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Abstract

Motivated by studies of neural networks, particularly the neural tangent kernel theory,
we investigate the large-dimensional behavior of kernel ridge regression (KRR), where the
sample size satisfies n � dγ for some γ > 0. Given a reproducing kernel Hilbert space
(RKHS) H associated with an inner product kernel defined on the unit sphere Sd, we
assume that the true function f∗ρ belongs to the interpolation space [H]s for some s > 0
(source condition). We first establish the exact order (both upper and lower bounds)
of the generalization error of KRR for the optimally chosen regularization parameter λ.
Furthermore, we show that KRR is minimax optimal when 0 < s ≤ 1, whereas for s > 1,
KRR fails to achieve minimax optimality, exhibiting the saturation effect. Our results
illustrate that the convergence rate w.r.t. dimension d varying along γ exhibits a periodic
plateau behavior, and the convergence rate w.r.t. sample size n exhibits a multiple descent
behavior. Interestingly, our work unifies several recent studies on kernel regression in the
large-dimensional setting, which correspond to s = 0 and s = 1, respectively.

Keywords: kernel methods, high-dimensional statistics, reproducing kernel Hilbert space,
minimax optimality, saturation effect

1. Introduction

The recent studies of neural network theory have sparked a renaissance in kernel methods, as
the neural tangent kernel (Jacot et al., 2018) provides a natural surrogate for understanding
sufficiently wide neural networks (Arora et al., 2019; Lee et al., 2019; Lai et al., 2023). When
the dimension of data is fixed, there has been extensive literature on the generalization
behavior of kernel ridge regression (KRR), one of the most widely studied kernel methods
(Caponnetto and de Vito, 2007; Fischer and Steinwart, 2020; Cui et al., 2021). Researchers
typically characterize the generalization behavior of KRR using two fundamental factors:
capacity condition and source condition. Let {λi}∞i=1 denote the eigenvalues associated with
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a reproducing kernel Hilbert space (RKHS) H, the capacity condition assumes that

N1(λ) :=
∞∑
i=1

λi
λi + λ

� λ−
1
β , as λ→ 0,

for some β > 1, where λ > 0 represents the regularization parameter in KRR. The capacity
condition characterizes the size of H and is frequently stated as an equivalent eigenvalue
decay condition: λi � i−β, β > 1. The source condition assumes that the true function f∗ρ
belongs to the interpolation space [H]s for some s > 0, i.e.,∥∥f∗ρ∥∥[H]s

≤ R,

for some constant R > 0. It characterizes the relative smoothness of f∗ρ with respect to H:
the larger s is, the “smoother” f∗ρ is and the easier it can be estimated by KRR. Under this
framework, many interesting topics about KRR’s generalization behavior were studied. For
instance, the minimax optimality of KRR (Fischer and Steinwart, 2020; Zhang et al., 2023)
when 0 < s ≤ 2, the saturation effect of KRR (Bauer et al., 2007; Li et al., 2023a) when
s > 2, the generalization ability of kernel interpolation (Beaglehole et al., 2023; Li et al.,
2024), and the learning curve of KRR (Cui et al., 2021; Li et al., 2023b), etc.. We refer to
Section 1.1 for further discussion on these topics and detailed explanations of the associated
terminologies.

Since neural networks often perform well on data with large dimensionality, studying
kernel regression in the large-dimensional setting (where n � dγ , γ > 0) may offer valuable
insights into the generalization behavior of neural networks. However, in contrast to the
extensive theoretical results in the fixed-dimensional setting, much less is known about
the aforementioned topics in the large-dimensional setting. The first obstacle arises from
the dependence of RKHS eigenvalues on d in a complex and often unwieldy manner. For
example, in the fixed-dimensional setting, the capacity condition actually takes the form:
c(d) · i−β(d) ≤ λi ≤ C(d) · i−β(d), where β(d), c(d) and C(d) all depend on d, and their explicit
expressions can be highly intricate. As a result, the capacity condition does not necessarily
hold in the large-dimensional setting (e.g., the inner product kernel on the unit sphere in
Section 3.2). Second, we find that N1(λ) alone is insufficient to establish a tight upper
bound of the generalization error convergence rate in large-dimensional setting, marking
a key difference from the fixed-dimensional setting. We will see that an extra quantity
N2(λ) :=

∑∞
i=1 (λi/(λi + λ))2 is needed to characterize the eigenvalues of the RKHS. N1(λ)

and N2(λ) have the same convergence rate in the fixed-dimensional setting (Remark 2),
while the rate of N2(λ) can be complicated in the large-dimensional setting (Lemma 23).

There are several recent works investigating the generalization error of kernel regression
in the large-dimensional setting where n � dγ , γ > 0. Ghorbani et al. (2021) considers the
square-integrable function space on the sphere and proves that when γ is a non-integer,
KRR is consistent if and only if the true function is a polynomial with a fixed degree ≤ γ.
They also qualitatively reveal that the excess risk exhibits a periodic plateau behavior,
cited here as Figure 1(a). Liu et al. (2021) considers the setting n � d and assumes source
condition to be s ∈ (0, 2]. They give an upper bound of the generalization error in terms of
bias and variance. Using their upper bound, they demonstrate that there could be multiple
shapes of the generalization curve as the sample size increases. A more recent work Lu et al.
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(a) (b)

Figure 1: Left: Generalization error curve for estimating f∗ρ ∈ L2 (borrowed from Ghorbani
et al. 2021). Right: The curve of the minimax rates for estimating f∗ρ ∈ H
(borrowed from Lu et al. 2023).

(2023) studies early stopping kernel gradient flow in the large-dimensional setting n � dγ .
Assuming f∗ρ ∈ H and considering the inner product kernel on the unit sphere Sd, they prove
an upper bound of the convergence rate and show the minimax optimality of early stopping
kernel gradient flow. Interestingly, their results indicate that the minimax rate of the kernel
regression for f∗ρ ∈ H exhibits the similar periodic plateau phenomenon, cited here as Figure
1(b). This raises a natural and interesting question: is there a unified way to explain the
periodic plateau behavior observed in Ghorbani et al. (2021) and Lu et al. (2023)?

Suppose that H is an RKHS associated with an inner product kernel defined on the
unit sphere Sd. The main focus of this paper is to derive the matching upper and lower
bounds of the generalization error and discuss the minimax optimality of KRR for general
source condition s > 0, i.e., when the true regression function satisfies f∗ρ ∈ [H]s. Allowing s
to vary not only represents a more reasonable assumption for the true function, but also
provides a natural framework to clarify the relation between the results in Ghorbani et al.
(2021) and Lu et al. (2023). In fact, an application of interpolation space theory suggests
that the results in Ghorbani et al. (2021) and Lu et al. (2023) are two special cases of our
results corresponding to s = 0 and s = 1 respectively. Generally, this paper has the following
contributions:

• We consider a more general framework than the traditional capacity-source condition.
We introduce N1(λ),N2(λ),M1(λ) andM2(λ) in (4), which are key quantities depending
on the RKHS, the true function and the regularization parameter λ in KRR. Under
mild assumptions, we use these key quantities to express the matching upper and lower
bounds of the generalization error as long as the regularization parameter satisfies some
approximation conditions (Theorem 1). This framework imposes minimal assumptions
on RKHS eigenvalues and the true function, making it applicable to the large-dimensional
setting and general source condition. In the fixed-dimensional setting, our results in
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Theorem 1 also recovers the state-of-the-art theoretical results about the convergence
rates of KRR in Li et al. (2023b).

• We then add source condition into our new framework and consider the inner product
kernel on the unit sphere Sd. When n � dγ , we derive exact convergence rates (both
upper and lower bounds) of the generalization error under the best choice of regularization
parameter for any source condition s > 0 and almost all γ > 0 (Theorem 4 for s ≥ 1
and Theorem 5 for 0 < s < 1). We will see that the convergence rate w.r.t. dimension
d varying along γ exhibits a periodic plateau behavior, and the convergence rate w.r.t.
sample size n exhibits a multiple descent behavior.

• For the inner product kernel on the unit sphere Sd, we further derive the corresponding
minimax lower bound for all s > 0 and γ > 0. When 0 < s < 1, the exact rates in
Theorem 5 match the minimax lower bound, and thus we prove the minimax optimality
of KRR. When s > 1, the KRR is not minimax optimal, i.e., we discover a new version
of the saturation effect of KRR (the phenomenon that KRR is not minimax optimal,
see the discussion on page 15). In the fixed-dimensional setting, the saturation effect
of KRR only happens when s > 2. In the large-dimensional setting, we find that a
similar phenomenon also happens for 1 < s ≤ 2. Specifically, for any s > 1, there are
corresponding ranges of γ such that the convergence rates of KRR can not achieve the
minimax lower bound even under the best choice of regularization parameter.

1.1 Related work

In the introduction, we highlighted several interesting topics related to the generalization
behavior of KRR. These topics have been well-studied in the fixed-dimensional setting. The
first fundamental question concerns the minimax optimality of KRR. Under the framework of
capacity condition and source condition, Caponnetto and de Vito (2007) proves the minimax
optimality of KRR when the source condition satisfies 1 ≤ s ≤ 2. Then, extensive literature
(see Steinwart et al. 2009; Lin et al. 2018; Fischer and Steinwart 2020; Zhang et al. 2023,
2024 and the reference therein) studies the mis-specified case (0 < s < 1), where Zhang
et al. (2024) proves the minimax optimality for all 0 < s ≤ 2 under further embedding index
condition. The second question concerns the saturation effect of KRR, which occurs when
s > 2. In this regime, no matter how carefully KRR is tuned, the convergence rate can
not achieve the minimax lower bound. The saturation effect is conjectured by Bauer et al.
(2007); Gerfo et al. (2008) and rigorously proved by Li et al. (2023a). A third area of interest
is the generalization ability of kernel interpolation (i.e., taking λ = 0 in KRR), motivated by
the remarkable performance of overparameterized neural networks. The results in Rakhlin
and Zhai (2019), Buchholz (2022), Beaglehole et al. (2023), and Li et al. (2024) imply that
kernel interpolation can not generalize in the fixed-dimensional setting. Last but not least,
Bordelon et al. (2020), Cui et al. (2021), and Li et al. (2023b) study the learning curve of
KRR, which aims to obtain the precise formula (or exact convergence rate) of generalization
error for any regularization parameter λ > 0.

In the large-dimensional setting, these questions remain largely unresolved. Many
researchers have studied these problems from different angles and settings. A line of work
uses the tools of high-dimensional kernel random matrix approximation from Karoui (2010)
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and studies the generalization ability of kernel interpolation (Liang and Rakhlin, 2020;
Liang et al., 2020). When n � d, Liang and Rakhlin (2020) gives an upper bound of the
generalization error of kernel interpolation and claims that the upper bound tends to 0 when
the data exhibits a low-dimensional structure. Further, when n � dγ , γ > 0, Liang et al.
(2020) gives an upper bound with a specific convergence rate, which implies that kernel
interpolation can generalize if and only if γ is not an integer. One closely related topic is
the benign overfitting phenomenon, which we refer to Bartlett et al. (2020), Muthukumar
et al. (2020), Hastie et al. (2022), and Tsigler and Bartlett (2023).

Another line of work follows Ghorbani et al. (2021), which has been mentioned in the
introduction. This line of work adopts the square-integrable assumption of the true function
and aims to obtain the exact generalization error of kernel methods in various settings
(Ghorbani et al., 2020; Mei et al., 2022; Mei and Montanari, 2022; Ghosh et al., 2021; Xiao
et al., 2022; Hu and Lu, 2022; Misiakiewicz, 2022; Donhauser et al., 2021). To our knowledge,
Lu et al. (2023) is the only study that establishes minimax optimality results for specific
kernel methods. As discussed in the introduction, Lu et al. (2023) considers the s = 1 case
(f∗ρ ∈ H) and kernel early stopping gradient flow. We will provide a detailed discussion on
Ghorbani et al. (2021) and Lu et al. (2023) in Section 4.

2. Preliminaries

Let a compact set X ⊆ Rd denote the input space and Y ⊆ R denote the output space. Let
ρ = ρd be an unknown probability distribution on X × Y and denote the corresponding
marginal distribution on X by µ = µd. We use Lp(X , µ) (in short Lp) to represent the
Lp-spaces. Denote the conditional mean as

f∗ρ (x) = f∗ρd(x) := Eρd [ y | x ] =

∫
Y
y dρd(y|x).

Throughout the paper, we make the following assumption:

Assumption 1 Suppose that H = Hd is a separable reproducing kernel Hilbert space
(RKHS) on X ⊂ Rd with respect to a continuous kernel function k = kd satisfying

sup
x∈X

kd(x,x) ≤ κ2,

where κ is an absolute constant.

For example, in Section 3.2, we consider kd as the inner product kernel on the unit
sphere, which takes the form kd(x,x

′) = Φ(〈x,x′〉), where x,x′ ∈ Sd and Φ(·) is a function
independent of the dimension d (see Assumption 4).

By convention in statistical learning, we consider the large-sample-size limit, i.e., the
case where the sample size n is sufficiently large, although our results are non-asymptotic.
This paper allows the dimension d to grow as n grows, meaning that we consider d = d(n)
and a sequence of estimation problems:

Estimating {f∗ρd}d≥1 using the RKHS {Hd}d≥1 or kernel {kd}d≥1.
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In Section 3.1, we will consider the general case d = d(n), where d can be fixed or vary with
n. In Section 3.2 and Section 3.3, we consider a specific large-dimensional setting, where
n � dγ for some γ > 0. In both cases, we suppose that Assumption 1 holds uniformly for all
d ≥ 1. For brevity, in the remainder of this paper, we frequently omit the subscript d in
µd, ρd, f

∗
ρd
, kd,Hd, and other quantities that depend on d.

Suppose that the samples {(xi, yi)}ni=1 are i.i.d. sampled from ρ. Kernel ridge regression
(KRR) constructs an estimator f̂λ by solving the penalized least squares problem

f̂λ = arg min
f∈H

(
1

n

n∑
i=1

(yi − f (xi))
2 + λ‖f‖2H

)
,

where λ > 0 is referred to as the regularization parameter.
Denote the samples as X = (x1, · · · ,xn) and y = (y1, · · · , yn)>. The representer

theorem (see, e.g., Steinwart and Christmann 2008) provides an explicit formula for the
KRR estimator:

f̂λ(x) = K(x,X)(K(X,X) + nλI)−1y, (1)

where
K(X,X) = (k (xi,xj))n×n , K(x,X) = (k (x,x1) , · · · , k (x,xn)) .

We aim to analyze the convergence rate of the generalization error (excess risk) of f̂λ:

Ex∼µ

[(
f̂λ(x)− f∗ρ (x)

)2
]

=
∥∥∥f̂λ − f∗ρ∥∥∥2

L2(X ,µ)
.

Notations. We use the standard asymptotic notations O(·), o(·), Ω(·), and Θ(·). We
also write an � bn for an = Θ(bn); an . bn for an = O(bn); an & bn for an = Ω(bn); an � bn
for an = o(bn). We will also use the probability versions of the asymptotic notations such as
OP(·), oP(·),ΩP(·), and ΘP(·). For instance, we say the random variables Xn, Yn satisfying
Xn = OP(Yn) if and only if for any ε > 0, there exist a constant Cε and Nε such that
P (|Xn| ≥ Cε|Yn|) ≤ ε, ∀n > Nε.

2.1 Integral operator and interpolation space

Let Sk : H → L2(X , µ) denote the natural embedding operator. Its adjoint operator
S∗k : L2(X , µ)→ H is an integral operator. Specifically, for f ∈ L2(X , µ) and x ∈ X ,

(S∗kf) (x) =

∫
X
k
(
x,x′

)
f
(
x′
)

dµ
(
x′
)
.

Under Assumption 1, Sk and S∗k are Hilbert-Schmidt (HS) operators and therefore compact.
Their HS norms (denoted as ‖·‖2) satisfy

‖S∗k‖2 = ‖Sk‖2 = ‖k‖L2(X ,µ) :=

(∫
X
k(x,x)dµ(x)

)1/2

≤ κ.

Next, we define two integral operators:

Lk := SkS
∗
k : L2(X , µ)→ L2(X , µ), T := S∗kSk : H → H. (2)
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Lk and T are self-adjoint, positive-definite and trace class (hence Hilbert-Schmidt and
compact). Their trace norms (denoted as ‖·‖1) satisfy

‖Lk‖1 = ‖T‖1 = ‖Sk‖22 = ‖S∗k‖
2
2 .

The spectral theorem for self-adjoint compact operators yields that there is an at most
countable index set N , a non-increasing summable sequence {λi}i∈N ⊆ (0,∞) and a family
{ei}i∈N ⊆ H, such that {ei}i∈N is an orthonormal basis (ONB) of RanSk ⊆ L2(X , µ) and

{λ1/2
i ei}i∈N is an ONB of H. Further, the integral operators can be written as

Lk =
∑
i∈N

λi 〈·, ei〉L2 ei and T =
∑
i∈N

λi

〈
·, λ1/2

i ei

〉
H
λ

1/2
i ei.

We refer to {ei}i∈N and {λi}i∈N as the eigenfunctions and eigenvalues. Mercer’s theorem
(see, e.g., Steinwart and Christmann 2008, Theorem 4.49) states that

k
(
x,x′

)
=
∑
i∈N

λiei(x)ei
(
x′
)
, x,x′ ∈ X ,

where the convergence is absolute and uniform in x,x′.
Since we are going to consider the source condition in subsequent sections, we now

introduce the interpolation spaces (power spaces) of RKHS. For any s ≥ 0, the fractional
power operator Lsk : L2(X , µ)→ L2(X , µ) is defined as

Lsk(f) =
∑
i∈N

λsi 〈f, ei〉L2 ei.

Then the interpolation space (power space) [H]s is given by

[H]s := RanL
s/2
k =

{∑
i∈N

aiλ
s/2
i ei : (ai)i∈N ∈ `2(N)

}
⊆ L2(X , µ), (3)

equipped with the inner product

〈f, g〉[H]s =
〈
L
−s/2
k f, L

−s/2
k g

〉
L2
.

It follows that [H]s is also a separable Hilbert space with orthogonal basis {λs/2i ei}i∈N . In
particular, we have [H]1 = H. For 0 < s1 < s2, the embeddings [H]s2 ↪→ [H]s1 ↪→ [H]0 ↪→
L2(X , µ) are well-defined and compact (Fischer and Steinwart, 2020). For the functions
in [H]s with larger s, we say they have higher regularity (smoothness) with respect to the
RKHS. In the remainder of this paper, we assume |N | = ∞. Also note that {λi}∞i=1 and
{ei}∞i=1 are dependent on H, and hence depend on d.

3. Main results

3.1 KRR’s generalization error in the general case

In this subsection, we consider a general framework for analyzing the generalization error of
KRR, imposing only mild assumptions on the RKHS H and the true function f∗ρ . In this
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subsection, we allow d to grow with the sample size n and allow H and f∗ρ to vary with
d. Therefore, the results in this subsection are applicable to the large-dimensional setting
n � dγ , γ > 0 (Section 3.2 and Section 3.3).

Given the RKHS H and the corresponding eigenvalues and eigenfunctions, the true
function can be decomposed as f∗ρ =

∑∞
i=1 fiei(x) ∈ L2(X , µ) for some sequence {fi}∞i=1. We

define the following important quantities, which are determined by {λi}∞i=1, {ei}∞i=1, {fi}∞i=1

and regularization parameter λ:

N1(λ) =
∞∑
i=1

(
λi

λi + λ

)
; N2(λ) =

∞∑
i=1

(
λi

λi + λ

)2

;

M1(λ) = ess sup
x∈X

∣∣∣∣∣
∞∑
i=1

(
λ

λi + λ
fiei(x)

)∣∣∣∣∣ ; M2(λ) =

∞∑
i=1

(
λ

λi + λ
fi

)2

.

(4)

We emphasize that {λi}∞i=1, {ei}∞i=1, {fi}∞i=1 depend on d, but the subscript d is omitted
for brevity. Later in Theorem 1, we will express the result of generalization error through
the quantities in (4).

Assumption 2 Suppose that for some absolute constant σ > 0,

E(x,y)∼ρ

[(
y − f∗ρ (x)

)2 ∣∣∣ x] = σ2, µ-a.e. x ∈ X .

Assumption 2 ensures that the noise is non-vanishing, a condition satisfied in the standard
nonparametric regression model y = f∗ρ (x) + ε where ε is an independent nonzero noise.

Assumption 3 Suppose that

ess sup
x∈X

∞∑
i=1

(
λi

λi + λ

)2

e2
i (x) ≤ N2(λ), (5)

and

ess sup
x∈X

∞∑
i=1

λi
λi + λ

e2
i (x) ≤ N1(λ). (6)

Similar to Assumption 1, we suppose that Assumption 2 and 3 hold uniformly for all
d ≥ 1. Assumption 3 naturally holds for RKHSs with uniformly bounded eigenfunctions, i.e.,
supi≥1 supx∈X |ei(x)| ≤ 1. Additionally, RKHSs associated with the inner product kernel on
the unit sphere under the uniform distribution satisfy Assumption 3 (see Lemma 22).

Now we begin to state the first important theorem in this paper.

Theorem 1 Let N1,N2,M1 and M2 be defined as (4), and let d = d(n), which is allowed
to grow as n→∞. Suppose that Assumption 1, 2 and 3 hold. Let f̂λ be the KRR estimator
defined by (1). If the following approximation conditions hold for some λ = λ(d, n)→ 0:

N1(λ)

n
lnn = o(1); n−1N1(λ)2 lnn = o (N2(λ)) ; n−1N1(λ)

1
2M1(λ) = o

(
M2(λ)

1
2

)
, (7)
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then we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
σ2N2(λ)

n
+M2(λ)

)
. (8)

The notation ΘP only involves absolute constants.

Equation (8) presents the generalization error conditional on the input samples X =
(x1, · · · ,xn), where the randomness in ΘP arises from X. Theorem 1 provides the matching
upper and lower bounds (8) for all λ satisfying the approximation conditions (7), where Ni(λ)
and Mi(λ), i = 1, 2, depend on d and n through λ = λ(d, n). In (8), the term σ2N2(λ)/n
corresponds to the variance, while M2(λ) corresponds to the bias. Generally speaking, the
conditions in (7) are more likely to hold for “larger” λ. For instance, we will show in the
proof of Theorem 4 that if the conditions in (7) hold for λ0 = d−l0 , then they hold for all
λ = d−l, 0 < l < l0.

Remark 2 Theorem 1 shows that the generalization error is determined by N1(λ),N2(λ),
M1(λ) and M2(λ), and applies to both high-dimensional settings (d = d(n)→∞) and fixed-
dimensional setting (d is fixed). Under the capacity condition (β) and source condition (s)
framework (as discussed in Section 1) in the fixed-dimensional setting, Theorem 1 recovers
the state-of-the-art results in Li et al. (2023b). Specifically, calculation shows that, as
λ = λ(n)→ 0,

N1(λ) � N2(λ) � λ−
1
β , M1(λ) . λ

min{s,2}
2 , M2(λ) � λmin{s,2}, (9)

where the bound of M1(λ) actually requires an extra technical embedding index assumption
(see, e.g., Li et al. 2023b). Therefore, Theorem 1 yields that, for λ = λ(n)� n−β,

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
λ
− 1
β

n
+ λmin{s,2}

)
,

which is consistent with Theorem 3.2 in Li et al. (2023b). As a corollary, choosing λ � n−
β

sβ+1

yields that KRR achieves the minimax optimal rate n
− sβ
sβ+1 when 0 < s ≤ 2.

We emphasize that proving such tight bounds in the large-dimensional setting is nontrivial.
In addition, the bounds in (9) under the capacity-source condition framework no longer
hold in the large-dimensional setting. In the next subsection, we consider a specific setting,
where exact convergence rates of N1(λ),N2(λ),M1(λ) and M2(λ) can be calculated, and
derive concrete convergence rates through (8).

3.2 Applications to inner product kernel on the unit sphere

In this subsection, we consider the inner product kernel on the unit sphere Sd with uniform
distribution. In the large-dimensional setting n � dγ , γ > 0, and under an additional
source condition assumption, we apply Theorem 1 to establish the convergence rates of the
generalization error of the KRR estimator. We then derive the corresponding minimax lower
bound, allowing us to discuss the minimax optimality and the saturation effect of KRR.
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Suppose that X = Sd and µ is the uniform distribution on Sd. We consider the inner
product kernel, i.e., there exists a function Φ(t) : [−1, 1] → R such that kd(x,x

′) =
Φ (〈x,x′〉) ,∀x,x′ ∈ Sd. Then Mercer’s decomposition for the inner product kernel is then
expressed in the basis of spherical harmonics:

kd(x,x
′) =

∞∑
k=0

µk

N(d,k)∑
l=1

Yk,l(x)Yk,l(x
′),

where {Yk,l}
N(d,k)
l=1 are spherical harmonic polynomials of degree k; µk are the eigenvalues (also

depending on d) with multiplicity N(d, 0) = 1; N(d, k) = 2k+d−1
k

(k+d−2)!
(d−1)!(k−1)! , k = 1, 2, · · · .

Assumption 4 (Inner product kernel) Suppose that k = {kd}∞d=1 satisfies

kd(x,x
′) = Φ

(
〈x,x′〉

)
, ∀x,x′ ∈ Sd,

where Φ(t) ∈ C∞ ([−1, 1]) is a fixed function independent of d and

Φ(t) =
∞∑
j=0

ajt
j , aj > 0, ∀j = 0, 1, 2, · · ·

Assumption 4 formally defines the kernel considered in this subsection. We assume all
coefficients {aj}∞j=0 are positive to simplify the main results and proofs. In fact, the proof
remains similar for other inner product kernels, provided that the positive coefficients can
be identified, for example, the neural tangent kernel in Section 3.3. We assume Φ(t) to be
fixed (i.e., assume {aj}∞j=0 to be independent of d) and ignore the dependence of constants
on {aj}∞j=0 in the rest of our paper.

The inner product kernel has attracted extensive research (Liang et al., 2020; Ghorbani
et al., 2021; Misiakiewicz, 2022; Xiao et al., 2022; Lu et al., 2023, etc.). We have a concise
characterization of µk and N(d, k) for the inner product kernel on the unit sphere, which
enables us to calculate the exact convergence rates of the key quantities in (4). We refer
to Lemma 19, 20 and 21 in Appendix B.1 for details about µk and N(d, k). The extension
to general kernel can be extremely complicated and most existing results only consider the
case where X is the sphere (as this paper) or discrete hypercube (see, e.g., Mei et al. 2022
and Aerni et al. 2022).

We next introduce the source condition, which characterizes the relative smoothness of
f∗ρ with respect to H.

Assumption 5 (Source condition)

(a) Suppose that f∗ρ (x) = f∗ρd(x) =
∞∑
i=1

fiei(x) ∈ [H]s for some s > 0 and satisfies that,

∥∥f∗ρ∥∥[H]s
≤ Rγ ,

where Rγ is a constant only depending on γ.

10



Optimal Rates of Kernel Ridge Regression under Source Condition in Large Dimensions

(b) Denote q as the smallest integer such that q > γ and µq 6= 0. For k ∈ N, define Ik as
the index set satisfying λi ≡ µk, i ∈ Ik. Further suppose that there exists an absolute
constant c0 > 0 such that for any d and k ∈ {0, 1, · · · , q} with µk 6= 0, we have∑

i∈Ik

µ−sk f2
i ≥ c0. (10)

Note that f∗ρ and H vary with d, thus {fi}∞i=1, {µk}∞k=0, {Ik}∞k=0 also depend on d. We
omit the subscript d and assume Assumption 5 to hold uniformly for all d ≥ 1.

Remark 3 Assumption 5 (a) is usually used as the traditional source condition (Caponnetto,
2006; Fischer and Steinwart, 2020, etc.). Assumption 5 (a) allows f∗ρ to have a larger

source condition, i.e., f∗ρ ∈ [H]s
′

for some s′ > s. Consequently, we can only obtain the
generalization error upper bound under Assumption 5 (a). Assumption 5 (b) is equivalent to
assuming that the [H]s norm of the projection of f∗ρ on the first (bγc+1)-th eigenspaces (with
multiplicity) is non-vanishing. Assumption 5 (b) enables us to study the worst generalization
error convergence rate among functions f∗ρ that belong precisely to [H]s. In other words, by
calculating the interpolation norm (3), Assumption 5 implies: f∗ρ ∈ [H]s for any d; and
for any t > s, f∗ρ /∈ [H]t when d is sufficiently large.

Now we are ready to state two theorems about the exact convergence rates of the
generalization error of KRR, which deal with two different ranges of source condition: s ≥ 1
and 0 < s < 1.

Theorem 4 (Exact convergence rates when s ≥ 1) Suppose that there exist absolute
constants c1, c2, γ > 0 such that, for any d ∈ N+, the sample size satisfies c1d

γ ≤ n ≤ c2d
γ.

Consider X = Sd and the marginal distribution µd to be the uniform distribution. Let k = kd
be the inner product kernel on Sd satisfying Assumption 1 and 4. Further suppose that the
true function f∗ρ = f∗ρd satisfies Assumption 2 and Assumption 5 for some s ≥ 1. Let f̂λ be
the KRR estimator defined by (1). Define s̃ = min{s, 2}, then we have:

(i) If γ ∈ (p+ ps̃, p+ ps̃+ 1] for some p ∈ N, by choosing λ = d−
γ+p−ps̃

2 ·1p>0 +d−
γ
2 ln d ·

1p=0, we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] =

ΘP
(
d−γ ln2 d

)
= ΘP

(
n−1 ln2 n

)
, p = 0,

ΘP (d−γ+p) = ΘP

(
n
−1+ p

γ

)
, p > 0;

(ii) If γ ∈ (p+ ps̃+ 1, p+ ps̃+ 2s̃− 1] for some p ∈ N, by choosing λ = d−
γ+3p−ps̃+1

4 , we
have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
d−

γ−p+ps̃+1
2

)
= ΘP

(
n
− γ−p+ps̃+1

2γ

)
;

(iii) If γ ∈ (p+ ps̃+ 2s̃− 1, (p+ 1) + (p+ 1)s̃] for some p ∈ N, by choosing λ = d−
γ+(p+1)(1−s̃)

2 ,
we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
d−(p+1)s̃

)
= ΘP

(
n
− (p+1)s̃

γ

)
.

11
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The notation ΘP involves constants only depending on s, σ, γ, c0, κ, c1 and c2. In addition,
the convergence rates of the generalization error of KRR can not be faster than above for
any choice of regularization parameter λ = λ(d, n)→ 0.

Theorem 5 (Exact convergence rates when 0 < s < 1) Suppose that there exist abso-
lute constants c1, c2, γ > 0 such that, for any d ∈ N+, the sample size satisfies c1d

γ ≤ n ≤
c2d

γ. Consider X = Sd and the marginal distribution µd to be the uniform distribution. Let
k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4. Further suppose
that the true function f∗ρ = f∗ρd satisfies Assumption 2 and Assumption 5 for some 0 < s < 1.

Let f̂λ be the KRR estimator defined by (1). Then we have:

• If 1
2 < s < 1:

(i) If γ ∈ (p+ ps, p+ ps+ s] for some p ∈ N, by choosing λ = d−
γ+p−ps

2 ·1p>0+d−
γ
2 ln d·

1p=0, we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] =

ΘP
(
d−γ ln2 d

)
= ΘP

(
n−1 ln2 n

)
, p = 0,

ΘP (d−γ+p) = ΘP

(
n
−1+ p

γ

)
, p > 0;

(ii) If γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] for some p ∈ N, by choosing λ = d−
2p+s

2 , we
have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
d−(p+1)s

)
= ΘP

(
n
− (p+1)s

γ

)
;

The notation ΘP involves constants only depending on s, σ, γ, c0, κ, c1 and c2.

• If 0 < s ≤ 1
2 : we have the same convergence rates as the case s ∈ (1

2 , 1) for those

γ >
3s

2(s+ 1)
.

Remark 6 For technical reasons, when 0 < s ≤ 1/2, we only prove the convergence rates
for those γ > 3s/2(s + 1). Note that we have 3s/2(s + 1) < 1/2 when 0 < s ≤ 1/2; and
3s/2(s+ 1)→ 0 when s→ 0. Therefore, we have actually proved for almost all γ > 0.

Theorem 4 and Theorem 5 establish exact convergence rates (both upper and lower
bounds) of KRR’s generalization error, which is a significantly stronger result than proving
only an upper bound. As we will see in Appendix B.4, since ‖f∗ρ‖L∞ could be infinite when
s < 1 thus M1(λ) could be infinite, the proof of Theorem 5 requires a little more technique.
In addition, we will prove in Theorem 7 that the rates in Theorem 5 (s ≤ 1) achieve the
minimax lower bound. Together with the statement at the end of Theorem 4, we actually
prove that the rates in Theorem 4 and Theorem 5 are the fastest convergence rates that
KRR can achieve.

Theorem 4 and Theorem 5 reveal that the convergence rate varying along γ exhibits
periodicity, specifically γ ∈

(
p+ ps, (p+ 1) + (p+ 1)s

]
for each p ∈ N. This is due to the

special form of eigenspaces of the inner product kernel. Specifically, the properties of the

12



Optimal Rates of Kernel Ridge Regression under Source Condition in Large Dimensions

eigenvalues (Lemma 19 and Lemma 21) yield that: by choosing λ = dl, l > 0, the order
of N2(λ) and M2(λ) in Theorem 1 has the period l ∈ (p, p + 1] for each p ∈ N (Lemma
23 and Lemma 25). Balancing the two term in the generalization error bound (8), i.e.,
N2(λ)/n andM2(λ), yields specific relation between l and γ, which finally yields the period
of γ ∈

(
p+ ps, (p+ 1) + (p+ 1)s

]
. We refer to Appendix B.3 and Appendix B.4 for detailed

calculations.

Next, we will state the minimax lower bound in the same large-dimensional and source
condition setting as Theorem 4 and Theorem 5.

Theorem 7 (Minimax lower bound) Suppose that there exist absolute constants c1, c2, γ >
0 such that, for any d ∈ N+, the sample size satisfies c1d

γ ≤ n ≤ c2d
γ. Consider X = Sd and

the marginal distribution µd to be the uniform distribution. Let k = kd be the inner product
kernel on Sd satisfying Assumption 1 and 4. Let P = Pd consists of all the distributions
ρ = ρd on X × Y such that Assumption 2 holds and Assumption 5 holds for some s > 0.
Then we have:

(i) If γ ∈ (p+ ps, p+ ps+ s] for some p ∈ N, for any ε > 0, there exist constants C1 and
C only depending on s, ε, γ, σ, κ, c1 and c2 such that for any d ≥ C, we have:

min
f̂

max
ρ∈P

E(X,y)∼ρ⊗n
∥∥∥f̂ − f∗ρ∥∥∥2

L2
≥ C1d

−γ+p−ε; (11)

(ii) If γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] for some p ∈ N, there exist constants C1 and C
only depending on s, γ, σ, κ, c1 and c2 such that for any d ≥ C, we have:

min
f̂

max
ρ∈P

E(X,y)∼ρ⊗n
∥∥∥f̂ − f∗ρ∥∥∥2

L2
≥ C1d

−(p+1)s. (12)

Theorem 7 states that no estimator (or learning method) that can achieve faster conver-
gence rates than those given in (11) and (12).

Figure 2 summarizes the results in Theorem 4, Theorem 5 and Theorem 7, illustrating
the convergence rates of KRR and the corresponding minimax lower rates with respect to
dimension d for any γ > 0. We can see that the rates decrease when the scaling γ increases,
indicating that the performance becomes better when the sample size n grows. Moreover,
we can observe several intriguing phenomena.

Curve’s evolution with source condition. Since we consider source condition s > 0, we
can compare the rate curves in Figure 2 for different s and see how they evolve with s.

Let us first see the minimax lower rates. For any s > 0, there are 2 periods with respect
to the value of γ: The first period, (p+ ps, p+ ps+ s], p ∈ N, shrinks to 0 as s approaches 0;
The second period, (p+ ps+ s, (p+ 1) + (p+ 1)s], remains constant at length 1 for all s > 0.
Next, we examine the convergence rates of KRR, which exhibit more intricate behavior.

• When 0 < s ≤ 1, there are 2 periods with respect to the value of γ and the curve is
the same as the minimax lower rates. (In fact, Theorem 5 only proves the results for
γ > 3s/2(s+ 1) when s ≤ 1/2, we write γ > 0 with a little bit of notation abusement.)
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(a) (b)

(c) (d)

(e) (f)

Figure 2: Convergence rates of KRR in Theorem 4, Theorem 5 and corresponding minimax
lower rates in Theorem 7 (ignoring a ε-difference) with respect to dimension
d. We present six graphs corresponding to six different source conditions: s =
0.01, 0.5, 1.0, 1.5, 2.0, 2.5. The x-axis represents asymptotic scaling, γ : n � dγ ; the
y-axis represents the convergence rate of generalization error, r : error � dr.
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• When 1 < s < 2, there are 3 periods with respect to the value of γ: The length of the
first period, i.e., (p+ ps, p+ ps+ 1], equals 1 for all 1 < s < 2; The length of the second
period, i.e., (p+ ps+ 1, p+ ps+ 2s− 1] is 2s− 2, thus this period will degenerate as s
getting close to 1; The length of the third period, i.e., (p+ ps+ 2s− 1, (p+ 1) + (p+ 1)s]
is 2− s, thus this period will degenerate as s getting close to 2.

• When s ≥ 2, the curve does not change with s and there are 2 periods with respect to
the value of γ: The length of the first period, i.e., (3p, 3p+ 1], equals 1 for all s ≥ 2; The
length of the second period, i.e., (3p+ 1, 3p+ 3], equals 2 for all s ≥ 2.

Minimax optimality and new saturation effect of KRR. Figure 2 (a)(b)(c) show that the
convergence rates of KRR match the minimax lower bound for all γ > 0, establishing the
minimax optimality of KRR when 0 < s ≤ 1. In contrast, when s > 1, Figure 2 (d)(e)(f)
illustrate that KRR can not achieve the minimax lower bound in Theorem 7 for certain
ranges of γ, which we refer to as the “new saturation effect” of KRR.

In the fixed-dimensional setting, the saturation effect (Li et al., 2023a) says that when
source condition satisfies s > 2, no matter how carefully KRR is tuned, the convergence rate
can not achieve the minimax lower bound. Specifically, when the capacity condition (β) and
source condition (s) are assumed in the fixed-dimensional setting, the best convergence rate

of KRR is n
− 2β

2β+1 when s > 2, which does not achieve the minimax lower bound n
− sβ
sβ+1 . In

the large-dimensional setting and for inner product kernel on the unit sphere, our results
show that the saturation effect of KRR happens in a new regime 1 < s ≤ 2. In addition,
we conjecture that there are other spectral algorithms (e.g., kernel gradient flow) that can
achieve the minimax lower bound in Theorem 7 for all s > 0.

Periodic plateau behavior. If 0 < s < 2, Figure 2 (a)(b)(c) show that within specific
intervals of γ, the vertical axis value, r, remains constant. We refer to such ranges of γ
as the plateau period. When s exceeds 2, the plateau period of KRR’s convergence rates
degenerates and the plateau period of minimax lower rates still exists. Also note that the
length of each plateau period varies with the values s > 0.

For these plateau periods, if we fix a large dimension d and increase γ (or equivalently,
increase the sample size n), the convergence rates of KRR or minimax lower rates stay
invariant in certain ranges. Therefore, in order to improve the rate, one has to increase the
sample size above a certain threshold.

Figure 3 provides an alternative representation of our results, which shows the convergence
rates of KRR and corresponding minimax lower rates with respect to sample size n. We can
observe the “multiple descent behavior” (for both the convergence rates of KRR and the
minimax lower rates) from Figure 3.

Multiple descent behavior. We first examine the minimax lower rates. For any s > 0, the
curve attains peaks at γ = p+ps, p ∈ N+, and reaches isolated valleys at γ = p+ps+s, p ∈ N+.
Next, we examine the convergence rates of KRR:

• When 0 < s ≤ 1, the curve is the same as the curve of minimax lower rates.
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(a) (b) (c)

Figure 3: Convergence rates of KRR in Theorem 4, Theorem 5 and corresponding minimax
lower rates in Theorem 7 (ignoring a ε-difference) with respect to sample size n.
We present 3 graphs corresponding to 3 kinds of source conditions: s = 0.5, 1.5, 2.5.
The x-axis represents asymptotic scaling, γ : n � dγ ; the y-axis represents the
convergence rate of generalization error, r : error � nr.

• When 1 < s < 2, the curve achieves its peaks at γ = p+ ps̃, p ∈ N+; achieve its isolated
valleys at γ = p+ ps̃+ 1, p ∈ N+ and achieve its hillside at γ = p+ ps̃+ 2s̃− 1, p ∈ N+.

• When s ≥ 2, the curve does not change with s, which achieves its peaks at γ = 3p, p ∈ N+,
and achieve its isolated valleys at γ = 3p+ 1, p ∈ N+.

3.3 Applications to neural tangent kernel

In this subsection, we consider a specific example: the neural tangent kernel (NTK) of a
two-layer fully connected ReLU neural network kd = kNT

d . We continue to suppose that
X = Sd and µ is the uniform distribution on Sd. It has been shown in Bietti and Mairal
(2019); Lu et al. (2023) that the NTK is an example of inner product kernel satisfying

kNT
d (x,x′) = Φ

(
〈x,x′〉

)
, ∀x,x′ ∈ Sd,

where Φ(t) =
∑∞

j=0 ajt
j ∈ C∞ ([−1, 1]) is a fixed function independent of d and

a0 > 0; a1 > 0; aj > 0, ∀j = 2, 4, 6, · · · ; aj = 0, ∀j = 3, 5, 7, · · ·

Lemma 5 in Lu et al. (2023) also shows that sup
x∈X

kNT
d (x,x) ≤ 1.

For the neural tangent kernel kNT
d , the following theorems establish the exact convergence

rates of the generalization error of KRR and the corresponding minimax lower bound. As the
proofs are similar to Theorem 4, Theorem 5 and Theorem 7, we omit the proofs of the following
theorems for brevity. Throughout this subsection, we define INT = {0, 1} ∪ {2, 4, 6, · · · },
where aj > 0 for all j ∈ INT.

Theorem 8 (NTK: exact convergence rates when s ≥ 1) Suppose that there exist ab-
solute constants c1, c2, γ > 0 such that, for any d ∈ N+, the sample size satisfies c1d

γ ≤ n ≤
c2d

γ. Consider X = Sd and the marginal distribution µd to be the uniform distribution. Let
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k = kNT
d be the neural tangent kernel of a two-layer fully connected ReLU neural network on

Sd. Further suppose that the true function f∗ρ = f∗ρd satisfies Assumption 2 and Assumption

5 for some s ≥ 1. Let f̂λ be the KRR estimator defined by (1). For any p ∈ INT, we define
p′ = p+ 2, if p ≥ 2; and p′ = p+ 1, if p ≤ 1. Define s̃ = min{s, 2}, then we have:

(i) If γ ∈ (p+ ps̃, p′ + ps̃] for some p ∈ INT, by choosing λ = d−
γ+p−ps̃

2 ·1p>0+d−
γ
2 ln d·1p=0,

we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] =

ΘP
(
d−γ ln2 d

)
= ΘP

(
n−1 ln2 n

)
, p = 0,

ΘP (d−γ+p) = ΘP

(
n
−1+ p

γ

)
, p > 0;

(ii) If γ ∈ (p′ + ps̃, 2p′s̃− p′ + 2p− ps̃] for some p ∈ INT, by choosing λ = d−
γ+p′+2p−ps̃

4 , we
have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
d−

γ
2

+ p′
2
− ps̃

2
−2

)
= ΘP

(
n
− 1

2
+ p′

2γ
− ps̃

2γ
− 2
γ

)
;

(iii) If γ ∈ (2p′s̃− p′ + 2p− ps̃, p′ + p′s̃] for some p ∈ INT, by choosing λ = d−
γ+p′(1−s̃)

2 , we
have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
d−p

′s̃
)

= ΘP

(
n
− p
′s̃
γ

)
.

The notation ΘP involves constants only depending on s, σ, γ, c0, c1 and c2.

Theorem 9 (NTK: exact convergence rates when 0 < s < 1) Suppose that there ex-
ist absolute constants c1, c2, γ > 0 such that, for any d ∈ N+, the sample size satisfies
c1d

γ ≤ n ≤ c2d
γ. Consider X = Sd and the marginal distribution µd to be the uniform

distribution. Let k = kNT
d be the neural tangent kernel of a two-layer fully connected ReLU

neural network on Sd. Further suppose that the true function f∗ρ = f∗ρd satisfies Assumption

2 and Assumption 5 for some 0 < s < 1. Let f̂λ be the KRR estimator defined by (1). For
any p ∈ INT, we define p′ = p+ 2, if p ≥ 2; and p′ = p+ 1, if p ≤ 1. Then we have:

• If 1
2 < s < 1:

(i) When γ ∈ (p + ps, p + p′s] for some p ∈ INT, by choosing λ = d−
γ+p−ps

2 · 1p>0 +

d−
γ
2 ln d · 1p=0, we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] =

ΘP
(
d−γ ln2 d

)
= ΘP

(
n−1 ln2 n

)
, p = 0,

ΘP (d−γ+p) = ΘP

(
n
−1+ p

γ

)
, p > 0;

(ii) When γ ∈ (p+ p′s, p′ + p′s] for some p ∈ INT, by choosing λ = d−p−
(p′−p)s

2 , we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
d−p

′s
)

= ΘP

(
n
− p
′s
γ

)
;

The notation ΘP involves constants only depending on s, σ, γ, c0, c1 and c2.
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• If 0 < s ≤ 1
2 : we have the same convergence rates as the case s ∈ (1

2 , 1) for those

γ >
3s

2(s+ 1)
.

Theorem 10 (NTK: minimax lower bound) Suppose that there exist absolute constants
c1, c2, γ > 0 such that, for any d ∈ N+, the sample size satisfies c1d

γ ≤ n ≤ c2d
γ. Consider

X = Sd and the marginal distribution µd to be the uniform distribution. Let k = kd be the
neural tangent kernel of a two-layer fully connected ReLU neural network on Sd. Let P = Pd
denote the set of all the distributions ρ = ρd on X × Y such that Assumption 2 holds and
Assumption 5 holds for some s > 0. Then we have:

(i) When γ ∈ (p+ ps, p+ p′s] for some p ∈ INT, for any ε > 0, there exist constants C1 and
C only depending on s, ε, γ, σ, c1 and c2 such that for any d ≥ C, we have:

min
f̂

max
ρ∈P

E(X,y)∼ρ⊗n
∥∥∥f̂ − f∗ρ∥∥∥2

L2
≥ C1d

−γ+p−ε;

(ii) When γ ∈ (p + p′s, p′ + p′s] for some p ∈ INT, there exist constants C1 and C only
depending on s, γ, σ, c1 and c2 such that for any d ≥ C, we have:

min
f̂

max
ρ∈P

E(X,y)∼ρ⊗n
∥∥∥f̂ − f∗ρ∥∥∥2

L2
≥ C1d

−p′s;

The results in this subsection are consistent with the theorems in Section 3.2 if we
redefine p′ = p+ 1,∀p = 0, 1, 2, · · · .

4. Conclusion and discussion

In this paper, we first establish a new framework for studying the asymptotic generalization
error of kernel ridge regression (Theorem 1). This framework imposes minimal assumptions
on the RKHS, the true function and the relation between d and n, making it suitable
for studying various topics about KRR’s generalization error in both fixed-dimensional
and large-dimensional settings. Moreover, the Theorem 1 establishes the matching upper
and lower bounds of the generalization error with a suitable choice of the regularization
parameter, which is more informative than just the upper bound.

Building on this framework, we analyze the inner product kernel on the unit sphere
and the large-dimensional setting (n � dγ , γ > 0). Assuming that f∗ρ belongs to [H]s, an
interpolation space of the RKHS, Theorem 4 and Theorem 5 establish the exact convergence
rates of KRR’s generalization error under the best choice of regularization parameter and
Theorem 7 proves the corresponding minimax lower bound. These results show the minimax
optimality of KRR when 0 < s ≤ 1 and the new saturation effect of KRR s > 1. We
also discuss how the convergence rate curves evolve with the value of s and highlight the
“periodic plateau behavior” (for the rate w.r.t. d) and “multiple descent behavior” (for the
rate w.r.t. n) in the large-dimensional setting.

Similar periodic behavior has been observed in prior studies on kernel methods in the
large-dimensional setting. We now discuss key related works. There is a line of work studying
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the inconsistency of kernel methods with inner product kernels in the large-dimensional
setting n � dγ , γ > 0 (Ghorbani et al., 2021; Mei et al., 2022; Misiakiewicz, 2022, etc.).
Assuming the true function f∗ρ to be square-integrable (or equivalently s = 0 in our setting)
on the unit sphere, Ghorbani et al. (2021, Theorem 4) proves that the generalization error
of KRR RKR

(
f∗ρ ,X, λ

)
satisfies (with high probability)∣∣∣RKR

(
f∗ρ ,X, λ

)
−
∥∥P>`f

∗
ρ

∥∥2

L2

∣∣∣ ≤ ε(∥∥f∗ρ∥∥2

L2 + σ2
)
,∀ 0 < λ < λ∗, (13)

where ` = bγc is the greatest integer that is less or equal to γ, P>` means the projection onto
polynomials with degree > `, ε is any positive real number and λ∗ is defined as Ghorbani
et al. 2021, Eq.(20). (13) implies that generalization error drops sharply when γ crosses an
integer and remains constant otherwise (see the schematic illustration in Ghorbani et al.
2021, Figure 5). In our paper, when s > 0 and sufficiently close to 0, similar behavior can
be observed in Figure 2 (a) that the rate drops abruptly around each integer γ ∈ N.

A more recent work Lu et al. (2023) considers the optimality of early stopping kernel
gradient flow in the same large-dimensional setting c1d

γ ≤ n ≤ c2d
γ , γ > 0. They also

consider inner product kernel on the sphere and assume that the true function falls into
the RKHS f∗ρ ∈ H (or equivalently, s = 1). Denoting p = bγ/2c, Lu et al. 2023, Theorem

4.3 proves that by properly choosing the early stopping time T̂ , the upper bound of the
convergence rate is:

• When γ ∈ {2, 4, 6, · · · }, then, there exist constants C and Ci, where i = 1, 2, 3, only
depending on γ, c1, and c2, such that for any d ≥ C, we have∥∥f

T̂
− f?

∥∥2

L2 ≤ C1n
− 1

2

holds with probability at least 1− C2 exp{−C3n
1/2}.

• When γ ∈
⋃∞
j=0(2j, 2j + 1], for any δ > 0, there exist constants C and Ci, where

i = 1, 2, 3, only depending on γ, δ, c1, and c2, such that for any d ≥ C, we have∥∥f
T̂
− f∗ρ

∥∥2

L2 ≤ C1n
− γ−p

γ log(n)

holds with probability at least 1− δ − C2 exp{−C3n
p/γ log(n)}.

• When γ ∈
⋃∞
j=0(2j + 1, 2j + 2), then, for any δ > 0, there exist constants C and Ci,

where i = 1, 2, 3, only depending on γ, δ, c1, and c2, such that for any d ≥ C, we have∥∥f
T̂
− f?

∥∥2

L2 ≤ C1n
− p+1

γ

holds with probability at least 1− δ − C2 exp{−C3n
1−(p+1)/γ}.

Ignoring the logarithmic factor, a straightforward calculation reveals that the convergence
rate coincides with the rate in Theorem 4 when s = 1 (see Figure 2 (c)). Lu et al. (2023)
also proves that the above upper bound matches the minimax lower bound, thus proving
the minimax optimality of early stopping kernel gradient flow under the assumption f∗ρ ∈ H.
In contrast to Lu et al. (2023), we provide both the upper bound and the lower bound of
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the convergence rates of KRR under general source condition s > 0. We have seen that the
“periodic plateau behavior” (for the rate w.r.t. d) and “multiple descent behavior” (for the
rate w.r.t. n) observed in Lu et al. (2023) still exist for s > 0 and the plateau length will
change with the value of s. By incorporating source condition s > 0, we relax constraints on
the true function, offering a more complete characterization of the generalization error of
KRR.

Periodic behavior in large dimension has also been observed for “kernel interpolation
estimator”, for instance, Liang et al. (2020) for the inner product kernel and Aerni et al.
(2022) for the convolutional kernel. While technically challenging, a direct follow-up question
is the convergence rate of generalization error for general kernels and domains. We believe
that it is an interesting research direction to study the generalization behavior of kernel
methods in the large-dimensional setting, which will exhibit a wealth of new phenomena
compared with the fixed-dimensional setting. In addition, finding optimal λ(d, n) (even
in the fixed-dimensional setting) is difficult in practice. Cross-validation is a widely used
method to select optimal λ adaptively, and it has been shown to be effective for several
kernel regression algorithms (Caponnetto and Yao, 2010; Raskutti et al., 2014). However, to
our knowledge, this issue remains unexplored in the large-dimensional setting. We believe
that developing adaptive estimators is another meaningful future question.
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Appendix

In the appendix, we provide the proof of Theorem 1 (Appendix A), Theorem 4 & 5 (Appendix
B) and Theorem 7 (Appendix C). Appendix D contains the auxiliary results.

Appendix A. Proof of Theorem 1

The proof of Theorem 1 consists of the following steps: First, we introduce the bias-variance
decomposition in Section A.1. Next, we derive the bounds of variance term in Section A.2
and bias term in Section A.3. Finally, using the results in these sections, we formally prove
Theorem 1 in Section A.4.

A.1 Bias-variance decomposition

The proof of Theorem 1 is based on the traditional bias-variance decomposition. The
contribution in this paper is that we refine the tools in Li et al. (2024) and Li et al. (2023b)
to extend the applicability to the large-dimensional case. Throughout the proof, we denote

Tλ = T + λ; TXλ = TX + λ, (14)

where λ is the regularization parameter. T +λ actually means T +λI, where I is the identity
operator. We use ‖ · ‖B(B1,B2) to denote the operator norm of a bounded linear operator
from a Banach space B1 to B2, i.e., ‖A‖B(B1,B2) = sup

‖f‖B1
=1
‖Af‖B2 . For brevity, we denote

it simply as ‖ · ‖ where no ambiguity arises. In addition, we use trA and ‖A‖1 to denote
the trace and the trace norm of an operator. We denote ‖A‖2 as the Hilbert-Schmidt norm.
In addition, we use L2(X , µ) and L∞(X , µ) simply as L2 and L∞ throughout the proof for
brevity.

We also need the following essential notations, which are frequently used in related
literature. Denote the samples Z = {(xi, yi)}ni=1. Define the sampling operator Kx : R→
H, y 7→ yk(x, ·) and its adjoint operator K∗x : H → R, f 7→ f(x). Then we can define
Tx = KxK

∗
x. Furthermore, we define the sample covariance operator TX : H → H as

TX :=
1

n

n∑
i=1

KxiK
∗
xi . (15)

Then we know that ‖TX‖ ≤ ‖TX‖1 ≤ κ2 and TX is a trace class thus compact operator.
Furthermore, define the sample basis function

gZ :=
1

n

n∑
i=1

Kxiyi ∈ H.

Following Caponnetto and de Vito (2007), the KRR estimator (1) can be expressed in
operator form as

f̂λ = (TX + λ)−1gZ ,

In order to derive the bias term, we define

g̃Z := E (gZ |X) =
1

n

n∑
i=1

Kxif
∗
ρ (xi) ∈ H;
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and
f̃λ := E

(
f̂λ|X

)
= (TX + λ)−1 g̃Z ∈ H. (16)

We also need to define the expectation of gZ as

g = EgZ =

∫
X
k(x, ·)f∗ρ (x)dµ(x) = S∗kf

∗
ρ ∈ H,

and
fλ = (T + λ)−1 g = (T + λ)−1 S∗kf

∗
ρ . (17)

Denoting εi = yi − f∗ρ (xi), we have the decomposition

f̂λ − f∗ρ =
1

n
(TX + λ)−1

n∑
i=1

Kxiyi − f∗ρ

=
1

n
(TX + λ)−1

n∑
i=1

Kxi(f
∗
ρ (xi) + εi)− f∗ρ

= (TX + λ)−1g̃Z +
1

n

n∑
i=1

(TX + λ)−1Kxiεi − f∗ρ

=
(
f̃λ − f∗ρ

)
+

1

n

n∑
i=1

(TX + λ)−1Kxiεi.

Taking expectation over the noise εi conditioned on X and noticing that εi|x are independent
noises with mean 0 and variance σ2, we obtain the bias-variance decomposition:

E
(∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X) = Bias2(λ) + Var(λ), (18)

where

Bias2(λ) :=
∥∥∥f̃λ − f∗ρ∥∥∥2

L2
, Var(λ) :=

σ2

n2

n∑
i=1

∥∥(TX + λ)−1k(xi, ·)
∥∥2

L2 . (19)

Given the decomposition (18), we next derive the upper and lower bounds of Bias2(λ) and
Var(λ) in the following two subsections.

A.2 Variance term

In this subsection, our goal is to derive Theorem 15, which shows the upper and lower bounds
of variance under some approximation conditions. Before formally introducing Theorem 15,
we need a lot of preparatory work.

Following Li et al. (2024), we consider the sample subspace

Hn = span {k(x1, ·), . . . , k(xn, ·)} ⊂ H.

Recall the notation K(X,X) = (k (xi,xj))n×n and K(X, ·) = {k(x1, ·), . . . , k(xn, ·)}. Define
the normalized sample kernel matrix

K =
1

n
K(X,X).
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Then, it is easy to verify that Ran(TX) = Hn and K is the representation matrix of TX
under the natural basis {k(x1, ·), . . . , k(xn, ·)}. Consequently, for any continuous function ϕ
we have

ϕ(TX)K(X, ·) = ϕ(K)K(X, ·), (20)

where the left-hand side means applying the operator elementwise. Since the property of
RKHS implies 〈k(x, ·), f〉H = f(x), ∀f ∈ H, taking inner product elementwise between (20)
and f , we have

(ϕ(TX)f)[X] = ϕ(K)f [X]. (21)

Moreover, for f, g ∈ H, we define empirical semi-inner product

〈f, g〉L2,n =
1

n

n∑
i=1

f(xi)g(xi) =
1

n
f [X]>g[X], (22)

and denote by ‖ · ‖L2,n the corresponding empirical semi-norm. We also denote by Pn the
empirical measure with respect to X = (x1, . . . ,xn).

For simplicity of notation, we denote kx(·) = k(x, ·), x ∈ X in the rest of the proof. The
following lemma rewrites the variance term (19) using the empirical semi-norm.

Lemma 11 The variance term in (19) satisfies that

Var(λ) =
σ2

n

∫
X

∥∥(TX + λ)−1kx(·)
∥∥2

L2,n
dµ(x). (23)

Proof First, we have

Var(λ) :=
σ2

n2

n∑
i=1

∥∥(TX + λ)−1k(xi, ·)
∥∥2

L2

=
σ2

n2

∥∥(TX + λ)−1K(X, ·)
∥∥2

L2(Rn)

(20)
=

σ2

n2

∥∥(K + λ)−1K(X, ·)
∥∥2

L2(Rn)

=
σ2

n2

∫
X
K(x,X)(K + λ)−2K(X,x) dµ(x). (24)

Next, using (21) and the fact that kx[X] = K(X,x), we have(
(TX + λ)−1kx

)
[X] = (K + λ)−1kx[X] = (K + λ)−1K(X,x),

which implies

1

n
K(x,X)(K + λ)−2K(X,x) =

1

n

∥∥(K + λ)−1K(X,x)
∥∥2

Rn

=
1

n

∥∥((TX + λ)−1kx
)

[X]
∥∥2

Rn

=
∥∥(TX + λ)−1kx

∥∥2

L2,n
. (25)
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Therefore, plugging (25) into (24), we obtain the desired results

Var(λ) =
σ2

n

∫
X

∥∥(TX + λ)−1kx(·)
∥∥2

L2,n
dµ(x).

The operator form (23) allows us to apply concentration inequalities and establish the
following two-step approximation (recall the notations TXλ and Tλ in (14)).∫

X

∥∥T−1
Xλkx

∥∥2

L2,n
dµ(x)

A
≈
∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x)

B
≈
∫
X

∥∥T−1
λ kx

∥∥2

L2 dµ(x).

Note that the above two-step approximation is an enhanced version of approximation (S24)
in Li et al. (2024).

Approximation B. The following lemma characterizes the magnitude of Approximation
B in high probability. Recall the definitions of N1(λ) and N2(λ) in (4).

Lemma 12 (Approximation B) Suppose that Assumption 1, 2 and 3 hold. For any
λ = λ(d, n)→ 0 and any fixed δ ∈ (0, 1), when n is sufficiently large, with probability at least
1− δ, we have

1

2

∫
X

∥∥T−1
λ kx

∥∥2

L2 dµ(x)−R2 ≤
∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x) ≤ 3

2

∫
X

∥∥T−1
λ kx

∥∥2

L2 dµ(x) +R2,

(26)

where

R2 =
5N2(λ)

3n
ln

2

δ
.

Proof Define a function

f(z) =

∫
X

(
T−1
λ kx(z)

)2
dµ(x)

=

∫
X

∞∑
i=1

(
λi

λi + λ

)2

e2
i (x)e2

i (z)dµ(x)

=

∞∑
i=1

(
λi

λi + λ

)2

e2
i (z).

Since Assumption 3 holds, we have

‖f‖L∞ ≤
∞∑
i=1

(
λi

λi + λ

)2

= N2(λ); ‖f‖L1 =

∞∑
i=1

(
λi

λi + λ

)2

= N2(λ).

Applying Proposition 36 for
√
f and noticing that ‖

√
f‖L∞ =

√
‖f‖L∞ = N2(λ)

1
2 , we have

1

2

∥∥∥√f∥∥∥2

L2
− 5N2(λ)

3n
ln

2

δ
≤
∥∥∥√f∥∥∥2

L2,n
≤ 3

2

∥∥∥√f∥∥∥2

L2
+

5N2(λ)

3n
ln

2

δ
, (27)
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with probability at least 1− δ.
On the one hand, we have∥∥∥√f∥∥∥2

L2,n
=

∫
X
f(y)dPn(y) =

∫
X

[∫
X

(
T−1
λ kx(y)

)2
dµ(x)

]
dPn(y)

=

∫
X

[∫
X

(
T−1
λ kx(y)

)2
dPn(y)

]
dµ(x)

=

∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x).

On the other hand, we have∥∥∥√f∥∥∥2

L2
=

∫
X
f(z)dµ(z)

=

∫
X

[∫
X

(
T−1
λ kx(z)

)2
dµ(x)

]
dµ(z)

=

∫
X

∥∥T−1
λ kx

∥∥2

L2 dµ(x).

Therefore, the proof follows from (27).

Approximation A. The proof of Approximation A requires the following proposition,
which is a simple but important observation by Li et al. (2023a).

Proposition 13 For any f, g ∈ H, we have

〈f, g〉L2,n = 〈TXf, g〉H = 〈T 1/2
X f, T

1/2
X g〉H.

Proof By the definition of TX , we have TXf = 1
n

∑n
i=1 f(xi)k(xi, ·), and thus

〈TXf, g〉H =
1

n

n∑
i=1

f(xi)〈k(xi, ·), g〉H =
1

n

n∑
i=1

f(xi)g(xi) = 〈f, g〉L2,n.

The second inequality comes from the definition of T
1/2
X .

The following lemma characterizes the magnitude of Approximation A.

Lemma 14 (Approximation A) Suppose that Assumption 1, 2 and 3 hold. Define R1 =
R1(λ,X) as a function of λ and X:

R1 :=

∣∣∣∣∫
X

∥∥T−1
Xλkx

∥∥2

L2,n
dµ(x)−

∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x)

∣∣∣∣ . (28)

Suppose that λ = λ(d, n) satisfies N1(λ)
n lnn = o(1). Then for any fixed δ ∈ (0, 1), when n is

sufficiently large, with probability at least 1− δ, we have

R1 ≤ 36n−1N1(λ)2 lnn+ 12n−
1
2N1(λ)N2(λ)

1
2 (lnn)

1
2 .
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Proof First, we rewrite R1 as

R1 =

∣∣∣∣∫
X

∥∥T−1
Xλkx

∥∥2

L2,n
dµ(x)−

∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x)

∣∣∣∣
≤
∫
X

∣∣∣∣∣
∥∥∥∥T 1

2
XT

−1
Xλkx

∥∥∥∥2

H
−
∥∥∥∥T 1

2
XT

−1
λ kx

∥∥∥∥2

H

∣∣∣∣∣ dµ(x)

=

∫
X

∣∣∣∣∥∥∥∥T 1
2
XT

−1
Xλkx

∥∥∥∥
H
−
∥∥∥∥T 1

2
XT

−1
λ kx

∥∥∥∥
H

∣∣∣∣ · ∣∣∣∣∥∥∥∥T 1
2
XT

−1
Xλkx

∥∥∥∥
H

+

∥∥∥∥T 1
2
XT

−1
λ kx

∥∥∥∥
H

∣∣∣∣dµ(x).

:=

∫
X
|X1 −X2| · |X1 +X2|dµ(x). (29)

where for the second line, we use Proposition 13 to transfer ‖ · ‖L2,n norms into ‖ · ‖H.

(I) : Given the notations of X1, X2 in (29) (both are functions of x,X and λ), we begin
to handle |X1 −X2|:

|X1 −X2| ≤
∥∥∥T 1/2

X T−1
Xλ (T − TX)T−1

λ kx

∥∥∥
H

≤
∥∥∥T 1/2

X T
−1/2
Xλ

∥∥∥ · ∥∥∥T−1/2
Xλ T

1/2
λ

∥∥∥ · ∥∥∥T−1/2
λ (T − TX)T

−1/2
λ

∥∥∥ · ∥∥∥T−1/2
λ kx

∥∥∥
H

(30)

(i) Now we bound the third term in (30). Denote Ai = T
− 1

2
λ (T − Txi)T

− 1
2

λ , using Lemma
40, we have

‖Ai‖ ≤ ‖T
− 1

2
λ TT

− 1
2

λ ‖+ ‖T−
1
2

λ TxiT
− 1

2
λ ‖ ≤ 2N1(λ), µ-a.e. x ∈ X .

We use A � B to denote that A−B is a positive semi-definite operator. Using the fact that
E(B − EB)2 � EB2 for a self-adjoint operator B, we have

EA2
i � E

[
T
− 1

2
λ TxiT

− 1
2

λ

]2

.

In addition, Lemma 40 shows that 0 � T−
1
2

λ TxiT
− 1

2
λ � N1(λ), µ-a.e. x ∈ X . So we have

EA2
i � E

[
T
− 1

2
λ TxiT

− 1
2

λ

]2

� E
[
N1(λ) · T−

1
2

λ TxiT
− 1

2
λ

]
= N1(λ)T−1

λ T,

Defining an operator V := N1(λ)T−1
λ T , we have

‖V ‖ = N1(λ)
λ1

λ1 + λ
= N1(λ)

‖T‖
‖T‖+ λ

≤ N1(λ);

trV = N1(λ)2;

trV

‖V ‖
=
N1(λ)(‖T‖+ λ)

‖T‖
.
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Applying Lemma 37 to Ai, V , for any fixed δ ∈ (0, 1), with probability at least 1− δ, we
have

‖T−
1
2

λ (T − TX)T
− 1

2
λ ‖ ≤

4N1(λ)

3n
β +

√
2N1(λ)

n
β,

where

β = ln
4N1(λ)(‖T‖+ λ)

δ‖T‖
.

Further recall that the condition N1(λ) lnn/n = o(1) implies that N1(λ) = O(n) and thus
β = O(lnn), so when n is sufficiently large, we conclude that

‖T−
1
2

λ (T − TX)T
− 1

2
λ ‖ ≤

√
2N1(λ)

n
β ≤ n−

1
2N1(λ)

1
2 (lnn)

1
2 . (31)

(ii) Next we bound the forth term in (30). Using Lemma 39, we have

‖T−
1
2

λ kx‖H ≤ N1(λ)
1
2 , µ-a.e. x ∈ X . (32)

(iii) Finally, we bound the first two terms in (30). Since we have assumedN1(λ) lnn/n = o(1),
(31) implies that when n is sufficiently large,

a := ‖T−
1
2

λ (T − TX)T
− 1

2
λ ‖ ≤

2

3
.

Therefore, we have∥∥∥∥T− 1
2

λ T
1
2
Xλ

∥∥∥∥2

=

∥∥∥∥T− 1
2

λ TXλT
− 1

2
λ

∥∥∥∥ =

∥∥∥∥T− 1
2

λ (TX + λ)T
− 1

2
λ

∥∥∥∥
=

∥∥∥∥T− 1
2

λ (TX − T + T + λ)T
− 1

2
λ

∥∥∥∥
=

∥∥∥∥T− 1
2

λ (TX − T )T
− 1

2
λ + I

∥∥∥∥
≤ a+ 1 ≤ 2; (33)

and ∥∥∥∥T 1
2
λ T
− 1

2
Xλ

∥∥∥∥2

=

∥∥∥∥T 1
2
λ T
−1
XλT

1
2
λ

∥∥∥∥ =

∥∥∥∥∥
(
T
− 1

2
λ TXλT

− 1
2

λ

)−1
∥∥∥∥∥

=

∥∥∥∥∥
(
I − T−

1
2

λ (TX − T )T
− 1

2
λ

)−1
∥∥∥∥∥

≤
∞∑
k=0

∥∥∥∥T− 1
2

λ (TX − T )T
− 1

2
λ

∥∥∥∥k
≤
∞∑
k=0

(
2

3

)k
≤ 3. (34)
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Plugging (31), (32), (33) and (34), into (30), when n is sufficiently large, with probability at
least 1− δ, we have

|X1 −X2| ≤ 6n−
1
2N1(λ) (lnn)

1
2 , µ-a.e. x ∈ X . (35)

(II) : Furthermore, when n is sufficiently large, with probability at least 1− δ, we also have∫
X
X2dµ(x) =

∫
X

∥∥T−1
λ kx

∥∥
L2,n

dµ(x)

≤
[∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x)

] 1
2

≤
(

3

2
N2(λ) +R2

) 1
2

≤ (2N2(λ))
1
2 , (36)

where the third line follows from Lemma 12.
Now we are ready to derive the upper bound of R1 in (29). Combining the bound (35)

and (36), when n is sufficiently large, with probability at least 1− 2δ, we have

R1 ≤
∫
X
|X1 −X2| · |X1 +X2| dµ(x)

=

∫
X
|X1 −X2| · |X1 −X2 + 2X2| dµ(x)

≤
∫
X
|X1 −X2|2 dµ(x) +

∫
X
|X1 −X2| · 2X2 dµ(x)

≤ 36n−1N1(λ)2 lnn+ 24n−
1
2N1(λ)N2(λ)

1
2 (lnn)

1
2 . (37)

Without loss of generality, we can assume (37) holds with probability at least 1− δ and we
finish the proof.

Final proof of the variance term. Now we are ready to state the theorem about the
variance term.

Theorem 15 (Variance term) Suppose that Assumption 1, 2 and 3 hold. If the following
approximation conditions hold for some λ = λ(d, n)→ 0:

N1(λ)

n
lnn = o(1); n−1N1(λ)2 lnn = o(N2(λ)), (38)

then we have

Var(λ) = ΘP

(
σ2N2(λ)

n

)
.

Proof Lemma 11 has shown that

Var(λ) =
σ2

n

∫
X

∥∥(TX + λ)−1kx(·)
∥∥2

L2,n
dµ(x).
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Denote R1 as in Lemma 14, then conditions (38) and Lemma 14 imply that

R1 = oP (N2(λ)) .

Further recalling that in Lemma 12, we have defined

R2 =
5N2(λ)

3n
ln

2

δ
.

On the one hand, Lemma 12 shows that, for any δ ∈ (0, 1), when n is sufficiently large, with
probability at least 1− δ, we have

nVar(λ)/σ2 =

∫
X

∥∥T−1
Xλkx

∥∥2

L2,n
dµ(x) ≤

∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x) +R1

≤ 3

2

∫
X

∥∥T−1
λ kx

∥∥2

L2 dµ(x) +R1 +R2

=
3

2
N2(λ) +R1 +R2,

which further implies

nVar(λ)/σ2 = OP (N2(λ)) . (39)

On the other hand, we also have

nVar(λ)/σ2 =

∫
X

∥∥T−1
Xλkx

∥∥2

L2,n
dµ(x) ≥

∫
X

∥∥T−1
λ kx

∥∥2

L2,n
dµ(x)−R1

≥ 1

2

∫
X

∥∥T−1
λ kx

∥∥2

L2 dµ(x)−R1 −R2

=
1

2
N2(λ)−R1 −R2,

which further implies

nVar(λ)/σ2 = ΩP (N2(λ)) . (40)

Combining (39) and (40), we finish the proof.

A.3 Bias term

In this subsection, our goal is to derive Theorem 18, which shows the upper and lower
bounds of bias under some approximation conditions.

The triangle inequality implies that

Bias(λ) =
∥∥∥f̃λ − f∗ρ∥∥∥

L2
≥
∥∥fλ − f∗ρ∥∥L2 −

∥∥∥f̃λ − fλ∥∥∥
L2
, (41)

where f̃λ, fλ are defined as (16) and (17).

The following lemma characterizes the dominant term of Bias(λ).
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Lemma 16 Suppose that Assumption 1 and 2 hold. Then for any λ = λ(d, n)→ 0,

∥∥fλ − f∗ρ∥∥L2 =M2(λ)
1
2 . (42)

Proof Recall that we have defined f∗ρ =
∞∑
i=1

fiei(x) ∈ L2(X , µ) and fλ = (T + λ)−1 S∗kf
∗
ρ .

Therefore, we have

∥∥fλ − f∗ρ∥∥2

L2 =

∥∥∥∥∥
∞∑
i=1

fiei(x)−
∞∑
i=1

λi
λi + λ

fiei(x)

∥∥∥∥∥
2

L2

=

∥∥∥∥∥
∞∑
i=1

λ

λi + λ
fiei(x)

∥∥∥∥∥
2

L2

=
∞∑
i=1

(
λ

λi + λ
fi

)2

=M2(λ).

Our next goal is to prove that second term in (41) is higher order infinitesimal, i.e.,∥∥∥f̃λ − fλ∥∥∥
L2

= oP(M2(λ)
1
2 ).

Lemma 17 Suppose that Assumption 1, 2 and 3 hold. If the following approximation
conditions hold for some λ = λ(d, n)→ 0:

N1(λ)

n
lnn = o(1); n−1N1(λ)

1
2M1(λ) = o

(
M2(λ)

1
2

)
, (43)

then we have ∥∥∥f̃λ − fλ∥∥∥
L2

= oP(M2(λ)
1
2 ).

Proof To begin with, by definition, we rewrite
∥∥∥f̃λ − fλ∥∥∥

L2

as follows

∥∥∥f̃λ − fλ∥∥∥
L2

=
∥∥∥Sk (f̃λ − fλ)∥∥∥

L2

=

∥∥∥∥SkT− 1
2

λ · T
1
2
λ T
−1
XλT

1
2
λ · T

− 1
2

λ TXλ

(
f̃λ − fλ

)∥∥∥∥
L2

≤
∥∥∥∥SkT− 1

2
λ

∥∥∥∥
B(H,L2)

·
∥∥∥∥T 1

2
λ T
−1
XλT

1
2
λ

∥∥∥∥
B(H,H)

·
∥∥∥∥T− 1

2
λ (g̃Z − TXλfλ)

∥∥∥∥
H
. (44)
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(i) For any f ∈ H and ‖f‖H = 1, suppose that f =
∞∑
i=1

aiλ
1/2
i ei satisfying that

∞∑
i=1

a2
i = 1.

So for the first term in (44), we have∥∥∥∥SkT− 1
2

λ

∥∥∥∥
B(H,L2)

= sup
‖f‖H=1

∥∥∥∥SkT− 1
2

λ f

∥∥∥∥
L2

≤ sup
‖f‖H=1

∥∥∥∥∥∥
∞∑
i=1

λ
1
2
i

(λi + λ)
1
2

aiei

∥∥∥∥∥∥
L2

≤ sup
i≥1

λ
1
2
i

(λi + λ)
1
2

· sup
‖f‖H=1

∥∥∥∥∥
∞∑
i=1

aiei

∥∥∥∥∥
L2

≤ 1. (45)

(ii) For the second term, we assumed N1(λ) lnn/n = o(1). Therefore (33) and (34) imply
that, for any fixed δ ∈ (0, 1), when n is sufficiently large, with probability at least 1− δ∥∥∥∥T 1

2
λ T
−1
XλT

1
2
λ

∥∥∥∥ ≤ ∥∥∥∥T 1
2
λ T
− 1

2
Xλ

∥∥∥∥ · ∥∥∥∥T− 1
2

XλT
1
2
λ

∥∥∥∥ ≤ 3. (46)

(iii) For the third term in (44), it can be rewritten as∥∥∥∥T− 1
2

λ (g̃Z − TXλfλ)

∥∥∥∥
H

=

∥∥∥∥T− 1
2

λ [(g̃Z − (TX + λ+ T − T ) fλ)]

∥∥∥∥
H

=

∥∥∥∥T− 1
2

λ [(g̃Z − TXfλ)− (T + λ) fλ + Tfλ]

∥∥∥∥
H

=

∥∥∥∥T− 1
2

λ [(g̃Z − TXfλ)− (g − Tfλ)]

∥∥∥∥
H
. (47)

Denote ξi = ξ(xi) = T
− 1

2
λ (Kxif

∗
ρ (xi) − Txifλ). To use Bernstein inequality, we need to

bound the m-th moment of ξ(x):

E ‖ξ(x)‖mH = E
∥∥∥∥T− 1

2
λ Kx(f∗ρ − fλ(x))

∥∥∥∥m
H

≤ E
(∥∥∥∥T− 1

2
λ k(x, ·)

∥∥∥∥m
H
E
( ∣∣(f∗ρ − fλ(x))

∣∣m ∣∣ x)). (48)

Note that Lemma 39 shows that∥∥∥∥T− 1
2

λ k(x, ·)
∥∥∥∥
H
≤ N1(λ)

1
2 , µ-a.e. x ∈ X ;

By definition of M1(λ), we also have

∥∥fλ − f∗ρ∥∥L∞ ≤ ess sup
x∈X

∣∣∣∣∣
∞∑
i=1

λ

λi + λ
fiei(x)

∣∣∣∣∣ =M1(λ). (49)
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In addition, we have proved in Lemma 16 that

E|(fλ(x)− f∗ρ (x))|2 =M2(λ).

So we get the upper bound of (48), i.e.,

(48) ≤ N1(λ)
m
2 · ‖fλ − f∗ρ‖m−2

L∞ · E|(fλ(x)− f∗ρ (x))|2

≤ N1(λ)
m
2M1(λ)m−2M2(λ)

≤
(
N1(λ)

1
2M1(λ)

)m−2 (
N1(λ)

1
2M2(λ)

1
2

)2
.

Using Lemma 38 with therein notations: L = N1(λ)
1
2M1(λ) and σ = N1(λ)

1
2M2(λ)

1
2 , for

any fixed δ ∈ (0, 1), with probability at least 1− δ, we have

(47) ≤ 4
√

2 log
2

δ

(
N1(λ)

1
2M1(λ)

n
+
N1(λ)

1
2M2(λ)

1
2

√
n

)
. (50)

Since we have assumed n−1N1(λ)
1
2M1(λ) = o

(
M2(λ)

1
2

)
and N1(λ) lnn/n = o(1), (50)

further implies ∥∥∥∥T− 1
2

λ (g̃Z − TXλfλ)

∥∥∥∥
H

= oP

(
M2(λ)

1
2

)
. (51)

Plugging (45), (46) and (51) into (44), we finish the proof.

Final proof of the bias term. Now we are ready to state the theorem about the bias term.

Theorem 18 Suppose that Assumption 1, 2 and 3 hold. If the following approximation
conditions hold for some λ = λ(d, n)→ 0:

N1(λ)

n
lnn = o(1); and n−1N1(λ)

1
2M1(λ) = o

(
M2(λ)

1
2

)
, (52)

then we have

Bias2(λ) = ΘP (M2(λ)) . (53)

Proof The triangle inequality implies that

Bias(λ) =
∥∥∥f̃λ − f∗ρ∥∥∥

L2
≥
∥∥fλ − f∗ρ∥∥L2 −

∥∥∥f̃λ − fλ∥∥∥
L2
,

When λ = λ(d, n) satisfies (52), Lemma 16 and Lemma 17 prove that∥∥fλ − f∗ρ∥∥L2 =M2(λ)
1
2 ;

∥∥∥f̃λ − fλ∥∥∥
L2

= oP(M2(λ)
1
2 ),

which directly prove (53).
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A.4 Final proof of Theorem 1

Now we are ready to prove Theorem 1. Note that we have assumed in Theorem 1 that
λ = λ(d, n) → 0 satisfies all the conditions required in Theorem 15 and Theorem 18.
Therefore, Theorem 15 and Theorem 18 show that

Var(λ) = ΘP

(
σ2N2(λ)

n

)
; Bias2(λ) = ΘP (M2(λ)) .

Recalling the bias-variance decomposition (18), we finish the proof.

�

Appendix B. Proof of inner product kernel

In this section, we aim to apply Theorem 1 to prove the results in Section 3.2. We will see
that the application is nontrivial and is an important contribution of this paper.

We first introduce more necessary preliminaries in Appendix B.1, which is a preparation
for subsequent calculations. Next, in order to apply Theorem 1 to get specific convergence
rates, we calculate the exact convergence rates of the key quantities therein in Appendix
B.2. Finally, we state the proof of Theorem 4 and Theorem 5 in turn in Appendix B.3 and
B.4. We will see that there are essential differences in the proof of these two theorems.

B.1 More preliminaries about the inner product kernel on the unit sphere

Suppose that X = Sd and µ is the uniform distribution on Sd. Recall that in Section 3.2,
we consider the inner product kernel, i.e., there exists a function Φ(t) : [−1, 1] → R such
that k(x,x′) = Φ (〈x,x′〉) ,∀x,x′ ∈ Sd. Then Mercer’s decomposition for the inner product
kernel is given in the basis of spherical harmonics:

k(x,y) =
∞∑
k=0

µk

N(d,k)∑
l=1

Yk,l(x)Yk,l(y), (54)

where {Yk,l}
N(d,k)
l=1 are spherical harmonic polynomials of degree k; µk are the eigenvalues

with multiplicity N(d, 0) = 1; N(d, k) = 2k+d−1
k · (k+d−2)!

(d−1)!(k−1)! , k = 1, 2, · · · .
By known results on spherical harmonics, the eigenvalues µk’s have the following explicit

expression (Bietti and Mairal, 2019):

µk =
ωd−1

ωd

∫ 1

−1
Φ(t)Pk(t)

(
1− t2

)(d−2)/2
dt, (55)

where Pk is the k-th Legendre polynomial in dimension d+ 1, ωd denotes the surface of the
unit sphere Sd.

Although the above expression of µk, N(d, k) are complicated, Lemma 19 – 21 (mainly
cited from Lu et al. 2023) give concise characterizations of µk and N(d, k), which is sufficient
for the analysis in this paper.
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Lemma 19 Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4.
For any fixed integer p ≥ 0, there exist constants C,C1 and C2 only depending on p and
{aj}j≤p+1, such that for any d ≥ C, we have

C1d
−k ≤ µk ≤ C2d

−k, k = 0, 1, · · · , p+ 1.

Proof From equation (22) in Ghorbani et al. (2021), for any integer p ≥ 0, there exist
constants C only depending on p and {aj}j≤p+1, such that for any d ≥ C, we have

Φ(k)(0)

dk
≤ µk ≤

2Φ(k)(0)

dk
, k = 0, 1, · · · , p+ 1.

Note that for any k ≥ 0, we have ak = Φ(k)(0). Therefore, letting C1 := mink≤p+1{ak} > 0
and C2 := 2 maxk≤p+1{ak} <∞, then we finish the proof.

The following property of the eigenvalues {µk}k≥0 indicates that when we consider µp
with any fixed p ≥ 0, the subsequent eigenvalues µk’s (k ≥ p+ 1) are much smaller than µp.
The following lemma is the same as Lemma 3.3 in Lu et al. (2023).

Lemma 20 Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4.
For any fixed integer p ≥ 0, there exist constants C only depending on p and {aj}j≤p+1, such
that for any d ≥ C, we have

µk ≤
C2

C1
d−1µp, k = p+ 1, p+ 2, · · ·

where C1 and C2 are constants given in Lemma 19.

Lemma 21 For an integer k ≥ 0, denote N(d, k) as the multiplicity of the eigenspace
corresponding to µk in the Mercer’s decomposition. For any fixed integer p ≥ 0, there exist
constants C3,C4 and C only depending on p, such that for any d ≥ C, we have

C3d
k ≤ N(d, k) ≤ C4d

k, k = 0, 1, · · · , p+ 1. (56)

Proof When k = 0, we have N(d, 0) = 1, which satisfies (56). When k ≥ 1, Section 1.6 in
Gallier et al. (2020) shows that

N(d, k) =
2k + d− 1

k
· (k + d− 2)!

(d− 1)!(k − 1)!
.

Note that p is fixed and we consider those k ≤ p+ 1, (56) follows from detailed calculations
using Stirling’s approximation. We refer to Lemma B.1 and Lemma D.4 in Lu et al. (2023)
for more details.

The following lemma verifies that if we consider the inner product kernel on the unit
sphere, then Assumption 3 naturally holds.

Lemma 22 Suppose that X = Sd and µ is the uniform distribution on Sd. Suppose that k
is an inner product kernel, then Assumption 3 holds.
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Proof Recall that we have the mercer decomposition (54). Define the sum

Zk,d(x,y) =

N(d,k)∑
l=1

Yk,l(x)Yk,l(y).

Then Dai and Xu (2013, Corollary 1.2.7) shows that Zk,d(x,y) depends only on 〈x, y〉 and
satisfies

|Zk,d(x,y)| ≤ Zk,d(x,x) = N(d, k), ∀x, y ∈ Sd.

Therefore, we have

sup
x∈X

∞∑
i=1

(
λi

λi + λ

)2

e2
i (x) = sup

x∈X

∞∑
k=1

N(d,k)∑
l=1

(
µk

µk + λ

)2

Y 2
k,l(x) =

∞∑
k=1

(
µk

µk + λ

)2

sup
x∈X

Zk,d(x,x)

=

∞∑
k=1

(
µk

µk + λ

)2

N(d, k) =

∞∑
k=1

N(d,k)∑
l=1

(
µk

µk + λ

)2

= N2(λ).

The other equation in Assumption 3 can be proved similarly.

B.2 Calculations of some key quantities

Based on the information of the eigenvalues in the last subsection, this subsection determines
the exact convergence rates of the quantities appeared in Theorem 1. These rates will finally
determine the convergence rates in Theorem 4 and Theorem 5. Note that we assume that d
grows with n in Theorem 4 and Theorem 5 .

Lemma 23 Consider X = Sd and the marginal distribution µ to be the uniform distribution.
Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4. By choosing
λ = d−l for some l > 0, we have:

N1(λ) = Θ
(
λ−1

)
; (57)

If p ≤ l ≤ p+ 1 for some p ∈ {0, 1, 2 · · · }, we have

N2(λ) = Θ
(
dp + λ−2d−(p+1)

)
. (58)

The notation Θ involves constants only depending on κ and p.

Proof If p ≤ l ≤ p + 1 for some p ∈ {0, 1, 2 · · · }, Lemma 19 and Lemma 21 show that
there exist constants C,C1,C2,C3 and C4 only depending on p (recall that we ignore the
dependence on {aj}∞j=0), such that for any d ≥ C, we have

C−1
2 µp+1 ≤ λ ≤ C−1

1 µp;
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and for k = 0, 1, · · · , p+ 1,

C1d
−k ≤ µk ≤ C2d

−k; C3d
k ≤ N(d, k) ≤ C4d

k.

We first prove (57). On the one hand, for any d ≥ C, we have

N1(λ) =

p∑
k=0

µk
µk + λ

N(d, k) +

∞∑
k=p+1

µk
µk + λ

N(d, k)

≤
p∑

k=0

µk
µk
N(d, k) +

∞∑
k=p+1

µk
λ
N(d, k)

≤ pC4d
p + λ−1

∞∑
k=p+1

µkN(d, k)

≤ pC4d
p + λ−1κ2

. λ−1, (59)

where we use the fact that
∑∞

k=p+1 µkN(d, k) ≤
∑∞

i=1 λi ≤ supx∈X k(x, x) ≤ κ2 for the third
inequality. On the other hand, for any d ≥ C, we have

N1(λ) =

p∑
k=0

µk
µk + λ

N(d, k) +
∞∑

k=p+1

µk
µk + λ

N(d, k)

≥ µp
µp + λ

N(d, p) +
µp+1

µp+1 + λ
N(d, p+ 1)

≥ µp

µp + C−1
1 µp

N(d, p) +
µp+1

C2λ+ λ
N(d, p+ 1)

≥ C3

1 + C−1
1

dp +
C1C3

C2 + 1
λ−1

& λ−1. (60)

Combining (59) and (60), we finish the proof of (57).

Now we begin to prove (58). On the one hand, for any d ≥ C we have

N2(λ) =

p∑
k=0

(
µk

µk + λ

)2

N(d, k) +

∞∑
k=p+1

(
µk

µk + λ

)2

N(d, k)

≤
p∑

k=0

(
µk
µk

)2

N(d, k) +
∞∑

k=p+1

(µk
λ

)2
N(d, k)

≤ pC4d
p + λ−2

∞∑
k=p+1

µ2
kN(d, k)

≤ pC4d
p + λ−2µp+1

∞∑
k=p+1

µkN(d, k)

≤ pC4d
p + λ−2C2d

−(p+1)κ2. (61)
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Note that for the forth equation, we use the fact that µk ≤ µp+1,∀k ≥ p + 1 (when d is
sufficiently large), which can be proved by Lemma 20. On the other hand, for any d ≥ C, we
have

N2(λ) =

p∑
k=0

(
µk

µk + λ

)2

N(d, k) +
∞∑

k=p+1

(
µk

µk + λ

)2

N(d, k)

≥
(

µk

µp + C−1
1 µp

)2

N(d, p) +

(
µp+1

C2λ+ λ

)2

N(d, p+ 1)

≥ C3(
1 + C−1

1

)2dp + λ−2

(
C1

C2 + 1

)2

C3d
−(p+1). (62)

Combining (61) and (62), we prove that N2(λ) = Θ
(
dp + λ−2d−(p+1)

)
.

Before stating lemmas about M1(λ),M2(λ), we first introduce the following useful
lemma.

Lemma 24 Consider X = Sd and the marginal distribution µ to be the uniform distribution.
Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4. Further suppose
that Assumption 5 holds for some s > 0. Suppose that α, β are two real numbers such that

s+ α− β ≤ 0; s+ α ≥ 0. (63)

Then by choosing λ = d−l for some 0 < l < γ, if p ≤ l ≤ p+ 1 for some p ∈ {0, 1, 2 · · · }, we
have

Mα,β(λ) :=

∞∑
i=1

λαi

(λi + λ)β
f2
i = Θ

(
d−(s+α−β)p + λ−βd−(p+1)(s+α)

)
.

The notation Θ involves constants only depending on s, p, c0 and Rγ, where c0 and Rγ are
the constants from Assumption 5.

Proof Similar as the proof of Lemma 23, if p ≤ l ≤ p+ 1 for some p ∈ {0, 1, 2 · · · }, there
exist constants C,C1,C2,C3 and C4 only depending on p, such that for any d ≥ C, we have

C−1
2 µp+1 ≤ λ ≤ C−1

1 µp;

and for k = 0, 1, · · · , p+ 1,

C1d
−k ≤ µk ≤ C2d

−k; C3d
k ≤ N(d, k) ≤ C4d

k.
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On the one hand, since (63) holds, for any d ≥ C, we have

Mα,β(λ) =

∞∑
k=0

 µs+αk

(µk + λ)β

∑
i∈Ik

µ−sk f2
i


≤

p∑
k=0

µs+αk

(µk + λ)β
R2
γ +

∞∑
k=p+1

µs+αk

(µk + λ)β

∑
i∈Ik

µ−sk f2
i

≤
p∑

k=0

µs+α−βk R2
γ +

∞∑
k=p+1

µs+αk

λβ

∑
i∈Ik

µ−sk f2
i

≤ pµs+α−βp R2
γ + λ−βµs+αp+1

∞∑
k=p+1

∑
i∈Ik

µ−sk f2
i

≤ pR2
γC

(s+α−β)
2 d−(s+α−β)p + λ−βCs+α2 d−(p+1)(s+α)R2

γ

. d−(s+α−β)p + λ−βd−(p+1)(s+α). (64)

Note that Assumption 5 (a) implies
∞∑
k=0

∑
i∈Ik

µ−sk f2
i =

∞∑
i=1

λ−si f2
i ≤ R2

γ ; We also use the fact

that µk ≤ µp+1,∀k ≥ p+ 1, which can be proved by Lemma 20.
On the other hand, for any d ≥ C, we have

Mα,β(λ) =
∞∑
k=0

 µs+αk

(µk + λ)β

∑
i∈Ik

µ−sk f2
i


≥

µs+αp

(µp + λ)β

∑
i∈Ip

µ−sp f2
i +

µs+αp+1

(µp+1 + λ)β

∑
i∈Id,p+1

µ−sp+1f
2
i

≥
µs+αp(

µp + C−1
1 µp

)β ∑
i∈Ip

µ−sp f2
i +

µs+αp+1

(C2λ+ λ)β

∑
i∈Ip+1

µ−sp+1f
2
i

≥ Cs+α−β3(
1 + C−1

1

)β d−(s+α−β)pc0 + λ−β
Cs+α1

(C2 + 1)β
d−(p+1)(s+α)c0

& d−(s+α−β)p + λ−βd−(p+1)(s+α). (65)

We use Assumption 5 (b), i.e.,
∑
i∈Ip

µ−sp f2
i ≥ c0 and

∑
i∈Ip+1

µ−sp+1f
2
i ≥ c0, to obtain the lower

bound. Combining (64) and (65), we finish the proof.

Lemma 25 Consider X = Sd and the marginal distribution µ to be the uniform distribution.
Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4. Further suppose
that Assumption 5 holds for some s > 0. Define s̃ = min{s, 2}. By choosing λ = d−l for
some 0 < l < γ, we have: if p ≤ l ≤ p+ 1 for some p ∈ {0, 1, 2, · · · }, we have

M2(λ) = Θ
(
λ2d(2−s̃)p + d−(p+1)s̃

)
. (66)
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The notation Θ involves constants only depending on s, p, c0 and Rγ, where c0 and Rγ are
the constants from Assumption 5.

Proof When 0 < s ≤ 2,M2(λ) can be viewed as λ2Mα,β(λ) in Lemma 24 with α = 0, β = 2.
The conditions (63) are satisfied and Lemma 24 shows that

M2(λ) = Θ
(
λ2d(2−s)p + d−(p+1)s

)
. (67)

When s > 2, without loss of generality, we can assume λi ≤ 1,∀i and λ ≤ 1. Recall
we have proved in Lemma 19 that µ0 remains as a constant as d→∞. On the one hand,
Assumption 5 (b) also implies f2

1 ≥ c0, which further implies

M2(λ) = λ2
∞∑
i=1

f2
i

(λi + λ)2 ≥
1

4
λ2
∞∑
i=1

f2
i ≥

1

4
λ2c0. (68)

On the other hand, since s > 2, we have

M2(λ) = λ2
∞∑
k=0

 µsk
(µk + λ)2

∑
i∈Ik

µ−sk f2
i


≤ λ2

sup
k≥0

µsk
(µk + λ)2 ·

∞∑
k=0

∑
i∈Ik

µ−sk f2
i


≤ λ2 · sup

k≥0

µsk
(µk + λ)2 ·R

2
γ

≤ λ2R2
γ . (69)

Further note that since s > 2 and p ≤ l ≤ p+ 1, (68) and (69) implies

M2(λ) = Θ
(
λ2
)

= Θ
(
λ2d(2−s̃)p + d−(p+1)s̃

)
.

We finish the proof.

The following lemma applies for those s ≥ 1, which gives an upper bound of M1(λ).

Lemma 26 Consider X = Sd and the marginal distribution µ to be the uniform distribution.
Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4. Further suppose
that Assumption 5 holds for some s ≥ 1. Define s̃ = min{s, 2}. By choosing λ = d−l for
some 0 < l < γ, we have: if p ≤ l ≤ p+ 1 for some p ∈ {0, 1, 2 · · · }, we have

M1(λ) = O
(
λ

1
2d

(2−s̃)p
2 + d−

(s̃−1)(p+1)
2

)
. (70)

The notation O involves constants only depending on s, κ, p and Rγ, where Rγ is the constant
from Assumption 5.
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Proof First, Cauchy-Schwarz inequality shows that

M1(λ)2 = ess sup
x∈X

∣∣∣∣∣
∞∑
i=1

(
λ

λi + λ
fiei(x)

)∣∣∣∣∣
2

≤

( ∞∑
i=1

λ2λ−1
i

λi + λ
f2
i

)
· ess sup

x∈X

∞∑
i=1

(
λi

λi + λ
ei(x)2

)

≤

( ∞∑
i=1

λ2λ−1
i

λi + λ
f2
i

)
·
∞∑
i=1

(
λi

λi + λ

)
:= Q1(λ) · N1(λ), (71)

where we use (6) in Assumption 3 for the second inequality.
When 1 ≤ s ≤ 2, Q1(λ) defined above can be viewed as λ2Mα,β(λ) in Lemma 24 with

α = −1, β = 1. In addition, the conditions (63) are satisfied, thus Lemma 24 shows that

Q1(λ) = Θ
(
λ2d(2−s)p + λd−(s−1)(p+1)

)
. (72)

Since we assume the kernel to be bounded in Assumption 1, we can assume λi ≤ 1,∀i
and λ ≤ 1 without loss of generality. When s > 2, on the one hand, Assumption 5 (b) also
implies

Q1(λ) = λ2
∞∑
i=1

f2
i

(λi + λ)λi
≥ 1

2
λ2
∞∑
i=1

f2
i ≥

1

2
λ2c0. (73)

On the other hand, since s > 2, we have

Q1(λ) = λ2
∞∑
k=0

 µs−1
k

µk + λ

∑
i∈Ik

µ−sk f2
i


≤ λ2

sup
k≥0

µs−1
k

µk + λ
·
∞∑
k=0

∑
i∈Ik

µ−sk f2
i


≤ λ2 ·

µs−1
k

µk + λ
·R2

γ

≤ λ2R2
γ . (74)

Further note that since s > 2 and p ≤ l ≤ p+ 1, (73) and (74) implies

Q1(λ) = Θ
(
λ2
)

= Θ
(
λ2d(2−s̃)p + λd−(s̃−1)(p+1)

)
.

Therefore, we have Q1(λ) = Θ
(
λ2d(2−s̃)p + λd−(s̃−1)(p+1)

)
for any s > 0.

Further recalling that Lemma 23 proves N1(λ) = Θ
(
λ−1

)
, use (71) and we finish the

proof.

When 0 < s < 1, the following lemma gives an upper bound of ‖fλ‖L∞ .

40



Optimal Rates of Kernel Ridge Regression under Source Condition in Large Dimensions

Lemma 27 Consider X = Sd and the marginal distribution µ to be the uniform distribution.
Let k = kd be the inner product kernel on Sd satisfying Assumption 1 and 4. Further suppose
that Assumption 5 holds for some 0 < s < 1. Recall the definition of fλ in (17). By choosing
λ = d−l for some 0 < l < γ, we have: if p ≤ l ≤ p+ 1 for some p ∈ {0, 1, 2 · · · }, we have

‖fλ‖L∞ = O
(
d

(1−s)p
2 + λ−1d−

(1+s)(p+1)
2

)
. (75)

The notation O involves constants only depending on s, κ, p, and Rγ, where Rγ is the constant
from Assumption 5.

Proof We need the following fact: For any f ∈ H, since Assumption 1 holds, we have

‖fλ‖L∞ ≤ sup
x∈X
|f(x)| = sup

x∈X
〈f(·), k(x, ·)〉H

≤ sup
x∈X
‖k(x, ·)‖H · ‖f‖H

≤ κ2‖f‖H.

Therefore, by definition and notice that fλ ∈ H, we have

‖fλ‖2L∞ ≤ κ4‖fλ‖2H = κ4
∞∑
i=1

λi

(λi + λ)2 f
2
i := Q2(λ).

Since 0 < s < 1, Q2(λ) can be viewed as κ4Mα,β(λ) in Lemma 24 with α = 1, β = 2 and
the conditions (63) are satisfied. Thus Lemma 24 shows that

Q2(λ) = Θ
(
λ2d(1−s)p + λ−sd−(1+s)(p+1)

)
.

Taking the square root, we finish the proof.

B.3 Proof of Theorem 4

In the last subsection, we have calculated the exact convergence rates of N1(λ),N2(λ),
M1(λ), and M2(λ) when λ = d−l for some 0 < l < γ. Note that we have proved in Lemma
22 that Assumption 3 naturally holds for inner product kernel on the unit sphere. Now we
are ready to apply Theorem 1 to prove Theorem 4. The proof mainly consists of 3 steps:

(1) For specific range of γ > 0, we use Lemma 23 and Lemma 25 to derive the scale of
λbalance or lbalance such that N2(λ)/n and M2(λ) are balanced.

(2) We check that the conditions (7) required in Theorem 1 are satisfied for λ & λbalance

(or λ = d−l, l ≤ lbalance).

(3) Using the monotonicity of Var(λ) with respect to λ, we demonstrate that λ = λbalance

is the best choice of regularization parameter, i.e., the generalization error of KRR
estimator is the smallest when λ = λbalance. That is to say, the convergence rate of
the generalization error can not be faster than the rate when choosing λ = λbalance.

41



Zhang, Li, Lu and Lin

Note that we expect Bias2(λ) = ΘP (M2(λ)) and Var(λ) = ΘP (N2(λ)/n). Step 1 ac-
tually indicates the regularization such that the bias and variance are balanced. To-
gether with Theorem 15 and 18, Step 2 further verifies that Bias2(λ) = ΘP (M2(λ)) and
Var(λ) = ΘP (N2(λ)/n) indeed hold for those λ & λbalance. Thus they are indeed balanced
under the choice of λ = λbalance.

Final proof of Theorem 4. In the following of the proof, we omit the dependence of
constants on s, σ, γ, c0, κ, c1 and c2.
Step 1: Note that we assume s ≥ 1 in this theorem and λ = d−l, 0 < l < γ. For specific
range of γ, we discuss the range of lbalance. Recall that we define s̃ = min{s, 2}.

• When l ∈ (p, p+ 1
2 ] for some integer p ≥ 0, Lemma 23 and Lemma 25 show that

N2(λ)

n
� dp−γ ; M2(λ) � d−2l+(2−s̃)p,

thus we have

lbalance =
γ + p− ps̃

2
.

Further, letting lbalance = γ+p−ps̃
2 ∈ (p, p+ 1

2 ], we have

γ ∈ (p+ ps̃, p+ ps̃+ 1] .

• When l ∈ (p+ 1
2 , p+ s̃

2 ], Lemma 23 and Lemma 25 show that

N2(λ)

n
� d2l−p−1−γ ; M2(λ) � d−2l+(2−s̃)p,

thus we have

lbalance =
γ + 3p− ps̃+ 1

4
.

Further, letting lbalance = γ+3p−ps̃+1
4 ∈ (p+ 1

2 , p+ s̃
2 ], we have

γ ∈ (p+ ps̃+ 1, p+ ps̃+ 2s̃− 1] .

• When l ∈ (p+ s̃
2 , p+ 1], Lemma 23 and Lemma 25 show that

N2(λ)

n
� d2l−p−1−γ ; M2(λ) � d−(p+1)s̃,

thus we have

lbalance =
γ + (p+ 1)(1− s̃)

2
.

Further, letting lbalance ∈ (p+ s̃
2 , p+ 1], we have

γ ∈ (p+ ps̃+ 2s̃− 1, (p+ 1) + (p+ 1)s̃] .
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Step 2: In order to apply Theorem 15 and Theorem 18 so that we know the exact
convergence rates of Var(λbalance) and Bias2(λbalance), we first check the approximation
conditions (38) and (43), or equivalently conditions (7), hold for l = lbalance. Recall that we
have calculated the convergence rates of N1(λ) and M1(λ) in Lemma 23 and Lemma 26.

• When γ ∈ (p+ ps̃, p+ ps̃+ 1]: recall that lbalance = γ+p−ps̃
2 ∈ (p, p+ 1

2 ].

(i) The first condition in (7) is equivalent to

γ + p− ps̃
2

< γ ⇐⇒ γ > p− ps̃,

which naturally holds for all γ ∈ (p+ ps̃, p+ ps̃+ 1].

(ii) The second condition in (7) is equivalent to

d−γ · dγ+p−ps̃ · γ ln d� dp ⇐⇒ p− ps̃ < p,

which naturally holds for all γ ∈ (p+ ps̃, p+ ps̃+ 1] and p 6= 0. When p = 0, we actually
need to choose λbalance = d−lbalance · ln d and the second condition will hold.

(iii) The third condition in (7) is equivalent to

d−γ · d
γ+p−ps̃

4 ·
[
d−

γ+p−ps̃
4

+
(2−s̃)p

2 + d−
(s̃−1)(p+1)

2

]
� d−

1
2

(γ+p−ps̃)+ (2−s̃)p
2

⇐⇒
γ > p− ps̃; γ > p− 3ps̃− 2s̃+ 2,

which naturally holds for all γ ∈ (p+ ps̃, p+ ps̃+ 1] and p 6= 0. In addition, one can
also check that the third condition in (7) holds when p = 0 and λbalance = d−lbalance · ln d.

• When γ ∈ (p+ ps̃+ 1, p+ ps̃+ 2s̃− 1]: recall that lbalance = γ+3p−ps̃+1
4 ∈ (p+ 1

2 , p+ s̃
2 ].

(i) The first condition in (7) is equivalent to

γ + 3p− ps̃+ 1

4
< γ ⇐⇒ γ > p− ps̃

3
+

1

3
,

which naturally holds for all γ ∈ (p+ ps̃+ 1, p+ ps̃+ 2s̃− 1].

(ii) The second condition in (7) is equivalent to

d−γ · d
γ+3p−ps̃+1

2 · γ ln d� d
γ+3p−ps̃+1

2
−p−1 ⇐⇒ γ > p+ 1,

which naturally holds for all γ ∈ (p+ ps̃+ 1, p+ ps̃+ 2s̃− 1].

(iii) The third condition in (7) is equivalent to

d−γ · d
γ+p−ps̃

8 ·
[
d−

γ+p−ps̃
8

+
(2−s̃)p

2 + d−
(s̃−1)(p+1)

2

]
� d−

1
4

(γ+p−ps̃)+ (2−s̃)p
2

⇐⇒
γ > p− ps̃

3
+

1

3
; γ > p− 3ps̃

5
− 4s̃

5
+

7

5
,

which naturally holds for all γ ∈ (p+ ps̃+ 1, p+ ps̃+ 2s̃− 1].

43



Zhang, Li, Lu and Lin

• When γ ∈ (p+ps̃+2s̃−1, (p+1)+(p+1)s̃]: recall that lbalance = γ+(p+1)(1−s̃)
2 ∈ (p+ s̃

2 , p+1.

(i) The first condition in (7) is equivalent to

γ + (p+ 1)(1− s̃)
2

< γ ⇐⇒ γ > p− ps̃+ 1− s̃,

which naturally holds for all γ ∈ (p+ ps̃+ 2s̃− 1, (p+ 1) + (p+ 1)s̃].

(ii) The second condition in (7) is equivalent to

d−γ · dγ+(p+1)(1−s̃) · γ ln d� dγ+(p+1)(1−s̃)−p−1 ⇐⇒ γ > p+ 1,

which naturally holds for all γ ∈ (p+ ps̃+ 2s̃− 1, (p+ 1) + (p+ 1)s̃].

(iii) The third condition in (7) is equivalent to

d−γ · d
γ+(p+1)(1−s̃)

4 ·
[
d−

γ+(p+1)(1−s̃)
2

+
(2−s̃)p

2 + d−
(s̃−1)(p+1)

2

]
� d−

(p+1)s̃
2

⇐⇒
γ > p+

s̃

2
; γ > p− ps̃

3
+
s̃

3
+

1

3
,

which naturally holds for all γ ∈ (p+ ps̃+ 2s̃− 1, (p+ 1) + (p+ 1)s̃].

Up to now, we have verified conditions (7) for l = lbalance. Furthermore, simple calculation
shows that the order of

N1(λ)

n
; n−1N1(λ)2N2(λ)−1; n−1N1(λ)

1
2M1(λ)M2(λ)−

1
2 (76)

are all non-decreasing with respect to l, where we choose λ = d−l. Therefore, the above
results indicate that conditions (7) holds for all l ≤ lbalance.

Step 3: In step 2, on the one hand, we prove that by choosing λ = λbalance,

E
[∥∥∥f̂λbalance − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP

(
σ2N2(λbalance)

n
+M2(λbalance)

)
. (77)

On the other hand, we also prove that by choosing λ & λbalance,

E
[∥∥∥f̂λbalance − f∗ρ∥∥∥2

L2

∣∣∣X] = ΩP

(
σ2N2(λbalance)

n
+M2(λbalance)

)
. (78)

In the following, we handle those λ . λbalance. Recall that we have shown in the proof
of Lemma 11 that

Var(λ) =
σ2

n2

∫
X
K(x,X)(K + λ)−2K(X,x) dµ(x).

One simple but critical observation from Li et al. (2023a) is that

(K + λ1)−2 � (K + λ2)−2, if λ1 ≤ λ2,
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where � represents the partial order of positive semi-definite matrices, and thus for λ1 ≤
λ2 > 0, we have

Var(λ1) ≥ Var(λ2).

Also note that by the definition of lbalance, we actually have

E
[∥∥∥f̂λbalance − f∗ρ∥∥∥2

L2

∣∣∣X] = ΘP (Var(λbalance)) .

Therefore, for those λ . λbalance, we have

E
[∥∥∥f̂λ − f∗ρ∥∥∥2

L2

∣∣∣X] ≥ Var(λ) ≥ Var(λbalance) � E
[∥∥∥f̂λbalance − f∗ρ∥∥∥2

L2

∣∣∣X] . (79)

To sum up, (77), (78) and (79) show that by choosing λ = λbalance as in step 1, we obtain
the convergence rates of KRR estimator under the best regularization. Using Lemma 25 to
calculate the rate of M2(λbalance), we finish the proof.

�

B.4 Proof of Theorem 5

Recall that in the proof of Theorem 18, we useM1(λ) to bound
∥∥fλ − f∗ρ∥∥L∞ and show that∥∥∥f̃λ − fλ∥∥∥

L2
= oP(M2(λ)

1
2 ). Unfortunately, the calculation of M1(λ) in Lemma 26 only

holds for s ≥ 1 and it could be infinite when s < 1. Extensive literature then assume
∥∥f∗ρ∥∥L∞

to be bounded and use ‖fλ‖L∞ +
∥∥f∗ρ∥∥L∞ to bound

∥∥fλ − f∗ρ∥∥L∞ . When the dimension d is
fixed, Zhang et al. (2024) first use a truncation method together with the Lq-embedding
property of [H]s to remove the boundedness assumption when s < 1. We will see in the
proof of Theorem 5 that this technique still works in the large-dimensional setting.

To be specific, when we further assume f∗ρ ∈ [H]s, we have the following Theorem which
is a refined version of Lemma 17.

Lemma 28 Suppose that Assumption 1, 2 and 3 hold. Further suppose that Assumption
5 holds for some 0 < s < 1. If the following approximation conditions hold for some
λ = λ(d, n)→ 0:

N1(λ)

n
lnn = o(1); n−1N1(λ)

1
2 ‖fλ‖L∞ = o

(
M2(λ)

1
2

)
; (80)

and there exists ε > 0, such that

n−1N1(λ)
1
2n

1−s
2

+ε = o
(
M2(λ)

1
2

)
, (81)

then we have ∥∥∥f̃λ − fλ∥∥∥
L2

= oP(M2(λ)
1
2 ),

where the notation oP involves constants only depending on s and κ.
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Proof Recall the decomposition (44) in the proof of Lemma 17. The first two terms in (44)
can be handled without any difference. Our goal here is to prove the following equation and
we will finish the proof: ∥∥∥∥T− 1

2
λ (g̃Z − TXλfλ)

∥∥∥∥
H

= oP

(
M2(λ)

1
2

)
. (82)

Similarly as (47), we rewrite the left hand side of (82) as∥∥∥∥T− 1
2

λ (g̃Z − TXλfλ)

∥∥∥∥
H

=

∥∥∥∥T− 1
2

λ [(g̃Z − TXfλ)− (g − Tfλ)]

∥∥∥∥
H
. (83)

Denote ξi = ξ(xi) = T
− 1

2
λ (Kxif

∗
ρ (xi)− Txifλ). Further consider the subset Ω1 = {x ∈ X :

|f∗ρ (x)| ≤ t} and Ω2 = X\Ω1, where t will be chosen appropriately later. Decompose ξi as
ξiIxi∈Ω1 + ξiIxi∈Ω2 and we have the following decomposition of (83):∥∥∥∥∥ 1

n

n∑
i=1

ξi − Eξx

∥∥∥∥∥
H

≤

∥∥∥∥∥ 1

n

n∑
i=1

ξiIxi∈Ω1 − EξxIx∈Ω1

∥∥∥∥∥
H

+ ‖ 1

n

n∑
i=1

ξiIxi∈Ω2‖H + ‖EξxIx∈Ω2‖H

:= I + II + III. (84)

Next we choose t = n
1−s
2

+εt , q = 2
1−s − εq such that

εt < ε; and
1− s

2
+ εt > 1/

(
2

1− s
− εq

)
, (85)

where ε is given in (81). Then we can bound the three terms in (84) as follows:

(i) For the first term in (84), denoted as I, notice that∥∥(fλ − f∗ρ ) Ixi∈Ω1

∥∥
L∞
≤ ‖fλ‖L∞ + n

1−s
2

+εt .

Imitating the procedure (iii) in the proof of Lemma 17 and using (80), (81), we have

I = oP

(
M2(λ)

1
2

)
. (86)

(ii) For the second term in (84), denoted as II. Since q = 2
1−s − εq <

2
1−s , Lemma 44 shows

that,

[H]s ↪→ Lq(X , µ),

with embedding norm less than a constant Cs,κ. Then Assumption 5 (a) implies that there
exists 0 < Cq < ∞ only depending on γ, s and κ such that ‖f∗ρ‖Lq(X ,µ) ≤ Cq. Using the
Markov inequality, we have

P (x ∈ Ω2) = P
(
|f∗ρ (x)| > t

)
≤

E|f∗ρ (x)|q

tq
≤ (Cq)

q

tq
.
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Further, since (85) guarantees tq � n, we have

τn := P
(

II ≥M2(λ)
1
2

)
≤ P

(
∃xi s.t. xi ∈ Ω2,

)
= 1− P

(
xi /∈ Ω2, ∀xi, i = 1, 2, · · · , n

)
= 1− P

(
x /∈ Ω2

)n
= 1− P

(
|f∗ρ (x)| ≤ t

)n
≤ 1−

(
1− (Cq)

q

tq

)n
→ 0. (87)

(iii) For the third term in (84), denoted as III. Since Lemma 39 implies that ‖T−
1
2

λ k(x, ·)‖H ≤
N1(λ)

1
2 , µ-a.e. x ∈ X , so

III ≤ E‖ξxIx∈Ω2‖H ≤ E
[
‖T−

1
2

λ k(x, ·)‖H ·
∣∣(f∗ρ − fλ(x)

)
Ix∈Ω2

∣∣]
≤ N1(λ)

1
2E
∣∣(f∗ρ − fλ(x)

)
Ix∈Ω2

∣∣
≤ N1(λ)

1
2

∥∥f∗ρ − fλ∥∥ 1
2

L2 · P (x ∈ Ω2)
1
2

≤ N1(λ)
1
2M2(λ)

1
2 t−

q
2 , (88)

where we use Cauchy-Schwarz inequality for the third inequality and (16) for the forth
inequality. Recalling that the choices of t, q satisfy t−q � n−1 and we have assumed
N1(λ) lnn/n = o(1), we have

III = o
(
M2(λ)

1
2

)
. (89)

Plugging (86), (87) and (89) into (84), we finish the proof.

Based on Lemma 28 and Lemma 16, we have the following theorem about the exact rate
of bias term when 0 < s < 1.

Theorem 29 Suppose that Assumption 1, 2 and 3 hold. Further suppose that Assumption
5 holds for some 0 < s < 1. If the following approximation conditions hold for some
λ = λ(d, n)→ 0:

N1(λ)

n
lnn = o(1); n−1N1(λ)

1
2 ‖fλ‖L∞ = o

(
M2(λ)

1
2

)
; (90)

and there exists ε > 0, such that

n−1N1(λ)
1
2n

1−s
2

+ε = o
(
M2(λ)

1
2

)
, (91)

then we have

Bias2(λ) = ΘP (M2(λ)) , (92)

where the notation ΘP involves constants only depending on s and κ.
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Proof The triangle inequality implies that

Bias(λ) =
∥∥∥f̃λ − f∗ρ∥∥∥

L2
≥
∥∥fλ − f∗ρ∥∥L2 −

∥∥∥f̃λ − fλ∥∥∥
L2
,

When λ = λ(d, n) satisfies (90) and (91), Lemma 16 and Lemma 28 prove that∥∥fλ − f∗ρ∥∥L2 =M2(λ)
1
2 ;

∥∥∥f̃λ − fλ∥∥∥
L2

= oP(M2(λ)
1
2 ),

which directly prove (92).

Now we are ready to prove Theorem 5. Since we do not claim that the regularization
choice in Theorem 5 is the best, we only need the first two steps in the proof of Theorem 4.

Final proof of Theorem 5. In the following of the proof, we omit the dependence of
constants on s, σ, γ, c0, κ, c1 and c2.
Step 1: Note that we assume 0 < s < 1 in this theorem and λ = d−l, 0 < l < γ. For specific
range of γ, we discuss the range of lbalance.

• When l ∈ (p, p+ s
2 ] for some integer p ≥ 0, Lemma 23 and Lemma 25 show that

N2(λ)

n
� dp−γ ; M2(λ) � d−2l+(2−s)p,

thus we have

lbalance =
γ + p− ps

2
.

Further, letting lbalance = γ+p−ps
2 ∈ (p, p+ s

2 ], we have

γ ∈ (p+ ps, p+ ps+ s] .

• When l ∈ (p+ s
2 , p+ 1

2 ], Lemma 23 and Lemma 25 show that

N2(λ)

n
� dp−γ ; M2(λ) � d−(p+1)s,

thus the above two terms are equal if and only if

γ = p+ ps+ s.

• When l ∈ (p+ 1
2 , p+ 1], Lemma 23 and Lemma 25 show that

N2(λ)

n
� d2l−p−1−γ ; M2(λ) � d−(p+1)s,

thus we have

lbalance =
γ + (p+ 1)(1− s)

2
.

Further, letting lbalance ∈ (p+ s
2 , p+ 1], we have

γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] .
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Note that the present result is different from the result of the Step 1 in the proof of Theorem
(4). There are only two intervals of γ, i.e.,

γ ∈ (p+ ps, p+ ps+ s] ; and γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] .

It is worth mentioning that in the second interval of γ, we can actually choose λ =
d−l,∀l ∈

[
p+ s

2 , lbalance

]
and we have

N2(λ)

n
.M2(λ); M2(λ) =M2(λbalance).

That is to say, we can choose smaller l and the rate of N2(λ)/n +M2(λ) will remain
unchanged. We have shown in (76) and the discussion below it that the approximation
conditions are easier to satisfied for smaller l. Therefore, in the following of the proof, we
define

lopt = p+
s

2
, when γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] ,

and verify the approximation conditions for λopt = d−lopt . For consistency of notation, we
also define

lopt =
γ + p− ps

2
, when γ ∈ (p+ ps, p+ ps+ s] .

Step 2: In order to apply Theorem 15 and Theorem 29 so that we know the exact convergence
rates of Var(λopt) and Bias2(λopt), we first check the approximation conditions (38), (90)
and (91) hold for l = lopt. We first list all the approximation conditions below:

N1(λ)

n
lnn = o(1); n−1N1(λ)2 lnn = o(N2(λ));

n−1N1(λ)
1
2 ‖fλ‖L∞ = o

(
M2(λ)

1
2

)
;n−1N1(λ)

1
2n

1−s
2

+ε = o
(
M2(λ)

1
2

)
.

(93)

Recall that we have calculated the convergence rates of N1(λ) and ‖fλ‖L∞ in Lemma 23
and Lemma 27.

• When γ ∈ (p+ ps, p+ ps+ s]: recall that lopt = γ+p−ps
2 ∈ (p, p+ s

2 ].

(i) The first condition in (93) is equivalent to

γ + p− ps
2

< γ ⇐⇒ γ > p− ps,

which naturally holds for all γ ∈ (p+ ps, p+ ps+ s].

(ii) The second condition in (93) is equivalent to

d−γ · dγ+p−ps · γ ln d� dp ⇐⇒ p− ps < p,

which naturally holds for all γ ∈ (p+ ps, p+ ps+ s] and p 6= 0. When p = 0, we actually
need to choose λopt = d−lopt · ln d and the second condition will hold.
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(iii) The third condition in (93) is equivalent to

d−γ · d
γ+p−ps

4 ·
[
d
p
2
− ps

2 + d
γ+p−ps

2
− (1+s)(p+1)

2

]
� d−

1
2

(γ+p−ps)+ (2−s)p
2

⇐⇒
γ > p− 3ps; γ < p+ 5ps+ 2s+ 2,

which naturally holds for all γ ∈ (p+ ps, p+ ps+ s] and p 6= 0. In addition, one can
also check that the third condition in (93) holds when p = 0 and λopt = d−lopt · ln d.
(iv) The forth condition in (93) is equivalent to

d−γ · d
γ+p−ps

4 · d
γ
2
− γs

2 � d−
1
2

(γ+p−ps)+ (2−s)p
2

⇐⇒
(1− 2s)γ < p+ ps. (94)

If 1
2 < s < 1, (94) naturally holds for all γ ∈ (p+ ps, p+ ps+ s] and p 6= 0. In

addition, one can also check that the forth condition in (93) holds when p = 0 and
λopt = d−lopt · ln d.
If 0 < s ≤ 1

2 , (94) only holds for γ ∈ (p+ ps, p+ ps+ s] and p 6= 0. That is to say, we
can not verify (94) holds for

γ ∈ (0, s], 0 < s <
1

2
. (95)

• When γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s]: recall that lopt = p+ s
2 .

(i) The first condition in (93) is equivalent to

p+
s

2
< γ,

which naturally holds for all γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s].

(ii) The second condition in (93) is equivalent to

d−γ · d2p+s · γ ln d� dp ⇐⇒ γ > p+ s,

which naturally holds for all γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s].

(iii) The third condition in (93) is equivalent to

d−γ · d
p
2

+ s
4 ·
[
d
p
2
− ps

2 + dp+
s
2
− (1+s)(p+1)

2

]
� d−

(p+1)s
2

⇐⇒
γ > p+

3s

4
; γ > p+

3s

4
− 1

2
,

which naturally holds for all γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s].
(iv) The forth condition in (93) is equivalent to

d−γ · d
p
2

+ s
4 · d

γ
2
− γs

2 � d−
(p+1)s

2
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⇐⇒
γ >

2p+ 3s+ 2ps

2(s+ 1)
. (96)

If 1/2 < s < 1, (96) naturally holds for all γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] and p 6= 0.
In addition, one can also check that the forth condition in (93) holds when p = 0 and
λopt = d−lopt · ln d.
If 0 < s ≤ 1/2, (96) only holds for γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] and p 6= 0. That is
to say, we can not verify (94) holds for

γ ∈
(

0,
3s

2(s+ 1)

]
, 0 < s <

1

2
. (97)

Up to now, we have verified the approximation conditions (93) for

∀γ > 0, if
1

2
< s < 1;

and

∀γ > 3s

2(s+ 1)
, if 0 < s ≤ 1

2
.

Using Lemma 25 to calculate the rate of M2(λopt), we finish the proof.

�

Appendix C. Proof of Minimax lower bound

C.1 More preliminaries about minimax lower bound

Let’s first introduce several concepts about minimax lower bound which can be frequently
found in related literature Yang and Barron (1999); Lu et al. (2023), etc..

Suppose that (Z, d) is a topological space with a compatible loss function d, which is a
mapping from Z × Z to R≥0 with d(f, f) = 0 and d(f, f ′) > 0 for f 6= f ′. We call such a
loss function a distance. We introduce the packing entropy and covering entropy below:

Definition 30 (Packing entropy) A finite set Nε ⊂ Z is said to be an ε-packing set in Z
with separation ε > 0, if for any f, f ′ ∈ Nε, f 6= f ′, we have d (f, f ′) > ε. The logarithm of
the maximum cardinality of ε-packing set is called the ε-packing entropy of Z with distance
d and is denoted by Md(ε,Z).

Definition 31 (Covering entropy) A set Gε ⊂ Z is said to be an ε-net for Z if for any
f̃ ∈ Z, there exists an f0 ∈ Gε such that d(f̃ , f0) ≤ ε. The logarithm of the minimum
cardinality of ε-net is called the ε-covering entropy of Z with distance d and is denoted by
Vd(ε,Z).

Let B =
{
f ∈ [H]s, ‖f‖[H]s ≤ Rγ

}
, where Rγ is the constant from Assumption 5. With-

out loss of generality, we can consider B to be the unit ball in [H]s. Let M2(ε,B) be the
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ε-packing entropy of (B, d2 = ‖·‖2L2) and V2(ε,B) be the ε-covering entropy of (B, d2 = ‖·‖2L2).
Recalling that µ is the marginal distribution on X , we further define

D =

{
ρf

∣∣∣∣ joint distribution of (y,x) where x ∼ µ, y = f(x) + ε, ε ∼ N(0, σ2), f ∈ B
}
,

and let VK(ε,D) be the ε-covering entropy of (D, d2 = KL divergence ). It is easy to see
that D is a subset of P which is defined in Theorem 7, i.e., D ⊂ P.

The following lemmas give useful characterizations of M2(ε,B), V2(ε,B) and VK(ε,D).
We refer to Lemma A.5, Lemma A.7 and Lemma A.8 in Lu et al. (2023) for their proofs.

Lemma 32 For any ε > 0, we have M2(2ε,B) ≤ V2(ε,B) ≤M2(ε,B).

Lemma 33 V2 (ε,B) = VK

(
ε√
2σ
,D
)

.

Lemma 34 Let {λj}∞j=1 be the eigenvalues of H. For any ε > 0, let K(ε) = 1
2

∑
j:λsj>ε

2

ln
(
λsj/ε

2
)

.

We have
V2(6ε,B) ≤ K(ε) ≤ V2(ε,B).

The following important lemma is a modification of Theorem 1 and Corollary 1 in Yang
and Barron (1999). We refer to Lemma 4.1 in Lu et al. (2023) for the proof.

Lemma 35 Let c ∈ (0, 1) be a constant only depending on c1, c2, and γ, where c1, c2 are
the constants given in Theorem 7. For any 0 < ε̃1, ε̃2 <∞ only depending on n, d, {λj}, c1,
c2, and γ and satisfying

VK(ε̃2,D) + nε̃2
2 + ln 2

V2(ε̃1,B)
≤ c,

we have

min
f̂

max
ρf∗∈D

E(X,y)∼ρ⊗n
f∗

∥∥∥f̂ − f∗∥∥∥2

L2
≥ 1− c

4
ε̃2

1.

C.2 Proof of Theorem 7

Now we are ready to use the lemmas in the last subsection to prove Theorem 7. The proof
is divided into two parts, dealing with the two cases of the interval in which γ falls into.

Proof of Theorem 7 (i). In this case, we have assumed γ ∈ (p+ ps, p+ ps+ s] for some
integer p ≥ 0. Let ε̃2

2 = C2d
−(γ−p), where we will choose the constant C2 later. Note that

we have γ − p ∈ (ps, (p + 1)s]. Lemma 19 implies that we can choose C2 only depending
on p (ignoring the dependence on {aj}∞j=0) such that for any d ≥ C (C is a constant only
depending on ε, s and p), we have

µsp+1 < ε̃2
2 < µsp.

Next we can choose ε̃2
1 = d−(γ−p+ε), where ε can be any positive real number. Since

γ − p+ ε > ps, when d ≥ C, where C is a constant only depending on ε, s and p, we have

ε̃2
1 < µsp.
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Therefore, using Lemma 34 and Lemma 19, for any d ≥ C, we have

V2 (ε̃1,B) ≥ K(ε̃1) ≥ 1

2
N(d, p) ln

(
µsp
ε̃2

1

)
≥ 1

2
N(d, p) ln

(
C1d

−ps

d−(γ−p+ε)

)
=

1

2
N(d, p) (lnC1 + (γ − p+ ε− ps) ln d) . (98)

In addition, using Lemma 19 and Lemma 20, we have the following claim.

Claim 1 Suppose that γ ∈ (p+ ps, p+ ps+ s] for some integer p ≥ 0. Let ε̃2
2 be defined as

above. For any ε0 > 0, there exists a sufficiently large constant C only depending on s, p and
ε0, such that for any d ≥ C, we have

K
(√

2σε̃2/6
)
≤ (1 + ε0)

1

2
N(d, p) ln

(
18µsp
σ2ε̃2

2

)
.

Therefore, for any d ≥ C, where C is a constant only depending on s and p, we have

VK (ε̃2,D) = V2

(√
2σε̃2,B

)
≤ K

(√
2σε̃2

6

)

≤ (1 + ε0)
1

2
N(d, p) ln

(
18µsp
σ2ε̃2

2

)
≤ (1 + ε0)

1

2
N(d, p) ln

(
18C2d

−ps

σ2C2d−(γ−p)

)
= (1 + ε0)

1

2
N(d, p)

(
ln

18C2

σ2C2
+ (γ − p− ps) ln d

)
, (99)

where we use Lemma 33 and Lemma 34 for the first line and use Lemma 19 for the third
line.

Using (98) and (99), also recalling that we assume c1d
γ ≤ n ≤ c2d

γ , we have

VK(ε̃2,D) + nε̃2
2 + ln 2

V2(ε̃1,B)
≤

(1 + ε0) 1
2N(d, p)

(
ln 18C2

σ2C2
+ (γ − p− ps) ln d

)
+ c2d

γ · C2d
−(γ−p) + ln 2

1
2N(d, p) (lnC1 + (γ − p+ ε− ps) ln d)

.

(100)
Recalling that Lemma 21 shows C3d

p ≤ N(d, p) ≤ C4d
p when d ≥ C, the dominant terms in

(100) are:
1
2 (1 + ε0) (γ − p− ps)N(d, p) ln d

1
2(γ − p+ ε− ps)N(d, p) ln d

.

Therefore, for any ε > 0, we can choose ε0 small enough such that

VK(ε̃2,D) + nε̃2
2 + ln 2

V2(ε̃1,B)
≤ (100) := c < 1.
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Then using Lemma 35, we have

min
f̂

max
ρf∗∈D

E(X,y)∼ρ⊗n
f∗

∥∥∥f̂ − f∗∥∥∥2

L2
≥ 1− c

4
ε̃2

1 =
1− c

4
d−(γ−p−ε).

Further recalling that D ⊂ P, we have

min
f̂

max
ρ∈P

E(X,y)∼ρ⊗n
∥∥∥f̂ − f∗ρ∥∥∥2

L2
≥ min

f̂
max
ρf∗∈D

E(X,y)∼ρ⊗n
f∗

∥∥∥f̂ − f∗∥∥∥2

L2
≥ 1− c

4
d−(γ−p−ε).

We finish the proof of Theorem 7 (i).

�

Proof of Theorem 7 (ii). In this case, we have assumed γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s]
for some integer p ≥ 0. Let ε̃2

2 = C2d
−(p+1)s ln d, where we will choose the constant C2 later.

Then Lemma 19 implies that there exists a constant C only depending on s and p such that
for any d ≥ C, we have

µsp+1 < ε̃2
2 < µsp.

Next we can choose ε̃2
1 = C1d

−(p+1)s. Using Lemma 19, we can choose C1 < Cs1, where C1 is
the constant in Lemma 19, such that for any d ≥ C, where C is a constant only depending
on s and p, we have

ε̃2
1 < µsp+1.

Therefore, using Lemma 34 and Lemma 19, for any d ≥ C, we have

V2 (ε̃1,B) ≥ K(ε̃1) ≥ 1

2
N(d, p+ 1) ln

(
µsp+1

ε̃2
1

)
≥ 1

2
N(d, p+ 1) ln

(
C1d

−(p+1)s

C1d−(p+1)s

)

=
1

2
N(d, p+ 1) ln

C1

C1
. (101)

In addition, using Lemma 19 and Lemma 20, we have the following claim.

Claim 2 Suppose that γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s] for some integer p ≥ 0. Let ε̃2
2 be

defined as above. For any ε0 > 0, there exists a sufficiently large constant C only depending
on s, p and ε0, such that for any d ≥ C, we have

K
(√

2σε̃2/6
)
≤ (1 + ε0)

1

2
N(d, p) ln

(
18µsp
σ2ε̃2

2

)
.
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Therefore, for any d ≥ C, where C is a constant only depending on s, p and {aj}j≤p+1,

VK (ε̃2,D) = V2

(√
2σε̃2,B

)
≤ K

(√
2σε̃2

6

)

≤ (1 + ε0)
1

2
N(d, p) ln

(
18µsp
σ2ε̃2

2

)
≤ (1 + ε0)

1

2
N(d, p) ln

(
18C2d

−ps

σ2C2d−(p+1)s

)
= (1 + ε0)

1

2
N(d, p)

(
ln

18C2

σ2C2
+ s ln d

)
, (102)

where we use Lemma 33 and Lemma 34 for the first line and use Lemma 19 for the third
line.

Using (98) and (99), also recalling that we assume c1d
γ ≤ n ≤ c2d

γ , we have

VK(ε̃2,D) + nε̃2
2 + ln 2

V2(ε̃1,B)
≤

(1 + ε0) 1
2N(d, p)

(
ln 18C2

σ2C2
+ s ln d

)
+ c2d

γ · C2d
−(p+1)s + ln 2

1
2N(d, p+ 1) ln C1

C1

.

(103)
Recalling that Lemma 21 shows N(d, p) ≤ C4d

p and N(d, p+ 1) ≥ C3d
p+1 when d ≥ C, the

dominant terms in (103) are:

c2C2d
γ−(p+1)s

1
2 ln C1

C1
N(d, p+ 1) ln d

.

Further noticing that γ − (p+ 1)s ≤ p+ 1 for any γ ∈ (p+ ps+ s, (p+ 1) + (p+ 1)s], so we
can choose C2 small enough and only depending on s, σ, γ, κ, c1, c2, such that

VK(ε̃2,D) + nε̃2
2 + ln 2

V2(ε̃1,B)
≤ (103) := c < 1.

Then using Lemma 35 again, we have

min
f̂

max
ρf∗∈D

E(X,y)∼ρ⊗n
f∗

∥∥∥f̂ − f∗∥∥∥2

L2
≥ 1− c

4
ε̃2

1 =
1− c

4
C1d

−(p+1)s.

Further recalling that D ⊂ P, we have

min
f̂

max
ρ∈P

E(X,y)∼ρ⊗n
∥∥∥f̂ − f∗ρ∥∥∥2

L2
≥ min

f̂
max
ρf∗∈D

E(X,y)∼ρ⊗n
f∗

∥∥∥f̂ − f∗∥∥∥2

L2
≥ 1− c

4
C1d

−(p+1)s.

We finish the proof of Theorem 7 (ii).

�

Appendix D. Auxiliary results

The following proposition about estimating the L2 norm with empirical norm is from Li
et al. (2023a, Proposition C.9), which dates back to Caponnetto and Yao (2010).
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Proposition 36 Let µ be a probability measure on X , f ∈ L2(X , µ) and ‖f‖L∞ ≤ M .
Suppose we have x1, . . . ,xn sampled i.i.d. from µ. Then for δ ∈ (0, 1), the following holds
with probability at least 1− δ:

1

2
‖f‖2L2 −

5M2

3n
ln

2

δ
≤ ‖f‖2L2,n ≤

3

2
‖f‖2L2 +

5M2

3n
ln

2

δ
.

The following concentration inequality about self-adjoint Hilbert-Schmidt operator valued
random variables is frequently used in related literature, e.g., Fischer and Steinwart (2020,
Theorem 27) and Lin and Cevher (2020, Lemma 26).

Lemma 37 Let (Ω,B, P ) be a probability space, H be a separable Hilbert space. Suppose
that A1, · · · , An are i.i.d. random variables with values in the set of self-adjoint Hilbert-
Schmidt operators. If EAi = 0, and the operator norm ‖Ai‖ ≤ L,P -a.e., and there exists a
self-adjoint positive semi-definite trace class operator V with EA2

i � V . Then for δ ∈ (0, 1),
with probability at least 1− δ, we have∥∥∥∥∥ 1

n

n∑
i=1

Ai

∥∥∥∥∥ ≤ 2Lβ

3n
+

√
2‖V ‖β
n

, β = ln
4trV

δ‖V ‖
.

The following Bernstein inequality about vector-valued random variables is frequently
used, e.g., Caponnetto and de Vito (2007, Proposition 2) and Fischer and Steinwart (2020,
Theorem 26).

Lemma 38 (Bernstein inequality) Let (Ω,B, P ) be a probability space, H be a separable
Hilbert space, and ξ : Ω→ H be a random variable with

E‖ξ‖mH ≤
1

2
m!σ2Lm−2,

for all m > 2. Then for δ ∈ (0, 1), ξi are i.i.d. random variables, with probability at least
1− δ, we have ∥∥∥∥∥ 1

n

n∑
i=1

ξi − Eξ

∥∥∥∥∥
H

≤ 4
√

2 ln
2

δ

(
L

n
+

σ√
n

)
.

Lemma 39 Given the definition of N1(λ) as in (4). If the condition (6) in Assumption 3
holds, we have

‖T−
1
2

λ k(x, ·)‖2H ≤ N1(λ), µ-a.e. x ∈ X .

Proof

‖T−
1
2

λ k(x, ·)‖2H =
∥∥∥ ∞∑
i=1

(
1

λi + λ
)
1
2λiei(x)ei(·)

∥∥∥2

H

=
∞∑
i=1

λi
λi + λ

e2
i (x)

≤ N1(λ), µ-a.e. x ∈ X .
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Lemma 39 has a direct corollary.

Lemma 40 Given the definition of N1(λ) as in (4). If the condition (6) in Assumption 3
holds, we have

‖T−
1
2

λ TxT
− 1

2
λ ‖ ≤ N1(λ), µ-a.e. x ∈ X .

Proof Note that for any f ∈ H,

T
− 1

2
λ TxT

− 1
2

λ f = T
− 1

2
λ KxK

∗
xT
− 1

2
λ f

= T
− 1

2
λ Kx〈k(x, ·), T−

1
2

λ f〉H

= T
− 1

2
λ Kx〈T

− 1
2

λ k(x, ·), f〉H

= 〈T−
1
2

λ k(x, ·), f〉H · T
− 1

2
λ k(x, ·).

So ‖T−
1
2

λ TxT
− 1

2
λ ‖ = sup

‖f‖H=1
‖T−

1
2

λ TxT
− 1

2
λ f‖H = sup

‖f‖H=1
〈T−

1
2

λ k(x, ·), f〉H · ‖T
− 1

2
λ k(x, ·)‖H =

‖T−
1
2

λ k(x, ·)‖2H. Using Lemma 39, we finish the proof.

We state the following three lemmas without proof, since the proofs are classical and the
verification about the constants is tedious. We refer to Appendix A in Zhang et al. (2024)
and the references therein for the proof, the definition of Lorentz space Lp,q(X , µ) and real
interpolation (·, ·)θ,q.

Lemma 41 Let µ be the probability distribution on X . For 1 < p1 6= p2 <∞, 1 ≤ q ≤ ∞
and 0 < θ < 1, we have

(Lp1(X , µ), Lp2(X , µ))θ,q
∼= Lpθ,q(X , µ),

1

pθ
=

1− θ
p1

+
θ

p2
,

where Lpθ,q(X , µ) is the Lorentz space and the equivalent norm only involves absolute con-
stants.

Lemma 42 Let µ be the probability distribution on X . If 1 < p <∞ and 1 ≤ q1 ≤ q2 ≤ ∞,
we have

Lp,q1(X , µ) ↪→ Lp,q2(X , µ),

and the operator norm are upper bounded by an absolute constant.

Lemma 43 Let µ be the probability distribution on X . For 1 < p <∞, we have

Lp,p(X , µ) ∼= Lp(X , µ); Lp,∞(X , µ) ∼= Lp,w(X , µ),

where Lp,w(X , µ) denotes the weak Lp space and the equivalent norm only involves absolute
constants.
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Theorem 44 (Lq-embedding property) Suppose that H is the RKHS associated with
a continuous, positive-definite and symmetric kernel k on a compact set X ⊂ Rd and the
probability distribution on X is µ. Further suppose that sup

x∈X
|k(x, x)| ≤ κ2, where κ is an

absolute constant. Then for any 0 < s < 1, we have

[H]s ↪→ Lqs(X , µ), ∀qs <
2

1− s
,

and there exists a constant Cs,κ only depending on s and κ, such that the operator norm of
the embedding operator satisfies

‖[H]s ↪→ Lqs(X , µ)‖ ≤ Cs,κ.

Proof Denote (E0, E1)θ,q as the real interpolation of two normed spaces. Steinwart and
Scovel (2012, Theorem 4.6) shows that for 0 < s < 1,

[H]s ∼=
(
L2(X , µ), [H]1

)
s,2
,

where the equivalent norm involves constants only depending on s.
Since sup

x∈X
|k(x,x)| ≤ κ2 implies that the operator norm of embedding I1 : H ↪→ L∞

satisfies ‖I1‖ ≤ κ2. Define I2 :
(
L2,H

)
θ,2

↪→
(
L2, L∞

)
θ,2

for some θ ∈ (0, 1), the definition

of real interpolation through K-Method (see Chapter 22 in Tartar 2007) actually implies
‖I2‖ ≤ max{1, κ2}. Then any 0 < M <∞, using Lemma 41, we have

[H]s ↪→
(
L2(X , µ), LM (X , µ)

)
s,2
∼= Lq

′
s,2(X , µ),

where 1
q′s

= 1−s
2 + s

M .

For any qs <
2

1−s , we can choose M large enough such that q′s > qs. Further, since
0 < s < 1 and thus q′s > qs > 2, using Lemma 42 and Lemma 43, we have

Lq
′
s,2(X , µ) ↪→ Lq

′
s,q
′
s(X , µ) ∼= Lq

′
s(X , µ) ↪→ Lqs(X , µ).

We finish the proof.

In the following, we provide a remark on Theorem 44.

Remark 45 Intuitively, there should be a constant depending on the dimension d in the
operator norm of the embedding. For instance, their are extensive literature studying the
dependence of the embedding constants on d in the Sobolev type inequalities (Cotsiolis and
Tavoularis, 2004; Mizuguchi et al., 2016; Novak et al., 2018).

Denote (I − ∆)−
r
2 , r > 0, as the Bessel potential operators (see, e.g., Section 2 of

Cotsiolis and Tavoularis 2004). Then the fractional Sobolev space can be defined as Hr(Rd) ={
f ∈ L2(Rd)

∣∣∣ ‖(I −∆)
r
2 f‖L2 <∞

}
, r > 0. It is well known that when r > d

2 , Hr(Rd) is an

RKHS with bounded kernel function. When r < d
2 , denote Id,r as the embedding from Hr(Rd)

to L
2d
d−2r (Rd). Theorem 1.1 in Cotsiolis and Tavoularis (2004) gives an upper bound of the
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operator norm ‖Id,r‖ for any d > 0, 0 < r < d
2 (note that ‖(−∆)

r
2 f‖L2 ≤ ‖(I −∆)

r
2 f‖L2).

Since for 0 < s < 1, [H
d
2 (Rd)]s ∼= (L2(Rd), H

d
2 (Rd))s,2 ∼= H

ds
2 (Rd)), letting r = d

2 , we have

Hr(Rd) = [Hd]
2
3 , where Hd = H

d
2 (Rd) is an RKHS.

(With a little abusement of notation, we consider H
d
2 (Rd) as an RKHS). Then Id, d

2
can also

be interpreted as

Id, d
2

: [Hd]s ↪→ L
2

1−s (Rd), with s =
2

3
.

Detailed calculation about the constant in Theorem 1.1 in Cotsiolis and Tavoularis (2004)
shows that the operator norm of Id, d

2
decreases to 0, i.e.,

‖Id, d
2
‖ → 0, as d→∞.

This indicates that although the embedding norm may depend on d, it can always be upper
bounded by a constant. This shows the consistency with Theorem 44 in our paper.

So when will the embedding norm tend to 0 and when will it remain as a constant? We
can get some inspiration from the operator norm of I1 : Hd ↪→ L∞. Recall that we assume
sup
x∈X
|k(x,x)| ≤ κ2 in Theorem 44, where κ is an absolute constant. This directly implies

‖I1‖ ≤ κ2. This assumption is appropriate for some RKHSs, for instance, the inner product
kernel in Assumption 4 and NTK on the sphere. For these RKHSs, sup

x∈X
|k(x, x)| ≤ κ2 will

not change as d→∞. However, we conjecture that the bound ‖I1‖ ≤ κ2 may be too loose
for other RKHSs when d→∞.

Let us see the example of fractional Sobolev space again. For d, r ∈ N with r > d
2 , denote

Id,r,∞ as the embedding from Hr(Rd) to L∞(Rd). Theorem 11 in Novak et al. (2018) shows
that ‖Id,r,∞‖ → 0 as d→∞. Note that the definition of Hr(Rd) in this section is actually
the same as the definition in Section 4.1 of Novak et al. (2018).
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