is an interpolant that realizes the density p(t) that solves (3.35), we con-

clude that an optimizer (I,u) of the the max-min problem (3.38) exists. For any optimizer,
I will be such that p(t) is the density of x; = I(t, zg,x1) +7(t)z, and u will satisfy u = V. B

(B.72)

B.7 Proof of Theorem 45

Theorem 45 Lett; = j/N withj € {1,..., N}, set X{" = 2, and define forj =1,...,N—
L,

t; alt;)B(t;
xiey = 2ot (oo - SR e i, Gaa)
Then, (5.14) is a consistent integration scheme for the probability flow equation (2.32)
associated with the velocity field (4.16) expressed as in (4.19). That is, if N,j — oo with
Jj/N —t €]0,1], then X]C.'e" — Xy where

X = b(t, Xy) = @Xt + (d(t) -

A(t) M) n2e(t, X1),  Xi=o = 2. (5.15)

In particular, if z ~ N(0, Id), then X" — 21 ~ py in this limit.

Proof Use
Bltj+1)B7A (1) = 1+ BB (1)t — ) + O((ty1 — 1))°) (B.73)
and
altjsn) — alt)B(t31)87M(t5) = (6(t)) — alt) BB (1))t — 1) + O((t311 — 1,)%)
(B.74)

to deduce that (5.14) implies

X960 = X9 4+ B(t5) 871 () X5 (tj41 — 1)

. B.75
+ (aty) — alty)B(t) B (E))n2 (8, X5 (tj11 — t5) + O((tj41 — 15)%). (B79)
or equivalently
KB X 8 L) X9 4 (alty) — alty) )8 ()L, X9 1 Oty11 1,
ﬂ—ﬁ(ﬂﬂ (J) j +(a( ])—a(j)/ﬁ( ])B (t:))ns (Ja j )+ (Hl_ J)'
(B.76)
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Taking the limit as N,j — oo with j/N — t € [0, 1], we recover (5.15) and deduce that
X — X;. |

Note that the proof shows that the result of Theorem 45 also holds if we use a nonuniform
grid of times ¢;, j € {1,...,N}.
B.8 Proof of Theorem 47
Theorem 47 Consider the probability flow equation associated with (5.18),

d
£X{ec(x) = b"°(t, X{*(x)), X[ (x) = =. (5.21)

Then, all solutions are such that X[ (xo) ~ p1 if xo ~ po. In addition, if Assumption (46)
holds, the velocity field defined in (5.18) reduces to

bec(t, ) = &(t)N(t, ) + B(t) Xi=1 (N (¢, z)) (5.22)
and the solution to the probability flow ODE (5.21) is simply
X[*(z) = a(t)z + B(t) Xi=1(x). (5.23)

Proof The first part of the statement can be established by following the same steps as in
the proof of Theorem 6 and Corollary 10. For the proof of the second part, use first (5.17)
written as xj*¢ = M (¢, z) in (5.22) to deduce that

bE(t, ) = G(t)N (8, M(t,2)) + B(6) Xem1 (N (t, M, 2))) = G(t)z + B(t) Xemr (2) = i
(B.77)
This shows that (5.22) is the unique minimizer of (5.19). Next, use (5.23) written as
X{*(x) = M(t,z) in (5.22) to deduce that

bt Xi*(a) = Q)N (t, M (1)) + B(6) Xe= (N (8, M (¢, 2))) = é(t)z + B(t) Xz (2)

(B.78)
This implies that (5.23) solves (5.21), and since the solution of this ODE is unique, we are
done. |

Appendix C. Experimental Specifications

Details for the experiments in Section 7.1 are provided here. Feed forward neural networks
of depth 4 and width 512 are used for each model of the velocities b, v, and s. Training was
done for 7000 iterations on batches comprised of 25 draws from the base, 400 draws from
the target, and 100 time slices. At each iteration, we used a variance reduction technique
based on antithetic sampling, in which two samples +z are used for each evaluation of the
loss. The objectives given in (2.13) and (2.16) were optimized using the Adam optimizer.
The learning rate was set to .002 and was dropped by a factor of 2 every 1500 iterations
of training. To integrate the ODE/SDE when drawing samples, we used the Heun-based
integrator as suggested in Karras et al. (2022).
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ImageNet 32x32 Flowers Flowers (Mirror)
Dimension 32x32 128 %128 128 %128
# Training point 1,281,167 315,123 315,123
Batch Size 512 64 64
Training Steps 8x10° 3.5 x 10° 8 x 10°
Hidden dim 256 128 128
Attention Resolution 64 64 64
Learning Rate (LR) 0.0002 0.0002 0.0002
LR decay (1k epochs) 0.995 0.995 0.985
U-Net dim mult 1,2,2,2] [1,1,2,3,4] [1,1,2,3,4]
Learned t sinusoidal embedding Yes Yes Yes
to, ty for t ~ Uniffty, t¢], learning n (0.0, 1.0] n/a n/a
to, ty for t ~ Unifltg, t], learning s n/a [.0002, .9998] [.0002, .9998]
to,t; when sampling with ODE 0.0, 1.0] 0.0001, 0.9999]  [.0001, .9999)]
to, ty when sampling with SDE, n  [0.0, 0.97] + denoising n/a n/a
to, ty when sampling with SDE, s n/a [.0001, .9999] [.0001, .9999]
v(t) in x4 (t(1—1¢) (t(1—1¢) (10t(1 —¢t)
EMA decay rate 0.9999 0.9999 0.9999
EMA start iteration 10000 10000 10000
# GPUs 2 4 2

Table 3: Hyperparameters and architecture for image datasets.

C.1 Image Experiments

Network Architectures. For all image generation experiments, the U-Net architecture
originally proposed in Ho et al. (2020) is used. The specification of architecture hyperpa-
rameters as well as training hyperparameters are given in Table 3. The same architecture is
used regardless of whether learning b, v, s, or 7.

When using the SDE and learning 7., we found that integrating to a time slightly before
t; = 1.0 and using the denoising formula (5.14) beyond this point provided the best results,
as described in the main text.
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