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Abstract

Stochastic gradient descent (SGD) is an estimation tool for large data employed in machine
learning and statistics. Due to the Markovian nature of the SGD process, inference is a
challenging problem. An underlying asymptotic normality of the averaged SGD (ASGD)
estimator allows for the construction of a batch-means estimator of the asymptotic covari-
ance matrix. Instead of the usual increasing batch-size strategy, we propose a memory
efficient equal batch-size strategy and show that under mild conditions, the batch-means
estimator is consistent. A key feature of the proposed batching technique is that it allows
for bias-correction of the variance, at no additional cost to memory. Further, since joint
inference for large dimensional problems may be undesirable, we present marginal-friendly
simultaneous confidence intervals, and show through an example on how covariance esti-
mators of ASGD can be employed for improved predictions.

Keywords: Batch-means, Bias correction, Covariance estimation, Confidence regions.

1. Introduction

Stochastic gradient descent (SGD) is a popular and efficient optimization technique sem-
inally introduced by Robbins and Monro (1951). Given the nature of modern data, the
increasing popularity of SGD is natural, owing to computational efficiency for large data-
sets, and compatibility in online settings (see, e.g., Bottou, 2010; Bottou et al., 2018; Wilson
et al., 2017).

We assume data arise from 11, a probability distribution on R", denoted by ¢ ~ II. In
a model fitting paradigm, a function f : R? x R” — R typically measures empirical loss
for estimating a parameter 6, having observed the data, (. Denote the expected loss as
F(0) = Econr [£(0,¢)]. The main parameter of interest is 6* € R where

o* = in F(6).
arg min F(6)
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With data (; 9T for i = 1,...,n, the goal is to estimate 6*, where iid refers to inde-
pendently and identically distributed. This invariably involves a gradient based technique.
Often, F() is unavailable and a first approximation step is to replace F'(f) with the empir-
ical loss, n~! > f(0,¢). When the data are online or when calculation of the complete
gradient vector is expensive, a further adjustment is made by replacing the complete gradi-
ent with an unbiased estimate. This yields a large class of stochastic gradient algorithms.
Denote Vf(6,() as the gradient vector of f(6,() with respect to 6, n; > 0 as a learning
rate, and 6y as the starting point of an SGD process. The " iterate of SGD is:

Gi = 01'_1 — 77in(91'_1, Cl) y for 7 = 1, 2, .

Despite the approximations introduced in the optimization, SGD estimates of # can have
nice statistical properties (Fabian, 1968; Ruppert, 1988; Polyak and Juditsky, 1992), par-
ticularly when 7); is appropriately decreasing and the estimator of 6* is chosen to be the
averaged SGD (ASGD):
n
én =n ! Z 0; .
i=1

Naturally, a point estimate of 6* alone is not sufficient. The work of Polyak and Juditsky
(1992) has particularly been instrumental in building a framework for statistical inference
for 6,. Let A := V2F(0*) denote the Hessian of F'(6) evaluated at 6 = #* and define S :=
Er ([Vf(@*,()][Vf(G*,C)]T). When the derivative and expectation are interchangeable,
Eq [Vf(6*,¢)] = VF(6*) = 0. Polyak and Juditsky (1992) showed that if F' is strictly
convex with a Lipschitz gradient and n; = ni™® with « € (0.5,1), then 0, is a consistent
estimator of #*, and under some additional conditions,

V(b —6%) S N(0,%) as n — o0, where ¥ = A715A47 (1)

For a true end-to-end analysis, in addition to estimating 6*, a practitioner would be
interested in assessing the quality of this estimator by estimating 3, employing estimators
of 3 for inference, and equipping predictions with uncertainty estimates. Thus, statisti-
cal inference for model parameters is a way forward towards robust implementations of
machine learning algorithms. Although there is adequate literature devoted to the conver-
gence behavior of the ASGD estimator and its variants (Zhang, 2004; Nemirovski et al.,
2008; Agarwal et al., 2012; Zhu and Dong, 2021), estimators of ¥ have only recently been
developed (Chen et al., 2020, 2022; Fang et al., 2018; Leung and Chan, 2024; Zhu et al.,
2021). Robustness and quality of inference depend critically on the quality of estimation of
3.

Chen et al. (2020) proposed two consistent estimators of : an expensive plug-in esti-
mator that requires repeated computation of the inverse of a Hessian, and a variant of the
traditional batch-means estimator of Chen and Seila (1987) that is cheap to implement. In
a batch-means estimator, SGD iterates are broken into batches of possibly differing sizes.
A weighted sample covariance of the resulting batch-mean vectors yields a batch-means es-
timator; the quality of estimation is affected by the choice of batch-sizes. Zhu et al. (2021)
proposed a novel increasing batch-size strategy where the size of the batches continually
increases until saturation, at which point a new batch is created. We refer to this estimator
as the increasing batch-size (IBS) estimator.
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Despite the novel batching strategy, finite-sample performance for the IBS estimator is
underwhelming; we demonstrate this in a variety of examples. A primary reason for the
under-performance is that as iteration size increases, the sample mean vectors of all but the
last batch cannot improve in quality. We employ equal batch-sizes, that are carefully chosen
for both practical utility and theoretical guarantees. Specifically, our proposed batch-sizes
are powers of two, where the powers increase as a function of the iteration length. Under
mild conditions, our batching strategy yields a consistent estimator and we obtain mean-
square-error bounds.

Equal batch-size (EBS) batch-means estimators are common-place in the Markov chain
Monte Carlo (MCMC) literature (see, e.g. Geyer, 1992; Jones et al., 2006; Flegal and Jones,
2010). However, the Markov chains generated by MCMC and SGD are fundamentally
different; MCMC typically produces a time-homogeneous, stationary, ergodic chain and
SGD produces a time-inhomogeneous and non-stationary chain that converges to a Dirac
mass distribution (Dieuleveut et al., 2020). Due to these differences, the existing theoretical
results of the batch-means estimator of MCMC are not applicable for SGD. However, as we
will see, the tools utilized in output analysis for MCMC find use in setting up a workflow
for statistical inference in SGD.

The proposed doubling batching structure is developed to allow for finite-sample im-
provements in the estimation of X. As discussed in Chen et al. (2020); Zhu et al. (2021),
due to the Markovian structure of {6;}!" ;, the estimator of ¥ is often under-biased for
any finite n; this bias is one of the primary reasons for the underwhelming inferential per-
formance of most estimators of 3. Our batching technique allows for a memory-efficient,
consistent, and a bias-reduced estimator of ¥ using the lugsail technique of Vats and Flegal
(2022). Such a bias-reduction technique cannot be applied to the IBS estimator of Zhu
et al. (2021).

It is worth considering how practitioners are expected to use estimators of ¥: two po-
tential uses are as follows. First, estimating ¥ allows for an interpretation on the quality of
estimation of 6%, particularly in smaller dimensions. Secondly, estimators of > can then be
employed to yield estimators of variability of functions of O, aiding in uncertainty quantifi-
cation for predictions. We explore this second point more carefully in Section 6. Further,
using the asymptotic normality in (1) and consistent estimators of X, it is possible to im-
plement traditional multivariate hypothesis tests. That is, a consistent estimator of ¥ can
be used to construct an ellipsoidal confidence region for 8* using (1). In high dimensional
prediction models, where testing may not be a priority, such confidence regions cease to
convey a useful interpretation. Instead, simultaneous hyper-rectangular confidence regions
allow easy interpretations for every marginal component, while also retaining coverage of
the confidence region. This naturally, comes at the cost of the volume of the confidence
region. We term such hyper-rectangular regions as “marginal-friendly”. So far, estimators of
> have been employed to make either uncorrected marginal confidence intervals, or uninter-
pretable ellipsoidal confidence regions. Adapting tools developed in stochastic simulation,
we construct marginal-friendly confidence regions with simultaneous coverage that utilize
consistent estimators of 3.

The rest of the paper is organized as follows. In Section 2 we present our proposed
batching strategy. Assumptions and proof of consistency of the resulting batch-means
estimator are in Section 3. Section 4 describes the under-estimation problem in estimating
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3}, and discusses bias-correction through a lugsail estimator, for which we obtain the same
rate of convergence as the original batch-means estimator. Section 5 presents the structure
of the marginal-friendly confidence regions. The performance of our proposed estimator is
demonstrated through two simulated data problems in Section 6, where the benefits of our
proposed estimator are highlighted. In this section, we also detail how estimators of ¥ may
be employed to improve predictions in classification problems. The method is applied to
four data sets to demonstrate improvements in prediction accuracy. All proofs are presented
in the Appendix.

2. Proposed batch-means estimator

This section presents some well known batching strategies for estimating variance covariance
matrix and a clear motivation for considering the proposed equal batch means estimator in
the current setting.

2.1 General batch-means estimator

Batch-means estimators and its variants are critical components of output analysis methods
in steady-state simulation. A general batch-means estimator can be set up in the following
way. For iteration size n, the SGD iterates (after some user-chosen warm-up) are divided
into K batches with batch-sizes b, 1,...,b, k. Define 79 = 0 and let 7, = Z§:1 by, ; for
k=1,2,..., K, denote the ending index for the kth batch. Then the batches are:

{01,003 {01 O} {41}

J

1t ?)(atch 2nd Eatch Kth ‘k:atch
Let 0 = b, 7. 27 o, +1 Ui denote the mean vector of the k'™ batch. A general batch-means
estimator is
. 1 & _ N/ AT
Sgon = 2= ;1 bu (B = 00) (O = 0) - (2)

Batch-means estimators of limiting covariances are commonplace in steady-state simula-
tion (Alexopoulos and Goldsman, 2004; Chen and Seila, 1987; Chien et al., 1997; Glynn and
Whitt, 1991; Munoz and Glynn, 1997; Song and Schmeiser, 1995) and MCMC (Chakraborty
et al., 2022; Liu and Flegal, 2018; Vats et al., 2019; Flegal and Jones, 2010). Their perfor-
mance is critically dependent on the batching structure; this choice is process dependent and
much work has gone into their study for ergodic and stationary Markov chains (Damerdji,
1995; Liu et al., 2022).

In the context of SGD, batch-means estimators were recently adopted in the sequence
of works by Chen et al. (2020); Zhu and Dong (2021); Zhu et al. (2021). For n; = i~
a € (1/2,1), the batch-size chosen by Zhu et al. (2021) is

1+

bkaCkl*‘l . (3)

The above choice is motivated by the following argument: if b, ;, is reasonably large, the
batch-mean vector is approximately normally distributed. Using Chen et al. (2020, Equation
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15), for large j and k (> j), the strength of correlation between 6#; and 6}, is

k-1 k-1
[ 1122 = nis1All < exp <—/\min(A) > 77i+1> ; (4)
i=

i=J

where Apin(A) is the smallest eigenvalue of A. Consequently, if Zf:jl ni+1 is sufficiently
large, the j*" and k" iterates are approximately uncorrelated. Therefore, for large bni’s,
batch-mean vectors are approximately independent and normally distributed. The batch-
size in (3) is such that Zif:jl Ni+1 is sufficiently large. This reasoning ignores the dangers of
choosing large batch-sizes. For any given iteration length, larger batch-sizes implies smaller
number of batches leading to high variance and/or singular estimators of ¥. Consequently,
the quality of inference is challenged and multivariate inference becomes difficult.

2.2 Proposed batching strategy

Under an equal batch-size strategy, b, 1 = by, for all k; the number of batches is a, := K =
|n/by). With this choice, the estimator in (2) simplifies to

. an b, o _ _ o
o =a 'Y b0k —0,) 0k —0,)" = =N 0,.0] —b,0,,0]. 5
bn ank;(k ) (O ) an’;lkk n (5)

Choosing b,,oc|n?| for some 3 € (0,1) seems natural, and is often considered in stochastic
simulation. We consider memory-efficient batch-sizes that are powers of two, and still grow
polynomially. That is, for some ¢ > 0 and current iterate n, we consider batch-sizes of the
following form:

b¥ = min{2” : en® < 27 for v € N}. (6)

That is, b’ is the smallest power of 2 that is bounded below by en®. Naturally, en® < bk <
2cn®, and af := n/b* for any given n is bounded like n'=%/(2¢) < a¥ < n'=P/c. A similar
batch-size strategy was hinted at in Gong and Flegal (2016). A pictorial demonstration of
the batching strategy is in Figure 1, for the settings discussed in Section 6. Naturally, as
n — o0, both b} and a tend to oo. The proposed batching structure reduces storage costs
to only a, batch-mean vectors at any given stage; a,, = O(n'~#) dramatically smaller than
n. Further, for the iterate of n when batch-size changes, new batches are just made by
averaging over adjacent batch-mean vectors; at these moments the number of batches gets
halved. Our theoretical results hold for a general of equal batch-sizes and in our simulations
we implement both b% and b, = [cn?].

3. Main results

Consistency of f]bn along with the asymptotic normality result of Polyak and Juditsky
(1992) in (1), allows for large-sample inferential procedures, similar to traditional maximum
likelihood estimation. For this task, we make assumptions that ensure both the asymptotic
normality in (1) and consistency of the covariance estimator.
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Figure 1: Pictorial demonstration of the proposed batching structure, as a function of n;
settings are chosen in accordance with the simulations in Section 6. Purple dotted
lines are polynomial rates that bound the batch-size (left) and number of batches
(right).

3.1 Notations and assumptions

For a vector = € R?, let |z| denote the Euclidean norm and for a matrix A, let | A| denote
its matrix norm. All norms are equivalent in a finite-dimensional Euclidean space, so in the
following discussion, we can replace the matrix norm with any other norm.

(A1) (On F). Let the objective function F' be such that the following hold:

(i) F(0) is continuously differentiable and strongly convex with parameter M > 0.
That is, for any 61 and 6,

M
F(62) = F(61) + VF(01)" (62 — 61) + ?||92 — 01

(ii) The gradient vector VF'() is Lipschitz continuous with constant L, that is, for
any 61 and 6o,
[VF(01) = VE(02)] < Lr[61 — 2] -

(iii) The Hessian of F at 0%, A = V2F(0*) exists, and there exists L; such that
| A6 — 6%) — VF(0)| < L]0 — 6*|*.

Assumption (A1) is important for the convergence and asymptotic normality of 0., (see
Polyak and Juditsky, 1992; Moulines and Bach, 2011; Rakhlin et al., 2012). The strong
convexity of F' implies that Apin(A) = M, which is an important condition for parameter
estimation (see Chen et al. 2020; Zhu et al. 2021; Zhu and Dong 2021). Further, this will
be a key ingredient for proving consistency of the batch-means estimator of X.
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(AQ) (On f and CZ) Let Di = QZ — 9*, fl = VF(GI_l) - Vf((gi_l, Q), and EZ() denotes the
conditional expectation E(-|(;, (i—1,...,(1), then the following hold:

(i) The function f(0,() is continuously differentiable in 6 for any ¢ and |V f(6, )|
is uniformly integrable for any 6 (so that E;_1(&;) = 0).

(ii) The conditional covariance of & has an expansion around 6 = #*. That is,
E;_1[&¢] = S+H(D;_1), and there exist constants o1 and o9 such that for any
DeRY

[H(D)| < 01| D] + 02| DJ* and | tx(H(D))| < 01| D| + 02| DJ*.

(iii) There exists constants o3 and o4 such that the fourth conditional moment of &;
is bounded, i.e., Ez—le%H4 <03+ 0’4HDZ'_1H4.

Assumption (A2)(i) allows E¢co11 [V f(0,¢)] = VF(#), which implies that the sequence {&;}
is a martingale difference process. These assumptions are standard (see Chen et al., 2020;
Zhu et al., 2021) and ensure the regularity of the noisy gradients.

Our next set of conditions are on the learning rate and the choice of equal batch-size.
Our results are general for any choice of batch-size satisfying the condition below.

(A3) (On 7, by) The following hold:

(i) The learning rate is n; = i~ with a € (0.5,1),i =1,2,3,... .

(ii) by, is size of the batch such that b,n~® — o0 and b,n~' — 0 as n — 0.
In Assumption (A3)(i), the learning rate is that of Polyak and Juditsky (1992), ensuring
asymptotic normality. Assumption(A3)(ii) is the only additional condition added to this
statistical inference setup that is specific to our choice of equal batch-size. Our chosen

b, = cn® satisfies this condition for 3 € (a,1) (and thus b¥ satisfies this condition as well).
As a consequence of Assumption (A3)(i),

Tk Tk

2 ;= Z N~ > nby1” ¢ > nbyn”“ =: N. (7)

1=TE_1+1 i=Tp_1+1

Using Assumption (A3)(ii), N — o as n — o0. This guarantees that the batch-size is larger
than the persistent correlation in the SGD iterates. That is, using (4), this ensures fast
decay of correlation between batches, which is a critical step in proving consistency of the
batch-means estimator.

In the following discussion, for sequences of positive numbers p,, and g,, denote

® p, = qp if for some ¢ > 0, cp, = ¢, for all n large enough,
e v, < qp if ¢ = pn, and
® pn = ¢y if pn X ¢y and p, < g

For simplicity, we define the following constant,

Cy4 1= max {LF, Ly, 05/3, \02,4/03, Ui/4,tr(5)} :

7
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3.2 Consistency of the estimator

We now present our main result of consistency of the batch-means estimator for equal
batch-sizes satisfying Assumption (A3).

Theorem 1 Under the Assumptions (A1), (A2) and (A3), for sufficiently large n

E[Ss, — 2| £ Cinm2a,V* + Cin~ + CaapyV? + Caba ™" + Caby, 20/
+ Cda,jl + Cﬁn_mbn.

Proof Proof is available in Appendix C. |

Under Assumption (A3), the bound in Theorem 1 goes to zero, yielding consistency of ibn.
Chen et al. (2020, Theorem 4.3) and Zhu et al. (2021, Theorem 3.1) provide similar bounds
for different IBS batch-means estimators, with Zhu et al. (2021) being an improvement
over Chen et al. (2020). One key reason for explicitly writing a bound instead of merely
mentioning convergence to zero, is that the bound allows for a reasonable choice for b,.
Substituting batch-sizes of the form b, = ¢n?, in Theorem 1,

E[Sy, - 5 5 n /2 B0/ L (12 4 -60-0) 4 p@-B)/2 4 pB-1 4 pi-2a (g)

Obtaining a closed-form expression of an optimal 5 from the right side of the above equation
is challenging. A numerical solution is possible, but not interpretable. Instead, we note
that by Assumption (A3), (8 —1)/2 > 8 — 2« and —a/2 + (8 —1)/4 < (8 —1)/2, so
among the first, second, fifth, and sixth terms, the second term is dominating. Further,
—B(1—a) < (a—f)/2, so among the third and fourth terms, the fourth term is dominating.
Considering then, only the dominating terms, we have

EHibn -3 < nB=1/2 4 pla=B)/2,
With this approximation, the optimal choice of § is * = (1 + «)/2.

Remark 2 The bounds we obtain are meaningful only for large n. For small n, it is
challenging to obtain a meaningful expression of the optimal value of B in (8). Numerically,
we observed that for sample size in the thousands and o = 0.51, the optimal value of B is
near 0.66. However, as n increases, the optimal value of § approaches (1 + «)/2. This
agrees with the above mentioned bound. It is also important to remember that (8) is only a
bound, optimizing which need not yield a true mean-square-optimal choice of batch-size.

Remark 3 Consistency of f]bn immediately allows the construction of Wald-like confidence
regions (see Section 5). To obtain a consistent estimator of 3, the number of batches, an,
must increase with n. Naturally, the batch-size also must be large to mimic the limiting
Polyak and Juditsky (1992) behavior. This yields a challenging trade-off. Our particu-
lar batch-size construction allows finite-sample adjustments for small batch sizes using the
lugsail trick (see Section 4). If the goal is only inference, and not the quantification of vari-
ance, Zhu and Dong (2021) used cancellation methods to construct valid confidence regions
employing batch-means estimators with fized number of batches.
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Remark 4 With § = (14«)/2, the computational complexity of calculating the batch-means
estimator is similar to the IBS estimator at O(d*n(+®)/2 4 dn). On the other hand, an
online implementation strategy for EBS estimators remains to be an open problem. Further,
as we will discuss in Section 4, EBS estimators allow for bias-reduction strategies which
yield significant benefits. Bias-reduction strategies in IBS estimators remain to be an open
problem.

4. Bias-reduced estimation

Naturally, the mean-square bound in Theorem 1 is contributed from both the bias and vari-
ance of the batch-means estimator. Vats and Flegal (2022) proposed a lugsail batch-means
estimator for stochastic simulation that can dramatically reduce bias in variance estimation.
Our particular choice of equal batch-size allows an easy and effective implementation of the
lugsail technique. Obtaining an exact expression of the bias of the batch-means estimator
for a general SGD framework is an open problem. However, the following mean estimation
model provides a motivation.

Example 1 Consider for i = 1,2,...,n, a mean estimation model y; = 0* + ¢;, where
0* € R and ¢; are independent mean-zero random error terms. For the squared error loss
function £(6,¢) = (y — 0)?/2 for estimating *, the i*" SGD iterate is

0; =61+ ni(yi —0i—1),

with n; = ni~%. In Appendix D.1, we show that the bias of f]bn for this model is:

) R _201 Tj Tk 3 B B
Bias(X, ) ~ - Z Z Z g1 — )P,

1<j<k<an p=Tj—1+1q=7r_1+1

where C) is a positive constant. The estimator of Zhu et al. (2021) exhibits a similar
negative bias expression. For large n, the bias may be insignificant, however, as Figure 2
exhibits, even in this simple model, the finite-sample bias in the estimator of ¥ remains
significant.

More than the magnitude of bias, its direction is a larger concern. Variance estimation
of any statistical estimator allows us to assess the uncertainty in the problem. Under-
estimation of this variance leads to a false sense of security and inadequate tests (see
Simonoff, 1993). Obtaining bias-free estimators for such long-run variances is a critical
and challenging problem in operations research, stochastic simulation, econometrics, and
MCMC. A wide range of solutions have been attempted (Kiefer and Vogelsang, 2002, 2005;
Liu and Flegal, 2018; Politis and Romano, 1995) to reduce the bias of variance estimators.

By studying linear combinations of lag-windows in spectral variance estimators, Liu
and Flegal (2018); Vats and Flegal (2022) develop a family of variance estimators, called
lugsail estimators, that are essentially obtained by a carefully chosen linear combination of
variance estimators. Liu and Flegal (2018) define a batch-means version of this estimator
called the weighted batch-means estimator, that seek to combine batch-means estimators
obtained through various batch-sizes, using an appropriate weighting strategy. Consider a
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Figure 2: Mean estimation model: Bias of the EBS and Lugsail-EBS estimator for a = 0.51
(left) and o = 0.75 (right) against sample size.

weighting function, called a lag window, wy,(-) such that (i) w,(-) is an even function on Z,
(ii) w,(0) = 1 for all n, and (iii) w,(m) = 0 for all m > b,. Anderson (2011) provides a
comprehensive list of lag windows used in stochastic simulation and time series. We will
employ the flat-top lag window of Politis and Romano (1995):

m| < bn> | (9)

bn, bn,
wn(m)=H(|m|<2>+2<—‘bm’>]I<2<
— 1) — 2wy (m) + wy(m + 1) denote the second order differencing

Let Aswy,(m) = wy(m
of w, at m. Consider multiple batch-sizes m = 1,2,...,b,, so that the corresponding
m=E 3 Oyt for

number of batches are G, := |n/m|. For each batch size m, let 0, 1 =
k=0,1,2,...,an, denote the k** batch mean vector. The weighted batch-means estimator
of Liu and Flegal (2018) is defined as

A b m Agwn
SwBM = ), —————

m=1

S s 0) (s 0)

For general lag windows, inM can be expensive to compute due to the double summation
n (10). However, employing piecewise linear lag windows like the flat-top lag window in
(9), yields Agw,(m) = 0 everywhere except m = b,/2,b,, making the estimator in (10)
computationally viable.

Liu and Flegal (2018); Vats and Flegal (2022) discuss the bias-correction advantages of
the weighted batch-means estimators. Employing (9) in (10) and renaming b,, = 2b,, we
obtain a bias-corrected batch-means estimator, compatible with equal batch-sizes, called
the lugsail batch-means estimator.

Specifically, the lugsail batch-means estimator simplifies to

(10)

Spp, i= 250, — b, - (11)

Our batching strategy, b}, allows an easy implementation of the lugsail bias-correction
strategy since a batch-means estimator of batch-size 2b) can be obtained by collapsing

10
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adjacent batch-means vectors. Thus, the proposed bias-correction does not increase memory
costs. We also note that since the lugsail lag-windows rely on equal batch-sizes, such lugsail
corrections are not directly possible for the IBS estimator. We call the estimator in (11)
the lugsail-EBS estimator.

Define

an/2

By, = Z[(92]1 0n) (o= 02) 4 (= 02) (s = 0.) | 12

Then, Rbn summarizes the covariance between adjacent batches. In Appendix D.2 we show
that
EL,bn = Ebn + 2Rbn . (13)

When batch-sizes are not large enough, adjacent batch means will be expected to be pos-
itively correlated so that (the diagonals of) Rbn > 0, thereby adjusting some of systematic
under-estimation happening due to a small batch-size.

For the mean estimation model in Example 1, Figure 2 presents the bias expression
of both EBS and the lugsail-EBS estimators. Although the bias in the estimator depends
on the correlation in the process (through « in this case), in both cases, the lugsail-EBS
estimator presents significant bias reduction. As we will see in Section 6, this correction
proves to be critical for finite-sample inference.

The following results establish the consistency of the lugsail-EBS estimator, under the
same conditions as required in Theorem 1.

Proposition 5 Under Assumptions (A1), (A2) and (A3), for sufficiently large n,
E|Ry, | < CEPn=2 a4 4 C2n=%2 4 Cya V2 + Cab2 ™t + Caby 02

+ Cga;t + Cin=2%,,.

Proof Proof is available in Appendix D.3. |

An immediate consequence of the rate in Proposition 5 is the following result that yields
similar rates for the lugsail estimator as the original EBS batch-means estimator. Of course,
finite-sample performance is affected by the absorbed constants, and we will see in Section 6
that the finite-sample performance of lugsail estimators is far improved.

Corollary 6 Under Assumptions (A1), (A2) and (A3), for sufficiently large n,

E|SLs, — 2| = E|Ss, — 2.

Proof Observe that the only different order term in Proposition 5 as compared to Theo-
rem 1 is n~%/2. Using Assumption (A3), for all n, b/ Pn—e < (b,n~ 1) < 1. Consequently,
1)111/271_6“/271_‘1/2 <1, and n—a/?2 < b;l/Q a/2, Therefore, n —a/2 decays faster than b;l/zna/Z.
This illuminates that the rate for the bound on E| Ry, | is the same as that of B[S, — X|.
Using the triangle inequality, the result follows. |
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Remark 7 Unlike standard EBS estimators that are guaranteed to be positive semi-definite,
lugsail estimators may not retain this property, particularly for small sample sizes. In such
a case, users may tune c so that 2L,bn is positive-definite. In our simulations, ¢ was chosen
appropriately so as to allow all estimators to be positive-definite.

5. Marginal and simultaneous inference

For problems where SGD is relevant, it is natural to ask what purpose will an estimator
of 3 serve? Confidence ellipsoids provide little interpretation in high-dimensional settings,
compared to hyper-rectangular regions that are more amenable to marginal-friendly in-
terpretation. Zhu et al. (2021) use the diagonals of ¥ to construct uncorrected marginal
confidence intervals for each of the d parameters of interest. The problem of multiple-testing
is omnipresent in this case, and corrections like Bonferroni can be crude. Moreover, the
potentially complex dependence in X, via both S and A is completely ignored. Here, we
leverage the methods of Robertson et al. (2021) to construct simultaneous marginal-friendly
confidence regions that approximately retain the desired coverage probabilities.
For joint inference for 6*, (1) provides a 100(1 — p)% confidence ellipsoid

—{0eR": (0, 0)7S (00— 0) < XFay ) (14)

where X?l, s denotes the s quantile of a chi-squared distribution with d degrees of freedom.
Marginal interpretation of such an ellipsoid confidence region is difficult. Instead, one
may study marginal confidence intervals. Let 3, be any consistent estimator of ¥. Let
O0n = (On1,....009)", 0% = (0%, .. 05T and Sp = (6ij)ij=1,..p- Using (1), for 0 <p < 1,
an asymptotic 100(1 — p)% margmal confidence interval of 6} is:

Oni + 21_pjo/Gii/n, (15)
where z, denotes the s™™ quantile of N'(0,1). Fang et al. (2018), Chen et al. (2020), Zhu et al.
(2021), and Zhu and Dong (2021) discuss both uncorrected marginal confidence intervals
and the ellipsoid joint confidence region. As discussed, both are inconducive for valid and
interpretable joint inference. For the general Monte Carlo problem, Robertson et al. (2021)
suggest a remedy by using an appropriate hyper-rectangular confidence region, which we
now describe. Using the d uncorrected intervals in (15), an at-most 100(1 — p)% hyper-
rectangular confidence region is

d
Cin(zp/2) H [ — Z1_pj2\ Gii /Ty Oni + 21_pj2/ 5’n/n] :
=1
Using a Bonferroni approach, an at least 100(1 — p)% hyper-rectangular confidence region
is

QL

P/Qd H [ Zl—p/2dm7 ém + Zl—p/de] .

=1
Clearly, Cip(zp/2) S Cub(2p/24)- Robertson et al. (2021) used a quasi Monte-Carlo approach
to find a 2* with 21_p,» < 2% < 21_)5q to yield the hyper-rectangular confidence region

d
= H [ém — z*w&ii/n, ém + Z*\/m] ) (16)

=1
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Second component
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Figure 3: Plot of Cjy(2,/2) (black dashed) and Cyp(2,/24) (blue dashed) from a 90% confi-
dence region for a bivariate normal distribution with component variances 9 and
4. The red dashed line gives the corresponding C(z*).

such that Cpp(2,2) € C(2*%) S Cup(2p2¢) and P(0* € C(2*)) ~ 1 — p, under the assumption
that 6, ~ Np(0y, f]n) An illustration is given by Figure 3. The computation of (16) is
essentially a quick one-dimensional optimization problem solved by a bisection search over
the interval (21,2, 21_p/24); see Robertson et al. (2021) for details. In Section 6, we present
coverage properties of both the ellipsoidal region E, and the hyper-rectangular region C'(2*).

6. Numerical implementations

We compare our proposed method with competitors for a few simulated examples and
some real data applications. All reproducible codes are provided in the following Github
repository: https://github.com/Abhinek-Shukla/SGD-EBS.

6.1 Setup

We implement our proposed EBS and lugsail-EBS estimators for two simulated models and
a real data implementation, for both doubling batch-sizes b} and polynomial batch-sizes
b, = |en®]; we call these EBS and EBS-poly, respectively. Their lugsail versions are L-EBS
and L-EBS-poly, repsectively. We systematically keep the following settings for our EBS
estimator: ¢ = 0.1 so that the number of batches stays reasonably large ensuring that the
estimators are positive-definite; § = (1 + «)/2 as a reasonable value obtained from the
mean-square bounds; a = 0.51 to allow for reasonable exploration. For comparison we
implement the IBS estimator of Zhu et al. (2021) with their suggested settings. However,
in the event that the IBS estimator is singular, we increase their number of batches to allow
positive-definiteness of the IBS estimator. Zhu et al. (2021) showed that their estimator
was superior to the estimator of Chen et al. (2020), both theoretically and in simulations,
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so for brevity and clarity, we do not present comparisons with the estimator of Chen et al.
(2020).

When the true covariance matrix X is available, we employ it as an oracle, and use it to
calculate the relative Frobenius norm of an estimator 3: |S—X|z/|2| . Further, we employ
Y in calculating and comparing the coverage probability of the confidence regions discussed
in Section 5 for different estimators. Another important feature of confidence regions is
their volume, particularly for the hyper-rectangular regions created in (16). Thus, for each
estimator, we also report

(V@)™

for which a high value indicates an undesired increase in the volume of the hyper-rectangular
confidence region.

6.2 Linear regression

We simulate data according to the linear regression model, fori =1,2,...,n, y; = xiTﬁ *tg

where for some d x d positive-definite matrix A, z; < N (0, A) and ¢; YN (0,1), independent

of z;. We fix * € R? to be the d-vector of equidistant points on the grid (0,1). Here

¢i = (x4,y;). In order to implement ordinary least squares estimation of 3, the loss function
is

T 2\ 2

56,y = Wm2ih)

Since the errors are independent and identically distributed (iid), the true ¥ is A=, We
consider the three forms of A used in Chen et al. (2020): (i) identity (A = I;), (ii) Toeplitz,
where element A; ; = pli=il and (iii) equicorrelation, where element A; ; = p for i # j and
1 otherwise. Throughout, we set p = 0.5. We present results of all three settings of A for
d =5 (here n = 0.5) and for brevity, only present the identity result for d = 20 (here n = 1).

Data of size 5 x 105 was simulated with the first 1000 SGD iterates being discarded as
burn-in. We start the SGD process from 0 and study the statistical performance of various
estimators of X sequentially as a function of the data. Since the above is done for 1000
replications, for each A and d, we present four key comparative plots: (i) the estimated
relative Frobenius norm as a function of the sample size, (ii) the estimated ellipsoidal
coverage probabilities, (iii) the estimated coverage probabilities of the hyper-rectangular
confidence regions, and (iv) the ratio of the volumes of the hyper-rectangular regions to the
ellipsoidal regions.

Figure 4 presents the results for d = 5. Due to the nature of the doubling batching
technique b}, the performance is not monotonic as a function of the sample size for EBS;
this is expected. However, the polynomial batch-size in EBS demonstrates the expected
monotonic behavior. Further, for each of the three settings, the lugsail-EBS estimators
outperforms in all measures with the EBS estimators being competitive with the IBS es-
timator, when not better. One metric where the IBS estimator suffers drastically, are the
marginal confidence regions. As evident from Figure 4, the coverage for the IBS estimator
improves drastically when going from the elliptical regions to the hyper-rectangular regions.
The bottom row of the plots indicate that this is entirely due to the drastic increase in the
volume of region. The hyper-rectangular regions made by IBS are significantly larger that
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their ellipsoidal regions. This is likely due to an exaggerated correlation structure captured
by the IBS. All the EBS estimators, and particularly the lugsail-EBS estimators do not suf-
fer from this. These problems are further exaggerated for d = 20 as evidenced in Figure 5.
The performance of both EBS and lugsail-EBS estimators remain essentially the same. We
highlight that even when the relative Frobenius norm is large for the EBS estimators, the
simultaneous marginal coverage probabilities are reasonable, with only little cost to the
volume.

To understand why the EBS estimators perform significantly better than the IBS estima-
tors, we take a closer look at the batching strategy in b}. The general idea in batch-means
estimators is that each batch-mean vector emulates the sample mean ASGD estimator; thus
the empirical sample covariance of these batch-means is a reasonable estimator of ¥. For
such a heuristic to hold, the batch-mean vector for each batch must be approximately nor-
mally distributed; 4 /bn,ke_k ~ Ny(0*,1;). For d = 5 with A being identity, if we accumulate
all the components of all batch-mean vectors they should be normally distributed, and thus
we may compare them with true Gaussian quantiles. In Figure 6, we present a zoomed-in
QQ plot of this for two different data sizes. Figure 6 reveals significant deviation from nor-
mality for the IBS estimator, particularly for small sample situations. The EBS estimator,
on the other hand, follows the theoretical Gaussian quantiles fairly well.

6.3 LAD regression

Assume a similar linear regression model, with non-Gaussian errors: y; = x7 * + ¢; where
T; id N(0,A) and ¢; id DE(0, 1), here DE(u, A) denotes the double exponential distribution
with median parameter p and scale parameter A. Instead of ordinary least squares, we
consider the least absolute deviation (LAD) loss function, f(3,¢;) = ’yi -z B } Fang et al.
(2018) consider this simulation setup as well and discuss that the true ¥ is A~1.

We repeat the simulation setup of the previous Section with d = 20 for the three different
choices of A. Figure 7 presents the results. The performance of the EBS estimators,
particularly lugsail-EBS is significantly superior to that of the IBS estimator. Here again,
although the simultaneous coverage of the hyper-rectangular regions is far improved for the
IBS estimator, this is purely a consequence of over-inflated volume of the region.

6.4 Improving predictions with estimators of X

Consider the binary classification problem where for ¢ = 1,2, ...,

ind : 1
y; ~ Bernoulli (pi = W) ’

with z;€ R? assumed to be iid. For estimation, the loss function is the negative log-likelihood
as a consequence of the Bernoulli model assumption. However, estimates of 5* that min-
imize this loss function are used in predictions, without any focus on accounting for the

variability is its estimation. Denote the ASGD estimator of §* with Bn, and for any data
point 7, the fitted/predicted probability of success is estimated with
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A thresholding is then typically used to obtain a binary prediction of this jth observation,
based on p;. That is, for some user-chosen threshold ¢, g; = I(p; > ¢). When employ-
ing a test data set, misclassification rates can then be obtained for model building and
comparisons. Due to (1) and the delta method, as n — oo,

Vi(py —p;) 5 N (0, (p;(1 — pj)?z) Ba;) .

Since our proposed EBS estimator of X is consistent, we can obtain a confidence interval
for each p; + 2975 sej, where se; is the standard error for the jth response and is calculated
using the plug-in estimators of ¥ and p;. In order to account for the estimation variability
in p;, we employ an alternative estimator of y;: §; = I(p; — z.975 se; > ¢). That is, our
logistic classifier, classifies the observation as a success if the lower-bound on the confidence
interval for p; is larger than the cutoff, ¢; different observations will have different se;.

We implement this strategy on four data sets (i) Santander customer transcation data
set!) (ii) Covertype data set of Blackard (1998), (iii) Spambase data set of Hopkins et al.
(1999), and (iv) the diabetes health data set?. Implementation details for each of them is
provided in Appendix E. For each data set, since the true 5* and ¥ are unknown, comparison
of confidence regions is unreasonable here. We can obtain marginal simultaneous confidence
intervals, however due to the nature of the data, classical hypothesis testing may not be of
interest. Instead, we utilize the estimator of ¥ for prediction.

Figure 8 demonstrates the test data misclassification rate for various values of ¢, with
and without confidence interval, for all data sets. Clearly, the blue curve which employs the
EBS estimator to obtain se; yields a lower misclassification rate. Due to consistency of the
estimator, se; is expected to converge to 0 as n — o0, and thus, for a large enough training
data, we would expect the blue and the black curves to merge into one, for all data sets.

7. Discussion

We present EBS batching-strategies for batch-means estimators in order to estimate the
limiting variance of SGD estimates. A substantial body of work on batching methods exists
for stationary and ergodic processes in the stochastic simulation literature (Alexopoulos and
Seila, 1996; Alexopoulos and Goldsman, 2004; Glynn and Whitt, 1992; Schmeiser and Song,
1996; Su et al., 2024). It would be worthwhile studying these more generally for application
in inference for SGD. For instance, our proposed EBS batching-strategy can be extended to
averaging over k-neighbouring batches for any fixed positive integer k, and all the theoretical
results discussed will hold true. However, large values of k will reduce the number of batches,
thereby reducing the efficiency of the covariance estimator. Another alternative is to adopt
an overlapping batch-means estimator with an EBS strategy, adapting the IBS estimator
of Zhu et al. (2021). Overlapping batch-means estimators have found reasonable success
in stochastic simulation (Meketon and Schmeiser, 1984) as they allow higher number of
batches, ableit correlated. However, the computational complexity of these estimators is
O(d?n) since the number of batches are on the order of the number of samples. Nonetheless,
similar theoretical results should be possible for overlapping batch-means estimators with

1. https://www.kaggle.com/competitions/santander-customer-transaction-prediction/
overviewwww.kaggle.com/competitions/santander-customer-transaction-prediction/overview
2. https://archive.ics.uci.edu/dataset/891/cdc+diabetes+health+indicators
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Figure 8: Misclassification rate on the testing set for various values of the cutoff for (i)
Santander (topleft) (ii) covertype (topright) (iii) spambase (bottomleft) (iv) dia-
betes(bottomright) data sets.

an EBS strategy. Leung and Chan (2024) discuss variants of the IBS estimator and find
that their performances are quite similar. A study similar to Leung and Chan (2024)
for the EBS estimator would make a useful follow-up of our work. Building a statistical
inference framework for SGD is an active area of research in recent times. This includes
the recent works of Fang et al. (2018); Xie et al. (2023) who use bootstrap techniques to
estimate the limiting covariance structure. Fang et al. (2018) heuristically argued to use
the (perturbed) bootstrap ASGD outputs to estimate the covariance matrix of 0,,. The
theoretical properties of the estimator are not known and computational demands of the
estimator is considerable. Zhu and Dong (2021) present a method of consistent inference for
SGD without using a consistent estimator of 3. It remains unclear if methods of marginal
inference and delta method arguments can be used in their framework. Li et al. (2023); Liu
et al. (2023) estimate the limiting covariance under situations when the iid assumption on
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the data is violated. Our marginal-friendly confidence interval construction, and utilization
of ¥ in improving predictions are directly applicable to this literature.

There are numerous other variants of the SGD (see, e.g., Koneény et al., 2016; Toulis
and Airoldi, 2017; Loizou and Richtarik, 2020; Yuan and Ma, 2020), and the fundamental
framework remains essentially the same for other variants of SGD, as long as the results
of Polyak and Juditsky (1992) applies to them. For example, Toulis and Airoldi (2017)
obtained asymptotic normality of averaged implicit SGD, and the framework we present
here can be seamlessly transferred to that setup.

Finally, we employ the estimator of ¥ in two tasks: (i) the construction of marginal-
friendly simultaneous confidence intervals that favor interpretability over ellipsoidal regions,
and (ii) construct confidence intervals around predictions for new observations. The classi-
fication example we present in Section 6.4 demonstrates this feature. A similar argument
can yield prediction intervals for regression as well, one which accounts for the multivariate
estimation error in the SGD estimates.
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Appendix A. Preliminary results

Lemma 8 Under the Assumption (A3), we have
1. Ty = (k= 1)b, = kbp, 7, = kb, = (k — 1)b,, and 1,_1 = 13, = knP.
2. 37k LM > b7 > nbyn~* =: N,

I=T—1+
3. For any fized v >0 and v # 1, T3] _ k™7 < T SlTH x dx ST77.
4. For any fized v > 0, Z;‘C:l kY < Sf(x + 1) de < TH.
Proof Proofs of 1) and 2) are obvious. For the proof of 3), observe that

T T+1 T+1
71 2 Y <1t {1 + J x_vda:} < T_lf z de <T77.
k=1 1 1

Next, for the proof of 4), we have

(T + 17+ < 7.

T T
Zk‘7<J (x4 1) doe <
k=1 1 L+

The following three results from Chen et al. (2020) will be used in our proofs.
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Result 1 (Chen et al. (2020), Lemma D.2) For each positive integer j, let Y]k be a
sequence of matrices with ij =1 and for k = j, ij = (I — nkA)ij_l = Hfzj(l —nA),
where A is a positive semidefinite matriz with eigen values bounded below by Ag > 0. Then,
under the Assumption (A3), we have

1) Forie€{j,...,k}, the following holds

k

HYka < exp (AA Z 7h‘> < exp (=Aa(k —j)m) -
i=j+1

2) Let Sj’»C = Zf:jﬂ Y]Z and Z]’~c = 77jSJI~C — A7Y then

k
IS¥I < k% |1 Z5] < k%5 + eap (—AA > m) :
i=j

3) When 1 < j <k <m,,, for sufficiently large N, there exists a constant ¢ such that
IS5 < 3% 1251 < 37" + exp (=ehalk —5)my) s |n;S5] < 1,
as long as a, < N1 for certain positive integer q.

Result 2 (Chen et al. (2020), Lemma D.3) If S and ¥ are two d x d matrices, and S
is positive definite, then tr(S%) < tr(S)|X].

Result 3 (Chen et al. (2020), Lemma 3.2) Under the Assumptions (A1) and (A2),
there exists ng such that the iterate error D,, satisfy the following:

1) For n>m = nyg,
En|| Dnll < exp (M X, m:) [ Dinll + v/Cam ™72,

Enn| Dal2 S exp (M X7, ) [ D2 + Cam=, and
Enn| Dall* S exp (M X2, ) [ Do + CPm2.

2) E| Dyl < n=%?(+/Ca + | Do),
E|Dn[? £ n=%(Ca + | Dno[?), and
E[Dn[* < n72*(Ca® + | Dno|1*).-

Appendix B. Auxiliary sequence

An approximation of the SGD iterate is D; ~ (Ig —n;A)D;—1 + n:&;. We replace ~ by = to
obtain an approximated iterate sequence,

Ui = (Ig — i A)Ui—1 + ni&;, Uy := Dy.

The sequence {U;} is known as the auxiliary sequence. The following result for the sequence
{U;} from Chen et al. (2020) is helpful.
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Result 4 (Chen et al. (2020), Lemma B.3) For the sequence U;, under the Assump-
tions (A1) and (A2), we have

E[Un|* £ n™*(Ca + |Uol* + [ Dol).

Lemma 9 Under the Assumptions (A1), (A2) and (A3), we have

T

R 1 am 1 Tk Tk

Il DI | WD
" E=1"" \i=m,_1+1 i=Tp_1+1

is a consistent estimator of S. More precisely,
E|S —S|? < Cin~%a; /2 + COn~2 + Cla; .

Proof Let & = —Vf(6%,¢), & =& — & and

T

~ 1 &n 1 ALY LI

S| X a3
M =1"" \i=r_1+1 i=Tp_1+1

Then, & = & + 5 where {5} is a sequence of iid zero-mean random variables, and {fz} is a
martingale difference sequence. Note that

E|S - S| s E|S - S|? + E|S - §|%, (17)
and
E|S — 5|2 < Etr(S — 5)? = tr E(S — 5)2. (18)
Further
131 &

E)=—> 1 2 E&&H=5

k=1 bn i=Tp_1+1

therefore E(S — 5)2 = E(52) — $2. Next

An  Gn Tj Tk ~r ~r
a2 -2 -2 c s
D IDISEED) 2 Eagié&usl)-
j=1k=1 i1,02=Tj_1+1143,i4=Tp_1+1

Since {E,} is an iid sequence of zero-mean random variables, on the RHS of the above
expression, the terms are zero unless i1 = 49, i3 = i4 Or i1 = 13, io = 94 OF 1] = i4, I3 = i3.
Also, the latter two only happen when all the indices are in the same batch, thus

[

B2 -0 2 Y S RETD

Jj=1k=1 i1=Tj—1+1ig3=Tp_1+1
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Using E(éfflésﬁi)

Next using E(Ezlﬂ&gﬂ) <

tr(ES? —

an
-2 —2
+a, Z b,
7=1
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_QZb_

75

2

11,83=T5—1+1,01#13

= S? if iy # i3, we get

7j

2

~

[E(&, &6 &) + E(E, &L ELED)].

[E(En 46 &5) + €L,

11,83=T;—1+1,i1#%3

Cg + Cgifza if i1 = i3, we obtain

an 75 75
w(BS? - 5% = a2 Y 0.7 ), Elél*+ > (B &is)* + E(I€ P15 1%)
j=1 i1=Tj_1+1 i1,i3=T;j_1+1,i1 713
< a2 Z ( (C3 + C4r7%) + (tr(S))2> .
Consequently using Lemma 8
tr(ES? — 52) < C3n' + C8a; (129 4 O30t < C2a! (19)
Next, we denote
-
- 1 an 1 Tk R Tk R
S:axa Z &i Z &i
k=1 1=Tr_1+1 i=Tp_1+1
We notice that
T T 2
. ~ Qn Tk ~ Tk R Tk R Tk ~ -
E|S— S =E|an" D bt & &+ D & og| |+28
k=1 1=Trp—1+1 1=Tp—1+1 i=Tr_1+1 i =Tr—1+1
T2
A Tk - Tk R -
SEla, ' Y 07| D) & oG | +EISP?
k=1 i=Tp—1+1 i=Tk_1+1
< VE((52)\E(tr(32)) + E(1x(32)). (20)
Now we need to find a bound for E(tr(52)). Let & = bt Sk - 1+1 Then using

Cauchy-Schwartz inequality, we have

E(tr(5?))

A

an  Qn

*2221; E(
k=11=1

an  Qn

an72 2 Z bn72

k=11=1

tr

=Tk _ 1+1

VE[&]*

24

an

,22

an

> b BG4 E&]*

klll

J=Ti— 1+1

\/E|&;||4, using Theorem 2.1 in Rio (2009).



ON THE UTILITY OF EQUAL BATCH SIZES FOR INFERENCE IN STOCHASTIC (GRADIENT DESCENT

Using Result 3, we have ]E||§A]H‘21 < C% 2. Consequently using Lemma 8 we get

E(tr(5%)) < CS(n~" zn] i) (7t zn] 77 < CSn2e,

i=1 j=1
Further substituting in (20) we have
E|S — S|? < Cin~%a;, ' /? + CSn—2e. (21)

Combining (17), (18), (19), (20) and (21), completes the proof. [ |
Define the overall mean and batch means of U; as follows:

_ 1 Ten _ 1 &
Un=—>Ui and Up= 3, Ui for k=12...,a.

T . .
On j—1 n i=Tp_1+1

Lemma 10 Under the Assumptions (A1), (A2) and (A83), we have

Ela,' Y b UkU) — A7'SATY < Cin~2 a1 + Cin™ + Cyay,'? + Caby ™" + Caby, P02,

k=1

Proof The recursion of U; can be written as

Ui =Y Uit + Yini&i = Vi oUimg + Vi mica&io1 + Y&

K
=Y/U;j+ )] Yin&.
I=j+1

Therefore, the k" batch mean Uy can be written as

Tk Tk 7
_ _1 . .
Uk = by, YL U+ ) > Ying
1=Tp_1+1 1=Tp_1+11l=7_1+1
[ Tk Tk Tk
1 . .
=0, Z Yo Un_i + Z < Y?) mé
1=Tp_1+1 l=T_1+1 \i=l
[ Tk Tk
=0, D Vi UL+ D (S ng
_i:Tk,1+1 l=T_1+1

Tk

Tk Tk
= b, 'ST Un bt AT Y gt D ez + bt Y ng

Tk—1
l=7p_1+1 l=7;_1+1 l=7;_1+1

Let us denote

Tk Tk Tk
Ap=—A"1 > gand Byi= 8T Up  + > &Z7+ Y &

l=Tp_1+1 l=7p_1+1 l=T_1+1
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Then,

a, ! Z b UU, = a7t Z b, ApAf +a," > b, [AkB{ + ByA[ + BeB[ ). (22)
k=1 k=1 k=1

We have from Lemma 9,

2
—E

A

a,t Y b ARAL — ATISAT A7HS —8)A!

k=1

< Oin~a % + CSn~2 + C2a,t. (23)
Using Cauchy Schwartz inequality, we have

a,t Y bt ARAL — ATISATH < Con P a Mt + CinT® + Cqa, VP

k=1
Using ||Bx|? = | BrB} | < tr(BkB)l) and &; being a martingale, we have
EB;B;
Tk Tk
= E{S:;; Uni+ > &z + )] m&” T U+ Z Gz + Z m&]
l=7‘k_1+1 l—Tk 1+1 = =Tk— 1+1 = Thk— 1+1
=S5, [UTk s 1] (7 )"+ Z (Z7* + mDE&E )2 + )T
l=7p_1+1

Tk
= w(EBBy) < |57 IPE|Un_, [P+ >, 127 + nd|”El&*.

e I=Tp_1+1
Now, using Result 1, we have
| Z]% + I < |1 Z[*| + 0= 17" + exp (—eAa(me — Dm) + 177
Using 7 < 17! for o € (0.5,1) and Cauchy-Schwartz inequality, we get
| Z]* + mI|? < 1772 + exp (—2cAa(me — Dm) -
Next, using the bound of |U,|? in Result 4, and E|&|? < Cy4, we obtain

1 &
oot (EBxB{) < (ter + D)%+ D0 |12 + |
d l=7p_1+1

Tk
< (Tk,1 + 1)a + bn<7-k71 + 1>2a72 + 2 exp (—20)\A(7']C — l)777—k_1+1)
l=7p_1+1

©
< (Tk—l + 1)a + bn<7—k—l + 1)20_2 + Z exp (_20)‘14[77’%714'1)
1=0

+ (20/\A777k_1+1) -

< (kal + 1)a + bn(kal + 1)20[72
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Using

a— -1 a—212a— —ap—a 1
b (Tho1 + 1)%* 72+ (2eAann, 1) = bu(k — 1726272 + (k — 1)"%b;, Y

< (]{3 o 1)2a72bia71 + (k o 1)7o¢bga < bglafl’

and Lemma 8 (claim 4), we have

Qn Qn
a," Y 0 BIB? S Caapt D0t 0207 + (s + 1))
k=1 k=1

< Cdbia_z + Cdagl Z b;l(Tk_l + 1)()‘
k=1
< Cgb2*™2 + Cgby tn™. (24)

On the other hand, using martingale property of {£;}, we have

-
Tk Tk
b, E| A = b,  tr (BARAL) = b, tr [ ATE | D) & dog| At
i=Tp_1+1 i=Tr_1+1
Tk
< b AT | bate(S) +2 0 DT E(or]Dif + o2 Dif]*) | < Ca (25)
1=Tp_1+1

So, using (24), (25) and Cauchy-Schwartz inequality, we get

b "B Ax||Brll < /b5 "EJAR 2/, "B Be|? < Cabfy ™" + Caby, /0. (26)

Thus, using (22), (23) and (26), we obtain

Ela,' Y boUpU) — A71SA™!
k=1
<Elagt S b ApA] — A7SAT 420 S by <E|Ak||Bk| ; EuBkn?)
k=1 k=1

< O30 VA 4 O3 4 Cuay V2 + Cgbet + Cab, /202,

Lemma 11 Under the Assumptions (A1), (A2) and (A3), and for sufficiently large n, we
have

E

a," > b (U — Un) (U — Un) T — A71SAT
k=1
< O30 0 VA 4 O3~ 4+ Cya, V2 + Cgb® ™t + Cab V0% + Cya
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Proof Observe that

a," Y 0Ok = Un)(Uk — Un) " = a" > 0uUkU{ — ' Y 0u U0,
k=1

a,t > b UkUY = b, U0, (27)
k=1

From Lemma 10, we have

a,t > b UyU) — A1S AT
k=1

Next, using

Tan
Un = ning“”Uo + n~t 2 (SZ‘Z” + I) i,
i=1
and martingale property of &;, we get
E|Un|?
Tan
< n2Sg PE|Uo|* + 172 Y | (S + 1) IPnfE &)
i=1
Tan
< n 2 Sg PE|Uo|* + 072 Y mF ] (S7 + 1) |P[er(S) + E(o1 [ Difl + 02| Dif )] (28)
=1

Further, using Result 1 and Lemma 9, we have |S)" [*E|Uo|?> < Cq, n2| (S +I)| is
uniformly bounded, and [tr(S) + E(o1|D;|| + 02| D;|?)] < C4. Therefore,

e 2 | (S7 + 1) |P[te(S) + E(o1| Ds| + 02 Dif*)] < n™'Ca. (29)

Hence, using (27)-(29) and Lemma 10, we get

a,’ Z b (U — Un) (U — Up) T — A1 SAT

< Ela;! Z b UpUy — A71SA™Y + E|b,,U, U,
k=1

< C2n~ 2 a7V 4 O3 4 Ca V2 + Cgb®' + Cyb, V?n®? 4 Cya;!

28

< CIn~ 2 g VA L O30T + Caa; Y% 4 Cab2 ™t + Cyb Y202,
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Appendix C. Consistency of batch-means estimator

We denote overall mean and batch means of D; as follows:

_ 1 & 1 &
D — Y D;jand D, = — D; for k=1,2,...,a,.
n a,nZZ k bn Z;TZ 1 n
=Tp_1+1

Proof (Proof of Theorem 1) We have the linear auxiliary iterate sequence U; = (Ig —
mA)UZ‘_1 + n:&, Uy = Dy. Let 0; := D; — U, then

0 = (I —miA)di—1 +ni(AD;—1 — VF(0;-1)).

Define overall mean and batch means of §; as follows:

- 1 & 1 &
On {25 anddk_a D difork=1,2,...a,
n og= i=Tp_1+1

Now observe that
—1Zb (O — 0,)(0r — 0,) "

Qn
—a;! Z bnDpDf —a,' > by DpD,)

k=1 k=1
= a;l Z b (U + 01) (U + Sk)T — a;l 2 b (Up + 6,)(Uy + Sn)T
k=1 k=1

= a," > b Uk — Un)(Uk — Un) T + a! Z by (Uy, — Up) (O — 05)
k=1
an

+a;12bn(5k—(§n)(Uk—7 _121) k—5 k—(S)

k=1

Then, by using ||C|| < tr(C) for a positive semidefinite matrix C, and Cauchy-Schwartz
inequality, we have

a;! Z b (O — 0,) (O — 0,)T — A71SAT!

a,’ Z bn J(Ur = Un) " —A715A7!

ay! Z buEtr[ (S5 — 0n) (0 — 0n) ]
k=1

L2 Z buE te[(T — Up) (Ux — Un) 7] ai] bnE tr[ (0 — 62) (6, — 0n) 7], (30)

an \| =1 1
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and Y5 buEtr[(8g — 0,) (0 — 60) ] < 20, bE tr[0x0] |. Further, using the notations vf

and Sf in Result 1, we get for ¢ > 7,1
i = (I = niA)di—1 + ni(AD;—1 — VF(0;-1))

=Y, 0n o+ Y Yini(ADj1 = VF(6;-1))

Tk—
' J=Tr—1+1
3 1 Tk 1 Tk % )
= Ge=g ) Yadnatp 2 ) Yini(ADj - VF(O)
™i=rp_q+1 M= 14l j=Tk1+1

Tk Tk

T, 1 )
= ST,’j Omy > D Yini(AD; 1 = VF(8;1))

bn N oj=Tp_1+1li=j
O M Ek (I +S™)n;(AD;_1 — VF(0;_1))
b, 1 Tk—1 b 5 ) Jj—1 Jj—1))-
" j=TR_1+1

Now, by Cauchy—Schwartz inequality,

E[|6x]* < 2 HSZ}j NPEN6 1P+
2 .- Tk 2 J 2
+ DT +SFm > |JE{ D) |ADj 1 — VF(6;)]
o \j=Tg-1+1 J=Tp—1+1

Using Result 1 and Result 3, we have
Tk
157 1P s (e + 12, > 1S )P s ba
J=Tk-1+1
Tk Tk
and E Y JAD; 1 —VF@;)* | s Y. LEEID; ' s Cibar %

j=Tp—1+1 j=Th—1+1
Notice that Result 4 holds for both U; and D;, so
Elldr_, |* < 2E| Dr,_,[* + 2E|Ur,_, |* < 72, Ca.
Therefore, using (31)-(34) and Lemma 8, we have

1 —2 1 4,_—2
Tk 1+ 2b CdbnTk?NbQTk 1+C'Tkil

EIS° < 5

bz

”mew“«malz% S%b”a”Zkth%lmfh:

k=1 k=1 k=1

Thus, using (30) and (35), we obtain

an

Zb (O — 0,) (0 — 0,)T — A715A7?
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S C’Czln_o‘/2 a;1/4 + O3 + C’da;l/2 + Ogb2t 4 Cdb;1/2n°‘/2 + Cya, b 4+ Cin~2%,,.

Appendix D. Lugsail estimator

This section provides some additional details regarding Lugsail estimator and proof of
Proposition 5.

D.1 Details for Example 1

The mean estimation model is given by
y=0*+e¢,

where 6* € R and ¢ is the random error term with mean zero. Let y; be a sequence of iid
observations from the model. Consider the square error loss function F(0) = (y — 6)%/2.
Without loss of generality, take 8* = 0 and 6y = 0, then the i*» SGD iterate has the form

0 =01+ ni(yi —0i—1) = (1 —mi)bi—1 + miei, 0 = 1. (36)

This implies
i

p=1k

(1= k%)p “ep.
=p+1

Now, the estimand is

2
~ 1 & - VoA
) = =N | =g :
Var(y/n6,) = n Var (a Z k) - (Z k)

and the proposed estimator is

Thus, ignoring the second term, which is tending to zero at a higher rate, we have

Bias(f]n) = ]E(in) - Var(\/ﬁén)

—20, > Cov(6;,6%) —2 > Cov(bnby, buby) (37)
N — v (0, = — ov(bnbj, 0n0E).
n o 7Yk 7 k

1<j<k<an 1<j<k<an
Further, using the fact that Cov(6,,6,) = C1¢~*(1 — ¢~*)?7? for p < q, where C; is fixed
constant, we get for j < k

7

Cov(bnby, bufk) = Y i Cov(bp, 0;) = Ci i i ¢ (1=qg )"

p=Tj—1tlg=7p_1+1 p=7j—1tlg=71p_1+1

(38)
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Using (37) and (38), we get

. & -2 ~ = *201 Z < — —a\q—
Bias($y,) ~ — Y. Cov(bnf;, buby) = - > > Do —g)T

1<j<k<an 1<j<k<an p=Tj—1+t1q=Tp_1+1
D.2 Alternate expression
Recall that for batch size by, the k™ batch-mean vector is 0, = bt Dk Tog+1 0;. Define
the mean of adjacent batches as 0; = (fa;_1 + 02;)/2. Then 6; is the 5! batch-mean vector
with batch size 2b,,. Now, with batch means estimator

£, = 23 (6,-0,) (6-6)

an 12

we can write Yogp, as

an/2
. 2b,, N N
2, = an/2j§ <9J—0n) ( J—On) )
So,
an/2 5 b, . 0. e N\ |
i%n _ 2b, Z (9231 + 92] B Qn) <02]1 + 92] B an)
)2 — 2 2
7j=1
an/2
bn ~ ~ A ~ ~ AN\ T
= a ]; (sz,1 + 92j — 20n) (92j71 + 92] — 20n> ,
an/2
b ~ PO A . AL A ~ Ao A
" an D [B2j-1 = 00)(B2j—1 — 0n) T + (B2 — 0n) (B2 — 0) T + (B2 1 — 6)(B25 — )T
n j=1
+ (52]‘ - én)(§2j—1 - én)T]
an/2
= 8y + > [(02-1 = 0n) (B2 = 0n) " + (25 — 0n) (6251 — 0) ']
n j=1
=3+ Rbm

where Ebn = %2?2/12[(523'_1 - én)(Q_QJ - én)T + (0_2]' - én)(égj_l — én)T] Therefore the

lugsail estimator can be rewritten as
2[/,1,” = Qigbn — fh)n = ibn + Qﬁbn.
D.3 Proof of Proposition 5

First we Simplify ﬁbn' Using D; = 0; — 0* and D; = U; + §;, we have

an/2

R b, _ L L R
Ry, = = Y [(Daj1 = Du)(Dyj — Dy) T + (Daj — Dn)(Daj1 — D) 7]
noiZ1
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an/2
= ai Z [(UQJ'*I - Un)(U2j — Uvn)T + (U2j71 — Un)(52] — 5)T -+ (52]'*1 _ 6)(U2] _ Un)T
+ (8251 = 0)(825 — 0) " + (Unj — Un)(Unj1 — Un) " + (U — Un) (6251 —6) "
+ (523' - 3)((72];1 — Un)T + (SZJ- _ 3)(52].71 _ 3)T]
b an/2 B B b an/Q B )
== Z (U2j*1 - Un)(U2j - Un)T + = Z (U2j—1 — Un)(52j — 5)T
ay, “ a, -
Jj=1 j=1
b an/2 ~ - an/2 ) )
+ i Z (02j—1 — 0)(Uaj — U)" + i Z (6251 — 0)(8aj — 5>T
Jj=1 j=1
b Gn/2 b an/2
- To; — Up)(Ugj1 — Up) T + = T — U Vo 1 — 8T
+ ;(Uzj On)(Usj1 = On)T + 2 ;(U% 0,)(52j—1 — 8)
b an/2 b an/2
n N e — IS T n — ~ _ AT
o ;1 (62 = 0)(Uaj—1 = Un) " + = ;1 (2 — ) (8251 — )" (39)

Now we prove two additional results needed to establish Proposition 5.

Lemma 12 Under the assumptions of Proposition 5,

an/2 T2j-1 T2
E|W|? < C3n~*a; V% + Cin~ + Cla; ', where W = a;! Z bt Z & Z &
j=1 k:‘rgij-‘rl l:‘l'gjfl-‘rl
Proof Let & = —Vf(6*,¢), & =& — & and
an/2 T25—1 T2j !
~ 1 1 ~ ~
W= ap, Z bn Z &k Z &
7=1 k=T2;_2+1 l=7oj_1+1

Then, & = & + E, where {5} is a sequence of iid random variables and {éz} is a martingale
difference sequence. Note that

E|W|? < Etr(W)? = tr E(W)2.

and
an/2an/2 T2j—1 T2j T2k—1 T2k
w2\ _ -2 -2 & ETe eT
s -3 Y ¥ 8 ¥ 3 s@ang)
j=1 k=1 i1=Toj_o+1lio=Toj 1+1i3=Top_o+1ig=Top_1+1

Since {¢;} is an iid sequence of zero-mean random variables, on the RHS of the above
expression, the terms are zero unless i1 = i3, i9 = i4 or i1 = i4, 49 = 13. Also, this happens
only when all the indices are in the same set of consecutive batches, thus

an/2 Toj—1 T2

() =a?Y 02 Y Y [B(686.8) +E(6.84E)]

j=1 i1=Toj—2+1 i3=To;_1+1
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and

an/2 T2j—1 T2; [

o <EW2> _ a2 Z b2 Z Z E <EZ§Z3>2 +E (|\§~z‘1\2!‘§~i3|2>}

=1 i1:7'2j72+1 ’L'3:T2j71+1

an/2

-2 2 2 —1

<a, Z (tr < Cia,
7j=1

Next, we denote
T
an/2 T2j-1 Toj
ISR e[ ¥ e
" = 1 i=T25_2+1 i=To;_1+1

and using steps similar to those in the proof of Lemma 9, we obtain

E (1w - W) < VELr(2)]y B[ (72)] + B[t (2)]. (40)
Now, we need to find a bound for E(tr(I//T\/Q)). Let & = b1 YT o 1+1 . Then using
Cauchy-Schwartz inequality, we have
an/2 an/2 _ o 3
Eltr(WH)] = a2 D) D) b E [tr(Eano1Eof 1165 )]
k=1 1=1
an/2an/2
<, Y Y b2\ Bl 12y Elar ]2y Ela1 124/Eléal?
k=1 I=1
an/2an/2 7'2k 1 Tgk T21—1 T21
Sa ) Y b VEIE,|? Elénl? D, VEIGI? ), El&. 2,
k=1 I=1 i1= T?k 2+1 ig= 7'2k 1+1 i3=Tai—2+1 i4=To1—1+1

using Theorem 2.1 in Rio (2009).
Using Result 3, we have E|[§;]? < C3i~®. Consequently using Lemma 8 we get

n
[tr(W2 ( 2 Z_O‘/2> (n_l Z j_o‘/2> <C3n@
j=1
Further substituting in (40) we have
E|W — W% < C35n a2 + Cln.

Now using E|W |2 < E|W — W|2 + E|W|? the proof is complete. [ ]

Lemma 13 Under the assumptions of Proposition 5,

an/2

Z U2J 1U2J
noj=1

b < Y2 A L 020702 L Cya V2 4+ Cpot + Cgb V202,
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Proof The k" batch mean U} can be written as

Tk

Tk Tk
Up=b,' ST U+ 0, A7 Y0 g+b,0 > gz +0," > mg.

l=7p_1+1 l=7p_1+1 l=7p_1+1

Let us denote

Tk Tk Tk
Api=—A"" Y gand By=S8EF U, + Y &Z+ > n&.

l=T_1+1 l=7p_1+1 l=7p_1+1
Then,
an/2 n/2
R g g = S b LA bt by Ay + b Byy)
3 UgjaUy = == > (b " Agjo1 + b, Baj1) (b " Agj + by, ' Bay)
ay, “ ay -
7j=1 7j=1
an/2 an/2
= a;l Z b;lAijlA;—j + (IT_LI Z b;l (AQJ',lB;j + ngflA;—j + ngle;—j) .
j=1 j=1
Now,
an/2 an/2 T2j—1 T2 T
a," Y by Ay 1 AJ; =ATTWATY, where W =a,' . bt D& >4
j=1 7j=1 k=T2;_2+1 l=72;_1+1

and using Lemma 12 we get

an/2

-1 -1 T
a, Z bn A2j71A2j
Jj=1

2
< Cg'5n_°‘+(ﬁ_1)/2 + C’én_a + anﬁ_l.

Using Cauchy-Schwartz inequality, we have

an/2
-1 -1 T
a,, 2 bn AQj_lAQj
j=1

< Cé'z5n_“/2+(5_1)/4 + C’U%n_“/2 + OynB—1/2, (41)

Next, using Cauchy-Schwartz inequality, we have

an/2 2 an/2 2 an/2 2
—1 —1 . T -1 —1 . -1 —1 .
a, Z bn BZ]—lAQj < a,, Z bn sz_l a,, Z bn AQJ
j=1 j=1 j=1

Further, ||By|? = |BrB} | < tr(BkBj) and & is a martingale, so from Lemma 10, we have

Tk
tr(EBk By ) < ST PE|U- |2+ ) 127 + nI|’El&|*.

Tk—1
l=Tp_1+1

Now, using steps similar to those in the proof of Lemma 10, we obtain

j=1 j=1 j=1

an/2 an/2 an/2
a, Y by BBy 1Ay < J an' ) b;f]E|BQj_1||QJ an' Y bn Bl Agj|? < Caby ™" + Caby P02,

(42)
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Thus, using (41) and (42), we obtain

b an/2
Z U2J 1U2J
n o1
an/2 an/2
S Elayt Y b Agja Ay + 20, Y byt (E|A2j 183 + E[| By 1B2JH>
j=1 j=1

< CpPn= P a4 Can= + Cyay VP + Caby ™t + Caby, P02,

Now, we proceed to prove Proposition 5.

Proof
Note that
an/2 b an/2 b an/2 b an/2
- Z (Uzjo1 = Un)(Uzj = Un)" = = > UjalUs; — — > Upa U = = > U0y,
an j=1 an j=1 noj=1
b an/2 o
+— INIAR
n o1

and we have from the proof of Lemma 11, that EanUnUJH < Cga,t. Therefore, using
Lemma 13 and Cauchy-Schwartz inequality we have

b an/2 -
PONCISEL AT AN
noi0

< CYBp=02 g VA L C2n=2 4 ChaM? + Cgb2 ™" + Cyb 202 + Cya !

Next, from the proof of Theorem 1, we have

1 _ 1 _
EHékH Sz T+ b2b CdbnTk 210‘ S T + C(%Tk 210‘, (43)
an/2
,1 Z b ]EH(SZ] 1“2 < Cd . —1 Z 7_];2101 § Cdb 12« 71 Z kL~ 2a - C4b 1— 2a 72& _ Cflanabn'
7=1 k=1 k=1

Furthermore, using Cauchy-Schwartz inequality we have

an/2 an/2
by - A= - bn
EH* D7 (825 = 0)(Ujr = Un) T < Z E[[(d2; — 6)(T2j1 — Un) |
" =1 =1
b an/2 _ b an/2 _
< ai D E[(555 — )] CTH > El (U1 — Un)|?
n iz noi=1
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*ZEH o)\ Z (U5 — Un)|?

<
\ o
an/2 an/2

by, _
< \ — Z E[625] - D ElUs-a ]2

n i

Similarly proceeding, we obtain bounds on norm of norms of other terms as well, and
consequently, we get

E| Ry, |
< 2[CE P02 VA 4 O3~ 4 Cya V2 4 Cgbe + Cab V20?4 Cuart + Can™2%D,).

Appendix E. Additional data sets

We consider four data sets in Section 6.4. First, consider the Santander customer transaction
data set®, which contains 200 features on 2 x 10° bank transactions. The response is a
binary variable indicating whether the transaction is of a certain type. We implement
ASGD with n = .05 starting the process at the maximum-likelihood estimate of the first
10000 observations. The next 5000 data points were employed in a burn-in, yielding an
SGD sequence of length 85000.

The second data set is the covertype data set of Blackard (1998) consisting of 581012
tree observations from few areas of Roosevelt National Forest in Colorado with the target
of classifying covertype of trees based on 54 independent variables such as elevation, slope,
soil type, distance to nearby landmarks etc. The target variable has seven categories which
we dichotomize into two classes based on the sets {1} and {2, 3, 4, 5, 6, 7}. To ensure
robustness of gradients, we drop binary predictors with less than 1 % response, set n = 100,
burn-in sample size to be 5000 and initial sample size to be 5000.

The third data set is the Spambase data set (Hopkins et al., 1999) which contains 4601
emails as observations with 57 continuous predictors and the target variable is to classify
whether the email is spam or not. The data set is taken from UCI repository. The burn-in
sample size is 500 and we set n = 4.5.

The final data set is the diabetes health indicators data set is obtained from UCI repos-
itory https://archive.ics.uci.edu/dataset/891/cdc+diabetes+health+indicators
where the target variable informs whether the individual is diabetic or not. The aim is to is
to classify diabetic condition based on 21 predictors with the total number of observations
253680. The burn-in sample size is 1000 and we employ 1 = 1. For all data sets, we divide
testing and training equally.

3. www.kaggle.com/competitions/santander-customer-transaction-prediction/overview
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