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Abstract

Over the past decade, deep learning has proven to be a highly effective tool for learn-
ing meaningful features from raw data. However, it remains an open question how deep
networks perform hierarchical feature learning across layers. In this work, we attempt to
unveil this mystery by investigating the structures of intermediate features. Motivated
by our empirical findings that linear layers mimic the roles of deep layers in nonlinear
networks for feature learning, we explore how deep linear networks transform input data
into output by investigating the output (i.e., features) of each layer after training in the
context of multi-class classification problems. Toward this goal, we first define metrics
to measure within-class compression and between-class discrimination of intermediate fea-
tures, respectively. Through theoretical analysis of these two metrics, we show that the
evolution of features follows a simple and quantitative pattern from shallow to deep layers
when the input data is nearly orthogonal and the network weights are minimum-norm,
balanced, and approximately low-rank: each layer of the linear network progressively com-
presses within-class features at a geometric rate and discriminates between-class features
at a linear rate with respect to the number of layers that data have passed through. To
the best of our knowledge, this is the first quantitative characterization of feature evolution
in hierarchical representations of deep linear networks. Moreover, our extensive experi-
ments not only validate our theoretical results but also reveal a similar pattern in deep
nonlinear networks, which aligns well with recent empirical studies. Finally, we demon-
strate the practical value of our results in transfer learning. Our code is available at
https://github.com/Heimine/PNC_DLN.
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1. Introduction

In the past decade, deep learning has exhibited remarkable success across a wide range of
applications in engineering and science (LeCun et al., 2015), such as computer vision (He
et al., 2016; Simonyan and Zisserman, 2015), natural language processing (Sutskever et al.,
2014; Vaswani et al., 2017), and health care (Esteva et al., 2019), to name a few. It is
commonly believed that one major factor contributing to the success of deep learning is its
ability to perform hierarchical feature learning: deep networks can leverage their hierarchical
architectures to extract meaningful and informative features1 from raw data (Allen-Zhu and
Li, 2023; Krizhevsky et al., 2012). Despite recent efforts to understand deep networks, the
underlying mechanism of how deep networks perform hierarchical feature learning across
layers still remains a mystery, even for classical supervised learning problems, such as multi-
class classification. Gaining deeper insight into this question will offer theoretical principles
to guide the design of network architectures (He and Su, 2023), shed light on generalization
and transferability (Li et al., 2024b), and facilitate network training (Xie et al., 2022).

Empirical results on feature expansion and compression. Towards opening the
black box of deep networks, extensive empirical research has been conducted in recent years
by investigating outputs at each layer of deep networks. An intriguing line of research
has empirically investigated the role of different layers in feature learning; see, e.g., Alain
and Bengio (2017); Ansuini et al. (2019); Chen et al. (2022b); Masarczyk et al. (2023);
Recanatesi et al. (2019); Zhang et al. (2022). In general, these empirical studies demonstrate
that the initial layers expand the intrinsic dimension of features to make them linearly
separable, while the subsequent layers compress the features progressively; see Figure 1. For
example, in image classification tasks, Alain and Bengio (2017) observed that the features of
intermediate layers are increasingly linearly separable as we reach the deeper layers. Recent
works (Ansuini et al., 2019; Recanatesi et al., 2019) studied the evolution of the intrinsic
dimension of intermediate features across layers in trained networks using different metrics.
They both demonstrated that the dimension of the intermediate features first blows up
and subsequently goes down from shallow to deep layers. More recently, Masarczyk et al.
(2023) delved deeper into the role of different layers and concluded that the initial layers
create linearly separable intermediate features, while later layers compress these features
progressively.

Empirical results on feature compression and discrimination. Meanwhile, recent
works (Papyan et al., 2020; Han et al., 2021; Fang et al., 2021; Zhu et al., 2021) have
provided systematic studies on the structures of intermediate features. They revealed a
fascinating phenomenon termed neural collapse (NC) during the terminal phase of training
deep networks and across many different datasets and model architectures. Specifically, NC
refers to a training phenomenon in which the last-layer features from the same class become
nearly identical, while those from different classes become maximally linearly separable. In
other words, deep networks learn within-class compressed and between-class discriminative
features. Building upon these studies, a more recent line of work investigated the NC prop-
erties at each layer to understand how features are transformed from shallow to deep layers;

1. In deep networks, the (last-layer) feature typically refers to the output of the penultimate layer, which
is also called representation in the literature.
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(a) A 8-layer MLP network with ReLU
(b) A 8-layer hybrid network

Figure 1: Illustration of numerical rank and training accuracy across layers.
We train two networks with different architectures on the CIFAR-10 dataset: (a) A 8-
layer multilayer perceptron (MLP) network with ReLU activation, (b) A hybrid network
consisting of a 3-layer MLP with ReLU activation followed by a 5-layer linear network.
For each figure, we plot the numerical rank of the features of each layer and the training
accuracy obtained by applying linear probing to the output of each layer, both against
the number of layers. The green shading indicates that the features at these layers are
approximately linearly separable, as evidenced by the near-perfect accuracy achieved by a
linear classifier. The definition of numerical rank and additional experimental details are
deferred to Section 5.1.1.

see, e.g., Ben-Shaul and Dekel (2022); He and Su (2023); Hui et al. (2022); Galanti et al.
(2022a); Rangamani et al. (2023). In particular, He and Su (2023) empirically showed that
a progressive NC phenomenon, governed by a law of data separation, occurs from shallow to
deep layers. Rangamani et al. (2023) empirically showed that similar NC properties emerge
in intermediate layers during training, where within-class variance decreases relative to the
between-class variance as layers go deeper.

In summary, extensive empirical results demonstrate that after feature expansion by
initial layers, deep networks progressively compress features within the same class and dis-
criminate features from different classes from shallow to deep layers; see Figure 2. This
characterization provides valuable insight into how deep networks transform data into out-
put across layers in classification tasks. Moreover, this insight sheds light on designing more
advanced network architectures, developing more efficient training strategies, and achieving
better interpretability. However, to the best of our knowledge, no theoretical framework has
yet been established to explain this empirical observation of progressive feature compression
and discrimination. In this work, we take a first step towards bridging this gap by providing
a theoretical analysis based on deep linear networks (DLNs).

Why study DLNs? Linear layers mimic deep layers in nonlinear networks for
feature learning. Even though DLNs lack the strong expressive power of nonlinear net-
works, they possess comparable abilities for feature compression and discrimination to those
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(a) A 8-layer nonlinear MLP

(b) A hybrid network with 3-layer MLP + 5-layer DLN

Figure 2: Visualization of feature compression & discrimination from shallow to
deep layers. We consider the same setup as in Figure 1. For each network, we visualize
the outputs of layers 1, 2, 4, and 6 on the CIFAR-10 dataset using the 2-dimensional UMAP
plot (McInnes et al., 2018). Additional experimental details are deferred to Section 5.1.1.

observed in the deeper layers of nonlinear networks, as indicated in Figures 1 and 2. By
evaluating the training accuracy and the numerical rank of intermediate features in both
a nonlinear network and a hybrid network2, we observe that the initial-layer features in
both networks are almost linearly separable, evidenced by nearly perfect training accuracy
achieved through linear probing. This phenomenon is further illustrated by the feature
visualization in Figure 2. Meanwhile, the linear layers in the hybrid network mimic the
role of their counterpart in the nonlinear network by performing feature compression and
discrimination, as evidenced by the decreasing feature rank in Figure 1 and the increasing
separation of different-class features in Figure 2 across layers in both types of networks.

Broadly speaking, DLNs have been recognized as valuable prototypes for studying non-
linear networks, as they resemble certain behaviors of their nonlinear counterparts (Alain
and Bengio, 2017; Ansuini et al., 2019; Masarczyk et al., 2023; Recanatesi et al., 2019)
while maintaining simplicity (Arora et al., 2018b; Gidel et al., 2019; Saxe et al., 2019). For
instance, Huh et al. (2023) empirically demonstrated the presence of a low-rank bias at both
initialization and after training for both linear and nonlinear networks. Saxe et al. (2019)
showed that a DLN exhibits a striking hierarchical progressive differentiation of structures
in its internal hidden representations, resembling patterns observed in their nonlinear coun-
terparts.

The role of depth in DLNs: improving generalization, feature compression,
and training speed. Although stacking linear layers in DLNs ultimately results in an
end-to-end linear transformation from input to output, the overparameterization in these

2. For the hybrid network, we introduce nonlinearity in the first few layers and follow them with linear
layers.
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(a) FashionMNIST (b) CIFAR-10

Figure 3: Depth of DLNs lead to better generalization performance. We train
hybrid networks consisting of a 2-layer MLP with ReLU activation followed by (L−2) linear
layers on the FashionMNIST and CIFAR-10 datasets, respectively. As a reference, we also
train nonlinear networks comprised exclusively of MLP layers. We plot the test accuracy
against the different number of layers averaged over 5 different runs. It is observed that
adding either linear layers or MLP layers can improve generalization performance. More
experimental details are deferred to Section 5.1.2.

DLNs distinguishes them from a basic linear operator: increasing the depth of DLNs can
significantly improve their generalization capabilities, enhance feature compression, and
facilitate network training. Specifically, recent works have demonstrated that linear over-
parameterization by depth (i.e., expanding one linear layer into a composition of multiple
linear layers) in deep nonlinear networks yields better generalization performance across
different network architectures and datasets (Guo et al., 2020; Huh et al., 2023; Kwon
et al., 2024). This is corroborated by our experiments in Figure 3, where increasing the
depth of linear layers of a hybrid network leads to improved test accuracy. Moreover, our
results in Figure 4 suggest that increasing the depth of DLN also leads to improved feature
compression. We refer interested readers to Nichani (2021) for further discussion on the
role of depth in DLNs.

1.1 Our Contributions

In this work, we study hierarchical representations of deep networks for multi-class classi-
fication problems. Towards this goal, we explore how a DLN transforms input data into a
one-hot encoding label matrix from shallow to deep layers by investigating features at each
layer. To characterize the structures of intermediate features, we define metrics to measure
within-class feature compression and between-class feature discrimination at each layer, re-
spectively (see Definition 1). We establish a unified framework to analyze these metrics and
reveal a simple and quantitative pattern in the evolution of features from shallow to deep
layers:
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Figure 4: Progressive feature compression on DLNs trained with default initial-
ization and real datasets. Using the DLNs trained in Figure 3, we plot the within-class
compression metrics Cl (see Definition 1) against the layer indices. It is observed that
progressive linear decay still (approximately) happens without the orthogonal initialization
and datasets described in Assumption 2.

The compression metric decays at a geometric rate, while the discrimination
metric increases at a linear rate with respect to the number of layers.

More specifically, we rigorously prove the above claim under the following assumptions:

• Assumption on the training data. We study a K-class classification problem with bal-
anced training data, where each class contains n training samples. We assume that the
training samples are θ-nearly orthonormal for a constant θ ∈ [0, 1/4), and the feature
dimension is larger than the total number of samples so that they are linearly separable
(see Assumption 2).

• Assumption on the trained weights. We assume that an L-layer DLN is trained such that
its weights are minimum-norm, δ-balanced, and ε-approximately low-rank, due to the
implicit bias of gradient descent, where δ, ε ∈ (0, 1) are constants (see Assumption 3).

We discuss the validity of our assumptions in Section 3.2. Based upon these assumptions,
we show in Theorem 4 that the ratio of the within-class feature compression metric between
the (l+1)-th layer and the l-th layer is O(ε2/n1/L), implying a geometric decay from shallow
to deep layers. Moreover, we show that the between-class discrimination metric increases
linearly with respect to (w.r.t.) the number of layers, with a slope of O((θ + 4δ)/L). To
the best of our knowledge, this is the first quantitative characterization of feature evolution
in hierarchical representations of DLNs in terms of feature compression and discrimination.
Notably, this analytical framework can be extended to nonlinear networks (Jacot et al.,
2025). Finally, we substantiate our theoretical findings in Section 5 on both synthetic
and real-world datasets, demonstrating that our claims hold for DLNs and also manifest
empirically in nonlinear networks.

Significance of our results. In recent years, there has been a growing body of literature
studying hierarchical feature learning to open the black box of deep networks. These studies
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include works on neural tangent kernel (Jacot et al., 2018; Huang and Yau, 2020), interme-
diate feature analysis (Alain and Bengio, 2017; Masarczyk et al., 2023; Rangamani et al.,
2023), neural collapse (Dang et al., 2023; He and Su, 2023; Súkeńık et al., 2023; Tirer and
Bruna, 2022), and learning dynamic analysis (Allen-Zhu and Li, 2023; Bietti et al., 2022;
Damian et al., 2022), among others. We refer readers to Section 4 for a more comprehensive
discussion. Our work contributes to this emerging area by showing that each layer of deep
networks plays an equally important role in hierarchical feature learning, which compresses
within-class features at a geometric rate and discriminates between-class features at a lin-
ear rate w.r.t. the number of layers. This provides a simple and precise characterization
of how deep networks transform data hierarchically from shallow to deep layers. It also
addresses an open question about neural collapse and offers a new perspective justifying
the importance of depth in feature learning; see the discussion in Section 3.1. Moreover,
our result explains why projection heads (Chen et al., 2020), which usually refer to one or
several MLP layers added between the feature layer and final classifier during pretraining
and discarded afterwards, can improve the performance of transfer learning on downstream
tasks (Li et al., 2024b; Kornblith et al., 2021; Galanti et al., 2022b). In summary, our result
provides important guiding principles for deep learning practices related to interpretation,
architecture design, and transfer learning.

Differences and connections to the existing literature. Finally, we highlight the
differences and connections between our work and two closely related recent works (He and
Su, 2023; Saxe et al., 2019) as follows:

• First, He and Su (2023) empirically showed that a progressive NC phenomenon governed
by a law of data separation occurs from shallow to deep layers. Specifically, they observed
that in trained over-parameterized nonlinear networks for classification problems, a metric
of data separation decays at a geometric rate w.r.t. the number of layers. This is similar
to our studied within-class feature compression at a geometric rate, albeit with different
metrics (see the remark after Definition 1). However, they do not provide any theoretical
explanation for the progressive NC phenomenon. While our research focuses on DLNs
and may not provide a complete understanding of phenomena in nonlinear networks, our
theoretical analysis offers insights into the empirical behavior of deeper nonlinear layers.
This is supported by our findings presented in Figure 1, which demonstrate that linear
layers can replicate the function of deep nonlinear layers in terms of feature learning.

• Second, Saxe et al. (2019) reveals that during training, nonlinear neural networks exhibit
a hierarchical progressive differentiation of structure in their internal representations—a
phenomenon they refer to as progressive differentiation. While both their study and ours
reveal and justify a progressive separation phenomenon based on DLNs, the focus of each
study is entirely different yet highly complimentary to each other. Specifically, we inves-
tigate how a trained neural network separates data according to their class membership
from shallow to deep layers after training, while they investigate how weights of a neu-
ral network change w.r.t. training time and their impact on class differentiation during
training. This distinction can be illustrated by the example in Saxe et al. (2019). Sup-
pose a neural network is trained to classify eight items: sunfish, salmon, canary, robin,
daisy, rose, oak, and pine. We study how these eight items are represented by the neural
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networks from shallow to deep layers in the trained neural network. In comparison, Saxe
et al. (2019) explain why animals versus plants are first distinguished at the initial stage
of training, then birds versus fish, then trees versus flowers, and finally individual items,
throughout the training process.

1.2 Notation and Paper Organization

Notation. Let Rn be the n-dimensional Euclidean space and ‖ · ‖ be the Euclidean norm.
Given a matrix A ∈ Rm×n, we use ai to denote its i-th column; we use ‖A‖F to denote the
Frobenius norm of A; we use σmax(A) (or ‖A‖), σi(A), and σmin(A) to denote the largest,
the i-th largest, and the smallest singular values, respectively. We use A† to denote the
pseudo-inverse of a matrix A. Given L ∈ N, we use [L] to denote the index set {1, · · · , L}.
LetOn = {Z ∈ Rn×n : ZTZ = I} denote the set of all n×n orthogonal matrices. We denote
the Kronecker product by ⊗. Given weight matrices W1, . . . ,WL, let Wl:1 := Wl · · ·W1

denote a matrix multiplication from Wl to W1 for all l ∈ [L].

Organization. The rest of the paper is organized as follows. In Section 2, we introduce
the basic problem setup. In Section 3, we present the main results and discuss their impli-
cations, with proofs provided in Section A in the appendix. In Section 4, we discuss the
connections of our results to related works. In Section 5, we validate our theoretical claims
and investigate nonlinear networks through numerical experiments. Finally, we conclude
and discuss future directions in Section 6. We defer all the auxiliary technical results to the
appendix.

2. Preliminaries

In this section, we first formally introduce the problem of training DLNs for solving multi-
class classification problems in Section 2.1, and then present the metrics for measuring
within-class compression and between-class discrimination of features at each layer in Sec-
tion 2.2.

2.1 Problem Setup

Multi-class classification problem. We consider a K-class classification problem with
training samples and labels {(xk,i,yk)}i∈[nk],k∈[K], where xk,i ∈ Rd is the i-th sample in

the k-th class, and yk ∈ RK is an one-hot label vector with the k-th entry being 1 and 0
elsewhere. We denote by nk the number of samples in the k-th class for each k ∈ [K]. Here,
we assume that the number of samples in each class is the same, i.e., n1 = · · · = nK = n.
This assumption is commonly used in recent studies on deep representation learning for
classification problems (Zhu et al., 2021; Yaras et al., 2022; Zhou et al., 2022a,b). Moreover,
we denote the total number of samples by N = nK. Without loss of generality, we arrange
the training samples in a class-by-class manner such that

X = [x1,1, . . . ,x1,n1 , . . . ,xK,1, . . . ,xK,nK
] ∈ Rd×N , Y = IK ⊗ 1Tn ∈ RK×N , (1)

where ⊗ denotes the Kronecker product. For convenience, we also use xi to denote the i-th
column of X.
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DLNs for classification problems. In this work, we consider an L-layer (L ≥ 2) linear
network fΘ(·) : Rd → RK , parameterized by Θ = {Wl}Ll=1 with input x ∈ Rd, i.e.,

fΘ(x) := WL · · ·W1x = WL:1x, (2)

where W1 ∈ Rd1×d, Wl ∈ Rdl×dl−1 for l = 2, . . . , L− 1, and WL ∈ RK×dL−1 are the weight
matrices. The last-layer weight WL is referred to as the linear classifier and the output of
the l-th layer as the l-th layer feature for all l ∈ [L − 1]. As discussed in Section 1, DLNs
are often used as prototypes for studying practical deep networks (Hardt and Ma, 2016;
Kawaguchi, 2016; Laurent and Brecht, 2018; Lu and Kawaguchi, 2017). We train an L-layer
linear network to learn weights Θ = {Wl}Ll=1 via minimizing the mean squared error (MSE)
loss between fΘ(x) and y over the training data, i.e.,

min
Θ

`(Θ) =
1

2

K∑
k=1

nk∑
i=1

‖WL:1xk,i − yk‖2 =
1

2
‖WL:1X − Y ‖2F . (3)

Before we proceed, we make some remarks on this problem.

• First, the cross-entropy (CE) loss is arguably the most popular loss function used to
train neural networks for classification problems (Zhu et al., 2021). However, recent
studies (Hui and Belkin, 2020; Zhou et al., 2022a) have demonstrated through extensive
experiments that the MSE loss achieves performance comparable to or even superior to
that of the CE loss across various tasks.

• Second, while DLNs may appear simple, the loss landscape of the objective function
as defined in (3) is highly nonconvex, leading to highly nonlinear learning dynamics in
gradient descent (GD) (Chen et al., 2025; Achour et al., 2024). Notably, the nonlinear
GD dynamics in DLNs closely mirror that in their nonlinear counterparts (Lampinen and
Ganguli, 2018; Saxe et al., 2019).

• Finally, DLNs tend to be over-parameterized, with width of networks dl and feature di-
mensions d exceeding the training samples N . In this setting, Problem (3) has infinitely
many solutions that can achieve zero training loss, i.e., WL:1X = Y . Nevertheless, many
studies have examined the convergence behavior of GD by closely examining its learning
trajectory, revealing that GD—when initialized appropriately—exhibits an implicit bias
towards minimum norm solutions (Bartlett et al., 2020; Min et al., 2021) with approxi-
mately balanced and low-rank weights (Arora et al., 2018a; Min et al., 2021), which will
be discussed further in Section 3.2.

2.2 The Metrics of Feature Compression and Discrimination

In this work, we focus on studying feature structures at each layer in a trained DLN.
Given the weights Θ = {Wl}Ll=1 satisfying WL:1X = Y , the weights {Wl}Ll=1 of the DLN
transform the input data X into the membership matrix Y at the final layer. However,
the hierarchical structure of the DLN prevents us from gaining insight into the underlying
mechanism of how it transforms the input data into output from shallow to deep layers. To
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unravel this puzzle, we probe the features learned at intermediate layers. In our setting, we
write the l-th layer’s feature of an input sample xk,i as

zlk,i = Wl . . .W1xk,i = Wl:1xk,i, ∀l = 1, . . . , L− 1, (4)

and we denote z0
k,i = xk,i. For l = 0, 1, . . . , L− 1, let Σl

W and Σl
B respectively denote the

sum of the within-class and between-class covariance matrices for the l-th layer, i.e.,

Σl
W :=

1

N

K∑
k=1

nk∑
i=1

(
zlk,i − µlk

)(
zlk,i − µlk

)T
, (5)

Σl
B :=

1

N

K∑
k=1

nk

(
µlk − µl

)(
µlk − µl

)T
, (6)

where

µlk :=
1

nk

nk∑
i=1

zlk,i, µl :=
1

K

K∑
k=1

µlk (7)

denote the mean of the l-th layer’s features in the k-th class and the global mean of the
l-th layer’s features, respectively. Equipped with the above setup, we can measure the
compression of features within the same class and the discrimination of features between
different classes using the following metrics.

Definition 1 (Intermediate layer-wise feature compression and discrimination)
For all l = 0, 1, . . . , L− 1, we say that

Cl =
Tr(Σl

W )

Tr(Σl
B)

and Dl = 1−max
k 6=k′

〈µlk,µlk′〉
‖µlk‖‖µlk′‖

(8)

are the metrics of within-class compression and between-class discrimination of intermediate
features at the l-th layer, respectively.

From now on, we will use these two metrics to study the evolution of features across lay-
ers. Intuitively, the features in the same class at the l-th layer are more compressed if Cl
decreases, while the features from different classes are more discriminative if Dl increases.
Before we proceed, let us delve deeper into the rationale behind each metric.

Discussion on the metric of feature compression. The study of feature compression
has recently caught great attention in both supervised (Yu et al., 2020; Fang et al., 2021; Pa-
pyan et al., 2020) and unsupervised (Shwartz Ziv and LeCun, 2024) deep learning. For our
definition of feature compression in (8), the numerator Tr(Σl

W ) of the metric Cl measures
how well the features from the same class are compressed towards the class mean at the l-th
layer. More precisely, the features of each class are more compressed around their respec-
tive means as Tr(Σl

W ) decreases. The denominator Tr(Σl
B) prevents reporting spuriously

small values of Cl in near-collapse cases where all features approach a single mean, while
simultaneously serving as a normalization factor that renders the metric invariant to feature
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scaling. Specifically, given some weights W1, . . . ,Wl with Cl = Tr(Σl
W )/Tr(Σl

B), if we scale
them to tW1, . . . , tWl for some t > 0, then Cl does not change, while the corresponding
numerator becomes tlTr(Σl

W ). It should be noted that this metric and similar ones have
been studied in recent works (Kothapalli et al., 2023; Rangamani et al., 2023; Tirer et al.,
2023; Yaras et al., 2023). For instance, Tirer et al. (2023) employed this metric to measure
the variability of within-class features to simplify theoretical analysis. Moreover, a similar
metric Tr(Σl

WΣl†
B) has been used to characterize within-class variability collapse in recent

studies on neural collapse in terms of last-layer features (Fang et al., 2021; Papyan et al.,
2020; Rangamani et al., 2023; Yaras et al., 2022; Zhu et al., 2021). Our studied metric Cl
can be viewed as its simplification. Additionally, He and Su (2023) employed Tr(Σl

WΣl†
B) to

measure how well the data are separated across intermediate layers. Due to their similarity,
Cl can also serve as a metric for measuring data separation.

Discussion on the metric of feature discrimination. It is worth pointing out that
learning discriminative features has a long history, tracing back to unsupervised dictionary
learning (Donoho and Elad, 2003; Arora et al., 2014; Sun et al., 2016; Qu et al., 2020; Zhai
et al., 2020). For our definition of feature discrimination, arccos

(
〈µlk,µlk′〉/(‖µlk‖‖µlk′‖)

)
computes the angle between class means µlk and µlk′ . This, together with (8), indicates that
Dl measures the feature discrimination by calculating the smallest angles among feature
means of all pairs. Moreover, we can equivalently rewrite Dl in (8) as

Dl =
1

2
min
k 6=k′

∥∥∥∥ µlk
‖µlk‖

−
µlk′

‖µlk′‖

∥∥∥∥2

.

This indicates that Dl computes the smallest distance between normalized feature means.
According to these two interpretations, features between classes become more discriminative
as Dl increases. Recently, Masarczyk et al. (2023) considered a variant of the inter-class
variance

∑K
k=1

∑
k′ 6=k ‖µk −µk′‖2 to measure linear separability of representations of deep

networks.

3. Main Results

In this section, we present our main theoretical results based on Section 2, first describing
the theorem in Section 3.1 and then discussing the assumptions in Section 3.2.

3.1 Main Theorem

Before we present the main theorem, we make the following assumptions on the input data
and the weights of the DLN in (2).

Assumption 2 For the data matrix X ∈ Rd×N , the data dimension is no smaller than
the number of samples, i.e., d ≥ N . Moreover, the data is θ-nearly orthonormal, i.e., there
exists an θ ∈ [0, 1/4) such that∣∣‖xi‖2 − 1

∣∣ ≤ θ

N
, |〈xi,xj〉| ≤

θ

N
, for all 1 ≤ i 6= j ≤ N, (9)

where xi denotes the i-th column of X.
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Discussion on Assumption 2. We make this assumption primarily to simplify our
analysis. It can be relaxed with a more refined analysis, and in practice, it may even be
violated in empirical scenarios. Here, the condition d ≥ N guarantees that X is linearly
separable in the sense that there exists a linear classifier W ∈ RK×d such that Wxk,i = yk
for all i, k. We should point out that the same condition has been studied in (Chatterji
and Long, 2023; Chatterji et al., 2022; Frei et al., 2023), and similar linear separability
conditions have been widely used for studying implicit bias of gradient descent (Nacson
et al., 2019; Phuong and Lampert, 2020; Soudry et al., 2018). Notably, this condition also
holds for nonlinear networks in the sense that the intermediate features generated by the
initial layers exhibit linear separability as shown in Alain and Bengio (2017); Ansuini et al.
(2019); Masarczyk et al. (2023); Recanatesi et al. (2019) (see Figure 1, where the near-perfect
accuracy at intermediate layers shows that the features at that layer are already linearly
separable.). In addition, nearly orthonormal data is commonly used in the theoretical
analysis of learning dynamics for training neural networks; see, e.g., Boursier et al. (2022);
Frei et al. (2023); Phuong and Lampert (2020). In particular, this condition holds with high
probability for well-conditioned Gaussian distributions (Frei et al., 2023), and it generally
applies to a broad class of subgaussian distributions, as demonstrated in Claim 3.1 of Hu
et al. (2020).

Implicit bias of GD. Since the DLN in Problem (3) is over-parameterized, it has in-
finitely many solutions satisfyingWL:1X = Y . However, GD for training networks typically
has an implicit bias towards certain solutions with benign properties (Arora et al., 2019;
Gunasekar et al., 2017; Ji and Telgarsky, 2019; Min et al., 2021; Shah et al., 2020; Soudry
et al., 2018). In particular, prior work has demonstrated that, with assumptions on network
initialization and the dataset, gradient flow tends to favor solutions with minimum norms
and balanced weights; see, e.g., Min et al. (2021); Chatterji and Long (2023); Arora et al.
(2018b); Du et al. (2018). Recent studies also reveal that GD primarily updates a minimal
invariant subspace of the weight matrices, thereby preserving the approximate low-rankness
of the weights across all layers (Huh et al., 2023; Yaras et al., 2023). Based on these findings,
we assume that the trained weights Θ satisfy the following benign properties to investigate
how trained deep networks hierarchically transform input data into labels.

Assumption 3 For an L-layer DLN with weights Θ = {Wl}Ll=1 described in (2) with
dl = d > 2K for all l ∈ [L− 1], the weights Θ satisfy
(i) Minimum-norm solution:

WL:1 = Y (XTX)−1XT . (10)

(ii) δ-Balancedness: There exists a constant δ > 0 such that

W T
l+1Wl+1 = WlW

T
l ,∀l ∈ [L− 2], ‖W T

LWL −WL−1W
T
L−1‖F ≤ δ. (11)

(iii) ε-Approximate low-rank weights: There exist positive constants ε ∈ (0, 1) and ρ ∈ [0, ε)
such that for all l ∈ [L− 1],

ε− ρ ≤ σi(Wl) ≤ ε, ∀i = K + 1, . . . , d−K. (12)
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We defer the discussion of Assumption 3 to Section 3.2, where we provide both theoretical
and empirical evidence in support of it. It is worth noting that Assumption 3 serves as
an initial framework for understanding progressive feature behavior and can be relaxed to
more general conditions. For example, a follow-up work (Jacot et al., 2025, Theorem 3.1)
proves related but narrower results under weakened versions of the conditions in Assumption
3 (e.g., (11) holds only approximately). Building upon the above assumptions, we now
present our main theorem on hierarchical representations in terms of feature compression
and discrimination.

Theorem 4 Consider a K-class classification problem on the training data (X,Y ) ∈
Rd×N × RK×N , where the matrix X satisfies Assumption 2 with parameter θ. Suppose
that we train an L-layer DLN with weights Θ = {Wl}Ll=1 such that Θ satisfies Assumption
3, with the parameters (δ, ρ, ε) of weight balancedness and low-rankness satisfying

δ ≤ min

{
(2n)1/L

30L2
,
n1/L

128
√
K
,

1

16
√
K

}
, ε ≤ min

{
n

1
2L

4
, 1

}
, ρ ≤ ε

2L
√
n
. (13)

(i) Progressive within-class feature compression: For Cl in Definition 1, it holds that

cε2

κ(2n)1/L
≤ C1

C0
≤ 2κε2

c(n/2)1/L
, (14)

cε2

κ(2n)1/L
≤ Cl+1

Cl
≤ κε2

c(n/2)1/L
, ∀l ∈ [L− 2], (15)

where

c =
(n− 3)K − 1

(n− 1)K + 1
, κ =

1 + n−Ω(1)

1− n−Ω(1)
.

(ii) Progressive between-class feature discrimination: For Dl in Definition 1, for all l ∈
[L− 1], we have

Dl ≥ 1− 32 (θ + 4δ)

(
2− l + 1

L

)
− n−Ω(1). (16)

We defer the detailed proof to Appendix A. As we discussed in Section 1, numerous empir-
ical studies have been conducted to explore the feature structures of intermediate and final
layers in deep networks, particularly concerning feature compression and discrimination;
see, e.g., Alain and Bengio (2017); Ansuini et al. (2019); Ben-Shaul and Dekel (2022); Chen
et al. (2022b); Galanti et al. (2022a); He and Su (2023); Hui et al. (2022); Masarczyk et al.
(2023); Rangamani et al. (2023); Recanatesi et al. (2019); Zhang et al. (2022). However,
there remains a scarcity of theoretical analysis to elucidate their observations. Despite the
acknowledged limitations of DLNs, our work takes the first step towards rigorously develop-
ing a unified framework to quantify feature compression and discrimination across different
layers. Specifically, Theorem 4 shows that, given input data satisfying Assumption 2 and
a trained DLN with weights satisfying Assumption 3, features within the same class are
compressed at a geometric rate on the order of ε2/n1/L when n is sufficiently large, while
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(a) A 6-layer linear network
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(b) A 10-layer nonlinear network

Figure 5: Progressive feature compression and discrimination on both linear and
nonlinear networks. We plot the feature compression and discrimination metrics defined
in (8) for l = 1, . . . , L − 1 on both the linear network (top row) and nonlinear network
(bottom row). We train both networks using a nearly orthogonal dataset as described in
Assumption 2, initializing the network weights satisfying (18), with an initialization scale of
ξ = 0.3. We train both networks via gradient descent until convergence. In each figure, the
x-axis denotes the number of layers from shallow to deep, with layer-0 denoting the inputs.
In the left figures, the y-axis denotes the compression measure Cl in the logarithmic scale;
In the right figures, the y-axis denotes the discrimination measure Dl. More experimental
details can be found in Section 5.2.2.

the features between classes are discriminated at a linear rate on the order of 1/L across
layers. In Figure 5, we also show empirical support for these findings in Figure 5 (top
figures), where we simulate data and train a linear network according to our assumptions
and plot the metrics at each layer. This phenomenon also appears in nonlinear networks,
as shown in Figure 5 (bottom figures), where we train a nonlinear MLP with the same
synthetic training data and plot the metrics at each layer. In the following, we discuss the
implications of our main result.

From linear to nonlinear networks. Although our result is rooted in DLNs, it provides
valuable insights into the feature evolution in nonlinear networks. Specifically, the linear
separability of features learned by initial layers in nonlinear networks (see Figure 1) allows
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(a) A 8-layer MLP network with ReLU (b) A 8-layer hybrid network

Figure 6: Within-class compression and between-class discrimination of features
of two 8-layer networks. We use the same setup as in Figure 1 and plot the metrics of
within-class compression and between-class discrimination (see Definition 1) of the two net-
works across layers after training, respectively. Additional experimental details are deferred
to Section 5.1.1.

later layers to be effectively replaced by linear counterparts for compressing within-class
features and discriminating between-class features. We empirically support this claim in
Figure 6, where we observe that both the linear and subsequent nonlinear layers exhibit
consistent trends of feature compression and discrimination with respect to depth. There-
fore, studying DLNs helps us understand the role of the nonlinear layers after the initial
layers in nonlinear networks for learning features. This understanding also sheds light on
the pattern where within-class features compress at a geometric rate and between-class
features discriminate at a linear rate in nonlinear networks, as illustrated in Figure 5 (bot-
tom figures). A natural direction is to extend our current analysis framework to nonlinear
networks, especially homogeneous neural networks (Lyu and Li, 2020).

Neural collapse beyond the unconstrained feature model. One important impli-
cation of our result is that it addresses an open problem about NC. Specifically, almost all
existing works assume the unconstrained features model (Mixon et al., 2020; Papyan et al.,
2020) to analyze the NC phenomenon, where the last-layer features of the deep network
are treated as free optimization variables to simplify interactions across layers; see, e.g.,
Zhu et al. (2021); Wang et al. (2022); Zhou et al. (2022b); Yaras et al. (2022); Zhou et al.
(2022a); Li et al. (2024a). However, a major drawback of this model is that it overlooks the
hierarchical structure of deep networks as well as the structure of the input data. In this
work, we address this issue without assuming the unconstrained feature model. Specifically,
according to Theorem 4, for a sufficiently deep linear network trained on nearly orthogonal
data, the last-layer features within the same class concentrate around their class means,
while the last-layer features from different classes are nearly orthogonal to each other. This
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directly implies that the last-layer features exhibit variability collapse and convergence to
simplex equiangular right frame approximately after centralization.

Since the submission of our manuscript, several follow-up works have investigated NC be-
yond the unconstrained feature model in different settings; see, e.g., Hong and Ling (2024);
Wang et al. (2024); Jacot et al. (2025); Kothapalli and Tirer (2025); Xu et al. (2023). In
particular, Hong and Ling (2024) studied 2-layer and 3-layer ReLU neural networks and
investigated the impact of network width, depth, data dimension, and statistical properties
of input data on NC. Wang et al. (2024) characterized the geometric properties of inter-
mediate layers of ResNet and proposed a conjecture on progressive feedforward collapse.
Recently, Jacot et al. (2025) studied a hybrid network with nonlinear layers followed by
at least two linear layers and provided generic guarantees on progressive NC. It is worth
noting that their derived conditions extend those in Assumption 3 and are slightly more
general.

Guidance on network architecture design. Progressive feature compression and dis-
crimination in Theorem 4 provide guiding principles for network architecture design. Specif-
ically, according to (14), (15), and (16), features are more compressed within the same class
and more discriminated between different classes, improving the separability of input data
as the depth of the network increases. This is also supported by our experiments in Fig-
ure 4. This indicates that the network should be deep enough for effective data separation
in classification problems. However, it is worth noting that the belief that deeper networks
are better is not always true. Indeed, it becomes increasingly challenging to train a neural
network as it gets deeper, especially for DLNs (Glorot and Bengio, 2010). Moreover, over-
compressed features may degrade the out-of-distribution performance of deep networks as
shown in Masarczyk et al. (2023). This, together with our result, indicates that neural net-
works should not be too deep for improved out-of-distribution generalization performance.

Understanding projection heads for transfer learning. In contrastive learning (Chen
et al., 2020; Chen and He, 2021), a successful empirical approach to improving transfer
learning performance in downstream tasks involves the use of projection heads (Li et al.,
2024b). These projection heads, typically consisting of one or several MLP layers, are added
between the feature extractor and the final classifier layers during pre-training. For down-
stream tasks, the projection head is discarded and only the features learned by the feature
extractor are utilized for transfer learning. Recent works (Li et al., 2024b; Kornblith et al.,
2021; Galanti et al., 2022b; Xie et al., 2022) have established an empirical correlation be-
tween the degree of feature collapse during pre-training and downstream performance: less
feature collapse leads to more transferable models. However, it remains unclear why fea-
tures prior to projection heads exhibit less collapse and greater transferability. Our study
addresses this question and offers a theoretical insight into the utilization of projection
heads. According to Theorem 4, it becomes apparent that features from the final layers
tend to be more collapsed than the features before the projection head. This, together with
the empirical correlation between feature collapse and transferability, implies that leverag-
ing features before projection heads improves transferability. We provide further empirical
evidence with experiments in Section 5.3.2. Moreover, the progressive compression pattern
in Theorem 4 also provides insight into the phenomenon studied in Yosinski et al. (2014),
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which suggests that deeper layers in a neural network become excessively specialized for the
pre-training task, consequently limiting their effectiveness in transfer learning.

3.2 Discussions on Assumption 3

In this subsection, we justify the properties of trained network weights in Assumption 3 using
both theoretical and experimental findings. While the solution described in Assumption 3
is only one of infinitely many global optima for Problem (3), the implicit bias of GD ensures
that, with proper initialization, iterations almost always converge to the desired solution.
In the following discussion, we delve into this phenomenon in greater depth.

GD with orthogonal initialization. We consider training a DLN for solving Problem
(3) by GD, i.e., for all l ∈ [L],

Wl(t+ 1) = Wl(t)− η
∂`(Θ(t))

∂Wl
, t ≥ 0. (17)

Notably, when the learning rate is infinitesimally small, i.e., η → 0, GD in (17) reduces to
gradient flow. Moreover, we initialize the weight matrices Wl for all l ∈ [L] using ξ-scaled
orthogonal matrices for a constant ξ > 0, i.e.,

Wl(0)TWl(0) = ξ2Id,∀l ∈ [L− 1], WL(0) = [ξU 0] , (18)

where U ∈ OK . It is worth noting that orthogonal initialization is widely used to train deep
networks, which can speed up the convergence of GD; see, e.g., Pennington et al. (2018);
Xiao et al. (2018); Hu et al. (2019).

Theoretical justification of Assumption 3. Theoretically, we can prove the conditions
outlined in Assumption 3 when the gradient flow is trained on a square and orthogonal data
matrix using the results in Arora et al. (2018b); Yaras et al. (2023, 2024); Kwon et al. (2024).

Proposition 5 Suppose that the data matrix X ∈ Rd×N is square, i.e., d = N , and satisfies
Assumption 2 with θ = 0. Suppose in addition that we apply GD (17) to solve Problem (3)
with η → 0 and the initialization in (18). If GD converges to a global optimal solution, then
(10), (11), and (12) hold with δ = ξ2

√
d−K, ε = ξ, and ρ = 0.

The proof of this proposition is deferred to Appendix A.5. Although we can only prove
Assumption 3 in this restrictive setting, we see empirically that it seems to hold in more
general settings. We substantiate this claim by drawing support from empirical evidence
and existing findings in the literature, as elaborated in the following.

Empirical justifications of Assumption 3. Here, we run GD (17) using the initiation
(18) on nearly orthogonal data satisfying Assumption 2. We refer the reader to Section 5.2
for the experimental setup. After training, we plot the metrics of minimum norm residual,
balancedness residual, and variance of singular values (see the legends in Figure 7) against
depth (resp. width) in Figure 7(a) (resp. Figure 7(b)). It is observed that the magnitudes
of these metrics are very small for different depths and widths of neural networks. This
indicates that Assumption 3 approximately holds for GD in a broader setting.
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(a) Fix width d = 400, change depth L (b) Fix depth L = 5, change width d

Figure 7: Assumption 3 holds approximately among different network configura-
tions. We train DLNs using the orthogonal initialization with varying widths and depths.
For each network width d and depth L, we show the minimum-norm residual, the average
weight balancedness residual of all weights, and the variance of the singular values of all
weights (see Equation (20) for details) for the DLNs that have been trained until conver-
gence. Each data point represents the mean value of 10 runs with different random seeds,
with error bars indicating standard deviation. Here, we plot these metrics in (a) with fixed
network width d and varying depth L and (b) with fixed network depth L = 5 and varying
network width d. More experimental details are deferred to Section 5.2.1.

Prior arts on implicit bias support Assumption 3. Moreover, Assumption 3 is also
well supported by many related results in the literature.

• Minimum-norm solutions and balanced weights. It has been extensively studied
in the literature that GD with proper initialization converges to minimum-norm and
balanced solutions, especially in the setting of gradient flow (Arora et al., 2018b; Chatterji
and Long, 2023; Du et al., 2018; Min et al., 2021). Specifically, Du et al. (2018); Arora
et al. (2018b) proved that for linear networks, the iterates of gradient flow satisfy

d

dt

(
Wl(t)Wl(t)

T −Wl+1(t)TWl+1(t)
)

= 0, ∀l ∈ [L− 1], (19)

where t denotes a continuous time index. This, together with (18), implies that (11)
holds with δ = ξ

√
d−K. Moreover, using the result in Min et al. (2021), if we initialize

the weights of two-layer networks as in (18) with W2(0)W1(0) ∈ span(X), gradient flow
always yields the minimum-norm solution upon convergence. However, the conditions
(10) and (11) are rarely studied in the context of GD for training deep networks. In this
context, we empirically verify these two conditions as shown in Figure 7 under different
network configurations.
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• Approximate low-rankness of the weights. Recently, numerous studies have demon-
strated that GD exhibits a bias towards low-rank weights (Arora et al., 2019; Gunasekar
et al., 2017; Yaras et al., 2023; Kwon et al., 2024). In particular, Yaras et al. (2023); Kwon
et al. (2024) showed that when the input data X is orthonormal, learning dynamics of
GD for DLNs in (17), with the initialization in (18), only updates an invariant subspace
of dimension 2K for each weight matrix across all layers, where the invariant subspace
is spanned by the singular vectors associated with the K-largest and K-smallest singular
values, and the rest singular values remain unchanged. More experimental demonstration
can be found in Appendix B.

4. Relationship to Prior Arts

In this section, we discuss the relationship between our results and prior works on the
empirical and theoretical study of deep networks.

Hierarchical feature learning in deep networks. Deep networks, organized in hierar-
chical layers, can perform effective and automatic feature learning (Allen-Zhu and Li, 2023),
where the layers learn useful representations of the data. To better understand hierarchi-
cal feature learning, plenty of studies have been conducted to investigate the structures of
features learned at intermediate layers. One line of these works is to investigate the neu-
ral collapse (NC) properties at intermediate layers. For example, Tirer and Bruna (2022)
extended the study of neural collapse to three-layer nonlinear networks with the MSE loss,
showing that the features of each layer exhibit neural collapse. Dang et al. (2023) general-
ized the study of neural collapse for DLNs with imbalanced training data, and they drew a
similar conclusion to Tirer and Bruna (2022) that the features of each layer are collapsed.
However, these results are based on the unconstrained features model and thus cannot cap-
ture the input-output relationship of the network. Moreover, the conclusion they draw on
the collapse of intermediate features is far from what we observe in practice. Indeed, it
is seen for both linear and nonlinear networks in Figure 5 that the intermediate features
are progressively compressed across layers rather than exactly collapsing to their means for
each layer. In comparison, under the assumption that the input X is nearly orthogonal
in Assumption 2, our result characterizes the progressive compression and discrimination
phenomenon to capture the training phenomena on practical networks as demonstrated in
Figure 5.

On the other hand, another line of work (Yu et al., 2020; Chan et al., 2022; Ma et al.,
2022; Yu et al., 2024) argues that deep networks prevent within-class feature compression
while promoting between-class feature discrimination, contrasting with our study where
features are compressed across layers. Such a difference can be attributed to the choice of
loss function. In our work, we focused on the study of the commonly used MSE loss, with
the goal of understanding a prevalent phenomenon in classical training of deep networks. It
has been empirically shown that increasing feature compression is beneficial for improving
in distribution generalization and robustness (Papyan et al., 2020; Li et al., 2024b; Ben-
Shaul and Dekel, 2022; He and Su, 2023; Chen et al., 2022a). In comparison, Yu et al.
(2020) introduced a new maximum coding rate reduction loss that is intentionally designed
to prevent feature compression.
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Learning dynamics and implicit bias of GD for training deep networks. Our
main result in Theorem 4 is based on Assumption 3 for the trained weights. As discussed
in Section 3.2, Assumption 3 holds as a consequence of results in recent works on analyzing
the learning dynamics and implicit bias of gradient flow or GD in training deep networks.
We briefly review the related results as follows. For training DLNs, Arora et al. (2018a)
established linear convergence of GD based upon whitened data and with a similar setup to
ours. For Gaussian initialization, Du and Hu (2019) showed that GD also converges globally
at a linear rate when the width of hidden layers is larger than the depth, whereas Hu et al.
(2019) demonstrated the advantage of orthogonal initialization over random initialization
by showing that linear convergence of GD with orthogonal initialization is independent of
the depth. More recent developments can be found in Gidel et al. (2019); Nguegnang et al.
(2021); Shin (2022) for studying GD dynamics. On the other hand, another line of works
focused on studying gradient flow for learning DLNs due to its simplicity (Bah et al., 2022;
Eftekhari, 2020; Min et al., 2021; Tarmoun et al., 2021; Bah et al., 2022), by analyzing its
convergence behavior.

Numerous studies have shown that the effectiveness of deep learning is partially due
to the implicit bias of its learning dynamics, which favors some particular solutions that
generalize exceptionally well without overfitting in the over-parameterized setting (Belkin
et al., 2019; Huh et al., 2023; Neyshabur, 2017). To gain insight into the implicit bias of
GD for training deep networks, a line of recent work has shown that GD tends to learn
simple functions (Cao et al., 2023; Gunasekar et al., 2017; Ji and Telgarsky, 2018; Kunin
et al., 2022; Shah et al., 2020; Valle-Perez et al., 2018). For instance, some studies have
shown that GD is biased towards max-margin solutions in linear networks trained for binary
classification via separable data (Soudry et al., 2018; Kunin et al., 2022). In addition to
the simplicity bias, another line of work showed that deep networks trained by GD exhibit
a bias towards low-rank solutions (Gunasekar et al., 2017; Huh et al., 2023; Yaras et al.,
2023). The works (Gidel et al., 2019; Arora et al., 2019) demonstrated that adding depth
to matrix factorization enhances an implicit tendency towards low-rank solutions, leading
to more accurate recovery.

5. Experimental Results

In this section, we conduct various numerical experiments to validate our assumptions, verify
our theoretical results, and investigate the implications of our results on both synthetic and
real data sets. All of our experiments are conducted on a PC with 8GB memory and an
Intel(R) Core i5 1.4GHz CPU, except for those involving large datasets such as CIFAR
and FashionMNIST, which are conducted on a server equipped with NVIDIA A40 GPUs.
Our code is implemented in Python and made available at https://github.com/Heimine/
PNC_DLN. Throughout this section, we will repeatedly use multilayer perception (MLP)
networks, where each layer of MLP networks consists of a linear layer and a batch norm
layer (Ioffe and Szegedy, 2015) followed by ReLU activation. In addition, in accordance
with our theoretical analysis, the compression metric is plotted for layers 0, 1, . . . , L − 1,
while the discrimination metric is plotted for layers 1, . . . , L− 1.

The remaining sections are organized as follows. In Section 5.1, we provide detailed
experimental setups for the results discussed in Section 1 and shown in Figures 6, 8, and
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(a) A 8-layer MLP network with ReLU (b) A 8-layer hybrid network

Figure 8: Accuracy and numerical rank of two 8-layer networks before training.
We use the same setup as in Figures 1 and 6 but instead plot the numerical rank and
training accuracy of the two networks across layers before training.

(a) A 8-layer MLP network with ReLU (b) A 8-layer hybrid network

Figure 9: Within-class compression and Between-class discrimination of two 8-
layer networks before training. We use the same setup as in Figure 1 and Figure 6 but
instead plot the compression and discrimination statistics of the two networks across layers
before training.

9. In Section 5.2, we provide experimental results to support Theorem 4 in Section 3
and validate Assumption 3 discussed in Section 3.2. Finally, we empirically explore the
implications of our results in Section 5.3 beyond our assumptions.

5.1 Significance of Studying DLNs in Feature Learning

In this subsection, our goal is to empirically demonstrate the significance of studying DLNs
for feature learning as discussed in Section 1. To achieve this, we investigate (i) the roles
of linear layers and MLP layers at deep layers in feature learning and (ii) the importance
of the depth of DLNs for generalization.
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5.1.1 Linear Layers Mimic Deep Layers in MLPs for Feature Learning

In this subsection, we study the roles of linear layers and MLP layers in deep layers for
feature learning. To begin, we provide the experimental setup for our experiments.

Network architectures. In these experiments, we construct two 8-layer networks: (a) a
nonlinear MLP network and (b) a hybrid network formed by a 3-layer MLP followed by a
5-layer linear network. In both cases, the final layer (L-th layer) serves as a linear classifier.
We set the hidden dimension d = 1024 for all linear layers.

Training dataset and training methods. We employ the SGD optimizer to train the
networks by minimizing the MSE loss on the CIFAR-10 dataset (Krizhevsky and Hinton,
2009). For the settings of the SGD optimizer, we use a momentum of 0.9, a weight decay
of 10−4, and a dynamically adaptive learning rate ranging from 10−3 to 10−5, modulated
by a CosineAnnealing learning rate scheduler as detailed in Loshchilov and Hutter (2017).
We use the orthogonal initialization in (18) with ξ = 0.1 to initialize the network weights.
The neural networks are trained for 400 epochs with a batch size of 128.

Experiments and observations. Now, we elaborate on the tasks conducted in Figures
1, 2, 6, 8, and 9 and draw conclusions from our observations.

• In Figure 1 (resp. Figure 8), we plot the numerical rank and training accuracy of the
features against the layer index after training (resp. before training). Here, the numerical
rank of a matrix is defined as the number of top singular values whose sum collectively
accounts for more than 95% of its nuclear norm. In terms of training accuracy, we add
a linear classification layer to a given layer l of the neural network and train this added
layer using the cross-entropy loss to compute the classification accuracy. It is observed
in Figure 1 that the training accuracy rapidly increases in the initial layers and nearly
saturates in the deep layers, whereas the numerical rank increases in the initial layers and
then decreases in the deep layers progressively in the trained networks. This observation
suggests that the initial layers of a network create linearly separable features that can
achieve accurate classification, while the subsequent layers further compress these features
progressively.

• In Figure 2, we employ a 2D UMAP plot (McInnes et al., 2018) with the default settings
in the UMAP Python package to visualize the evolution of features from shallow to deep
layers. It is observed that in the first layer, features do not exhibit obvious structures
in terms of feature compression and discrimination; the features from the same class
are more and more compressed, while the features from different classes become more
and more separable from layer 2 to layer 4; this within-class compression and between-
class discrimination pattern is strengthened from layer 4 to layer 6. This visualization
demonstrates that features in the same class are compressed, while the features from
different classes are discriminated progressively.

• In Figure 6 (resp. Figure 9), we plot the metrics of within-class feature compression
Cl and between-class feature discrimination Dl defined in Definition 1 against the layer
index after training (resp. before training). According to Figure 6, we observe a consistent
trend of decreasing Cl and increasing Dl against the layer index after training for both

22



Understanding Hierarchical Representation Learning via Intermediate Features

networks, albeit the hybrid network exhibits a smoother transition in Cl and Dl compared
to the fully nonlinear network. This observation supports our result in Theorem 4.

The role of linear layers in feature learning. Comparing Figure 1(a) to Figure 1(b)
and Figure 6(a) to Figure 6(b), we conclude that linear layers play the same role as MLP
layers in the deep layers of nonlinear networks in feature learning, compressing within-
class features and discriminating between-class features progressively. Intuitively, this is
because the representations from the initial layers are already linearly separable, hence we
can replace the deeper nonlinear layers with DLNs to achieve the same functionality without
sacrificing the training performance. Moreover, comparing the results after training (Figures
1 and 6) with those before training (Figures 8 and 9), we conclude that neural networks
trained with SGD do not operate in the lazy-training regime described by the neural tangent
kernel (NTK) theory, where network parameters remain close to their initialization and
training behaves nearly linearly. This observation is consistent with findings from recent
studies (Bietti et al., 2022; Damian et al., 2022).

5.1.2 Effects of Depth in Linear Layers for Improving Generalization

In this subsection, we study the impact of depth in deep networks for generalization. To
begin, we provide the experimental setup for our experiments.

Network architectures. We consider a 2-layer MLP network as our base network and
construct networks of varying depths from 3 to 9 by adding linear or MLP layers to this
base network. We use the PyTorch default initialization (He et al., 2015) to initiate all
weights.

Training dataset and training methods. We train these networks on the FashionM-
NIST (Xiao et al., 2017) and CIFAR-10 (Krizhevsky and Hinton, 2009) datasets, using the
same training approach in Section 5.1.1, except that the initial learning rate is set as 10−2.
We use 5 different random seeds to initialize the network weights and report the average
test accuracy.

Experiments and observations. After training, we report the average test accuracy
throughout training against the number of layers of constructed networks in Figure 3. No-
tably, we observe a consistent improvement in test accuracy as the networks grow deeper,
regardless of whether the added layers are linear or MLP layers. This observation provides
further evidence for the resemblance between DLNs and the deeper layers in MLPs. Addi-
tionally, it shows that DLNs can benefit from increased depth, similar to their counterparts
in traditional nonlinear networks.

5.2 Experimental Verification of Assumption 3 and Theorem 4

In this subsection, we conduct numerical experiments to verify our assumptions and theorem
presented in Section 3. Unless otherwise specified, we use the following experimental setup.

Network architectures. We study DLNs and MLPs with ReLU activation with different
widths and depths specified in each figure.
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Training dataset. In all experiments, we fix the number of classes K = 3 and the number
of training samples N = 30, with varying hidden dimensions d ≥ N as specified in each
figure. To generate input data X ∈ Rd×N that satisfies Assumption 2, we first generate a
matrix A ∈ Rd×N with entries i.i.d. sampled from the standard normal distribution and a
matrix B ∈ Rd×N with entries i.i.d. sampled from the uniform distribution on [0, 1]. Then,
we apply a compact SVD to A and set X0 ∈ Rd×N as the left singular matrix. Next, we
obtain a matrix N by normalizing B such that its Frobenius norm is 1. Finally, we generate
X via X = X0 +N such that X is nearly orthogonal satisfying Assumption 2.

Training method and weight initialization. Unless otherwise specified, we train net-
works using full batch GD in (17), with a fixed learning rate η = 0.1. We use orthogonal
weight initialization as described in (18) with varying initialization scaling ξ. This initial-
ization ensures that the weights at initialization meet the condition (11).

5.2.1 Experiments for Verifying Assumption 3

In this subsection, we conduct experiments to verify Assumption 3 and corroborate the
discussions in Section 3.2 based on the above experimental setup. Specifically, we train
DLNs using orthogonal initialization in (18) with ξ = 0.1 for various network depths and
widths. Given a DLN, we train it 10 times with different random seeds. In each run, we
terminate training once the training loss is less than 10−11. We plot the following metrics
over 10 runs against depth and width in Figure 7(a) and Figure 7(b), respectively:

minimum-norm residual: ||Y (XTX)−1XT −WL:1||F ,

averaged balancedness:
1

L− 1

L−1∑
l=1

||W T
l+1Wl+1 −WlW

T
l ||F , (20)

variance of singular values of all weights:
1

(L− 1)(d− 2K)

L−1∑
l=1

d−K∑
i=K+1

(σi(Wl)− µ)2 ,

where

µ =
1

(L− 1)(d− 2K)

L−1∑
l=1

d−K∑
i=K+1

σi(Wl).

It can be observed from Figure 7 that the weights of a DLN with different depths and
widths trained under our settings approximately satisfy Assumption 3. This supports our
discussions in Section 3.2.

5.2.2 Experiments for Verifying Theorem 4

Now, we conduct experiments to validate Theorem 4. Specifically, we train 6-layer DLNs
using GD with varying initialization scales ξ = 0.1, 0.3, 0.5, respectively. Then, we plot
the metrics of within-class compression Cl and between-class discrimination Dl against
layer index in Figure 10(a) and Figure 10(b), respectively. It is observed that the feature
compression metric Cl decreases exponentially, while the feature discrimination metric Dl

increases linearly w.r.t. the layer index. In the top row of Figure 10, the solid blue line
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Figure 10: Visualization of the metrics of within-class compression Cl and
between-class discrimination across layers. We train 6-layer DLNs with ξ =
0.1, 0.3, 0.5, respectively. In the top figures, we plot the metric of within-class compres-
sion Cl along with the corresponding theoretical upper and lower bounds given in (15). In
the bottom figures, we plot the metric of between-class discrimination given in (16).

is plotted by fitting the values of Cl at different layers, and the green and orange dash-
dotted lines are plotted according to the lower and upper bounds in (15), respectively. We
can observe that the solid blue line is tightly sandwiched between the green and orange
dash-dotted lines. This indicates that (14) and (15) provide a valid and tight bound on the
decay rate of the feature compression metric. According to the bottom row of Figure 10, we
conclude that (16) provides a valid bound on the growth rate of the feature discrimination
metric.

Moreover, we respectively train 6-layer DLN and 10-layer MLP networks with hidden
dimension d = 50 via GD with an initialization scale ξ = 0.3. In Figure 5, we plot the feature
compression and discrimination metrics on both DLN and MLP networks, respectively. We
observe that the exponential decay of feature compression and the linear increase of feature
discrimination hold exactly in DLNs and approximately in nonlinear networks.

5.3 Exploratory Experiments

5.3.1 Empirical Results Beyond Theory

In this subsection, we conduct exploratory experiments to demonstrate the universality
of our result. Unless otherwise specified, we use the experimental setup outlined at the
beginning in Section 5.2 in these experiments. Here are our observed findings:
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• Progressive feature compression and discrimination in nonlinear deep net-
works. We train 8-layer and 16-layer MLP networks, respectively. After training, we
plot the metrics of feature compression and discrimination defined in (1) in Figure 11. It
is observed that the feature compression metric Cl decays at an approximate geometric
rate in nonlinear networks, while the feature discrimination metric Dl increases at an
approximate linear rate. Additionally, it is worth mentioning that a similar “law of sepa-
ration” phenomenon has been reported in He and Su (2023); Li et al. (2024b) on nonlinear
networks, but their results are based upon a different metric of data separation.

• Progressive feature compression and discrimination on DLNs with generic ini-
tialization. In most of our experiments and discussion in Section 3.2, we mainly focused
on orthogonal initialization, which simplifies our analysis due to induced weight balanced-
ness across layers. To demonstrate the generality of our results, we also test the default
initialization in the PyTorch package and train the DLN. As shown in Figure 12, we can
observe that the compression metric Cl decays from shallow to deep layers at an approx-
imate geometric rate with different network depth L. Additionally, the discrimination
metric Dl increases at an approximate linear rate.

• Progressive feature compression on real datasets. We train a hybrid network
on FashionMNIST and CIFAR datasets using the network architectures and training
methods in Section 5.1.2 and plot the metric of within-class compression against layer
index in Figure 4. Although we use real datasets and PyTorch default initialization, we
can still observe that the within-class compression metric Cl decays progressively at an
approximate geometric rate. This further demonstrates the universality of our studied
phenomenon. Moreover, the results in Figure 4 also illustrate the role of depth, where
the decay rates are approximately the same across all settings, and thus deeper networks
lead to more feature compression.

Beyond these findings, we conduct additional experiments on the SST-5 text dataset
(Socher et al., 2013) and the ImageNet (Deng et al., 2009) dataset to further support our
claims. These results are reported in Appendix B.2.
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Figure 11: Progressive feature compression and discrimination on nonlinear net-
works. We train MLP networks using the default orthogonal weight initialization and plot
the metrics Cl and Dl against layer index.
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Figure 12: Progressive feature compression and discrimination on DLNs with
default PyTorch initialization. We train DLNs with uniform weight initialization and
plot the dynamics of Cl and Dl. We can observe progressive linear decay of Cl still happens
without the orthogonal initialization while the expanding pattern of Dl disappears.

5.3.2 Implication on Transfer Learning

In this subsection, we experimentally substantiate our claims on transfer learning in Sec-
tion 3 using practical nonlinear networks and real datasets. The results demonstrate that
features before projection heads are less collapsed and exhibit better transferability. To
support our argument, we conduct our experiments based on the following setup.

Network architectures. We employ a ResNet18 backbone architecture (He et al., 2016),
incorporating t ∈ {1, 2, 3, 4, 5} layers of projection heads between the feature extractor and
the final classifier, respectively. Here, one layer of the projection head consists of a linear
layer followed by a ReLU activation layer. These projection layers are only used in the pre-
training phase. On the downstream tasks, they are discarded, and a new linear classifier is
trained on the downstream dataset.

Training datasets and training methods. We use the CIFAR-100 and CIFAR-10
dataset in the pre-training and fine-tuning tasks, respectively. We train the networks using
the Rescaled-MSE loss (Hui and Belkin, 2020), with hyperparameters set to k = 5 and M =
20 for 200 epochs. During pre-training, we employed the SGD optimizer with a momentum
of 0.9, a weight decay of 5 × 10−4, and a dynamically adaptive learning rate ranging from
10−2 to 10−5, modulated by a CosineAnnealing learning rate scheduler (Loshchilov and
Hutter, 2017). During the fine-tuning phase, we freeze all the parameters of the pre-trained
model and only conduct linear probing. In other words, we only train a linear classifier on
the downstream data for an additional 200 epochs. We run each experiment with 3 different
random seeds.

Experiments and observations. Figure 13 illustrates the relationship between the num-
ber of layers in a projection head and two distinct metrics: (i) the compression metric Cl
of the learn features on the pre-trained dataset (depicted by the blue curve), and (ii) the
transfer accuracy of pre-trained models on downstream tasks (depicted by the red curve).
It is observed from Figure 13(b) that an increase in the number of layers in the projection
head leads to decreased feature compression and better transfer accuracy.

These observations confirm our theoretical understanding that feature compression oc-
curs progressively through the layers from shallow to deep and that the use of projection
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(a) Illustration on the usage of projection heads (b) Transfer learning results

Figure 13: Adding projection heads mitigates feature collapse and improves
transfer accuracy. We pre-train ResNet18 backbones with 1 to 5 layers of projection
heads on the CIFAR-100 dataset. After pre-training, we drop the projection heads and
compute the metric Cl on the learned features. Finally, we linearly probe the pre-trained
models on the CIFAR-10 dataset and plot the evolution of Cl alongside the corresponding
transfer learning performance against the number of projection head layers. The shaded
area represents the standard deviation of 3 random seeds. The plot shows a clear trend
that adding more layers of projection heads mitigates feature collapse and improves transfer
learning results.

heads during the pre-training phase helps to prevent feature collapse at the feature ex-
tractor layer, thereby improving the model’s transfer accuracy on new downstream data.
Furthermore, adding more layers in the projection head tends to preserve diverse features
of the pre-trained model, resulting in improved transfer learning performance.

6. Conclusion

In this work, we studied hierarchical representations of deep networks by analyzing their
intermediate features. In the context of training DLNs for solving multi-class classifica-
tion problems, we examined how features evolve across layers through within-class feature
compression and between-class feature discrimination. We showed that under mild assump-
tions on the input data and trained weights, each layer of a DLN progressively compresses
within-class features at a geometric rate and discriminates between-class features at a lin-
ear rate w.r.t. the layer index. Moreover, we discussed the implications of our results for
deep learning practices, including interpretation, architecture design, and transfer learning.
Our extensive experimental results on synthetic and real data sets not only support our
theoretical findings but also highlight their relevance to deep nonlinear networks.

Our work opens several interesting directions for future work. First, our extensive exper-
iments have demonstrated analogous patterns of progressive compression and discrimination
phenomena in deep nonlinear networks. Extending our analysis to deep nonlinear networks
emerges as a natural and promising direction for future research. Second, Yu et al. (2024);
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Geshkovski et al. (2023) demonstrated that the outputs of self-attention layers in trans-
formers exhibit a similar progressive compression phenomenon. It would be interesting to
study this phenomenon in transformers based on our proposed framework.
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Appendix A. Proofs of Main Results in Section 3

In this section, we provide formal proofs to show our main result in Theorem 4 concerning
the behavior of within-class and between-class features. This involves establishing some key
properties of the weight matrices of each layer under Assumptions 2 and 3. The rest of this
section is organized as follows: In Appendix A.1, we establish some preliminary results for
weight matrices under Assumptions 2 and 3. In Appendix A.2, we prove that within-class
features are compressed across layers at a geometric rate. In Appendix A.3, we prove that
between-class features are discriminated across layers at a linear rate. Finally, we finish the
proofs of Theorem 4 and Proposition 5 in Appendix A.4 and A.5, respectively.

Before we proceed, let us introduce some further notation that will be used throughout
this section. Using (10), Y = IK ⊗ 1Tn , and Assumption 2, we show that the rank of Wl is
at least K for each l ∈ [L]; see Lemma 8. For all l ∈ [L− 1], let

Wl = UlΣlV
T
l =

[
Ul,1 Ul,2

] [Σl,1 0
0 Σl,2

] [
V T
l,1

V T
l,2

]
= Ul,1Σl,1V

T
l,1 +Ul,2Σl,2V

T
l,2, (21)

be a singular value decomposition (SVD) of Wl, where Σl ∈ Rd×d is diagonal, Σl,1 =
diag (σl,1, . . . , σl,K) with σl,1 ≥ · · · ≥ σl,K > 0 being the first K leading singular values of
Wl, and Σl,2 = diag (σl,K+1, . . . , σl,d) with σl,K+1 ≥ · · · ≥ σl,d ≥ 0 being the remaining
singular values; Ul ∈ Od with Ul,1 ∈ Rd×K , Ul,2 ∈ Rd×(d−K); Vl ∈ Od with Vl,1 ∈ Rd×K ,
Vl,2 ∈ Rd×(d−K). Noting that WL ∈ RK×d, let

WL = ULΣLV
T
L = UL

[
ΣL,1 0

] [V T
L,1

V T
L,2

]
= ULΣL,1V

T
L,1, (22)

be an SVD of WL, where ΣL ∈ RK×d, and ΣL,1 = diag (σL,1, . . . , σL,K) with σL,1 ≥
· · · ≥ σL,K > 0 being the singular values; UL ∈ OK , and VL ∈ Od with VL,1 ∈ Rd×K ,
VL,2 ∈ Rd×(d−K). Moreover, we respectively denote the k-th class mean and global mean
by

x̄k =
1

n

N∑
i=1

xk,i, x̄ =
1

K

K∑
k=1

x̄k, (23)

and let

X̄ = [x̄1 x̄2 . . . x̄K ]⊗ 1Tn ∈ Rd×N . (24)

Note that the above notation will be used consistently throughout the rest of this paper.

A.1 Properties of Weight Matrices

In this subsection, we establish some properties of weight matrices {Wl}Ll=1 under Assump-
tions 2 and 3. Towards this goal, we first prove some inequalities on the spectrum of the
data matrix X and the distance between X and X̄ under Assumption 2. These inequalities
will serve as crucial components in the subsequent analysis of the spectral properties of the
weight matrices.

30



Understanding Hierarchical Representation Learning via Intermediate Features

Lemma 6 Suppose that Assumption 2 holds. Then, we have

√
1− θ ≤ σmin(X) ≤ σmax(X) ≤

√
1 + θ, (25)

‖X − X̄‖ ≤
√

1 + 4θ, N −K − 4θ ≤ ‖X − X̄‖2F ≤ N −K + 4θ. (26)

Proof Using ‖A‖ ≤ ‖A‖F for all A ∈ RN×N , we have

‖XTX − IN‖2 ≤ ‖XTX − IN‖2F ≤
N∑
i=1

(
‖xi‖2 − 1

)2
+

N∑
i=1

N∑
j 6=i

(
xTi xj

)2 ≤ θ2, (27)

where the last inequality follows from (9). This, together with Weyl’s inequality, implies
1− θ ≤ σmin(XTX) ≤ σmax(XTX) ≤ 1 + θ. Therefore, we obtain (25).

Now, we prove (26). For ease of exposition, let A := (X − X̄)T (X − X̄) = XTX −
XT X̄ − X̄TX + X̄T X̄. First, we consider the elements of diagonal blocks of A. For each
i = (k − 1)n+ j and j ∈ [n], we compute

aii = ‖xk,j − x̄k‖2 =

(
1− 1

n

)2

‖xk,j‖2 +
1

n2

∑
j′ 6=j
‖xk,j′‖2−

2

n

∑
j 6=j′
〈xk,j ,xk,j′〉+

1

n2

n∑
j=1

∑
j′ 6=j
〈xk,j ,xk,j′〉.

This, together with (9) in Assumption 2, yields

1− 1

n
− 4θ

N
≤ aii ≤ 1− 1

n
+

4θ

N
. (28)

Using the similar argument, we compute for each i = (k − 1)n+ j, i′ = (k − 1)n+ j′, and
j 6= j′ ∈ [n],

− 1

n
− 4θ

N
≤ ai,i′ ≤ −

1

n
+

4θ

N
. (29)

Now, we consider the elements of off-diagonal blocks of A. Similarly, we compute for each
i = (k − 1)n+ j, i′ = (k′ − 1)n+ j′, k 6= k′, and j, j′ ∈ [n],

−4θ

N
≤ ai,i′ ≤

4θ

N
. (30)

This, together with (28) and (29), yields A = IN − 1
nIK ⊗ En + ∆, where |δij | ≤ 4θ/N .

Therefore, we have

‖A‖ ≤
∥∥∥∥IN − 1

n
IK ⊗En

∥∥∥∥+ ‖∆‖F ≤ 1 + 4θ,

which implies the first inequality in (26). Moreover, we have

‖X − X̄‖2F = ‖X‖2F − 2〈X, X̄〉+ ‖X̄‖2F . (31)
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Then, we bound the above terms in turn. First, noting that ‖X‖2F =
∑N

i=1 ‖xi‖2 and using
(9) in Assumption 2 yield

N − θ ≤ ‖X‖2F ≤ N + θ. (32)

Second, it follows from (23) that

〈X, X̄〉 =

K∑
k=1

n∑
i=1

〈xk,i, x̄k〉 =

K∑
k=1

n∑
i=1

1

n

n∑
j=1

〈xk,i,xk,j〉 =

K∑
k=1

n∑
i=1

1

n

‖xk,i‖2 +

n∑
j 6=i
〈xk,i,xk,j〉

 .

This, together with Assumption 2, yields

K − θ ≤ 〈X, X̄〉 ≤ K + θ. (33)

Finally, we compute

‖X̄‖2F = n

K∑
k=1

‖x̄k‖2 =
1

n

K∑
k=1

∥∥∥∥∥
n∑
i=1

xk,i

∥∥∥∥∥
2

=
1

n

K∑
k=1

 n∑
i=1

‖xk,i‖2 +
∑
i 6=j
〈xk,i,xk,j〉


This, together with Assumption 2, yields K − θ ≤ ‖X̄‖2F ≤ K + θ. Substituting this, (32),
and (33) into (31) yields the second inequality in (26).

Next, we present a lemma that shows that each singular value of the first L− 1 weight
matrices is exactly the same, and each singular value of the last weight matrix is approx-
imately equal to that of the first L − 1 weight matrices under the balancedness (11) in
Assumption 3.

Lemma 7 Suppose that the weight matrices {Wl}Ll=1 satisfy (11) and admit the SVD in
(21) and (22). Then, it holds that

Σl+1 = Σl, ∀l ∈ [L− 2], ‖ΣT
LΣL −Σ2

l ‖F ≤ δ, ∀l ∈ [L− 1]. (34)

Proof Since W T
l+1Wl+1 = WlW

T
l for all l ∈ [L− 2] and (21), we have

Vl+1Σ
2
l+1V

T
l+1 = UlΣ

2
lU

T
l . (35)

For a given l ∈ [L − 2], the two sides of the above equation are essentially eigenvalue
decomposition of the same matrix. This, together with the fact that Σl+1 and Σl have non-
increasing and non-negative diagonal elements by (21), yields Σl+1 = Σl. Using ‖W T

LWL−
WL−1W

T
L−1‖F ≤ δ, (21), and (22), we have

‖VLΣT
LΣLV

T
L −UL−1Σ

2
L−1U

T
L−1‖F ≤ δ. (36)

This, together with (Arora et al., 2018a, Lemma 4), implies ‖ΣT
LΣL − Σ2

L−1‖F ≤ δ. Ac-
cording to this and Σl+1 = Σl for all l ∈ [L− 2], implies (34) for all l ∈ [L− 1].

Based on the above two lemmas, we are ready to estimate the top K singular values of
each weight matrix Wl for all l ∈ [L] under Assumptions 2 and 3.
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Lemma 8 Suppose that Assumption 2 holds, and the weight matrices {Wl}Ll=1 satisfy (10)
and (11) with

δ ≤ (2n)1/L

30L2
. (37)

Then, the following statements hold:
(i) It holds that

√
n√

1 + θ
≤ σK(WL:1) ≤ σ1(WL:1) ≤

√
n√

1− θ
, (38)

(ii) It holds that (√
n

2

)1/L

≤ σK (Wl) ≤ σ1 (Wl) ≤
(
2
√
n
)1/L

, ∀l ∈ [L], (39)

and((
1

1 + θ
− 4δ

)
n

)1/2L

≤ σK(Wl) ≤ σ1(Wl) ≤
((

1

1− θ
+ 4δ

)
n

)1/2L

, ∀l ∈ [L− 1],

(40)((
1

1 + θ
− 4δ

)
n

)1/2L

−
√
δ ≤ σK(WL) ≤ σ1(WL) ≤

((
1

1− θ
+ 4δ

)
n

)1/2L

+
√
δ.

(41)

Proof According to (25) in Lemma 6, we obtain that X is of full column rank, and
thus X+ := (XTX)−1XT is of full row rank with 1/

√
1 + θ ≤ σmin(X+) ≤ σmax(X+) ≤

1/
√

1− θ. This, together with Y = IK ⊗ 1Tn , (10), and Lemma 15, yields

√
n√

1 + θ
≤ σK(WL:1) ≤ σ1(WL:1) ≤

√
n√

1− θ
, (42)

which, together with θ ∈ [0, 1/4], implies

2
√
n√
5
≤ σK(WL:1) ≤ σ1(WL:1) ≤ 2

√
n√
3
. (43)

Using this, (11) with (37), and invoking (Arora et al., 2018a, Lemma 6), we obtain σ1(Wl) ≤
(2
√
n)

1/L
for all l ∈ [L]. Using W T

l+1Wl+1 = WlW
T
l for all l ∈ [L− 2] by (11), we compute

‖W T
L:1WL:1 −

(
W T

1 W1

)L ‖F = ‖W T
L:1WL:1 −W T

L−1:1WL−1W
T
L−1WL−1:1‖F

= ‖W T
L−1:1

(
W T

LWL −WL−1W
T
L−1

)
WL−1:1‖F

≤ ‖W T
LWL −WL−1W

T
L−1‖F

L−1∏
l=1

‖Wl‖2

≤ δ (4n)(L−1)/L ≤ 2n

15L2
, (44)

33



Wang, Li, Yaras, Zhu, Balzano, Hu and Qu

where the second inequality uses (11), (37), and (39) for all l ∈ [L−1], and the last inequality
follows from (37). Using this, (42), and Weyl’s inequality gives

σK

((
W T

1 W1

)L) ≥ σK (W T
L:1WL:1

)
− ‖W T

L:1WL:1 −
(
W T

1 W1

)L ‖
≥ n

1 + θ
− ‖W T

L:1WL:1 −
(
W T

1 W1

)L ‖F ≥ ( 1

1 + θ
− 2

15L2

)
n,

which implies σK(W1) ≥
((

1
1+θ −

2
15L2

)
n
)1/2L

. This, together with Lemma 7, implies

σK(Wl) ≥
((

1

1 + θ
− 2

15L2

)
n

)1/2L

, ∀l ∈ [L− 1]. (45)

Using Weyl’s inequality again and (11), we have

σK
(
W T

LWL

)
≥ σK

(
W T

L−1WL−1

)
− ‖W T

LWL −WL−1W
T
L−1‖

≥
(

1

1 + θ
− 2

15L2

)1/L

n1/L − δ ≥
(n

2

)1/L
,

where the last inequality follows from δ ≤ (2n)1/L/(30L2) and(
1

1 + θ
− 2

15L2

)1/L

≥
(

3

4

)1/L

≥ 1

15L2
+

(
1

2

)1/L

, ∀L ≥ 1.

Here the first inequality uses L ≥ 2, and the second inequality is due to f(x) = (3/4)x −
(1/2)x − x2/15 is increasing for x ∈ (0, 1] and f(0) = 0. Therefore, we have σK(WL) ≥(
n
2

)1/2L
. This, together with (45) and σ1(Wl) ≤ (2

√
n)

1/L
for all l ∈ [L], yields (39).

Next, we are devoted to proving (40) and (41). It follows from (44) that

‖W T
L:1WL:1 −

(
W T

1 W1

)L ‖F ≤ 4nδ. (46)

This, together with Weyl’s inequality and (42), yields

σ1

((
W T

1 W1

)L) ≤ σ1

(
W T

L:1WL:1

)
+ ‖W T

L:1WL:1 −
(
W T

1 W1

)L ‖ ≤ ( 1

1− θ
+ 4δ

)
n,

σK

((
W T

1 W1

)L) ≥ σK (W T
L:1WL:1

)
− ‖W T

L:1WL:1 −
(
W T

1 W1

)L ‖ ≥ ( 1

1 + θ
− 4δ

)
n.

This, together with Lemma 7, directly implies (40). Using Weyl’s inequality and (11), we
have

σ1

(
W T

LWL

)
≤ σ1

(
W T

L−1WL−1

)
+ ‖W T

LWL −WL−1W
T
L−1‖ ≤

(
1

1− θ
+ 4δ

)1/L

n1/L + δ,

σK
(
W T

LWL

)
≥ σK

(
W T

L−1WL−1

)
− ‖W T

LWL −WL−1W
T
L−1‖ ≥

(
1

1− θ
+ 4δ

)1/L

n1/L − δ,

which directly implies (41).
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Using this lemma and ε ∈ (0, 1), we conclude that the leading K singular values of Wl

for all l ∈ [L − 1] are well separated from the remaining d − K singular values according
to (12). Consequently, we can handle them with the associated singular vectors separately.
Since Σl+1 = Σl for all l ∈ [L− 2] according to Lemma 7, suppose that Σl,1 and Σl,2 have
distinct p ≥ 1 and q ≥ 1 singular values for all l ∈ [L − 1], respectively. Let σ1 > · · · >
σp > σp+1 > · · · > σp+q be the distinct singular values with the corresponding multiplicities
h1, h2, . . . , hp+q ∈ N. In particular, we have

∑p
i=1 hi = K,

∑p+q
i=p+1 hi = d−K, and σp+1 ≤ ε

due to (12). Then, we can write

Σl = Σ̃ = BlkDiag(Σ̃1, Σ̃2) = BlkDiag
(
σ1Ih1 , . . . , σpIhp , . . . , σp+qIhp+q

)
. (47)

Using the same partition, we can also write

Ul =
[
U

(1)
l , . . . ,U

(p)
l , . . . ,U

(p+q)
l

]
, Vl =

[
V

(1)
l , . . . ,V

(p)
l , . . . ,V

(p+q)
l

]
, (48)

where U
(i)
l ,V

(i)
l ∈ Od×hi for all i ∈ [p+ q]. Using the above definitions, we can characterize

the relationship between singular vector matrices Ul and Vl+1.

Lemma 9 Suppose that Assumptions 2 and 3 hold. Then, the following statements hold:
(i) For all l ∈ [L− 2], there exists orthogonal matrix Ql,i ∈ Ohi such that

U
(i)
l = V

(i)
l+1Ql,i, ∀i ∈ [p+ q]. (49)

(ii) It holds that

‖V T
L,1UL−1,2‖F ≤

2
√
δ 4
√
K

n1/2L
, σmin

(
V T
L,1UL−1,1

)
≥ 1− 2

√
δ 4
√
K

n1/2L
. (50)

Proof (i) Using the first equation in (34), (35), (47), and (48), we obtain

p+q∑
i=1

σ2
i V

(i)
l+1V

(i)T

l+1 =

p+q∑
i=1

σ2
iU

(i)
l U

(i)T

l

Multiplying U
(1)
l on the both sides of the above equality, we obtain

p+q∑
i=1

σ2
iU

(1)T

l V
(i)
l+1V

(i)T

l+1 U
(1)
l = σ2

1I,

where the equality follows from the fact that Ul ∈ Od takes the form of (48). Therefore,
for any x ∈ Rh1 with ‖x‖ = 1, we have

σ2
1 =

p+q∑
i=1

σ2
i

∥∥∥V (i)T

l+1 U
(1)
l x

∥∥∥2
≤ σ2

1

∥∥∥V (1)T

l+1 U
(1)
l x

∥∥∥2
+ σ2

2

p+q∑
i=2

∥∥∥V (i)T

l+1 U
(1)
l x

∥∥∥2

= σ2
1

∥∥∥V (1)T

l+1 U
(1)
l x

∥∥∥2
+ σ2

2

(
1−

∥∥∥V (1)T

l+1 U
(1)
l x

∥∥∥2
)

= σ2
2 +

(
σ2

1 − σ2
2

) ∥∥∥V (1)T

l+1 U
(1)
l x

∥∥∥2
,
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where the inequality follows from σ1 > σ2 > · · · > σp+q, and the second equality uses

Vl+1 ∈ Od. This, together with σ1 > σ2 > 0, implies
∥∥∥V (1)T

l+1 U
(1)
l x

∥∥∥2
= 1. Using this and

‖x‖ = 1, we have U
(1)
l = V

(1)
l+1Ql,1 for some Ql,1 ∈ Oh1 . By repeatedly applying the same

argument to U
(i)
l for all i ≥ 2, we prove (49).

(ii) According to (34) and the block structures of ΣL,ΣL−1, we obtain

‖Σ2
L−1,2‖F ≤ δ. (51)

In addition, it follows from (21), (22), and (36) that

‖VL,1Σ2
L,1V

T
L,1 −UL−1,1Σ

2
L−1,1U

T
L−1,1 −UL−1,2Σ

2
L−1,2U

T
L−1,2‖F ≤ δ.

Using this, ‖UTAU‖F ≤ ‖A‖F for any U ∈ Od×(d−K), we further obtain

‖UT
L−1,2VL,1Σ

2
L,1V

T
L,1UL−1,2 −Σ2

L−1,2‖F ≤ δ.

This, together with (51), implies

‖UT
L−1,2VL,1Σ

2
L,1V

T
L,1UL−1,2‖F ≤ 2δ.

Using Lemma 14 with the fact that ΣL,1V
T
L,1UL−1,2 is of rank K, we further have

‖ΣL,1V
T
L,1UL−1,2‖2F ≤ 2δ

√
K. (52)

Noting that ‖ΣL,1V
T
L,1UL−1,2‖F ≥ σmin(ΣL,1)‖V T

L,1UL−1,2‖F , we have

‖V T
L,1UL−1,2‖F ≤

‖ΣL,1V
T
L,1UL−1,2‖F

σmin(ΣL,1)
≤
√

2δ 4
√
K

(n/2)1/2L
≤ 2
√
δ 4
√
K

n1/2L
, (53)

where the second inequality follows from (52) and Lemma 8. Now, we compute

σ2
min(V T

L,1UL−1,1) = min
‖x‖=1

‖UT
L−1,1VL,1x‖2 = min

‖x‖=1
xTV T

L,1UL−1,1U
T
L−1,1VL,1x

= min
‖x‖=1

xTV T
L,1

(
I −UL−1,2U

T
L−1,2

)
VL,1x = 1− max

‖x‖=1
‖UT

L−1,2VL,1x‖2

= 1− σ2
max(UT

L−1,2VL,1) ≥ 1− ‖UT
L−1,2VL,1‖2F ,

where the third equality follows from UL−1 ∈ Od. This, together with (53), implies

σmin(V T
L,1UL−1,1) ≥

√
1− ‖UT

L−1,2VL,1‖2F ≥ 1− ‖UT
L−1,2VL,1‖F ≥ 1− 2

√
δ 4
√
K

n1/2L
.
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A.2 Analysis of Progressive Within-Class Compression

In this subsection, our goal is to prove progressive compression of within-class features
across layers. Towards this goal, we study the behavior of Tr(ΣW ) and Tr(ΣB) across
layers, respectively. For ease of exposition, let

∆W := [δ1,1, . . . , δ1,n, . . . , δK,1, . . . , δK,n] ∈ Rd×N , where δk,i = xk,i − x̄k, ∀k, i, (54)

∆B :=
[
δ̄1, . . . , δ̄K

]
∈ Rd×K , where δ̄k = x̄k − x̄, ∀k ∈ [K], (55)

where x̄k and x̄ are defined in (23). According to Definition 1 and nk = n for all k ∈ [K],
one can verify

Tr(Σl
W ) =

1

N
‖Wl:1∆W ‖2F , Tr(Σl

B) =
1

K
‖Wl:1∆B‖2F . (56)

Recall from (47) that Σ̃ = BlkDiag(Σ̃1, Σ̃2), where

Σ̃1 = BlkDiag
(
σ1Ih1 , . . . , σpIhp

)
, Σ̃2 = BlkDiag

(
σp+1Ihp+1 , . . . , σp+qIhp+q

)
(57)

According to (21), (47), and (49), there exist block diagonal matricesOl,1 = Blkdiag(Ql,1, . . . ,Ql,p) ∈
RK×K and Ol,2 = Blkdiag(Ql,p+1, . . . ,Ql,p+q) ∈ R(d−K)×(d−K) with Ql,i ∈ Ohi for all
i ∈ [p+ q] such that for each l ∈ [L− 1],

Wl:1 = Ul,1Ol,1Σ̃
l
1V

T
1,1 +Ul,2Ol,2Σ̃

l
2V

T
1,2 = Ul,1Σ̃

l
1Ol,1V

T
1,1 +Ul,2Σ̃

l
2Ol,2V

T
1,2, (58)

where Ul,1, Ul,2, Vl,1, and Vl,2 for ell l ∈ [L− 1] are defined in (21).
To bound Tr(Σl

W ) and Tr(Σl
B) across layers, we present a lemma that establishes a

relationship between the magnitudes of V T
1,1∆W and V T

1,2∆W , as well as a relationship

between the magnitudes of V T
1,1∆B and V T

1,2∆B based on the above setup.

Lemma 10 Suppose that Assumptions 2 and 3 hold with

δ ≤ n1/L

64
√
K
, n ≥ 16. (59)

Then, the following statements hold:
(i) It holds that

‖V T
1,1∆W ‖F ≤

2
√

2δ 4
√
KεL−1

√
n

∥∥V T
1,2∆W

∥∥
F
. (60)

(ii) It holds that

‖V T
1,2∆B‖F ≤ 2θ‖V T

1,1∆B‖F . (61)

Proof (i) It follows from (10) that WL:1X = Y . This, together with Y = IK ⊗ 1n and
(23), implies WL:1xk,i = ek and WL:1x̄k = ek for all i ∈ [n] and k ∈ [K]. It follows from
this and (54) that

WL:1∆W = 0. (62)
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Using this and (58), there exist block diagonal matricesO1 = BlkDiag(Q1, . . . ,Qp) ∈ RK×K
and O2 = BlkDiag(Qp+1, . . . ,Qp+q) ∈ R(d−K)×(d−K) with Qi ∈ Ohi for all i ∈ [p+ q] such
that

ULΣL,1V
T
L,1

(
UL−1,1Σ̃

L−1
1 O1V

T
1,1 +UL−1,2Σ̃

L−1
2 O2V

T
1,2

)
∆W = 0.

This, together with UL ∈ OK and (39) in Lemma 8, yields

V T
L,1

(
UL−1,1Σ̃

L−1
1 O1V

T
1,1 +UL−1,2Σ̃

L−1
2 O2V

T
1,2

)
∆W = 0. (63)

Therefore, we have∥∥∥V T
L,1UL−1,1Σ̃

L−1
1 O1V

T
1,1∆W

∥∥∥
F

=
∥∥∥V T

L,1UL−1,2Σ̃
L−1
2 O2V

T
1,2∆W

∥∥∥
F

≤ ‖V T
L,1UL−1,2‖F ‖Σ̃L−1

2 ‖
∥∥V T

1,2∆W

∥∥
F

≤
√

2δ 4
√
K

(n/2)1/2L
εL−1

∥∥V T
1,2∆W

∥∥
F
, (64)

where the last inequality follows from (50) in Lemma 9 and ‖Σ̃2‖ ≤ ε due to (12) and (57).
On the other hand, we compute∥∥∥V T

L,1UL−1,1Σ̃
L−1
1 O1V

T
1,1∆W

∥∥∥
F
≥ σmin

(
V T
L,1UL−1,1

)
σmin

(
Σ̃L−1

1

)∥∥V T
1,1∆W

∥∥
F

≥

(
1−

√
2δ 4
√
K

(n/2)1/2L

)(n
2

)L−1
2L
∥∥V T

1,1∆W

∥∥
F
,

where the first inequality uses Lemma 15, and the last inequality follows from (39) in Lemma
8 and (50) in Lemma 9. This, together with (64), yields

∥∥V T
1,1∆W

∥∥
F
≤

√
2δ 4√K

(n/2)1/2L
εL−1(

1−
√

2δ 4√K
(n/2)1/2L

) (
n
2

)L−1
2L

∥∥V T
1,2∆W

∥∥
F
≤ 2
√

2δ 4
√
KεL−1

√
n

∥∥V T
1,2∆W

∥∥
F
,

where the second inequality follows from (n/2)1/2L −
√

2δ 4
√
K ≥ n1/2L/

√
2 due to (59) and

n ≥ 1.

(ii) For ease of exposition, let

P1 := UT
L−1,1VL,1 ∈ RK×K , P2 := UT

L−1,2VL,1 ∈ R(d−K)×K . (65)

According to (58), there exist block diagonal matrices O1 = BlkDiag(Q1, . . . ,Qp) ∈ RK×K
and O2 = BlkDiag(Qp+1, . . . ,Qp+q) ∈ R(d−K)×(d−K) with Qi ∈ Ohi for all i ∈ [p+ q] such
that

WL−1:1 = UL−1,1Σ̃
L−1
1 O1V

T
1,1 +UL−1,2Σ̃

L−1
2 O2V

T
1,2.
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This, together with (22) and (65), yields

W T
L:1WL:1 = W T

L−1:1W
T
LWLWL−1:1 = V1,1O

T
1 Σ̃L−1

1 P1Σ
2
L,1P

T
1 Σ̃L−1

1 O1V
T

1,1︸ ︷︷ ︸
=:∆1

+

V1,1O
T
1 Σ̃L−1

1 P1Σ
2
L,1P

T
2 Σ̃L−1

2 O2V
T

1,2︸ ︷︷ ︸
=:∆2

+V1,2O
T
2 Σ̃L−1

2 P2Σ
2
L,1P

T
1 Σ̃L−1

1 O1V
T

1,1︸ ︷︷ ︸
=:∆3

+

V1,2O
T
2 Σ̃L−1

2 P2Σ
2
L,1P

T
2 Σ̃L−1

2 O2V
T

1,2︸ ︷︷ ︸
=:∆4

. (66)

Then, we bound the above terms in turn. First, we compute

‖∆2‖F = ‖∆3‖F ≤ ‖Σ̃L−1
1 ‖‖P1‖‖Σ2

L,1‖‖Σ̃L−1
2 ‖‖P2‖F

≤
(√

2n
)L+1

L
εL−1

√
2δ 4
√
K

(n/2)1/2L
≤ 21+ 1

L εL−1
√
nδ

4
√
K, (67)

where second inequality follows from (12), (39), (50), and (65). Using the same argument,
we compute

‖∆4‖F ≤ ‖Σ2
L,1‖‖Σ̃L−1

2 ‖2‖P2‖2F ≤ (2n)
1
L ε2(L−1) 2δ

√
K

(n/2)1/L
≤ 21+ 2

L ε2(L−1)δ
√
K. (68)

Before we proceed further, let

A1 = OT
1 Σ̃L−1

1 P1ΣL,1. (69)

It follows from (50) in Lemma 9 and (65) that

σmin (P1) ≥ 1−
√

2δ 4
√
K

(n/2)1/2L
≥ 3

4
, (70)

where the second inequality uses (59). Using O1 ∈ OK , we have

σmin (A1) = σmin

(
Σ̃L−1

1 P1ΣL,1

)
≥ σmin

(
Σ̃L−1

1

)
σmin (P1)σmin (ΣL,1) ≥ 3

4

√
n

2
,

where the first inequality uses Lemma 15 and the second inequality follows from (39) in
Lemma 8. This implies that A1A

T
1 ∈ RK×K is of full rank, and thus ∆1 = V1,1A1A

T
1 V

T
1,1

is of rank K. Then, let

∆1 = U∆1Σ∆1U
T
∆1

(71)

be a compact eigenvalue decomposition of ∆1, where U∆1 ∈ Od×K and Σ∆1 ∈ RK×K .
Using this and Lemma 16 with ∆1 = V1,1A1A

T
1 V

T
1,1 by (66), we obtain

V1,1V
T

1,1 = U∆1,1U
T
∆1,1. (72)
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Noting that WL:1 is of rank K, let

W T
L:1WL:1 = U1Σ1U

T
1 , (73)

be a compact eigenvalue decomposition of W T
L:1WL:1, where U1 ∈ Rd×K and Σ1 ∈ RK×K .

According to (9) and (25), we have σK(WL:1) ≥
√
n/(1− θ). This, together with (66), (71),

and Davis-Kahan Theorem (see, e.g., (Stewart and Sun, 1990, Theorem V.3.6)), yields

‖U∆1,1U
T
∆1,1 −U1U

T
1 ‖F ≤

‖∆2 + ∆3 + ∆4‖F
n(1− θ)

≤ 4εL−1
√

2nδ 4
√
K + 4ε2(L−1)δ

√
K

n(1− θ)

≤ 8εL−1
√
δ 4
√
K√

n
,

where the second inequality uses (67) and (68), and the last inequality follows from 4εL−1
√
δ 4
√
K ≤

4
√
δ 4
√
K ≤ (6− 4

√
2)
√
n due to ε ≤ 1 and (59). Using this and (72) yields

‖V1,1V
T

1,1 −U1U
T
1 ‖F ≤

8εL−1
√
δ 4
√
K√

n
. (74)

It follows from (10) that WL:1X = Y . This, together with (1) and (55), implies WL:1∆B =
IK −EK/K. According to this and (10), we compute

W T
L:1WL:1∆B = X(XTX)−1Y T

(
IK −

EK
K

)
= X(XTX)−1 ((IK −EK/K)⊗ 1n) (75)

Noting that X ∈ Rd×N is of full column rank due to (25) in Lemma 6, let X = UXΣXV
T
X

be an SVD of X, where UX ∈ Od×N , ΣX ∈ RN×N , and VX ∈ ON×N . Then, we obtain
X(XTX)−1 = UXΣ−1

X V
T
X . Using this, (75), and ∆B = X ((IK −EK/K)⊗ 1n) /n, we

compute∥∥∥∥ 1

n
W T

L:1WL:1∆B −∆B

∥∥∥∥
F

=
1

n

∥∥UX (Σ−1
X −ΣX

)
V T
X ((IK −EK/K)⊗ 1n)

∥∥
F

=
1

n

∥∥(Σ−1
X −ΣX

)
Σ−1
X ΣXV

T
X ((IK −EK/K)⊗ 1n)

∥∥
F

≤ 1

n

∥∥Σ−2
X − I

∥∥ ‖∆B‖F ≤
2θ

n
‖∆B‖F , (76)

where the last inequality follows from
∥∥Σ−2

X − I
∥∥ ≤ 2θ due to (25) in Lemma 6 and θ ≤ 1/4.

According to (73), we have∥∥∥∥ 1

n
W T

L:1WL:1 −U1U
T
1

∥∥∥∥ =

∥∥∥∥Σ1

n
− I

∥∥∥∥ ≤ θ

1− θ
, (77)

where the inequality uses (38) in Lemma 8. Since V1 = [V1,1 V1,2] ∈ Od, we compute

‖V T
1,2∆B‖F = ‖(I − V1,1V

T
1,1)∆B‖F ≤

∥∥∥∥(I − 1

n
W T

L:1WL:1

)
∆B

∥∥∥∥
F

+∥∥∥∥( 1

n
W T

L:1WL:1 −U1U
T
1

)
∆B

∥∥∥∥
F

+
∥∥(V1,1V

T
1,1 −U1U

T
1

)
∆B

∥∥
F

≤

(
2θ

n
+

θ

1− θ
+

8εL−1
√
δ 4
√
K√

n

)
‖∆B‖F ≤

3

2
θ‖∆B‖F ,
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where the second inequality follows from (74), (76), and (77), the last inequality uses θ ≤ 1/4
and n ≥ 16. This, together with ‖∆B‖2F = ‖V T

1,1∆B‖2F + ‖V T
1,2∆B‖2F , yields

‖V T
1,2∆B‖2F ≤

9θ2/4

1− 9θ2/4
‖V T

1,1∆B‖2F ,

which, together with θ ≤ 1/4, implies (61).

Before we proceed, we make some remarks on the above lemma. According to (56),
(58), and (60), it is evident that the leading K singular values with the associated singular
vectors of each weight matrix Wl for all l ∈ [L − 1] contribute minimally to the value of
Tr(Σl

W ). Conversely, the remaining singular values with the associated singular vectors play
a dominant role in determining the value of Tr(Σl

W ). In contrast, the primary influence on
the value of Tr(Σl

B) comes from the leadingK singular values along with their corresponding
singular vectors, while the impact of the remaining ones is relatively less significant.

With the above preparations, we are ready to prove progressive within-class compression
(14) and (15) as presented in Theorem 4. We first provide a formal version of (14) and (15)
and their proof. The main idea of the proof is to compute the upper and lower bounds of
Tr(Σl+1

W )/Tr(Σl
W ) and Tr(Σl+1

B )/Tr(Σl
B), respectively.

Theorem 11 Suppose that Assumptions 2 and 3 hold with δ, ε, ρ satisfying (13). Then, we
have

c1

c2

(
(2n)1/L + ε2

)ε2 ≤ C1

C0
≤ 2c2

c1(n/2)1/L
ε2, (78)

c1

c2

(
(2n)1/L + n−1/L

)ε2 ≤ Cl+1

Cl
≤
c2

(
1 + n−1/L

)
c1(n/2)1/L

ε2, ∀l ∈ [L− 2], (79)

where

c1 =
(n− 3)K − 1

(n− 1)K + 1
, c2 =

(
1 + n−1/L

)(
1− ε2(L−1)n−1

) (
1− n−1/2

) . (80)

Proof For ease of exposition, let vi ∈ Rd denote the i-th column of V1 ∈ Od. Therefore,
we write

V1 = [V1,1,V1,2] , V1,1 = [v1, . . . ,vK ] , V1,2 = [vK+1, . . . ,vd] . (81)

According to (58), there exist block diagonal matrices Ol,1 = BlkDiag(Ql,1, . . . ,Ql,p) ∈
RK×K and Ol,2 = BlkDiag(Ql,p+1, . . . ,Ql,p+q) ∈ R(d−K)×(d−K) with Ql,i ∈ Ohi for all
i ∈ [p+ q] such that

Wl:1 = Ul,1Ol,1Σ̃
l
1V

T
1,1 +Ul,2Ol,2Σ̃

l
2V

T
1,2, ∀l ∈ [L− 1]. (82)
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This implies for all l ∈ [L− 1],

‖Wl:1∆W ‖2F = ‖Σ̃l
1V

T
1,1∆W ‖2F + ‖Σ̃l

2V
T

1,2∆W ‖2F
≤ ‖Σ̃l

1‖2‖V T
1,1∆W ‖2F + ‖Σ̃l

2‖2‖V T
1,2∆W ‖2F

≤ (2n)l/L
8δ
√
Kε2(L−1)

n

∥∥V T
1,2∆W

∥∥2

F
+ ε2l‖V T

1,2∆W ‖2F

≤

(
16δ
√
K

n1/L
ε2(L−1) + ε2l

)
(N −K + 4θ)

≤
(

1 +
1

n1/L

)
ε2l(N −K + 1), (83)

where the second inequality uses (12), (39) in Lemma 8, and (60) in Lemma 10, the third
inequality follows from l ∈ [L − 1] and ‖V T

1,2∆W ‖2F ≤ ‖∆W ‖2F ≤ N − K + 4θ due to

‖V1,2‖ ≤ 1, (26), and (54), and the last inequality uses θ ≤ 1/4 and δ ≤ 1/(16
√
K) due to

(13). According to V1 ∈ Od and (60), we have

‖∆W ‖2F = ‖V T
1 ∆W ‖2F = ‖V T

1,1∆W ‖2F + ‖V T
1,2∆W ‖2F

≤

(
1 +

8δ
√
Kε2(L−1)

n

)
‖V T

1,2∆W ‖2F

≤

(
1 +

ε2(L−1)

n

)
‖V T

1,2∆W ‖2F ,

where the first inequality follows from (13) and (60), and the last inequality uses δ ≤
1/(16

√
K) due to (13). This, together with (26) and (54), implies

‖V T
1,2∆W ‖2F ≥

‖∆W ‖2F
1 + ε2(L−1)/n

≥ N −K − 1

1 + ε2(L−1)/n
, (84)

where the last inequality follows from θ ≤ 1/4. Moreover, we compute

d−K∑
i=K+1

‖∆T
Wvi‖2 = ‖V T

1,2∆W ‖2F −
d∑

i=d−K+1

‖∆T
Wvi‖2 ≥

N −K − 4θ

1 + ε2(L−1)/n
−K(1 + 4θ)

≥

(
1− ε2(L−1)

n

)
(N − 3K − 1) , (85)

where the equality follows from (81), the first inequality uses (84) and ‖∆T
Wvi‖ ≤ ‖∆W ‖ ≤√

1 + 4θ by (26), and the last inequality is due to θ ≤ 1/4. According to (82), we obtain

‖Wl:1∆W ‖2F ≥ ‖Σ̃l
2V

T
1,2∆W ‖2F =

d∑
i=K+1

σ2l
i ‖∆T

Wvi‖2 ≥ (ε− ρ)2l
d−K∑
i=K+1

‖∆T
Wvi‖2

≥

(
1− ε2(L−1)

n

)
(ε− ρ)2l (N − 3K − 1) , (86)
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where the equality follows from (81), the second inequality uses (12), and the last inequality
is due to (85). This, together with θ ≤ 1/4, (26), (54), (80), and (83), yields(

1− ε2(L−1)

n

)(
1− ρ

ε

)2
c1ε

2 ≤
‖W1∆W ‖2F
‖∆W ‖2F

≤
(

1 +
1

n1/L

)
ε2

c1
. (87)

Using (83) and (86) again, we have for all l ∈ [L− 2],

1− ε2(L−1)n−1

1 + n−1/L

(
1− ρ

ε

)2(l+1)
c1ε

2 ≤
‖Wl+1:1∆W ‖2F
‖Wl:1∆W ‖2F

≤ 1 + n−1/L

1− ε2(L−1)n−1

ε2

c1 (1− ρ/ε)2l
. (88)

Using the Bernoulli’s inequality and ρ ≤ ε/(2L
√
n) by (13), we have (1− ρ/ε)2l ≥ 1 −

2lρ/ε ≥ 1 − 2Lρ/ε ≥ 1 − n−1/2 due to for all l ∈ [L − 1]. This, together with (80), (87),
(88), implies for all l ∈ [L− 1],

c1

c2
ε2 ≤

‖Wl:1∆W ‖2F
‖Wl−1:1∆W ‖2F

≤ c2

c1
ε2. (89)

Next, we are devoted to bounding ‖Wl−1:1∆B‖2F /‖Wl:1∆B‖2F . Using (82), we have for
all l = 0, 1, . . . , L− 1,

‖Wl:1∆B‖2F = ‖Σ̃l
1V

T
1,1∆B‖2F + ‖Σ̃l

2V
T

1,2∆B‖2F .

Therefore, we compute

‖∆B‖2F
‖W1∆B‖2F

=
‖V T

1,1∆B‖2F + ‖V T
1,2∆B‖2F

‖Σ̃1V T
1,1∆B‖2F + ‖Σ̃2V T

1,2∆B‖2F
≤ 1 + 4θ2

(n/2)1/L
≤ 2

(n/2)1/L
,

where the first inequality follows from (39) and (61), and the last inequality uses θ ≤ 1/4.
Moreover, we compute

‖∆B‖2F
‖W1∆B‖2F

≥
‖V T

1,1∆B‖2F
(2n)1/L‖V T

1,1∆B‖2F + ε2‖V T
1,2∆B‖2F

≥ 1

(2n)1/L + ε2
,

where the first inequality uses (39) and (12), and the last inequality follows from (61) and
θ ≤ 1/4. These, together with (8) and (87), yield (78). Next, we compute for all l ∈ [L−2],

‖Wl:1∆B‖2F
‖Wl+1:1∆B‖2F

=
‖Σ̃l

1V
T

1,1∆B‖2F + ‖Σ̃l
2V

T
1,2∆B‖2F

‖Σ̃l+1
1 V T

1,1∆B‖2F + ‖Σ̃l+1
2 V T

1,2∆B‖2F
≤
‖Σ̃l

1V
T

1,1∆B‖2F + ε2l‖V T
1,2∆B‖2F

(n/2)1/L‖Σ̃l
1V

T
1,1∆B‖2F

≤
1 + ε2l

4(n/2)l/L

(n/2)1/L
≤ 1 + n−1/L

(n/2)1/L
,

where the first inequality uses (12) and (39), and the second inequality follows from

‖Σ̃l
1V

T
1,1∆B‖F ≥ (n/2)l/2L ‖V T

1,1∆B‖F ≥ 2 (n/2)l/2L ‖V T
1,2∆B‖F (90)
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due to (39) in Lemma 8 and (61) with θ ≤ 1/4, and the last inequality is due to ε < 1. On
the other hand, we compute for all l ∈ [L− 1],

‖Wl:1∆B‖2F
‖Wl+1:1∆B‖2F

=
‖Σ̃l

1V
T

1,1∆B‖2F + ‖Σ̃l
2V

T
1,2∆B‖2F

‖Σ̃l+1
1 V T

1,1∆B‖2F + ‖Σ̃l+1
2 V T

1,2∆B‖2F

≥
‖Σ̃l

1V
T

1,1∆B‖2F
(2n)1/L‖Σ̃l

1V
T

1,1∆B‖2F + (ε− ρ)2(l+1)‖V T
1,2∆B‖2F

≥ 1

(2n)1/L + (ε−ρ)2(l+1)

4(n/2)l/L

≥ 1

(2n)1/L + n−1/L
,

where the first inequality uses (12) and (39), the second inequality follows from (90), and
the last inequality uses 0 ≤ ρ ≤ ε ≤ 1. Therefore, we have for all l ∈ [L− 2],

1

(2n)1/L + n−1/L
≤
‖Wl:1∆B‖2F
‖Wl+1:1∆B‖2F

≤ 1 + n−1/L

(n/2)1/L
.

This, together with (8) and (89), yield (79).

A.3 Analysis of Progressive Between-Class Discrimination

Now, let us turn to study the progressive discrimination of between-class features across
layers. Recall that the mean of features in the k-th class at the l-th layer is

µlk =
1

n

n∑
i=1

zlk,i = Wl:1x̄k, ∀k ∈ [K], l ∈ [L− 1], (91)

where zlk,i and x̄k are defined in (4) and (23), respectively. Moreover, recall from (21) that
V1,1 is the right singular matrix of W1. Using the results in Sections A.1 and A.2, we are
ready to derive the explicit form of V1,1x̄k and bound the norm of µlk.

Lemma 12 Suppose that Assumptions 2 and 3 hold with δ and ε satisfying (13). Then,
the following statements hold:
(i) For each k ∈ [K], there exist a block diagonal matrix O = BlkDiag(Q1, . . . ,Qp) ∈ RK×K ,
where Qi ∈ Ohi for all i ∈ [p], and a matrix P ∈ OK such that

V T
1,1x̄k = OΣ̃

−(L−1)
1 PΣ−1

L,1U
T
L ek + ωk, (92)

where ‖ωk‖ ≤ 4
√
δ 4
√
K/n

1
2

+ 1
2L .

(ii) It holds for all k ∈ [K] and l ∈ [L− 1] that

‖µlk‖ ≥
1

2
√

2n

(n
2

) l
2L
. (93)
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Proof According to (9), we have WL:1X = Y . This, together with Y = IK ⊗ 1Tn and
(23), implies

WL:1x̄k = ek, ∀k ∈ [K]. (94)

This, together with (22) and (58), yields that there exist block diagonal matrices O1 =
BlkDiag (Q1, . . . ,Qp) ∈ RK×K and O2 = BlkDiag(Qp+1, . . . ,Qp+q) ∈ R(d−K)×(d−K) with
Qi ∈ Ohi for all i ∈ [p+ q] such that for all k ∈ [K],

ULΣL,1V
T
L,1

(
UL−1,1O1Σ̃

L−1
1 V T

1,1 +UL−1,2O2Σ̃
L−1
2 V T

1,2

)
x̄k = ek. (95)

Since UL ∈ OK and ΣL,1 ∈ RK×K is invertible due to (39), we have

V T
L,1

(
UL−1,1O1Σ̃

L−1
1 V T

1,1 +UL−1,2O2Σ̃
L−1
2 V T

1,2

)
x̄k = Σ−1

L,1U
T
L ek (96)

Let V T
L,1UL−1,1 = PΛQT be an SVD of V T

L,1UL−1,1, where P ,Q ∈ OK and Λ ∈ RK×K is
diagonal. This allows us to compute

∥∥PQT − V T
L,1UL−1,1

∥∥ =
∥∥P (I −Λ)QT

∥∥ = ‖I −Λ‖ ≤
√

2δ 4
√
K

n1/2L
, (97)

where the inequality follows from (50) in Theorem 9. Now, we rewrite (96) as

PQTO1Σ̃
L−1
1 V T

1,1x̄k = Σ−1
L,1U

T
L ek + ξk, (98)

where ξk := (PQT−V T
L,1UL−1,1)O1Σ̃

L−1
1 V T

1,1x̄k−V T
L,1UL−1,2O2Σ̃

L−1
2 V T

1,2x̄k. This, together
with (39), yields

V T
1,1x̄k = Σ̃

−(L−1)
1 OT

1 QP
TΣ−1

L,1U
T
L ek + ωk, (99)

where ωk := Σ̃
−(L−1)
1 OT

1 QP
T ξk. Then, we are devoted to bounding the norm of ωk. We

compute

‖ξk‖ ≤ ‖(PQT − V T
L,1UL−1,1)O1Σ̃

L−1
1 V T

1,1x̄k‖+ ‖V T
L,1UL−1,2O2Σ̃

L−1
2 V T

1,2x̄k‖

≤
√

2δ 4
√
K

n1/2L

(√
2n
)L−1

L ‖x̄k‖+

√
2δ 4
√
KεL−1

n1/2L
‖x̄k‖ ≤

5
√
δ 4
√
K

4n1/2L

(√
2n
)L−1

L

(
1√
n

+

√
θ

nK

)
,

where the second inequality follows from (12), (39), (50), and (97), and the last inequality
uses ε ≤ n1/2L/4 by (13) and ‖x̄k‖2 = ‖

∑n
i=1 xk,i‖2/n2 ≤ 1/n + θ/N due to (9) and

N = nK. This, together with (39), implies

‖ωk‖ = ‖Σ̃−(L−1)
1 OT

1 QP
T ξk‖ ≤ ‖Σ̃

−(L−1)
1 ‖‖ξk‖

≤ 5
√
δ 4
√
K

4n1/2L

(
1√
n

+

√
θ

nK

)
(2n)

L−1
2L

(
2

n

)L−1
2L

≤ 4
√
δ 4
√
K

n
1
2

+ 1
2L

, (100)

where the last inequality follows from θ/K ≤ 1/8. This, together with (99) and inter-
changeness between Σ̃1 and O1, completes the proof of (i).
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Next, we prove (ii). According to (58) and (91), we have

‖µlk‖2 = ‖Wl:1x̄k‖2 = ‖Σ̃l
1V

T
1,1x̄k‖2 + ‖Σ̃l

2V
T

1,2x̄k‖2. (101)

According to (92), we compute

‖Σ̃l
1V

T
1,1x̄k‖ =

∥∥∥Σ̃l
1

(
OΣ̃

−(L−1)
1 QΣ−1

L,1U
T
L ek + ωk

)∥∥∥
≥ σmin

(
Σ̃l

1

)(∥∥∥Σ̃−(L−1)
1 QΣ−1

L,1U
T
L ek

∥∥∥− ‖ωk‖)
≥
(n

2

) l
2L

(
1√
2n
− 4
√
δ 4
√
K

n
1
2

+ 1
2L

)
≥ 1

2
√

2n

(n
2

) l
2L
,

where the first inequality uses the triangular inequality and the fact that O and Σ̃1 can
be interchanged, the second inequality follows from (39) and (100), and the last inequality
follows from (13). This, together with (99), implies (93).

With the above preparations, we are ready to show (16) in Theorem 4. We now provide
a formal version of (16) and its proof.

Theorem 13 Suppose that Assumptions 2 and 3 hold with δ, ε, ρ satisfying (13). Then, we
have

Dl ≥ 1− 32 (θ + 4δ)

(
2− l + 1

L

)
− n−Ω(1), ∀l ∈ [L− 1]. (102)

Proof According to (58) and (91), we compute for all k 6= k′,

〈µlk,µlk′〉 = x̄TkW
T
l:1Wl:1x̄k′ = x̄TkV1,1Σ̃

2l
1 V

T
1,1x̄k′ + x̄

T
kV1,2Σ̃

2l
2 V

T
1,2x̄k′ . (103)

First, substituting (92) in Lemma 12 into the above first term yields

x̄TkV1,1Σ̃
2l
1 V

T
1,1x̄k′ ≤

∣∣∣eTkULΣ−1
L,1P

T Σ̃
−2(L−1)+2l
1 PΣ−1

L,1U
T
L ek′

∣∣∣+
∣∣∣ωTk′Σ̃2l

1 OΣ̃
−(L−1)
1 P

Σ−1
L,1U

T
L ek

∣∣∣+
∣∣∣ωTk Σ̃2l

1 OΣ̃
−(L−1)
1 PΣ−1

L,1U
T
L ek′

∣∣∣+
∣∣∣ωTk Σ̃2l

1 ωk′
∣∣∣ , (104)

where P ,O are defined in (i) of Lemma 12. Now, we bound the above terms in turn.
According to (40), we compute for all l ∈ [L− 1],∥∥∥Σ̃−2(L−1)+2l

1 − n
−(L−1)+l

L I
∥∥∥

≤ n
−(L−1)+l

L max

1−
(

1

1− θ
+ 3δ

)−(L−1)+l
L

,

(
1

1 + θ
− 3δ

)−(L−1)+l
L

− 1


≤ n

−(L−1)+l
L

2 (θ + 4δ)

L
(L− l − 1), (105)
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where the last inequality follows from Bernoulli’s inequality. Using the similar argument,
it follows from (41) that

‖Σ−2
L,1 − n

− 1
L I‖ ≤ 2n−

1
L (θ + 4δ). (106)

Then, we compute∣∣∣eTkULΣ−1
L,1P

T Σ̃
−2(L−1)+2l
1 PΣ−1

L,1U
T
L ek′

∣∣∣
≤
∣∣∣eTkULΣ−1

L,1P
T
(
Σ̃
−2(L−1)+2l
1 − n

−(L−1)+l
L I

)
PΣ−1

L,1U
T
L ek′

∣∣∣+∣∣∣n−(L−1)+l
L eTkUL

(
Σ−2
L,1 − n

− 1
L I
)
UT
L ek′

∣∣∣
≤ ‖ΣL,1‖−2

∥∥∥Σ̃−2(L−1)+2l
1 − n

−(L−1)+l
L I

∥∥∥+ n
−(L−1)+l

L ‖Σ−2
L,1 − n

− 1
L I‖

≤ 21+1/L (θ + 4δ)n
−L+l

L
L− l − 1

L
+ 2(θ + 4δ)n

−L+l
L ,

where the second inequality follows from (105) and (106). Next, we compute∣∣∣ωTk′Σ̃2l
1 OΣ̃

−(L−1)
1 PΣ−1

L,1U
T
L ek

∣∣∣ ≤ ‖ωk′‖‖Σ̃1‖−L+2l+1‖ΣL,1‖−1

≤ 8
√
δ

4
√
Kn

−L+l
L n−

1
2L ,

where the second inequality follows from (i) in Lemma 12 and (39). Using the same argu-
ment, we have ∣∣∣ωTk Σ̃2l

1 OΣ̃
−(L−1)
1 PΣ−1

L,1U
T
L ek′

∣∣∣ ≤ 8
√
δ

4
√
Kn

−L+l
L n−

1
2L .

and ∣∣∣ωTk Σ̃2l
1 ωk′

∣∣∣ ≤ 16δ
√
Kn

−L+l
L n−

1
L ≤
√
δ

4
√
Kn

−L+l
L n−

1
2L .

where the last inequality follows from (13). These, together with (104), yield

x̄TkV1,1Σ̃
2l
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T
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L
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L +
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√
δ

4
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Kn
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Moreover, we compute

x̄TkV1,2Σ̃
2l
2 V

T
1,2x̄k′ ≤ ‖x̄k‖‖x̄k′‖‖Σ̃2l

2 ‖ ≤
(

1

n
+

θ

N

)
ε2l.

where the second inequality follows from ‖x̄k‖2 ≤ ‖
∑n

i=1 xk,i/n‖2 ≤ 1/n + θ/N due to
Assumption 2. This, together with (93) in Lemma 12, (103), and (107), yields for all k, l,

〈µlk,µlk′〉
‖µlk‖‖µlk′‖

≤ 32 (θ + 4δ)

(
2− l + 1

L

)
+ 144

√
δ

4
√
Kn−

1
2L + 32n−

l
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(
1 +

θ

K

)
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This, together with (8), yields (102).

47



Wang, Li, Yaras, Zhu, Balzano, Hu and Qu

(a) minl∈[L−1],K+1≤i≤d−K σi(Wl) (b) maxl∈[L−1],K+1≤i≤d−K σi(Wl)

Figure 14: Approximate low-rankness hold universally across different training
and network configurations. The experimental setup is deferred to Section 5.2.1. For
each figure, the vertex of each polygon denotes the singular value of the weights for each d
and ξ. As we observe, for each fixed ξ, the polygon is a hexagon, implying that the singu-
lar values are approximately equal and independent of the network width d. Second, the
singular values grow when the initialization scale ξ increases and also confirms Theorem 5
that ε = ξ. Moreover, we conclude that σmin ≈ σmax when comparing (a) and (b). There-
fore, we can see that both the minimum and maximum singular values remain unchanged,
demonstrating that the GD operates only within a 2K-dimensional invariant subspace.

A.4 Proof of Theorem 4

Based on Theorem 11 and Theorem 13, we can directly obtain Theorem 4.

A.5 Proof of Theorem 5

Now, we study the convergence behavior of gradient flow with the initialization (18) for
solving Problem (3).

Proof Since GD converges to a global optimal solution, we have WL:1X = Y . This,
together with the fact that X is square and orthogonal, yields (10). According to Du et al.
(2018); Arora et al. (2018b), the iterates of gradient flow for solving Problem (3) satisfy
(19). This, together with the initialization (18), yields for all t ≥ 0,

‖Wl+1(t)TWl+1(t)−Wl(t)Wl(t)
T ‖F = 0,∀l ∈ [L− 2],

‖WL(t)TWL(t)−WL−1(t)WL−1(t)T ‖F = ξ2
√
d−K.

This implies that (11) holds with δ = ξ2
√
d−K. Moreover, using (Yaras et al., 2023, The-

orem 1), we obtain that (12) holds with ε = ξ and ρ = 0. Then, the proof is completed.
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(a) A 7-layer MLP network with ReLU
(b) A 7-layer hybrid network

Figure 15: Numerical rank and training accuracy across layers on the SST-5 lan-
guage dataset. We train two networks with different architectures on the SST-5 dataset:
(a) A 7-layer multilayer perceptron (MLP) network with ReLU activation, (b) A hybrid
network formed by 3-layer MLP with ReLU activation followed by a 4-layer linear network.
For each figure, we plot the numerical rank of the features of each layer and training accu-
racy by applying linear probing to the output of each layer against the number of layers,
respectively. The green shade indicates that the features at these layers are approximately
linearly separable, as evidenced by the near-perfect accuracy achieved by a linear classifier.

Appendix B. Extra Experiments

B.1 Assumption Discussion

Here, we provide more experimental results for validating the low-rankness property in
Theorem 3 of trained weights in DLN. To validate the low-rankness assumption, we train
4-layer DLNs using the orthogonal initialization with width d ∈ {50, 100, 200, 300, 400, 500}
and initialization scale ξ ∈ {0.1, 0.2, 0.3, 0.4, 0.5}. The training setting is the same with Sec-
tion 5.2. For the weights {Wl}L−1

l=1 of each network that have been trained until convergence,
we plot

minimum singular value σmin := min
K+1≤i≤d−K, l∈[L−1]

σi(Wl),

maximum singular value σmax; := max
K+1≤i≤d−K, l∈[L−1]

σi(Wl).

The results are shown in Figure 14. Here, for each l ∈ [L − 1], we assume that σ1(Wl) ≥
σ2(Wl) ≥ · · · ≥ σd(Wl). For each figure, the vertex of each polygon denotes the singular
value of the weights for each d and ξ. As we observe, for each fixed ξ, the polygon is a
hexagon, implying that the singular values are approximately equal and independent of the
network width d. Second, the singular values grow when the initialization scale ξ increases
and also confirms Theorem 5 that ε = ξ. Moreover, we conclude that σmin ≈ σmax when
comparing Figure 14a and Figure 14b. Therefore, we can see that both the minimum and
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(a) A 7-layer MLP network with ReLU
(b) A 7-layer hybrid network

Figure 16: Within-class compression and between-class discrimination across lay-
ers on the SST-5 text dataset. We use the same setup as in Figure 15 and plot the
metrics of within-class compression and between-class discrimination of the two networks
across layers after training, respectively.

maximum singular values remain unchanged, demonstrating that the GD operates only
within a 2K-dimensional invariant subspace.

B.2 Exploration on Other Datasets

In the main body of the paper, we primarily present results on the CIFAR and Fashion-
MNIST datasets. In this subsection, we extend our experiments to a broader range of
datasets.

Experiments on Language Dataset. To further illustrate the analogous roles of deep
linear and nonlinear layers across different data modalities, we reproduce the experiments
from Figure 1 using the SST-5 text dataset (Socher et al., 2013), keeping all experimental
settings unchanged except for the dataset. As shown in Figure 15, we observe a similar
trend: early nonlinear layers enhance linear separability, while deeper layers—regardless
of their nonlinearity—progressively compress the features. We also use this experimental
setup to verify Theorem 4, with results presented in Figure 16. As observed, within-class
compression and between-class discrimination respectively exhibit progressively collapsing
and increasing trends, further confirming that our theoretical insights generalize beyond the
image domain.

Experiments on ImageNet. Due to resource constraints, we use the PyTorch pre-
trained VGG11 network (Simonyan and Zisserman, 2015) on ImageNet (Deng et al., 2009)
to extract features and evaluate within-class compression and between-class discrimination.
The results are presented in Figure 17. We observe that the compression metric continues to
exhibit an approximately geometric decay, and the discrimination metric shows increasing
pattern, thereby validating our theory on the large-scale benchmark dataset.
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Figure 17: Within-class compression and between-class discrimination of features
from a VGG11 network pre-trained on ImageNet. We use the PyTorch-provided
pre-trained VGG11 model and extract features from layers 2, 5, 7, 10, 12, 15, 17, 20.

Appendix C. Auxiliary Results

Lemma 14 Given a matrix A ∈ Rm×n of rank r ∈ N+, we have

‖ATA‖F ≤ ‖A‖2F ≤
√
r‖ATA‖F . (108)

Proof Let A = UΣV T be a singular value decomposition of A, where

Σ =

[
Σ̃ 0
0 0

]
, Σ̃ = diag(σ1, . . . , σr),

U ∈ Om, and V ∈ On. Then we compute

‖ATA‖2F = ‖ΣTΣ‖2F =
r∑
i=1

σ4
i , ‖A‖2F = ‖Σ‖2F =

r∑
i=1

σ2
i ,

which, together with the AM-QM inequality, directly implies (108).

Lemma 15 For arbitrary matrices A,B ∈ Rn×n, if A has full column rank and B 6= 0 or
B has full row rank and A 6= 0, it holds that

σmin (AB) ≥ σmin (A)σmin (B) . (109)

Lemma 16 Suppose that Q ∈ Od×K is an orthonormal matrix and A ∈ RK×K is a sym-
metric matrix of full rank, where d > K. Let UΛUT = QAQT be a compact singular value
decomposition of QAQT , where U ∈ Od×K and Λ ∈ RK×K is a diagonal matrix. Then, it
holds that

QQT = UUT . (110)
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Proof It follows from UΛUT = QAQT , Q ∈ Od×K , and U ∈ Od×K that

QTUΛ = AQTU . (111)

Now, left-multiplying both sides by Q yields

QQTUΛ = QAQTU = UΛUTU = UΛ.

Since A is a symmetric matrix of full rank, Λ is a diagonal matrix with non-zero entries. We
can multiply both sides by Λ−1 and obtainQQTU = U , which implies (110) by U ∈ Od×K .

Lemma 17 For every real number 1 ≤ θ ≤ 1 and x ≥ −1, it holds that

(1 + x)θ ≤ 1 + θx.
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